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Notation

e N,Z,R. The sets of natural, integer, real numbers.
e R™. The space of real vectors, N>n > 2.
e M"™*™ The space of square matrices of order n x n, N3 n > 2.

o M. The space of square and symmetric matrices of order n x n, N> n > 2.

e M{*". The space of traceless matrices of order n x n, N> n > 2.

. MS@%. The space of square and symmetric and traceless (deviatoric) matrices of

order n x n, N>n > 2.
o E: M™" — M h. The symmetric part, n € N.
o Eo: M™™ = Mo . The deviatoric part, n € N.
e I,. The identity in M"™*" (we always omit the subscription ).
e S¥~1. The unit sphere in R¥, N3 k& > 2.
e SO(n). The group of rotations, i.e. {R € M™ " detM =1,M~! = M”}.

e C'(Q),CHQ,RY),CYQ,M™"). Spaces of continuous functions with continuous
derivative up to order 4, with ¢ € NU {0, co}.

o Ci(),CYQ,R™), CL(,M™™). Spaces of continuous functions with compact sup-
port in  with continuous derivative up to order 4, with i € NU {0, co}.

o LP(Q), LP(Q2,R™), LP(2, M"™*"™). Spaces of Lebesgue functions, p € NU {oo}.

o H*P(Q), HP(Q,R™), H"P(Q,M"*"). Spaces of Sobolev functions. n € N, p €
NU {oo}, i € N.

o HP(Q), HLP(Q,R™), HEP(Q,M™*™). The closure of C2°(Q), C2°(Q, R™), C2°(Q, M"*™)
in HY?, p € [1,00).

o HY(Q), HY(Q,R"), HY(Q,M™"), HL(Q), H}(Q,R"), H}(Q,M"*") . As above, in
the case p =2, n € N.

o Holoo(Q) The intersection of HY*°(Q)) with H(}l(Q) (and similarly for
Hy™ (Q,R"), Ho™ (€2, M"™)).

° Hl/z(OQ), Hl/Q(GQ,R”), Hl/Q(GQ,M”X”). Spaces of traces, n € N.

o7 : HY Q) — HY?0Q), HY(QR? — HY20Q,R%), HY(Q,M>*3) —
H'/2(9Q, M>*3) the trace.

e H™. The Hausdorfl measure.
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0.1 Introduction

Studying the microstructure of complex materials is one of the most interesting problems
in modern applied mathematics and statistical mechanics. A paradigmatic case is rep-
resented by nematic liquid crystal elastomers (LCEs). Nematic liquid crystal elastomers
are a class of materials which associate a liquid crystalline microstructure composed
of rigid rod-like molecules (nematic mesogens) with an elastic continuum matrix made
of crosslinked polymeric chains. Their interesting properties stem from the interac-
tion between liquid crystalline order and the elastic response of the substrate. One of
the most interesting properties is the large spontaneous deformation accompanying a
temperature-induced phase transformation from the isotropic to the nematic state. This
spontaneous deformation can reach 400% with respect to the reference configuration.
LCEs can also deform and bend under UV-light excitation or in the presence of electric
or magnetic fields. These properties make them extremely interesting for applications
in bioengineering and robotics (e.g. artificial muscles).

Understanding the complex behavior of LCEs requires some familiarity with liquid
crystal modelling and with the theory of elasticity. We refer to [24], [49], and [50] for a
physical and mathematical introduction to liquid crystals and liquid crystal elastomers.
To sketch the internal organization of such materials, consider that nematic molecules
are linked to long polymeric chains, forming an anisotropic solid structure which has ex-
traordinary properties of deformability. Rods can be directly attached to the backbone
being part of the chain (main-chain polymers) or simply be pendant to it (side-chain
polymers). This is a fascinating example of a multi-scale material, that is a substance
whose macroscopic behavior depends on the average properties of its microscopic struc-
ture.

Nowadays, the mathematical investigation on nematic elastomers focuses essentially
on modelling the interaction between the liquid crystal and applied electro-magneto-
mechanical fields which act also on the elastic substrate. The choice of the variable
which describes the microscopic structure is crucial since it must satisfy some theoretical
requirements in statistical mechanics and, on the other hand, must justify the observed
microstructure in elastomeric samples. To model the nematic molecules, a possibility
is to recover the theories which are available in the literature on liquid crystals and
which are characterized through a symmetric 3 x 3 tensor field which ranges in Qp,
(Frank tensor model), Qp (Ericksen uniaxial tensor model), Qp (de Gennes biaxial
tensor model). The sets Qp,, Qu, Qp are defined later (see Section 0.1.1). For the sake
of our discussion, it suffices to recall that Qp is a compact and convex set, while Qg
and Qp, are non-convex and compact sets. The following inclusions hold

Orr CQuy C9p

and only Op and Qp contain the null matrix. Moreover, Qp is the convex hull of
Op, and Qu. In brief, Frank set Qp, is that of matrices with eigenvalues identically
equal to {2/3,—1/3,—1/3}. Frank theory consists in describing the local directions
of the molecules through the eigenvectors of the tensor Q and hence this is suitable
to describe an ordered system where the molecules are perfectly aligned along some
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direction n € S?, called the director. On the other hand, Ericksen and de Gennes
models can be interpreted as a further development of Frank theory, in the sense that
they also permit the description of disordered systems, that is when the eigenvalue of Q
are allowed to be slightly different from {2/3,—1/3, —1/3} (perfect order) and possibly
close to {0,0,0} (isotropy). The connection of Frank model to the one of de Gennes is
that the director n represents one distinguished eigenvector of the order tensor Q.

While all these models are perfectly legitimate to describe liquid crystal, it is a non-
trivial problem to extend them to the case of liquid crystal elastomers. According to de
Gennes model, equilibrium configurations of liquid crystals are obtained by minimizing
a free-energy functional which depends on the pointwise values of the order tensor Q.
This state variable describes both the degree of nematic order, and the average direction
of the nematic mesogens at each point of the sample. One of the main points in passing
from liquid crystals to LCEs is to discuss how a macroscopic displacement can interact
with the local direction and the local degree of order of the nematic mesogens embedded
in a gel, which are encoded in Q. One of the possibilities which we consider in this thesis
is to model a coupling term which is minimized when the order tensor Q € Qx, where X
stands either in F'r,U or B, is coaxial with the mechanical strain. In Frank scenario, the
main effect of the coupling between liquid crystalline order and elasticity is the possibility
of reorienting the common direction n of the nematic molecules through applied forces
or imposed displacements. In the more general scenario of the order parameters, also
the local degree of orientation may be affected by mechanical means and, depending on
whether Q is constrained to be uniaxial or is allowed to be fully biaxial, one obtains the
two different order-tensor models of Ericksen and de Gennes respectively.

The main results of this work are summarized below.

Part I: well-posed problems

We study well-posed optimization problems for systems of nematic elastomers in the
presence of magnetic or electric fields and of boundary conditions which model traction
on the boundary of the domain. In this part of the thesis, we describe the equilibrium
of the systems in all the available models. The discussion of which model is the most
satisfactory to describe the nematic molecules is postponed to Part II together with the
analysis of ill-posed problems.

Here, let Q C R? be a Lipschitz domain (an open, bounded, connected set with
Lipschitz boundary). Under the hypothesis of the principle of superposition of effects
in the linear theory of elasticity, the energy of the system in the presence of a magnetic
field is written as the sum of some energetic contributions

Q) = [ {£1n(Q TQ)+ £ @ V1) = (@b s, (011)

where u € HY(Q,R3), Q € H'(Q,Qx) (and X stands either for Fr,U or B), h €
L?(2,R3?). The first term is classical in the literature on nematic liquid crystals (see
[24], [49]). It penalizes spatial variations and deviations of the order tensor Q from some
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assigned tensor-shape Q,. Even though more general expressions are available for fyepm,
Wwe may assume

2
Faem(Q.VQ) = IVQP + ¥146(Q).

where Wy, is the Landau-de Gennes free-energy density, that is a multi-well poten-
tial whose shape depends on some external parameter, such as the temperature of the
system (which we assume to be constant). It is enough to require that ¥ 45 be lower
semicontinuous, and in practical cases it is taken as a polynomial in Q with absolute
minimum at Q = Q,, so that this energy contribution is bounded below. We anticipate
that the term U;4c will be neglected in Part 2. The material parameter x2, which is
called the curvature constant, penalizes spatial variations of the tensor field Q. The
mechanical free-energy density fiec(Q,F) is another multi-well function which couples
the mechanical strain E(F) = (F + F7)/2 to the order tensor Q € Qx

Free(Q. ) = HE(F) QP + 2 (1x F)” 012)

Here 1, A\, are positive constants, F € M?*3 and X stands either for Fr,U or B.
The algebraic properties of this function are analyzed in Chapters 2 and 3. The last
summand fy,.4(Q,h) has to be interpreted as the density of the work executed by an
external magnetic field onto the system (this is the reason for the minus sign in front of
this energy contribution). We write

finag(Q,h) = (A(Q)h, h) (0.1.3)

where A : Qx — Mg;ﬁ (here X stands either for F'r,U or B) is a linear map in Q such
that

mlh|? < (A(Q)h,h) < M|h|?> with 0<m < M < +oo,Vh € R3. 0.1.4
[h| ; ;

In all our models, polarization or internal magnetization phenomena are neglected, since
they are not relevant at a first analysis for nematic elastomers. Furthermore, another
typical simplification is to assume h as an assigned function in L?(€2, R3) and hence not
subject to Maxwell laws [49, Chapter 4]. The functional (0.1.1) can be defined over some
function space and minimized with the standard machinery of the calculus of variations.

Theorem 1 Let Q C R? be a Lipschitz domain and T, C 02 an open subset with
positive surface measure. Let u, € H(Q,R3) and h € L?(2,R3). The problem

min £(Q,u,h), (0.1.5)
HY(Q,0x)x

HE (Q,R?)4u,

where X stands either for Fr,U or B, admits solutions.
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In the presence of an electric field the functional which describes the energy of the system
reads

£Quu.0) = [ {£1en(Q.TQ) + el Q VW) ~ fae(Q.TO) iz, (0.16)

where ¢ : Q — R is the electric potential. The density f.. has the same properties as
the function fp,qq (differing only in dimensional units) and with some abuse of notation
we write

fele(Qa e) = <A(Q)ev e>

where A : Qx — M2x3 is the same linear map introduced in (0.1.3) such that

mlel* < (A(Q)e,e) < Mle]> with 0<m <M < +oo,Ve € R®.

The analysis of the functional £(Q, u, ¢) is different from the one just seen for the case
of an applied magnetic field. The potential ¢ is subject to Gauss-Maxwell law

div (A(Q)V¢) =0

which holds in weak sense (see below). Hence, the equilibrium of the system is deter-
mined by the minima of (Q,u) — £(Q, u, ¢) under the (non-local) differential constraint
(0.1.7). It is important to notice that Gauss law arises from the first variation of

¢»—>/<A(Q)V¢,V¢>d:c. (0.1.7)
Q

The main consequence of this fact is that the minima of (Q, u) — £(Q, u, ¢) under Gauss
law are in fact min-max points of (Q,u,¢) — £(Q,u,¢), and we have the following
theorem.

Theorem 2 Let Q C R3 be a Lipschitz domain and I'y,T'y C 00 two open subsets
with positive surface measure. Let u, € H(Q,R3), ¢, € HY(Q). Then, (Q,W, ) is a
min-maz critical point of €, i.e.

£(Q,u,¢) = min max  &£(Q,u,¢), (0.1.8)
(QueH (Q,0x) $EHT, (D+eo

xHf, (QR?)+u,o
if and only if (Q,W) is a solution to this problem
min E(Q,u,®), where ® is the solution to Gauss law,
(Q,U)EHI(Q,Q)()

xHf, (QR?)+u,

and where X stands either for Fr,U or B.
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More in detail, the weak form of Gauss law (0.1.7) reads
Find ¢ € H'(Q) s.t.
/Q<A(Q)V¢, V<p>da: =0

6~ 60 € HE,(©)
Vo € Hp, (),

(0.1.9)

and it is clear that it coincides with the first variation of (0.1.7) in H%¢ (©Q)+¢o. Denoting
with & = ®[Q] the solution to Gauss equation, we can also define the new functional

£(Qu):=£(Qu,®) = max £(Q,u,¢). (0.1.10)
¢6Hr¢(9)+¢o

Then, the proof of Theorem 2 follows by applying standard techniques (Direct Method
in the Calculus of Variations), since the min-max problem (0.1.8)-right can be written
as

min E*(Q,u). (0.1.11)
(Qu)eH' (2,Qx)
xHf, (Q,R?)+u,

This observation is fundamental also in order to treat the asymptotic case of small
particles in the presence of Gauss law (Chapter 3), which is in fact another well-posed
problem.

All the theorems above hold also in the presence of slightly different boundary con-
ditions which are used to model some traction experiments of interest in engineering
and for incompressible nematic elastomers (for which the divergence of u is constrained
to be zero).

The same results may also be obtained by a different argument based on a more
explicit parameterization of the tensor field Q. For instance, in the uniaxial case which
corresponds to taking X = U in the previous theorems, we writel®!]

Q:s@®n—ég (0.1.12)

and we take (s,n) in the set
D, :={(5,n): Q> [-0.5,1] x S?: s € H'(Q),v:=snc H'(Q,R?)}, (0.1.13)

which has been introduced by Ambrosiol® in order to study equilibrium configurations
of nematic liquid crystals. Substituting (0.1.12) in £(Q,u,h) and £(Q, u, ¢) we obtain
new functionals £(s,n,u, h) and £(s,n, u, ¢) and the techniques used to prove Theorems
1 and 2 are easily adapted to the new set of variables. Analogously, in order to treat
the Frank model it is enough to set s = 1 in (0.1.12) and to take n € H'(£,S?). This
last case is particularly interesting in view of some other recent results in the literature
on nematics. Using the language of J. Ball, A. Zarnescull, if we write

1
Q=n®n- I (0.1.14)
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with n € H'(Q,S?), then we restrict the class of H!(Q, Q) tensors to the subset of
the orientable ones. The consequence of this fact is interesting because our energies
depend now on the variable n € S? which can be directly measured and is the one used
by experimentalists and engineers.

In the last part of this chapter we apply Theorem 2 in order to find particular
solutions of

min max  £(Q.u,¢), (0.1.15)
(Qu)eH! (2,0x)x PEHr, (Do
HL(Q,R3)+F(z—0)

with constant Q, affine u and ¢ = 0, and where X stands either for Fr,U or B. These
special solutions are relevant in the engineering literature as they capture the essential
features of the minimizers of the energy also in the presence of more general boundary
conditions, but sufficiently far away from the boundary of the sample. The pictorial
representation of the minimizer (Q, ) is the phase diagram of fye. and corresponds to
Figures 1.2, 1.3.

Part II: ill-posed problems

The second part of the thesis is devoted to the analysis of minima and minimizers of
the energies introduced in Part I in the asymptotic cases of large bodies and small
particles, to the discussion of some of their physical implications (Chapters 2, 3), and
to the presentation of a new anisotropic model (Chapter 4). In particular, we focus
our attention on the analysis of ill-posed minimization problems for not semicontinuous
energies (or for functionals defined over non-closed function spaces), even though several
well-posed optimization problems are also discussed.

Figure 1: Stripe-domain formation in nematic elastomers under stretch. The length
of the sample is of the order of 10 mm, the thickness is 0.3 mm and the width of
the stripes is about 1 to 10 gm. The different colors correspond to different director
orientations. Courtesy of Prof. H. Finkelmann. More information is available on-line at
hitp : //people.sissa.it/ ~ desimone/Nematic/experiment.html.

We recall that the theories based on the tensor Q offer a more detailed description
of nematic order with respect to director n. It is important to observe that Qp, C
Qu C 9p and that the set Qp, does not contain the trivial tensor Q = 0. In particular,
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according to formula (0.1.12), loss of local order (that is s < 1) and isotropy (also known
as melting), can be obtained in Ericksen (and de Gennes) model, since Q =0 <= s = 0.

On the other hand, the direct coupling between order tensor and strain imposed
by equation (0.1.2) may be accepted if Q € Qp,, while it may seem too simplistic if
Q € Qu or Qp. While a direct experimental justification of Frank model (a uniaxial
stretch aligns the molecules along the axis of the largest eigenvalue of the stretch) is
available, a direct experimental confirmation of the possibility of affecting s or inducing
biaxial states by applying mechanical stresses are not available.

The considerations above pertain the microscopic description of order in nematic
elastomers. In stretching experiments of sufficiently large samples, loss of local order
and melting can be observed even though in a macroscopic scale. The former is the
formation of stripe-domains (see Figure 1), the second is blurring near the clamps. These
phenomena can be modelled by functionals defined in the scenario of Frank tensor and
analyzed in the context of the relaxation theory for not lower semicontinuous energies.
More precisely, all these material instabilities are described by low energy minimizing
sequences for functionals defined over non-closed sets of functions.

The functionals describing such phenomena arise by the asymptotic analysis for large
bodies. A by-product of the analysis contained in Part I is that the following problem

2
Pr:  Minimize (Q,u)— / (53521 VQP + fnee(Q, V1) ) da, (0.1.16)
Q
with Q € H'(Q, Qp,),u € H'(Q,R?), ulgn assigned,

where € is a Lipschitz domain and A is a given positive constant, admits solutions. The
functional appearing in (0.1.16) is obtained when we operate a re-scaling of domain and
variables in the energies introduced in Part I (this justifies the presence of the factor
A? in front of |[VQ|?). This procedure is explained in Paragraph 3.1.2. The limit case
as A — +o00, which describes the asymptotics of large bodies, is very relevant for our
discussion. Our results regard the explicit characterization of minima and minimizers of
Pa in a suitable topology, as A — +o00. We present two equivalent strategies to discuss
this problem.

First strategy. We start with an heuristic argument. Let us consider the problem
formally obtained by setting A = 400 in (0.1.16), that is

P Minimize (Q,u) — / fmec(Q, Vu)de, (0.1.17)
Q
with Q € L*(Q, Qp,),u € H'(Q,R3), u|sq assigned.

In the absence of the penalization term for the gradient of Q, we can take a minimizing
sequence {Q;} in the set L?(€2, Qp,) endowed with the weak topology. Since Qp, is not
convex, then L?(Q, Qp,) is not weakly closed and the minimization problem (0.1.17) may
be ill-posed. To overcome this degeneracy, we replace the original density fe.(Q,F)
with a macroscopic model defined as

fx(F):= Qian fmee(Q, F) where X stands either for Fr or B, (0.1.18)
€CLx
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that is a new function obtained by taking the infimum over all possible tensors ranging
in the available sets at any constant F € M3*3. We also refer to [28] for an example
of this approach. The properties of the function fx are directly inherited from the
algebraic properties of the set Qx. Since

A A
inf JF) = inf p|E(F) — QP + Z(tr F)? = pdist? (E(F),vQx) + = (tr F)?,
QI fmec(QF) = inf uB(F) —7QI" + Z(trF)” = pdist* (E(F),7Qx) + S (r F)
it follows that fx is (essentially) the square of the distance from the set vQx. Recalling
that the distance from a convex set is a convex function, fp is convex, while fr, is
a non-convex function. Assuming that Q C R3? is a Lipschitz domain, we define the
energies

oyl 3
+o00 otherwise in H!(Q, R3)

where X stands either for F'r or B, g(x) € H*(£,R3) and ', C 99 with positive surface
measure. We observe that in the case X = B, the functional is lower semicontinuous by
convexity. Moreover, the observation that Op is the convex envelope of Qp, suggests
a possible connection between the relaxation of JE“;’g with J Z“’g . In fact, we prove that
the quasiconvex envelope of fg, is fp and that the relaxation of ng;,g is Jg“’g . An
analogous result can be obtained also for models of incompressible elastomers, that is
for functionals defined in the presence of a penalty function on the divergence of u, as
exposed in the next theorem.

Theorem 3 Let Q C R3 be a Lipschitz domain and denote with T, an open subset of
O with positive surface measure. Let g(x) € HY(Q,R3) with divg(z) = 0. Let fx(-) as
in (0.1.18) (where X stands either for Fr or B) and define

Tu,g / fx(Vu)dz on HE (Q,R?) +g(z),divu =0,
JIx"(u) = Q “
+o0 otherwise in H!(2,R3).

Then, the relaxation of j};ﬁ’g is Jg“’g.

The most difficult point in the proof is to treat the constraint on the divergence of
u. It is known that the relaxation of a functional in the presence of a linear (and
constant-rank) constraint on the gradient (or, in general, on some weakly convergent
variable), can be written as the integral of a new density energy, the so called A-
quasiconvex envelope of the original non convex function™. Moreover, in this case
we obtain explicitly the relaxed energy density and show that it satisfies a solenoidal
quasiconvexification formula, that is

W f5(Z) = inf{/ Fx(Z 4+ Vw)de s w e 02w, B divw = 092 & M3*3(0.1.20)
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where w C R? is any Lipschitz domain'. To prove this, we use an argument due to

Braides!®. Re-labelling the functional defined in (0.1.19) (X stands either for Fr or B)
as

A
Tugyin . / {u dist® (E(Vu),7Qx) + =(div u)Q}d:U on H} (9,R?) + g(x),
Txy (u) Q 2 "
+o0 otherwise in H'(, R3),

(here divg = 0) we show that the relaxation of 7, ;;,“g coincides with the Gamma-limit

of J%;,’i as A — +o0o. Thanks to a well-know property of the Gamma-convergence, we
can write?

: Fu; . 7Fuag Fu,

I- AETOO JFrf)’\ =TI- )\EI-‘,I}OO Ty = Sl)\lp JB7/\9, (0.1.21)
where the last equality is the crucial result obtained for models of compressible elas-
tomers. Then, thanks to Beppo-Levi Theorem, we are left with taking the supremum
of a scalar valued function. A direct corollary of Theorem 3 is that

; Lu, : Lo,
o B T = i 50 o1

This last equality yields the interpretation of our relaxation result. In view of (0.1.22),
the infima of the energy functionals defined in the scenario of Frank order tensor are
described by minima of the model based on the biaxial tensor. The point is that the de
Gennes model is not imposed as an a-priori assumption, but it is obtained effectively by
relaxation. Hence, the biaxial energy density fp (appearing as the integrand of 7, g”’g ) is
not obtained as the pointwise minimization of fy,e. over the set Qp as in (0.1.18), but it
is obtained thanks to the formation of a microstructure which arises at a different scale.
Interestingly, we obtain the full information associated with the de Gennes theory, that
is isotropy and low order phases, thus justifying the materials instabilities introduced in
this section. Furthermore, our explicit constructions of the minimizing sequences for the
Gamma-limit of the original non-convex functionals (see Chapter 3) give an explanation
to the stripe-domains observed in experiments (Figure 1).

Second strategy. Chapter 3 is devoted to the analysis of minima and minimizers for
problem P, (0.1.16) in the limit as A — +oo with the language of Gamma-convergence.
Here we define €2 := x2/2A? and discuss the limit as ¢ — 0. In what follows we denote
with o the product of the weak topology of L?(Q, M3*3) with the weak topology of
H'(Q,R?).

Theorem 4 Let Q C R? be a Lipschitz domain, T, C 0Q an open subset with positive
surface measure and g(z) € H'(Q,R3) with divg(x) = 0 a.e. in Q. Let fmee as in

!see Remark 15 in Paragraph 2.2.2 for an alternative characterization

. . .. “Tu,g r
2here and elsewhere we write for simplicity Jg,\ = J Fi’f]\
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(0.1.2), X = Fr,B, and

/Q(gWQZ + finee(Q, W))dm

guFf(Q’ u) = on HY(Q, Qp,) x H%U(Q,R?’) +g,divu =0,
+o0 otherwise in L*(Q, M3*3) x HY(Q,R3).
Then
I(o)-lim 7, 7 = Fpidp, (0.1.23)
where

/ fmee(Q,Vu)dz on L?>(Q, Qp) x H%u(Q,R:g) +g,divu =0,
Q

Freip(Quu) =
+00 otherwise in L%(Q, M>*3) x H'(Q,R3).
The proof of the previous result is divided into two parts. The first one concerns the

relaxation of the functional .7_—71;12,69 . Which is defined as

/ fmee(Q, Vu)dz on L*(Q, Qpr) x HL (Q,R3) + g, divu =0,
Q

F’LL)
mechT(Q’
+00 otherwise in L?(€2, M3*3) x H'(Q,R3).

We show that (under the hypotheses of Theorem 4) the relaxation of F, Tuw9  in the sense

mec Fr
of o is fmz Cg p- Interestingly, the proof of the relaxation result for .7-"m er, - TEQUITES an
intermediate step, that is the relaxation of a model for compressible elastomers defined

as (here X stands either for F'r or B)

. A@anvm2 2 (aivw)?) e
meex (Q,u) = on L3(2, Qx) x H} (2R?) + g,
+00 otherwise in L2(Q, M3*3) x HY(Q,R3).

We show that the relaxation of Fi‘nl;glgr is F f‘nl;gg by constructing a suitable recovery

sequence. Then, exactly as in the paragraph above, we show that the relaxation of

I AT
Fu9 . is the Gamma-limit of the sequence F/; eg’gr as A — 4o00. Then, we have
- lim FM¢ — T lim Fopsd Foelh (0.1.24)
_/\_l)m mec,Fr T~ - Eoee pr = SUP e By L.
+o00 —400 A
F’U«’g

and the last (elementary) computation yields F, *” 5. Then, the second part of the proof
of Theorem 4 contains the Gamma—convergence argument. As a corollary we have

Frvdn (Qu) = min Fres (Quu),  (0.1.25)

inf
L2(Q,M3%3) % H1(Q,R3) L2(Q,M3%3)x H(Q,R3)

which is a result analogous to (0.1.22).
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Equivalence between the first and the second strategy. The two strategies pre-
sented are not independent, in the sense that minima and minimizers of the macroscopic
models are strictly related to those of the large-body Gamma-limit. By manipulating
all the previous functionals and applying some well known properties of the distance
function we show that

Froidp(Q,u) = L T (w). (0.1.26)

min

L2(Q,M3%3) x H1(9,R3)
This result allows us to calculate explicitly the minimizers of (0.1.26)-left by solving the
minimization problem (0.1.26)-right in the presence of particular boundary conditions
and is discussed in detail in Paragraph 3.3.2. We also believe that this result may be
helpful in numerical simulations. Indeed, (0.1.26) shows that the full information on
minima and minimizers of (0.1.26)-left may be obtained by approximating the solutions
of problem (0.1.26)-right. However, a numerical code for (0.1.26)-left requires to param-
eterize the set Qp of de Gennes order tensors. This is a non-trivial operation which is
not required by (0.1.26)-right. All the Gamma-convergence results are also obtained for
the case of compressible elastomers, that is if we remove the constraint on the divergence
of u and replace it by a finite energy cost for volumetric changes and in the presence of
slightly different boundary conditions.

Small particles: the phase diagrams and the presence of electric fields. After
analyzing the asymptotic models of large bodies, we turn our attention to the analysis
of minima and minimizers in the limit of small particles, that is for problem Py (0.1.16)
as A — 0. In this case the curvature elasticity is predominant and, as a consequence,
the nematic order variable is constant in the specimen. Denoting with ¢’ the product
of the strong L?(Q2, M®*3)-topology with the weak H'(£, R3)-topology, we obtain the
following theorem.

Theorem 5 Let Q C R? be a Lipschitz domain, T, C 9 an open subset with positive
surface measure and g(x) € H'(Q,R3) with divg = 0. Let fmee as in (0.1.2), F. x,

_7-'5}(’9 as in Theorem 4 where X stands either for Fr or B. Then

Ghwd =T(0')- lim Fri? (0.1.27)

mec, e—+00

where

| fee(@ Vu)da

Fu,g _ Q
gm@C»X(Q’ u) = on {Q € HY(Q, Qx), const.} x H%U(Q,R:g) +g,divu =0,
+o0 otherwise in L*(Q, M3*3) x H1(Q,R3).

The predominance of the curvature term and the strong L?(£2, M>*3)-topology rule out
any relaxation phenomenon. Hence, if we start with a Frank-like model (Q € Qp;),
then the small-particle limit remains of Frank type. This result sheds light on the
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interpretation of the particular solutions briefly discussed at the end of Part I (see
(0.1.15)). We give an alternative explanation of the phase diagrams by proving that
they represent the minimizers (Q,u) of the Gamma-limit Q;“E’CQX in the presence of
affine boundary conditions on 9f2. 7

Another interesting result is the characterization of the asymptotic behavior of the
minima and minimizers in the presence of an electric field. Precisely, we want to study
the behavior of minima and minimizers (Q, u) of the following problem

min [ (BI9QP + @ Va) - £(Q. V) ) (0,129
(Qu)eH! (2,9x)% Q
H%M(Q,R?’)—&-uo,divu:l)

under Gauss law (0.1.9) (here X stands either for F'r or B), as ¢ — oo and in the sense
of /. This new problem is not trivial because Gauss law is a differential equation (hence
non-local constraint), and, as already observed, the functional in (0.1.28) is not bounded
below. In view of Theorem 2, we have a recipe to turn this problem into the following
minimization problem

min /<52\VQ|2+fmec(Q,vu)—fele(Q,W))dx, (0.1.29)
(Qu)eH(Q,9x)x Q
H%H(Q,R3)+uo,divuzo

where ® = ®[Q)] is the solution to Gauss law (0.1.9). We can attack the functional
appearing in (0.1.29) by means of Gamma-convergence. In brief, it is possible to show
that

Q- [ (<@ VEIQ) )do. (01.30)

is continuous in the strong topology of L%(Q2, M3*3). As a corollary of Theorem 5, we
obtain the following result. Let

/Q (SI9QP + fee( @, V) ) ~ /Q foe (Q, VO[Q))

*Fu7g pp—
€x7(Quu) = on HY(Q, QX) x H} (Q,R*) + g, divu = 0
+00 otherwise in L?(Q, M3*3) x H'(Q,R?),

where X stands either for Fr or B and ®[Q)] is the solution to Gauss law (0.1.9). Then

. *ay, [y,
INCAS {Sll)g_noo Ex. ¥ = Emecgf (0.1.31)
where
[ fec(@ V)~ [ (@, VOIQ) s
g*Fu,g (Q,u) — Q 1 Q 1 3 . B
mec, X on {Q € H'(Q, Qx),const} x Hp (,R’) +g,divu=0

+00 otherwise in L2(Q2, M3*3) x HY(Q,R3).
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In view of Theorem 2 the previous Gamma-convergence result can be translated into a
Gamma-convergence-like result for a min-max problem, that is the Gamma-convergence
result under Gauss law. Let us define

E(Quu0) = [ (FIVQP + fueel@ V1) = e (Q. ) ). (0.1.32)
Enec(Qu1.0) 1= [ (fee(Q V) = (@ V) ). (01.33)
Q

Then, we obtain the following characterization for the minima and minimizers of the
asymptotic problem for small particles.

1. Convergence of min-maz values.

min {Emec(Q,u, @) sub Gauss law (0.1.9)} (0.1.34)
QEH!(Q,9x),const,
ueHllu(Q,R3)+g,divu:O

= lim inf {851 (Q,u, ¢) sub Gauss law (0.1.9)}
oo QeH' (2,9x),
uEHllﬂu(Q,lRis)Jrg,divu:O

2. Convergence of min-max points.

Denote with ® = ®[Q] the solution to Gauss equation (0.1.9). Let {Q;,u;,®;} C
H'(Q, Qx) x{H} (2, R%)+g,divu =0} XH%¢(Q)+¢O(JU) be a min-mazimizing sequence
for {&%}, i.e.

i €°(Qu ) - 0.155)
j—+o0

lim inf {Ssj(Q,u, ¢) sub Gauss law (O.l.9)—m’ght}.

JTEee Qen'(2.9x),

ueH%u (Q,R3)+g,div u=0

Then, up to subsequences, Q;, — Q, uj, — U in L*(Q,M>*3) x HY(Q,R3) with Q
constant and ®(Q;,] — ®[Q] s-H* (). Then, we have

Emec(Q, 1, 2[Q]) = min {Emec(Q,u, ¢) sub Gauss law (0.1.9)}.
QEH'(9,9x),const,

ueH} (2R?)+gdivu=0

The previous Gamma-convergence result may not hold for the case of large bodies.
This is because the functional in (0.1.30) is not continuous in the sense of the weak
topology of L?(£2,M3*3). To conclude this chapter, we also consider the Gamma-limit
of the energy of the system £(Q, u, h) defined in (0.1.1). In this case the result is trivial
both in the limit for small particles and in the limit for large bodies, since the energy
Jo fmag(Q,h)dz is continuous both in the strong and weak topology of L?(2, M?3*?).
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The anisotropic model. Chapter 4 is devoted to the analysis of another model which
can be interpreted as the anisotropic version of the energy density fx (introduced in
(0.1.18)) and defined as

FR(F) = pdist® (E(F),vQp,) + Bu|E(F) — vQo|* + %(trF)Q. (0.1.36)

Here 3 is a positive parameter. In the limit case 8 = 0, then fl(}r = fp, and we are
left with the isotropic energy density studied in the previous section. Then, if 8 > 0,
ff-,r = 0 only if E(F) = 7Q,, in which case all the three summands in (0.1.36) are equal
to zero. The constant tensor field Q, represents the order tensor at the moment of
the formation of the crosslinks. Letting n, be the original direction of the molecules
in the sample, then Q, := n, ® n, — (1/3)I. Since in general fgr(RFRT) # fﬁT(F),
the function ng is anisotropic. We calculate explicitly the relaxation of the functional
obtained by integrating in a Lipschitz domain S C R? the two-dimensional version of
(0.1.36), that is (here v : S s R?)

8 / g)ﬁ((VV)dx on H'(S,R?),divv = /3,
gx(v) = S
400 otherwise in H!(S,R?),

where X = F'r, B and

‘ A 9
9% (F) = pdist? (E(F),yQ3™) + Su|E(F) — Qo> + 5(tr]? — %) ,

(Q%im and QX™ are the two-dimensional version of the sets Qp, and Qp). In the case
X = B, then gg is convex and hence its relaxation is trivial, while the relaxation of gﬁr
is the new energy

gA(V) = S
+00 otherwise in H'(S,R?),

where (here F € M?*2 and Q, = diag (2/3, —1/3))

JA(F) = (u+ Bp)dist’ (Eo(F) 1, (Q%dim)) 1

1+ 4
(0.1.37)
T (B2 e + (34 s ) or - 2).

We investigate some of the mathematical properties of this result, while the mechanical
interpretation is still under investigation and is left to future works [14], [16].
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0.1.1 Physical overview
Liquid crystals

Liquid crystals are mesophases, namely, intermediate states of matter, which inhabit the
grey area between liquids and solids. At a macroscopic scale, they flow like nearly in-
compressible viscous fluids and yet retain some properties typical of solid crystals. Their
discovery goes back to the pioneering work of Frederich Reinitzer (Austrian botanist,
1888) who observed phase transitions by heating some organic substances related to
cholesterol which are solid at room temperature. Classical liquid crystals are typically
fluids of relatively stiff rod-like molecules with long range orientational order. The sim-
plest order is mematic, in which case the mean direction of the molecules, the director
n, is uniform. We summarize below the three theories which we follow in this thesis.

Order parameters

Let B C R? be the region occupied by the liquid crystal. We suppose that the orien-
tation of the molecules is described in terms of probability measures. Let (S?,F, 1) be
a probability space modelled on the unit sphere, namely 0 < u(A) < 1 VA € F and
w(S?) = 1. Moreover, in accordance with the nematic mirror symmetry, we require that
w(A) = u(—A) YA € F, since a system of nematic molecules has the same properties
if we replace the director field n(z) with —n(z). Hence, the probability of finding a
certain amount of molecules in some cone of directions over the unit sphere (and in the
cone which is symmetric with respect to the origin) is

P(A) = P(—A) :/Adu(n).

When n is continuously distributed over the sphere, we introduce the probability density
f:S? — R*, such that

f(n) = f(—n) Yn e S?, and du(n)= f(n)da, /S2 f(n)da = 1. (0.1.38)

A straightforward consequence of the mirror symmetry is that the first moment is trivial

/ ndu(n) =0, (0.1.39)
S2

and the same holds for all the moments of odd order. Hence, the first non-trivial
information on u is encoded in the second order moment

M:= | n®ndu(n). (0.1.40)
S2

Clearly, M is a symmetric tensor field with tr M = 1. Also, since

(Mi, i) = /SQ(n-i)zd,u(n) >0 VieS? (0.1.41)
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then M is positive semi-definite. The de Gennes (biazial) order tensor (1974, [24])
measures the deviation of the second moment from the reference case in which M is
equal to %I and is defined as
1
=M — -1
Q 3

In brief, Q is a 3 x 3 symmetric matrix with trace equal to 0 and whose eigenvalues are
constrained in the compact set [—1/3,2/3]. We define the set of such tensors

12
Qp = {Q € Mg:y:fn, s.t. spectrum(Q) € [—5, g} } (0.1.42)
If we label Ajgr and Ay, the largest and the smallest eigenvalue of a symmetric (and
traceless) matrix, it follows that A\pee < —2\pnin and

1
Qp = {Q e Mgy, st Amin(Q) > _§}~ (0.1.43)

Since the de Gennes tensors are defined as convex combinations of diads (see (0.1.40)),
it follows that Qp is a convex and compact set. We can prove this property directly by
(0.1.42). To this aim, we recall the following characterization for the smallest eigenvalue

of a symmetric matrix®’]

Amin(Q) = inf (Qn,n). (0.1.44)
nes?
We have
Amin (1Q1 + (1 —1)Q2) = niélsfz<(tQ1 +(1-1)Q2)n,n) > (0.1.45)

tnigsz<an’ Il> + (1 - t) <Q2n7 Il> = t)\min (Ql) + (1 - t)Amin (Q2)a

inf
nes?
for any ¢ € [0,1]. Therefore A\ : Mg;,% — R is a concave and a locally Lipschitz
continuous function [39, Theorem 3.1.1], and a convex combination of two elements of
Op remains in Q. Moreover, Qp is compact. Analogously, Amaz : M‘Z’;ﬂ% — Ris a
convex and locally Lipschitz function. By the spectral theorem it is possible to write Q

in diagonal form
Q = Mip ®1i1 + Aolo ®is + A3iz ® i3, (0.1.46)

where {\;} are the eigenvalues of Q,

12
ADA%Age[—giﬁ, AL+ Ao+ Az =0, (0.1.47)
and {i;} is an orthonormal basis of eigenvectors (we present a different parameterization
of the de Gennes tensor in Chapter 1). Suppose that two of the eigenvalues coincide,
say A1 = Ag. Writing I = i; ® i} + iz ® iz + i3 ® i3, we can then write (0.1.46) in the
equivalent form/[3

Q:s(n®n—%1>, (0.1.48)
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with s = —3A; and n = e3 yielding the Ericksen (uniazial) order tensor. We define Qr
as the set of all the tensors in the form (0.1.48), that is the set of all matrices in Op
such that two eigenvalues coincide

Qu :={Q € 9B, s.t. Anaz(Q) = —22in(Q) or Mnin(Q) = —2Xnaa(Q) }. (0.1.49)

We give a physical meaning to the variables appearing in (0.1.48). The vector n is
associated with a common orientation of the molecules and the scalar parameter s €
[—1/2,1] with the degree of orientation of the molecules. The case s = 0 (Q = 0)
corresponds to isotropy, that is when the molecules are spread with equal probability
along the three directions in R? and it is impossible to identify a common direction.
This is a phase of both the de Gennes and Ericksen tensor. If s = —1/2, then all the
molecules lie with equal probability in the two directions in the place orthogonal to n.
In the limit case s = 1, Q can be written as

1
Q:n®n—§I, (0.1.50)

where we recognize the director n € S?, which represents the direction common to all
the molecules®. This last case corresponds to Frank theory [33], [49, Chapter 3]. The
set of Frank tensors is defined as

Qp, = {Q € Qu, s.t. spectrum(Q) = {%, —é,—%}}. (0.1.51)
It is easy to prove that any tensor in Qp, can be written in the form (0.1.50) (this is
explicitly done also in the proof of Lemma 3, Chapter 3). It is remarkable that if we
plug n and —n in (0.1.50) we obtain the same tensor field, and hence the information
on the orientation of n is left out of picture. For the readers’ convenience we recall the
important chain of inclusions

Oy C Qu C OB

and that Qpg is compact and convex, while Qp, and Qp are compact and non-convex
sets.

To conclude our overview on liquid crystals, we comment that the expressions
isotropic, uniazial and biaxial are borrowed from optics (see for instance [2]). It suffices
to recall that in an optically isotropic material, light can propagate in all directions
without suffering any change in its polarization. In optically anisotropic materials there
exists at least one direction of propagation such that every polarization orthogonal to
it would travel undistorted, if excited.

Nematic elastomers

Nematic liquid crystal elastomers are solid materials made of long polymeric chains
with incorporated rigid anisotropic units. When these rigid units orient, thus assuming
a uniaxial order, the chains stretch along the common direction of alignment. Nematic

3intermediate situations are obtained for s € (—1/2,1)\{0}
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elastomers usually exhibit a high temperature isotropic phase and undergo an isotropic-
to-nematic transformation after cooling. Linking the polymer chains together into a
gel network fixes their topology, and the melt is transformed into an elastic solid (a
rubber). Rods can be directly attached to the backbone being part of the chain (main-
chain polymers) or simply be pendant to it (side-chain polymers). It is well known ([15],
[19], [20], [25], [27], [28]) that mechanical fields can deform the chains and re-arrange
the local orientation of the mesogenic groups, modifying the optical properties of the
material as well.

n®n

Figure 2: LEFT: high temperature (isotropic phase in elastomers). RIGHT: low tem-
perature (nematic phase) with spontaneous alignment along the nematic director n.

In rubber, monomers remain highly mobile. Thermal fluctuations move the chains
as rapidly as in the melt, but only as far as their topological crosslinking constraints
allow. These loose constraints make the polymeric liquid into a weak, highly extensible
material. Rubber is a solid in that an energy input is required to change its macroscopic
shape (in contrast to a liquid, which flows in response to shears) and recovers its original
state when external influences are removed. New properties can now arise from the
interaction between rubber elasticity, and nematic order. There is a debate on how to
model this interaction (see [6], [19], [20], [23], [28], [34], [44]), and the many possible
answers lead to interesting new effects such as shape changes without energy cost and
strain-order coupling. In this dissertation we decribe a mathematical approach to such
problems, showing that our results can be used to explain many of these phenomena.

0.1.2 Mathematical tools

Basic linear algebra. Let F € M"*"™. We recall the orthogonal decomposition

F = E(F) + F** = Eo(F) + F** + (trnF)I, (0.1.52)
where F*¥ .= (F —F7T) /2, E(F) := (F+F7)/2, Eo(F) = E(F) — ((tr F)/n)L In this last
definition we can consider the trace of E(F) as well, since tr F = tr E(F). This fact will
be widely used.

We write (A&, n) = Zij A;;€m; for the scalar product of a matrix A in M™*" with two
vectors §,n in R". Here A;;, and §;,n; are the cartesian components of the respective
matrices and vectors.

As already explained in the Introduction, by domain we mean an open, bounded and
connected subset of R™ (with n = 2,3). Moreover, by Lipschitz domain we mean an
open, bounded and connected subset of R™ with Lipschitz boundary.
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Korn’s inequalities [17, Thms 6.3-3,6.3-4]. Let Q C R" (n = 2,3) be a Lipschitz
domain. Let z € H'(£2,R™). Then, there exists a positive constant K; = K1(Q,n) s.t.

V2l < Ka(@m) (2l Zamr) + IEVD g ). (0.153)
Let now z € Hi. (€, R"). Then, there exists a positive constant Ky = K»(Q,n) s.t.

192122 0, pamm) < K@) (IE(V2) |20 g ) (0.1.54)

We introduce some notions on semi-convex functions and laminations. For this subject
our main references are [21], [45]. We recall that f : M™*" — R U {+o0} is rank-1
convex if by definition f(r& + (1 — r)&) < rf(&) + (1 —r)f(&) for every r € [0,1],
€1,& € M3*3 with rank(&; — &) < 1. A function f : M™"™ — R U {+o0o} is said to be
polyconvex, if there exists a convex function h such that f(F) = h(M(F)), where M (F)
is the vector of all the minors of F. We give the definition of quasiconvexity!!l.

Definition 1 A continuous function f : M™*" — R is quasiconvez if and only if for
every Z € M™", w open, bounded subset of R", w € C}(w,R"), we have

f(Z) < w|_1/f(Z + Vw(y))dy. (0.1.55)

Remark 1 We can take w € C°(w,R") in (0.1.55) (see [1, Def. 1.2] and comment
below). If f is quasiconvex and satisfies growth conditions as (2.2.27), then (0.1.55) is

true also for any w € H:(w,R"™) (see [8, comment after Def. 2.2]) and in particular for
1,00 n
any w € Hy™"(w,R™).

We define the convex envelope of a function f as f¢(§) := sup{g(&) : g < f, gconvex}. In
the same way we define the poly-, quasi- and rank-one- convex envelopes, by requiring
that the function g satisfies the corresponding requirement of partial convexity. In order
to give a characterization for f"¢, which is crucial to our developments, we follow [21,
Sect. 6.4]. To start, we need some preliminary definitions (see [21, Sect. 5.2.5]).

Definition 2 Let us write for any integer K
B K
Ak = {A:()\l,...,AK):)\izo,Z)\izl}. (0.1.56)

Consider X € A and let & € M™", 1 <i < K. We say that {\;, &}, satisfy (Hk)
if (by induction on the index i)

o when K =2, then rank(§ — &) < 1;

o when K > 2, then, up to a permutation, rank(&; — &) < 1 and if, for every
2<i< K -1, we define

A&+ Ao
H1 1 2 M SV
i = Nit1 ni = &iv1

then {ui,n; Y, satisfy (Hi—1).
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Remark 2 When K = 4, ) € Ay, then {)\;, &}, satisfy Hy if, up to a permutation
rank(§ —§2) <1, rank(§s — &) <1
oAb+ A ~ A3és + Ay

rank(n, — <1l,m = —— "= 19 :=
(m—m2) <1L,m N, P WY

holds.
For any f: M"™ " — R U {400} one can characterize f" as [21, Thm 6.10]

K K
Fre(e) = inf{z NF(E) N E A, S N = €, (N, &) satisty (HK)}. (0.1.57)
If we restrict our attention to the case of real valued functions, the following chain of
inequalities follows by definition (see [21], page 265)
fe< e < fae < fre, (0.1.58)

If f:M"™ " — RU{+4o00} the inequality f?¢ < f needs not hold.
We define some semi-convex hulls of sets. Given any set (not necessarily compact)
E C M™™™ we define £ the smallest convex set containing E. It can be proved that

K
E° = {{eM”X”:§:ZAZ~§Z~:§,~ eEBNe A, K = 1,2,3...}. (0.1.59)

We define by induction E', the lamination-convex envelope of E as
o0
E=|JEY, (0.1.60)
i=0

where E©) = E,
EW ={¢=s6+1-9&, &,&€E, rank(§ — &) <1, s€[0,1]}  (0.1.61)
that is the set of first order laminates of E' and
ECD = Oy le = s¢ + (1 - s)éa, &1, € BWY, rank(& — &) < 1, s € [0,1](.1.62)
Coherently with our definitions, we have this chain of inequalities:
E C E'° C E~. (0.1.63)

The following proposition, which is due to Bogovskii (see [35, Thm 3.1]), has an
important role in order to treat the case of the incompressible elastomers.

Proposition 1 Consider N> n > 2 andp € (1,00). Let Q@ C R™ be a Lipschitz domain.
Assume z € Hg’p(Q,R”). Then, there exists at least one solution to the problem

w € HyP(,R™),
divw = div z,
||W||H1m(Q,Rn) < Cp(82, n, p)|div ZHLP(Q)a
where Cy = Cp(Q2,n,p) > 0.
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Gamma-convergence and relaxation

In this dissertation we will encounter several definitions of Gamma-convergence. We
will use the Gamma-convergence in the product of the weak topology of L? with the
weak topology of H', and the Gamma-convergence with respect to the product of the
strong topology of L? with the weak topology of H'. Here, as a paradigm, we give the
definition of Gamma-convergence with respect to the weak topology of H', following the
theory of Gamma-convergence in a topological space endowed with the weak topology.
The general theory can be found in [22].

Definition 3 Let F be a functional defined on H'(Q,R3). We define the relazation of
F in the weak topology of H'(Q, R3)

F =sup{G:G is Hl(Q,R3) lower semicontinuous, G < F}. (0.1.64)

Definition 4 Let {F},} be a sequence of functionals defined on H'(Q,R3). We define
for u € HY(Q,R?)

I-liminf 7 (u) = sup lminfinf{F,(v):v € A},
h—o0 A€eS(u) oo

[-limsup Fp(u) = sup limsupinf{F,(v):v e A},
h—+o0 AeS(u) h—+oo
where S(u) is the family of all the open sets in the weak topology of Hl(Q,R3). If we
have

I-liminf Fp(u) = I'-lim sup F(u),
h—+o0 h—+o00

then the common value is said to be the I'-limp_, ;oo Fp ().

In general we follow the sequential characterization of Gamma-convergence, which is
equivalent to the abstract topological one [22, Chapt. 8] if F}, satisfy some coercivity
condition uniformly in h (e.g. HuhHip(Q’Rg) < Fp(up) < Const,Vh € N). We can thus
write
I'-lim inf F; = inf{lim inf F; —
lim inf 7}, (u) = in {,ggo n(up),up — u},
I-lim sup F(u) = inf {lim sup Fp(up), up, — u}.
h—-+o00 h—+o00
Also, we recall the useful characterization of the Gamma-limit which involves a lower
and an upper bound.

e (Liminf inequality) V{u,} C H'(Q,R3), u;, — u in H'(Q,R?)

- I < liminf
i Fru) = il Fn(un),

e (Limsup inequality) there exists a sequence {u,} C H'(Q,R3), U, — u in
H' (9, R?) such that

- lim Fp(u) > limsup Fp(up,).
h—+o0 h—+o00

Other equivalent characterization of the liminf and limsup inequalities are available in
[7] and [22].
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Fundamental Theorem of Gamma-convergence

Let {F3,} be a sequence of functionals defined on H'(£2,R3). Suppose that:

o V{u,} C HY(Q,R3) with sup;, F5(uy) < +o0, up to subsequences, we have u, — U
to some u € H'(Q,R?).

e Vu € H(Q,R?) there exits F(u) = I-limy_ ;o Fp(u).
Then, we have
o limy_, oo (inf Fp,) = min F (convergence of minima).

e Let {u,} C HYQ,R3) be a minimizing sequence for {F,} (i.e. limy, Fp(uy) =
limy, inf 73,). Then, up to a subsequence, u;, — @ in H', where

F(Q) = minF (convergence of minimum points).
Proposition 2 Let {F,} be an increasing sequence of functionals defined on H(Q, R3).
Then, for every u € H*(Q,R3) there exists the

Ol Zi(w) =T, lim F5(w) = sup T (w),

where Fy, is the relazation of Fy,.
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Well-posed problems

27



Chapter 1

Strain-order coupling:
equilibrium configurations

1.1 Introduction

We consider models that describe liquid crystal elastomers either in a biaxial or in a uni-
axial phase and in the framework of Frank director theory. We prove existence of static
equilibrium solutions in the presence of frustrations due to electro-mechanical boundary
conditions and to applied loads and fields. We provide a mathematical framework for
the study of equilibrium configurations of LCEs in the presence of external fields and
boundary conditions.

The chapter is organized as follows. In Paragraph 1.1.1 we discuss the form of the
energy functional in the most general of the theories, namely the biaxial (de Gennes) one.
Section 1.2 is devoted to the proof of the existence result in this case. We introduce the
functionals arising in the other two models (the uniaxial theory and the director theory)
and present the corresponding existence results in Sections 1.3 and 1.4. In Section 1.5
we discuss some special equilibrium configurations, leading to phase diagrams relating
order to imposed boundary displacements which may be significant in understanding
experimental observations.

1.1.1 The functional £(Q,u, ¢): equilibrium configurations

We introduce the functional

g(Q7 u, ¢) = ]:nem(Q) + fmec(Qa 11) - fele(Q, QZ)) (111)
== / fnem(Qan)dx+/ fmec(Q:vu)dx - / fele(vi¢)dx'
Q Q Q

The energy densities appearing in (1.1.1) are defined below. The first term is classical
in the theory of nematic liquid crystals (see [24],[49]):

L L L
fnem(Qa VQ) = %Qaﬂ,’yQaﬂ,’y + ;Qaﬁﬂ@a%w;@aﬁfy@a%ﬁ + \IlLdG(Q)v (1~1-2)

28
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where L;, i = 1,2, 3 are the elastic constants, and Q)3 is the a3 cartesian component of
the first derivative of Q with respect to z (o, 8,7 = 1,2,3). Summation over repeated
indices is understood. The constants L; satisfy some constraints*?) in order to make
(1.1.2) a positive definite expression of the first order derivatives of Q. With no loss of
generality, we assume L; = k2, Ly = L3 = 0 (well satisfying the constraints in [43]) in
order to compare our results with those in [3]. Hence, (1.1.2) becomes:

2
Faen(Q,VQ) = ZIVQP + ¥1ac(Q). (1.1.3)

The term fpen penalizes spatial variations of Q and introduces the Landau-de Gennes
potential energy (LAG) Ur45(-) : Qp +— R which accounts for phase-transitions. It is
usually given in the form of a truncated expansion of invariants of powers of Q. The
only technical assumption we need for Wy is that it is lower semicontinuous.

One possible model for the mechanical coupling between nematic order and mechan-
ical strain is given by

fnee(Q.F) i= S C(E(F) ~ Q) : (E(F) ~1Q). (11.4)

Here F € M?*3 E(F) = (F + F1)/2 is called the strain tensor, C is the fourth order
tensor of elastic moduli (see [37, Section 29]), and + is a positive constant that measures
the interaction between Q and the strain. To explain our notation, we recall that, in
cartesian components, 2E;; = Ou;/0x; + Ou;j/0x; and

1 1
§(CE 'E = 3 z}; Cijri B Eij.
ij

We require that

01+ GIEM)P < SC(E(F) Q) : (E(F) Q). (1.1.5)

N | =

for some positive constants Cp,Cy. We take C(A) = 2uA + Mtr(A)I, VA € Mg’;n?;,

with u, A positive, hence satisfying (1.1.5). The parameter p, A are the classical Lamé
constants of linearized isotropic elasticity. In this case, (1.1.4) becomes

Free( Q. F) = u([EF) ~ 2/E(F) : Q +7QP) + 5 (ir )2 (1.1.6)

We remark that accepting equations (1.1.4)-(1.1.6) has non-trivial physical implications.
In particular, (1.1.6) states that the coupling energy vanishes if and only if the order
tensor can reproduce the mechanical strain (Q = %E(u)), and that when Q differs from

%E(u), there is a finite energetic penalty for any value of Q within the admissible set Qp.
This is consistent with [23, 44], but other scenarios are possible. Indeed, by constraining
the admissible Q to be uniaxial, or in the framework of Frank director theory, we will
instead accept that certain changes in the state of order of the system (those violating
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the constraints) are not achievable by means of mechanical stresses, see also [18]-[20],
[23]-[28]. We refer to [6, 30, 34, 50] for more discussions on this topic, both in the
framework of linear and of nonlinear kinematics.

Finally, we introduce the electric displacement d (see [24], [46]) related to the electric
field e in this way

d =¢,(eI + €,Q)e, (1.1.7)

and the electric energy density (see [5])

fe1e(Q, €) == %d ‘e = %"(aey? - ea<Qe,e>>. (1.1.8)

The minus sign in front of Fj in (1.1.1) arises because this term represents the work
done by an external field on the system. Here €,, €, €, are dielectric constants, see
Table 1.1. For definiteness, we assume ¢, > 0, in which case the electric field aligns the
mesogens along itself. In the case €, < 0 the molecules have a tendency to spread in a
plane orthogonal to the direction of the vector e.

€ >0 Dielectric constant in vacuum
€ >0 (Relative) parallel dielectric constant
€, >0 (Relative) perpendicular dielectric constant
€q 1= € — €L (Relative) dielectric anisotropy constant
€:=(2¢L +¢)/3 (Relative) average dielectric constant

Table 1.1: Dielectric constants.

We find it convenient to introduce the map A(:) : Qx — M‘;’yxn% defined as

A(Q) = %"(eneaQ), (1.1.9)

where X stands either for F'r,U or B. Letting e = —V¢ (see Paragraph 1.2.1), we can
write

FureQ.6) = /Q (A(Q)V, Vo) dz. (1.1.10)

We recall that €, , ¢ are assumed to be strictly positive. Suppose for a moment €, > 0.
Trivially we have

TelleP < (AQ)6€) < TeqléP YQe Qp Ve e R?, (11.11)

(and hence for any Q € Qp, and Qp). Suppose now ¢, < 0. By elementary manipula-
tions we can write (1.1.9) as A(Q) = % (g I+ (—ea)(%l —Q)). It then follows

%"e”\gﬁ < (A(Q),€) < %’qm?, VQ € Op, V¢ € R3. (1.1.12)
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Considering (1.1.11) and (1.1.12), we can write

m [ [Vofds < Fa(Q.o) < 1 [ [VoPda, (1.1.13)
Q Q
having introduced positive constants
m = min{%e”,%el}, M = max{%oeu,%oeL}. (1.1.14)

We note that, since A is positive definite and symmetric, F. is a uniformly elliptic
integral. When ¢, = 0, F is independent of Q. Correctly, the lower and upper bound
coincide.

1.2 The biaxial theory

Setting of the problem. We introduce subsets of L?(Q2, M3*3) and of H'(Q, M3*3)

L*(Q, Qx) := {Q € L*(Q,M>®) st. Q(z) € Qx a.e.}, (1.2.1)

HY(Q,0x) := {Q c H'(Q,M*?) st. Q(z) € Qx a.e.}, (1.2.2)

where X stands either for Fr,U or B. We assume €2 a Lipschitz domain in R? (so
that we can apply Rellich Theorem [17, Theorem 6.1-5]). We discuss some properties
of the set H'(£2, Qp). Let us start proving that it is closed in the strong H' (€2, M3*3)-
topology. Let us take a sequence {Qy} in H'(, Qp) strongly converging to Q. Up
to a subsequence (not re-labelled), we have Qr — Q a.e. in Q. Since Apin(-) is a
continuous function, it follows that Apin(Qr) — Amin(Q) a.e. in Q. Therefore, if
Amin(Qk) > —1/3, then A\pin(Q) > —1/3 a.e. in Q and HY(Q, Qp) is strongly closed.
Now, from the convexity of Qp, we have that H'(€2, Qp) is convex, and hence closed in
the weak topology of H'(£2,M3*3). Analogously, the subset L?(£2, Qp) is strongly and
weakly closed in L?(Q, M?3*3). Now we consider H'(Q, Qyy) and H'(Q, Qp,). Thanks
to the continuity properties of Ap;n and Apaq, it is straightforward to verify that they
are strongly closed and weakly sequentially closed. Furthermore, L?(Q, Qx) (where X
stands either for F'r or U) is strongly closed but not weakly closed (the consequence of
this fact are crucial to the analysis of Chapter 3).

In order to take into account the presence of boundary conditions, in what follows
we deal with the subspaces H%¢(Q) and H%U(Q,R3), that is the set of H!'-functions

which vanish (in the sense of traces) on I'g,I',. Similarly, we define HllQ (Q,Qp) the

(non-empty) set of de Gennes tensors with components in H' and which vanish on
Ig. Letting Q, € H'(Q, Qx), where X stands either for U or Fr, we denote with
H%Q (2, Qx) + Q, two subsets of H!-tensors with assigned trace on I'g. As above, they

are strongly and weakly closed in H!(€Q, M3*3).
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1.2.1 Study of the functional £(Q,u, ¢)

Consider the functional (1.1.1) defined on H'(Q, Qp) x HY(Q,R3) x H'(Q) and ac-
companied by some boundary conditions (which we omit here for brevity). It is not
a priori clear whether £ is bounded below or above. The physical properties of the
system suggest what kind of analysis to perform. It is well known (see [41, Chapter 2])
that an electric field induces a polarization field in dielectric materials. In the absence
of free ions and in static conditions, the system is governed by Maxwell-Faraday’s law
curle = 0 and Maxwell-Gauss law divd = 0. We notice that Faraday’s law is solved
by setting e = —V¢ if we assume () simply connected. In principle, this hypothesis
is not required to analyze the critical points of £(Q,u, ¢), and has only this physical
justification. Coherently, in Theorems 2 and 5 in the Introduction to the thesis, 2 is
any Lipschitz domain, since this is enough to describe the critical points of £(Q,u, ¢)
(see also [38]). Then, we minimize &(-,-, ¢) in the first two variables imposing Gauss
law divd = 0 as a constraint. We find a non-local dependence of the solution to Gauss
equation that we describe as ¢ = ¥[Q]. Our main result is the following.

Theorem 6 Let Q C R3 be a simply connected and Lipschitz domain, let g, 'y, 'y C
00 be open subsets with positive surface measure, let Q, € HY(Q,Qp),u, €
HY (Q,R3), ¢, € HY(Q). Let £(Q,u,¢) as in (1.1.1), where frem, fmees fele are given

as in (1.1.3), (1.1.6), (1.1.8). Then, (Q, W, ¢) is a min-max critical point of €, i.e.:

£(Qu,¢) = min max &£(Q,u,¢), (1.2.3)
{HE, (2,95)+Q0} 11, (D)Fdo

x{H} (QR3)+u,}

if and only if (Q, 1) is a solution to this problem.:

min £(Q,u,¢), sub Gauss law, (1.2.4)
{Hll‘Q (QyQB)‘i’Qo}
x{Hp, (2,R?)+uo}

with ¢ = V[Q)].

Outline of the proof of Theorem 6. We write Gauss equation in weak form
Find ¢ € HY(Q) s.t.
/<eo (I+ € Q) Ve, V)dr =0
Q

6~ 6o € H}, ()
Ve H%qﬁ(ﬂ).

(1.2.5)

Let us attack problem (1.2.4). Suppose that for any given Q € H'(Q2, Qp) we find a
unique function which solves Gauss equation. We indicate it with W[Q]. We can thus
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plug ¥[Q] in Fee(Q, ), £(Q,u, ) yielding
5e(Q) = Fue(Q,P[Q)), £(Q,u) :=E(Q,u, ¥[qQ)), (1.2.6)
£(Qw = [ (Fun(QYQ) + fuee Q. V) = £ue(Q.THIQ) )

and start the minimization procedure for £*(Q,u). On the other hand, consider now
problem (1.2.3). We first maximize £(Q,u, ¢) in ¢ for any given (Q,u) € H'(Q, Qp) x
H'(,R?), and then minimize in the first two variables. Actually, due to the structure
of the functional, we observe that

min max &£(Q,u,¢) = (1.2.7)
{H%‘Q(ngB)""QO} H%¢(Q)+¢°

X{H%u (Q7R3)+u0}

min / (frem(Q,VQ) + fmee(Q,Vu))dz — min / fe1e(Q, Vo)dx
Q Q

{H%Q (2,985)+Q0} H} ,(D+do
x{Hp, (QR?)+uo}

Suppose we can find a unique solution to the inner minimization problem for F,

min /Q fae(Q, )z, ¥Q e HY(Q, Op). (1.2.8)

H11¢ (2)+¢o

We characterize it as ®[Q]. By a direct inspection we observe that Gauss equation coin-
cides with Euler-Lagrange equation associated with (1.2.8), so that ¥[Q] = ®[Q],VQ €
H'(Q, Qp) and problems (1.2.3), (1.2.4) are exactly equivalent. Hence, if we plug ®[Q]
in £(Q,u,-) we obtain F;_,(Q) = Fee(Q, ®[Q)), £5(Q,u) = £(Q,u, ?[Q]). We are left
with

min E(Q,u). (1.2.9)
{HII‘Q (QvQB)JFQo}
x{Hp, (QR3)+uo}

This is solved in Paragraph 1.2.3. In Paragraph 1.2.2 we show that ® and ¥ exist and
are unique and can be identified. First, we need to investigate some properties of F.

1.2.2 Minimizer ®[Q] of F...(Q, ¢)

In this section we study the well-posedness of problem (1.2.8). We show that a solution
to (1.2.8) exists and is unique yielding a coherent definition of ®[Q]. For this purpose, we
need to verify the hypotheses of the Direct Method in the Calculus of Variations (see [36]
as general reference). This is done in Proposition 3. In brief, we recall that the existence
of solutions of minimum problems follows from a version of Weiestrass Theorem for
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infinite dimensional function spaces. Two are the main ingredients. First, we require the
boundedness of minimizing sequences so that we may extract subsequences converging
in the weak topology. Secondly, we need the sequential lower semicontinuity of the
functional with respect to the same topology. In Proposition 4 we discuss the continuity

of ®[Q] in a sense to be specified. This is of fundamental importance in order to solve
(1.2.9).

Existence and Uniqueness of ®[Q]

Proposition 3 For every given Q in H'(Q, Qp) there exists a unique ®[Q] which solves
(1.2.8).

Proof. We prove relative compactness of the minimizing sequence, and the weak se-
quential lower semicontinuity (in brief w.s.l.s.c.) of F . Uniqueness follows from the
strict convexity. Let {¢x} C {H%¢(Q) + ¢o} be a minimizing sequence of Fj.. For any

Q<€ HY(Q,9p), by (1.1.13) we have
m/ ]qukIde < Fere(Q, o) < Const < +00. (1.2.10)
Q

By Poincaré inequality [17, Theorem 6.1-8], {¢}} is bounded in H'(£2). From the reflex-
ivity of H'(Q2) and the continuity property of the trace we can extract a subsequence
weakly convergent to some ¢ in Hll(25 () + ¢o. Then, that

/fele(Q,Vqﬁ)dx < liminf/ fee(Q, Vor)dz, VQ e H'(Q,Qp) (1.2.11)
Q k—+oo Jo

when ¢ — ¢ w-H' (), follows by the convexity of F..(Q, ). d

We can characterize the solution to (1.2.8) as the unique solution to the associated
Euler-Lagrange equation. In particular, Proposition 1.2.2 allows to identify ® and V.
In the following we do not make any distinction between them. From now on, we focus
our attention on £*(Q, u) as defined in (1.2.6) and on problem (1.2.9). Our first task is
studying the non-local dependence of ® on Q.

Continuity properties of ®[Q)]

Proposition 4 Assume that

k—+4o00

lim /Q Qi — Q|*dz =0, (1.2.12)

where Qi, Q € L?(Q,Qx) Vk € N and where X stands either for Fr,U or B. Then
D[Qx] — @[Q] s-H' ().

Proof. Let us define the tensor field B :  +— M?3*3 as follows

B(z) := A(Q) (). (1.2.13)
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For a.e. x in 2, B is a symmetric, positive definite matrix with bounded components
(see (1.1.11)). It represents the matrix of the coefficients of the Euler-Lagrange equation
for F.j. in the unknown variable ¢ € H(f2) at a given Q in L?*(, Qx):

/<B($)V¢, V)dz =0
Q
¢ — o € HE, (D)
Ve H%¢(Q).

We denote its unique solution with ®. For every k € N denote By (z) = A(Qg)(x) and
consider the problem

Find ¢ € H'(Q) s.t.
/< )V, Vgo>dx:
¢_¢o € Hlld,(Q

Ve H%¢(Q).

whose unique solution is ®;. From (1.2.13) it follows that B, — B s-L2(2, M3*3).
Hence, the properties of ellipticity yield ®, — ® s-H'(Q). A proof is given in Appendix
1.6.1 for the readers’ convenience. We obtain the claim by noticing that ® = ®[Q], &) =

[Qx- O
In what follows we frequently indicate ® instead of ®[Q] and @y, instead of ®[Qy].

Remark 3 A consequence of Proposition 4 is that
(A(Q)VP, VO, — (A(QVP,VE) s-L'(Q). (1.2.14)

Indeed, the convergence in (1.2.14) holds pointwise almost everywhere. Moreover, we
have the uniform bound 0 < <A(Qk)VCI>k,VCI>k> < M|V®,|?. We can then apply a
generalized version of Lebesgue Dominated Convergence Theorem, and

lim /<A(Qk)V<I>k,V<I>k>dx: /(A(Q)V(I),V@)d:c. (1.2.15)

k—+oco Jo o)

We are now ready to study the minimization problem in (1.2.9).

1.2.3 Minimization of £(Q, u, ®[Q]) with respect to (Q,u)

Proposition 5 Let Q,, u,, ¢, ,T'g, 'y, Iy as in Theorem 6 and £* defined as in
(1.2.6). The problem

min £*(Q,u) (1.2.16)
{H},(2.95)+Qo}
X {H} (QR3)+u}

admits solutions.

Proof. A first step (Step 1.2.3.(1)) consists in proving relative compactness of the mini-
mizing sequence. Then, we prove the w.s.l.s.c. of the functional (Step 1.2.3.(2)).
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Step 1.2.3.(1).  Let {Qgup} C {Hp,(Q,Q8) + Qo} x {Hp (A R’) + u,} be a
minimizing sequence for £*. It is straightforward to obtain a uniform bound for some
positive constant (in what follows, the constants may change from line to line while we
maintain the same name):

/Q{fnem(Qk)va) + fmec(levuk) - fele(Qk,v(I)[Qk])}dl‘ S Const < +Odl217)

In addition, we have a uniform bound for F.(Qg, ®[Qk]). In fact, by the minimality
of ®, we know that Fee(Q, P[Q]) < Feie(Q, ¢o). We obtain this chain of inequalities:

/Q{fnem(Qlﬁ va) + fmeC(Qk7 vuk)}dx < Const + /Q fele(ka V(I)[Qk])dm (1218)
< Const —I—/ fe1e(Qi, Voo )dxr < Const + M/ |V o|?d.
Q Q

Neglecting terms which are bounded from below in (1.2.18), we can find a uniform
control of the sequence {uy}. In fact

0< ,u/ {|E(Vuk)\2 + 72 1Qu)? — 29E(Vuy) : Qk}da: < Const < +oo0. (1.2.19)
Q

Recalling that Qp has almost everywhere bounded components uniformly in k € N, we
easily get that

M/Q{\E(Vuk)IQ ~9E(Vuy) : Qk}dx (1.2.20)

is bounded below and above. It is straightforward to see that E(Vuy) is uniformly
bounded in L%(Q,M3*3). Korn’s inequality (0.1.54) yields boundedness of {u;} in
H'(Q,R3). Recalling that (1.2.20) is bounded from below, and neglecting other terms
which are also bounded from below, (1.2.18) yields

2
0< /Q(I;]VQ;CP + u’yQ]Qk|2>dx < Const < +00. (1.2.21)

This guarantees the boundedness of {Qy} in H'(Q, M3*3) (notice that we do not need
to invoke Poincaré inequality). By the reflexivity of the function spaces, we have that
up to subsequences (not relabelled)

Q. —Q w-HY(Q,M>*3), up—u w-H'(QR? (1.2.22)

to some pair (Q,u) € {H%Q(Q, Op) + Qo} x {H} (2,R?) +u,}. This is true because
of the continuity properties of the trace operator.
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Step 1.2.3.(2). We prove that
/Q(fnem(Qa VQ) + fmec(Qa Vll) - f:le(Q))dx < (1.2.23)
lim 1nf/ (fnem(Qlw va) + fmec(Qku vuk) - f:le(Qk))dx’
Q

k——+o0

with respect to the convergence in (1.2.22). In Proposition 4 we have already proved
that 7;,.(Q) is indeed continuous in the sense of (1.2.12), and hence of (1.2.22), thanks
to Rellich’s Theorem. Below, we show the w.s.l.s.c. of the first two terms separately.
This is a sufficient condition in order to derive the w.s.l.s.c. of the whole functional £*.
Having assumed ¥y 4:(+) lower semicontinuous yields

QP + v d < liminf [ (5 VQuP + dv  (1.2.24
/9(2‘ Q) + LdG(Q)) z < lim inf 9(7! Qxl” + LdG(QIc)) x o (1.2.24)

with respect to the convergence (1.2.22), from standard facts in functional analysis (see
[36, Chapter 4]). Since each single summand in (1.1.6) is w.s.l.s.c., we have

/fmec(Q,Vu)deIiminf/fmec(Qk,Vuk)dac, (1.2.25)
QO k—+oo Jo

where the convergence is as in (1.2.22). O

Remark 4 The previous result contains, in particular, the proof of the w.s.l.s.c. of

Fmee(Q,u) = /Q,u<|E(Vu)]2 —~yE(Vu) : Q)dl’ (1.2.26)

This functional has been considered in other theories on nematic liquid crystal elastomers
[44]. Repeating the proof from (1.2.20) on, we obtain the boundedness of the minimizing
sequence {Qy, uy} in {H%Q (Q,9B)+Qo} x {H%u (2, R3)+u,}. Then, the proof proceeds
exactly as in our main case.

As a by-product of the previous analysis, we obtain the following result.

Theorem 7 Let Q C R3 be a simply connected and Lipschitz domain, let 'y € 00
be an open subset with positive surface measure, let ¢, € HY(Q). Let £ as in (1.1.1),
where frem, fmees fele are given as in (1.1.3), (1.1.6), (1.1.8). Then (Q, W, ¢) is a min-max
critical point of €, i.e.:
£(Q,u,¢) = min max £(Q,u, ), (1.2.27)
HY(Q,Qp)x  Hr,(D+eo
{H (QR?)+uo}

if and only if (Q, W) is a solution to this problem:

min £(Q,u,¢), sub Gauss law, (1.2.28)
H'(©,9p)x
{H} (2,R?)+uo}

with ¢ = V[Q)].
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Proof. We only sketch the proof of this Theorem. Details can be worked out easily. The

argument in Step 1.2.3.(1) shows that we may consider to take a minimizing sequence

{Qr,up} € HY(Q,9p) x {HL(Q,R3) + u,}. We can prove its boundedness exactly as

above and extract a subsequence weakly convergent to some (Q,u) C H'(Q,Qp) x

{H}(Q,R3) + u,}. Then, the argument of Step 1.2.3.(2) yields the w.s.ls.c. of
E(Q,u,0). O
Theorem 7 is relevant for the discussion of the phase diagrams (see Section 1.5). It is

possible to modify slightly our results in order to treat other boundary conditions.

Remark 5 As already noticed in the comment below (1.1.14), when ¢, is zero, then
Fele is independent of Q. As a consequence, the analysis is even more transparent.
Maximization of £(Q,u, ¢) in ¢ and minimization in (Q,u) are independent problems.

1.2.4 The model with the magnetic energy

We write the energy of the system in the presence of a magnetic field h:

E(Q,u,h) = Fem(Q) + Finec(Q, 1) — Frnag(Q, h), (1.2.29)

where the density of Fpq4 is:

finag(Q 1) = S{(RL+ xaQ)h, h). (1.2:30)

Here X, X, Xa are the magnetic susceptibilities. Together with x| and x_, they can be
defined as done in Table 1.1 for the dielectric constants. The only difference is that we
do not require x| and x to be positive. We assume that the magnetic field h is imposed
from an external source [49, Chapter 4], so that £ is not subject to optimization in h.

Theorem 8 Let Q C R3 be a Lipschitz domain, let g,y C 0Q be open subsets with
positive surface measure. Let Q, € H'(Q, Op), u, € H'(Q,R3). Let € as in (1.2.29),
where frem, fmees fmag are given as in (1.1.3),(1.1.6), (1.2.30). Let h € L%(Q,R3). The
problem

min £(Q,u,h) (1.2.31)
{Hr,(2,95)+Qo} x
{H}, (QR?)+u,}

admits solutions.

Proof. Since h is given in L?(Q,R?), Fpnae(Q, h) is linear in Q. Hence, we can neglect
this contribution and obtain the boundedness of a minimizing sequence {Qg,u} in
{H}Q (2, 98) + Qo} x {Hf (€,R%) + u,} as in Step 1.2.3.(1). By observing that Q —
Fmag(Q, h) is continuous in the strong L?(€2, M?*3)-topology, we obtain the w.s.l.s.c. of
£(Q,u, h) similarly as in Step 1.2.3.(2). O
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Remark 6 The theorem above holds when £(Q,u,h) is defined over H'(Q, Qp) x
{HL(Q,R?) +u,}. As hinted in the proof of Theorem 7, we obtain the boundedness of
a minimizing sequence in {Qy,ux} C HY(Q, Qp) x {HL(Q,R3) +u,} and w.s.ls.c. of
the functional.

Remark 7 It is known that liquid crystals are diamagnetic, hence x| and x| are neg-
ative [24, Section 3.2.1]. In any case, if we perform the substitution h — e, X| — €|
X1 — €, and so on, the result of this paragraph can be regarded as the case when an
electric field is independent of the orientation of the nematic molecules.

1.3 The uniaxial theory

We turn to the analysis of equilibrium configurations in the framework of the uniaxial
model. In brief, we constrain two of the eigenvalues of Q to be equal. We follow two
alternative approaches. In the first one, we show that it is possible to modify slightly
the argument used for the biaxial case. In the second one, we adapt to LCEs a technique
developed by Ambrosio for Ericksen’s theory of liquid nematics with variable degree of
orientation. The two approaches are not exactly equivalent, see Remark 8.

First strategy
We recall the definition of the set
HY(Q,Qp) :={Q € H'(Q,M*3) s.t. Q(z) € Qp a.e.}, (1.3.1)

which is strongly and w.s. closed in H'(Q, M>*3). Here, for completeness, we give an
alternative characterization of H'(Q, Qp). Easy computations based on the Cayley-
Hamilton Theorem [37, page 16] ensure that the constraint

Q[° = 54(det Q)? (1.3.2)

is a necessary and sufficient condition for a symmetric and traceless matrix in M3*3 to
be uniaxial and hence

Qu ={Qe M, st. |Q° =54(det Q)*}, (1.3.3)

HY(Q,Qp) = {Q € HYQ,M>*3) s.t. |Q(x)|® = 54(det Q(z))? a.e.}. (1.3.4)

It is straightforward to prove that the constraint in (1.3.2) is weakly sequentially closed.
Indeed, suppose we have a sequence {Qy.} in H'(, M?*3) weakly convergent to some Q.
By standard arguments the convergence holds pointwise a.e. in {2 up to a subsequence.
Now, (1.3.2) is closed for the pointwise convergence and the claim is proved.

With this argument, we can modify the procedure explained in the previous section,
adding the constraint (1.3.2), provided that the uniform bound in (1.2.17) still holds.
This is true if we assume that the boundary datum Q, is given in H'(Q, Q), so that
the set of admissible functions is not empty. Thus, Theorems 6, 7 and 8 apply, provided
that H'(Q, Qp) is replaced by H'(Q, Qy).
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Second strategy

Following Ericksen’s theory®!), we redefine Q as

Q= s<n®n— %I) (1.3.5)

We redefine all the energy contributions previously introduced. With some abuse of
notation, we do not introduce any new symbol. Having plugged (1.3.5) in (1.1.1), we
label:

E(s,n,u,0) := Fpem(s,n) + Frec(s,n,u) — Fee(s,n, @) = (1.3.6)
/ frnem(s, Vs, Vn)dz —I—/ fmee(s,n, Vu)dx — / fere(s,n, Vo)dz.
Q Q Q

In order to define the summands in (1.3.6), we plug (1.3.5) in (1.1.3) and (1.1.6). We
report some results of the computation:

2 2
2_ %2 2 _ (% 2 2 2
QP =Zs%  [VQP = (5IVs[* +25%Vn?), (1.3.7)
A
,u(]IE(Vu)|2 +421QP — 24E(Vu) : Q) + 5 (divu)” = (1.3.8)
,u(\E(Vu)\Q + %’7282 —29E(Vu) : sn ®@n + %’ysdiv u) + %(div u)2.

Since for physical reasons the LdG potential energy depends merely on the eigenvalues
of Q, we define ¥ 45(s) := ¥14c(Q). Furthermore, (1.1.9) becomes

1
A(s,n) = %(El—i—eas(n@n — §I)) (1.3.9)
As before, we discuss equilibrium configurations represented by min-max critical points
of the functional £(s, n, u, ¢). We follow Ambrosio’s development in the study of a math-
ematical problem which is closely related to ours (see [3] and for further observations
also [49, Chapter 6]). We introduce

D, :={(5,n): Q> [-0.5,1] x S?: s € H'(Q),v:=sn € H'(Q,R?)}, (1.3.10)

and we assign 5, € H1/2(8§2), n, : 00 — S?, such that v, := 5,1, € H1/2(8§2,R3). We
recall Ambrosio’s convergence in Dy [3, Formula (1.4)]: a sequence {sk,nx} C Dy is said
to converge to (s,n) € Dy if

li — s/ — sn|?)dz = 0. 1.3.11
L Q(|5k s|” + [sgny, — sn|?)da ( )

Then (see also [3, Theorem 1.1])), by the continuity property of the trace operator
(denoted by 7 : HY(Q) — HY2(0Q)), if {sg,nx} C Dy with {7(s1), 7(vk)} = (85, Vo) on
09, then (s,n) € Dy and 7(s) = 5,, 7(v) = V,. Therefore, the set defined as

DI .= {(s,n) € Dy, s.t. 7(s) = 5,, 7(sn) = ¥, on I's}, (1.3.12)
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is closed and nonempty (this last property is proved in [42]). In brief, we show that
results analogous to those in Section 1.2 can be obtained following Ambrosio’s approach.
For the following result, only a sketch of proof is given below.

Theorem 9 Let Q C R? be a simply connected and Lipschitz domain. let [, 'y, Ty C
O be opens subsets with positive surface measure. Let DLs defined as in (1.3.12) with
5, € HY2(09Q), v, € H/?(0Q,R3), u, € H'(,R?), ¢, € HY(Q). Let £ as in (1.3.6).
Then, ((3,1),W, @) is a min-max critical point of £, i.e.:

£(3,1n,1, ¢) = min max &(s,n,u, ), (1.3.13)
D x{HE (QR3)+u,} H%¢ () +¢o

if and only if ((5,m),W) is a solution to this problem:

min E(s,n,u,¢), sub Gauss law, (1.3.14)
DL x{HE (QR3)4u,}

with ¢ = U[3, 1.

Here U[s, n] is the solution to Gauss equation in dependence of a given pair (s,n) € D;.
In order to prove this assertion, we need the following result.

Lemma 1 Let {sg,n;} C Ds,(s,n) € Ds s.t.

lim (Isk, — 8|2 + |siny, — sn|?)dz = 0.

k—+0c0 J

Then

lim / |spny @ g, — sn @ nf’dz = 0, (1.3.15)
k—+o0 J
1 1 2 3x3
Qr = sk (nk ®ny — gl) — s(n ®n— gl) =Q s-L*(Q,M°*°), (1.3.16)
and

A(sp,ng) = %’(zl v ean> - %O(a + eaQ> = A(s,n) s-LXQ,M>3).  (1.3.17)

Proof. Notice that these results are not obvious because we do not assume a convergence
directly for n. We add and subtract terms in the integral in (1.3.15):

/ |spng ®@nyg —sn® n|?de = / |spng @ny £ sn;p@n+spn, @n—sn® n|2dz. (1.3.18)
Q Q
We can estimate the right hand side in (1.3.18) for some positive constant C
/ Inj, @ spng — Ny @ sn+ sn ®n — spn, QN+ spnE @n — sn@nlide < (1.3.19)
Q

C/ (|nk ® spng — ng @ sn|? + |sng ® n — spny, @ n|? + |(spny — sn) @ nlz)dz.
Q
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Estimating the right-hand side in (1.3.19) yields
/ |spny, @1y, — sn @ n|?de < C/ (\sknk —sn|* +|s — s> + |spny — sn]2>dx. (1.3.20)
Q Q

In the limit & — +o0, the right hand side in (1.3.20) vanishes, proving (1.3.15). Now
(1.3.16) and (1.3.17) follow trivially. O

Outline of the proof of Theorem 9. For any given (s,n) € Dy, the Euler-Lagrange
equation for the problem

Imn / fete(s,n, Vo)dz (1.3.21)
Q)+¢o

¢>EH1

coincides with Gauss equation
Find ¢ € H(Q) s.t
/ (A(s,n)V¢,Vp)dz =0
Yo 6o € HE,(Q)
Ve Hl£¢ (Q).

Therefore, equivalence of problems (1.3.13) and (1.3.14) follows exactly as in the previous
section. Problem (1.3.21) has a unique solution for any given (s,n) € D;. In fact, exactly
as in Step 1.2.2.(1) and Step 1.2.2.(2), we have boundedness of a minimizing sequence
{1} taken in {Hll¢(Q) + o} and w.s.l.s.c. of Foe(s,m,-) in the weak topology of H! ().
Notice that the upper and lower bounds for F (s, n, ¢) (which is strictly convex in V¢)
are the same as in (1.1.14). We label ®[s, n] the solution of (1.3.21). Again, we identify
®[s, n] with ¥[s,n]. We define

fae(s,n) = fele(s,n, V@[s,n]), ff(s,n,u) := f(s,n7 u,@[s,n]), (1.3.22)

£*(s,m, ) ::/Q<fnem(s,V8,Vn)+fmec(s,n,Vu)—fe*le(s,n)>dx. (1.3.23)

Now, the problem

min max &(s,n,u,¢) = (1.3.24)
D x{H} | (Q,R3)+u,} Hi 5D +o

min {/ (fnem(s, Vs, Vn) + fiec(s,n, Vu))d:c —
DL x{H} (QR3)+u,}

m1n+¢ / fete(s,n ng))da:}
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becomes

min E*(s,n,u). (1.3.25)
Dy® x{HE (Q,R3)+u,}

Labelling ((5,m),u) a solution to (1.3.25), an equilibrium configuration of the system
is given by ((3,1),W, ¢), where ¢ = ®[3,1n]. Again, the proof follows by applying the
Direct Method to problem (1.3.25). Existence of minimizers follows from boundedness
of the minimizing sequence and s.l.s.c. of £*(s,n,u). In particular, boundedness of {uy}
in H'(Q,R?) follows again from (1.2.19). Then, using (1.3.7) and |s|?> = |sn|? = |v|?,
(1.2.21) becomes

/ I (é\VskIQ + s%\VnkP)d:r + g’yQ/ (Isk* + |v&|*)dz < Const. (1.3.26)
Q Q

This, together with the fact that |Vv|? = |Vs|? + s?|Vn|? is sufficient to obtain the
convergence of a minimizing sequence {sx, ng} C Dy in the sense specified in (1.3.11), at
least up to a subsequence [3, Theorem 1.1]. The continuity property of the trace operator
ensures that if we take {sg,n;} in Dy with (7(s), 7(sxgnk)) = (8o, V,) converging to some
(s,n) in the sense of (1.3.11), then (s,n) is in Dy with (7(s),7(sn)) = (5,,V,). Next,
following Proposition 5 Step 1.2.3.(2), we prove the s.l.s.c. of £*(s,n,u) with respect
to the convergence defined in (1.3.11) for the variables (s,n) and the weak convergence
of H'(Q,R3) for the displacement u. Invoking (1.3.9), we can prove the w.s.l.s.c. of
Fmec(s,n,u) exactly as for the biaxial model. In fact, putting together (1.2.13) and
(1.3.9), we define B(x) := A(s,n)(z) and repeat the argument of Paragraph 1.2.2 in
view of (1.3.16), yielding

®[s, ng] — P[s,n]. (1.3.27)

Now, thanks to (1.3.17), we are able to prove the continuity of F_(s,n) with respect
to the convergence (1.3.11), exactly as in Remark 3. We are left to show the s.l.s.c. of
Frem(s,n) with respect to (1.3.11). The following result is contained in [3].

Theorem 10 (Ambrosio 1990, [3, Theorem 1.4}]). Let ¢ > 0, S,,V,, be Borel
functions defined on OS2, and let {si,ng} C Dy be a sequence s.t.

225/9(0V3k]2 + si\VnkF)da: < 400, (1.3.28)
(T(sk) (), T(skmp) (7)) = (5u(2),Vo(z)) H?-a.c.in 0, (1.3.29)

and assume that (1.3.11) holds for some (s,n) € Ds. Then
/<C|V5]2+s2Vn|2>d:n§liminf/<C|Vsk|2\+s%|Vnk|2)dx. (1.3.30)
Q k—too Jo
The Proof of s.w.l.s.c. of the first piece (the squared gradient of s) is trivial. By the

slicing method, it is possible to prove the w.s.l.s.c. of the remaining part. We apply this
theorem with ¢ = 1/3 and the requirement 3, € HY/2(0Q), 5,0, = v, € HY/2(0Q, R3).
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Remark 8 The two possible strategies presented for the uniaxial theory are not equiv-
alent. There are examples where the minima of the free energy following strategies 1 or
2 are different. For simplicity we can consider the minimization of the nematic energy
fnem for \I]LdG =0:

2
min /K|VQ|2dm, (1.3.31)
H%Q(ngU)'i‘Qo Q 2
. 2(1 2, .2 2
min | K <7|V5] + s°|Vn| >d$. (1.3.32)
pls Jo  \3

Consider for instance 2 as a cube (see Figure 1.1). Let us assign boundary conditions

Face 1: n, n, ®n,
==
£ it
=
= =
2 -
§ ->
=
= -
? = T3
=
=
=
=
i _
é 3# T
P
=
=
=
£ 3#
=
g =
P
*
3 P13
Face 2: -1, (—1n,) ® (—1,)

Figure 1.1: Geometry presented in Remark 8 (a section of € in the plane x1,x3).

for (s,n) only on two parallel faces (labelled for convenience face 1 and face 2), leaving
natural conditions on the remaining part of 9Q. Assume 5, = 1 and some constant
n, € S? on the face 1, and —1, on the face 2. We impose the same boundary condition
for Q, which is Qo = S,(n, ® N, — %I) (that is (/520 = 7(Qy), where Q, =i} ® i — %I,
see Figure 1.1) both on face 1 and face 2. The absolute minimizer of (1.3.31) is Q(x)
identically equivalent to Q,, while the solution to (1.3.32) is some couple (s,n) that
cannot be constant. In this case we have

2
min/ HQ(lyvsyQ + sZ\Vn|2>d:n > min / 2 \vQ|dz =,
pls Jo  \3 HE(2,.90)+Q0 Ja 2

and the physical solution is represented in (1.3.31). When (1.3.31) is equal to (1.3.32)
then the two strategies are equivalent. In this case, the parameterization of Q as in
(1.3.5) can be appealing, being based on the two variables s, n which are directly mea-
surable in an experiment.

Remark 9 Trivial adjustments allow to extend our proof to a min-max problem in a
space of functions with slightly different boundary conditions as done in Theorem 7. The
case of a magnetic instead of an electric field can be considered as well. By plugging
(1.3.5) in (1.2.30) we introduce fiq4(s,n,h). Then, we can also adapt Theorem 8 when
£(s,n,u,h) is defined on DL* x {H} (Q,R?) 4+ u,} x L*(Q,R?) or Dy x {H}(Q,R?) +
u,} x L?(Q,R3).
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1.4 The director theory

Specializing the model even further, one can describe the liquid crystal only in terms of
the eigenspace of Q. Even in this case we find two possible strategies. Again, the first
one consists in studying the functional in the variable Q with some additional constraint.
In the second one, we follow the classical Frank theory which is based on the formulation
of the energy in terms of the director n.

First strategy

We consider a uniaxial tensor field Q with eigenvalues {—1/3,—1/3,2/3}. We recall the
definition of the set

HY(Q, Qp,) :={Q € H'(Q,M>*3) : Q(z) € Qp, ae.}. (1.4.1)

We obtain results analogous to those of Theorems 6, 7, 8 with the obvious changes (e.g.,
to take Q, € H'(Q, Qp,)) by replacing H(Q, Qp) with H(Q, Qr,). The idea of the
proof is the same as in Paragraph 1.3. The details can be worked out easily, and we
omit them.

Second strategy
Setting s = 1 in (1.3.5) — (1.3.9) we obtain a Frank-like model (see [49], [33])

Q- (n®n_ %I) (1.4.2)

E(m,u, d) := Fpem(n) + Frec(n, u) — Fee(n, ¢) = (1.4.3)
/Q/<52|Vn]2dx + /Q{,u’E(Vu) - fy<n® n— %I) ‘2 + %(divu)z}da:—

o (_ 1
5 (@V6r + ol - 3D V6. V6)) ds

A(n) == % (EI + € (n ®n— éI)) (1.4.4)

Again, we keep for simplicity the notation of Section 1.2, even though the terms have
now a different meaning. Notice that we neglect the LdG potential energy, since this
reduces to a constant contribution. Let

HY(Q,S?) := {n € H'(Q,R?) s.t. n(x) € S* a.e.}. (1.4.5)

The space H'(Q,S?) is weakly sequentially closed. Let us take a sequence {n;} C
H'(,S?) weakly convergent to some n € H!(Q,R3). By Rellich’s theorem (in what
follows €2 is a Lipschitz domain), we have that, up to subsequences, the convergence
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holds strongly in L? and hence n € H'(2,S?). Analogously, letting n, € H*(£,S?), we
have that

Dl .= {ne HY(Q,S?) s.t. 7(n) = 7(n,) € T, }. (1.4.6)
is w.s. closed.

Theorem 11 Let Q C R3 be a simply connected and Lipschitz domain, T, T, 'y C o0
be open subsets with positive surface measure. Let DL as in (1.4.6), n, € H'(Q,S?),
u, € H'(Q,R3), ¢, € HY(Q). Let E(n,u, ¢) as in (1.4.3). Then (A, W, P) is a min-mazx
critical point of £, i.e.:

(M1, ¢) = min max &(n,u, ), (1.4.7)
D x{H} (R3)+u,} H%¢ () +0o

if and only if (m, W) is a solution to this problem:

min E(n,u,$), sub Gauss law, (1.4.8)
Dy x{HE (QR3)+u,}

with ¢ = ¥[n).

Here W[n] is the solution to Gauss equation in dependence of a given n in H'(£,S?).
The proof of this theorem is analogous to that given for Theorem 6 in the frame of the
biaxial theory. We can simply follow the lines of the proof in ’Outline of the proof of
Theorem 6’ with obvious adjustments. Again, existence and uniqueness of W[n] follows
from the fact that it solves the minimization problem for Fg.(n,$). The proof of this
can be derived easily from the results contained in Paragraph 1.2.2. Then, we plug ¥[n]
in Fee(n,-) and £(n,u,-) yielding 7} (n) and £*(n,u). We minimize £*(n,u) in the
set DL» x {Hllu(Q,R?’) + u,} by finding a bound for a minimizing sequence {ng,uy}
and proving the s.l.s.c. of the functional. As in (1.2.17), we get the boundedness of
{ug} in HY(,R3). Then, Fem(n) controls the H! norm of {n;}. Notice that, since
n(z) € S? a.e. in €, we do not need to invoke Poincaré inequality. We can thus
extract a subsequence which converges weakly to some n in DL» (since this set is weakly
sequentially closed). Next step concerns the s.l.s.c. of £*(n,u) with respect to the weak
topology of H'(Q,S?) x H'(Q,R3). In particular, notice that the strong convergence in
L?(92, M3*3) of sequences of maps in the form of (1.4.2) and of (1.4.4) follows trivially
and yields the continuity of F7;_(n) by virtue of the argument of Proposition 4 which
still holds provided we set B(z) := A(n)(x) in (1.2.13). We conclude by observing that
Frem(n) and Fpee(n, u) are s.l.s.c. in the weak topology of H*(,S?) x H(Q,R3) by
standard arguments.

Remark 10 Again, trivial adjustments allow to extend our proof to a min-max problem
with slightly different boundary conditions and when a magnetic field is applied on the
system. We refer to Remark 9 for an idea of the proof required.
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Remark 11 R. Hardt, D. Kinderlehrer and F.H. Lin have studied in [38] an analogous
optimization problem for nematic liquid crystals in the presence of an electric field. The
functional they consider is comparable to our Frem(n) — Feje(n, ¢), since their problem
does not involve the mechanical displacement u. Loosely speaking, their proof is based
on the analysis of the Euler-Lagrange equations associated with problem (1.4.7) and
problem (1.4.8), keeping in mind that F,e.(n, u) is absent.

The case of the incompressible elastomers. It is straightforward to modify all the
previous results in order to treat optimization problems for energies of incompressible
elastomers which are modelled by constraining the divergence of u to be zero (notice
that this is equivalent to set A = 400 in (1.1.6)). For the readers’ convenience, we
present a theorem which extends the results for systems of compressible elastomers in
the presence of an applied electric field to the case of incompressible rubbers. This result
will be applied in Chapter 3.
In the following theorem, X stands either for F'r,U or B.

Theorem 12 Let Q C R3 be a simply connected and Lipschitz domain, let | I
00 be open subsets with positive surface measure, let u, € H'(Q,R3) with divu,
0, po € HY Q). Let E(Q,u,¢) as in (1.1.1), where frem, fmec, fele are given as in
(1.1.3), (1.1.6), (1.1.8). Then, (Q,W, ®) is a min-maz critical point of £, i.e.:

1N

£(Q,u,¢) = min max £(Q,u,9), (1.4.9)
H(2,0x) HE, (@+o
{H%u (Q,R3)+u,,divu=0}

if and only if (Q, W) is a solution to this problem:
min £(Q,u,¢), sub Gauss law, (1.4.10)

E[1 (Q,Qx)X
{H%u (Q,R3)+u,,divu=0}

with ¢ = V[Q).

Proof. 1t follows as in the proof of Theorem 6 with some obvious changes. It is enough
to take all sequence {uy} with divug = 0. The constraint on the divergence is linear
and, consequently, if we take {u;} C H'(£, R3) such that

u, — u w-H(Q,R3), with divuy, =0,

then divu = 0. U

1.5 Phase diagrams

Let us assume Q = (=X, X1) x (—X9, X2) X (—X3,X3), for some X, Xy, X3 > 0.
Consider, for a moment, the biaxial theory and £(Q,u, ¢) as in Theorem 7. Labelling
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O the origin in R3, let u, = E(z — O), for every z in 99, for a given symmetric matrix
E, and ¢, = 0 on I'y, = 0€2. We find particular solutions which minimize the functional

/Q(fnem(quQ) + finee(Q, Vu) — fele(Q,qu))dx (1.5.1)

with constant Q(z), with ¢(x) = 0 and u(z) = E(z — O) for every x in the closure of
Q. Plugging ¢ = 0 and neglecting the gradient of Q, the integral in (1.5.1) reduces to

/Q@MG(Q) + u[E(Vu) —1Q|* + %(div u)2> dz. (1.5.2)

Furthermore, let us neglect the LdG energy density. We can thus find solutions (Q, u)
algebraically, by minimizing the integrand of (1.5.2). This hypothesis allows us to find
exact asymptotic expressions for the minimizers of f,.., parameterized by the boundary
data, i.e., by E. The pictorial representation of the essential features of these solutions
as a function of E is a phase diagram.

In the next paragraphs we show how to construct the phase diagrams for the uniaxial
and biaxial model discussing several of their properties, and for the Frank model. We
refer to [27] for more comments on the director theory.

1.5.1 The uniaxial theory

We parameterize Q following Ericksen’s theory. This is not restrictive for our purpose,
since we do not impose boundary conditions on Q. Furthermore, we find it convenient
to express E as

1 1
E=(E)]X+AE, AE:= (E _ g(trE)I), (1.5.3)

where we define (1/3)(tr E)I the spherical component and AE the deviatoric component
of E. According to this decomposition, fyec(s,n,F) can be written as

2 A
_ 2 ) £.2.2 ALH 2
fmec(s,n, F) = ,u(|AE| 27AE : sn ®n + 37°s ) + (2 + 3)(trF) . (1.5.4)

The energy density in (1.5.4) describes the mechanics of a material with microstructure,
whose descriptors are precisely (s,n). By minimizing over these internal degrees of
freedom, we obtain a macroscopic model:

F) = i ee(s,n, F). 1.5.5
ful( Se[forg’llr]{neng (s,n,F) (1.5.5)

We describe E in terms of its ordered eigenvalues
€1 S €9 S €3, (156)

and the corresponding eigenvectors nj, ng, ng. For convenience, we define the eigenval-
ues of AE as Ae; :=¢e; — (tr E)/3,i = 1,2, 3. Incompressibility condition (if introduced)
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reads: tr (F) = tr (E) = 0, yielding Ae; = ¢;. We label (s*,n*) the absolute minimizers
of (1.5.4). To determine them, we have to separate the cases when s is positive or nega-
tive. We define (s**,n*") the minimizer of (1.5.4) in the case of positive s. Analogously
we define (s*7,n*7) the minimizer in the case of negative s. First of all, it is easy to
verify that the minimizer in n is always n** = nj in the case of positive s, and n*~ = n;

in the case of negative s. Let us plug n = n** in (1.5.4), yielding

fmee(s,n*T F) = ;L(|AE|2 — 2ysAes + %7252> + (% + %) (tr F)2 (1.5.7)
Now we minimize (1.5.7) in s € [0, 1]. We equate to zero the first derivative in s of (1.5.7)
when looking for minimum points in the open segment (0, 1), or we evaluate (1.5.7) for
s = {0,1}. We see that s*T and n** depend only on the components of the deviatoric
part of F. We define f;7 (F) := fiec(s*",n*", F). Proceeding exactly as above, we find
s*~ and introduce f; (F) := fiec(s*,n*", F). We conclude obtaining (1.5.5) by

fur(F) = min{ /£ (F), f7(F)}. (15.8)

Since stable phases are characterized by the lowest value of the energy, we define

l | 4

4/5

3/5

A ealy

2/51

150 : N1

-1 -4/5 -3/5 -2/5 -1/5 0 -0.5
A ellv A el/y 0 0 A e3/y

Figure 1.2: LEFT: Phase diagram and level curves. For convenience, we adopt a non-
dimensional form here, expressing s* as a function of Ae;/y and Aes/y. RIGHT: s*
represented as a function of (Aey /v, Aes/7).

(s*, n*) = arg(min{fmec(s*+, n* " F), free(s* T, 0", F)}), (1.5.9)

where (s*,n*) can be expressed as functions of Aej, Aes. In view of (1.5.6), not all the
couples (Aej, Aes) are admissible. From the constraints e; < eg, ea < e3 (equivalently,
Ae; < Aeg, Aey < Aes) one easily gets that —Ae; /2 < Aeg < —2Aey, for Ae; <0.

(m) o Pe= (G 8ol < s 3 < )

(3A61 ) on — {(Ael7 Aeg) 2A63 < Ael < (A€3)7 Aeq > _%}
(s*,n*) = DAY Ady Aly A751 Ady Aed - 2
(Lng)  on —{u»ﬂa( )< fa < _Aa Au > 2

( 1 ) on _ {(Ael Aeg) 2Ae3 < Ael < O_(Aeg) Ael _l}

2 o Y v vy /2y — 38
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Positive and negative phases of s* are separated by the curve o of equation

—t for te[0,1/3)
o(t):={ —1.5t2—-1/6 for tc[1/3,2/3)
—2t+1/2 for t>2/3.

A direct calculation allows to verify that the curve o is C'. On o, s* and n* are not
defined (see Fig. 1.2 RIGHT), while fy is a continuous function of E and can be defined
also on o. Here is the expression for fy(F):

(JAE[? — 2Aed) on Ry
1 A 2\ (JAE]? — SAe?) on N
L) = (5+5) 0 FP) = (AP — 380 + %) on Ry
{ (JAE]? +vAer + %) on Ny
3(Aes + 2Aeq)? on R
é(Aﬁ + 2Ae3)? on N
_ 5(Aep + ) +
B é(Ael + 2A63 —v)2 on Ry,
5(Aes — F)*+
%(Aeg + 2A€1 + ) on Ng,
where Ry o= {(38,35) : 0(38) < & < 38,85 < 3 By o= (4 38)
o(Bs) < Ba < onan 5 )

Minimization of the magnetic energy
By minimizing the magnetic energy density — fiq4(s,n,h) in (s,n) we understand the

influence of the magnetic field on the nematic order.

Case x, > 0. Again, it is convenient to consider separately the cases for positive and
negative s. In brief, we comment the result

1 Xo 2
m - ,n,h ( —h +x|h ) 1.5.10
Se[_oﬁ}ﬁney( fmag(s,m,h)) = 5 \Xa [h|” + X|h| ( )

The effect of a magnetic field is to orient n parallel to h and to push s to the value 1.
We are enforcing the order of the system tightening the distribution of the molecules
along the direction of the magnetic field.

Case xo < 0. The minimization yields:

1 Xo 9
- 1, h (- Lnf? + X/ 2). 1.5.11
56[—0I-r51711r]17n682( Jmag (s, 1. h)) = 5 \“Xag [h|” + X|h] ( )

This result can be reached when s = 1 for any n perpendicular to h and equivalently
when s = —0.5 for n parallel to h.
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1.5.2 The director theory

Setting s = 1 in the previous construction we obtain the phase diagram for the macro-
scopic energy (see Figure 1.3-left)

frr(F) := min fe.(n, F)
nes?

whose expression (in components of the deviator of F) is

Lo - (3+ £)0wmr) =330+ )" om0

1
on — §A€1 < Aez < —2Aeq,

1.5.3 The biaxial theory

Again, we minimize the mechanical energy density obtaining a new macroscopic model:

F):= mi ,F). 1.5.12
fB( ) QHGHQHB fmec(Q ) ( )
To compute (1.5.12) we choose a convenient parameterization for Q € Qp. Let
Q= > (miem), > N\=0, -1/3<)<2/3 (1.5.13)
i=1,2,3 i=1,2,3

with mj, mg, mg an orthonormal tern. By setting A3 = A\pnaz(Q), A1 = Anin(Q), and

A2 = —A1 — A3 we obtain a global parameterization for —1 < 3X\; < 0 < 3A\3 < 2.
Now, the minimization proceeds exactly as in Paragraph 1.5.1. We label (A}, A3, A3)
and (mj, mj, m%) the functions which solve (1.5.12) (trivially, A5 = —A7 — Aj). We

define three regions in the plane (Aej /v, Aes/v)
Ae; A 2A A Aes A 1
Liq:z{( €1 63):_ €3< €1 < _ €3 A€ > }

9

Y Y o 2y , 5 3
S = {<A61’A€3) L 28es Qe 28es ) Aer —1}
v y v ~ 5 ;
A A 2A A A A 1
Sol::{( 61, 63):7 €3+1§ elgf 63, elgif}_
We skip all the details of the computation, and report only the results.
(5 Aveg) on Liq
0= () B o sm
(_%’ %) on Sol

on LiqU Sm U Sol

on Liq
(Aer + 3)? on Sm
(Aey + %)24-
(Aey +2Ae3 — )% on  Sol.
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1 H 1 1 ol
4/5 415
ES kS
o” 3/5 o” 3/5 S
< <
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! .
1/5+ E 15 ' Lig
o . . . . . 0 . . . . .
-1 -4/5 -3/5 -2/5 -1/5 0 -1 -4/5 -3/5 -2/5 -1/5 0
Aely Ae 1/v

Figure 1.3: Phase diagram and level curves. LEFT: Frank model. RIGHT: Biaxial
model.

1.6 Appendix to Chapter 1

1.6.1 Continuity properties of ®[Q]

We describe the dependence of the solution to some elliptic equation on the matrix
coefficients.

Proposition 6 Let ¢, € H'(Q), {By} C L%(Q,M3*3),B € L?(, M3*3) as in (1.2.13)
and By — B s-L2(2,M3*3). Consider the problems

Find ¢ € HY(Q) s.t.
/Q (B(x)Ve, V(1 — b0))dx = 0

¢ — o € Hi, ()
Vi € HY(Q) s.t. 7( — ¢o) =0 on Ty

whose solution we denote ®, and
Find ¢ € HY(Q) s.t.
| (Bua)V6.9(w - 60))dz =0

¢ — ¢ € Hy, ()
Vip € HY(Q) s.t. 7(1h — o) = 0 on Ty

whose solution is labelled ®. Then ®p — & s-H' ().

Proof. From the strong convergence it follows that By(z) — B(z) a.e. in Q (up to a
subsequence not relabelled). The main point in the proof is to show that

Vo, — Ve s-L*(Q,R3). (1.6.1)

We first prove that V& — V& w-L?(2,R?). Setting 1 = ®}, in the following identity
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/Q<Bk($)Vi>k, V(¢ — ¢o))dz =0
(I)k - ¢o S H%‘¢(Q)
Vi € HY(Q) s.t. 7(1) — ¢o) = 0 on T'y,

we obtain
/<BkV<I>k,V<I)k>dx—/<BkV<I>k,V¢O>d:1:. (1.6.2)
Q Q

By using the uniform bounds (1.1.13), we can write
m||V<I>k||%2(Q’R3) < /(BkVCI)k,VQk>dx < M/ V& - Voodz. (1.6.3)
Q Q

By Holder’s and Poincaré inequalities we can find some positive constant K¢ such that
[Pxlla1 () < Kall Vol 2 (o,rs)- (1.6.4)

We have that ®; converges weakly in H- L(Q) to some gg at least up to a subsequence
here not relabelled. In order to identify ¢ suppose that

/((Bkvfbk —~BV¢), V(¢ — ¢o))dz — 0,V € H'(Q)s.t.7(1) — ¢o) = 0onTy. (1.6.5)
Q
Thus, (1.6.5) shows that d~> is solution to the elliptic system

/Q (B(x)V3, V() — ¢))de = 0
6 — 6o € H} ()
Vi€ HY(Q) st. 7(¢ — ¢p) = 0 on Ty,

and hence ¢ = 5 by the uniqueness of the solution to this problem. This proves the
claim V&), — V& w-L%(Q,R3). We prove that (1.6.5) is true. We verify the hypotheses
of Lebesgue Dominated Convergence Theorem:

o BLV(¢ — o)l < M|V(¢ — )|, where ¢, ¢, € H(Q),
e B,V(¢— ¢p) — BV (¢ — ¢,) pt. a.e. in Q,

vielding: BV () — ¢,) — BV (1) — ¢o) s-L*(Q, R3). Since V&), — V¢ w-L2(Q, R3), we
have (1.6.5). Now it remains to pass from the weak to the strong convergence of V®y
to V®. We can pass to the limit on the right hand side of (1.6.2) since we know that
V&, — VO w-L?(Q,R3) and ByVeé, — BV, s-L2(Q,R3) :

/(BkV®k,V¢>k>dm:/(BkV<1>k,V¢O>da: "= [ (BYS, Ve, )de.  (1.6.6)
Q Q Q

Plugging ¢ = ® in the identity
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/Q<B(x)V<I>, V(¢ — ¢o))dz =0
® — ¢, € Hy, ()
Vi€ HY(Q) s.t. 7(1) — ¢o) = 0 on T'y,

we have that fQ<BV(I>, V¢o>dm = fQ<BV<I>, V<I>>d:n, yielding, thanks to (1.6.6):
/(BkV<I>k,V<I>k>dx ’“1°>°/<Bvq>,vq>>d:c. (1.6.7)
Q Q

This fact turns out to be a key ingredient in the proof of (1.6.1). Let us now examine
the expression below:

/(Bk(wbk — V), Vo, — VO)dx = (1.6.8)
Q

/<BkV<I)k, V®k>da: — / <BkV<I>k, V<I>>dx — /<BkV<I>, V@k>dm + / <BkV<I>, V<I>>da:.

Q Q Q Q

By (1.6.7), we are allowed to take the limit in the first integral on the right hand side.
The second and third integral converge since ByV® — BV® s-L*(Q,R3) and V&, —
V@ w-L?(Q,R3). Also the fourth piece converges trivially by Lebesgue Dominated
Convergence Theorem. Hence, we deduce that

0< m/ IV®), — Vo|2da < /(Bk(V<I>k —V®), VI, — VO)dz — 0 (1.6.9)
Q Q

as k — +o0, proving (1.6.1). O
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Chapter 2

Relaxation of multi-well energies
in linearized elasticity and
applications to nematic
elastomers

2.1 Introduction

We obtain the explicit expression of the relaxation of a free-energy functional which
describes the order-strain interaction in nematic elastomers. We work in the regime
of small strains (linearized kinematics). Adopting the uniaxial order tensor theory or
Frank model to describe the liquid crystal order, we prove that the minima of the relaxed
functional exhibit an effective biaxial microstructure, as in de Gennes tensor model. In
particular, this implies that the response of the material is soft even if the order of
the system is assumed to be fixed. The relaxed energy density satisfies a solenoidal
quasiconvexification formula.

2.1.1 The mechanical model

We recall the mechanical model introduced in Chapter 1 for describing the coupling
between strain and order in nematic elastomers

Fnee( @ F) := LC(E(F) ~ Q) : (E(F) —Q) = u[E(F) —Q[* + J(trF)?  (21.1)
where fi, \, v are positive constants and F € M3*3, Q € Qx where X stands either for
Fr,U or B.

As anticipated in the Introduction to the thesis, the further development which we
propose consists in minimizing (2.1.1) with respect to Q (see also Section 1.5 of Chapter
1). This new model can be defined as macroscopic, in the sense that the influence of
the internal (microscopic) variable Q is perceived only through a direct coupling to the

o6
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strain. Depending on the choice of the set where Q is allowed to vary, different results
are obtained:

fx(F) = ian fmec(Q, F), where X stands for Fr,U or B. (2.1.2)
X

It is clear that the macroscopic models thus obtained are the measure of the distance
from the set vOx:

A 2 A
ot {ulEE) —Qf + S F) | = p( inf [EEF) —1Q|) + () (213)

= pdist? (E(F),vQx) + = (tr F)2.

Do | >

There exists a unique element Q which minimizes in Qp the function Q — |E(F)—~yQ|>.
This is elementary, since the term proportional to the square of the trace is not subject
to minimization and we are left with minimizing the square of the euclidian norm over
the compact and convex set Qp. The matrix Q is also called the projection of E(F)/v
onto Qp and referred as 725 (E(F)/y). This is the element of minimal distance from
the set yQp. The projection of E(F) onto yQp is 7728 (E(F)) = yw <8 (E(F)/7). Since
Qp, C Qu C Qp, it follows that fp(F) < fu(F) < fp.(F) and fg(-) is a convex
function. Notice that F +— 7798 (E(Q)) is a Lipschitz continuous map in the space of
matrices. The explicit expressions of fp,, fu, fp are reported in Section 1.5 (Chapter
1).

In the following, we discuss the problem of relaxing the integral energies obtained
from fp, and fy considering the constraint of incompressibility. In the case where we
consider the energy density fr, and fy, we are assuming that a Frank-like and a uniaxial
description of the orientation and order of the molecules are allowed in the model. It can
happen, however, that biaxial states which may seem unattainable according to (2.1.2)
are allowed, in a suitable sense, by formation of a new microstructure. It turns out that
frr and fy are non-convex energy densities, while fp is. Even in the cases X = Fr or U,
the effective response of the material exhibits a richer microstructure if more favorable
energetic paths are attainable. In fact, we show that microstructures are possible, and
a biaxial tensor field is obtained effectively, via relaxation. More precisely, according
to the Direct Method in the Calculus of Variations, the minimization of a non-lower
semicontinuous energy may be an ill-posed problem. From the physical point of view,
the material responds to outer solicitations by developing a microstructure accompanied
by high oscillations of the strain. We overcome this degeneracy by reformulating the
minimization problem in terms of its relaxation, namely the supremum in the class of
all the lower semicontinuous functionals not exceeding the original one.

2.2 Relaxation theorems

As observed, the mechanical models fg,, fy introduced in (2.1.2) are non-convex and,
consequently, the associated integral functionals are not lower semicontinuous. We char-
acterize the infima of the non-convex energies as the minima of the relaxed functionals.
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According to well known relaxation theorems (see Acerbi-Fusco Theorem [1] and [8,
Theorem 2.3 ]), the relaxation coincides with the integral of the quasiconvex envelope
of the original non-convex density. Hence, our goal is to obtain the quasiconvexification
explicitly. This can be computed in a practical way by proving that the rank-1 convex
envelopes of fr,. and fy coincide with their convex envelopes. In the case of real-valued
functions, this yields that the quasiconvex envelope coincides with the convex and rank-1
convex envelope, which are easier to compute.

On the other hand, experimental observations show that many nematic elastomers
are nearly incompressible (A\/u > 10%). The classical way to model such materials in
linearized elasticity is to consider the limit ratio \/u = 400, which is equivalent to re-
strict the admissible deformation gradients to the class of traceless matrices, and hence
to define an energy functional in the presence of a linear constraint on the gradient of
the displacement. We remark that the general way to treat such problems is with the
tools of A-quasiconvexification"”), the theory which studies the relaxation of non-convex
functionals in the presence of linear constraints. In our particular case, in order to com-
pute explicitly the relaxation of the energies, we use an argument due to Braidesl®!. Tt
is possible to prove that the relaxation of the incompressible models coincides with the
limit of a sequence of relaxed models describing compressible materials with increas-
ing bulk modulus, yielding an interesting physical interpretation which is discussed in
Section 2.3.

We split the proof in several auxiliary propositions. In particular, we show that the
projection of a constant strain onto vQp can be obtained as a convex combination of
elements which are compatible in the sense of (H) (see Definition 2 in Paragraph 0.1.2)
and whose deviators belong to YyQp, or vQr. We define the sets of matrices

Kx = {M e M3 . E(M) € QX} (2.2.1)

where X stands either for Fr,U or B. The sets Kx inherit from Ox some of their
properties. In particular g is convex and Kp, C Ky C Kp. We start by showing that
Kl = Kp. In the corollary to the following proposition we show that Kp coincides with
the set of first order laminates of Ky (see (0.1.61)).

Proposition 7 Denote with e1(A) < e2(A) < e3(A) the ordered eigenvalues of the
symmetric 3 x 3 matriz A. Let (heret <0)

M, = {M € MP3 ey (E(M)) = t, e (E(M)), e3(E(M)) € [t, —2t]}. (2.2.2)
Then, the set My defined by

My= |J My (2.2.3)
te[—1/3,0]

(1)
U

is contained in K37’ , the set of first order laminates of K.
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Proof. Let M € My. By the spectral theorem and up to re-labelling the axes, we
may assume that the symmetric part of M is diagonal in the form X = diag (¢, po, y3)-
There is nothing to prove if ps or us are equal to ¢, because in that case the remaining
eigenvalue is equal to —2¢t. We show that, for pg, us € (t, —2t), there exists a positive
0= 5(:“% ,u3) and

Ku > V= diag (£, V¥) where V* = ( %2 l;% ) ,
3

such that V' — V'~ = 461y @iz and X = (V" + V) e K. We define

X =E(V). (2.2.4)

The eigenvalues 0, g of X* are the solutions of det()/ijE — 6I) = 0, namely

_ 2
Oo s = (%) + \/(”34“2) + 62, (2.2.5)

By imposing 6, to be equal to —2¢ and recalling that ¢t 4+ uo + pu3 = 0, we obtain
6% = (2t + p3)(2t + p2) >0 since  — 2t > po, pz > t. (2.2.6)

By observing that 0, 4+ 03 = p2 + p3, this choice of § yields 63 =t and Ve Ky. Now,
define M** := (M — M7”) /2. Hence, M = %((VJr + M) + (V7 + M), rank(V +
M#F) — (V™ +M*)) < 1 and M is in K. 0

Corollary 1
_ 1) _ gele _ 4ec —
My =Ky’ =Ky =Ky =K. (2.2.7)

Proof. Since Kp is convex and Ky C Kp, then Kf; € Kp. Then, it is straightforward to
verify that Kp C My. d

Remark 12 As a by-product of Proposition 7, we deduce that Qf, = Qp. Trivially,
Qu C Op and Qf; C Qp. To prove the opposite inclusion, notice that X belongs to Qp

and it can be expressed as X = %(X+ +X ), with X" in Qu.

With a similar argument we prove now that X p coincides with the lamination-convex
envelope of Kp,. In practice (see Corollary 2), it is enough to show that Kp coincides
with the set of second order laminates of g,
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Proposition 8 Denote with e1(A) < e2(A) < e3(A) the ordered eigenvalues of the
symmetric 3 X 3 matrix A. The set Mp, defined by
1 1 2
Mpy = {M € MY ey (E(M)) = — 3,2 (E(M)). e (E(M)) € [—g, g” (2.2.8)

(1)
F

is contained in Ky, the se of first order laminates of Kpy.

Proof. The proof follows by taking ¢ identically equal to —1/3 in the proof of Proposition
7. O

Corollary 2
M = k@ = Kle =K%, =K. (2.2.9)

Proof. As above, K%, € Kp. Then, it is enough to prove that Kp C Mgr) Take
G € Kp. Again, it is not restrictive to assume that X := E(G) is diagonal in the form
X = diag (2, pr1, p3) and p1 < po < pz. If u1 = —1/3 there is nothing to prove because
this implies that G € M,.. Similarly, we can assume p3 # 2/3, otherwise the other
two eigenvalues must be equal to —1/3. We show that, for ui, us € (—1/3,2/3), there
exists a positive § = 0(u1, pu3) and

Mp, > GF = diag (u2, GT) where G* = ( /61 l;% > ,
3

such that GT — G~ = 48iy ® i3 and X = L(GT + G~) € M), We define

T R A S ==
s e (1 ),

H* .= E(GY). (2.2.10)

The eigenvalues 0, 3 of H? are the solutions of det(I/-\IjE — 0I) = 0, namely

_ 2
s = (2 ;“3) + \/(“34’“) + 62, (2.2.11)

By imposing 6, to be equal to —1/3 and recalling that u1 + p2 + ps = 0 we obtain

6% = (é + ,u1> <% + u3) > (0 since — é < 1 < us. (2.2.12)

By observing that 6,403 = 11+ p3, this choice of 0 yields 03 = —,u2+%, and GT € Mp,.
Now, define G** := (G—GT)/2. Hence, G = :((GT+G**)+(G~+G*F)), rank((G +
G*) — (G~ +G*)) <1 and G is in M), O
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Remark 13 We deduce from Corollary 2 that 9%, = Qpg. Trivially, 9%, C Op.
To prove the converse implication, notice that X by definition belongs to Qp and is
expressed as a convex combination of two symmetric matrices H* in Mp, C /C%lz with
coefficients equal to 1/2. Hence there exist HfQ € Kp, such that H* = %(H{E +HY).
Now, X can be expressed as a convex combination of the symmetric matrices IE(HE)
in Qp, with coefficients equal to 1/4.

The explicit constructions in Corollaries 1 and 2 are used to compute the quasiconvex
envelope of the square of the distance from the sets yQr, yQp, (there is nothing to prove
for the case X = B because the energy density fp is already convex). This is done in
the next Lemma through a lamination construction. Here and in the following, we
repeatedly adopt the notation ( f (f))qC = f9(¢), and similarly for the other envelopes.

Lemma 2 Let
fx (&) = pdist* (E(€),79x) + %(trf)Q, (2.2.13)

where X stands either for Fr or U. Then,

qc ) A
(£x(©)" = Fo(6) = ndist*(E(©),7Qp) + 5 (tr&)™. (2.2.14)
Proof. This is a consequence of (0.1.58) and of the chain of inequalities:

(fx () < f(&) < (fx(9)) < (fx(€)™, (2.2.15)

where X stands either for F'r or U. The last inequality in (2.2.15) follows by definition.
The second inequality is trivial if we consider that fp(£) < fx (&) and if we take the
convex envelope on both sides. We are left to prove the first inequality. To this end,
we apply (0.1.57) characterizing the rank-1 convex envelope of a function by exhibiting
a family of matrices and positive coefficients along which the infimum is attained. Fix
e € R different from zero. For every & € M3*3, X € Qp, V € Qx, a combination of the
triangular and Young’s inequalities yields

1
[E©) =7V < (1+)EE) - 7XP+ (1+ 5 )hX -V (2.2.16)
Write X = 728(E(€)/v) instead of X in (2.2.16). Now, (2.2.16) reads
E(©) ~ 7V < (14 )dis (E().725) + (1+ 5 )hX -V (22.17)

We have to distinguish two cases. Suppose X € Qx. Taking infyecg, on both sides of
(2.2.17), we obtain

dist? (E(€),vQx) < (1 +&%)dist?(E(£),vQp) + 0, (2.2.18)
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taking the limit € — 0 we have

pdist* (E(€),v7Qx) + %(ugf < pdist*(E(€),7Qp) + g(tr £)?, (2.2.19)

and then the claim follows by taking the rank-1 convex envelope.

Assume now X € Qp\Qx and notice that X € Kg\Kx as well. Corollaries 1 and 2

show that g can be laminated in the sense that Kg = IC((} ) = IC%? Precisely, there exist

families of coefficients and matrices {\;}5, x {V;}£, € [0,1] x Kx, with {\;, V;},
satisfying (Hg) with K finite! such that X = Y, \;V;. Define X; := E(V;) € Qx,
¢hi=¢—yXand & =V, + & forany i = 1,..., K. Trivially, {\;, &M, still satisfy
(Hg) and £ = ), \i&. We can repeat the construction in (2.2.16) writing & and X;
instead of £, X and take infycg, on both sides, yielding for every ¢ =1,..., K

dist® (E(&),79x) < (1 +&?)|E(EH)[* (2.2.20)
Here we use the fact that E(&) = 4X; + E(¢4). Then
pdist® (E(&:),7Qx) + %(trfi)Z < n(1+e)EEHP + 1+ e2>%<tr§>2, (2.2.21)

because, by construction, tré = tr§; Vi = 1,..., K. Let us multiply both sides of
formula (2.2.21) by A; and sum up in ¢ yielding

K K
Z Aifx (&) < p(l+e?) Z MEEDPP+ 1+ 82)%(tr§)2. (2.2.22)

In view of (0.1.57) we finally obtain

(fx(€)" < (L+*)fB(&). (2.2.23)

The claim is proved taking the limit ¢ — 0. O

Remark 14 We summarize some of the properties of the energy density fx, where X
stands either for Fr,U or B.

fx(+) is continuous, (2.2.24)

0 < fx(Z), (2.2.25)

—C1 4+ CL|E(Z)? < fx(Z), (2.2.26)

fx(Z) < e3|E(Z)|* + Cy, (2.2.27)

Fx(Z1) = Fx(Zo)] < C5(Co+ [E(Z0)| + [E(Z)]) |[E(Z1) —E(Z2)],  (2.2.28)

for every Z,Zy,Zy € M>*3 and were ¢; withi =1,...,6 are suitable positive constants.

To prove (2.2.24) and (2.2.28) we recall that the distance is a Lipschitz function. Then,
(2.2.25 — 2.2.27) are trivial.

1K <2for X =U and K <4 for X = Fr.
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Proposition 9 ([1], [8]-Thm. 2.3) Let Q be any open, bounded subset of R3. Let
[ MB3*3 1 [0, 0o[ werify (2.2.24), (2.2.26) and (2.2.27). Let u,(z) € H' (2, R3). Define

3 or v [ F(u) onue HYQ,R?) + u,(z),
F(u) := /Qf(vu)d% Fo(u) = { +o00  otherwise in H'(Q,R3).

Then, the relaxation of F and F° is

) oy [ T onuc HIQED +ufe)
_ qc = ; ’ 7
]:(u)_/gf (Vu)dz,  F (u)—{ +00  otherwise in H'(Q,R3),

respectively. Then

Hli(ngg)F (u) = le(n{%%:;)}" (u) (2.2.29)

Here fi¢ is the quasiconvex envelope of f, that is the greatest quasiconvex function less
or equal f.

After these preparations, we are in a position to discuss our relaxation theorems.

2.2.1 The case of the compressible elastomers

A by-product of Lemma 2 and Proposition 9 is the relaxation of the non-convex me-
chanical energy for compressible materials, letting A in (2.1.3) be finite.

Theorem 13 Let Q C R? be a Lipschitz domain and denote with T, an open subset
of O with positive surface measure. Take fx(-) as defined in (2.1.2), where X stands
either for Fr,U or B and take some function g(x) € HY(Q,R3). Let us define on
H'(Q,R?)

Jx(u) = /Q Fx(Vu)dz. (2.2.30)

Then, the relaxation of Jx is
Jp(u) = / fe(Vu)dz. (2.2.31)
Q

Moreover, if we define J%"g by setting Jgg“g =Jx ong+ H%u (2, R?) and +oco outside,
the relazation of JE(“’Q is equal to Jp on g + Hllu (Q,R?) and +oo outside.

Proof. For X = B these results are trivial. Define (here X stands either for Fr,U or B)

3% () = Jx(u) if u e H}(Q,R3),
X\ = +oo  otherwise in H!(Q,R3).

In the cases X = Fr,U, the quasiconvex envelope of fx is fp (Lemma 2) and hence
the relaxation of Jx, J% are Jp, J% respectively (see [1] or [8]). In particular, the
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quasiconvexification formula can be expressed as ([36, Remark 5.3, pages 157-158], [9,
Paragr. 6.2, pages 55-59 |)

(fx)*(Z) = inf{!cul‘1 / fx(Z+Vw(y))dy : w e Hg(w,RS)}, (2.2.32)

where w is any open, bounded subset of R? with |0w| = 0. The infimum in (2.2.32) can
be taken in C°(w,R3). This is due to the density of C2° and the continuity of Jx in
the strong convergence of H!. Also, since C2°(w,R3) C Hy™(w,R3) C H!(w,R3), we
can simply consider test functions in Ha™ (w,R3).

Now, we can extend the proof to more general boundary conditions. The relaxation
result is true also if we choose some function g(z) € H'(Q,R?) and we define a new
functional J%& equal to [, fx(Vu)dz only on the set {u € g+ H}(Q,R?)} and +oo
outside. In fact, introduce v := u — g and gx(Vv) := fx(Vv 4+ Vg). Defining now
(here X stands either for F'r,U or B)

. gx (Vv)dzx if ve HY(Q,R3),
Gl /Q X (VV) (2, R?)
+00 otherwise in H'(Q2,R?),

we obtain that the relaxation of G% is G%. Then, we can define Jg(“’g equal to

Jo fx (Vu)dz only on the set {u € g—i—H%u (£2,R?)} and +o0 otherwise in H!(Q, R3). It is
immediate to see that the relaxation of JE(“’g is +00 outside {u € g—{—Hllu (92, R3)} because

this set is weakly closed. Fix u in g + H%u(Q, R?). Recalling that J&“’g = I-lim JE(“’g,
we can write

/ fB(Vu)dz =T-liminf Jx(u) < I'-liminf Jg(“’g(u) =
Q

I-liminf J%9(u) < I-liminf J%9(u) = /Q fB(Vu)dz, (2.2.33)
where g := u. The same inequality holds for the I'-lim sup, proving the claim. O

2.2.2 The case of the incompressible elastomers

Theorem 14 Let Q C R? be a Lipschitz domain and denote with T, an open subset of
O with positive surface measure. Take fx(-) as in (2.1.2) (where X stands either for
Fr,U or B) and define on H*(Q,R3)

Vu)dzr if diva =0,
~+00 otherwise.
Then, the relazation of Jx is

Jp(u) = /QfB(Vu)d:E if divau = 0,
+00

otherwise.
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Moreover, take g(z) € HY(Q,R3) with divg = 0 a.e. in Q and define j};“’g by setting
j};“’g = Jx on g+ H%H(Q,]RS) and +oo outside. Then the relaxation of j};“’g is
equal to Jg on g + Hllu(Q,R3) and +oo outside. Finally, fp satisfies a solenoidal
quasiconvexification formula, namely

lw|fB(Z) = inf{/ fx(Z+Vw(y))dy : w e Hi(w,R?),divw = o} VZ € M3*3, (2.2.34)

where w is any Lipschitz domain in R3.

Remark 15 Formula (2.2.34) holds under the hypotheses of Theorem 14 even if we re-
place w € H}(w,R3) withw € C°(w,R3), since the closure of {w € C°(w,R3),divw =
0} in H' is precisely {w € H}(w,R3),divw = 0} (see [48, Thm 1.6], [35, Sect.
II1.4] and [8]) and Jx is continuous in the strong topology of H' on the set {u €
H}(w,R?),divu = 0}.

Proof. First of all, for X = B there is nothing to prove because the energy density fp(-)
is convex. In the remaining cases, the relaxation result follows essentially from an idea
of Braidesl®. For the readers’ convenience, we recall the main lines of the proof when
the functional is defined on H'(2,R3). Let us introduce for any h € N

Jh () = /Q(fX(Vu) + h(divu)?)dz, X =Fr,U,B. (2.2.35)

The energy density appearing in (2.2.35) is still in the form of the square of the distance
from the set vQx:

A
FR(F) = fx(F) + h(trF)? = pdist® (E(F),7Qx) + (5 +h)(wF)%  (2:230)
The main point of the proof is to show that
Jx =T- lim J% =T- lim J% =supJh. 2.2.37
Fe=o lim T =T lim T =sup Tk (2237

Here, the second and the third equalities are a standard fact (see Proposition 2). We

are left to prove the first equality. To this end, it is convenient to identify sup;, J% (u).
Notice that Theorem 13 applies to J'}( for any h € N. Hence, the relaxation of J})‘( on
H'(9,R3) is the integral of the quasiconvex envelope of the energy density. The result of
Lemma 2 applies to fx (F) if we replace A with X' := A+ 2h in formula (2.2.13) yielding

qc A
(f?((F)) = pdist*(E(F),vOp) + (5 + h) (trF)?, where X = Fr,U,
and g = J%. Now, we take the limit of J% as h — +o0o. By Beppo-Levi’s Theorem on
monotone convergence, the supremum of a family of increasing integrals coincides with
the integral of the pointwise limit of the energy densities

f5(F) if trF =0,

i (7] =g ()] =  F2F) TE D

h——o00
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and hence suph@ = JB.
We are in a position to prove that Jx = Jg. Since Jp is lower semicontinuous, then
Jx(u) > Jp(u). We are left to prove the converse inequality, that is

JIx(u) < Jg(u). (2.2.38)

This inequality is trivial if divua # 0 and in the rest of the proof we suppose divu =
0. Thanks to the coercivity condition (2.2.26) it is sufficient to prove that, for any
sequence u;, — u w-H(Q, R3), there exists a sequence {z;,} with divz, = 0 and z;, — u
w-H'(Q,R3) such that

liminf Jx (zp) < hminf Jh (up). (2.2.39)

h—+o00
Taking the infimum over all the sequences {uy,} weakly converging to u, we obtain Jp
on the right hand side of (2.2.39). Thanks to Theorem 13, we may restrict ourselves to

sequences {uy} such that up, —u € H}(Q,R3). We apply Proposition 1 in Paragraph
0.1.2 with p = 2,n = 3. For every h € N, let w;, € H}(Q,R3) such that

{ divwy, = div (uy — u‘) = divuy, (2.2.40)
Wl g or3)y < Colldivug|z2(q)-
Since Jp(u) < 400, we can suppose that J% (uy) < Const for every h so that

||div uhH%Z(Q) < Const/h (2.2.41)

and, by Proposition 1, we have that w; — 0 strongly in H'(2,R?) as h — +o0. If we
define

Zp = up — Wp, (2.2.42)

we have that z, — u w-H'(,R3), z, — v, € H}(Q,R3) and divz, = 0. Now, by
(2.2.28) and Holder’s inequality, we have

‘ /Q Fx(Vup)dz — /Q fX(Vzh)da:‘ < Const|[E(Vwy)|| z2(@u<s) (2.2.43)

and, in conclusion,

Jx (u) < liminf Jx (zp,) < hmlnf/ fx(up)dx + lim ‘/Qfx(uh)dx — JIx(zp)|2.2.44)

h—+o00 h—+o00 h—+o00

< lim inf
jmnf Y () + 0

Theorem 14 holds also if we define a functional J%(u) equal to Jx(u) on H}(Q,R?)
and equal to +oo otherwise in H'(Q,R3). By proceeding as above, but taking all
functions in H!(Q,R3) we obtain that J2 = J3. Now, we can extend the proof to
more general boundary conditions. The relaxation result is true also if we choose some
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function g(z) € H'(Q,R3) with divg = 0 and we define a new functional Jy*¥ equal
to [, fx(Vu)dz only on the set {u € g+ H}(,R?),divu = 0} and +oco otherwise in
H'(Q,R3). In fact, we can introduce v := u—g and gx(Vv) := fx(Vv+Vg). Defining
now

o / gx(Vv)dz if v.e H}(Q,R3),divv =0,
Gx(v) = Q
+00 otherwise in H!(, R3).

we obtain that the relaxation of G% is G% (it is straightforward to prove that gx verifies
hypotheses (2.2.26 — 2.2.28) possibly with different constants). Finally, we can define
Ty equal to Jq fx(Vu)dz only on the set {u € g+ H} (€,R?),divu = 0} and 400
otherwise in H!(Q,R3). It is immediate to see that the relaxation of J )1;“’9 is 400 outside
{u e g+ H (Q,R?),divu = 0} because this set is weakly closed and then the claim
follows as in the proof of Theorem 13.

Finally, formula (2.2.34) follows as in [8, Proposition 3.4 |. O

2.3 Discussion

In this section we apply our relaxation result to some realistic examples. We show some
physical implications of our analysis.

2.3.1 Physical implications

In the case when we consider the energy density fr,, we imply a direct coupling between
strain and local orientation of the liquid crystal molecules. Experimental results show
that a uniaxial stress typically aligns the molecules along the axis of the stress. Whether
a macroscopic deformation may alter the local order of the molecules and not only the
local direction is a debated problem. In particular, in the case when we consider the
energy density fy, we admit the possibility to enforce the melting of the order of the
system (Q = 0). More optimistically, with fp we allow the whole class of biaxial states.
We recall the main consequences of our relaxation result. In the following corollary, X
stands either for Fr,U or B.

Corollary 3 Under the hypotheses of Theorem 13

3 ng J— 3 Fu7g
ngll,fﬂ@)JX (u)—le%g%?))JB (u). (2.3.1)

Moreover, under the hypotheses of Theorem 14

. Tu, : Lo,
Hli?l,fR‘g)jX () = legll,rﬂl%?’)jB ). (232)

Proof. This is a property of the relaxation (see [1], [21]). The right hand side in (4.2.36)
and (2.3.2) is a minimum thanks to Korn’s inequality (0.1.54) and Poincaré inequality. [
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Notice that Jp is not strictly convex, since it is identically equal to zero for all the
mechanical displacements whose symmetrized gradient lies in 79 p.

Corollary 3 finds an application in traction problems. Let us assume Q = (—X1, X;) X
(X2, X2) x (=X3,X3), 'y = {=X1} x (=X2,X2) x (—X3,X3) U{X1} x (—X2,X3) x
(—X3, X3) for some X, X5, X3 > 0, g(x) = F(x — O) where F is a constant matrix
with tr F = 0 and O is the origin. Then, the equilibrium solution to problem (2.3.2)-
left is characterized by a biaxial tensor field. This is true not only if the elastomer is
modelled in the frame of de Gennes tensor, but also in the case of the uniaxial tensors
by developing an effective biaxial microstructure.

Remark 16 Let & be any matrix in M3*3. Following [28], if 725 (E(£)/) belongs to
Qp,, we say that ¢ belongs to the solid regime of the material. If 725 (E(¢)/7) belongs
to Qp\Qp,, we say that & belongs to the smectic regime of the material if only one
order of laminations is required to relax the energy, or to the liquid regime if two order
of laminations are required (see Figure 1.3-right).

Remark 17 Another by-product of Theorem 14 is implicitly given by (2.2.37). This

formula holds trivially when X = B since J % =J }}3. This proves that the functional Jp

of an incompressible material can be approximated in the sense of Gamma-convergence
by a sequence of energies with increasing bulk moduli.



Chapter 3

Gamma-limits for large bodies
and small particles

3.1 Introduction

This chapter concerns the asymptotic analysis of minima and minimizers of the func-
tional

/Q<52|VQ|2 + fmec(Q,Vu)>dx

(Q.u) on H'(Q, Qx) x H}(,R3),divu = 0,
+00 otherwise in L2(Q, M3*3) x HY(Q,R?),

(3.1.1)

where the label X stands either for Fr,U or B. As it will be explained in the following
sections, ¢ is a parameter defined as the ratio between the curvature constant of the
liquid crystal and the characteristic length of the specimen. We obtain the Gamma-
limit of (3.1.1) in the asymptotic cases of large bodies (as € — 0) and small particles (as
e — 00) and also for models of compressible elastomers.

In the asymptotic case for large bodies, even if the model of perfect order (Frank
theory) is assumed to describe the local orientation of the liquid crystal molecules, we
obtain a fully biaxial microstructure (that of the de Gennes theory) as a by-product of
the relaxation phenomenon connected to the Gamma-convergence. We anticipate that
the analysis of this problem is far from trivial. Since the proof is quite long, we subdivide
it into two main subsections, the first one concerning the relaxation of the mechanical
energy, the second one containing the Gamma-convergence argument.

On the other hand, in the asymptotic case for small particles, we prove that the
Gamma-limit must exhibit a constant order tensor, thus justifying the solutions pre-
sented in Section 1.5 (the phase diagrams).

The last part of the chapter regards the analysis of the asymptotic energies of systems
of nematic elastomers in the presence of applied fields.

69
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3.1.1 Preliminaries

In what follows, letting {uz} € H'(2,R3?) and u € H'(Q,R3), we adopt the compact
notation
u; —u w—H(}(Q,RS) as k — +oo

instead of

u, — u w-HY(Q,R3) with (up — u) € HY(Q,R?) as k — +oc.

Properties of the projection operators. We denote with L?(Q, Qx) where X
stands either for Fr,U or B, three subsets of L?(£2,M3*3). As observed in Chapter 1,
they are strongly closed. Furthermore, L%(€2, Qp) is closed also in the sense of the weak
topology, by convexity (Hahn-Banach Thm., see [11]). It can be proved (see Remark 18
in Section 3.2) that L?(Q2, Qp) coincides with the (closed) convex envelope of L?(Q, Qr,)
and hence also of L%(Q, Q).

Now, given any tensor field F(z) € L%(Q,M3*3), we define with 7-*(@725)(E(F))
the projection of its symmetric part onto the subset L?(2,7Qpg). Again, it is defined
uniquely because L2(Q,vQp) is a convex, closed, and bounded subset of L2(Q, M3*3).
It follows that F — WLQ(QWQB)(E(F)) is a Lipschitz continuous map in the sense of L2.
If we define F := 7L*(2725)(E(F)), then F is the unique matrix field which solves the
following minimization problem and which is the element of minimal distance from the

set L2(9,79R)

QEL?(%QB)HIE(F@)) —yQ(x)HiQ(QMgXS) = dist7. (E(F(z)), L*(Q,79p)). (3.1.2)

The relation between 7725 (-) and 7%*(2725)(.) is shown in the following Proposition
which we do not prove.

Proposition 10 Let Q C R3 be a domain. Given any F(z) € L?(Q, M3*3), then

(x99 (F)) () = 7798 (E () (3.1.3)
for a.e. z € Q.
It the follows
dist3 . (E(F(z)), L*(Q,7Qp)) :/QdistQ(IE(F(x)),yQB)dx. (3.1.4)

3.1.2 Domain rescaling

We consider a Lipschitz domain B C R? which we assume of volume A? with A € (0, c0).
We define the functional

2
FHQ,u; B) = /B(";va + Fee(Q. V) ) da (3.1.5)
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We write the minimization problem

Minimize F*(Q,u;B), with Q € H'(B, Qx) and u € H'(B,R?), u|ys assigned,
(3.1.6)

where X stands either for F'r,U or B. It is intuitive that a predominance of the curvature
energy onto the mechanical energy represented by the integral of f,c. yields minimizers
of (3.1.6) with small gradients of Q, while, in the reverse situation, we find minimizers
with high oscillations of the gradient of Q. We want to formulate in a rigorous form this
observation. To understand how the contributions in (3.1.5) are affected by a volume
rescaling, let Qp : B +— Qx, up : B — R3. Set  := (1/A)B and define Q : Q — Qy,
u:Q— R3 by

Q(%Z) = Qal2), AU<%Z> = uy(2), z € B.

Hence,

2
|18|f”(QA,uA;B) — FNQ, Q) = /Q<2KA2|VQ|2 ¥ fee(Q VW) de,  (3.17)
and, if we define €2 := k2/2A2%, we obtain the integral expression presented in the
Introduction to the thesis. Our aim is to study the asymptotic behavior of minima and
minimizers of F*/ A(Q, u; Q) as A — 07, +00. We present the two asymptotic problems
(here X stands either for F'r,U or B). By setting A identically equal to 0, (3.1.6) can
be formulated as

Po : Minimize (Q,u)H/fmec(Q,Vu)dx, (3.1.8)
Q

with Q € H'(Q, Qx), constant and u € H'(Q,R?), u|sq assigned.

The asymptotic problem Py for large bodies is well-posed and can be solved exactly for
a relevant class of boundary conditions (see Paragraph 3.3.2). By setting A identically
equal to +oo, then (3.1.6) can be written in this form

P Minimize (Qu) e [ fue(@Q Vupds (3.1.9)
Q
with Q € L*(Q, Qx) and u € H'(Q,R?), u|sq assigned.

The limit problem for small particles P, in the case X = F'r, U is ill-posed because the
sets L?(Q), Qp,) and L2(£2, Qp) are not weakly closed. It may happen that a minimiz-
ing sequence {Qr} C L%*(, Q) yields increasing oscillations and, consequently, the
minimum may not be attained in the original set of admissible functions. This simple
observation suggests that, instead of finding minima and minimizers of P, we should
study a relaxed problem PJ_.

In the next sections we prove rigourously that Py and P, appear as variational
limits of problem (3.1.6) in the sense of Gamma-convergence. We anticipate that our
Gamma-convergence results hold also in the presence of an additional constraint on the
divergence of the displacement, in order to model incompressible materials and with
slightly different boundary conditions.
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3.1.3 Gathering of technical propositions

In this section we show several technical tools which are applied in the rest of the chapter.
In the following propositions, let 2 C R? be a (non-empty) open, bounded and connected
subset with Lipschitz boundary.

Proposition 11 Let Q € L%*(Q, Qp). Then, there exists a sequence {Q} of biaxial
Lipschitz-continuous tensors such that Qp — Q s-L?(Q,M>?*3) as k — +oo0.

Proof. We can take a sequence {M},} C C°(Q, M*3) of smooth tensors such that My, —
Q 5-L%(Q,M3*3) as k — +oo (it is enough to apply [32, Thm. 2.78] to the components
of Q). Then, the new sequence of Lipschitz-continuous tensors Zj := 7<5(E(Mj))
converges strongly to Q = 7958(Q) in L?*(Q,M®*3), because the projection 728 is a
Lipschitz-continuous map in the space of matrices. O

Proposition 12 Let Q € L?(Q, Qp). Then, there exists a sequence {Q} C L*(Q, Op)
of piecewise-constant functions such that Qp — Q s-L?(Q,M3*3) as k — +o0.

Proof. First of all, any Q(z) in L?(£2, Qp) can be approximated by a sequence of biaxial
and continuous tensors in the strong topology of L. It is enough to take the sequence
{Z} defined in the proof of Proposition 11 such that Z; — Q s-L2(Q2, M?*3). Now we
show that any continuous matrix Z; € C°(2, Qp) can be approximated by a sequence
of piecewise-constant tensors {an} This means that there exists a partition of €2
consisting of a finite number of open and pairwise disjoint sets such that € coincides
with the union of them up to a rest of measure equal to zero, and Qk,n is constant on
each element of this partition. Let {i,i,i3} be a family of orthonormal vectors in R3.
For every n € N we define the cubic lattice

3
1 .
L, := {:n eR3:z = o0 Zlﬂii, vt s e Z}, (3.1.10)
=1
whose elementary cell is the open cube
1 3y .
Uy, = {x eR3:z= Q—nZa’ii, 0<a'<l,i= 1,2,3}. (3.1.11)
i=1

Since (2 is bounded, there exist m = m(n) € N and a finite collection of m(n) non-empty
disjoint subsets of Q of the form Q, := QN {z; + U,}, with z; € L, and j = 1,...,m,
and Q = N U U Qﬁl, where N is a set such that |[N| = 0. Now, for every n € N we
define

Qon(y) = — [ Zp(@)de ye, j=1,....mn). (3.1.12)

0] Jei,

Since Zg(z) is a continuous function, it is a standard fact that an — Zy, s-L2(0,M3*3)
as n — +oo. Then, also an = WQB(Qk ) converges strongly in L? as n — +o0 with
Qk n € L2(Q, Qp) and piecewise constant. Choosing for every k an index n = n(k) such
that ||an — Zy|| L2 msx3y < 1/k and letting Qy, := Qk (k) Droves the claim. O
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Lemma 3 For any Q € L*(Q, Qp,) there exists {Qr} C H*(Q, Qp,) s.t.
Qi — Q s-L?(Q,M>*3) as k — 4o0.

Proof. Tt is easy to prove that any Q € L%(Q, Qp,) can be written in the form Q =
n®n-— %I with n € L?(Q,S?). In fact, by the spectral theorem it is possible to set Q
in diagonal form

2 1 1
Q:§n®n—§m®m—§p®p (3.1.13)

where {n, m,p} is an orthonormal frame. Since two of the eigenvalues of Q coincide,
(3.1.13) is equivalent to

2 1 1
Q:§n®n—§(1—n®n):<n®n—§I).

Now, for any given n € L?(Q, S?), there exists a sequence
n, —n s-L>(Q,R3) as k — +oo

with {n;} € H'(9,S?) (see [26, Assertion 1, Pages 109-110, with ms = 1]). Let us
define

1
Qr:=n; ®ng — §I.

Every tensor field Qi belongs to H'(£2, Qp,) by an elementary property of the product
of essentially bounded H!'-functions. Then, it is sufficient to verify that n; ® n;, —
n ®ns-L2(Q, M3*3):
/ |nk®nk—n®n|2d:ﬁ:/ In, ®n, —ny®n+n, ®n —n ®nl’de
Q Q

k—oo

< al/ |ng| |ng —n|2dx+a2/ In||ng — n|*dz =20,
Q Q

where a1, as are suitable positive constants’. ]

3.2 Large bodies: asymptotics

We discuss the behavior of minima and minimizers of the family of functionals (3.1.1)
by computing its Gamma-limit as € — 0, in the topology

o = w-L*(Q,M>*3) x w-H'(Q, R?). (3.2.1)

In what follows, letting {Qp,u,} C L?(Q, Qx) x H'(Q,R3), where X stands either for
Fr,U or B, we write

Qn,up, > Q,u  as h — +oo, (3.2.2)

!The lemma above proves that any Frank tensor in L?(€2, Qr,) can be approximated in the strong
topology by a sequence of oriented Frank tensors, in the sense of [4]
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instead of
u, — uw-H'(Q,R?), and Q) — Q w-L*(Q,M3*3) as h — +oo. (3.2.3)

We recall that the Gamma-convergence in the weak topology of H'(£2,R?) is equivalent
to the Gamma-convergence in the strong topology of L?(2,R?) because the functional
bounds the L2-norm of the gradient of u by Korn’s inequality (0.1.53). Analogously,
since L?(€2, Qx) (where X stands either for F'r,U or B) is contained in some closed and
bounded ball of L2(Q2, M3*3), then the weak topology over L?(€Q, Q) is metrizable (see
[22, Chapt. §]).

The idea of the proof is to show that the family (3.1.1) Gamma-converges to the
relaxation of the mechanical energy defined as

/ fmee(Q, Vu)dr on L3(, Qx) x HL(2,R?),divu = 0,
Q

faﬂ X(Q7u) =
. +o0 otherwise in L2(Q, M3*3) x H(Q,R3).

To start, we find the relaxation of .7-"7‘2;267 y in the sense of ¢ and we show that it always
coincides with 2 (Section 3.2.2) also in the case X = Fr or U. The main difficulty is

mec,B
to treat the penalty function +oo if divu # 0. This requires an intermediate ingredient,
that is the relaxation of the mechanical model for a compressible material (Section 3.2.1),
that is when we remove the constraint on the divergence of the displacement. Then, we
show that the relaxation of .7-";?1267 y can be obtained as the Gamma-limit of a sequence of
energies with finite and increasing bulk modulus. The last part (Section 3.2.3) consists
in proving the Gamma-convergence result, that is to prove the liminf and the limsup

inequalities.

3.2.1 Relaxation of energies of compressible elastomers

Theorem 15 Let Q C R? be a Lipschitz domain. Let fiee as in (2.1.1) and define
(here X stands either for Fr,U or B)

/ fmee(Q, Vu)dx on L*(Q, Qx) x HY(,R3),
)=19 Jo

Fmec,X(Q7 u
+oo otherwise in L*(Q, M>3*3) x HY(Q,R3).

(3.2.4)

Then, the relazation of Fiec x in the sense of o (see 3.2.1) is Fppee B-

Proof. We make the complete construction only in the case X = Fr. When X = B
the functional is lower semicontinuous by convexity. In the case X = U the result
follows automatically by an abstract argument explained in Paragraph 3.2.4. Recalling
that L%(Q, Qp,) C L%*(Q, Qp), we have that Frec,pr > Free,p and if we relax both
sides we obtain Fmec’Fr > Finee,p- Then, we notice that Fmec, Fr < Fiee, is trivial if
Q ¢ L?(Q, Qp). Hence, in what follows we may assume (Q, u) € L2(Q, Qp) x H'(Q,R3).
We split the proof in three steps. First (Step 1), we discuss the relaxation in the case
when the tensor field Q is constant by exhibiting a recovery sequence {Q,u,} which
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is optimal for the energy. Then (Step 2), we extend the proof to the case of piecewise-
constant biaxial tensor fields. The last point (Step 3), concerns the density of L?-biaxial
tensor fields.

Step 1, Q(z) constant

As anticipated, we assume u € H'(,R?) and Q € L?(Q, Qp) and constant, and we
construct a sequence {Q,,, u,} such that

limsup/ fmec(Qn, Vuy,)dz < / fmec(Q, Vu)dz + o(1), (3.2.5)
n—+oo JU U
as

Q. — Q w-L*(U,M**%), u, —u w-H'(U,R?) as n — 400, (3.2.6)

with support(u, —u) CC U, for every open set U C . Denoting with xy(x) the
function which is identically equal to 1 in U and 0 in its complementary, we can write
Q(z) = Qxu(x) with Q € Qp. With some abuse of notation, in what follows, we do not
make any distinction between Q and Q. By the spectral theorem we can find a rotation
R € SO(3) so that Q can be written in diagonal form

Qp =RTQR =

O O R

0
b
0

o O O

and with a < b < ¢, a+ b+ ¢ = 0. Suppose for a moment a # —1/3. We denote with D
the open parallelepiped in R? defined as D = (=T, T) x (—1,1) x (—=1,1) where

e+ 1/3
T := ”a—i— 13 (3.2.7)

1 1
Fy = {(1‘1,1‘2,1’3) : —Txl <x3 < _T(ml —T),O <x3< 1,—T <r < T,—l <z < 1},

Let (see also Figure 3.1-left)

1 1
F3:= {(.%‘1,3?2,.1‘3) : T(xl —T)<x3 < Txl’_l <a3<0,-T<z<T,-1<x3< 1},

1
Fl = {(:El,LEQ,SL';g) t gy < —fxl,o <ag3<l,T<z1<0,-1<x2 < 1},
1

FY = {(:Ul,:cQ,xg) : —T(xl—T) <23,0<23<1,0<21 <T,-1<29< 1},

1
Fy = {(a:l,azg,azg) D3 > Txl’_l <r3<0,-T<z1<0,-1<29< 1},

1
Fi’ = {(wl,xg,l’g) tx3 < T(l’l —T),—l <3 <0,0< <T, -1 <x2 < 1},

Fy:=F)UFy, Fy:=F,UF/
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Now (see also Figure 3.1), we define the tensor field H : D — M?3*3

RGlRT on F1
RGyRT on F,

H@) =1 RG,RT o B
RG,R” on Fy,
where G; with ¢ = 1,...,4 are the following constant matrices
a 0 2Ga,c a 0 2Ga,c
G = _2Ga,b b _2Gb,c ,Go = 2Ga,b b 2C;b,c )
0 0 c 0 0 c
a 0 —2G.. a 0 —2Gg.
Gs3=| —2G.p b 2Gp. ,Ga= 1 2G4, b —2Gh. |,
0 0 c 0 0 c

and where the constants Gy, Gac, Gp, are defined as follows

Gap=1/a+ 3 \/b—i- Gaec=1\la+ 5 \/c+ ,Gre =1/b+ 5 \/c—i-f

Suppose now a = —1/3. In this case we denote with D the open cube in R? defined as
D=(-1,1) x (-1,1) x (—1,1) and

Iy = {(1}1,1,‘2,583) eD:0<23< 1}, Iy = {(561,582,563) eD:—-1<a3< 0}. (3.2.8)
Then (see also Figure 3.2-left), we define the tensor field H : D — M3*3

T
H( ):{ RG5R on F5

RGsR” on Fg.
where
10 0 -0 0
G; = 0 b —2Gp. |, Gg= 0 b 2Gp. |- (3.2.9)
0 0 c 0 0 &
A straightforward computation shows that
1 12
spectrum (E(G;)) = {—g, 3’ 3} withi=1,...,6. (3.2.10)

For the remaining part of the construction we address the interested readers to [32, Par.
2.2.2] as an additional reference. Now, define H(z) as the extension of H(z) in R? by
periodicity (notice that it is constant in the direction i) and define Vn € N

F,(z) := H(nzy, n s, nas).
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‘ Gy |is G
G ! 0 (S 2 G, G Gy G Gi

i ) . .
G, a, " G| GG G G%(,ﬂ

Fj Iy Fy G, G, G G, G

Figure 3.1: Geometry of the oscillating sequence F,, in the case 1 < T < 400. The left
panel is referred to the case n = 1 and the right panel to the case n = 2. Here ( is an
angle whose tangent has absolute value equal to 1/7T. Here R =1.

U K/
K
Gs Gg
L F Gy
GG G5
Figure 3.2: LEFT. Geometry of the oscillating sequence F,, in the case a = —1/3,

T = 400. The left panel is referred to the case n = 1 and the right panel to the case
n = 2. Here R = I. RIGHT. Sketch of the construction of the sequence {u,}, case
a=c=0.

Then, restricting the sequence {F,} to U, we have
Fo.(z) > Q w-L®U,M*>*3) as n — 400,

and, in particular,

1 1 .
Q= ﬁ /DH(x)dJI, Ql‘j = W /2)Hij($)d$7 1,] € {17273}‘

In fact, the coefficients of the matrix Qp are obtained as a convex combination of the
matrices G; with ¢« = 1,...,4 with coefficients equal to 1/4 (case a # —1/3) or as a
convex combination of the matrices G; with ¢ = 5,6 (case a = —1/3) with coefficients
equal to 1/2 (see also Figures 3.1 and 3.2). This construction has a double purpose. The
symmetric part of H yields an oscillating sequence which converges to Q if restricted to
U:

Q.(2) :=E(F,) > Q w-L>®(U,M**?) as n — +o0, (3.2.11)

while the tensor field F,,(z) is itself the gradient of a sequence of functions which con-
verges to u as the width of the oscillations tends to zero. For, we verify that the
compatibility condition (see [45], [29]) holds for G(x):

G, —Gy=a®uv and G3 — G4 = a® v, (3212)
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where

Va+1/3,

Ve+1/3, \/a+1/3i Ve+1/3,

. 1 /2
a:—412 b+§ g—b,Vlz

VB BT B b 2Bt

and v, is perpendicular to the interface between G and G and vy is perpendicular to

the interface between Gg and Gy;

G —-G3 = (4Ga,cil - 4Gb,ci2) ®iz, Go—Gy= (4Ga,ci1 + 4Gb,ci2> ®i3,(3.2.13)

G5 — Gg = (—4Gy )iz ® i,

(3.2.14)

and i3 is perpendicular to the interface between G and Gg, Go and G4, G5 and Gg.
Now we construct the sequence {u,}. Suppose for a moment a # —1/3. We define

a vector field g : D — R? as

gi(x) on F;, i=1,3
g(z):=14 gi(z) on F/, i=2.4 (3.2.15)
gl(x) on F/', i=2.4,
where
2Ga,c 3 _2Ga,c €3
gi(z) =3 —2Gupx1 —2Ghcx3  gs3(x) =1 —2Ggpx1 + 2Ghcx3 (3.2.16)
0, 0,
QGG,C I3 —QGG,C I3
gh(z) =1 2Gapx1 +2Ghcxs  gy(x) =1 2G.px1 — 2Gp 73 (3.2.17)
0, 0,
2Ga7c T3 —2Ga70 T3
gh(x) = 2Gqp (1 — 2T) + 2Gy e w3 gl(x) = 2G4 p (11 — 2T) — 2Gpc 3 (3.2.18)
0, 0.
Now, suppose a = —1/3. In this case we define a vector field g : D — R? as
g5($) on F5
T) = 3.2.19
g() { go(z) on Fg, ( )
where
0 0
g5($) = _2Gb,c T3 gﬁ(x) = 2Gb,c I3 (3.2.20)
0, 0.
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Now we define g as the extension of g(z) on R? by periodicity, f(z) := Rg(R”z) +
Q(xr —0O) and Vn e N
f.(z) :=f(nx1,nwe,n23).

Notice that f(x) is a Lipschitz function, Vf,(z) = F,, and that f,, converges to Q(z —O)
uniformly on compact sets as n — oo. In order to take into account the boundary
conditions, we modify slightly the previous construction. We assign a positive real
number ¢, which is defined in the next lines and let any € such that 0 < ¢ < ¢g,. Take
a compact set K well contained in U defined as K := {x € U : dist(x,U°) < e} and let
O(x) € C(U) be a scalar test function whose support is K’ := {x € U : dist(z,U°) <
£/2} and which is identically equal to 1 on K, 0 < 6 < 1 (see also Figure 3.2-right for
an idea of the construction). Now we can define €, as the largest number such that K,
K’ are not empty. Then, let

u,(z) == u(z) +v0(z) (£,(z) — Q(z — 0)). (3.2.21)

By construction u,, — u w-H(U,R3) and supp(u,, —u) CC U.

We show that the sequence {Q,,u,} defined by (3.2.11) and (3.2.21) yields (3.2.5).
We observe that since Q,, ranges in Qp, for any n € N (see (3.2.10)), then the energy
functional F,cc pr takes finite values when evaluated at {Q,,u,} and we can write

/fmec(Qn,Vun)dxz/ Jmee(Qn, Vuy)dx + Fmee(Qn, Vuy)dz.  (3.2.22)
U K U\K

Let us consider the first summand on the right hand side of (3.2.22). We have (since
trF, =trQ=0)

/ fmec(Qna Vu + ’VFTL - ’VQ)d-'L‘ = (3223)
K
/ {uhQn ~E(Vu) — Q. +7Q° + %(tr (Vu++F, — 7Q)>2}dx _

K

/K(M\E(vu) -1Q* + %(div w)?)de.

We turn our attention to the second summand on the right hand side of (3.2.22) (here
the constants may change from line to line while we maintain the same name). Recalling
(2.2.27) (Remark 14) we can write

Jmec (Qn, Vu+10(F, — Q) +~(Vl® (f, — Qx)T))da: (3.2.24)
U\K

< Const{l + |[E(VW)? +9%|Qn — QI + 7% VO£, — Qx\z}dx.
U\K

It is important to recall that V@ is bounded since § € C°(U) and that f,(z) converges
uniformly to Q(z — O) and, taking the limit in n, we have

limsup/ Fmee(Qn, Vuy,,)dx < limsup/ f}nec(Qn,Vun)dyc+C’onsti = (3.2.25)
U K m

n—oo n—oo

/ Jmee(Q, Vu)dz + C’onsti,
K m
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where m € N (the role of the natural number m will be clear in the next paragraph).
Since finee is non-negative we can enlarge K to U

n—oo

limsup/ fmec(Qn,Vun)dxg/fmec(Q,Vu)d:U—i—Conste. (3.2.26)
U U m

Since the constant is indeed independent of €, in what follows we simply write = instead
of Const=..

Step 2, Q(z) piecewise-constant

Suppose now Q € L?(Q, Qp) and piecewise-constant, i.e. there exists a partition of
consisting of a finite number m of open and pairwise disjoint sets €27 s.t.

Q=[JouN, (3.2.27)
j=1

where [N| = 0 and Q’ := Q|q; is constant. By Step 1 we have that, for every )/ with
j=1,...,m, there exist

Q) — QF w-L*(V, M3*3), w, — ) w-H' (O, R?) as n — +o0o, (3.2.28)

with supp(u% —u) CC & and where w’ is the restriction of u on €/, and
Hmsup | fnee(Qh, Vul)dz < [ free(Q, Vo )da + —. (3.2.29)
. 0 m

n—o0 (9¥)

Now, let us define u, := u, on v, Q, = Q% on O, j = 1,...,m. Recalling that
u, —w =0 on 99, then u, € H(Q,R3) and u,, — u € H(Q,R?) and

— RV
/Q fmee(Q, Vu)dx ; /Q fmee(Q7, V! )dz. (3.2.30)

By using (3.2.29) we have

hmlnf/ fmee(Qn, Vuy,)dx = hmlnfz fmeC Qn,Vuj)d (3.2.31)

n—-+o0o

< ;limsup /Qj fmec(Q%,VuiL)dx < ;(/QJ fmec(Qj,vuj)d[B + %)

n—-+oo
f:/ Jmee( Q’, Vu])dx-i-s— / Fmece(Q, Vu)dz + €.

Summarizing:

Fmec,pr(Q,u) Sliminf/ fmec(Qn,Vun)dmg/fmec(Q,Vu)da:+E. (3.2.32)
n—-—+:oo Q Q
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Step 3, Q(x) € L*(, Qp)

Let (Q,u) € L%(Q, Qp) x H'(Q,R?). By Proposition 12 there exists a sequence {Q} C
L?(£2, Qp) of piecewise-constant and biaxial matrices such that

Qr — Q s-L2(Q,M**3) as k — +oo0. (3.2.33)

Hence, we can write

Fmec Fr Qk> / fmec Qr, Vu)d:z: + ¢, (3'2'34)

and, in the limit as k£ — +o00, we have

Fmec’FT(Q, u) < liminf F,pe. Fr(Qp,u) < hmmf/ fmee(Qp, Vu)dx +e. (3.2.35)

k—+4o00 k—+4o00

Since the right hand side in (3.2.35) is continuous in the strong topology of L?(Q, M3*3),
we have

Fmec Fr Q7 / fmec Q7 Vu)dm +é, (3236)

and, in the limit as ¢ — 0,
Frnee,rr(Q,11) < Frnee,5(Q, 1), (3.2.37)
for any (Q,u) € L?(Q, Qp) x H'(Q,R3). O

Remark 18 We Observe that L?(€, Qp) coincides with ¢o(L?($2, Qr)), the closed con-
vex hull of L?(Q, Q). The constructions contained in Step 1, Step 2 and Step 3 suggest
that it is possible to approximate constant and piecewise-constant biaxial matrices in
L?(Q, Qp) with weakly convergent sequences of tensor fields ranging in Qp, (see also
[40, Thm.3 pag. 140]). Hence, we have

L*(Q,Qp) Ceo(L* (2 Qpr)).

The opposite inclusion is trivial because L?(Q, Qp) is closed, convex and contains
L?(, Qpy) by definition. Then, since L*(Q, Qp,) C L3(Q, Qu) C L%, Qp), it also
follows that co(L%(Q2, Qu)) = L*(Q, Op).

Remark 19 (Boundary conditions) From the previous construction it is clear that
relaxation results can be obtained also with slightly different boundary conditions for
the displacement u, as shown in the following corollary.

Corollary 4 Let Q C R3 be a Lipschitz domain, let T, C 02 be an open subset with
positive surface measure, g(xr) € HY(Q,R3) and fpee as in (2.1.1). Define (here X
stands either for Fr,U or B)

feo | [ e @ Vwds on 120, 0x) x H} (R + &
mecX »u Q
“+o00 otherwise in L*(Q, M>*3) x H(Q,R3).

Then, the relaxation of F “’gX in the sense of o (see (3.2.1)) is F-*9

mec mec,B"
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Proof. The same proof of Theorem 15 works also for this case, because the trace of the
vector field u,, defined in Paragraph 3.2.1-Step 2 is equal to the trace of u for every
n € N. O

3.2.2 Relaxation of energies of incompressible elastomers

We show that the result of Theorem 15 can be extended to the case of incompressible
materials, where we formally assign A = +oo, that is an infinite penalization if the
displacement u is not divergence-free.

Theorem 16 Let Q C R3 be a Lipschitz domain. Let fmee as in (2.1.1) and define
(here X stands either for Fr,U or B)

/ fmee(Q, Vu)dz on L*(Q, Qx) x HY(Q,R3),divu = 0,
Q

fmec,X(Q> u) =
+o0o otherwise in L*(Q, M>2*3) x HY(Q,R3).

Then, the relazation of F,,.. x in the sense of o (see (3.2.1)) is F,.. p-

Proof. Again, if X = B there is nothing to prove. We postpone the discussion of the
case X = U to Paragraph 3.2.4. In the case when X = Fr, the proof is essentially based
on an argument due to Braides® and largely employed also in Chapter 2. We prove

that ?mec, Fr = Fmec,p Dy showing two inequalities. The same argument that proves

that Free.p < Fmec’ Fr, yields also that Free,p < ?mec, rr. We are left with the opposite
inequality. For convenience, we label with F ﬁwc’  the functional introduced in (3.2.4)
i.e.

/ (u]E(Vu) —QJ* + %(div u)2>d:r on L?(Q, Qx) x HY(Q,R?),
Q

Fﬁmec,X(Qv u) =
+0o0 otherwise in L2(Q, M3*3) x HY(Q,R3),

where X stands either for F'r,U or B. Therefore, the relaxation of Fﬁwc y in the sense
of o is Fi‘nm p- We want to show that ?mec’ rr 18 the Gamma-limit of the sequence of
functionals F;\nm y as A — +o0o. We extract a countable subsequence {\;} such that

Ap — +0o. We claim that

. An =A A
I'- hEToo Eoe r(Qu) = s%p Foeerr(Q,u) = s&illp Foee 5(Q,0) = Free,5(Q,1)(3.2.38)
The first equality in (3.2.38) follows from Proposition 2, the second equality is due to
Theorem 15 and the last equality is an application of Beppo-Levi theorem for monotone
sequences of integrals:

F)-1Q]* iftrF=0

. A E(
_ 2, M 2y _J H
fim <M’E(F) 1QIT+ 2 (tr F) ) { +00 otherwise.

h—+o00

Now, if divu # 0 or Q ¢ L?(2, Qp), the inequality Frec pr < Fmeep is trivial. Thus,

in what follows, we assume u € H'(Q,R?) with divu = 0 and Q € L?*(Q, Qp). Since



CHAPTER 3. T'-LIMITS FOR LARGE BODIES AND SMALL PARTICLES 83

the Gamma-convergence is metrizable, we prove that for any sequence {Qp,up} C
L3(Q, Qpy) x HY(Q,R3?) such that (see (3.2.2) for an example of this notation)

Qn,u, > Q,u  as h — +oo, (3.2.39)
there exists a sequence zj, — u w-H'(Q, R3) with divz; = 0 such that
Fomeerr(Q,0) < liminf Free rr(Qny z1) < iminf B o (Qpup).  (3.2.40)
h—+00 h—+o00 ’
Thanks to (3.2.38) and Remark 19 (Corollary 4) we have
Frnee.3(Q,u) = inf{lgg}ixg F) o (Quoun), Qo 2 Quul = (3.2.41)
inf{lgminf FY o (Quyup), Quy w2 Q,u, with wy, —u € HY(Q,R3)}.
— 400 ’
Now, for any h € N, let wj(x) be a solution to the following problem (see Proposition
1 with p=2,n=3)

wp, € HyP(Q,R),
div wy, = divuy, = div (up, — u),
[Whllzrr@re) < Co(S2m,p)|[divug || e )

Since F

mec,B

(Q,u) < 400 we may suppose to take sequences in (3.2.40) such that

FAn (Qn,up) < Const VYheN,

mec, Fr
so that [|divuy|2, < Const/Aj, and limy,_« [|div || 22(0) = 0, and hence
wp, — 0 s-HY(Q,R3) as h — oo. (3.2.42)
Thus, if we define zj, := u, — wj, we have
zp, —u w-H'(Q,R?), 2z, —u;, € HY(Q,R?), and divz, = 0. (3.2.43)

We conclude by computing

liminf .. p.(Qn,2n) = l}im inf/ p|E(Vzy) — vQp|?dx <
Q

h—+o00 ——+00

lim inf / HlE(Vup) =7 Quf*dz + lim | / u(IE(T20) = vQul? — [E(Vuy) — vQu?) de|
h—+oo Jq h—+ool Jq

= lim inf/ p|E(Vuy) — vQpl?dz + 0 < liminf Fﬁfec r(Qnoup). (3.2.44)
h—+oo Jo h—+o00 ’

We stress that (3.2.44) follows because
[ (IB(70) = 1QuP = [E(Var) ~ 1) o] (3245
< / ”E(Vuh) — Qi ~ [E(Vay) — VQhIZ‘dm =%,
Q

since wy, = uy, — 2z, and thanks to (3.2.42). d
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Remark 20 The result above holds also with slightly different boundary conditions, as
shown in the next corollary.

Corollary 5 Let Q C R3 be a Lipschitz domain, T', C 0Q an open subset with positive
surface measure and g(x) € H'(Q,R3) with divg(x) = 0 a.e. in Q. Let free as in
(2.1.1) and define for X = Fr,U, B
)= / fmee(Q,Vu)dz on L?(Q, Qx) x H%U(Q,R?’) + g(z),divu =0,
= Q
+00 otherwise in L2(Q, M>?*3) x H(Q,R3).

Frug (Q,u

mec,X

Then, the relaxation of f;“é’ch in the sense of o (see (3.2.1)) is Fru9

mec,B"
Proof. To start, let I, = 02 and g = 0. In this case the result is immediate by taking

u € HY(Q,R?) in the proof of Theorem 16. Then, the general case follows from a
standard argument, since we have

Fneerr(Quu) < Frvd (Quu) < FOM9. (Q,u), (3.2.46)

mec,Fr mec,Fr

where g = u. If we relax all the functionals in (3.2.46), we obtain that the relaxation
of Fpu9p, is equal to F,. 5 if (Q,u) € L*(Q, Qp) x HE (2,R?) + g(x),divu =0 and

mec,Fr
+00 otherwise in L2(Q, M3*3) x H'(Q,R3), because the set L?(Q2, Qp) x H%U(Q,R?)) +
g(x),divu =0 is closed in o (this is a property of the relaxation). O

3.2.3 Gamma-convergence theorem

Theorem 17 Let Q C R3 be a Lipschitz domain, let 'y C 0Q be an open subset with
positive surface measure and g(x) € HY (2, R3) with divg(z) =0 a.e. in Q. Let fiec as
in (2.1.1) and (here X stands either for Fr,U or B)

/ <52\VQ|2 + fnee(Q, Vu))dx on HY(Q, Qx) x HY(Q,R?),divu =0
Q

fE,X(Q’ U) =
+00 otherwise in L*(Q, M3*3) x H(Q,R3)
and
[ (B19Q7 + fnec(@ Vu) ) ds
FLd(Qu) =4 7¢ ! | .
e X on H'(Q, Qx) % HFH(Q,R:;) +g(x),divu=0
+o0 otherwise in L*(Q,M3*3) x H'(Q,R3).
Then
D(0)-lim Fox = Frnee, (3.2.47)
E—>
and
I(0)-lim Fivd = Foudp, (3.2.48)

where F... g and .7-"71;’2’093 are defined in Theorem 16 and Corollary 5 and o is defined
in (3.2.1).
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Proof. We start by proving (3.2.48) in the case X = F'r. We use the characterization of
the Gamma-limit of a sequence of functionals involving the liminf and limsup inequality
(here in the version of Gamma-limsup inequality), see [22], [7]. Notice that if Q ¢
L*(Q, Qp), then there is nothing to prove. Let {e;} be a countable sequence such that
g; — 0 as j — +oo.

Liminf inequality. We show that V{Q,,u;} C L?(Q, Qp) x H'(Q,R?), such that
Qj,u; 2 Q,u  asj— +oo, (3.2.49)
(see (3.2.2) for an explanation of this notation) we have .7-";“6’09 5(Q,u) <

. . I g ) ) . .
lim inf fFﬁ,Ej(Qj,u]). To start, we can restrict our attention to sequences along

which the functional is finite, and, passing to subsequences (not re-labelled), uniformly
bounded by some positive constant C'. We have

nmmf/ p|E(Vuy) — Q[ de < nminf/ (e§|VQj|2 + p|E(Vuy) — ijf)da: <cC.
j—+oo Jo J—+o Jo

By weak convergence, Korn’s theorem and the properties of the trace we easily see that
the limit functional is finite over the set L?(, Qp) x H%u (Q,R?) 4 g(x),divu = 0. By
invoking the relaxation result of Corollary 5, the claim follows.

Limsup inequality. In this paragraph we find it convenient to introduce the I'-limsup
in the form

M Fu: 1 M Fu:
I- hmsupanfj(Q,u) = 1nf{hmsup.7-"Fré(Qj,uj), Qj u; > Q,u},

where {Q;,u;} C L*(Q,Qp) x H'(Q,R?). If u ¢ {H} (Q,R?) + g(z), divu = 0}, then

the claim is obtained by taking the trivial recovery sequence Q; = Q,u; = u. Now, let
us assume for a moment (Q,u) € H'(Q, Qp,) x H} (Q,R?) + g(z), divu = 0 and take

the trivial recovery sequence Q; = Q,u; = u. We have

I-Tim 729 (Q,u) < Tim /(e§ij2+fmec(Qj,vaj))dx:/fmec(q,vu)dm(s.zﬁo)
' J—0 Jq Q

J—00

By Lemma 3, for every Q € L?(, Qp,) there exists a sequence {Qr} C HY(Q, QF,)
such that
Qi — Q s-L*(Q,M3*3)  as k — oo,

and plugging Qy, instead of Q in (3.2.50), we have

I- limsupfgﬁ’fj(Qk,u) < / ,u}IE(Vu) — ’ka‘de (3.2.51)
’ Q

j—too
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for every k € N. Recalling that the Gamma-limsup is a lower semicontinuous
functionall®’ and that the integral on the right hand side of (3.2.51) is continuous in the
strong L?(Q), M3*3)-topology, we have

I-limsup Fpo? (Q,u) < liminf (r_ lim sup F1.2¢ (Qi, u)) < (3.2.52)

Jj—+o0 k—-+00 j—+o0
k—oo
[ nEOw 1@ = [ uE(va) QP

Summarizing, for every (Q,u) € L?(Q, M3*3) x H}(Q,R3) we have
I- hmsupfg;gj(cg,u) < Flwd  (Q,u), (3.2.53)

oo mec,Fr

and to conclude it is sufficient to relax both sides by applying Corollary 5.
The proof of (3.2.47) in the case X = Fr follows as above.
Then, considering the case X = B, the proof of (3.2.48) (and of (3.2.47)) is even easier.
The liminf inequality becomes trivial, and the limsup inequality can be modified as
follows. We observe that the proof for the Frank model is based on the approximaton of
L?(Q2, Qp,)-tensors with H'(, Qp,)-tensors in the strong L2-topology. In the biaxial
case, the result follows by approximating L?((2, Qp)-tensors with biaxial Lipschitz con-
tinuous tensors in the strong L?-topology by applying Proposition 11. The remaining
case X = U is discussed in Paragraph 3.2.4. O

The Gamma-convergence result holds also if we remove the constraint on the diver-
gence of u, as shown in the next corollary.

Corollary 6 Let Q C R3 be a Lipschitz domain, let T, C 0Q be an open subset with
positive surface measure and g(x) € HY(Q,R3). Let fee as in (2.1.1). Define (here X
stands either for Fr,U or B)

F o (Quu) = / (21VQP + foneel @ V) Jdz on HY(Q, Qx) x H'(Q,RY),
e,X ) - 9]
+o0 other. in L?(,M3*3) x H'(Q,R3),

FFT%Q(Q u) = /Q<52|VQ2 + fmec(Q, Vu))d:r on HY(Q, Qx) x H%u(Q,R?’) +g(x),

+o00 otherwise in L?(Q, M>?*3) x H'(Q,R3).
Then
D(0)-Hm Fe y = Free (3.2.54)
and
I(0)-lim Flof =F, w9 (3.2.55)

where ¥, .. g and Fg{‘e’gB are defined in Theorem 15 and Corollary 4.

Proof. This result follows as in the proof of Theorem 17. The only point is that we do
not have to take sequences of displacements with divergence equal to zero. O
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3.2.4 Uniaxial models

We show how to obtain the relaxations and Gamma-convergence results for the uni-
axial model X = U. Recalling that Qp, C Qu C Qp (and also that L*(Q, Qp,) C
L%(Q, Qu) C L?*(Q, Qp), it easily follows that

Fmec,B < FmeqU < Fmec,Fra fmec,B < fmec,U < fmec,Frv (3256)

where all the functionals above are defined in Theorem 15 and 16 respectively. Now,
taking the relaxation of all the functionals in (3.2.56) we have

Fmec,B = Fmec,B < Fmec,U < Fmec,Fr = Fmec,B- (3257)
fmec,B = ?mec,B < ?mec,U < ?mec,Fr = ?mec,Ba (3-2~58)
This shows that the relaxation of Fyecr and Fpee, 7 18 Frnee, B and Fipec, B Tespectively.
Analogously, we obtain Fﬁe’f y = Flwdand ]—'nfe’f v = Frud (these functionals are

defined in Corollary 4 and 5 respectively) . The same chain of inequalities holds for the
Gamma-limits (defined in Theorem 17)

F

m

ee.B =L~ 11m.7-"BE <TI- hlfnmfj’:U8 < T-limsup Fy. < T-limsup Fp, . = Finec,B

e—0 e—0

and we obtain that I'-lim._.o F; . = F,,,.. p- Analogously,

[-lim Fi*9 = Frw9 0 (3.2.59)

mec,B» 0 Ue mec,B

I-lim Fpf = Fify, T-limFy = F
e— ’

)
e—0 mec,B

3.2.5 Discussion

Physical interpretation. The results contained in Section 3.2 allow us to model
engineering traction problems. Under the hypotheses of Theorem 15 and Corollary 4,
we have

Fluf (Qu) = min Flvd o (Qu),  (3.2.60)

inf
L2(Q,M3%3)x H1(Q,R3) L2(Q,M3%3)x H1(Q,R3)

and, under the hypotheses of Theorem 16 and Corollary 5,

Frdy (Q,u) = min Fridp(Qu).  (3.2.61)

inf
L2(9,M3%3)x H1(,R3) L2(Q,M3%3)x H1(C,R3)

The infimum on the left hand side of (3.2.60) or (3.2.61) may not be attained in the
case where X = F'r or U, because L%(, Qr,) and L?(Q, Qp) are not weakly closed. We
show that the right hand side is a minimum. Consider (3.2.60). The functional an"eg B is

weakly lower semicontinuous because the function (Q, u) — p|E(Vu) —vQ|?+ 3 (divu)?
is convex. Since Qp is a compact subset of M3*3, the L?norm of Q is bounded.
Therefore, also the L?-norm of the symmetric part of the gradient of u is bounded.
Korn’s second inequality and Poincaré inequality yield the control of the H'-norm of u.
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Then, the minimum in (3.2.61) is attained essentially for the same reason. We have only
to take sequences of displacements with divergence equal to zero, which is equivalent to
study minimization problems for the functional with the penalty +oo if divu # 0. In
that case we have to take g(x) with divg(z) = 0 a.e. in . The divergence is a linear
operator, and hence the constraint on the divergence is weakly closed.

Moreover, we remark that, letting E = £(F), the function (Q, E) — |E — yQ|? with
Q € Qp is convex, but not strictly convex. On the other hand, Q — |E —yQ|?, with
E € M3 and E — |E — vQ|?, with Q € Qp are two strictly convex functions. These
observations are applied in what follows.

The relaxation of the macroscopic models of Chapter 2. In this section we
want to relate the Gamma-convergence results of Section 3.2 to the relaxation of the
non-convex models fx (where X stands, in particular, for Fr or U) describing the
order-strain interaction in nematic elastomers and discussed in Chapter 2.

Properties of the Gamma-limit fr“’gB and of the macroscopic model jjg“’g.

mec,

We show the relation between ]—'71;“’93 and jjg“’g. We start by manipulating (3.2.61):

ec,

. T'w,9 o . . 2
min  F, 7.(Q,u) = inf min /M|E(Vu) —vQ|*dx
L2(Q,MB3%3) b QeL2(2,9B) ueHt (QR%)+g(z), 7
x H'(,R3) divu=0
(3.2.62)
= inf min /,uET Vu) — 7Q|*dz = 3.2.63
ueH} (QR3)+g(z), QeL?(2,98) Jo [E(Vu) | ( )
divu=0
inf pdist, (E(Vu), VL9, 0 B)) .
ueH;, (QR?)+g(x),
divu=0

The minimization problem

min E(Vu) — vQl|?dz, 3.2.64
qomin, [ E(Tw -0 (3.2.64)

has a unique solution equal to =" (%95 (E(Vu)/v) for any u € H'(Q,R?). Thanks to
Proposition 10 and Eq. (3.1.4) we have

pdists (E(Vu),LQ(Q,nyB)) = u/ﬂdistQ(E(Vu),nyB)dm. (3.2.65)
Summarizing, we obtain
: Tu,g _ : Tu,g
Lz(Q,Mst%IBHl(Q,RS)fmeC’B(Q u) = HU(O,R) Tp" ), (3.2.66)
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and the infimum in (3.2.66)-right is indeed a minimum, by convexity. Concretely, we
bring the minimization over L?($), Qp) (3.2.63) inside the integral and we transform it
into a pointwise minimization in the space of matrices. Furthermore, let us define (Q, u)
a minimizer of (3.2.66)-left and W a minimizer of (3.2.66)-right. Therefore, we can write

HIE(VT) — 4Q)|22 0 w5y = Foilp(Q. 1) = Tp* (@) = /Q [B(VT) - Q| da(3.2.67)

where Q := 798 (E(Va) /7). This yields an interesting interpretation for the minimizers
of the problem (3.2.66). Notice that the minimizer (Q, @) may be not unique since ]:11;;’@9, B
is not strictly convex in the pair (Q,u). Anyway, once U is given, then Q is uniquely
determined as Q = 728 (E(Va)/v). Analogously, since J. g“’g is not strictly convex, the
minimizer @ may be not unique. As above, the optimal microstructure 6 in (3.2.67)-right
is uniquely determined since it is precisely equal to 6 = 795 (E(Va)/v). Hence, if T = 0
a.e. in Q, then Q = Q. It is obvious that, if (Q, W) minimizes (3.2.66)-left and (Q, T)

minimizes (3.2.66)-right, then it is also true that (Q, W) minimizes (3.2.66)-right and
(Q, ) minimizes (3.2.66)-left. This observation is useful in the remarkable case when
T, = 092 and g(z) = F(z — O) where O is the origin in R? and F € M3*3. A solution to
(3.2.66)-right is represented by the pair u(z) = F(z — O), Q(x) = 798 (E(F)/~) in Q.
This holds because fp satisfies a solenoidal quasiconvexification formula (see (2.2.34) in
the trivial case X = B)

/ fe(F)dr < / fB(F +Vw)dz VYw e HN(Q,R?),divw = 0. (3.2.68)
Q Q

Hence, a possible minimizer of (3.2.66)-left is the pair

Q. 1) = (WQB (E(F)/~), F(z — 0)). (3.2.69)
Analogous results hold also if we remove the constraint of incompressibility

: Tu,g _ : Tu,g
L2 D) w1 (0,8 Fimce.(Q 1) = () Tice.p1) Sl
As above, we have the same characterization for the minimizers of (3.2.70). Then,
taking F € M3*3 and g(x) = F(x — O), a solution to (3.2.70)-right is represented by the
pair Q(z) = 728 (E(F)/v), u(z) = F(z — O) in Q. In this case we can directly invoke
convexity to show that the minimum of Fg{‘ef  amongst functions in H} (2, R3)+F(z—0)
is attained at F(z — O).

3.3 Small particles: asymptotics

We turn our attention to the asymptotic analysis for small particles. We show that any
relaxation phenomenon is forbidden by the predominance of the curvature energy on
the mechanical energy.
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3.3.1 Gamma-convergence theorem

In this section the space L?(Q2, M?*3)x H'(Q, R3) is endowed with the strong-L? topology
for the tensor field Q and the weak-H' topology for the variable u and we write

o' = s-L*(Q,M>*3) x w-H*(Q,R?). (3.3.1)

Theorem 18 Let Q C R® be a Lipschitz domain, T, C 0Q be an open subset with
positive surface measure and g(x) € HY(Q,R3) with divg = 0. Let fee as in (2.1.1),
Fex, .7:53(’9 as i Theorem 17 where X stands either for Fr,U or B. Then

Gmee.x = D(o)-_lim_Fex (3.3.2)
E—T 00
and
Fu,g _ / . Fugg

Gmenx =T(0")- hrf F. R (3.3.3)

where
/ fmee(Q,Vu)dr on {Q € Qx, const.} x H(2,R3),divu = 0,

gmec,X(Q: u) = Q

+o0 otherwise in L*(Q, M3*3) x H'(Q,R3),
and

| Fee@ Vs
Tu,g _ Q
gm@cvx(Q’ u) = on {Q € Qx, const.} x H%H(Q,R:s) +g(z),divu =0,

+00 otherwise in L*(Q,M3*3) x H(Q,R3).
Remark 21 We denote with
{Q € H'(Q, Qx), const.}, where X stands either for Fr,U or B, (3.3.4)

a subset in the subspace of constant tensors endowed with the weak topology of H'. It is
closed in the weak topology of H'(Q, M*3) and in the strong topology of L?(Q, M3*3).

Proof. We prove (3.3.3). As ¢ — 400 we extract a countable subsequence {¢;} such
that e; — 400 as j — +00. We characterize the Gamma-limit with the liminf and
limsup inequality.

Liminf inequality. Given any (Q,u) € L%(Q,M3*3) x H'(Q,R3), we have to show
that

T, e . T,
gmegX(Q’ U) < Elgl_&gfgﬁ)?(Qja uj) (335)
for every sequence

Q; — Q s-L*(Q,M**3), uw; — uw-H' (Q,R?) as j — +o0. (3.3.6)
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We suppose that the right-hand side of (3.3.5) is not identically infinite and, up to a
subsequence, also uniformly bounded by some positive constant C, so that

{ / 3|V Q;[*dz, /(CQ\IE(Vuj)|2 — C1)dx } < ]—“g;jvg(Qj,u]) < C.(3.3.7)
0 0

By Korn’s and Poincaré inequalities, the properties of the trace, and noticing that
Jo IVQj|2dx < C’onst/ejz — 0 as j — +o0, it follows that

Q; — Qs-H' (M), w; —uw-HY(Q,R?) as j — +oo (3.3.8)
to some constant tensor Q. Hence, the set where the functional is finite is
{Q € HY(Q, Qx),const.} x {H} (2,R?) + g(x),divu = 0}. (3.3.9)

Then, we have

11m+1nf/ E(Vu,) — 1Q,|2dzx < 11m+inf/ (e§|VQj|2 +[E(Vy,) — ij|2>dx (3.3.10)
j—+oo j—+oo Jo

and the claim follows because the functional on the left-hand side is lower semicontinuous
in the sense of ¢’.

Limsup inequality. Given any (Q,u) € L2(,M3*3) x H'(Q,R3) we have to exhibit
a sequence {Q],uj} C L2(Q,M3*3) x H'(Q,R3) such that

Q; — Q s-L*(Q,M**%), U — uw-H'(Q,R?) as j — 400, (3.3.11)
and such that
Gprid 5 (Q, ) = limsup 7L “(Q;, Ty). (3.3.12)

j—too

To obtain the claim it is enough to take the trivial sequence {Qj, U} = (Q,u).

The proof of (3.3.2) is analogous. O
The previous Gamma-convergence result works also in the case of the compressible

elastomers, as shown in the following corollary.

Corollary 7 Let Q C R? be a Lipschitz domain and g(x) € HY(Q,R3). Let F. x and
Fgg(’g as in Corollary 6, fmee as in (2.1.1) (here X stands either for Fr,U or B). Then

Gmee.x =T(0)- lim Fex (3.3.13)
j—}
and
Gl x =T(o o')- lim_ Fos? (3.3.14)
where
mec ,VUd EHl 97 , t XHl Q,R3,
Gee,x(Q,u) = /Qf (Q )dz  on {Q (Q, Qx),const} ( )

+00 otherwise in L?(2, M3*3) x H(Q,R3).
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and

Glw9 (Q,u / fmee(Q,Vu)dz on {Q € H'(Q, Qx),const} x H%u(Q,RB) +g,
mecX yu Q
+00 otherwise in L2(Q, M3*3) x HY(Q,R3).

Proof. Tt is analogous to the proof of Theorem 18 for the case of incompressible rubbers.
The only point is that it is not necessary to take sequences of divergence-free displace-
ments. O

3.3.2 Discussion

We turn to the analysis of problem Py (3.1.8) and of the phase diagrams of Section 1.5.
We apply Theorem 18 obtaining

min fn“e’ch(Q, u) = inf min / p|E(Vu) — vQ[2dz.(3.3.15)
L2(Q,M3%3) QeH'(2,Qx), wucH; (QR?) /&
x H1(Q,R3) const. +g,divu=0

We denote with @ the solution to the problem

min / WE(Va) — 4Q2dz, (3.3.16)
uEH%u(Q,]R3)+g,div u=0.J0

where Q is assigned in H'(Q, Qx) and constant. Notice that W is unique by the strict

convexity of the function E + |E — yQ|?, where E = E(F), F € M3*®. Now, we

introduce E* € M3*? the average in Q of the tensor field E(V), whose components

T/av
E;; are defined as ?

—/av 1 — ..
B = ’Q‘/ (E(VE), de  withi,j e {1,2,3) (3.3.17)
and E” (z) := E(Va) — E”. Notice that [, E” () = 0 and that
/ (Eav — Q) : E7 (2)dz = 0, (3.3.18)
Q

. _av . .
since E and Q are constant matrices. Hence, we can rewrite (3.3.16) as

/ H|(E” = 1Q) + E(2)2dz = p / (B~ QP + B @))de.  (33.19)
Q Q

Then, problem (3.3.15)-left can be formulated as follows:

min fn“e’ch(Q, u) = inf / p|EY — ~1Q|%dx —|—/ p|E™ (z)2d2(3.3.20)
L2(QM?%?) QeH'(2,9x), /O 2
x HY(,R3) const.

/dzstQ( ,nyX)dx+/u]EN(x)\2da:.

*again, we identify a constant matrix E(z) € L*(Q,M2%) with the matrix E € M2 itself
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In order to obtain more precise results regarding engineering traction experiments, in
the next paragraph we specify even further the boundary conditions.

Physical interpretation. Let I', = 9Q and g(z) = F(z — O) with F € Mp*3. Then,
we can compute the unique minimizer of (3.3.16). Assume Q € H'(2, Qx) and constant.
Then

/ p|E(F) — yQ|%dx < / p|E(F + Vw) —Q|*dz Vw € H)(Q,R?),divw = 0,(3.3.21)
Q Q
and @ = F(z — O) for every z in Q. Since E (z) = 0, then (3.3.20) becomes (E = E™)

. 0Q,Fx - 12 (R
min Ly (Quu) =p | dist®(E dx. 3.3.22
L2(Q,M3x3)1xH1(Q,R3)gmec’ (@) /Q " ( ’WQX) ( )

We can find solutions (Q,u) of (3.3.22) algebraically, by minimizing frec(-,-). We
find the exact asymptotic expressions of the minimizers of fy,e., parameterized by the
symmetric part of the boundary datum i.e. by E = E(F). As a consequence, we obtain a
rigorous justification of the particular solutions presented in the phase diagrams (Section
1.5).

Analogous results hold also for the case of the compressible elastomers. The proofs
are even simpler because it is not necessary to impose the constraint on the the diver-
gence of the displacement.

Comparison between the two different limit problems

Tu,g
mec, X

We summarize the main properties of the minimizers of ]-"};;’cg « (large bodies) and G

(small particles).

e The minimization problem for }ﬁ’;’cg y may be ill-posed in the cases when X stands

Lu,g

either for F'r or U, while the minimization problem for G, "~

for X = Fr,U or B.

is always well-posed

o Let g(z) = F(z — O), with F € M3*? and with T, = 99Q. The solution of the

minimization problem for fzgfg may be not unique. Anyway, letting (Q, ) be a

possible minimizer of .7-"3&%, then the optimal order tensor is uniquely determined

as Q = 97 (E(Va) /7).

The solution of the minimization problem for gi‘jf; may also be not unique, but

for a different reason. In the cases X = Fr or U, létting (Q1,u1) and (Q2,uz) be

two possible minimizers of QS;Z’CF)? , then u; = uo, while it may be Q1 # Q2. In
the case X = B we must have Ql = Q9, since the minimizer is unique.

e A common minimizer of FO2F% and Qggfg is the pair (792 (E(F)/v),F(z—0)).

mec,B



CHAPTER 3. T'-LIMITS FOR LARGE BODIES AND SMALL PARTICLES 94

3.4 Continuous perturbations

In the last part of the chapter, we extend the previous Gamma-convergence results
to systems of particles under the presence of applied fields. We compute exactly the
Gamma-limit for the case of an applied magnetic field both in the limit for small particles
and large bodies, by showing that the magnetostatic energy is a continuous perturbation
for all the energy functionals previously introduced. Then, we discuss the case of the
electric field. We describe the behavior of minima and minimizers only in the asymptotic
case of small-particles and we briefly present an open problem for the case of large bodies.

The following proposition is a well known result [22, Prop. 6.21] (here H is any
topological space).

Proposition 13 Let Fo : H — R be a continuous functional. If {Fp} Gamma-
converges to Fy in H, then {Fy, + Fa} Gamma-converges to Fi + Fo in H.

3.4.1 The magnetic field

We recall that the magnetostatic energy is defined in Paragraph 1.2.4 and is given by

Xo //—

Frnag(Q,1) = / X0 ((XT+ xa Q) ) o (3.4.1)
Q

We recall that, as a typical assumption for liquid crystals*?, h is imposed. We want

to show that Fq4(-, h) is a continuous perturbation both for the topology ¢ and o', so

that the full energy of the system Gamma-converges, both in the limit for small particles

and large bodies, also in the presence of the magnetostatic correction. In this second

case the result is immediate since
(Qph,h) — (Qh,h) s-L2(Q,M3*3) as Q; — Q s-L*(Q,M>*3), as h — 400 (3.4.2)

and hence

/ Xg (XI+ XaQn)h, h)dx h2tpo / %((XI + XaQ)h, h)dz. (3.4.3)
Q Q

We show that Feg(:, h) is continuous also for the weak L?(Q, M®*3)-convergence.

Lemma 4 Let 2 C R3 be an open, bounded set. Let {Qp} be a sequence of matrices
such that Qp : Q — Qx, for any h € N, where X stands either for Fr,U or B and let
Q:Q— Op. Then,

Qi — Q w-L2(Q,M**3)  if and only if Qp = Q w-L(Q,M>*3). (3.4.4)

Proof. Suppose that Qj, — Q w-L?(Q, M?3*3). Since {Qp} C L*>(£, Qx) by definition,
then, up to a subsequence, we have

Qr, > Q i.e./th : Tdx ji”/Q:de, VT e L'(Q,M*>3)  (3.4.5)
Q Q
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to Q € L>®(2, Qp). In particular, since L(Q, M3*3) C LY(Q, M3*3), we can take some
T € L?(,M3*3) in (3.4.5) and hence

/th:dee/Q:deaSj—%i-oo
Q Q

and, by assumption, we have Q = Q for any subsequence and hence for the whole

sequence.

The converse implication is trivial. U
Thanks to Lemma 4, we have that, if Qp,u; = Q,u, with {Q} C L*(Q, Qx),

{up} € HY(Q,R?), then Q;, = Q w-L>®(Q, M?*3) and hence (3.4.3) follows since h is

an assigned vector field in L?(Q, R?).

3.4.2 The electric field

In the presence of an electric field, an energy contribution has to be added to all the
energies introduced in Sections 3.2, 3.3. Denoting with ¢ : () — R the electric potential,
we recall the expression of the electrostatic energy (see (1.1.8) and below). Neglecting
the LdG free-energy density, we re-write the energy of the system in the form

KZ
£(Q,u, 0) :/Q<2]VQ\2+fmec(Q,Vu) ~ (A(Q)V¢, V¢>)dm. (3.4.6)

In what follows, we study the asymptotic behavior of minima and minimizers of (3.4.6)
in the small-particle limit under the constraint of Gauss law. To this aim, we recall that
Gauss law coincides with the first variation of ¢ — Fge(Q, ¢) defined in (1.1.10), i.e.

Fele(Q, ¢) = /Q<A(Q)V¢, Vo¢)dz.

Then, letting Q € L?(, Qx), where X stands either for Fr,U or B, and letting , T'y,

¢ as in Theorem 12, we can define the non-local functional F};,

min fele(QMb) = fele(Q7(I)[Q]) = :le(Q)' (347)

¢€H%~¢(Q)+¢o
Now, take {Q} C L?(Q, Qx), Q € L*(, Qx) such that
Qn — Q s-L*(Q,M*>*3) as h — +oo, (3.4.8)

and let us denote the (unique) solutions of Gauss equation (1.2.5) associated with Qy, €
L2(2, Ox), Vh € N and to Q € LX(Q, Qx) with

®, = ®[Q;] and @ = B[Q], (3.4.9)

respectively. Then, thanks to the result of Paragraph 1.2.2 (Proposition 4) regarding
the continuity properties of ®[Q)], there follows that

[Q)] — 2[Q] s-H'(R), (3.4.10)
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and (Remark 3)
/(A(Qh)V@h,V<I>h>dx—>/(A(Q)V(I),V@}dx. (3.4.11)
Q Q

Adopting the notation of (3.4.7), then (3.4.11) can be written in the following way
7e(Qn) = Fi(Q) as Qp— Qs-L*(Q,9x) (h— +) (3.4.12)

where X stands either for F'r,U or B, and hence F%, : L*(Q, Qx) — R is continuous in
the strong topology of L2(Q, M3*3).

Rescaling. We repeat the procedure of Paragraph 3.1.2 in order to discuss how the
energy E%(-,-,-; B) defined as

,‘12
£5(Q.u, ¢; B) = /B (5IVQPdz + free(Q. V) = (A(Q)V6, V9) Jdz  (3.4.13)

rescales if we dilate the reference domain B € R3.
Let B C R3 be a Lipschitz domain with volume A3, where A € (0,00). Set  := (1/A)B.
Let ¢ : B — R and define ¢ : Q — R by

Agﬁ(%z) = oa(2), z € B. (3.4.14)

Hence,
1 / (A(Qn)Vr, Vor )diy = / (A(Q)Vo, V)dz. (3.4.15)
1Bl /s ’ Q ’

Using the uniqueness of the solution to Gauss equation (1.2.5), we easily prove that

1

A(I)(Kz> — AB[Q] = ®A[Qn] := Pa(2)

and then
1
|B]
In view of this rescaling, it makes sense to investigate the behavior of critical values and
critical points of E¥/A(, -, Q) as A tends to zero (limit case of small particles) and to
+oo (limit case of large bodies).
In what follows, we discuss the small-particle limit.

E"(Qa, up, 0p; B) = £4(Q,u, @; Q). (3.4.16)

Theorem 19 Let Q C R? be a simply connected and Lipschitz domain, let g(z) €
HY(Q,R3) with divg = 0. Let fmee as in (2.1.1), as in (3.4.7) and define (here
X=Fr,UB)

sk
ele

(19 + @ Va0 ds - Fi(@)

cx(Qu) = on H'(92, Qx) x H'(,R3), divu = 0
+o0 otherwise in L*(Q, M3*3) x HY(Q,R3),
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L (E9Q7 + fcl@ Tw)do - (@)

*y,0 _
£.x7(Qu) = on HY(, Qx) x HL (Q,R%) + g, divu = 0
+o00 otherwise in L2(Q,M3*3) x H'(Q,R3).
Then
F(UI)- hI_El ng E;:LGCX (3417)
e——+00 ’
and
/ *y,9 _ ox['y,0
I'(c")- 11141_1 E X7 =E 0% (3.4.18)
e—+oo ’
where
[ fuecl@ Ve = (@)
mee,x (Q, 1) = on {Q € HY(Q, Qx),const} x H(Q,R?),divu =0
+00 otherwise in L*(Q, M3*3) x H(Q,R3),
/fmec(viu)dm ;le(Q)
Eme%(Q,u) = “ 1 | 3 -
Emeex (Q on {Q € H'(Q, Qx), const} x Hy (,R%) +g,divu=0
+o0 otherwise in L2(Q, M>*3) x H'(Q,R3).

Proof It is enough to apply Theorem 18 together with Proposition 13. We recall that

*. is continuous (see (3.4.12)) with respect to the convergence Q; — Q s-L?(Q, M>*3)
with {Q,} C L*(Q, Qx), where X stands either for Fr,U or B. O
To obtain the convergence of minima and minimizers of & X (Q, u), we have to verify
the equicoercivity of the functional. This condition is tr1v1al for all the functionals
analyzed in the previous sections and also in the presence of the magnetostatic energy.
Let Q € H'(Q, Qx). By minimality and (1.1.13) we have

2 .
M/Q|v¢oy dr > /Q<A(Q)V¢O,V¢>O>dx > inf H%/Q(A(Q)ng, V)dxz(3.4.19)

HL (©
pe F¢(

Now, recalling (2.2.26), we can write (here €2 > 0 is assigned)
/ {82]VQ\2 + p|E(Vu) — Q% + (le u)? }da: (3.4.20)
Q

- mf <A Vo, Vo)de > g2 |VQ| dx + Cy |E (Vu)|?dz — Const,
¢eH} (V)+do

for every (Q,u) € H'(Q, Qx) x H'(Q,R3), where X stands either for Fr,U or B,
and hence equicoercivity is obtained in H(, Qx) x H'(Q, R3) by applying Korn’s and
Poincaré inequality and the fact that L2(, Qx) is a bounded set. As a consequence,
we obtain the following theorem.
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Theorem 20 (Fundamental theorem of Gamma-convergence) Under the hy-
potheses of Theorem 19, there follows (here X stands either for Fr,U or B)

min ETwg — lim min &9 | (convergence of minima).
. ) ] - 2
(Qu)eL (M%) T (Querr @)
x H(Q,R?)  H(Q,R?)

Then, let {Qj,uj} C L2(Q,M3*3) x HY(Q,R3) be a minimizing sequence for {S*F“ 9}

(i.e. lim; & . “’g(Q],u]) = lim; inf&’:jlj}(’g). Then, up to a subsequence, Q;, — Q,

uj;, —uin LQ(Q,I\\/JI?)X?’) x HY(Q,R3) and with Q constant, where
5:11;727’?( (Q,u) = min 5;1;”2’% (convergence of minimum points). (3.4.21)
(Qu)eL?(QM?*?)
x HY(Q,R3)

Proof. This is a standard result. We can take a minimizing sequence (Qj, u;) directly
in H1(Q, Qx) x H%M(Q,R?’) + g(x) with divu; = 0 such that

lim inf €*F}L(’9(Q], u;) = liminf min 5;1“3(,9 . (3.4.22)
Jj—+oo Jj—+oo (Q,U)EL2(Q,M3X3)
xH'(Q,R3)

Thanks to (3.4.20), up to a subsequence we have
ij - 6 w'Hl (Qa M3X3)7 ﬁ]k —u w'Hl(Q7 Rg), (3423)

to some Q € H'(€2, Qp) and u € H}. (2, R?)+g(z) with divu = 0. In view of Theorem

18, Q must be constant. Now we regard Q.. U, as a subsequence of a new sequence
Q;,u; defined as

_[Q, =g Uy, =k
Q _{ Q otherwise, T otherwise, (3.4.24)

so that Q; — Q, u; — u and

lim £79(Q;,,1),) = hmﬁnfé’* ©9(Q;, ;). (3.4.25)
i—

k—+o0 X
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We then have

lim sup min S:rg(’g < min 5:11;12’& < (3.4.26)
. VR 3
I | (Qu)eL?(@MP*?) (Qu)eL?(Q,M**%)
x HY(Q,R3) x HY(Q,R3)
*u,9 (@Y = : ; *[u,g : : *[u,0 1 A E —
Eeex Qo) < lim inf €7 57(Q;, uy) < liminf €7 *5(Q;,, 0j,) =
3 j—+oo 9 k—-4o00 Jk>
s s g/ A AN T . *[y,g
hmlnf&'aj’X (Qj,u;) = liminf min Saﬁx
J—+oo J—+o0 (Q u)ELZ(Q MSXS)
x H'(Q,R3)

The first inequality in (3.4.26) follows from the limsup inequality, the second in-
equality is a trivial fact and the third inequality follows from the liminf in-
equality. ~ Then, the extraction of the subsequence as in (3.4.24) yields the
fourth inequality, and the remaining equalities are a property of the minimizing
sequence. [l

Gamma-convergence results for a min-max problem

The previous theorem may be interpreted to obtain Gamma-convergence-like results
for min-max problems. Since a literature on the asymptotics of min-max problems is
missing to our knowledge, in what follows we simply extend the terminology of Gamma-
convergence for minimum problems to the case of min-max problems. Setting e? = x2/A?
in (3.4.16) and dropping the dependence on the domain in (3.4.13), we label

E(Quud) = [ (FIVQP + fc@ V)~ (AQV6.VS))dr, (3427
Smec(Q, u, ¢) = / <fmec(Q, VU) — (A(Q)V¢, V¢>>dw. (3.4.28)
Q

Corollary 8 (Fundamental theorem of I'-convergence for min-max problems)
Let %, Enmec defined as in (3.4.27) and (3.4.28). Under the hypotheses of Theorems 12
and 20 (here X stands either for Fr,U or B) we have:

1. (Convergence of min-max values)

min max Emec = lim inf max &
(Qu)EH (2,0 ) constx  $EHE, (2)+60 I7 |l (Qu)eHL (Q,Qx)x  PEHD, (D +do

Hi (2,R?)+g,divu=0 HY (2,R?)+g,divu=0
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Then, denote with ® = ®[Q)] the solution to Gauss equation (1.2.5). Let {Q;,u;,®;} C
H'(Q, Qx)x {H%H(Q, R3)+g,divu = 0} XH%d)(Q)—}-qSo(a:) be a min-mazximizing sequence
for {&%i}, i.e.
lim £%(Q;,u;,®;) = lim inf max  £9(Q,u, o),
j——+o00 ( YRR} J) j—+oo (Qu)EH(Q,Qx)x ¢eH;¢(Q)+¢O
H%u (Q,R3)+g,divu=0

Then, up to a subsequence, Qj, — Q, uj, — W in L*(Q,M>*3) x HL(Q,R3) with Q
constant and ®(Q;,] — ®[Q] s-H(Q), and:

2. (Convergence of min-max points)

Emec(Q, 1, P[Q]) = min max Emec(Q,u, @).
(Q,u)eH (Q,Q9x),const ¢€H11‘¢(Q)+¢0

X H%u (Q,R3)+g,div u=0

Proof. We only notice that, thanks to Proposition 1.2.2, ®[Q;,] — ®[Q] s-H'(Q) as
Qj, — Q. O
Remark 22 By virtue of Theorem 12, the result of Corollary 8 can be written in the

following alternative way.

1. (Convergence of min-max values). It is equivalent to:

min Emec(Q,u, @) sub Gauss law (1.2.5)} (3.4.29)
(Qvu)eHl (Q,QX),COTLSt,
><H1¥u (Q,R3)+g,divu=0

~ lim inf {5€j(Q,u, ¢) sub Gauss law (1.2.5)}
Jmteo (Qu)eH (2,0x) x
H%u (Q,R3)+g,div u=0

2. (Convergence of min-max points). It is equivalent to the following formulation.

Denote with & = ®[Q] the solution to Gauss equation (1.2.5). Let {Qj,u;,®;} C
H'(Q, Qx)x{H} (Q,R?)+g,divu = O}XH%¢(Q)+¢O(x) be a min-maximizing sequence
for {€%}, i.e.

11I+I1 E% (Qj,uj,fbj) = (3430)
j—+oo
lim inf £9(Q, u, ¢) sub Gauss law (1.2.5)}.

I=H (Qu)eH! (2,0x)%
Hllu (Q,R3)+g,div u=0
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Then, up to a subsequence, Q;, — Q, uj, — uin L*(Q,M>*3) x H}(Q,R3) with Q
constant and ®[Q;,] — ®[Q] s-H*(Q) and

gmec(Q>ﬁv ‘P[Q]) = min Emec(Q, u, @) sub Gauss law (1.2.5)}‘
(Qu)eHY(22,9x),const
xHf, (QR?)+g,divu=0

Remark 23 Theorem 20, Corollary 8 and Remark 22 still hold for models of compress-
ible elastomers, that is in the absence of the constraint on the divergence of u. The
proofs are even simpler since it is not necessary to take sequences {u} with divuy = 0.
Moreover, it is not necessary to take the boundary datum g(z) with divergence equal
to zero.

Open problem. The above results describe the asymptotic energies of small particles
in the presence of an applied electric field. The main ingredient in all the proofs is the
continuity of the electrostatic energy % (Q) (that is, Fee(Q, ¢) under the constraint of
Gauss law) in the strong L?-convergence. This is a standard result for elliptic integrals.

On the other hand, the analysis of the large-body limit in the presence of an applied
electric field is extremely difficult. In general, if we denote with ®[Q] the solution to

Gauss equation (1.2.5), then it is not true that
2[Qy] — @[Q] s-H'(Q) as Qp — Q w-L*(Q,M*?)  (h — +00)

and Q — F%_(Q) is not continuous in the weak topology of L?(£2, M?*3). As a conse-
quence, The characterization of the energy of the system in the presence of an electric
field in the large-body asimptotics does not follow from the construction contained in
the previous sections and is an open problem. In particular, we recall that the explicit

characterization of
it [ (AQuTOIQ. VEQu)dr Qu = Q u-L2(@, 15
Q

with {Qp} C L?(Q, Qx), X = Fr,U, B, can be obtained only for special sequences of
matrices, while in the general case is unknown [22, Chapters 24 and 25|, [47].



Chapter 4

Relaxation of anisotropic energies
for nematic elastomers

4.1 Introduction

In this chapter we introduce non-convex functionals for nematic elastomers which have
to be interpreted as the anisotropic versions of the models studied in Chapter 2, and we
find explicitly the relaxations. We show that the relaxation of an incompressible model
is obtained as the pointwise limit of the relaxation of the compressible energies. The
result is obtained letting v : S — R? be the mechanical displacement constrained in the
plane-strain geometry (see below).

4.1.1 The mechanical model

Let F € M?*3, Q € Qx where X stands either for Fr or B and define
1
Free Q. F) = SC(E(F) —7Q) : (E(F) —1Q) + BulE(F) —yQo[* = (4.1.1)
A
HE(F) = YQI* + BulE(F) — yQo|* + J(tr F)* =
A
HIEQ(F) = 7QI* + BulEo(F) —1Quf* + (5 + & + 85 ) (rF)2

The matrix Q,, which is given in the form Q, = n, ® n, — (1/3)I, with n, € S,
represents the order tensor at the moment of the formation of the crosslinks, that is
when the nematic molecules are oriented along the direction n, and the topology of the
chains is frozen. Then, (§ is a non-negative parameter which is responsible for anisotropy.
In fact, we note that the energy density fﬁmc obtained for 8 = 0, which has already been
investigated in Chapters 2 and 3, is isotropic, in the sense that

fnec(RQRT, RFRT) = %C(MRFRT) ~yRQR”) : (E(RFR”) - yRQR") (4.1.2)
= %C(E(F) - VQ) : (E(F) - VQ) = fr())mec(Q7 F),

102
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for every R € SO(3). It is immediate to verify (4.1.2) by noticing that E(RFRT) =
RE(F)R”. In particular, f0_. is a non-negative function which is equal to zero only if
E(F) =~Q, with Q € Qx where X stands either for F'r or B.

On the other hand, if 5 > 0, then (4.1.2) does not hold and fﬁlec is an anisotropic
function. We notice that, in this case, fﬁwc is a non-negative function which is equal
to zero only if Q = Q, and E(F) = vQ,, i.e. if the mechanical strain can reproduce
the order tensor Q, at the moment of the formation of the crosslinks. The presence of
the microscopic variable Q can be averaged out in order to obtain a macroscopic model
(see Paragraph 2.1.1) where the order tensor is directly imposed by the strain. If we
minimize (4.1.1) in Q, we obtain

FUF) 5= Jint [, (F) = udist? (8(F), 7 Qx) + BulE(F) —1Quf* + S (r PP, (4.13)

where X stands either for Fr or B.

As above, f% is an isotropic function, in the sense that f%(RFRT) = f%(F) VR €
SO(3), while f§ is anisotropic for 5 > 0. Moreover, fg is a convex function, since the

anisotropic correction F +— Bu|E(F) — yQ,|? is convex. On the other hand, f}gr is not
convex.

4.2 The two-dimensional plane-strain model

Let us consider a domain  C R? in the form Q = S x (—4§,d) with § > 0 and S C R2.
In view of the orthogonal decomposition (0.1.52), we write any matrix F € M3*3 in the
form F = E + F¥*. We make the assumption that the mechanical displacement and
the director have fixed components in the direction iz (plane-strain model). Precisely,
we assume that the strain field and the order tensor are constant along the direction
i3. We write the director in the form n = (1, 0), where 1 = (n1,n2) € S! and we take
the original orientation of the molecules in the sample in the form n, = (n,,0), where
N, = (no1,Me2) € S'. Tt is not restrictive to write n, = (1,0): if this is not the case, it
is always possible to change the reference frame so that this becomes true.
We adopt the following parameterization for E € M3X3 Q € Qp, and Q,

sym
e;1 e O n% — % ning 0 % 0 0

E=| e e 0 |, Q=] nmny ni—% 0 |.Qo=|0 -1 0 [421)
0 0 e 0 0o -3 o o0 -1

where eg = —v/3. For convenience we define the sub-matrices

2 1 2 1
~ €11 €12 ~ ny — 3 ning ny — bl ning 1
E .= . Q= , 4] = , |t el422)
€12 €922 ning ns — 3 ning ns — 5 6

1
2 0 >+1I. (4.2.3)

O win
I @]
Lol
SN~—~
I
7/ N
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We introduce the two-dimensional version of the set of Frank tensors

QFtim .= {Q € Mg:;m + %I : spectrum(Q) = {—%7 ;}} (4.2.4)
= {Q € Mg:fm + él : spectrum(Eo(Q)) = {—%, %}},
and the two-dimensional version of the set of de Gennes tensors
QQBdim = {Q € Mg;fm + éI : spectrum(Q) € [—%, ;} } (4.2.5)
= {Q € Mg:y%n + éI : spectrum (Eo (Q)) € [—é, %} }

If we introduce the deviators of the sets QQF“ﬁm, QzBdim

' 11
EO(Q%’C?""”) = {Q € M?);;m : spectrum(E(Q)) = {_5, 5}

m
|
N | —
N | —
| I
—

Eo(Q%™) = {Q € MZx” : spectrum(E(Q))
2dim 2dim :
then Q77 , QF"™ can be written also as

. 1 ‘
03 — {Q €M, + 1 sectram(o(Q) € B (037}

QHfim — {Q € Mgzy% + éI : spectrum (Eo(Q)) € EO(QQBdim) }

In view of the parameterization (4.2.1), the mechanical energy density in (4.1.1) reads

~ ~ ~ N N/ ~ 2
[hec(Q.F) = u[E —1QJ* + BulE — 4Q,|* + §(trE — %) : (4.2.6)

For simplicity, in what follows we drop all the superscripts and we write (4.2.6) as

£2.(Q,F) = u|Eo(E —1Q) |” + Bu|Eo(E — 7Q,)|” + K7 (trE - %)2 (4.2.7)

where

K= (% +5+ ﬁ%) (4.2.8)

As in (4.1.3), we introduce new macroscopic models by minimizing (4.2.7) in Q

gx(F):= inf fB (QF)= (4.2.9)
QEQQXdzm

. 2 9 | A 7\ 2
(inf plB-4QR) + BulE QP + S (0 E- 1),
QeQdim 2 3
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where X stands either for F'r or B. In the case X = F'r, we can express the dependence
of 91@7« on the components of the 2 x 2 strain matrix introducing the new function

~ e11 — €22\ 2 2
gg‘r(F) = glgr(eu, €292, 612) = M{2(%> + 26%2 + % — 2’)/ QM (EO (E))} (4.2.10)

€11 — €99\ 2 2 e1] — e 2
+ﬂu{2(H) + 2efy + T QV(M)} + K1 (611 + e — l) )

2 2 2 3
where )/ is the largest eigenvalue of Ey(F), equal to
€11 — €222
O (Eo(E)) = \/(”222> + e, (4.2.11)

It is straightforward to write §g7, and gfﬂr as

> el — e2)? 2
Goo (€11, e, €12) = (1 + ﬁu){2<7> +2e2, + l}_

2 2
(4.2.12)
QMV\/(EH2€22> +ely - 275”(%) + Ky <e11 + e99 — %) ,
9 (F) = (1 + Bp)dist® (EO(F), 2R EO(Q%cggm)) n
(4.2.13)
N L p e11(F) — eqa(F)
Kur(® =) ey (4 5) —20m(F57),
where
"
R=5133 (4.2.14)

and e;;(F) (i,j € {1,2}) are the components of the symmetric part of F, that is e;;(F) =
(Fij + Fj;)/2. As anticipated, we calculate explicitly the quasiconvex envelope of gg.
Since glg is convex, the result in the case X = B is trivial. We are left with gf,T. In
the following, we may adopt the notation (glgr(F))qC = (ggr)qC(F) and similarly for the
other envelopes.

Proposition 14 Let F € M?*? and denote with e;; = e;;(F) the components of E =
E(F), i,j € {1,2} . Let ggr as in (4.2.9) (X = Fr) and define

G4(F) = (u+ G)dist® (Eo(F), 2R Eo(Q3™) ) +
(4.2.15)

(e = 37 (SE2) - (L2208

Then
(ggr)qc(F) = g4 (F). (4.2.16)
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Remark 24 We write the function gg introduced in (4.2.15) in components. Let
52(6117622,612) = gﬁ(F) defined as

~ . e11 — €92\ 2
9%(6311,6227612) if (%) +ely > R?,
2, 42
~3 _ Y (5 +25) (611—622) ( 7)2
€11, €22, €12) = 7 -9 —_ = K — —)(4.2.17
ga(e11,e22,e12) g 155 Buy 5 + K 6112-1- €2~ 3 ( )
i (611;622> _|_€%2 SRQ‘

Proof. To find the quasiconvex envelope of g?,r it is enough to prove that the rank-one

convex envelope of ggT coincides with its convex envelope and to apply (0.1.58). We
show that

(92, (F)) < g4(F) < (g7, (F))° < (g2, (F))". (4.2.18)

The last inequality follows by definition (see (0.1.58)). To prove the second inequality,
we rgcall equations (4.2.13) and (4.2.15). Since Q%M ¢ QXim then gf‘ < ggT and, since
QQBd”” is convex, gﬁ is convex (because it is the sum of convex functions). By taking
the convex envelope of ggr we obtain gg < (wa)c. The proof of the first inequality
requires an explicit construction. Let us write the orthogonal decomposition of any
matrix M2*2 5 F = Eo(E) + F** + (trQF)I, and let us parameterize the symmetric and
the deviatoric part as follows

_ [ e en2 _ a 0 €11 — €2 .
E(F) = ( ey € > , Eo(F) = ’y( 5 —a ) , Yo = — 70 = e19. (4.2.19)

Notice that if (£15°22)? 4¢3, > R?, then there is nothing to prove because 9}/6«“7« = gﬁ.

Now, suppose that (%)2 + €2, < R?, namely

1

(@*+) = Gagp

(4.2.20)

We employ a lamination construction, that is we find two matrices Fy, Fo with rank(F;—
F2) <1 such that F = (1 — v)F; + vFg with v € [0,1] and gﬁ(F) =(1- V)ggr(F1) +
yglﬁ:r(Fg), thus realizing the minimum in (0.1.57). In order to obtain such matrices, we
define

5 -0 0 4
Eo,l_’7<§ —a)’ EO,Q—’Y<_OiS _a>, Wl:—’y<_(S 0), (4.2.21)

with

6= \/(2;2@2 — a2 (4.2.22)
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Let
v = 7(1 - :). (4.2.23)

Notice that, in view of (4.2.20), then 0 < v < 1 and (1 — v)é + v(—0) = 6, and
Eo(F) = (1 — I/)E()J -+ I/E072. Define

W :=F% — (1 - 20)W, (4.2.24)
and, finally,
— trF —~ trF
Fim B+ Wi+ W OB p Cm, - wy W r2 )1 (4295)
It is straightforward to verify that F = (1 — v)F; + vF5 and, since
a 20 a —25
E0,1+W1—7< 0 —a ), E072_W1—’7< 0 —a >, (4.2.26)

that rank(F; —F3) < 1. Then, a direct computation shows that the eigenvalues of Eg 1
and Eg2 belong to QREO(Q%%}'"‘) and hence we have

9o (F1) = g, (F2) = (4.2.27)
2,32
l ﬁ +2ﬁ B 611(F) — QQQ(F) B z 2 B
IU’2 ( 1+ 8 > 25#7( 5 >+K[[(tI‘F 3> =ga(F).
Now, thanks to the representation formula (0.1.57), it follows that
(97,)"(F) < (1 = v)gf,(F1) + vg}, (F2) = g} (F). (4.2.28)

g

4.2.1 The compressible elastomers: relaxation theorem

Theorem 21 Let S C R? be a Lipschitz domain and denote with OSp an open subset
of 0S with positive surface measure. Let ggr, gg as in (4.2.9) and gfl as in (4.2.15). Let
vo(x) € HY(S,R?). Let us define (here X stands either for Fr, A or B)

GH(v) = / 95 (Vv)dz, Vv e H'(S,R?) (4.2.29)
S
G[)?(,vo,asn (V) — /Sgg((vv)dx on HéSD (S7 RQ) + VO(x)7 (4230)
+o0 otherwise in H'(S, R?)

Then,
@?r _ Gia élﬁr,:oﬁSD _ GZ,UO,GSD’ Gﬁ _ G%, C%voﬁSD _ G%%,@SD. (4.2.31)
It then follows

: B,v0,05p _ ; B0,05p
Hll(gﬁRQ) Gy, (v) = le?;’rﬁz) Gy (v). (4.2.32)
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o6l 1 0.4}
03f
0.4f, 1
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ey
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Figure 4.1: Level-curves of ﬁ{ﬁgr — Krr(e11 + ean —v/3)?} and the circumference of

coordinates X2 + Y2 = R?. The vertical lines correspond to the level curves of the
laminated energy. LEFT: § = 0.2, RIGHT: § = 2.

Proof. In the case X = B there is nothing to prove because the functionals are convex.
For X = Fr, the result is an applications of well-known theorems (see [1] and [8, The-
orem 2.3 ]). The relaxation is the integral of the quasiconvex envelope. By Proposition
14, we have that (gf;r)qC = gf‘. O

4.2.2 The incompressible elastomers: relaxation theorem

Theorem 22 Let S C R? be a Lipschitz domain and denote with OSp an open subset
of 0S with positive surface measure. Let ggr, gg as in (4.2.9) and gf‘ as in (4.2.15). Let
vo(x) € HY(S,R?) with divv, = v/3 a.e. in S. Let us define (here X stands either for
Fr,A or B)

8 1 2y 35 _
gé(v) :: /SgX(Vv)dq: on H'(S,R?),divv =~/3 (4.2.33)
+o0 otherwise in H'(S, R?)
B 1 2 : _
éa(,fu,,,asD (v) = /ng(vv)dx on Hyg (S, R*) + vo(z),divv =7/3 (4.2.34)
+00 otherwise in H*(S,R?)
Then,
— — UO,BS Vo — — ,Uo,as Vo
Gr, =G G =%, Gh=g), G =gt (4.2.35)

It then follows

: B,v0,05p _ ; Bv0,05p
il I ) = 1l 94T 230
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Proof. Again, for X = B there is nothing to prove because the functionals are convex.
We prove that ?ﬁir = QZ. We employ an idea due to Braides® and already used in
Chapters 2 and 3. To start, we prove that Gﬁr > gf,. Let us define

ol 2
g2 = g2 (F) + h(trF - §> - (4.2.37)
. A ¥ 2
_ 2 _ 2 A 7
Qelél%{d:mulE(F) QI + BulE(F) —vQol” + (2 + h) (trF 3) ,heN

and

Gpl(v) = / gl (Vv)dz, Vv e H'(S,R?). (4.2.38)

S

By Proposition 14, the relaxation of G’gf is Gi’h, that is the functional obtained by
integrating in S the energy density defined as

PE) = () + h(trF - 1)2 — (1 + Bu)dist’ (EO(F), 2RE0(Q%.§”W)) T (4.2.39)

3
72 3 e11(F) — exn(F)
“?(ﬁ+1+ﬁ)_25w( 2

)+ (K + ) (rF %)2

By applying a well-known property of the Gamma-convergence (see Proposition 2), we
observe that

I~ lm G =T- lm Gp'=T- lim G} =supGR". (4.2.40)
h

h—+o00 h—+o00 —+00

Then, by Beppo-Levi’s Theorem, we can compute the supremum in (4.2.40) by taking
the pointwise limit of the energy densities

8 .
i [(02)"] = sup g3 = { AE) HUF =1/,
hETOO[(QFT <F)) s%p ga" (F) { 400 otherwise,

and hence
sup G = G~ (4.2.41)
h
We note that the Gamma-convergence in the weak topology of H' is equivalent to the

Gamma-convergence in the strong L2-topology by Korn’s inequality (0.1.53). Then, by
definition we have

g > G vheN. (4.2.42)

By taking the supremum in h and taking the relaxation of both sides, we obtain, thanks
to (4.2.41):

G, >G5 (4.2.43)
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The second inequality ?@T < gﬁ is trivial if divv # /3. Then, in what follows we
suppose v € H1(S,R?) and divv = 7/3. We show that there exists a sequence {z,}
with divz, = 7/3 and z;, — v weakly in H'(S,R?) such that

Gh (v) < lim inf G7, (z1,) < lim inf G2 (v), (4.2.44)
——+00 —+00

for any sequence {v,,} in H'(S, R?) weakly converging to v. This yields the claim since,
in view of Theorem 21, we have

gﬁ(v) = inf{lim inf Gg’f(vh), v, = v w-H(S, ]R2)} (4.2.45)

mf{l}imlnfGﬁ’ (i), v, = v w-H'(S,R?),v), — v € HL(S, R2)}
——400

Moreover, we can assume that the right hand side in (4.2.44) is finite and also uniformly
bounded by some constant, so that

|div vy, — /3HL2 < Const/h = div vy, hoop v/3 s-L3(S). (4.2.46)

By Proposition 1 (with p = n = 2), there exists some w;, € H!(S,R?) such that

{ divwy, = div (v — v) = divvy, — /3, (4.2.47)

IWallg(seey < Colldivva —7/3[L2(s),

and, in view of (4.2.46), we have that wj, — 0 s-H'(S,R?) as h — +o0o. Then, if we
define

Z}, = Vi, — W, (4.2.48)

then z;, — v w-H'(S,R?) as h — 400, with z;,— v, € H}(S,R?) and divz;, = v/3. Now,
recalling that the distance is a Lipschitz function, the following inequality is straight-
forward

97, (F1) = 67,(F>)| < Const[E(F1) — E(Fa)| (IE(F1)| + [E(F2)| +1),  (4.2.49)
VF,Fy € M?*2. To conclude, we write

?gr( ) < liminf QF,,(zh) < hm inf gF (zp) < hmlnf/ ggr(vh)d:z—l—
S

h—+o00 ——+00 h—4o00

(4.2.50)

lim )/ggr(vh)dx—/ggr(zh)dx <hm1nfGﬁ’ (vy) + 0.
h—+ool /g s h—+o0

The third inequality in (4.2.50) holds because divz;, = 7/3 and the last inequality is
due to (4.2.49).
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This proof can be easily adapted also for the relaxation of functionals with slightly
different boundary conditions. The relaxation result is immediate for the functional
(4.2.34) with X = Fr and where 0Sp = 95 that is

B 1 2 .
V0,0 9p,(Vv)dz on H,;(S,R*) + v,(x),divv =v/3
RN By L% (S, %) + v, () B sy
+00 otherwise in H'(S,R?).

Then, the general case with 0Sp # 0S5 is due to an abstract argument, since, for any
v € H'(S,R?), we have

géﬁ'{,@o,O(V) Z g?{,ﬁo,asD (V) 2 gé;((v) (4252)

where v, = v. Hence, the relaxation of Q)ﬂf"’asf’ is equal to Qg on the subspace

H éSD (S,R?) + ¥, and +oo outside (because the subspace is weakly closed). O

Discussion. The physical interpretation of this relaxation result is still under
investigation[’®l. In particular, we believe that a more explicit characterization of the
microstructure developed by Gﬁ and gﬁ may arise from the analysis of the family of
energies

J{EIVQE + uE(Tv) =P + BHE(T) ~1Q P e

(Q.v) — on H(S, Q2lim) x H(S,R?) + v,(x),divv = 7/3
+o0 otherwise in L?(S,M?*2) x H'(S,R?).

as € — 0, which is left to a forthcoming paper[4.
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