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Introduction

String theory is widely considered to be the leading contender for a reconcilia-
tion of general relativity with quantum mechanics. Many propose it as the “final
theory” or the “theory of everything”. Even without assuming this viewpoint in
its entirety, string theory can certainly provide a deep insight on what one should
expect from a theory of quantum gravity, like the calculation of the entropy of
a quantum black hole [86], the topological fluctuations of spacetime [47] and its
“foamy” nature [81, 57]. From a mathematical viewpoint, string theory is contin-
uously giving new intuitions and tools to different areas such as geometry and the
theory of dynamical systems.

In spite of these successes, and leaving aside the obvious aim of making string
theory face up to reality, its very definition can be considered quite unsatisfactory.
Physical quantities, such as partition functions or scattering amplitudes, are de-
fined via a perturbative, asymptotic expansion around a “classical vacuum,” the
genus expansion. This expansion is given in terms of conformal field theorieson
Riemann surfaces and is not generated in any obvious way by a path-integral of
the form used for quantum field theories.

String field theory, both in its open [95] and in its closed version [99], is an
attempt to do exactly this, that is, to capture the genus expansion in terms of
Feynman graphs. However, like for quantum field theories, itis clear that many
effects are invisible at a perturbative level. The understanding that other higher-
dimensional objects, called D-branes, belong to the space of states of string theory
[84], and that string theory is ultimately not just a theory of strings, represents an
important step in the attempt to give an answer to the question “what is string
theory?,” i.e. give a nonperturbative definition of string theory. In the perturbative
worldsheet formulation D-branes arise as boundary conditions for open strings
and, in fact, the “D” in the name stands for “Dirichlet” boundary conditions for
the open strings. In string field theory, and in its low-energy (super)gravity limit,
they can be understood as charged solitons.

In the moduli space of string theory vacua, topological strings have a privi-
leged role. The simplification of their degrees of freedom, with respect to e.g.
type II strings, permits in many cases to calculate their solution explicitly. Thus,
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topological strings can be considered a “theoretical laboratory” for general fea-
tures of string theory, as brane dynamics, open/closed string dualities, etc. Their
connection with algebraic properties of target spaces, in particular for threefolds
with trivial canonical bundle (Calabi-Yau spaces), is a source of intuition and in-
spiration to algebraic geometry. Their connection with integrability, both classical
and quantum, can, in principle, provide new kinds of integrable systems and inte-
grable hierarchies. Finally, topological string amplitudes are directly connected to
supersymmetry-protected quantities in type II strings andsupersymmetric gauge
theories. These features explain the strong interest in obtaining a deeper under-
standing of the properties of topological strings.

In topological strings there are two models, called A-modeland B-model. As
conformal field theories on the worldsheet, they are string theories of bosonic
type; for the definition of a bosonic string vacuum, see [64, 14] and the lecture
notes [33]. When defined on Calabi–Yau threefolds, they depend respectively
on the Kähler structure and on the complex structure of the target space. For
this reason, topological strings could be considered as semi-topological theories
of gravity in six dimensions; for the basics, see the lecturenotes [94] and the
references therein. In fact, as suggested by many examples,topological strings
could provide a unifying description of different areas of mathematics, such as
random objects (matrix models, random partitions), integrable hierarchies, moduli
spaces of algebraic objects and enumerative invariants, homological algebra of
derived categories. The connections among these areas stemfrom a string theory
viewpoint as “dualities,” namely equivalences of theoriesdefined around different
classical vacua.

One very well-known duality is mirror symmetry, which relates the topolog-
ical A-model on a Calabi–Yau manifold to the B-model on a dual“mirror man-
ifold”, mapping the Kähler structure of the first to the complex structure of the
second. From the target-space viewpoint, it is actually a perturbative duality since
it is conjectured to hold order by order in the genus perturbative expansion, but
it is a non-perturbative duality seen as a duality of the twoσ-models. Since the
predictions about rational curves on the quintic threefold[26], mirror symmetry is
mathematically much better understood, see for example [87, 29, 59] for different
viewpoints and the almost all-comprehensive book [56]. Even though it is not yet
clear what mirror symmetry really is, it is probably one of the best understood
(topological) string theory dualities.

Another duality has been conjectured long ago by ’t Hooft [92] in the con-
text of QCD-like theories for strong interactions and is known as large-N duality
or open/closed string duality. It relates open strings/gauge theories on one side
with closed strings on the other side. Recently large-N duality has been conjec-
tured to be related to geometric transitions [46, 23, 24, 25]. Geometric transitions
interpret the resummation of the open string sector of an open-closed string the-
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ory as a transition in the target space geometry, connectingtwo different com-
ponents of a moduli space of Calabi-Yau threefolds. In the B-model this ends
up in many examples as a relation between the special geometry of the moduli
space of complex structures of a Calabi–Yau threefold, the Kodaira–Spencer the-
ory of gravity, on the closed string side and random matriceson the open string
side [35, 36, 37]. Also, large-N duality has led on the A-model side to the exact
computation of Gromov–Witten invariants for any (non-compact) toric Calabi–
Yau threefolds by gluing elementary trivalent graphs together, [2]. In [68] these
results were placed on firmer mathematical ground by using the relative Gromov–
Witten theory. Large-N transitions touch profoundly the very nature of a quantum
spacetime, since spacetime itself becomes an emergent feature with respect to the
original gauge/open string formulation. We will actually come back again toge-
ometric transitions, and in some sense they will be a guidingidea for the present
work.

A last duality, known as S-duality, has led to somehow similar results for
the A-model, relating Gromov–Witten theory to Donaldson–Thomas theory and
random partitions, [57, 81, 76]. It is a nonperturbative duality from the target-
space viewpoint.

In this thesis we shall attempt to plot a course, touching on some of these dual-
ities and trying to identify a possible building block for B-type topological strings
on Calabi–Yau threefolds. In actual fact, we shall just takea first step in that di-
rection. In particular, we will consider the dynamics of topological B-branes on
curves in local Calabi–Yau threefolds. In the B-model, the category of topological
branes is conjectured to be equivalent to the bounded derived category of coher-
ent sheaves on the threefold. We shall restrict ourselves tothe objects that can be
represented as complex submanifolds with vector bundles onthem and we will
mostly discuss the case of complex dimension 1.

To motivate our study, let us take a closer look at large-N dualities, relating
open strings to closed strings. For a very clear introductory discussion of large-
N dualities and geometric transitions in the context of topological strings, see
[71, 72] and the book [73]. Closed strings are defined by usingtwo-dimensional
conformal field theories (CFTs) coupled to two-dimensionalgravity. In particular,
a geometric vacuum is specified by a conformalσ-model, i.e. a theory of maps
x : Σg→ X, whereΣg is a Riemann surface of genusgandX is the target manifold.
One can compute the free energiesFg(ti) at genusg as correlation functions of the
two-dimensionalσ-model coupled to gravity, whereti are geometric data of the
target spaceX. The partition function of the string theory is given in a genus
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expansion as the generating function

F(gs; ti) :=
∞∑

g=0

g2g−2
s Fg(ti), (1)

wheregs is the string coupling constant (sometimes indicated as~, λ or ǫ).
On the other hand, open string theory is defined as a theory of maps from an

“open” Riemann surfaceΣg,h of genusg and withh boundaries to a target mani-
fold X with fixed boundary conditions for these maps. One can imposeDirichlet
boundary conditions by fixing a submanifoldS where the open strings have to
end, i.e. the map sends the boundary ofΣg,h to S. Also, Chan–Paton factors
will induce aU(N) gauge symmetry. This is a configuration withN D-branes
“wrapped” aroundS. The open string amplitudesFg,h can be arranged in a gener-
ating function as follows

F(gs,N) :=
∞∑

g=0

∞∑

h=1

g2g−2+h
s NhFg,h. (2)

In this expression the sum overh can be formally resummed. One introduces the
’t Hooft parametert := gsN and rewrites the expression (2) as (1) by defining

Fg(t) :=
∞∑

h=1

Fg,ht
h.

In this way, one is describing an open string theory in the presence ofN branes
formally using a closed string genus expansion. Of course, one would like to know
whether this expansion can actually be obtained from a closed string theory. The
first example in which an open string theory on a given background with D-branes
was conjectured to be equivalent to a closed string theory onanother background
is known as AdS/CFT correspondence [69], reviewed in [4]. In this case, typeIIB
open/closed string theory inR10 with N D3 branes onR4 ⊂ R10 is conjectured
to be equivalent in some limit to type IIB closed string theory on AdS5 × S5. In
particular, the open string side in this limit turns out to bethe conformalN = 4
U(N) super-Yang-Mills theory in 4 dimensions.

As indicated above, D-branes can be understood as extended sources. In
type II string D-branes are sources of the Ramond–Ramond field. In topologi-
cal strings, one expects branes to be sources of the Kähler (1, 1)-form J for the
A-model and of the holomorphic (3, 0)-formΩ for the B-model. Using this idea,
it is possible to give an “intuitive” explanation of the effect of branes on the geom-
etry, see for example [79] for a discussion. Let us consider aholomorphic 2-cycle
Σ ⊂ X around which a B-brane can be wrapped and a 3-cycleM, which links the
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2-cycleΣ. This means thatM = ∂S for a 4-cycleS intersectingΣ once, in the
same way that two real curves can link one another in a space ofreal dimension
3. M is homologically trivial as a cycle inX (but nontrivial inX − Σ) and

∫

M
Ω = 0 (3)

since dΩ = 0. The effect of N B-branes onΣ ⊂ X is to “generate a flux ofΩ
through M” ∫

M
Ω = Ngs =: t (4)

This fact suggests a privileged role for B-branes of complexdimension 1, since
there is no other field for the branes in different dimensions. The “classical” exam-
ple of this phenomenon is known as conifold transition. In the topological string
setting it has first been studied for the A-model in [46]. In the “S-dual” B-model
case, one starts on the open side with the total space of the holomorphic vector
bundle

OP1(−1)⊕ OP1(−1) . (5)

with N B-type branes on the zero section of the bundle. This local Calabi–Yau
threefold is known as theresolved conifoldsince it can be obtained as the small
resolution of the singular hypersurface inC4

uv− xy= 0 (6)

called theconifold, a cone over the quadric surfaceP1 × P1 ⊂ P3. The large-N
closed dual of this geometry is conjectured to be the so-calleddeformed conifold,
given as a hypersuface inC4

uv− xy= t (7)

where the parameter of the deformationt ∈ C is the ’t Hooft parameterNgs. In
this example the cycles linking each other are topologically S2 and S3: when
the first is homologically trivial the other is not (and vice versa). Note also that
these spaces have the same “asymptotic topology”. All the other known cases of
large-N dual Calabi-Yau threefolds in topological strings [35, 36,37, 43, 31, 32]
are given as extremal transitions, which is very much in the spirit of the previous
example.

With these motivations in mind, we will consider the class ofnoncompact
smooth Calabi–Yau threefolds that are topologically fibrations over a compact
Riemann surface, thelocal curves, and study the dynamics of B-branes wrapped
around the curve. There are different but closely related possible approaches to
this problem. The first one is of course the worldsheet approach, but we will not
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consider it here. A second one, is the study of the open stringfield theory of the
B-brane. Finally, the classicalgs = 0 limit of these dynamics for one single brane
reduces to the deformation theory of the curve inside the Calabi–Yau threefold
[15].

In chapter 1 we define the classes of smooth Calabi–Yau threefolds that can
be obtained as bundles over smooth curves and smooth surfaces with linear fibres,
the local curvesandlocal surfaces, and derive some of their properties.

In chapter 2 we consider the string field theory approach to brane dynam-
ics. The open string side of B-model has been shown to be represented by a six-
dimensional holomorphic Chern–Simons theory [96]. The dynamics for lower di-
mensional branes can be obtained by dimensional reduction of the Chern-Simons
theory to the world-volume of the brane. We give a reduction prescription for the
holomorphic Chern–Simons action functional, following [16, 17]. We consider
as target space of the theory a local curve, that is, aC

2 fibre bundle on a curve of
given genus, withN B-branes on the curve. After reduction to the branes one ends
up with a holomorphically deformedβ-γ system on the curve, with the coupling
constants of the deformation given by the complex structureof the target space.
In some cases, this theory can be shown to reduce to a matrix model, suggesting
some form of integrability for the original topological string theory. This con-
struction corresponds, in the framework of type IIB string theory, to spacetime
filling D5-branes wrapped around two-dimensional cycles and to the engineering
of a 4D effective gauge theory. The number of chiral multiplets in the adjoint rep-
resentation of the gauge group is equal to the number of independent holomorphic
sections of the normal bundle to the curve. The superpotential of the gauge the-
ory is given by the genus zero topological amplitude. From a similar construction
[18], one can also obtain chiral multiplets in the fundamental representation of the
gauge group, the flavour fields. The previous analysis shouldof course be com-
pared with the calculations done using the derived categoryof coherent sheaves
on the target space, and with the methods of [9].

In chapter 3 we consider the classical limit of the previous approach and the
deformation theory of the curve in the threefold for a class of Calabi–Yau three-
folds, theLaufer curves. From a purely geometric viewpoint, the critical points of
the D-brane superpotential are connected with the versal deformation space of the
curve in the target Calabi-Yau space. This remark, togetherwith the Serre duality
between deformation space and obstruction space for curvesin Calabi-Yau three-
folds, suggested the existence of a single holomorphic function whose differential
gives the obstruction map of the theory [63, 28], and whose derivatives should
give the successive jets to the curve. One wants to explicitely construct the rele-
vant superpotential from the parameters of the geometry. Inparticular, following
[21], we prove a conjecture by F. Ferrari [43] for the rational case, connecting the
Hessian of the superpotential at a critical point to the normal bundle to the curve.
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In this case, one also finds that the superpotential is connected to the geometric
potential by a map that is dual to the “multiplication of the sections” map, a result
that is generalizable to the non-rational case [22].

Thus, a more difficult problem, which also serves as a motivation for the pre-
vious work, is to understand more general large-N transitions, for example in the
case of the local curve in higher genus, with the hope of describing them as a
renormalization group flow of the 6-dimensional topological field theory. For the
local curve probably only some part of the moduli space admits a dual geometric
description, and this should be related to asymptotic freedom in the physical the-
ory. This is left to further investigation, and we just add a few more comments in
the conclusions.

In the appendices we summarize the relation between topological strings and
type II string theories and we give a short derivation of the open string field theory
for the B-model with holomorphic Chern–Simons theory. We also recall some
definitions of the objects used in the text. These appendicesare simply intended
as a list of useful background notions.
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Chapter 1

Local Calabi–Yau threefolds

In this chapter we introduce the geometries we shall use in the following chapters
and give some of their properties. We consider noncompact smooth Calabi–Yau
threefolds that can be obtained as total spaces of (not necessarily holomorphic)
fibre bundles with linear fibres over compact complex manifolds. We will call
them local curveswhen the base manifold has complex dimension 1 andlocal
surfaceswhen it has complex dimension 2. Just for completeness, we could even
define alocal point to be isomorphic toC3 and alocal threefoldto be a compact
Calabi–Yau threefold.

We consider these threefolds as tubular neighborhoods of smooth submani-
folds of a Calabi–Yau threefold, but we shall not discuss theconvergence issues
that arise when considering power series. These geometriescould be understood
as formal schemes, see [53].

1.1 Local curves

Definition 1. Let X be a complex threefold,dimC X = 3, andΣ a compact Rie-
mann surface. Then(X,Σ) is called a(Calabi–Yau) local curveif

1. X is the total space of aC2 fibre-bundle overΣ as a differential manifold
(local curve condition);

2. X has trivial canonical bundle, KX ≃ OX (Calabi–Yau condition);

3. Σ is a complex submanifold of X.

Note that at this point we are not assumingX to be a holomorphic bundle
over Σ, that is, we are not assuming the existence of a holomorphic projection
π : X→ Σ. Also, in generalΣ is not embedded as the zero section of the bundle.
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2 Local Calabi–Yau threefoldsX�C 2 �
Figure 1.1: The local curve, see the definition 1 and the transition functions (1.28).
The projectionπ : X→ Σ is a holomorphic map only when the terms{Ψ0} vanish.

We now consider more and more general examples of local curves, starting
with the simplest one, namely that of a rank-2 holomorphic vector bundle on a
compact Riemann surface, thelinear local curve, and then considering classes
of nonlinear deformations. For each example, we will first provide some general
consideration and then the explicit transition functions of the threefold.

1.1.1 The linear local curve

Let π : V → Σ be a holomorphic rank-2 vector bundle on a compact Riemann
surface, see [52]. Then there exist line bundlesφ andφ′ overΣ such thatV is an
extension ofφ′ by φ, that is, there is given an exact sequence of analytic sheaves
of the form

0→ φ′ → V → φ→ 0 (1.1)

where here and in the following we use the same symbol for the vector bundle
and for the sheaf of its sections. Extentions of one line bundle by another are
classified by the cohomology groupH1(Σ, φ′φ−1). Note that this group does not
give a classification of vector bundles up to isomorphisms. The trivial extension
φ ⊕ φ′ corresponds to the zero element of the group.

The Calabi–Yau condition is equivalent to the condition

detV ≃ KΣ. (1.2)

This can be seen for example using the sequence of vector bundles onV (Atiyah
sequence)

0→ π∗V → TV → π
∗TΣ → 0 (1.3)



1.1 Local curves 3

and

KV ≃ (detTV)−1 ≃ π∗
(
(detV)−1KΣ

)
. (1.4)

As for the line bundlesφ andφ′, this impliesφ′ ≃ KΣφ−1. Using Serre duality, one
obtains the canonical isomorphismH1(Σ,V) ≃ H0(Σ,V)∗.

Let U = {Uα} be an atlas forΣ over whichV trivializes, { fαβ(zβ)} transition
functions onΣ for the given atlas, and{φαβ(zβ)} and{φ′αβ(zβ)} the transition func-
tions for the line bundlesφ andφ′. Then, the transition functions for the vector
bundleV are 

zα = fαβ(zβ)
ω1
α = φαβ(zβ)ω

1
β

ω2
α = φ

′
αβ(zβ)

(
ω2
β + 2σαβ(zβ)ω1

β

) (1.5)

where the family of functions{σαβ} gives a cocycle inZ1(U, φ′φ−1). The Calabi–
Yau condition in local coordinates reads

φ′αβ(zβ) = φαβ(zβ)
(
f ′αβ(zβ)

)−1
(1.6)

and the prime′ on the right hand side stands for derivation with respect tozβ.

Notice that vector bundles on a compact Riemann surfaces of genusg are topo-
logically classified by their rank and their degree, see for example [67]. In our
case we have a rank-2 vector bundle of degree deg(V) = deg(KΣ) = 2g − 2 ∈ Z.
Thus, for a fixed genusg, all these vector bundles are isomorphic each other as
differential manifolds. In particular they are all isomorphic to T∗Σ × R2 .

In the rational case, i.e.Σ ≃ P1, by Grothendieck’s classification of vector
bundles on curves of genus zero [49],V splits as a direct sum of two line bundles.
The Calabi-Yau condition gives

V ≃ OP1(n) ⊕ OP1(−n− 2), n ∈ Z, n ≥ −1. (1.7)

In the standard atlasU = {U,U′} of P1, the transition functions for the total spaces
of these vector bundles read

z′ = 1/z
ω′1 = z−nω1

ω′2 = zn+2ω2.
(1.8)

Let us noteen passantthat, among the local curves, those are the only examples of
toric Calabi–Yau threefolds, sinceP1 is the only 1-dimensional complex compact
toric manifold (i.e. 1-dimensional nonsingular complete toric variety). For the
definition and the properties of toric varieties, see [44] (and also [10], for the
symplectic viewpoint).



4 Local Calabi–Yau threefolds

We want to consider now the spaceH1(V,TV) of infinitesimal complex struc-
ture deformations ofV. At the risk of being tautological, these deformations cor-
respond to vertices of the string theory, in particular to variations of the string
background. Our aim is to write the infinitesimal complex structure deformations
of V as elements of cohomology groups defined on the baseΣ. For this reason,
let us first remark that the Atiyah sequence (1.3) induces a long exact sequence in
cohomology of the form

0→ H0(V, π∗V)→ H0(V,TV)→ H0(V, π∗TΣ)→

→ H1(V, π∗V)→ H1(V,TV)→ H1(V, π∗TΣ)→ · · · (1.9)

Sinceπ is an affine map, we can use the proposition 7 in the appendix C.5 to
reduce to cohomology groups on the baseΣ as follows

0→ H0(Σ, π∗π
∗V)→ H0(V,TV)→ H0(Σ, π∗π

∗TΣ)→

→ H1(Σ, π∗π
∗V)→ H1(V,TV)→ H1(Σ, π∗π

∗TΣ)→ 0 (1.10)

We now use the projection formulaπ∗π∗V = V ⊗ π∗OV (proposition 6) to obtain

0→ H0(Σ,V ⊗ π∗OV)→ H0(V,TV)→ H0(Σ,TΣ ⊗ π∗OTΣ)→

→ H1(Σ,V ⊗ π∗OV)→ H1(V,TV)→ H1(Σ,TΣ ⊗ π∗OTΣ)→ 0 (1.11)

Usingπ∗OV =
⊕

l≥0 SymlV∗, we finally have the sequence

0→
⊕

l≥0

H0(Σ,V ⊗ SymlV∗)→ H0(V,TV)→
⊕

l≥0

H0(Σ,K l−1
Σ )→

→
⊕

l≥0

H1(Σ,V ⊗ SymlV∗)→ H1(V,TV)→
⊕

l≥0

H1(Σ,K l−1
Σ )→ 0. (1.12)

Among these deformations, it is possible to recognize the groupH1(Σ,TΣ) of in-
finitesimal deformations of the base (first on the right) and the groupH1(Σ,End(V))
of infinitesimal deformations of the linear bundle structure (second on the left).
Notice also that all the deformations on the left, for a fixed Riemann surfaceΣ,
strongly depend on the vector bundleV; in fact, there is no reason to expect a
smooth moduli space. On the other hand, the deformations on the right do not
depend on the vector bundleV: they are the deformations “along the base” and do
not preserve the existence of the holomorphic projectionπ : V → Σ.

Let us consider as an example the vector bundles on rational curves

V ≃ Vh := OP1(h− 1)⊕ OP1(−h− 1), h ≥ 0 (1.13)

whereh := dimH0(P1,O(n)) = n+ 1 for n ≥ −1. In this case

Vh ⊗ SymlV∗h ≃ (O(h) ⊕ O(−h))
l⊕

m=0

O ((l − 2m)h+ l − 1) . (1.14)
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For theresolved conifold, i.e. h = 0, the only deformations are those along the
base, since the conifold has no nontrivial deformations. For h = 1, we have that

dimH1
(
P

1,V1 ⊗ SymlV∗1
)
= 1, l ≥ 0. (1.15)

Let us remark that, among these complex structure deformations, we are inter-
ested only in those preserving the Calabi–Yau condition, that is, the triviality of
the canonical bundle.

1.1.2 The Laufer curve

The second example we consider is the Laufer curve.1 We shall define this class
of local Calabi-Yau threefolds by giving their transition functions.

Let againΣ be a smooth algebraic curve,U = {Uα} an atlas forΣ and{ fαβ(zβ)}
transition functions onΣ for the given atlas. Letφ, φ′ two holomorphic line bun-
dles onΣ with transition functions{φαβ(zβ)} and{φ′αβ(zβ)}. We want to consider a
nonlinear deformation of the vector bundleφ ⊕ φ′ of the form



zα = fαβ(zβ)
ω1
α = φαβ(zβ)ω

1
β

ω2
α = φ

′
αβ(zβ)

(
ω2
β + ∂ω1

β
Bαβ(zβ, ω1

β)
)
.

(1.16)

These transition functions define a bundleX → Σ with fibre C2. We will call
{Bαβ(zβ, ω1

β)} thegeometric potential, with Bαβ holomorphic onUαβ × C.
If we expand the geometric potential in its second variable

Bαβ(zβ, ω
1
β) =

∞∑

d=1

σ(d)
αβ (zβ)(ω

1
β)

d (1.17)

then we have the following.

Lemma 1. Each coefficientσ(d) may be regarded as a cocycle defining an element
in H1(Σ, φ′φ−(d−1)).

Proof. The compatibility on triple intersections gives

ω2
α = φ

′
αβ(zβ)

(
ω2
β + dσ(d)

αβ(zβ)(ω
1
β)

d−1
)

= φ′αβ(zβ)
(
φ′βγ(zγ)ω

2
γ + φ

′
βγ(zγ)dσ

(d)
βγ (zγ)(ω

1
γ)

d−1+

dσ(d)
αβ(zβ)(φβγ(zγ))

d−1(ω1
γ)

d−1
)

1The examples in [66] are actually rational curves, here we consider their generalization in any
genus.
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Hence, we obtain forσ(d) the cocycle condition

σ(d)
βγ (zγ) + σ

(d)
αβ (zβ)(φ

′
βγ(zγ))

−1(φβγ(zγ))
d−1 = σ(d)

αγ(zγ)

We impose the following equivalence conditions onσ andσ′. We consider the
change of coordinates

ω̃1
α = ω

1
α

ω̃2
α = ω

2
α + hα(zα)(ω

1
α)

d−1

from which we obtain the coboundary condition

σ(d)
αβ (zβ) − σ̃

(d)
αβ (zβ) = hβ(zβ) − hα(zβ) . �

If we now impose the Calabi-Yau condition, i.e. triviality of the canonical
bundle, we obtain thatφ′ ≃ KΣφ−1, whereKΣ is the canonical bundle on the curve,
and no condition on the geometric potentialB. The cohomology groups of the
previous lemma becomeH1(Σ, φ′φ−(d−1)) = H1(Σ,KΣφ−d) ≃ H0(Σ, φd)∗, where the
last equality is Serre duality.

Definition 2. A Laufer (local) curveis a noncompact Calabi–Yau threefold de-
fined by transition functions of the form (1.16).

In chapter 3 we will also assume thatH0(Σ, φ) := h > 0 andH1(Σ, φ) = 0.
Notice also that a Laufer curve can be seen as a kind of nonlinear generalization
of an extension of two line bundles. In fact, it is a fibre bundle over a compact
Riemann surface and moreover, given a holomorphic sectionΣ, there exist line
bundlesφ andφ′ overΣ and holomorphic maps

p : X→ Sφ
i : Sφ′ → X (1.18)

whereSφ andSφ′ are the total spaces ofφ andφ′.

1.1.3 The holomorphic bundle case

We now consider a more general case, that is, we considerπ : X → Σ a holomor-
phicC2 fibre bundle on a compact Riemann surfaceΣ. We can write the transition
functions ofX as



zα = fαβ(zβ)
ω1
α = φαβ(zβ)w

1
αβ

(
zβ, ωβ

)

ω2
α = ( f ′αβ(zβ))

−1(φαβ(zβ))−1w2
αβ

(
zβ, ωβ

)
.

(1.19)
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As before, we choosed an atlasU = {Uα} for Σ over whichX trivializes, and
{ fαβ(zβ)} are the transition functions onΣ for the given atlas. For later convenience,
and without loss of generality, we put in evidence the transition functions of two
line bundlesφ andφ′ ≃ KΣφ−1. For eachzβ ∈ Uαβ, the transition functions give
invertible holomorphic maps

wαβ(zβ, ·) : C2 → C2. (1.20)

The Calabi–Yau condition, i.e. the existence of a nowhere vanishing holomor-
phic (3, 0)-formΩ, implies the transition functions

dzα ∧ dω1
α ∧ dω2

α = dzβ ∧ dω1
β ∧ dω2

β. (1.21)

These last conditions in turn implies that

dw1
αβ ∧ dw2

αβ = dω1
α ∧ dω2

α (1.22)

for eachzβ ∈ Uαβ, i.e. the transition functions are holomorphic symplectictrans-
formations

wαβ : Uαβ → Sp(C
2). (1.23)

Thus, the solution of the Calabi–Yau condition can be given in terms of a set
of potential functionsχαβ (one for each double patch intersection modulo triple
intersections identities), thegeometric potential, which generates the transition
functions as

ǫi j w
i
αβdwj

αβ = ǫi jω
i
αdω

j
α − dχαβ. (1.24)

If we consider the transition functions ofX as deformations of a linear bundle
and write

wi
αβ = ω

i
α + Ψ

i
αβ(zβ, ωβ), (1.25)

then the deformed complex structure preserves the Calabi–Yau condition if in any
Uα ∩ Uβ we have det(1+ ∂Ψ) = 1, where (1+ ∂Ψ)i

j = δ
i
j + ∂ jΨ

i.
Let us specify the previous construction in the caseΣ = P1. In this case the

generic variation is
ω′i = zni

(
ωi + Ψi (z, ω)

)
(1.26)

wheren1 := n andn2 := −n−2. The functionsΨi in (1.26) are analytic onC∗×C2,
that is, they are allowed to have poles of finite order at 0 and∞ in zand have to be
analytic inω = (ω1, ω2). The Calabi-Yau condition is solved by a single potential
function as follows

ǫi jw
idwj = ǫi jω

idω j − dχ, (1.27)

where, as before,wi = ωi + Ψi(zS, ω).
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1.1.4 The general deformations

A general complex structure deformation is given by the transition functions


zα = fαβ(zβ)
(
1+ Ψ0

αβ

(
zβ, ωβ

))

ωi
α = Vi

jαβ

(
zβ
) (
ω

j
β + Ψ

j
αβ

(
zβ, ωβ

))
, i, j = 1, 2

(1.28)

where{Vαβ} defines a rank-2 holomorphic vector bundle onΣ andΨi
αβ are analytic

functions on double patch intersections, constrained by the chain rules on multi-
ple patch intersections. The deformation is trivial if it can be reabsorbed via an
analytic change of coordinates.

The Calabi–Yau condition reads

dzα ∧ dω1
α ∧ dω2

α = dzβ ∧ dω1
β ∧ dω2

β. (1.29)

1.2 Local surfaces

Most of the considerations of the previous section could be extended also to the
case of local surfaces. In the following we briefly consider afew examples of the
linear case.

Let S be a two-dimensional complex manifold. The total spaceXS of a line
bundle onS is a Calabi–Yau threefold if the line bundle is the canonicalbundle of
the surfaceS. The complex manifold is defined by the transition functions

{
zα = fαβ

(
zβ
)

pα = [detXαβ]−1pβ, where [Xαβ] := ∂zβ fαβ
(1.30)

where{Uα} is an atlas onS extending to an atlas onXS by Wα = Uα × C and
z = (z1, z2) are the local coordinates ofS.

The only toric local surfaces are those constructed from theprojective plane
P

2, from the Hirzebruch surfacesFa (the total spaces of the projective bundles
P(O(a) ⊕ O) → P1) and from successions of blow-ups ofP2 or Fa at fixed points
under the toric action, see [44].



Chapter 2

Topological string fields
on the local curve

In this chapter we describe the reduction of the topologicaltype-B open string field
theory to holomorphic cycles in local Calabi-Yau threefolds [16, 17], that gives the
dynamics of topological branes on these cycles. In particular cases and for branes
on rational curves, the field theory on the brane further reduces to a multi-matrix
model with couplings connected with the complex structure parameters of the
target space. Topological type-B branes on holomorphic two-cycles of a Calabi-
Yau local curve (see the previous chapter) is what we call theB-side of the local
curve. For a very recent discussion of related topics, see [74], and for the A-side
of the local curve, see for example [27] and the references therein.

These computations are strictly related to the properties of the “physical” (type
II) theory compactified on backgrounds of the formR1,3×X, whereX is a Calabi-
Yau threefold. In the presence of BPS branes and fluxes, the theory generically
produces low energy effective theories withN = 1 supersymmetry. The topo-
logical B-model computes particular topological terms of the low energy effec-
tive action (see the appendix A for further details). While the relation between
open/closed string moduli and effective gauge theories is quite well understood
in the case ofN = 2 supersymmetry, theN = 1 case still lacks of a complete
understanding. For this reason, the study of the dynamics ofbranes in Calabi–Yau
manifolds has attracted a lot of attention both in connection with its theoretical
and phenomenological applications, e.g. [62, 40, 41]. In particular, considering
D-branes wrapped around two-cycles in a non-compact Calabi–Yau manifold one
can link the superpotential of theN = 1 supersymmetric gauge theories living on
the space-filling branes to the deformation of the Calabi–Yau geometry [58, 9].
See also the discussion in chapter 3.

The topological open B-model on a Calabi–Yau threefoldX with N space-
filling B-branes (i.e. wrapping the whole Calabi–Yau threefold) can be obtained

9
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from open string field theory and reduces [96] to the holomorphic Chern-Simons
theory onX; we give a short derivation of this result in the appendix B. The action
of holomorphic Chern-Simons theory is

S(A) =
1
gs

∫

X
Ω ∧ Tr

(
1
2

A ∧ ∂̄A +
1
3

A ∧ A ∧ A

)
(2.1)

whereA is a (0, 1)-form connection onX with values in End(E), with E a holo-
morphic vector bundle onX, andΩ is a holomorphic (3, 0)-form onX. The theory
described by this action is a very peculiar gauge theory in six real dimensions.
Basically one could say that the theory is not really well defined, since the fuc-
tional is not gauge invariant. Moreover it is a chiral (or holomorphic) theory and
one should provide the “slice” in the space of fields over which one is integrating.
We briefly discuss these topics in the appendix B, section B.2, but we shall not
consider them again in the following sections.

The dynamics of a lower dimensional B-brane on a complex submanifoldS ⊂
X can be described by reducing the open string field theory fromthe spaceX to
the B-brane world-volumeS. It would be very interesting to obtain the action
of lower dimensional branes from a microscopic analysis. Inthe language of
derived categories, these branes correspond to complexes with just one non-trivial
coherent sheaf supported on the submanifold, see for example [8] for details.

Since all the considerations are purely local, we can restrict ourself to non-
compact Calabi–Yau threefolds obtained as deformation of holomorphic vector
bundles on the holomorphic cycleS, called local curvewhen dimC S = 1 and
local surfacewhen dimC S = 2. Most of our considerations will be related to the
case of the local curve, see figure 1.1. LetΣ be a compact Riemann surface and
{Uα} an atlas forΣ; the transition functions forX can be written


zα = fαβ(zβ) + Ψ0

αβ

(
zβ, ωβ

)

ωi
α = Mi

jαβ

(
zβ

) [
ω

j
β + Ψ

j
αβ

(
zβ, ωβ

)]
, i, j = 1, 2

(2.2)

where fαβ are the transition functions on the base,Mαβ the transition functions of
a holomorphic vector bundleV andΨ j

αβ are deformation terms, holomorphic on
the intersections (Uα ∩ Uβ) × C2.

The Calabi-Yau condition on the spaceX, i.e. the existence of a nowhere
vanishing holomorphic top-formΩ = dz∧dw1∧dw2, puts conditions on the vector
bundle and on the deformation terms. The determinant of the vector bundleV has
to be equal to the canonical line bundle onΣ and for the transition functions this
means detMαβ × f ′αβ = 1. WhenΨ0 = 0, for the deformation terms we have
det(1+ ∂Ψ) = 1, where (1+ ∂Ψ)i

j = δ
i
j + ∂ jΨ

i. The solution of this condition
can be given in terms of a set of potential functionsχαβ, thegeometric potential,
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which generates the deformation via

ǫi j w
i
αβdwj

αβ = ǫi jω
i
αdω

j
α − dχαβ,

where we define thesingular coordinates wiαβ = ω
i
α + Ψ

i
αβ(z

β, ωβ).
In the first section we give a reduction prescription and obtain the reduced

action for the linear geometryΨi ≡ 0, i.e. for a rank-2 holomorphic vector bundle
V → Σ, restricting ourselves to the case in whichE is trivial. The result turns out
to be

Sred =
1
gs

∫

Σ

Tr

(
1
2
ǫi jϕ

iDz̄ϕ
j

)

where (ϕ1, ϕ2) are sections ofV ⊗ End(E) andDz̄ := ∂̄ + [Az̄, ·]. We also discuss
the reduction in the linear case for the local surface, obtaining a BF-like action.

In the second section we consider the reduction for the non-linear case. In
the abelian case the cubic term in the holomorphic Chern-Simons lagrangian is
absent. The geometric potential gives the deformation of the action due to the
deformation of the complex structure and one obtains forP

1

Sred =
1
gs

{
1
2

∫

P1
ǫi jφ

i∂z̄φ
j +

1
2

∮

C0

dz
2πi
χ(z, φ)

}
.

Therefore the reduced theory is aβ–γ system with a junction interaction along
the equator. On a curve of genusg ≥ 1, one finds similar results facing some
difficulty in writing the interaction term as an integral on cycles of the curve. In
the non-abelian case it is necessary to specify a matrix ordering. It is possible to
avoid matrix ordering prescriptions ifχ(z, ω) does not depend on one coordinate
along the fibre, that is, for the Laufer rational curve. Defining B := ω1Ψ2 + χ the
reduced action reads

Sred =
1
gs

{∫

P1
Tr(φ2Dz̄φ

1) +
∮

C0

dz
2πi

TrB(z, φ1)

}
. (2.3)

In this case, after gauge fixing, one finds thematrix model

ZN(gs, {t}) =
∫ n∏

i=0

dXie
− 1

gs
W(X0,...,Xn)

with superpotential/matrix potential

W (X0, . . . ,Xn) =
∞∑

d=0

dn∑

k=0

t(k)
d

n∑

i1,...,id=0
i1+...+id=k

Xi1 . . .Xid
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andtimes t(k)
d corresponding to the parameters of the complex structure deforma-

tion. This result generalizes [58, 35, 36, 37] and confirms [43]. Also, it suggests
some form of integrability for the underlying topological string theory. In fact,
matrix models have been extensively studied in the case of one matrix and of two
matrices with bilinear interaction, see [16, 17, 18] and thereferences therein. The
other cases like those we found from the topological B-modelstill lack a complete
solution.

In the last section we give a reduction prescription that produces the matrix
model connected to gauge theories with flavours. We also propose an interpreta-
tion in terms of a configuration of zero and one dimensional branes.

2.1 The linear case

2.1.1 The linear local curve and theβ-γ system

Let us consider a non compact Calabi–Yau threefolds that is the total space of a
rank-2 holomorphic vector bundleV → Σ, whereΣ is a compact Riemann surface,
i.e. a linear local curve. Recall that, chosen a trivialization of V, the atlas{Uα} on
Σ extends to an atlas onV by Vα := Uα × C2 and that the complex manifoldV is
defined by the transition functions

{
zα = fαβ(zβ)

wi
α = Mi

jαβ(zβ)w
j
β i, j = 1, 2

(2.4)

in any double intersectionUαβ := Uα ∩ Uβ, wherezα are local coordinates onΣ
andwα = (w1

α,w
2
α) on theC2 fibres. Note also that the normal bundle to the curve

and the vector bundleV are isomorphic,NΣ|V ≃ V. The embedding equations for
Σ in V arewi

α = 0, i.e.Σ is embedded as the zero section of the bundle. Requiring
the complex manifoldV to be a Calabi–Yau threefold, restricts the determinant
bundle ofV to be equal to the canonical line bundle ofΣ, detV ≃ KΣ. In local
coordinates the Calabi–Yau condition reads

(detMαβ) × f ′αβ = 1. (2.5)

Under this condition,V is equipped with a nowhere vanishing holomorphic (3, 0)-
formΩ, that in local coordinates can be written as follows

Ω|U = dz∧ dw1 ∧ dw2. (2.6)

Here and henceforth we suppress the indicesα, β when no confusion can arise.
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Given a holomorphic rank-N vector bundleE→ V, the string field theory for
the B-model with theseN topological B-branes onV is theholomorphic Chern-
Simons theory, [96]. The action of the theory is

S(A) =
1
gs

∫

V
L, L = Ω ∧ Tr

(
1
2

A ∧ ∂̄A +
1
3

A ∧ A ∧ A

)
(2.7)

whereA is a (0, 1)-form connection onV with values in End(E). The dynamics of
B-branes wrapped around the holomorphic 2-cycleΣ can be described by reducing
the open string field theory from the total spaceV to the B-brane worldvolume
Σ. Since the bundleV is nontrivial, the reduction of the lagrangian has to be
prescribed patch by patch in such a way that the end product isindependent of the
chosen trivialization.

In the following we propose such a reduction prescription, restricting our-
selves to the case in whichE is trivial, E ≃ V × CN. The lagrangianL in (2.7) is
a (3, 3)-form onV; our purpose is to restrict it to a (1, 1)-formLred on Σ. Thus,
first we split the formA into horizontal and vertical components using a reference
connectionΓ on the vector bundleV and we impose to these components indepen-
dence to the vertical directions. We obtain a (3,3)-form onV that is independent
to the coordinates along the fibre. Then, we obtain a (1, 1)-form onV contracting
the (3, 3)-form with a (2, 2)-multivector; this multivector is constructed using a
bilinear structureK on the bundleV. If the connectionΓ is the generalized Chern
connection for the bilinear structureK, then the result is independent of the cho-
sen (Γ,K). Finally, we choose a section ofV and use it to pullback this form to the
baseΣ. The (1, 1)-formLred obtained in this way does not depend on the chosen
section.

As for the first step, let us forget for a moment thatA is a (0, 1)-form connec-
tion on E and just consider (here we are using the fact thatE is a trivial bundle
and also restricting to gauge tranformations that are constant along the fibres)

A ∈ Ω(0,1)
V . (2.8)

In order to impose indipendence ofA along the fibre, we want to splitA in horizon-
tal and vertical components. If we consider the exact sequence of vector bundles
on V (Atiyah sequence)

0→ π∗V → TV → π
∗TΣ → 0, (2.9)

we can take its dual and its complex conjugate, to obtain

0→ π∗Ω(0,1)
Σ
→ Ω

(0,1)
V → π∗V̄∗ → 0, (2.10)

where we denote byV∗ the dual vector bundle, glueing with (M−1)t, and byV̄ the
complex conjugate one. If we now choose a connection onV compatible with
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the holomorphic structure, it will induce a connection onV̄∗ compatible with the
(anti)holomorphic structure. With this connection we can produce a splitting of
the above dualized Atiyah sequence.

In local coordinates, this corresponds to the following procedure. In any local
chart, there is a local notion of parallel and transverse directions along which we
split A = Az̄dz̄+ Aı̄dwı̄. The parallel partAz̄ glues on double patches intersections
as an invariant (0, 1)-form connection onΣ only when restricted to the base, while
otherwise gets also a linear contribution inw due to the generic non triviality of
V. The transverse coefficientsAı̄ glue as a section of̄V∗. Since the reduction to
the base has to be performed covariantly, we have to expandAz̄ = Az̄ − Ak̄Γ

k̄
z̄ ̄w

̄

andAī = Aī, whereAz̄dz̄ ∈ Ω(0,1)
Σ

, Aī ∈ V̄∗ and dz̄Γk̄
z̄ ̄ is the induced (0, 1)-form

connection onV̄. The reduction process is defined by specifying the subfamily
of connections we limit our consideration to. Our prescription is that the matrix
valued dynamical fields (Az̄,Aı̄) that survive the reduction are those independent
of the coordinates alongC2. A direct calculation from the lagrangianL in (2.7)
for the above reduced configurations gives

L = Ω ∧ Tr
1
2

(
Aı̄Dz̄A ̄ + Aı̄Γ

k̄
z̄ ̄Ak̄

)
dwı̄ ∧ dz̄∧ dw ̄ (2.11)

whereDz̄ is the covariant derivative with respect to the gauge structure. Also
notice that the above does not depend on the base representative, that is on the
values ofwi.

To obtain a (1, 1)-form onΣ from the expression (2.11), we have to couple the
above reduction with the contraction of the differentials along the fibre directions
to obtain a well defined (1, 1)-form onΣ. To define this operation, let us consider
a bilinear structureK in V, that is a local sectionK ∈ Γ(V ⊗ V̄), the components
K i ̄ being an invertible complex matrix at any point.

The derivation of the basic (1, 1)-form is realized patch by patch with the help
of K as contraction of the (3,3)-form Lagrangian by the two bi-vector fieldsk =
1
2ǫi j K

il̄K jk̄ ∂
∂w̄l

∂
∂w̄k and ρ = 1

2ǫ
i j ∂
∂wi

∂
∂wj . Notice thatk ∈ detV andρ ∈ detV∗ =

(detV)−1 so that the combined application of the two is a globally welldefined
operation. Calculating then the pullback Lagrangian, we obtain

Lred = iρ∧kL =
1
2

dzdz̄(detK)ǫ ı̄ ̄Tr
[
Aı̄Dz̄A ̄ + Aı̄Γ

k̄
z̄ ̄Ak̄

]
(2.12)

Our last step relates the reference connection and the reference bilinear struc-
ture in order to obtain a result which is independent to the trivialization we used.
Let us define the field componentsϕi = iVi A ∈ V, whereVi = K i ̄ ∂

∂w̄j and plug it
into (2.12). One gets

Lred =
1
2

dzdz̄Tr
[
ǫi jϕ

iDz̄ϕ
j + (detK)ϕmϕnǫ ı̄ ̄

(
Kmı̄∂z̄Kn ̄ + Kmı̄Knk̄Γ

k̄
z̄ ̄

)]
(2.13)
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whereKı̄ j are the components of the inverse bilinear structure, that is Kı̄ jK jl̄ =

δl̄ı̄. In order to have a result which is independent of the trivialization, just set
the reference connection to be the “generalized” Chern connection of the bilinear
structureK, that isΓk̄

z̄ ̄ = K ̄l∂z̄K lk̄, where as we saidK is not necessarily hermitian.
Therefore, choosing our reference trivialization (Γ,K) data to satisfy this natural
condition, we get

Lred =
1
2

dzdz̄Tr
[
ǫi jϕ

iDz̄ϕ
j
]

(2.14)

which is a well defined (1, 1)-form onΣ. Hence the action for the reduced theory
is given by

Sred =
1
gs

∫

Σ

Lred =
1
gs

1
2

∫

Σ

dzdz̄Tr
[
ǫi jϕ

iDz̄ϕ
j
]
. (2.15)

This calculation generalizes to the non-abelian case the argument of [3].

2.1.2 The linear local surface and theB-F system

In this section we extend the method for the reduction of the holomorphic Chern–
Simons functional to the non compact Calabi–Yau geometry around a holomor-
phic four cycleS. This geometry describing the cycle is the total space of the
canonical line bundleKS, that is the bundle of the top holomorphic forms onS.
We denote this space asXS = tot(KS).

Any atlas{Uα} on S extends to an atlas onXS by Ûα = Uα × C. The complex
manifold is defined by the gluing map between the patches

{
zα = fαβ

(
zβ

)

pα = [detXαβ]−1pβ, where [Xαβ] = ∂zβ fαβ
(2.16)

in any double patch intersectionUα∩Uβ. In (2.16) and in the following,z = (z1, z2)
denotes the two complex coordinates onS. The holomorphic (3, 0)-form onXS is
Ω = dz1 ∧ dz2 ∧ dp.

Let us consider the topological B-model onXS. In this case, D-branes can
wrap the 4-cycleS and the theory describing the dynamics of these objects is
obtained then by reducing the holomorphic Chern–Simons functional to the D-
brane world-volume. We consider here again only the case in which the gauge
bundleE is trivial.

The action of holomorphic Chern–Simons theory is

S(A) =
1
gs

∫

XS

L, L = Ω ∧ Tr

(
1
2

A ∧ ∂̄A +
1
3

A ∧ A ∧ A

)
(2.17)

whereA ∈ T(0,1) (XS).
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We split A = Az̄dz̄ + Ap̄dp̄ and we set, because of the glueing prescriptions
for the parallel and transverse components,Az̄dz̄ = Az̄dz̄− Ap̄Γz̄p̄dz̄ andAp̄ = Ap̄,
whereA = Az̄dz̄ ∈ T(0,1) (S) is an anti-holomorphic 1-form onS, Ap̄ ∈ Γ(K̄−1

S ) a
section of the complex conjugate of the anti-canonical linebundle andΓz̄dz is the
(0, 1) component of a reference connection onK̄S.

The reduction prescription is that the matrix valued dynamical fields (Az̄,Ap̄)
are independent of the coordinatep along the fibreC. We now introduce a refer-
ence sectionK ∈ Γ(KS⊗ K̄S) and defineφ(2,0) = KAp̄ ∈ Γ(KS). With this reduction
prescription and after fixing the reference connection to beΓ = K−1∂̄K, we get

L = Lred = ΩK−1 ∧ Tr

(
1
2

{
φ(2,0)∂̄A+ A∂̄φ(2,0) + 2A2φ(2,0)

})
dp̄ (2.18)

To reduce to a 4-form, we saturate the reduced Lagrangian with K∂p ∧ ∂p̄ so
that the reduced functional becomes just

Sred =
1
gs

∫

S

1
2

Tr
{
φ(2,0)∂̄A+ A∂̄φ(2,0) + 2A2φ(2,0)

}
=

1
gs

∫

S
Tr

(
φ(2,0)F(0,2)

)
(2.19)

which is the form used in [32].

2.2 The nonlinear case

Let us now consider the reduction to the brane of the open string field theory
action on a Calabi-Yau deformationX of the vector bundleV → Σ with Σ ≃ P1 a
rational curve andV ≃ O(n)⊕O(−n−2). It turns out that this case is not crucially
different from the linear case. In fact, let us note that we can relate the nonlinear
and the linear complex structure by a singular change of coordinates. For the case
at hand, it is enough to do it along the fibres above the south pole patch, namely

wi
N = ω

i
N, and wi

S = ω
i
S + Ψ

i (zS, ωS) . (2.20)

In the singular coordinates (z,wi) the patching rule is the original linear one.
Therefore, Eq. (2.20) defines naturally the transformationrule for generic sec-
tions in the deformed complex structure from the singular tothe non singular
coordinate system. Moreover, as indicated above, the Calabi-Yau condition in the
new complex structure is solved by a potential functionX = X(zS, ωS) such that

ǫi j w
idwj = ǫi jω

idω j − dχ, (2.21)

wherewi = ωi + Ψi(zS, ω).
That is because we can proceed by reducing the holomorphic Chern–Simons

theory in the singular coordinates (2.20) following the prescription of the linear
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undeformed case and then implement the variation of the complex structure by
passing to the non singular variables by field redefinition.

Let us start with the reduction in the abelianU(1) case. Then the cubic term
in the Lagrangian is absent and the reduction is almost straightforward. In the
singular coordinates we obtain that

Lred =
1
2
ǫi jϕ

i∂z̄ϕ
j (2.22)

in both the north and south charts. The coordinate change forthe fieldsϕi in terms
of the ones corresponding to the deformed complex structureis induced by (2.20).
Let us recall that the functionsΨi defining the deformation are built out from the
potentialχ as in eq. (2.21). This expresses exactly our Lagrangian terms (patch
by patch)

ǫi jϕ
i∂z̄ϕ

j = ǫi jφ
i∂z̄φ

j − ∂z̄χ (2.23)

whereχN = 0 andχS is an arbitrary analytic function of theφ’s in C2 and ofz in
C
∗ (ϕi are akin to the coordinate singular coordinatewi of the previous subsection,

while φ stem fromωi).
The above potential termχ gives the deformation of the action due to the

deformation of the complex structure. Specifically, we havethat

Sred =
1
gs

[∫

US

γS(Lred)S +

∫

UN

γN(Lred)N

]
(2.24)

where we explicitly indicated the resolution of the unity onthe sphere 1= γS +

γN. For simplicity we choose theγ’s to be simply step functions on the two
hemispheres. Substituting (2.22) and (2.23) in (2.24) we then obtain

Sred =
1

2gs

[∫

P1
ǫi jφ

i∂z̄φ
jdzd̄z−

∫

D
∂z̄χ(z, φ)dzdz̄

]
(2.25)

whereD is the unit disk (south hemisphere). The disk integral can bereduced by
the Stokes theorem, leaving finally

Sred =
1

2gs

[∫

P1
ǫi jφ

i∂z̄φ
jdzdz̄+

∮
dz
2πi
χ(z, φ)

]
(2.26)

where
∮

is a contour integral along the equator. Therefore, we see that the reduced
theory gives aβ-γ system on the two hemispheres with a junction interaction along
the equator.

The non-abelian case is a bit more complicated than the abelian one because
of the tensoring with the (trivial) gauge bundle. This promotes the vector bundle
sections to matrices and therefore unambiguously defining the potential functionχ
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in the general case is not immediate. In the following we showwhere the difficulty
arises and which further constraint to the deformation of the complex structure is
needed in order to suitably deal with the non–Abelian case.

To see this let us perform the reduction onP1 of the non Abelian case (2.7),
as we did in the Abelian case. Let us work in the singular coordinates and obtain
again the pullback Lagrangian we got in the linear case. Now,in order to pass to
the non singular coordinates we have to promote to a matrix equation the change
of variables (2.23). This can be done by specifying a prescription for matrix order-
ing. Suppose we choose a specific ordering and denote it byP̂. Then our change
of variable is

Tr
[
ǫi jϕ

i∂z̄ϕ
j
]
= Tr

[
ǫi jφ

i∂z̄φ
j
]
− ∂z̄TrχP̂ (2.27)

while the cubic term gives

Tr
[
Az̄ǫi j (φ

i + ΨiP̂)(φ j + Ψ jP̂)
]

(2.28)

It appears immediately that our result is complicated and seems to depend quite
non-trivially on the matrix ordering prescription. Otherwise, it is well defined.

In order to avoid matrix ordering prescriptions, henceforth we restrict to the
case in whichχ(z, ω) does not depend, say, onω2 and we proceed further. This is
the Laufer rational case, that we shall further discuss in chapter 3 from a geometric
viewpoint. In this case the deformation formulas simplify considerably. Eq.(2.21)
is solved byΨ1 = 0 andΨ2 is determined by the potential by

∂ω1

(
Ψ2

ω1

)
= −
∂ω1χ

(ω1)2
(2.29)

This condition can be written also as

2Ψ2 = ∂ω1

[
ω1Ψ2 + χ

]
.

As far as the reduction is concerned, the equation (2.27) is unchanged, since
we do not need any prescription̂P; while eq.(2.28) simplify to

Tr
[
Az̄ǫi j (φ

i + Ψi)(φ j + Ψ j)
]
= Tr

(
Az̄

[
φ1, φ2

])
(2.30)

(where we used [φ1,Ψ2] = 0) which, as in the linear case, is the contribution
needed to complete the covariant derivative. The last operation to obtain our final
result is an integration by part in the derivative term. As

ǫi jφ
i∂z̄φ

j = −2φ2∂z̄φ
1 + ∂z̄

(
φ1φ2

)

in both the north and south charts, from the last term we get anadditional con-
tribution to the equator contour integral, that is1

gs

1
2

∮
Trφ1Ψ2. Adding it to the
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previously found term we get1gs

1
2

∮
Tr(χ + φ1Ψ2). This, by (2.29) can be written

just as 1
gs

∮
TrB, where∂1

ωB = Ψ2.
Therefore, summarizing, we find that in the non Abelian case on the Riemann

sphere we are able to treat the deformations of the type

ω1
N = z−n

S ω
1
S, and ω2

N = z2+n
S

[
ω2

S + ∂ω1B
(
zS, ω

1
S

)]
(2.31)

which corresponds to the choicen1 = −n. This geometry has been introduced
(in the matrix planar limit) by [43]. These geometries are CYfor any potentialB
analytic inC× × C. The relevant reduced theory action is given by

Sred =
1
gs

∫

P1
−Tr(φ2Dz̄φ

1) +
1
gs

∮
dz
2πi

TrB(z, φ1). (2.32)

2.3 Laufer curve and matrix models

We now show that after gauge fixing, the deformedβ-γ system on the Laufer
rational curve reduces to a matrix model.

2.3.1 Gauge fixing

In order to calculate the partition function of the theory, we now discuss the gauge
fixing of the theory. The following discussion is a refinementof the derivation
given in [35]. Our starting action is (2.32) and we follow thestandard BRST
quantization (see for example [55]).

The BRST transformations in the minimal sector is

sĀz = −(Dc)z̄, sφi = [c, φi], sc=
1
2

[c, c] (2.33)

while we add a further non minimal sector to implement the gauge fixing with

sc̄ = b, sb= 0.

The gauge fixed action is obtained by adding toS a gauge fixing term

Sg f = S + sΨ, where Ψ =
1
gs

∫

P1
Trc̄∂zAz̄

which implements a holomorphic version of the Lorentz gauge. Actually we have

sΨ =
1
gs

∫

P1
Tr

[
b∂zAz̄ − ∂zc̄(Dc)z̄

]
.
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The partition function is then the functional integral

ZB =

∫
D

[
φi ,Az̄, c, c̄, b

]
e−Sg f .

The calculation can proceed as follows. Let us first integrate along the gauge
connectionAz̄ which enters linearly the gauge fixed action and find

ZB =

∫
D

[
φi , c, c̄, b

]
e−

1
gs [−

∫
P1 Trφ2∂z̄φ

1−∂zc̄∂z̄c+
∮

TrB(z,φ1)]δ
{
∂zb+ [∂zc̄, c] + [φ1, φ2]

}

Now we integrate along the fieldb. By solving the constraint we obtain

ZB =

∫
D

[
φi , c, c̄

]
e−

1
gs[−

∫
P1 Trφ2∂z̄φ

1−∂zc̄∂z̄c+
∮

TrB(z,φ1)] 1
det′∂z

where det′ is the relevant functional determinant with the exclusion of the zero
modes. Then we integrate along the (c, c̄) ghosts and get

ZB =

∫
D

[
φi

]
e−

1
gs [−

∫
P1 Trφ2∂z̄φ

1+
∮

TrB(z,φ1)] det′∂z∂z̄

det′∂z

Finally, since the geometric potentialB does not depend onφ2, we can also inte-
grate along this variable and obtain

ZB =

∫
D

[
φ1

]
e−

1
gs [

∮
TrB(z,φ1)]δ(∂z̄φ

1)
det′∂z∂z̄

det′∂z
.

The delta function constrains the fieldφ1 to span the∂z̄-zero modes and once it
is solved it produces a further

(
det′∂z̄

)−1 multiplicative term that cancel the other
determinants. Therefore, all in all we get

ZB =

∫

Ker∂z̄

dφ1e−
1
gs [

∮
TrB(z,φ1)] .

Lastly we can expandφ1 =
∑n

i=0 Xiξi along the basisξi(z) ∼ zi of Ker∂z̄ with N×N
matrix coefficientsXi. Finally we find the multi-matrix integral

ZB =

∫ n∏

i=0

dXie
− 1

gs
W(X0,...,Xn) (2.34)

where we defined

W (X0, . . . ,Xn) =
∮

TrB(z,
∑

i

Xiz
i) (2.35)
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This is the result of our gauge fixing procedure which confirms[43].
The case in [35] is reproduced forn = 0. Then, the only non trivial complex

structure deformation in (2.31) is withB = 1
zW(ω1) (since any other dependence

in z can be re-absorbed by analytic reparametrizations) and hence we get the one
matrix model with potentialW.

The above formula can be also inferred by just generalizing aCFT argument in
[35] to the geometry (2.31). To this end let us consider againthe two dimensional
theory defined by the action

S =
1
gs

∫

P1
Tr (φ2Dz̄φ1) (2.36)

whereDz̄ = ∂z̄ + [Az̄, ·]. This is a gauged chiral conformal field theory: a gauged
b–c (β–γ) system in whichφ1 andφ2 are conformal fields of dimensions−n/2 and
1 + n/2 respectively. For anyn, the fieldsφ1 andφ2 are canonically conjugated
and on the plane they satisfy the usual OPE

φ1(z)φ2(w) ∼
gs

z− w
(2.37)

In Hamiltonian formalism, that is in the radial quantization of the CFT, the parti-
tion function is given as

Z = 〈out|in〉 . (2.38)

The deformed transformation

φ′2 = zn+2
(
φ2 + ∂φ1B(z, φ1)

)
(2.39)

is given on the cylinderz= ew as

(
φ′2

)
cyl = (φ2)cyl +

∂B(z, φ1)
∂(φ1)cyl

(2.40)

and is implemented by the operator

U = exp

(
Tr

∮
dz
2iπ

B(z, φ1)

)
(2.41)

Therefore the new partition function is

Z = 〈out|U |in〉 . (2.42)

which is our result.
We remark that this is ana posterioriargument, it is a consistency check but

does not explain the dynamical origin of the matrix model from the string theory
describing the brane dynamics.
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2.3.2 Engineering matrix models

Once the link between D-brane configurations and multi–matrix models is estab-
lished, the next natural question to ask is which kind of matrix models we get in
this way. In this section we single out what is the most general type of multi–
matrix model we can engineer by deforming D-branes on 2–cycles in the above
way and we produce some examples.

The geometric potentialB(z, ω) is a general holomorphic function onC∗ × C
but the terms actually contributing to a change in the complex structure and giving
a non zero matrix potential are of the form

B(z, ω) =
∞∑

d=1

d·n∑

k=0

t(k)
d z−k−1ωd (2.43)

wheret(k)
d are thetimesof the potential andω is to be identified with the coordinate

ω1 of the previous section. It can be easily proven that other terms in the expansion
can be re-absorbed by an analytic change of coordinates in the geometry and they
do not contribute to the matrix potential.

Thedegreeof the potentialB is the maximumd such thatt(k)
d is non-zero for

somek in (2.43) and corresponds to the degree of the matrix potential, obtained
as

W(X0, . . . ,Xn) =
∮

dz
2iπ

B

z,
n∑

j=0

Xiz
i

 . (2.44)

Since this operation is linear, from (2.43) and (2.44) one gets a matrix potential of
the form

W(X0, . . . ,Xn) =
∞∑

d=0

d·n∑

k=0

t(k)
d W(k)

d (X0, . . . ,Xn) (2.45)

where each term

W(k)
d (X0, . . . ,Xn) =

n∑

i1,...,id=0
i1+...+id=k

Xi1 . . .Xid (2.46)

corresponds toB(k)
d (z, ω) = z−k−1ωd for 0 ≤ d ≤ +∞ and 0≤ k ≤ d · n. Note that

these are directly obtained in completely symmetric ordered form with respect to
the indicesi1, . . . id labeling the different matrix variables. In the following we will
sometimes write simply the polynomialW for c-number variablesW(x0, . . . , xn),
understanding the total symmetrization when matrices are plugged in.
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As it was already anticipated in the previous section, the one matrix models
corresponds ton = 0 and thereforeB = 1

zW(ω), [35].
Two matrix modelsare obtained by considering the casen = 1. Some of them

have been derived in [43]. In this case, it is possible to engineer a general function
for two commuting variables. In fact

B(z, ω) = z−k−1ωk+ j → W(x) =

(
k+ j

k

)
xk

0xj
1. (2.47)

and the matrix potential reads

W(x0, x1) =
∞∑

d=1

d∑

k=0

t(k)
d

(
d
k

)
xk

1xd−k
0 (2.48)

which is, upon varying the possible couplings, a generic analytic potential in the
two variablesx0 andx1. The only constraint is the matrix ordering which is always
the symmetric one. In particular, it is easy to engineer a twomatrix model with
bilinear coupling. This is achieved by choosing, forn = 1, the geometric potential
to be

B(z, ω) =
1
z

[
V(ω) + U

(
ω

z

)]
+

c
2z2
ω2 (2.49)

which generates the matrix potential

W(x0, x1) = V(x0) + U(x1) + cx0x1 (2.50)

In general, themulti–matrix modelsone can engineer are not of arbitrary form.
Actually, on top of the fact that we can generate only matrix potentials with sym-
metric ordering, there are also constraints between possibly different couplings.
This can be inferred from the fact that a polynomial functionin n + 1 variables
of degreed is specified by many more coefficients than the ones we have at our
disposal. (As an example, ifn = 3 andd = 3 we would need 10 coefficients, while
we have only 4 at our disposal.)

To end this section, we remark that some deformations can connect cases with
different values ofn. The geometric equivalence of seemingly different complex
structures becomes in fact explicit at the matrix model level. As an example, let
us consider the casen = 2 and a geometric potential of the form

B(z, ω) = −
1
2

z−4ω2 + z−3F(ω).

Out of this, one obtains

W(x0, x1, x2) =
(
F′(x0) − x1

)
x2 +

1
2

(
F′′(x0)x

2
1

)
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After integration ofx2, which appears linearly, this theory is equivalent to a one-
matrix model with potential

V(x0) =
1
2

F′′F′2(x0),

which is equivalent ton = 0 andB(z, ω) = 1
zV(ω). In fact, the geometry with

n = 2 andB = −1
2z−4ω2 is equal, upon diagonalization, to the geometryn = 0 and

B = 0.

2.4 Flavour fields

In the previous sections we analyzed a topological sector oftype IIB superstring
theory background with space filling D5-branes wrapped around two-cycles of a
noncompact Calabi–Yau threefold. We also showed that in some cases the theory
reduces to a matrix model whose potential is related to deformations of complex
structures of the Calabi–Yau threefold.

In this section we extend this analysis by including flavour fields, that is, we
engineerN = 1 supersymmetric gauge theories containing fields in the funda-
mental representation of the gauge group. More precisely wegive a particular
reduction prescription of the topological open string fieldtheory on branes in a
IIB background (for the relation between topological strings and superstrings, see
the appendix A) whereX is a non–compact CY given byO(n) ⊕ O(−2− n) onP1

with a singular point at which an extra fibre sits. We wrapN space–filling D5-
branes onP1 and complete the configuration withM ‘effective’ D3-branes stuck at
the singular point. While the D5–brane sector gives rise, asin the smooth case, to
the superpotential (and, from a geometrical point of view, describes deformations
of the smooth CY complex structure), the effective D3-brane sector gives rise to a
novel part of the spectrum, the corresponding superpotential data being related to
linear deformations of the CY complex structure.

We calculate the partition function for the above models using this reduction
prescription and find that it reduces to multi–matrix modelswith flavour [6, 77,
13]. These are the matrix models whose resolvents have been shown to satisfy the
generalized Konishi anomaly equations with flavour [85]. Inthen = 0 case, the
quantum superpotential in theN = 1 U(Nc) gauge theory with one adjoint and
Nf fundamentals is obtained. Then = 1 case is studied in detail, in general the
flavour can be integrated out and one obtains a matrix model with a polynomial
plus a logarithmic potential.

In the first section we propose the reduction of the holomorphic Chern-Simons
to a two dimensional theory overP1. In following section we show that the cal-
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culation of the relevant partition function reduces to multimatrix integrals with
flavour matrices, and produce some explicit examples.

2.4.1 The linear case

Let us consider the non compact CY geometries given by the total space of the
vector bundleN = O(n)⊕O(−2−n) onP1 augmented by an extra fibre at a singular
point of theP1 and let us denote this space byCYn. For n = 0 this space is the
partial resolution of anA2 singularity, as it is described in detail in the Appendix.
The other cases withn > 0 are a generalization thereof.

We consider type IIB theory onR1,3 × CYn with N D5-branes alongR1,3 × P1

andM 3-branes alongR1,3, the latter being stuck at a singular point inP1 where
the extra fibre sits. The Calabi–Yau threefold can be topologically written as
N ∨ C2, where∨ is the reduced union, i.e. the disjoint union of two spaces with
a base point of each identified. In the casen = 0 we interpret this geometric
background in the following way. We start with a resolution of an A2 singularity,
see Appendix, and wrapN D5–branes on one cycle andM and the other. When
we blow down the latter, theM D5–branes wrapped around the shrunk cycle will
appear as effective D3–branes stuck at the singular point in the remainingP1: they
cannot vibrate along the base, while they are free to oscillate along the extra fibre.
As we said, for genericn we single out a point onP1 and add an extra fibre to
render it singular, but the interpretation as blow-down of asmooth cycle is not as
evident as forn = 0.

We would like to show that, upon topological twist, the superpotential of this
theory can be calculated by means of the second quantized topological string the-
ory.

The latter is given by the holomorphic Chern-Simons theory [96] (see also the
lectures [72])

S(AT) =
1
g2

s

∫

CYn

Ω ∧ TrN+M

(
1
2

AT ∧ ∂̄AT +
1
3

AT ∧ AT ∧ AT

)
(2.51)

whereAT ∈ T(0,1) (CYn) with full Chan-Paton indexN + M. The total string field
AT can be expanded as

AT =

(
A X
X̃ 0

)
(2.52)

whereA is the string field for the 5-5 sector and (X, X̃) for the 5-3 and 3-5 open
strings. The 3-3 sector is irrelevant to us (anyway, see nextfootnote).

The action (2.51) reduces to

S(AT) =
1
g2

s

∫

CYn

Ω ∧

[
Tr

(
1
2

A ∧ ∂̄A +
1
3

A ∧ A ∧ A

)
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+
1
2

M∑

I=1

(
D̄AX̃I ∧ XI + X̃I ∧ D̄AXI

) (2.53)

where gauge indices are not shown explicitly,I = 1, . . . ,M is the flavour index
andDA is the covariant derivative in the (anti-)fundamental representation.

The reduction of the open string field to the D5-brane world-volumeP1 is
obtained via an auxiliary invertible bilinear form onN ⊗ N̄ which we denote by
K and its associated Chern connectionΓz̄ = K−1∂z̄K. The reduction condition for
the 5-5 sector is (DΓA)N = 0, whereDΓ is the covariant derivative w.r.t.Γ and the
N index denotes projection along the fibre directions. The reduction conditions
for the 5-3 and 3-5 sector read (DΓX)N = 0 andi∂z̄X|P1 = 0, as well as (DΓX̃)N = 0
and i∂z̄X̃|P1 = 0 . The last condition specifies that the D3-branes are stuck at the
singular point inP1 and therefore their oscillations alongTP1 are inhibited.1.

The reduction of the 5-5 sector has been already discussed inthe previous
sections. The reduction of the flavour sector can be carried out with the same
technique. LetXI

ī
= Kī j Q

jI and analogouslỹXīI = Kī j Q̃
j
I , whereX = Xīdwī and

X̃ = X̃īdwī solve the above reduction conditions. The reduction of the Lagrangian
density to theP1 for the 5-3 sector follows the same logic as for the 5-5 sector.
The proper pullback to the base is performed patch by patch with the help of
K as contraction of the (3,3)-form Lagrangian by the two bi-vector fieldsk =
1
2ǫi j K

il̄K jk̄ ∂
∂w̄l

∂
∂w̄k andρ = 1

2ǫ
i j ∂
∂wi

∂
∂wj .

The resulting (1, 1)-form Lagrangian density reads

L f l.red. =
1
2
ǫi j Q̃

i
I Dz̄Q

jI −
1
2
ǫi j Dz̄Q̃

i
I Q

jI (2.54)

which is independent ofK. This proves that our reduction mechanism is well
defined. The action (2.54) was given in [98] in a similar context and is always a
βγ-system. Combining with the 5-5 sector, the total reduced action then reads

Lred. =
1
2
ǫi j TrφiDz̄φ

j +
1
2
ǫi j Q̃

i
I Dz̄Q

jI −
1
2
ǫi j Dz̄Q̃

i
I Q

jI (2.55)

It is straightfoward to generalize the gauge fixing procedure for the 5-5 sector,
see the discussion in the previous sections, to the total system to show that the
partition function of the theory above reduces to matrix integrals over the∂z̄ zero–
modes of the fields.

1Actually, the 3-3 sector would appear as theC component inAT =

(
A X
X̃ C

)
. It would

modify the action by∆S = 1
g2

s

∫
CYn
Ω ∧

[
TrM

(
1
2C ∧ ∂̄C + 1

3C ∧C ∧C
)
+ X̃ ∧C ∧ X

]
. Upon the

reduction condition for the 3-3 sectori∂z̄C|P1 = 0, we see that the last two terms give vanishing
contribution (neitherC nor theX’s have adz̄component to complete a top-form onCYn), therefore
the 3-3 sector decouples.
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2.4.2 Deformed complex structures and matrix models

The deformation of the complex structure of the singular spaces we are consider-
ing can be split into two operations, namely the deformationof the smooth part
and the deformation of the extra fibre at the singular point.

As far as the smooth part is concerned, the deformed complex structures to
which we confine are of the form obtained by glueing the north and south patches
of the fibres above the sphere as

ω1
N = z−n

S ω
1
S, and ω2

N = z2+n
S

[
ω2

S + ∂ω1B
(
zS, ω

1
S

)]
(2.56)

This, as is well–known, preserves the Calabi-Yau property of the six manifold.
As widely discussed in [16] the glueing conditions (2.56) gets promoted to the
glueing conditions for the 5-5 sector, that is the chiral adjoints.

Now let us deal with the analogous deformation for the 5-3 and3-5 sectors.
Let P̂ be the point onP1 where the extra fibre sits and let (x1, x2) be the coordinates
along the latter. Before the complex structure deformation, the extra fibre glueing
is given by

x1
N = ẑ−n

S x1
S, and x2

N = ẑ2+n
S x2

S.

The complex structure deformations we confine to for this sector are linear and
are described by the glueing conditions

x1
N = ẑ−n

S x1
S, and x2

N = ẑ2+n
S

[
x2

S + M
(
ẑS, ω

1
S

)
x1

S

]
, (2.57)

whereM is locally analytic onC × (UN ∩ US). This can be cast in the form

M(z, ω) =
∞∑

d=1

nd+2∑

k=0

mk
dz
−k−1ωd. (2.58)

Notice however that only a subset of the parametersmk
d parameterize actual defor-

mations of the complex structure, since only a part of them cannot be reabsorbed
by a local reparametrization.

The deformed glueing condition (2.57) is coupled to the 3-5 sector of the topo-
logical open string field since the 3-branes only vibrate transversely along the
extra-fibre.

Note that we are obtaining different string backgrounds on our geometry, by
considering the smooth variety (2.56) and ‘attaching’ to itadditional fibres, eq.
(2.57). The functionM then generates the variation of the complex structure of
the CY along the singular fibre.

This deformed geometry (2.57) can be implemented in the reduction of the
open string field in a way much similar to the one followed for the pure 5-5 sector
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in the smooth case. This is done by promoting (2.56-2.57) to the glueing condi-
tions of the reduced string field componentsφi, Xi andX̃i with a patch by patch
singular field redefinition which reabsorbs the deformationterms (B,M). In these
singular coordinates the fields glue linearly and we can apply the results of the
previous section, obtaining in this way the Lagrangian (2.55) in the singular field
coordinates. Going back to the regular coordinates, one gets the action

Sred. =

∫

P1
Tr

[
φ2Dz̄φ

1 + Q̃2
I Dz̄Q

1I + QI2Dz̄Q̃
1
I

]

+

∮

C0

dz
[
TrB(φ1, z) + Q̃1

I M(φ1, z)Q1I
]
. (2.59)

The partition function of the latter theory can be calculated as in [17] and
one gets as a result a multi matrix–model of vector type, namely with additional
interactions with flavours. The fieldsφ1 and (Q1, Q̃1) contribute only through their
∂z̄ zero–modes. Under the above glueing prescription we expandφ1(z) =

∑n
i=0 ziXi

and analogouslyQ1I (z) =
∑n

i=0 ziqI
i andQ̃1

I (z) =
∑n

i=0 ziq̃iI , whereXi, qI
i andq̃iI are

matrix and vector constant coefficients.
Specifically the partition function, after the above calculations, reads

Zn =

∫ n∏

i=0

dXidqidq̃i e
1

g2
s
(TrW(X)+q̃I

iM(X)i j qI j )
(2.60)

where

W(X) =
∮

dz B


n∑

i=0

ziXi , z



is the 5-5 contribution already obtained in [16] and

M(X)i j =

∮
dz zi+ jM


n∑

k=0

zkXk, z



represents the 5-3/3-5 coupling.
We are therefore finding in the general case a multi matrix model with flavour

symmetry. As explained in [7], these matrix models are related to the quan-
tum superpotential of aN = 1 SYM with (n + 1)M chiral multiplets in the
fundamental/anti-fundamental andn+ 1 in the adjoint representation.

Let us specify a couple of examples which turn out to be interesting.

In particular, ifn = 0 and the CY manifold is the total space of [O(−2)P1 ∨ C] ×
C we have a single set of constant zero–modes. Choosing

B(ω1, z) =
1
z
W(ω1) and M(ω1, z) =

1
z
M(ω1)
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we find

Z0 =

∫
dXdqd̃qe

1
g2
s
(TrW(X)+q̃IM(X)qI)

. (2.61)

This partition function is then an extended matrix model with vector entries of
the same type as the ones first considered in [6], which gives rise, in the largeN
expansion, to the quantum superpotential forN = 1 with M flavour. Actually a
deeper analysis of these models, started soon after [13], culminated in [85], where
it was shown that the resolvent of the above enriched matrix model (2.61) solves
the generalized Konishi anomaly equations of the corresponding four dimensional
gauge theory. It is natural therefore to conjecture that thesame is true for the other
matrix models (2.60) that we have just obtained above.

In particular, ifM(ω1) = ω1 −m andW′(ω1) = (ω1)N + . . ., the correct SW
curve

y2 = [W′(x)]2 + Λ2N−Nf (x−m)Nf

is recovered [77]. The above SW curve should be related to thedeformed partially
resolved geometry we are considering.

As a further example, let us discuss the result we obtain in the n = 1 case. Let
us denote byΦ0 andΦ1 the two adjoint chiral superfields, then the formulas for
the superpotential and for the mass term read

W(Φ0,Φ1) =
∞∑

d=1

d∑

k=0

tk
d

∑

i1,...id=0,1
i1+...+id=k

Φi1 . . .Φid

M(Φ0,Φ1) =
∞∑

d=1

d∑

k=0

(
mk

d mk+1
d

mk+1
d mk+2

d

) ∑

i1,...id=0,1
i1+...+id=k

Φi1 . . .Φid . (2.62)

Note that it is possible to produce a superpotential and a mass term of the form
(with X ≡ Φ0, Y ≡ Φ1)

W(X,Y) = V(X) + t′Y2 + cXY

M(X,Y) =

(
M1(X) 0
0 0

)
(2.63)

by considering the following geometric deformation terms

B(z, ω) =
1
z
V(ω) +

t′

z3
ω2 +

c
2z2
ω2

M(z, ω) =
1
z
M1(ω) . (2.64)



Chapter 3

Versal deformations
for the Laufer curve

In this chapter we consider the probem of finding the tree-level superpotential
for a B-brane on a curve in a Calabi–Yau threefold as a problemin deformation
theory, see [15]. This analysis will be very much in the spirit of [63] and [28].

Let us briefly recall the properties of the deformation of a curve inside a variety
with trivial canonical bundle. The infinitesimal deformation theory of a curveΣ
inside a threefoldX is described by a holomorphic map

K : U → H1(Σ,N) (3.1)

whereU ⊂ H0(Σ,N) is a neighborhood of 0 andN is the normal bundle to the
curve. Now, if X is a Calabi–Yau threefold, then by Serre dualityH1(Σ,N) ≃
H0(Σ,N)∗. This is an example of a symmetric deformation theory, [12].SinceK
is a map from a vector space to its dual, it can be seen as a 1-form on the vector
spaceH0(Σ,N). In this context, thesuperpotential Wis a holomorphic map

W : U → C (3.2)

such thatK = dW. Notice also that, since vector spaces are cohomologically
trivial, the existence of a superpotential is equivalent tothe condition dK = 0.
Choosing a basis of sections and coordinatesx := (x1, . . . , xh) on H0(Σ,N) and
given the superpotentialW =W(x1, . . . xh), one can writeK as

K =
h∑

i=1

Ki(x)dxi =

h∑

i=1

∂W(x)
∂xi

dxi . (3.3)

In particular, we will consider a class of Calabi–Yau threefolds and embed-
dings, theLaufer curves, that were described in chapter 1, section 1.1.2. The
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peculiarity of the Laufer case is the “linearity” of the deformation theory; in this
case, the infinitesimal deformations are also finite ones andthey correspond to ac-
tual holomorphic sections of the fibre-bundle. Following [21, 22], we will propose
a relation between the geometric potential of the Laufer curve and the superpoten-
tial of the deformation theory. Also, in the rational case wewill prove a conjecture
by Ferrari [43], connecting the Hessian of the superpotential to the normal bundle
of the curve inside the threefold.

Note that the superpotential was originally computed in theC∞ category as an
extension of the Abel-Jacobi mapping in [97], and see also [75] for a quite general
derivation. For the definitions and the properties of (some of) the geometrical
objects used in this chapter, see the appendix C, in particular the section C.2.

3.1 Superpotential and geometric potential

In this section we propose [22] a construction of the superpotential W from the
Laufer geometric potentialB. Recall from chapter 1, that the transition functions
for a Laufer curve are



zα = fαβ(zβ)
ω1
α = φαβ(zβ)ω

1
β

ω2
α = φ

′
αβ(zβ)

(
ω2
β + ∂ω1

β
Bαβ(zβ, ω1

β)
) (3.4)

whereφ is a line bundle on a smooth curveΣ andφ′ = KΣφ−1. B is the geometric
pontential and can be understood as an element of the (infinite-dimensional) space

∞⊕

d=1

H0(Σ, φd)∗ (3.5)

where, as before, we will not address convergence issues when discussing power
series. We also assume the following conditions on the line bundleφ

H0(Σ, φ) > 0

H1(Σ, φ) = 0 (3.6)

and defineh := dimH0(Σ, φ) andh(d) := dimH0(Σ, φd). Using these conditions
and the Riemann-Roch theorem, we obtain the following relations

h = deg(φ) − g+ 1

hd = ddeg(φ) − g+ 1 = dh+ (d − 1)(g− 1) . (3.7)

Remark now that, after choosing a basis in the space of the sections ofφ, and
sinceφ′ has no sections, the superpotential is a holomorphic function ofhcomplex
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variables, whereh is the dimension ofH0(Σ, φ). If we expand it in polynomials of
fixed degreed

W(x1, . . . , xh) =
∞∑

d=1

wd(x1, . . . , xh), (3.8)

then eachwd can be regarded as a multilinear functional on the sections,so an
element inH0(Σ, φ)∗⊗d. Note also that

dim SymdH0(Σ, φ) =

(
h+ d − 1

d

)
. (3.9)

Finally, notice that we also have a map (themultiplication of sections morphism)

µ : H0(Σ, φ)⊗d → H0(Σ, φd). (3.10)

We can now propose the construction of the relevant superpotential for the
Laufer curve.

Proposition 1. Let X → Σ be a Laufer curve and assume that the condition of
equation (3.6) is satisfied. Then,

1. the holomorphic sections of the fibre-bundle are in a one-to-one correspon-
dence with the critical points of a holomorphic function W, the superpoten-
tial, i.e., with the solutions of the equations

∂W
∂xi
= 0 , i = 1, . . . , h (3.11)

where each degree-d term wd of W is obtained from the expansion of the
geometric potential B by applying the map

µ∗ : H0(Σ, φd)∗ → H0(Σ, φ)∗⊗d (3.12)

dual to the multiplication of sections morphism.

2. the normal bundle to the curve defined by a critical point ofthe superpoten-
tial W is determined by the Hessian of W at the given critical point.

We do not give a proof of the proposed statement, that generalizes the results
known in the rational case, [63, 43]; hopefully it will appear in [22]. In the fol-
lowing we specialize to the rational case, and prove a “version” of the second part
of the previous proposition, first conjectured in [43].
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3.2 Rational case and Ferrari’s conjecture

Let C ≃ P1 be a smooth rational curve andV → C a rank-2 holomorphic vector
bundle onC, with detV ≃ KC ≃ O(−2), so that the total space of the bundle
V has trivial canonical bundle. ThenV ≃ O(−n − 2) ⊕ O(n) for somen. We
consider deformations ofV given in terms of transition functions in the standard
atlasU = {U0,U1} of P1 as



z′ = 1/z

ω′1 = z−nω1

ω′2 = zn+2 (
ω2 + ∂ω1B(z, ω1)

)
.

(3.13)

Note that the complex manifoldX defined as the total space of this fibration has
again trivial canonical bundle. The termB(z, ω) is a holomorphic function on
(U0 ∩ U1) × C and is called thegeometric potential. If we expand the functionB
in its second variable

B(z, ω1) =
∞∑

d=1

σd(z)ω
d
1 (3.14)

each coefficientσd may be regarded as a cocycle defining an element in the group

H1(P1,O(−2− dn)) ≃ H0(P1,O(nd))∗ . (3.15)

If we considerC as embedded inX as a section, and consider the problem of
deforming the embeddingC → X, the space of versal deformations can be conve-
niently described by a superpotential [63]. In the case at hand the superpotential
W can be defined as the function ofn+ 1 complex variables given by

W(x0, . . . , xn) =
1

2πi

∮

C0

B (z, ω1(z)) dz (3.16)

wherez andz′ are local coordinates onU0 andU1, and the parametersx0, . . . , xn

define sections of the line bundleO(n) by letting

ω1(z) =
n∑

i=0

xiz
i , ω′1(z

′) =
n∑

i=0

xi(z
′)n−i . (3.17)

One should note that the superpotentialW can be obtained by applying to the
function B, regarded as an element inH0(P1,O(nd))∗, the dual of the multiplica-
tion morphism

H0(P1,O(n))⊗d → H0(P1,O(nd)) (3.18)

(here one should regard the dual ofH0(P1,O(nd)) as a space of Laurent tails).
The key to the result we want to prove is the relationship occuring between

the superpotentialW and the sections of the fibrationX→ C (cf. [63, 43]).
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Lemma 2. The holomorphic sections of the fibration X→ C are in a one-to-
one correspondence with the critical points of the superpotential, i.e., with the
solutions of the equations

∂W
∂xi
= 0 , i = 0, . . . , n . (3.19)

Proof. This can be verified by explicit calculations [43] after representing the
sections ofX as

ω2(z) = −
1

2iπ

∮

Cz

∂ωB(u, ω1(u))
u− z

du

ω′2(z
′) =

1
2iπ

∮

Cz′

∂ωB(1/u, ω1(1/u))
un+2(u− z)

du
(3.20)

where the contourCz (resp.Cz′) encircles the points 0 andz(respz′). So (3.17) and
(3.20) yield a rational curveΣ ⊂ X for each critical point (x0, . . . , xn) of W. �

Now we state and prove Ferrari’s conjecture.

Proposition 2. The normal bundle to the sectionΣ of X determined by a critical
point (x0, . . . , xn) of W isOΣ(−r − 1) ⊕ OΣ(r − 1) where r is the corank of the
Hessian of W at that point.

To calculate the normal bundle toΣ we first need to linearize the transition
functions around the given section. Defining new coordinates δi = ωi − ωi(z),
δ′i = ω

′
i − ω

′
i (z), we obtain

δ′2 = zn+2 (δ2 + h(z)δ1 + g(z)) (3.21)

where

g(z) = ∂ωB(z, ω1(z)) , h(z) = ∂2
ωB(z, ω1(z)) (3.22)

and at a critical point ofW we haveg(z) = 0 using relation (3.34) in the next
section. Furthermore, again from (3.34), forh(z) we have

h(z) =
n∑

i≤ j=0

∂i∂ jW
(k)
d z−(i+ j)−1 (3.23)

up to terms that can be can be reabsorbed by a holomorphic change of coordinates
(see the next section). Now we need the following. Let us consider an extension
of vector bundles onP1 of the form

0 −→ OP1(−n− 2) −→ Φ −→ OP1(n) −→ 0 (3.24)
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parametrized by a cocycleσ ∈ H1(P1,OP1(−2n − 2)). With respect to the two
standard chartsU0,U1 and in the coordinatezof U0, σ can be written as

σ(z) =
2n∑

k=0

t̃kz
−k−1 . (3.25)

Let us define a quadratic form (quadratic superpotential)onthe global sections of
the line bundleOP1(n):

H(x0, . . . , xn) =
2n∑

k=0

t̃k

n∑

i, j=0
i+ j=k

xi xj =

n∑

i, j=0

Hi j xi xj . (3.26)

Lemma 3. The vector bundleΦ isOP1(r − 1)⊕OP1(−r − 1), where r is the corank
of the quadratic form H.

Proof. By Lemma 2 the sections of the bundleΦ correspond to the critical points
of H, i.e., to the solutions of the linear system

n∑

j=0

Hi j xj = 0 . (3.27)

The dimension of this space isr, the corank ofH. The only rank two vector bundle
overP1 with determinantOP1(−2) andr linearly indipendent holomorphic sections
isOP1(r − 1)⊕ OP1(−r − 1). �

The proof of Proposition 2 is now complete: in fact, by (3.23)the quadratic
form H corresponds to the Hessian of the superpotentialW at its critical points.

Some formulas for the potentials

We group here some formulas that turn out to be useful in checking the computa-
tions involved in the results presented in this paper.

The geometric potential (deformation term)B(z, ω1) is holomorphic onC∗ × C
and can be cast in the form

B(z, ω) =
∞∑

d=0

dn∑

k=0

t(k)
d B(k)

d (z, ω) (3.28)

where

B(k)
d (z, ω) = z−k−1ωd k = 0, . . . , dn . (3.29)
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The terms withk < 0 or k > dn can be reabsorbed by a holomorphic change
of coordinates. Forl := −k − 1 ≥ 0, we definẽω2 := ω2 + dzlωd−1

1 , and for
m := k− dn− 1 ≥ 0, we define

ω̃′2 := ω′2 − (z′)m(ω′1)
d−1 . (3.30)

The superpotential that corresponds toB(k)
d , given by (3.16), is

W(k)
d (x0, . . . , xn) =

n∑

i1,...,id=0
i1+...+id=k

xi1 . . . xid . (3.31)

We can obtain simple relations for the derivatives of these polynomials:

∂W(k)
d

∂xj
=

n∑

i1,...,id=0
i1+...+id=k

d

(
∂xi1

∂xj
xi2 . . . xid

)

= d
n∑

i1,...,id−1=0
i1+...+id−1=k− j

xi1 . . . xid−1 = dW(k− j)
d−1 (3.32)

and in general we have

∂

∂xj1

. . .
∂

∂xjl

W(k)
d = d(d− 1) . . . (d − l + 1)W(k− j1...− jl )

d−l (3.33)

Given a sectionω1(z), we have

∂ωB(z, ω1(z)) =
n∑

j=0

∂W
∂xj

z− j−1 + trivial terms

∂2
ωB(z, ω1(z)) =

n∑

i≤ j=0

∂i∂ jWz−(i+ j)−1 + trivial terms (3.34)

where the “trivial terms” can be readsorbed by a holomorphicchange of coordi-
nates. We can obtain these results from (3.28) and (3.31). Wehave

∂ωB(k)
d (z, ω1(z)) = d

n∑

i1,...,id−1=0

xi1 . . . xid−1z
i1+...+id−1−k−1 (3.35)

and the only non-trivial terms are such that 0≤ −(i1 + . . . + id−1 − k) ≤ n. In the
same way, for the second derivatives we have

∂2
ωB(k)

d (z, ω1(z)) = d(d − 1)
n∑

i1,...,id−2=0

xi1 . . . xid−2z
i1+...+id−2−k−1 (3.36)

The relevant terms are those with 0≤ −(i1 + . . . + id−1 − k) ≤ 2n.



Chapter 4

Conclusions and outlook

Many questions remain open and are left to further investigation.
In particular, it would be very interesting to study the moduli space of the

local curve, and to find the superpotential and the open string field theory for the
general local curve. Also the geometries leading to flavour fields would need a
better understanding.

Also, as indicated above, gauge/gravity correspondence and large-N duality
for the local curve in higher genus is somehow the motivationof the present work.
For this reason, let us speculate on the possible structure of this large-N dual.

Let us first remark that large-N transition are related to the renormalization
group flow, basically because when “summing over the boundaries” one is inte-
grating out some degrees of freedom of the theory. As discussed for example
by [43], one expects an extremal transition of the kind of theconifold transition
and its generalizations only in the cases in which the corresponding gauge theory
is asymptotically free (and confining). The volume of the curve going to zero
corresponds to the fact that at the QCD scale the gauge coupling constant goes
to infinity. At lower energies the theory should be effectively described by the
glueball superfields. On the other hand, in this construction asymptotic freedom
is connected to the number of holomorphic sections of the normal bundle to the
curve.

Of course it may well happen that no geometric dual does existfor the local
curve in higher genus. Assuming that it does exist, let us tryto guess its form by
generalizing the conifold case. We are searching for a localCalabi–Yau threefold
Xdual with the following properties. It should have the same “asymptotics” of the
local curve, that is, topologically on should have∂Xdual ≃ Σ × S3. Whether the
local curve has a non trivial 2-cycleΣ and a trivial 3-cycleS3 (the boundary of
the fibreC2) linking one another, the dual space should have a trivial 2-cycleΣ
and a non-trivial 3-cycleS3. Let MΣ be the 3-cycle such that∂MΣ = Σ, the easiest
case being the one in whichMΣ is the handlebody ofΣ without boundaries, in

37



38 Conclusions and outlook

the same way in whichR3 is the handlebody ofP1 ≃ S2 without boundaries.
Could it be justXdual ≃ MΣ × S3? In the conifold case the dual Calabi–Yau
threefold topologically turns out to beT∗S3 ≃ R3 × S3. The topological Calabi–
Yau conditionc1 = 0 seems to suggest the same structure also for the more general
case, since the handlebody constructed from a Riemann surface is “flat”. We do
not know whether the proposedXdual actually admits a complex structure with
trivial canonical bundle. Also we have not to forget that theintegral of the eventual
holomorphic (3, 0)-form onS3 has to be equal tot := Ngs.

At any rate, even in the case in which no geometric dual does exist, it could
be interesting to understand this non-geometric phase of the Calabi–Yau moduli
space. Note also that geometric transitions are usually symmetric in the A-model
and the B-model in the sense that the open side and the closed side of the duality
are exchanged in the two models.

Very interesting new developments [60, 61, 20] are related to (2, 2) twistedσ–
models on generalized complex manifolds, see [54, 50] for anintroduction to these
geometries. In this setting one wants to answer questions about the category of
branes, mirror symmetry, open/closed large-N dualities and the relation with the
physical theory; an answer to these questions could also shed light on the same
problems in the “standard” A and B models.

Another promising research direction is given by the embedding of both A–
model and B–model in a topological M-theory, either given asa second-quantized
theory [45, 34, 80, 83] or as a topological brane first-quantized description [19].



Appendix A

The relation with Type II
backgrounds

Topological strings can be considered as the topological sector of Type II strings.
In this appendix we give some details of this relation, following [79].

A.1 Closed background without fluxes:N = 2 su-
persymmetry

Let us consider Type II (either IIA or IIB) theory compactified on a Calabi–Yau
threefold, i.e. with target spaceR3,1 × X, whereX is a Calabi–Yau threefold. The
holonomy ofX breaks 3/4 of the original supersymmetry ind = 10, leaving 8
supercharges and anN = 2 algebra in 4 dimensions. The massless field content
in 4 dimensions can be organized in multiplets ofN = 2 supergravity, according
to the following table

vector hyper gravity
IIA on X h1,1(X) h2,1(X) + 1 1
IIB on X h2,1(X) h1,1(X) + 1 1

Each vector multiplet contains a single complex scalar, that corresponds to the
Kähler moduli ofX in the IIA case and to the complex structure moduli ofX in
the IIB case. The topological string partition function at each genus computes
particular F–terms in the low energy effective action for supergravity, involving
the vector multiplets [5, 14]. These F–terms can be written in terms of theN = 2
Weyl multiplet, a chiral superfieldWαβ with lowest component the self-dual part
of the “graviphoton”Fαβ as

Sg =

∫
d4x

∫
d4θFg(X

I )
(
W2

)g
(A.1)
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40 The relation with Type II backgrounds

where

W2 :=WαβWα′β′ǫ
αα′ǫββ

′

(A.2)

andFg(XI ) is the genusg topological string free energy, written as a function of
the vector multipletXI , i.e. for the Type IIA,Fg is the A–model free energy and
for Type IIB, it is the B–model free energy. Note that eachFg contributes to a
different term in the effective action of supergravity, writing in components we
obtain for example a term of the form

∫
d4xFg(X

I )
(
R2
+F

2g−2
+

)
(A.3)

soFg represents the gravitational correction to the amplitude for the scattering of
2g− 2 graviphotons. In particular,F0 is the prepotential of the gauge theory.

A.2 Branes and fluxes:N = 1 supersymmetry

Starting with theN = 2 supersymmetric compactification of the previous section,
one can further reduce supersymmetry by half in two ways. Thefirst way is to
consider open strings with branes, the second to consider closed backgrounds with
Ramond-Ramond 3-form fluxes. To have Poincaré invariance in four dimensions,
the branes have to fill the four dimensions and the fluxes have to be only in the
Calabi–Yau directions. The two are connected by a geometrictransition in Type II
strings. In this case, the topological strings compute the effective superpotential,
that determines much of the infra-red behaviour of the theory.

A.2.1 The open side with branes

If we considerN D-branes on cycles of the Calabi–Yau manifold and filling the
four dimensions of spacetime, we obtain anN = 1 theory in 4 dimensions with
U(N) gauge symmetry. The open topological strings are given by the Fg,h free
energies for maps from a genusg Riemann surface withh boundaries such that
each boundary is mapped to one D-brane. The relevant term forpure gauge theory
is the genus 0 one, whether the higher genera free energies compute gravitational
corrections. The topological strings compute an F-term of the gauge theory that
can be written in function the “glueball” superfieldS := TrΨαΨα, whereΨα is the
gluino field. If we define

F :=
∞∑

h=0

F0,hS
h (A.4)
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then the F-term computed by the genus-0 topological string in theN = 1 theory
can be written:

∫
d4x

∫
d2θN

∂F
∂S

(A.5)

and one also has to include the term
∫

d4x
∫

d2θτS (A.6)

i.e. the super Yang–Mill action in superfield notation, withthe complexified gauge
coupling

τ :=
4πi

g2
YM

+
θ

2π
(A.7)

and one defines theglueball superpotential

W(S) := N
∂F
∂S
+ τS (A.8)

In the infra-red regime the glueball is conjectured to have aexpectation value
such thatW′(S) = 0, so that the vacuum structure is determined by the glueball
superpotential.

A.2.2 The closed side with fluxes

To determine the contribution of topological strings, let us consider again Type
IIB strings compactified on a Calabi–Yau manifoldX. The prepotential term is
given inN = 2 notation as

∫
d4x

∫
d4θF0(X

I ) (A.9)

whereF0 is the genus 0 B-model topological string free energy and theXI are the
vector superfields, whose lowest components parametrize the complex structure of
X. We now introduceNI units of the Ramond–Ramond 3-form flux on theI -th A-
cycle ofX, where we have chosen a splitting ofH3(X) into A-cycles and B-cycles
with XI the periods of the A-cycles. In the language ofN = 2 supergravity, the
flux corresponds to theθ2 component of the superfieldXI . In this way, a vacuum
expectation value absorbs two integrals inθ in (A.9) and generate an F-term in the
N = 1 language [93] of the form

∫
d4x

∫
d2θNI ∂F0

∂XI
(A.10)
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i.e. a superpotential for the moduliXI . If one consider also a fluxτI on the I-th
B-cycle, one obtains [51, 88]

W(XI ) = NI ∂F0

∂XI
+ τI X

I . (A.11)



Appendix B

String field theory and
holomorphic Chern–Simons theory

In this appendix we briefly summarize the relation between open B-model and
holomorphic Chern-Simons theory. In the first section we give a short derivation
of this relation, following [71]. In the second section we discuss some properties
of the holomorphic Chern-Simons functional and of its “quantum theory”.

B.1 The string field theory for the B-model

The worldsheetσ–model description of open string theories is given by maps
Σg,h→ X from the open worldsheet, i.e. a Riemann surfaceΣg,h of genusg with h
boundaries, and the target space, a Riemannian manifoldX. To define the theory
one has also to specify boundary conditions for the fields. For the open B–model
[96, 82], the correct boundary conditions turn out to be Dirichlet along holomor-
phic cyclesS ⊂ X and Neumann in the remaining directions. It is also possibleto
addN Chan–Paton factors and this corresponds to considering aU(N) holomor-
phic bundle on the cycleS. These bondary conditions correspond to topological
B-model in the presence ofN topologicalD branes wrappingS. As in the closed
case, the theory can be coupled to gravity.

The target space description of this theory is given by the cubic string field
theory [96], in analogy to the bosonic string case [95], see [89] for a pedagogical
introduction to the subject. In the bosonic cubic string field theory one considers
the worldsheet of the string to beΣ = R × I , whereI = [0, π], with coordinates
0 ≤ σ ≤ π and−∞ < τ < ∞ and a flat metric ds2 = dτ2+dσ2. One considers maps
x : I → X whereX is the target space. The string field is a functionalΨ[x(σ), · · ·]
of open string configurations of ghost number 1 and the· · · stands for the ghost
fields (we will not indicate explicitly this dependence in the following). In the
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44 String field theory and holomorphic Chern–Simons theory

space of string functionals on defines two operations, theintegrationand thestar
product. The integration is defined by folding the string around its midpoint and
gluing the two halves

∫
Ψ =

∫
Dx(σ)

∏

0≤σ≤π

δ(x(σ) − x(π − σ))Ψ[x(σ)] (B.1)

and it has ghost number−3, i.e. the ghost number of the vacuum, corresponding
to the fact that the open string theory on the disk one has to eliminate three zero
modes. The associative and noncommutative star product⋆ is defined as

∫
Ψ1 ⋆ · · · ⋆ΨN :=

∫ N∏

i=1

Dxi(σ)
N∏

i=1

∏

0≤σ≤π

δ (xi(σ) − xi+1(π − σ))Ψi[xi(σ)] (B.2)

It glues the strings together by folding them around their midpoints and gluing the
first half of one with the second half of the following and it does not change the
ghost number. The cubic string field theory is defined as

S :=
1
gs

∫ (
1
2
Ψ ⋆ QΨ +

1
3
Ψ ⋆Ψ ⋆Ψ

)
(B.3)

wheregs is the string coupling constant. Since the integrand has ghost number 3
and the integration has ghost number−3, the action has ghost number 0. Adding
Chan–Paton factors the string field become aU(N) matrix of string fields and the
integration includes a trace.

Topological strings have a structure analogous to the structure of bosonic
strings, namely a nilpotent BRST operator and an energy-momentum tensor that
is BRST exact. For this reason one can use the same form for thestring field ac-
tion. In this case one can prove that the higher modes decouple and only the zero
modes contribute to the dynamics, see [96] and also the lectures [71]. For the B-
model on a Calabi-Yau manifold, the string field turns out to be AĪ , a (0, 1)-form
taking values in the endomorphisms of a vector bundleE, i.e. the (0, 1) part of a
gauge connection onE. The string field action is

S(A) =
1
gs

∫

X
Ω ∧ Tr

(
1
2

A ∧ ∂̄A +
1
3

A ∧ A ∧ A

)
, (B.4)

theholomorphic Chern–Simons action.
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B.2 The holomorphic Chern–Simons theory

Let us take a step back and let us take a closer look to the theory described by the
holomorphic Chern–Simons functional, see [39, 90, 91] and [80]. First notice that
its minima are the connections satisfying

F(0,2) = 0. (B.5)

Having said that, two remarks are in order.The first one is that we are interested in
a fuctional onA(0,1) which is only “almost” gauge invariant, up to “large” gauge
transformations, in the following sense. In general, givena smooth vector bundle
E → X, we may consider the space of connectionsA. On this space there is an
action of the group of gauge transformationsG. ForA ∈ A andg ∈ G

Ag = g−1Ag+ g−1dg. (B.6)

WhenE is a holomorphic vector bundle on a complex manifoldX, we consider the
action of the complexified group of gauge transformationsGC. Given the complex
structure onX we decompose the connectionA asA = A(1,0)+A(0,1) and forg ∈ GC
we have the action (see [38])

{
A(0,1) → g−1A(0,1)g+ g−1∂̄g
A(1,0) → g−1∗A(1,0)g∗ + g−1∗∂g∗

(B.7)

One can note that wheng = g∗, one gets back the standard action ofG. Under
the action of the complexified gauge groupGC, the holomorphic Chern–Simons
theory transforms as

S(Ag) = S(A) −
1
3

∫

X
Ω ∧

(
g−1∂̄g

)3
(B.8)

up to a possible numerical factor. The second term is a deformation invariant term,
but not an integer for compact nonsingular Calabi–Yau manifolds, as discussed for
example in [90].

The second remark is connected to the fact that holomorphic Chern–Simons
is actually a chiral (or holomorphic) theory and one should provide the “slice” in
the space of fields over which one is integrating the “measure”.



Appendix C

Some definitions in geometry

In this appendix we will briefly recall some basic definitions. The classical ref-
erences are [48] for the analytic viewpoint and [53] for the algebraic one. In
particular, in the section C.2 we summarize the properties of families of com-
plex submanifolds of a complex manifold, following [78], see [65] for the general
theory of complex structure deformations and also the lecture notes [70].

C.1 Complex manifolds and vector bundles

Definition 3. A complex manifoldX is a differentiable manifold admitting an
open cover{Uα} and coordinate mapsφα : Uα → Cn such thatφα ◦ φ−1

α is holo-
morphic onφβ(Uα ∩ Uβ) ⊂ Cn for all α, β.

Complex (connected) manifolds of complex dimension 1 are called Riemann
surfaces; compact Riemann surfaces are all algebraic, i.e. they are the set of
zeroes of systems of homogeneous polynomials.

Given a complex manifoldX, acomplex submanifoldof X is a pair (Y, ı), where
Y is a complex manifold, andı : Y → X is an injective holomorphic map whose
jacobian matrix has rank equal to the dimension ofY at any point ofY.

By the identificationCn ≃ R2n, and since a biholomorphic map is aC∞ dif-
feomorphism, ann-dimensional complex manifoldX has an underlying struc-
ture of 2n-dimensional real manifold. LetTX be the smooth tangent bundle. If
(z1, . . . , zn) is a set of local complex coordinates around a pointx ∈ X, then the
complexified tangent spaceTxX ⊗R C admits the basis

((
∂

∂z1

)

x

, . . . ,

(
∂

∂zn

)

x

,

(
∂

∂z̄1

)

x

, . . . ,

(
∂

∂z̄n

)

x

)
. (C.1)

This yields a decomposition

TX⊗ C = T′X ⊕ T′′X (C.2)

46



C.1 Complex manifolds and vector bundles 47

which is intrinsic becauseX has a complex structure, so that the transition func-
tions are holomorphic and do not mix the vectors∂

∂zi with the ∂
∂z̄i . As a consequence

one has a decomposition

ΛiT∗X ⊗ C =
⊕

p+q=i

Ωp,qX where Ωp,qX = Λp(T′X)∗ ⊗ Λp(T′′X)∗. (C.3)

The elements inΩp,qX are calleddifferential forms of type(p, q), and can locally
be written as

η = ηi1...ip, j1... jq(z, z̄)dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄j1 (C.4)

The highest exterior power of the holomorphic cotangent bundle

KX := ΛnT′∗X (C.5)

is called thecanonical bundleof then-dimensional complex manifoldX. Holo-
morphic sections ofKX are holomorphicn-forms.

Definition 4. An almost complex manifoldis a differential manifold M with an
endomorphism of the tangent bundle J: T M→ T M such that J2 = −1.

Proposition 3. A complex manifold admits a natural almost complex structure.

Let X be a differential manifold.

Definition 5. A C∞ complex vector bundleon X is given by a family{Ex}x∈X of
complex vector spaces parametrized by X together with a C∞ manifold structure
on E =

⋃
x∈X Ex such that the projectionπ : E → X mapping Ex to x is C∞ and

for every x0 ∈ X there exists an open set U⊂ X containig x0 and

φU : π−1(U) → U × Ck

taking Ex (linearly and) isomorphically onto{x} × Ck for any x∈ U. φU is called
a trivializationof E over U.

Let X be a complex manifold.

Definition 6. A holomorphic vector bundleπ : E→ X is a complex vector bundle
together with the structure of a complex manifold on E such that for any x∈ X
there exists U containing x in M and a trivialization

φU : EU → U × Ck

that is a biholomorphic map of complex manifolds.
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C.2 Submanifolds and their families

Let X be an (r + d)–dimensional (connected) complex manifold andS ⊂ X a d–
dimensional (connected) compact complex submanifold. We may assume thatS
is covered by a finite number of open subsets{Wα}α∈I of X each of which has a
local coordinate system

(zα,wα) = (z1
α, . . . , z

d
α,w

1
α, . . .w

r
α)

such thatS is defined inWα by wα = 0. We defineUα := Wα ∩ S. On Wαβ :=
Wα ∩Wβ we have the coordinate transformations

{
zα = fαβ(zβ,wβ)

wα = gαβ(zβ,wβ)
(C.6)

where fαβ = ( f 1
αβ, . . . , f

d
αβ) andgαβ = (g1

αβ, . . . , g
r
αβ) are vector-valued holomorphic

functions of (zβ,wβ) ∈Wαβ.
Let us define the matrix–valued holomorphic functions

Nαβ :=

(
∂gαβ
∂wβ

)

(zβ,0)

zβ ∈ Uαβ

We then have the following compatibility conditions

Nαβ(zβ)Nβγ(zγ) = Nαγ(zγ) for zγ ∈ Uαβγ andzα := fαβ(zβ, 0) (C.7)

Thus{Nαβ}α,β∈I defines a holomorphic vector bundleN → S, called thenormal
bundleof S in X, i.e. the quotient bundle

0→ TS→ TX|S → NS|X → 0 (C.8)

Let now S′ ⊂ X be another compact complex submanifold ofX covered by
{Wα}α∈I and assume thatS′ is defined inWα by the equations

wα = φα(zα)

whereφα is a vector valued holomorphic function ofzα ∈ Uα. Theseφα have to
satisfy the compatibility condition

gαβ(φβ(zβ), zβ) = φα( fαβ(φβ(zβ)), zβ) for (φβ(zβ), zβ) ∈Wαβ

We want to consider families of suchS′. Let us first introduce the notion of
complex analytic space, a generalization of the concept of acomplex analytic
manifold. Ananalytic spaceoverC is a ringed space that is locally isomorphic
to a ringed space (X,O), whereX is defined in a domainU of Cn by equations
f1 = . . . = fp = 0, fi are analytic functions onU, andO is obtained by restricting
the sheafOU/I on X; hereOU is the sheaf of germs of analytic functions inU,
while I is the subsheaf of ideals generated byf1, . . . , fp.
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Definition 7. Let M and B be analytic spaces (i.e. reduced, connected, Hausdorff
complex analytic spaces) andφ : M → B a proper surjective holomorphic map.
The triple(M, π, B) is called afamily of compact complex manifoldsif there exist
{Mα} open covering of M,Ωα ⊂ Cn open subsets and holomorphic isomorphisms

ηα : Mα → Ωα × Bα

where Bα := π(Mα) is open in B, such that the diagram

Mα

π
!!

BB
BB

BB
BB

ηα
// Ωα × Bα

proj
zzvvvvvvvvv

Bα

commutes for eachα. B is called theparameter spaceof the family(M, π, B).

Definition 8. Let X be a complex manifold. A family of compact complex mani-
folds(M, π, B) is called afamily of compact complex submanifoldsof X if

• M is an analytic subvariety of X× B

• π is the restriction to M ofproj : X × B→ B.

For eachb ∈ B of a family (M, π, B) of submanifolds ofX, the fibreπ−1(b) can
be written asπ−1(b) = Sb × b whereSb is a compact complex submanifold ofX,
so we identifyπ−1(b) with Sb and write the family as{Sb}b∈B.

Definition 9. A family {Sb}b∈B of compact complex submanifolds of X is said to
bemaximalat b0 ∈ B if for each{Sc}c∈C family of compact complex submanifolds
of X with a point c0 such that Sc0 = Sb0 there exists U neighbourhood of c0 in C
and a holomorphic map f: U → B such that f(c0) = b0 and Sf (c) = Sc for each
c ∈ U. {Sb}b∈B is said to be amaximal familyif it is maximal at every point of the
parameter space.

We then have the following results, [78].

Theorem 4. There exists a maximal family{Sb}b∈B of compact complex submani-
folds of X such that So = S for a point o∈ B where the parameter space B is an
analytic space.

Fixing X, one can patch these families together and obtain the following theo-
rem.

Theorem 5. Let X be a complex manifold. Then the set of all compact complex
submanifolds of X forms a (not necessarily connected) analytic space B(X) in a
natural way.
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C.3 Connections and hermitian metrics

Definition 10. Let X be a differential manifold and E→ X a complex vector
bundle. Aconnectionis a map

∇ : Ω0(E)→ Ω1(E)

satisfying the Leibnitz rule

∇( f s) = f∇(s) + d f ⊗ s

for every section s of E and every function f on X or on any open subset.

The Leibniz rule also shows that∇ isC-linear. The connection∇ can be made
to act on allΩk(E), thus getting a morphism

∇ : Ωk(E)→ Ωk+1(E)

by letting

∇(ω ⊗ s) = dω ⊗ s+ (−1)kω ⊗ ∇(s).

If {Uα} is a cover ofX over whichE trivializes, we may choose on anyUα
a set{sα} of basis sections ofEUα (notice that this is a set ofr sections, with
r = rkE). Over these bases the connection∇ is locally represented by matrix-
valued differential 1-formsAα:

∇(sα) = Aα ⊗ sα.

EveryAα is as anr × r matrix of 1-forms. TheAα’s are calledconnection 1-forms.
If gαβ denotes the transition functions ofE with respect to the chosen local

basis sections (i.e.,sα = gαβsβ), the transformation formula for the connection
1-forms is

Aα = gαβAβg
−1
αβ + dgαβg

−1
αβ. (C.9)

The connection is not a tensorial morphism, but rather satifies a Leibniz rule;
as a consequence, the transformation properties of the connection 1-forms are
inhomogeneous and contain an affine term.

The square of the connection

∇2 : Ωk(E)→ Ωk+2(E) (C.10)

is f -linear, i.e. it satisfies the property∇2( f s) = f∇2(s) for every functionf on
X. In other terms,∇2 is an endomorphism of the bundleE with coefficients in
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2-forms, namely, a global section of the bundleΩ2 ⊗ End (E). It is called the
curvatureof the connection∇ and we shall denote it byF. On local basis sections
sα it is represented by thecurvature 2-forms Fα defined by

F(sα) = Fα ⊗ sα. (C.11)

The curvature 2-forms may be expressed in terms of the connection 1-forms
by the equation (Cartan’s structure equation)

Fα = dAα − Aα ∧ Aα (C.12)

and the transformation formula for the curvature 2-forms is

Fα = gαβFβg
−1
αβ. (C.13)

Due to the tensorial nature of the curvature morphism, the curvature 2-forms obey
a homogeneous transformation rule, without affine term.

An Hermitian metrich of a complex vector bundleE is a global section of
E⊗ Ē∗ which when restricted to the fibres yields a Hermitian form onthem. On a
local basis of sections of{sα} of E, h is represented by matriceshα of functions on
Uα which are Hermitian and positive definite at any point ofUα. The local basis
is said to beunitary if the corresponding matrix h is the identity matrix.

A pair (E, h) formed by a holomorphic vector bundle with a hermitian metric
is called ahermitian bundle. A connection∇ onE is said to bemetricwith respect
to h if for every pairs, t of sections of E one has

dh(s, t) = h(∇s, t) + h(s,∇t). (C.14)

In terms of connection forms and matrices representingh this condition reads

dhα = At
αhα + hαĀα (C.15)

wheret denotes transposition and the bar denotes complex conjugation. This equa-
tion implies that on a unitary frame, the connection forms are skew-hermitian
matrices.

Proposition 4. Given a hermitian bundle(E, h), there is a unique connection∇
on E which is metric with respect to h and is compatible with the holomorphic
structure of E. In a holomorphic local basis of sections, theconnection forms are

At
α = ∂hαh

−1
α . (C.16)

The connection of the previous proposition is calledChern connection.
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C.4 Kähler manifolds and Calabi–Yau manifolds

Definition 11. Let X be a complex manifold with complex structure J and h a
hermitian metric on X. The form

ω(X,Y) := 〈JX,Y〉 = − 〈X, JY〉 for X,Y ∈ Γ(TX) (C.17)

is calledhermitian form(or fundamental form).

Definition 12. A complex manifold with hermitian metric h and hermitian formω
is called aKähler manifoldif dω = 0.

Definition 13. A Calabi–Yau manifoldis a Kähler manifold with trivial canonical
bundle.

Actually there are many nonequivalent definitions of a Calabi–Yau manifold,
we just took a reasonable one. Notice that one often relaxes the Kähler condi-
tion, as we did. Notice also that this is slightly cheating, since of course one is
interested also in (not too much) singular spaces.

C.5 Direct and inverse image sheaves

In this section we list a few definitions and results from [53]. We shall assume,
among the others, the definitions of sheaf, scheme andČech cohomology groups.

Definition 14. Let f : X → Y a continuous map of topological spaces andF a
sheaf on X. Thedirect image sheaff∗F on Y is defined by

( f∗F )(V) := F ( f −1(V)).

Let nowG be a sheaf on Y. Theinverse image sheafon X is the sheaf associated
to the presheaf

U → lim
V⊇ f (U)

G(V)

where U⊆ X is an open set in X and the limit is taken over all open sets V⊆ Y
containing f(U).

Let now f : (X,OX) → (Y,OY) be a morphism of ringed spaces. IfF is
a sheaf ofOX-modules, thenf∗F is a sheaf off∗OX-modules. The morphism
f ♯ : OY → f∗OX of sheaves of rings onY gives f∗F a natural structure ofOY-
module.
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Definition 15. Thedirect image sheaff∗F ofF by the morphism f is the sheaf of
OY-modules constructed above.

If G is a sheaf ofOY-modules, thenf −1G is a sheaf off −1OY-modules. Notice
that we have a morphismf −1OY → OX of sheaves of rings onX.

Definition 16. The inverse image sheafof G by the morphism f is the sheaf of
OX-modules

f ∗G := f −1G ⊗ f −1OY OX.

Proposition 5. Let f : X→ Y be a morphism of schemes. Then

1. if G is a quasi-coherent sheaf ofOY-modules, then f∗G is a quasi-coherent
sheaf ofOX-modules;

2. if X and Y are noetherian andG is coherent, then f∗G is coherent;

3. if X is noetherian or f is quasi-compact and separated and and F is a
quasi-coherent sheaf ofOX-modules, then f∗F is a quasi-coherent sheaf of
OY-modules.

Proposition 6 (Projection formula). Let f : (X,OX) → (Y,OY) be a morphism of
ringed spaces,F a sheaf ofOX-modules and E a locally free sheaf ofOY-modules
of finite rank. Then there exists a natural isomorphism

f∗
(
F ⊗OX f ∗E

)
≃ f∗(F ) ⊗OY E.

In particular, takingF ≃ OX in the previous proposition, we obtain

f∗ f
∗E ≃ f∗(OX) ⊗OY E. (C.18)

Definition 17. A morphism of schemes f: X → Y is anaffine morphismif there
exists an open affine coverV = {Vα} of Y such that f−1(Vα) is affine for anyα.

Any affine morphism is quasi-compact and separated.

Proposition 7. Let f : X → Y be an affine morphism of noetherian separated
schemes andF a quasi-coherent sheaf on X. Then there are natural isomorphisms

Hi(X,F ) ≃ Hi(Y, f∗F ), i ≥ 0.
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