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Introduction

Since the fundamental work of Witten and Kontsevich (]23],[36]), Gromov’s powerful tool of
holomorphic curves and the subsequent successful Gromov-Witten theory showed a remark-
able (and quite involved) link between the topology of symplectic manifolds and integrable
systems of Hamiltonian PDEs. This phenomenon, studied and encoded into the geometric
structure of Frobenius manifolds by Dubrovin (see e.g. [13]), provided a bridge to fruitfully
exchange insight and results between the two disciplines.

Thanks to the program of Symplectic Field Theory (SFT) initiated by Eliashberg, Givental
and Hofer ([14],[16]), a new, very suggestive and more direct link has been discovered in the
study of holomorphic curves in directed symplectic cobordisms between contact manifolds
(or, more in general, manifolds with a stable Hamiltonian structure). The hope is that this
theory actually helps in explaining and understanding the above relation. In Symplectic
Field Theory the integrable structure encodes some geometric properties at the level of top
dimensional stratum of the boundary of the relevant moduli space of curves. This stratum
(as in Floer theory) has codimension one, so the Gromov-Witten-like invariants which one
considers are directly sensitive to its effects. In the ordinary Gromov-Witten case, on the
contrary, these phenomena are hidden in higher codimension, and their effects are much more
subtle.

More explicitly, Symplectic Field Theory [16] is a fairly new branch of symplectic topology
studying holomorphic curves in symplectic manifolds with ends in the spirit of Gromov-Witten
theory (which it actually contains as a special case). The presence of cylindrical ends that are
symplectizations of contact manifolds and, in particular, the imposition (boundary condition)
that holomorphic curves have punctures that asymptotically coincide with Reeb orbits in these
ends, gives to the theory a rich algebraic structure where classical and quantum integrable
systems, together with many natural tools of that context, arise.

In particular, let W be a symplectic manifold with cylindrical ends, i.e. a symplectic
cobordism between contact manifolds V*, V™, completed by attaching to these boundaries
their symplectizations V1 x [0,4+00), V= X (—00,0]. The potential counting holomorphic
curves in each of the two symplectizations V™ x R, V'~ x R, asymptotically cylindrical over
Reeb orbits of VT, V7, and intersecting at marked points some given homology cycles, is
to be interpreted as the Hamiltonian for a (quantum) Hamiltonian system. Schrédinger
equation (and its semiclassical limit, Hamilton-Jacobi equation) relative to this Hamiltonian
enters in the computation of the Gromov-Witten potential of W that, in this context, plays
the role of the phase of the wave function, as explained in [16], section 2.7. Namely, this
Hamiltonian evoulution encodes the dependence of the number of holomorphic curves in W
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on the intersection conditions, at marked points, with homology cycles dual to compactly
supported cohomology classes (recall that W is non-compact precisely along the R-direction
transversal to V' and V). Moreover similar formulas (see [16], section 2.5) can be used to
deduce potentials for a composition of cobordisms from the ones of the single pieces.

It is fairly natural to wonder whether the (quantum) Hamiltonian systems arising this
way in Symplectic Field Theory are in general integrable systems (it is so for all explicitly
known cases, which are indeed quite few) and, if not, to investigate the topological properties
of the target space which ensure completeness of such systems. Even more, the other Hamil-
tonians forming all the symmetries of the systems above, and their correponding Schrédinger
equations, can be used in a way totally analogous to the one explained above to compute the
descendant potential of W, whence the importance of understanding this rich structure.

This is a general idea whose details are far from being completely understood. However
there are some geometric situations where the common geometric origin of integrable systems
from Gromov-Witten and Symplectic Field Theory is quite evident. In particular, in the case
of a prequantization bundle V' over an integral symplectic manifold M (or, more in general,
a Hamiltonian structure of fibration type), as showed in [16] and [4], we have an (at least
at genus 0) explicit correspondence between the integrable hierarchies associated to V' (via
SFT) and M (via the Frobenius structure of quantum cohomology).

The general aim of this thesis is twofold:

e we investigate the role of (quantum) Hamiltonian, possibly integrable systems in Sym-
plectic Field Theory. In particular we review the meaning and consequence of their
appearence and identify a broad class of examples, namely framed Hamiltonian stru-
cures of fibration type, where integrability is achieved and comes from the quantum
cohomology structure of the base. In particular, with the advent of orbifold Gromov-
Witten theory ([9],[1],[2]), this class can be extended to involve fibrations with singular
fibers, hence with orbifold base. Moreover we examine how the geometry of Gromov-
Witten gravitational descendents and their SFT analogue is linked to the symmetries of
the given Hamiltonian system, related to the SFT potential with no psi-classes, while the
higher genus expansion is related to the quantization of the g = 0 classical Hamiltonian
System.

e we use Symplectic Field Theory as a mean to costruct Frobenius manifolds and, hence,
integrable systems of PDEs. This is done basically by computing Gromov-Witten in-
variants of a closed symplectic manifold M, which give, the usual way, a Frobenius
manifold structure on the cohomology of M. In fact Symplectic Field Theory, similarly
to relative Gromov-Witten theory, provides powerful tools for determining the quantum
cohomology of closed symplectic manifolds. Namely the above mentioned gluing for-
mulas for composition of symplectic cobordisms can be applied to the computation of
Gromov-Witten potentials by cutting the target closed manifold M along some closed
contact hypersurface V. Each half M; and M, with OM; = OMs = V| then becomes
a symplectic cobordism between the mentioned contact manifold V' and the empty set.
By properly choosing the contact hypersurface V, it is likely that computing the SF'T
potential of M7 and M,y is sensibly easier than directly attacking the quantum coho-
mology of M. This fact relies on reducing the cohomology of the target by this cutting



procedure and using Schrodinger equation to recover the dependence on the compactly
supported cohomology classes, before gluing back.

The plan of the work is the following:

e In Chapter 1 we recall, basically from [16] and [14], the ideas and methods of Symplectic
Field Theory. Our review will focus on the algebraic structure arising from topology,
more than on the geometry underlying it. In particular we define the SFT analogue of
the Gromov-Witten potential as an element in some graded Weyl algebra and consider
its properties (grading, master equations, semiclassical limit). We then stress (following
[18]) how this algebraic structure allows the appearence of a system of commuting
differential operators (on the homology of the Weyl algebra) which can be thought of as
a system of quantum Hamiltonian PDEs with symmetries. Sometimes this symmetries
are many enough to give rise to a complete integrable system (at least at the semiclassical
level) and we examine the main examples where this happens. Eventually we review
some results of [16] which turn out to be very useful in computations and which we
actually employ in the next chapters.

e In Chapter 2 we apply the methods of Symplectic Field Theory to the computation of
the Gromov-Witten invariants of target Riemann surfaces. Our computations reproduce
the results of [27], [28] which, in principle, solve the theory of target curves, but are fairly
more explicit and, above all, clarify the role of the KdV hierarchy in this topological
theory. More precisely we are able to describe the full descendant Gromov-Witten
potential as the solution to Schrodinger equation for a quantum dispersionless KdV
system. This quantization of KdV, already appearing in [31], can be easily dealt with
in the fermionic formalism to give extremely explicit results, like closed formulae for the
Gromov-Witten potential at all genera and given degree. These results where published
by the author in [32].

e In Chapter 3 we use basically the same techniques of Chapter 2 to compute the Gromov-
Witten theory of target curves with orbifold points (orbicurves). As in the smooth case,
the coefficient for the Gromov-Witten potential are written in terms of Hurwitz numbers.
It turns out that we can even classify those target orbicurves whose potential involves
only a finite number of these a priori unknown Hurwitz coefficients, so that they can be
determined using WDV'V equations. These polynomial P!-orbifolds are the object of our
study for the final part of this work. Moreover, we extend the theorem by Bourgeois
([4]) about Hamiltonian structures of fibration type to allow singular fibers (Seifert
fibrations), so that we can use our result on Gromov-Witten invariants of polynomial
P!-orbifolds to deduce the SFT-Hamiltonians of the fibration.

e In Chapter 4 we completely solve the rational Gromov-Witten problem for polynomial
Pl-orbifolds. Namely we find a Landau-Ginzburg model which is mirror symmetric to
these spaces. This model consists in a Frobenius manifold structure on the space of
what we call for brevity tri-polynomials, i.e. polynomials of three variables of the form
—zyz + Pi(x) + Pa(y) + P3(2). The main results here are the explicit construction of
the Frobenius manifold structure with closed expressions for flat coordinates and the
mirror theorem 4.0.3, i.e. the isomorphism of this Frobenius structure with the one on
the quantum cohomology of polynomial P'-orbifolds. From the polynomiality property
of the Frobenius potentials involved, one is able to show that there is also a third
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mirror symmetric partner in the picture, namely the Frobenius manifold associated to
extended affine Weyl groups of type A, D, E ([12]). The results of these last two
chapters appeared in [33].

e In the Conclusions we summarize our results and analyze possible further developments
and directions to be explored.



Chapter 1

Symplectic Field Theory and
Integrable Systems

For the reader’s convenience and also in order to fix notations, in this chapter we recall from
[16] and [14] the main ideas of Symplectic Field Theory. In this brief review we wish to put
a stress on the appearance of quantum Hamiltonian systems in this symplectic topological
context. In this sense, part of the material was taken from [18], which is a simple and clear
exposition.

What the reader will not find here is a careful exposition of the geometry of the moduli
spaces of holomorphic curves with cylindrical ends which are involved in defining Symplectic
Field Theory. Actually we will focus on the algebraic side of SF'T and on how it is related
with the symplectic topology of the target space. Indeed Symplectic Field Theory is still
somewhat foundationally incomplete, since a rigorous transversality theorem for the Cauchy-
Riemann operator is still missing (see [16], [5]). Such a result requires abstract perturbations
of the Cauchy-Riemann equations via polyfold theory ([21]) and it is not the subject of our
discussion.

Of course it is precisely the geometry of such moduli spaces, and in particular their
compactification ([5]) and boundary strata, which is responsible of the interesting algebraic
structure of the formalism. For instance the master equations (1.1) and (1.3) encode how the
boundaries of one-dimensional moduli spaces are composed of pairs of holomorphic curves
from zero dimensional moduli spaces, similarly to what happens with the broken trajectories
phenomenon in Floer homology.

1.1 Symplectic preliminaries

A Hamiltonian structure (see also [14]) is a pair (V,2), where V is an oriented manifold of
dimension 2n — 1 and §2 a closed 2-form of maximal rank 2n — 2. The line field Kerf2 is called
the characteristic line field and we will call characteristic any vector field which generates
Ker). A Hamiltonian structure is called stable if and only if there exists a 1-form A and a
characteristic vector field R (called Reeb vector field) such that

AMR) =1 and ird\ = 0.
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A framing of a stable Hamiltonian structure is a pair (A, J) with A as above and J an complex
structure on the bundle £ = {\ = 0} compatible with .

The two main examples of framed Hamiltonian structures we are going to consider arise
from contact manifolds and S'-bundles over symplectic manifolds. In the first case, given
a contact manifold (V;¢ = {a = 0}) with a compatible complex structure J on & we can
consider the framed Hamiltonian structure (V,Q = da, A = a,J). In the second case, let
(M, w) be a symplectic manifold with a compatible almost complex structure Jys, p: V. — M
any S!-bundle and A any S'-connection form over it; then (V,Q = p*w, A, J), with J the lift
of Jys to the horizontal distribution, is a framed Hamiltonian structure.

A symplectic cobordism W = VTV~ between two Hamiltonian structures (V*,Q,) and
(V=,9_) is a symplectic manifold (W, ) such that OW = VT U (=V ™) and Q|y+ = Q1. A
framed symplectic cobordism between two framed Hamiltonian structures (V*, Q4 , Ay, Jy)
and (V7,Q_,A_,J_) is a symplectic cobordism (W, ) equipped with an almost complex
structure J which is compatible with © and such that J(1) = £+ where, as above, {1 =

Ay =0}

1.2 Cylindrical cobordisms

A special example of framed symplectic cobordism is given by the cylinder V x R over a
framed Hamiltonian structure (V,Q, A, J). It is endowed with an almost complex structure,
still denoted by J, which is invariant with respect to translations along R, induces the given
J on each slice V' x {t} and satisfies J (8%) = R. In particular, the cylinder over a contact
manifold (V, a) is its symplectization (V x R, d(e’«)). When not differently specified, in what
follows we will consider the case of a generic Hamiltonian structure, for which the set of
periodic Reeb orbits is discrete and finite.

We now introduce the algebraic formalism of Symplectic Field Theory. To each multiple ~
of a periodic Reeb orbit in a framed Hamiltonian structure V' of dimension 2n — 1, we assign
two graded variables p,, g, with grading

deg(py) = —CZ(v) + (n - 3)

deg(gy) = +CZ(7) + (n — 3)

We then choose a string (01, ...,0y) of differential forms on V" and assign to each 6; € Q*(V)
a sequence of graded variables ¢;;, j € N with grading

deg(tij) = 2(j — 1) + deg(6;)
Finally let & be another variable with degree 2(n — 3).

To a framed Hamiltonian structure V' we associate the graded Weyl algebra 20(V) (or
simply 20) over the group ring C(H2(V)) of power series in the variables h, p,, t;; with
coefficients which are polynomials in the variables ¢, equipped with the associative product
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where all the variables super-commute except for p, and ¢, corresponding to the same orbit
v, for which

[Py: ay] = pyh2
where pi, id the multiplicity of 7. The grading of the formal variable z for the group ring
C(Hz(V)) is given by
deg(z) = —2¢1(A)

where ¢;(A) is the first Chern class of TV 4.

Now, to the cylinder (V' x R,.J) over a framed Hamiltonian structure (V,Q, A, J), we
associate the Hamiltonian (SFT-potential)

1 o0
H:B;thg

defined by requiring that the coefficient of the monomial 79~ 1¢! pF+ ", witht! =t;, P 73 N

P = N and ¢' =g¢q,, ... q,- s given by the integral

/ evif;, A 1/){1 A Nevif; A
M

g,r, 0 —,Tt

where ¢; = ¢1(L;) is the i-th psi-class (like in Gromov-Witten theory) and the integral
is over the moduli space of holomorphic curves in V x R with 7 marked points and s*
positive/negative punctures asymptotically cylindrical over the Reeb orbits I'* and realizing,
together with the chosen capping surfaces (see [16] for details), the homology cycle A in V xR,
modulo the R action coming from the R symmetry of the cylindrical target space V' x R.

The series H is an element of the graded Weyl algebra 20. It is homogeneous of degree
—1 and satisfies a structure equation in the form (see [16])

1
dH + §[H, H] =0
If the chosen string 64, ...,0y is formed only by closed differential forms, then the structure

equation reduces to
[H,H] =0 (1.1)

1.3 Commuting operators on homology

Expanding the Hamiltonian H in powers of the formal variables ¢,

0 1 2
H=H"+) Hjt;+ > Hij. bt

] 11,71,82,J2
defines sequences of elements HO, Hl1 i H?l jisiajo Of elements in the subalgebra 20 c W

where all t-variables are set to zero.

Moreover, expanding the same way the master equation [H, H] = 0 one gets that:
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1) D° =[H° ] : W° — 25° makes 20" into a differential algebra, since DY o DY = 0,

2) the commutator on 20° descends to the homology H,(20° D°), thanks to the Jacobi
identity,
H!

122

3) [H;

11J17

] = 0 as homology classes in H,(20°, D°).

It can, moreover, be proven ([16],[18]) that both the Weyl homology algebra H., (20°, D)
and the sequence of elements H;; are actually symplectic invariants (independent from choices
like almost complex structure, contact form, etc.).

Notice that, by taking the limit 7 — 0, the graded Weyl algebra 2 transforms to a graded
Poisson algebra 3, and all the statements above can be rephrased in this limit. In particular
one gets a system of Poisson commuting Hamiltonians h;; over the homology Poisson algebra
H.(B%,d%), where d° = {h°,-}.

One can venture to interpret the Poisson algebra P as the space of functions over a
(infinite dimensional) phase space of vector valued formal Fourier series 27 pre¥ + gre ke
where pr, = (Dkyy» - - > Phy,) a0d Gk = (Qhvyy 5 - - - » Qi) are canonical coordinates and {v1,...,v}
is the set of periodic Reeb orbits of V. This way H,(8° d°) can be seen as the space
of functions of some reduction of the above phase space and the Hamiltonians H;; define
commuting Hamiltonian vector fields on it. The system of commuting operators H;; in the
full Weyl algebra H,(20°, DY) can then be regarded to as a quantization of the classical
infinite-dimensional systems above.

In a number of nontrivial examples this set of compatible Hamiltonian flows achieves
completeness in the sense of the modern theory of integrable systems of Hamiltonian PDEs
(see [13]). In fact, all the computed examples can be grouped in the class of framed Hamil-
tonian structures of fibration type. For this situation there exist an explicit link between
the integrable system associates to the Frobenius structure on quantum cohomology of the
symplectic base M and the Symplectic Field Theory Hamiltonians associated to the framed
Hamiltonian structure V of fibration type over M. The link is given by the following result,
due to Bourgeois ([4],[16]).

We will need the non-generic Morse-Bott version of Symplectic Field Theory. Referring
to [4] for the general construction, here we just stick to the case of fibrations (see above),
where the space P of periodic Reeb orbits can be presented as P = [[;- Pr, where each
Py is a copy of the base manifold M. Let then Aq,..., A, be a basis of H*(M) such that
the system of forms A; := 7*(A;), j = 1,...,c¢ < b generate 7*(H*(M)) C H*(V), and the
forms O1,...,0, complete it to a basis of H*(V). Suppose Hi(M) = 0 and choose a basis
Ap, A1, ..., Ay of Hy(M) in such a way that (c1(V'), Ag) =1 (if [ is the greatest divisor of the
first Chern class ¢1(V) of our fibration), (¢1(V), 4;) =0, i # 0, and a basis of Hay(V') is given
by the lifts of A1,..., Ay if 1 #£0, Ag, A1,..., Ax if [ =0.

The graded Poisson algebra B, in this case, is formed by series in the variables (t;;7; ;)
associated to the string (Al, oA B, . ,(:)d), the variables py 1, ..., pkp associated to the
the classes (Aq,...,A) (instead of the periodic orbits themselves) and A, with coefficients
which are polynomials in the variables ¢ 1,...,qxp. The Poisson structure is given by the
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Poincaré pairing in H*(M). The grading of the variables is given by:

deg(tij) = 2(j — 1) + deg(A;)
deg(mij) =2(j — 1) + deg(ThEtai)
deg(qr,i) = deg(A;) — 2+ 2ck
deg(gr,i) = deg(A;) — 2 — 2ck
deg(2i) = 2c1(4;)

where ¢ = M (see [16] for details on how to deal with fractional degrees).

The Hamiltonian h is defined the usual way, but this time one has to pull-back the classes
Ay,...,Ay € H*(M) through the evaluation map from the moduli space to the space of
periodic Reeb orbits and integrate them too. The main result is the following

Proposition 1.3.1 ([4],[16]). Let fa(>_tijAi,z) be the genus 0 orbifold Gromov-Witten
potential of P and hy (D" ti;A; + 3 7Ok, q,p) the rational SE'T potential of V' (as a framed
Hamiltonian structure of fibration type). Let

ohy (=, = -
bt q,p) = 5 (Ztiin +Tkl@kaQap>
1

0T o
ofp [ N
hia(t; 2) = P (Z tioA; + Sklﬂ'*@kaz)
1 s=0

where m, denotes integration along the fibers of V.. Then we have

1 [ -
hk’l(taq’p) = 27‘_/0 hk‘l(tl + U1(x), oty Ub(.iU),Ub+1($), .- .,Uc(x); Z)dl’

where

o0
up () = Z (Qk,n e ik + Dkn eikx) n=1,...,b
k=1

and Z2 = (e7% 21,..., 2n)

Notice that, since the hy; above are precisely the Hamiltonian densities for the integrable
system associated to the quantum cohomology of M, in the case of a stable Hamiltonian
structure of fibration type, the commuting Symplectic Field Theory Hamiltonians actually
come (up to a phase) from a Frobenius manifold.

Notice moreover that, thanks to the S'-symmetry of the Hamiltonian structure, one can
deduce a priori that H® = 0, so that H, (20, D°) = 20. In particular, in the case of a trivial
S1-bundle, the Symplectic Field Theory Hamiltonians h,{;l coincide with all the Hamiltonians
of the system associated to the Frobenius manifold QH*(M), so that we get an integrable
system of Hamiltonian PDEs, precisely in the sense of Dubrovin ([13]).

One could rephrase this by saying that genus 0 Symplectic Field Theory of a stable
Hamiltonian structure V of fibration type over a closed symplectic manifold M endows the
cohomology of the space of periodic Reeb orbits M with a structure of a Frobenius manifold,
by defining an integrable system of Hamiltonian PDEs on the loop space of H*(M).
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1.4 General framed symplectic cobordisms

Similarly, in the case of a general framed symplectic cobordism W = V*+V ~, after attaching
along the boundaries cylindrical ends in the form V' x RT and V™~ x R™, together with the
algebras 20,20~ (whose formal variables will have a 4 superscript), we consider the space
© of power series in the variables pfyﬁr, ti; (associated with differential forms (61,...,6xn) such
that 0;|y+yr+t = H,Li) and h, with coefficients which are polynomials in Q- Elements in 20F
then act as differential operators on the right/left of © after quantizing

0 0
* h——— 7_ h—— 1.2
qry+ = H"Y—O— ap::;r p’Y = IU"Y— aq;i ( )

Counting holomorphic curves with cylindrical ends now defines a distinguished element
F e %’D, by requiring that the coefficient of the monomial hg_ItI]DFJr ¢, witht! = tivjr -+ tirjrs

pPr=pt . .p", and ¢l = ¢y, ---q_— is given by the integral
71 Yo+ V-
/ evifi, A 1/){1 AL ANevif; A
‘/Vlg,r,l"f,f‘+

where 1, = c1(L;) is the i-th psi-class (like in Gromov-Witten theory) and this time the
integral is over the moduli space of holomorphic curves in W with r marked points and s*
positive/negative punctures asymptotically cylindrical over Reeb orbits in V* and realizing,
together with the chosen capping surfaces, the homology cycle A in W.

Similarly to what happens with equation (1.1), the geometry of the boundary stratum of
one-dimensional moduli spaces translates into a master equation for the potential F and the
Hamiltonians HT and H™ associated to V' and V'~ respectively,

— —
FHT —H F =0 (1.3)
— —
where HT and H™ are the operators obtained from H' and H™ by quantization (1.2).

In computing these potentials, it is essential to know the (virtual) dimension of the moduli
space M4 ++» that is given in [16] by the index formula

977‘787

97,,1787 7'3

st s
dimM# + = z CZ(~;") + Z CZ(v;)+(n—3)(2—29 —sT —57) + 2% (Ae) + 2r
1 1

where this time cﬁel(Arel) is the first relative Chern class of TW|4,,, and A, is the relative
homology cycle realized by the holomorphic curves in W.

1.5 Evolutionary differential equations for SFT potentials

The first result from [16] we need to recall is the following. Let us assume that W has only
a positive end V' x [0, +00), and choose what is called a basic system Aq,..., Ak, O1,...,0,
of closed differential forms on W, with cylindrical ends, such that
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a) Ay,...,Ar € H*(W), and the restrictions d; = A;|y, i = 1,...,1 for [ < k are indepen-
dent elements in Im(H*(W) — H*(V));

b) ©1,...,0y, are compactly supported and independent elements in Ker(Hg,,,(W) —
H*(W)),

c) there exist forms 6y, ...,60,, on V and a compactly supported 1-form p on (0, 4+00), such
that @j :p/\gj, j=1...,m.

Theorem 1.5.1 ([16]). Let H be the Hamiltonian associated with the stable Hamiltonian
structure V. Set

Ssk1=0

I
oH
Hy(t,q,p) = (@(Z tij0i + Skl9k7Q7p))
i=1

FO(t,p) = F(>_ti; Ai,p).

Then the potential associated to W s given by:

.
eF (O tij Ait)- ThiOkp) — eFO(tvl)) H o7k Hri (,4,p)
b

kl

(—
where Hy; is the operator obtained from Hy; by quantization (1.2).

This result tells us that dependence of F on the variables associated with compactly
supported classes is encoded in the evolution of F? along the quantum Hamiltonian system
associated with V', i.e. it is controlled by Schrodinger equation. In the classical limit (i.e.
when setting & to zero, thus considering the only genus 0 curves), this result can be rephrased
in terms of the symplectic geometry of the infinite dimensional phase space of Fourier series
we mentioned above, whose space of functions is given by H,(23°, D). The genus 0 potential
£O(t, p) is then interpreted as the initial datum for an infinite system of compatible Hamilton-
Jacobi equations, namely

of (t of(t
w:hkl t,w,p k=1,...,m; 1=1,2,...
Oy Op

In case the commuting Hamiltonians hy; form an integrable system, one can even use the
methods proper of that context for solving the related Hamilton’s equation of motion (in the
dispersionless case, for instance, the hodograph method, see [13]) and use this solution to
attack the above Hamilton-Jacobi problem. In fact, knowing the solution to the equations of
motion one can construct the solution to the Hamilton-Jacobi problem by evolving the initial
datum f° along the motion flow lines (characteristics).

In what follows we also make use of the following theorem, concerning the composition
R E— — —
W = V~VT of two symplectic cobordisms W_ = V=~V and W, = VV™T.

Theorem 1.5.2 ([16]). Let us denote by Fy, Fyw_ and Fy,, the SFT-potentials of W, W_
and W respectively. Notice that any cohomology class in H®*(W) can be represented by a
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form t which splits into the sum of forms ty with cylindrical ends on Wy so that t1|y = ty.
Then:
FW(q_7p+7 t) = FW7 (q_apa t—)oFW+ (qa p+7 t+)

—

where e = (eFeG>‘ . and F is the operator obtained by quantizing p, = h,uyzA”
q:

0qy
and A € Hyo(W) is the cycle in W formed by the capping surfaces (see again [16] for details)

of v in W_ and W,..



Chapter 2

Gromov-Witten invariants of target
curves via Symplectic Field Theory

In this chapter we use Symplectic Field Theory techniques to compute at all genera the
Gromov-Witten potential of target curves of any genus. This material is mainly taken from
the author’s paper [32].

Our program is similar to the one via relative Gromov-Witten invariants of Okounkov and
Pandharipande (]28]), i.e. we first consider the two building blocks of a Riemann surface (the
cap and the pair of pants) and then attach them to obtain the Gromov-Witten potential of the
curve X, of genus g. Indeed Symplectic Field Theory can be interpreted as a theory of relative
invariants, so the analogy in this sense is strong. Nonetheless our method of computation is
not based on Virasoro constraints (as for [28]), but on relations proved in [16] for a very general
setting, which makes the computation not only elegant, but even fairly explicit. Moreover,
thanks to the surprising emergence of integrable systems from the formalism of Symplectic
Field Theory, we can give a beautiful interpretation of many aspects of the full descendants
GW-potential in terms of a quantization of the dispersionless KdV hierarchy (after an idea
of Eliashberg, [15]).

2.1 Pair of pants potential

In this section we compute the SFT-potential Fpants for the pair of pants, i.e. the completed
symplectic cobordism W between V~ = S! and VT = S'[[S!. W can also be seen as the
complex projective line P* minus {0, 1, 00}, with its standard Kihler structure. This way V
corresponds to the circles around, say, 0 and oo, and V'~ to the circle around 1. Call then
¢ the longitude on the Riemann sphere and ¢ its restriction to V' ; call o the angle on the
circle V'~ around 1.

Choose the basic system of forms as

Ag=1¢€ HY(W) restricting to d5 = (1,1) € H'(V"), &5 =1€ H'(V7),
A; =d¢ € H' (W) restricting to 6] = (dp,dp) € HY(VT), 67 =0e€ HY(V™)
and

@1€H1

comp

(W) projecting to 6] = (1,-1) € HY(V™), 67 =0€ H' (V™)
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@QEH

comp (

W) projecting to 65 = (0,0) € HY(V™), 6; =dac H' (V7).

The SFT-potential of V+* = ST[[S! (or its symplectization) at all genera is then easily
computed from the one of S* x R (see [16]). What we will need is:

fity
t;0;F 0F) = — |taty + tot t t( )
Z +ZSJ [0 1+ totisy + sttt + qupk+Qkpk 12

and
_ 2s hs
H () tios; +> si07) = [ 02 152 qupk — 2] (2.1)

where degt; = degso = —1, degty = degs; = —2, degp}; = degpy, = degq,i€ = degqr = —2 and

degh = —4.
Define
OH™ 1
H = —tgt 2.2
i e R A (2.2)
OH~ 1 [t h
H, =—| =-12 - = 2.
= G|, TR [2 + " arpr 24} (2.3)

We will refer to these functions as Hamiltonians. Notice, by the way, that putting

u(z) =to+ Y pee' + gre " (2.4)
we have ()2
1 u(x h
H, =—: ——]d
27 h /Sl < ) 24> v
where the normal ordering : - : means that the ¢ variables are to be put on the left of the p

variables as if, inside the colon symbols, ¢’s and p’s all commuted.

We use these Hamiltonians and Theorem 1.5.1 on the initial datum Fpanes(D t;4;) which
is computed directly, by dimension counting. In fact from a combination of the reconstruction
theorem for ramified coverings of P!, the Riemann-Hurwitz theorem and the index formula
for the dimension of /\/lgm+ > we get the known relation (see e.g. [27]) between relative
Gromov-Witten (or SFT-) potential and Hurwitz numbers

Fpants(D_tid) =Y > > Hy (6t p®) () (0P ¢ T (25)

g d |uO|ul]|pee|=d

where H, P! (,u pt, 1) is the Hurwitz number counting coverings of P! of degree d and genus g,

branched only over 0, 1, and co with ramification profile given by u”, u! and pu® respectively.
Then, by Theorem 1.5.1 and recalling that %% f(z) = f(ze®), one gets

— 1t h
Fpants(z tiA; + Z 5j0;) = log (esQH? Fpants(t) eslH1+> = [0282 + tot181 — 212

ST ST HELO k1) (0 (0 (get2) ho

g d |uOf|pt],|pel=d

(2.6)
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—

—_—
where H, means the operator obtained from H; by quantizing pj = kzha—.
qk

From this potential, together with the one for the cap (see e.g. [16])

Foap(tol + sa(p £ dg)) — » [ 052 22 4 L s 2.7)
S = — _— —e .

cap\t0 2\p A 9 24 A b1

and using Theorem 1.5.2 one gets the Gromov-Witten potential for the general genus g Rie-

mann surface. In the next section we illustrate this methods of computation for the simplest

case of the elliptic curve E, for which the result is very explicit.

2.2 Gromov Witten potential of F

Let E be a smooth elliptic curve. Consider its pair-of-pants decomposition; it consists of two
caps and two pairs of pants. Let U be one of the halves of the torus £ when cut along two
representatives of the same element in 71 (E). U is the symplectic manifold with a contact
boundary resulting from attaching a cap to a pair of pants. Its potential is then given by
(2.6) and (2.7) by applying Theorem 1.5.2:

FU(Z tiAi + Z Sj@j) = log (eFTap)(O) erants(Z tifit+3 8j®j)> ‘

=log (T Frone(t))]

q=0

q=0

This results in a substantial simplification of the term containing Hurwitz numbers in (2.6)
since putting ¢; = 0 after derivation with respect to ¢ selects just the terms counting for
coverings branched only over 0 and +oo, hence with the same branching number (as it is
natural for the potential of the space U). So we get

1 [t2s hs 1
FU(Z til; + Z $j0;) = 7 [022 + tot1s1 — TZ + Z kpilgp%eks] (2.8)

The last step towards the computation of the Gromov-Witten potential of E' is performed by
gluing two copies of U, one with positive ends and one with negative ends. Let A;,0; € H*(E)
be the obvious extensions of A;,©; from U to the entire E, then the gluing Theorem 1.5.2

takes the form: .
FE (Z tZ-AZ- + Z sj(:)j) = (eFU+ (t:5) eFU*(O))‘

q=0
— —
= . . . . 1 k 0 2 0
where F;+ (¢, s) is the operator obtained by quantizing p; = hkz 5l and pj = hkﬁ.
95 9k
Explicitly:
~ ~ 1 t%SQ hSQ
FE (Z tiA; + ZSj@j) :% |:2 + tot181 — ﬁ +
1< 1 ksop21.2.k 0. 0
tlog [ =¥ T S a4 ok T dalad
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The differential operator in the second term of the right-hand side can be dealt with by
zy

5020y oY _ el—s

remembering that e , whence (up to an additive constant which is irrelevant

for the Gromov-Witten potential)

~ - 1 [t3s
FE (Z tili + Z Sjgj) =7 [022 + tot1s1 — hlog(n(ze®?))

where 7(q) = ¢"/**T[,(1 — ¢*) is the Dedekind eta function. This agrees with the results of
3].

2.3 Descendent potential of target curves and quantum inte-
grable systems

In the (quite restricted) family of explicitly computed examples (basically the symplectizations
of the low-dimensional contact spheres S?"*1), Symplectic Field Theory Hamiltonians show
the remarkable property of being integrable, roughly meaning they are part of an infinite
number of independent elements in the graded Weyl algebra of p’s and ¢’s, forming a graded
commutative subalgebra. Indeed, the two simplest cases, S' and S3, correspond to the
(quantum) dispersionless versions of the celebrated KdV and Toda hierarchies of integrable
PDEs (see e.g. [13]).

Actually this is a general fact ([15]), true for any contact manifold V, and the whole
commutative algebra of first integrals of the given Hy carries the topological information
concerning the so called descendants. More precisely we can extend the definition of the
functions H and F', associated as above to symplectic cobordisms, as generating functions for
correlators of the type

— - d
<Tp1(@i1)7"'77—177«(61});71 7"'7’757;7;'_7' "17:;)9 =

/ ) ev'(0;,®...00;, 87 ®@...07,_ ® i ®...®’y:+) Acr ()P AL A e ()P
M

g,r,s_,s+

where now c;(1);) is the first Chern class of the tautological line bundle over M;r,s_,s+ with

fibre at C € Mﬁ,r,s—,ﬁ equal to the fibre of T*C' at the i-th marked point. We will call the
generating functions of these extended correlators $ and § (the first for the cylindrical case,
the second for the general cobordism) and they will depend on the variables (p, ¢,;; 5, ) with
ti; 0 = ti; as before.

Theorems 1.5.1 and 1.5.2 extend then to the case of descendants, i.e. they hold true for
the extended functions $) and §. Even more fundamentally, the structure equation [H, H] =0
extends to [9), ] = 0 (H and $ are here evaluated on closed forms, so the terms dH and d$
drop), ensuring that the Hamiltonians appearing in Theorem 1.5.1 actually commute, forming

a quantum integrable system.

As an example we determine the integrable system involved in the computation of the
Gromov-Witten potential of target curves with descendants of w € H?(X,) (in what follows
we put even ¢y = 0 for simplicity). We already know that the relevant cylindrical cobordism
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is just the cylinder V = S' x R. Call, as above, ty and sy the components along 1 and d¢
of a form in H*(V), then its potential without descendants Hy is given by (2.1). With a
little dimension counting over the moduli space M;‘r < ¢+ one can also compute the first

descendant potential with respect to d¢ (i.e. the part of $) depending just on ¢y and linearly
on sy 1) that, with the notation of (2.4), takes the form

1 u(x)? u(x
s9.1 Hy = 891 7 /1 <(6) — h2(4)> dz :
S

This (quantum) Hamiltonian, corresponding to a quantum dispersionless KdV system, is
sufficient to determine uniquely the whole integrable system (notice that it was not so for Hy,
since any local Hamiltonian commutes with it), i.e. the algebra of commuting Hamiltonians
of Theorem 1.5.1. The explicit determination of this commutative algebra has recently been
performed in an elegant context of fermionic calculus by Pogrebkov in [31]. Nonetheless the
topological information about the target cobordism is encoded also in an explicit choice of a
basis of such (super-)commutative algebra.
Such a basis is given ([15]) by
11 0"H(z)

H, ,=-— 2.
>7 hnl  9an 220 (29)

in terms of the generating function

L SGv/Ae0,) u(a) : sinh 3
H(z) = ——: e oV el Ul q e with S(t) = — (2.10)
S(Vhz) Jst 2
Here : - : means that ¢ and p variables are to be normal ordered (¢’s are to be put on the left)

as if, inside the colon symbols, ¢’s and p’s all commuted. As we show in the next section, this
generating function can be obtained from the work of Okounkov and Pandharipande, directly
by expressing the operator

e\/ﬁzk

N 1
h ' wkwk ' +e\/ﬁz/2 _ ef\/ﬁz/2
keZ+1

Eo(z) =

(2.11)

of [27], acting on the fermionic Fock space (see below) and relevant for the generating function
of 1-point invariants of P! relative to 0 and oo, in terms of vertex operators via the “boson-
fermion” correspondence (see e.g. [26],[22]).

The function S(t), appearing repeatedly also in the work of Okounkov and Pandharipande,
emerges in [31] directly from an integrable systems context (although there a different basis
of Hamiltonians for the commutative algebra of symmetries is chosen) and is involved in the
topological picture via the Schrodinger equation of Theorem 1.5.1. For instance, let’s write
this equation for the simplest case of the descendant SFT-potential for the cap:

Scap(s2,k) = log (egcap(o) H esz’"H—") (2.12)

n=0

In the next sections, after recalling its fundamental ideas, we make use of fermionic calculus
to obtain the fermionic expression of the generating function (2.10) and compute explicitly

gcap(slk)-
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2.4 Fermionic calculus

Following [26], notice that the Weyl algebra of differential operators of the form

a1, 6 8
Z Caias...p1082..P1 P2~ - - 87]91 37;02 ceey

involved in the Symplectic Field Theory of target curves, is a representation of the algebra
B generated by the bosons na, := g, and a}, := p, (with the usual commutation relations)
on the bosonic Fock space C[[p]] := C[[p1,p2,...]] = B- 1. Notice that the element 1 € C[[p]]
(called the bosonic vacuum state) is annihilated by a,, for every n. In particular C[[p]] has
the basis

{am, .. .am, -1]0<m <...<m}.

Next we introduce another algebra, the Clifford algebra A generated by the fermions
{%n, Y5 Y mmezt1/2 with the anti-commutation relations

{¢m7¢n} =0, {¢:m¢:z} =0, {¢m,¢2} = hém,m

As for the bosonic case, we represent A on the fermionic Fock space F := A - |vac), where
the fermionic vacuum state |vac) is annihilated by 1)y, with k < 0 and v} with [ > 0. In what
follows we will also write (vac|- A to denote the dual Fock space F* (and similarly for its
elements).

Besides the bosonic normal ordering of p and ¢ operators, which we already defined, we
introduce the following fermionic normal ordering:

Yk ifm>0orifn>0
— by, ifm<0orifn<0

: Ilﬁmlﬁb = {

The space F (and its dual) is graded according to the so called charge | as F = @.7—"1

leZ
where F; is the span of

W, o oy, -y Ivac) [my <o <mpymp <L <ng <0, 7 — s =1}

The following is an important and well known result (proven e.g. in [26]) usually called
the boson-fermion correspondence.

Theorem 2.4.1. There is an isomorphism ® : Fo — C|[[p]] of the form
®(|u)) = (vac|ef®|u).

1 n . .
where K(p) := 3 > 2, 52 JEZA1/2 ij;+n :
At the level of operators the isomorphism is described by

OGP = ),

JEZ+1/2

<I>_1pn<1> = Z : @Z)jd);-‘_n :

JEZ+1/2



2.4 Fermionic calculus 15

Ezample 2.4.2. Using the formula e Be=4 = €34 B for the adjoint action of a Lie algebra on
itself we get

4! P2 p2
eK(p)¢ne—K(p) =Y + E¢n—1 + (h + 2;2) Yn—2+ ...

K K P1 D2 p%
K Plyre=K(P) — 4 — glﬁzﬂ + <_h + 2h2> Vni2t -

and, using these, we can Compute for instance
¢(¢3/2’l/}i1/2‘vac>) :(VaC|eK(p)w3/2wjl/2’VaC>

2
=(vac| <¢3/2 + %%/2 + <phz + 2];112> Y12+ ) (¢i1/2 +.. ) |[vac)

» B
2 T
and similarly
2
P2 P
(Y1297 5 0| vac)) = > "o
A
Now consider the following vertex operator acting (on the right) on C[[p]]
X(21,2) 1= &0 V=R a0} o~ X% g e
with 21, 2o € C. Then the above theorem gives as a corollary
1 . @ 1
Lt S (X)) (213)
Z1 — %9

where () = Yz 172 ¥n2" /% and 47 (2) = V1o Y

Getting back to the generating function (2.10) we make the following important observa-
tion:
(o VR2\ [ /Ee
H(z) = 1/ X <el(x1 : >,e1(x+l 2 >> da
S(Vhz) Js1

whence, by applying (2.13) and computing the residue, we get the fermionic expression for
the generating function of the quantum dispersionless KdV Hamiltonians

Theorem 2.4.3.

% 2, VhzEo(z) =

3 \/ﬁzz\@k vhz (2.14)

1 :wk¢k:+e\/ﬁz/2—e—\/ﬁz/2
kEZ+§

This way the equivalence of our generating function of 1-point SFT-invariants of the
tube and the one for 1-point GW-invariants relative to 0 and oo (derived by Okounkov and
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Pandharipande in [27] using the Gromov-Witten/Hurwitz correspondence), is proven. From
(2.14) we get

n/2 n+1
i, & i

(G Py (1= 27— (n+ 1)) (2.15)

keZ+1/2

where ( is the Riemann zeta function. The peculiar diagonal form of the right-hand side
ensures the required commutativity of the Hamiltonians. Now we can use this fermionic
formalism to compute the invariants of P! (or, in principle, of any compact Riemann surface)
via Theorems 1.5.1 and 1.5.2.

2.5 Descendant potential of P!

First of all we rewrite equation (2.12) for the descendant SFT-potential of the cap in the
language of fermionic calculus of the previous section. We get

rn/2

Kt
egcap(SZ,k) — Z 52, R CESI {Ek€Z+1/2

1
Wil 7(n+1))4(_(n+1))] ereZ+1/25¢j¢;_1: |vac)

One is now to compute the right hand side and then use Theorem 1.5.2 to get the descendant
potential of P'. If we restrict to the case of maps with fixed degree the computations can be
carried out very explicitly. Remember that both the SFT and Gromov-Witten potentials are
power series in z with coefficients the potentials for maps with fixed degree. We write

Fp1(s2,k, 2 Zﬂvl S2,)%

Scap(SQ,kvp = Zp) = chap,i(slk’p)zl
7
Then Theorems 1.5.1 and 1.5.2 give:

DEGREE 0: _
e}—]}"l,O(SZk) — e{?aap,o(sz,mp) egcap(oa‘I)

—
e&cap,O(SQ,kvp) — 1 ezn 52,an

and using (2.15) we immediately get (see [19],][29])

Scap o\S2,k, P Z 2n ' 1 - 2_(n+1))C(_(n + 1))

T o(s2,1) Z 20 ] (1 —2- D¢ (—(n+1))

DEGREE 1:

N
./T]Pl,l(SQ,k) = S'cap,l(SZk,p) e@cap(O,Q)

1 —
Scap,1 (52,1, D) eSear0(s26:7) = ﬁpl eln s2nHn
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and passing to the fermions the second equation becomes

(n—2)/2
_ 1> <Z Sznhni,k"H)ikai
O (Feap,1 (52,6, P)) = 7e * ey by b1/ |vac)
Since
Kr(n—2)/2 - . B
Z Zszn PRy %/21#1/2 = Zn:SMnM‘H)! 1/11/21#1/27
we get
Theorem 2.5.1. . o
gcap,l(SQ,kap) = ﬁeZn 52,21 327 (2 1)1 »
h’!L
Fpr1(sok) = %GE"SQ’Q”W
The second equation coincides with the result found by Pandharipande in [29] using Toda
equations.
DEGREE 2:

— 2 —
(fpl,l(sz,k))Q + 2Fp1 o(s2) = [( Sca];>,1(é>’2,1m10)) + 25 cap2(s2.k,p) | Sear(0)

[(Scap,l(SQ,k;p))Q + 2gcap,2(52,kap):| egcap,O(SQ,kvp) h2p2 ez s2,nH

and passing to fermions the second equation becomes (see Example 2.4.2)

_1((Scap,1(52,k7p))2 + Qgcap,Z(SQ,kap)) =

p(n—2)/2

1 Ek<2n82,n GESY) k”“):wkw;;
ﬁe

(V372UZy )9 — V17207 35)5) [vac)

Since
R(n—2)/2 1 . . .
Z 282,nmkn FRYg (¢3/2¢}_1/2 - ¢1/2¢_3/2) =
k
A /2 3\ 1
Z S9 a7 / <<2) _ ()n+1> V37207 /o
A" /2 1 3\ .

_ Z So 7 / <2n+1 _ (2) ) V17297395

we get

(Scap7 (52 kD ))2 + 2%0ap,2(52,k7p) =

n ! 2
1 Z Szn(ZJr/lQ),((%) +1*(72>;n+1) (p n p1> _ lez 52n(n+/12) <2n1+1_(%) +1> <p p1>

1t on) h Y

and finally
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Theorem 2.5.2.

Fpr o(S2,k) =
n

L LS o (07" o) _ Lo san i (= (8)") | S vein oty
2h% |2 2

This process can be carried on to even higher degree, with more and more struggle,
but it appears, already at degree 2, to be fairly more efficient than the method of Virasoro
constraints of [17], used in [28].



Chapter 3

Gromov-Witten theory of
polynomial Pl-orbifolds

In this chapter we give a procedure for computing the genus g orbifold Gromov-Witten po-
tential of an orbicurve C, when only the even (ignoring degree shifting) orbifold cohomology
is considered, in terms of certain Hurwitz numbers. This material is mainly taken from the
author’s paper [33].

Orbifold Gromov-Witten theory, like its smooth version, can be approached either in the
differentiable or in the algebraic language. We chose, coherently with with the symplectic
environment, to use the first one, introduced by Chen and Ruan ([8],[9]). The main reference
for the algebraic geometric approach is by Abramovich, Graber and Vistoli, in [1],[2].

In general the orbicurve Gromov-Witten potential is a power series of the orbifold coho-
mology variables to, ..., t;,et+1 (here [ is the dimension of the even orbifold cohomology of
the orbicurve). Our computation will use a very mild extension of Symplectic Field Theory
where we allow orbifold singularities of the target cobordisms. Of course such a extension, in
its full generality, would need a thorough study of the moduli space geometry it gives rise,
in order to fix the foundations, which is still to be completed even in the ordinary smooth
case. However here we consider just the case of 2-dimensional target cobordisms with Zj, iso-
lated singularities (in fact punctured orbicurves), where the slight modifications to the theory
(mainly the index formula for the dimension of the moduli space of maps and the grading of
the variables) and its main results can be guessed easily.

Once we have described the procedure to obtain this “partial” potential for C' as a series,
we restrict to the case of Pél,...,aa (the complex projective line with a orbifold points with
singularities Z,,) and we ask when this series truncates. The answer turns out to be that the
Frobenius structure is polynomial (in 1, ... ,#,e""+1) exactly for any P}, ,, (see [25]) and for

1 1 1 1
P272,l_2 (l Z 4)7 P273’37 ]P)273,4 aIld ]P)273’5.

Finally, after extending the result about SF'T of Hamiltonian structures of fibration type
to the case of an orbifold base M, we compute the SF'T-potential of a general Seifert fibration
over IP’}I po With different contact or Hamiltonian strucures given in the usual way by the
fibration itself. This potential will involve, as expected, the integrable systems associated

to the rational Gromov-Witten theory of the base. This process can actually be carried on,
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along the lines of section 2.9.3 of [16], to extract symplectic and contact invariants of higher
dimensional manifolds.

3.1 Symplectic Field Theory of punctured Riemann surfaces

In this section we prove a general formula for the SF'T-potential of a two-dimensional sym-
plectic cobordism S obtained from a genus g’ Riemann surface ¥, by removing small discs
around a points z1,...,2, € Xy (see also [32]). We will consider it as a framed symplectic
cobordims between the disjoint union of m copies of S' and the empty set and we will con-
sider only the dependence on the even cohomology classes (i.e those represented by 0-forms

X1
and 2-forms). The potential will be expressed in terms of Hurwitz numbers H g (11, -y ta),
i.e. the number coverings of ¥, of genus g and degree d, branched only over z1,..., 2, with
ramification profile u1, ..., u, respectively.
Lemma 3.1.1.
14259 s9
Fg(to, s2,p", ..., p%) === - =
S( 0y,52,P 7p) h 2 24

oo o0
S DI AN o g —
NS e (i) (01 ()

9=0d=0 W1|7---7Wa\:d

where to, sy are the variables associated to Ag =1 € HO(S) and Oy = w € HZ, (S) respec-
tively.
Proof. Recall the index theorem for the (virtual) dimension of M‘;r o s—» Whence:

dim/\/lﬁr7s(5) =2 (Z si+2g — 2) +2r +2d(2 - 2¢' — a)

=1

where s; is the number of punctures asymptotically mapped to z; and s; = d — 221;1(62 -1
where 62 is the multiplicity of the k-th puncture mapped to z;. Let us write the potential
for tg = so = 0: then the relevant component of the moduli space must be zero-dimensional.
The above formula, together with Riemann-Hurwitz theorem for branched coverings, ensures
then that we have to count curves with no marked points (r = 0) and no branch values other
then 21, ..., 2,, hence

[e.9] oo
X —
Fs(to=0,s0=0,p,...,p%) = E E g H, 5 (1s - pa) (PH)FE L (p) a1
9=0 d=0 |11 |, ja|=d.

It now remains to apply Theorem 2.7.1 of [16], making exp(Fg(tp = 0,82 = 0,p!,...,p%))

2 ..
evolve through Schrodinger equation with KdV Hamiltonian H = %0 - % + > p}.q;, to get the
desired formula. O
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3.2 Gromov-Witten invariants of orbicurves

We now plan to use Lemma 3.1.1 and the gluing theorem for composition of cobordisms
(Theorem 2.5.3 of [16]) to obtain the orbifold Gromov-Witten potential of a genus ¢’ Rie-
mann surface with orbifold points. In order to do that we will need to consider the mild
generalization of Symplectic Field Theory we referred to in the Introduction. Namely we
allow the target 2-dimensional symplectic cobordisms C' to have a finite number of isolated
codimension-2 Zj, singularities (see e.g. [8][9] for a review of orbifold geometry). The cobor-
dism C can then be identified with a punctured orbicurve. We will denote by n the number of
punctures, by a the number of singular points and by a4, ..., a, the orders of the singularities
of C. The relevant moduli space of holomorphic maps will inherit both the characteristics
of Chen and Ruan’s space of orbicurves ([9]) and of the usual SFT’s space of curves with
punctures asymptotic to Reeb orbits at oo ([16]). We will denote by Mg,ns+, ~(C, J,x) the
moduli space of holomorphic genus g orbicurves in C of degree d with r marked points, s*
positive/negative punctures, which are of type x in the sense of [9] (here x is a connected
component in the inertia orbifold C’) In particular, smoothness of the cylindrical ends of the
target cobordism ensures that the main operations on /\/lg rst oo (C, J,x), first of all its com-
pactification, can be performed completely analogously to the smooth case (with appearance
of n-story stable curves and the usual rich structure of the boundary).

Let us write, for instance and future reference, the index formula for the dimension of this
generalized moduli space:

dim M4 (C,J,x) =229+ s + 5~ —2) 4+ 2d &(C) + 2r — 2(x)

g7r7s+787

where
1-— Oéi)

a
dNC)=(2-29-n+> —
1 (2
is the first Chern class of C, relative to the boundary, and ¢(x) is the degree shift of the
connected component x of C' (see [8] for details).

Similarly, when one considers the Weyl and Poisson graded algebras of SFT (see [16]
for details) where the Gromov-Witten-like potentials are defined, the grading for the p and
q variables, together with the cohomological ones (t=)¢;0;, where 6; is an homogeneous
element in Q*(C’)), will be given by formulas that are totally analogous to the ones for the
smooth case (see [16])

degpy = +CZ(7) -2
deggq, =—-CZ(y) —2
degt; = degorb 0; —2
degz = —2¢1(C)
but take into account the effect of the singularities on the orbifold cohomological degree and
on the trivialization of the relevant symplectic bundles, giving rise to rational Conley-Zehnder
indices. We will give below explicit formulas for the specific cases we are going to use. With

this grading, the property of the SFT-potential of a cobordism of being homogeneous of degree
0, is preserved even in this singular case.

The basic building blocks of our construction for the Gromov-Witten potential of an orbi-
curve are the potentials for the punctured Riemann surface (Lemma 3.1.1) and the a-orbifold
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cap C/Z,. Let us compute this last missing element, which we see as a singular symplectic
cobordism between S and the empty manifold. Consider orbifold cohomology classes of the
orbifold cap, which we denote tg,t1,...,tq_ 1, where ¢; € H_ 21/ “(C/Zy). The grading for these
variables is given, accordingly, by deg tl = E — 2. Moreover the natural trivialization of the
tangent bundle of the cap along the circle boundary gives a fractional CZ-index of 1/« for
the simple orbit (one actually gets just a natural trivialization for the a-fold covering of the
cap which gives CZ(aS') = 1), which translates to degpy = —% — 2. In order to compute
the explicit form of the SFT-potential of C/Z,, which we denote F,(to,...,ta—1,D,Hh),
proceed the following way. Recall that F, = Zhglea’g must be homogeneous of degree
0, with degh = —4. Since all our variables have negative degree we deduce that the only
nonzero terms appear for genus g = 0. Here we have

1 ] a . o1 Pj
Fo = 7 Z Aig_ i ot 7] + ﬁZ Z By dacg - 10 7j

105 sbor—1 115eslo—1

> (a—k)ip=2c > (a—k)ip=a—j

One way of determining the coefficients A and B is by gluing any two orbifold caps along
their boundary S! and use Theorems 2.7.1 and 2.5.3 of [16] to compute the Gromov-Witten
potential F o, o, (to,t1,1,---st1,a1-1,t2,15- - -, t2.00—1, ) Of the resulting Pal o, (here, of course,
s € H*(P, ,,)). This potential was already computed by Milanov and Tseng in [25], who
showed its relation with Carlet’s extended bigraded Toda hierarchy [6] and, hence, with
extended affine Weyl groups for the root systems A; (see [12]). Alternatively, one can impose
WDVYV equations on these potentials and determine the desired coefficients. (this is, by the

way, a very efficient way to compute GW-invariants of ]P’}ll )

Ezample 3.2.1. The SFT-potential of C/Zs has the form

Atot] + Bt + Ctip1 + Dps)

1
Fa(to,t1,p) = 7 [

and a comparison with the genus 0 GW-potential of P}, (see for instance [12])
Foo =3 [%tﬁﬁ 1(t Gy Tt to — 96 (£ b Ftha) Ttantayes + 3 1e2s,2
(where the second index of the cohomology variables refers to one of the two orbifold points)

promptly gives

Similarly one computes

F3 = %i [%totlt? + %t?l) - %t%tz + 648t1t4 19440t6 + (tl + %t%) nt %tQp? + %pﬂ

1 t8 tot§ tity  t3t3 3 1432 1422 1,42 1
Fi=75 [ Traemes T 7ames — dome — aors + asatiteld + gsgt3ts — grtits — ztithts + qtotats

t3
— i+ btofy + Mo+ (5 dtats +02) oy + (S 3) o+ Staps + L]
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Fr — o Ttath  totl 13t3§ 4 t1t§ 4 t3 +11t2t3t 4 Ttat]
5= % | ~ 8100000000 " 50000000 — 3150000 ~ 4500000 T 2250000 T 3000 T 375000 T 150000

2t titsth 3 tat3td 3, 1442 1,42 3tat2 1,2
T 7500 ~ 15000 150t1t 1500 750t1t2t + 10t1t2 — 56%2t3 — 10000 — To0t1 754

+apot1tt] + axptatst] + it2t3 + Ltotots — Tigtats + megtatita + ttotits — gstitatsty
t3 t2
+ (atti + dotatd + B8+ g+ 00 o+ (75 + 554 8 ) po o+ (6 + %) oo+ tas + o)
A

Now we can proceed with our gluing procedure, which consists, according to Theorem 2.5.3
of [16], in obtaining the GW-potential for the genus ¢’ orbicurve Sy, o, =2
with orbifold points z1, ..., 2, and local groups Z,,, ..., Z, as

9/7(21701)7---7(Z¢17aﬂ)7

B, oy (1:52) = 10g [exp(F o, (1,9) . exp(Fa, (1,0)) exp(Ps(to, s2,0))] (3.)

which gives, according for our general formula for the potential of the orbifold cap, the
following expression of the genus g orbifold Gromov-Witten potential of the orbicurve Sy, . o,

F 1 t%SQ S92
Sareca — 19 o4
a
r (i0,r) 15(1,r) i(ar—1,r)
+ > Aoy itar-1 10t Eap—1r)

r=1 i(O,T)7“'7i(ar—1,T)
> (ar—k)igg, =20

oo o
S Sl SR T
9=0 d=0 |yt1 |, jra| =d.
Hr

a
r 7:(1,7') i(arfl,r) g—1
11 Yo Bl ntin o tein | B

r=1 \i1,m)l(ar—1,r)

where, as in Example 3.2.1, the second index in round brackets, as well as the upper index of
A and B, specifies one of the a orbifold points.

Notice here that, in the above formula, the sum over the branching configurations 1, . . ., tq,
where pir, = (W1ks- -+, Msy k), K = 1,...,a is the local branching degree over the k-th point,
involves only those terms for which each of the p;; is less or equal than cy. This phe-
nomenon is very important and sometimes it leaves only a finite number of nonzero terms
in genus 0, making the rational GW-potential fSa (h Fso, ... aa) o @ polynomial in
the variables to,%(1 1), (a1 —1,1)s- s E(1,a)s - - t(aa,l,a),e”. Our next task will consist in
classifying exactly these cases, at least for ¢’ = 0.

.....

3.3 Polynomial P!-orbifolds

In this section we study the rational orbifold Gromov-Witten theory of those genus 0 or-
bicurves which give rise to a polynomial quantum cohomology, i.e. those whose associated
genus 0 Gromov-Witten potential is polynomial in the variables to,%(1 1), ¢(a;—1,1)s- -
t(1,a)s - - s t(aa—1,a), €°- We will call such orbifold Riemann surfaces polynomial P! -orbifolds.

Lemma 3.3.1. The only polynomial P'-orbifolds are those P} ) such that:

(21,01),-.5(2a,0a
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1) a=0,1,2, for any (a1, a2):
i‘517a2

2) a=3, (a1,00,a3) = (2,2,1 —2), 1 > 4:
P} 2o
3) a=3, (a1,a9,a3) = (2,3,3),(2,3,4), (2,3,5):

1 1 1
P33 P34 Pys5

Proof. A necessary and sufficient condition for the finiteness of the potential is obtained by
using Riemann-Hurwitz theorem. Indeed, validity of the Riemann-Hurwitz relation

a Sk

SN (wir—1)=2d-2

k=1 1i=1

is a necessary condition for existence of a degree d covering with branching profile given
by fi1, ..., ta, With g = (B1k, ..., s, k). As we already noticed, the branched coverings
appearing in our formula for the potential of P%zhal),...,(za,aa) have a branching profile with
local branching degrees pir, = (ft1k, - - -5 fbsyk)s K =1,...,a such that p;, <og, i =1,..., 5.
Denoting by n;; the number of occurrences of j in the set {1 ,..., s, 1}, Wwe can then

rewrite the Riemann-Hurwitz relation as

a o

YD G- njp=2d—2

k=1 j=1

We are interested in singling out the situations where there are only a finite number of
positive integer solutions n;j to this equation, together with the constant degree conditions
d= Zj‘i 1Mk, k=1....,a. It is immediately clear (consider the branching configurations
where ny 1 = 4, ngg = 2r — 2, ngy = ng3 = ng4 = 2r are the only nonzero coefficients)
that this never happens when a > 4, while it is always the case when a < 2. Finally, when
a = 3 we distinguish between the following cases. For a; = ap = 2, to ensure positiveness of
ni,1,n2,1,n1,2 we must have

(3 +2)nag3 + (@3 + )nag—13+ ... +3n13 —4 < 2ng
(043 + 1)7104373 +agnag;—13+...+2n13—2>n99

3Ny 3+ (a3 — Dngs—13+ ... +n13 > 2n99

whence 2(nqg,3 + ... +n1,3) < 4, so we get a finite number of integer solutions for any as.
For a; = 2 and as = 3 we have similarly

(043 + 2)71,1373 + (043 + 1)na3_1,3 + ...+ 3n173 —4 < 2?2272 +n31

(043 + 1)7”La3,3 + asngg—13+ ...+ 271173 —-2> n2.2 + 211371

a3Nas 3+ (a3 — 1)ngz—13+ ... +n13 > 2ng
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whence (6 — a3)nay 3+ ... +5n13 < 12, so the solutions are in a finite number if ag < 5. Vice
versa, if ag > 6, we have infinite sequences of solutions like noo = 3r, n31 =2r —2, ng3 =r
and n,, = 0 otherwise.

Other values of oy, as always give infinite solutions.

Notice that the Riemann-Hurwitz relation is not a sufficient condition and the problem
of determining all the admissible (satisfying Riemann-Hurwitz) covering configurations that
are not actually geometrically realizable is classical and still open (see e.g. [30] for a review
about this challenging topic). Nonetheless the non-realizable cases are quite exceptional and
(as shown in [30]) by no means influence infiniteness of the number of actual coverings. This
ensures that we have actually found all the polynomial P'-orbifolds. O

In the above classification, case 1) was studied in [25], where the quantum cohomology of
]P’(lll’a2 was shown to be isomorphic, as Frobenius manifold, to the space M (A;, k) of Fourier
polynomials invariant with respect to the extended affine Weyl group of the root system Aj,
with the choice of the k-th root and with | = a1 + a9 —1 and k = «1. We will not remind here
the general procedure (see [12]) to construct the Frobenius structure on the space M (R, k).
However we recall that polynomial Frobenius manifolds of dimension [ + 1 can be associated
with root systems of type D; and Ej, but in this case the choice of the k-th root is forced
to be at the bifurcation of the Dynkin diagram. Moreover, the relevant Frobenius potential
happens to be homogeneous with respect to a specific grading for the coordinates, and this
grading coincides (up to an irrelevant factor) with the one we defined above once we compare

the manifolds M (D, 1 — 2) with QH, (P, 2,l—2) and M (E;,4) with QH, (P, 3,l—3)‘

With the idea to investigate this correspondence, we plan to compute explicitly the genus
0 Gromov-Witten potential fp1 oo of the above polynomial P'-orbifolds. This can be done

easily (although computations can get quite cumbersome) by using equation (3.2) above,
together with Riemann-Hurwitz relation, as in the proof of the above Lemma, to predict
all the (a priori) non-zero Hurwitz numbers appearing as coefficients in our formula. This
leaves us with a closed expression for fp1 oo which still contains a finite number of Hurwitz
coefficients. These can then be determined by imposing WDV'V equations. Without reporting
the details of these computations, we give some examples of the results of this construction.

Example 3.3.2.

fp1,, = i etz 4 Te4 (13 + 13 4+ 13) 22 + eldtatatsz + Sto (83 + 13 + 13) + o5 (t] + 4 + t3)

2
fpy = ge20 + jettifat +63t5t1t22 + Se?ts (t—4 +t3) 22+ Le?s (12 4 43) 1422
t 4 14242 1 2 2 1 (44 4
tetstity (% +3) 2 — i + shstath + 1 — 836 + 3o (12 + ) — g (e + )
+3totsts + $t3ts
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2
t2
fpr, = %eSthS + %thGtgz'G + efdto <§5 + %) 24+ Tetlo (13 4+ 13) 24 + 3ottty 2?

3 3
+3e% (%—F%‘Ftﬁi) 2% + o (t2+t2)( +€;)z +et6t1t2( 3 +%+t3)z

8 t4td tst? 4 i 3 2,9
4128768 + 73728 ~ 30720 — 192 3072 + 384t3t4t + t0t4 + 384t — gatts

+3to (13 +13) + 55 (—t] — t3) + §t3ta — s5tstits + Hotsts + 13t

f;
IP%EIS

2
=2 + Tedtotd + 1eblos2 + 14012 + le2t6t2t4t§ + Do tatyty + elo ( + t1> ( + t3>

+edto (tg (B +t0) +ta (F+ts)) ts+ S+ detorded + & (834 43) + Jeftotaty

2 2
Fitg (tits + tats) + eto (%2 + tl) (%4 + t3> + o (—t3t3 — 1363) + el (83 +43)
4 102t t 2 t 1,2
ks (tath + ttd) + ool + 3e¥e (0 (B+n) +0 +t3) + 32t

A

All the above potentials turn out to coincide with know examples from extended affine
Weyl groups and, in particular, one can directly verify the isomorphism of Frobenius manifolds

M(Ey,4) = QH}(Py 3, 3) [=6,7,8

together with instances of the other isomorphisms appearing in theorem 4.0.3. However a
complete proof of our mirror result will require a less computational approach, which is what
we plan for the next chapter.

3.4 Symplectic Field Theory of Seifert fibrations

What we are going to explain now is a generalization of Proposition 2.9.2 of [16] to the case of
oriented Seifert fibrations over orbifold Riemann surfaces. For simplicity we will consider just
the case of an oriented Seifert S'-orbibundle 7 : V' — P over a P'-orbifold P = ]P’%Zl,al)’ (zarca)
with uniformizing systems at z; given by z — 2%, with Seifert invariant (¢, 51,...,3,) (here
¢ is the first Chern class of the orbibundle V and b = ¢ — % is the first Chern class of
its de-singularization |V, as in [8]). This is actually a sort of mildly singular Hamiltonian
structure of fibration type, since the manifold V itself is still smooth, but the Reeb orbit space
is a symplectic orbifold with Z,-singularities. However it satisfies the Morse-Bott condition
of [4]. Moreover we stick to the rational (¢ = 0) SFT. Here we use Chen and Ruan’s theory
and terminology of orbifolds [8],[9].

The cylindrical cobordism V' x R can be seen as the total space of the complex line
orbibundle L associated with V' — P, which is actually holomorphic for a proper choice of
the almost complex structure J, and with the zero section (containing the singular locus of
L) removed. Following [16] we want to project a SFT-curve u : Pt — {z1,.. xs} — L along
7 to obtain a stable orbifold GW-curve @ to P. This is trivial outside 7~!(z;), while the
following Lemma ensures that the domain curve P! — {z1,...,2,} can be given in a unique
way an orbifold structure at the punctures {z1,...,zs} in such a way that we get a genuine
stable GW-map to P.
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Lemma 3.4.1. Letu: ¥ — E/(zhm),...,(za,aa) be a non-constant holomorphic map between a
Riemann surface and a complex orbicurve. Then there is a unique orbifold structure on X
(which we denote ¥,,) and a unique germ of C*°-lift u of w (which is regular) such that the
group homomorphism at each point is injective.

Proof. There are finitely many x; € ¥ such that u(x;) = z;. An orbifold structure at z; and
the corresponding C°-lift of u fit into the diagram

24
D——D

2n
D;, ——= D,

where n is assigned with the map u. So we have pn = q«;. Now, if p and ¢ have some
common factor, then the group homomorphism is not injective (the common factor k € Z,, is
sent to 0 € Zy, ), then p and ¢ are uniquely determined by n and «; thanks to the injectivity
condition. The map is obviously regular by construction. O

This way we get a fibration between the relevant moduli spaces of holomorphic maps
A A
pr: MO,T,S(L) - MO,T+S(P)

where A € Hy(P,7) = Z. Using the orbicurve version of the correspondence between effective
divisors and line bundles on P, one is able to identify the fiber pr—!(ii). As in the smooth
case, u can be reconstructed from @ by assigning a meromorphic section of u*(L) which is
determined, up to an S'-symmetry, by its divisor of poles and zeros, hence by s of the r + s
marked points on PL and a sequence of integers (ki, ..., ks) such that

S

ki _ _ _ ~ i
; ;= (@(L)) = deg(w) e1 (L) = deg(@) { ex(|L]) + ; o |
where m; is the orbifold multiplicity of the i-th of the s points of the divisor on P} and |L| is
the de-singularization of L (see e.g. [8]).

Let now Ay, ..., A, be a basis of H,, (P) such that the system of forms A; := 7%(A;),
j =1,...,c < b generate 7*(H*, (P)) = 7*(H*(P)) C H*(V), and the forms ©y,...,0y
complete it to a basis of H*(V). Notice also that Ho(V,Z) = HY(V,Z) = 0 (if V is not
trivial).
Extending the proof in [4][16] to obtain the following generalization is now a trivial matter.

Proposition 3.4.2. Let fp(}_ t;A;,2) be the genus O orbifold Gromov-Witten potential of
P and hy (Y t;Ai + > 7;05,q,p) the rational SF'T potential of V' (as a framed Hamiltonian
structure of fibration type). Let

. oh L. .
J 1

7;=0

b
f}jg(t; 2:) = 8;15 <Z tiA; + 871'*(:)]', Z)
1

s=0
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for j =1,...,d and where w, denotes integration along the fibers of V.. Then we have
. 1 2roq...oq -
h{/(ta q,p) = m /0 flja(tl‘i‘ul(l'), . ;tb+ub($), Ub+1($), e UC(J}); 6—101( )m)dx
cL0g
where .
Up () = Z (kan,n et hime + Dkin,n ei’“"x) n=1,...,b
k=1

and t, denotes the degree shifting (in the sense of orbifold cohomology, see [8][9]) of the
twisted sector of P where the form A, is defined.

More explicitly, up to degree shifting and just as a vector space, the orbifold cohomology
of P is the singular cohomology (with R coefficients) of the inertia orbifold of P, hence just
the disjoint union of a sphere S? and [(a; — 1) +. ..+ (aq — 1)] points, labeled by a couple of
indices (1 =1,...,a;l =1,...,a;—1). Let us choose the (a; +...4+a, —a+2) elements of the
basis of H, (P) in the following way: A; =1, Ay = [w] € H*(S5?) and A =1 € Ho(pt(i’l)).
Then L1 = Ll = 0 and L(“) = a%-

Of course, as in the smooth case of [16], the Poisson structure and grading on the graded
Poisson algebra i, relevant for rational SFT and where hy is defined, is given again and in
the same way by the orbifold Poincaré pairing and grading in HY (P) (see [§]).

Thanks to this generalization we can use the Gromov-Witten potentials of P!-orbifolds
computed in the previous sections to obtain explicit expressions for the SFT-Hamiltonians of
some interesting contact 3-manifolds, which are Seifert fibrations over these orbifolds. The
A-case gives the general Lens spaces, the D-cases are Prism manifolds, while among the

exceptional E-cases one can find quotients of the Poincaré sphere and more exotic manifolds.



Chapter 4

The mirror model to QH , ( pqr)

In this chapter we construct a family of Frobenius manifolds on the space M, 4 » of polynomials
in three complex variables of the form

F($7yaz) = —a:yz+P1(3:) + PQ(y) + P3(Z)

with given degrees p,q,r in x,y, 2z respectively and % + % + % > 1.

The cases M, 41 are easily seen to coincide with the spaces of Laurent polynomials of [12],
which have been shown ([25]) to be isomorphic as Frobenius manifolds to QHx, (P}, ;. +)-
This motivates our mirror theorem

Theorem 4.0.3. Let M, ,, be the space of tri-polynomials. Then we have the following
isomorphisms of Frobenius manifolds:

p’lﬂ’ _Q orb( pqr)

An Homological Mirror Symmetry version of this result was conjectured by Takahashi
n [35], where tri-polynomials also appear. Very recently prof. Takahashi communicated he
found a proof of this Homological Mirror Symmetry result which should hold for general p, g, 7.
Equivalence of Homological Mirror Symmetry with isomorphism of corresponding Frobenius
manifolds is generally believed to be true, but far from being proven. This one can be seen
as an instance where both the versions of Mirror Symmetry hold.

Notice, moreover, that Mo, can in turn be proven to be isomorphic to M (D, 42,7), the
Frobenius manifold associated to the extended affine Weyl group D, (see [12]). This can be
promptly done by using Dubrovin and Zhang’s reconstruction Theorem 2.1 of [12], which
states that there is only one polynomial Frobenius structure with the unity vector field, Euler
vector field and intersection pairing of M (D, 12,7). It is then sufficient to check that M,
has precisely the same e, E' and intersection metric, the last one given by

(wl, wQ)N = iE(w1 [ ] wg)

where we identify 1-forms and vectors using the other metric of the Frobenius manifold.
In fact polynomiality follows from the isomorphism My g, ~ QH}y (P}, ,) and our clas-
sification theorem of P'-orbifolds.
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The exceptional cases Eg, Fr, Eg are even more easily dealt with explicitly computing
and comparing the Frobenius potentials. Hence, let M (R, k) be the Frobenius manifold
associated to the extended affine Weyl group of the root system R with the choice of the k-th
root, according to [12]. Then we have the following isomorphisms of Frobenius manifolds:

M(Ala ]{7) = Q ;rb(P%:,l—k-‘rl) see [25]
M(Dy,l-2)=Q ;rb(P%,Q,l—Q)
M(E;,4) = QH}y (P 3, 3) l=6,7,8

4.1 Space of tri-polynomials

We will denote by M), the space of polynomials (we will refer to them as tri-polynomials)
of the form

F(z,y,2) = —wyz + Pi(z) + P2(y) + P3(2)

where

P q
Py(x) = Zakxk Py(y) = Zbkyk Ps(z) = cr(ed2)k
k=1 k=1 k=0

and normalized by a, = b, = ¢, = 1. This means that M, ,, & CPTI+"=2 x C*. It is an
easy exercise with generators and relations to show that the condition on p, ¢, r such that the
local algebra Clz,y, z]/Jr, where Jp is the Jacobian ideal of F' (i.e. Jp = (0,F,0yF, 0, F)),
is isomorphic as a C-module to the tangent space TrMy, 4, is }D + % + % > 1. We will assume
this condition is always verified in what follows. Moreover, up tp permutation of xz,y, z, we
will just need to consider the cases

(A) (p7Q7r):(p7Q71)) p7q:1727"~
(D) (p.q,7) =(2,2,7), r=2.3,...
(E) (p,q,7) =(2,3,7), r=23,4,5

We are going to define a Frobenius manifold structure on M, ,,. Similarly to the case
of Laurent polynomials (see e.g. [10],[25]), the isomorphism of each tangent space TrM, 4,
with the local algebra C|x,y, z]/JF, defines a commutative associative algebra structure on
TrM,p 4, with unity e = 0/0cy.
We then equip each tangent space with the residue pairing
/ O(F)0'(F)
(0,0)F = F(x};azs#w . F 0,F 0.F dz Ady Adz (4.1)
8y F=0, F=0, F=0

and assign the following grading to the variables
2i

dega; = -2+ — t=1,...,p—1
p
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degbj = =2+ — j=1,...,9—1
q
2k

degcp = -2+ — k=0,....,7r—1
r
degd =0

which gives the following Euler vector field

p—1 . q—1 . r—1 1 1 1 8
F = 1-— = 1
;( +; Jab +k0 ckack+( + + = +T)8d

Notice that, as usual in singularity theory, E corresponds to F'(x,y, z) via the isomorphism
TMyqr~Clz,y,2]/Jp.

All these structures are easily verified to be compatible, hence it only remains to prove flat-
ness of the metric (4.1) and potentiality (i.e. the symmetry of Vxg(Y,ZoW) in X,Y, Z, W).
The first requirement is achieved by exhibiting a system of flat coordinates. We start with
the cases A and D. Let

F(z,0,0)' "7
ai:reSEde i=1,...,p—1
T=00 1 X
F(0,y,0
By = res 0.0 ~dy j=1...,q-1
y=o0] Yy
F(0,0,2)
”Yk:resz (0,0,7) d k=0,...,r—1

where, as specified, either (p,q,r) = (p,q,1) or (p,q,7) = (2,2,7).

Lemma 4.1.1. In the cases A and D, the functions o, 85,7 © Mpqr — C, together with
d: M., — C, form a system of flat coordinates for the metric (4.1), such that the only
nonzero pairings of basis vectors are given by

1
(aail ) 8041'2) = 5 5i1+i2,p

1
(aﬁjl ) 857'2) = g 5j1+j27q
1
(a%l J aWkQ) = s Ok +hkg,r
(0r0,04) = 1

with indices ranging as above.

Proof. In the A case the formulas for a; and ; coincide with the ones given in [12] for the
space of Laurent polynomials, hence only the D case is left to prove.

From the above formulae we see that oy = a1 and 7 = b;. We now prove that
(8%1,8%2) = %6k1+k2’T. Consider the solutions, with respect to z, to F(z,y,z) = A,
for A and z near infinity, and denote it by z = z(\;z,y). Using the chain rule we get
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p.g.r
Oy, F' = —(0.F)(0y,2). Moreover, in the D case, the residues for the matrix elements of the
metric with respect to x and y localize at the poles
b
{ 0:F(2,y,2) =0 . T =
OyF(z,y,2) =0 yp = UG

Hence, applying the residue formula in many variables gives

(0 O ):_resw
k17 7Tk

A=00 22— 4

= —res (O, log(z + V22 — 4)) (O, log (2 + V22 — 4)) dA

dA

and the coordinates (x,y,) make no appearance in the formula, thanks to the fact that the
coordinates «; only depend on ¢; and d.

The result then follows if we consider the expansion, for A near infinity, of log(z++v/22 — 4))
where the coefficient of A¥/7 is given by ;. Indeed, let the coefficients 7;, be defined by

r—

T =0T o

1
log(= + V22 —4) = - [log)\ AT AT

Then one has

1-3 V22— 4 1
resf)\idz: res — AL7v ( 81 (logz+ - > + )d/\:‘ =Yk

1 1
AT T

T

Expressions for (0a,,0a,), (98,,0p,) and (0,,04) are proved analogously. This also shows
that these are the only nonzero entries. O

The E case is to be dealt with similarly, but it needs more care. First one finds the poles
with respect to z and y in the integrand of (4.1):

Tp = 9 (z3 — 12ay — 4byz £ 21/2" — 8b22% — 24ay 2 + 163 — 48b1)
Yp = 12 <22 — 4by £ /2% — 8by22 — 24ayz + 1663 — 48b1>

(we will use subscripts p = p; for the choice of plus and p = py for the choice of minus in the
coordinates above) and, applying once more the residue formula, for any two coordinates ;
and ¢y one gets

(04, 0,) = /\res

=00

[(8t1 Z) (atQ Z)] (z:mpl 7y:ypl ) - [(8t1 Z) (8t2 Z)] (,7;:1:172 ,y:yp2) dA
V2% — 8b222 — 24ayz + 16b3 — 48D,

At this point the esasiest thing is probably just computing the flat coordinates from the
topological side (recall that we are able to find the explicit expression of the Frobenius po-
tential for P%73’r, r = 3,4,5) and plug them into the above formula to check that they are flat
coordinates for the metric (4.1) too. For instance, for the Eg case (see Example 3.3.2), one
gets:

ol =ay — 8e3d

2

b
Bl:b1_€2+362€2d’ B2 = b
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Yo = co + 2a2bge2d + 6a1e3d — 18¢%
C% 2d
’71261—€+3b26 ; Y2 = b2

As for potentiality, one can use the same technique as in Hertling’s book on singularities
and Frobenius structures [20]. Recall that an F-manifold structure (M, o,e) on a complex
manifold M is given by a commutative and associative multiplication o on T'M and a unity
vector field e such that Liexoy (o) = X o Liey (o) + Y o Liex(o). Indeed we use the following
result from [20].

Theorem 4.1.2 ([20]). Let (M,o,e,g) be a manifold with a commutative and associative
multiplication o onT'M, a unity vector field e and a metric g which is multiplication invariant.
Denote by € the 1-form (coidentity) g(-,e). Then the following are equivalent:

i) M carries a structure of an F-manifold and € is closed
it) V.(-,-0-) is symmetric in all four arguments

In our case e = O, = 0y,, so de = 0 follows from flatness of e. The F-manifold condition
can be deduced from the following theorem.

Theorem 4.1.3 ([20]). Let mz : Z — M be a submersion between the manifolds Z and
M, with dim M = n. Let C C Z be a an n-dimensional reduced subvariety such that the
restriction mo : C — M is finite. Finally, let az be a 1-form on Z such that, for any local
lift X € T(TZ) of the zero vector field on M, az(X)|c = 0.
Then the map )
F(TM) — (Wc)*OC X Oéz(X)’C

is well defined, and provides M with a structure of F-manifold (with generically semi-simple
multiplication) if and only if it is an isomorphism and azlc,,, s exact.

reg

In our case Z = C3 x My 4r, M = My g, C = {dcsF(z,y,z) = 0} so that (7¢).Oc =
(Clz,y,2] ® On)/Jp, and az = dzF, so the hypothesis of the above theorem are easily
verified.

Notice that the spaces of tri-polynomials given by M, , 1 are trivially isomorphic, as Frobe-
nius manifolds, to the spaces of Laurent polynomials M, , considered by Dubrovin and Zhang
([12]) and Milanov and Tseng ([25]).

4.2 The mirror theorem

In this section we prove the isomorphism between M, ,  and QH;rb(IP’}J?q’,,), for %—I— % —I—% > 1,
as Frobenius manifolds. Actually, after the work of Milanov and Tseng ([25]), only the cases
M> 5, and the exceptional cases My 33, M2 34, Ma 35 are left to be proven. In order to do
that, we are going to show that we can find a point m € M, 4, (and hence a dense subset) of
our Frobenius manifolds where the linear operator U : T;, M), g — Ty My, 4 of multiplication
by E,, has pairwise distinct eigenvalues. This ensures (see e.g. [11]) that the Frobenius
manifold is semisimple (meaning that the Frobenius algebra is semisimple on a dense subset).
Moreover, if we prove that the algebras T}, M, ,, and T,,QH ;rb(IP)}D’w) at m are isomorphic,
then the isomorphism of Frobenius structures follows from the identification of e, £ and

the metric, via the diffeomorphism induced by sending the flat coordinates on M, ,, to the
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components of homogeneous basis of cohomology classes in QH, (;"rb(]}”;qur). In fact (see [11],
Lemma 3.3), knowing metric, unity vector field e and Euler vector field F, together with the
algebra structure at a point m where U = (F'e,,) has pairwise distinct eigenvalues, allows one
to reconstruct uniquely the whole Frobenius structure.

After having established the algebra isomorphism, we are going to compute the operator
U in the linear basis given by flat coordinates, at the origin 0 of the flat coordinate system.
Here eigenvalues can be calculated explicitly but they fail to be distinct. However, in the
My o, case, we are able to write down an explicit expression for U along a two-dimensional
submanifold of M, ,, and, by using perturbation theory along this submanifold, we show
that degeneracy of the eigenvalues is completely removed by this perturbation. The three
exceptional cases can be treated even more easily using the computer to have an explicit
expression for U and its eigenvalues at any point of the manifold.

. 1 . . .
Recall that the orbifold cohomology of I, , .. as a vector space is just the singular homology

of the inertia orbifold of IP’}%W, i.e. topologically the disjoint union of a sphere S? and (p +
q + r — 3) isolated points which we denote X;, Y}, Z; with j =1,...,p—1, k=1,...,g -1,
l=1,...,7 — 1. We choose the homogeneous basis of cohomology classes for QH ;rb(IP’%’QJ)
given by
1e H(S?) |, pe H*S?
z € H(X1) . wyieH'(M)
2w € HNZy), ..., z—1 € H)(Z,_1)

Let us first compute the quantum algebra structure on QH ;‘rb(IP’%Q,T) at a point m whose
flat coordinates (components on the above basis of cohomology classes) are zero, with the
exception of the components a and b along x1 and y;, which are left generic.
This structure is a deformation of the ordinary orbifold cup product on H, grb(P},’q’r), which
is given by
:L'l-yl:l'l-Zkzyl-szOifk):l,...,T‘—l

2yt Zhy = Thy+ky if kK1 +ka <71 —1
20 = 2% = 1 =
It follows that, as rings,
* (Pl ) ~ C[ 2 2 2 .7 2 ..r
orb\* 2,2;r) — x7y72]/(xy7xz7yz72x 29 7233 rz 72y rz )

if we identify x1 =z, y1 =y, 21 = 2.
The main result for determining the algebra structure on 7, QH (]P’%}Q’T) =H ctrb(]P%,Z,r)@
Clg| at m is the following.

Lemma 4.2.1.
1 &y 21 = 2qy1 + bg
Y1 om 21 = 2qx1 + aq

r+

x1 &, Y1 = r(qzr—1 + qur—i’) + ¢z 5 +...+ q2L 2

,_.
—
|

—
N

21 0m 21 = 2 + 2¢°

2
Z1 8y 220 =23+ Q21
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2
Z1 O Zp—2 = Zr—1 T Qq 2p—3
2
21 O0m 2r—1 =P+ Tq 2r—2

Proof. Recall firstly that the quantum product agrees with the grading of orbifold cohomology
given by

9
degzi:—l degx; =degy; =1 degp =2
r
2
degq:; dega =degb=1

This gives selection rules on the form of the product. For instance the most general possibility
for the product x1 e, 21 is

r+2_ -

T1 &y 21 = 201219 + 2¢oy1q + rezazy + reqabzy + csaq + cgbg + Z criziq 2 "

7

where the last sum is only present if r is even and, by the explicit form of the Poincaré
pairing and by definition of quantum multiplication (with the usual Gromov-Witten invariants
correlator bracket notation < ... >, 4, where the indices are respectively genus g, number
of marked points k and degree d),

1 =< x1,21,21 >031=0

e =< T1,21,Y1 >03,1= 1
c3 =< 1,21, 21,21 >04,1=0
c4 =< 1,21, 21, Y1 >04,1= 0
c5 =< 21,21,p, 1 >04,1=0
6 =< T1,21,D, Y1 >04,1=1

Cri =< X1, 21, % >0 4,132 = 0

The vanishing of ¢, ¢3, ¢4, ¢5 and the ¢y ; is proven (see also [25]) by considering a stable map
f in the moduli space relevant for the corresponding correlator and the pull back via f of the
three line bundles L., Ly, L, which generate the Picard group of P%?Qﬂ,. The holomorphic
Euler characteristics x of these bundles have to be integer and can be computed explicitly
via Riemann-Roch. For instance, for a map f in the moduli space relevant for the correlator
¢4, one has

1 1
1 1
“L)=14>— =
X(f*Ly) T35
1 1 -1
X(fL)=1+-->-"1
T T

and since the last one is not an integer we deduce that the moduli space is empty and the
correlator vanishes. For the same reason c1, c3,c5 and the c7; vanish, while the correlators
< @1,21,Y1 >0,3,1 and < x1,21,p, Y1 >0,4,1 are clearly 1.
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The same technique can be used for all the other relations of the statement but the
correlators < 21, 2j, Zi—d+1 >>0,3,4 appearing in z; e,, z;. In this case the Euler characteristic
only selects d to be even and in order to kill all the terms with d # 2 one needs to consider
a bit more carefully the maps in the relevant moduli space. The key observation here is that
any constant component of the map needs extra marked points to be stabilized, while non-
constant components need extra marked orbifold points every time they induce a branched
covering of S? which has local degree not multiple of 2,2, locally over the orbifold points
of stabilizer Zo, Zo,Z,. Plugging this information into Riemann-Hurwitz relation in the same
spirit as in the proof of Theorem 3.3.1, one gets the desired vanishing result. 0

The above lemma implies

TmQ grbGP%’Q’T) ~ =y CHQ]H£7?/) Z] —
zy — g 4T Y 2 (1R (r — 2k) g ek
xz — 2qy — bq
Yz — 2qr — aq

where r1 = x, y1 = y and z; = z and where we can set ¢ to any nonzero complex number.
Using the flat coordinates of Lemma 4.1.1 it is easy to see that, at our point m, ¢,_of =
(—l)kr% for k =1,... L%J, which implies that, for q=1 and for every a and b, the

one above is precisely the algebra T, M2, ~ Clz,y, 2]/ JF,, where

L554)
_ 2 2 r R(r=k =1 o1 ok
Fm(l',y,Z) ——$yz+x +a.’l’:+y +by+z +r ; (—1) mq z

This way we can directly compute the linear operator U of (quantum) multiplication by
E at m, whose matrix with respect to the flat coordinates we still denote (with a little abuse
of notation) U = Uy + V, where V(a =0,b=0) =0 and

0 A
2
_% (172
0 -7
0 Bl
V= 0 ... 0 By
0 ... ... 0
0
0 .0 0 0
0 0
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for r even and

0 A
2
_aT ()b2
0 -7
0 Bl
v 0
0 0 B
0 0 0
0 ...0 0 ... 0
0 0

for r odd, with A = 2r%(a® + b?), By = #k(aQ + b%) for r even and A = rab, Bj, =
%(Qk — 1)ab for r odd, and we won’t need to know the non-specified entries. While

0 4r
2 0
0 2
2
Uy =
2
2
1
= 0
for r even and
0 4r
0 2
20
2
Uy = 0
2
2
1
= 0

for r odd, but here the non-specified entries are zeros.

Now we use perturbation theory to show that U has distinct eigenvalues. In fact let
U1,...,Uptq+r—1 Dbe a basis of eigenvectors of Up, and V the matrix of V in this basis. If
(Up+€V)v; = A(€)vy, then A(€) = A(0)+€Vi4+O(e?). Checking that, for a # b, the perturbation
completely removes the degeneracy of eigenvalues, using the above explicit expressions, is
straightforward. This completes the proof of Theorem 4.0.3.
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Conclusions

In order to draw the conclusions of our work and propose further developments, we summarize
here our results (see also the Introduction for a more detailed review).

In this thesis we basically addressed some Gromov-Witten computations in the target real
dimension 2, both in the smooth and orbifold situations. This was done using Symplectic Field
Theory as a tool: the target space gets cut to a pair-of-pants decomposition and Symplectic
Field Theory techniques are used, first to compute the SFT-potential of the two dimensional
cobordisms obtained, then to glue them back and deduce the Gromov-Witten potential of the
compact target curve.

This technique is interesting for two reasons, which where actually the motivation for this
work. The first reason is effectiveness: Symplectic Field Theory, besides being a very general
and beautiful theory of contact invariants, is very powerful for computations in Gromov-
Witten theory. Our formulae for target smooth Riemann surfaces are extremely explicit
and, for the orbifold case, the insight needed to devise the strucure of the mirror model for
polynomial P'-orbifolds was provided by working out a number of examples where the rational
Gromov-Witten potential (potential of the Frobenius manifold) is found in closed form, again
by Symplectic Field Theory computations.

The second reason lies in the investigation of the role of integrable systems of Hamil-
tonian PDEs both in Symplectic Field Theory and Gromov-Witten Theory. In the target
two-dimensional case we clarify the role, important also for practical computation, of the dis-
persionless KdV system and its quantization. The Gromov-Witten Theory of target curves
was well-known to involve the Toda integrable system, since the Frobenius structure on quan-
tum cohomology of P! is the one giving rise to (extended) Toda equations. This structure,
which is semisimple, can be used to compute the full descendant and higher genera Gromov-
Witten potential from genus zero and no descendants, thanks to Virasoro constraints. This
was basically the road followed in [27], [28] in the smooth situation and [25] in the type A
orbifold case. For our approach we used a different technique, related to Symplectic Field
Theory of the contact boundaries of the pair-of-pants decomposition of the target spaces, i.e.
the circle. In this very simple case Symplectic Field Theory is completely understood to be re-
lated to the quantum dispersionless KdV system. In [16] the genus zero potential was already
written, while in [32], after an idea of Eliashberg ([15]), we wrote the needed quantization of
dispersionless KdV Hamiltonians so that the picture was complete also for the higher genus
case. Using Miwa, Jimbo and Date fermionic formalism (][26]), one can promptly handle the
mentioned quantum system and get to full descendants all genera Gromov-Witten invariants
of any target smooth or orbifold curve, in terms of Hurwitz numbers of branched coverings
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with assigned branching profile ([32],[33]). Moreover, in this language, it is completely clear
how the full descendants potential for the involved cobordisms (the cap and the pair-of-pants)
is nothing but a solution to the Schrodinger system of equations associated with the quantum
dispersionless KdV system, hence giving a very direct link between the topological theory
and integrable systems.

Further developments in this direction are expected to be related with the possibility of
using a similar technique in higher target dimension, starting with the four dimensional case.
Symplectic Field Theory of S2 is known to be related to dispersionless Toda system, which
is, of course, well known in its classical version (corresponding to genus zero Symplectic Field
Theory), but whose quantization is still missing. Once the higher genus SFT-potential for
S3 (and other three-dimensional contact manifolds) is found, possibly in a suitable closed
form, one could activate a similar cut-and-paste procedure to attack Gromov-Witten Theory
of some class of complex sufaces, admitting some sort of higher dimensional pair-of-pants
decomposition. For instance, orbifold Gromov-Witten invariants of weighted projective spaces
in any dimension where studied in [24], and their small orbifold quantum cohomology structure
was explicitly computed in [7]. It would be interesting to try and approach this computation,
starting from weighted projective planes, with our methods to see how integrable hierarchies
are involved in the picture and check if one can go beyond small quantum cohomology in
explicit terms. Actually, the first steps for this program can already be found in this thesis.
The explicit computation of Gromov-Witten potentials for polynomial P'-orbifolds can be
used, together with our orbifold generalization of Bourgeois’s theorem ([4]), to get at least
the genus zero Symplectic Field Theory Hamiltonians of a class of three-dimensional Seifert
fibrations (with up to three singular fibers). Further work needs to be done both about
the possibility of extracting contact invariants (basically Contact Homology if not the full
Symplectic Field Theory Homology) of the mentioned Seifert fibrations and in the quest
for a quantization of these integrable systems (related with the Frobenius manifolds of tri-
polynomials we defined). This last task necessarily passes through a better understanding
of the classical integrable systems of PDEs arising from the spaces of tri-polynomials. In
particular it would be enlightening to find a Lax representation in terms of some suitably
generalized shift operators for the D and FE cases, similarly to what was done for the A cases
by Carlet in his thesis [6].

Less directly related with Symplectic Field Theory, or in a sense complementary to such
techniques, is our main result about Mirror Symmetry between P!'-orbifolds, the space of tri-
polynomials and extended affine Weyl groups of type A, D, E. While the above methods allow
us to compute completely explicitly the Gromov-Witten potential of any assigned specific
polynomial P'-orbifold, we need another kind of approach to tackle all these cases at once,
finding the dependence of the Frobenius structure on the three integer parameters encoding
the order of the three singular points. Our expression for the quantum cohomology algebra
of the general polynomial P'-orbifold, for instance, relies on our mirror result, whose proof
required some techniques in Frobenius manifold theory, namely some of Dubrovin ([10]) and
Zhang’s ([12]) reconstruction theorems. Namely, after defining a Frobenius structure on the
space of tri-polynomials and proving it satisfies the Frobenius manifolds axioms, using the
explicit expression of flat coordinates for the invariant metric, we compare the Frobenius
algebra, at a given point of our Frobenius manifolds away from the discriminant (where some
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eigenvalues of the Euler vector field coincide). Once we have shown that these algebras are
isomorphic, we use the coincidence of metric and Euler vector field to extend this isomorphism
to the whole manifold, basically by analytic continuation. This is essentially different to
what Milanov and Tseng did in [25] for the A case. In fact, in the A case, one can do
without the assumption to be away from the discriminant, to apply a modified version of
the reconstruction theorem at a point where the Euler vector field has an invertible root
which generates the algebra. This allows to choose the easiest point in the manifold, the
one where all the flat coordinates are equal to zero, even if it is on the discriminant. In the
D case, however, the origin of the flat coordinate system is still on the discriminant and,
moreover, the root of the Euler vector field which generates the algebra is missing. This
left us no choice but to move the reconstruction point away from the origin, which involves
computing the quantum cohomology algebra at a non-trivial point. Luckily, in the D case,
the coordinates corresponding to orbifold cohomology classes associated to the two Zo points
are mildly involved in the structure constants of the algebra and the computations can be
handled also where these are nonzero. The fact that this point is away from the discriminant
then follows by a nice, easy argument in perturbation theory of linear operators.

Here the main direction of further investigation is of course the possibility of generalizing
the result to the non-polynomial case, i.e. the computation of Gromov Witten theory of
any P!'-orbifold (beyond the already clarified relation with Hurwitz problem of branched
coverings). In particular, for the case of only three orbifold points, also after the conjecture of
Takahashi ([35]), whose proof should soon be published by the same author, we can already
guess that, once more, tri-polynomials of any degree will constitute the candidate for a mirror
model. We expect that, in this case, non-polynomiality of the Frobenius manifold can be an
obstacle for the computation of the Frobenius algebra at a semisimple point, which is the first
step to apply reconstruction theorems in the proof of our mirror theorem. Finally it will also
be interesting to see if the Picard-Lefschetz theory approach (see e.g. [34]) can shed some
light into the Frobenius structure of these Lefschetz fibrations.
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