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Introduction

It is a well established experimental fact that the Universe is strongly asymmetric in its matter and
antimatter content. Indeed, there is no direct/indirect evidence up to now about the formation of
primordial stars or galaxies made entirely of antiparticles. The only clear observation of antimatter
in the Universe, besides the one created in particle accelerators, resides on the measurement of the
cosmic ray flux through the Earth. The antiproton number density in the cosmic rays is about 10−4

smaller than the density of protons [1] and it is consistent with antiproton secondary production
through accelerator-like processes, p + p → 3p + p. This suggests that there is no remnant of a
primordial antimatter abundance in our galaxy. Experimental evidences of a baryonic asymmetric
Universe are also observed at larger scales [2, 3].

An indirect measurement of the relative abundance of baryonic (protons and neutrons) matter
and antimatter can be deduced empirically in two different ways : i) from Big Bang Nucleosynthesis
(BBN) [4] and ii) from the cosmic microwave background (CMB) anisotropies [5]. The theory of
BBN predicts that the light elements of the Universe, namely D, 3He, 4He and 7Li were produced in
the first three minutes after the Big Bang. The relative density of these elements depend crucially
on the following quantity:

η ≡ nb − nb̄
nγ

, (1)

where nb, nb̄ and nγ are number densities of baryons, antibaryons and photons, respectively. The
quantity η is by definition the baryon asymmetry of the Universe. It can be shown that the same
value of η explain, within the BBN scenario, all the primordial abundances of the light elements
listed above, which can be inferred, independently, from different observations [4]. This is considered
a great success of the Standard Cosmological Model. The range of η (at 95% CL), compatible with
BBN constraints [4], is

4.7× 10−10 ≤ ηBBN ≤ 6.5 × 10−10 . (2)

The second way in which η can be measured is from the CMB anisotropies. The CMB radiation
has a thermal blackbody spectrum with a nearly constant temperature T ∼= 2.73 K. Temperature
fluctuations ∆T/T ∼ 10−5 in different directions in the sky, were measured quite in detail by the
satellite WMAP [5]. Such anisotropies are connected to acoustic oscillations of the baryon-photon
fluid at the time of recombination, about 400 thousand years after the Big Bang, when protons and
electrons formed neutral hydrogen atoms and photons decoupled from the thermal plasma. The
seeds of these tiny temperature variations can be traced back to quantum fluctuations during the
inflationary era. The baryon energy density strongly affects the shape of the CMB power spectrum.
From the analysis of the spectrum it is possible to obtain a measurement of η which is independent
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INTRODUCTION

from the one given by BBN. The WMAP 5 year data [5] report the value

ηCMB = (6.17 ± 0.17) × 10−10 , (3)

in perfect agreement with the determination obtained from the primordial nucleosynthesis.

An alternative way to express the matter-antimatter asymmetry is to use the ratio between the
baryon number density and the entropy density s of the Universe:

YB =
nb − nb̄

s
. (4)

The two formulations in terms of YB and η, at the present time, 1 are easily related:

YB =
n0γ
s0
η = 0.142 η = (8.77 ± 0.24) × 10−11 , (5)

where n0γ and s0 denote the current photon and the entropy densities.

A simple computation shows that the Standard Cosmological Model, which gives the correct
description of the evolution of the Universe after the BBN era, fails in explaining the small number
reported in (5). To be more concrete, starting with an initial equal number density of matter and
antimatter, η = 0, as predicted within the Standard Big Bang Model, at temperatures T . mp ≃ 1
GeV, the baryon and antibaryon number densities are Boltzmann suppressed and result: nb ≈ nb̄ ≈
(mp/T )

3/2 exp(−mp/T )nγ . Owing to the expansion (cooling) of the Universe, nb and nb̄ decrease
as long as the annihilation rate Γ ≈ nb〈σannv〉 is larger than the expansion rate of the Universe
H. Taking a thermally averaged annihilation cross-section 〈σannv〉 ≈ m−2

π , with mπ ≃ 135 MeV,
the annihilation rate of nucleons and antinucleons equals the expansion rate of the Universe at the
freeze-out temperature Tf ≈ 20 MeV. Consequently, nucleons and antinucleons become so rare that
they cannot interact anymore and their comoving number densities remain constant until present
time: nb/nγ ≈ nb̄/nγ ≈ (mp/Tf)

3/2 exp(−mp/Tf) ≈ 10−18. In order to avoid this annihilation
catastrophe, a primordial asymmetry between baryons and antibaryons, at the level of 1 part in
1010, should be dynamically generated so that, after the annihilation process, the Universe remains
with an excess of baryons over antibaryons, in the amount given by (5). The generation of the
baryon asymmetry of the Universe is called baryogenesis.

The necessary and sufficient conditions under which baryogenesis occurs in the early Universe,
were pointed out for the first time by Sakharov in 1967 [6]. These conditions, which should be si-
multaneously satisfied at some epoch of the evolution of the Universe, consist in: i) baryon number
violation, ii) C (charge conjugation symmetry) and CP violation and iii) departure from thermal
equilibrium. All the mentioned criteria are already verified inside the Standard Model (SM) of
elementary particles: due to the chiral anomaly of the electroweak (EW) interactions, the baryon
number B and lepton number L are not conserved at the quantum level. Only the combination
B − L, which is anomaly free, is preserved. At zero temperature, B + L violating interactions
are determined by instanton configurations of the gauge fields which allow tunneling between two
inequivalent vacua of the theory. Non-perturbative transitions of this type create 9 quarks and

1Throughout the thesis the computation of the baryon asymmetry is compared to the measurement reported in
(5), which is obtained from the CMB analysis in [5].
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3 leptons, one for each family. The associated B + L violating rate at zero temperature is expo-
nentially suppressed and does not produce observable effects. However, when temperature effects
are included, thermal fluctuations can excite static gauge field configurations, called sphalerons
[7], which correspond to an energy equal to the energy barrier between two adjacent vacua. The
sphaleron interaction rates were shown [8] to approach thermal equilibrium at temperatures larger
than the EW symmetry breaking scale and at such temperatures can mediate fast B +L violating
processes in the thermal bath. The second Sakharov condition is satisfied in the SM: C is maxi-
mally violated by the weak interaction, while CP is broken due to the Cabibbo-Kobayashi-Maskawa
mixing [9, 10], i.e. quarks mass eigenstates and electroweak flavour states are mixed via a complex
unitary matrix, the so-called CKM matrix, which contains one CP violating phase that is different
from zero. Finally, the departure from thermal equilibrium can be determined by a strongly first
order electroweak phase transition in the early Universe. This mechanism for the generation of the
baryon asymmetry, which resides only on the SM field content, is called electroweak baryogenesis
[11]. Unfortunately, it cannot provide sufficient primordial baryon production, since the source of
CP violation in the quark sector of the theory is too small, due to the smallness of some of the
quark masses and of the quark mixing angles [12]. Moreover, the first order EW phase transition
does not result strong enough to allow successful baryogenesis, because of the lower bound on the
Higgs mass [13]. In conclusion, in order to obtain the observed value of YB , it is necessary to go
beyond the SM, providing new sources of CP violation and a new mechanism for realizing departure
from thermal equilibrium.

Several scenarios of baryogenesis have been proposed in the literature, each one with proper
variations. Some examples are provided by GUT baryogenesis, MSSM electroweak baryogenesis,
Affleck-Dine mechanism and leptogenesis.

In this thesis phenomenological aspects related to the thermal leptogenesis mechanism 2 of
baryon asymmetry generation are analyzed in detail. The leptogenesis mechanism was introduced
for the first time by Fukugita and Yanagida in 1986 [15]. What makes it appealing is the fact that
it is intimately related to neutrino physics. Neutrino oscillation experiments [16] have provided
compelling evidences for existence of transitions in flight between the different flavour neutrinos,
caused by non-zero neutrino masses and neutrino mixing. Massive neutrinos cannot be implemented
in the SM, therefore some type of new physics is necessary to explain their small mass.

One of the most viable theoretical frameworks used to yield neutrino masses is the see-saw
mechanism [17]. The basic features of this scenario are the following: the SM Lagrangian is extended
with the addition of at least two heavy right-handed (RH) Majorana neutrinos which are SM
singlets and have masses much larger than the EW symmetry breaking scale, close to the GUT
scale. These particles are coupled to the left-handed charged lepton and Higgs doublets and have
a Majorana mass term which violate total lepton number by two units. At low energy the heavy
fields are integrated out leaving an effective SM invariant dimension-5 operator, suppressed by the
RH neutrino mass scale, which generate a Majorana mass term for the light left-handed flavour
neutrinos after EW symmetry breaking.

Thermal leptogenesis, in its standard formulation, is based on the see-saw extension of the SM.
It provides a dynamical mechanism which produces a primordial lepton charge asymmetry L. The
latter is partially converted into a baryon number asymmetry when the B + L violating sphaleron

2For a recent review on the subject of thermal leptogenesis see [14].
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INTRODUCTION

interactions of the SM enter in thermal equilibrium. All the Sakharov criteria are naturally satisfied
in this scenario: i) lepton number is violated by RH neutrinos, because of their Majorana nature;
ii) C is violated by the chiral nature of the see-saw interactions and a source of CP violation is
given by the (complex) neutrino Yukawa couplings; iii) the heavy Majorana fields are produced in
the thermal bath at a temperature close to their mass scale, via the neutrino Yukawa interactions:
the most efficient processes are inverse decays and two-by-two scatterings involving the top quark
or EW gauge bosons. When the temperature drops below their mass, they start to decay and
departure from thermal equilibrium is reached, provided their decay rate in the thermal bath is not
too big when compared with the expansion rate of the Universe. The out-of-equilibrium decays of
the RH neutrinos generate an asymmetry in the lepton flavour charge which can survive at lower
temperature. The evolution of the RH neutrino number density and the lepton asymmetry can
be computed solving the corresponding system of Boltzmann equations, which take into account
the production and wash-out of the lepton charge asymmetry via all the lepton number violating
processes present at the time of leptogenesis.

The main topic of this thesis is the role played by CP violation in the thermal leptogenesis
scenario. CP violation in the lepton sector can be revealed, in principle, in future neutrino experi-
ments. Observable CP violating effects in such experiments can put constraints on the Dirac and
the Majorana phases which enter in the neutrino mixing matrix. These “low energy” CP violating
phases may play an important role in the generation of the baryon asymmetry of the Universe
via the leptogenesis mechanism. Their contribution to the CP asymmetry generated in the decays
of the Majorana neutrinos is studied in a model independent way, emphasizing the region of the
parameter space in which they can give a dominant/unsuppressed input.

The thesis is organized as follows. In Chapter 1 the type I see-saw mechanism of neutrino mass
generation is introduced and the connection of this with leptogenesis is explained thoroughly. The
CP asymmetry in the RH neutrino decays is derived and the different sources of CP violation are
pointed out. The computation of the baryon asymmetry in a generic see-saw framework is hence
performed in Chapters 2 and 3. It is shown, in particular, on the basis of a complete numerical
analysis, that in large regions of the parameter space, the production of the baryon asymmetry
depends crucially on low energy observables, namely the lightest neutrino mass and the CP violating
phases in the neutrino mixing matrix. The last two chapter of the thesis consider supersymmetric
see-saw scenarios which are based on the discrete A4 flavour symmetry. The interesting feature of
this kind of models is that they predict a mixing pattern of neutrinos which is naturally compatible
with the tri-bimaximal scheme. Moreover the CP violating phases which enter in the expression of
the CP asymmetry and drive successful leptogenesis are given exclusively by the Majorana phases
of the neutrino mixing matrix. The leptogenesis scale in such supersymmetric models is correlated
to lepton flavour violating processes which can be probed in flavour physics experiments. Charged
lepton flavour violating rates are computed in the minimal supergravity scenario. A summary of
the main results obtained in this work is reported in the concluding chapter.
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Chapter 1

See-Saw Mechanism and Thermal
Leptogenesis

1.1 Type I See-Saw Extension of the Standard Model

In the simplest thermal leptogenesis scenario, the SM is extended by the addition of two or three
RH Majorana neutrinos, which are SM singlets and have a mass much larger than the electroweak
EW symmetry breaking scale. This is the well known type I see-saw scenario [17]. These heavy
fields are integrated out at low energies and generate an effective Majorana mass term for light
active neutrinos:

Lmν (x) =
1

2
νcαR(x) (mν)αβ νβL(x) + h.c. , (1.1)

where ναL and νcαR ≡ CνTαL, for α = e, µ, τ , are the left-handed light neutrino field and the
corresponding (right-handed) charge conjugated field 1, respectively.

In the case of three RH neutrino fields Ni(x)
2, i = 1, 2, 3, with masses M3 > M2 > M1, the

interaction and L violating Lagrangian in the lepton sector, Llep, is given by:

Llep(x) = LCC(x) + LY (x) + LN
M (x) , (1.2)

where LCC and LY denote the charged current and the Yukawa Lagrangians, respectively, while
LN
M involve the lepton number violating Majorana mass term of the RH neutrino fields. In the

basis in which the RH neutrino mass matrix and the charged lepton Yukawa matrix are diagonal
with real eigenvalues, (see-saw flavour basis), the terms in the interaction Lagrangian Llep are:

LCC(x) = − g√
2
eαL(x)γµναL(x)W

µ†(x) + h.c. , (1.3)

LY (x) = λkαNk(x)H
T (x) iσ2 ℓα(x) − hαeαR(x)H

c T (x) iσ2 ℓα(x) + h.c. , (1.4)

LN
M (x) = −1

2
MkNk(x)Nk(x) . (1.5)

1C is the usual charge conjugation matrix of Dirac spinors: CγT
αC

−1 = −γα, C
†C = 1 and CT = −C.

2Throughout this chapter the greek subscript in the definition of the fields and matrix elements is always intended
as a flavour index (e.g. α = e, µ and τ ). The latin indices, instead, are used to label the RH neutrino fields, unless
differently specified.
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1. SEE-SAW MECHANISM AND THERMAL LEPTOGENESIS

The left-handed SU(2) lepton doublets and the right-handed charged lepton singlets are indicated
as ℓTα ≡ (ναL, eαL) and eαR, while W

µ and H ≡ (h+, h0) represent the charged SU(2) gauge boson
and Higgs doublets, respectively. The field Hc(x) ≡ iσ2H(x)∗ (σ2 is the second Pauli matrix)
denotes the charge conjugated Higgs doublet with hypercharge Y = −1. The RH neutrino fields
Nk(x) satisfy the Majorana condition:

C(Nk)
T (x) = Nk(x) . (1.6)

Note that the see-saw Lagrangian LY +LN
M contains 18 independent parameters: three RH neutrino

masses Mk and 15 real parameters in the neutrino Yukawa matrix λ. 3 In contrast, as discussed
below, the low energy effective theory described by Lmν +LCC contains only 9 independent (mea-
surable) elements: three light neutrino masses, three mixing angles and three CP violating phases.

The effective Majorana mass term mν in (1.1) is a combination of the (high energy) see-saw
parameters λkα and Mk. Below the EW symmetry breaking scale, the see-saw Lagrangian can be
written in the matrix form:

Lmass(x) = −1

2
( νcR(x)NR(x) )

(
O mD

mT
D MN

) (
νL(x)
N c

L(x)

)
+ h.c. . (1.7)

The 3× 3 matrix O has all null entries and

mD ≡ λ v , MN ≡ diag (M1,M2,M3) (1.8)

are the 3 × 3 Dirac and Majorana mass matrices, where v ≡ 〈h0〉 ∼= 174 GeV is the SM Higgs
vacuum expectation value (VEV). The fields NR and N c

L ≡ CNT
R are the two chiral components of

the Majorana neutrino (vector) N . In the see-saw mechanism, the Majorana mass term is much
larger than the Dirac mass, i.e. MN ≫ mD. This implies that the mixing between left-handed,
ναL, and right-handed, NkR, fields is of the order θ ∼ mD/mN ≪ 1, i.e. the heavy neutrino mass
eigenstates are decoupled and have a mass matrix equal to MN at leading order in θ. The effective
Majorana mass matrix mν , given in Eq. (1.1), is obtained from the diagonalization of the 6 × 6
mass matrix in (1.7). At leading order in θ, one has in the flavour basis:

(mν)αβ ∼= v2λTαkM
−1
k λkβ = U∗

αj mj U
†
jβ , (1.9)

where mj > 0, for j = 1, 2, 3 are the light neutrino mass eigenvalues. Assuming a light neutrino
mass scale mν ≈ 0.1 eV, from Eq. (1.9) one obtains that RH Majorana neutrinos Nk should have
a mass MN ≈ 1014 GeV.

The neutrino mass matrix mν is diagonalized by a unitary transformation U , with neutrino
mass eigenstates νj given by:

νj =
∑

α

U †
jα ναL (1.10)

Light neutrino mass eigenstates resulting from the see-saw are Majorana fermions. They satisfy the
Majorana condition 4: νcj ≡ C(νj)

T = νj . In the basis in which the charged lepton mass matrix

3One can always remove three phases of the complex Yukawa matrix λ with a redefinitionof the lepton doublet
fields ℓe, ℓµ and ℓτ .

4Majorana fermions can be defined more generally through the condition: Cψ
T
= ξψ, with |ξ| = 1. However the

phase ξ has no physical meaning and therefore it can be neglected (see e.g. [20]).
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1.2 Neutrino Mixing Parameters and CP violating Phases

is diagonal, U coincides with the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing
matrix [21]. The unitary matrix U parametrizes the flavor mixing in the lepton sector, in analogy
to the CKM matrix [9, 10], which correctly describe the analogous mixing in the quark sector [22].
However, as discussed in the next section, the lepton mixing is characterized by two large and one
small (approximately zero) angles, which give rise to a mixing pattern completely different from
the one determined by the CKM matrix.

1.2 Neutrino Mixing Parameters and CP violating Phases

Throughout the thesis the PMNS neutrino mixing matrix U is always expressed in the standard
parametrization:

U =




c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13


 diag(1, ei

α21
2 , ei

α31
2 ) , (1.11)

where cij ≡ cos θij, sij ≡ sin θij , θij ∈ [0, π/2], δ ∈ [0, 2π] is the Dirac CP violating phase and α21

and α31 are the two Majorana CP violating phases [23, 24, 25], α21,31 ∈ [0, 2π]. As discussed below,
the source of low energy CP violation in the lepton sector is directly related to the existence of
three observable rephasing invariants, JCP, S1 and S2.

The best fit values of the neutrino mixing angles with the corresponding errors are reported
in Tab. 1.1. These are obtained from a global fit [26] of all neutrino oscillation data including
solar, atmospheric, reactor (KamLAND and CHOOZ) and accelerator (K2K and MINOS) experi-
ments [16].

The main features of the neutrino mixing pattern, mixing angles and CP violating phases, as
well as the experimental probes of the neutrino mass spectrum are briefly discussed below.

1.2.1 Neutrino mass spectrum

The solar and atmospheric neutrino oscillations are driven by two different mass scales, ∆m2
⊙ and

∆m2
A, respectively. The solar neutrino mass difference is standardly defined as:

∆m2
⊙ = ∆m2

21 ≡ m2
2 −m2

1 > 0 . (1.12)

In this case

|∆m2
A| = |∆m2

31| ≡ |m2
3 −m2

1| (1.13)

and ∆m2
A > 0 (∆m2

A < 0) for a light neutrino mass spectrum with normal (inverted) ordering:
m1 < m2 < m3 (m3 < m2 < m1).

Oscillation experiments are not able to provide information on the absolute neutrino mass scale,
but only on two mass squared differences. Direct measurements of the absolute mass scale are per-
formed in different types of experiments. Some of them put limits on the upper end of the spectral

9



1. SEE-SAW MECHANISM AND THERMAL LEPTOGENESIS

Parameter Best Fit 2σ 3σ

∆m2
21 (10

−5 eV2) 7.59+0.23
−0.18 [7.22, 8.03] [7.03, 8.27]

|∆m2
31| (10−3 eV2) 2.40+0.12

−0.11 [2.18, 2.64] [2.07, 2.75]

sin2 θ12 0.318+0.019
−0.016 [0.29, 0.36] [0.27, 0.38]

sin2 θ23 0.50+0.07
−0.06 [0.39, 0.63] [0.36, 0.67]

sin2 θ13 0.013+0.013
−0.009 ≤ 0.039 ≤ 0.053

Table 1.1: Best fit values with 1σ errors and 2σ and 3σ intervals for the three flavour neutrino oscilla-
tion parameters. The global fit is performed on data including solar, atmospheric, reactor (KamLAND
and CHOOZ) and accelerator (K2K and MINOS) experiments (see [26] and references therein).

distribution of electrons in tritium β−decay, 3H→3He+νe + e−. They provide a determination of
the electron neutrino mass

mνe =

√√√√
3∑

j=1

|Uej|2m2
j . (1.14)

The Mainz experiment obtained the boundmνe < 2.2 eV [27] and the Troitsk experimentmνe < 2.5
eV [28], both at 95% CL. The KATRIN experiment [29], which is under construction at the moment,
aims to search for the mass of the electron neutrino with a sensitivity of 0.2 eV.

Indirect determination of the absolute neutrino mass can be derived from CMB data as well as
data from large scale structures, which are sensitive to the sum of the neutrino masses. They allow
to set the conservative upper limit [30, 31]:

∑
j mj < 0.5 eV at 95% CL.

1.2.2 Tri-bimaximal mixing pattern

The data reported in Tab. 1.1 suggest a pattern of the PMNS matrix which is remarkably similar to
the so called “tri-bimaximal” (TB) mixing [32]. In the case of TB mixing, the solar and atmospheric
neutrino mixing angles θ12 and θ23 are very close to, or coincide with, the best fit values determined
in global analyses of neutrino oscillation data:

sin2 θ12 = 1/3 , sin2 θ23 = 1/2 . (1.15)

The reactor mixing angle θ13 is predicted to be exactly zero. Correspondingly, the PMNS matrix
(1.11) takes the form:

U = UTB diag
(
1, eiα21/2, eiα31/2

)
, (1.16)

10



1.2 Neutrino Mixing Parameters and CP violating Phases

where

UTB =




√
2/3 1/

√
3 0

−1/
√
6 1/

√
3 1/

√
2

−1/
√
6 1/

√
3 −1/

√
2


 . (1.17)

The TB scheme suggests the interesting possibility that the neutrino mixing originates from some
flavour symmetry in the lepton sector. An example of such symmetry is provided by the tetra-
hedral group A4. Supersymmetric (SUSY) models based on the discrete flavour group A4 will be
introduced in Chapters 4 and 5, where several results concerning leptogenesis and lepton flavour
violating processes within these models will be derived.

1.2.3 CP violation in neutrino oscillations

CP violation in the lepton sector, due to the Dirac phase δ, can be probed in neutrino oscillations
experiments and is directly related to the rephasing invariant [33]:

JCP = Im
{
Ue1Uµ2U

∗
e2U

∗
µ1

}
=

1

4
sin 2θ12 sin 2θ23 cos

2 θ13 sin θ13 sin δ , (1.18)

which is analogous to the rephasing invariant associated with the Dirac CP violating phase in the
CKM quark mixing matrix [34, 35].

If JCP 6= 0, i.e. if sin θ13 sin δ 6= 0, there is no CP violation coming from the Dirac phase δ in
the PMNS matrix. An experimental signature of CP violation associated to the Dirac phase δ can
in principle be obtained searching for CP asymmetries in neutrino flavour oscillations: [33, 36, 37]:

Aαβ
CP = P (ναL → νβL)− P (ναL → νβL) , (1.19)

where P (ναL → νβL) is vacuum oscillation probability [20] for three massive neutrinos:

P (ναL → νβL) = δαβ − 4
∑

j>k

Re
(
U∗
αjUβjUαkU

∗
βk

)
sin2

(
∆m2

jk

4E
L

)

+2
∑

j>k

Im
(
U∗
αjUβjUαkU

∗
βk

)
sin

(
∆m2

jk

4E
L

)
. (1.20)

In the previous equation E is the mean energy of neutrinos in the beam and L denotes the distance
between the detector and the source. Using (1.18) and (1.20), one can get the following expressions
for the CP asymmetries [33]:

Ae,µ
CP = Aµ,τ

CP = −Ae,τ
CP = JCP Fvacuum , (1.21)

Fvacuum = sin

(
∆m2

21

2E
L

)
+ sin

(
∆m2

31

2E
L

)
+ sin

(
∆m2

32

2E
L

)
. (1.22)

Because of CPT invariance, effects of CP violation can also be inferred from T asymmetries [33],

Aα,β
T , in neutrino oscillation, with

Aαβ
T = P (ναL → νβL)− P (νβL → ναL) , (1.23)

Aαβ
T = Aαβ

CP . (1.24)

11



1. SEE-SAW MECHANISM AND THERMAL LEPTOGENESIS

Future experiments [38, 39] on neutrino oscillations aim to constraints the reactor angle θ13 and
measure CP violating effects associated to the Dirac phase δ. Hints of a non-zero value of θ13 at
1.6σ where found in a recent analysis on global neutrino oscillation data [40].

1.2.4 Majorana phases and neutrinoless double beta decay

The Majorana phases α21 and α31, entering in the PMNS matrix (1.11), can have physical effects
only if the neutrino mass eigenstates νj in (1.10) are Majorana particles. As explained in Section 1.1,
the see-saw mechanism provides naturally an effective Majorana mass term for the three flavour
neutrinos, Eq. (1.9) and thus, in this framework, massive active neutrinos behave as Majorana
particles. In analogy to the Dirac phase, α21 and α31 can be related to a particular combination of
the neutrino mixing matrix elements, invariant under a basis transformation of the lepton fields.
Such rephasing invariants are not unique [41, 42]. A possible choice is

S1 = Im {U∗
τ1Uτ2} , (1.25)

S2 = Im {U∗
τ2Uτ3} . (1.26)

The two Majorana phases α21 and α31 can be expressed in terms S1 and S2 in the following way:

cosα31 = 1− 2
S2
1

|Ue1|2 |Ue3|2
, (1.27)

cos (α31 − α21) = 1− 2
S2
2

|Ue2|2 |Ue3|2
. (1.28)

As will be discussed in more detail in Section 1.3.2, all the CP violating effects associated with
the Majorana nature of the massive neutrinos are generated by α21 6= kπ and/or α31 6= k′π
(k, k′ = 0,±1,±2, . . .).

The Majorana nature of massive neutrinos 5 can be inferred from the existence of processes
which violate the lepton number by two units, ∆L = 2. The only viable experiments that currently
may prove if neutrinos are Majorana particles and possibly put constraints on the Majorana phases
of the PMNS matrix are the ones searching for neutrinoless double beta ((ββ)0ν -) decay [44] of
even-even nuclei:

(A,Z) → (A,Z + 2) + e− + e− . (1.29)

The corresponding decay rate is proportional to the effective Majorana mass mee, which contains
all the dependence on the neutrino mixing parameters:

mee =

3∑

j=1

U2
ej mj . (1.30)

One can distinguish two possible scenarios, compatible with neutrino mixing data (see Tab. 1.1):
i) normal ordered mass spectrum, m1 < m2 < m3; ii) inverted ordered mass spectrum, m3 < m1 <

5As is well known, oscillations of neutrinos are insensitive [23, 43] to the phases α21 and α31 in the PMNS matrix.
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1.3 Casas-Ibarra Parametrization and CP Invariance Constraints

m2. The corresponding expression of the Majorana mass term mee is the following:

Normal Ordering:

mee
∼=

∣∣∣∣m1 cos
2 θ12 +

√
m2

1 +∆m2
⊙ sin2 θ12e

iα21 +
√
m2

1 +∆m2
A sin2 θ13e

i(α31−2δ)

∣∣∣∣ (1.31)

Inverted Ordering:

mee
∼=

√
m2

3 + |∆m2
A|
∣∣cos2 θ12 + eiα21 sin2 θ12

∣∣ . (1.32)

The latest results of the CUORICINO experiment [45] set an upper limit on the effective Majorana
mass: mee < 0.20 − 0.68 eV, at 90% CL. Next generation experiments [46, 47, 48] searching for
(ββ)0ν -decay, currently under preparation, will probe the quasi-degenerate and inverted hierarchical
ranges of mee. They aim to reach the sensitivity of mee ≈ 50 meV.

The measurement of the (ββ)0ν -decay rate in oncoming experiments might allow to obtain
constraints on the Majorana phase α21 in the PMNS matrix (see e.g. [49, 50] and also [51]).

1.3 Casas-Ibarra Parametrization and CP Invariance Constraints

1.3.1 Bottom-up parametrization of the see-saw

The amount of CP violation necessary to generate the baryon asymmetry of the Universe, can be
related to both “low” and “high” energy contributions, the first being correlated to a particular
combination of the Dirac and Majorana CP violating phases in the neutrino mixing matrix, studied
in the previous section. In order to distinguish and analyze quantitatively the different sources of
CP violation in the lepton sector, it is useful to work in the Casas-Ibarra [52] parametrization of
the neutrino Yukawa coupling matrix λ, which appears in LY (see Eq. (1.4)):

λ =
1

v

√
MN R

√
mU † , (1.33)

where MN = diag(M1,M2,M3) and m = diag(m1,m2,m3). The unitary matrix U is the PMNS
neutrino mixing matrix introduced in Section 1.2. From the expression (1.4) and the type I see-
saw mass relation given in (1.9), it comes out that R is a 3 × 3 (complex) orthogonal matrix:
RRT = RTR = 1. It contains three mixing angles and three phases, which together with MN , U
and m provide the 18 independent parameters of the see-saw Lagrangian, LY + LN

M .

The parametrization (1.33) is derived in the see-saw flavour basis, which corresponds to diagonal
mass matrices for the charged leptons and RH neutrinos, both with real eigenvalues. In a generic
see-saw basis, given by the neutrino Yukawa matrix λ̂, the charged lepton Yukawa matrix λ̂ℓ and
the RH neutrino mass matrix M̂N , Eq. (1.33) can be written in the form [52, 53]:

v
(√

MN

)−1
V †
R λ̂ = R

√
mV †

ν . (1.34)
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1. SEE-SAW MECHANISM AND THERMAL LEPTOGENESIS

The unitary matrices VR, VeL and Vν define the basis transformation:

V T
R M̂N VR = diag (M1,M2,M3) , (1.35)

V †
eL λ̂

†
ℓ λ̂ℓ VeL = diag

(
h2e, h

2
µ, h

2
τ

)
, (1.36)

Vν = VeLU , (1.37)

where Vν diagonalizes the neutrino mass matrix mν
∼= v2λ̂T M̂−1

N λ̂ in Lmν , Eq. (1.1):

V T
ν mνVν = diag (m1,m2,m3) . (1.38)

Equation (1.34) can be derived directly from (1.33), using the basis transformation defined

above. Thus, given any see-saw model {λ̂, λ̂ℓ, M̂N}, in some particular basis, the orthogonal matrix
R can be computed directly form Eq. (1.34) and is an invariant see-saw quantity [53], i.e. it doesn’t
change under basis transformations. 6 Actually, R parametrizes basis invariant classes of see-saw
models, C(R), in the sense that, each see-saw model defined by the set {λ̂, λ̂ℓ, M̂N} ∈ C(R), which is
consistent with a set of low energy parameters {me,mµ,mτ ,mi, U}, is related to another model of
the same class by applying lepton basis changes. Models belonging to distinct classes are associated
to different R matrices and cannot be related to one another.

1.3.2 CP transformation properties

If CP is a symmetry of the lepton Lagrangian (1.2), then the neutrino Yukawa couplings λkα
should satisfy specific constraints [20]. Using the parametrization given in (1.33), such constraints
translate into conditions on matrix R elements. Indeed, if CP is preserved, the Majorana fields Nk

and νj have definite CP parities [20] ηNCP
k and ηνCP

j , respectively, and transform as:

UCPNk(x)U
†
CP = ηNCP

k γ0Nk(x
′) , with ηNCP

k = ±i , (1.39)

UCPνj(x)U
†
CP = ηνCP

j γ0νj(x
′) , with ηνCP

j = ±i . (1.40)

The RH neutrino mass term defined in LN
M is invariant under the above transformation. The Yukawa

part of the lepton Lagrangian LY is also CP invariant if and only if the following transformation
of the neutrino Yukawa matrix elements occurs:

λ∗jα = λjα(η
NCP
j )∗ηαηH∗ , (1.41)

where ηα and ηH are the (unphysical) phase factors which enter in the CP transformation of the
left-hand lepton and Higgs doublets, respectively. One can fix, without loss of generality: ηα = i
and ηH = 1. 7 Using the above assumptions, the CP invariance constraints satisfied by the neutrino
Yukawa matrix, λ, become [54]:

λ∗jα = λjα ρ
N
j , ρNj = ±1 . (1.42)

6More generally, R is invariant under a non-unitary RH neutrino trasformation, namely Nk → SkjNj , where S is
a non-singular matrix [53].

7Such values of the parameters ηα and ηH can always be obtained due to a convenient redefinition of the phases
of the lepton and Higgs doublets in the lepton Lagrangian (1.2).
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1.4 CP Violation in Thermal Leptogenesis

Thus, under CP the neutrino Yukawa matrix elements would be real or purely imaginary, depending
on the CP parities of the RH neutrino fields. Note that CP invariance in the high energy see-saw
model would imply that CP is conserved in the lepton sector even after EW symmetry breaking. In
such a case, the phases which enter in the neutrino mixing matrix take the values (see Section 1.2):

δ = πq , q = 0,±1,±2, . . . , (1.43)

α21 = πq′ , q′ = 0,±1,±2, . . . , (1.44)

α31 = πq′′ , q′′ = 0,±1,±2, . . . , (1.45)

or equivalently [20]

U∗
αj = Uαj ρ

ν
j , ρνj = ±1 . (1.46)

Taking into account Eqs (1.42) and (1.46), one can derive the CP transformation properties of the
orthogonal matrix R [54]:

R∗
jk = Rjk ρ

ν
j ρ

N
k . (1.47)

All the constraints derived above can be conveniently expressed in terms of the following quan-
tity [54, 55]:

Pjkmα ≡ RjkRjmU
∗
αkUαm . (1.48)

Indeed, from Eqs (1.42), (1.46) and (1.47) one has:

P ∗
jkmα = (ρNj )2(ρνk)

2(ρνm)2Pjkmα = Pjkmα . (1.49)

The previous equation implies that CP is violated in the lepton sector, provided Pjkmα is complex:

CPviolation ⇐⇒ Im(Pjkmα) 6= 0 . (1.50)

Notice that Pjkmα is a see-saw invariant quantity, because it is defined in terms of the matrix R
and the neutrino mixing matrix U , which are basis independent.

In the next section CP violation in the lepton sector, enclosed in the CP violating phases of the
matrices R and U , will be discussed in connection with thermal leptogenesis. In particular, it will
be shown that the condition (1.50) “triggers” CP violation in the thermal leptogenesis scenario,
when the dynamics of the flavour states plays a role in the generation of the baryon asymmetry of
the Universe.

1.4 CP Violation in Thermal Leptogenesis

The different sources of CP violation that enter in the lepton sector play a crucial role in the gen-
eration of the baryon asymmetry of the Universe via the leptogenesis mechanism. In the following
the expression of the CP asymmetry in the decays of the heavy Majorana neutrinos is derived and
the connection to the CP violating phases in the PMNS is discussed in detail.
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1. SEE-SAW MECHANISM AND THERMAL LEPTOGENESIS

1.4.1 Implications of CPT and unitarity

A non zero CP asymmetry can be generated in the out-of-equilibrium decays of the heavy RH
Majorana neutrinos, only if the neutrino Yukawa couplings λkα are complex and are not constrained
by relation (1.41) or, equivalently, if the condition (1.50) is verified. The lepton CP asymmetry
in the decays of the RH field Nk, ǫkα, which determines the evolution of the lepton charge Lα

(α = e, µ, τ), is defined as:

ǫkα =
Γ(Nk → ℓαH)− Γ(Nk → ℓαH)

ΓDk
, (1.51)

where ΓDk is the total decay rate of Nk:

ΓDk =
∑

α

[
Γ(Nk → ℓαH) + Γ(Nk → ℓαH)

]

=
[λλ†]kkMk

8π
. (1.52)

The evaluation of the CP asymmetry in RH neutrino decays, given in (1.51), can be handled taking
into account the constraints on the transition matrix elements derived from CPT invariance and
unitarity of the S matrix [56]. Indeed, considering S = 1 + iT, the unitarity condition, SS† =
S†S = 1, implies:

iTab − iT∗
ba = [TT†]ab = [T†T]ab . (1.53)

The matrix element Tba is related to the decay amplitude M(a → b), from an initial state of
particles a ≡ {a1(p1), . . . , an(pn)} to the final set b ≡ {b1(k1), . . . , bm(km)}:

Tba = M (a→ b) (2π)4 δ(4)




n∑

i=1

pi −
m∑

j=1

kj


 , (1.54)

where pi (i = 1, . . . , n) and kj (j = 1, . . . ,m) are the momenta of the incoming and outgoing
particles, respectively. Notice that if CP is preserved, T is a hermitian matrix and M(a → b) =
M(b → a)∗. The absolute value of (1.53) provides a relation between the transition rates of the
processes a↔ b :

|Tab|2 − |Tba|2 = −2Im
{
[TT†]∗abT

∗
ba

}
+
∣∣∣[TT†]ab

∣∣∣
2
. (1.55)

Assuming that the transition rate for the process a→ b can be perturbatively expanded in powers
of a small coupling constant α, i.e. |M(k)(a → b)|2 = O(αk), it follows from (1.55) that the CP
asymmetry |M(k)(a → b)|2 − |M(k)(b → a)|2 must be at least of order αk+1. Therefore, CP
violating effects may arise only from loop corrections to the amplitude of the process a→ b. These
corrections should arise from CP violating vertices and the particles running in the loops should
correspond to physical eigenstates. Notice that, even if the particles running in the loops have CP
violating coupling constants, they can produce a CP asymmetry of the form (1.55) only if their
masses are small enough to let them propagate on their mass-shells.
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Nk

ℓβ

H

H

ℓα

Nj

Nj

i)

Nk

ℓβ

H

Nj Nj

ℓα

H

ii)

Nk Nk

ℓβ

H

Nj

ℓα

H

iii)

Figure 1.1: Diagrams contributing to the CP asymmetry ǫkα. The lepton field ℓβ and the Higgs
field H in the loop are taken on-shell (see the text for details). The sum over the lepton doublets ℓβ
(β = e, µ, τ) and RH Majorana fields Nj (j 6= k) is implicit. Diagrams i) and ii) are lepton flavour and
lepton number violating, while the amplitude given in iii) is flavour changing but conserves total lepton
number, i.e. it does not contribute to the total CP asymmetry ǫk.

The previous considerations can be applied directly to the neutrino Yukawa interactions in the
see-saw Lagrangian. From CPT invariance, the rate of inverse decays, ℓα +H → Nk, is:

|M (ℓαH → Nk)|2 =
∣∣M

(
Nk → ℓαH

)∣∣2 . (1.56)

At tree-level, CP and T are conserved. Therefore, the RH neutrino decay amplitude satisfies:

M(0) (Nk → ℓαH) = M(0) (ℓαH → Nk)
∗ , (1.57)

where the superscript “(0)” indicates that the amplitude is evaluated at tree-level. From expres-
sions (1.54)−(1.56), the CP asymmetry in the decays, ǫkα, defined in (1.51), can be computed
as the convolution of tree-level amplitudes 8 M(0)(Nk → ℓαH), M(0)(Nk → ℓβH (ℓβ H)) and
M(0)(ℓβ H (ℓβ H) → ℓαH), for β = e, µ, τ (see Fig. 1.1). An explicit calculation gives:

ǫkα =

Im

{
∫
dΠ̃ℓα,H M(0)(Nk → ℓαH)∗

∑
{n}

∫
dΠ̃{n} M(0)(Nk → {n})M(0)({n} → ℓαH)

}

∫
dΠ̃ℓα,H

∣∣M(0)(Nk → ℓαH)
∣∣2 ,

(1.58)

where
∑

{n} indicates the sum over all possible on-shell states in the loops of Fig. 1.1, while the
phase space factor in the integral is, in general

dΠ̃n1,...,nk
≡ d3pn1

(2π)32En1

· . . . · d3pnk

(2π)32Enk

(2π)4 δ(4)


pNk

−
k∑

j=1

pnj


 , k ≥ 2 , (1.59)

pNk
and pnj

(j = 1, . . . , k) being the 4-momentum of the decaying RH neutrino Nk and the final
state nj, respectively.

8At leading order in the small coupling constant the last term on the r.h.s. of (1.55) gives a negligible contribution.
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1. SEE-SAW MECHANISM AND THERMAL LEPTOGENESIS

For a non degenerate RH neutrino mass spectrum, |Mi−Mj | ≫ ΓDi, expression (1.58) becomes:

ǫkα = − 1

(8π)

1

[λλ†]kk

∑

j

Im
{
λkα [λλ

†]kj λ
∗
jα

}
f(xj)

− 1

(8π)

1

[λλ†]kk

∑

j

Im
{
λkα [λλ

†]jk λ
∗
jα

} 1

1− xj
, (1.60)

where xj ≡ M2
j /M

2
1 and the loop function f(xj) is [57]:

f(x) =
√
x

[
1

1− x
+ 1− (1 + x) log

(
1 +

1

x

)]
−→ − 3

2
√
x
+ . . . , for xj ≫ 1 . (1.61)

Thus, the total CP asymmetry ǫk associated to the decays of the RH neutrino Nk is:

ǫk ≡
∑

α

ǫkα

=
1

(8π)

1

[λλ†]kk

∑

j 6=k

Im

{[
[λλ†]jk

]2}
f(xj) . (1.62)

A similar computation can be done in supersymmetric 9 (SUSY) see-saw models. In this
case, the RH neutrino Nk and its supersymmetric partner Ñk decay into the channels: Nk , Ñk →
ℓαH (ℓ̃α H̃). The sum of the asymmetries into leptons and sleptons is given by the expression (1.60),
with the loop function [57]: 10

f(x) = −
√
x

[
2

x− 1
+ log

(
1 +

1

x

)]
−→ − 3√

x
+ . . . , for xj ≫ 1 . (1.63)

1.4.2 Sources of CP violation

The necessary amount of CP violation which allows to produce the observed value of the baryon
asymmetry of the Universe via the thermal leptogenesis mechanism, stems from both the “high”
energy CP violating phases in the matrix R (R−phases) and by the “low” energy Dirac phase δ and
Majorana phases α21 and α31, which enter in the PMNS matrix (1.11). The latter can, in principle,
be measured in neutrino physics experiments, as discussed in Section 1.2. Conversely, the purely
“high” energy CP violating R−phases produce physical effects only in processes that arise at some
high energy scale, such as in the production and decays of the heavy RH fields. Related to this,
there are three possibilities that should be considered [54]:

9SUSY soft breaking terms do not contribute to the CP asymmetries for a RH neutrino mass much larger than
the EW symmetry breaking scale, as in the standard see-saw scenario considered here.

10Notice that, in what concerns the CP asymmetry of RH neutrino decays, in the supersymmetric scenario one has
to consider the contribution of three additional diagrams, which are equivalent to the diagrams shown in Fig. 1.1,
provided one replaces the particles in the loops with the corresponding (on-shell) sparticles. Similar diagrams arise
when the final states in the RH neutrino decays are the SUSY partners of the left-handed lepton and Higgs doublets.
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i) CP is a symmetry of the lepton sector at “high” energies, i.e. neutrino Yukawa couplings
λkα satisfy the constraints reported in Eq. (1.42). Then, CP is also preserved in the “low”
energy limit and the neutrino mixing matrix U is constrained by Eq. (1.46). Moreover, as
a consequence of the CP symmetry, the R matrix elements are real or purely imaginary,
Eq. (1.47).

ii) CP symmetry is violated at “low” energies by the charged current interactions in (1.3), i.e.
at least one of Eqs (1.43) − (1.45) does not hold. Therefore, CP is also violated at “high”
energy scales through the neutrino Yukawa couplings and it is not possible to use the matrix
R to cancel all the phases present in λ. In this case, CP violating effects in “high” energy
phenomena are determined, in general, by the interplay between the phases δ, α21 and α31

and the R−phases.

iii) Charge current interactions are CP conserving and U satisfies constraints in Eq. (1.46), but
CP is violated at some “high” energy scale, i.e. not all the neutrino Yukawa couplings verify
the transformation properties given in Eq. (1.42). CP violation in this case is due to the
matrix R.

A phenomenological interesting situation within point ii) corresponds to the particular case of a
CP conserving 11 matrix R, Eq. (1.47). In such scenario the effective CP violating phases which
enter in “high” energy phenomena, can be directly linked to the Dirac and/or Majorana phases of
the PMNS matrix, accessible in neutrino experiments (see Section 1.2). In particular, the source
of CP violation necessary for the generation of the observed baryon asymmetry of the Universe
in thermal leptogenesis can be identified, exclusively, with the phases δ, α21 and α31. A thorough
analysis on this issue was performed in [54, 59, 60, 61] in the context of flavoured leptogenesis,
where flavour effects [62, 63, 64, 65, 66, 67, 68] may play an important role in the determination of
the observed baryon asymmetry. The topic of flavour effects in thermal leptogenesis will be briefly
discussed in Section 1.5.

Before analyzing the role of flavour effects in leptogenesis, it is convenient to express the CP
asymmetry ǫkα, derived Eq. (1.60), in terms of the Casas-Ibarra parametrization of the neutrino
mixing matrix λ, Eq. (1.33). Henceforth, it is assumed a see-saw scenario in which the RH neutrino
mass spectrum is strongly hierarchical: M2,3 ≫ M1. In this case, the lepton number and flavour
asymmetries, which are partially converted into a baryon number symmetry by fast sphaleron
processes, are generated only in the out-of-equilibrium decays of the lightest one, N1. A possible
lepton charge asymmetry produced in the decays of the heavier states, is expected to be washed
out by the Yukawa interactions of N1. Thus, the CP asymmetry ǫ1α, relevant for leptogenesis, can

11It should be noted, however, that constructing a viable see-saw model which leads to real or purely imaginary
Rij might encounter serious difficulties (see e.g. [58]).
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be written as [54]:

ǫ1α = − 3M1

16πv2

Im

(
∑
jk

m
1/2
j m

3/2
k U∗

αj Uαk R1j R1k

)

∑
i
mi |R1i|2

= − 3M1

16πv2

Im
∑
jk

m
1/2
j m

3/2
k P1jkα

∑
i
mi |R1i|2

. (1.64)

where P1jkα was defined in (1.48). Notice that, the CP asymmetry (1.64) depends only on basis
invariant quantities and, therefore, is unique in all the see-saw models belonging to a particular
invariant class C(R) (see Section 1.3). From the previous formulation of ǫkα one can see that the
source of CP violation required in order to have successful leptogenesis is provided, in general, by
the interplay between the three “high” energy phases that enter in the elements of the orthogonal
matrix R and the “low” energy CP violating phases δ, α21 and α31 in the neutrino mixing matrix
U . The total CP asymmetry ǫ1, defined in (1.62), is easily derived:

ǫ1 = − 3M1

16πv2

Im

(∑
k

m2
k R

2
1k

)

∑
i
mi |R1i|2

. (1.65)

Thus, ǫ1 is sensitive only to the R−phases and there is no correlation with any of the low energy
sources of CP violation in the lepton sector. It can be shown [66] that scenarios in which ǫ1 = 0
while ǫ1α 6= 0, entail the possibility that the phases in the light neutrino mixing matrix U provide
enough CP violation for successful leptogenesis. In [54, 55], in particular, it was shown that if flavour
effects are relevant and the heavy Majorana neutrinos Nk have a hierarchical mass spectrum, then
the observed baryon asymmetry can be produced even if the only source of CP violation is the
Majorana and/or Dirac phase(s) in the PMNS matrix. The same result was shown to hold also for
quasi-degenerate in mass heavy RH Majorana neutrinos [54, 55].

1.5 Flavour Effects in Thermal Leptogenesis

The notion of flavour enters in the total lepton Lagrangian, Llep, via the charged lepton Yukawa
interactions, mediated by the couplings he, hµ and hτ (see Eq. (1.4)). They give rise to the
masses of charged leptons in the SM, after the spontaneous breaking of the EW symmetry. In
the early Universe these interactions can be fast enough to put in thermal equilibrium processes
like: eαL + eαR → h0, ναL + eαR → h+ or eαL + eαR → h0,± + A0,∓, ναL + eαR → h0,+ + A+,0,
with A0 = W 3, B and A± = W± being the SU(2) × U(1) gauge bosons. These interactions are in
equilibrium if the corresponding rate Γα is larger than the expansion rate of the Universe. The
rate Γα can be estimated as [69]:

Γα ≈ 5× 10−3 h2αT . (1.66)
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The expansion rate of the Universe is H ∼= 1.66g
1/2
∗ T 2/MPl, where MPl

∼= 1019 GeV is Planck
mass, while g∗ indicates the number of relativistic degrees of freedom present in the thermal bath.
When the temperature drops due to the expansion of the Universe, the tau Yukawa interactions
enter in thermal equilibrium, i.e. Γτ > H. This condition is realized as soon as T . 1012 GeV. For
the muon the same will happen at T . 109 GeV. 12 Hence, for T ≫ 1012 GeV the charged lepton
Yukawa interactions are negligible and the notion of flavour in the thermal plasma has no meaning.
The physical lepton states arise from the combination of the (flavour) fields ℓα coupled to the RH
Majorana neutrino Nk, i.e.

13

|ℓk〉 ≡ 1

[λλ†]kk

∑

α

λ∗kα |ℓα〉 , (1.67)

∣∣ℓk
〉

≡ 1

[λλ†]kk

∑

α

λkα |ℓα〉 . (1.68)

When the charged lepton Yukawa interactions are in thermal equilibrium (Γα > H) and they are
faster than the inverse decay processes ℓk + H, ℓk + H → Nk, the coherence of the state |ℓk〉 is
spoiled and the physical basis is given by |ℓα〉 and the component of |ℓk〉 which is orthogonal to
|ℓα〉. In this case, the Higgs bosons will interact with the incoherent lepton flavour combinations
given in the physical basis instead of the coherent superpositions |ℓk〉 and |ℓk〉, produced in the Nk

decays.

Following the previous discussion, there are three possible regimes of generation of the baryon
asymmetry in the thermal leptogenesis scenario [65, 66, 67]. Considering a hierarchical neutrino
mass spectrum,M2,3 ≫M1, as already done at the end of Section 1.4.2, the leptogenesis time scale
is set at a temperature T ∼M1. For T ∼M1 > 1012 GeV the lepton flavours are indistinguishable
and the one-flavour approximation is valid: the physical states interacting in the plasma at the
leptogenesis scale are |ℓ1〉 and |ℓ1〉. The relevant CP asymmetry in this case is ǫ1 ≡ ǫ1e + ǫ1µ + ǫ1τ
and it depends only on the R−phases. Hence for real or purely imaginary CP conserving R1j , it is
impossible to produce any baryon asymmetry (see Eq. (1.65)) . If 109 GeV <∼ T ∼M1

<∼ 1012 GeV,
the tau Yukawa interactions enter in thermal equilibrium and the Boltzmann evolution of the lepton
charge Lτ , proportional to the CP asymmetry ǫ1τ is distinct from the evolution of the (e+µ)−flavour
number density (lepton charge Lo ≡ Le+Lµ), which is related to the CP asymmetry ǫ1o ≡ ǫ1e+ǫ1µ.
This corresponds to the so-called two-flavour regime. 14 At smaller temperatures, T ∼ M1

<∼ 109

GeV, also charged muon Yukawa interactions reach thermal equilibrium and the evolution of the
µ−flavour number density (lepton charge Lµ) becomes distinguishable in the thermal plasma. In
this three-flavour regime the physical basis coincides with the standard flavour basis: ℓe, ℓµ and ℓτ .

In the one-flavour scenario, T ∼M1 > 1012 GeV, the baryon asymmetry of the Universe YB, in

12In SUSY we have hτ = mτ/(v sin β), so that the tau Yukawa is in equilibrium at temperatures T < (1+tan2 β)×
1012 GeV, where tan β is the ratio of the VEV of the two Higgs doublets present in the minimal SUSY extension of
the Standard Model.

13Note that, if neutrino Yukawa coupling are complex, the state ℓk defined in (1.68) does not correspond to the
charge conjugated state of ℓk in (1.67).

14As was suggested in [54] and confirmed in the more detailed study [70, 71], in the two-flavour regime of leptogenesis
the flavour effects are fully developed at M1 <∼ 5× 1011 GeV.
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the formulation given in Eq. (4), can be computed as:

YB ∼= − 12

37g∗
ǫ1 η (m̃1) . (1.69)

In the previous equation, g∗ = 217/2 is the number of (SM) relativistic degrees of freedom in the
thermal bath and m̃1 is the wash-out mass term:

m̃1 ≡ [λλ†]11
M1

v2 =
∑

k

|R1k|2mk , (1.70)

where the Casas-Ibarra parametrization was used in the last equality. The dimensional parameter
m̃1 measures the strength of neutrino Yukawa interactions at the leptogenesis time. Indeed, one
has:

ΓD1

H
≡ m̃1

m∗
, (1.71)

where ΓD1 is the total decay rate of N1 (see Eq. (1.52)) and

m∗ = 8π
v2

M2
1

H|T=M1
∼= 1.1× 10−3 eV . (1.72)

From the orthogonality condition of the matrix R, one has: m̃1 >
∣∣∑

k R
2
1kmk

∣∣ > min(mk). The

range of parameters for which m̃1
>∼ m∗ is referred to as strong wash-out. Conversely, if m̃1 < m∗,

the leptogenesis scenario is said to happen in a weak wash-out regime.
The efficiency function 0 < η < 1, that takes into account the wash-out effects of the total lepton

charge asymmetry produced by the out-of-equilibrium decays N1, can be parametrized as [72]:

η (X) ∼=
(
3.3× 10−3 eV

X
+

(
X

0.55 × 10−3 eV

)1.16
)−1

. (1.73)

The previous expression is obtained by performing a fit of the numerical solution of the set of
Boltzmann equations relevant for leptogenesis. The main processes that enter in the computation
are: i) decays and inverse decays, N1 ↔ ℓ1H and N1 ↔ ℓ1H; ii) ∆L = 1 Higgs-mediated scattering
processes, N1 ℓ1 ↔ q3L tR (s-channel) andN1 q3L ↔ ℓ1 tR, N1 tR ↔ ℓ1 q3L (t- and u-channels), where
q3L and tR are the third family SU(2) quark doublet and singlet, respectively; iii) ∆L = 1 gauge
scatterings, N1 ℓ1 → H A, with A = W±,0 and B; iv) ∆L = 2 scattering processes, ℓ1H → ℓ1H
(s-channel), ℓ1 ℓ1 → HH (t- and u-channels), where in the s-channel process only the off-shell
contribution of the RH neutrino fields is considered (the on-shell part is already taken into account
in the decay and inverse decays). One can prove [72] that the ∆L = 2 scattering processes are
out-of-equilibrium if leptogenesis happens at T ∼ M1 < 1014 GeV and can be safely neglected. In
this case, the efficiency factor η will depend only on the effective wash-out mass parameter m̃1,
according to Eq. (1.73). For M1

>∼ 1014 GeV, Eq. (1.73) is not anymore a good approximation.
In the two-flavour regime, 109 GeV <∼ T ∼ M1

<∼ 1012 GeV, the baryon asymmetry predicted
in the case of interest is:

YB ∼= − 12

37g∗

(
ǫ1o η

(
417

589
m̃1o

)
+ ǫ1τ η

(
390

589
m̃1τ

))
, (1.74)
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with ǫ1o = ǫ1e + ǫ1µ, m̃1o = m̃1e + m̃1µ, m̃1α defined as [65, 66, 67],

m̃1α =

∣∣∣∣∣
∑

k

R1km
1/2
k U∗

αk

∣∣∣∣∣

2

. (1.75)

The terms η(390m̃1τ /589) ∼= η(0.66m̃1τ ) and η(417m̃1o/589) ∼= η(0.71m̃1o) are the efficiency factors
for generation of the asymmetries ǫ1τ and ǫ1o. In the flavoured scenario, such efficiency factors are
well approximated by the expression [67]:

η (X) ∼=
(
8.25 × 10−3 eV

X
+

(
X

2× 10−4 eV

)1.16
)−1

. (1.76)

At T ∼M1
<∼ 109 GeV, the three-flavour regime is realized and [67]:

YB ∼= − 12

37g∗

(
ǫ1e η

(
151

179
m̃1e

)
+ ǫ1µ η

(
344

537
m̃1µ

)
+ ǫ1τ η

(
344

537
m̃1τ

))
. (1.77)

The expression of the CP asymmetries ǫ1α which enter in the computation of the total baryon
asymmetry YB (see Eqs (1.74) and (1.77)) in the thermal flavoured leptogenesis scenario, depend
on the Dirac and Majorana CP violating phases in the PMNS neutrino mixing matrix. As pointed
out in the previous section, one can distinguish different scenarios according to the dominant source
of CP violation which determines the CP asymmetry.

A phenomenological interesting case is obtained when the only source of CP violation which
enters in the CP asymmetries is provided exclusively by the phases of the PMNS matrix, that is,
when the elements of the matrix R are all real or purely imaginary (see Eq. (1.47)). Actually, it
can be shown [54] that such scenario is encountered if the less restrictive condition Re(R1jR1k) = 0
or Im(R1jR1k) = 0, for j 6= k, is fulfilled. In this case, it proves convenient to cast the flavour CP
asymmetries ǫ1α in the form [73]:

Im (R1kR1j) = 0 :

ǫ1α = − 3M1

16πv2

∑
k

∑
j>k

√
mkmj (mj −mk) ρkj |R1kR1j | Im (U∗

αk Uαj)

∑
imi |R1i|2

, (1.78)

Re (R1kR1j) = 0 :

ǫ1α = − 3M1

16πv2

∑
k

∑
j>k

√
mkmj (mj +mk) ρkj|R1kR1j |Re (U∗

αkUαj)

∑
imi |R1i|2

. (1.79)

where it is assumed that R1jR1k = ρjk |R1jR1k| (1.78) or R1jR1k = iρjk |R1jR1k| (1.79), with
ρjk = ±1, for j 6= k. One can easily prove that for real or purely imaginary R1jR1k, for j 6= k,
in the two flavour regime and for a hierarchical RH neutrino mass spectrum, the two relevant CP
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asymmetries in the computation of the baryon asymmetry YB (1.74), are related in the following
way:

ǫ1τ = −ǫ1o , (1.80)

where ǫ1o ≡ ǫ1µ + ǫ1e.
Few comments are here in order:

i) Real (purely imaginary) R1kR1j and purely imaginary (real) U∗
αkUαj , j 6= k, implies violation

of CP symmetry by the matrix R.

ii) In order to break CP at low energies [41, 42], both Re(U∗
αkUαj) 6= 0 and Im(U∗

αkUαj) 6=
0 should be satisfied (see [54] for further details).

iii) If R1j, for j = 1, 2, 3, is real or purely imaginary, as the condition of CP invariance requires,
Eq. (1.47), of the three quantities R11R12, R11R13 and R12R13, relevant for the computation
of the CP asymmetries ǫ1α, not more than two can be purely imaginary, i.e. if, for instance,
R11R12 = iρ12 |R11R12| and R12R13 = iρ23 |R12R13|, then one has R11R13 = ρ13 |R11R13|.

In Chapter 2 a detailed analysis of thermal flavoured leptogenesis is reported in the case when
the source of CP violation, necessary for successful leptogenesis, is provided only by the the Dirac
and/or Majorana CP violating phases in the PMNS matrix. Particular emphasis is given to the
effects played by the lightest neutrino mass, min(m1,m2,m3), in the determination of the baryon
asymmetry YB .

In the general case of complex matrix elements R1j, the R−phases provide a further source of
CP violation in the lepton sector, which can be relevant at the time scale of leptogenesis, T ∼M1.
In order to study the interplay of the different sources of CP violation, it proves convenient to write
the general expression of the CP asymmetry ǫ1α, α = e, µ, τ , given in (1.64), in the following form
[74, 75]:

ǫ1α = − 3M1

16π v2
1∑

k mk|R1k|2




∑

β

m2
β |R1β |2 |Uαβ|2 sin 2ϕ̃1β +

∑

β

∑

ρ>β

√
mβmρ |R1βR1ρ|

(1.81)

×
[
(mρ − mβ) cos(ϕβρ) Im

(
U∗
αβ Uαρ

)
+ (mρ +mβ) sin(ϕβρ)Re

(
U∗
αβ Uαρ

)] }
,

where ϕ̃1j are the CP violating R−phases:

R1j ≡ |R1j | ei ϕ̃1j and ϕij ≡ ϕ̃1i + ϕ̃1j . (1.82)

The first term in the curly brackets in Eq. (1.81) represents the contribution to ǫ1α from the “high
energy” CP violation, originating entirely from the matrix R, while the terms in the square brackets
are “mixed”, i.e. they are due both to the “low” and “high” energy CP violation, generated by
the neutrino mixing matrix U and by the matrix R. Obviously, if ϕ̃1j = kjπ/2 (kj = 0, 1, 2, ...,
and j = 1, 2, 3) the “high energy” part is zero, while the “mixed” term reduces to a “low energy”
contribution, in the sense that, with exception of very special cases discussed before, the only
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source of CP violation in leptogenesis will be the PMNS matrix U and the expression of the CP
asymmetry ǫ1α reduces to the formulas (1.78) or (1.79). It is easy to show, taking into account the
unitarity of the matrix U , that in the two flavour regime the expression for the CP asymmetry ǫ1o
can be simply obtained from ǫ1τ :

ǫ1o ≡ ǫ1e + ǫ1µ = ǫ1τ (|Uτk|2 → 1− |Uτk|2 , U∗
τ2Uτ3 → −U∗

τ2Uτ3) , for k = 2, 3 . (1.83)

The interplay between the “high energy” source of CP violation, provided by the R−phases
and the “low energy” phases δ and α21,31 of the PMNS neutrino mixing matrix, will be analyzed
in detail in Chapter 3.
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Chapter 2

Effects of Lightest Neutrino Mass

In this chapter a model independent analysis of the thermal leptogenesis scenario is presented.
The amount of CP violation necessary for the generation of the observed baryon asymmetry of
the Universe is provided only by the Dirac and/or Majorana CP violating phases in the PMNS
matrix U .

The RH neutrino mass spectrum is strongly hierarchical (M1 ≪M2,3) and the results derived in
Chapter 1 are used. Leptogenesis takes place in the two-flavour regime (109 GeV <∼M1

<∼ 1012 GeV).
Analytical estimates and a numerical study of the effects of the lightest neutrino masses in the
generation of the baryon asymmetry are reported. Such results are based on the work [73].

The analysis is performed for two possible types of light neutrino mass spectrum allowed by
the data: i) with normal ordering (∆m2

A > 0), m1 < m2 < m3, and ii) with inverted ordering
(∆m2

A < 0), m3 < m1 < m2. The case of inverted hierarchical (IH) spectrum, m3 ≪ m1,2, and real
(and CP conserving) matrix R is investigated in detail. Results for the normal hierarchical (NH)
case, m1 ≪ m2,3, are also derived.

The computation is performed neglecting renormalisation group (RG) running [76] of mj and
of the parameters in the PMNS matrix U , from MZ to M1. This is a good approximation for
min(mj) <∼ 0.10 eV, i.e. for the NH and IH neutrino mass spectra, as well as for a spectrum with
partial hierarchy (see, e.g. [77]). Under the indicated condition mj, and correspondingly ∆m2

A and
∆m2

⊙, and U can be taken at the scale of the order MZ , at which the neutrino mixing parameters
are measured.

2.1 Inverted hierarchical light neutrino mass spectrum

The case of IH neutrino mass spectrum, m3 ≪ m1 < m2, m1,2
∼=
√

|∆m2
A|, is of particular interest

since, within the leptogenesis scenario discussed here, for real R1j (j = 1, 2, 3), IH spectrum and
negligible lightest neutrino massm3

∼= 0, it is impossible to generate the observed baryon asymmetry
YB in the flavoured regime, 1 if the only source of CP violation are the Majorana and/or Dirac
phases in the PMNS matrix. Indeed, for m3 ≪ m1 < m2 and real R1j , the terms proportional
to

√
m3 in the expressions of the CP asymmetries ǫ1α, Eq. (1.78), and wash-out mass parameters

1A detailed treatment of this region of the parameter space is reported in [54].
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m̃1α, Eq. (1.75), are negligible if m3 ≈ 0, or if R13 ≈ 0 and R11, R12 6= 0, with R2
11 + R2

12 ≈ 1
from the orthogonality condition. This implies that the CP asymmetries ǫ1α are suppressed by the
factor ∆m2

⊙/(2∆m
2
A)

∼= 1.6 × 10−2, while |R11|, |R12| ≤ 1 and the resulting baryon asymmetry is
too small [54]. The same suppression is also present in the one-flavour regime, M1 > 1012 GeV,
when R13 ≈ 0 and the product R11R12 has non-trivial real and imaginary parts [78].

On the other hand, if the lightest active neutrino massm3 is not negligible, with stillm3 ≪ m1,2,
the terms ∝ √

m3 in ǫ1α are the dominant contributions, provided that:

2


 m3√

∆m2
⊙




1
2 (

∆m2
A

∆m2
⊙

) 3
4 |R13|∣∣R11(12)

∣∣ ≫ 1 . (2.1)

This inequality can be fulfilled in the limits R11 ≈ 0, or R12 ≈ 0, and if m3 is sufficiently large.

The latter condition can be satisfied for m3
<∼ 5× 10−3 eV ≪

√
|∆m2

A|.
In the following, the parameter space relevant for successful leptogenesis is discussed more

quantitatively. A complete numerical analysis as well as useful analytical approximations of the
baryon asymmetry YB (see Eq. (1.74)) are perfomed.

2.1.1 Analytical estimates: the case R11 = 0

For R11 = 0 the CP asymmetry ǫ1τ = −ǫ1o ≡ (ǫ1e + ǫ1µ) reported in (1.78) can be expressed as:

ǫ1τ ∼= − 3M1

16πv2
√
m3m2

(
1− m3

m2

)
ρ23 r Im (U∗

τ2Uτ3) , (2.2)

where

m2 =
√
m2

3 + |∆m2
A| , (2.3)

r =
|R13R12|

|R12|2 + m3
m2

|R13|2
, (2.4)

Im (U∗
τ2Uτ3) = − c23c13 Im

(
ei(α31−α21)/2(c12s23 + s12c23s13e

−iδ)
)
. (2.5)

The two relevant wash-out mass parameters are in this case:

m̃1τ = m2R
2
12|Uτ2|2 +m3R

2
13|Uτ3|2 + 2

√
m2m3 ρ23 |R12R13|Re (U∗

τ2Uτ3) , (2.6)

m̃1o ≡ m̃1e + m̃1µ = m2R
2
12 +m3R

2
13 − m̃1τ , (2.7)

where ρ23 = sign(R12R13).
The orthogonality of the matrix R implies that R2

11 + R2
12 + R2

13 = 1, which in the case under
consideration reduces to R2

12 + R2
13 = 1. It is not difficult to show that for real R12 and R13

satisfying this constraint, the maximum of the function r, and therefore of the CP asymmetry |ǫ1τ |,
is realized for R12 and R13 given by:

R2
12 =

m3

m3 +m2
, R2

13 =
m2

m3 +m2
, with R12 < R13 . (2.8)
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At the maximum, |r| is equal to:

max(|r|) = 1

2

(
m2

m3

)1
2 ∼= 1

2




√
|∆m2

A|
m3




1
2

, (2.9)

and the CP asymmetry |ǫ1τ | takes the form:

|ǫ1τ | ∼=
3M1

32πv2
(m2 −m3) |Im (U∗

τ2Uτ3)| ∼=
3M1

32πv2

√
|∆m2

A| |Im (U∗
τ2Uτ3)| . (2.10)

The second approximate equalities in Eqs (2.9) and (2.10) correspond to IH spectrum, i.e. to

m3 ≪ m2
∼=
√

|∆m2
A|. Thus, the maximum of the asymmetry |ǫ1τ | i) is not suppressed by the

factor ∆m2
⊙/(∆m

2
A) and ii) practically does not depend on m3 in the case of IH spectrum. One

can estimate

|ǫ1τ | ∼= 5.0× 10−8 m2 −m3√
|∆m2

A|




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
|Im (U∗

τ2Uτ3)| , (2.11)

Because of max(|Im(U∗
τ2Uτ3)|) ∼= 0.46, for, e.g. sin2 2θ23 = 1, sin2 θ12 = 0.30 and sin2 θ13 < 0.04 and

max(|η(0.66m̃1τ )−η(0.71m̃1o)|) ∼= 7×10−2, an absolute upper bound on the baryon asymmetry YB
in the two flavour regime for IH light neutrino mass spectrum and real matrix R (i.e. real R1jR1k)
is derived:

|YB| <∼ 4.8× 10−12




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
. (2.12)

This upper bound allows to determine the minimal value ofM1 for which it is possible to reproduce
the observed value of |YB | 2 for IH spectrum, real matrix R and R11 = 0:

M1
>∼ 1.7 × 1010 GeV . (2.13)

The values of R12, for which |ǫ1τ | is maximal, can differ, in general, from those that maximize
|YB | due to the dependence of the wash-out mass parameters and of the corresponding efficiency
factors on R12. However, this difference, when it is present, does not exceed 30%.

For R12 and R13, which maximize the ratio |r| and the asymmetry |ǫ1τ |, the relevant wash-out
mass parameters are given by:

m̃1τ =
m2m3

m3 +m2

[
|Uτ2|2 + |Uτ3|2 + 2 ρ23 Re (U∗

τ2Uτ3)
]
, (2.14)

m̃1o = 2
m2m3

m3 +m2
− m̃1τ . (2.15)

2In all the numerical analysis performed in this chapter, the baryon asymmetry |YB | takes values in the interval
8.0× 10−11 <∼ |YB | <∼ 9.2 × 10−11, which is compatible with the observed value reported in (5).
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2. EFFECTS OF LIGHTEST NEUTRINO MASS

Equations (2.11), (2.14) and (2.15) suggest that in the case of IH light neutrino mass spectrum

with non-negligible m3, m3 ≪
√

|∆m2
A|, the generated baryon asymmetry |YB | can be strongly

enhanced in comparison with the asymmetry |YB | produced if m3 were approximately zero. The
enhancement can be by a factor of ∼ 100. Indeed, the maximum of the CP asymmetry |ǫ1τ | (with
respect to |R12|), Eq. (2.10), does not contain the suppression factor ∆m2

⊙/(2∆m
2
A)

∼= 1.6 × 10−2

and its magnitude is not controlled by m3, but rather by
√

|∆m2
A|. At the same time, the wash-out

mass parameters m̃1τ and m̃1o, Eqs (2.14) and (2.15), are determined by m2m3/(m2 +m3) ∼= m3.
The latter in the case under discussion can take values as large as m3 ∼ 5×10−3 eV. The efficiency
factors η(0.66m̃1τ ) and η(0.71m̃1o), which enter into the expression for the baryon asymmetry,
Eq. (1.74), have a maximal value η(X) ∼= (6 ÷ 7) × 10−2 when X ∼= (0.7 ÷ 1.5) × 10−3 eV (weak
wash-out regime). Since the range of values of m3 for IH spectrum extends to about 5× 10−3 eV,
one can always find a value of m3 in this range such that m̃1τ or m̃1o takes a value maximizing
η(0.66m̃1τ ) or η(0.71m̃1o), and |η(0.66m̃1τ )−η(0.71m̃1o)|. This qualitative discussion suggests that
there always exists an interval of values of m3 for which the baryon asymmetry is produced in the
weak wash-out regime. On the basis of the above considerations, one can expect that successful
leptogenesis is possible for non-negligible m3 in the case of IH spectrum even if the requisite CP
violation is provided by the Majorana or Dirac phase(s) in the PMNS matrix.

2.1.2 Leptogenesis due to Majorana CP violation

For δ = 0 (π), one has |Im(U∗
τ2Uτ3)| = c23c13(s23c12

+
(−) c23s12s13)| sinα32/2| and correspondingly

0.36| sin α32/2| <∼ |Im(U∗
τ2Uτ3)| <∼ 0.46| sin α32/2|, where α32 = α31 −α21.

3 The terms proportional
to s13 have a subdominant effect on the magnitude of the calculated |ǫ1τ | and |YB|.

It is easy to check that the CP asymmetry |ǫ1τ | and the wash-out mass parameters m̃1τ,1o

remain invariant with respect to the changes ρ23 → −ρ23 and α32 → 2π − α32. Thus, the baryon
asymmetry |YB | satisfies the following relation:

|YB(ρ23, α32)| = |YB(−ρ23, 2π − α32)| . (2.16)

Therefore, one can work with a fixed value of the parameter ρ23 without loss of generality. In the
following, ρ23 = +1 is assumed.

In the case of α32 = π, δ = 0; π, and real R1jR1k, the CP asymmetry ǫ1τ is still different
from zero and the source of CP violation is provided only by the matrix R (see discussion after
Eq. (1.79)). For such value of the effective Majorana phase α32 |ǫ1τ | is maximized. The maximum
of the baryon asymmetry YB, instead, is reached for α32 ∈ [π/2, 2π/3] if ρ23 = +1 or α32 ∈
[4π/3, 3π/2] if ρ23 = −1. The maximal value of |YB | at α32 = π is smaller at least by a factor
of two than the value of |YB | at its absolute maximum (see further Fig. 2.3). Indeed, for α32 ∼ π
there is a rather strong mutual compensation between the asymmetries in the lepton charges Lτ

and (Le + Lµ) owing to the fact that, due to Re(U∗
τ2Uτ3) = 0, m̃1τ and m̃1o have relatively

close values and |η(0.66m̃1τ ) − η(0.71m̃1o)| <∼ 10−2. Actually, in certain cases one can even have
|η(0.66m̃1τ ) − η(0.71m̃1o)| ≈ 0, and thus |YB | ≈ 0, for α32 lying in the interval α32 ∈ [π, 4π/3]

3 In the following estimates, it is always assumed sin2 2θ23 = 1, sin2 θ12 = 0.3 and the limit sin2 θ13 < 0.04, which
are compatible with the 3σ bounds on neutrino mixing angles (see Tab. 1.1).
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2.1 Inverted hierarchical light neutrino mass spectrum
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Figure 2.1: Values of m3 and M1 for which the flavoured leptogenesis is successful, generating baryon
asymmetry |YB| = 8.6 × 10−11 (red/dark shaded area). The figure corresponds to hierarchical heavy
Majorana neutrinos, light neutrino mass spectrum with inverted ordering (hierarchy), m3 < m1 < m2,
and real elements R1j of the matrix R. The minimal value of M1 at given m3, for which the measured
value of |YB| is reproduced, corresponds to CP violation due to the Majorana phases in the PMNS
matrix. The results shown are obtained using the best fit values of neutrino oscillation parameters:
∆m2

⊙ = 8.0× 10−5 eV2, ∆m2
A
= 2.5× 10−3 eV2, sin2 θ12 = 0.30 and sin2 2θ23 = 1.

(see Fig. 2.3). Similar cancellation can occur for s13 = 0.2 at α32 ∼ π/6. Obviously, |YB| = 0 for
α32 = 0 and 2π.

As m3 increases from the value of 10−10 eV up to 10−4 eV, in the case of R11 = 0, the maximum
possible |YB | for a given M1 increases monotonically, starting from a value which for M1 ≤ 1012

GeV is much smaller than the observed one, max(|YB |) ≪ 8.77× 10−11 (see Fig. 2.2 further in the
text). At approximately m3 = 2× 10−6 eV, max(|YB |) ≈ 8.77 × 10−11 for M1 ≈ 5× 1011 GeV. As
m3 increases beyond 2 × 10−6 eV, max(|YB |) for a given M1 continues to increase until it reaches
a maximum. This maximum occurs for m3 such that 0.71m̃1o

∼= 9.0 × 10−4 eV and η(0.71m̃1o) is
maximal, i.e. η(0.71m̃1o) ∼= 6.8× 10−2, while η(0.66m̃1τ ) is considerably smaller. As can be shown,
for ρ23 = +1, the maximum value of |YB| always takes place at α32

∼= π/2. For α32 = π/2, s13 = 0
and ρ23 = +1, max(|YB |) is located at m3

∼= 7 × 10−4 eV. It corresponds to the CP asymmetry
being predominantly in the (e + µ)−flavour. As m3 increases further, |η(0.66m̃1τ ) − η(0.71m̃1o)|
and correspondingly |YB |, rapidly decrease. At certain value of m3, typically lying in the interval
m3 ∼ (1.5 ÷ 2.5) × 10−3 eV, one has |η(0.66m̃1τ )− η(0.71m̃1o)| ≈ 0 and |YB | goes through a deep
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2. EFFECTS OF LIGHTEST NEUTRINO MASS

minimum (see Fig. 2.2).This minimum of |YB| corresponds to a partial or complete cancellation
between the CP asymmetries in the τ−flavour and in the (e+µ)−flavour. In the previous example
of α32 = π/2, s13 = 0 and ρ23 = +1, the indicated minimum of |YB | occurs at m3

∼= 2.3× 10−3 eV.
As m3 increases further, |η(0.66m̃1τ ) − η(0.71m̃1o)| and |YB| rapidly increase and |YB | reaches a
second maximum, which in magnitude is of the order of the first one. This maximum corresponds
to the CP asymmetry being predominantly in the τ−flavour rather than in the (e + µ)−flavour.
Indeed, η(0.66m̃τ ) ∼= 6.8 × 10−2 and η(0.71m̃2) is substantially smaller. For ρ23 = +1, s13 = 0 or
s13 = 0.2 and δ = 0, it takes place at a value of α32 close to π/2, while for s13 = 0.2 and δ = π,
it occurs at α32

∼= 2π/3. In the case of ρ23 = +1, s13 = 0 and α32 = π/2, the second maximum of
|YB | is located at m3

∼= 7× 10−3 eV. As m3 increases further, |YB | decreases monotonically rather
slowly.

These features of the dependence of |YB | on m3 discussed above for R11 = 0 are confirmed by
a more general analysis in which, in particular, the value of R11 is not set to zero a priori. The
results of this analysis are presented in Fig. 2.1, while Fig. 2.2 illustrates the dependence of |YB|
on m3 in the case of R11 = 0.

The correlation between the values ofM1 and m3 for which one can have successful leptogenesis
is shown in Fig. 2.1. The figure is obtained by performing, for given m3 from the interval 10−10 ≤
m3 ≤ 0.05 eV, a thorough scan of the relevant parameter space searching for possible enhancement
or suppression of the baryon asymmetry with respect to that found for m3 = 0. The real elements
R1j are allowed to vary in their full ranges determined by the condition of orthogonality of the
matrix R: R2

11 +R2
12 +R2

13 = 1. The Majorana phases α21,31 are varied in the interval [0, 2π]. The
calculations are performed for three values of the CHOOZ angle θ13, corresponding to sin θ13 =
0; 0.1; 0.2. In the cases of sin θ13 6= 0, the Dirac phase δ is allowed to take values in the interval
[0, 2π]. The heavy Majorana neutrino mass M1 takes values in the two-flavour regime of thermal
leptogenesis, 109 GeV ≤M1 ≤ 1012 GeV. For givenm3, the minimal value of the massM1, for which
the leptogenesis is successful, generating |YB| ≈ 8.77×10−11, is obtained for the values of the other
parameters which maximize |YB|. The min(M1) obtained in this way does not exhibit any significant
dependence on s13. Ifm3

<∼ 2.5×10−7 eV, leptogenesis cannot be successful forM1 ≤ 1012 GeV: the
baryon asymmetry produced in this regime is too small. Asm3 increases starting from the indicated
value, the maximal |YB| for a given M1 ≤ 1012 GeV, increases monotonically. Correspondingly,
the min(M1) for which one can have successful leptogenesis decreases monotonically and for m3

>∼
5×10−6 eV one has min(M1) <∼ 5×1011 GeV. The first maximum of |YB | (minimum of M1), as m3

increases, is reached at m3
∼= 5.5 × 10−4 eV, α32

∼= π/2 (α21
∼= 0.041, α31

∼= 1.65), R11
∼= −0.061,

R12
∼= 0.099, and R13

∼= 0.99. At the maximum one has |YB| = 8.77×10−11 forM1 ≈ 3.4×1010 GeV.
The second maximum of |YB | (or minimum of M1) seen in Fig. 2.1 corresponds to m3 ≈ 5.9× 10−3

eV, α32
∼= π/2 (α21

∼= −0.022, α31
∼= 1.45), R11

∼= −0.18, R12
∼= 0.29 and R13

∼= −0.94. The
observed value of |YB | is reproduced, in this case, for M1 ≈ 3.5× 1010 GeV.

Similar features are seen in Fig. 2.2, which shows the dependence of |YB| on m3 for R11 = 0,
fixed M1 = 1011 GeV, α32 = π/2 , s13 = 0 and ρ23 = ±1. In the case of α32 = π/2, s13 = 0.2, δ = 0
and ρ23 = +1, the absolute maximum of |YB| is obtained for m3

∼= 6.7× 10−3 eV and |R12| = 0.34
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Figure 2.2: The dependence of |YB| on m3 in the case of IH spectrum, real R1jR1k, Majorana CP
violation, R11 = 0, α32 = π/2, s13 = 0, M1 = 1011 GeV, and for i) sign(R12R13) = +1 (left panel), and
ii) sign(R12R13) = −1 (right panel). The baryon asymmetry |YB| was calculated for a given m3, using
the value of |R12|, for which the asymmetry |ǫ1τ | has the maximum value. The horizontal dotted lines
indicate the range of |YB | compatible with observations: |YB | ∈ [8.0, 9.2]× 10−11.

(see Fig. 2.3, left panel). At this maximum η(0.66m̃1τ ) ∼= 0.067, η(0.71m̃1o) ∼= 0.013 and

|YB | ∼= 2.6× 10−12




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
. (2.17)

Correspondingly, the observed baryon asymmetry |YB| can be reproduced if M1
>∼ 3.0× 1010 GeV.

If s13 = 0, the same result holds for M1
>∼ 3.5 × 1010 GeV. The minimal values of M1 thus found

are somewhat smaller than min(M1) ∼= 5.3 × 1010 GeV obtained in the case of negligible m3
∼= 0

(R13 = 0) and purely imaginary R11R12 [54]. The dependence of the baryon asymmetry on α32 in
the case of s13 = 0; 0.2 discussed above is illustrated in Fig. 2.3.

Summarizing, the results corresponding to the case of R1j 6= 0, j = 1, 2, 3, which are shown in
Fig. 2.1, are very different from the results obtained for, e.g. R11 = 0 and R12, R13 6= 0. According to
the values ofM1 in Fig. 2.1, for which successful leptogenesis is possible, one finds either m̃1o ∼ 10−3

eV and m̃1τ ∼ 2 × 10−4 eV, or m̃1τ ∼ 2 × 10−3 eV and m̃1o ≫ 10−3 eV, practically for any m3

from the interval 10−10 eV ≤ m3 ≤ 5.0 × 10−2 eV. This explains why successful leptogenesis is
reached for min(M1) <∼ 5 × 1011 GeV even when m3

∼= 5 × 10−6 eV. If R11 = 0, for m3 ≪ m2

and R12 and R13 which maximize the asymmetry |ǫ1τ |, as it follows from Eqs (2.14) and (2.15),
the relevant wash-out mass parameters are m̃1τ ≈ m̃1o ≈ m3. Consequently, for m3 ≪ 10−3 eV,
one also has m̃1τ , m̃1o ≪ 10−3 eV and for M1 < 1012 GeV the baryon asymmetry generated under
these conditions is strongly suppressed, |YB | ≪ 8.6× 10−11.
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Figure 2.3: The dependence of |YB | on α32 (Majorana CP violation), in the case of IH spectrum,
real R1jR1k, R11 = 0, M1 = 1011 GeV, and for i) s13 = 0.2, δ = 0 (π), |R12| = 0.34 (0.38), m3 =
6.7 (4.3)× 10−3eV, sign(R12R13) = +1 (left panel, red (blue) line), and ii) s13 = 0, sign(R12R13) = −1,
|R12| = 0.41, m3 = 4.2 × 10−3eV (right panel). The values of m3 and |R12| used maximise |YB| at i)
α32 = π/2 (2π/3) and ii) α32 = 3π/2. The horizontal dotted lines indicate the range of |YB | compatible
with observations: |YB | ∈ [8.0, 9.2]× 10−11.

2.1.3 Analytical estimates: the case R12 = 0

One obtains similar conclusions in the case of R12 = 0 and R11, R13 6= 0. The corresponding
formulae can be obtained from those derived previously for R11 = 0 by replacing R12 with R11,

U∗
τ2 with U∗

τ1 and m2 with m1 =
√
m2

3 + |∆m2
A| −∆m2

⊙ ∼=
√
m2

3 + |∆m2
A| = m2. In this case

|ǫ1τ | ∝ |Im(U∗
τ1Uτ3)| = |c23c13(s12s23∓c12c23s13) sinα31/2|, where the minus (plus) sign corresponds

to δ = 0 (π). Evidently, the relevant Majorana phase 4 is α31/2. Moreover, one has 0.19| sin α31/2| <∼
|Im(U∗

τ1Uτ3)| <∼ 0.35| sinα31/2|, while for s13 = 0, |Im(U∗
τ1Uτ3)| ∼= 0.27| sin α31/2|. Therefore, the

maximal value of |ǫ1τ | for R12 = 0 is smaller approximately by a factor of 1.3 than the maximal
value of |ǫ1τ | when R11 = 0. As a consequence, the minimal M1 for which successful leptogenesis
is realized can be expected to be bigger by a factor of approximately 1.3 than the one obtained
previously in the case of R11 = 0. This is confirmed by the numerical computation. For example,
for s13 = 0.2, δ = π, sign(R12R13) = −1 and the values of |R11| = 0.38 and m3 = 4.5 × 10−3eV
(which maximize |YB | at α31 = 2π/3), one obtain:

max(|YB |) ∼= 2.2× 10−12




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
. (2.18)

4Note that the Majorana phase α32 (R11 = 0) or α31 (R12 = 0), relevant for leptogenesis in the case of IH

spectrum and real matrix R, does not coincide with the Majorana phase α21, which together with
√

|∆m2
A| and

sin2 θ12 determines the values of the effective Majorana mass in neutrinoless double beta decay (see Section 1.2.4).
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2.1 Inverted hierarchical light neutrino mass spectrum

Consequently, the observed value of |YB| can be reproduced for M1
>∼ 3.7× 1010 GeV.

2.1.4 Leptogenesis due to Dirac CP violation

Now the Majorana phases are assumed to be CP conserving, α21 = 2πk and α31 = 2πk′ (k, k′ =
0, 1, 2, ...) and the only source of CP violation is provided by the Dirac phase δ.

Note that the case in which Im(R1jR1k) 6= 0, R11 = 0 (R12 = 0) and the Majorana phase α32

(α31) entering into the expression for ǫ1τ takes the CP conserving value α32(31) = π, corresponds to
CP violation given not only by the Dirac phase δ 6= kπ (k = 0, 1, 2, ...), but also by the orthogonal
matrix R (see discussion in the end of Section 1.5). Therefore this case is not taken into account in
the present analysis.

For R11 = 0 and α32 = 0, |ǫ1τ | ∝ |Im(U∗
τ2Uτ3)| = c223c13s12s13| sin δ| <∼ 0.054| sin δ|. Thus, for

given M1 the maximum baryon asymmetry |YB | is smaller by a factor of about 10 than the possible
max(|YB |) in the case of CP violation due to the Majorana phase(s) in U . The wash-out mass
parameter m̃1τ , corresponding to R12 maximizing |ǫ1τ | (see Eq. (2.8)), is given by:

m̃1τ
∼= m2m3

m3 +m2

[
(c12s23 − ρ23c13c23)

2 + s212s
2
13c

2
23 + 2s12s13c23 (c12s23 − ρ23c13c23) cos δ

]
, (2.19)

while m̃1o is determined by Eq. (2.15). Depending on the value of ρ23, there are two quite different
cases to be considered.

If ρ23 = −1, the terms s212s
2
13c

2
23 and proportional to 2s12s13c23 cos δ in the expression for

m̃1τ , Eq. (2.19), are subdominant and can be neglected. 5 Thus, m̃1τ and m̃1o practically do
not depend on δ and for c23 = s23 = 1/

√
2 one has: m̃1τ

∼= 0.5(c12 + c13)
2m2m3/(m2 + m3) ∼=

1.66m2m3/(m2 +m3), m̃1o
∼= 0.34m2m3/(m3 +m2). Both the CP asymmetry |ǫ1τ | and the baryon

asymmetry |YB| have a maximum value for δ = π/2 + kπ (k = 0, 1, ...). The dependence of |YB|
on m3 is analogous to that in the case of CP violation due to the Majorana phase(s) in U : there
are two similar maxima corresponding to the CP asymmetry being predominantly in the τ−flavour
and in the (e + µ)−flavour, respectively. The two maxima are separated by a deep minimum
of |YB | (see Fig. 2.4). The maxima occur at m3

∼= 7.5 × 10−4 eV (|R12| ∼= 0.12) and at m3
∼=

4.9 × 10−3 eV (|R12| ∼= 0.30), i.e. at values of m3 which differ by a factor of about seven. At the
first (second) maximum, η(0.66m̃1τ )− η(0.71m̃1o) ∼= 0.044 (−0.046) and the absolute value of the
baryon asymmetry is given by:

|YB | ∼= 3.5 (3.7) × 10−13 | sin δ |
(
sin θ13
0.2

) 


√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
. (2.20)

Therefore, the measured value of |YB | can be reproduced for M1
>∼ 2.3 (2.2) × 1011 GeV. This

upper bound allows to derive a lower limit on | sin θ13 sin δ| and thus on sin θ13:

| sin θ13 sin δ| >∼ 0.087 , sin θ13 >∼ 0.087 . (2.21)

The preceding lower bound corresponds to

|JCP| >∼ 0.02 , (2.22)

5The term ∝ 2s12s13c23 cos δ, for instance, gives a relative contribution to m̃1τ not exceeding 10%.

35



2. EFFECTS OF LIGHTEST NEUTRINO MASS

10-12

10-11

10-10

10-9

0.001 0.01 0.1

|Y
B|

m3[eV]

Figure 2.4: The dependence of |YB| on m3 in the case of spectrum with inverted ordering (hierarchy),
real R1jR1k and Dirac CP violation, for R11 = 0, δ = π/2, s13 = 0.2, s212 = 0.3, α32 = 0, M1 =
2.5 × 1011 GeV and sign(R12R13) = +1 (−1) (red lines (blue dashed line)). The baryon asymmetry
|YB| was calculated for a given m3, using the value of |R12| for which the CP asymmetry |ǫ1τ | has a
maximum. The results shown for sign(R12R13) = +1 are obtained for sin2 θ23 = 0.50 (0.36) [0.64], red
solid (dotted) [dash-dotted] line, while those for sign(R12R13) = −1 correspond to sin2 θ23 = 0.5. The
horizontal dotted lines indicate the range of |YB| compatible with observations: |YB| ∈ [8.0, 9.2]×10−11.

where JCP is the rephasing invariant associated with the Dirac phase δ (see Eq. (1.18)), which
controls the magnitude of CP violating effects in neutrino oscillations. Values of s13 larger than the
bound given in Eq. (2.21) can be probed in the forthcoming Double CHOOZ [38] and future reactor
neutrino experiments [39]. CP violating effects with magnitude determined by |JCP| satisfying (2.22)
are within the sensitivity of the next generation of neutrino oscillation experiments, designed to
search for CP or T symmetry violations in the oscillations [39]. Since in the case under discussion
the wash-out factor |ηB | ≡ |η(0.66m̃1τ )−η(0.71m̃1o)| in the expression for |YB | practically does not
depend on s13 and δ, while both |YB | ∝ |s13 sin δ| and |JCP| ∝ |s13 sin δ|, there is a direct relation
between |YB | and |JCP| for given m3 (or m2) and M1:

|YB | ∼= 1.8 × 10−10 |JCP| |ηB |
m2 −m3√
|∆m2

A|




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
, (2.23)

where ηB = ηB(m2m3/(m2 + m3), θ12, θ23) and, again, the best fit values of sin2 θ12 and sin2 θ23

are assumed in the computation. In the case of IH spectrum one has (m2 −m3)/
√

|∆m2
A| ∼= 1 and
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2.1 Inverted hierarchical light neutrino mass spectrum

m2m3/(m2 +m3) ∼= m3. A similar relation between |YB| and |JCP| holds in an analogous case of
normal hierarchical light neutrino mass spectrum [54].

Relatively different results are obtained if ρ23 = +1. Now there is a strong compensation
between the terms in the round brackets in the expression (2.19) for m̃1τ , such that: m̃1τ ≪
m2m3/(m2+m3). Correspondingly, one has m̃1o

∼= 2m2m3/(m2+m3) ≫ m̃1τ . Thus, m̃1o practically
does not depend on δ and on the neutrino mixing angles. The two wash-out mass parameters m̃1o

and m̃1τ can differ by a factor ∼ 100. Indeed, for s223 = c223 = 0.5 and s13 = 0.2 and s212 = 0.30 one
finds m̃1τ/m̃1o

∼= 0.5(0.0162 − 0.0156 cos δ). For fixed sin2 θ12 = 0.30, the magnitude of the ratio
m̃1τ/m̃1o (which is practically independent of m2m3/(m2 +m3)) is very sensitive to the value of
θ23: for s

2
23 = 0.64 one has m̃1τ/m̃1o

∼= 0.5(0.0066+0.0043s213/0.04− 0.0107(s13/0.2) cos δ), while if
s223 = 0.36 one obtains m̃1τ/m̃1o

∼= 0.5(0.0794+0.0077s213/0.04−0.0494(s13/0.2) cos δ). The maxima
of the asymmetry |YB | take place at δ = π/2 + kπ (k = 0, 1, 2, ...). For δ = π/2, s13 = 0.2 and
s223 = 0.64 (0.5) [0.36] one has m̃1τ/m̃1o

∼= 0.52 × 10−2 (0.81 × 10−2) [4.36 × 10−2]. Therefore the
two maxima of |YB | as a function of m3, corresponding to the CP asymmetry being predominantly
in the (e + µ)−flavour and in the τ−flavour, can be expected to occur at values of m3 which for
s223 = 0.36 (0.5) [0.64] and s212 = 0.30 would differ by a factor of m̃1o/m̃1τ ∼ 20 (120) [190]. The
position of the deep minimum of |YB | between the two maxima would also be very different for
s223 = 0.36 and s223 = 0.5 (0.64). Obviously, the relative position on the m3 axis of two maxima
and the minimum of |YB | under discussion will depend not only on the precise value of sin2 θ23, but
also on the precise value of sin2 θ12.

To be more concrete, the maximum of |YB | (as a function of m3), associated with the CP
asymmetry being predominantly in the (e + µ)−flavour, takes place at m3

∼= 7.5 × 10−4 eV, i.e.
in the region of IH spectrum. At this value of m3, η(0.71m̃1o) is maximum, η(0.71m̃1o) ∼= 0.068,
while η(0.66m̃1τ ) <∼ 0.005 ≪ η(0.71m̃1o), resulting in

|YB | ∼= 5.1× 10−13 | sin δ | sin θ13
0.2




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
. (2.24)

The position of this maximum does not depend on θ12, θ23, θ13 and δ (see Fig. 2.4). Thus, the
measured value of |YB| can be reproduced for a somewhat smaller value of M1

>∼ 1.6 × 1011 GeV
than the corresponding value of M1 found for ρ23 = −1 (compare Eqs (2.20) and (2.24)). In the
vicinity of the maximum there exists a correlation between the values of |YB | and |JCP| similar to the
one given in Eq. (2.23). Now the requirement of successful leptogenesis leads forM1

<∼ 5×1011 GeV
to a somewhat less stringent lower limit on | sin θ13 sin δ|, and thus on sin θ13 and |JCP|:

| sin θ13 sin δ|, sin θ13 >∼ 0.063 , |JCP| >∼ 0.015 . (2.25)

The second maximum of |YB|, related to the possibility of the CP asymmetry being predominantly
in the τ−flavour, takes place, instead, at m2m3/(m2 + m3) >∼ 10−2 eV, i.e. for values of m3

>∼
1.2 × 10−2 eV in the region of neutrino mass spectrum with partial inverted hierarchy. In this
case the factor in |YB|, which determines the position of the maximum as a function of m3, is(
(m2 −m3)/

√
|∆m2

A|
)
η(0.66m̃1τ ), rather than just η(0.66m̃1τ ). Taking this observation into

account, it is not difficult to show that for δ = π/2 and s13 = 0.2 maximizing |YB |, s212 = 0.30 and,
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2. EFFECTS OF LIGHTEST NEUTRINO MASS

e.g. s223 = 0.36 (0.50), the maximum occurs at m3
∼= 1.8 (5.0) × 10−2 eV. If M1 = 1011 GeV and√

|∆m2
A| = 5.0× 10−2 eV, the value of |YB | at this maximum reads: |YB | ∼= 4.4 (1.1)× 10−11. For

s223 = 0.64 one has for the same values of the other parameters max(|YB |) ∼= 0.6×10−11. Obviously,
if m3

>∼ 10−2 eV, the observed value of |YB| can be reproduced for M1
<∼ 5 × 1011 GeV only if

s223 < 0.50. The position of the deep minimum of |YB| at m3
>∼ 10−3 eV is also very sensitive to the

value of s223: for δ = π/2, s13 = 0.2 and s212 = 0.30, it takes place at m3
∼= 2×10−3 eV if s223 = 0.36,

and at m3
∼= 10−2 eV in the case of s223 = 0.50. These features of the dependence of |YB | on m3

are illustrated in Fig. 2.4.

One can perform a similar analysis in the case of real R1jR1k, R12 = 0 and R11, R13 6= 0. In
this case, |ǫ1τ | ∝ |Im(U∗

τ1Uτ3)| = c223c13c12s13| sin δ| <∼ 0.082| sin δ| and

m̃1τ
∼= m1m3

m3 +m1

[
(s12s23 + ρ13c13c23)

2 + c212c
2
23s

2
13 − 2s13c12c23 (s12s23 + ρ13c23c13) cos δ

]
, (2.26)

m̃1o = 2m1m3/(m3 +m1)− m̃1τ , where ρ13 ≡ sign(R11R13) = ±1 and m1
∼= m2 =

√
m2

3 + |∆m2
A|.

For ρ13 = +1, the two maxima of |YB | (as a function of m3) have the same magnitude. They
occur at δ ∼= 3π/4, s13 = 0.2 and m3

∼= 7.5 × 10−4 (3.5 × 10−3) eV. The maximum baryon
asymmetry exhibits rather strong dependence on s223: for s223 = 0.36 (0.50), M1 = 5 × 1011 GeV

and
√
|∆m2

A| = 5.0×10−2 eV, max(|YB |) is approximately 1.7 (0.9)×10−10. If s223 > 0.50, however,

it is impossible to reproduce the observed value of |YB | for M1
<∼ 5× 1011 GeV. The same negative

result holds for any s223 in the interval [0.36,0.64] if s13 <∼ 0.10.

In the case of ρ13 = −1, |YB| ∝ c223 in the region of the maximum of |YB | at m3
∼= 7.5 × 10−4

eV, associated with the CP asymmetry being predominantly in the (e + µ)− flavour. The baryon
asymmetry |YB| has a maximum for δ = π/2, which maximizes the CP asymmetry |ǫ1τ | as well.

For s13 = 0.2, c223 = 0.5, M1 = 5× 1011 GeV and
√

|∆m2
A| = 5.0 × 10−2 eV, the absolute value of

the baryon asymmetry is therefore:

|YB | ∼= 9.0× 10−13 | sin δ | sin θ13
0.2




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
. (2.27)

Thus, the observed value of the baryon asymmetry can be reproduced for relatively small values of
| sin θ13 sin δ| and correspondingly of |JCP|:

| sin θ13 sin δ|, sin θ13 >∼ 0.036 , |JCP| >∼ 0.0086 . (2.28)

In contrast, the position (with respect tom3) of the maximum of |YB |, associated with the CP asym-
metry being predominantly in the τ−flavour, and its magnitude, exhibit rather strong dependence
on s223. For s

2
23 = 0.36 (0.50) [0.64], the maximum of |YB | is located at m3

∼= 0.7 (1.5) [3.0] × 10−2

eV. For M1
<∼ 5× 1011 GeV, the measured value of |YB |, 8.0 × 10−11 <∼ |YB | <∼ 9.2× 10−11, can be

reproduced provided | sin θ13 sin δ| >∼ 0.046 (0.053) [0.16] if s223 = 0.36 (0.50) [0.64].
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2.2 Normal hierarchical neutrino mass spectrum

2.2 Normal hierarchical neutrino mass spectrum

Results for light neutrino mass spectrum with normal ordering are presented in the following. The
case of negligible m1 and real (CP conserving) elements R1j of R was analysed in detail in [54].
It was found that, if the only source of CP violation is the Dirac phase δ in the PMNS matrix,
the observed value of the baryon asymmetry can be reproduced if | sin θ13 sin δ| >∼ 0.09. Given
the upper limit | sin θ13 sin δ| < 0.2, this requires M1

>∼ 2 × 1011 GeV. The quoted lower limit on
| sin θ13 sin δ| implies that sin θ13 >∼ 0.09 and that |JCP| >∼ 2× 10−2. If, however, the Dirac phase δ
has a CP conserving value δ ∼= kπ (k = 0, 1, 2, ...) and the requisite CP violation is due exclusively
to the Majorana phases α21,31 in U , the observed YB can be obtained for M1

>∼ 4× 1010 GeV [54].
For M1 = 5× 1011 GeV, for which the flavour effects are fully developed, the measured value of YB
can be reproduced for a rather small value of | sinα32/2| ∼= 0.15, where, as usual, α32 ≡ α31 − α21.

In searching for possible significant effects of non negligible m1 in leptogenesis, values of m1

as large as 0.05 eV are taking into account. For 3 × 10−3 eV <∼ m1
<∼ 0.10 eV, the neutrino mass

spectrum is not hierarchical, but the spectrum exhibits a partial hierarchy, i.e. m1 < m2 < m3.

Two simple possibilities are analyzed in the following: |R11| ≪ 1 and |R12| ≪ 1. Results of a
more general analysis performed without making a priori assumptions about the real parameters
R11 and R12 are discussed further in the text.

2.2.1 Analytical estimates: the case R11 = 0

The CP asymmetry ǫ1τ in this case is given by:

ǫ1τ ∼= −
3M1

√
∆m2

A

16πv2

(
m3

m2

) 1
2

√
∆m2

A

m2 +m3
ρ23 r Im (U∗

τ2Uτ3) , (2.29)

where now

r =
|R12R13|

|R12|2 + m3
m2

|R13|2
(2.30)

and Im(U∗
τ2Uτ3) is given in Eq. (2.5). The ratio in (2.30) is similar to the ratio in Eq. (2.4). Note,

however, that the masses m2,3 present in Eqs (2.2) and (2.4) are very different from the masses
m2,3 in Eqs (2.29) and (2.30). Using again the fact that R2

12 +R
2
13 = 1, it is easy to find that r has

a maximum for

R2
12 =

m3

m2 +m3
, R2

13 =
m2

m2 +m3
, R13 < R12 , (2.31)

where m2 =
√
m2

1 +∆m2
⊙ and m3 =

√
m2

1 +∆m2
A, with ∆m2

A > 0. At the maximum:

max(r) =
1

2

(
m2

m3

)1
2

. (2.32)

For the value of R12 (R13), which maximizes the ratio |r| and, correspondingly, the asymmetry
|ǫ1τ | in (2.29), the relevant wash-out mass parameters m̃1τ and m̃1o are given by Eqs (2.14) and
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2. EFFECTS OF LIGHTEST NEUTRINO MASS

(2.15) with m2 and m3 given above. Since now m2
>∼
√
∆m2

⊙ ∼= 0.9 × 10−2 eV and m3
>∼√

∆m2
A
∼= 5.0 × 10−2 eV, one has m2m3/(m2 +m3) >∼ 0.7 × 10−2 eV. The lightest neutrino mass

m1 can have any effect on the generation of the baryon asymmetry YB only if m2
1 ≫ ∆m2

⊙ and

if m1 is non negligible with respect to
√

∆m2
A. Indeed, for the values of m1 of interest, one has

m2m3/(m2 + m3) >∼ 10−2 eV and the baryon asymmetry will be generated in the “strong wash-
out” regime, unless there is a strong cancellation between the first two and the third terms in
the expression for m̃1τ (see Eq. (2.14)). Obviously, the possibility of such a cancellation depends
critically on ρ23 ≡ sign(R12R13). Moreover, it results from the dependence of max(|ǫ1τ |), m̃1τ and
m̃1o on m2,3, that with the increasing of m1 beyond 10−2 eV the predicted baryon asymmetry
decreases.

2.2.2 Leptogenesis due to Majorana CP violation

Suppose first that the Dirac phase δ in the PMNS matrix has a CP conserving value, δ = π k
(k = 0, 1, 2, ...) and that the only source of CP violation are the Majorana phases α21,31 in the
PMNS matrix U . In the specific case of R11 = 0, the relevant CP violating parameter is the
effective Majorana phase α32. In this case |ǫ1τ | ∝ Im(U∗

τ2Uτ3) ∼= c223c12| sinα32/2| ∼= 0.42 | sin α32/2|.
The effect of θ13 is always subleading in the present computation and in what follows it is always
assumed sin θ13 = 0.2, unless differently specified. The wash-out mass parameter m̃1τ is:

m̃1τ
∼= m2

m3

m2 +m3

[
c212s

2
23 + c223 − 2 ρ23 c23 s23 c12 cos

α32

2

]
. (2.33)

Therefore, if cosα32/2 ∼= 0, the baryon asymmetry YB is produced in the strong wash-out regime
and for M1 < 1012 GeV the calculated baryon asymmetry is too small to reproduce observed
value, YB ∼= 8.77 × 10−11. On the other hand, the maximum of |YB | in the case under discussion
occurs for α32

∼= π/2 + π k (k = 0, 1, 2, ...). There are two distinctive possibilities to be considered,
corresponding to the two possible signs of ρ23 sign(cosα32/2). If ρ23 sign(cosα32/2) = +1, then
m̃1τ

∼= 0.25m2m3/(m2+m3), the asymmetry in the τ−flavour ((e+µ)−flavour) is produced in the
weak (strong) wash-out regime and for, e.g. m1 = 2×10−2 (5×10−2) eV, one obtains the following
value of the baryon asymmetry |YB|:

|YB | ∼= 1.20 (0.36) × 10−12




√
∆m2

A

0.05 eV



(

M1

109 GeV

)
, for α32

∼= π/2 + π k . (2.34)

Thus, for m1 = 2 × 10−2 (5 × 10−2) eV the measured value of YB can be obtained if M1
>∼

7.2× 1010 (2.4 × 1011) GeV.
These results are illustrated in Fig. 2.5, showing the correlated values ofM1 andm1 for which one

can have successful leptogenesis. The figure is obtained using the same general method of analysis
employed before in order to realize Fig. 2.1: for fixed m1, in the interval 10−10 ≤ m1 ≤ 0.05 eV, a
thorough scan of the relevant parameter space is performed in the calculation of |YB|, searching for
a possible enhancement or suppression of the baryon asymmetry with respect to the case m1 = 0.
The real matrix elements R1j , are allowed to vary in their full ranges determined by the condition
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 s13=0.2
 s13=0.1
 s13=0.0

No flavour effects

Figure 2.5: Values of m1 andM1 for which flavoured leptogenesis is successful and baryon asymmetry
YB = 8.6 × 10−11 can be generated (red shaded area). The figure corresponds to light neutrino mass
spectrum with normal ordering. The CP violation necessary for leptogenesis is due to the Majorana
and Dirac phases in the PMNS matrix. The results shown are obtained using the best fit values of
neutrino oscillation parameters: ∆m2

⊙ = 8.0 × 10−5 eV2, ∆m2
A
= 2.5 × 10−3 eV2, sin2 θ12 = 0.30 and

sin2 2θ23 = 1.

of orthogonality of R: R2
11+R

2
12+R

2
13 = 1. The Majorana and Dirac phases α21,31 and δ are varied

in the interval [0, 2π]. The calculations are performed again for three values of the CHOOZ angle,
sin θ13 = 0; 0.1; 0.2. The relevant heavy Majorana neutrino mass M1 is varied in the interval
109 GeV <∼ M1

<∼ 1012 GeV. For given m1, the minimal value of the mass M1, for which the
leptogenesis is successful, generating YB ∼= 8.77 × 10−11, is obtained for the values of the other
parameters which maximize |YB|. The min(M1) thus calculated does not show any significant
dependence on s13. For m1

<∼ 7.5 × 10−3 eV there are not relevant effects of m1 in leptogenesis:
the behavior practically coincide with that corresponding to m1 = 0 and derived in [54]. The
value of min(M1) ∼= 4 × 1010 GeV, shown in Fig. 2.5, corresponds to R2

12
∼= 0.85, R2

13
∼= 0.15 and

α32
∼= π/2 (ρ23sign(cosα32/2) = +1). For 7.5×10−3 eV <∼ m1 ≤ 5×10−2 eV, the predicted baryon

asymmetry YB , for given M1, is generically smaller with respect to the asymmetry YB one finds for
m1 = 0. Thus, successful leptogenesis is possible for larger values of min(M1). The corresponding
suppression factor increases with m1 and for m1

∼= 5 × 10−2 eV values of M1
>∼ 1011 GeV are

required.

For the second choice, ρ23 sign(cosα32/2) = −1, both the asymmetries in the τ−flavour and in
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2. EFFECTS OF LIGHTEST NEUTRINO MASS

the (e+µ)−flavour are generated under the conditions of strong wash-out effects. Correspondingly,
it is impossible to have a successful leptogenesis for M1 < 1012 GeV, if m1

∼= 5×10−2 eV. If m1 has
a somewhat lower value, say m1 = 2× 10−2 eV, the wash-out of the (e+ µ)−flavour asymmetry is
less severe (m̃1o

∼= 8.6× 10−3 eV) and the observed YB can be reproduced for α32 = π/2 + πk and
M1

>∼ 2.5× 1011 GeV.

2.2.3 Leptogenesis due to Dirac CP violation

If the Majorana phases α21,31 have CP conserving values and the only source of CP violation is
the Dirac phase δ in U , one has |ǫ1τ | ∝ |c223c13s12s13 sin δ| <∼ 0.054| sin δ|. The factor c223c13s12s13
in |ǫ1τ | is smaller by approximately one order of magnitude than the analogous factor c223c12 which
enters in the case, considered before, of a CP asymmetry due only to Majorana-type CP violation in
the PMNS matrix. Such relative suppression, encountered in the Dirac-type CP violating scenario,
makes it impossible to generate the observed value of the baryon asymmetry forM1

<∼ 5×1011 GeV.

2.2.4 Analytical estimates: the cases R13 = 0 and R12 = 0

For a light neutrino mass spectrum with normal ordering (hierarchy) and real matrix R, with
R13 approximately zero, the term ∝ R11R12 in the expression for ǫ1τ is the dominant one. The
numerical analysis shows, indeed, that for R13 = 0 it is impossible to have successful leptogenesis
for m1

<∼ 0.05 eV and M1 < 1012 GeV, if the requisite CP violation is due to the Majorana and/or
Dirac phases in U .

On the other hand, very different results are obtained if R12 = 0, while R11R13 6= 0. In this
case the expression for the CP asymmetry ǫ1τ can be derived formally from Eq. (2.29) by replacing
m2 with m1, ρ23 with ρ13, U

∗
τ2 with U∗

τ1 and the ratio r with

r =
|R11R13|

|R11|2 + m3
m1

|R13|2
, R2

11 +R2
13 = 1 . (2.35)

As in the similar cases discussed earlier, the ratio r and |ǫ1τ | take the maximum value for

R2
11 =

m3

m1 +m3
, R2

13 =
m1

m1 +m3
, (2.36)

with max(r) = 0.5(m1/m3)
1
2 , while the expression of the CP asymmetry |ǫ1τ | at the maximum

reads:

|ǫ1τ | ∼=
3M1

√
∆m2

A

32πv2

√
∆m2

A

m1 +m3
|Im (U∗

τ1Uτ3)| . (2.37)

The wash-out mass parameters m̃1τ and m̃1o, corresponding to the maximum of |ǫ1τ |, are then

m̃1τ =
m1m3

m1 +m3

[
|Uτ1|2 + |Uτ3|2 + 2 ρ13 Re (U

∗
τ1Uτ3)

]
(2.38)

=
m1m3

m1 +m3

(
s212 s

2
23 + c223 + 2 ρ13 c23 s23 s12 cos

α31

2

)
, (2.39)
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Figure 2.6: The dependence of |YB| on m1 in the case of neutrino mass spectrum with normal ordering
and real R1jR1k, for R12 = 0, s13 = 0, M1 = 1.5 × 1011 GeV and sign(R11R13) = −1. The red solid,
the blue dotted, and the green dashed lines correspond to α31 = 2π/3, π/2, and π/3 respectively. The
figure is obtained for θ23 = π/4.

where s13 = 0 in the second expression and m̃1o = 2m1m3/(m1 +m3) − m̃1τ , as usual. Note that
if m1 ≪ m3

∼= 5 × 10−2 eV, the CP asymmetry |ǫ1τ | practically does not depend on m1, while
m̃1τ,1o ∼ O(m1). This implies that the dependence of max(|YB |) on m1 as the latter increases, will
exhibit the same features as in the case of IH spectrum discussed in previous sections: |YB| has
two maxima, corresponding to the CP asymmetry being predominantly in the τ−flavour and in the
(e+µ)−flavour, respectively, separated with a deep minimum. The previous analysis of the similar
case of IH light neutrino mass spectrum suggests that, for s13 = 0, the largest baryon asymmetry
|YB | is obtained for α31 6= π(2k + 1) and ρ13 sign(cosα31/2) = −1. These features are confirmed
by the numerical calculations performed here and are illustrated in Fig. 2.6. The results shown in
Fig. 2.6 are obtained for ρ13 = −1, sin θ13 = 0, M1 = 3×1011 GeV, and three CP violating values of
the Majorana phase α31, relevant for the calculation of |YB |: 2π/3; π/2; π/3. There are two maxima
and a deep minimum of |YB | in the figure. The maximum values of |YB| are reached for α31

∼= 2π/3.
As regards the dependence of |YB | on α31 and ρ13 in the case of s13 = 0, the following relation holds:
|YB(ρ13, α31)| = |YB(−ρ13, 2π−α31)|. More precisely, these two maxima occur atm1

∼= 7.7×10−4 eV
and at m1

∼= 5.5 × 10−3 eV, for which η(0.66m̃1τ )− η(0.71m̃1o) ∼= −0.044 and 0.047, respectively.
The complete compensation between η(0.66m̃1τ ) and η(0.71m̃1o), leading to |YB| ∼= 0, takes place
at m1 ∼ 1.5× 10−3 eV. For α31 = 2π/3, the baryon asymmetry at the two maxima reads:

|YB | ∼= 1.5 (1.4) × 10−12




√
|∆m2

A|
0.05 eV



(

M1

109 GeV

)
. (2.40)
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2. EFFECTS OF LIGHTEST NEUTRINO MASS

Thus, one can have successful leptogenesis for M1
>∼ 5.3× 1010 GeV.

2.3 Summary

In the present chapter, the dependence of the baryon asymmetry of the Universe YB on the lightest
neutrino mass, min(mj), was numerically studied, in the context of flavoured thermal leptogenesis,
when the source of CP violation necessary for the generation of the observed baryon asymmetry is
due exclusively to the Majorana and/or Dirac CP violating phases in the PMNS neutrino mixing
matrix U .

The two possible types of light neutrino mass spectrum allowed by the data were considered:
i) with normal ordering (∆m2

A > 0), m1 < m2 < m3, and ii) with inverted ordering (∆m2
A < 0),

m3 < m1 < m2. The study was performed within the simplest type I see-saw scenario with
three heavy Majorana neutrinos Nj, j = 1, 2, 3, having a hierarchical mass spectrum with masses
M1 ≪M2,3.

As regards the case of IH spectrum with non negligible m3, m3 ≪
√

|∆m2
A|, the generated

baryon asymmetry |YB | can be strongly enhanced in comparison with the asymmetry |YB | produced
if m3

∼= 0. The enhancement can be roughly by a factor of 100. As a consequence, one can have
successful leptogenesis for IH spectrum with m3

>∼ 5 × 10−6 eV even if the elements R1j of the
orthogonal matrix are real and the requisite CP violation is provided by the Majorana and/or Dirac
phase(s) in the PMNS matrix (see Figs 2.1-2.4).

The results obtained for light neutrino mass spectrum with normal ordering (hierarchy) depend
on whether R11

∼= 0 or R12
∼= 0. If R11

∼= 0, there is not any significant enhancement of the baryon
asymmetry |YB|, generated within the flavoured leptogenesis scenario with real matrix R and CP
violation provided only by the PMNS matrix. When the lightest neutrino mass is varied in the
interval 10−10 eV ≤ m1

<∼ 7.5 × 10−3 eV, the produced asymmetry |YB | practically coincides with
that corresponding to m1 = 0 (see Fig. 2.5). For m1

>∼ 10−2 eV, the lightest neutrino mass m1

has a suppressing effect on the baryon asymmetry |YB|. If, however, R12
∼= 0 (see Fig. 2.6), the

dependence of |YB| on m1 exhibits qualitatively the same features as the dependence of |YB | on
m3 in the case of neutrino mass spectrum with inverted ordering (hierarchy): |YB | possesses two
maxima separated by a deep minimum. Quantitatively, max(|YB |) is somewhat smaller than in the
corresponding IH spectrum case. As a consequence, it is possible to reproduced the observed value
of YB if the CP violation is due to the Majorana phase(s) in U , provided M1

>∼ 5.3 × 1010 GeV.
The results obtained show clearly that the value of the lightest neutrino mass in the cases of

neutrino mass spectrum with inverted and normal ordering (hierarchy) can have strong effects on
the magnitude of the baryon asymmetry of the Universe, generated within the flavoured leptogenesis
scenario with hierarchical heavy Majorana neutrinos.
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Chapter 3

Interplay Between High and Low
Energy CP Violation

In the present chapter the possible connection between flavoured leptogenesis and the low energy
CP violation in the lepton (neutrino) sector is further investigated. In particular, on the basis
of the discussion reported in Chapter 1, great attention is devoted to the interplay between the
“low energy” CP violation, originating from the PMNS neutrino mixing matrix, and the “high
energy” CP violation in the neutrino Yukawa couplings that can manifest itself only at some “high”
energy scale, like e.g. in leptogenesis. The leptogenesis mechanism is studied in the framework
introduced in Chapter 1, which includes the Lagrangian of the Standard Model with the addition
of three heavy RH Majorana neutrinos Nj with masses M1 ≪ M2,3 and Yukawa couplings λjα
(see Eq. (1.2)). Therefore, the CP asymmetries, relevant for leptogenesis, are generated in out-of-
equilibrium decays of the lightest one, N1. As in the analysis performed in Chapter 2, the baryon
asymmetry is produced in the two-flavour regime (109 GeV <∼ T ∼ M1

<∼ 1012 GeV). The general
form of each of the flavoured CP asymmetries ǫ1α is provided, for the case under discussion, by
expression (1.81). The total baryon asymmetry YB is thus computed according to Eq. (1.74). The
effect of both the high energy and the mixed terms in YB is discussed in detail. Both type of light
neutrino mass spectrum, with normal and inverted hierarchy are taken into account.

The results derived are based on the papers [74] and [75].

3.1 Neutrino Mass Spectrum with Normal Hierarchy

In this section the leptogenesis mechanism is implemented in a framework corresponding to NH
light neutrino mass spectrum: m1 ≪ m2 < m3. The analysis is performed in this case for negligible
lightest neutrino mass m1.

1 In particular, in what follows m1 is set equal to zero. In this case the

1As already pointed out in the introduction to Chapter 2, RG effects are negligible for both NH and IH light
neutrino mass spectra (see e.g. [76]).
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3. INTERPLAY BETWEEN HIGH AND LOW ENERGY CP VIOLATION

asymmetry ǫ1τ , given in Eq. (1.81), takes the form [74]:

ǫ1τ ∼= − 3M1

16π v2

√
∆m2

A
(
∆m2

⊙
∆m2

A

)1/2

|R12|2 + |R13|2

×
{(

∆m2
⊙

∆m2
A

)
|R12|2 |Uτ2|2 sin 2ϕ̃12 + |R13|2 |Uτ3|2 sin 2ϕ̃13

+

(
∆m2

⊙
∆m2

A

)1/4

|R12| |R13|




1−

√
∆m2

⊙√
∆m2

A


 cos(ϕ̃12 + ϕ̃13) Im (U∗

τ2 Uτ3)

+


1 +

√
∆m2

⊙√
∆m2

A


 sin(ϕ̃12 + ϕ̃13)Re (U

∗
τ2 Uτ3)





 , (3.1)

where, as usual, ϕ̃12 and ϕ̃13 are the CP violating phases (R−phases) of the matrix elements R12

and R13, respectively. The expression of the CP asymmetry in the second flavour, ǫ1o, can be
derived from ǫ1τ using Eq. (1.83).

The first term in the brackets in Eq. (3.1) is suppressed by the factor ∆m2
⊙/∆m

2
A
∼= 0.03. A more

detailed study shows that it always plays a subdominant role in the generation of baryon asymmetry
compatible with observations and can be safely neglected. From the expression of ǫ1τ in Eq. (3.1),
as well as the analogous for ǫ1o, it follows that the CP violation due to the PMNS matrix U can
play a significant role in leptogenesis only if the mixed term proportional to |R12R13| in Eq. (3.1)
is comparable in magnitude, or exceeds, the high energy term proportional to |R13|2|Uτ3|2 sin 2ϕ̃13.
The latter will not give a contribution to the asymmetries ǫ1τ and ǫ1o if sin 2ϕ̃13 = 0, i.e. if R13 is
real or purely imaginary, as expected for the CP conserving constraints derived in Chapter 1.

The elements of the matrix R must satisfy the orthogonality condition: R2
11 + R2

12 + R2
13 = 1.

Then, one can have ǫ1τ,1o 6= 0 only if at least two of the three elements R1j of the first row of R are
different from zero. In the case of “small” lightest neutrino mass m1 under consideration, the R11

element does not appear in the expressions for ǫ1τ , ǫ1o, m̃1τ and m̃1o, which are relevant for the
calculation of the baryon asymmetry YB (see Eq. (1.74)). In the following analysis, therefore, it is
considered for simplicity only the possibility of relatively small |R11|, so that the term R2

11 in the
orthogonality condition can be neglected. This is realized if |R11|2 ≪ min(1, |R12|2| sin 2ϕ̃12|). Such
condition is compatible with the hypothesis of decoupling of the heaviest RH Majorana neutrino
N3 [78, 79], leading effectively to the so-called “3×2” see-saw model [80]. For negligible |R11|2, the
orthogonality condition for the elements of R can be written in terms of two equations involving
the absolute values and the phases of R12 and R13:

|R12|2 cos 2ϕ̃12 + |R13|2 cos 2ϕ̃13 = 1 , (3.2)

|R12|2 sin 2ϕ̃12 + |R13|2 sin 2ϕ̃13 = 0 , (3.3)

with the constraint: sign(sin 2ϕ̃12) = −sign(sin 2ϕ̃13). Using these equations one can express the
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3.1 Neutrino Mass Spectrum with Normal Hierarchy

phases ϕ̃12 and ϕ̃13 in terms of |R12|2 and |R13|2 [74]

cos 2ϕ̃12 =
1 + |R12|4 − |R13|4

2|R12|2
, sin 2ϕ̃12 = ±

√
1− cos2 2ϕ̃12 , (3.4)

cos 2ϕ̃13 =
1− |R12|4 + |R13|4

2|R13|2
, sin 2ϕ̃13 = ∓

√
1− cos2 2ϕ̃13 . (3.5)

The fact that −1 ≤ cos 2ϕ̃12(13) ≤ 1 leads to the following conditions:

(1 + |R12|2)2 ≥ |R13|4 , (1− |R12|2)2 ≤ |R13|4 ; (3.6)

(1 + |R13|2)2 ≥ |R12|4 , (1− |R13|2)2 ≤ |R12|4 . (3.7)

Alternatively, one can express |R12|2 and |R13|2 as functions of the R−phases:

|R12|2 =
sin 2ϕ̃13

sin 2(ϕ̃13 − ϕ̃12)
,

(3.8)

|R13|2 = − sin 2ϕ̃12

sin 2(ϕ̃13 − ϕ̃12)
.

The R−phases ϕ̃12 and ϕ̃13 can take CP violating values in the interval [0,2π]. The the positivity
of |R12|2 and |R13|2 allows to further constrain the ranges of ϕ̃12 and ϕ̃13:

kπ ≤ ϕ̃13 ≤ (2k + 1)π2 , ϕ̃13 − π
2 − k′π < ϕ̃12 ≤ (k − k′)π ; (3.9)

(2k + 1)π2 ≤ ϕ̃13 ≤ (k + 1)π , (k − k′)π ≤ ϕ̃12 < ϕ̃13 − π
2 − k′π , (3.10)

where k = 0, 1, 2, 3 and k′ = 0,±1,±2,±3.
The most interesting region of the parameter space, from a phenomenological point of view,

is provided by those values of the relevant leptogenesis parameters for which the mixed term,
proportional to |R12R13| in the expression (3.1) for the CP asymmetry ǫ1τ , is sufficiently large and
gives either a dominant contribution to ǫ1τ or at least one comparable to that due to the high energy
term. The latter is proportional to |R13|2|Uτ3|2 sin 2ϕ̃13, as already stated before. Accordingly, it
is useful to know the values |R12| and |R13| which maximize the function:

F1(|R12|, |R13|) =
|R12| |R13|(

∆m2
⊙

∆m2
A

)1/2

|R12|2 + |R13|2
. (3.11)

The maximum of F1(|R12|, |R13|) is obtained for |R12|/|R13| = (∆m2
A/∆m

2
⊙)

1/4 ∼= 2.4 and at the
maximum: Fmax

1 = 0.5 (∆m2
A/∆m

2
⊙)

1/4 ∼= 1.2. At |R12|/|R13| = (∆m2
A/∆m

2
⊙)

1/4, the correspond-
ing function in the high energy term in ǫ1τ ,

F3(|R12|, |R13|) =
|R13|2(

∆m2
⊙

∆m2
A

)1/2

|R12|2 + |R13|2
, (3.12)

47



3. INTERPLAY BETWEEN HIGH AND LOW ENERGY CP VIOLATION

takes the value 0.5, which is smaller only by a factor of 2 than its largest possible value. The latter,
however, takes place at |R12| = 0, for which ǫ1τ = ǫ1o = 0.

The wash-out mass parameters (see Eq. (1.75)) in the case of interest are given by:

m̃1τ =
√

∆m2
⊙ |R12|2 |Uτ2|2 +

√
∆m2

A |R13|2 |Uτ3|2

(3.13)

+ 2(∆m2
⊙∆m

2
A)

1/4|R12||R13|Re
(
ei(ϕ̃12−ϕ̃13)U∗

τ2Uτ3

)

m̃1o =
√

∆m2
⊙ |R12|2 +

√
∆m2

A |R13|2 − m̃1τ . (3.14)

Below, the combined effects of the “high” energy and “low” energy CP violating phases on the
generation of the baryon asymmetry are analyzed.

3.1.1 CP violation due to Majorana phases and R−phases

The first case considered is the possibility that the baryon asymmetry |YB| is generated by the
combined effect of CP violation due to the Majorana phases in the PMNS matrix U and the phases
ϕ̃12 and ϕ̃13 of the orthogonal matrix R. The Dirac phase δ is, therefore, assumed to take a CP
conserving value: δ = kπ (k = 0, 1, 2, ...). The CP asymmetries ǫ1τ and ǫ1o and the wash-out
mass parameters m̃1τ and m̃1o, given above, depend explicitly on the Majorana phase difference
α32 ≡ α31 − α21. Indeed, the CP asymmetry ǫ1τ can be written in the form [74]:

ǫ1τ ∼= −
3M1

√
∆m2

A

16π v2
{
F3 |Uτ3|2 sin 2ϕ̃13

−
(
∆m2

⊙
∆m2

A

) 1
4

F1 |U∗
τ2Uτ3|

[
sin(ϕ23 +

α32

2
) +

(
∆m2

⊙
∆m2

A

) 1
2

sin(ϕ23 −
α32

2
)

]}
, (3.15)

where ϕ23 = ϕ̃12 + ϕ̃13. The functions F1 and F3 are defined respectively by Eqs (3.11) and (3.12)
and for δ = πk one has: (exp(−iα32/2)U

∗
τ2Uτ3) = −(c12s23 ± s12c23s13)c23c13 = −|U∗

τ2Uτ3|. The
CP asymmetry ǫ1o can be obtained from Eq. (3.15) by replacing |Uτ3|2 with (1 − |Uτ3|2) and by
changing the minus sign in front of the term proportional to F1 to plus sign (see Eq. (1.83)).

The expression for the baryon asymmetry YB in the two-flavour regime, given in Eq. (1.74),
can be written as

YB ∼= Y 0
B (AHE +AMIX) , (3.16)

where

Y 0
B
∼= 12

37g∗

3M1

√
∆m2

A

16π v2
∼= 3× 10−10

(
M1

109 GeV

) 


√
∆m2

A

5× 10−2 eV


 . (3.17)

The high energy term AHE and the mixed term AMIX, introduced in Eq. (3.16), are defined below:

AHE = F3 sin 2ϕ̃13

[
|Uτ3|2 η(0.66m̃1τ ) + (1− |Uτ3|2) η(0.71m̃1o)

]
, (3.18)

48



3.1 Neutrino Mass Spectrum with Normal Hierarchy

AMIX = −
(
∆m2

⊙
∆m2

A

) 1
4

F1 |U∗
τ2Uτ3| [ η(0.66m̃1τ )− η(0.71m̃1o) ]

×
[
sin(ϕ̃12 + ϕ̃13 +

α32

2
) +

(
∆m2

⊙
∆m2

A

) 1
2

sin(ϕ̃12 + ϕ̃13 −
α32

2
)

]
. (3.19)

Note that for the best fit value of s223 = 0.5, one has |Uτ3|2 = c223c
2
13

∼= 0.5 ∼= (1 − |Uτ3|2)1/2 and,
therefore, one has effectively AHE ∝ (η(0.66m̃1τ ) + η(0.71m̃1o)). For ϕ̃12 = kπ/2 or ϕ̃13 = k′π/2,
(k, k′ = 0, 1, 2, ...) the term AHE is equal to zero and the expression for YB corresponds to the case in
which the only source of CP violation are the Majorana phases in the PMNS matrix U . 2 In this case
successful leptogenesis is possible, provided M1

>∼ 4 × 1010 GeV and | sinα32/2| >∼ 0.1. The phase
α32 is also present in the expression for the (ββ)0ν -decay effective Majorana mass corresponding
to the NH spectrum (see Section 1.2.4).

Few more comments are in order. It follows from Eq. (3.16) that the τ and (e+µ) CP asymme-
tries generated by the high energy term always add up, while the τ and (e+µ) CP asymmetries due
to the mixed term tend to compensate each other. The contribution of the mixed term to YB has
the additional suppression factor (∆m2

⊙/∆m
2
A)

1/4 ∼= 0.42 in comparison to that due to the high
energy term. For sin(ϕ̃12+ ϕ̃13+α32/2) = 0, the mixed term |AMIX| is smaller at least by the factor
(∆m2

⊙/∆m
2
A)

1/2c12/
√
2 ∼= 0.11 than the high energy term |AHE|. Finally, the sign of AHE is deter-

mined by the sign of sin 2ϕ̃13, while the sign of AMIX depends on the signs of sin(ϕ̃12+ ϕ̃13+α32/2)
and (η(0.66m̃1τ )− η(0.71m̃1o)).

The high energy term AHE ∝ F3 sin 2ϕ̃13 will be suppressed and will give a subdominant con-
tribution in |YB | if either the phase of R2

13 is to a good approximation CP conserving so that
sin 2ϕ̃13

∼= 0 or |R13|/|R12| is sufficiently small. For sin 2ϕ̃13 = 0 and |R13|, |R12| 6= 0, however,
one also has sin(2ϕ̃12) = 0, implying that R2

12 and R2
13 are real, while R12R13 is real or purely

imaginary. If, on the other hand, |R13| = 0, then ǫ1τ = ǫ1o = 0, and, as a consequence, YB = 0. In
order to have successful leptogenesis in the case of interest, the ratio |R13|/|R12| should not be too
small, i.e. should be larger than approximately 0.05.

The wash-out mass parameter m̃1τ in (3.13) takes the value [74]:

m̃1τ =
√

∆m2
⊙ |R12|2 |Uτ2|2 +

√
∆m2

A |R13|2 |Uτ3|2

− 2 (∆m2
⊙ ∆m2

A)
1/4 |R12| |R13| |U∗

τ2Uτ3| cos
(
ϕ̃12 − ϕ̃13 +

α32

2

)
. (3.20)

Thus, for given |R12| and |R13|, m̃1τ satisfies the following inequalities:

m̃1τ ≥
√

∆m2
A |R13|2 |Uτ3|2

(
1−

(
∆m2

⊙
∆m2

A

)1/4 |R12|
|R13|

|Uτ2|
|Uτ3|

)2

, (3.21)

m̃1τ ≤
√

∆m2
A |R13|2 |Uτ3|2

(
1 +

(
∆m2

⊙
∆m2

A

)1/4 |R12|
|R13|

|Uτ2|
|Uτ3|

)2

. (3.22)

It follows from Eq. (3.14) that the minimum (maximum) value of m̃1τ corresponds to the maximum
(minimum) value of m̃1o.

2This particular scenario was studied in detail in [54].
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Figure 3.1: The dependence of the high energy term |Y 0
BAHE| (blue dotted line), the mixed term

|Y 0
BAMIX| (green dashed line) and of the total baryon asymmetry |YB | (red continuous line) on |R13|

in the case of NH spectrum, CP violation due to the Majorana phases in U and R-phases, α32 = π/2,
s223 = 0.5, s13 = 0, |R12| ∼= 1 and M1 = 1011GeV. The horizontal dotted lines indicate the range of
|YB|, compatible with observations: |YB| ∈ [8.0, 9.2]× 10−11.

Analysis of the parameter space

From the previous expressions, it is clear that for fixed M1 and given values of the neutrino os-
cillations parameters, the asymmetry YB and the relative contributions to YB of the high energy
and the mixed terms depend on |R12|, |R13| and the Majorana phase α32, or equivalently, on
the three phases ϕ̃12, ϕ̃13 and α32. One of the constraints that ϕ̃12 and ϕ̃13 should satisfy is:
sign(sin 2ϕ̃12) = −sign(sin 2ϕ̃13) (see Eq. (3.3)). From Eqs (3.16)-(3.19) and (3.20) one can prove
that

YB(ϕ̃12, ϕ̃13;α32) = −YB(−ϕ̃12,−ϕ̃13; 4π − α32) . (3.23)

Therefore, in what follows, it is enough to analyze the case: sin 2ϕ̃12 < 0, sin 2ϕ̃13 > 0. The results
corresponding to sin 2ϕ̃12 > 0, sin 2ϕ̃13 < 0 can always be obtained from the indicated property
of YB.

In what concerns the values of |R12| and |R13|, there are several possibilities leading to quite
different physical results: i) |R13| ≤ |R12| with |R12| ≤ 1; ii) |R12| ≤ |R13| with |R13| ≤ 1; iii)
|R12| > 1 or |R13| > 1.

The overall parameter space compatible with successful leptogenesis is represented in Figs 3.1-
3.6.
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Figure 3.2: The same as in Fig. 3.1, but for s223 = 0.64, s13 = 0.2 and δ = 0.

Case |R13| ≤ |R12| ≤ 1

As it was already pointed out above, the baryon asymmetry |YB | will be strongly suppressed
if |R13|/|R12| ≪ 0.05, so the discussion is referred to values of |R13|/|R12| >∼ 0.05. The results
obtained depend on whether |R13| <∼ 0.5 or |R13| >∼ 0.5.

For |R13| ≤ 0.5, one should have |R12| >
√
0.75 ∼= 0.87 in order to have sin 2ϕ̃13 6= 0. In the case of

|R12| = 1 the relevant R−phases depend on |R13| in the following way: cos 2ϕ̃12 = 1− 0.5|R13|4 >∼
0.97, | sin 2ϕ̃12| = |R13|2 ≤ 0.25, cos 2ϕ̃13 = 0.5|R13|2 ≤ 0.125, | sin 2ϕ̃13| ∼= 1 − |R13|4/8 >∼ 1 −
7.8 × 10−3. Thus, 0 < (−ϕ̃12) <∼ 0.12 and ϕ̃13

∼= π/4. This implies that for α32/2 ∼= π/4 one has
sin(ϕ̃12 + ϕ̃13 + α32/2) ∼= 1, while if α32/2 ∼= 3π/4 the mixed term will be strongly suppressed. It
follows from these simple observations that the predictions for |YB| will exhibit a strong dependence
on α32. For α32/2 ∼= π/4, cos(ϕ̃12 − ϕ̃13 + α32/2) ∼= cos ϕ̃12

∼= 1, and for any given |R13| ≤ 0.5, m̃τ

takes approximately its minimal value.

At |R13| = 0.5 and α32/2 = π/4, one has (see Fig. 3.1): m̃τ
∼= 5.7 × 10−4 (weak wash-out),

m̃1o
∼= 2.1×10−2 ≫ m̃τ (strong wash-out), η(0.66m̃1τ ) ∼= 4.2×10−2, and η(0.71m̃1o) ∼= 6.8×10−3 <

η(0.66m̃1τ ). The mixed term and the high energy term have opposite signs and AMIX
∼= −7.3×10−3

and AHE
∼= 1.40 × 10−2. Therefore, the mixed term in YB has the effect of partially compensating

the contribution of the high energy term, so that the sum (AMIX+AHE) is approximately by a factor
of 2 smaller than AHE. As |R13| decreases starting from 0.5, the wash-out mass parameters m̃τ , m̃1o

and the efficiency function η(0.66m̃1τ ) also decrease starting from the values given above. However,
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η(0.71m̃1o) increases and at |R13| ∼= 0.41 3 one has η(0.66m̃1τ ) ∼= η(0.71m̃1o). As a consequence, at
|R13| ∼= 0.41, |AMIX| goes through a deep minimum and is strongly suppressed. The high energy
term |AHE| just decreases somewhat as |R13| changes from 0.50 to 0.41. At |R13| ∼= 0.41, the mixed
term AMIX changes sign: for |R13| ≈ (0.3÷0.4) one has η(0.66m̃1τ ) < η(0.71m̃1o) and, consequently,
AMIX > 0. Thus, AHE and AMIX have the same sign and add up constructively in YB. When |R13|
decreases below 0.41, m̃1τ , m̃1o and η(0.66m̃1τ ) continue to decrease, while η(0.71m̃1o) continues
to increase; AMIX also increases rapidly, while AHE decreases but rather slowly (see Fig. 3.1). At
|R13| ∼= (∆m2

⊙/∆m
2
A)

1/4c12 ∼= 0.35, the wash-out mass parameter m̃1τ is approximately zero and
AMIX has a local maximum. At this point, AMIX

∼= AHE
∼= 2 × 10−3. As |R13| decreases further,

m̃τ and η(0.66m̃1τ ) increase, m̃1o decreases, but η(0.71m̃1o) increases. As a consequence, AHE also
increases, while AMIX diminishes. At |R13| ∼= 0.27 one gets η(0.66m̃1τ ) ∼= η(0.71m̃1o) and AMIX

exhibits a second deep minimum, AMIX
∼= 0. At values of |R13| < 0.27 the inequality η(0.66m̃1τ ) >

η(0.71m̃1o) holds and AMIX is negative, AMIX < 0. Therefore AHE and AMIX have opposite signs and
their contributions to YB tend to compensate each other. For decreasing |R13| < 0.27, η(0.66m̃1τ )
and F1(η(0.66m̃1τ ) − η(0.71m̃1o)) grow faster than η(0.71m̃1o) and F3(η(0.66m̃1τ ) + η(0.71m̃1o)),
respectively. At |R13| ∼= 0.18, AHE has a local maximum. However, one also has |AMIX| ∼= AHE.
As a consequence, AMIX + AHE

∼= 0, i.e. the high energy and the mixed terms cancel each other
and |YB | is strongly suppressed. This important feature of |YB | persists for values of α32/2 up to
π/2. The precise position of the considered deep minimum of |YB| depends on the value of sin2 θ23
and, to less extent, on whether δ = 0 or π if sin θ13 has a value close to the existing upper limit.
As an illustration, Fig. 3.2 shows |Y 0

BAHE|, |Y 0
BAMIX| and |YB | as functions of |R13| for s223 = 0.64,

s13 = 0.2 and δ = 0. From the figure one can see easily that, for s223 = 0.64 and |R13| ∼= 0.30, the
total contribution AMIX + AHE

∼= 0 and correspondingly YB ∼= 0. Note that both |Y 0
BAHE| and

|Y 0
BAMIX| have relatively large values at |R13| ∼= 0.30 and thus each of the two terms separately

could account for the observed value of YB (see Fig. 3.2). Nevertheless, the generated baryon
asymmetry is strongly suppressed, |YB | = |Y 0

B(AHE + AMIX)| ≪ 8.6 × 10−11 and it is impossible
to reproduce the measured value of YB for M1

<∼ 1012 GeV. Finally, for |R13| < 0.17, the mixed
term is larger, in absolute value, than the high energy term, |AMIX| > AHE: at |R13| = 0.10, for
instance, |AMIX| ∼= 2AHE. Since the two terms have opposite signs, sign(AMIX) = −sign(AHE), the
contributions of the high energy term in YB partially compensates the contribution of the mixed
term.

Consider now the dependence of the baryon asymmetry |YB| on the Majorana phase α32. This
study corresponds to values of |R13| ≤ |R12| = 1 in the interval 0.1 <∼ |R13| <∼ 0.5. Moreover, three
values of s23 (s

2
23 = 0.36; 0.50; 0.64) and two values of s13 (s13 = 0; 0.2) are considered. In the case

of s13 = 0.2, the two CP conserving values of the Dirac phase, δ = 0; π, are distinguished. These
results are illustrated in Figs 3.3-3.5. As these figures indicate, the behavior of |YB| as a function
of α32 exhibits particularly interesting features when α32 changes in the interval 0 < α32

<∼ π.
Therefore, for s13 = 0.2 and given s223, one can get very different dependence of |YB| on α32 for
the two values of δ = 0; π and that the dependence under discussion for, e.g. s223 = 0.50 can differ
drastically from those for s223 = 0.36 and for s223 = 0.64 (see Figs 3.4 and 3.5).

One can analyze in a similar manner the behavior of AMIX, AHE and |YB| as functions of |R13|
in the interval 0.5 < |R13| ≤ 1.0. As in the preceding discussion, the parameter space is fixed

3This value is obtained as a solution of the equation 0.66m̃τ/(8.25 × 10−3 eV) = (0.71m̃1o/(2× 10−4 eV))−1.16.
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Figure 3.3: The dependence of |YB| on the Majorana phase (difference) α32 in the case of NH
spectrum, Majorana and R matrix CP violation, s223 = 0.5, M1 = 2 × 1011 GeV, R12

∼= 1, R13 = 0.19,
i) s13 = 0 (red continuous line), ii) s13 = 0.2, δ = 0 (green dashed line), iii) s13 = 0.2, δ = π (blue
dotted line).

with |R13| ≤ |R12| ≤ 1.0 and α32/2 = π/4. As can be easily verified, when |R13| increases from
0.5 to 1.0 under the indicated conditions, i) F1 sin(ϕ̃12 + ϕ̃13 + α32/2) changes from 1.14 to 0.60,
ii) F3 sin 2ϕ̃13 increases from 0.59 to 0.74, iii) m̃1τ increases monotonically by a factor of about
20 from 5.7 × 10−4 eV to 1.1 × 10−2 eV and iv) m̃1o increases only by a factor of approximately
2.3 from 2.1 × 10−2 eV to 4.8 × 10−2 eV. Correspondingly, the efficiency factor η(0.66m̃1τ ) first
increases starting from the value 4.2 × 10−2, reaches a maximum η(0.66m̃1τ ) ∼= 6.8 × 10−2 at
|R13| ∼= 0.6 when 0.66m̃1τ

∼= 1.1 × 10−3 eV and then decreases monotonically to 1.52 × 10−2.
In contrast, when |R13| changes from 0.5 to 1.0, the efficiency factor η(0.71m̃1o) only decreases
monotonically by a factor of about 2.6, from 6.7 × 10−3 to 2.6 × 10−3. Thus, the asymmetry in
the (e+ µ) lepton charge is generated in the regime of strong wash-out, while the wash-out effects
in the production of the asymmetry in the τ lepton charge change from weak to strong, passing
through a minimum. Clearly, the change of AMIX and AHE with |R13| is determined essentially by
the behavior of η(0.66m̃1τ ). In particular, η(0.66m̃1τ ) > η(0.71m̃1o) in the case under discussion,
implying that sign(AMIX) = −sign(AHE). For the considered range of |R13| one typically has
|AMIX| ∼= (0.5 ÷ 0.6)AHE, so that there is a partial cancellation between the two terms AMIX and
AHE in YB (see Fig. 3.1).

It should be clear that AMIX, AHE and |YB | will exhibit a different dependence on |R13| varying
in the range 0.05 <∼ |R13| ≤ |R12| ≤ 1 if α32/2 differs significantly from π/4. If α32/2 ∼= 3π/4, for
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Figure 3.4: The dependence of |YB| on α32 in the case of NH spectrum, Majorana and R matrix
CP violation, |R12| = 1, |R13| = 0.51, M1 = 3.5 × 1010 GeV, s223 = 0.5, s13 = 0.2 and δ = 0 (π), red
continuous (green dashed) line.

instance, one has |AMIX| ≪ |AHE|. For |R13| <∼ 0.5 this is due to the fact that sin(ϕ̃12 + ϕ̃13 +
α32/2) ≪ 1, while for 0.5 < |R13| ≤ 1 and |R12| ∼= 1, it is a consequence of the fact that η(0.66m̃1τ )
and η(0.71m̃1o) have rather close values: when |R13| changes from 0.5 to 1.0, the efficiency function
combination η(0.66m̃1τ ) − η(0.71m̃1o) decreases approximately from 7.6 × 10−3 to 2.7 × 10−3. At
the same time the sum η(0.66m̃1τ ) + η(0.71m̃1o) changes from 3 × 10−2 to 10−2, remaining by a
factor four bigger than η(0.66m̃1τ )− η(0.71m̃1o).

Case |R12| > 1

One can perform a similar analysis in the case of |R12| > 1 or |R13| > 1. The results pertaining
to |R12| > 1 are illustrated in Fig. 3.6, which shows the dependence of |Y 0

BAHE|, |Y 0
BAMIX| and

of |YB | on |R13| for |R12| = 1.2, α32/2 = π/4 and s223 = 0.5, s13 = 0. The figure exhibits some
typical features, namely, the relevance of the mixed term in the region close to the minimal allowed
value of |R13|, i.e. for |R13| <∼ 1. If |R12| > 1 (e.g. |R12| = 1.2 as in Fig. 3.6), |R13|2 can take
values in the interval (|R12|2 − 1) ≤ |R13|2 ≤ (|R12|2 + 1). When |R13|2 changes from its minimal
value to its maximum value, the phase 2ϕ̃13 decreases from π to 0, whereas 2ϕ̃12 changes from 0
to (−π), so that one always has sin 2ϕ̃12 ≤ 0. Obviously, at |R13|2 = (|R12|2 − 1) one has AHE = 0
since sin 2ϕ̃13 = 0, while for α32/2 6= πk (k = 0, 1, 2, ...), one finds, in general, AMIX 6= 0. For the
value of α32/2 = π/4 (see Fig. 3.6), for instance: AMIX

∼= −3.9× 10−3. The salient features of the
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Figure 3.5: The same as in Fig. 3.4, but for s223 = 0.64.

behavior of AHE and AMIX as functions of |R13|, shown in Fig. 3.6, can be understood qualitatively
from the behavior of F3 sin(2ϕ̃13)η(0.66m̃1τ ) and of F1 sin(ϕ̃12 + ϕ̃13 + α32/2)η(0.66m̃1τ ): both
quantities grow monotonically as |R13| increases starting from its minimal value, but the former
grows faster than the latter. There is always a value of |R13| relatively close to its minimal value
at which AHE = |AMIX|. Obviously, at this point the baryon asymmetry is strongly suppressed:
YB = Y 0

B(AHE + AMIX) = 0 (see Fig. 3.6). The behavior of AHE and |AMIX| when |R13| increases
beyond the point at which YB ∼= 0, is basically determined by η(0.66m̃1τ ), which goes through a
maximum and after that decreases monotonically. Note also that at certain value of |R13| > 1,
sin(ϕ̃12 + ϕ̃13 + α32/2) can go through zero and changes sign. As a consequence, AMIX also can
change sign.

As the results described above show, in the case of NH light neutrino mass spectrum and CP
violation due the “low” energy Majorana phases in U and “high” energy R-phases, the predicted
baryon asymmetry can exhibit strong dependence on the Majorana phase α32 if the latter has a
value in the interval 0 < α32 < π (sin 2ϕ̃12 < 0, sin 2ϕ̃13 > 0) or 3π < α32 < 4π (sin 2ϕ̃12 > 0,
sin 2ϕ̃13 < 0). In the most extreme cases both YB ≪ 8.77 × 10−11 or YB compatible with the
observations are possible in a certain point of the relevant parameter space, depending on the value
of α32.
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Figure 3.6: The dependence of |Y 0
BAHE| (blue line), |Y 0

BAMIX| (green line) and of |YB| (red line) on
|R13| in the case of NH spectrum, Majorana and R matrix CP violation, |R12| = 1.2, α32/2 = π/4,
s223 = 0.5, s13 = 0 and M1 = 1011GeV.

3.1.2 CP violation due to Dirac phase and R−phases

Consider next the possibility that the CP violation in flavoured leptogenesis is due to the Dirac
phase δ in the PMNS matrix U and to the “high” energy phases ϕ̃12 and ϕ̃13 of the matrix R.
It is assumed in this case that the Majorana phase α32 takes a CP conserving value: α32 = πk
(k = 0, 1, 2, ...). The expression for the baryon asymmetry YB also in this case can be cast in the
form (3.16). The high energy term AHE is the same as in the Majorana and R-matrix CP violation
case and is given by Eq. (3.18). The mixed term has the following form for arbitrary α32:

AD
MIX = −

(
∆m2

⊙
∆m2

A

)1/4

F1 c23 c13 [η(0.66m̃1τ )− η(0.71m̃1o)]

(3.24)

×
{
c12s23

(
sin
(
ϕ̃12 + ϕ̃13 +

α32

2

)
+

√
∆m2

⊙
∆m2

A

sin
(
ϕ̃12 + ϕ̃13 −

α32

2

))
+ΦD

MIX

}
,

where

ΦD
MIX = s12c23s13

[
sin
(
ϕ̃12 + ϕ̃13 +

α32

2
− δ
)
+

√
∆m2

⊙
∆m2

A

sin
(
ϕ̃12 + ϕ̃13 −

α32

2
+ δ
)]

. (3.25)
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Figure 3.7: The dependence of |YB | on the Dirac phase δ in the case of NH spectrum, Dirac and R
matrix CP violation, s13 = 0.2, R12

∼= 1, M1 = 5 × 1011 GeV and for i) α32 = 0, |R13| ∼= 0.16 (left
panel) and ii) α32 = π, |R13| ∼= 0.12 (right panel).

The wash-out mass parameter m̃1τ is given by

m̃1τ =
√

∆m2
⊙ |R12|2 |Uτ2|2 +

√
∆m2

A |R13|2 |Uτ3|2 − 2 (∆m2
⊙ ∆m2

A)
1/4 |R12| |R13| c23c13

×
[
c12s23 cos

(
ϕ̃12 − ϕ̃13 +

α32

2

)
+ s12c23s13 cos

(
ϕ̃12 − ϕ̃13 +

α32

2
− δ

) ]
. (3.26)

For e.g. α32 = 2πk (k = 0, 1, 2, ...) and ϕ̃12, ϕ̃13 = 0,±π, R12 and R13 are real, AHE = 0, while in the
mixed term only the part proportional to ΦD

MIX is non-zero, AD
MIX ∝ ΦD

MIX 6= 0. The CP violation
in leptogenesis in this case is entirely due to the Dirac phase δ in the PMNS matrix. In particular,
one can have successful leptogenesis for M1

<∼ 5 × 1011 GeV provided |s13 sin δ| >∼ 0.1. 4 For
α32 = 0 and R12R13 > 0 (R12R13 < 0), the baryon asymmetry |YB | has a maximum at R2

12
∼= 0.75,

R2
13

∼= 0.25 (R2
12

∼= 0.85, R2
13

∼= 0.15). Since the CP violation effects due to the Dirac phase are
always suppressed by the relatively small experimentally allowed value of s13, the regions of interest
would correspond to ϕ̃13 ∼ 0, ±π/2, where AHE is also suppressed. The case of ϕ̃13 ∼ 0, ±π/2,
corresponds to |R13| taking values close to the boundaries: |R13|2 ∼ | |R12|2 ∓ 1 |.

Note that the mixed term AD
MIX contains a piece which does not depend on the Dirac phase

δ. This δ-independent piece is multiplied by c12s23 which is approximately at least by a factor
seven larger than the corresponding mixing angle factor s12c23s13 in the δ-dependent term ΦD

MIX.
In the region |R13|2 ∼ | |R12|2 ∓ 1 |, one also has sin(ϕ̃12 + ϕ̃13 + α32/2) ∼= 0 for α32 = πk and the
δ-independent term in AD

MIX will also be suppressed. A detailed numerical analysis of this region
of parameter space for CP violating values of the Dirac phase δ and a CP conserving Majorana

4Values of s13 >∼ 0.1 are within the range to be probed by future experiments with reactor ν̄e [38]. Future
long baseline experiments will aim at measuring values of sin2 θ13 as small as 10−4 ÷ 10−3 and at constraining (or
determining) δ (see e.g. [39]).
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phase α32 shows that successful leptogenesis can still be realized for |R13|2 >∼ | |R12|2 − 1 | and
|R12| ≈ O(1). Moreover, in the cases considered, the effects of the CP violating Dirac phase are
relevant in order to reproduce the observed value of the baryon asymmetry. In Fig. 3.7 it is reported
|YB | as a function of δ for |R12| ∼= 1, s13 = 0.2, α32 = 0 (left panel) and α32 = π (right panel).
The value of |R13| is taken close to its lower bound. In both the shown cases, there is a significant
interference between the high energy and the mixed terms that can suppress or enhance the baryon
asymmetry. The latter is controlled by the Dirac phase δ.

In conclusion, from the previous analysis one can say that if the Majorana phase α32 has a
CP conserving value, there still will be regions in the parameter space where the effects of the CP
violating Dirac phase in the PMNS matrix can be significant in flavoured leptogenesis, even if CP
violation is due also to the “high” energy R matrix phases.

3.2 Inverted Hierarchical Light Neutrino Mass Spectrum

Very different results are obtained for IH neutrino mass spectrum: m3 ≪ m1,2
∼=
√

|∆m2
A| ∼=

0.05 eV. As follows, for such scenario there exist significant regions of the corresponding leptoge-
nesis parameter space where the relevant “high” energy R−phases have large CP violating values,
but the purely high energy contribution in YB plays a subdominant role in the production of baryon
asymmetry compatible with the observations. The requisite dominant term in YB can arise due to
the “low” energy CP violation in the neutrino mixing matrix U . In some of these regions the high
energy contribution in YB is so strongly suppressed that one can have successful leptogenesis only
if the requisite CP violation is provided by the Majorana phase(s) in U .

The see-saw parameter space considered in this section is compatible with the two flavour
regime of leptogenesis, 109 GeV . M1 . 1012 GeV. For simplicity, the lightest neutrino mass
is m3 is set equal to zero and the heaviest RH neutrino N3 is assumed to be decoupled from
the theory. The latter condition is easily fulfilled if R13 = 0. As will be discussed below, all the
results derived here are actually valid if the following more general conditions are fulfilled: i)
|R13|2 sin 2ϕ̃13 ≪ min(|R11|2 sin 2ϕ̃11, |R12|2 sin 2ϕ̃12) and ii) the terms proportional to m3|R13|2
and m2

3|R13|2 in the expressions of ǫ1τ and ǫ1o are negligible. The first condition is satisfied not
only in the N3−decoupling limit but also for R13 6= 0, but Im(R2

13) = 0. The second condition is
naturally verified in the case of inverted hierarchical light neutrino mass spectrum. Working in the
framework defined by the constraints i) and ii), one can use the orthogonality of the R matrix to
express the two relevant “high” energy phases ϕ̃11 and ϕ̃12 in terms of the absolute values |R11|,
|R12| and of R2

13 which is real:

cos 2ϕ̃11 =

(
1−R2

13

)2
+ |R11|4 − |R12|4

2|R11|2
(
1−R2

13

) , (3.27)

cos 2ϕ̃12 =

(
1−R2

13

)2 − |R11|4 + |R12|4
2|R12|2

(
1−R2

13

) , (3.28)

with the further constraint: sign(sin 2ϕ̃11) = −sign(sin 2ϕ̃12). In the cases discussed below the sign
is fixed as: sin 2ϕ̃11 < 0.
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Figure 3.8: The dependence of the high energy term |Y 0
BAHE| (blue dotted line), the mixed term

|Y 0
BAMIX| (green dashed line) and of the total baryon asymmetry |YB| (red continuous line) on |R12| in

the case of IH spectrum, CP violation due to the Majorana phase α21 and R−phases: i) (−s13 cos δ) =
0.15; 0.17; 0.20, α21 = π/2, |R11| = 0.7 (upper left panel); ii) α21 = π/2, |R11| ∼= 1, s13 = 0 (upper
right panel), s13 = 0.2, δ = 0 (lower left panel), s13 = 0.2, δ = π (lower right panel). The light-blue
dot-dashed curve in the last three panels represents the dependence of YB on |R12| for the given PMNS
parameters and CP conserving matrix R, with R11R12 ≡ ik|R11R12|, k = −1 and |R11|2 − |R12|2 = 1.
In all the panels the lightest RH neutrino mass is M1 = 1011 GeV. The horizontal lines indicate the
allowed range of |YB|, |YB | ∈ [8.0, 9.2]× 10−11.

The CP violating asymmetry ǫ1τ , in the case considered, is given by [75]:

ǫ1τ ∼= − 3M1

16π v2

√
|∆m2

A|
|R11|2 + |R12|2

{
|R11|2 sin(2ϕ̃11)

[
(|Uτ1|2 − |Uτ2|2)−

∆m2
⊙

|∆m2
A|

|Uτ1|2
]

+ |R11| |R12|
[
1

2

∆m2
⊙

|∆m2
A|

cos(ϕ̃11 + ϕ̃12) Im(U∗
τ1Uτ2)

+ 2

(
1− 1

2

∆m2
⊙

|∆m2
A|

)
sin(ϕ̃11 + ϕ̃12)Re(U

∗
τ1Uτ2)

]}
. (3.29)
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For ϕ̃11 = kπ/2, ϕ̃12 = k′π/2 (k, k′ = 0, 1, 2, ...) R11 and R12 are either real or purely imaginary and
the expression for ǫ1τ reduces to Eqs (1.78) or (1.79). Under these conditions successful leptogenesis
is possible for R13 = 0 only if R11R12 is purely imaginary, i.e. if | sin(ϕ̃11 + ϕ̃12)| = 1, the requisite
CP violation being provided exclusively by the Majorana or Dirac phases in the PMNS matrix [54].

One can easily show that for the IH light neutrino mass spectrum of interest in the present
analysis, the following relation holds [75]: 5

ǫ1o = −ǫ1τ
(
1 +O(∆m2

⊙/|∆m2
A|)
)
. (3.30)

As in the NH case discussed in the previous section, the leptogenesis parameter space can
be divided according to the different sources of CP violation that enter in the expression of the
CP asymmetry ǫ1τ . In particular, following the discussion reported at the end of Chapter 1, few
considerations should be taken into account:

i) The R matrix satisfies the CP invariance constraint if its elements Rij are real or purely
imaginary (see Eq. (1.47)).

ii) In order to have CP violation, e.g. only due to the Majorana phase α21 in U , both Im(U∗
τ1Uτ2)

and Re(U∗
τ1Uτ2) should be different from zero [41, 42], while the Dirac phase δ should have

a CP conserving value, δ = kπ (k = 0, 1, 2, ...) (i.e. the rephasing invariant JCP, Eq. (1.18),
associated to δ should satisfy JCP = 0).

iii) Purely imaginary R11R12, i.e. | sin(ϕ̃11+ϕ̃12)| = 1, and Re(U∗
τ1Uτ2) = 0, JCP = 0 corresponds

to the case of CP invariance and therefore ǫ1τ = 0.

iv) Purely imaginary R11R12 and JCP = 0, Im(U∗
τ1Uτ2) = 0, but Re(U∗

τ1Uτ2) 6= 0, i.e. δ =
kπ, α21 = 2πq (k, q = 0, 1, 2, ...), corresponds to CP violation due to the neutrino Yukawa
couplings, i.e. due to the combined effect of the matrix R and of the PMNS matrix U ,
and ǫ1τ 6= 0. It is interesting that in this case both U and R satisfy the CP invariance
constraints (see Eqs (1.46) and (1.47), respectively), while the neutrino Yukawa couplings do
not satisfy these constraints, i.e. relation (1.50) is verified for the specific case considered. As
a consequence, under the indicated conditions there will be no CP violation effects caused
by the PMNS matrix U in the low energy neutrino mixing phenomena (neutrino oscillations,
(ββ)0ν -decay, etc.) and there will be no CP violation effects in the “high” energy phenomena
which depend only on the matrix R (i.e. do not depend on the PMNS matrix U).

3.2.1 CP violation and baryon asymmetry

According to relation (3.30), the baryon asymmetry YB can be expressed just in terms of ǫ1τ , with
good approximation, in analogy to the case of the a CP conserving matrix R, reported in the
previous chapter. Therefore, one has:

YB ∼= −12

37

ǫ1τ
g∗

(
η

(
390

589
m̃1τ

)
− η

(
417

589
m̃1o

))

≡ Y 0
B(AHE +AMIX) , (3.31)

5Note that this relation is valid not only for R13 = 0, but also for non-zero real R2
13: R13 6= 0, Im(R2

13) = 0.
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where Y 0
B is the same as in Eq. (3.17) and AHE(MIX) ≡ CHE(MIX)(η(0.66m̃1τ )− η(0.71m̃1o), with

CHE = G11 sin 2ϕ̃11

[
|Uτ1|2 − |Uτ2|2

]
, (3.32)

CMIX
∼= 2G12 sin(ϕ̃11 + ϕ̃12)Re(U

∗
τ1Uτ2) , (3.33)

and

G11 ≡ |R11|2
|R11|2 + |R12|2

, (3.34)

G12 ≡ |R11R12|
|R11|2 + |R12|2

. (3.35)

The wash-out mass parameters are in this case:

m̃1τ
∼=

√
|∆m2

A|
[
|R11|2 |Uτ1|2 + |R12|2 |Uτ2|2

(3.36)

+ 2 |R11| |R12|Re
(
ei (ϕ̃11−ϕ̃12) U∗

τ1Uτ2

) ]
,

m̃1o =
√

|∆m2
A| (|R11|2 + |R12|2) − m̃1τ . (3.37)

Notice that the contributions proportional to the factor 0.5∆m2
⊙/|∆m2

A| ∼= 0.016 in the CP asym-
metry ǫ1τ , Eq. (3.29), are neglected. In Eq. (3.31), Y 0

BAHE is the high energy term which vanishes
in the case of a CP conserving matrix R, while Y 0

BAMIX is the mixed term which, in contrast to
Y 0
BAHE, does not vanish when R conserves CP: it includes the “low” energy CP violation, e.g.

due to the Majorana phase α21 in the neutrino mixing matrix. It is important to notice that the
phase α21 enters also into the expression for the (ββ)0ν -decay effective Majorana mass in the case
of IH light neutrino mass spectrum (see Eq. (1.32)). As discussed above, in order to have CP
violation due to the Majorana phase α21, both Im(U∗

τ1Uτ2) and Re(U∗
τ1Uτ2) should be different

from zero [41, 42].

3.2.2 Baryon asymmetry and large θ13

Using the formalism described above, one can study the interplay between the CP violation arising
from the “high” energy phases of the orthogonal matrix R (R−phases) and the “low” energy CP
violating Dirac and/or Majorana phases in the neutrino mixing matrix, as well as the relative
contributions of the high energy and the mixed terms Y 0

BAHE and Y 0
BAMIX in YB, in analogy to the

analysis performed in the previous section concerning the case of NH light neutrino mass spectrum.
One can see now that there are large regions of the corresponding leptogenesis parameter space
where the high energy contribution to YB is subdominant, or even strongly suppressed. The results
of this study are illustrated in Fig. 3.8.

Two representative examples of such a suppression of Y 0
BAHE, which can take place even when

the “high” energy R−phases get large CP violating values, are analyzed below in the simple case
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R13 = 0. In both scenarios the CP asymmetry ǫ1τ is produced in the regime of mild wash-out
(m̃1τ

∼= (1÷ 3)× 10−3 eV), while ǫ1o (3.30) is generated with strong wash-out effects. Under these
conditions the two-flavour regime in leptogenesis is realized for M1

<∼ 5× 1011 GeV [70, 71]. More
precisely, there are small subregions of the parameter space where the two-flavour regime is realized
for M1 ≤ 7 × 1011 GeV; in another subregion, the results are valid for M1 ≤ 3 × 1011 GeV. If,
for instance, |R11| = 1, the two-flavour regime of leptogenesis is realized for M1

<∼ 5 × 1011 GeV,
provided that |R12| ≤ 0.7. For |R11| ≤ 0.5, the same conclusion is valid forM1

<∼ 5×1011 GeV in the
whole interval of variability of |R12|; for |R11| = 1.1 and |R12| ≤ 1 this is realized for M1

<∼ 3× 1011

GeV. In the latter case |R12| can vary in the interval 0.45 <∼ |R12| <∼ 1.45.
From Eqs (3.31) and (3.33) one can see that the term Y 0

BAHE is strictly related to the Dirac
phase δ, for sufficiently large θ13. Indeed, the following combination of the elements of the neutrino
mixing matrix is relevant in the computation of the CP asymmetry ǫ1τ [75]:

|Uτ1|2 − |Uτ2|2 ∼= (s212 − c212)s
2
23 − 4s12c12s23c23s13 cos δ

∼= −0.20− 0.92 s13 cos δ , (3.38)

where s212 = 0.30 and s223 = 0.5 are used. Therefore, for s13 = 0.2 and the Dirac phase assuming
the CP conserving value δ = π, one has: |Uτ1|2−|Uτ2|2 ∼= (−0.016). At the same time, |Y 0

BAMIX| ∝
|U∗

τ1 Uτ2| ∼= 0.27. As a consequence, if the Majorana phase α21 has a sufficiently large CP violating
value, the contribution of |Y 0

BAMIX| to |YB | can be by an order of magnitude bigger than the
other term, |Y 0

BAHE|. Actually, for s212 = 0.30 and s223 = 0.5, the high energy term in YB is
strongly suppressed by the factor (|Uτ1|2 − |Uτ2|2), if (− sin θ13 cos δ) >∼ 0.15, independently of the
values of the “high” energy phases ϕ̃11 and ϕ̃12. Even if the latter assume large CP violating
values, the purely high energy contribution to YB would play a subdominant role in the generation
of the baryon asymmetry compatible with the observations if the above inequality holds. For
(− sin θ13 cos δ) > 0.17 andM1

<∼ 5×1011 GeV, the observed value of the baryon asymmetry cannot
be generated by the high energy term Y 0

BAHE alone. One can have successful leptogenesis in this
case only if there is an additional dominant contribution in YB due to the CP violating Majorana
phase α21 from the neutrino mixing matrix. This result is valid in the whole range of variability
of the parameter |R12| (R13 = 0), |(1 − |R11|2)| ≤ |R12|2 ≤ (1 + |R11|2), and for |R11| having
values in the interval 0.3 <∼ |R11| <∼ 1.2. For values of |R11| outside the indicated interval successful
leptogenesis is not realized in the two-flavour regime, for M1

<∼ 5 × 1011 GeV. For the 3σ allowed
values of s212 = 0.38 and s223 = 0.36, the same conclusion is valid if 0.06 . (− sin θ13 cos δ) . 0.12.
The values of sin θ13 and sin θ13 cos δ, for which the discussed strong suppression is possible of
Y 0
BAHE, can be probed by the Double CHOOZ and Daya Bay reactor neutrino experiments [38]

and by the planned accelerator experiments on CP violation in neutrino oscillations [39]. As already
discussed in the first chapter, in the recent analysis of the global neutrino oscillation data [40], a
nonzero value of sin2 θ13 was reported at 1.6σ. The best value and the 1σ allowed interval of values
of sin θ13 found in [40], sin θ13 = 0.126 and sin θ13 = (0.077 ÷ 0.161), are in the range of interest
for the present analysis. In addition, cos δ = −1 is reported to be preferred over cos δ = +1 by the
atmospheric neutrino data.

The results discussed above are illustrated in Fig. 3.8, upper left panel, where the dependence
of |Y 0

BAHE|, |Y 0
BAMIX| and |YB | on |R12| is reported, for a fixed value of |R11| = 0.7 (R13 = 0) and

α21 = π/2, s13 = 0.2, (−s13 cos δ) = 0.15 andM1 = 1011 GeV. Note that varying |R12| in its allowed
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3.2 Inverted Hierarchical Light Neutrino Mass Spectrum

range is equivalent to change the “high” energy CP violating phases, see Eqs (3.27) and (3.28). The
behavior of the high energy term for two additional values of (−s13 cos δ) is also shown. It is clear
form the upper left panel of Fig. 3.8 that, for (−s13 cos δ) >∼ 0.15, |AHE| is strongly suppressed and
is much smaller than |AMIX| in almost all the range of variability of |R12|. 6 The same conclusion
holds if |R11| varies in the range: 0.3 <∼ |R11| <∼ 1.2. Therefore, reproducing the observed value
of the baryon asymmetry is problematic or can even be impossible, without a contribution due to
the CP violating phases in the PMNS matrix. Similar results are valid in the more general case of
R13 6= 0, Im(R2

13) = 0, for 0 . |R13| . 0.9, 1.05 . |R13| . 1.5 and 0.3 . |R11| . 1.2.

3.2.3 Baryon asymmetry and the Majorana phase α21

Another case in which the contribution of the high energy term in YB is subdominant is illustrated
in Fig. 3.8, upper right and lower panels. The different contributions to the baryon asymmetry as
function of |R12| are reported. The parameter space corresponds to 0.05 ≤ |R12| ≤ 0.65, |R11| ∼= 1,
R13 = 0 and i) s13 = 0 (upper right panel), ii) s13 = 0.2, δ = 0 (lower left panel), iii) s13 = 0.2,
δ = π (lower right panel). The behavior of the total baryon asymmetry generated when the CP
violation is due exclusively to the Majorana phase α21 is also given. It is manifest from the figures
that in most of the chosen range of |R12|, the contribution of the mixed term |Y 0

BAMIX| in |YB | is
greater than that of the high energy term |Y 0

BAHE| and plays a dominant role in the generation of
baryon asymmetry compatible with that observed. Indeed, it follows from Eqs (3.27) and (3.28)
that in the case under discussion: sin 2ϕ̃11

∼= − |R12|2 and sin 2ϕ̃12
∼= (1 − |R12|4/8). This implies

|AHE| ∝ |G11 sin 2ϕ̃11| ∝ |R11R12|2, while |AMIX| ∝ 2|G12 sin(ϕ̃11 + ϕ̃12)| ∝
√
2|R11R12|, being

| sin(ϕ̃11+ ϕ̃12)| ∼= 1/
√
2. The latter approximation is rather accurate for |R11| = 1 and |R12| ≤ 0.5.

Thus, for |R12| = 0.4, for instance, one has ϕ̃11
∼= −0.08, ϕ̃12

∼= π/4, and correspondingly for s13 = 0
and α21 = π/2 the relative magnitude between the two contributions is: |AMIX|/|AHE| ∼= 2.6 (see
Fig. 3.8, upper right panel). Note also that, if s13 = 0, the generated |YB | is largest when the
“high” energy R−phases assume CP conserving values. The same feature is clearly observed also
for s13 = 0.2 and δ = 0 at |R12| <∼ 0.55. Moreover, for 0.25 <∼ |R12| <∼ 0.50, the baryon asymmetry
generated in the case of CP conserving R−phases is significantly larger in absolute value than the
asymmetry produced when the relevant R−phases get CP violating values (see Fig. 3.8, lower left
panel). Finally, for s13 = 0.2 and δ = π (see Fig. 3.8, lower right panel), the high energy term
|Y 0

BAHE| is strongly suppressed by the factor (|Uτ1|2 − |Uτ2|2), as explained above. If, however,
|R12| >∼ 0.8 and M1

>∼ 7 × 1010 GeV, the high energy term in |YB| is the dominant one and can
provide the requisite baryon asymmetry compatible with the observations.

In conclusion, the purely high energy contribution to the baryon asymmetry plays a subdom-
inant/negligible role in the generation of the baryon asymmetry of the Universe for values of the
Majorana phase α21 in the interval 0 < α21 . 2π/3 and roughly in half of the parameter space
spanned by the relevant elements of the R matrix. In all the cases considered the observed value
of the baryon asymmetry can be reproduced for values of the lightest RH Majorana neutrino mass

6The mixed term |Y 0
BAMIX| is shown to give the dominant contribution to the baryon asymmetry in certain regions

of the leptogenesis parameter when s13 ∼ 0.2 and the “low” energy source of CP violation arises from the Dirac phase
δ alone, provided α21 = (2k+1)π (k = 1, 2, . . .) [74]. However, in most of the parameter space relevant for successful
leptogenesis, the observed baryon asymmetry is generated by the input of the high energy term |Y 0

BAHE| (see e.g.
Figs 11 and 12 in [74]).
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lying in the interval 510 GeV .M1 . 7× 1011 GeV.

3.3 Summary

In the present chapter it was studied the region of see-saw parameter space where high energy
contribution to the baryon asymmetry of the Universe in thermal flavoured leptogenesis is subdom-
inant or even suppressed. More precisely, the interplay between the “low” energy CP violation,
originating from the PMNS neutrino mixing matrix U and the “high” energy CP violation present
in the matrix of neutrino Yukawa couplings was investigated in detail.

Two types of light neutrino mass spectrum allowed by the existing data were taken into account,
namely, the normal hierarchical (NH), m1 ≪ m2 < m3, and the inverted hierarchical (IH), m3 ≪
m1 < m2. The lightest neutrinos mass in both cases is assumed to be negligibly small. Analyzing
the possibility of NH spectrum and CP violation due to the Majorana phase α32 and the R−phases
ϕ̃12 and ϕ̃13, it results that there exists a relatively large region of the relevant parameter space in
which the predicted value of the baryon asymmetry exhibits a strong dependence on the Majorana
phase α32, provided the latter lies in the interval 0 < α32 < π (if sin 2ϕ̃12 < 0, sin 2ϕ̃13 > 0)
or 3π < α32 < 4π (when sin 2ϕ̃12 > 0, sin 2ϕ̃13 < 0). These regions typically correspond to
0.05 <∼ |R13| <∼ 0.5, |R13| < |R12| ≤ 1, and to |R12| > 1, |R13|2 ∼ |R12|2 − 1. Depending on the
value of α32, one can have, for instance, either |YB| ≪ 8.6 × 10−11 or YB compatible with the
observations in the indicated regions. The effects of the “low” energy CP violation due to α32 can
be non-negligible in leptogenesis also for 0.5 ≤ |R13| ≤ |R12| ≤ 1.

Very different results are obtained for IH neutrino mass spectrum. In this case there are large
regions of values of the corresponding parameters, for which the contribution to YB due to the “low”
energy CP violating Majorana phase α21 or Dirac phase δ (for α21 = (2k + 1)π), is comparable
in magnitude or exceeds the purely high energy contribution in YB , originating from CP violation
generated by the complex orthogonal matrix R. Moreover, in certain significant subregions of the
indicated regions, the contribution to YB due to the “high” energy CP violation is subdominant.
In particular, for (− sin θ13 cos δ) >∼ 0.1, the high energy term in YB is strongly suppressed by
the difference |Uτ1|2 − |Uτ2|2. The “high” energy phases ϕ̃11 and ϕ̃12 in this case can have large
CP violating values. Nevertheless, if the indicated inequality is fulfilled, the purely high energy
contribution to YB , due to the CP violating R−phases, would play practically no role in the
generation of baryon asymmetry compatible with the observations. One would have successful
leptogenesis in this case only if the requisite CP violation is provided by the Majorana and/or
Dirac phases in the neutrino mixing matrix.

The results obtained in this chapter, therefore, show that CP violation in the lepton sector,
due to the “low” energy Majorana and Dirac phases in the PMNS matrix, can affect significantly
the generation of baryon asymmetry compatible with the observation in the flavoured leptogenesis
scenario, even in the presence of “high” energy CP violation, given by additional physical phases
in the matrix of neutrino Yukawa couplings. In particular, in certain physical interesting cases, like
IH light neutrino mass spectrum, relatively large value of (− sin θ13 cos δ), etc., the contribution to
YB due to the low energy source of CP violation can be decisive in order to produce a sufficiently
large baryon asymmetry.
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Chapter 4

Leptogenesis in Models with A4
Flavour Symmetry

In the present chapter the correlation between the Majorana CP violating phases in the PMNS
matrix and leptogenesis is studied in detail in two rather generic supersymmetric see-saw mod-
els based on A4 flavour symmetry, which naturally lead at leading order (LO) to tri-bimaximal
(TB) mixing in the lepton sector. The TB mixing scheme was introduced in Section 1.2.2 and the
corresponding form of the PMNS neutrino mixing is given in Eq. (1.17).

The analysis reported in the following is based mainly on the results obtained in [18].

The two models discussed in this chapter and in [18] employ the type I see-saw mechanism of
neutrino mass generation and are variations of the supersymmetric A4 models introduced in [81]
and [82], which are summarized in Appendix B. They predict at leading order (LO) a diagonal
mass matrix for charged leptons and lead to exact TB mixing in the neutrino sector. The main
difference with respect to the original models is in the predicted right-handed (RH) neutrino mass
scale. Indeed, the RH neutrino masses in the variations considered here and in [18] are set in the
range (1011 ÷ 1013) GeV, which is about two orders of magnitude smaller than the mass scale in
reported in [81, 82]. This is realized, in practice, by adding a Z2 symmetry which is able to suppress
sufficiently the neutrino Yukawa couplings. As a consequence, the mass scale of the RH neutrinos
is lowered as well. This choice was motivated in order to avoid possible potential problems with
lepton flavour violating (LFV) processes within the two models considered. A detailed analysis of
the LFV effects within the two original models of references [81, 82], in the framework of Minimal
Supergravity, is reported in the next and last chapter of the thesis. The flavon superpotential in
the modified models of interest is defined in Appendix C.

The results obtained at leading order and next-to-leading order (NLO) in the original models
[81, 82] are still valid in the extensions considered in this chapter. In particular, the mass matrix
of the RH neutrinos contains only two complex parameters X, Z (see Section 4.2, further in this
chapter). All low energy observables are expressed through only three independent quantities: the
real parameter α = |3Z/X|, the relative phase φ between X and Z, and the absolute scale of
the light neutrino masses. The latter is a combination of the neutrino Yukawa coupling and the
parameter |X| which determines the scale of RH neutrino masses. The analysis of the baryon
asymmetry generation is performed in the one-flavour approximation. The latter is valid as long

65



4. LEPTOGENESIS IN MODELS WITH A4 FLAVOUR SYMMETRY

as the masses of the RH neutrinos satisfy Mi
>∼ 5× 1011(1 + tan2 β) GeV, where tan β is the ratio

of the vacuum expectation values of the two Higgs doublets present in the SUSY extensions of the
Standard Model. The one-flavour regime holds for, e.g. tan β ∼ 3 and Mi ∼ 1013 GeV. In the
models we consider here relatively small values of tan β are indeed preferable (see Appendix B.3).
Further, with masses of the RH neutrinos in the range of (1011 ÷ 1013) GeV, one can safely neglect
the effects of the ∆L = 2 wash-out processes in leptogenesis [72]. This allows to use simple analytic
approximations in the calculation of the relevant efficiency factors, already introduced in Chapter 1.
The baryon asymmetry is computed for the two types of light neutrino mass spectrum allowed by
data, i.e. pattern with normal ordering (NO) and inverted ordering (IO). Both types of spectrum
are naturally predicted in the A4 models.

In the class of models under consideration, the two Majorana phases of the PMNS matrix,
α21 and α31, effectively play the role of leptogenesis CP violating parameters in the generation of
the baryon asymmetry of the Universe. Notice that, this scenario is completely different from the
one depicted in Chapters 2 and 3, where a model independent analysis of flavoured leptogenesis
was done. In the models studied here, what matters in the computation of YB are the total CP
asymmetries, ǫk. The dependance of ǫk on the “low” energy Majorana phases is not due to flavour
effects (leptogenesis happens in the one-flavour regime), but rather to the flavour symmetry of the
models, which constraints the see-saw parameter space and, in particular, the form of the Dirac
and Majorana mass terms, mD and MN , in the neutrino sector. In fact, the phases α21 and α31

and the ratio r ≡ ∆m2
⊙/|∆m2

A|, determined in such types of models, are functions of only one
parameter, e.g. α or φ. The resulting Majorana phases are the only source of CP violation in
the CP asymmetries relevant for leptogenesis and are enough in order to generate the correct size
and sign of the baryon asymmetry YB, within the two versions of A4 models analyzed here. As
was pointed out in [83], the CP asymmetries, originating in the decays of the RH neutrinos and
sneutrinos fields and relevant for the generation of the baryon asymmetry of the Universe, always
vanish at LO. Thus, successful leptogenesis is possible only if the NLO corrections are taken into
account. The latter are different in the two specific models considered here, so that also the results
for the CP asymmetries and the baryon asymmetry differ.

The chapter is organized as follows: in Section 4.1 the two models are introduced and the
changes with respect the original ones, owing to the additional the Z2 symmetry, are discussed.
The possible light and heavy Majorana neutrino mass spectra are analyzed in Section 4.2. The
Majorana phases are also introduced and their dependence on the parameter α is shown. Finally,
in Section 4.3 results concerning the production of the baryon asymmetry of the Universe in the
two specific model considered are presented.

4.1 Models with A4 Flavour Symmetry

In this section two different models based on the flavour symmetry group A4 are introduced and the
main features discussed. The two flavour models are variations of the field and symmetry content
studied in [81] and [82], whose basic features are summarized in Appendix B. In this class of models
both the lepton doublets ℓ1, ℓ2 and ℓ3 and the neutrino singlets νc1, ν

c
2 and νc3 are unified in triplet

representations of A4, respectively denoted as ℓ and νc. Note that the states ℓj in ℓ are given in
the basis in which the superpotential is defined, which does not coincides with the see-saw flavour
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Field ℓ ec µc τ c νc hu,d ϕT ϕS ξ, ξ̃ ζ

A4 3 1 1′′ 1′ 3 1 3 3 1 1

Z3 ω ω2 ω2 ω2 ω2 1 1 ω2 ω2 1

Z2 + + + + − + + + + −

Table 4.1: Particle content of Model 1: transformation properties of lepton superfields,

Minimal Supersymmetric (MSSM) Higgs and flavons under the flavor group A4 × Z3 × Z2.

The field ℓ denotes the three lepton doublets, ec, µc and τc are the three SU(2)L singlets and

νc are the three RH neutrinos forming an A4-triplet. Apart from νc and the flavon ζ all fields

are neutral under the additional Z2 symmetry. Note that ω is the third root of unity, i.e.

ω = e
2πi

3 . Additionally, the model contains a U(1)R symmetry relevant for the alignment of

the vacuum (see e.g. [81] for details).

basis, as discussed below.

4.1.1 Model 1

This model is based on the flavour symmetry group: A4×Z3×Z2×U(1)FN . It is a variation, through
the addition of the Z2 discrete group, of the model studied in [81]. The U(1)FN symmetry is used
to accommodate the charged lepton mass hierarchy. As mentioned before, a further Z2 symmetry
is added to suppress the Dirac couplings of the neutrinos at leading order and, consequently, the
RH neutrino mass scale. 1 Assuming that the RH neutrino superfields νc acquire a sign under
Z2, the renormalizable coupling with the left-handed lepton doublets ℓ and the Higgs doublet hu
superfields becomes forbidden. 2 Alternatively, one could also let hu instead of νc transform under
the Z2 symmetry to forbid the Dirac Yukawa coupling at the renormalizable level. To allow a
Yukawa coupling for neutrinos at all it is enough to introduce a new flavon ζ which only transforms
under Z2, with 〈ζ〉 = z ≈ εΛ, where Λ is the cut-off of the theory and ε ≈ 0.04. 3 The vacuum
expectation value (VEV) of z is the same as all other flavon VEVs. The symmetries and particle
content of Model 1 are reported in Tab. 4.1.

At LO in the cut-off scale Λ, the neutrino masses are generated by superpotential: 4

yν(ν
cℓ)huζ/Λ + a ξ(νcνc) + b (νcνcϕS) (4.1)

1See the see-saw mass relation in Eq. (1.9)
2Here and in the next chapter the particle fields are always denoted with the same symbol as the corresponding

superfields. The supersymmetric partner is, instead, indicated with a tilde over the proper superfield notaion.
3The range of variability of the expansion parameter ε in the class of models considered is reported in Appendix B.3.
4The field ξ̃ in Tab. 4.1 does not have a VEV at LO [81] and, therefore, is not relevant at this level.
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with ( · · · ) denoting the contraction to an A4-invariant (see Appendix A for details). The RH
neutrino superfields νc, which transform as a triplet of A4 (see Tab. 4.1), are considered in the
flavour basis. The mass matrices of the neutrinos are of the form:

mD = yν




1 0 0
0 0 1
0 1 0


 z

Λ
vu and MN =




−au− 2bvS bvS bvS
bvS −2bvS bvS − au
bvS bvS − au −2bvS


 , (4.2)

with vu = 〈hu〉, 〈ξ〉 = u and 〈ϕSi〉 = vS , according to the alignment given in [81] (see Appendix B).
The light neutrino mass matrix is indeed obtained from mD and MN via the type I see-saw mech-
anism:

mν = mT
DM

−1
N mD = U∗ diag (m1,m2,m3) U

† (4.3)

and has the generic size ε v2u/Λ. At the same time, the effective dimension-5 operator ℓhuℓhu/Λ,
5

which can also contribute to the light neutrino masses, is only invariant under the flavor group, if
it involves two flavons of the type ϕS and ξ (ξ̃). Thus, its contribution to m1, m2 and m3 scales as
ε2v2u/Λ, which is always subdominant, compared to the type I see-saw (leading order) term.

Considering the NLO corrections, note that they involve for the Dirac neutrino mass matrix
either the two flavon combination ϕT ζ or the shift of the vacuum of ζ. The first type gives rise to
two different terms:

yA ((νcℓ)3SϕT ) huζ/Λ
2 + yB ((νcℓ)3AϕT )huζ/Λ

2 (4.4)

with (· · · )3S (A)
standing for the (anti-)symmetric triplet of the product νcℓ (see Eq. (A.9)). The

correction due to the shift in 〈ζ〉 can be simply absorbed into a redefinition of the coupling yν.
Thus, using the alignment of ϕT as given in [81] (see Appendix B.2), 〈ϕT 〉 = vT (1, 0, 0)T , the
structure of the NLO corrections to mD is the same as in the original model:

δmD =




2yA 0 0
0 0 −yA − yB
0 −yA + yB 0


 vT z

Λ2
vu . (4.5)

The NLO corrections to the Majorana mass matrix of the RH neutrinos are lso unchanged:

a δξ(νcνc) + ã δξ̃(νcνc) + b (νcνcδϕS) (4.6)

+xA (νcνc)(ϕSϕT )/Λ + xB (νcνc)′(ϕSϕT )
′′/Λ + xC (νcνc)′′(ϕSϕT )

′/Λ

+xD (νcνc)3S (ϕSϕT )3S/Λ + xE (νcνc)3S (ϕSϕT )3A/Λ + xF (νcνc)3SϕT ξ/Λ + xG (νcνc)3SϕT ξ̃/Λ

where δϕS , δξ and δξ̃ indicate the shifted vacua of the flavons ϕS , ξ and ξ̃. Taking into account the
possibility of absorbing these corrections partly into the LO result, they give rise to four independent
additional contributions to MN which can be effectively parametrized as

δMN =




−2x̃D −x̃A x̃C − x̃B
−x̃A −x̃B − 2x̃C x̃D

x̃C − x̃B x̃D −x̃A


 ε2Λ . (4.7)

5All non-renormalizable operators are considered suppressed by the same cut-off scale Λ.
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Field ℓ ec µc τ c νc hd hu ϕT ξ′ ϕS ξ ζ

A4 3 1 1 1 3 1 1′′ 3 1′ 3 1 1′

Z4 i 1 i −1 −1 1 1 i i 1 1 i

Z2 + + + + + + − + + + + −

Table 4.2: Particle content of the Model 2: transformation properties of lepton superfields,

MSSM Higgs and flavons under the flavor group A4 × Z4 × Z2 are shown. The nomenclature

is as in Tab. 4.1. Apart from hu and the flavon ζ all fields are neutral under the additional

Z2 symmetry. Apart from A4 ×Z4 ×Z2, the model also contains a U(1)R symmetry relevant

for the alignment of the vacuum (see e.g. [82] for details).

Compared to these, NLO corrections involving the new flavon ζ are suppressed, since invariance
under the Z2 symmetry requires always an even number of ζ fields and invariance under the Z3 at
least one field of the type ϕS , ξ or ξ̃. The NLO corrections to the charged lepton masses are also
the same as in the original model and effects involving ζ can only arise at the level of three flavons.
The VEV of the flavon ζ is naturally of the order εΛ as the VEVs of the other flavons and the shift
of its VEV is of the size δVEV ∼ εVEV. Its effect on the vacuum alignment of the other flavons
is computed in Appendix C.1 and it is shown that the results achieved in the original model [81],
especially the alignment at LO, remain unchanged.

4.1.2 Model 2

The flavour symmetry in this case is: A4 ×Z4 ×Z2. The model is a variation of the one studied in
[82], which is based on the group A4 ×Z4 and predicts a tri-bimaximal neutrino mixing at leading
order, as seen for Model 1. The additional Z2 symmetry with respect to the original model is used
to suppress the neutrino Yukawa couplings at renormalizable level. Moreover, only the Higgs field
hu and the new flavon ζ transform under the Z2 symmetry. Compared to the original model, the
field hu transforms as a 1′′ under A4 and trivially under Z4. The flavon ζ is a 1′ under A4 and
acquires a phase i under Z4. The transformation properties of leptonic superfields, MSSM Higgs
and flavons can be found in Tab. 4.2.

The Dirac neutrino coupling at LO is indeed:

yν(ν
cl)huζ/Λ , (4.8)

which leads to the same Dirac mass matrix mD as in the original model, suppressed by the factor
ε for z/Λ ≈ ε. The Majorana mass termsfor the RH neutrinos remains unaffected by the changes
of the model, at LO:

M(νcνc) + aξ(νcνc) + b (νcνcϕS) , (4.9)
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so that the contribution from the type I see-saw to the light neutrino masses arises from:

mD = yν




1 0 0
0 0 1
0 1 0


 z

Λ
vu , (4.10)

MN =




−M − au− 2bvS bvS bvS
bvS −2bvS −M − au+ bvS
bvS −M − au+ bvS −2bvS


 . (4.11)

The flavon alignment is the same as the one given in [82] and it is reported in Appendix B.2.
Eq. (4.11) leads to exact TB mixing in the neutrino sector. For M ≈ εΛ, as argued in [82], one
finds the generic size of the light neutrino masses to be ε v2u/Λ. The effective dimension-5 operator
ℓhuℓhu/Λ arises in this variant only at the two flavon level:

(ϕTϕT )
′′(ℓℓ)h2u/Λ

3 + (ϕTϕT )
′(ℓℓ)′h2u/Λ

3 + (ϕTϕT )(ℓℓ)
′′h2u/Λ

3 + ((ϕTϕT )3S (ℓℓ)3S )
′′h2u/Λ

3

+(ξ′)2(ℓℓ)h2u/Λ
3 + ξ′(ϕT ℓℓ)

′h2u/Λ
3 + ζ2(ℓℓ)h2u/Λ

3 , (4.12)

where order one couplings are omitted. Thus, its contributions to the light neutrino masses are
of order ε2v2u/Λ, i.e. of the same size as the expected NLO corrections to the type I see-saw
contribution and, hence, subdominant.

The effect of the introduction of the Z2 symmetry and the new field ζ on the charged lepton
sector is the following: an insertion of three flavons, two of which are ζ, gives a new LO contribution
to the electron mass:

ζ2(ecℓϕT )
′hd/Λ

3 . (4.13)

Using the same vacuum alignment as in [82], its contribution resembles the one from the operator
with ξ′ instead of ζ and thus gives also a non-vanishing term in the (11) entry of the charged lepton
mass matrix. The latter is of the same size as those already encountered in the original version
of the model [82]. Therefore in the variant considered here the charged lepton mass matrix is also
diagonal at LO and the correct hierarchy among the charged lepton masses is predicted.

At NLO, the Dirac couplings of the neutrinos are:

yν (ν
cℓ)δζhu/Λ+ yA(ν

cℓ)ξζhu/Λ
2 + yB ((νcℓ)3SϕS) ζhu/Λ

2 + yC ((νcℓ)3AϕS) ζhu/Λ
2 . (4.14)

The first two contributions can be absorbed into the LO coupling yν . Compared to the original
model, the other corrections are of the same type and generate the same structure

δmD =




2yB −yB − yC −yB + yC
−yB + yC 2yB −yB − yC
−yB − yC −yB + yC 2yB


 vS z

Λ2
vu . (4.15)

Note that, actually, the contribution associated to the coupling yB is still compatible with TB
mixing so that only yC can lead to deviations from the TB mixing pattern. For this reason, also
the CP asymmetries depend on the coupling yC alone (see Section 4.3).

70



4.2 Neutrino Masses and CP Violating Phases in the A4 Models

All effects to the Majorana mass matrix of the RH neutrinos involving ζ are negligible, since
one always needs at minimum two fields ζ and additionally the Z4 charge of the operator must be
balanced. Thus, the NLO corrections are only those already present in the original model:

xA (νcνc)ξ2/Λ+ xB (νcνc)(ϕSϕS)/Λ + xC(ν
cνc)3S (ϕSϕS)3S/Λ + xD(ν

cνc)3SϕSξ/Λ

+xE (νcνc)′(ϕSϕS)
′′/Λ + xF (νcνc)′′(ϕSϕS)

′/Λ . (4.16)

The first four contributions can be absorbed into the LO result (or vanish). Effects from shifts in
the vacua of ϕS and ξ can also be absorbed into the LO result. The new structures at NLO lead
to a matrix δMN of the form:

δMN = −3




0 xE xF
xE xF 0
xF 0 xE


 v2S

Λ
. (4.17)

For the charged leptons, additional NLO corrections to the muon and the electron mass arise from
three and four flavon insertions, respectively, involving the field ζ. The operator

ζ2(µcℓϕS)
′hd/Λ

3 (4.18)

corrects the muon mass. This type of subleading contribution already exists in the original model
in such a way that no new structures are introduced. The NLO corrections to the electron mass are
induced through the operator ζ2(ecℓϕT )

′hd/Λ3, if the shifts in the vacua are taken into account, as
well as through the four flavon operators

ζ2(ecℓ(ϕTϕS)3S )
′hd/Λ

4 + ζ2(ecℓ(ϕTϕS)3A)
′hd/Λ

4 + ζ2ξ(ecℓϕT )
′hd/Λ

4 + ζ2ξ′(ecℓϕS)hd/Λ
4 . (4.19)

All structures arising from these terms are already generated by the NLO corrections present in
the original model so that the analysis performed in [82] for the NLO corrections is still valid in
the present variant.

In Appendix C.2 it is discussed how to give a VEV of the desired size to the field ζ, the shift
of this VEV from NLO corrections as well as the effects of ζ on the flavon superpotential of the
original model, at LO and NLO.

4.2 Neutrino Masses and CP Violating Phases in the A4 Models

The two models introduced in the previous section have in common that the Majorana mass matrix
of RH neutrinos is of the form:

MN =




−X − 2Z Z Z
Z −2Z Z −X
Z Z −X −2Z


 , (4.20)

while the neutrino Dirac mass matrix reads:

mD = yν




1 0 0
0 0 1
0 1 0


 z

Λ
vu . (4.21)
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The symmetry of this class of models implies that, at leading order, the see-saw Lagrangian depends
only on few parameters: X,Z and yν . These parameters are, in general, complex numbers. One
can set yν real by performing a global phase transformation of the lepton doublet fields. The CP
violating phases, which enter in the CP asymmetries of the RH neutrino decays, are functions of the
relative phase between X and Z. The type I see-saw mechanism for the neutrino mass generation
implies that the full parameter space of the neutrino sector can be constrained significantly by the
low energy data.

The RH neutrino mass matrix (4.20) is diagonalized by the orthogonal matrix UTB , given in
Eq. (1.17):

diag(M1e
iϕ1 ,M2e

iϕ2 ,M3e
iϕ3) = UT

TBMN UTB , (4.22)

where

M1 = |X + 3Z| ≡ |X| |1 + αeiφ|, ϕ1 = arg(X + 3Z) , (4.23)

M2 = |X|, ϕ2 = arg(X) , (4.24)

M3 = |X − 3Z| ≡ |X| |1 − αeiφ|, ϕ3 = arg(3Z −X) . (4.25)

Here α ≡ |3Z/X| and φ ≡ arg(Z)−arg(X). Therefore the RH (s)neutrino mass eigenstates Ni(Ñi)
are related to the flavour fields νcj (ν̃cj ) by the following transformation:

νcj =
(
UTB diag(eiφ1/2, eiφ2/2, eiφ3/2)

)
jk
Nk . (4.26)

A light neutrino Majorana mass term is generated after electroweak symmetry breaking via the
type I see-saw mechanism:

mν = mT
DM

−1
N mD = U∗diag (m1,m2,m3)U

† , (4.27)

where
U = UTB diag

(
eiϕ1/2, eiϕ2/2, eiϕ3/2

)
(4.28)

and m1,2,3 are the light neutrino masses,

mi ≡
(yν)

2v2u
Mi

( z
Λ

)2
. (4.29)

Note that one of the phases ϕk in U , say ϕ1, can be considered as a common phase of the neutrino
mixing matrix and, therefore, has no physical relevance. For this reason, ϕ1 is set equal to zero in
the subsequent numerical computation. As discussed in the previous section, in the class of models
considered here, the charged lepton mass matrix is always diagonal at LO. Therefore, the matrix U
which diagonalizes mν in (4.27) coincides with the PMNS neutrino mixing matrix (see Section 1.1).
More precisely, assuming the standard parametrization of the neutrino mixing matrix (1.11) and
the tri-bimaximal form (1.17), the PMNS matrix in the class models considered is at LO:

U = diag(1, 1,−1)UTB diag(1, eiϕ2/2, eiϕ3/2) (4.30)

From Eqs (1.11) and (4.30) one can identify the “low energy” Majorana phases as:

α21 = ϕ2 and α31 = ϕ3 . (4.31)
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-1.0 -0.5 0.0 0.5 1.0
0.0

0.5

1.0

1.5

2.0

cosHΦL

Α

Figure 4.1: The correlation between the real parameter α and the phase φ, which appear in the RH
neutrino Majorana mass matrix. The figure is obtained by using the 3σ range of the parameter r given
in Eq. (4.32). See text for details.

At this order of perturbation theory, the CHOOZ mixing angle, θ13, is always zero as a consequence
of the TB form of the neutrino mixing matrix, imposed by the broken A4 discrete symmetry.

The parameters |X|, α and φ defined in (4.23)-(4.25), which determine the RH neutrino mass
matrix, Eq. (4.20), can be constrained by the neutrino oscillation data. More specifically, one has
for the ratio:

r ≡ ∆m2
⊙

|∆m2
A|

=
(1 + α2 − 2α cosφ)(α + 2cosφ)

4 | cos φ| , (4.32)

where ∆m2
⊙ = ∆m2

21 ≡ m2
2−m2

1 > 0 and |∆m2
A| = |∆m2

31| ∼= |∆m2
32| are the neutrino mass squared

differences responsible, respectively, for solar and atmospheric neutrino oscillations. Since r is fixed
by the data, Eq. (4.33), there is a strong correlation between the values of the parameters α and
cosφ. Note that the sign of sinφ cannot be constrained by the low energy data, but it is fixed
by the sign of the baryon asymmetry of the Universe, computed in the leptogenesis scenario (see
Section 4.3).

At 3σ, the following experimental constraints must be satisfied (see Tab. 1.1):

∆m2
⊙ > 0

|∆m2
A| = (2.41 ± 0.34) × 10−3 eV2 (4.33)

r = 0.032 ± 0.006 .

The correlation between α and cosφ is reported in Fig. 4.1. Depending on the sign of cosφ,
the parameter space is divided into two physically distinct parts: cosφ > 0 corresponds to light
neutrino mass spectrum with normal ordering, whereas for cosφ < 0 one obtains neutrino mass
spectrum with inverted ordering.

In the models considered here the predicted RH neutrino masses are always rescaled by the
additional factor ε2 ∼ 10−3. Depending on the value of the neutrino Yukawa coupling yν , the
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lightest RH Majorana neutrino mass can be in the range from (1011 ÷ 1012) GeV and up to 1013

GeV for a neutrino Yukawa coupling yν ∼ O(1).
A light neutrino mass spectrum with NO is generated through the see-saw mechanism if the

RH neutrino masses show an approximately partial hierarchy: M1 ≈ 2M2 ≈ 10M3. The lightest
neutrino mass m1, compatible with the experimental constraints given in (4.33), takes values in
the interval:

3.8 × 10−3eV . m1 . 6.9 × 10−3eV . (4.34)

This implies that the light neutrino mass spectrum is with partial hierarchy as well. For the sum
of the neutrino masses one has:

6.25 × 10−2 eV . m1 +m2 +m3 . 6.76 × 10−2 eV . (4.35)

In the case of IO spectrum, the overall range of variability of the lightest neutrino mass, m3, is
the following:

0.02 eV . m3 ≤ 0.50 eV , (4.36)

where only the lower bound follows from the low energy constraints. The upper bound was chosen
to be compatible with the “conservative” cosmological upper limit on the sum of the neutrino
masses [30, 31]. Thus, the light neutrino mass spectrum can be with partial hierarchy or quasi-
degenerate. If the spectrum is with partial hierarchy (i.e. 0.02 eV . m3 < 0.10 eV), for the RH
Majorana neutrino masses, then to a good approximation: M1

∼= M2
∼= M3/3. Quasi-degenerate

light neutrino mass spectrum implies that, up to corrections ∼ O(r), one has M1
∼=M2

∼=M3. The
sum of the light neutrino masses in the case of IO spectrum is predicted to satisfy:

m1 +m2 +m3
>∼ 0.125 eV . (4.37)

The expressions for the lightest neutrino mass in the NO and IO spectrum as functions of α and
r are reported below. Recall that for fixed value of r, all the parameter space and the associated
phenomenology is characterized by the parameter α. In the numerical examples reported in the
following, the value of the ratio r is set equal to the best fit value: r = 0.032. The lightest neutrino
mass in terms of r is

m2
1 = ∆m2

Ar

(
1

1 + 2α2
+

2(1 + α2)r

(1 + 2α2)3

)
, for NO spectrum , (4.38)

m2
3 = |∆m2

A|
(

1

2α2
+

(1 + α2)r

α2(1 + 2α2)

)
, for IO spectrum . (4.39)

In the class of models considered here, the three light neutrino masses obey the general sum
rule [84] (valid for both types of spectrum):

eiϕ3

m3
=

1

m1
− 2eiϕ2

m2
(4.40)

This equation implies a strong correlation between the neutrino masses and the Majorana phases
arising from the RH neutrino mass matrix. The Majorana phases are responsible for CP violation
in leptogenesis and therefore they will be discussed in detail in the following subsection.
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Figure 4.2: The Majorana phases α21 and α31 in the case of a light neutrino mass spectrum with
normal ordering. The parameter r is set to its best fit value, r = 0.032. The solutions of equations
(4.41) and (4.42) shown in the figure correspond to sinφ < 0. See text for details.

4.2.1 The Majorana CPV phases and (ββ)0ν-decay

In the models under discussion the Majorana phases α21 and α31 can also be constrained by using
the neutrino oscillation data. After some algebraic manipulation, one obtains the following relations
between the CP violating phases α21,31 and the see-saw parameters α and φ of the model:

tanα21 = − α sinφ

1 + α cosφ
(4.41)

tanα31 = 2
α sinφ

α2 − 1
, (4.42)

where α and cosφ are correlated by Eqs (4.32) and (4.33).
In the case of NO spectrum one has φ = 0 ± ρ, 2π ± ρ, with ρ < 0.2 and 0.8 . α . 1.2 (see

Fig. 4.1). If ρ ∼= 0, the two CP violating phases become unphysical. CP symmetry is preserved
in this case. As regards the IO light neutrino mass spectrum, one has 2 cosφ ≈ −α + δα(α). The
correction, δα(α) is given by:

δα(α) =
2αr

1 + 2α2

(
1− 2(1 + α2)r

(1 + 2α2)2

)
. (4.43)

For light neutrino mass spectrum with IO, the parameter α varies in the interval 0.07 . α . 2,
where the lower limit of α comes from the indicative upper bound on the absolute neutrino mass
scale cited before, m1,2,3 . 0.5 eV.

The behavior of the Majorana phases α21 and α31 as functions of α is shown in Figs 4.2 and
4.3, for the NO and IO mass spectrum, respectively. The solution corresponding to sinφ < 0 in
(4.41) and (4.42) is chosen, in order to reproduce the correct sign of the baryon asymmetry (see
Section 4.3). On the other hand, the relative sign of sinα21 and sinα31 is fixed by the requirement
that the sum rule in Eq. (4.40) is satisfied. In the case of NO spectrum, the phase α21 is close
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Figure 4.3: The same as in Fig. 4.2, but for a light neutrino mass spectrum with inverted ordering.

to zero. The maximum value of α21 is obtained for α ∼= 1. At α = 1 one has approximately
α21 =

√
r/3 ∼= 0.1. The other Majorana phase α31 can assume large CP violating values. The

largest | sinα31| is reached for α = 1, where sinα31 = −1. If the light neutrino mass spectrum is
with IO, both phases can have large CP violating values. Indeed, sinα21 = 1 and sinα31 = −1 for
α ≈

√
2 and α = 1, respectively. The Majorana phase α21 can be probed, in principle, in the next

generation of experiments searching for neutrinoless double beta decay (see Section 1.2.4). It is
important to notice that in the class of models under discussion, sin2 θ12 = 1/3, cos2 θ12 = 2/3 and
a non-zero value of θ13 arises only due to the NLO corrections to the superpotential of the lepton
sector. As a consequence, the predicted value of θ13 is relatively small, θ13 ∼ O(ε) ∼ 0.04. Thus,
the terms ∼ sin2 θ13 in the effective Majorana mass mee, Eqs (1.31) and (1.32), give a negligible
contribution. Further, since the Majorana phase α21

∼= 0 (see Fig. 4.2), the two terms in the
expression for mee in the case of NO spectrum add up:

mee
∼=

∣∣∣∣
2

3
m1 +

1

3

√
m2

1 +∆m2
⊙

∣∣∣∣ , NO , (4.44)

where m1 varies in the range (4.34). Therefore, mee takes values in the interval: 6.5 × 10−3 eV .

mee . 7.5 × 10−3 eV. In what concerns the IO spectrum, the predicted full range of variability of
the effective Majorana mass, compatible with neutrino oscillation data, is

1

3

√
m2

3 + |∆m2
A| . mee .

√
m2

3 + |∆m2
A| , with m3

>∼ 0.02 eV , IO . (4.45)

For m3
>∼ 0.02 eV, this implies mee

>∼ 0.018 eV. In Fig. 4.4, left panel (right panel) both the
effective Majorana mass mee and the lightest neutrino mass m1 (m3) are represented as function
of the parameter α, for a neutrino mass spectrum with normal (inverted) ordering.
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Figure 4.4: The effective Majorana mass mee (blue continuous line) and the lightest neutrino mass
(red dashed line) as function of the parameter α in the case of a light neutrino mass spectrum with
normal ordering (left panel) and inverted ordering (right panel).

4.3 Leptogenesis Predictions

In this section the baryon asymmetry of the Universe is computed within the thermal leptogenesis
scenario defined in Model 1 and Model 2, both introduced in Section 4.1. As mentioned earlier,
leptogenesis cannot be realized if only the LO contribution to the neutrino superpotential are taken
into account. In order to generate a sufficiently large CP asymmetry, higher order corrections to
the Dirac mass matrix of neutrinos must be considered.

The RH neutrino mass spectrum in this class of models is not strongly hierarchical. Con-
sequently, the standard thermal leptogenesis scenario, in which the relevant lepton CP violating
asymmetry is mostly produced in the decays of the lightest RH (s)neutrino, is not applicable here
and the contribution from the out-of-equilibrium decays of the heavier RH (s)neutrinos can play an
important role in the generation of the observed baryon asymmetry. The lepton charge asymmetry
produced in the decays of all the heavy RH (s)neutrinos Ni (Ñi ) (see Eq. (4.26)) is therefore con-
sidered in the computation of YB . According to the results obtained in Section 1.4.1, the neutrino
and sneutrino CP asymmetries ǫi, which are equal for lepton and slepton final states, are

ǫi =
1

8πv2u

∑

j 6=i

Im[(m̂Dm̂
†
D)

2
ji]

(m̂Dm̂
†
D)ii

f

(
mi

mj

)
, (4.46)

where
m̂D = UT

TB diag
(
1, e−iα21/2, e−iα31/2

)
mD (4.47)

is the neutrino Dirac mass matrix in the mass eigenstate basis of RH neutrinos, and mi are, as
usual, the light neutrino masses defined in Eq. (4.29). The MSSM loop function f(x) in (4.46) was
introduced in Eq. (1.63). This function is strongly affected by the hierarchy of light neutrino masses.
Indeed, it can lead to a strong enhancement of the CP asymmetries if the light neutrino masses
mi and mj are nearly degenerate. As discussed before, the neutrinos can be quasi-degenerate in
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mass for the inverted ordered mass spectrum spectrum. In this case, to a good approximation:
f(mi/mj) ∼= −f(mj/mi).

For the IO spectrum, the two lighter two heavy Majorana (s)neutrinos, N1,2 (Ñ1,2 ), have very
close masses. However, the conditions for resonant leptogenesis [85] are not satisfied in the models
under consideration. Indeed, in all the region of the relevant parameter space, 0.2 . α . 2, the
relative mass difference of the two heavy Majorana (s)neutrinos in question is:

∣∣∣∣
M2 −M1

M1

∣∣∣∣ = 1− m1

m2

∼= (2÷ 14) × 10−3 ≫ max

∣∣∣∣∣
(m̂Dm̂

†
D)12

16π2v2u

∣∣∣∣∣ ≈
ε3

π2
≈ 10−5 (4.48)

Under the above condition, the CP asymmetries for each (s)neutrino decay can be computed in
perturbation theory as the interference between the tree level and one loop diagrams (see Sec-
tion 1.4.1).

The general expression for the baryon asymmetry [86], where each RH (s)neutrino gives a
non-negligible contribution, can be cast in the following form:

YB ≡ nB − n̄B
s

= −1.48× 10−3
3∑

i,j=1

ǫiηij . (4.49)

In the previous expression ηij represents the efficiency factor that accounts for the wash-out and
decoherence effects of the lepton charge asymmetry Yℓi , due to the ∆L = 1 interactions involving Nj

and Ñj . The asymmetry Yℓi is generated in the decays Ni → ℓi hu, ℓ̃i h̃u and Ñi → ℓ̃i hu, ℓi h̃u. In the
following, only the number densities of lepton doublets will be considered. The same considerations
apply for the interactions of the corrsponding slepton states.

The computation of the efficiency factors ηij in the models under discussion is considerably
simplified [87, 88] (see also [89]). This is due to the fact that, to leading order, the heavy Majorana
neutrinos eigenstates N1, N2 and N3, as can be shown, couple to orthogonal leptonic states. As a
consequence, the Boltzmann evolutions of the three lepton CP violating asymmetries, associated
to the indicated three orthogonal leptonic states, are practically independent and one can compute
the total baryon asymmetry as an incoherent sum of the contributions arising from decays of each
of the three heavy RH neutrinos:

YB ≈
3∑

i=1

YBi , (4.50)

where
YBi ≡ −1.48 × 10−3ǫi ηii . (4.51)

In the class of models considered the RH neutrino mass scale is set below 1014 GeV, preventing
possible wash-out effects from ∆L = 2 scattering processes. In this case, the efficiency factors ηii
can be expressed in terms of the wash-out mass parameters m̃i, through the analytic estimate given
in Eq. (1.73), where m̃i is now

m̃i ≡ (m̂Dm̂
†
D)ii

Mi
. (4.52)

The computation of YB within the two SUSY A4 models defined before, is reported in the next
subsections.
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4.3.1 Leptogenesis in Model 1

Concerning Model 1, in the basis in which the RH Majorana neutrino mass term, Eq. (4.20), is
diagonal, the relevant matrix that enters into the expression of the leptogenesis CP asymmetries
(4.46) is given by

m̂Dm̂
†
D = 1

( z
λ

)2
y2νv

2
u

(4.53)

+




2Re(yA) 2
√
2ei

α21
2 Re(yA)

2√
3
ei

α31
2 Re(yB)

2
√
2e−i

α21
2 Re(yA) 0 −2

√
2
3e

i
α31−α21

2 Re(yB)

2√
3
e−i

α31
2 Re(yB) −2

√
2
3e

i
α21−α31

2 Re(yB) −2Re(yA)



(vT
Λ

)( z
λ

)2
yνv

2
u

where yA and yB are the higher order (complex) Yukawa couplings defined in (4.4) and (4.5). All
the flavon VEVs are taken real without loss of generality.

The CP asymmetries ǫk can be written in the following way:

ǫ1 = − 1

6π

( z
Λ

)2 (vT
Λ

)2 (
6f(m1/m2) sinα21 Re(yA)

2 + f(m1/m3) sinα31 Re(yB)
2
)

(4.54)

ǫ2 =
1

3π

( z
Λ

)2 (vT
Λ

)2 (
3f(m2/m1) sinα21 Re(yA)

2 + f(m2/m3) sin(α21 − α31)Re(yB)
2
)

(4.55)

ǫ3 =
1

6π

( z
Λ

)2 (vT
Λ

)2
(2f(m3/m2) sin(α31 − α21) + f(m3/m1) sinα31) Re(yB)

2 (4.56)

wheremk are the LO neutrino masses and z/Λ ≈ vT /Λ ≈ ε. Thus, in the model under consideration
we have

|ǫk| ∝ ε4 ≈ 3× 10−6 , k = 1, 2, 3 . (4.57)

This is the order of magnitude we expect for the CP asymmetry if we require successful lepto-
genesis. Depending on the loop factor f(mi/mj) and the values of the Majorana phases, the CP
asymmetry can be enhanced or suppressed.

The wash-out mass parameters (4.52), associated to each of the three lepton asymmetries,
coincide to a good approximation with the light neutrino masses:

m̃1 = m1(1 +O(ε)) (4.58)

m̃2 = m2(1 +O(ε)) (4.59)

m̃3 = m3(1 +O(ε)) (4.60)

Results for NO Spectrum

The baryon asymmetry is computed in the region of the parameter space corresponding to a
neutrino mass spectrum with normal ordering: 0.8 . α . 1.2. The lightest RH Majorana neutrino
in this scenario is N3. The Majorana phases, that provide the requisite CP violation for successful
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Figure 4.5: Model 1: baryon asymmetry YB versus α in the cases of neutrino mass spectrum with
normal (left panel) and inverted (right panel) ordering: i) total baryon asymmetry YB (red continuous
curve), ii) YB1 (green dashed curve), iii) YB2 (orange dotted curve) and iv) YB3 (blue dot-dashed
curve). On the right panel, the lines corresponding to YB1 and YB2 overlap. In both cases sinφ < 0 and
∆m2

A
and r are fixed at their best fit values. The results shown in the left (right) panel correspond to

yA = 2.5 and yB = 3 (yA = 0.4 and yB = 2). The horizontal dashed lines represent the allowed range
of the observed value of YB, YB ∈ [8.5, 9]× 10−11.

leptogenesis, are solutions of Eqs (4.41) and (4.42) corresponding to sinφ < 0. The dependence on
α of each of the two CP violating phases is shown in Fig. 4.2. It is important to notice that only
the solutions with sinφ < 0 give the correct sign of the total baryon asymmetry.

The dependence of the baryon asymmetry YB on the parameter α, in this case, is reported
in Fig. 4.5, left panel. The individual contributions to YB from the decays of each of the three
RH Majorana neutrinos are also shown. The term YB3, originating from the lightest RH neutrino
decays, is suppressed by largest wash-out effects, with respect to YB1 and YB2 (see Eq. (4.60)).
The contribution to the total baryon asymmetry given by YB1 shows an interplay between two
independent terms proportional to yA and yB, respectively. Such terms have always the same
signs and are of the same order of magnitude. The suppression caused by the Majorana phase
α21 . 0.1 of the term proportional to yA is compensated by the enhancement due to the loop
factor: 6f(m1/m2)/f(m1/m3) ∼= −(8÷20). The same considerations apply to YB2. Now sinα21 and
sin(α21 − α31) have the same sign and the ratio of the corresponding loop factors is approximately
3f(m2/m1)/f(m2/m3) ∼= (20 ÷ 30).

In conclusion, in the case of NO light neutrino mass spectrum, each of the two Majorana phases
α21 and α31, having values within the ranges allowed by neutrino oscillation data (see Fig. 4.2), can
provide the CP violation required for successful leptogenesis. Even in the case in which the term
proportional to sinα31 in the CP asymmetries is strongly suppressed (which corresponds to a strong
fine-tuning of yB ≪ 1), successful baryogenesis can be naturally realized for values of the Majorana
phase α21 ≈ (0.04 ÷ 0.10) and a moderately large neutrino Yukawa coupling yA ∼ (2.5÷ 3.0).
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4.3 Leptogenesis Predictions

Results for IO Spectrum

In the case of a light neutrino mass spectrum with inverted ordering, the baryon asymmetry is
computed in all the allowed range of α, i.e. for 0.2 < α . 2. The results shown for 0.07 < α . 0.2,
which correspond to a quasi-degenerate spectrum, should be valid provided the renormalisation
group effects [76] are sufficiently small in the indicated region [90].

In Fig. 4.5, right panel, the different contributions to the baryon asymmetry are reported,
similarly to the case of NO mass spectrum. The Majorana CP violating phases which enter into
the expressions of the CP asymmetries are reported in Fig. 4.3. The solutions of equations (4.41)
and (4.42) corresponding to sinφ < 0 must be used also in this case in order to obtain the correct
sign of the baryon asymmetry. Now N3 is the heaviest RH Majorana neutrino and the wash-out
effects for the CP asymmetry generated in the decays of this state are less strong since they are
controlled to LO by the lightest neutrino mass m3: m̃3

∼= m3. Note, however, that even in this
scenario the contribution of the term YB3 in YB is always much smaller than the input given by the
other terms, YB1 and YB2. This is a consequence of the strong enhancement in the self energy part
of the loop function that enters into the expressions for YB1 and YB2. Indeed, if the spectrum is
inverted hierarchical, then f(m1/m2) ∼= −f(m2/m1) ≈ 50f(m3,m1,2). Finally, one should notice
that the “low” energy CP violating phase α31 gives, in general, a subdominant contribution in
the CP asymmetries ǫ1 and ǫ2, when the Yukawa couplings yA and yB are of the same order of
magnitude. This conclusion is valid even in the region of the parameter space where α31 ≈ 3π/2.

The analysis of all the parameter space defined by α, compatible with low energy neutrino
oscillation data, in the Model 1, shows that in both the normal and inverted patterns of light
neutrino masses, the Majorana phases can provide enough CP violation in order to have successful
leptogenesis, even when only one of the phases α21 and α31, effectively, contributes in the generation
of the CP asymmetry.

4.3.2 Leptogenesis in Model 2

In this subsection the generation of the baryon asymmetry of the Universe is realized via the
leptogenesis mechanism within Model 2. The computation is performed in the one-flavour approx-
imation, as in the analysis of the previous model. The quantity relevant for the calculation of the
CP asymmetries is in this case:

m̂Dm̂
†
D = 1

( z
Λ

)2
y2νv

2
u

(4.61)

+




6Re(yB) 0 2
√
3ei

α31
2 Re(yC)

0 0 0

2
√
3e−i

α31
2 Re(yC) 0 −6Re(yB)



(vS
Λ

)( z
Λ

)2
yνv

2
u
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Figure 4.6: Model 2: the same as in Fig. 4.5. In both the figures, the relevant NLO Yukawa coupling
is yC = 2.

where the yB and yC are defined in Eqs (4.14) and (4.15). Again, all flavon VEVs are chosen to be
real without loss of generality. The CP asymmetries in this model are given by

ǫ1 = − 3

2π

( z
Λ

)2 (vS
Λ

)2
f(m1/m3) sin(α31)Re(yC)

2 (4.62)

ǫ2 = 0 (4.63)

ǫ3 =
3

2π

( z
Λ

)2 (vS
Λ

)2
f(m3/m1) sin(α31)Re(yC)

2 (4.64)

where m1,3 are again the LO neutrino masses (see Eq. (4.29)). The leptogenesis CP violating phase
now coincides with the Majorana phase α31. Moreover, the CP asymmetries ǫ1,3 6= 0 are controlled
by only one parameter, yC , of the matrix of neutrino Yukawa couplings (4.14), the reason being
that only this parameter breaks the TB form of the neutrino mixing pattern.

In this model, the heavy RH Majorana neutrino N2 “decouples”: the CP violating lepton
asymmetry is produced in the out-of-equilibrium decays of the heavy Majorana neutrinosN1 andN3

alone. This constitutes a major difference with respect to Model 1. After the lepton asymmetries are
converted into a baryon asymmetry by sphaleron processes, the final matter-antimatter asymmetry
of the Universe can be estimated as:

YB ≡ YB1 + YB3 (4.65)

where YBi, for i = 1, 3, are given in Eq. (4.51). The LO wash-out mass parameters m̃1,3 are the
same as in the previous model:

m̃1 = m1(1 +O(ε)) (4.66)

m̃3 = m3(1 +O(ε)) (4.67)

In Fig. 4.6 the dependence of the baryon asymmetry on the parameter α is reported in the
cases of neutrino mass spectrum with normal and inverted ordering. The ranges of possible values
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4.4 Summary

of the Majorana phase α31 which provides the correct sign of the baryon asymmetry are shown for
the NO and IO spectra in Figs 4.2 and 4.3, respectively.

As already seen for the previous model, the suppression of the term YB3 with respect to YB1

in the case of NO spectrum is due to the relatively larger wash-out effects in the generation of the
CP asymmetry ǫ3. The maximum of the total baryon asymmetry YB is reached for α ≈ 1 where
the CP violating Majorana phase α31

∼= 3π/2. (see Fig. 4.2, right panel).
In what concerns the IO spectrum, the two terms YB1 and YB3 enter with equal sign in the total

baryon asymmetry and are of the same order of magnitude. The enhancement of the asymmetry
for α < 0.7 is explained by the increase of the loop function f(m1/m3) ∼= −f(m3/m1) in the region
of quasi-degenerate light neutrino mass spectrum.

In this model, successful leptogenesis can be naturally realized for both types of neutrino mass
spectrum and for an effective Yukawa coupling yC >∼ 1.5.

4.4 Summary

In this chapter the thermal leptogenesis mechanism of generation of the baryon asymmetry of the
Universe was investigated within two prominent see-saw supersymmetric models based on the A4

flavour symmetry group in the lepton sector, which naturally predicts a tri-bimaximal neutrino
mixing, at leading order in the flavour symmetry breaking parameter ε.

In these models, the only source of CP violation which enters in the expression of the CP
asymmetries in the RH (s)neutrino decays, is provided by the two CP violating Majorana phases
α21 and α31 in PMNS matrix. In the case of neutrino mass spectrum with normal ordering, α21

is shown to be small, α21 . 0.1. In the types of models considered sin2 θ13 is also predicted to be
small, sin2 θ13 ∼ 10−3. As a consequence, the contributions of the terms proportional to sin2 θ13
in mee are strongly suppressed. The lightest neutrino mass is predicted to lie in the interval:
3.8 × 10−3 eV < m1 < 6.9 × 10−3 eV. Thus the neutrino mass spectrum is with partial hierarchy.
The effective Majorana mass mee has a relatively large value, mee ∼ 7× 10−3 eV. Moreover, if α21

had a value close to π, one would have mee ≪ 10−3 eV. Conversely, depending on the parameter
space, the phase α31 can take large CP violating values. For light neutrino mass spectrum with
inverted ordering, the Majorana CP phases α21 and α31 vary (for sinφ < 0) between 0 and π
and π and 2π, respectively. The mass spectrum is also in this case with partial hierarchy and
0.02 eV . m3 < 0.10 eV.

The correct size and sign of the baryon asymmetry YB can be produced in both the models. The
study of leptogenesis was performed in the framework of the one-flavor approximation. Since the
mass spectrum of the RH neutrinos is generically not strongly hierarchical, the decays of all three
RH (s)neutrinos contribute to the generation of the baryon asymmetry. The correct magnitude as
well as the correct sign of the baryon asymmetry YB can be easily obtained in the two models for
most values of the allowed parameter space. The sign of YB uniquely fixes the sign of sinφ. The
latter cannot be determined by low energy observables since they exhibit only a cosφ-dependence.

In conclusion, the results of this chapter show that SUSY models with A4 flavour symmetry and
type I see-saw mechanism of neutrino mass generation, which naturally give rise to tri-bimaximal
mixing and Majorana CP violation in the lepton sector, can also explain successfully the observed
baryon asymmetry of the Universe, via the thermal leptogenesis mechanism.
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Chapter 5

Lepton Flavour Violation in A4
Models

In this chapter other phenomenological predictions concerning the class of SUSY A4 models dis-
cussed so far are considered. In particular, the charged lepton flavour violating (LFV) radiative
decays eα → eβ+γ are discussed in detail. 1 The results obtained are based on the study performed
in [19].

These types of LFV processes as well as the electric dipole moments (EDMs) and magnetic
dipole moments (MDMs) of the charged leptons, were thoroughly studied in the class of models
under consideration using effective field theory methods in [91]. In this approach, a new physics
scale M is assumed to exist at (1 ÷ 10) TeV. The charged LFV radiative decays are mediated
by an effective dimension-6 operator, which is suppressed by the scale M . Thus, the rates of the
LFV decays eα → eβ + γ and the EDM of the electron, can have values close to and even above
the existing experimental upper limits. 2 Assuming that the flavour structure of the indicated
dimension-6 operator is also determined by the A4 symmetry, one finds that its form in flavour
space is similar to the one of the charged lepton mass matrix. In [91] the dependence of the branching
ratios B(eα → eβ +γ), the EDMs and MDMs on the symmetry breaking parameter ε was analyzed
in detail. It was found that the contributions of the new physics to the EDMs and MDMs arise at
leading order (LO) in ε, whereas the LFV transitions are generated only at next-to-leading order
(NLO). It was shown that B(eα → eβ + γ) scales as ε2, independently of the type of the decaying
lepton. Correspondingly, all charged LFV radiative decays are predicted to have similar branching
ratios. The existing stringent experimental upper bound on B(µ → e + γ) can be satisfied if the
new physics scale M > 10 TeV. These results were shown to be independent of the generation
mechanism of the light neutrino masses. An extensive review of articles in which the charged LFV
radiative decays are studied can be found in [94].

In this chapter the branching ratios of charged LFV radiative decays are computed within the

1In this chapter eα, for α = 1, 2, 3, denote the charged leptons: e1 ≡ e, e2 ≡ µ and e3 ≡ τ .
2As is well known, in the minimal extension of the Standard Model (SM) with massive neutrinos and neutrino

mixing, the rates and cross sections of the LFV processes are suppressed by the factors [92] (see also [93]) 2.2 ×
10−4 |Uejm

2
jU

∗
µj |

2/M4
W . 5.2 × 10−48, MW , mj and Uαj , α = e, µ, being the W± mass, light neutrino masses and

elements of the PMNS matrix. This renders the LFV processes unobservable.
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minimal supergravity (mSUGRA) framework, which provides flavour universal boundary conditions
at the GUT scaleMX ≈ 2×1016 GeV. 3 The SUSY breaking and the sparticle masses are completely
specified by the flavour universal mass parameters m0, m1/2 and by the trilinear coupling A0. Off-
diagonal elements in the slepton mass matrices, which can lead to relatively large branching ratios of
the LFV decays eα → eβ + γ, are generated through renormalization group (RG) effects associated
with the three heavy RH Majorana neutrinos [96].

The numerical analysis is referred to the two specific A4 models, introduced in [81] and AM,
whose main features are summarized in Appendix B. The branching ratios B(eα → eβ + γ) are
calculated using the analytic approximations developed in [97, 98, 99]. In this approach B(eα →
eβ + γ) depend only on the generated off-diagonal elements of the mass matrix of the left-handed
sleptons, which are functions of the matrix of the neutrino Yukawa couplings λ, of the three RH
Majorana neutrino massesM1,M2 andM3 and of the SUSY breaking parameters m0, m1/2 and A0.

The chapter is organized as follows: in Section 5.1 the formulae for the branching ratios of charge
LFV radiative decay are introduced, identifying the LO and NLO contributions for the two specific
models cited before. This is done within the framework of mSUGRA and for the two possible types
of the light neutrino mass spectrum, with normal ordering (NO) and inverted ordering (IO). In
Section 5.2 results of the numerical calculation as well as analytical estimates of the charged LFV
radiative decay branching ratios are reported. Finally, a brief comment on predictions for µ − e
conversion and the decays eα → 3eβ is given in Section 5.3.

5.1 Charged Lepton Flavour Violating Radiative Decays

The notation used here is defined in Appendix B, where the basic features of generic supersymmetric
type I see-saw A4 models are summarized.

5.1.1 Computation of the branching ratios B(eα → eβ + γ)

The branching ratios of the LFV processes eα → eβ + γ (meα > meβ) are computed using the
following expression [98, 99]:

B(eα → eβ+γ) ≈ B(eα → eβ+να+νβ)B0(m0,m1/2)

∣∣∣∣∣
∑

k

(λ†)αk log

(
MX

Mk

)
(λ)kβ

∣∣∣∣∣

2

tan2 β . (5.1)

In Eq. (5.1) λ is, as usual, the matrix of neutrino Yukawa couplings, evaluated taking into account
all NLO effects in the basis in which the charged lepton and RH neutrino mass matrices are diagonal
and have positive eigenvalues:

λ = V T
R ΩUT

TB λ̂ VeL , (5.2)

where Ω ≡ diag(e−iϕ1/2, e−iϕ2/2, e−iϕ3/2) and λ̂ ≡ mD/vu represents the matrix of neutrino Yukawa
couplings in the basis in which the superpotential is defined (see Eq. (B.8)). The Dirac mass matrix

3Notice that, in the context of global supersymmetry (SUSY) [95], the presence of soft SUSY breaking terms in
the flavon sector can lead to additional flavour non-universal contributions to the sfermion soft masses. These terms
vanish in the limit of universal soft SUSY parameters in the flavon potential.
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mD includes the generic NLO corrections given in Eq. (B.18). The unitary matrices VeL and VR
are given in Eqs (B.22) and (B.24), respectively.

According to the mSUGRA scenario considered here, at the GUT scale MX ≈ 2 × 1016 GeV,
the slepton mass matrices are diagonal and universal in flavour and the trilinear couplings are
proportional to the Yukawa couplings:

(m2
L̃
)ij = (m2

ẽ)ij = (m2
ν̃)ij = δijm

2
0 , (5.3)

(Aν)ij = A0(λ)ij , A0 = a0m0 , (5.4)

wherem2
L̃
andm2

ẽ are the left-handed and right-handed charged slepton mass matrices, respectively,

while m2
ν̃ is the right-handed sneutrino soft mass term. The gaugino masses are assumed to have

a common value at the high scale MX :

M
B̃
=M

W̃
=Mg̃ = m1/2 . (5.5)

The scaling function B0(m0,m1/2) contains all the dependence on the SUSY breaking parameters:

B0(m0,m1/2) ≈ α3
em

G2
Fm

8
S

∣∣∣∣
(3 + a20)m

2
0

8π2

∣∣∣∣
2

. (5.6)

In Eq. (5.6), GF is the Fermi constant and αem ≈ 1/137 is the fine structure constant. The
SUSY mass parameter mS in Eq. (5.6) was obtained in [98] by performing a fit to the exact RG
computation. The resulting analytic expression in terms of m0 and m1/2 has the form:

m8
S ≈ 0.5m2

0m
2
1/2 (m

2
0 + 0.6m2

1/2)
2 . (5.7)

According to [98], deviations from the exact RG result can be present in the region of relatively
large (small) m1/2 and small (large) m0.

The dependence of B0(m0,m1/2) on m1/2 for fixed values of m0 and A0 = 0 is shown in Fig. 5.1.
Note that the function B0 and, consequently, the branching ratio in Eq. (5.1) can vary up to three
or four orders of magnitude, depending on which point (m0, m1/2) of the parameter space is
considered. The larger is the SUSY mass parameter mS, the stronger is the suppression of the
predicted branching ratio. Values of A0 6= 0 lead to larger values of B0(m0,m1/2) (see Eq. (5.6))
and to an increase of the branching ratios.

5.1.2 Leading order contributions in B(eα → eβ + γ)

In the following discussion, normalized charged LFV radiative decay branching ratios are defined,
for convenience, as the ratios of Eq. (5.1) and the partial branching ratios of the µ or τ decays into
one lighter charged lepton and two neutrinos:

B′(eα → eβ + γ) =
B(eα → eβ + γ)

B(eα → eβ + να + νβ)
. (5.8)

Consequently [22]: B(µ → e + γ) ≈ B′(µ → e + γ), B(τ → e + γ) ≈ 0.18B′(τ → e + γ) and
B(τ → µ+ γ) ≈ 0.17B′(τ → µ+ γ).
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Figure 5.1: The dependence of the scaling function B0(m0,m1/2) (see Eq. (5.6)) on m1/2 for A0 = 0
and fixed m0: i) m0 = 100 GeV (black, dotted line), ii) m0 = 400 GeV (red, dot-dashed line), iii)
m0 = 700 GeV (green, dashed line) and iv) m0 = 1000 GeV (blue, continuous line).

It proves useful to analyze separately the contributions in the LFV branching ratios associated
to each of the three heavy RH Majorana neutrinos. For this purpose, the terms in Eq. (5.1) are
rearranged in the following way:

B′(eα → eβ + γ) ∝
∣∣∣∣(λ†λ)ij log

(m1

m

)
+ (λ†)i2(λ)2j log

(
m2

m1

)
+ (λ†)i3(λ)3j log

(
m3

m1

)∣∣∣∣
2

, (5.9)

with

m =
v2uy

2
ν

MX

∼= (1.5 × 10−3 eV) y2ν sin2 β ≈ 1.5 × 10−3 eV . (5.10)

The last expression is valid for yν = 1 and sin2 β ≈ 1, which is a good approximation given
the fact that tan β & 2 (see Appendix B.3). In Eq. (5.9). As usual, mk are the LO neutrino
masses in the A4 models, given by Eq. (B.10). The contributions to mk which arise from NLO
corrections in the superpotential are neglected in (5.9) since the branching ratio depends only
logarithmically on the light neutrino masses and, typically, all such relative corrections are of order
ε ≈ (0.007 ÷ 0.05) (see Appendix B.3). The RG effects [76] in the calculation of the neutrino
masses and mixings are neglected as well. The RG corrections can be relevant in the case of
quasi-degenerate (QD) light neutrino mass spectrum, while they are relatively small or negligible if
the spectrum is hierarchical or with partial hierarchy [76]. In the A4 models under discussion, the
lightest neutrino mass in the case of NO (IO) mass spectrum is constrained to lie in the interval
3.8× 10−3 eV . m1 . 7× 10−3 eV (0.02 eV . m3).

4 In the case of IO the results presented in the

4See Section 4.2 for a discussion of the (LO) light neutrino mass spectrum in the class of SUSY A4 models reported
here.
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µ → e + γ

(λ†λ)21 yν
(
w′′yν1′ + w′yν1′′ − x2(y

ν
A + yνS)− x3(y

ν
A + yνS)

)
ε+O(ε2)

(λ†)22(λ)21
1
3 y

2
ν + O(ε)

(λ†)23(λ)31 O(ε)

τ → e + γ

(λ†λ)31 yν
(
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ν
A − yνS) + x3(y

ν
A − yνS)

)
ε+O(ε2)

(λ†)32(λ)21
1
3 y

2
ν + O(ε)

(λ†)33(λ)31 O(ε)

τ → µ + γ

(λ†λ)32 yν
(
w′′yν1′ + w′yν1′′ + 2x2 y

ν
S + 2x3 y

ν
S

)
ε+O(ε2)

(λ†)32(λ)22
1
3 y

2
ν + O(ε)

(λ†)33(λ)32 −1
2 y

2
ν + O(ε)

Table 5.1: Combination of elements of the matrix of neutrino Yukawa couplings, λ, which enter into
the expression for the branching ratios of the LFV decay eα → eβ + γ (see Eq. (5.9)). The expression
for the relevant O(ε) terms in (λ†λ)αβ (α 6= β) is also given (see text for details).

following are valid for 0.02 eV . m3 . 0.10 eV. As pointed out in the following, the predictions for
the branching ratios of the LFV decays eα → eβ + γ depend, in general, on the type of neutrino
mass spectrum.

Neutrino Mass Spectrum with Normal Ordering

In the case of NO mass spectrum, the three logarithms in Eq. (5.9) are all positive and are of the
same order (see Fig. 5.2, left panel). The dominant contribution to the decay amplitude depends
strongly on the combination of the neutrino Yukawa matrix elements in Eq. (5.9). Note that the
matrix elements of λ take all O(1) values, except for the (31) entry which typically scales as the
expansion parameter ε. This is due to the presence of the TB mixing matrix UTB, Eq. (1.17), in
the expression for the neutrino Yukawa couplings λ, Eq. (5.2).

The order of magnitude in ε of the coefficients of the three logarithms, (λ†λ)αβ, (λ†)α2(λ)2β and
(λ†)α3(λ)3β , which appear in the three branching ratios B′(eα → eβ + γ) of interest, is reported in
Tab. 5.1. The VEVs of the flavon fields are assumed to be real for simplicity. As Tab. 5.1 shows, the
coefficient of the log(m2/m1) term in each of the three LFV branching ratios under discussion is of
order one. The same conclusion is valid for the coefficient of the log(m3/m1) term in B′(τ → µ+γ).
In what concerns the coefficients of the term proportional to log(m1/m), they always originate from
NLO corrections in the superpotential. These coefficients correspond to the off-diagonal elements
of the hermitian matrix λ†λ, in which the rotation matrices, UTB , Ω and VR, associated with the
diagonalization of the RH neutrino Majorana mass term, do not appear. At order ε, they depend
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Figure 5.2: The three different contributions in B′(eα → eβ + γ), Eq. (5.9), in the case of light
neutrino mass spectrum with normal (inverted) ordering (left (right) panel): i) log (m1/m) vs m1 (m3)
(continuous line), ii) log (m2/m1) vs m1 (m3) (dashed line) and iii) log (m3/m1) vs m1 (m3) (dotted
line). The results shown correspond to the best fit values reported in Tab. 1.1: |∆m2

A
| = 2.40 × 10−3

eV2 and r = ∆m2
⊙/|∆m2

A
| = 0.032.

only on the parameters of the neutrino Dirac mass matrix (see Eqs (B.7) and (B.18)), as reported
in Tab. 5.1.

Taking into account the magnitude of the different terms shown in Tab. 5.1, one has, in general,
that in the case of NO neutrino mass spectrum:

B′(µ→ e+ γ) ≈ B′(τ → e+ γ) ≈ B0(m0,m1/2)

∣∣∣∣
1

3
y2ν log

(
m2

m1

)∣∣∣∣
2

tan2 β ∝ 0.1 |yν|4 , (5.11)

B′(τ → µ+ γ) ≈ B0(m0,m1/2)

∣∣∣∣
1

3
y2ν log

(
m2

m1

)
− 1

2
y2ν log

(
m3

m1

)∣∣∣∣
2

tan2 β ∝ |yν |4 . (5.12)

From the analytical estimates, Eqs (5.11) and (5.12), one can conclude that in the case of NO
mass spectrum, B′(τ → µ+γ) is approximately by one order of magnitude larger than B′(τ → e+γ)
and B′(µ→ e+ γ).

Neutrino Mass Spectrum with Inverted Ordering

As can be seen in Fig. 5.2 (right panel), in the case of IO mass spectrum the term proportional
to log (m2/m1) is strongly suppressed with respect to the other terms. This is valid for all values
of the lightest neutrino mass allowed in the models of interest, m3 & 0.02 eV. More specifically,
one has: log (m2/m1) ≈ 0.014 (0.003) for m3 = 0.02 eV (0.1 eV). In the case of non-QD neutrino
mass spectrum (m3 . 0.1 eV), B′(eα → eβ +γ) are determined practically by the sum of the terms
proportional to log(m1/m) and log(m3/m1). The second term increases as m3 decreases towards
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5.1 Charged Lepton Flavour Violating Radiative Decays

the minimal allowed value m3 ≈ 0.02 eV, so that | log(m3/m1)| ≈ 1 (0.1) for m3 = 0.02 eV (0.1
eV). Thus, taking into account the results reported in Tab. 5.1, one has at LO in ε:

B′(µ → e+ γ) ≈ B′(τ → e+ γ) ∝ O(ε2) , (5.13)

B′(τ → µ+ γ) ∝
∣∣∣∣
1

2
y2ν log

(
m3

m1

)∣∣∣∣
2

≈
{

0.25 |yν |4 , form3 = 0.02 eV ,
0.0025 |yν |4 , form3 = 0.1 eV .

(5.14)

The shown order of magnitude estimates for B′(µ → e + γ) and B′(τ → e + γ) in Eq. (5.13)
can be significantly modified by the rather large contribution of the term containing the factor
log(m1/m) ≈ (3.5 ÷ 4.5). It follows from Tab. 5.1 that for, e.g. ε ≈ 0.04, the contribution in the
LFV branching ratios due to the indicated term can be ∼ ε log(m1/m) ≈ 1/5 ∼ √

ε such that
the branching ratios of the decays µ → e + γ and τ → e + γ scale as O(ε). For m3 ≈ 0.1 eV,
B′(µ→ e+γ) and B′(τ → e+γ) can be comparable to the normalized branching ratio of τ → µ+γ
decay, Eq. (5.14). Indeed, for m3 ≈ 0.1 eV and ε ≈ 0.04, owing to the interplay between the leading
term in the expansion parameter ε, log(m3/m1), whose absolute value decreases with increasing of
m3, and the contribution from log(m1/m), B′(τ → µ+ γ) scales as few times ε.

Comparing the results for the NO and the IO neutrino mass spectrum one can see that in a
model with generic NLO corrections to the matrix of neutrino Yukawa couplings, the magnitude
of the branching ratio B′(τ → µ + γ) practically does not depend on the type of neutrino mass
spectrum. For ε ≈ 0.007, B′(µ → e+γ) and B′(τ → e+γ) in the case of IO spectrum can be by one
order of magnitude smaller than in the case of NO spectrum, while if ε ≈ 0.04, these two branching
ratios are predicted to be essentially the same for the two types of spectrum. Independently of the
type of the spectrum and of the value of ε, one always has: B′(µ→ e+ γ) ≈ B′(τ → e+ γ).

In the next section a numerical study of the LFV processes discussed before will be performed
within the the two A4 models defined in [81] and [82]. One important difference between the
two models is in the predicted off-diagonal elements of the hermitian matrix λ†λ. In the model
introduced in [82] they are all of O(ε) and originate from the NLO corrections to the Dirac mass
matrix, Eq. (B.20). The exact expressions for the matrix elements can be derived using Tab. 5.1
and setting w′ = w′′ = 0 and (x1, x2, x3) = (1, 1, 1) vS . In what concerns the model in [81], the
VEV structure of the flavon fields, w′ = w′′ = 0 and (x1, x2, x3) ∝ (1, 0, 0), implies that the leading
term in the off-diagonal elements of the matrix λ†λ is of O(ε2). This receives contributions from
the Dirac mass term, see Eq. (B.19), as well as from the charged lepton sector (through VeL, see
Eq. (B.22)). This difference in the ε dependence of the elements of λ†λ in the two models leads
to different predictions for the LFV branching ratios for the IO neutrino mass spectrum. As a
consequence, in the models reported in [82] the branching ratios of the decays µ → e + γ and
τ → e + γ are up to two orders of magnitude larger than those in the other model. In contrast,
for m3 < 0.1 eV, one expects similar results in both models for the decay τ → µ + γ since the
coefficient of the term proportional to log(m3/m1) is of order ε

0. Note that in the case of a QD light
(heavy) neutrino mass spectrum, m3 & 0.1 eV, the term proportional to log(m1/m) in Eq. (5.9)
gives the dominant contribution, in both the models under discussion, and thus the magnitude of
the non-diagonal elements of λ†λ determines the magnitude of the branching ratios of the LFV
decays.

The preceding study shows that in the A4 models, the LO structure of the matrix of neutrino
Yukawa couplings λ, which is determined by UTB , together with the possibility of having a heavy
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RH neutrino mass spectrum with partial hierarchy, leads to LFV decay rates scaling as O(ε0). This
prediction differs significantly from the one obtained in the effective field theory approach. In [91]
the branching ratios of the charged LFV radiative decays were shown to scale as ε2 in a generic
effective field theory framework, and could even be stronger suppressed (scaling as ε4) in a specific
supersymmetric scenario. However, the absolute magnitude of the branching ratios are expected
to be of similar size in both approaches, because the suppression due to (positive) powers of the
expansion parameter ε, present in the effective field theory approach, corresponds in the current
analysis to the suppression factor associated to the fact that flavour violating soft slepton masses
are generated only through RG running.

The scales mS and M , which are the relevant scales for charged LFV radiative decays, in the
approach used in this chapter and in the effective field theory one [91], respectively, can be related
to each other. Indeed, assuming that the mass scaleM arises from one-loop effects of new particles,
such as SUSY particles, one can see that the mass mS of these new particles is identified with M
weighted with the coupling g of these particles to the charged leptons and divided by the loop
factor 4π:

mS ≈ gM

4π
. (5.15)

5.2 Numerical Results

In the following, the numerical computation of the branching ratios of the LFV decays µ→ e+ γ,
τ → e+ γ and τ → µ+ γ is reported in the form of scatter plots showing the correlations between
two of the indicated branching ratios. The calculations are performed in the framework defined by
the models [81, 82]. The expansion parameter ε is set equal to 0.04.

The sparticle mass spectrum considered here is moderately heavy and is defined by the following
set of mSUGRA parameters:

m0 = 150 GeV, m1/2 = 700 GeV, A0 = 0 GeV, tan β = 10. (5.16)

The parameters in Eq. (5.16) lead to squark masses between 1.1 TeV and 1.5 TeV, gluino masses
around 1.6 TeV and masses of right-handed sleptons of about 300 GeV. Thus, these sparticles are
accessible at LHC. This point in the mSUGRA parameter space belongs to the stau co-annihilation
region [100, 101, 102], in which the amount of DM in the Universe can be explained through the
lightest sparticle (LSP). The latter is a bino-like neutralino and has a mass of approximately 280
GeV. 5 As was shown in [104], the stau co-annihilation and the bulk regions are hardly affected, if
RH neutrinos are included into the mSUGRA context. For the set of parameters in Eq. (5.16), all
decay rates scale with the factor B0(m0,m1/2) tan

2 β ≈ 3.8 × 10−10.

The scatter plots are obtained by varying all the O(1) parameters that enter in the matrix of
neutrino Yukawa couplings λ, defined in Eq. (5.2). Some of these parameters are equal to zero or
have a common value (see Appendix B). The NLO corrections to the Dirac mass matrices for the
two models under discussion are given in Eqs (B.19) and (B.20), respectively. In the calculations
of the normalized branching ratios B′(eα → eβ +γ), the LO neutrino Yukawa parameter yν was set

5The sparticle masses quoted above were calculated with ISAJET 7.69 [103].
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equal to one. The absolute values of all the other (complex) parameters in the neutrino Yukawa
matrix λ were varied in the interval [0.5, 2]. The corresponding phases are varied between 0 and 2π.

The results obtained for the two models are presented graphically in Figs 5.3 and 5.4, respec-
tively, for both the NO and IO light neutrino mass spectrum. The scatter plots correspond to three
values of the lightest neutrino mass: i) m1 = 3.8×10−3 eV, 5×10−3 eV and 7×10−3 eV (NO spec-
trum); ii) m3 = 0.02 eV, 0.06 eV and 0.1 eV (IO spectrum). In all numerical calculations the RG
effects on neutrino masses and mixings were neglected. This is a sufficiently good approximation
provided the light neutrino mass spectrum is not QD.

5.2.1 Model predictions

The results for the A4 model given in [81] are shown in Fig. 5.3. In the case of NO spectrum (left
panels in Fig. 5.3), the normalized branching ratios B′(µ → e + γ) and B′(τ → e + γ), defined
in Eq. (5.8), are approximately the same, as the analysis performed in Section 5.1 suggested.
The branching ratios are larger for smaller values of the lightest neutrino mass m1, the dominant
contribution being due to the term ∝ log(m2/m1) which is a decreasing function of m1 (Fig. 5.2,
left panel). The same feature is exhibited by the term ∝ log(m3/m1). The latter is multiplied by
a coefficient of O(ε). As was indicated before, the term ∝ log(m1/m) in such model is suppressed,
being of O(ε2), and has a negligible effect on the results. Due to the fact that the coefficient of the
term ∝ log(m3/m1) in B

′(τ → µ+ γ) is of order one, the normalized branching ratio of τ → µ+ γ
decay is approximately by a factor of ten larger than those of µ → e + γ and τ → e + γ decays,
which is consistent with the analytic estimates given in Eqs (5.11) and (5.12).

Note that, for the set of mSUGRA boundary conditions chosen, Eq. (5.16), the MEGA upper
limit [105] on B(µ → e+ γ) is not satisfied for m1 = 3.8 × 10−3 eV. This important experimental
constraint can be fulfilled for larger values of the lightest neutrino mass and, in particular, for the
two other chosen values of m1, m1 = 5× 10−3 eV and m1 = 7× 10−3 eV. However, B(µ→ e+ γ)
is always larger than 10−12 and thus is within the range of sensitivity of the MEG experiment
[106], B(µ → e + γ) & 10−13, which is currently taking data. The predicted rates of the τ LFV
radiative decays are always below the current experimental upper bounds [107] as well as below
the sensitivity planned to be reached at a SuperB factory [108].

In the case of IO mass spectrum, the predicted B(µ → e + γ) is always compatible with the
existing experimental upper limit [105]. In this scenario the MEG experiment will probe a relatively
large region of the parameter space of the model. The branching ratios of µ→ e+ γ and τ → e+ γ
decays are, in general, smaller by up to two orders of magnitude than in the case of a neutrino
spectrum with NO. As explained earlier, this is partly due to the fact that the term ∝ log(m2/m1),
which in the case of NO mass spectrum gives the dominant contribution, is strongly suppressed
since m2 and m1 are nearly equal, m2

∼= m1, and partly due to the fact that the coefficient of the
term proportional to log(m1/m) is of order ε2. This conclusion is valid for all allowed values of
the lightest neutrino mass, m3 & 0.02 eV (Fig. 5.2, right panel). In contrast to the case of a NO
neutrino mass spectrum, the branching ratios of µ→ e+ γ and τ → e+ γ decays do not show any
significant dependence on the lightest neutrino mass, m3. At the same time, the τ → µ+ γ decay
branching ratio exhibits a strong dependence on the value of m3. Indeed, it varies by up to two
orders of magnitude when m3 is varied from 0.02 eV to 0.1 eV (Fig. 5.3, right bottom panel). The
magnitude and the behavior of B′(τ → µ + γ) as a function of m3 is determined by the term pro-
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Figure 5.3: Correlation between B′(µ → e+γ), B′(τ → e+γ) and B′(τ → µ+γ), calculated within the
model defined in [81]. The results shown are obtained for three different values of the lightest neutrino
mass for both types of neutrino mass spectrum: i) with normal ordering (left panels), m1 = 3.8× 10−3

eV (red ×), m1 = 5 × 10−3 eV (green +) and m1 = 7 × 10−3 eV (blue ◦); ii) with inverted ordering
(right panels), m3 = 0.02 eV (red ×), m3 = 0.06 eV (green +) and m3 = 0.1 eV (blue ◦). The horizontal
dashed line corresponds to the MEGA bound, B′(µ → e+ γ) ≤ 1.2× 10−11. The horizontal continuous
line corresponds to B′(µ→ e+γ) = 10−13, which is the prospective sensitivity of the MEG experiment.

portional to log(m3/m1) in the right-hand side of Eq. (5.9). It has a maximal value for m3 = 0.02
eV and decreases as m3 increases, following the decreasing of log(m3/m1). As a consequence of the
suppression of the coefficient of the log(m1/m) term, the analytic estimates reported in Eqs (5.13)
and (5.14) are valid. Thus, the τ → µ+γ decay has a branching ratio which, at least for m3 ≈ 0.02
eV, is by approximately two orders of magnitude larger than those of the two other charged LFV
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5.2 Numerical Results

Figure 5.4: The same as in Fig. 5.3, but for the model defined in [82].

radiative decays. For m3 = 0.02 eV we have B′(τ → µ + γ) ≈ 10−10. Therefore as in the case of
NO spectrum, the predicted B′(τ → µ + γ) for the values of mSUGRA parameters considered is
below the sensitivity range of the currently planned experiments.

Concerning the model defined in [82], the associated numerical results for the charged LFV
radiative decays are illustrated in Fig. 5.4, for both types of neutrino mass spectrum. As was
discussed above, the main difference with respect to the previous case is in the prediction for the
coefficient of the log(m1/m) term in the expression of the branching ratio (5.9). In fact, now this
coefficient is of O(ε) for the three radiative decays and, therefore, the term ∝ log(m1/m) is not
negligible. Obviously, log(m1/m) is a monotonically increasing function of the lightest neutrino
mass (see Fig. 5.2). Since the coefficient of this logarithm is a number with absolute value of
order one, for both types of neutrino mass spectrum the µ → e + γ, τ → e + γ and τ → µ + γ
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Figure 5.5: Left panel: correlation between B′(µ → e + γ) and B′(τ → µ + γ) in the model defined
in [81] for three different values of the lightest neutrino mass: m3 = 0.02 eV (red ×), m3 = 0.06 eV
(green +) and m3 = 0.1 eV (blue ◦). The horizontal dashed line shows the current upper bound from
the MEGA experiment, while the continuous line corresponds to the foreseen sensitivity of the MEG
experiment. The vertical dashed line indicates the possible future bound on τ → µ+ γ from a SuperB
factory. Right panel: correlation between B′(τ → µ + γ) and the effective Majorana mass mee. The
horizontal continuous line shows the prospective reach of a SuperB factory. The two dashed vertical
lines indicate the expected sensitivity of the GERDA II and GERDA III phase.

decay branching ratios exhibit much weaker dependence on the lightest neutrino mass compared
to the dependence they show in the previous model. Most importantly, as a consequence of the
contribution due to the term ∝ log(m1/m), B′(µ → e + γ) and B′(τ → e + γ) in the case of IO
spectrum are predicted to be of the same order of magnitude as in the case of NO spectrum. This
is in sharp contrast to the predictions of the first model (see Fig. 5.3).

Concerning B′(τ → µ + γ), the predictions in the cases of NO and IO spectrum essentially
do not differ and are similar to those obtained in the previous model. As Fig. 5.4 shows, for
both the NO and IO mass spectrum one has B(µ → e + γ) < 1.2 × 10−11 in roughly half of the
parameter space explored. At the same time, in practically all the parameter space considered,
B(µ → e + γ) & 10−13. The tau LFV radiative decays are predicted to proceed with rates which
are below the sensitivity range of the planned experiments.

5.2.2 Case of B(µ → e+ γ) > 10−13 and B(τ → µ + γ) ≈ 10−9

The numerical analysis reported before and summarized in Figs 5.3 and 5.4 shows clearly that for
the point in the mSUGRA parameter space considered, Eq. (5.16), the τ → e + γ and τ → µ + γ
decay branching ratios are predicted to be compatible with the existing experimental upper bounds
and below the sensitivity of the future planned experiments. However, the decay τ → µ+ γ might
have a rate within the sensitivity range of the future experiments if the SUSY particle masses
are smaller (i.e. the effective SUSY mass scale mS , Eq. (5.7), is lower) than those resulting from
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Eq. (5.16). This possibility can be realized for smaller values of the mass parameters m0 and m1/2,
compared to those reported in (5.16). Indeed, consider the following set:

m0 = 70 GeV, m1/2 = 300 GeV, A0 = 70 GeV, tan β = 10. (5.17)

For the values given in Eq. (5.17) squarks can be as light as 500 GeV, gluinos have masses of
approximately 700 GeV and all sleptons have masses smaller than 250 GeV. The LSP providing
the correct amount of DM in the Universe is bino-like and has a mass of 115 GeV. The parameters
given in Eq. (5.17) correspond also to a point in the stau co-annihilation region, very close to
the region excluded by the LEP2 data [100, 101, 102]: the mass of the lightest Higgs boson is
near 114.4 GeV. For the indicated values of the SUSY breaking parameters the predicted LFV
branching ratios are larger than those corresponding to the mSUGRA point in Eq. (5.16) since
B0(m0,m1/2) tan

2 β ≈ 2.3× 10−8. As a result, the model given in [82] is strongly disfavored by the
experimental limit on B(µ→ e+ γ). Concerning the other model, the latter constraint cannot be
satisfied, if the neutrino mass spectrum is with NO. However, in the case of IO mass spectrum, the
predicted B(µ → e + γ) is compatible with the MEGA bound in nearly half of the region of the
relevant parameter space and (with the exception of singular specific points) is within the sensitivity
reach of the MEG experiment. This case is analyzed in Fig. 5.5, left panel, where the correlation
between the normalized branching ratios of the decays µ → e + γ and τ → µ + γ is represented,
assuming the boundary conditions reported in (5.17). The prospective sensitivity of the searches
for the τ → µ + γ decay, which can be reached at a SuperB factory, B(τ → µ + γ) ≈ 10−9

[108], is also indicated. Assuming a scenario in which in the MEG experiment it is found that
B(µ → e + γ) > 10−13 and the SUSY particles with masses, as predicted above, are observed at
LHC, one can see from Fig. 5.5, left panel, that B(τ → µ + γ) might be detectable at a SuperB
factory if the lightest neutrino mass m3 ≈ 0.02 eV. For m3 = 0.02 eV, the (ββ)0ν -decay effective
Majorana mass is predicted to lie in the intervalmee ≈ (0.018÷0.054) eV (see Section 4.2.1). Values
of mee in the indicated interval might be probed in some of the next generation of (ββ)0ν -decay
experiments (see, e.g. [46, 47]). In Fig. 5.5, right panel, the correlation between the normalized
branching ratio of τ → µ + γ decay and the effective Majorana mass mee is shown. As was
explained in Chapter 1, the relation between mee and the lightest light neutrino mass is in this

case: mee
∼=
√
m2

3 + |∆m2
A|
∣∣2 + eiα21

∣∣ /3, where m3 and α21 are both functions of one parameter

and thus their values are correlated. The prospective sensitivity of the GERDA II and GERDA
III phase are, mee = 0.09 eV and mee = 0.02 eV, respectively [46]. As one can see form the figure,
with a positive signal of B(τ → µ+ γ) ≈ 10−9 at a SuperB factory values of mee up to mee ≈ 0.04
eV can be probed.

Finally, the sum of neutrino masses in this class of models, for IO light neutrino mass spectrum,
is
∑
mi ≈ 0.125 eV for m3 ≈ 0.02 eV (see Section 4.2.1). This value is smaller than the current

cosmological bounds [31], but is within the sensitivity expected to be reached by combining data on
weak lensing of galaxies by large scale structure with data from WMAP and PLANCK experiments
(see, e.g. [30]).

5.2.3 Specific features of the predictions for B(µ → e+ γ)

Apart from the detailed numerical analysis performed before for two specific models, it is interesting
to perform an analysis of the parameter space of generic A4 models, focusing on particular points
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Figure 5.6: B′(µ → e+γ) vsmee for NO (left panel) and IO (right panel) light neutrino mass spectrum
calculated for an A4 model with generic NLO corrections, see Eq. (B.18). Lower and upper limits on
B′(µ → e+ γ) are shown, which can be found by using Eq. (5.18) for all possible combinations of σ1,2,3.
The horizontal dashed line corresponds to the MEGA bound [105], B′(µ → e + γ) ≤ 1.2 × 10−11. The
horizontal continuous line corresponds to B′(µ → e + γ) = 10−13, which is the prospective sensitivity
of the MEG experiment [106]. The results shown correspond to the best fit values reported in Tab. 1.1:
|∆m2

A
| = 2.40× 10−3 eV2 and r = ∆m2

⊙/|∆m2
A
| = 0.032.

which result phenomenologically relevant. In order to do so one can use the analytic formula given
in Section 5.1, Eq. (5.9), for the branching ratio of the decay µ → e + γ together with the results
given in Tab. 5.1 and assume that the coefficients of the O(ε) terms are real and have the same
absolute value C > 0:

B′(µ→ e+ γ) ∝
∣∣∣∣
1

3
y2ν log

(
m2

m1

)
+ C ε

(
σ1 log

(m1

m

)
+ σ2 log

(
m2

m1

)
+ σ3 log

(
m3

m1

))∣∣∣∣
2

.

(5.18)
The relative sign of these terms is not fix and all the eight combinations σ1,2,3 = ±1 are allowed.
The set of mSUGRA parameters is taken equal to Eq. (5.16). Moreover, ε = 0.04, yν = 1 and the
best fit values of r and |∆m2

A| are assumed. In Fig. 5.6, left panel, the branching ratio of µ→ e+γ
versus the effective Majorana mass mee is reported in the case of light neutrino mass spectrum
with normal ordering. The constant C is fixed to the value: C = 1.3.The effective Majorana mass

is now: mee
∼= |2m1 +

√
m2

1 +∆m2
⊙|/3. Only the two curves which correspond to the upper and

lower bound of the branching ratio are shown. They correspond to two out of the eight different
combinations of σ1,2,3. As one can see, there exists the possibility of cancellations between the terms
contributing to the branching ratio of the µ → e + γ decay, so that the value of the latter can be
strongly suppressed. 6 The value of mee at which the suppression takes place depends on the value

6Note that the value of B(µ → e + γ) will still be non-zero in general, because of the O(ε) corrections to the
coefficients of the different logarithms in the expression of the branching ratio (5.9).
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of the constant C. In Fig. 5.6, right panel, the corresponding plot for IO neutrino mass spectrum
is shown. In this case: C = 1. In contrast to the case of NO spectrum, no strong suppression of
B(µ → e + γ) is possible, because the term ∝ log(m1/m) always dominates (see Fig. 5.2, right
panel). This result holds for all values of the constant C from the interval 0.1 . C . 6. Allowing
for arbitrary relative phases between the different contributions in the right-hand side of Eq. (5.18),
one can find that for a NO light neutrino mass spectrum the curve for σ1,2,3 = +1 corresponds to
an upper bound on B(µ → e + γ), whereas the curve for σ1,2,3 = −1 is an absolute lower bound
with the exception of few points in the parameter space. For the IO spectrum, the bounds obtained
for real coefficients are also upper and lower bounds in the case of arbitrary relative phases between
the different terms in Eq. (5.18).

As mentioned earlier, the preceding analysis holds for an A4 model with generic NLO correc-
tions, as is the model defined in [82]. A similar analysis can be done for the model given in [81],
where the coefficient of the logarithm log(m1/m) is of order ε2, by replacing σ1 log(m1/m) in with
ε σ1 log(m1/m) in Eq. (5.18). One can see that deep cancellations between the different contribu-
tions in B(µ→ e+ γ) can occur now in both the cases of NO and IO neutrino mass spectrum. For
the IO spectrum, the cancellations leading to a strong suppression of branching ratio B(µ→ e+γ)
take place for mee around 0.09 eV for almost all values of C in the range considered, 0.1 . C . 6.

5.3 The µ − e Conversion and eα → 3 eβ Decay Rates

In this section further constraints on the A4 models are analyzed. These come from other LFV
rare processes, i.e. the µ− e conversion and the decays eα → 3eβ . In the mSUGRA scenario, these
LFV processes are dominated by the contribution coming from the γ−penguin diagrams. As a
consequence, for µ− e conversion, the following relation holds with a good approximation [97]:

CR(µN → eN) ≡ Γ(µN → eN)

Γcapt
=
α4
emG

2
Fm

5
µZ

12π3Γcapt
Z4
eff |F (q2)|2B(µ→ e+ γ) . (5.19)

In Eq. (5.19) Z is the proton number in the nucleus N, F (q2) is the nuclear form factor at momentum
transfer q, Zeff is an effective atomic charge and Γcapt is the experimentally known total muon
capture rate. For 48

22Ti one has Zeff = 17.6, F (q2 = −m2
µ) ≈ 0.54 and Γcapt = 2.590 × 106 sec−1

[109]. In the case of 2713Al one finds Zeff = 11.48, F (q2 = −m2
µ) ≈ 0.64 and Γcapt = 7.054×105 sec−1

[110]. According to Eq. (5.19), the µ− e conversion ratios in 48
22Ti and

27
13Al are given by:

CR(µ 48
22Ti → e 48

22Ti) ≈ 0.005B(µ → e+ γ) , (5.20)

CR(µ 27
13Al → e 27

13Al) ≈ 0.0027B(µ → e+ γ) . (5.21)

Future experimental searches for µ − e conversion can reach the sensitivity: CR(µ 48
22Ti →

e 48
22Ti) ≈ 10−18 [109], and CR(µ 27

13Al → e 27
13Al) ≈ 10−16 [110]. The upper bound B(µ → e+ γ) <

10−13 which can be obtained in the MEG experiment would correspond to the following upper
bounds on the µ − e conversion ratios under discussion: CR(µ 48

22Ti → e 48
22Ti) < 5 × 10−16 and

CR(µ 27
13Al → e 27

13Al) < 2.7 × 10−16. The latter could be probed by future experiments on µ − e
conversion, which have higher prospective sensitivity. Therefore, it is easy to realize that for
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the mSUGRA points considered in Section 5.2, both the specific models analyzed can be further
constrained by the experiments on µ− e conversion if the µ→ e+ γ decay will not be observed in
the MEG experiment.

In what concerns the decay of a charged lepton into three lighter charged leptons, the branching
ratio is approximately given by [97]:

B(eα → 3eβ) ≈
α

3π

(
log

(
m2

eα

m2
eβ

)
− 11

4

)
B(eα → eβ + γ) . (5.22)

The searches for τ → µ+γ, τ → 3µ and τ → 3e decays at SuperB factories [108] will be sensitive to
B(τ → µ+γ), B(τ → 3µ), B(τ → 3e) ≥ 10−9. Therefore, if in the experiments at SuperB factories it
is found that B(τ → µ+γ) < 10−9, obtaining the upper limits B(τ → 3µ), B(τ → 3e) < 10−9 would
not constrain further the A4 models considered here. However, the observation of the τ → 3µ decay
with a branching ratio B(τ → 3µ) ≥ 10−9, combined with the upper limit B(τ → µ + γ) < 10−9,
or the observation of the τ → µ+ γ decay with a branching ratio B(τ → µ+ γ) ≥ 10−9, would rule
out the A4 models under discussion.

The current limit on the µ → 3e decay branching ratio is B(µ → 3e) < 10−12 [111]. There
are no plans at present to perform a new experimental search for the µ → 3e decay with higher
precision.

5.4 Summary

The main topic of this chapter is the numerical and analytical study of lepton flavour violation in a
class of supersymmetric A4 models with three heavy RH Majorana neutrinos, in which the lepton
(neutrino) mixing is predicted to leading order to be tri-bimaximal. The flavour violating radiative
decays, µ → e + γ, τ → µ + γ and τ → e+ γ are analyzed in detail, within the framework of the
minimal supergravity scenario, which provides flavour universal boundary conditions at the scale
of grand unification. The analytic estimates of the branching ratios B(eα → eβ + γ) were made
for the case of generic NLO corrections to the neutrino Yukawa matrix. The numerical results
presented, however, are obtained for two explicit realizations of the A4 models, those reported in
[81] and [82], respectively and discussed thoroughly in Appendix B.

The predictions of the eα → eβ + γ decay branching ratios, B(eα → eβ + γ), for both the
models, are derived for a specific point in the mSUGRA parameter space lying in the stau co-
annihilation region, which is compatible with direct bounds on sparticle masses and the requirement
of explaining the amount of dark matter in the Universe. From the numerical analysis performed,
it follows that in the case of NO light neutrino mass spectrum, both the models considered predict
B(µ→ e+γ) > 10−13 in practically all the parameter space considered (see Figs 5.3 and 5.4). The
same conclusion is valid for the IO mass spectrum in the case of the model defined in [82], whereas
in the other one this result holds roughly in half of the parameter space of the model. Values of
B(µ→ e+ γ) & 10−13 can be probed in the MEG experiment which is taking data at present.

In the case of NO spectrum for light neutrinos, the model given in [81] predicts for all the three
branching ratios B(eα → eβ + γ) a noticeable dependence on the value of the lightest neutrino
mass, as the numerical analysis shows. Furthermore, the dependence of B(τ → µ+ γ) on min(mj)
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is particularly strong in the case of IO spectrum. In contrast, B(µ → e + γ) and B(τ → e + γ)
in this case vary relatively little with min(mj). Concerning the branching ratios B(eα → eβ + γ)
computed in the model given in [82], they do not exhibit significant dependence on min(mj).

The branching ratios B(τ → e + γ) and B(τ → µ + γ), in both the models examined, are
always predicted to be below the sensitivity of the present and future planned experiments. It was
shown, however, that if the SUSY particles are lighter, one can have, within the model defined in
[81], B(µ → e + γ) & 10−13 and B(τ → µ + γ) ≈ 10−9, if the light neutrino mass spectrum is
with inverted ordering. A value of B(τ → µ + γ) ≈ 10−9 requires the lightest neutrino mass to
be m3 ≈ 0.02 eV. Sensitivity to such a value of B(τ → µ + γ) can be achieved, in principle, at a
SuperB factory [108].

Estimates of the predicted rate of µ−e conversion in the A4 models considered are also reported
and it is shown that future experiments can further constrain these models if the µ→ e+ γ decay
will not be observed in the MEG experiment. The observation at the SuperB factories of the τ → 3µ
decay with a branching ratio B(τ → 3µ) ≥ 10−9, combined with the upper limit B(τ → µ + γ) <
10−9 or the observation of the τ → µ+ γ decay with branching ratio B(τ → µ+ γ) ≥ 10−9, would
rule out the A4 models under discussion. If B(τ → µ+ γ) is found to satisfy B(τ → µ+ γ) < 10−9,
the prospective sensitivity of SuperB factories to the decay modes τ → 3µ and τ → 3e would not
allow to obtain additional constraints on the parameter space of the A4 models from non-observation
of the τ → 3µ and τ → 3e decays.

The results of the MEG experiment and of the upcoming experiments at LHC can provide
significant tests of and can severely constrain the class of A4 models predicting tri-bimaximal
neutrino mixing.
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Conclusions

An important link between neutrino physics and cosmology is certainly provided by the leptogenesis
mechanism for the generation of the matter-antimatter asymmetry of the Universe (baryogenesis via
leptogenesis), which is the main topic studied in this Ph.D. thesis. As discussed in Chapter 1, the
basic scheme in which this mechanism can be implemented is the type I see-saw model of neutrino
mass generation. In its minimal version it includes the Standard Model particle content plus two or
three right-handed (RH) heavy Majorana neutrinos. In the standard thermal leptogenesis scenario,
under the assumption of a hierarchical spectrum for the RH heavy fields, the lightest RH Majorana
neutrino is produced by thermal scatterings, via its Yukawa interactions with left-handed lepton
and Higgs doublets. If CP is not preserved by the neutrino Yukawa couplings, a lepton number
asymmetry can be dynamically generated through the out-of-equilibrium decays of the lightest
RH Majorana field, thus satisfying all the three Sakharov’s criteria. The lepton asymmetry is
subsequently converted into a baryon number density due to the effect of non perturbative B + L
violating sphaleron interactions, which exist within the Standard Model.

An explicit connection between leptogenesis and low energy observables related to neutrino
physics is realized in the scenario when lepton flavour effects play a dynamical role in the genera-
tion of the lepton asymmetry (flavoured leptogenesis). In this case, the high energy CP violation
responsible for leptogenesis can be easily related to low energy CP violation in the lepton sector.
Low energy CP violation in the lepton sector is provided by one Dirac and two Majorana CP vio-
lating phases in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix and can
manifest itself in a non zero CP asymmetry in neutrino oscillations (Dirac CP violation) and, in
an indirect way, in the effective Majorana mass in neutrinoless double beta decay. In Chapter 2
the effects of the lightest neutrino mass in flavoured leptogenesis were thoroughly analyzed when
the amount of CP violation necessary for the generation of the baryon asymmetry of the Universe
is provided exclusively by the Dirac and/or Majorana phases in the PMNS matrix. Results for the
normal and inverted ordering (hierarchy) were derived. It was shown in particular that, for a non
vanishing lightest neutrino mass, in some specific regions of the leptogenesis parameter space, the
predicted baryon asymmetry can be larger, up to two orders of magnitude, than the corresponding
asymmetry generated in the scenario with one massless neutrino.

In Chapter 3 the flavoured leptogenesis is further investigated in a model independent way. The
main results obtained are related to the interplay between the low energy CP violation, originating
from the PMNS matrix, and the high energy CP violation which can be present in the matrix of
neutrino Yukawa couplings and can manifest itself only in “high” energy scale processes, like e.g.
leptogenesis. Both normal and inverted hierarchical light neutrino mass spectra are considered in
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the limit of decoupling of the heaviest RH Majorana field. It is shown that taking into account
the contribution to the baryon asymmetry due to the CP violating phases in the neutrino mixing
matrix can change drastically the predictions for baryogenesis, obtained assuming that only the
high energy CP violation, which arises from the other phases in the neutrino Yukawa matrix, is
operative in leptogenesis. In particular, in the case of inverted hierarchical light neutrino mass
spectrum, there exist large regions in the corresponding leptogenesis parameter space where the
relevant high energy phases have large CP violating values, but one can have successful leptogenesis
only if the requisite CP violation is provided by the Majorana phases in the neutrino mixing matrix.

The related issues of Majorana CP violation in the lepton sector and leptogenesis are further an-
alyzed in Chapter 4, where supersymmetric models based on type I see-saw mechanism of neutrino
mass generation and A4 flavour symmetry are considered. In this class of models, the three gen-
erations of left-handed leptons and right-handed neutrinos are unified into triplet representations
of the A4 group, whereas the right-handed charged leptons are A4−singlets. The A4 symmetry is
spontaneously broken at high energies by the vacuum expectation values of a set of scalar fields,
called flavons, which transform trivially under the gauge symmetry group. Such models predict
at leading order a diagonal mass matrix for charged leptons and naturally lead to tri-bimaximal
mixing in the neutrino sector, which is compatible with the present experimental data on the neu-
trino mixing angles. At leading order, the neutrino sector is described by two real parameters and
one phase. The Majorana phases in the PMNS matrix depend on just one parameter and can be
easily constrained by neutrino physics experiments. They play the role of leptogenesis CP violating
parameters in the generation of the baryon asymmetry of the Universe. Moreover, the sign of one
of the fundamental parameters of the model can be uniquely fixed by the requirement that the sign
of the baryon asymmetry is correct.

Large values of the RH neutrino masses can lead in SUSY theories with see-saw mechanism
to tension with the existing experimental upper limits on the rates of lepton flavour violating
(LFV) decays and reactions. In Chapter 5, a detailed numerical analysis of the branching ratios
of radiative LFV decays µ → e + γ, τ → e + γ and τ → µ + γ was performed in supersymmetric
A4 models with three RH Majorana neutrinos. All sfermion mass matrices are assumed to be
universal at the grand unification scale, as in the mSUGRA context, and off-diagonal elements in
slepton mass matrices, which induce LFV decays, are only generated through RG running. Two
different models based on A4 discrete symmetry are analyzed in detail. Estimates of the predicted
rate of µ − e conversion in the A4 models considered show that future experiments can further
constrain these models if the µ→ e+ γ decay will not be observed by the MEG experiment, which
is currently taking data. Further constraints and exclusion bounds on the models can be derived by
other rare lepton flavour violating processes like three lepton tau decays. In particular, if SuperB
factories will discover τ → 3µ decay with a branching ratio B(τ → 3µ) ≥ 10−9 and at the same
time B(τ → µ+ γ) < 10−9, the A4 models considered would be ruled out. The same conclusion is
reached if τ → µ+ γ decays with B(τ → µ+ γ) ≥ 10−9 will be detected.

The oncoming data from the MEG experiment as well as upcoming measurements of LHC can
provide significant tests of supersymmetric A4 models predicting tri-bimaximal neutrino mixing.
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Appendix A

The discrete group A4

A brief review of the basic features of the discrete group A4 is reported in the following (see e.g.
[112] and references therein for a further discussion about the properties of A4 symmetry).

A4 corresponds to the group of permutation of four objets (alternating group of order 4) and
consists of 12 elements. From a geometrical point of view, it is the subgroup of the three dimensional
rotation group which leaves invariant a regular tetrahedron. It has only two generators, S and T .
Each element of the group can be expressed in terms of S and T :

1, S, T, ST, TS, T 2, ST 2, STS, TST, T 2S, TST 2, T 2ST . (A.1)

The two generators of the group obey the following relation:

S2 = T 3 = (ST )3 = 1 (A.2)

There are four inequivalent irreducible representations: one three-dimensional representation (3)
and three of dimension one (1, 1′ and 1′′). It is easy to check that two-dimensional representations
do not exist in the group, because only det(T 3) = −1 is in this case compatible with the conditions
S2 = (ST )3 = 1 and, therefore, the relation given in (A.2) cannot be satisfied. The form of each
irreducible representation, in the basis in which T is diagonal, is given by:

1 : S = 1, T = 1 (A.3)

1′ : S = 1, T = ω2 (A.4)

1′′ : S = 1, T = ω (A.5)

3 : S =
1

3




−1 2 2
2 −1 2
2 2 −1


 , T =




1 0 0
0 ω2 0
0 0 ω


 (A.6)

The product of two triplets decomposes as follows:

3× 3 = 1 + 1′ + 1′′ + 3S + 3A . (A.7)

More explicitly, given two triplets a = (a1, a2, a3) and b = (b1, b2, b3), the product reads:

(ab)k =
∑

i,j

aiA
k
ijbj , (A.8)
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for k = 1, 1′, 1′′ and

(ab)k =
∑

i,j

(
ai(B

k
1 )ijbj, ai(B

k
2 )ijbj , ai(B

k
3 )ijbj

)
, (A.9)

for the symmetric and anti-symmetric triplet combinations, k = 3S , 3A. The matrices Ak (k =
1, 1′, 1′′) and Bk

j (k = 3S , 3A and j = 1, 2, 3) are reported below:

A1 =




1 0 0
0 0 1
0 1 0


 , A1′ =




0 1 0
1 0 0
0 0 1


 , A1′′ =




0 0 1
0 1 0
1 0 0


 , (A.10)

B3S
1 =

1

3




2 0 0
0 0 −1
0 −1 0


 , B3S

2 =
1

3




0 −1 0
−1 0 0
0 0 2


 , B3S

3 =
1

3




0 0 −1
0 2 0
−1 0 0


 , (A.11)

B3A
1 =

1

2




0 0 0
0 0 1
0 −1 0


 , B3A

2 =
1

2




0 1 0
−1 0 0
0 0 0


 , B3A

3 =
1

2




0 0 −1
0 0 0
1 0 0


 . (A.12)

The group A4 has two subgroups: GS ≃ Z2, the reflection subgroup generated by S, and GT ≃ Z3,
which is generated by T . It is immediate to see that the VEVs

〈ϕT 〉 ∝ (1, 0, 0) , (A.13)

〈ϕS〉 ∝ (1, 1, 1) , (A.14)

break A4 respectively to GT and GS .
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Appendix B

Basic Features of A4 Models

A general discussion about the basic features of A4 models is reported in this appendix. A particular
emphasis is given to the properties and relative differences between two prominent and rather
generic supersymmetric A4 models introduced in [81, 82], whose phenomenology is in part studied
in Chapter 5.

B.1 Leading Order Terms

The A4 models discussed in this thesis have in common that the three left-handed lepton doublets
ℓ and the three RH neutrinos νc transform as triplets under A4. In contrast, the right-handed
charged lepton fields ec, µc and τ c are singlets under A4.

1 The Majorana mass matrix MN of the
RH neutrinos is generated through the couplings:

a ξ(νcνc) + b (νcνcϕS) (B.1)

where ( · · · ) denotes the contraction to an A4 invariant (see Appendix A) 2 and ϕS ∼ 3 and ξ ∼ 1
under A4. The vacuum alignment of ξ and ϕS achieved, e.g. in [81, 82], is given by:

〈ϕS〉 = vS εΛ(1, 1, 1)
T and 〈ξ〉 = u εΛ (B.2)

where vS and u are assumed to be complex numbers having an absolute value of order one. The
(real and positive) parameter ε is associated with the ratio of a typical VEV of a flavon and the
cut-off scale Λ of the theory. The generic size of ε is around 0.01. The exact range of variability of
ε is specified in the following. The matrix MN can be parametrized as

MN =




−X − 2Z Z Z
Z −2Z Z −X
Z Z −X −2Z


 . (B.3)

1In the model discussed in [81] they transform as the three inequivalent one-dimensional representations 1, 1′ and
1′′ (see Appendix A), whereas in [82] all three right-handed charged lepton fields transform trivially under A4.

2There might exist an additional direct mass term, as in the model defined in [82], M(νcνc). However, this term
leads to the same contribution as the term ξ(νcνc).
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It contains two complex parameters X and Z which are conveniently expressed through their ratio
α = |3Z/X|, their relative phase φ = arg(Z)− arg(X) and |X|. The parameter |X| determines the
absolute mass scale of the RH neutrinos. The matrix MN is diagonalized by UTB (see Eq. 1.17) so
that:

ÛTB = UTB Ω with Ω = diag(e−iϕ1/2, e−iϕ2/2, e−iϕ3/2) (B.4)

leads to

ÛT
TBMN ÛTB = diag(M1,M2,M3) , (B.5)

Mi being the physical RH neutrino masses.

The neutrino Yukawa couplings in the generic class of A4 models considered here, read:

yν(ν
cl)hu (B.6)

so that the neutrino Dirac mass matrix has the simple form:

mD = yν




1 0 0
0 0 1
0 1 0


 vu (B.7)

where vu denotes the VEV of the MSSM Higgs doublet hu. Therefore, the matrix of neutrino
Yukawa couplings (in the basis defined by the flavour symmetry) is:

λ̂ =
mD

vu
. (B.8)

The light neutrino mass matrix arises from the type I see-saw mechanism:

mν = mT
DM

−1
N mD . (B.9)

It is diagonalized by UTB . The light neutrino masses mi (i = 1, 2, 3) are given by:

mi =
y2νv

2
u

Mi
. (B.10)

At LO, the charged lepton mass matrix mℓ is diagonal in this class of models. In the model given
in [81] the charged lepton masses are generated by the coupling to the flavon ϕT with its alignment
〈ϕT 〉 ∝ (1, 0, 0)T (and the coupling to a Froggatt-Nielsen field), whereas in the model defined in [82]
they appear due to the couplings with the flavons ϕT and ξ′, having the alignments 〈ϕT 〉 ∝ (0, 1, 0)T

and 〈ξ′〉 6= 0. Note, in particular, that the mass of the τ lepton stems from a non-renormalizable
coupling:

yτ (τ
clϕT )hd/Λ . (B.11)

Since mℓ is diagonal at this level, the lepton mixing originates only from the neutrino sector.
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B.2 Next-to-Leading Order Corrections

The LO results given above get corrected by multi-flavon insertions, as well as by shifts in the
VEVs of the flavon fields. As a consequence, the matrices MN , mD and mℓ receive corrections.
Correspondingly, the lepton masses and mixings receive relative corrections of order ε. The form of
the corrections of the neutrino Yukawa couplings is of special interest for the study of leptogenesis
and lepton flavour violation in such class of models (see analysis reported in Chapters 4 and 5).
The general parametrization of the form of these corrections depends on all the possible covariants
that can be realized with the two fields νc ∼ 3 and ℓ ∼ 3 under A4:

(νcℓ) = νc1ℓ1 + νc3ℓ2 + νc2ℓ3 ∼ 1 , (B.12)

(νcℓ)′ = νc3ℓ3 + νc2ℓ1 + νc1ℓ2 ∼ 1′ , (B.13)

(νcℓ)′′ = νc2ℓ2 + νc3ℓ1 + νc1ℓ3 ∼ 1′′ , (B.14)

(νcℓ)S =




2νc1ℓ1 − νc3ℓ2 − νc2ℓ3
2νc3ℓ3 − νc2ℓ1 − νc1ℓ2
2νc2ℓ2 − νc3ℓ1 − νc1ℓ3


 ∼ 3S , (B.15)

(νcℓ)A =




νc3ℓ2 − νc2ℓ3
νc2ℓ1 − νc1ℓ2
−νc3ℓ1 + νc1ℓ3


 ∼ 3A , (B.16)

where 3S(A) is the (anti-)symmetric triplet in the product 3× 3 (see Eq. (A.9) for details). As one
can see, the structure of mD at LO coincides with the structure coming from the A4 invariant in
Eq. (B.12). The higher order contributions to mD, given by the expressions reported above, arise
at the next-to-leading order (NLO) level through multi-flavon insertions. Such contributions are
assumed to arise at the level of one flavon insertions and are thus suppressed by ε relative to the
LO result. This is true in the two realizations given in [81] and [82]. All the NLO contributions,
which are of the same form as the LO result, can be simply absorbed into the latter. Contributions
which cannot be absorbed give rise to NLO terms of the form:

yν1′(ν
cℓ)′ψ′′hu/Λ + yν1′′(ν

cℓ)′′ψ′hu/Λ + yνS ((ν
cℓ)Sφ) hu/Λ + yνA ((νcℓ)Aφ) hu/Λ , (B.17)

where ψ′ and ψ′′ stand for flavons which transform as 1′ and 1′′ under A4, respectively. Here φ
denotes a triplet under A4 and, for simplicity, only such contribution is taken into account. For
〈ψ′〉 = w′ εΛ, 〈ψ′′〉 = w′′ εΛ and 〈φ〉 = (x1, x2, x3)

T εΛ (with w′, w′′ and xi being complex numbers
whose absolute value is of order one) it results that these induce matrix structures of the type:

δmD = yν1′w
′′ ε




0 1 0
1 0 0
0 0 1


 vu + yν1′′w

′ ε




0 0 1
0 1 0
1 0 0


 vu (B.18)

+ yνS ε




2x1 −x3 −x2
−x3 2x2 −x1
−x2 −x1 2x3


 vu + yνA ε




0 −x3 x2
x3 0 −x1
−x2 x1 0


 vu .

Apart from this type of contribution one could, in principle, find contributions arising at the
relative order ε due to the perturbation of the VEVs of the flavons at this relative order, when
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NLO corrections are included into the flavon (super-)potential. However, the coupling from which
the LO term in Eq. (B.6) originates is generated at the renormalizable level, i.e. without involving
a flavon. Thus, the most general NLO corrections to the neutrino Dirac mass matrix, δmD, are
of the form given in Eq. (B.18). In explicit models the term δmD has usually a special form. On
the one hand, the flavons in triplet representations have a certain alignment, such as (1, 1, 1)T ,
(1, 0, 0)T , (0, 1, 0)T or (0, 0, 1)T . On the other hand, in such models usually there exist two different
flavour symmetry breaking sectors which are separated by an additional cyclic symmetry. In most
cases each of these sectors contains one triplet of flavons. Considering NLO corrections arising at
the level of one flavon insertions, at most fields from one of the two flavour symmetry breaking
sectors can couple at the NLO level to give rise to corrections to the neutrino Dirac mass matrix.
Thus, there is only one flavon triplet contributing to δmD at this level. In the specific framework
of the model in [81], the NLO terms are given by the triplet flavon ϕT with 〈ϕT 〉 = vT εΛ(1, 0, 0)

T

(vT is complex with |vT | ∼ O(1)), so one has:

δmD = yνS vT ε




2 0 0
0 0 −1
0 −1 0


 vu + yνA vT ε




0 0 0
0 0 −1
0 1 0


 vu . (B.19)

In contrast, in the model reported in [82] the triplet ϕS has 〈ϕS〉 = vS εΛ(1, 1, 1)
T , which gives rise

to the NLO terms such that: 3

δmD = yνS vS ε




2 −1 −1
−1 2 −1
−1 −1 2


 vu + yνA vS ε




0 −1 1
1 0 −1
−1 1 0


 vu . (B.20)

Similar to the neutrino Dirac mass matrix, the matrices MN and mℓ also receive corrections
at the NLO level through multi-flavon insertions and shifts in the flavon VEVs. These corrections
generate small off-diagonal elements in the charged lepton mass matrix mℓ. If the corrections are
of general type, the matrix VeL which satisfies

V †
eLm

†
ℓmℓ VeL = diag(m2

e,m
2
µ,m

2
τ ) , (B.21)

has the form:

VeL ≈




1 zAε zBε
−zAε 1 zCε
−zBε −zCε 1


 (B.22)

where z denotes the complex conjugate of z. The parameters zi are, in general, complex numbers
and |zi| ∼ O(1). The Majorana mass matrix MN of the RH neutrinos also gets contributions from
NLO corrections δMN , so that it is no longer exactly diagonalized by UTB :

V T
R Û

T
TB (MN + δMN ) ÛTBVR = diag(M̃1, M̃2, M̃3) , (B.23)

where VR is defined by:

VR ≈




1 wAε wBε
−wAε 1 wCε
−wBε −wCε 1


 . (B.24)

3A contribution from the flavon ξ transforming as a trivial singlet under A4 can be absorbed into the LO result.
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B.3 Constraints on the Expansion Parameter ε

The mass eigenvalues M̃i are expected to differ from those calculated at LO, Mi, by relative
corrections of order ε. Also here the complex parameters wi have absolute values |wi| ∼ O(1).
For each matrix element in VeL and VR, the leading term in the expansion in ε is shown. In the
two models discussed in [81, 82], one finds that, due to the structure of the NLO terms, not all
parameters zi and wi in VeL and VR, respectively, are arbitrary: in [81] one has zA = zB = zC with
no constraints on wi, while in [82] it results that zi are not related, but wA = 0 and wC = 0.

B.3 Constraints on the Expansion Parameter ε

The size of the expansion parameter ε is strictly related to the possible value of tan β = 〈hu〉/〈hd〉 =
vu/vd. Indeed, the upper bound on ε comes from the requirement that the discussed NLO correc-
tions to the lepton mixing angles do not lead to too large deviations from the experimental best
fit values. The strongest constraint results from the data on the solar neutrino mixing angle and
implies ε . 0.05. A lower bound on ε can be obtained by taking into account the fact that the
Yukawa coupling of the τ lepton should not be too large. As mentioned, a rather generic feature of
the models of interest is that the τ lepton mass is generated through a non-renormalizable operator
involving one flavon. As a consequence, the following relation holds:

mτ ≈ |yτ |ε〈hd〉 = |yτ |εv cos β ≈ |yτ |εv
1

tan β
(B.25)

where v ≈ 174 GeV. Taking mτ at the Z mass scale, mτ (MZ) ≈ 1.74 GeV [113], one has:

0.01 ≈ |yτ |
ε

tan β
. (B.26)

Reasonable values for |yτ | are between 1/3 and 3. Using |yτ | = 3 and tan β = 2 gives: 4

ε ≈ 0.007 . (B.27)

This is the minimal value of ε in this type of models. For ε ≈ 0.05 one finds that |yτ | = 3
corresponds to the largest allowed value of tan β = 15. All smaller values of tan β & 2 are possible
as well.

4As is well known, tan β cannot be too small [114]. The smallest value of tanβ considered here is: tan β = 2.
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Appendix C

Flavon Superpotential in Models of
Chapter 4

C.1 Flavon Superpotential in Model 1

In the construction of the flavon superpotential for Model 1 defined in Section 4.1.1 an additional
U(1)R symmetry introduced under which driving fields have charge +2, superfields containing SM
fermions +1 and flavons, hu,d and FN field(s) are uncharged. To give a VEV of order εΛ to ζ a
new driving field ζ0 is considered, which is a singlet under all symmetries of the model, apart from
carrying a U(1)R charge +2. The terms contributing to the flavon superpotential containing ζ0 at
LO read 1

wζ
d =M2

ζ ζ0 + gaζ0ζ
2 + gbζ0(ϕTϕT ) . (C.1)

Analogously to the original model given in [81], one requires a vanishing F−term of ζ0:

M2
ζ + gaζ

2 + gb(ϕ
2
T1 + 2ϕT2ϕT3) = 0 . (C.2)

At the same time, the field ζ does not couple to the other driving fields, ϕT
0 ∼ (3, 1), ϕS

0 ∼ (3, ω2)
and ξ0 ∼ (1, ω2) under (A4, Z3), in the model at LO. Thus, their F−terms read as in the model
defined in [81]. The solution of the previous equation is

z2 = − 1

ga

(
M2

ζ + gbv
2
T

)
(C.3)

and the same results for the VEVs of ϕT , ϕS , ξ and ξ̃ as in [81] are obtained. For the mass
parameter Mζ being of order εΛ the VEV z is also of order εΛ.

Concerning the NLO contributions stemming from ζ to the alignment of the flavons ϕT , ϕS , ξ
and ξ̃, there is just one term:

tz
λ
ζ2
(
ϕT
0 ϕT

)
, (C.4)

1Terms such as ζ0huhd are not relevant, since the flavor symmetry is broken much above the electroweak scale.
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which gives an additional contribution

3tz
2gga

(
gb +

M2
ζ

v2T

)
v2T
λ

(C.5)

to the shift δvT1 of ϕT . Its size is ε
4Λ, as expected. Furthermore, the shifts δvT2,3 remain unchanged

and thus still equal. The shifts in the vacuum of ϕS and ξ̃ are also unchanged and the VEV of ξ
is still a free parameter. The NLO terms affecting wζ

d read

∆wζ
d =

1

λ

8∑

i=1

ziI
Z
i (C.6)

with

IZ1 = ζ0(ϕTϕTϕT ) , IZ2 = ζ0(ϕSϕSϕS) , IZ3 = ζ0ξ(ϕSϕS) , IZ4 = ζ0ξ̃(ϕSϕS) ,

IZ5 = ζ0ξ
3 , IZ6 = ζ0ξ

2ξ̃ , IZ7 = ζ0ξξ̃
2 , IZ8 = ζ0ξ̃

3 .
(C.7)

The result for the shift in the VEV of ζ, z + δz, in the usual linear approximation, is

δz =
gbg̃4

2gg̃3ga

(
t11 +

g̃24
3g̃23

(t6 + t7 + t8)

)
u3

zλ
− 3gbtz

2gg2a

(
gb −

gat3
tz

+
M2

ζ

v2T

)
v3T
zλ

− 1

2ga

(
z1

(
v3T
u3

)
+

g̃24
3g̃23

z3 + z5

)
u3

zλ
(C.8)

with g4 = −g̃24 and g3 = 3g̃23 as introduced in [81]. This shift δz in 〈ζ〉 is of order λ4cλ. Addition-
ally, it is easy to prove that, unless some non-trivial relation among the couplings in the flavon
superpotential is fulfilled, the VEVs of all driving fields vanish at the minimum.

C.2 Flavon Superpotential in Model 2

Concerning Model 2 defined in Section 4.1.2, in order to induce a VEV for the flavon ζ, it is
necessary to introduce a driving field ζ0 which transforms as 1′ under A4, with −1 under Z4 and
which is invariant under the Z2 symmetry. Since it is responsible for the vacuum alignment, its
charge under the U(1)R symmetry is +2. The LO potential for ζ0 is of the form:

wζ
d = gaζ0ζ

2 + gbζ0(ϕTϕT )
′′ + gcζ0(ξ

′)2 . (C.9)

From the F -term of ζ0 one can derive

gaζ
2 + gb(ϕ

2
T2 + 2ϕT1ϕT3) + gc(ξ

′)2 = 0 . (C.10)

Thus, z takes the value

z2 = − 1

ga

(
gbv

2
T + gc(u

′)2
)
= − 1

ga

(
gbh

2
1

4h22
+ gc

)
(u′)2 , (C.11)
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sin such a way that z ∝ u′ holds in case of no accidental cancellations. The parameter u′ is not
fixed a priori and in [82] it take a value of the order εΛ.

As one can check, the field ζ does not have renormalizable interactions with the driving fields,
ϕT
0 ∼ (3,−1), ϕS

0 ∼ (3, 1) and ξ0 ∼ (1, 1) under (A4, Z4), of the original model given in [82]. Thus,
the results for the vacuum alignment found in [82] still hold.

At NLO the field ζ contributes to the flavon superpotential of the original model through

1

Λ
ζ2(ϕT

0 ϕS)
′ , (C.12)

while it does not introduce any contribution at this level involving ϕS
0 or ξ0.

The NLO effects on the vacuum alignment of the field ζ stem from (order one coefficients are
omitted)

1

Λ
ζ0ζ

2ξ +
1

Λ
ζ0(ϕTϕTϕS)

′′ +
1

Λ
ζ0ξ(ϕTϕT )

′′ +
1

Λ
ζ0ξ

′(ϕTϕS)
′ +

1

Λ
ζ0ξ

′ξ′ξ . (C.13)

Computing the effect of all NLO terms on the vacuum alignment one finds that all shifts δvSi are
still equal, i.e. the shifts do not change the structure of the vacuum. Therefore the generic size
of all shifts, for mass parameters and VEVs of order εΛ, is ε2Λ. The free parameter u′ is still
undetermined.

Eventually, it is easy to prove that all driving fields can have a vanishing VEV at the minimum.
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