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1 Introduction

Quantum effects in a physical system are often effects of interference of electrons.
They can be seen if electrons remain coherent in the system, so that the size of
the system L < Ly =coherence length. The coherence can be destroyed by inelas-
tic processes (electron-electron and electron-phonon interactions), being imune to
elastic processes (scattering on impurities). By elastic we mean a proceses con-
serving energy of an electron.

Consider a system of an intermidiate size: | < L <« L, where [ is the mean
free path of an electrons between scattering on impurities. Passing through the
system, an electron gets scattered by impurities many times — so called diffusive
regime. Still electrons maintain coherence so that we are able to observe beautiful
quantum effects [1].

Consider a mesoscopic ring pierced by magnetic flux. Without taking interac-
tion into account it is clear that all physical quantities will depend periodically on
magnetic field: in fact, energy levels of such a system are flux-dependent, and the
state of the system will be repeated every time an energy level passes through the
Fermi level, because under the Fermi level there are still many energy levels left.

Once energy levels become flux dependent, a persistent current [2] arises ac-
cording to

e OB s [T _
=535 T /.EFdE fr(E)E = 3 fr(B) B

This current does not need electric field to be preserved, it is nonzero also in an
equilibrium state.

An interesting part of mesoscopic physics is represented by nonequilibrium
systems. Studying them is complicated by the fact that one has to take interaction
into account. In fact, without interaction there would be no relaxation; both time
directions in the system would be equivalent. The interaction produces relaxation,
which is a cause for effects absent in eqilibrium. The study of such effects is the
main scope of this thesis.

We study persistent currents in mesoscopic systems in the diffusion regime
with periodic boundary conditions'. Our main tool in calculations is the disorder
averaging technique [3, 4]. We consider an ensemble of many systems (or samples)
having the same macroscopic characteristics. Each sample contains impurities that
form scattering potential U(r) for electrons; impurities are placed differently in
different samples. Using disorder averaging technique [3, 4], we study averages over

!Considering periodic boundary conditions is most convinient from the theoretical point of
view.




the ensemble of samples. The potential U(r) is supposed to be delta-correlated:
(UFU (7)) E(2mve?) ' 6(7 = 77), (1)

where 7 is the parameter characterizing the strength of disorder, and vp is the
density of states at the Fermi level. Eq. (1) reflects the assumption that the
potential of every single impurity is independent from the others.

The text is divided into three main parts: in section 2 we study current-current
corelator in a 2D system with periodic boundary conditions in magnetic field.
The system is assumed to be in equilibrium and the interaction is not taken into
account. It is interesting to note, that the anisotropy due to the applied external
vector potential is strongly suppressed, so that the result is almost unsensitive to
the direction of A.

The section 3 is devoted to the persistent current in mesoscopic rings out of
equilibrium. At first, the thermodynamic part of the current is studied in section
3.2. Then, its kinetic part is calculated in sec. 3.3. Most part of calculations that
alone do not lead to physical conclusions has been put in appendix (section 4). In
particular, this includes expressions for cooperon, diffuson and screened Coulomb
interaction for the case of energy-dependent density of states.

An important part of this thesis is the program? that strongly facilitates work
with diagrams of the disorder averaging technique using Keldysh formalism. Its
main function is generation of diagrams, selecting them (according to the loops
number and other criteria) and drawing the selected diagrams. During our calcula-
tions, this program (written in Mathematica®) permited enormous time savings.

2The program is missing in the printed version of this text. You can find it (together with
examples and instructions for usage) in the electronic version on arXiv:cond-mat.
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2 Current-current correlator in equilibrium
Consider two-dimensional disordered mesoscopic system with periodic boundary
conditions. An applied magnetic field generates circular persistent current in the
system [5]. In this section we calculate its second momentum (j,(7)js(7)) in a two
dimensional system with dimensions L, x L,. In equilibrium interaction usually
gives small correction to the main contribution of a physical quantity®, unless
without the interaction the result is zero. Thus we can hope that it is safe to
ignore interaction effects here.

The main contribution to the current correlator occurs from the first-loop dia-
grams in the disrder averaging technique.

2.1 General relations

From (A40) and (A41) we obtain formula for the current in case of no interaction
between electrons:

j(F) = / _“fT )5 (7, B), fT(E):T;%‘E‘Tﬁ (2)

(7, B) = 5= lim (V= Vi — 2ied) [GR(?’Z T E) = Ga(m 7 B, (3)

97’]’LT —7

From (A18) it follows that without interaction [Gr(7,7'; E) — Ga(7,7'; E)] =0
- for E < —Ex (given that £ = 0 corresponds to the Fermi level), so that the integral

7 in (2) converges.

From (2), follows the expression for the second current moment:

62

(Ja(7)Ja(F")) = m/_oo dEydEs fr(Er) fr(E2)x

0 15} 0 0
. _ o 0 o
lim < o 87‘3a zeAa> ( Bras  rap 226A5> X

[<GR(~‘17'F )GA<T27T41E2)> + <GA(F17F3;El)GR(F%F‘l;EQ))] . (4)

The second term in sqare brackets in (4) can be obtained from the first one (and
vice versa) by substituting: 7 < 75, 73 «+ 74 and F; < E,. This means that it
gives the same contribution as the first one.

Within the first-loop approxiamtion (j,(7)js(7")) is represented by four dia-
grams: two diagrams with cooperons (drawn on fig. 1), and the other two with

80ut of equilibrium this is not correct; Taking interaction into accout can drastically change
the value of a physical quantity. An example is the current studied in sec. 3.2.
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Figure 1: Two one-loop diagrams for (j(7)7(7')) drawn in two different ways: a)
or c) is the short-range diagram, b) or d) is the long-range one.
Straight lines denote Green functions; wavy lines denote cooperons.

diffusons:
. e e? i
{Ja(M)Jp(7")) = o /_00 dE\dE; fr(Ey) fr(Ea)
. 5 9 o 2 o L
e <0r1a B 8r3a> K'@EE - 5@) (CR(7 7o BL)CA T Tas Bt
7'2,7‘4—’7‘
———é)———i (GR(71,T3; B1)Ga (T4, Ta; E2)) (5)
87’41[5’ 8T2ﬁ R\/1,73, 1 A\T4,72,L42))D | »

where (...)c and (...)p denote contributions from cooperon and diffuson diagrams

respectively.
In case of A = 0 diffuson diagrams cancel cooperon ones, due to the reason
that

(GR(T1,T3; B )GA(T2, T4; En))o = (Gr(T1, T3; E1)Ga(Ta, T2; E2)) - (6)

It is evident that the second diagram (i.e. b and d on fig. 1) should give
significant contribution to long-range correlations, while the first (a and c) does
not.

In the following two sections we calculate diagrams on fig. 1.

2.2 The short-range diagram

The short range diagram is drawn on fig. 1a) and c):

2 [e'e]
(ja(P)Jp(F )1 = _8—7;2—77?_/ dEdwfr(E) fr(E — w) / dd:zzldda:QC(:E’l, Tojw) %

OGR(T, 1) OGR(Za,T)

D Gr(Z2,7) — Gr(7, 1) Br.

- 2i6A&GR(’Fa fl)GR(f% fj X
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aGA( 3 L >GA(Q?4,77/> . GA(F/7CE,3)8GA(:B4,T )

87‘23 (,_)7”;3 — 2ZBA5GA<77/, fg)GA(:Z"4, ’I?/> 5 (7)
where C(%1, Ty;w) denotes cooperon defined in (A29) in coordinate space. All Gy
and G5 depend on energies £ and F — w respectively.

We have two spatial scales in our diagrams: [ and L, | << L. We are interested
in diffusion procceses on scales larger than [; Let us then approximate Hikami box
(without cooperon) from the diagram on fig. 1c (or two square brackets in (7))
with a combination of é-functions:

K8(Z — 7)6(s — 7)5(F — £1)0ap. (8)

There are four ways to write ansatz (8) in this form, but they are all equivalent.
To find K, we integrate the square on fig. 1¢) by z; and x,:

Kéag(S('F— ’F’) = /ddibldd{lig

2T (7, ) — Gl 2 27T T) it G (7, 50) G0, )|
Ore Ira
—/ = v =
DM 6, 7) — Ga (7,80 ST T) e 6, (7, 2)G 2 m} v
T g ‘ 6Tﬁ

0T, In momentum representation:

dd’;;‘ffd D1 + D2)ap exp [i(F — ') (71 — P2)] Gr(p1)Gr(p2)Ga(p1)Ga(ps) =
261(7 = ) [ 5222 papsGE(p)G3 (p) = Smur3phlapdy(F — ), d =2,

so that K = 8ruvr®p%/d. In (10) & stands for the approximate delta-function
a(R) = [~ 1& e*Rdk. Within the diffusion approximation, we can substitute 6
with §.
In section 4.1 we demonstrate that in (7) one can shift fr(E) by arbitary
constant; so, instead of Fermi distribution, we substitute fr(F) = —% tanh 5ET
After applying ansatz (8), only energy integration remains in (7), and the
shortest form it has in time representation:

(10)

GalPs(F)) = Kbaps(F— ) / "t (o), (1)
gr(t) = /:O dFE tanh % -sin(Bt)e™, e=+0, go(t)=1/t. (12)

where C(77;t) is the cooperon (A32) in coordinate representation. Later we ommit
index T in gr(t).




Using (A76), let us rewrite the result (11) in terms of Poisson harmonics:

C(rr;t) = m gexp [*(]ﬂ — Qe/Y)QDt} =
Zcos l‘Zwﬁ’mé;l -——1——~——exp {— v } : (13)
— ¢o | 8m2vDtr? 4Dt
where we used notations:
§ = (Lamg, Lymy)", & = (LaAs, LyA,)T . (14)

Finally we arrive to an expression

. A =/ — Q—; — —/ 62 * dt 2 y2
(ja(TYjp(T"))1 = Zcos {QWW’L%} O(F—r >@ﬂ'—)35aﬂ/o 9 (t) exp [_Z—D—%} .
(15)
Note that the result (15) is invariant with respect to rotation of é /b0 by m/2. The

contribution from the long range diagram (see the next section) does not posess
such invariance.

2.3 The long-range diagram

The long-range diagram is drawn on fig. 1b) and d). Its contribution to the current
correlator is equal to

Pl = ey [ ABAwfr(B)r(E = )

8m2m?

/ dig) 4C(FrEa: By)C (Fsis; Br) O (Ta, #1)Gr(Ta, T3) X

OGR(F, T1) OGRr(Zy, )
or, org

{GGA(F’, ) OG A (%o, 7)

GR(f4, ’F‘) — GR(F, fl) — QZ'GAQGR(_‘, fl>GR(f4, 7:‘):‘ X

87"% GA(%,T )—GA(T ,963) 8r’ﬁ

- 2ieA5G’A('F', fg)GA(fz, F/>:| . (16)
Like we did it before, in (16) we shift fr(E12) by 1, so that instead of Fermi

distribution, we assume fr(F) = —% tanh 5‘% All Gr and G4 have energy E and

E — w correspondingly. In (16) Green functions and cooperon self energies are in

the coordinate-energy representation. It is more convenient to work in momentum-

time representation.



In analogy with what has been done in case of the short-range diagram, let
us write approximate expressions for the triangulars with a combination of ¢ -
functions:

. |O0GR(T,T W L L L OGR(Zy, T
Gale 1) | B G 24, 1) — Gl 20) ST
—2ieAnGr(F, &1 )Gr (1, 7)] e2AE 1) =
26(7 = #)8(5 — 1) + J 22T =B 50z susr— P8 =T gy
Orq Ora
One can see that Z = 0.
For the left triangular on fig. 1d we have:
0GR (7 OGR(T:
Jo = —/d27“1d27”2GA(771 + 72)T1a { R(TI)GR(@) + Gr(71) R(TQ)J =
87"1& aTga
5= [ Gy + P [8§§<T1)GR<@> ; GR<7-*1>—~——~—8G5§;(”)} e
la 20

The expression for the right triangular on fig. 1b can be obtained from (18) by
substituting a — [, then Gr by G and vice versa. It is easier to calculate (18)
in momentum representation. One can see that J, = S, and they do not depend
on «, because

(9GR<7’2)
87‘2a
BGR('I"Q)
OT9a
OGr(P) _ 2mvrph
Opa  md

/ddTlddTQGA(T‘l -+ 7’2) GR(Tl)Tga

/dd’f’ldd’f';gGA(Tl +7‘2) GR(Tl)Tla =

. d=2, (19)

- [ S GuwmGut

so that J, = S, = —4mvrippl/d = J.
Like in sec. 2.2, let us switch to time representation:

2 o]
. . —/ o 2 € 2 1 a —_ a
(Ja(Fio( )2 = oy / dhdtag (%) lim (a a)

n,Eg—7

) o = oo, o .
(&cgg - axw) exp [—2’6614(531 — Ip+ I3 — 5E4)} C(£1%2;11)C(ZaZy; ta), (20)

where C(Z175;t1) and C(Z3Ty4;t3) are cooperons (A32) in coordinate-time repre-
sentation.




Then let us rewrite (20) in momentum-time representation:
exp I:—Q,Zef—f(fl - fg + fg — f4)} C(fln_"g; tl)C(fgfll; tg) =

S exp [iGu (81 — 72) — 2ie (@ — 7)) exp 10 (@ — 1) — 2ieA(%: - 72)|

@11»@12
1\ 1 - -
N 2 I 9
<27r1/72> (L) exp [ (Gn1 — 2€A) Dtl] exp [ (Gno — 2e4) Dtg] : (21)

Inserting (21) into (20) and making substitutions R, =%, — To, Ry = #, — s,
R =7—7"and then G, = Gu1 — G2, Gu1 — Dk, One obtains the spatial structure of
(20) (that is, its part after g?(¢1 + t3)):

1 ) o
(L,L,) 27w~~ Z eXp [ZR%] 2(22% —4deA — Gn)ap X
: Pk
exp [—(ﬁk — 2eA)2Dt; — (py — 2¢A — %)217753} ‘ (22)

where two indices denote diadic: pag = paps-

It is evident that (ja(f’)ja( V) = (ja(F")ja(T)), like that the substitution 7« 7
is equivalent to A — —A. From these two statements it follows that the correlator
should not depend on the sign of A. One can prove it using the symmetry*
integration by ¢; and t3 and then (after the change of variables from ¢; and 3 to
7 and 7y, see (23)) the fact that the integration by 7 is performed in symmetrical
limits.

From (A76) we deduce that »_. in (22) is equal to

LY e {mm ( = ﬂ [ oo i) fos 1.

MEZ?

where the integral is taken in (A77); ¥ and ¢ are defined in (14). According to
(A78), it is convenient to introduce new variables®:

Dtl + Dtg = T1, Dtl - Dtg = T9. (23)
Then

: s (! 1 ’ ! 2 i@n (F—T )
(5 (T)7p(F"))2 = —LILy_e_.g;%)_ Z gidn( ) _ zexp {2#2#&%}

dn

4To see this one should make in (22) a substitution px — Pk — Gn.
5The multiplier = 1/4 appears due to this substitution.
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*dn ¢*(n) (nd - i77)° Yy’
0 D 7_12 &P 47’1 P 27'1 .
™ dry 1 72q° — 2To7q
—= | 0q — e I 24
5 s o) S5

Due to the fact that sin [—ﬂ] = 0, (24) is invariant with respect to the substi-
tution § — —q: thus €™ in (24) can be changed to cos [, (7 — 7)].

2.4 Charge conservation

As a consequence of charge conservation law div j(7) = 0, second moment of the
current must obey the restriction:

S Gplal@ia(@) =0, a=1,2. (25)

p=1

Let us see how (25) holds for (15) and (24). The application of (25) to the last
integral [ 92 in (24) leads to an equation:

_(Mdn . 1 = = T3q7 — 2imyq| 21 q GUS qy
0—/ D( 2 QQ)exp[ i =5 Xp | | cos | T,

—T7

(26)
where Cj = 7o§—17. In (26) we performed integration by parts, using the fact that
9 73q° = 2im§q 3 759" — 2472Yq

e — = 27
O1s P { 47y 2/ qQ &P 47y (27)

From (26) we conclude that the expression (24) for the long-range diagram on
fig. 1b) can be divided in two parts. The first part obeys charge conservation law;

this means its Fourier g-harmonic can be written in the form f(§) [ B — qaqﬁ},

where f(q) is an arbitary scalar function.

The second part can not be proportional to d,3 because then the charge con-
servation law (25) gets inevitably violated. The only possibility to save the con-
servation law is to assume that it is proportional to q';gﬁ; then, together with the

contribution of the short-range diagram (15), it can form an expression f5(q)das —
fL(‘)q" , which will ensure charge conservation law (25), given f° = fL. From

(15), (24) and (26) one can see that this is really the case, so that we can rewrite
(24) in the form:

e . s 1 ])Fl 1 _,_*,‘,
@mmwm=LL@My%_Zm%rrn
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[ele] 2 g 2 2
/ dTlg (1) exp [———————-ﬁlq ) } exp {___y__} X
0 T1 4T1 27'1
Gegs\ [T dm 75" — 20| | Gadp ¢ yq
0as — —— ¢ 2. (28
{( ofB = )[ﬁ o exp{ I + 2 exp 2 cos 5 (28)

2.5 The final result

From (15) and (28) we see that the ¢, harmonic of our correlator has the form

GalPis) =S [cos (%m%) - 1} L;Ly Z cos (G (7 — 7)) <5aﬂ - Mf’) x (29)

77_"L7+—0 q'rL?éO

q2
e’ < dt , y? 1/’t . D(t? — t2)¢% — 2i(t' — )77
—¢*(t) exp | —-2— —— [ dt
oy ) 0o |5 {5 [ ; ’

* E
g(t) = gr(t) = / dEtanh—Q-—T— sin(Et)e™®, e=+0, go(t) =1/t
0

7= (Lymg, Lym,)", & = (LaAq, LA .

For T' = 0 the second string in (29) can be rewritten as
o [ Seven [
o | Fe e -] x

1 t tl? _ t2 t/ s
1-— ——/ dt’ exp exp |—2i | ——1 Y97k , (30)
2t J_, 174 t Yq Tq

where 7, = m?L?/4D, 7, = 4/Dq?, and 71, = /707 = mL/Dgq. The integral in
curved brackets has asymptotic

1! ¢ TR . ;
—/ dz exp [——(:}32—1)—21'(;5—-1) _y_g‘]'_rﬂ} ~ - /Ty S =
2 -1 Tq yq 'Tq <_t_) + (g[z‘zg> Tq

Tq Y9 Tq

> 1.

The integrand in (30) differs from zero for ¢ 2 77. One can check that always
Ty < Trq < 71. The higher Poisson (i) and Fourier (¢) harmonics are considered,
the stronger these inequalities are, and more isotropic their contribution to the
correlator becomes. This is just what we see on fig. 2: for small distances |7—7"'| <
L, where the higher Fourier harmonics ar important, the correlator is isotropic; in
the vicinity of the boundaries |7 — 7/| < L some anisotropy arises.

To conclude, the current correlator depends on the direction of the vector po-
tential, but the dependence is weak, and there is no analytical parameter that
controls it. Taking interaction into account can make this dependence more pro-
nounced.



(b) 25 Fourier and Poisson harmonics summed.

Figure 2: On the left: current-current correlator in coordinate space, T = 0. The
vector potential is directed along the y axis: gg/qbg = (0,1/3). On the right: the
~difference between correlators calculated for qg/ ¢o = (0,1/3) and 5/ oo = (1/3,0).
The correlator seem to have the symmetry the quadratic lattice it has been cal-
culated on; the direction of vector potential seems irrelevant. Both center peak
and anisotropy become more profound with enlargement of the number of summed
harmonics.

The current correlator was calculated numericaly in [5]; no dependence on the
direction of A was observed when the interaction was neglected. This dependence
became eveident once the interaction was switched on. The authors concluded
that there exist a transition between the situations with equilibrium and without
equilibrium.

On the contraty, we sostain that (numerically) weak dependence on the direc-
tion of A exists also in the case without the interaction; thus there is no transition,
but just a crossover between the system with and without interaction.
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3 Persistent current in a quasi-onedimensional meso-
scopic ring.

Consider a mesoscopic ring made of impure metal or semiconductor. If it is pierced
by static magnetic flux, then persistent current flows along the ring [2]. This cur-
rent does not require any electric field and is a manifestation of quantum inter-
ference effects. The direction and amplitude of the current depends on spatial
distribution of impuriries and varies from sample to sample. Given the circumfer-
ence L of a ring is much larger than the mean path between collisions, the average
persistent current is exponentially small [6] in a system without interaction®. In
equilibrium case it was studied in ref. [8].

The case when the equilibrium is broken by the external ac field has been
studied in [9]. The external field acted as a direct force acting on an electron
system connected to an equilibrium reservoir. This force kept the system out
of the equilibrium, while the reservoir maintained stable the energy distribution.
Here we consider another type of non-equilibrium steady state. In our case the
energy distribution of the reservoir is non-equilibrium, and there is no external ac
field acting directly on the electron system.

Out of equilibrium, any physical quantity has two contributions: thermody-
namic and kinetic (see the definition below). The kinetic part vanishes in equi-
librium. In the considered situation, when there is no external ac force acting
on electrons, it also equals zero without taking interaction into account; this is
because relaxation becomes its driving force.

During the calculations we consider diagrams in the first order of perturbation
theory. In addition, we take into account the renormalization of interaction in the
Cooper channel (see sec. 3.2.2) and RPA (see sec. 4.7). More careful approach is
described elsewhere (see ref. [25]).

When we perform calculations in momentum space, we calculate three dimen-
sional sums over momentum like ¢ > 7. In momentum representation, all three
components of momentum in the ring are quantized. For simplicity we consider
quasi-onedimensional ring, that is, a ring with a crossection S < L?, where L is
the ring’s circumference. Then the quantum 27 /L of a component of momentum
k., directed along the ring is much smaller than that for other two components k,
and k.. Because of this, in three dimensional sums —%7 >z, we can sum only over
the component of momentum k, along the ring’s circumference. In the sums over
k, and k,, we can leave only the term with k, = 0 and k. = 0; the contribution of
the others produces small correction of the order of S/L?.

8This statement is true for the grand-canonical ensemble.
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3.1 Thermodynamic and kinetic parts of a physical quantity

The stability of a non-equilibrium steady state is achieved by putting considered
system in a contact with a reservoir - another system large enough so that its
characteristics can not be modified by the considered system. The reservoir adds
a compensating term into the Neyman equation for the density matrix of the

system:
dp  0p

dt = ot

9%
ot

7 [A . ap
I ot
where %flext characterizes the power of the connection of the system to the reser-

voir, neccesary to maintain nonequilibrium steady state with a given energy dis-

tribution. X
The average value of an arbitary physical quantity O can be written in the

=0, (31)

int ext

form

O="Tr {ﬁé] ~ Tr [ﬁ’@’] +Tr [ﬁ”@”} =0 +0", (32)

where ¢/, O' and 5", O" denote diagonal and off-diagonal parts of matrices 3, O.
The diagonal part /' of the density matrix p has the maximal entropy possible
for the given energy distribution fg (see the proof in sec. 4.2). With /' one can
formally calculate thermodynamic functions like grand thermodynamic potential
Q and use thermodynamic formulas for the calculation of physical quantities. For

this reason we call the term O’ = Tr ﬁ’é’] in (32) thermodynamic one. E.g., for
thermodynamic part of the persistent current we have
:.’] o0

7 =Tt |pJ iy (33)

Q being the thermodynamic potential.

In equilibrium only diagonal matrix elements of a physical quantity enter into
the expression for its average value, and thermodynamic part of a physical quantity
is equal to its real value.

The separation of a physical quantity into its thermodynamic and kinetic parts
can be formally done in Keldysh technique [12], just like in terms of density matrix
(32). Let us demonstrate it for the case of the current density. The current density
7 is expressed in terms of the Keldysh component Gx of 2% 2 matrix Green function

[13) G = ( gR gi ):

j=TrjGCk,
where Gk can be divided in two parts:
Gg = Gx + Gk, Gy(E)=hp|Gr(E)—Ga(E)], (34)
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where hg =1 —2fg.

In equilibrium or without interaction Gx(E) = hg [Gr(E) — GA(E)] (see (A4l)),
so that Gj; = 0 and Gk = G%. Out of equilibrium, the interaction generates off-
diagonal elements in density matrix together with corrections to diagonal ones.

Applying the current operator to (34), we see that the current can be divided
into the sum of thermodynamic and kinetic contributions:

j=TrjGx =75 + 3" (35)

Let us analyse the expressions for j' and j” in the first order of the perturbation
theory in interaction. The correction to G due to the interaction is given by two
terms (corresponding to Hartree and Fock diagrams’):

6G = —4 S Une (0)G(p)¥*G(p) Tr [ [ d*qG(g)7*] +

1 ~ 7 (36)
§ 2w J AU ()G (0)7*G(p ~ 9)7" G(p),
’y'ilk = U§k7 ,Yzzkr = 5’51\’:7 ;)d/zlk = 5ik7 f?zgk = O-7l;k7 (37)
where o is the Pauli matrix (A87).
From (34) and (35) we obtain the expressions for j' and j":
1
"= S{(AAR — RAR) [(hg — hp-o) US — (1 — hehg_.) (U — US)}, (38)
i = %A{RR(U}? — 22U (1 = hghp_,) + RAA (U4 — 2U) (1 — hghp_y,)

+(RRR — AAAYhsUE — (1 — hghg_o)[RRR (UE — 2UE) + AAA (U2 - 2UM)]},

In (38), R and A denote ‘GR and GGa; bold stands for the position of the current

vertex, so that, for example, AAR = G4(E — w)G2(E)jGR(E); the integration
over F and w is assumed. The factors 2 in the expression for j” in (38) occured due
to the spin trace in Hartree terms. Looking on expressions (38), one notices that
in thermodynamic terms, the vertex is placed between Green functions of the same
type (both retarded or both advanced), while in kinetic terms it is placed between
Ga and Gr. This is connected with the fact that, according to (33), diagrams for
4" can be obtained by differentiating diagrams for the thermodynamic potential 2.
The diagrams for {2 do not contain vertices [3]. Taking derivative is equivalent to
cutting the Green function line (Ggr or G,) in two, inserting the vertex in between.
It is clear that such procedure can not produce diagrams with a vertex between
different two different Green functions.

"Note that T is taken also on spin degree of freedom in (36).
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3.2 Thermodynamic persistent current

The thermodynamic part of the persistent current was calculated in [8] in equilib-
rium. In this section we recalculate it for more general non-equilibrium case.

The thermodynamic part j' of the current is given by (35). It follows from
(A40) and (35) that

-, -, 1 - h
77 = [ EREBTEE), fr(E) =5, (39)
J(7.B) = o tim (Ve — Vo — 2ied) [Gr - Gu] (75 E),  (40)

where fr(FE) is the energy distribution function. When Green functions depend
only on the difference of their coordinates, (40) simplifies to

(7, B) = j(B) = iehvz; 3 [Galf, B) — Ga(F, B)] =
ﬁn
2 a1 _ . 5 odf €A
= —J (p)-f/- > [Gr(fn, E) = Ga(5,, B)],  1(F)= —i—p R —iev. (41)
Pn
In (41) one must insert expressions for diagonal components Gg/a of matrix Green
function G obtained in Keldysh technique (see sec. 4.6).

From (36) we extract the expression for §Gr — §Ga:
0GR —0GA =6 (G11 — Gao) =
52 [ uz {-i652.0)65 . 916E (2, Do U a (v, 2)+
iG¥ (2, 2)GR (2,y)GR (Y, ©)hwUpja(y, 2) -

1
3G (@, Y)GE (2, 2)GE (v, 2)hp-u U (v, 2) +
1 —w w w
§GA(m,y, e)GE ™y, 2)Ga(2,z,€)[hp_,Us(y, 2) — U(y, z)] — c.c} (42)

As aresult, we obtain four initial diagrams drawn on fig. 3. Two of them contain
only Gg or only G so that one can not insert cooperon or diffuson lines in them.
Due to this they can not depend on A and thus cannot give any contribution to
the current. Then we have 1 Hartree and 1 Fock diagram left, see fig. 3 b) and a).

According to the disorder averaging technique, the most important diagrams
are those with the minimal number of loops and maximal number of centers (that
is, bunches of Green’s functions). In the first loop approximation, the main contri-
bution is given by diagrams of Ambegaokar & Eckern [8] (Hartree and Fock ones)
depicted on fig. 4.




b d
a) Gn ) G c) e ) Cr
O -0
GA GR
Gr Gr Gr Gr

Figure 3: Diagrams for 6 Ggr without cooperon and diffuson lines. Thin lines denote
Green functions; thick lines stands for interaction.

(a) Hartree diagram. (b) Fock diagram.

Figure 4: Diagrams for the current, obtained from fig. 3 by addition of cooperon
lines (denoted by wavy lines); the coeficients are: thg_.,Ur(0) and —ihg_,Ur(w)/2.
One can note that (given the momentum transfered via the interaction line is large)
these diagrams are equivalent. The triangulars are equal to —4rv D73k /1.
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Looking on the diagrams on fig. 4, we see that every pair of points in the squares
can be connected by a path consisting only of Green function lines. In coordinate
space, Green functions (A10) decay exponentially: Ggra(7 — 7') o exp I T/',
where mean free path [ is the smallest spatial scale of the disorder averaging
technique. Thus the diagrams can be significant only when their interaction lines
are short-range, or, in other words, when they carry large values of momentum
> 1/l. Given this, the only difference between diagrams on fig. 4(a) and 4(b)
consists in the factor —2. As we pointed out before, 2 arises from the spin trace
in the Hartree diagram. By application of strong magnetic field, directed along
the ring’s circumference, one can polarize spins of electrons. Then the spin trace

would produce 1 instead of 2, so that Hartree diagram would cancel the Fock one.

3.2.1 Calculation of Hartree diagram

Let us calculate the Hartree diagram; the Fock one is two times smaller and has
the opposite sign, so that the final answer will be just half of the Hartree diagram
(as it is pointed out in the end of the previous subsection). The Hartree current
density is equal to (see fig. 4)

‘ dEdw A =, o (2mvT)? 1
= E (iev)2 —u D7k =
Ju /_Do om)? fEV iev)2iihg ( —47vDT°E' /1) om0} (DRE — )2

dEdw , 1
/—OO o)’ fEV ZQeth w(dmv DTk /l)_\mDQ(kf gt (43)
where ) denotes the sum over k], = 27n/L — 2eA, n € Z, and
1+isi
I, = +isignw [ D (44)

V2 jwl’
where fg = (1—hg)/2 is the energy distribution function. Since the ring is assumed

to be quasi-onedimensional, the summation is performed only in one momentum
component. Now we introduce Poisson summation:

dkexp [iknL] k
il 2 ok ot R
Z k’2+L 2) ;@{p { m”@J /27r k2 + L2
2 Zsm 27m—~ /dk sin [knL] k
S & 2m (k2 4+ Lz%)%

where the last integral is equal to
/ dk sinl[knL]k  L.nL { nL}
= Xp :

om (k2 + L2224 "L,
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Then the current density can be rewritten as

. dEdw Lonl nk
ju = /_OO meSWZ/eth_w ;sm {27—71—} 1 exp {—fﬂ =

47reAnLC\, dw 1+7 /D
_.2811’1[27"71——0*} 5 \sz/_ ——fE/ —{h _w\/_ ><

e o

The real part of curved brackets in (45) is equal to

R{...}= P—exp{ 7 (hE_w+hE+w {cos(\/_ w) sm(\/_ w>}~
= (hg—w + hEtw) \/—w R+ ) exp{ nLl\;_Z } (46

In order to avoid the divergence of [ dE, we have to complete the coefficient of
the diagram with terms that are equal to zero due to the analytic properties of the
diagram. The divergence of [ dE occurs due to the violation of the assumptions of
the diffusion approximation. The completion the diagrams coefficient just provides
the convergence of [ dFE on the values of £ <« 1/7, when the dependence of the
Hikami box on E can be neglected.

In case of diagrams on fig. 4, we can change their coefficient from ihg_,,Ug(0)
and —ihp_,Ur(w)/2 to i(hp_,—1)Ur(0) and (1 —hg_.,)Ur(w)/2. This will secure
convergence of [ dE. As a consequence, in our expressions [dEfg (hg-w + hEtw)
gets substituted with®

';“ /dE [(1 - hEhE——w) + (1 - hE'hE—l-w) -+ (hE~w + hE+w - 2hE)] = 4T(w)> (47)

where T(w) is defined as follows:

T(w) = T(-u}) = %‘/_OO dE (1 — hEhE-—w) . (48)

where T = T'(0) we call the effective temperature. In equilibrium T'(w) = £ coth £% — T,

where T is the usual temperature.

8Eq. (47) becomes clear from (AS85).



JE

=

Figure 5: A way to sostain non- E
equilibrium steady state in a meso-
scopic ring: an experimental instal-
lation.

Figure 6: Simplified fg dependence.

To obtain the net current, we multiply (45) by the ring’s crossection S:

]H:jHSZ—ZSin

n>0

® | 8eAnL [ dw - D o
{27m———} D, gT(w) — (R+Q)exp {—nL

14+17 Jw
CI)O 2w ’

V2 VD
(49)
Remmembering the fact, that the contribution of the Fock diagram on fig. 4(b) is
twice smaller than that for the Hartree diagram (49) and comes with an opposite
sign, we write the final result for the thermodynamic component of the net current
along the ring:

! : @ !
I'=1Ig/2= Zsm [27m?{—)—-} I,,

0

n>0
, deAnl [ dw - D N 1447 Jw
I =— D/, -é—;T(w) o (R+ ) exp {—nL 7 —D—} . (50)

Eq. (50) gives the current of electrons having arbitary spin projection. Thus the
net current is twice larger than the result (50). For similarity with [8], let us
perform variable change w — 2z = L,/5%. Then we rewrite (50) as follows:

An [ -
I = ._467T n / A= (222 Br) (R + ) exp [~nz(1 +14)] (51)
0
In equilibrium, at zero temperature, T(w) = |w|/2, and I’ = -———4ewEn“§A.

Let T be the smallest scale of function T'(w). In equilibrium T is the tempera-
ture. Then & = /T/Er is the smallest scale of function 7(222Er) in (51). When
§ is large, we can approximate T(2z2Fr) with its expansion over z/§ hoping to
obtain the asymptotic for the integral. However, these attempts fail because

vn e N,m € NU {0} / 224 (R + ) exp [-nz(l +1)] = 0.
0
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We conclude that the asymptotic is non-analytic. As it was numericaly shown in
[8] for the equilibrium case, it is very similar to exponential.
Let us use model disribution function on fig. 6 with

E+V/2~l~tanhE;V/2 }

oT 2T (52)

1
hg = 5 [ta,nh

The corresponding T'(w) dependence is plotted on fig. 7.
Consider the case when 7' <« Er < V. When T" — 0, the effective temperature

T is equal to V/4, and
Vel o] < v,
o _ 4 b 7
Her= { | > v, 53

and the integral [ dz in (51) can be divided into 2 parts:

=1 +1 1Y s 17
2e BT A e 2e BT A
——E—E——IL—/ dz 2% (R + ) exp [-nz(l +1i)] = c I:;
0 ™
T 2 &
I = ——e—@lA—?E/ dz( 2V > (R + ) exp[—nz(l +1)],

T
T \/;_;v_; 25T

so that the main contribution to the current is given by I{”" which does not

I =

™

T V V

Figure 7: The frequency dependence of T'(w) for nonequilibrium energy distribu-
tion of the form (52). When T = 0, T'(w) is given by (53) (on the right).

depend on the largest scale V' of the distribution function. Thus we conclude that
given T' <« E1 <« V, the thermodynamic part of the persistent current remains
finite no matter how much we increase V. This is the illustration of the fact that
it is the smallest scale of the distribution function that governs the decay of the
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thermodynamic current. Here we have a separation of parameters analogous to
what happens for the fluctuations of persistent current [19]: the largest scale T
of the energy distribution function determines only the prefactor of a function
depending on T/ Er.

3.2.2 The renormalization of the potential in the Cooper channel

The diagrams on fig. 4 give origin to imporant series of diagrams shown on fig. 8.
Let us write the expression for the second term of the series, provided by the

Figure 8: The renormalization in Cooper channel for the diagram on fig. 4(a)
(Hartree series). Bunches of dashed lines denote cooperons. The interaction lines
are supposed to transfer large momentum~ pr, so that Ur/a = % and Ug = 0.
Here are the parts of coefficients of the diagrams providing the largest contribution:
1): ?:hEleu' 2): ;ll‘hE-—whE’%;- 3) hE/hE/+wlhE_w2A3

diagram on fig. 8a2):

21ev

(2mT) / dEdE’ —4rv D73k 5 dw he-whe iy
(2mvT2)3 2V LD —i(E-FEP'P) 2r D2 —i(2w— E+ E')’

(54)
If in the last integral we can neglect Dk? and E — E’ with respect to w, then the
difference of (54) from (43) consists in the logarithmic factor:

orvre 2 | 2m —2iw 4

2 —w —w EF
(2nv7)? A [ dwhp_, A/dwﬁp———%“é/ i‘fz_élog@, (55)
w 2 J5 vl 2 - T
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Figure 9: Diagrams for the current with the coefficient (57). For every diagram
drawn here exists a complex-conjugated one with an opposite sign. a) “Initial”
Fock diagram without cooperons and diffusons. b-¢) Two first-loop diagrams.

where we used the fact that in a wide range of frequencies T < |w| < Ep, the

integrant in (55) is proportional to I%TI Analogously, for T < |wys| < Er the
11

integrant in the expression for the diagram on fig. 83) is proportional to o Tl
which after integration, will result in the factor log® ET!E Note that only diagrams
drawn on fig. 8 have this property; other diagrams of second and third order in
interaction with other combinations of Gr/a are insignificant.

The series on fig. 8 can be prolongated; every next diagram with an extra
interaction line gains log %—F—, so that [4] instead of summing the entire series of -
diagrams on fig. 8, one can take into account only diagrams on fig. 4 with an

interaction, “corrected” (or renormalized) by the factor

1

— T Er (56)
1+ 5log =

This correction is called “the renormalization in the Cooper channel”®.

3.3 Kinetic part of persistent current

The first order of perturbation theory in interaction produces usual Hartree and
Fock diagrams with expressions given by (36). Only Fock diagram gives non-
zero contribution to the kinetic part of persistent current. One has to “dress” it
with cooperon and diffuson lines in all possible ways selecting diagrams with the
minimal number of loops. Diagrams with one loop are drawn on fig. 9. Their

9This section only illustrates, but does not prove the result (56). The proof is written in [4];
it requests using Dyson equation in terms of vertex parts [3].
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coefficient

K= {(hE — hp-w) Uk(w) — (1 = hphp_w) [Ur(w) — Us(w)]}- (57)

L\DIN

becomes small if the momentum transfered through the interaction line, is large.

Looking at fig. 9, we see that every pair of points in the first-loop diagrams
b) and c) can be connected by a path consisting only of Green function lines. In
coordinate space, Green functions (A10) decay exponentially: Grya(7 — 7 ") x

exp 'T ™| where mean free path [ is the smallest spatial scale of the disorder

bl

averagmg technique. Thus diagrams b) and c¢) can be significant only when their
interaction lines are short-range, or, in other words, when they carry large values
of momentum > 1/I. From here we conclude that first-loop diagrams b) and c) on
fig. 9 are 1n81gn1ﬁca,nt so that we have to explore the second-loop diagrams.

The calculations presented here were performed for the case of ET < T < T.
The deviations of the density of states vg from its value on Fermi level vy were
assumed to be small, vg — Vg < 4. In the second loop most important diagrams
can be divided in 3 groups each corresponding to one of three excitation channels
[26]. At first we study the singlet channel which is represented by the diagram on
fig. 10 with a coefficient given by (57). '

3.3.1 Singlet channel

Before we proceed with the calulations, let us make a note to section 3.1. There we
discussed the division of a physical quantity into thermodynamic and kinetic parts.
Two different ways to make this separation were suggested: (i) in terms of density
matrix (32) and (ii) in terms of Keldysh component of matrix Green function (34).
From (32) it is evident that only off-diagonal elements of an operator of a physical
quantity enter into the expression for its kinetic part; if a quantity has diagonal
operator, it has zero kinetic part.

We believe that the two definitions (32) and (34) are equivalent. If this is

true, then if we substitute jWith any diagonal operator, we should get zero result
for §” calculated from the second definition (34). We can demonstrate this for

the simpliest case when j gets substituted by unity operator: f——> 1. After this
substitution, let us use Lehman representation for Gr/s on the ends of our diagram
(before the averaging). Together with its complex-conjugated “sister”, the diagram
on fig. 9a) form expression (once the current operator is substituted with 1):

/dxddeGR(ya Z3 E)GA(IIZ,y, E) [GR(Z7 Z, E - LU) - GA(ana E” w)} : (58)
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One can see that

Ao BE)az)
/dyGR($,y)GA<ya~) E}\: (E—ex)? + 02

so that (58) is proportional to
[Gr(2, 7, E) — Ga(z,z,E)] [Gr(z, 2, E —w) — Ga(z,7, E — w)].

X GR(:U, 5) - GA(fC, :)7

The last expression is invariant to the transformation w — —w, £ — E —w, while
the diagram’s coefficient (57) changes sign, so that the result is zero.

Figure 10: The simpliest singlet channel diagram for the kinetic part of the cur-
rent with a coefficient given by (57). Hikami box= 4rivD7*g/!.

Let us now proceed with the calculation. First of all, let us evaluate the
diagram’s coefficient (57). From (A48) it follows that in the universal limit (that
is, when the screened interaction is independent on the original one)

a/r _ Ik
Mally’ & TIplly’

In expressions for the studied diagram, we have energy integrals by three variables:
E, E', and w, where E’ denotes the energy integration variable E from sec. 4.7.
One can substitute (59) to (57), leaving the denominator evaluated without taking
into account vp - dependence, and thus calculated using simple expressions (A59).
This is due to the fact that IIrIIs (see (A55)) is E and E' - independent, so that
in expression for our diagram we can rearrange energy integrals in the manner

1
/deRHA/d dE'R,(E, E')

If one neglects vg - dependence under [ dEAE’, R, (E, E') will rest the only quan-
tity depending on E and E'; then from (62) we see that [dEdE'R,(E,E') = 0.

Ur/a = (59)
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So we deduce that the correction to IIrIls in the denominator of (59), due to
the dependence of vg # const, lies out of the considered precesion. With this
argument, using (A55) and (A59), we get:

K= —— \E'R,(E, E (
2V0D0q2 [_OOC R ( i >(DE/q2)2+w2’

R,(E,E") = (hg — hp_)(1 — hehg—) = (hg — he_o)(1 — hehp_.), (61)
R,(E,E)= —R,(E'\E), R_(E'—w,E—uw)=R,(E,E (62)

! (60)

The function R,(E, E') from (61) is the same as in the quantum kinetic equation
[13], where it plays a role of a driving force guiding system to equilibrium. This is
another illustration of the fact that the contribution we study is given exclusively
by offdiagonal elements of both density matrix and current operator.

Using (A50), (A54) and (A66), we deduce that the contribution to the current
from the diagram from fig. 10 is equal to

dEdw ievlg 1 o (DogZ)?* + w?
S / X o Z / dE'R,(E, E")

21 2 02 )2 2
27‘ Tl UodDo 'ﬁ"zGZd\{O} (DE C]m) +w
1 1 1 1
— X = : = .C. 63
Dpgk —iw ~ V Z DgkZ —iw  Dp(ky + Gn)? toe  (63)
it —g-€2d

“From (62) we see that (63) equals zero result, if the calculation is performed
assuming v = const!’. In order to obtain non-zero result, we thus have to take
into account the energy dependence of the density of states.

Let us proceed with calculations for the case of thin quasi-onedimensional ring.
Using (A76), we notice that from both exponents exp [i .. .] that appear there, only
their imaginary part ésin|[...] survives, so that

& = Zsm {2771 } I, (64)

n>1
dE evl
[<s>:_/ ab E/ / dE'R,(B, E') x
n — 00 27 I/odDo )
)(2?5‘—]:- Z 1— E-nL/L“’S ) Doq ) : (65)
m>1 (DEqrzn —w) (Dp m) +w2

where L, is defined in (44).

050 that, according to (A69), also g = const and Dy = const.




A Consider the contribution of small w < Er << T to

[ dw.

B
OR,(E,E")
Ow

~
67 branchcut

LT 77N
LI L L L L

~
S

R,(E,E'Y = w (

w=0> C (66)

As one can see from (67), the expansion of R in (66)
over w/T implies the expansion of the final result over

Sw

y Rw ET/T
Figure 11: [dw in the g/m dw 1—e /e Digt+w?
complex plane oo 2T (DpgZ —iw)’ Dhig* +u?

Dy
—nLigly/ 5%

D2 — D%, LL1=e
(DE+DE’)3 2(12

(67)

In (67) we get zero in case of Dy = Dpr; this means that in (65) we can neglect
E-dependence of all the coefficients to the left from ffooo %, because they will
result in higher order corrections in dvg /vE; the same is true for the contribution
of w > Fr: it leads to corrections of the order of v/ Er/T.

Let us define

_ 6 1 — exp [—27mmn) _
Co= :4;1 — . n>0, Co=1 (68)
© dEdE' OR.(E,E')| 6Dg
—c & / w2, = vDS/L. 9
" ¢ 48g J_o 27 Ow oo Do’ g=vDS/L (69)

Let us go ahead with the calculation, substituting in (69)

OR,(E,E' ,
———(%—J————)—wzoz(l_h%l)hE_(EHE/)
OR.(6F,w) _ 9 ,
———a—é—E————-gEzo—(l—he_%>he+%—(...w——>——w...),

0o, f [TUBD [Ty A-H) e [0 pp

L 0”69/_00 or Do | 2 4 6900 ) o E [TfE+fE(1 fE)}’

(70)
where frp = (1 — hg)/2 is the energy disribution function.
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(b) Cooper channel.

Figure 12: Simpliest diagrams for triplet and superconducting channels. Every
diagram has in addition its complex conjugated pair with an opposite sign, so one
should take twice imaginary part. Dashed square represents Hikami box with a
current vertex; interaction is drawn with a thick straight line; wavy lines stand
for cooperons and diffusons. All diagrams here have coefficient %RM(E, E") with

R,(E, E") defined in (61).
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3.3.2 Triplet channel

In section 3.3.1 at first glance it seems that all the diagrams begining from the
first order of the interaction were studied (the interaction line on fig. 10 stands for
complete RPA series). However, because the coefficient for the diagram on fig. 10
approaches zero for the unscreened Coulomb interaction (for which Ug = U and
Ux = 0), the series of diagrams effectively start from the second order of the
interaction. That is why one has to search for important dressed diagrams not
only in the first but also in the second order of perturbation. In this way one finds
out diagrams for triplet and superconducting channels, see fig. 12.

Let us first of all demonstrate that without taking v(£) dependence into account
the diagrams for supeconducting and triplet channels give zero result (for singlet
channel, this is done in sec. 3.3.1). Like the diagram for the singlet channel on
fig. 10, the coefficients of triplet and superconducting diagrams on fig. 12 contain
R,(E, E') defined in (61). It is convinient now to change variables from {E, E', w}
to {¢,0E,w}, where 6E = E — E' and ¢ = Z*£=2_ In these new variables the
coefficient R.(0F,w) (defined in (61)) is odd both in 0E and w:

R.(6E,w) = (h+m_+ - he+_aE2__w> (1 . hé_a_%ﬂhe_@?) — (6B — —6E), (71)

so that also the expression for the diagrams on fig. 12 is to be antisymmetrized
in 6F and w. In addition to that antisymmetrization, we must take 25 of the
diagrams. For constant density of states v(E) = const this is equivalent to the fol-
lowing operation: [(...)— (...w — —w,8E — —0E ...)]. Together with antisym-
metric properties of (71) this leads to conclusion that triplet and Cooper diagrams
= 0 in case of constant density of states. This statement is still true if diffusion
coeflicients depend only on e.

In our energy integrals, energy variables can be confined by three energy scales:
Er ~ 10mK or T >> T > Er. Let us name an energy variable “small” if its
integral converges on the values of < Er, and large otherwise. If a variable is
small, it has to enter into frequencies of cooperons and/or diffusons; otherwise
only the temperature coefficient R of a diagram can provide convergence, and the
considered energy variable is condemned to be large (because R, given by (71),
does not depend on Er).

With this reasoning we conclude that e is surely a large variable, because diffu-
sons and cooperons do not have poles on it. Thus the integration area where both
6E,w < T give zero contribution to the result (because in this case 0B, w < ¢ ST
or even € < T, so that Dessg =~ Dev, = D).

Superconducting diagrams from fig. 12 are estimated as (Et/T')? smaller then
those from the triplet channel. Moreover, the superconducting channel fig. 12(b)
acquires additional smallness due to the renormalization of the potential in the
Cooper channel (see sec. 3.2.2).
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Figure 13: The first diagram from Figure 14: [déF in complex plane.
fig. 12(a).

The contribution of the triplet channel to the current is equal to

dEdE’dw A?
I = V Z/ 27mez/E__wDEq)—g><

N 1 1 e Z 1
Dpg?+i0E | Dp_.,q> + i0F v DE(k—}-q K2+ L2

where L;p = \/Dp/(i0E), RLsp (see (44)). The sum >, is given by (75) with
w changed to —0F, so that we can write our current in a usual form (64) with
harmonics given by

4 T / dedw A% / déE dE p 58 ) DoDgg* 1 —exp [“H‘L/LéE]v
27 (DE-wg?)?+ 0E? (Dgpg*+i6E)?
(72)
We close the integration path, avoiding crossing the branchcut (see fig. 14), and
the result is given, as usually, by the poles in the region —F < argidE < 5. Since
exp [—27] < 0.002, we neglect the exponential term in (72):

g/@ ___DiDg I* 7 (OR(SE,w)

2r " 2(Dp+Dg_.)® (2m)? 6 OE |5/’
70 _ eAQDg/dedw Dg OR(6E,w)
" 6y 21 2(Dp+Dp-u)? \ OB |sp,)

Then let us substitute £ = ¢ + 7 —i———— ~et+sand B —w = e-%. This
approximation is valid because the reglon {5E w}c?E w S Er < T} is negligebly

small in our whole integration space so that we can drop F from the expressions
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for E and E — w. Then we perform variable change: e +% — E, ¢ — 5 — E'.

Z

Expanding ETJT%EW and antisymmetrizing it by w, we get —%;—E’ instead,
so that
ry__eA’ / dEAE' §Dg [ OR,(E,E') _ el /d_fzyE Thy 1-hi
" 48¢g 2r Dy Jw _ 6gro J 27 2 4
w=0
(73)

Taking spin into account leads to triplication of the result (73), see [26]. The
second part of (73) has the same structure as singlet channel (69); however, it has
different sign. In case of short range potential (73) is cancelled by (76), and this
is the manifestation of the fact that short range interaction gives zero effect for
fermions if one does not take spin into account, see sec. 3.3.3.

3.3.3 Singlet channel in case of a ¢6(7 — 7 )-like interaction

The aim of this subsection is to control that singlet and triplet channels are cal-
culated correctly and no contributions of the same order are missing.

Let us see how calculation of the singlet channel contribution changes for a
point-like interaction. In case of spinless fermions, the result should cancel that of
the triplet channel. This is because 6(7 — 7 )-like interaction term is proportional
to (7)1l (7)0(7)w(7) = 0 for spinless fermions.

One could observe it in section 3.2 for the thermodynamic part of persistent
current; let us check that this happens also for its kinetic part. The expression for
the triplet channel would be the same as in the case of Coulomb interaction, see
sec. 3.3.2. The result for the singlet channel will be different.

While even for the case of weak Coulomb interaction the RPA renormalization
(see sec. 4.7) is important because of its long-range nature, for point interaction
it is enough to calculate the coefficient (57) in the first non-vanishing order of the
RPA-sequence. In the momentum space, the bare interaction is just a constant

A
UO@Fw) =—, Ak, (74)

which, once being substituted into (57), produces zero result. Then we calculate
the second order term in the RPA series (see fig. 19), using (74) as an expression
for a bare interaction line:

AZ

U(q; w) = *Q-H((j: LU),

Yo
where II(g,w) is given by (A50), (A51), and (A52). This time we get non zero
result from (57):

A2To

o

Doq2

K= .
(Do) +?

4 ! X X* A2 / !
/dERw(E,E) L_X+ 1_X*} —-2—V()/dERw(E,E)
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The expression for the current is as follows:

- dEdE’dcu 1 1 1 1
I= e Y oRieDpg - K - =
5y Z/ wDel K v >; DZ(k+q)? k2 + L%

1 —exp[—nL/L,]
-3 sin Z’m : 7 75
4 Z nz>0 { 0} T (Deg —iw)? (75)
so that
- ook |y, o [
n>0 " 2T I
Z / J(E,E) DoDpg* 1 —exp [-nL/L,]
Vs (Dpg?)? 4+ w?  (Dpg®—iw)®
Dge
%/QQ—J _ (9R.(E,E) DyDy 1—exp [“Zﬂmn o
297 Ow w (DE’ +DE)3 2<27Tm/L)2 s

-Expanding Q(—D}ﬁ—ED;—)g and antisymmetrizing it by w, we get —é—lﬁ——jgﬂ instead.
’ 0

© e’ / dEdE’ <8RW(E, E")

> DiDg
o) (DE+ Dpr)?

12 21 Ow
dE |Th, 1—h2
= A2 / E__"7B| 7
690 ) 27 F |2 1 (76)

One can see that it really cancels the contribution of the triplet channel calculated
in section 3.3.2.

3.4 Result and its discussion

Out of equilibrium, the average of persistent in a mesoscopic ring is given by the
thermodynamic and kinetic contributions. Given that the smallest scale T" of the
energy distribution function is much larger than the Thouless energy, BFr < T,
the entire current is given by expressions (50), (69), and (73):

I= Zsin {27m§-} L, I,=1I+1I, (77)

n>1 0

8eAnL [ dw = D 1414
Il = — —T \/-— & -
. D), 2= (w) (R + ) exp { nL 7

v 78 T — (1 _ 3A2 eT/mé_E_ Dp\ | fe(1~fe) , Ofp
I =1 4 I¢ — (1 3A)6g o D = +=% , (78)
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Figure 15: A way to sostain non- \/

equilibrium steady state in a meso-
scopic ring: an experimental instal- I5
lation.

Figure 16: Simplified fr and Dg de-
pendences.

where fz is the energy disribution function, Dg is the energy-dependent diffusion
coefficient, T(w) = 1 [ dE (1 - hphp_), T = T(0) = [dEfe (1 — fg) is the
effective temperature, and g = vDS/L is the dimensionless conductance, A < 1
is the constant characterizing interaction strength on short distances, see (A56).

While in equilibrium two terms in the square brackets of (78) cancel each other
for any fixed energy FE, in a non-equilibrium steady state with constant density
of states this cancelation occurs after integrating over energy. Thus in case of
constant density of states I} = 0.

Note that the effect studied is not due to the breaking of particle-hole symmetry
(unlike in case of thermoelectric/acoustic effects and Coulomb drag). Indeed,
suppose our nonequilibrium energy distribution has particle-hole symmetry, hg =
—h_p. However, breaking it with an energy-dependence of the density of states
Vg = vy + Vo E is not enough — the result (78) will be zero. The reason is that, in
addition to the particle conservation law, [ St[E]dE = 0 there is also conservation
of energy: [ St[E|EdE = 0.

Unlike the thermodynamical current [8], the expression (78) for I is not
strongly suppressed if Er <« 7. The decay of I is governed by dephasing
exp[—L/Ly], where Ly is the coherence length. In the considered quasi-onedimensional
case L/Ly = (T/gB7)"/?, see sec. 4.3.

On fig. 15 a) we propose an experiment that could permit measuring j”. Non-
equilibrium energy distribution in the ring is obtained by using metallic strip
placed between two electrodes under voltage V. The energy distribution fgr and
diffusion coefficient energy dependence Dg in the strip are shown on fig. 16, see
ref. [14]. Given the strip short and thick enough, one can ignore interaction effects
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in it, supposing its density matrix to be diagonal. Attached to a mesoscopic ring,
the strip can be considered as a “non-equilibrium reservoir” that exports fg into
the ring, where the interaction produces off-diagonal matrix elements. Note that
during the calculation we have neglected the effects due to the inhomogeneity of
JE in the ring. The area of the contact connecting the strip with the ring should
be much smaller than the ring’s crossection; otherwise the exchange of electrons
between the ring and the strip would compromise the coherence in the ring.

3.5 Discussion

We have calculated kinetic part of the current I/ for Ep < T'. In such conditions,
the thermodynamic part of the current is very (almost exponentially) small (see
sec. 3.2), and the persistent current is represented entirely by its kinetic component
(78).

Using simplified fg and Dg depemdences from fig. 16, we estimate (78) as:

ASD (T/AB, T < A
L~ (1-3A7) 22 Anaiai 79
where %-7 is the caracteristic relative deviation of the diffusion coefficient. In (79),

the asymptotic for T > A is universal, while the one for 7 <« A was calculated
for the Lorentzian Dy dependence.

Suppose Dg # const due to the Kondo effect [15];
then the width A of the dips in Dg dependence is of the
order of Kondo temperature Tx. Moreover, the effect
vanishes for T 2 A ~ Ty because of the rapid decay
of 22 Thus from (79) it follows that its maximal value
I has at T ~ 6 ~ Tk. The approximate temperature
temperature dependence of I is sketched on fig. 17.

Let us estimate the result (78), assuming that T =
Tk so that the scattering crossection of a Kondo im-

]Il

Figure 17: The depen-
dence of I” on the effec-
tive temperature.

and magnetic impurities:

From (80) we estimate

purity approaches A\%. Then the mean free path of an
electron has two contributions: the usual one 1/ly = noy
and the contribution due to the Kondo effect: 6(1/1) =
ngA%, where n and ng are concentrations of normal

1

7 = Nnog + nK)\%‘H ng K ng. (80)
5D 6l ng [

P A |2 A . 1
D T AR T (81)
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where ng = A7’ is a concentration of electrons which we estimate as a concentration
of atoms.

A typical voltage in experiments is 1073V it corresponds to temperature ~
10K. A typical size of a ring L ~ 10um, Thouless energy Er ~ 10mK, mean free
path of an electron [ ~ 100\r. Then the kinetic part of persistent current is of

the order of —~
e e
L~7 (77) bl (82)

If the concentration of magnetic impurities is high, ng/no ~ 1072 = 1000ppm,
from (81) and (82) we estimate J ~ 0.1nA.

In the considered situation, when Ep < T, I/ is much larger than the ther-
modynamic component I,. Thus one can say that two components of persis-
tent current are separated: the thermodynamic component I;, rules for small
T < Ev, while for T > FEr, the kinetic component I; becomes the most im-
portant. Let us now compare the value of I} for T = 0 with the value of I
for Br T < T ~ Tyx. Without taking into account the renormalization in
the Cooper channel (see sec. 3.2.2), the thermodynamic component of persistent
current is of the order of ~ 0.1nA. The renormalization in the Cooper channel

diminishes this value by the factor of log™" (@%V—E—T—)) ~ 12). Thus the maxi-

mal values of thermodynamic and kinetic parts of persistent current become equal
when concentration of magnetic impurities equals ~ 100ppm.

3.6 Conclusions

In this section we studied the behaviour of persistent current in a system of many
mesoscopic quasi-onedimensional rings in a non-equilibrium steady state. Out of
equilibrium, in addition to the usual thermodynamic term J ' another, kinetic term
I" contributes to the persistent current. The manifestation of I” occurs only if the
density of states is energy dependent.

The temperature dependence of I’ is governed eclusively by the smallest scale
T of the energy distribution function fg. It is independent of other scales of fg if
they are much larger than T

On the contrary, given that Er < T, I” is insensitive to T' and is governed
primarily by the largest scale T of fg.

There is a sort of separation between the two components on temperature scale:
each of the two, I’ and I” give major contribution to the persistent for different
ranges of values of T'.

In addition, I’ can be eliminated by application of strong parallel magnetic
field.
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4 Appendix

4.1 Trace of a thermodynamic current operator

Let us demonstrate that in (2) fr(FE) can be shifted by an arbitary constant [10].

In other words, trace of thermodynamic part of a current operator'! equals zero:
e

(7 E|j|7, E') = 97»,2(67“ s — 2ied) [Gr(F, 7, B, E') — Gu(7, 7, B, E')], (A1)

V7 /dE(f‘,E|§’|f’,E> — 0, (A2)
where G a(7,7; E, E') are Fourier tranformations of Green functions (A80) in

both time variables.
In a non-interacting system current is given by thermodynamic formula:

- FE — /°°
A=t  E= dE vpfr(E)E = E,)E,. A3
3(7) A . efr(E) En fr(En) (A3)
From (2) and (A3) we conclude that
o 5En
](T7 En) ==
GA(T)

We have to prove that 3. 7(7, E,) = 0. Due to the known theorem from thermo-
dynamics [11], a derivative of the average by the variable representing an external
force is equal to the average from the derivative of an operator by this variable.
and thus

SH

;E(F,En)=—;<n T n>=~51§(mTr[ZEI—I§T‘K=O], (Ad)

where in the right part of the expression we subtracted Hamiltonian of the system
without magnetic field, in order to preserve convergence of Tr. In coordinate
representation the dependence of the Hamiltonian on vector potential is given by

H(7 ) = H(F ) ’E explieA(7 — 7')], so that its diagonal matrix elements do
=0
not depend on A, and (A4) equals zero.

In section 2 this permits us to substitute Fermi distribution function (2) with

1 £

The statement (A2) is true also for thermodynanic part of the current in a non-
equilibrium system with interaction: that’s because any interaction corrections to
the the diagonal part of the current operator (A1) gives zero contribution to (A2)
due to their analytic properties.

11Gee sec. 3.1 for the the definition.
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4.2 Desnsity matrix in quasiequilibrium state

Consider a nonequilibrium system where energy distribution'? relaxes to equilib-
rium much slowlier than the rest of physical quantities characterizing the system.
Then in a certain range of time scales we can approximate complete density ma-
trix of the system with the density matrix having maximal entropy with a fixed
energy distribution. In [23], the physical state described by such a matrix is called
quasiequilibrium state.

In this section we demonstrate that one-particle quasiequilibrium density ma-
trix is diagonal. Let A denote the entire set of quantum numbers characterizing the
state of a many-electron system in a representation with the diagonal Hamiltonian
(including its part responsible for the interaction). We have to find conditional
extremum of the entropy

o= - Z panlog pan, (A5)
A

with additional conditions:
Trp=1, Tr [,55(]:7—1—17)] = fz. (A6)

where fg stands for given energy distribution function. The first condition in (A6)
corresponds to one Lagrange multiplier ® — 1, while the second one - to the set

{FE}:
5{—’I‘rﬁlog[)—— (@ — 1)'I&~[>——/dEFET&~ [ﬁ(S(E—ff)]} —0.

From (A5) one deduces that [23] do = —Tr[(1+logp)dp], so that complete
quasiequilibrium density matrix is given by

p = exp [—@ ~ / dEFgi(E — ﬁ)} : (A7)

which is certainly diagonal in the A-representation we have chosen (since the
Hamiltonian is diagonal). Lagrange multipliers are determined from conditions

S (Afexp [—@ - [aBRe T p5(E - el I8 =1,

A

Z<A] exp {—(I) - /dE’FE/ Tr [ﬁ(s(E/ e GA)]} 5(E - EA)’A> = fE;

A

12See [23] for the discussion about more general case.
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Now let degrade complete density matrix (A7) to the one particle one. Let
|\ > denote one-particle state, (A|N) = d . One particle density matrix is given
by [16]

O = CLACL,\ Zexp [ /dE/FEICS(E/ - 6/\) <A]a;aA/|A)

Given (A|A’) o dpps, one concludes that quasiequilibrium one-particle density
matrix is diagonal: pyy o< dxn. Since in a disordered system with a magnetic field
energy levels are not degenerate, this conclusion is true also when A stands for
energy.

4.3 Dephasing in the ring
The dephasing time is given by the equation [7]
1

T Sv\/—/ w2

The integral in (A8) diverges when w — 0, so that a cut-off has to be introduced.
While for the case of a strip the cut-off is 1/7,, in case of a ring it must be Er,
due to the argument of [17]. Thus for a ring we have:

1 T T DS
T¢_SV\/DET_Q’ 9= L
In the diffusion regime Ly = /DTy, so that

(A8)

L 1 T

-—L—;:w/ETﬂ?g: QET.

4.4 Average of a Green’s function

We calculate (G), and then also (GG) using the 7' = 0 diagram technique. We
can use the 7' = 0 technique for this calculation because the field of impurities is
static and thus cannot provide temperature dependence.

After averaging one realizes that series for (G (p)) = G(p) implies the follow-
ing self energy (self-consistent Born approximation, see ([3]39.7):

T
1 t
i t
i
|

+: Ql QQ Q3

l

1 -
U — T ; |G(51)+
1

Z U@F - )P |UG -5 — 52) PGP (3)G(@2) + ... (A9)

(27T V)2 —
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where G stands for Gr, G, or time-ordered Green function. For arbitary realistic

impurity potential U(p) every term in (A9) is finite.
= the average of a Green function will have the form:
(A10)

If we define SXg 4 ——2—71——
! Gr/a(p) ! eR
; ; R/AP) = =———— TE -

I / E—&*

G(p) =
=&+ g
energy of the particle reckonked from the chemical

In (A10) & = €(f) — n
(A11)

potential. Let us derive 75.
1

(Pz) — Zp(Px)’

1
by —.;ﬁ,E =2 —;ﬁ = po
r/a (G ) B(Gn) TV ; I _ ¢
In the approximation with the constant density of states!® v(£) ~ vy, (All) is

equivalent to considering only the first term'* in (A9):
(A13)

1 (oo}
Imzy) = / -
mp — ,Ood€VOXImE—§+i5’ 0 =40,
(A14)

From (A13) it follows :
In (A13) E-independent part of ReXg is insignificant because it can be ab-

TE=To=T.

- 21

sorbed by €(p). The E-dependent part can be estimated as %F— < E. Thus one
=__1.

can think that ReX gz = 0. The situation is different for Im>g.
The imaginary part of (A11) gives us an important sum rule for Im¥

VE 2717 =
> () 1 )
d¢—— Gr(Fr, E)G (7
/. Foeprg VX

(A15)

From (A15) we see that out of the constant density of states approximation
(A16)

T 1422

£ /°° dzv(z/(27)) .

-0

131t’s definition: (£ is the complete solid angle; in 3D Qg = 4, in 2D Qg = 27).
dQ
= d&—
> = e,

v(§) = %Z 6(£+pu—e(pr)) sothat Tl/_
iz P

(A12)

141t is easy to see that due to the analytical properties the other ones = 0. Due to the same

reason one can substitute G — G© in (A9).
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From Lehmann representation

b (T) YR (")

GR/A(F, FI,E) = E—E :‘:7:6,

e=+0 (A1T)

we see that in case of no interaction between the electrons we have
Gr(7, 7", E) — Ga(F, 7, E) = =271 Y _ 6(E — Ep)tn(7)355(7) (A18)
so that .
5 / Ay [Gr(F 7 B) — Ga(7, 7 E)] = —2miv(E), (A19)

where v(E) is the density of states defined by (A12). For averadged Green func-
tions (or for a homogeneous system) coordinate integration in(A19) is fictios, be-
cause integrand does not depend on coordinates.

From (A19) one obtains:

23" Ga (5. B) ~ Ga(5, E)] = ~2nin(E).

Supposing that disorder averaged Green function has the form (A10), we have

1 1
VE =) = 2TVETE. A20
VL E- G o (A20)
Given (A10), from (A20) we have
1 — —
V E GR(pﬁ,E)GA(pﬁ,E) = 27TI/ETE, (AQl)

neZd

so that from (A15) one concludes that

< dzv(z/(2
VE VETE = UgTo, To = ’?‘, U= Vg = / _%_____V( /( TO)), (A22)

oo T 1422

so that the even part of dvg = vg — 1o changes its sign, if not dvg = 0. Eq.
(A22) holds for the non-interacting system so that there is no surprise that it is
not correct e.g., for the zero bias anomaly.

Let us parametrize’® dependencies of vg and 7 in the vicinity of point £ = 0:

15 An example where one need to introduce see (A23) - like dependence is thermoelectric effect,
see- [22], p. 103.
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vpr v (l+zE)=vy+ove, TE=T(l—2E),
Bl <T+/2, 2T*/2 < 1.

We assume that energy-dependent deviation in (A23) is small for v: dvg < v
and for all other quantities: 7z, Dg (see (A69)), etc. Because integrals [d¢
converge on & ~ %, we also have to impose z < 7p.

Now let us make some notes about the derivation of (A69). For small g we use
an approximation e(p + ¢) = e(p) + ¢ + bg®/2. Before perfoming the integration
over £ one should develop the integrated expression by E, w and ¢. Then for the
zero-order term (A15) is applied; in the other terms one can use (A23) for v(€).
To make ). Gr(Pr, E)Ga (D7 — G, F —w) invariant under arbitary shift in 7, and
in particular, to maintain the obvious relation ) . Gr(Pn, E)Ga(Pr — G, F —w) =
> 7 Gr(Pr + @, E)Ga (P, E —w), one has to assume b = Dy /79 = v?z/d, so that

(A23)

D 2
(p+®“€@Hﬂw+x5ﬁ'—d@+vm+xd2 (A24)
From (A24) it folllows that usually, when we are not interested in the effects due
to the v(£) # const = vy, we can drop quadratic term in the decomposition of

€7+ 7).

4.5 Average of two Green’s functions: cooperon and diffuson

The average of two Green’s functions is represented by two sequences of diagrams:
the Cooper-alike ladder (named cooperon) and series of maxiamlly anticrossed
diagrams (called diffuson):

- -
o T _—

(Gr(P1, P3; B)Ga(P2, Pa; E')) = - + COED L PRl (A95)

D2,p4; P2,P4;
—— —_—
where dashed line stands for impurity averaging (3], and
— 3 ——r e

PEsE T T
Corpom = 1 T4 F i Fe

5 i j———) —\-\'——,7——> —r"-:—':‘“')'
Dm D3k : NP N
15*2::5'4;}3/ - ! + I,'\\ "I‘ ,,?\ + . (A26)

In the diagrams drawn above, we imply that upper Green function line has energy

E, the lower one — E’, and momentum variables are placed like in the example:
LT s

>.

.52—-—‘—-—)-]74
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Here are the expressions for C and I

f%ﬁ:ig/ = (2m)6(p1 + Pa — (B3 + 14))Gr(P1, B)Ga(Pa, E') x
1 Gr(ps E)Ga(Py, E)

oM UYT 1— X&) ’

D;‘.?;j?iiﬁ/ = (2m)*6(p1 + Fu — (P53 + 12))Gr(P1, B)Ga(Pa, E') x
1 Gr(ps, B)Ga(Py, E')

2TV T 1—-X&) ’

(A27)

where

X® = 2711/0%% D Gr(p, E)Ga(P— (P1 + 72 — QGE)’ E),
X(-) = le/of%/— >, Gr(P, BE)GA(P— (P1 — 12), £').

More than CZ If.z"EE, and D2 :
the following:

(A28)

; p153; B 71, E
,, we deal with C32mp and Dy, defined by

AIE — (2m)%(F: + Pr — (Bs + 5a))Gr(B1, E)Ga (P, E")Gr(Bs, B)Ga (e, B)C 5,
DAPE = (27)48(7) + Pu — (B + 52))Gr(Pr, B)Ga(Pa, B')Gr(Ps, B)Ga By, B Do -

(A29)
5 1 1
coF = : A3
k=pE—w  2mugToTe —iw + Dck?’ (A30)
= 1 1
= : A3l
p—k.E~w 2TV ToTe —iW + Dek:Q ’ ( )

Notice that (A30) and (A31) differ from their values for v(§) = const only by
substitution of 7, D with their energy dependent generalizations 7., D, etc.

Now let us consider the case of constant density of states. There is no en-
ergy transfer in cooperon or diffuson lines, so in energy representation we have
simple products of the type: GR(El)GR(El)Eg;GA(EQ)GA(EQ). In time represen-
tation we get convolution. Let us write out the expressions for £(C) and X(D) in
momentum- time representation (with the removed (27)%6(F; — E3)0(Es — E4)):

N\ 2
(27)48(5y + Do — (Fs + Fa))6(¢ + t2)0(t) exp [—Dt (71 + 7 - 2e4) }
O(ﬁl).ﬁ?»t) =

2T

D(ﬁlaﬁ2at> =

2T T2
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(2m)?6 (51 -+ Pa — (Ps + F2))8(¢ + £2)0(t) exp [~ Dt (71 — )]

’

(A3
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Figure 18: The Keldysh contour.

4.6 Keldysh technique

Consider the case of a quasiequilibrium state [23] when an external fixed param-
eter is the energy distribution function, see sec. 4.2. The Keldysh technique is
derived exactly in the same manner as the 7' = 0 one; the difference stands in the
substitution of the time ordering by the Keldysh contour ordering T¢,, see fig. 18.

Gog(z,7) = —i(T, [¢(z)¥!()]). (A34)
Then we can map Gg, onto 2 x 2 matrix, so that the first argument of the Green
function corresponds to the upper part of the contour, while the second argument
- to the lower part. One immediately notes that we are almost always interested
in the off-diagonal elements of this matrix, which gives the density matrix — like
quantities (A38). Then using (A81) we transform our 2 x 2 matrix

(G G\ _( ~HTRE@YIE)) @) _
Gox <be be)“‘<~i<w<xw<m'>> —z‘<ﬂ¢<x>w*<w'>1>>"

e e (fo-) 69 g [Gg—) —6) - (Ggﬂ _ Gg;))}
5| oyt - (Gf) n GE{')) N (ij) n Gf{)> +n (ng) _ G;p)

_ 1 [/ Gx+(Gr+Ga) GK“(GR“‘GA))Z
_2<GK+(GR_GA) Gx — (Gr + Ga) = (A35)

where T and T stand for normal and inverse time ordering; all Green functions
have (z,z’) arguments. It is more convinient to work in the representation where
Green function is given by the upper triangular matrix

_ GR GK _ -1 _O”O—iO'Q
G—<0 GA>-L03FL L= (A36)

where o; stand for Pauli matrices (A87). The transformation (A36) is also respon-
sible for the form of emmision and absorbtion matrices (37).

With the notations (A80) we have from ([13]2.22) (in the following, upper signs
stand for bosons and the lower ones - for fermions):

G\, V) = =i([p(N), T (W)]x) = G (0, V) — ¢ (A, ), (A37)
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Note that GgF)A are the usual retarded and advanced Green functions (see [3]).
One obtains that for fermions

WNYT(X) = 5 [Gr(A, X) = Ga(A, ) + Gr(A X)),
@HN)B(N) = 5 [Gr(A,X) = Ga(A, X) = Gx (XA, V)] (A38)

The expression for the operator of current density (in the interaction represen-
tation):

5 ieh . e - , .
i(z) = o (VO (@)(z) = ¥ (2)(Vi(2))] - — A2 (@)p(z); == (71)

(A39

From (A39) we obtain the formula for the current of fermions (keeping in mind (A2

)
)):

- eh [ dE - N e o -
i) = dm J_q .2_7T—r'1'}£{1r“ (V;— Vi — ZZH_CA> [Gr — Ga — Gk (7,7, E) =
eh [ dE - e o
“am | om A (V*‘ — Ve - 2Z§A) Gk(F, 7 E) = (A40)

dFE 1 1z o
7 .

where j(p) is defined in (41).

From ([16]2.8) and ([16]2.10) it follows that in equilibrium G = G coth £Z,
and we obtain that

Gx = h(Gr — Ga) (Adl1)

with h from (A45). In equilibrium from (A40) and (A41) one obtains (2). In
our article [24] (see sec.3.3) we argue (though do not prove rigorously) that Ggr/a
contain the information only about diagonal matrix elements'®. Thus any physical
quantity defined using Gra (like tunnel density of states) can be written in an
equilibrium form (see (2) as an example):

1

Let us consider an equilibrium of non-interacting particles in some external
potential, so that X is a conserving quantity. From (A83) and (A84) we get:

he/r(€x) he/r(€))
E—&y+id’ E—6 —1id
GO\ B) = hyw(&) (GO0, B) - 6PO0 B)) , (Ad4)

GO0 B) = GO0 B) = 6 = +0,(A43)

1
hs(E) = coth %ﬁE, he(E) = tanh 3 E. (Ad5)

16One can think about an analogy: in the 2 x 2 matrix Green function they stand on diagonal,
so they know only about diagonal elements of the density matrix.
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In the bosonic case £, is the energy of a boson; In the fermionic case &£, is the
energy of a fermion reckonked from the Fermi energy.
We have from (A44):

G\ E) = —2mi x hy/p(£2) X 6(E — &),

so that (in accordance with egs. (3.21) and (2.66) from [13], and (A41))
GO\ B) = hiyr(B) (GO0 B) - PO (0 B)). (A46)

Let us now concentrate on the case of electrons. We are used to work with their
Green functions averaged over the interaction with randomly placed impurities.
After the averaging we get

(Gk(P, E)) = hr(E) ((Gr(P, E)) — (Ga(P, E))) (A47)

where Gr/a are given by (A10).

4.7 Screening

In this section all the calculations are done for the case of small value of excitation
momentum g. To consider the case of large ¢ one should know the dependence of
energy on momentum (which we actually never know). However, one can suppose
E(p) = £- and do this (quite long) calculation. It must be just this is the way it
is done in [20], pp. 158-163.

Because of the long-range character of Coulomb interaction, it must not be
considered in the first several orders of the perturbation theory. Instead, screening
must be taken into account, which is technically done by summation of infinite
number of diagrams.

The renormalized interaction matrix is defined by

oy Ulg _ Ulg)
U@W—lﬁ A ST} (A48)

The first and the second diagrams (their matrix kk’ components) on fig. 19 are
respectively equal to Vi U(q)75, and

—iU(q)U

VzZ/——v’”G EWCW -7, F—GE-w)|,
where matrices v and 7 are given by eq. (37).
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Figure 19: Screening in RPA approximation (wavy lines stand for bare interaction,
dashed ones - for the impurity averaging lines composing diffuson). The possibility
of connecting of bubbles with “external” green function lines shuold not be consid-
ered here, for it is taken into account when considering diagrams with higher order
on interaction. Studying these higher order diagrams, one can detect some other
(like RPA or the renormalization in Cooper channel) essential infinite sequence of
diagrams. The same is true for the lines connecting different bubles.

The polarization thus is given by

dE K A o o
ViégqIl(g) = — {W Z/ VCH,5; BEYY G - ,pmq;E—w)h

From (A49), (A41) and (A29) it follows that

VégzzIIr(q) D) Vo Z/ ZZ 5 g";E_w(hE —hg_u)+

+ V2655050 [Gr(P)GR(P — @)hp-0 — Ga(p)Ga(p — Q)hp)]},  (A5O)

Vigela(e) = ~5m 3 / D57 (hp — hpu)+

».p’

+ V2655675 [Gr(p)Gr(p — @)he — GA(P)GA(p — Q)hz-u]}, (AB1)

V(Sff(f’HK - _5_‘;—2- / ]P;pg‘g_ql B—w + DZ—)‘/——‘q p—qE w] (1 - hEh/E._w)‘}"
p.p’
+ V2655055 [Gr(P)Gr(p — @) + Ga(p)Galp — @) hehp-u} - (A52)
—_—

In (A50-A52) D denotes diffuson D together with the zeroth-order term

——
privated of impurity lines, see (A25), (A26), and (A27).
From the conservation of total number of particles one realizes that
for ¢= 0 and Vw g a(q,w) = 0. (A53)
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From (A50), (A51) and (A52) we realize that if one ignores effects due to
the energy dependence of the density of states or in the equilibrium (A41) holds
exactly for the polarization and hence for the renormalized potential. In the
equilibrium case using (A86) one recovers (A45).

One can see that

T w
Supp [1 - ha/zhE—w/g} = Supp [hE+w/2 - hE_w/z] = { . |E| < max <2 2) }
so that in (A52) energy integration is limited in the zone where we can use (A23).

It also means that in (A50), (A51) and (A52), we are free to

e when considering non-pole contributions: to substitute hgp « hp_, and
hEhE—w «— 1.

e when considering pole contributions having (hg — hg_,) and (1 — hghg_.,)
multipliers: to substitute + > 5 — J dév(€) with weak v(£) dependence (A23)
and to integrate over £ before integrating over energy.

So we see that (due to [ 4£) non-pole terms give zero contribution to (A52).
Let us introduce a quantlty

Z/‘_hE Gr(p)Gr(p —q) — Ga(p)Galp — )] € R.

If v is a constant, then 7(g) =7(0) = uo/dEh’E/Q = 1.

pEFsE - 3 (U S
V2 pr P=qp' =G E—w T 2mvoT (1—X(q) ) Viggr,

o ) : (Ab4)

75 Zp,p Dzzj Pqu : = 2muoT (I—X*(q) ) Vogg,

where X (¢) is given by (A66).
_ivoF he_.) .
TTale) = T3 g °/dE ez tee) _y(g),
woT X(g) X*(q)
= 7 [ aE — huhs_

Ik (g) > | d L @ 1 e (1—hghp_,) €. (A55)

Note that in general case Ik is not proportional to IIg —II4, so that (A41) does not hold_;'r
The simpliest form the interaction has for large values of momentum ~ pp.
From (A68) we deduce that in this case

==, 7% %m 0(q), Aﬁ% (A56)




When one does not take into account the vg - dependence, the polarization
simplifies substantially:

TIa(q) = Wi (g) = —vo [ 1+ iwF 255 ]
X

. ~ < X
HK(Q) = ——2’LV07'Tw {1_)(;]()(]) + l—X("’q()Q)i| ’

(A57)

T="Ty T, =T, ET(w) =

1 [ . . w w
=1 / dE (1 — hghp_y) = ‘m equlhbrmmj =3 coth 5T o0 T.  (A5b8)

-0

From (A57) for arbitary X (¢g) we arrive to
S (P - .
vweC Ox==*% (UR - UA) . VweR Urlq) = Uilg)
In 2D u~!(q) o vpgre; in 3D u(g) o vo(grg)?. Usually ¢ ~ 1/L so that in Dyson
equation (A48) one can neglect u~!(¢g). As a result, Ur/a/x do not depend on

original, unscreened Coulomb potential (such situation is called universal limit).
In the diffusion approximation

voDg? 4vyi DT,

R/A(Q) Dq2 T i’ K(Q) D2q4 + w? ( )
In 2D case, where U(q) = 2me?/q we have
& __ 92me? 4m2et Duy 1 1

UR/A(Q) - 7:16 o DQ(q—TI—r27rezvoo)"+iw - V_Og—‘l—g-i—b—q%q;—-, (A60)

‘ITVOE ww

0K (Q) = TD 126iW2§4D2U0T§J 7 = _45115" : 1;/0 7
@ {a+2meuo) e T () +(m85)

In 2D ﬁ;lz—ya ~ —— = rg = Bohr radius.
Like in [18], we want to neglect 55 in the denominator of (A60). We can do
it in case
w < Dg/rg < D/r4 (A61)
and obtain!” ‘ .
~ 1 w ~ —44T;
U ~—(1F—=— U mr A62
a0 == (17 50)+ Oxlo) ~ S5 (A62)

The condition (A61) holds in the diffusion regime, when Dg? ~ |w| < 1/7.

1"Note that (A62) is correct in arbitary dimension.
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Let us now go out of the diffusion approximation: still ¢ < pp but ¢l > 1.

Then . .
T divgT ~

IT q) = —U [1i—}, IIk(q) = ——1,,,
r/a(q) 0 7 x(q) a
so that ~
1 ~ 1 4477 1
wr ) Uk(q) = v 1 2
v (1% 5 14 (g)

From (A66), (48), (A62), (A63) and (A68) one concludes that for Dg > |w| the
potential does not depend on gq.

ﬁR/A(Q) = (A63)

4.8 Other formulas
In this subsection we use the following notations:

Vd’,geCd EOEE(albl,&gbg,...,ddbd>T, 6(505):(5:05)5,

- ~ (A64)
a/bE(al/bl,ag/bg,...,ad/bd) .
In d dimensions we have:
d€2 5ij
Q—Oniﬂj = (A65)

Let us introduce quantity

1 1 B D .
> Gr(fr, B)Ga(fr—dm, E), X(9)=X(qw)=X(g; E, E-w)

df
X(¢ B E)= 271'1/0%_17
(A66)

From (A15) X (0,0) = 1. For ¢ < pp:
_ 1
N V@ — (i £wr)?’

_ 1 1Og1—z’wr+ilq
2ilg 1 —dwTt —ilg
(A67)
The asymptotic for ¢ 2 pr depends on the particular dispersion law, but
generally X (¢, w) must decrease while ¢ enlarges:

lim X (q,w) = 0. (A68)
g—0

lin 3D X (7, w)

lin 2D} X (q,w)

In the diffusion approximation using'® (A15), (A23) and (A22) we have
X(GE,E') =1—770)7 X [Deq?® —iw] ~po 1 — 7 (Dg? — iw), €= %‘E—/,
v = uvy(1+x8), E=7E)~717(1—zF), lg=vrg, Dgp=

E
drg "’

(A69)

8To obtain (A69), we at first expanded Ga(P — ¢, F — w) by §,w; then used (A15) for the
zeroth-order term, then substituted (A23) and at last integrated by d& %%.
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Note that E-dependent corrections of (A69) make sence if (in case of cooperon/diffuson)
we are near enough to the pole. More precisely, a condition w(w + 3Dyg*)70 <
z€[2Dog? — iw] must hold; otherwise we go under the precesion of the diffusion
approximation. In particular, these corrections are important when Dg?> ~ w <
xe/ .

The result (A69) is consistent with the general requirement: cooperon’s dif-
fusion coefficient is a symmetric function of E and E'; this becomes clear if one
considers cooperon plus its complex conjugate (which should certainly be a real
quantity).

The expression for the current of arbitary particles and its operator with charge
e in gauge with scalar potential = 0 (see egs. (115.4) and (115.6) from [21]):

(@) = SR (T @)ia) - v @ (VY- Al @)+ ot [ (@)5w(a)
(AT70)
j. = leh x z)— Yz z))| —
Funle) = 122 (V53 (2)hl) — 02()(Vao(2))] A

% A(z)2(z )b (z) + Erot [wg(m)é’zpb‘(m)} .

Due to the application of a constant vector potential Green function changes like
(see [27])

G(7, A) = G(F, A = 0)e"*" (A72)
The density of states for systems with no interactions between the electrons:
. mo. mo . mpg
in 1D Yy = 577—29;7 in 2D Vg = "2—7'1-_%, in 3D Vg = m, (A73)
Poisson formula: .
Z 5(x —n) = Z g2mime (A74)
neZ mez

From (A74) we get:
Z fln+§) = Z e~ 2mme / e?™™ f(z)dz. (A75)
nez meZ

Using (A75), we arrive to a useful relation:

R 0 dy -
{1/‘ Z f (ﬁﬁ — 26A> = Z exp [%m%%} X / (gﬂz;dew(noﬂf (fj’), (A76)
nezd ReZd

L=(Le,Ly,..)", fa=2ri)L, ®=AoL, & =r/le

where the circle in (ﬁ o E) and Ao L denotes component multiplication of vectors,
see (A64).
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/ e (25 — §)apexp [—p*z® — Y2 (F— §)?] d’p = (AT7)

—00
2(z® + y*)bap + [q(z* — y*) — Z_iaﬁ x2y2q2 +2%/4 w2 zq

7 5 eXp | ———F——— | &Xp | 7—=| =
(2> +y?)° z? +y? 2 +y

(1§ —i2) 22 1 L T2q% — 20027
R [N B X | bap + 5 [72@ — zljaﬂ eXp |~ |

1

N T ;] _iLorm _a/ (L om)?
/ ~k exp [z (Lom)k~Dtk}—~ 5 (4w Dt) exp | ————— |,

d
/ dk exp [ (L o m) k — Dtk2] = (4nDt) ¥ exp |- 1Dt

(2m)¢

(Eom)q

We use some definitions in Heisenberg representation from [16] (however, chang-
ing signs in them order to have correspondence with [3]):

D(z,2) = ~K (x,2') = —i0(t — ) ([ (), ¥ (2')]e),
aw(m) = K (z,2) = i0(t - t) ([ (), ¥ (z))s), (A80)
Grya(z,a) = —Krya(z,2') = Fif [£(t — )] (@(2)9! (),

G(z,a") = —Ko(z,2') = —i(T[y(z)y! (2)]),

Gk + G =2Gr/s, Go=Gr—nGa, (A81)

where 1 = 41 for the case of bosons and fermions respectively.

1
In energy representation Kg/s(E) = —2—GR/A(E). (A82)
s
For fermions, Gr/a = GS)A (and for bosons Grja = G%_/L) obey the simpliest
equations, and this must be the reason why just they are usually considered, see
(|16]6.2-4). In equilibrium any Green function can be obtained from any other one
using spectral function, see [16].
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From [16] we have in case of non-interacting fermions in equilibrium:

1—np
E—¢(\) 16’

O 3y = 1 © () = 5= A
Grja M) = — OET Grya (V) 4+0.  (A83)
One can easilly do also the case of non-interacting bosons in equilibrium:

1 (0) ()\): 1+ np
E—e(\)+is’ ~R/A P NEX

GL (\) = §=+0. (A84)

In these relations ng/r = ;;771?—1- are Bose and Fermi distributions. Moreover, for
arbitary hg (i.e. also for out-of-equilibrium systems):

+oo
Vw / dE (hg — hg_.) = 2w, (A85)

-0

A useful identity:

E E—-w w E E—-w
VE,w, T (tanh 57 tanh 5T ) coth 5T = 1 —tanh —Q—Ttanh Tl (A86)

Pauli matrices:

(10 /(01 (0 —i (10
%0=\p 1) = \10) 27\ i 0o ) T\0o -1 )

(A87)

< dp sin(pnL) _

/.oo 2w L2+ (p— @)l + 67
2e "Lt q — en/lw [3 19T, ,gcos(qnl) + [1 — L2 (g* + 62)]sin(gnL)}
20+ 2LA( — 0%) 1 LA + ) |

The last equation leads to:

,q=2mn/L, n€Z, RL, > 0.
(A88)

/ * dk sin knL 1 — exp[—nL/L,]
V.D. — =
N R v R R UL
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