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Introduction

Very similar in spirit to a statistical physics model, a generic combina-
torial optimization problem involves many discrete variables—like Boolean
variables, finite sets of colors, etc.— which interact through constraints typ-
ically involving a limited number of them. Optimization consists actually in
finding configurations which violates the smallest possible number of such
pre-imposed constraints and this task might become extraordinarily difficult
if the number of competing conditions is large. A compromise between the
quality of a solution and the time required for finding it might have then to
be found, leading only to sub-optimal results.

The number of violated constraints sum up to give a global cost-function
which can be interpreted as the hamiltonian of a (generalized) spin system.
One may decide to adhere completely to the physical analogy and to use
statistical mechanics to devise new optimization strategies inspired by na-
ture. The celebrated Simulated Annealing mimics, for instance, the thermal
relaxation of a solid toward its optimal crystalline state. The more recently
introduced Quantum Annealing is based on the simulation of quantum fluc-
tuations which can trigger tunneling events into states with a better cost.
These algorithmic methodologies based on physical, or even biological,
metaphors are often very effective and may compete with ad hoc strate-
gies developed for dealing with specific real-world optimization problem
(like planning, mail delivery, timetable scheduling, chip design and verifi-
cation, and many others). Nevertheless, despite the many important pro-
gresses achieved thanks to this interdisciplinary cross-fertilization [65, 66],
vast classes of problems remain still today practically unsolvable, at least
as far as the goal of finding true global optima is concerned.

The fields of combinatorial optimization [130] and complexity theory
in computer science deal precisely with the design of efficient resolution
strategies and with the classification of computational problems according
to their “hardness”. A first distinction might be introduced between tasks
for which resolution can be done in polynomial time (P problems) and tasks
for which such a resolution method is not known in general, but for which
efficient verification of a guess is possible (NP problems). It is generally
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believed that most NP problems cannot be solved in affordable time us-
ing ordinary hardware. Nevertheless the conjecture P=NP has not yet been
ruled out by any formal proof, and the mirage still exists of finding an al-
gorithm able to solve in polynomial time all the instances of one of the
hardest problems in NP (the so-called NP-complete problems like boolean
3-satisfiability, or the Traveling Salesman Problem).

We would like at this point to stress that this classification in classes
is based only on the complexity of the worst-case. For the sake of prac-
tical applications, in reality, the establishment of a complexity theory for
the typical cases would be highly desirable. Just to give an example, most
random instances of the 3-SAT problem can be solved without any effort,
despite the fact that the hardest of all the 3-SAT instances have the max-
imum possible resolution complexity in NP. The efficient resolubility of
many random 3-SAT formulas does not imply, of course, that P=NP, but,
on the other hand, inferring from the NP-completeness of 3-SAT that the
resolution of any instance is unaffordable would be too limiting.

However, when the problem instances are extracted at random from
nontrivial ensembles (that is ensembles which contains many instances that
are hard to solve), computer science meets statistical physics in another
fundamental way: many models of crucial interest for Computer Science,
like random 3-SAT, can be indeed identified with diluted spin glass models
defined over random graphs with a small connectivity [46, 70]. The use
of powerful statistical mechanics techniques, like the replica or the cavity
method, developed for the study of disordered spin systems, allows to give
a solid explanation of the onset of their hardness in certain specific range
of parameters. The physical scenario predicts indeed that an exponentially
large number of metastable states may trap for exponentially long times
any stochastic local search process satisfying detailed balance, like Simu-
lated Annealing. For small temperatures and for sub-exponential simulation
times an extensive gap in energy will separate the true optimal assignments
from the threshold states, hiding them to any heuristics. The physical anal-
ysis brings often to the derivation of phase diagrams giving a portrait of the
complexity of the typical case. In several cases, the theoretical predictions
are in remarkable agreement with numerical experimental investigations,
and can be used to supplement the rigorous but incomplete informations
provided by formal proofs.

New algorithmic results as well as many mathematical issues have been
put forward by statistical physics studies, with examples ranging from the
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identification of phase transitions [117, 107] and out-of-equilibrium analy-
sis of randomized algorithms [40] to the introduction of entire new classes
of algorithms [107, 109, 26].

An example is provided by the so-called Survey Propagation methods,
based on a smart application of the cavity method at the level of one step
of RSB. Survey Propagation (SP) is an efficient message-passing algorithm,
which can be used to evaluate the local magnetizations of individual vari-
ables in arbitrary random instances of any constraint satisfaction problem.
Assuming from the very beginning the existence of disconnected distant
clusters of solutions, its applicability can be extended well inside the hard
optimization region, characterized by a breakdown of the zero energy phase
in an exponential number of components. The possibility of implementing
the resolution of the cavity equations over individual samples, without the
need of averaging over the quenched disorder (a step unavoidable, on the
other hand, in applications based on the replica method) allows to extract
microscopic detailed information of algorithmic relevance and optimal as-
signments can then be generated by resorting to a decimation process, in
the spirit of the simplest real-space renormalization group.

In this work we will deal with new applications of SP to the optimiza-
tion and constrained resolution of random constraint satisfaction problems
(CSPs). We will focus our attention mainly on the K-SAT model because
of its inherent simplicity of formulation and for comparison with the broad
literature available on this subject. Nevertheless, our techniques could be
generally applied to the optimization of sparse networks of arbitrary dis-
crete constraints.

Really hard random samples can be generated in a narrow region cen-
tered on the transition point between generally satisfiable (SAT) and gen-
erally unsatisfiable (UNSAT) samples. For this reason (and independently
from physics), during the last decade the problem of finding minimal en-
ergy configurations of random combinatorial problems similar to diluted
spin-glasses has become a very popular algorithmic benchmark in com-
puter science [70]. We will show that even the most performing optimized
algorithm for the resolution of hard K-SAT instances, namely WalkSAT,
undergoes an exponential slow-down in this hard region, despite the fact
that it does not properly satisfy detailed balance like other more standard
heuristics (in agreement with analysis presented in [149, 11]). SP, on the
other hand, will be able to efficiently retrieve complete satisfying assign-
ments up to almost the critical point itself. These results will be extended
to the UNSAT region, where survey propagation techniques will be used to
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produce sub-optimal assignments lying well below the lower bound to the
glassy threshold states.

A further advantage of the SP approach, is the possibility of implement-
ing modified equations that can be applied to the selection of an exponential
number of solutions, according to a geometric criterion. It is indeed possible
to assign different probabilistic weights to different clusters of assignments,
in order to direct the SP convergence process towards clusters sufficiently
close to a desired reference point in the configuration space. The resulting
forcing mechanism is the perfect analogue of importance sampling in Mon-
tecarlo simulations, and can be added to the ordinary SP iterations without
affecting their overall computational cost.

This cluster-addressing capabilities will be used to explore efficiently
the geometry of the space of solutions of a given random combinatorial
problem, by probing selectively the local neighborood of individual solu-
tions. We will be able to provide then the first numerical evidence for the
RSB geometric structure of the ground-state phase of large instances of NP-
complete problems. In particular, we will observe the predicted landscape
topology transition between a sharp clustered phase to a regime in which
a more complex hierarchical organization of the states is present. Surpris-
ingly enough, such geometrical insight could also become relevant for engi-
neering applications in information theory, where the generation of graphs
with specific properties is an integral part of the design process (e.g. LDPC
error correcting codes [140]).

The efficient selection of states in hard phases containing an exponential
number of well separated clusters open also the possibility, in perspective,
of realizing new algorithms in which clustering is exploited for computa-
tional purposes. A solution cluster could be seen as an embedded attractor
and the selection of a state as the retrieval of information contents. We will
discuss here a preliminary implementation of “physical” lossy data com-
pression, in which crucial will be the possibility of addressing reliably a
single cluster among the exponential number available just by retaining a
very limited amount of memory. Many other applications might be envis-
aged as well, ranging from pattern restoration and vector quantization to
more general artificial intelligent associative systems in which the cluster-
ing of attractors could represent a defense against noise.

More importantly, these state-selecting capabilities can be achieved re-
sorting only to completely local equations. Fully parallel versions can then
be devised, particularly suitable for distributed computational environments
like GRIDs. Implementations over massively parallel reconfigurable hard-
ware (FPGA, etc.) are also possible, resulting in a computational cost which



INTRODUCTION 5

scales only with the logarithm of the problem size. Cluster importance
sampling implemented through simple trains of driving pulses, can be po-
tentially used to produce state-selecting networks of basic units exchanging
between them only digital elementary messages. Preliminary results are en-
couraging and seem to suggest that hard phases in random constraint satis-
faction problems, longly considered as a curse to be defeated, may become,
on the long run, a new powerful resource for technological and algorith-
mic applications, making intelligent computational use of the exponential
number of selectable states.

[ [ [

This thesis is organized as follows:
Part 1 is about preliminaries on the characterization of complex prob-

lems. Chapter 1 will give an introduction to the Theoretical Computer
Science view-point on complexity, and Chapter 2 will introduce the fun-
damental statistical mechanics method needed for the physical analysis of
combinatorial optimization problems. The random K-SAT phase diagram
will be introduced and explained.

In Chapter 3 we will discuss the behavior of some performing local
search heuristics (WalkSAT and fRRT), highlighting the existence of the
glassy threshold phenomenon. A comprehensive summary of the applica-
tion of Quantum Annealing to the optimization of K-SAT will also be given,
in order to offer an example of the most exotic approaches to optimization
proposed in the last years of interdisciplinary research.

Part 2 will be entirely devoted to Survey Propagation and its general-
izations. Chapter 4 will introduce the basic SP equations and will discuss
their message-passing interpretation. We will present, moreover, the finite-
pseudo-temperature version of SP (SP-Y) and its application to the opti-
mization in the UNSAT region.

Chapter 5 will be about state selection. The SP-ext equations with ex-
ternal forcing will be studied, as well as their use for probing the cluster
structure of the zero-energy phase. The distribution of solutions will be
also investigated and described by mean of Principal Component Analy-
sis visualizations. Lossy data compression of random unbiased and biased
sources will be discussed as well.

Finally, Chapter 6 will be essentially about perspectives and will intro-
duce the completely local version of SP (AdaSP). The first very preliminary
results on simple warning propagation schemes with external forcing will
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give us the opportunity of speculating about the possible relevance of state-
selection mechanisms for neural processing of information.

The work is completed by some introductory appendices for the inter-
ested reader:

Appendix A is a quick overview of the principal replica calculations
about the K-SAT phase diagram.

Appendix B is a concise introduction to worst-case Complexity Theory
and Appendix C an elementary tutorial on information theory.

Appendix D discusses the SP equations in a generalized formalism,
suitable for comparison with other message-passing algorithms like Belief
Propagation (BP).



Part 1

Complexity and glassiness





CHAPTER 1

A computer scientist’s look at Complexity

Real-life offer a plethora of examples in which combinatorial optimiza-
tion problems have to be solved. Let us think about mail delivery. A given
set of missives, each one labeled by a precise address, have to be dispatched
to destination in the shortest possible time, taking in account the fact that
the number of postmen is limited (as well as their working hours) and that
fuel is expensive. Besides the omnipresent planning problem, we can also
consider more academic tasks. One of the first mathematical investigations
of the resolubility of a combinatorial problem was proposed in 1736 by
Leonhard Euler [49]. The puzzle consisted in deciding if it was possible
to walk through the city of Königsberg (today’s Kaliningrad, in Russia, an
important harbor over the Baltic Sea) crossing each one of the seven bridges
over the river Pregel exactly once and returning home.

Euler had the great merit to identify the combinatorial structure under-
lying the problem in a seminal work that can be regarded as the founding act
of graph theory. In a modern language, indeed, the Seven Bridge problem
can just be considered an instance of the more general decision problem:

EULERIAN CIRCUIT: : Given a graph G = (V, E), does G contain
an eulerian circuit, connecting all the vertices in V , passing exactly
once over each edge in E?

Of course, a possible solution method could be the exhaustive enumer-
ation of all the possible paths over G, but already Euler himself remarked:

In a decision problem, the feasible solutions are not evaluated relative to each other but to an

‘absolut’ criterion: a tour in the TSP either has length or not.

MST(D) can be solved in polynomial time: simply solve the optimization variant MST and

compare the result to the parameter . For the TSP(D) this approach does not help. In fact

we will see in section 2.3.1 that there exists a polynomial algorithm for TSP(D) if and only if

there exists a polynomial algorithm for TSP. It seems as if we cannot learn more about the gap

between tractable and intractable problems by considering decision variants of optimization

problems. So lets look at other decision problems, not derived from optimization problems.

2.1.1 Eulerian circuits

Our first ‘genuine’ decision problem dates back into the 18th-century, where in the city of

Königsberg (now Kaliningrad) seven bridges crossed the river Pregel and its two arms (Fig. 3).

A popular puzzle of the time asked if it was possible to walk through the city crossing each of

the bridges exactly once and returning home.

f
b

B

D

C

A

c
d
e

g

a

Figure 3: The seven bridges of Königsberg, as drawn in Euler’s paper from 1736 [15] (left) and

represented as a graph (right). In the graph, the riverbanks and islands are condensed

to points (vertices), and each of the bridges is drawn as a line (edge).

It was Leonhard Euler who solved this puzzle in 1736 [15]. First of all Euler recognizes

that for the solution of the problem the only thing that matters is the pattern of interconnections

of the banks and islands–a graph in modern terms. The graph corresponding to

the puzzle of the Königsberg bridges has 4 vertices for the two banks and the two islands and

7 edges for the bridges (Fig. 3). Euler’s paper on the Königsberg bridges can be regarded as

the birth of graph theory.

To generalize the Königsberg bridges problem we need some terminology from graph

theory [9]. A walk in a graph is an alternating sequence of vertices and

edges ,

Note that the sequence begins and ends with a vertex, and each edge is incident with the

vertices immediately preceding and succeeding it. A walk is termed closed if , open

8

F 1. The Seven Bridges of Kaliningrad and the corre-
sponding Eulerian circuit graph problem.

9
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“The particular problem of the seven bridges of Königs-
berg could be solved by carefully tabulating all possible
paths, thereby ascertaining by inspection which of them,
if any, met the requirement. This method of solution, how-
ever, is too tedious and too difficult because of the large
number of possible combinations, and in other problems
where many more bridges are involved it could not be
used at all”

Euler solution was instead based on the basic observation that if there is
an eulerian circuit, it must leave any vertex v via an edge e different from
the edge e′ used for reaching v. This simple consideration allows to state
that having only even connectivities in G is a necessary condition for the
existence of an eulerian circuit. This was enough to solve the Königsberg
bridges problem (the answer was “no”), but the great mathematician was
also able to prove the sufficient condition, devising then an efficient poly-
nomial algorithm able to solve any random instance of the Eulerian Circuit
problem, at least as far as we are only interested in deciding the existence
or not of such a circuit.

In 1859, Sir William Rowan Hamilton sold to a London dealer for 25
pounds the idea for a new puzzle, which was commercialized under the
mysterious name of “Icosian Game” [64, 67]. It consisted in a simple
wooden pegboard with hemispheric holes in correspondence with the ver-
tices of a dodecahedral graph. The game consisted in finding a route along
the edges of the graph, passing now each vertex exactly once and returning
to the starting edge. Despite the similarity with the Eulerian Circuit prob-
lem, no simple answers to this Hamiltonian Circuit problem are known up
to date (see eg. [158, 130]). Hamiltonian Circuit Problem is generally in-
tractable (no solutions accessible in polynomial time) and nobody knows
clearly why.

1. Worst-case complexity

The preceding discussion, based on examples from years in which com-
puters didn’t exist yet, highlights the central question of an important branch
of discrete mathematics, known under the name of Complexity Theory [58,
129]: given a specific problem, defined in precise mathematical (often com-
binatorial) terms, is it possible to solve it using a polynomial amount of time
(and/or space) in a reasonable model of automated computation? The an-
swer seem to be “yes” for the Eulerian Circuit problem that can then be put
in the so-called class P of the polynomially solvable problems. A concise
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Figure 4: Sir Hamilton’s Icosian game: Find a route along the edges of of the dodecahedron

(left), passing each corner exactly once and returning to the starting corner. A solu-

tion is indicated (shaded edges) in the planar graph that is isomorphic to the dodec-

ahedron (right).

There is a certain similarity between EULERIAN CIRCUIT and HAMILTONIAN CYCLE. In the

former we must pass each edge once; in the latter, each vertex once. Despite this resemblance

the two problems represent entirely different degrees of difficulty. The available mathematical

insights into HAMILTONIAN CYCLE provide us neither with a polynomial algorithm nor with a

proof that such an algorithm is impossible. HAMILTONIAN CYCLE is intractable, and nobody

knows why.

2.1.3 Coloring

Imagine we wish to arrange talks in a congress in such a way that no participant will be forced

to miss a talk he would like to hear. Assuming a good supply of lecture rooms enabling us to

hold as many parallel talks as we like, can we finish the programme within time slots? This

problem can be formulated in terms of graphs: Let be a graph whose vertices are the talks

and in which two talks are adjacent (joined by an edge) if and only if there is a participant

whishing to attend both. Your task is to assign one of the time slots to each vertex in such a

way that adjacent vertices have different time slots. The common formulation of this problem

uses colors instead of time slots:

-COLORING: Given a graph . Is there a coloring of the vertices of

using at most different colors such that no two adjacent vertices have the same

color?

10

F 2. A box of the Hamilton’s “Icosian Game” and its
graph-theoretical solution.

but rigorous introduction to Complexity theory will be provided in the Ap-
pendix B, but we can easily understand that Hamiltonian Circuit problem
will belong to a different complexity class. In particular it will belong to the
class NP of the problems for which the verification of a tentative solution
can be performed in polynomial time1.

The mathematical analysis of complexity can be extended from decision
problems (in which only the two answers “yes” and “no” can be given) to
the most general case of optimization problems. A celebrated example is
represented by the Traveling Salesman Problem (TSP). Here, the input data
are a set of N cities and the matrix D = ‖di j‖ of their reciprocal distances
(not necessarily corresponding to a distribution over an euclidean plain).
The N cities can be seen as the vertices of a complete graph KN , whose
N(N − 1)/2 edges are weighted by the entries of the symmetric matrix D.
The TSP consists then in finding the hamiltonian circuit over KN with the

1“NP” does not stand for “non polynomial” as it could be suspected, but for “non-
deterministic polynomial”, see Appendix A.
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smallest associated weight (given by the sum of all the individual edges’
weights). Obviously the complexity of the optimization problem is at least
equivalent to that of its decision version: finding a path of length ` allows
also to decide if a path shorter than `+ε exists or not. Hence, TSP belongs to
the NP class, since it can be very difficult to find a short path, but its length
can be measured just by performing the sum of a polynomially bounded
number of terms.

A special role in complexity theory is played by the so-called NP-
complete problems, which are in a sense the most complex in the whole
NP class. A problem A is NP-complete if all the problems in NP can be
translated in polynomial time into the resolution of some instance of A. The
existence of an efficient algorithm for the resolution of all the instances of A
would then allow the efficient resolution of every instance of every possible
NP problem. The 3-SAT problem which will be introduced in Section 2
and thoroughly discussed in the rest of this work constitutes the paradigm
of all the NP-complete problems. It can be proved that also TSP is NP-
complete (by showing that it is at least as complex as 3 − S AT ) and more
comprehensive lists of NP-complete problems can be found in [58].

We would like to stress here the words “all instances” appearing in the
preceding paragraph about NP-completeness. Many instances of an arbi-
trary NP-complete problem, like TSP, can in reality be quite easy to solve.
Nevertheless, it is possible to exhibit some extraordinarily difficult instances
for which no resolution in polynomial time could be found until now. These
maybe very few hard instances would be sufficient for classifying TSP as a
NP problem. In particular, we would be able of show that the NP class is
in reality included in the P class, if we could find a polynomial algorithm
for the resolution of every possible instance of 3-SAT. Efficient resolution
of just a subset of instances would not be enough for proving the discussed
conjecture P = NP.

For these and other reasons, the complexity results briefly mentioned in
the present section are said to belong to the field of Worst-Case Complexity
Theory [129].

2. Typical-case complexity

In many practical applications, worst-case statements could be too lim-
iting. One of the most widely used algorithms for the resolution of linear
programming problems is the simplex method [130], which requires an ex-
ponential resolution time in the worst-case. Now, linear programming itself
is known to be a polynomial problem, since the introduction of the ellipsoid
algorithm in 1979. It turns out, however, that in most cases the simplex
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method is very efficient and it is then preferred to the more awkward ellip-
soid algorithm which is guaranteed to be always polynomial. Linear pro-
gramming provides just an example in which the indications of worst-case
analyses could be misleading for practical purposes.

Let us consider now the boolean K-satisfiability problem (K-SAT). We
define a K-clause as the disjunction A1 ∨ A2 ∨ . . . AK of K literals equal
to boolean variables either directed or negated. A formula consists in the
conjunction of M clauses. Given N Boolean variables and a formula, the
K-SAT problem consists in deciding whether it exists or not an assignment
of the variables that satisfies all M the clauses. Since a same variable might
appear directed in some clauses, negated in others, the determination of a
satisfying assignment could not be straightforward.

Many relevant problems can be mapped directly or indirectly to K-SAT.
This is notably the case of planning problems, circuit fault analysis and
many others [76, 80, 81, 71]. The logical nature of K-SAT allowed Thomas
Cook to prove its NP-completeness for K ≥ 3. Many hard instances of the
3-SAT problem can be downloaded from online benchmark-sets reposito-
ries [71]. In this work, we will be mainly interested in instances sampled
from some defined random ensemble of formulas (random K-SAT). A first
example, could be the ensemble of fixed connectivity random formulas, in
which every variable participates to a fixed number γ of clauses, appearing
each time negated or directed either with a given probability, or in an ex-
actly balanced way. Another common ensemble is obtained when selecting
in a completely random way the K variables involved in each one of the M
clauses. It is possible to see that in this framework the number of clauses in
which each variable is involved becomes a Poissonian random variable.

In the case of random Constraint satisfaction problems, the well-defined
probabilistic set-up allows to make statements about properties of instances
that are typical for certain choices of parameters. Many hard instances,
however, are highly structured, far from being random, and the notion of
typical-case analysis does not play any obvious role. The study of the con-
nection (if any) between worst-case and typical-case complexity is indeed
an open one and very few general results are known [6].

For random formulas, an extremely relevant parameter is the ratio α =
M/N. Extensive numerical experiments have been conducted in order to
study the distribution of satisfiable (SAT) and unsatisfiable (UNSAT) in-
stances. Figure 3 (adapted from [83]) shows the probability PUNSAT(α) of
finding unsatisfiable random instances, obtained from the analysis of a large
number of samples of different sizes and clauses-to-variables ratios α. A



14 1. A COMPUTER SCIENTIST’S LOOK AT COMPLEXITY

F 3. Phase transitions in random 3-SAT. (Left) The
probability of randomly generating a satisfiable 3-SAT in-
stance with random Poissonian connectivity is plotted for
several sample sizes against the clause-to-variable ratio α.
Two regions in which it is almost certain to produce SAT and
UNSAT instances can be clearly seen. The complexity of
proof resolution with a Davis-Putnam complete solver is also
shown (Right) and seem to diverge for large instances across
the phase-boundary region (figures adapted from [111, 83]).

rather sharp transition between two well defined regions can be clearly ob-
served. At small α, it is almost certain that a randomly generated instance
will be satisfiable, while for large α PUNSAT(α) seems to reach unity. The
transition region becomes smaller with increasing sample size, and a finite-
size scaling analysis allow to extrapolate from the data an approximate crit-
ical point location in α(num)

c ' 4.3.
Only relatively small sizes can be managed in this kind of experiments,

since the use of complete solvers is needed to provide certificates of un-
satisfiability. Indeed, satisfiability can be established by presenting just a
single satisfying assignment, but to prove unsatisfiability the full configu-
ration space must be explored to rule out the existence of exact solutions.
In practice, this can be done by pruning considerable parts of the search
tree when unavoidable contradictions are found. The Davis-Putnam algo-
rithm is based on an efficient implementation of this selective branching
strategy and constitutes the fastest known complete procedure for unsat-
isfiability proofs. It has been experimentally found in the case of ran-
dom instances that the time cost of resolution is strongly affected by the
value of α. The data presented in Figure 3 at right (adapted from [111])
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indicates that the hardest instances are concentrated in a small region sur-
rounding the SAT/UNSAT transition region. The observation of this EASY-
HARD-EASY pattern (common in other combinatorial optimization prob-
lems) seems to suggest the existence of a second kind of transition besides
the SAT/UNSAT critical point.

The study of the SAT/UNSAT phase transition is considered of crucial
relevance for understanding the general mechanisms of the onset of com-
putational complexity in typical instances. A lot of work aiming at a rig-
orous foundation to the emerging field of typical-case complexity has been
focused on the study of both the decision problem and the optimization ver-
sion of K-SAT (random MAX-K-SAT). The existence of a SAT/UNSAT
critical point αc(K) has been theoretically confirmed for 2-SAT, which is
in P [128] and for which αc(2) = 1 2. Much less is known for the NP-
complete case K ≥ 3 [60]. A formal proof of the existence of the threshold
phenomenon for large N has been published in [55], but the fact that the
corresponding αc has a limit when N → ∞ has not yet been established rig-
orously (the threshold location could oscillate). Upper bounds αUB(K) on
the position of αc have been found using first moment methods [45, 77] and
variational interpolation methods [63, 54], and lower bounds αLB(K) have
been found using either explicit analysis of some algorithms [5], or second
moment methods [3]. For random MAX-K-SAT theoretical bounds are also
known [4, 78], as well as analytical results on the running times of random
walk and approximation algorithms [144, 136].

Nevertheless, the experimental picture of the various phase transitions
presented by the random K-SAT problem appears extremely more detailed
than the very rough description based only on rigorously proved theorems.
A similar state of advancement subsists for many other combinatorial opti-
mization problems, like for instance random graph coloring [55]. It seems
definitely that new concepts and tools are needed in order to produce further
important theoretical progresses. In the next chapter, we will see how statis-
tical physics might become a fundamental cornerstone in the construction
of the new language of typical-case complexity theory.

2Note that MAX-2-SAT becomes again NP-complete for α > 1.





CHAPTER 2

A physicist’s look at Complexity

Statistical mechanical studies have often to deal with the exact or ap-
proximate solution of involved counting and optimization problems. This
situation has already lead in the past to fruitful reciprocal fertilizations,
transgressing the boundaries between physics and discrete mathematics.
Two significant examples could be the Kasteleyn method for the counting of
perfect matches over planar graphs (from the clever summing of the dimer
partition function to an efficient algorithm [79]) and the study of percolation
(from pioneering graph-theoretical works of Erdös and Rényi [50] to several
sophisticated and interconnected models in statistical mechanics [151]).

Every optimization problem can be defined as the task of determining
a variable assignment that makes a given lower-bounded cost function as
small as possible. The cost of a configuration can be the length of the path
in TSP, and the number of violated clauses in K-SAT. In any case it can
be considered as a formal energy value, and each optimization problem can
then be associated to the search for the ground state of a specific hamilton-
ian [135, 123]

To be more precise, we can define a generic constraint satisfaction prob-
lem (CSP) by introducing N discrete variables —e.g. Boolean variables,
corresponding to Ising spins, or finite sets of colors, associated to Potts
spins— and M constraints involving typically a small number of variables.
The energy cost Ca(~ξ) of a single constraints a will be equal to 0 or not,
depending if a is satisfied or not by a given assignment ~ξ. Typically the
individual costs are simple integer-valued functions of just a small subset
of variables V(a) = { ja1 , . . . , jaK } (every variable j is involved on the other
hand in a subset V( j) of constraints). For random CSPs, the sets V(a) are
generated selecting random groups of size K among the N variables. The
CSP corresponds in the end to the determination of configurations minimiz-
ing the global energy function E[~ξ] =

∑
a Ca(~ξ). We said that the CSP can

be exactly solved if we are able to provide at least one assignment ~σ such
that E[~σ] = 0.

17
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ja, 1

j

j

ja, 2

a, 3

F 1. Factor graph representation of a random CSP.
Variables are represented as circles connected to the con-
straints in which they are involved, depicted as squares.

The energy contribution associated to a single K-clause of a K-SAT
formula can be for instance written as:

(2.1) CSAT
a (~ξ = {si}, {Ja,i}) = 2

K∏
l=1

1 + Ja,lsa,l

2

where the Ising spins assume a value sa,l = ±1 depending on the truth value
of the l-th variable ja,l in the clause a and the coupling constants Ja,l = ±1
reflect if ja,l appears in a in the negated or the directed form. The energy
contribution (2.1) vanishes if at least one literal is true (that is if there is
at least one product Ja,lsa,l = −1)1. The overall hamiltonian of a K-SAT
instance reads then:

(2.2) HK-SAT

(
~ξ,

{
Ja,i

})
= 2

∑
a

CSAT
a (~ξ, {Ja,i})

where the dependence from the random couplings has been explicited.
It is common to provide a graphical visualization of instances of CSPs,

by drawing its factor graph representation [86]. Each variable is depicted
as a circular node in a bipartite random graph and it is connected to square
nodes representing the constraints in which they are involved (see Fig. 1).
Random instances correspond to random graphs which are typically tree-
like (that is the shortest loop-length is expected to be of order log N [50,
22]). Various kinds of connecting edges can be drawn, reflecting differ-
ences in the associated coupling constants. In a random K-SAT instance, in
particular, each variable can appear directed and negated in different terms
and, hence, give rise potentially to frustration.

1The multiplicative prefactor 2 is added for future convenience.
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The cost function associated to any given random K-SAT formula can
be seen then as the hamiltonian of a spin system with quenched disorder
defined over a sparse random factor graph. Many powerful techniques have
been developed in the last twenty years in order to deal with disordered sta-
tistical models and can be used in order to describe the different phases of
random combinatorial optimization problems and achieve a better under-
standing of the mechanisms inducing resolution complexity [135, 123].

The way physicists and mathematicians proceed is quite different, since
theoretical physicists generally do not prove theorems, but ordinarily prefer
to maximize the number of approximate results based on reasonable hy-
pothesis. If from the rigorous mathematical point of view it is only possible
to state that some phase transition must take place in random 3-SAT be-
tween α = 3.14 and α = 4.51, statistical mechanics computations provide
estimates which can be compared with the experimental observations and
which result valid up to the second decimal digit at least. The extreme suc-
cess of physical methods has triggered a large interest in the “orthodox”
computer scientists and mathematicians community, and new proof tech-
niques and definitions, which formalize on a solid ground the “quick and
dirty” physicists’ approaches, are being gradually introduced, giving rise to
entire new original lines of research. This is the case of important achieve-
ments in Measure Theory [155] based on the cavity method, which will be
reviewed in the next section 2.

Statistical mechanics method have been applied with success to the
characterization of several CSPs, like graph partitioning [56], graph col-
oring [27], vertex cover [160], knapsack [85, 73], number partitioning [98],
matching [44, 104, 92, 93], TSP [103, 137], and many other information
theoretical applications [123, 150]. The dynamical properties of various lo-
cal search or complete procedures have also been explored in detail, and
the physical approach has provided the inspiration for new powerful algo-
rithmic families, like the Survey-Propagation-based methods that will con-
stitute the main topic of this work. We will focus hereafter on the K-SAT
problem, as a case-study for different methodologies of analysis.

1. The replica approach

When considering disordered systems defined in terms of a set of ran-
dom quenched interactions {J}, their partition function Z[{J}] itself be-
comes a random variable, which can be shown to be not self-averaging.
The evaluation of free-energy and of other functionals of relevant physi-
cal interest, requires unfortunately the evaluation of the average over the
quenched disorder of the logarithm of the partition function lnZ[{J}], and
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the non self-averaging nature of Z[{J}] makes the so called annealed ap-
proximation lnZ[{J}] = lnZ[{J}] inexact.

A solution to this problem was first introduced by Edwards and An-
derson (for an excellent account on the development of spin glass theory
see [135]). Since f (x)n = 1 + n f (x) + O

(
n2

)
, they could write the formal

identity:

(2.3) lnZ[{J}] = lim
n→0

Z[{J}]n − 1
n

When n is an integer larger than the unity, the replicated partition function
Z[{J}]n can be interpreted as the partition function of n independent replicas
of the same system. Thanks to this fact, factorization becomes generally
possible and, in the case of many mean-field models, an approximate sum of
Z[{J}]n can be found in the thermodynamical limit, by means of the saddle-
point method. Only the dominant contributionZ[{J}]n ' exp

(
−N fopt/T

)
is

retained, which is expressed in terms of the global extremum of an effective
replicated free-energy functional. When the explicit dependence from the
number of replicas n has been identified for all the relevant functionals, an
analytical continuation to the complex plane is performed and the replica
limit n→ 0 is taken2.

Several aspects of the replica method seem rather cumbersome. In par-
ticular, the inversion of the n → 0 and of the N → ∞ limits and the para-
doxical use of a number of replicas of the system smaller than unity itself
can hardly be justified on a rigorous ground. The main argument in fa-
vor of the Replica method has historically been its remarkable success in
many applications, both when considering statical and dynamical models.
In a seminal paper, D. Sherrington and S. Kirkpatrick were able to find a
solution of the full-connectivity version of the Edwards-Anderson model,
based on a so called Replica Symmetric ansatz (RS). At a certain point of
the derivation, an effective free energy functional is written which depends
explicitly on the average overlaps between replicas qab = 〈s(a)s(b)〉 and on
the average square magnetizations ma = 〈s(a)s(a)〉, forming a square n × n
symmetric matrix �.

Extremization with respect to this n(n − 1)/2 overlaps has to be taken,
and restrictive hypothesis over the properties of the minimizing set can be
done in order to simplify the derivation. The RS ansatz consists in selecting
a replica matrix � in which all the off-diagonal entries are simply equal

2Note that performing the replica limit, the number of replicas involved becomes neg-
ative when n < 1. This extravagant fact forces us to maximize instead of minimize the
free energy functional. After all, we are looking for the optimal value of the off-diagonal
elements of a 0 × 0 matrix. . .
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to q and all the diagonal entries to m, without further index-dependencies.
Extremization consists then in finding the optimal values for the overlap
scales q and m in the replica limit n→ 0.

The SK model zero-energy entropy computed under the RS ansatz was
negative and the ground state energy slightly over-estimated. J.R.L. De
Almeida and D.J. Thouless were able to show indeed that under certain
conditions the RS optimum becomes unstable, since better optima can be
found by looking for extremization in an extended functional space charac-
terized by more complex replica matrices�. Better results were obtained by
G. Parisi, who introduced the one step replica symmetry breaking (1-RSB)
solution, containing two different inter-replica overlap scales q0 ≤ q1 and
one magnetization m. The construction can be iterated generating ansatzs
with multiple steps of replica symmetry breaking. We can introduce k + 2
integers m0, . . . ,mk+1 such that m0 = n, mk+1 = 1 and mi/mi+1 is an inte-
ger. The n replicas are then divided into n/m1 groups of m1 replicas, each
one of them subdivided into m1/m2 groups of m2 replicas, and so on. The
inter-replica overlap scales are then set to k possible values, according to
the rule:

(2.4) qa,b = qi, if
⌊

a
mi

⌋
,

⌊
b
mi

⌋
and

⌊
a

mi+1

⌋
=

⌊
b

mi+1

⌋
A graphical exemplification of the 2-step replica matrix for n = 8 is given
in Figure 2. Free energy optimization must here be taken with respect to
the k inter-replica overlaps and to the k parameters m1, . . . ,mk which, after
the analytical continuation needed for the replica limit n → 0, are shown
at the saddle point to form a sequence 0 ≤ mi ≤ mi+1 ≤ 1. The saddle
points qi are shown to be on the other hand in a decreasing order, and the
various order parameters can be collected into a single step function over
the interval 0 < x < 1:

(2.5) q(x) = qi if mi < x < mi + 1

The most precise results are obtained finally with the f-RSB ansatz, in which
the free-energy is optimized with respect to the variations of a whole con-
tinuous function q(x), constituting the generalization of (2.5) for an infinite
number of replica symmetry breaking steps. It is now generally believed
that the f-RSB solution is exact for the SK model.

1.1. Clustering of the states. RSB theory would have remained just a
sophisticated technical tool its intimate connection with the complex geo-
metrical organization of the glassy states had not been discovered.

In a ferromagnet, below the Curie point the free-energy function has a
simple structure characterized by just two wells, which corresponds to two
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�2−step =



q2 q2 q1 q1 q0 q0 q0 q0

q2 q2 q1 q1 q0 q0 q0 q0

q1 q1 q2 q2 q0 q0 q0 q0

q1 q1 q2 q2 q0 q0 q0 q0

q0 q0 q0 q0 q2 q2 q1 q1

q0 q0 q0 q0 q2 q2 q1 q1

q0 q0 q0 q0 q1 q1 q2 q2

q0 q0 q0 q0 q1 q1 q2 q2


F 2. A 2-RSB replica matrix for 8 replicas, with m1 =

4 and m2 = 2.

states with opposite directions of magnetization. The free-energy of a spin-
glass-like system is considered on the other hand to have an exponentially
large number of minima, according to estimations based on the counting
of TAP equations solutions, and the barriers between them are expected
to grow indefinitely in the thermodynamic limit. Let us suppose now that
the system is large but nor infinite and let us consider its evolution in time
under thermal fluctuations. The system will be trapped around one of the
free-energy minima for a really long time, but, ordinarily, statistical me-
chanics assumes that after extremely long times we will be able to observe
behaviors reflecting the properties of all the other valleys. Usual averages
are indeed typically taken with respect to a Gibbs measure, but the Gibbs
equilibrium state can indeed be considered a mixture of several pure states.
To be more precise, let consider the example of the Ising model. Here, the
Gibbs average of a quantity, denoted by 〈·〉 can be decomposed, as evident
by symmetry arguments, in the convex sum of the averages over the pure
states of opposite magnetization, corresponding to the free-energy minima:

(2.6) 〈·〉 =
1
2
〈·〉+ +

1
2
〈·〉−

It can be proven [141] that such decomposition is always unique, if we for-
mally define a pure state as a state in which all the connected correlation
functions 〈A(x)B(y)〉(a) − 〈A(x)〉(a)〈B(y)〉(a) go to zero when |x − y| → ∞.
The large-time behavior of the system will be then mainly dominated by
pure states, since the equilibrium implies that the response to a perturbation
is small and this implies by fluctuation-dissipation theorem the vanishing
of connected correlation functions. This non rigorous argument by Giorgio
Parisi [131], suggests that long-time dynamical behaviors and spin-ordering
in independent valleys can be studied, ignoring the transitions to other val-
leys. In each pure state independently, we can define the Edwars-Anderson
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F 3. Ultrametric organization of the states, in clusters,
clusters of clusters and so on. A larger number of steps of
RSB corresponds to a more complex hierarchical organiza-
tion.

order parameter:

(2.7) qEA = lim
t→∞

lim
N→∞
〈si(t0)si(t0 + t)〉(a)

measuring how fast a system confined into a single state evolve in time, and
corresponding with the squared magnetization inside the pure state a. The
ordinary Gibbs average q will be generally different and the discrepancy
between q and qEA will be a sign of the existence of a multiplicity of pure
states:

(2.8) q =

∑
a

P(a)m
(a)
i

2

where the index (a) denotes quantities relatives to individual pure states a,
each one contributing to the convex sum with a probabilistic weigth P(a).

A crucial result establishes a connection between the RSB order param-
eter q(x) and the continuous spectrum between q and qEA, corresponding to
the variety of degrees of transitions between valleys. Let introduce indeed
the probability distribution P(q) of finding an overlap q between two pure
states:

(2.9) P(q) =
∑
a,b

P(a)P(b)δ(q − qab)

It is then possible to see that the associated cumulative distribution:

(2.10) x(q) =
∫ q

0
dq′ P(q′),

dx
dq
= P(q)

is exactly the inverse of the RSB order parameter q(x).
A remarkable feature of the Parisi RSB solution of the SK model (and

of many others) is its ultrametricity. It is indeed possible to evaluate the
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joint probability distribution of the overlaps between three states:

P(q1, q2, q3) =
∑
a,b,c

P(a)P(b)P(c)δ(q1 − qab)δ(q2 − qbc)δ(q3 − qca)

=
1
2

P(q1) x(q1) δ(q1 − q2)δ(q1 − q3)

+
1
2

P(q1)P(q2) θ(q1 − q2) δ(q2 − q3)

+ (other two terms with 1, 2, 3 permuted)

(2.11)

This means that the distances between three states can form only equilateral
or isosceles triangles. Composing then two jumps between states, it will be
impossible to reach a state more distant from the initial one than the length
of the longest individual jump. The states are then segregated in families
of clusters and form a nested tree-like structure depicted in Figure 3. The
different overlap scales individuated by the RSB theory are associated to
the distance scales between states in the same cluster, in different clusters,
in different clusters of clusters and so on. The 1-RSB solution introduces
two overlap scales, q0 corresponding to the typical distance between opti-
mal configurations in different clusters and q1 corresponding to the typical
distance between optimal configurations in the same cluster. The larger the
number of step of replica symmetry breaking, the larger will be the num-
ber of hierarchical levels of clustering taken in account in describing the
organization of the pure states.

1.2. Applications to K-SAT. The random version of the K-SAT prob-
lem defined by the hamiltonian (2.2) has been object of careful analysis
using the replica method [113, 114, 115, 116, 117] . The difficulty of the
calculations involved has allowed to obtain only a description at the replica
symmetric level. The application of replica theory to mean field models
over diluted graphs presents indeed further considerable technical compli-
cations with respect to the fully connected case briefly outlined in the pre-
vious section.

In the RS approximation over a diluted model the order parameter is
represented by a probability distribution P(m) for the local magnetizations,
identical over all the sites. It is possible to evaluate self-consistently P(m)
from the RS saddle point equations. The main passages of the derivation
contained in [113, 114] are contained in the appendix A. Here, we are
mainly interested in highlighting some results particularly relevant for typ-
ical case complexity theory. A variable will be relatively free to fluctu-
ate if its magnetization is small and this will increase the probability that
some fluctuations may cause the variable to satisfy many of the clauses to
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which belongs. On the other hand, if a variable is strongly polarized, it
will be frozen in a specific state, reducing then the probability of satisfying
certain constraints. When performing an average over the quenched disor-
der — represented by the random couplings connecting the variables to the
clauses in the energy terms (2.1) —, only the variables with a magnetization
of order m = ±1 − O

(
e−|z|β

)
will be relevant when computing the average

number of violated clauses. It is in particular possible to express the RS
ground state energy as a functional of the probability distribution R(z) for
the variable z = (1/β)arctanh (m). The resulting equations can be solved
self-consistently and provide the following picture.

For K = 2, the RS theory predicts EGS = 0 for α < 1 and positive
energy for α > 1. For large α’s, EGS scales as α/4 in agreement with
numerical observations. The RS theory predicts then correctly the location
of the SAT/UNSAT transition αc(2) = 1.

For K ≤ 3, there is only a single solution corresponding to EGS = 0
for α < αm(K). Then a second metastable solution leading initially to a
negative EGS appears and it becomes finally thermodynamically stable for
α > αs(K), which corresponds then with the RS estimation of αc(K). In re-
ality, both αm(3) ' 4.67 and αs(3) ' 5.18 are larger than the experimentally
observed αc ' 4.2, indicating that the RS theory ceases to be completely
valid for K ≥ 3.

It has been possible to evaluate perturbatively the entropy density of
completely satisfying assignments in the β → ∞ optimization limit, up to
the seventh order. The results are shown in Figure 4. Let us first consider
the K = 2 case for which RS theory is believed to be exact. at the phase
transition, S (α = αc(2) = 1) = 0.38 which is still a quite large value,
when compared with S (α = 0) = ln 2. This means that the SAT/UNSAT
transition is associated to the appearance of logical contradictory loops in
all the solutions simultaneously and not to the progressive decrease of the
number of these solutions down to zero at the threshold. The same happens
in the K = 3 case ( S (α = αc(3) = 4.2) = 0.1), for which RS theory is just a
rough approximation.

Analytical calculations based on variational approaches [20] shows that
for K ≥ 3 at a certain threshold still in the SAT region before αc(K), RSB
takes place3. Indeed, two typical distance scales appear around α ' 4,
corresponding to the distance between solutions within the same cluster
or in different clusters. The existence of RSB will be confirmed also by
analysis based on the cavity method and will be crucial for understanding
the onset of computational complexity close to the SAT/UNSAT transition.

3In the same framework a better estimate αv(3) = 4.48 can be obtained for αc(3).
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F 4. RS entropy density for random 2-SAT and 3-SAT.
The RS estimates are in good agreement with exhaustive
enumerations over small samples (N ranging from 20 to
30) before the experimental critical values αc(2) = 1 and
αc(3) = 4.3. At the SAT/UNSAT transition an exponential
number of completely satisfying assignments continues to
exist (adapted from [46]).
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F 5. Variational RSB estimate for 3-SAT of the clus-
tering of solutions. When RSB takes place two characteris-
tic distance scales appear, one within each cluster and one
within solutions belonging to different clusters (adapted
from [46].
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2. The “zero temperature” cavity approach

The cavity method is based on an original idea by Lars Onsager [126],
introduced in 1936 for the study of charged particles in suspension in a
dielectric medium, but it was developed in its modern form only rather re-
cently [105, 134, 135], to provide a new method of resolution for mean-
field spin glasses, not affected by the serious interpretation problems of the
replica theory. The results provided by the cavity method are indeed equiv-
alent to their analogues obtained in the replica framework (both at the RS
and 1-RSB level), but they are based on pure (bayesian) statistical infer-
ence. Precise hypothesis about the correlations between variables in a sys-
tem with N spins are indeed assumed, and they have to be self-consistently
reproduced after the introduction of a (n+1)-th variable. The results become
strictly speaking exact only in the thermodynamic limit (if it is possible to
prove its existence for the problem under exam), but the introduction of
precise models for describing the correlations in finite-size systems allows
to use the cavity method as a tool for the definition and the rigorous study
of new complex probability measures, describing ground state properties of
frustrated spin systems in a language acceptable by orthodox mathemati-
cians [155].

A second important advantage of the cavity method is that the site-
dependence of the order parameter is explicitly taken in consideration; to
be rigorous, the order parameter itself becomes the functional probability
distribution of the magnetization probability distributions over the different
sites. There is not then a real need to perform an average over the quenched
disorder if one is interested in instance-specific features more than in typical
properties, and this fact will be determinant for all the algorithmic applica-
tions described in chapters 4 and 5.

2.1. Local fields, cavity fields and cavity biases. Although the origi-
nal cavity method is of more general applicability, we will focus hereafter
on its version “directly at zero temperature” [106, 109], which is partic-
ularly suitable for the analysis of ground states of random combinatorial
optimization problems. Let us consider the factor graph G(N) of a random
CSP instance with N variables and let us remove temporarily a single vari-
able j0 together with all its neighboring interactions b ∈ V( j0). The result
is the so called cavity factor graph G(N−1)

0 , depicted in Figure 6. Since the
original instance had been randomly generated, and since N is large, we
can consider that all the variables on the surface of the cavity (that is, every
j ∈ ∪b∈V( j0)V(b) \ j0 ) are approximately uncorrelated (cavity ansatz).
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j
0

F 6. Cavity method. After the removal of the cavity
variable j0 the fields acting over the variables at the surface
of the cavity can be considered independent.

The partial partition function of the cavity site σ0 can now be written
as:

(2.12) Z j0 =
∑

b∈V( j0)

∑
s(b)

i ∈V(b)\ j0

e−βCb

(
s(b)

1 ,...,s
(b)
Kb−1,s0

)
e
β
∑

j(b)
i ∈V(b)\ j0

h
j(b)
i →b

s(b)
i

where s(b)
i and s0 are respectively the states of the variables j(b)

i inV(b) \ j0

and j0 and Cb is the energy associated to the constraint b. The cavity fields
h j(b)

i →bs(b)
i summarize the action of the rest of the graph over the variables

j(b)
i , and can be considered independent random variables because of the

cavity ansatz. We can then write out the partial resummation:

(2.13) Z j0 =
∑

b∈V( j0)

eβ(wb→ j0+s0ub→ j0)

where the cavity biases ub→ j0 are the individual contributions of the interac-
tion b to the local field H j0 on the variable j0:

(2.14) H j0 =
∑

b∈V( j0)

ub→ j0

and wb→ j0 is a free-energy shift depending only on the temperature and on
the cavity fields h j(b)

i →b, exactly as the cavity biases ub→ j0 . Furthermore, the
probability distribution of the state of the variable j0 is given by:

(2.15) P(s0) =
eβH j0 s0

2 cosh
(
βH j0

)
The specific functional form of the free-energy shifts and of the cavity

biases, can be obtained in the optimization limit by observing that when
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β → ∞ only the dominating contributions survive in the partial partition
function, hence:

(2.16) −
(
wb→ j0 + s0ub→ j0

)
=

min
s(b)

1 ,...,s
(b)
Kb−1

Cb

(
s(b)

1 , . . . , s
(b)
Kb−1, s0

)
−

∑
j(b)
i ∈V(b)\ j0

h j(b)
i →bs(b)

i


We remark that all the cavity biases, the cavity and the local fields are la-
beled by site and edge indices and are therefore dependent from the specific
coupling constants of the instance under exam. Until now, no averages over
the disorder have been taken, as already previously mentioned.

2.2. The RS cavity ansatz. The crucial statistical hypothesis behind
the RS version of the cavity method in the optimization limit is that the
state of the cavity graph G(N−1)

0 is correlated with the state of G(N) in a
unique way after the reintroduction of the cavity variable j0. The opti-
mal energy of G(N−1)

0 can be considered to be, under the cavity hypothesis,
A −

∑
b∈V( j0)

∑
j(b)
i ∈V(b)\ j0

∣∣∣∣h j(b)
i →b

∣∣∣∣ (all the variables at the surface of the cavity
get aligned with the cavity fields). After the addition of the cavity site, the
best energy becomes A −

∑
b∈V( j0) wb→ j0 −

∣∣∣∑b∈V( j0) ub→ j0

∣∣∣. The introduction
of the cavity site produces then finally an energy shift:

(2.17) ∆E j0 =
∑

b∈V( j0)

 ∑
j(b)
i ∈V(b)\ j0

∣∣∣∣h j(b)
i →b − wb→ j0

∣∣∣∣
 −

∣∣∣∣∣∣∣ ∑
b∈V( j0)

ub→ j0

∣∣∣∣∣∣∣
We note now that the cavity biases and the cavity fields are random

variables whose probability distributions can be linked by the following set
of coupled integral equations:

P j→a(h j→a) = C j→a

∫
DQ j,a δ

(
h −

∑
b∈V( j)\a

ub→ j

)
(2.18)

Qa→i(u) =
∫
DPa,i δ

(
u − ûa→i

({
h j→a

}))
(2.19)

where ûJ
a→i

({
h j→a

})
is the specific functional dependence of the cavity bi-

ases from the cavity fields and from the coupling constants and the Ci→a’s
are normalization constants. The integration measures are given explicitly
by:

DQ j,a =
∏

b∈V( j)\a

Qb→ j(ub→ j) dub→ j,(2.20a)

DPa,i =
∏

j∈V(a)\i

P j→a(h j→a) dh j→a(2.20b)
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An analogous equation can be written for the probability distribution of the
local fields:

(2.21) Pi(Hi) = Ci

∫
DQi δ

(
h −

∑
b∈V(i)

ua→i

)
with the measure:

(2.22) DQi =
∏

a∈V(i)

Qa→i(ua→i) dua→i

Averaging over the distribution of the disordered couplings in (2.33) and
over the distribution of connectivities in both (2.32) and (2.33) —the sets
{V(a)} and {V( j)} are themselves random— have to be performed if we
are interested in computing typical instance properties and phase diagrams.
Many possible distributions are possible. Most commonly the couplings are
selected to be J = ±1 with a flat probability, the constraint node connec-
tivity K is fixed to a given value and the connectivities follow a poissonian
distribution fKα(γ) = (Kα)γ exp(−Kα)/γ! with average Kα (this distribu-
tion corresponds to a large graph generation process in which a variable
node is connected to a constraint node with uniform probability 2Kα/N2,
see eg. [22]).

It is then possible to write an expression for the average energy contri-
bution created by the addition of a node:

(2.23) ∆Eadded =

∫ ∏
a∈V(i)

DPa,i∆Ei

We could naively think that ∆Esite itself offers an expression for the aver-
age energy density of a given CSP. In reality, when performing the aver-
aging process we have supposed to connect the (N + 1)-th cavity site to
γ random constraint nodes according to the same probability distribution
used for the generation of the topology of the cavity graph. There is then
over-generation of random constraints. For instance, if the link generation
probability is uniform, giving rise asymptotically to Erdös-Rényi random
graphs with poissonian connectivity, we are generating constraints inside
the cavity with a probability 2Kα/N2 instead of 2Kα/(N + 1)2 and we have
to delete a fraction 1 − N2/(N + 1)2 ' 2/N of them at random. In the large
N limit this correspond to an average number of deleted nodes equal to 2α.
Each removed node a takes away the following energy term:

(2.24) ∆Eremoved =∫
DPa min

s1,...,sKa

Ca(s1, . . . , sKa) −
∑

j∈V(a)

h j→as j

 + ∑
j∈V(a)

∣∣∣h j→a

∣∣∣
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with a measure:

(2.25) DPa =
∏
j∈V(a)

P j→a(h j→a) dh j→a

The final correct RS expression for the ground state energy density becomes
then:

(2.26) EGS = ∆Eadded − 2α∆Eremoved

with the coefficient 2α to be appropriately modified in case of less usual
random ensembles.

2.3. The 1-RSB cavity ansatz. A 1-RSB scenario is characterized by
the presence of a multiplicity of different pure states, forming clusters of
close configurations with the same energy. In the framework of the cavity
approach, the existence of clusters have to be explicitly taken in account as
a further hypothesis.

We suppose then that many different states exist. For each state sepa-
rately, we can follow exactly the same passages of the RS case. Every state
` will be associated to its own distribution of cavity biases and cavity and
local fields:

(2.27) H(`)
j0
=

∑
a∈V( j0)

ua→ j0

(
{h(`)

j→a}
)

An important point is that now the addition of an additional cavity spin
will produce different energy shifts in different pure states:

(2.28) ∆E(`)
j0
=

∑
b∈V( j0)

 ∑
j(b)
i ∈V(b)\ j0

∣∣∣∣∣h(`)
j(b)
i →b
− w(`)

b→ j0

∣∣∣∣∣
 −

∣∣∣∣∣∣∣ ∑
b∈V( j0)

u(`)
b→ j0

∣∣∣∣∣∣∣
We have then to take in account the possibility of energy level crossings.
Let us introduce the so-called complexity functional:

(2.29) NΣ(α, E/N) = logNclust(α, E/N)

providing the logarithm of the number of pure states at a given energy den-
sity E/N. We want now to evaluate the probability distribution of the local
field on an added site j0 under the constraint that the energy density of the
system is fixed to a precise value E. The local field (2.27) is correlated with
the energy shift (2.28) in every state. We call S j0(H, δE) the (unknown)
joint probability considering all the states that the addition of j0 produce
an energy-shift δE and that a field H is observed in j0. If the addition of
the cavity spin induce a shift δE, the constraint of generating a state with
energy density E can be obtained only if the spin is added to a state with
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energy density E − δE. The probability distribution of the local field in j0

at fixed energy density E can then be formally written:

P(E)
j0

(H) ∝
∫

d(δE)S j0(H, δE) exp
[
NΣ

(E − δE
N

)]
∝

∫
d(δE)S j0(H, δE) exp

[
−yδE

](2.30)

where we have defined the pseudo-temperature:

(2.31) y =
∂Σ

∂E
and we have expanded the complexity at the first order (N → ∞), tak-
ing in account that the complexity is an increasing function of energy. We
remark the crucial appearance of an exponential reweighing term χ j0 =

exp
(
−y∆E j

)
. The y parameter can also directly put in correspondence

with the single m1 Parisi parameter appearing in the 1-RSB replica ap-
proach. Analogous considerations can be done for level crossings over cav-
ity graphs. The coupled integral equations for the probability distribution
functions of cavity biases and cavity fields become then:

P j→a(h j→a) =

C j→a

∫
DQ j,a δ

(
h −

∑
b∈V( j)\a

ub→ j

)
χ j→a

(
{ub→ j}

)(2.32)

(2.33) Qa→i(u) =
∫
DPa,i δ

(
u − ûa→i

({
h j→a

}))
,

with the cavity reweighing factors:

(2.34) χ j→a

(
{ub→ j}

)
= ey(|∑b∈V( j)\a ub→ j|−

∑
b∈V( j)\a|ub→ j|)

An analogous modification holds for the local fields probability distribu-
tions:

(2.35) Pi(Hi) = Ci

∫
DQi δ

(
h −

∑
a∈V(i)

ua→i

)
χi

(
{ua→i}a∈V(i)

)
where the local reweighing factor is simply given by:

(2.36) χi ({ua→i}) = ey(|∑a∈V(i) ua→i|−
∑

a∈V(i) |ua→i |)

The internal energy functional could be computed in a way analogous to
(2.26), but taking in account level crossing. In practice, we prefer to intro-
duce a free-energy functional Φ(y) such that:

(2.37) Σ(α, E) − yE = −yΦ(y)

From the knowledge of its dependence on the pseudo-temperature y, both
Σ(y) = ∂Φ/∂(1/y) and E(y) = ∂(yΦ(y))∂y can be derived, and, hence, by
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mean of a parametric plot, Σ(E). We can relate the free-energy functional
to the cavity and local fields probability distribution functions. The contri-
butions associated to the variable nodes and to the constraint nodes can be
isolated, in a way typical of the so-called Bethe approximation in variational
approaches [161]:

(2.38) NΦ(y) =
M∑

a=1

Φ( f )
a (y) −

N∑
i=1

(γi − 1)Φ(v)
i (y)

Here, γi is the connectivity of the variable i. The contributions Φ( f )
a (y) asso-

ciated to every constraint a and Φ(v)
i (y) associated to any variable node i can

be written as:

(2.39) Φv
i (y) = −

1
y

ln(Ci)

(2.40) Φ( f )
a (y) = −

1
y

ln


∫ ∏

i∈V(a)

DQi,a exp [∆Ea]


where:

(2.41) ∆Ea =

− y min
{si,i∈V(a)}

Ca ({si}) −
∑

i∈V(a)

 ∑
b∈V(i)\a

ub→i

σi +
∑

b∈V(i)\a

|ub→i|


The equations (2.39) and (2.40) allow to compute all quantities of in-

terest for any CSP, once known the probability distribution functions given
by (2.32) and (2.35). Population dynamics algorithms can be used in order
to obtain a self-consistent computation of all these probability distributions.
In the next Chapter 4 we will study in detail a method allowing to derive
them over single specific instances.

In practice, the collection of all the Pi(Hi) defined over all the pure states
and potentially different for every site constitute a sampling from a func-
tional probability distribution of probability distributions P[Pi(H)]. This
“meta-probability” constitute the true order-parameter for the CSP. The 1-
RSB approximation consists in doing a specific bayesian ansatz for the
functional structure of the Pi(H) (that is, a hypothesis on P[P]). Under
certain conditions, this ansatz can become unstable when embedded into a
larger functional space and the 1-RSB description should have to be sub-
stituted by a more sophisticated one taking in account correlations between
different pure states.
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hardness of resolution is explained by the proliferation of
metastable states with an energy of scale Eth (adapted
from [109]).

2.4. Applications to K-SAT. It is easy to verify starting from the hamil-
tonian (2.2) that the explicit form of the zero-temperature cavity bias for
K-SAT becomes:

(2.42) ua→i = ûa→i

({
h j→a

})
= −Ja,i

∏
j∈V(a)\i

θ
(
Ja, jh j→a

)
The use of RS cavity method at zero temperature for the K-SAT model
allows to reproduce exactly the same result of the more standard replica
approach discussed in Section 1.

More interesting is the 1-RSB case. Figure 7 shows the evaluation of the
average ground state energy density and of the average zero-energy com-
plexity for a standard random instances ensemble with K = 3 and fluctuat-
ing variable-nodes connectivity.

Starting from the inspection of EGS we note that it becomes finite al-
ready at αc = 4.267, in excellent agreement with the experimental data.
We remark that EGS can easily be evaluated by finding the maximum value
EGS = maxy[Φ(y)]. Before the SAT/UNSAT transition, the Bethe free en-
ergy is always negative and reaches zero only asymptotically for y→ ∞. At
the critical point, Φ(y) suddenly develops a positive maximum for a finite
value y∗ of the pseudo-temperature, and the value of Φ(y∗(α)) provide the
plotted ground state energy density curve.
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F 8. Complexity against energy density for random 3-
SAT at α = 4.20. Just before the SAT/UNSAT transition
there is still an exponential number of clusters of solutions.
However an exponentially larger number of states at ex-
cited energies exists, and it is supposed to be responsible of
the slowing-down of search algorithms in the HARD region
(adapted from [109]).

A second phase transition takes place at αd = 3.921, where suddenly
the complexity of zero energy states jumps to a finite value. Then Σ(E = 0)
regularly decreases, vanishing exactly at αc. Still, an exponential number
of solutions exists exactly before the SAT/UNSAT transition, but they are
all grouped in a single cluster. More remarkably, the number of solution
clusters itself becomes exponential for α only slightly smaller than αc.

Figure 8 shows that the complexity is an increasing function of the en-
ergy. If there is an exponential number of solution clusters, for α > αd there
is also an exponentially larger number of clusters of metastable configura-
tions at finite energy. This means that the probability of hitting a satisfying
assignment is vanishingly small with respect to the probability of finding
some local minima. When considering local search algorithms that explore
the energy landscape of a CSP by performing only short-range moves if
they are not too energetically unfavorable, it is quite likely that they will
be stopped by glassy threshold states with an energy close to the threshold
energy:

(2.43) Eth = argmaxΣ(E)

There is indeed an exponentially larger number of clusters at energy den-
sity Eth than for any other lower value of energy. Such proliferation of
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metastable states acting as entropic traps might provide a reasonable expla-
nation for the observed EASY-HARD-EASY pattern in numerical experi-
ments.

In Figure 7 the threshold energy evaluated from the 1-RSB complexity
is plotted for comparison with EGS . In reality, such Eth constitutes only an
upper bound to the true energy scale of the threshold states, since the 1-
RSB ansatz is known to become unstable [118] for any energy larger than
the so-called Gardner energy EG (plotted in Figure 9). Since, EG is the
largest energy for which the 1-RSB computations can be considered stable,
the largest reliable estimated values of complexity lie on the line Σ(EG(α)).
The Gardner energy can then be considered as a lower bound to the true
threshold energy.

EG crosses the 1-RSB ground-state energy density line in two points,
αG = 4.15 in the SAT region and αg = 4.39 in the UNSAT region. Prelim-
inary f-RSB corrections suggest that the true threshold states have energies
very close to the lower bound. Consequently, only instances extracted from
the interval [4.15, 4.39] should be taken as really hard random benchmarks
for algorithm testing. Furthermore, as displayed in the inset of Figure 9,
the actual value of the energy gap EG − EGS is very small close to αG and
αg. In order to avoid systematic finite size errors, numerical simulations
should be done close to the SAT/UNSAT point, i.e., well at the center of
the 1-RSB stable region. Consistently with the fact that finite size fluctua-
tions are of order (O(

√
N)), even close to αc problem sizes of the order at

least of N = 105 might be needed in order to obtain a clear experimental
evidence of the predicted entropic threshold phenomenon. Extensive exper-
iments relative to the actual performance of local search heuristics in the
hard region of the random K-SAT phase diagram will be the main topic of
the next chapter.

3. A comprehensive summary of the K-SAT phase diagram

The identification of a SAT/UNSAT transition and the discovery of the
ground-state clustering phenomenon are sufficient for explaining the main
features of the observed typical-case complexity behavior of random 3-SAT.
Nevertheless, a wide number of detailed theoretical investigations of the
model has allowed to obtain a much richer description of its many phases,
which can be summarized as follows:

For α < αD = 3.86, the T = 0 phase is characterized by a zero ground-
state energy. The entropy density is finite but the phase is Replica Symmet-
ric (RS) and unfrozen. Roughly speaking, this means that there exists one
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giant cluster of nearby solutions and that the effective fields vanish linearly
with the temperature. This phase is SAT and EASY.

For αD = 3.86 < α < αd = 3.92, there is a full RSB phase. The so-
lution space breaks in clusters and the order parameter becomes a nested
probability measure in the space of probability distribution describing clus-
ter to cluster fluctuations. A peculiar property of this intermediate phase is
the fact that the clusters have a vanishing backbone fraction. This is then a
sort of “liquid” clustering scenario, where all the variables are unfrozen but
present highly structured correlated patterns of fluctuations [20, 133]. This
phase is SAT and EASY.

At α = αd ' 3.92 there is a discontinuous transition toward a clus-
tered and frozen phase [107, 109]. Up to αg = 4.15 the phase is f-RSB-like
(a debate is open about the possible SUSY-breaking 1-RSB nature of this
phase [36]) while for αg = 4.15 < α < αc = 4.2667 the 1-RSB solution
becomes stable [118, 99]. The 1-RSB complexity is finite in this region
and its estimates are reliable, at least for E < EG(α). The exponentially
many 1-RSB metastable states become indeed unstable at the Gardner en-
ergy EG(α), which constitutes a lower bound to the true dynamical threshold
energy. This phase is SAT and HARD.
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At αc = 4.2667 the ground state energy becomes positive and therefore
the typical random 3-SAT problem becomes UNSAT. At the same point the
complexity vanishes. The phase remains 1-RSB up to αG = 4.39 where an
instability toward a zero complexity full RSB phase appears. This phase is
UNSAT and HARD.

Finally, for α > αG = 4.39, the phase is UNSAT and it is expected to be
EASY, because of the absence of any sharp clustering.

A graphical sketch of this many phases is presented in Figure. 9.



CHAPTER 3

Local search fails

The general idea of local search is to explore the space of possible con-
figurations initializing the search at some point and moving from there it-
eratively to a neighboring position, according only to information gathered
looking at a local neighborood. An important advantage of the local search
approach is its universality: a single algorithm can be applied to very differ-
ent kinds of instances of the same problem, or even to different CSPs. Also
the requirements in space resources are typically very small [2, 130].

A drawback is typically the incompleteness of the procedure, that is the
impossibility to guarantee the finding of the best possible assignment even
for satisfiable instances and, hence, the impossibility of providing UNSAT
certificates. This limitation is essentially due to the non-systematic nature
of the configuration-space exploration, which is exactly the most distinc-
tive feature of local search itself. Another more fundamental flaw of the
local search approach has already been pointed out in the introduction, and
it’s the possibility of being trapped by local minima and plateau regions
of the search space [14, 40]. Nevertheless, until when brute-force exhaus-
tive search will become a serious option, thanks to the introduction of some
kind of superior hardware —but the present state-of-the-art in the imple-
mentation of both quantum and DNA-based computers seem to be rather
deceiving [122, 25]— , local search will continue to be a valuable alterna-
tive to complete solvers, in particular if we are just interested in producing
good suboptimal states in a short time and with reasonably small amount of
memory.

In this chapter we will discuss the performance of some of the most
performing local search heuristics known for the K-SAT problem, Walk-
SAT [148, 88, 72] and focused RRT [145, 146]. We will analyze briefly also
the behavior of a recently introduced and quite “exotic” algorithm, based
on techniques borrowed from quantum statistical mechanics, the so-called
Quantum Annealing. The main conclusion will be, in both the classical and
the quantum case, that the barrier created by the proliferation of the glassy
threshold states typical of the hard phase cannot be overcome in reasonably
short times by local search techniques.

39
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Depending indeed on the models and on the details of the process —e.g.,
the cooling schedule for SA— the long time dynamics will be dominated by
different types of metastable states at different temperatures [119]. A com-
mon feature, confirmed by experiments, will be that at zero temperature and
for simulation times which are sub-exponential in the size of the problem
there exists an extensive gap in energy which separates the blocking states
from the true ground states [14].

This substantial failure of local search will call for more elaborated op-
timization strategies, like the SP-based algorithms described in the chapters
4 and 5.

1. “Award-winning” heuristics

1.1. WalkSAT and its family. The first ancestor of the powerful Walk-
SAT algorithm is GSAT and was introduced in 1992 by Selman, Levesque
and Mitchell [147]. GSAT was rather simple with respect to its further evo-
lutions. We define the score of a variable as the variation in energy caused
by flipping the variable itself. The main step consisted, after a random ini-
tialization of all the variables, in flipping exactly the variable with the high-
est score, choosing it among the ones involved in unsatisfied clauses. This
greedy strategy suffered enormously the possibility of getting stuck in local
trapping structures, and a large number of restarts was needed in order to
generate good assignments. GWSAT (GSAT with random walk) introduced
for the first time a noise parameter p [148]: at each step a random number
r was extracted and, if r < p a randomly selected variable appearing in
unsatisfied clauses was flipped instead of the highest score one. The addi-
tion of the random walk feature gave to GWSAT the important property of
probabilistic approximate completeness (PAC), shared with other heuristics
based on metaphores derived from physics or biology (like simulated an-
nealing or genetic algorithms): this means that the probability that GWSAT
finds a solution converge to 1 when the number of allowed iterations before
restart goes to infinity. Another mechanism proposed by the authors against
trapping in local optima was Tabu search, that is preventing to flip again a
variable before ttabu steps are passed from its previous flipping. Note that
while small values of ttabu could not remove the need for restarts, too large
values could hide the road to the true optima by forbidding too many moves.
As a consequence, Tabu search may become fairly efficient is the tabu time
is set carefully, but, as well as other history-based mechanisms, it cannot
ensure alone the PAC property [96, 59].

WalkSAT [148, 88] is under many aspects similar to GWSAT, since
it has a probability given by the noise setting p of performing a random
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walk move, but it differs in the used scoring function (eligible variables
continues to belong to unsatisfied clauses). The score of a variable i is given
in WalkSat by the number of clauses that would be broken after an eventual
flip, that is the number of satisfied constraints in which i is involved that
become unsatisfied after inverting the value of i (when a greedy move is
done, the variable with the lowest score is then selected). In addition to that,
random walk moves are never performed if there are variables with score
0. This rather subtle differences are responsible for the largely superior
performance of WalkSAT with respect to GWSAT. One may wonder which
strategy is the most greedy, GWSAT or WalkSAT, and the answer is actually
not evident. In a sense, WalkSAT is the greedier, since always flip a variable
with null score if present. On the other hand, situations may happen where
the move minimizing the number of broken clauses do not correspond to
the choice that would have created the lowest total energy configuration:
GWSAT could then be greedier choosing a flip that breaks many clauses
but compensates this by satisfying a larger number of previously unsatisfied
constraints.

Small refinements of the WalkSAT strategy have been proposed, like the
introduction of Tabu search or novelty selection mechanisms [88], but no
significant performance improvements have been induced. It seems, on the
other hand, that an extremely careful optimization of the noise parameter p
is needed in order to unleash the full power of the WalkSAT algorithm. The
exact optimal value of p is strongly affected by the details of the instance
under consideration or of the ensemble from which it is extracted, and it is
then rather unpredictable without recurring to an exhaustive preliminary ex-
ploration of the possible settings. Optimal performance over the ensemble
of random 3-SAT formulas is described in Fig. 1.

1.2. Focused local search. An important feature of WalkSAT was fo-
cusing, implemented by considering as eligible for flip just the variables
belonging to violated clauses. The focusing property was already known
to improve local search results, independently from the research related to
WalkSAT [128]. Recent studies have addressed more specifically the effi-
ciency of focused versions of Metropolis search (MS) and Record-to-record
travel (RRT) [145, 146].

In the well-known Metropolis dynamics [100], a move is always ac-
cepted if produces a decrease in energy, and it is accepted with probability
η∆E in the case of an increase. Typically the unit-increment acceptance
probability is put in relation with a formal temperature η = exp [−1/T ]. If
the temperature is slowly reduced according to some predefined schedule,
Metropolis search is known under the name of simulated annealing [82, 1].
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F 1. Performances of WalkSAT and fRRT. The num-
ber of flips per variable needed to find a complete solu-
tion is plotted against α for WalkSAT (optimal noise setting
p = 0.55) and for fRRT with several acceptance spans d.
For some settings solution can be found close to αG, even
slightly inside the hard region, but resolution times show a
super-exponential divergence with α. From a power law fit
for the location of the intersection of the curves for increas-
ing d, an estimate a∞ for the location of the critical point can
be obtained in good agreement with previously established
results (figure reproduced from [145]).

In Record-to-record travel [47], on the other hand, a move is accepted if
and only if it produces a configuration with energy not larger than Erecord+d
where Erecord is the best energy found so far.

The focused versions fMS and fRRT are obtained from the original ones
just by allowing to select for spin-flip only the variables which belong to
already violated clauses. The addition of focusing destroys the detailed-
balance property of ordinary Metropolis search but boosts its efficiency in a
remarkable way. While in the next section we will see that a simple imple-
mentation of simulated annealing is unable even to approach the Gardner
lower bound to the glassy threshold states, fMS with fixed acceptance prob-
ability η is able sometimes to find complete solutions even inside the 1-RSB
SAT region of random 3-SAT (although very close to the 1-RSB instability
point αG ' 4.15). The performance of fRRT is only slightly better than that
of fMS, and some results are shown in Fig.1, in comparison with WalkSAT
data (obtained with optimal setting of the noise parameter p. Once again
the setting of the acceptance span d strongly affect the observed behavior.
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F 2. Threshold energy effect in SAT region. The Walk-
Sat performance for various samples of different sizes and
α = 4.24 is presented. With increasing size, the curves ap-
pear to saturate above the Gardner energy. An arrow indi-
cates that the next data point corresponds to a SAT assign-
ment.

1.3. Evidence of the glassy threshold effect. The results presented in
Fig. 1 and discussed in [145] clearly show divergence of resolution-times
when entering the hard 1-RSB region. In particular, there are no published
data about the resolution of large random instances with N > 105 and
α & 4.21 using just local search techniques. The theory exposed in the
preceding chapter predicts for random 3-SAT the existence of a SAT phase
characterized by stable 1-RSB clustering between αG ' 4.15 and αc ' 4.26.
In this region, the trapping effect into an exponential number of non-ergodic
components of the phase space corresponding to clusters of clause-violating
assignments should produce an exponential slowing-down of any local dy-
namics respecting detailed balance. Also WalkSAT and fRRT, although non
respecting detailed balance in a proper sense, meet growing difficulties in
finding solutions when N is increasing, and the average resolution time di-
verges in the thermodynamic limit.

In the case of WalkSAT precise theoretical results exist [149, 11], pre-
dicting that for α larger than some dynamical point new SAT clauses are
produced at the same rate at which they are eliminated, creating a sort
of energy freezing. Similar effects have been put in evidence by exper-
iments on fRRT. Only exponentially rare fluctuations can allow to find a
solution [120, 14]. Considering the small amplitude of the Gardner energy
gap [118], the probability of such lucky fluctuations should be considered
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safely vanishing in the hard 1-RSB region only for N ' 105 or larger 1. An
extensive set of experiments was carried out to check the actual existence
of the threshold effect [14]. We ran WalkSat over different formulas in the
hard-SAT region, with fixed α = 4.24 (safely in the 1-RSB SAT region) and
sizes varying between N = 103 and N = 105, reaching a maximum number
of 1010 spin flips. The results are shown in Fig. 2 where the Gardner energy
line is also reported for comparison. For small-size samples large fluctua-
tions still allow the local search algorithm to find a SAT assignment. For
larger formulas (N ∼ O(104)) WalkSat invariantly fails in solving the pro-
posed instances in the maximum allowed number of flips. The relaxation
profile suffers of critical slowdown, and saturation at some well defined
level is clearly visible. For the N = 104 formulas the saturation plateau is
below the Gardner energy. The finite-size fluctuations are still of the same
order of the energy gap between the ground and the threshold states and the
experimental conditions are distant from the thermodynamical limit. When
the size is increased up to 105 variables, the saturation level moves finally
above the lower bound to eth.

Since WalkSat does not respect detailed balance, we cannot conclude
that its saturation level coincides with the precise threshold energy scale
of the sample in exam. We can nevertheless claim that WalkSat is unable
to explore the full energy landscape of the problem, without the help of
unlikely strong fluctuations.

2. Quantum heuristics

It is generally claimed that an hypothetical Quantum Computer could
exploit the peculiar properties of quantum states can in order to encode and
manipulate information in a way quantitatively superior to classical com-
puters [122]. A quantum computation is usually seen as a suitable sequence
of unitary transformations acting over sets of qubits and maintaining the
quantum state of a system under control for a sufficiently long time is an
extremely demanding task from the point of view of practical implementa-
tion.

Most of the quantum algorithm proposed in the literature are based on
an abstract model, the quantum Turing Machine, which have many points
of contact with the models describing classical computing machines. In
particular, the representation of information is digitalized, even resorting
to complex error-correcting schemes in order to defeat the many sources of

1The Gardner energy becomes O(1) only for N ∼ 104 or larger, and for a smaller
number of variables the threshold effect should be negligible when compared to finite size
effects.
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noise and decoherence that can destroy the fragile and essentially analogical
nature qubits.

A different approach to quantum computation, more similar in spirit to
local search heuristics, is taken by Quantum Ground State Search meth-
ods, like Quantum Adiabatic Computation and its variants [51, 52, 53, 75]
and the semi-classical simulated Quantum Annealing algorithms [143, 94,
95, 16, 17]. These techniques work simulating (eventually with a quan-
tum hardware, universal or dedicated) the externally driven evolution of an
artificial quantum system, whose ground states are in a one-to-one map-
ping with the solution space of specific computational problems. Much of
the enthusiasm about (simulated) quantum methods relies on the hypothe-
sis that a a quantum system can dynamically explore the state space more
efficiently than its classical counterpart. The positive effect of quantum
phenomena has been verified in some cases, notably in relaxation exper-
iments performed over amorphous anneals with magnetic impurities [30]
and in numerical simulations of the Transverse field quantum Ising Spin
Glass [143, 94] which can be considered a toy-model of the same class of
materials. The success of the Path Integral Montecarlo (PIMC) scheme for
Quantum Annealing pushed the authors to apply it to the optimization of
hard instances of the Traveling Salesman Problem [95]. The results were
encouraging, since PIMC-QA was able to outperform a simple implemen-
tation of classical Simulated Annealing: in particular, the convergence time
was significantly shorter, even after taking in account the extra cost of sim-
ulating a quantum computation on a classical computer [143, 95].

Nevertheless, very few theoretical results are known to date [52, 159,
110, 152, 153, 17] and, In particular, it has not been proved that a good
quantum optimization pathway must exist in general. Even in the cases
in which the experiments show that the quantum strategy is more efficient
than the classical analogue, no rigorous and definitive explanations for the
superior quantum performance cannot be given.

In this section, we will discuss briefly the optimization of a hard in-
stance of random 3-SAT with the PIMC-QA, in comparison with a basic
implementation of the ordinary Simulated Annealing (SA) [82]. We do
not expect that SA is particularly performing, since it is just a variant of
Metropolis Search without the focusing feature, but one may hope that the
introduction of a source of quantum fluctuations induce tunneling phenom-
ena, able to overcome the energy barriers which isolate individual local
minima. We expect, nevertheless, that this eventual feature is not particu-
larly effective in a landscape punctuated by an exponential number of such
traps: leaving one trap, would correspond to escape into another one and the
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ground-state valleys would continue to be hidden because of mere entropic
effects, exactly like in the classical case.

The hardness of the chosen 3-SAT instance deserves a further comment.
It is common in the quantum computation literature to discuss the perfor-
mance of newly introduced algorithms by testing them on simplified toy-
problems of reduced size; this is essentially due to the demanding memory
and time required by the classical simulation of a quantum computer. We
applied instead PIMC-QA to the same hard samples used as benchmarks for
WalkSAT and fRRT. The observed results will reflect then the typical be-
havior of the semiclassical algorithm applied to the optimization of a glassy
1-RSB landscape in the thermodynamic limit. As we shall see, the quantum
pathways tend to visit basins of attraction with a considerably larger num-
ber of flat directions in order to minimize “kinetic” energy and this feature
will turn out to be counterproductive for an efficient optimization of the 3-
SAT landscape (unlikely the previously analyzed instances of Ising Glass
and TSP).

2.1. PIMC-QA. In ordinary Simulated Annealing the configuration of
the system is updated according to a Metropolis dynamics with unit-incre-
ment acceptance probability ηt = exp[−1/Tt]. Here Tt is the temperature at
time t. Temperature is gradually reduced according to a specific schedule
that can be rather influent on the performance of the algorithm (see, for
instance, Refs. [1, 127]). In order to make simpler the comparison with QA
we will use just relatively inefficient linear schedules. We want indeed to
stress our attention on the distinctive features of QA with respect to SA,
more than achieving a good performance.

In order to introduce quantum fluctuations we substitute into the clas-
sical 3-SAT hamiltonian the Ising degrees of freedom with quantum SU(2)
spin operators (oriented along the axis z) and we add a transverse field term
(oriented alog the axis x):

(3.1) HQuantum = H3-SAT

({
σ̂z

i

}
,
{
Ja,i

})
− Γ

∑
i

σ̂x
i

The basic idea of Quantum Annealing is to drive the system (3.1) by vary-
ing adiabatically the intensity of the transverse field. A linear schedule is
chosen for simplicity, varying between two extrema Γ0 and Γ f .

In the Path Integral Monte Carlo (PIMC) scheme, the statistical-mechanical
behavior of the quantum model (3.1) is semi-classically approximated by
mean of the Suzuki-Trotter transformation [154, 37]:

(3.2) HST =
1
P

P∑
ρ=1

H
({

S i,ρ

})
− JΓ

P∑
ρ=1

∑
i

S i,ρS i,ρ+1
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The Suzuki theorem ensures that when P goes to infinity the partition func-
tions of the Hamiltonians (3.1) and (3.2) become identical, and the statistical-
mechanical properties of the two systems become perfectly equivalent. The
relaxation dynamics of the model (3.1) with N degrees of freedom can then
be hopefully simulated by mean of a classical Metropolis dynamics over the
model (3.2) with PN classical degrees of freedom, and P as large as possi-
ble. The system (3.2) is actually composed by P replicas (Trotter replicas){
S i,ρ, ρ = 1 · · · P

}
of the original classical configuration {S i} at an effective

quantum temperature Tq = PT , coupled among them by a nearest-neighbor
transverse ferromagnetic coupling JΓ. Periodic boundary conditions must
be imposed along the transverse (Trotter) direction. The intensity of JΓ is
linked to the strength of the quantum perturbation term:

(3.3) JΓ = −
T
2

ln tanh
(
Γ

PT

)
> 0 .

The principal drawback of the PIMC approach is the impossibility of
simulating the quantum system directly at zero temperature. For this pur-
pose, other schemes should be developed, resorting for instance to the Green
Function Monte Carlo method [157]. The simple PIMC-QA with linear
schedule proved nevertheless to be very effective in the optimization of ising
glass and TSP instances.

Let us describe now a first set of numerical experiments, performed over
random 3-SAT instances with N = 104 and α = 4.24, (i.e.. Empirical tuning
of parameters was performed in order to determine the optimal setting for
both the SA and QA linear schedules (for details, see [16, 17]). A com-
parison between the performance of the optimal SA and the optimal QA at
P = 50, is shown in Fig. 3 at left. The graph shows the average residual
energy (difference between the final energy reached by the algorithm and
the known ground-state energy) as a function of the maximum number of
total annealing iterations, ranging over several decades (from 102 to almost
106). Each point represents the average over 50 different realizations of
the same experiment; in the case of QA, a second average was performed
among the energies of the P replicas, which are in general different. It can
be seen that the linear-schedule CA is everywhere more effective than the
simple linear-schedule QA, simulated with P = 50 (white circles). Better
performances would be produced by the use of a larger number of repli-
cas (no further energy reductions are observed if P & 100, see the inset
of Fig. 3, the dashed line is the average result of SA of the same length),
but a tradeoff is needed between accuracy of the simulation and need of
extending as possible the total number of iterations. A slight improvement
can be observed if global moves are performed in addition to ordinary local
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F 3. (Left) Comparison between optimal linear-
schedule Classical (SA) and Quantum Annealing (QA). SA
always performs better than QA simulated with P = 50 Trot-
ter replicas. The solid triangles refer to data obtained by a
field-cycling QA strategy. (Right) Evolution during QA of
the averages 〈E〉 (average best replica) and 〈〈E〉〉 (average of
the average replica), compared with SA.

ones [125]. In a global move a same variable is flipped simultaneously in
all the replicas, instead of independently. Global moves do not affect the
quantum contribution to the energy and implement then a sort of “classical
drift” of the system superposed to the quantum fluctuational dynamics. De-
spite their use, the asymptotic slope of linear-schedule QA cooling curves
remains definitely less steep than that of CA, unlike the previously studied
cases [143, 95].

In order to identify the causes of the bad quantum performance, we need
a better characterization of the QA dynamical properties. We denote by
〈〈E〉〉 the average over different experiments and over Trotter replicas of the
configuration energy (this is the quantity plotted in Fig. 3); we denote, on
the other hand, as 〈E〉 the average among different experiments of the best
replica energy. In Fig. 3 on the right, the evolution profiles of 〈〈E〉〉 and 〈E〉
are shown for a 2000-iterations-long linear-schedule QA. The strength of
the quantum coupling (3.3), depending by the transverse field intensity (see
inset of Fig. 3 on the right), determines the relative weigth of the classical
and quantum terms in the Hamiltonians (3.1) and (3.2). In the very initial
part of the simulated relaxation, the coupling JΓ is small and each replica be-
haves almost independently from the others, according to P parallel Monte
Carlo dynamic processes at a constant temperature. The replicas assume
different configurations but at a similar energy scale (corresponding to the
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F 4. Autocorrelation functions K(t∗, τ). The differ-
ent curves represent the decay with τ of several fixed-
simulation-time snapshots of the autocorrelation function,
for a SA experiment (Left) and for a QA experiment (Right).

states present in the incoherent mixture describing the quantum system at
the beginning of the experiment), linked to the chosen fixed temperature Tq.
When the coupling strength increases (see the inset of figure 3 on the right),
the fluctuations of the different replicas become correlated. Some spin flips
that would have been unlikely in absence of the replica-interaction term can
be accepted, thanks to the kinetic term, and several replicas can visit config-
urations not typical for ordinary CA trajectories. When the transverse field
vanishes, quantum fluctuations are gradually switched off, and the system
seems to collapse completely into some low-energy suboptimal target state.
The diverging value of the quantum coupling, essentially freezes the evolu-
tion of the configuration. The acceptance of local moves falls to zero and
only small-range purely classical oscillations can take place if global moves
are used.

Autocorrelation analysis can be carried out in order to visualize the de-
scribed scenario. We define the autocorrelation function K(t, τ), for both
SA and QA, as:

(3.4) K(t, τ) =
〈

1
N

N∑
i=1

S i(t)S i(t − τ)
〉
,

where an average over different realizations of the dynamics (and over repli-
cas in the QA case) has to be understood. A fast decay of K(t∗, τ) with τ for
fixed t∗ indicates that at time t∗ the spin configuration is still rapidly evolv-
ing, while a flat (or periodic) profile suggest that local stability has been
reached and the system has entered into some attracting configuration (or
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limit cycle). Autocorrelation plots are shown in fig. 4. The different curves
represent the decay with τ of several fixed-simulation-time snapshots of the
autocorrelation function, for SA experiments and for QA experiments with
and without global moves; t∗ is varying at fixed intervals between 200 and
2000, from bottom to top. In SA, when the temperature becomes too small
the system is blocked in a restricted region of the phase space and only a
limited subset of variables can undergo a cyclically repeated sequence. The
target selection phase in QA is also clearly visible, characterized by damped
classical oscillations around an equilibrium position or by a complete col-
lapse into it, depending if global moves are allowed or not.

2.2. Field-cycling. A different way of describing the three-stage evolu-
tion (quenching, quantum search, target selection) of the spin configuration
under QA borrows some terminology from the field of Genetic Program-
ming [87, 68]. The P replicas can be seen as a population of individuals,
carrying a genotype coded in the spin configuration. The classical Hamil-
tonian (2.2) provides a measure for the fitness of the individuals, and for
the average fitness of the population. Contiguous replicas can “mate”, ex-
changing sequences of their genotype thanks to the duplicating action of
the transverse coupling. Good “schemata” (spin patterns common to many
low-energy replicas) proliferates [69] and a global decrease of both the pop-
ulation and the best individual average fitness is observed. At this point
the coupling has become rather strong. Even if some new exceptionally fit
individual appeared by chance thanks to some mutation, the rare patterns
accounting for its better energy would be overwritten with large probability
by the corresponding sequences in the most common genotype. The popu-
lation tends then at a certain point to collapse toward a group of “identical
twins”. Global moves can delay this fatal consanguineous interbreeding,
but not avoid it.

In standard genetic algorithms (and in nature), crossover takes care of
constantly renewing the population gene pool, but now we want to stitch
faithfully to another metaphor, the quantum one. A trick allowed by the
rules of quantum simulation consists in increasing the mutation rate by
switching on and off repeatedly the quantum fluctuations, by mean of field
cycling.

After the final target selection, the field Γ is raised again to the initial
value, and a new descending ramp is started. In order to avoid a complete re-
initialization of the configuration (analogous to the rejuvenation effects dis-
cussed in [23, 24]), before each new consecutive field ramp the temperature
is slightly decreased in a stepwise manner (see the upper panels of Fig. 5).
The results of the optimization with the best field-cycling piecewise-linear
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.

QA schedule are shown in Fig. 3 on the left (black triangles, Γ0 ' 0.7 to
Γ f ' 0.001, Tq reduced from 0.3 to 0.05). The same experiment has been
repeated in absence of the transverse magnetic field, and with the same
number of (now completely decoupled) Trotter replicas. The average over
runs and replicas 〈〈E〉〉SA, and the average over runs only of the best replica
energy 〈E〉SA have been computed. It is possible to see from Fig. 5 that
〈〈E〉〉cycling lies well below 〈E〉SA. The role played by the quantum coupling
is then determinant and we can affirm that quantum restarts are more ef-
fective than classical ones [120], at least when short schedules are taken
in account. The absence of temperature reinitialization is crucial for the
survival of “seed patterns”, peculiar of the target configurations obtained at
the end of the i-th descending ramp, from which new and better low-lying
configurations can be grown.

Over short time scales, the field-cycling strategy performs definitely
better than linear-schedule SA, but asymptotically, the slope of its cool-
ing curve reduces again to the one of simple linear-schedule QAs. Despite
the efficiency of field-cycling in renewing the available gene pool without
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F 6. The local geometry of the visited regions of the
phase space is probed by counting the fraction of directions
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Although both SA and QA get trapped in a local minimum,
the quantum evolution tends to visit “valleys” that are more
flat and with a larger number of downhill directions.

destroying completely the highly fit genes of the preceding generations, the
deep reason of the QA failure must be researched elsewhere.

2.3. Landscape probing. Which kind of states are actually blocking
the dynamics and are being visited during the simulated relaxation? Which
is the geometry of the explored phase-space regions independently from the
sampled energy values? To answer these and other questions, we looked at
a local geometrical description during the dynamics.

When sitting in a precise given configuration of energy E, we counted
the number of directions in which the energy variation was positive (uphill
directions), null (flat) or negative (downhill). We show in Fig. 6 the data
relative to the configurations sampled by a large number of linear-schedule
SA and QA trials over the same hard N = 10000 sample (each run was 2000
iterations long). The fractions of downhill and flat directions are plotted
against the energy of the visited configurations, for both SA and QA.

In the case of SA, the number of downhill directions falls to zero in cor-
respondence of the lowest found energies, indicating that the SA dynamics
ends in a local minimum. The number of remaining flat directions accounts
exactly for the observed amplitude of the cycles shown in Fig. 4 for large
t∗. When considering precise values of energy reached both by SA and QA,
the quantum system configuration is characterized always by a significantly
larger fraction of downhill and flat directions. If an abuse of language is tol-
erated, we could summarize by saying that SA optimization follows narrow
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canyons, while QA prefers to take pathways exploring the edges of mid-
altitude plateaus. This behavior, which is likely to be a genuinely quan-
tum feature captured by the PIMC simulation, is strongly reminiscent of
what happens in continuous space, where the choice of broader potential
wells allow the system to reduce the kinetic contribution to the total energy
(curvature-induced effects are also well known in the theory of instanton
tunneling [84]).

The number of flat directions is comparable with the typical distance
between the configurations of different replicas. All the states simultane-
ously visited by the quantum system belong then to a single valley explored
in all its wideness. No quantum tunneling is then being simulated, but just
a quantum mechanism responsible of the selection of a broad valley. When
the field becomes too small, the QA dynamics enter into a classical regime,
and starts looking for the the kind of local geometry preferred by SA. The
dynamical collapse is indeed paralleled by an abrupt increase of the number
of uphill directions. The existence of dead-end sinks, scattered in the broad
basins of attraction selected in the quantum regime, which inexorably at-
tract the quantum system at the transition to the classical regime like a “poi-
soned bait”, could then be a possible explanation of the poor performance
of quantum optimization in the random 3-SAT landscape2.

2The presence of multiple and scattered wells is also known to strongly perturb
genetic-like search [43].





Part 2

Survey Propagation and beyond





CHAPTER 4

Optimization with SP and SP-Y

The previous chapter described the failure of the more sophisticated lo-
cal search approaches to the optimization of large random K-SAT instances
in the hard phase. These negative results call for the development of radi-
cally different algorithms able to overcome the barrier created by the prolif-
eration of clusters of metastable states.

1. Survey propagation

We have seen in Chap. 2 that the Cavity method allows to re-derive
the phase diagram of many combinatorial optimization problems, includ-
ing K-SAT. This particular technique, unlike the replica approach, allows
to take the average over the quenched disorder only at the end of the com-
putations. It becomes then possible to obtain information of algorithmic
relevance about the statistical behavior of single variables in the stable and
metastable states of any given energy density. The knowledge of local mag-
netizations will be helpful in the retrieval of configurations lying well be-
yond the glassy thresholds [26, 14, 15].

1.1. Message-passing interpretation of cavity equations. Let focus
for simplicity on the case of the random K-SAT. We remind that every
instance of the problem can be pictorially represented by a factor graph,
in which circle nodes are associated to spin variables i, j, k, . . . and square
nodes to K-body interactions, labeled by a, b, c . . ., as shown in Figure 1 of
Chapter 2. The locally tree-like structure of the factor graph allowed us to
express the partition function and, therefore, the entropy, complexity and
free-energy functionals in terms only of the probability distribution func-
tions of the cavity biases ui→a, and of the cavity fields h j→a and local fields
Hi, depending on them. For the K-SAT model, we were able to write in the
zero-temperature limit, of interest for optimization:

Hi =
∑

b∈V(i)

ub→i, hi→a =
∑

b∈V(i)\a

ub→i(2.14)

ua→i = ûa→i

({
h j→a

})
= −Ja,i

∏
j∈V(a)\i

θ
(
Ja, jh j→a

)
,(2.42)

After the removal of a variable i and of the interactions b ∈ V(i) form the
57
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j

b

h
j−>b

I would like to have
a certain orientation...

u
a−>i

i

a

Please, variable,
satisfy me!

F 1. Message-passing interpretation. (Left) The vari-
ables on the surface of the cavity communicate their ten-
dency to the clauses connecting them to the cavity variable;
(Right) A clause send a warning signal to a variable if it
cannot be satisfied by the other neighbors.

factor graph, the variables j on the surface of the cavity becomes uncor-
related and local energy minimization can be achieved simply by aligning
them with the cavity fields h j→b:

(4.1) s j = sign h j→b

The cavity fields h j→b can then be interpreted as messages traveling from a
variable j to a clause b, informing the clause b about its preferred orientation
in absence of the constraint b itself (see Fig.1).

A cavity bias ua→i becomes on the other hand different from zero only
when for every j ∈ V(a) \ i the cavity fields h j→a have the same sign of the
corresponding coupling Ja, j. Suppose that all the variables s j ∈ V(a) \ i are
set according to the cavity fields h j→a. By substituting then (4.1) into the
expression (2.1), one sees that the clause a can be satisfied only by setting
si = ua→i. It would be then possible to interpret the cavity bias ua→i as a
message sent by the clause a pushing i in the direction required for solving
an eventual contradiction (see Fig.1).

The sum of all the cavity biases converging into a single variable mea-
sures the local polarization induced by all the constraints actually relevant.
It is indeed important to remark that the cavity biases (2.42) can be null.
The magnetization of a variable i is given by:

(4.2) mi = P(Hi > 0) − P(Hi < 0) = W+
i −W−

i

but a null magnetization can be achieved in two quite distinct ways. One
possibility is that W+ = W−: in this case the variable would be forced by
an equal number of constraints in opposite directions. Another possibility
is that P(Hi = 0) = 1: this variable would be actually left completely free
by all the clauses to which belongs, since they are already satisfied by the
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assignments of other variables. Not all the variables are then completely
frozen and not all the constraints equally effective. The existence of un-
frozen variables is actually one of the most relevant manifestations of the
clustering phenomenon. Our formalism will take explicitly into account
the quantities W0

i = P(Hi = 0) and this constitute a main difference with
other message-passing algorithmic approaches like Belief Propagation (see
Appendix D).

If we had not obtained the equations (2.14) and (2.42) from the assump-
tions of the cavity method in the optimization limit, we could have intro-
duced them as defining dynamical laws for two coupled sets of fields, the
“h-messages” and the “u-messages”. We have indeed shown that, indepen-
dently from their derivation, they carry extremely meaningful information
along the edges of the factor graph. Let consider now a single solution
~σ = (σ1, σ2, . . . , σN) of a given instance of K-SAT, and let artificially ini-
tialize the h-messages to hi→b = σi for every i and every b. This initial set
{h}0 is used to compute the set of all u-messages {u}0, that determines an-
other set of h-messages {h}1, and so on. This procedure is known under the
name of warning propagation [26]. It is easy to see that at every instant t the
variable configuration ~st = (sign H1,t, . . . , sign HN,t) would be identical to ~σ
or would belong to the same cluster of it, that is, would differ from ~σ only
in variables that were completely or almost unfrozen. Solutions in different
clusters would be associated to different fixed points of the warning propa-
gation equations (2.14) and (2.42). The same fixed point would correspond
to all the solutions in a cluster, since unfrozen variables can freely be set.

Coming back to discussion of the cavity equations, the order parameter
for a single specific instance of the K-SAT hamiltonian is characterized by
the collection of all the probability distribution functions (pdf) of the cavity-
biases (2.42). We remind that these pdfs are coupled between them by the
following set of integral equations, in which no averages over the quenched
disorder have to be performed:

(2.32) P j→a(h j→a) =

C j→a

∫
DQ j,a δ

(
h −

∑
b∈V( j)\a

ub→ j

)
χ j→a

(
{ub→ j}b∈V( j)\a

)

(2.33) Qa→i(u) =
∫
DPa,i δ

(
u − ûa→i

({
h j→a

}))
,

Analogue equations could be written for the local field pdfs, like in section
2 of the Chapter 2.
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In terms of the message-passing interpretation, the pdf of a cavity bias
ua→i could be interpreted as an “opinion survey” among the different clus-
ters about the value of the u-message sent along the edge a → i. The
reweighing term can be seen now as an energy filter:

(2.34) χ j→a

(
{ub→ j}b∈V( j)\a

)
= ey(|∑b∈V( j)\a ub→ j |−

∑
b∈V( j)\a |ub→ j |)

It is indeed easy to see that sending y → −∞ only the configurations of
messages associated to zero energy clusters can give a non null contribution
to the integral (2.32)1. It becomes then possible to write formally:

(4.3) Qa→i(u) =
1

Nclusters

∑
`

δ
(
u, u`a→i

)
where we suppose that there areN` different solution clusters and that {u`a→i}

is the fixed-point set of u-messages associated to the `-th cluster. In the
following, we will use the name of “u-survey” for the pdf’s of u-messages.

1.2. Population dynamics. The relations (2.32) and (2.33) (asymptot-
ically exact under the hypothesis of large tree-like instances) constitute a
closed set of self-consistent equations for the pdf’s that can be solved by it-
eration. In the case of the K-SAT problem, a u-survey can be parameterized
by just one real number η, giving the probability of warning emission:

(4.4) Qa→i(u) = η0
a→iδ(u) + ηa→iδ(u + Ja,i)

where η0
a→i = 1 − ηa→i. This compact functional form simplifies the al-

gorithmic resolution of the equations. The full functional order parameter
Q[Q(u)] can then be described by a single function giving the distribution
of the parameters η. A u-survey Qa→i(u) is attached to every edge a → i,
from a function node a to a variable node i. From these u-surveys one can
compute the cavity fields hi→b for every b ∈ V(i), which in turn determine
new output u-surveys (see Fig. 2). Starting from a random initial popula-
tion of u-surveys Qa→i(u) (an initial population of η’s), the function nodes
are selected sequentially at random and the u-surveys updated according to
(2.32) and (2.33). At each step of the iteration several convolution integrals
have to be computed. This can always be done in a relatively efficient way,
by a fast recursive procedure, described in Section 3.1. Further simplifi-
cations, described in Section 2 are possible when we are interested in the
SAT region and the y → ∞ limit can be taken. After several iterations of
this “survey propagation” procedure, a fixed-point is typically reached. The
self-consistent list of the u-surveys can then be used to compute the normal-
ized pdfs of the local fields acting on each variable, and, hence, the local

1We will see in the following sections how the value of the Lagrange multiplier y can
be set in order to slice group of states at different energies
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b5 b4 b3 b2
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ub5−>j2 b4−>j2 b2−>j1

b1−>j1

j1−>a

a−>i

j2−>a

b6−>j2

b3−>j1

b6 a

j2

F 2. Cavity fields and Cavity biases. The u-survey for
the u-message ua→i depends on the pdf’s of the cavity fields
h j1→a and h j2→a. These are on the other side dependent on
the u-surveys for the u-messages incoming to the variables
j1 and j2.

magnetizations and other functionals of interest, like Bethe free-energy and
complexity.

2. The limit y→ ∞ of SP iterations

A first algorithmic application of the microscopic information obtained
by the SP self-consistent computation is the resolution of satisfiable in-
stances. In this section we will present results relative to the 3-SAT prob-
lem, but the strategy can be extended to arbitrary constraint satisfaction
problems. A generalized formulation of the SP equations will be briefly
presented in Appendix D.

Since we are interested in determining complete satisfying assignments
in the SAT region, every configuration of messages associated to clusters of
excited states have to be filtered out. At this purpose, we take the limit y→
−∞ in the reweighing factor (2.34). Substituting then the parameterization
(4.4) into the coupled convolution integrals (2.32) and (2.33), we obtain the
following simplified relations:

(4.5) ηa→i =
∏

j∈V(a)\i

 Πu
j→a

Πu
j→a + Π

s
j→a + Π

0
j→a


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where:

Πu
j→a =

1 − ∏
b∈Vu

a ( j)

(1 − ηb→ j)

 ∏
b∈V s

a( j)

(1 − ηb→ j)(4.6a)

Πs
j→a =

1 − ∏
b∈V s

a( j)

(1 − ηb→ j)

 ∏
b∈Vu

a ( j)

(1 − ηb→ j)(4.6b)

Π0
j→a =

∏
b∈V( j)\a

(1 − ηb→ j)(4.6c)

Vu,s
a ( j) are shortcut notations for the sets:

if Ja, j = +1 : Vu
a ( j) = V+( j) \ a ; V s

a( j) = V−( j)

if Ja, j = −1 : Vu
a ( j) = V−( j) \ a ; V s

a( j) = V+( j)

where V±( j) are the sets of the clauses b connected to j with a coupling
Jb, j = ±1. We notice that

[
1 −

∏
b∈Vu

a ( j)(1 − ηb→ j)
]

is just the probability
that the variable j is receiving at least one warning trying to align it to the
direction Ja, j; multiplying it by the probability

∏
b∈V s

a( j)(1 − ηb→ j) that j is
not receiving warning trying to align it on the direction −Ja, j, we verify that
(4.5) corresponds exactly to the probability that a constrains actively the
truth value of i.

Quite remarkably, the optimization limit have removed the need of solv-
ing complicated coupled convolution integrals, giving instead the much
simpler set of coupled algebraic equations (4.5). At each iterative step,
the new population of u-surveys can be computed just by the set of parame-
ters describing the u-surveys of the previous generation. At the fixed point,
from the self-consistent set of u-surveys {η∗}, we can compute the probabil-
ities W+,−,0

i , that picking up at random a cluster of solutions, the variable i
is frozen in the state ±1 or is under-constrained:

W±
i =

Π̂±i

Π̂±i + Π̂
∓
i + Π̂

0
i

(4.7a)

W0
i = 1 −W+

i −W−
i(4.7b)

with:

Π̂±i =

1 − ∏
b∈V±(i)

(1 − η∗b→i)

 ∏
b∈V∓a (i)

(1 − η∗b→ j)(4.8a)

Π̂0
i =

∏
b∈V(i)

(1 − η∗b→ j)(4.8b)

The SP equations can now be converted into a search algorithm by adopting
a repeated decimation procedure, in the spirit of the simplest real space
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renormalization group. The variables are sorted according to the absolute
value of their magnetization:

(4.9) |mi| =
∣∣∣W+

i −W−
i

∣∣∣
and a bunch of pre-ordered size f of the most biased of them is fixed ac-
cording to the direction of their local field. After the fixing, we actually
reduce the original N variable problem into a new one with N − f variables.
New u-surveys can then be computed over the simplified factor graph. The
procedure of decimation continues until when one of the following possible
outcomes is obtained:

(1) the algorithm is able to complete the construction of a full satisfy-
ing assignment;

(2) the algorithm do not converge yet after a predefined maximum
number of iterations;

(3) the algorithm reach a paramagnetic state.

In the last case, the left subproblem is simplified is passed to a specialized
heuristic, like WalkSat, in the attempt of completing the satisfying assign-
ment. It is indeed expected that RS problems are easy to optimize for local
search algorithms.

The algorithm described above is known in the literature with the name
of Survey-Propagation-inspired decimation (SPID) algorithm and it has been
used for the determination of solutions of hard random K-SAT sample, up
to size of order N ' 107 [26, 109]. In the case of K = 3, solutions have been
found up to αnum, 1

c = 4.253, which is extremely close but slightly smaller
than the expected value of αc = 4.267 [133]. In particular the hard 3-SAT
instance attacked by WalkSat and Quantum Annealing in the previous chap-
ter can be exactly solved by SPID.

An improvement up to αnum, 2
c has been obtained by Giorgio Parisi, intro-

ducing a backtracking strategy similar to the one discussed in Section 3.1
[132]. The SPID algorithm have been also succesfully used for the opti-
mization of graph coloring and some of its variants [27, 35]. A version of
the Survey Propagation equations in the y → ∞ valid for every discrete
CSP is outlined in Appendix D. Several substantial refinement to the SPID
algorithm will be presented in the next Chapters 5 and 6.

3. SP for energy optimization

The y → ∞ limit filters out completely any clause-violating truth value
assignment during the computation of the convolution (2.32). This feature
is desirable if we want to optimize instances extracted from the SAT region,
but must be rejected when our sample is presumably unsatisfiable.
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INPUT:: a Boolean formula F in conjunctive normal form

OUTPUT:: a simplified Boolean formula F ′ in conjunctive

normal form (ideally empty) and a partial truth value

assignment for the variables of F (ideally a complete

one)

0. For each edge a → i of the factor graph, randomly
initialize the ηa→i ∈ {0, 1}

1. Compute all the fixed point u-surveys, using equations
(4.5)

3. IF the population dynamics equations converge,

3.1 FOR every unfixed variable i, compute the local
magnetization mi using (4.7)

3.2 Sort the variables according to the |mi| and fix the

highest ranked variable

3.3 Simplify the graph accordingly

3.4 IF all the variables are fixed, RETURN the full

truth value assignment and an empty sub-formula,

ELSE, go to 1.

4. ELSE IF the population dynamics equations do not

converge, simplify the formula by imposing the already

assigned truth values, RETURN the partial solution and

pass the obtained sub-formula to WalkSat

F 3. The SP-inspired decimation algorithm (SPID).

In the UNSAT region the use of a finite value of the Lagrange multiplier
y is required. The filtering action of the re-weighting factor (2.34) is then
damped and the set of messages that vehicle information pointing to states
with a non vanishing number of violated constraints can contribute to the
computation of the integrals appearing in (2.32) and (2.33).

3.1. The SP-Y algorithm. We have seen in Section 2, that the opti-
mization limit y → ∞ transform the complicated convolutions (2.32) and
(2.33) into a simple set of coupled algebraic equations. If the pseudo-
temperature 1/y is kept finite, we have to deal with a non-trivial reweighing
factor. Still, a relatively fast recursive procedure can be written [14, 15]. Let
us take a variable j with Γ j neighboring function nodes and let us compute
the cavity field pdf P j→a(h) where a ∈ V( j). We start by randomly picking
up a function node b1 in V( j) \ a and calculating the following “h-survey”:

(4.10) P(1)
j→a(h) = η0

b1→i δ(h) + ηb1→i δ(h − Jb1,i)
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INPUT:: a Boolean formula F in conjunctive normal form;

a backtracking ratio r; optionally, a fixed inverse
pseudo-temperature yin

OUTPUT:: a simplified Boolean formula F ′ in conjunctive

normal form (ideally empty) and a partial truth value

assignment for the variables of F (ideally a complete

one)

0. For each edge a → i of the factor graph, randomly
initialize the ηa→i ∈ {0, 1}

1. IF there is a fixed yin as input, put y∗ = yin, ELSE after

a fixed number of steps, determine by bisection the

position of the free-energy maximum y∗

2. Compute all the fixed point u-surveys, using equations
(4.10), (4.11), (4.12) and putting y = y∗

3. IF the population dynamics equations converge,

3.1 FOR every unfixed variable i, compute the local field
pdf using (4.10), (4.11)

3.2 Extract a random number q in [0,1]
3.3 IF q ≥ r, Sort the variables according to the index

function (4.14), and fix the most biased variable

3.4 ELSE IF q < r, Sort the variables according to the
index function (4.17) and unfix the highest ranked

variable

3.5 IF all the variables are fixed, RETURN the full

truth value assignment and an empty sub-formula,

ELSE, go to 1.

4. ELSE IF the population dynamics equations do not

converge, simplify the formula by imposing the already

assigned truth values, RETURN the partial solution and

pass the obtained sub-formula to WalkSat

F 4. The SP-Y simplification algorithm.

The function P(1)
j→a(h) would correspond to the local field pdf of the variable

j in the case in which b1 was the only neighboring clause (as denoted by the
upper index).

The recursive procedure continues then adding the contributions of all
the other function nodes in V( j) \ a, clause by clause (Fig. 5):

P̃(γ)
j→a(h) = η0

bγ→ j P̃(γ−1)
j→a (h)

+ ηbγ→ j P̃(γ−1)
j→a (h − Jbγ,i) exp

[
−2y θ̂(−Jbγ,ih)

](4.11)

Here P̃(γ)
j→a(h) denotes an unnormalized pdf and θ̂(h) is a step function equal

to 1 for h ≥ 0 and zero otherwise. The recursive computation ends after
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F 5. Recursive computation of a cavity field pdf. (a)
To compute the cavity pdf P j→a(h), a single clause b1 in
V( j) \ a is picked up at random and the u-survey Qb1→ j is
used to compute the equation (4.10); (b) the contributions
of the other function nodes in V( j) \ a are added, clause by
clause; (c) after Γ j − 1 iterations we obtain a pdf which co-
incides with P j→a(h).

γ = Γ j − 1 steps, when the contribution of every clause in V( j) \ a has
been taken in account. By computing P̃ j→a(h) for all the values of the field
−Γ j+1 < h < Γ j−1 also the correct normalization constant can be obtained,
finding finally P j→a(h) = P̃ j→a(h)/C j→a. Local fields pdfs Pi(H) can be
computed in exactly the same way, just by including the contributions of all
the edges afferent to a single variable2.

The knowledge of K − 1 input cavity-field pdf’s can now be used to
obtain a single output u-survey. When taking the y → ∞ limit, the extreme
simplification has removed the need of this intermediate computation. Let
us compute for instance the u-survey Qa→i(u) (see always Fig. 2 for the
notation). The cavity field pdf’s P j→a(h) for every j ∈ V(a) \ i enter the
computation of the parameters {η0

a→i and ηa→i:

(4.12) ηa→i =

K−1∏
n=1

W J jn ,a

jn→a, η
0
a→i = 1 − ηJa,i

a→i,

2The preceding recursion brings to the computation of all the cavity fields pdfs in a
time which is cubic in the average connectivity 〈Γ〉 (〈Γ〉 = Kα for Erdös-Réni instances). It
is also possible to compute per every single node the single local field pdf Pi(H) and then to
remove just the single contributions associated to the missing edges, in order to compute all
the cavity pdfs. The overall procedure (requiring parallel update of the u-surveys instead
of sequential) has an overall cost quadratic in the average connectivity.
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where we introduced the cavity weight factors:

(4.13) W+
j→a =

Γ j−1∑
h=1

P j→a(h), W−
j→a =

−1∑
h=−Γ j+1

P j→a(h).

A systematical application of the recursions (4.10), (4.11) and of the rela-
tion (4.12) brings once again to a full update of the population of u-surveys
and the step is repeated until when self-consistency is reached.

The magnetization of the variable is computed as usual:

(4.14) |m j| = |W+
j −W−

j |.

with the cluster fractions given by:

(4.15) W+
j =

Γ j∑
H=1

P j(H), W−
j =

−1∑
H=−Γ j

P j(H),

Decimation once again can be performed by fixing the most biased vari-
ables. After the fixing we must take care of the fixed variables, returning
always fully polarized cavity field pdfs, regardless of the recursions (4.10),
(4.11):

(4.16) Pi→a(h) = δ
(
h − Ja,isi

)
;

The complete polarization reflects the knowledge of the truth value of the
literals depending on the spin si.

An important difference with the SPID algorithm is that, when working
at finite pseudo-temperature, the probability that some non optimal fixing
is done in presence of “thermal noise” cannot be neglected. After several
update sweeps, the biases of some fixed spins may become smaller than the
value they had at the time when the corresponding spin was fixed. It is even
possible that certain local fields revert completely their favored orientation.
An index function like:

(4.17) mbacktrack( j) = −s j

(
W+

j −W−
j

)
,

can be used to track the appearance of such prematurely fixed spins. We
can then devise a simple “error-removal” strategy where both unfixing and
fixing moves are performed at a fixed ratio 0 ≤ r < 0.5 (another slightly
more complex backtracking implementation can be found in [132]).

Another crucial free parameter for the optimization version of SP (SP-
Y) is the inverse pseudo-temperature y. In the simplest version of the al-
gorithm, y is kept fixed during the simplification, but it is also possible to
update it dynamically in order to keep a value as close as possible to the
maximum y∗ of the free energy functional Φ(y) given by equation (2.38).
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F 6. Efficiency of SP-Y in the SAT region (single sam-
ple with N = 105 variables and α = 4.24). An arrow indi-
cates that the next data point corresponds to a SAT assign-
ment. After SP-Y simplification, WalkSat succeeds gener-
ally in finding assignments below eG.

This choice ensure indeed3 to select the pdfs of set of messages associated
with states close to the instance ground-state. The free energy functional
given by the equations (2.39), (2.40) can be easily evaluated algorithmi-
cally from the knowledge of the cavity and the local field pdfs:

Φ f
a(y) = −

1
y

[
ln

(
1 +

(
e−y − 1

) ∏
i∈V(a)

W Ja,i
i→a

)
− ln

( ∏
i∈V(a)

Ci→a

)]
,(4.18)

Φv
i (y) = −

1
y

ln (Ci) .(4.19)

A summary of the SP-Y simplification procedure can be found in Fig. 4.

3.2. Overview of SP-Y results. As we have already discussed in Chap-
ter 3, for sufficiently large instances, any local search algorithm gets trapped
by the exponentially numerous threshold states with energy close to eG. In
this section, we will review results relative to the posiitve performance of
the SP-Y algorithm when applied to the optimization of several hard sam-
ples taken both from the SAT and the UNSAT phase.

3.2.1. SAT region. Using the complicated SP-Y strategy in the SAT
region where SPID is already so efficient, could seem cumbersome, but

3At least as far as the 1-RSB and the Bethe approximation have to be considered valid.
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this will allow us to understand better the working of the new algorithm.
In particular we will show experimentally how the choice of the pseudo-
temperature 1/y affects the energy of the addressed layers of states.

The efficiency of the simplest SP-Y decimation strategy against the
glass threshold is exemplified in Fig. 6. No backtracking has been used
in this purely explorative experiment. We optimize a single randomly gen-
erated formula (N = 105, α = 4.24, the same sample of Chap.2) at several
fixed values of pseudo-temperature. For comparison we plot also the Walk-
Sat results after a standard SPID decimation (solid line): as expected, the
ground state, E = 0, is reached after only a rather small number of spin flip
trials. The same happens after SP-Y decimation, if we choose a sufficiently
large value of the inverse pseudo-temperature (y > 4); we remind indeed
that in the SAT region the optimal value for y would be infinite, limit in
which the SP-Y recursions reduce to the SP equations. If the decimation is
performed with smaller values of y, SP-Y loses convergence before reach-
ing a paramagnetic state. WalkSat is no more able to find a zero energy
assignment of the left-subproblem. Nevertheless, if y is not too small, the
cooling curves reach a saturation level which lies well below the Gardner
energy. Although the exact ground state is not found, the trapping effect
of the original threshold states can be successfully overcome. The failure
is not surprising, since using a finite y we are sampling many assignments
that should be completely filtered out in the SAT region. The procedure is
intrinsically error prone, and it will allow in general to reach only “good
states”, but not the true optimal solutions. The use of backtracking can par-
tially cure the accumulation of errors at finite y: the saturation level can in
fact be significantly lowered by keeping the same pseudo-temperature and
introducing a small fraction of backtrack moves during the simplification.
In Fig. 6, the data for y = 1.5 saturate above Gardner energy, but the intro-
duction of a tiny fraction of backtrack moves is enough to move the plateau
well below the lower bound to the threshold.

3.2.2. UNSAT region. When entering the UNSAT region, the task of
looking for the optimal state becomes harder (there is complexity, but the
complexity of ground state is null). The optimal assignments contain un-
avoidably violated constraints and the use of a finite pseudo-temperature be-
comes compulsory. Unfortunately, after many spin fixings, the recursions
(4.10), (4.11) stop to converge for y larger than some finite value smaller
than the maximum of free energy y∗. This mean that simplification can be
performed only in a suboptimal regime. This phenomenon takes most likely
place when the sub-problem enters a full-RSB-like phase. At this point, a
2-RSB version of SP could be used to achieve convergence at larger y’s, but
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simplification strategies are compared; the combined use of
backtracking and runtime y updating allows to reach ener-
gies closer to the ground state than to the Gardner lower
bound.

the small improvement would not justify the computational effort required
for achieving it. Alternatively, one could try to launch directly some local
search heuristics (hoping that the full RSB sub-system is not exponentially
hard to optimize). We decided more simply to continue the decimation with
the largest possible value of y allowing convergence, until when either con-
vergence is lost (for every value of y) or a paramagnetic state is reached.

In our experiments we studied several 3-SAT samples problems ex-
tracted from the 1-RSB stable UNSAT phase. WalkSat continued to be
our heuristics of choice: although it is not optimized for unsatisfiable prob-
lems, in the 1-RSB stable UNSAT region it performs still much better than
any basic implementation of SA. Nevertheless, even after the huge number
of 1010 spin flips, the WalkSat best score was still quite distant from the
Gardner energy.

In Fig. 7 we show the results relative to many different SP-Y simplifi-
cations with various values of y and r for a single sample with N = 105 and
α = 4.29. The simplification produced always an improvement with respect
to the WalkSat performance. Nevertheless, we were unable to go below the
Gardner lower bound, without backtracking, although we touched it in some
cases: in Fig. 7 we show the data for a simplification at fixed y = 2.5; a sim-
plification with runtime optimization of y but without backtracking reached
the same level.



3. SP FOR ENERGY OPTIMIZATION 71

 0.002

 0.003

 0.004

 0.005

 0.006

 0.007

 0.5  1  1.5  2  2.5

R
at

io
 o

f v
io

la
te

d 
cl

au
se

s

Inverse pseudo-temperature y

Without backtracking
With backtracking (r = 0.2)
Paramagnetic subformula

Contradiction
Loss of convergence

Without decimation

F 8. Backtracking efficiency. Many SP-y experiments
at various fixed Y have been performed on a single sample
with N = 104, α = 4.35. The three possible outcomes of the
simplification are coded by different shapes: a diamond indi-
cates that the simplification process stopped because of loss
of convergence, a circle because of finding a completely un-
biased paramagnetic state, and the squares indicates that the
loss of convergence happened at an advanced stage where
some clause-violating assignments had already been intro-
duced by SP-Y.

The exact choice of the value of y can affect enormously the overall per-
formance. We conducted first an exhaustive simultaneous optimization of y
and r, using smaller samples in order to produce more experimental points.
After some trials, we identified the fraction r = 0.2 as optimal, at least for
our implementation, and in the small region under investigation of the K-
SAT phase diagram. The data in Fig. 8 refers to a formula with N = 104

variables and α = 4.35. The dashed horizontal line shows the WalkSat best
energy obtained on the original formula after 109 spin flips. The WalkSat
performance was seriously degraded after simplifications at too small val-
ues of y, but the introduction of backtracking cured the problem, identifying
and repairing most of the wrong assignments. The WalkSat efficiency be-
came almost independent from the choice of pseudo-temperature, whereas
in absence of error correction a time consuming parameter tuning was re-
quired for optimization.

Coming back to the analysis of the sample of Fig. 7, the backtrack-
ing simplifications allowed us to access states definitely below the Gardner
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lower bound. The most effective strategy was a combination of runtime y-
optimization and of error correction, which was able to produce a WalkSat
saturation level strikingly closer to the ground state lower bound than to the
Gardner energy. A further valuable effect of backtracking was the increased
efficiency of the formula simplification itself: while without backtracking,
the algorithm lose convergence on average after having fixed just the 40%
of variables4, in the backtracking experiments, only the 20% percent of truth
value assignments had to be determined by the supporting heuristics.

All the previously analyzed samples were taken from the 1-RSB stable
region of the 3-SAT problem, where the equations (2.32), (2.33) can be
considered exact. For α > 4.39, the phase is supposed to become full-
RSB (the loss of convergence at y < y∗ takes place interestingly at the
very first decimation step). In this region, SP-Y can still be used in a sub-
optimal way, but is not useful, since Simulated Annealing alone is already
able of finding close-to-optimum assignments efficiently (as expected for a
full RSB scenario) and behaves definitely better than WalkSat.

4This proportion is comparable with the fixing percentage achieved by SPID.



CHAPTER 5

State selection with SP-ext

We have shown in the previous chapters how the cavity method can
be used in the hard phase of the K-SAT problem to compute the local
fields probability distribution functions, and how this information can be
exploited in order to build complete satisfying assignments. The SPID al-
gorithm is based on the use of a simple unbiased decimation strategy, which
fixes at each step only the highest ranked variables according to some in-
dex function. In principle, the SP iterations have at least as many fixed
points as clusters of solutions (as clarified also by the discussion in Appen-
dix D). In practice, it turns out from experiments that, unless very specific
initial conditions for the population dynamics are selected, a single fixed
point is invariantly selected, which does not correspond on the other hand
to any individual group of solutions. The convolutions (2.32) and (2.33) are
computed using a flat measure over all the zero-energy clusters (as evident
from (4.3) ), and each cluster contribute then equally to the determination
of the fixed-point pdfs for cavity and local fields. As a result of this, SPID
retrieves invariantly always the same solution when the index-function for
decimation and the problem instance have been fixed.

In the present chapter, we will show how the weight of the different
clusters can be altered in a controlled way, without altering the overall com-
putational cost of solution-finding, by the introduction of additional control
messages. This new algorithmic feature will be used to investigate the ge-
ometry of the solution space on a local basis. The clustering phenomena
will be then exploited as a computational resource for pattern restoration
and lossy data compression [12, 13].

It is worth reminding that the formalism introduced is of general appli-
cability to any random CSP characterized by clustered phases (see [28], or
Appendix D). In the next sections we will continue for simplicity to address
the case of random K-SAT.

1. The SP-ext forcing mechanism

Our goal is now to derive a generalization of the SPID algorithm al-
lowing the retrieval not only of some solution, but, more specifically, of a

73
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solution close to any desired point (ideally, the closest solution to any given
configuration ~ξ).

A standard approach would be the resolution of the cavity equations in
presence of a geometrical constraint, conjugated to an additional Lagrange
Multiplier ỹ. One could hope then to slice states with specific overlaps
with ~ξ just by carefully setting y, in a way analogous to the SP-Y strategy
described in Section 3.1. It is quite likely, nevertheless, that this method
involves the use of non integer fields, and the algorithmic implementation
of the population dynamics could not be efficient.

An alternative approach has very recently been proposed in [102] and
constitutes in applying the ordinary cavity method to a different combina-
torial problem, defined over the space of the solutions of the original one.
More specifically, if S is the space of satisfying assignments of a given K-
SAT instance, a new problem with hamiltonian Cd(~s) = d

(
~s, ~ξ

)
is defined

for every ~s ∈ S, where d(·, ~ξ) denotes the Hamming distance from the refer-
ence configuration ~ξ or another well defined metric. Geometric complexity
functions, giving an estimation of the number of clusters of solutions at a
given distance from the reference, can be obtained, and the framework is
generalizable in order to obtain counts of clusters at a given energy, with
a given internal entropy and at a given distance [102]. Nevertheless, no
attempts of applying this promising formalism to the determination of as-
signments have been done up to date, and, in particular, it is not known yet
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if a decimation strategy could be carried out without loosing convergence
at a too early stage.

We shall now present, on the other hand, a quite natural extension of
the SPID algorithm (SP-ext, [12, 13]), not supported by a complete theory,
but extremely efficient in optimization applications. New external sources
of messages are attached to each variable of the instance under considera-
tion (denoted by triangles in the factor graph representation of Fig.1). The
probabilities that these sources inject actually into the system a message are
given a priori and encoded into additional surveys that are never updated
according to the population dynamics equations (2.32) and (2.33), but just
enter into the probability measures (2.20). Given an arbitrary reference
configuration ~ξ, we define as forcing in the direction ~ξ and of intensity ~π the
collection of additional surveys:

(5.1) Qext
i (u) = (1 − πi)δ(u) + πiδ(u − ξi)

The parameter πi can be interpreted as local strength of the perturbation
to the population dynamics in direction ξi. Since we are mainly interested
in addressing clusters of completely satisfying assignments, we will focus
hereafter on the y→ ∞ limit.

After the application of the forcing, the cavity weights entering the SP
equations (4.5) becomes:

(5.2) ηa→i =
∏

j∈V(a)\i

 Π
Ja, j

j→a, π j

Π+j→a, π j
+ Π−j→a, π j

+ Π0
j→a, π j


with:

Π±j→a, π j
=

1 − (1 − π j δξ j,±)
∏

b∈V±\a( j)

(1 − ηb→ j)

 ·
· (1 − π j δξ j,∓)

∏
b∈V

−ξ j
a ( j)

(1 − ηb→ j)

Π0
j→a, π j

= (1 − π j)
∏

b∈V( j)\a

(1 − ηb→ j)

(5.3)

The relations (5.3) and the cavity analogues to equations (4.7) allow to eval-
uate the quantitiesW±,0

j→a(π, ~ξ). These so called cavity weights measure the
probabilistic weight associated to the set of clusters of solutions of the cav-
ity graph in which the variable j is respectively frozen in the ±1 state or
is unfrozen, in absence of the interaction a and in presence of an exter-
nal forcing along the direction ~ξ of intensity π. Considering the param-
eters ηa→i as dynamical variables updated by the population dynamics, it
becomes possible to monitor the evolution of the cavity weights under the
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SP-ext iterations. Let take an instantaneous snapshot of the values of all the
parameters ηa→i and let compute the temporary values of the cavity weights
W
±,0
j→a(π, ~ξ). It is possible to separate explicitly a termY±,0j→a(π, ~ξ) depending

on the forcing π~ξ from a term W±,0
j→a which would be unmodified in absence

of the external messages:

(5.4) W
±,0
j→a(π, ~ξ) = W±,0

j→a +Y
±,0
j→a(π, ~ξ)

Let denote as:

(5.5) κ j→a(~ξ) = W−ξ j

j→a +W0
j→a,

the probabilistic weight of the locally misaligned clusters if π is temporarily
set to zero, that is the unperturbed weight of the clusters in which the vari-
able j is not frozen in the local direction ξ j. Let also introduce the following
notation:

(5.6) ∆ j→a(π, ~ξ) =
π j

(
1 − κ j→a, ξ j

)
1 − π κ j→a, ξ j

It can then be easily shown starting from (5.3), the cavity version of (4.7)
and (5.4), that:

Y
−ξ j,0
j→a (π, ~ξ) = −∆ j→a(π, ~ξ)W−ξ j,0

j→a

Y
ξ j

j→a(π, ~ξ) = +κ j→a(~ξ)∆ j→a(π, ~ξ)
(5.7)

Every misaligned cluster loses an amount ∆ j→a(π, ~ξ) of probability weight.
The total perturbationsY−ξ j,0

j→a (π, ~ξ) to the fractions of misaligned clusters are
indeed proportional to the unperturbed fractions W−ξi,0

j→a . The same amount
of probability weight is transferred to the clusters with the correct local
orientation.

Since π j < 1, the transferred quantum of probability weight (5.6) is a
decreasing function of the misaligned fraction κ j→a(~ξ). The perturbation
of the cavity weights is then adaptive: the perturbation operated by the
forcing is indeed much more effective when the weight of the misaligned
clusters is small. This specific form of the elementary probability transfer
(5.6) ensures typically convergence to a self-consistent fixed point, unless
the strength of the perturbation is too large. While intensities π j ' 1 would
produce a complete polarization of the messages if ~ξ was a solution, in the
general case the use of a smaller forcing intensity allows the system to react
to the contradictory driving and to converge to a set of surveys sufficiently
biased in the desired direction. In particular, this reaction produces an av-
erage internal magnetization level 1 〈|W+ − W−|〉 constantly larger than in

1Computed considering only the surveys if internal messages.
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sible. (Right) The cluster-selection transition (forcing ap-
plied along a solution ~σ). After a critical forcing strength πc,
strong polarization of the fields takes place and the predicted
distance from ~σ vanishes. A cusp in the predicted fraction of
unfrozen variables is observed at π = πc (note the different
vertical scale).

the ordinary SP case. This allows a decimation strategy based on the SP-
ext marginals to be used until the determination of complete assignments,
without experiencing the sudden paramagnetic collapse typical of the SPID
algorithm (see Fig. 2 at left).

An important observation is that the satisfying assignment ~σ~ξ produced
when forcing in direction ~ξ shows a significantly non random correlation
with ~ξ (a typical distance scale for Erdös-Rény random samples extracted
in the hard SAT region is ' 0.3). This basic experiment highlights that SP-
ext can be practically and efficiently used to perform decimation under a
lapse geometrical constraint. This important feature will be the base of the
applications presented in Sections 2 and 3.

1.1. The cluster selection transition. Let us consider a given solution
~σ0 and let take a forcing of homogeneous intensity πi = π for all variables i
parallel to ~σ. The fixed-point of the (5.2) equations is computed for increas-
ing values of π. After convergence, we can evaluate the two quantities 〈W0

i 〉

and dpredicted = 1
2

(
1 −

∑
i Wσi

i

)
giving respectively the average weight of the
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clusters in which a variable is free to fluctuate and the predicted average
distance from the reference solution.

These two indicators are plotted against the forcing strength in Fig.2
(at right), for a given sample extracted from the hard-SAT region. A phase
transition is clearly visible for a critical value πc of the forcing strength. We
call this phase transition cluster-selection transition, since for π > πc the
average distance from ~σ0 rapidly rapidly vanishes, exactly as if only clusters
with a significant overlap with ~σ0 were considered with a non negligible
weight in the survey for the u-messages.

Unfortunately, since the SP-ext equations lack a rigorous derivation, no
further conclusion can be extracted from the empirical study of these es-
timators. We do not provide any explanation, in particular, of the cusp in
〈W0〉. Hence, much progress has still to be done in order to use SP-ext-like
methods for the derivation of geometric complexity curves.

2. Local probing of the solution space

SP-ext can be efficiently used to probe the local geometry of the zero
energy phase. First, we select a random reference solution ~σ found by mean
of ordinary SPID or also SP-ext decimation, with application of a random
direction forcing. In the following of this section, we will refer to ~σ0 as to
the seed of the grown cluster. SP-ext decimation performed with a forcing
in direction ~σ obviously reproduce an assignment at least belonging to the
same cluster of ~σ. If π was large enough a true cluster-selection transition
would take place, but now we want to keep π small enough in such a way
that a decimation forced in a completely random direction can proceed until
the end.

We flip then in ~σ a fraction δ of randomly chosen spins and we perform
a new decimation, forcing along the obtained direction ~ζδ 2. The result is
a new satisfying assignment that we call ~σδ. This step is then repeated by
generating new forcings ~ζδ from ~σ for increasing values of δ. The inter-
esting quantity to monitor is the Hamming distance from the cluster seed
dH(~σ, ~σδ) in dependence of the geometric perturbation δ.

In order to have a highly homogeneous distribution of the clusters, we
have chosen for our experiments an ensemble of random K-SAT in which
variables have a fixed even degree and are balanced (i.e. have an equal
number of directed and negated occurrences in the clauses). For this specific
ensemble and for K = 5, the critical points are given by αd = 14.8 and
αc = 19.53. An estimation of the position of the Gardner instability point
can be obtained by looking at the point in which the marginals computed

2~ζδ in particular will no more be a solution, but a configuration with finite energy.
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by SP start to differ from the evaluation of an approximate 2-RSB version
of SP (called SP-2 [10], see also Appendix D). According to our measures,
the instability point should be positioned in proximity of αG = 16.77.

In the experiments we have taken instances of size N = 104 with an
intensity π = .35 of the forcing (much close to the largest value of π for
which the SP-ext equations always converged for this sample). The Ham-
ming distance between σ and σδ is shown inf Fig. 3, plotted against δ. The
first stability diagram (black data points) refer to a formula inside the 1-
RSB stable region with α = 16.8. Two zones can be clearly observed. First,
for δ < δc ' 0.3, the distance dH(~σ, ~σδ) linearly increases with a very small
slope. At δ ' 0.25 we find still solutions at a distance dcl ' 0.035, which
is in good agreement with the average fraction of unfrozen variables 〈W0〉,
computed with SP (a first very rough estimation for the scale of the cluster
diameter).

Conversely, for δ > δc, a sudden jump to a larger distance is obtained.
Increasing δ up to 1, a new branch of the stability diagram is generated, ex-
tended over a span of distances of radius ∆ centered in d0. The symmetry of
this set of distances can be better observed in the leftmost inset, containing
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the histogram of all the reciprocal distances between the sampled solutions.
In this histogram, the existence of a gap is even more visible. The measured
value of d0 (the distance obtained when using a completely random forcing
at δ = 0.5) is in good agreement with the analytic estimation coming from
〈W+ −W−〉. The average magnetization provides indeed the typical scale
of the overlap between two randomly selected clusters q0 =

1−d0
2 (under the

hypothesis of homogeneous distribution of clusters, quite reasonable for the
ensemble under consideration).

The gap between clusters is the main prediction of the 1-RSB cavity
theory which finds in these experiments a nice confirm. In the intermediate
region 0.25 < δ < δc a small deviation from the inter-cluster linearity of
distances is observed3. This effect becomes less important for increasing
sizes, but still persists for N = 106, and seem to be related to the peculiar
irregular geometry of the surface of clusters. This point will further be
discussed in the next Section 2.2.

A completely different behavior is observed when repeating the experi-
ment for a sample in the expected f-RSB phase, with α = 15.2. The gap in
the histogram of the full set of reciprocal distances now disappears (right-
most inset of Fig. 3) and also the curve followed in the stability diagram
(white data-points) has a characteristic continuous and convex shape. It
must be remarked that various shapes of the stability plot, differing for their
degree of convexity but often gapless can be obtained starting from different
cluster seeds over the same sample. This hints to the existence of a mixed
phase, in which higher order hierarchical clustering is present and in which
many local cluster distribution topologies can coexist. Further experimental
exploration of this region, eventually supported by the clustering techniques
outlined in Section 2.2, would be needed in order to clarify the properties
of the unstable region and the mechanisms bringing to 1-RSB phase insta-
bility.

2.1. Correlations with the forcing energy. The data obtained from
the stability analysis of the previous section can be studied also in energetic
terms. Plotting dH(~σ, ~σδ) against δ but also against the energy E(~ζδ) of the
associated forcing direction ζδ, three regimes become clearly distinguish-
able.

The inter-cluster regime is also the low forcing energy regime E < Ec '

0.46 and it is characterized by an almost linear increase of dH(~σ, ~σδ) with
the energy E(~ζδ). Increasing the energy, approximate linearity is lost and an

3Interestingly the largest distance observed in this “bubble” of points coincides with
the height of the cusp in 〈W0〉 at the cluster-selection phase transition.
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abrupt increase of dH(~σ, ~σδ) is noticed (transition regime, corresponding to
the anomalous data-points in the gap region).

Then, after a small gap in both energy and distance, the full branch of
Fig. 3 associated to distant clusters collapses into a small island. Its slightly
curved shape, reminiscent of a boomerang, can be ascribed to the observed
fact that configurations ~ζδ anticorrelated with ~σ (δ > 0.5) have an energy
smaller than that of purely random configurations.

This kind of analysis suggest that the instability of the SP-ext mech-
anism causing the arrest of the growth of the cluster from its seed could
be triggered also by an exceedingly large energy of the applied forcing.
When E(~ζd) becomes too large, several alternative ways of repairing the
contradictions imposed by the forcing become possible, and different clus-
ters tend to compete for the dominance over the population dynamics evo-
lution, preventing then the onset of the cluster-selection transition, typical
of the inter-cluster regime.

2.2. Principal component analysis of SP-ext data-sets. Well estab-
lished clustering techniques can be employed in order to obtain visualiza-
tions of the distance relations existing between all the solutions generated
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in extensive SP-ext experiments. Work is in progress [18], in order to ap-
ply Principal Component Analysis (PCA) to data-sets generated during the
construction of stability diagrams. One of the goals is to achieve a better
understanding of the geometrical distribution of solutions around a given
point (eg. the seed of the grown cluster). No more information than the one
already contained in the data-set itself can be accessed, but the new kind
of statistical analysis could be helpful in determining a reduced number of
relevant parameters in the description of the scenario.

PCA involves a mathematical procedure that transforms a number of
possibly correlated variables into a small number of uncorrelated variables
called principal components [74, 124]. The first principal component ac-
counts for as much of the variability in the data as possible, and each suc-
ceeding component for as much as possible of the remaining variability.
In one of the simplest approaches to PCA, a square symmetric covariance
matrix is built from the data:

(5.8) C~σ =
〈 (
~σ − 〈~σ〉

) (
~σ − 〈~σ〉

)T 〉
where the row vectors ~σ represent solutions of an instance generated by
SP-ext and averages are taken over the whole solution set. The first few
eigenvalues and eigenvectors of C~σ can easily be found by an efficient nu-
merical procedure which starts with Householder reduction to tridiagonal
form.

Once a partial orthogonal basis of eigenvectors ~X, ~Y , ~Z, . . . with the de-
sired size has been obtained, the principal components (X~σ, Y~σ, Z~σ, . . . of
a data-point ~σ are obtained just by projecting the solution onto the basis
itself.

Significant data-sets can be built with SP-ext by mean of a multiple
generation protocol. First a random solution ~σA is taken as seed for a cluster
growing experiment. Using progressively more perturbed configurations ~ζA

δ

as forcing, the full set of solutions ~σA
δ needed for the construction of the

stability diagram is generated by SP-ext decimation. The second generation
is obtained by building the full stability diagrams using each one of the
solutions ~σA

δ as cluster seed: one obtains then the solutions ~σA
δ,δ′ for as many

as possible combinations 0 ≤ δ, δ′ ≤ 1. With the same mechanism, third
generation data-points ~σA

δ,δ′,δ′′ can be produced and so on. Then the data-set
can still be expanded by repeating the full procedure from new completely
independent seeds ~σB, ~σC, . . .. Figs. 5, 6 and 7 show preliminary results of
a work in progress, relative to three N = 104 instances extracted from the
ordinary Erdos-Reny random 3-SAT ensemble, the first one with α = 3.60,
the second one with α = 4.10 and the third one with α = 4.21. Only
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F 5. PCA clustering for an α = 3.60 instance (RS).
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F 6. PCA clustering for an α = 4.10 instance (f-RSB).

one “zeroth” generation cluster seed was used and the construction of the
data-set stopped after producing a partial but homogeneous subset of the
third-generation solutions.

In a space spanned by the first three principal components, the RS case
with α = 3.60 (Fig. 5) is characterized by the presence of a single giant
globular amass of solutions, indicating that only a single scale of distance
can be employed to model the main features of the zero-energy landscape.

When increasing α elongated structures begin to appear, connecting the
“galaxy” of the solutions nearby the original cluster seed, to the region of
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F 7. PCA clustering for an α = 4.21 instance (1-RSB).

the external clusters. In the f-RSB-like case with α = 4.10 (Fig. 6), sev-
eral grains of solutions seem to be diffused in a powder of scattered points.
Rarefactions in the tissue of data seem to mark the transition between dif-
ferent clusters of clusters, but more statistics and a better filtering would be
needed in order to clarify the f-RSB clustering picture.

Better results are already available for the 1-RSB case (Fig. 7). Here
only a significantly rarified powder is scattered in the gaps between grains
representing the distant clusters, and between the distant clusters and the
main grown cluster to which the seed belong. It must be remarked that the
abnormally large size of the cluster containing the seed is a systematic arti-
fact induced by the data-set building protocol. The result is a magnification
of the details of the local neighborood surrounding the grown cluster seed.
It is possible to identify a small group of satellite amasses of solutions,
that seem to be closer to the main cluster than to the region of the distant
ones. In particular the largest satellite group can be put in correspondence
with the solutions in the small region of the stability diagram in Fig. 3 with
0.25 < δ < δc, where the slope of the distance increase sensibly varies with
respect to the proper intra-cluster region, but which lies definitely below
the larger distance gap at δc ' 0.3. These data-points constitute also the
transition energy region discussed in Section 2.1. Whether these satellites
are real disconnected subdominant clusters, really existing in the landscape
of finite instances, or they are just a manifestation of the rough geometry of
the cluster frontier region is still an open question, which will be addressed
in ongoing investigations.
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F 8. PCA clustering in the gap region. Despite the
noise due to poor statistics, filamentous bridges connecting
the main cluster region (not shown) to the sea of outer clus-
ters seem to be identifiable.

Another open issue is relative to the existence itself of true gaps. The
results available until now justify the claim that the probability of finding
solutions at intermediate distances between the inter-cluster and the intra-
cluster scale is rather small. Nevertheless, the observations do not rule out
the hypothesis of the existence of a system of “filaments” of solutions, of
subdominant measure when compared to the fraction of solutions belonging
to groups. These filaments could actually create thin bridges between more
or less close solution groups, destroying any true clustering, but creating a
sort of spongy network of bubbles. No rigorous results about the existence
of complete gaps exist indeed for K-SAT if K < 9 [101, 121]. Furthermore,
arguments against an exact clustering can be taken by the analysis of the so-
called whitening dynamics [29, 91]. PCA clustering analysis could be help-
ful in identifying the existence of such structures. In Fig. 8, we show very
preliminary results relative to the clustering of solutions in the gap region.
We built a normal three-generation data-set starting from a single seed ~σ,
but then we selected just the subset composed by the second and third gen-
eration offsprings of the first generation solutions ~σδ with 0.25 < δ < 0.4.
PCA clustering over this sample is rather noisy, but it is possible never-
theless to identify filamentous structures, which originates from clusters
grains associated to “tentacles” at the surface of the main cluster and con-
verge toward a central region containing distant clusters solutions, creating
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a curious imploding firework look. Other clustering techniques, like super-
paramagnetic clustering [21] could be used to define more rigorously the
boundaries of individual clusters.

3. Information-theoretical applications

The cluster-selection transition is quite sharp and produce an extremely
quick polarization of the local fields over the variables belonging to the
backbone of a cluster. This property can be exploited for practical pur-
poses. The framework of Information-theory offer some example of nice
applications. It is remarkable that the presence of clustering, usually con-
sidered an obstacle to an efficient optimization, can be used positively as a
new computational resource.

3.1. Reconstruction of solutions. We have seen that the application of
a random forcing allow to determine a close solution if the forcing intensity
is not too large. On the other hand, if the forcing direction coincides with
a solution, very large forcing strengths can be applied (eventually even π =
1): the result will always be a solution belonging to the same cluster of the
forcing direction.

One may wonder if cluster selection can be obtained by applying a forc-
ing only along a part of a complete solution. Since there exists at least one
solution in which the selected variables are oriented according to the forcing
direction, strong forcing intensities should be sustained, and if the informa-
tion contained in the partial forced assignment is enough to fully identify a
precise backbone, selection of an individual cluster should take place.

Let us consider a given instance and one solution ~σ and let us denote
by ~σ(R) the vector composed by the first NR entries of ~σ. We call R rate
of compression4. We apply now a really strong partial forcing in the direc-
tion of ~σ(R) (π ' 0.95). If R is larger than a critical value Rc depending
on the instance under consideration, all the non forced variable becomes
immediately polarized. In particular, a complete solution ~σ′ belonging to
the same cluster of ~σ can be obtained without resorting to decimation, just
by fixing all the variables according to their local field orientation after the
first convergence. This behavior is the ultimate source of inspiration for the
distributed implementation of SP-ext that will be presented in Section 1 of
the next Chapter 6. If R < Rc, on the other hand, the configuration obtained
by fixing all the variables after the first convergence has generally a finite
energy.

4The quantity usually denoted by R in information theory (see appendix 2) is the in-
verse of our definition of rate.
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F 9. Solution reconstruction. The distance D~σ between
the reconstructed configuration and the original solution, is
plotted on the left against the compression rate. On the right,
we plot the energy E~σ of the reconstructed configuration. If
R > Rc the cluster containing ~σ is selected. E~σ goes ex-
actly to zero, differently from D~σ indicating that a cluster is
selected but not a solution.

The results of an experiment performed over a K = 5, balanced, α =
16.8 are shown in Fig. 9. Cluster selection can be observed for R as small
as Rc ' 0.15, both looking at the distance plot (main plot) and at the energy
plot (inset). Interestingly, the energy E~σ of the retrieved configuration falls
immediately to zero, while D~σ jumps to a small value but only slowly de-
creases. This is compatible with the fact that SP-ext is able to select clusters
more than individual solutions.

Further improvement of the critical rate will be obtained by resorting to
the doping stage, as discussed in the next pages. We conclude this section
remarking that SP-ext solution reconstruction could be used to implement a
new kind of associative memories if it was possible to generate instances of
CSPs with a predefined set of solutions. The resulting learning issue is still
completely open.

3.2. Lossy data compression. A large part of information theory deal
with the determination of alternative encodings for the same information
content (a short introduction to Information Theory can be found in Ap-
pendix C, see also [89]). While more redundant encodings could result in
increased robustness against noise during data transmission, more concise
encodings would reduce the amount of space needed in order to store in-
formation. In many applications, where the space resource is critical or
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where the size of the data to compress is really large (notably multime-
dia contents), one can even accept a small pert of information in order to
achieve larger compression [142]. This is the realm of lossy data compres-
sion (LDC) and of rate-distortion theory, establishing precise bounds about
the better compression rate that can be achieved for any given maximum
allowed distortion (the so-called Shannon bound).

A new kind of lossy data compressor (LD codec) can be devised, ex-
ploiting the cluster-selection transition. Let us suppose to have an input
N-bit binary string ~ξ generated for simplicity from an unbiased and uncor-
related random source. Let us take then some balanced even connectivity
K-SAT instance and let find by SP-ext decimation a solution ~σξ, by apply-
ing a forcing of the largest possible strength in direction ~ξ. The distance
dH(~σξ, ~ξ) will be called the “a priori distortion” and it will coincide with the
best possible distortion achievable after decoding by our LDC scheme. If
the cluster distribution is homogeneous we can expect it to be of the order
d0 − ∆. Furthermore, we take α only slightly larger than αG in order to
maximize the number of well separated addressable clusters, and minimize
then the a priori distortion. At this point, we build a compressed string ~σR

ξ

by retaining just the spins of the first NR variables of ~σξ. This concludes
the basic encoding stage (compression).
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Decoding is now performed resorting to the SP-ext solution reconstruc-
tion capabilities. A very intense forcing (π = 0.95) is applied along ~σR

ξ

and after the first convergence all the variables are fixed according to their
local field orientation. If R > Rc a solution ~σretrieved

ξ belonging to the same
cluster of ~σξ is generated without creating contradictions. We consider such
~σretrieved
ξ as decoded string. The distortion accumulated with respect to ~ξ is

of the order of dcl + d0 − ∆.
The data relatives to the compression and decompression of an unbiased

and uncorrelated source with a balanced instance of N = 3 · 104 variables,
with K = 5 and α = 16.8 are shown in Fig. 10. The performance of a
random guess decoder (deciding the missing bits at random) and of a ba-
sic repetition codec5 [89] are also plotted for comparison. Although the
behavior of the SP-ext-based codec is definitely not random, the achieved
distortion is too bad.

In order to approach the Shannon Bound, we use the iterative dop-
ing [34] technique for chosing which bits to store. After the determination
of ~σξ, SP-ext is run again without applying any forcing and a ranking of
the most balanced variables is performed. More specifically, we look for
the variable i which minimizes the index function |W+

i − W−
i | + W0

i . The
highest ranked variables are then frozen in opposite directions in a similar
number of clusters, are rarely unconstrained and consequently their fixing
produces the largest possible information gain. We take as first bit of the
compressed string ~σR

ξ the state si1 assumed in the solution ~σξ by the high-
est ranked variable i1. Then we fix i1 to the state si1 . At this point a new
doping step is done, the length of ~σR

ξ is increased of one bit, and the pro-
cedure is continued until when the desired compression rate is reached. An
identical doping stage is then performed in decompression. During decom-
pression, we read the first bit si1 in ~σR

ξ and we have to decide which variable
has to be fixed to this state. The answer can be obtained, without need of
transfering additional information, just by repeating also in decoding the
iterative ranking based on the doping index function. The highest ranked
variable (that will be again i1) is fixed to the state si1 , then we repeat the
step for the second variable, and so on, until when the compressed string
~σR
ξ has been completely read. At this point the SP-ext iterations are used

to fix the remaining variables. Fixing a balanced variable “switches off” a

5Encoding works by subdividing the source in blocks of an even number of bits λ, and
then substituting each block with a single bit decided by majority rule. Decoding expand
a single bit to a word given by λ repetitions of the same bit. The rate of a repetition codec
is set by the choice of the block-length λ. See also the Appendix C for more details about
repetition codes.
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larger number of clusters, and, hence, thanks to the less redundant coding,
the critical rate is reduced to surprisingly small values (dash dotted curve in
Fig. 10).

A further improvement can be obtained, by using in the doping stage
modified iterations [26, 91, 161], that interpolates between SP and the well
known Belief Propagation equations (solid curve in Fig. 10). It is supposed
that this interpolation gives access also to microscopic information relative
to the inter-cluster biases experimented by a variable. The use of the in-
terpolated iterations allows to approach the Shannon Bound more than the
simple repetition LD codec. It is nevertheless expected that much better per-
formances can be achieved by a careful optimization of the graph ensemble
as it was shown in the case of the iterative decoding with Belief Propaga-
tion of LDPC codes [39, 90, 139]. it is on the other hand surprising that
the cluster-selection transition allows for a strongly non-trivial information
manipulation over any typical random instance in a clustered phase.

SP-ext can also be applied to the encoding/decoding of biased sources,
characterized by inhomogeneous occurrence probabilities P± for the (two)
possible input symbols . The issue is not just academic but is also of prac-
tical interest since correlated sources can often be mapped to memoryless
biased sources by mean of the Burrows-Wheeler Transform. [33]. Let us
suppose that the bias of the source is b = P+ − P− > 0. We can engineer
graphs with a cluster distribution concentrated in a hypercone around the
ferromagnetic direction, just by taking for every variable i a fraction γ+ of
positive couplings larger than the fraction γ− of negative couplings.
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The phase diagram for biased fixed connectivity instances is shown in
Fig. 11. The two control parameters are α and the balancing B = γ+−γ−. A
narrow SAT RSB stripe, characterized by a finite value of the 1-RSB com-
plexity, is present for B < 0.435. When the balancing is too large, there
is on the other hand a direct transition between an unfrozen SAT phase and
the UNSAT region. The transition line is determined when possible by find-
ing the point in which zero-energy phase complexity vanishes. For larger
balancings, the line where WalkSAT starts to fail in determining a solution
approximately continues the 1-RSB SAT/UNSAT transition line. The rate-
distortion profile of the compression of two random uncorrelated sources
with b = 0.2 and b = 0.3 is shown in the inset of the same figure. We have
experimentally verified that the best decoding performances were obtained
selecting graphs in proximity of the Gardner instability line (always deter-
mined by comparison with SP-2 marginals), while better critical rates but
worse distortions are found for larger connectivities. The location of the
employed instances is indicated on the phase diagram by empty circles.

The inset of Fig. 11 shows that cluster-selection is still possible and
ensures again a non-random correlation between the input and the output
sequence. The performance is nevertheless poorer than in the unbiased case.
Once again it is expected that the codec results can be improved by mean of
graph optimization.





CHAPTER 6

What next?

The algorithmic strategies based on the Survey Propagation formalism
have completely fulfilled the goal of overcoming the barrier created by the
proliferation of metastable states. Not only SP-Y has been successfully
employed to generate configurations of the K-SAT model well beyond the
lower bound to the threshold, but the introduction of external messages has
allowed to develop the reliable SP-ext state-addressing protocol. The dec-
imation process can be controlled without affecting the overall computa-
tional cost of the SP iterations, pushing it to retrieve assignments in a pre-
cise restricted portion of the phase-space. Lossy data compression has been
proposed as a possible application, but the potentialities of the method go
well beyond this first example and deserve new explorations in the immedi-
ate future.

It is worth to remind that the self-consistent computation of the pdfs
for the cavity biases and for the local fields is a fully local procedure.
Knowledge about all the variables is spread around the graph by mean of
message-passing, but at each time-step only the information broadcasted by
the neighboring nodes is needed for the update of all the outgoing surveys.
The only step in both SPID and SP-ext requiring a global simultaneous
awareness of the tendencies of all the variables is decimation. Nevertheless,
we have already shown that, at least in cluster-reconstruction experiments,
decimation becomes unnecessary thanks to the strong polarization induced
by the SP-ext cluster-selection transition. In the next section 1 we will show
how an adaptive forcing can be used to retrieve systematically solutions in
the hard SAT region, after the computation only of a single population dy-
namics fixed point [38]. This new completely local algorithm will allow
to find a solution in order N log N time step, against the quadratic cost of
SPID and SP-ext (each one of the N computations of a fixed-point scales
linearly with N). Furthermore, the new method seems to be particularly
suitable for implementation over reconfigurable hardware devices. In this
latter case, the cost for retrieving a solution would scale linearly with just
log N.

A further step toward the realization of efficient distributed algorithms
for glassy states selection could be possibly the use of external forcing in

93



94 6. WHAT NEXT?

association with a pure warning propagation dynamics (WP). In section 2,
we will show indeed that external trains of messages with fixed or variable
frequency can be used to stabilize the evolution of warnings allowing them
to converge toward solutions or toward nearby excited states well separated
by the layers typically trapping WP.

Speculations about some possible implications of this behavior for the
working of neural network associative memories will be briefly mentioned
in the last section 3, and will finally close this incomplete but hopefully in-
formative journey through the many and diverse applications of the Survey
Propagation paradigm.

1. Distributed implementations

The equations (5.7) show how the effectiveness of an externally applied
forcing is larger when there is a significant fraction of locally well-oriented
clusters. The decompression strategy of the SP-ext codec provide an ex-
ample in which the application of a “good” forcing remove the need for
decimation. In the general case of a random forcing direction ~φ not cor-
related with any solution cluster, the temporary configuration obtained by
fixing all the variables according to their local field direction at the SP fixed-
point contains a residual fraction of violated constraints. This is mainly due
to the fact that the presence of many locally wrongly oriented clusters does
not allow the use of strong forcing intensities. This fraction may be possibly
reduced by adaptively building a particularly effective forcing pattern [38].

A first method (which we may call extrinsic adaptation) consists in ap-
plying initially a forcing along a random direction ~φ and in observing which
are the nodes that are reacting positively to its application. In the cases in
which the system develops an internal local magnetization in agreement
with the local direction φi, the forcing is kept active, but it is on the other
hand switched off (with a certain probability) if the internal magnetization
tends to contrast the action of the forcing. A second method (intrinsic adap-
tation), only slightly less effective, does not require the use of an external
reference direction, but the forcing direction is always taken in agreement
with the orientation of the internal local magnetizations.

In both cases, the applied adaptive forcing pattern is updated every pre-
determined fixed number of steps looking at the developed distribution of
the internal fields. The general larger correspondence between the forcing
direction and the spontaneous drift of the surveys, due to the topology it-
self of the network, allows in general the use of stronger forcing intensities
and cluster-selection can finally be observed. Under application of adaptive
forcings, full satisfying assignments are generally retrieved at the very first
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INPUT:: a Boolean formula F in conjunctive normal form; a

forcing strength π and an update frequency f; optionally
an external reference direction ~φ

OUTPUT:: a full configuration of the variables appearing in

F (ideally a satisfying assignment)

0. For each edge a → i of the factor graph, randomly
initialize the ηa→i ∈ {0, 1}

1. Compute all the fixed point u-surveys, using equations
(5.2)

3. IF the step number is a multiple of f,
3.1 FOR every unfixed variable i, compute the local

magnetization mi

3.2 Intrinsic method: Set the forcing directions

φi = sign(mi) and the forcing strengths πi = π,

otherwise πi = π

OR

3.2 Extrinsic method: IF φi , sign(mi) set πi = 0.
4. Fix all the variables to the states si = sign(mi) and
compute the configuration energy E; increment the step
counter

5. GOTO (0.) UNTIL when E = 0 or the maximum allowed number
of iterations has been reached.

F 1. The Adaptive SP online decimation algorithm (AdaSP).

convergence. In a sense, the adaptive forcing mechanism is equivalent to
a runtime decimation with backtracking, where the variables are fixed just
by imposing over them a strong field. For these reasons, we call the new
algorithm adaptive SP online decimation (abbreviated as AdaSP).

In Fig. 2, we show the evolution of the instantaneous configuration ~ξt
of the variables (according to the observed instantaneous magnetizations)
during AdaSP online decimation with the extrinsic adaptive method of a
K = 5, α = 16.8 balanced sample. In a first stage, ~ξt rapidly converges
toward the forcing direction ~φ, but, then, in order to obtain a further energy
reduction, many forcing components must be switched off. This relaxation
of the external constraints is responsible of the observed increase of the
distance between ~ξt and φ, but remove any obstacle to selection of a solution
cluster much close to ~φ. The observed a priori distortions are slightly better,
but perfectly compatible, with what observed in SP-ext experiments over
the same instances.
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AdaSP cluster selection share several properties with the analogous mech-
anism observed in SP-ext. in particular stability experiments can be re-
peated, by adopting as reference forcing directions φ increasingly perturbed
solutions. Fig. 3 shows the results obtained for the same α = 16.8 balanced
5-SAT instance analyzed in Fig. 3. We see that the critical perturbation at
which half of the generated assignments lies outside the cluster of ~σ0 has
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now the slightly smaller value of δc ' 0.265. Nevertheless, the sharpness
of cluster-selection is definitely larger and the distant clusters branch begins
with an almost vertical slope, after a very narrow gap. This feature may be
used for implementing a very clean solution reconstruction algorithm.

We finally remark that AdaSP is a completely local approach to solu-
tion finding, and can therefore efficiently implemented over a distributed
computing environment (GRID, etc.) or over massively parallel hardware.
In particular, it is easy to write VHDL virtual hardware description for the
implementation over reconfigurable logical-gates-arrays (like FPGAs) [19].
Simulations of a FPGA chip configured to implement the AdaSP algorithm
show that over such a reconfigurable hardware the resolution cost would
scale only with the logarithm of the instance size(see Fig. 4). For random
CSPs, the information carried by local messages has to propagate through
the whole graph before convergence, and this cannot be done faster than in a
logarithmic time. Therefore, the solution retrieval time cost over distributed
devices is, at least in terms of asymptotic scaling, the best possible.

Of course, hardware implementations suffer of important limitations,
like the generally slow sustainable clock speeds and the large cost of the
chips able to contain large instances1. Nevertheless, more powerful and
economic devices are going to be developed in the next future at a fast pace

1Simulations for N > 3000 have been done with a C code, since they are beyond the
technical possibilities of today available hardware.
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and it is quite likely that they will play an increasingly important role in the
field of high performance computation.

Moreover, the time cost of solution retrieval scales with N log N also
when taking in account the cost of the simulation of the parallel hardware
over an ordinary computer. This makes AdaSP one of the fastest existing
incomplete solvers for hard random K-SAT instances, independently from
the possibility of running it over a distributed computation platform.

2. Selecting states with Warning Propagation

We started our discussion of the Survey Propagation equations by ob-
serving that the SP marginals describe the probability of finding a certain
warning traveling along a certain edge of the factor graph when considering
all the Warning propagation (WP) fixed points associated to all the solution
clusters.

No direct relation exists on the other hand in general between SP marginals
and the time-series of the warnings generated during the evolution under
WP. Many coexisting fixed points will compete for dominating the warning
dynamics; the messages broadcasted by distant nodes will be associated to
configurations pertinent to distant different solution clusters. As a result
of this mismatch, the configurations associated to an instantaneous set of
messages are typically characterized by an extremely high energy.

We have seen discussing the relations (5.7) that the main effect of the
introduction of forcing is the induction of a non homogeneous measure over
the different clusters. If only a limited number of clusters were allowed to
broadcast messages driving toward them, global correlations could more
easily be established and agreement among all the warnings may possibly
be reached. We will see now external sources of warnings can be used to
efficiently enhance the role of certain clusters with respect to the others. SP-
ext forcing was implemented by mean of additional surveys of a predefined
strengths πi. In the case of WP, warnings have a digital nature (a message
can just being or not being sent), but it is possible to tune accurately the
frequencies νi of external sources of warnings, connected to the variables
by a predefined set of couplings in direction ~ξ. We will denote as WP-ext
the resulting forced WP dynamics.

A Montecarlo simulation of the evolution of the warnings can easily
be performed. At each time step the external warning sources inject or
not in the system their pulse with a probability given by the preassigned
frequencies νi. The messages are updated synchronously according to the
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F 5. Warning propagation with extrinsic forcing (K =
5, α = 16.8 balanced instance). The stability diagram con-
struction experiment has been repeated with ordinary WP,
loading perturbed solutions ~ζδ as initial configurations, and
with WP-ext, starting from random initial conditions but
applying a forcing along ~ζδ with a fixed frequency ν =
0.7. Both when considering geometrical (left) and energetic
(right) stability, the critical perturbation δc is comparable
with the corresponding value obtained in SP-ext stability ex-
periments.

dynamical equations (2.14) and (2.42). The configuration of the variables
is determined according to the local instantaneous magnetizations2.

The direction ~ξ of the forcing can be preassigned (extrinsic forcing) or
adaptively determined by looking at the internal tendencies as in the case
of intrinsic AdaSP. Let us first consider the extrinsic case. The application
of a small frequency forcing along the direction of a solution ~σ is enough
for filtering out completely after a certain number of updates all the con-
tributions coming from different clusters. Stability experiments can also be
performed, by forcing along a direction ~ζδ obtained by flipping a fraction δ
of the spins in ~σ. If δ is not too large, WP-ext reaches a fixed point after
a rather small number of updates or enters into a limit cycle. An impor-
tant difference with SP-ext is indeed the fact that it is not guaranteed that
WP-ext finds always a fully satisfying assignment. Nevertheless, even in
the case in which WP-ext enters a limit-cycle concatenating a small group
of excited configurations, the energies are at least an order of magnitude
smaller than in the case of the states trapping ordinary WP. Furthermore,

2It is eventually possible but definitely not needed to dampen fast fluctuations by av-
eraging the magnetization over a small window of observation.
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these excited configurations are geometrically close to the reference solu-
tion ~σ. This means that the basins of attraction of WP-ext are not merely
composed by the solutions clusters, but comprehend also surrounding re-
gions of moderately excited configurations. Since they are geometrically
pertinent to the solution cluster region, one can safely affirm that entering a
limit cycle composed of such peripheric states is another way of selecting
the state to which ~σ belongs.

In Fig. 5 at right it is indeed possible to observe two well distinguished
regimes, depending on the perturbation entity δ. If δ < δc ' 0.29 only con-
figurations with a very small energy are obtained at the equilibrium. When,
on the other hand, δ exceeds the critical value, the energy explode and ex-
tremely excited configurations are visited by WP-ext. In Fig. 5 at left the
same loss of stability phenomenon is monitored looking at the Hamming
distance from the reference solution. All the obtained low energy config-
urations are also significantly correlated with ~σ. Here, a transition regime
between δc,1 ' 0.18 and δc ' 0.29 where the distance increases more rapidly
is also observed. Then, after the loss of stability, progressively uncorrelated
configurations are generated.

The effectiveness of the external forcing can be underlined by conduct-
ing a second stability experiment in which no forcings are applied, but in
which ~ζδ are just loaded as initial conditions of pure WP experiments. In
this latter case, stability is lost after a noticeably smaller critical strength of
the perturbation (circle points in Fig. 5). The external forcing plays then an
important stabilizing role over the WP dynamics.

It must finally be remarked that, while SP-ext always find a solution
—if the forcing direction is too distant from the reference cluster, then so-
lutions inside different clusters are addressed—, in the case of WP-ext the
alternative to state selection is simply absence of selection.

Let us now consider the case of intrinsic adaptive forcing. As in the
case of AdaSP, the local direction of the forcing is determined by looking
at the internal instantaneous magnetization. It is important to update the
forcing direction less frequently than the warnings themselves in order to
obtain actual cluster filtering (information has too spread in order to produce
a matching between the warnings broadcasted by distant emitters). The
way in which the energy is reduced is shown in Fig. 6. The inset shows
the number of downhill directions surrounding the visited configurations,
against their energy. The slowdown of energy relaxation is associated to a
transition in the topology of the visited portion of landscape (visible from
the strong change of slope in the inset). Intrinsic adaptive WP-ext seem to
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F 6. Energy evolution for intrinsic adaptive Warning
Propagation (K = 5, α = 16.8 balanced instance). Warn-
ing exchange allows the system to reach states with progres-
sively smaller energies. As shown in the inset, the visited
configurations with lower energies are characterized by a re-
duced number of downhill directions and are therefore close
to the bottom of some local minima, attracting the warning
propagation dynamics also when the external forcing is re-
moved. On the other hand, is the energy is larger, in absence
of a stabilizing forcing, the warnings dynamics is not persis-
tent but escapes toward highly excited configurations.

be captured by local minima structures (with a large number of residual flat
directions).

If the adaptive forcing is suddenly switched off, different behaviors are
observed according to the already reached energy (and the associated topo-
logical properties of the neighborood). If the energy is too large, WP lose
completely stability, the warnings cease to be associated coherently to a
small number of clusters and push the system into the energy band that
would have been reached performing pure WP from the beginning without
the use of a forcing. On the other hand, if the energy is small enough, WP
get trapped by the local minima even in absence of forcing, and persistent
dynamics is observed (at least for a certain time in a transition region). This
is a highly desirable feature in the context of associative short-term mem-
ory modeling and we will briefly return on this point in the next concluding
section.
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Further refinements of intrinsic adaptive WP-ext are needed in order to
make it able to retrieve satisfying assignments, and not just low-lying ener-
getic configurations. Nevertheless, the use of fixed frequency forcings has
endowed WP with unexpected state selection capabilities. An important
advantage of WP-ext strategies with respect to both SP-ext and AdaSP, is
that it makes use of binary elementary messages instead of the real numbers
parametrizing the surveys. This extreme simplicity would be considerably
helpful in the eventual electronic implementation of WP-ext-like strategies,
and could open the road to new applications in artificial pattern recognition.
Possible implications for neural computing will be outlined in the next sec-
tion.

3. A new kind of neural networks?

The fact that a simple dynamical scheme based on the exchange of el-
ementary messages is able to exhibit sharp cluster-selection transitions (at
least if weak external conditionings are also taken into account) is some-
how surprising. These preliminary observations suggest the hypothesis that
similar mechanisms are used by biologically realistic networks of spiking
neurons acting as associative memories (retrieval would correspond to the
selection of a specific cluster).

The experiments described in the preceding section could be interpreted
as describing an elementary example of pattern recognition. More in gen-
eral, state selection in clustered phases could be a relevant feature for the
attractor neural network modeling of neural processes [7, 48]. The term
working memory refers to active storage mechanisms which provide real-
time information to be used for the execution of willful actions [8, 31, 32].
The sustained firing rate found in higher cortical areas during delayed re-
sponse tasks is generally considered to be the physiological analogue of this
mental process [112, 61]. In the WP-ext experiment described in Figure 6,
persistent activity is observed also when the forcing stimulus is removed if a
state is selected. The large gap existing between the two bands of the states
visited, respectively, in presence or in absence of cluster selection creates
indeed a sharp “digital-like” distinction between the two possible outcomes
of a stimulus presentation, “Pattern retrieved” or “Not retrieved”. Further-
more, since slightly perturbed stimuli produce an association with the same
neighborood in the configuration space, the organization of states in clusters
produces positively a considerable reliability against noise.

Once the dynamics has been trapped in a precise attracting region, the
system can escape the region surrounding the ground-state cluster whenever
a new stimulus acting as perturbation is applied. The network might then
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enter into a new attracting state, non-trivially correlated both with the new
stimulus and with the previously visited attractor. Interestingly enough, a
similar latching dynamics has recently been proposed as supporting mecha-
nism for evolved neurocomputing tasks like language generation [62, 156].

Of course, informations about neural processes cannot be extrapolated
from experiments over factor graphs of K-SAT instances. A crucial goal
becomes then the identification of clustered phases in biologically realistic
models. A first and reasonably simple model for a neuron can be repre-
sented by a basic threshold node performing the weighted sum of γin inputs:

(6.1) sout = Joutθ(
∑

j∈In(i)

J js j − τ j)

The synaptic weights are taken to be binary (J = ±1) and the single output
connection (inactive or active inhibitory/excitatory depending on the node)
is multiplied and sent to γout receiving nodes. Even if an energy function
is not strictly defined for threshold nodes implementing a dynamical rule
more than a local constraint in the usual sense of CSPs, an hamiltonian can
be introduced resorting to a trick first introduced in [41]:

(6.2) H j =

{
0 if s j = J jθ(

∑
j∈In(i) J js j − τ j)

1 otherwise

A node is not satisfied only if the local configuration of the variables vio-
lates the causal order imposed by the threshold dynamical rule. The ground
states of a network of nodes (6.2) are in biunivocal correspondence with
fixed points of the dynamics (6.1) over the same network. Message-passing
optimization can then be used to characterize the statical properties of the
model neural dynamics, and in particular to estimate the number of fixed
points and of eventual clusters of fixed points.

It must be remarked that both ordinary Belief Propagation [161] and
Survey Propagation are based on message exchange over a non-directed
graph, while the dynamics (6.1) is inherently directed, as visible also by
the non-symmetric nature of the hamiltonian (6.2). The signals actually
exchanged between the neuronal units would not then correspond with the
messages whose statistics is being sampled by BP or SP. Message-passing
(online) decimation is then an artificial and not necessarily local procedure
that can be used to identify the existence of phases with a large number of
addressable attractors, but a more realistic description of state retrieval by
the network will be obtained resorting to algorithms similar in spirit to a
directed version of WP-ext.
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Research is ongoing in order to determine network topologies suitable
for cluster-selection. Relevant order parameters are the average connectiv-
ity γ, the fraction of leaves λ and the fraction of inhibitory connections ι.
Non trivial distributions of the magnetizations are obtained for ι ' 0.5, but
preliminary investigations seem to suggest that more complex neuron mod-
els are needed in order to produce complex state organization. Networks of
neurons in which the integrating properties of individual dendritic compart-
ments are explicitly taken into account [97] may constitute an interesting
and quite natural field of exploration.

Preliminary results are also available relative to the use of message-
passing techniques for batch learning of patterns in a binary-synaptic-weights
perceptron. An AdaSP-like online decimation protocol is used for retriev-
ing assignments in the coupling space, endowing the perceptron with the
ability of discriminating a linear number of patterns.

These first promising indications fully justify further experimental and
theoretical investigations. Major efforts are necessary in order to clarify the
relevance of the message-passing paradigm in neural information process-
ing, and to support eventually the visionary description of the brain as a
powerful distributed hardware running sophisticated message-passing algo-
rithms as software.



Conclusions

Our exploration of complex optimization problems started from the con-
sideration that phase transitions in the topology of the ground-state space
are responsible of the bad performance of many complete solvers and heuris-
tics. The proliferation of metastable states was shown indeed to constitute
a practically insurmountable barrier, even when considering the most per-
forming local search algorithms or exotic semi-classical approaches, like
simulated quantum annealing.

The development of an iterative procedure deriving from the cavity
method at the level of 1-RSB allowed us to compute the distribution of
the local magnetizations over single problem instances. Such microscopic
information could be firstly exploited in the SPID and in the SP-Y strat-
egy that were successful in determining in polynomial time complete as-
signments in the hard-SAT region and configurations well beyond glassy
threshold in the hard-UNSAT phase.

A further innovative step was represented by the SP-ext method, based
on the use of external messages able to tune accurately the convergence be-
havior of standard Survey Propagation. The new technique could be used
to generate a large (ideally exponential) number of solutions of really hard
instances. The existence of a significant correlation between the activated
pattern of forcing and the retrieved solution was employed to characterize
the local geometry of the ground-state phase. More specifically, we were
able to discriminate experimentally between samples extracted from the 1-
RSB region, presenting sharp clustering, and samples from the unstable re-
gion, showing a continuous spectrum of possible overlap measures between
the minimum and the maximum distance scale.

Quite surprisingly, the cluster selection phenomenon opened the road to
new algorithmic strategies for which the presence of an exponential number
of well separated clusters constituted a positive resource, instead of an insu-
perable obstacle. We examined briefly a preliminary application to the lossy
data compression of random uncorrelated sources. The compression of bi-
ased sources achieved by the generation of suitably unbalanced samples
was a first simple example of the possibility of engineering graphs with an
ad hoc phase-space geometry, tailored to supply better results in predefined
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tasks. Furthermore, it is quite likely that, in a near future, the geometry-
sampling capabilities of SP-ext can be exploited to provide a better knowl-
edge of the landscape features responsible for the superior performance of
exceptionally good linear codes.

An important byproduct of the research on external forcings was the
discovery that decimation is not actually needed for the determination of
solutions. The iterative fixing of variables can indeed be substituted by
the application of local stabilizing fields, that are adaptively updated in or-
der to reduce the fraction of locally misaligned clusters. The onset of a
cluster-selection transition induces strong polarization and the system col-
lapses spontaneously in a single pure state, without resorting to global sort-
ing and artficial fixings. The result is the AdaSP algorithm, which is able to
retrieve complete satisfying assignments in the hard-SAT region in a time
which scales just with N log N (or only with log N, when implementing it in
a massively parallel computing environment, like GRID or reconfigurable
FPGA hardware).

The efficiency of the fully local AdaSP approach is remarkable and
casts new light over the computational potentialities of networks of sim-
ple message-exchanging units. Quite surprisingly indeed, we were able to
observe state-selection behaviors in simple warning propagation dynamics
over random K-SAT factor graphs, subjected to external fixed-frequency
trains of stimulations (WP-ext). These findings, among others, have pushed
us to explore the possible relevance of state-selection phenomena for neural
computation. Besides artificial intelligence applications, brain itself rep-
resents indeed the ultimate example of massively parallel hardware. Its
component units, the neurons, realize complex computational and cogni-
tive tasks through an intricate exchange of messages which follows a still
largely unknown protocol.

Behaviors reminiscent of evolved neural features like working mem-
ory and latching have been observed in WP-ext experiments over random
K-SAT graphs, which are far removed from ordinary models of neural net-
works. Yet, any dynamical rule for the local update of neuronal states can
be mapped to an associated optimization problem over a non-directed fac-
tor graph. Techniques like forcing-driven BP or SP can then be used to
characterize the ground states of the resulting CSP, which are in one-to-
one correspondence with the fixed-points of the dynamics. It becomes then
possible to investigate the phase diagrams of networks of arbitrarily com-
plex and biologically realistic models of neurons, the only restriction being
represented by the discrete nature of the admissible cell states.
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It is worth to remind, however, that, in the recent years, many exper-
imental indications have been found supporting the evidence of discrete
jumps in the synaptic connection strengths of real neurons. The efficacy of
a biological synapse is indeed bounded and quantized at the latest level of
the release of single vesicles of neuro-transmitter [57, 138]. Remarkably,
message-passing techniques —in which the signals exchanged between el-
ementary units vehicle probabilistic information— prove to be remarkably
performing when applied to discrete neural models. An example is pro-
vided by batch and online learning for a perceptron with J = ±1 synapses.
While ordinary algorithms can only be used to store a logarithmic number
of patterns [9], rather simple message-passing protocols allow the retrieval
of a linear number of them.

Work is in progress in order to achieve a better understanding of the
relation existing between statistical inference methods analogues to BP and
SP and the neural processing of information (both at the network and at the
intracellular level). Developing a new concise framework able to capture
the many subtleties of the neural code elaboration is one of the most im-
portant and fascinating challenges for today’s research in interdisciplinary
science. Our modest hope is that our contributions and their developments
may help to grasp in the future at least some details of the working of the
most complex system known in nature, our brain.
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APPENDIX A

Replica approach to K-SAT

The partition function of a given instance of K-SAT can be formally written as:

(A.1) Z[{J}] =
∑
{s}

exp

−HK-SAT
(
~ξ, {J}}

)
T


The ground state energy EGS is a random variable which in the thermodinamical limit
concentrates around the following approximate estimate:

(A.2) EGS = −T lnZ[{J}] + O
(
T 2

)
The direct computation of the average over the quenched disorder is awkward, since the
logarithm of the Partition function is not a self-averaging quantity, but it can be performed
resorting to the so-called replica trick. Observing that f (x)n = 1 + n f (x) + O

(
n2

)
, we can

write the formal identity:

(A.3) lnZ[{J}] = lim
n→0

Z[{J}]n − 1
n

The trick consists in evaluating directlyZ[{J}]n as the partition function of n independent
replicas of the original system, and only then in doing an analytical continuation of n into
the real plane and taking the limit n→ 0. If we write:

(A.4) Z[{J}]n =
∑

{s(1)},...,{s(n)}

n∏
a=1

z[{s(a)}] =
∑

{s(1)},...,{s(n)}

exp

− n∑
a=1

HK-SAT
(
~ξ, {J}}

)
/T


we remark that each individual term factorizes over the sets of the M clauses because of
the absence of any correlation in the formula generation process:

(A.5) z[{s(a)}] =
(
ζ[{s(a)}]

)M
, ζ[{s(a)}] = exp

− 1
T

n∑
a=1

δ

 N∑
i=1

Jis
(a)
i − K


where now the coupling constants Ji are dummy random variables over which an average
has to be performed, and can eventually assume also the value Ji = 0, to indicate that a
variable is not participating to a given random interaction. After several straightforward
but lengthy manipulations, it becomes possible to express (A.5) as a function only of the
2N occupation fractions x

(
~σ
)
= x

(
σ(1), . . . , σ(n)

)
, equal to the number of labels i for which

s(a)
i = σ

(a) for every a = 1, . . . n (each possible n-components vector ~σ labels one of the
occupation fraction):

ζ[{s(a)}] = ζ[{x}] =
1

2K

∑
J1,...,JK=±1

∑
~σ1,...,~σK

x
(
−C1~σ1

)
. . . x

(
−CK~σK

)
× exp

− 1
T

n∑
a=1

K∏
`=1

δ
(
σ(a)
`
− 1

)
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In the thermodynamical limit only the leading order in N can be retained and we can resort
to saddle-point integration. We can write then Z[{J}]n ' exp

(
−N fopt/T

)
, where fopt

correspond to the minimum of the functional:

(A.6) f [{x}] = e[{x}] +
1
T

∑
~σ

x
(
~σ
)

ln x
(
~σ
)

with:

(A.7) e[{x}] = α ln

 ∑
~σ1,...,~σK

x
(
~σ1

)
. . . x

(
~σK

)
exp

− 1
T

n∑
a=1

K∏
`=1

δ
(
σ(a)
`
− 1

)


and under the condition that
∑
~σ x(~σ) = 1.

We remark that the functional f is symmetric under exchange of the different replicas,
and then it seems reasonable to adopt a Replica Symmetric (RS) ansatz for its optimization.
We can then express all the occupation fractions in terms of a single local magnetization
probability distribution P(m) which will have to be determined self-consistently under the
extremization condition of the formal free energy (A.6):

(A.8) x
(
~σ
)
=

∫ 1

−1
dm P(m)

n∏
a=1

1 + mσ(a)

2

We remark that if the RS ansatz for the occupation fractions corresponded exactly to a
global minimum of f , P(m) would correspond to the histogram of all the local magne-
tizations sampled over all the optimal configurations (of course, after averaging over the
quenched disorder).

At this stage, it is possible to perform the replica limit n→ 0, since all the functionals
have been expressed coherently in term of the generic number of replicas n. This step
brings to a self-consistent equation for the order parameter P(m):

P(m) =
1

1 − m2

∫ ∞

−∞

du cos
[
u
2

ln
(

1 + m
1 − m

)]
× exp

−αK + αK
∫ 1

−1

K−1∏
`=1

dm`P(m`) cos
(u
2

ln AK−1

)
with:

(A.9) Aλ = 1 +
(
e−β − 1

)∏
−` = 1λ

(
1 + m`

2

)
Under these conditions, the corresponding RS optimal free-energy becomes:

−β fopt(α,T ) = ln 2 + α(1 − K)
∫ 1

−1

∏
−` = 1Kdm`P(m`) ln AK

+
αK
2

∫ 1

−1

∏
−` = 1K−1dm`P(m`) ln AK−1

−
1

m2

∫ 1

−1
dmP(m) ln

(
1 − m2

)
The knowledge of the free-energy functional (A.10) allows the determination of relevant
quantities like the ground-state entropy S [EGS ]. The limit β→ ∞ has to be taken in order
to examine ground-state properties.

When considering the fraction of violated clauses at temperature 1/β, the finite con-
tributions to the ground-state energy will depend only upon the magnetizations of order
at least ±1 − O

(
e−|z|β

)
(corresponding to variables in the backbone). The saddle-point
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equations can be used to determine self-consistently the probability distribution R(z) of the
variable z = (1/β)arctanh (m):

(A.10) R(z) =
`=∞∑
`=−∞

e−γI`(γ)δ(z − `)

where I` denote the `-th modified Bessel function and γ satisfies the following implicit
equation:

(A.11) γ = αK
[
1 − e−γI0(γ)

2

]K−1

The corresponding ground-state energy density can then be written as:

(A.12) EGS [α] =
γ

2K
[
1 − e−γI0(γ) − Ke−γI1(γ)

]
The equations (A.11) and (A.12) can be solved numerically providing the RS description
of the SAT/UNSAT transition.





APPENDIX B

Notions of Computability and Complexity theory

Theoretical computer science is a relatively young discipline, sprung from mathemati-
cal logic as a separated branch devoted to the study of potentialities limits of artificial com-
puting machines. A common pedagogical approach to it (which follows also the historical
evolution) starts with computability theory, whose main purpose is to identify problems
which can or cannot be computed in a finite time (see eg. [42]). Undecidability is actually
the highest form of complexity.

Next comes complexity theory in the proper sense (see eg. [129]). Its slightly more
ambitious goal is not only to understand which computations can be performed in principle,
but also which computations can be efficiently performed. The concepts of reduction and
complexity classes are cornerstones of this field, which now comprises a major part of the
active research in theoretical computer science.

1. Computability Theory

A central definition of computability theory is the one of primitive recursive function.
This class includes several elementary functions over the integers, like constants, identi-
ties, successor function and it is closed with respect to the operations of: composition (if
f , g1, . . . , gk are primitive recursive also h(x1, . . . , xm) = f (g1(x1, . . . , xm), . . . , gk(x1, . . . , xm))
is primitive recursive); and primitive recursion (given h = h(x0, x1, x2, . . . , xk) and g =
g(x2, . . . , xk) primitive recursive, the uniquely defined f such that f (0, x2, . . . , xk) = g(x2, . . . , xk)
and f (y + 1, x2, . . . , xk) = h(y, f (y, xs, . . . , xk), x2, . . . , xk) is also primitive recursive. The
basic idea is that primitive recursive function are computable in finite time because they
can be built out in finite time from elementary computable functions.

Nevertheless, it is easy to find computable functions which are not primitive recursive,
like the Ackermann function, a sort of “hyper-power” operation:

A(0, x, y) = x + 1

A(1, x, y) = x + y

(B.1) A(2, x, y) = x · y

A(n + 1, x, y) =
 1 y = 0

A(n, x, A(n + 1, x, y − 1) y , 0
for n ≥ 2

Its growth is incredibly fast (eg. A(1, 2, 2) = 4, A(2, 4, 4) = 4·4 = 16, A(3, 4, 4) = 44 = 256,
A(4, 4, 3) = 444

' 1.34 × 1034, A(4, 4, 4) = 4444

, etc.) and it is possible to prove that it
cannot tracked by composition of successor operations. It is nevertheless computable in
finite time, and there is then need for a more extended definition of recursive (computable)
function.
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1.1. Turing machines. A Turing Machine (TM) is composed by a control unit and (at
least) one tape. It can be formally described by a quadruple (K,Σ, δ, s), where K is a finite
set of states, Σ is a finite set of symbols, s ∈ K is the initial state. Σ always contains the
special symbols t (blank space)and B first symbol). Finally δ is a transition function which
maps K×Σ to (K∪{h, “yes”, “no”})×Σ×{→,←,−−−}. Strictly speaking h (the “halting”
state), “yes” (the accepting state), “no” (the rejecting state and the cursor directions← for
“left sliding” of the tape,→ for “right sliding” and — for “stay”, do not belong to K∪Σ, so
some authors introduce in the definition of the TM an extended alphabet T ⊃ Σ including
all of them.

We will never use this definition directly, but we cited it to give the flavour of the
language needed to give sound foundations to Computability theory. The control unit of
the TM just scroll its tape until when it finds the starting character. At this point it starts
reading toward the right the characters written on the tape until the first occurrence of the
blank character. This marks the end of input. At this point, the transition function δ is used
to determine the new state of control unit and to translate the input sequence into actions,
that can be chosen in a very limited repertoire, including→,←, —, write/read character on
current location, and very few else. Every TM executes then the peculiar program encoded
in its transition function. The program execution continues until when one of the output
special states h, “yes”, or “no” is reached.

TMs offer a way to define recursive functions: we say that f : Σ → Σ 1 is computable
if there exists a TM such that reading an input z ∈ Σ stops after a finite number of steps
writing on the tape a symbol w such that f (z) = w if f is defined in z, or never stops if
f is undefined in z. It is easy to show that functions like the Ackermann function can be
computed by a TM.

TMs may seem quite weak computational machines, especially when comparing them
with the powerful personal computer surrounding us in everyday life. But TMs are a
universal computation model. It is possible indeed to prove the existence of a TM U that
receiving as input the description in some alphabet of a TM M operating over the input x
(description denoted by the syntax |M; x|) produces as output exactly the computation of
M over x:

(B.2) ∃U,∀M,∀x/ (|M; x|) = M(x)

It is then possible to build a TM that can simulate the computation operated by any other
TM. This powerful property among others pushed Alonzo Church and others to do the
following claim, generally accepted as a sort of defining axiom (and making the definition
of computability in terms of TMs quite reasonable):

Church-Turing thesis: A function computable in any reasonable
model of computation can also be computed by a TM.

Particularly important are TMs able to decide a language: given a TM M with alphabet
ΣM and a language LM ⊂ ΣM , we say that M decides the language LM if and only if the
computation stops in “yes” state when the input z ∈ LM , and stops in “no” state if the input
z < LM . A language deciding TM computes actually the characteristic function of a given
subset of its input alphabet.

1Rigorously speaking, the input and output alphabet can be different and the output
alphabet is included in the extended alphabet T appearing in the more complete definitions
of TM.
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1.2. Undecidability. Undecidability is in some sense the most lethal form of com-
plexity. There is a trivial reason for the existence on undecidable languages, there are
uncountably many more languages than TMs able to decide them. We have indeed already
mentioned the fact that to every possible computation of the Universal Turing Machine
one can associate a precise integer called its Gödel number. There is then only a countable
infinity of recursive functions, but the number of languages in N is uncountable, corre-
sponding to the cardinality of 2N, the set of subsets of N.

What appears striking is the fact that there are undecidable problems that at first glance
would seem quite innocuous. It is for instance impossible to build a machine deciding
the language H of the descriptions |M; x| of the computations M(x) that do not diverge.
This means that the task of deciding if a given Turing Machine will generate a diverging
computation starting from a given input is actually non computable in finite time (halting
problem)

2. Complexity Theory

First of all, it is useful to remark that every decision problem can be put in correspon-
dence with a specific language. It is indeed enough to find a reasonably succinct coding in
some alphabet Σ for the instances of a given problem. A TM able to decide the language
ΣΠ of the positive instances of a decision problem Π, will be of course able to decide if a
given instance of Π is positive or not.

We can define a complexity class as a set of languages that can be decided by a given
TM, using for every possible input x no more than f (|x|) units of a given resource. Here |x|
is the length of the input and for “resources” we intend typically time steps required for the
computation to halt, or space units occupied by symbols on the tape. We can then naturally
define the complexity classes TIME( f (n)) and SPACE( f (n)). These classes (unless we use
extremely pathological functions f ) tend to form hierarchies. It can for instance proved
rigorously that:

Time hierarchy theorem: if f (n) > n then TIME( f (n)) ⊂ TIME( f 3(n))
Space hierarchy theorem: if f (n) > log n then SPACE( f (n)) ⊂ SPACE( f (n) log f (n))

Another important theorem is the following:

Time Speed-up theorem: if L is a language decidable in time f (n) > n by a TM
M, there exist for every ε > 0 another TM M′ that decides the same language L
in a time ε f (n) + n + 2

An analogous result holds for space. The proof relies on the definition of a new alpha-
bet whose symbols encode for more than one symbol of the original alphabet. Speed-up
theorems affirm than that optimization of the computation is always possible, but that the
asymptotic behavior for large n cannot be modified, making then meaningful the definition
of the classes TIME( f (n)).

We remark in the end that deciding if x ∈ L can be more or less difficult depending on
the element x for any assigned L. The definition of complexity classes refers to the maxi-
mum possible cost f (|x|). What we are building is then a theory of worst-case complexity.
Theories of typical-case complexity can only difficulty be founded on rigorous grounds,
and only recently some progresses in this direction have been done thanks to the use of
techniques borrowed from Statistical Mechanics (see Chap. 1 and Chap. 2).



118 B. NOTIONS OF COMPUTABILITY AND COMPLEXITY THEORY

2.1. Non-deterministic Turing Machines. Factoring an integer n, product of two
prime factors, can be an extraordinarily difficult task if the factors are large. Nevertheless
it is extremely easy to verify if a given prime number is or is not a factor of the input
integer. Trying to divide n by a prime taken at random could be considered as a non
deterministic algorithm for factoring. If it was possible to divide n by all the primes and to
look simultaneously at all the outcomes, factoring would be easy.

A non-deterministic Turing Machine is a Turing Machine endowed with an additional
component called hypothesis module. At the beginning of the computation the hypothesis
module write on the tape an “hint string” that determines the further evolution of the com-
putation together with the input. Different hints bring to different computations. We say
that a non-deterministic Turing machine decides a language L if at least one computation
path bring to a “yes” state for every x ∈ L.

The time and space costs of the non-deterministic computation are the smallest pos-
sible among the different possible computation paths. It is possible to define for non-
deterministic TMs the classes NTIME( f (n)) and NSPACE( f (n)), in exactly the same way
used for deterministic TMs.

2.2. The polynomial classes. At this point the definition of the well-known classes
P and NP becomes trivial:

P =
∞⋃

k=1

TIME
(
nk

)
, NP =

∞⋃
k=1

NTIME
(
nk

)
Please remark that NP does not stand for “not polynomial”. The most important open prob-
lem in complexity theory is actually deciding if P = NP or not. Many alternative proofs or
counter-proofs of this equivalence can be defined. coNP is the class of the problems com-
plementary to an NP problem. For instance, in the Traveling Salesman Problem, deciding
if there is a path shortest than the length λ is a problem in NP (a certificate solving the
decision problem is the length of a single path shorter than λ). An instance of the comple-
mentary problem consists in deciding if all the possible TSP paths are longer than another
threshold-length λ′, and appears to be much more complicated (no certificates more suc-
cinct than the list of all the path lengths are known up to date). While the Pratt Theorem
states that the primality problem belongs to NP ∩ coNP, in the case of TSP there is an ev-
ident asymmetry between the complexity of the direct and complementary problem. What
we know is that:

NP , coNP⇒ P , NP
while the reverse is not necessarily true.

Considering now the space complexity classes, one can define:

PSPACE =
∞⋃

k=1

SPACE
(
nk

)
, NPSPACE =

∞⋃
k=1

NSPACE
(
nk

)
in addition to L = SPACE(log n) and NL = NSPACE(log n). A crucial property of the
space resource is the possibility of being reused when some information is no more needed.
Something more can then be proved: first of all, PSPACE \ L , ∅. And then:

Savitch’s theorem2: PSPACE = NPSPACE
So this is the final tower of class inclusions:

L ⊆ NL ⊆ P ⊆ NP ⊆ PSPACE
2To be more precise, just an important corollary to the Savitch’s theorem!
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2.3. Polynomial-time reductions and complete problems. Reductions play a cru-
cial role in both computability and complexity theory. A language A is said to be Karp-
reducible in polynomial time to another language B if a there is a function computable in
polynomial-time by some TM such that x ∈ A if and only if f (x) ∈ B.

A language L in a complexity class C is said to be C-complete if and only if every
other language in C is Karp-reducible in polynomial time to L. Although the definition of
complete problems is simple, it is not obvious that they really exist. A first positive answer
comes from:

Cook’s theorem: 3-SAT problem is NP-complete

Many other problems are proved to be NP-complete reducing 3-SAT to them and showing
then that they have at least the same complexity. It can be shown that 3-SAT reduce to
the search of an independent subset of vertices in a graph (IND), to the search of a clique
(CLIQUE) and of an hamiltonian path (HAMILT). HAMILT reduce on the other hand to
the decision version of TSP. A particular version of 3-SAT reduces to the coloring problem
(COL), and so on. For a comprehensive list of NP-complete problems, the reader is asked
to refer to [58].

Besides the undecidable languages, the most complex solvable problems belong to
PSPACE-complete. Tasks like generalized version of the Go game, or the resolution of
3-SAT formulas with quantified variables (∀, ∃) belong to this class.

2.4. Other complexity classes. Given an instance I of a problem Π the set SΠ(I) of
the solutions of the instance I and some specific subset S ⊂ SΠ(I): the decision versions
of Π consist in deciding if S is empty or not; the optimization versions consist in finding
an element of S ; the enumeration versions consist in counting the element of S .

The complexity of optimization and enumeration versions is at least equivalent to the
one of the corresponding decision problem, since finding or counting elements shows also
their existence. Optimization versions of NP-complete decision problems are often called
NP-hard problems. Suppose to have a TM with an oracle for the decision version (that
is a machine which is able to solve the decision problem without any effort; if consulting
this machine, the optimization version becomes solvable in polynomial time, than the op-
timization problem is said to be NP-easy. If a problem is both NP-hard and NP-easy it is
said to be NP-equivalent (this is the case of the optimization version of TSP).

For enumeration problems one can define the class ]P of the problems solvable by
a non-deterministic TM such that all the computations ending with acceptance are poly-
nomially bounded in time and are exactly as many as the solutions included in the set
to enumerate. Some problems in ]P are so complicated that they would be eligible for
intractability even if the identity P = NP was proved. Valiant’s theorem states that per-
manent computation is a ]P-complete problem (completeness for enumeration problems
require the use of parsimonious reductions conserving the number of solutions).

Other complexity classes can be defined when the computational model is modified,
notably for probabilistic Turing machines (similar to non-deterministic TM in every re-
spect but for the fact that different computation path are selected stochastically instead of
simultaneously). If the probability of solving a problem becomes larger than 1

2 after a
polynomial number of steps, this problem is in PP. If the probability becomes larger than
1
2 + e with 0 < e < 1

2 in polynomial time, the problem is in BPP. Another interesting
class is ZPP, for which it is impossible to find a wrong answer but it is possible to end the
computation in a “don’t know” state.
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A complexity theory for probabilistic TMs has been developed also for quantum Tur-
ing Machines, where the control unit states belong to a Hilbert Space: the classes QP, BQP
and ZQP have been introduced in literature. Factoring belongs to NP but also to BQP.



APPENDIX C

Notions of Information theory

A concise description of what Information theory is about can be found in a sentence
of its founder, Claude Shannon:

The fundamental problem of [Information theory] is that of reproduc-
ing a one point either exactly or approximately a message selected at
another point.

In the following appendix we will just give a concise list of definitions and statements,
useful for a better understanding of the topics dealt with in Chapter 4. For a more complete
introduction, the reader is asked to refer to other textbooks, like the excellent one by David
MacKay [89], main inspiration for the following paragraphs.

1. Basic concepts and notions

1.1. Measures of information content. The Information content (or Shannon en-
tropy) of an outcome x is defined as:

(C.1) h(x) = − log2 P(x)

where P(x) is the probability of finding x as outcome of a sampling for the random variable
X. Information content is measured in bits. This definition can be extended to an ensemble,
evaluating the average information content of a trial outcome (AX is the set of possible
outcomes of X):

(C.2) H(X) = −
∑
x∈AX

P(x) log2 P(x)

An example can be given in order to convince that Shannon entropy is a meaningful
definition of information content. Suppose to play a simplified version of the battleship
game over an 8 × 8 checkerboard. There are two players and each one put on the checker-
board just one single boat, occupying a single square. Each shot has two possible out-
comes, either “miss” or “hit”. Suppose that the first player hits the opponent’s ship at the
very first shot. According to the definition (C.1), the information gained after this outcome
is log2 64 = 6 bits. Remark that exactly 6 bits are needed in order to identify the coordinate
of the ship on the square 8 × 8 checkerboard. Suppose on the other end to initially miss
the opponent’s ship, hitting it only when there are n left positions. The information gained
hitting the target at this point is: − log2

63
64 − log2

62
63 − . . . − log2

n
n+1 − log2

1
n = log2 64 = 6

bits independently of n.
Given two different ensembles AX and AY of outcomes (statistically independent or

not), the joint information content is analogously given by:

(C.3) H(X,Y) = −
∑

x∈AX ,y∈AY

P(x, y) log2 P(x, y)
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The joint information about X and Y is H(X,Y) = H(X)+H(Y) if X and Y are independent
random variables.

The conditional information of a random variable X given Y = by is:

(C.4) H(X|y = bk) = −
∑
x∈AX

P(x|y = bk) log2 P(x|y = bk)

Once again this can be averaged over the ensemble, giving the conditional information
content of X given Y:

(C.5) H(X|Y) = −
∑

x∈AX ,y∈AY

P(x, y) log2 P(x|y)

This measures how much uncertainty remains about x on average when y is known.
We can now define the mutual information between X and Y as:

(C.6) I(X; Y) = I(Y; X) = H(X) − H(X|Y)

For proving the simmetry, note that H(X,Y) = H(X)+H(Y |X) = H(Y)+H(X|Y), that is the
uncertainty about x and y is the uncertainty about x plus the uncertainty about y given x or
vice versa. The mutual information between X and Y measures then the average reduction
in uncertainty about x that results from learning the value of y. It can also be intended as
information that x conveys about y, or, equivalently, y about x.

1.1.1. Data-processing theorem. The data-processing theorem states the quite obvi-
ous but somehow disappointing fact that data-processing can only destroy information.
The proof can be obtained considering the three ensembles W, D and R, where w is the
state of the world, d is the data gathered and r is the processed data. The three random
variables W, D and R form a Markov chain, such that:

(C.7) P(w, d, r) = P(w)P(d|w)P(r|d)

At this point is straightforward to show that I(W,R) ≤ I(W,D), that is the information about
the world conveyed by the processed data is smaller or equal than the one conveyed by the
gathered data.

1.2. Codes. A source produce a signal s. The signal is then encoded in a new message
t which is then transmitted through a typically noisy channel. The output of the channel
is the received message r which is then decoded into a message ŝ. The coding-decoding
stages have been succesful if ŝ conveys a sufficient amount of information about s.

Error-correction codes can be used for a systemic approach against transmission errors
induced by the channel. Using a binary alphabet a possible model noisy communication
channel could be the binary symmetric channel (BSC), introducing bit-flips with probabil-
ity f , such that:

P(̂s = 0, 1|s = 0, 1) = 1 − f , P(̂s = 1, 0|s = 0, 1) = f

Another noisy channel model could be the binary erasure channel (BEC), where the mes-
sage bit is either exactly or confusedly transmitted:

P(̂s = 0, 1|s = 0, 1) = 1 − f , P(̂s =?|s = 0, 1) = f , P(̂s = 1, 0|s = 0, 1) = 0

An error-correcting code operates increasing redundancy, in order to compensate the loss
of information occurring during transmission. The transmission rate of this codes is then
smaller than 1 (less than one bit of information about the source is transmitted during each
cycle).
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Another possible purpose of source coding is to compress information in such a way
that not too much information is lost after the encoding and decoding stages. Of course,
lossless compression is possible only if the original code used by the source is already
redundant.

1.2.1. Repetition codes. A trivial error-correction code (obviously increasing the cod-
ing redundance) consists in repeating an every bit of the source message an odd prearranged
number of times. Decoding is then performed by a majority vote decoder. It is easy to show
that, for the transmission of a single source bit, encoded with N repetitions, through a BSC
with bit-flip probability f , the probability of wrong decoding is:

(C.8) pb =

N∑
n=(N+1)/2

(
N
n

)
f n(1 − f )N−n

Ordinary one gigabyte disk drives can be modeled by BSC with f ' 0.1. In order to
achieve the industrial standard of reliability pb ' 10−15, one would need 60 one gigabyte
drives instead of a single one. Obviously the redundancy introduced by repetition codes is
too large. . .

1.2.2. Linear codes. A better strategy consists in adding redundancy to block of data
instead of encoding one bit at a time. In a linear block code, each sequence of K bits is
converted in a sequence of N > K bits before transmission. The N −K extra bits are called
parity-check bits. The transmitted codeword t can be written form the source sequence s
with the operation:

(C.9) t = Gs

where G is a N×K matrix with suitable properties (well-known examples are the so-called
Hamming Codes). All the encoding operations are performed with modulo-2 arithmetics.

Efficient decoding schemes have then to be devised. A common strategy is syndrome
decoding (used for instance for the optimal decoding of Hamming codes), in which the
inspection of the pattern of the alterations of the received block allows to decide with large
accuracy which are the most likely corrections to apply in order to retrieve the original
codeword.

Low-density parity check codes (LDPC) are a special family of linear codes repre-
senting the state of the art for communication over realistic channels. They involve just the
use of sparse binary matrices and they can be practically and almost optimally decoded by
message-passing algorithms, similar to BP described in Chap. 3. Moreover, they recently
attracted the attention of physicists, because of their intimate relationship with the diluted
p-spin model [23, 108].

2. Some fundamental theorems by Claude Shannon

2.1. Source coding theorem. The source coding theorem describes the properties of
codes without redundancy. A possible verbal statement is the following: N independent
identically distributed random variables each one with Shannon entropy H(X) can be com-
pressed into more than NH(X) bits with negligible risk of information loss, as N → ∞;
conversely, if they are compressed into fewer than NH(X) bits it is virtually certain that
information will be lost.

In a sense the Source coding theorem gives the ultimate justification of the use of
Shannon entropy as measure of information content. The shortest code for the position of
the opponent’s ship is given by the 6 bits required for giving its coordinates. A sequence
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of n shots requires at least 6n bits in order to be described, but constitutes in the end just a
redundant code for the 6-bit-encodable opponent’s ship position.

An important part of Information Theory is devoted to the search for optimal loss-less
coding strategies. Huffman codes, arithmetic codes, Lempel-Ziv-like methods are some of
the most standard approaches to the problem.

2.2. Noisy-channel coding theorem. What performance can the best error-correcting
codes achieve? We have seen that a reduction in the decoding error probability pb can typ-
ically be obtained by increasing the transmission rate R. Shannon was able to prove that
associated to any given channel there is a number C such that communication at an arbi-
trarily small error probability becomes theoretically possible if R < C. The number C is
called the capacity of the channel, and it is given by:

(C.10) C = max
AX

I(X,Y)

where X describes the input to the channel, Y its output and the maximum is taken over the
possible input distributions. Optimal error-free communication (communication at capac-
ity) is then obtained by maximizing the information conveyed by the channel output about
the input.

The capacity for the BSC is given by:

(C.11) CBSC( f ) = 1 + f log2 f + (1 − f ) log2(1 − f )

Coming back to the problem of the error correction for a one gigabyte disk drive, it is
theoretically possible (and also practically in this case) to achieve the industrial standard
pb = 10−15 using just two disks, against the 60 required by the repetition code. . .

2.3. Rate-distortion theory. It is possible to transform a noisy-channel into a noise-
less one just by increasing the transmission rate. But what is now the maximum rate that
we can achieve over a noiseless channel if we accept given amount of decoding error D?

Take a noiseless binary channel with a capacity of 1 bit, and try to transmit at a rate
R = 2 (two bit per cycle). Half of the information will be thrown away. A trivial decoding
is random guessing: the receiver just guesses the missing fraction 1 − 1/R at random, with
an average probability of bit error given by:

(C.12) pb =
1
2

(
1 −

1
R

)
It is in reality possible to do much better. Consider an optimal block code C with

rate R′ = K/N able to achieve error error-free communication over a BSC with f = D
(K ¡ N, where N is the length of the codewords and K the source block-length). Let use
it in the reverse way. We chop the source stream in blocks of length N and we compress
them using the decoder of C. The results are compressed chunks of length K that can be
expanded again to the original length by using the encoder of C. The expanded block will
typically differ from the original one in DN bits. The capacity of the BSC with f = D
is given by eq. (C.11) and corresponds to the best possible rate for the error-correcting
code C. The associated lossy-compressor with distortion D will have then a rate equal to
1/CBSC(D).

Attaching this lossy compressor to the noiseless channel with capacity C, we have
then proved the achievability of communication with distortion D up to a rate of:

(C.13) R =
C

1 + D log2 D + (1 − D) log2(1 − D)
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The results (C.12) and (C.13) can easily be generalized to the case of biased sources.





APPENDIX D

SP as a message-passing algorithm

The various algorithms based on the idea of Survey Propagation belong to the general
class of message-passing algorithm, object of intense research in theoretical computer sci-
ence and information theory during the last ten years. In particular, the SP equations (4.5),
taken after the limit y → ∞, share important similarities with one of the most important
message-passing techniques, the so called Belief Propagation (BP) algorithm.

In this appendix we will introduce the BP equations for a generic combinatorial con-
straint satisfaction problem, and we will rewrite the SP equations (4.5) in a new generalized
formalism, in which similarities and differences with BP will become evident. This com-
parison will introduce then to the statement of a general equivalence theorem, clarifying the
role of unfrozen variables and opening the road to the realization of SP versions equivalent
to ansatz with further step of RSB.

1. Belief Propagation for general CSPs

Given a CSP where the variables can assume q states (Potts spins) and a configuration
~x, we can define three quantities associated with them:

Warning: : For any given edge a → i of the factor graph, we define as warning
the q-component vector ~ua→i(~x) ∈ {0, 1}q with components:

ûp
a→i(~x) = Ca

[
(x j) j∈V(a)\i| xi ← p

]
, p = 1, ..., q,

given then by the value of constraint Ca in the configuration obtained from ~x, by
substituting p to the original value of xi.

Cavity field: : For any given edge aøi of the factor graph, we define as cavity field
the q-component vector ~hi→a(~x) ∈ {0, 1}q with components:

hp
i→a(~x) = max

b∈V(i)\a
up

b→i(~x)

Local field: : For any given node i, we define as local field the q-dimensional
vector ~hi(~x) ∈ {0, 1}q with components:

hp
i (~x) = max

a∈V(i)
up

a→i(~x) .

A warning component ~uq
a→i(~x) = 1 have to be intended as a message sent from con-

straint a to variable i saying that xi cannot be in the states q without violating constraint a.
The local field on variable i summarizes on the other end all the warnings received by i.
The only admissible states for i are then the one for which the components of its local field
are null. The cavity fields are local fields on a cavity graph.

The messages above are defined in terms of a given configuration ~x, which has not
necessarily to be a solution. Interesting objects to evaluate are the histograms of the local
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and the cavity fields, above all the solutions ~s ∈ S C of the CSP. For instance:

(D.1) Hi(~h) =
1
|S C |

∑
~s∈S C

δ~h,~hi(~s) ,

Local-field histograms constitute a statistical description of the set of solutions, which
can be exploited algorithmically in order to recursively search an element of S C (eg.. by
decimation techniques). All the messages will have always at least one component different
from zero, forbidding some state to each variable. In particular, if all but one components of
a message will be non-zero, the variable will be frozen to one specific value in all solutions.

The histograms Hi(~h) can then be computed approximately using a message passing
procedure. The histogram of ~ua→i(~s) depends on the joint histogram of all the warnings
~ub→ j(~s) for every j ∈ V(a) \ i and for every b ∈ V( j) \ a . Now the cavity ansatz enters
into play. For every edge a → i of the factor graph, we define the belief Ba→i(~u) as the
histogram of the warning ~ua→i over the configurations s ∈ S (i) which are solutions of a
problem with the same factor graph, but a cavity in i:

(D.2) Ba→i(~u) =
1
|S (i)|

∑
~s∈S (i)

δ~u,~ua→i(~s)

Let us first consider a set of incoming warnings {~ub→ j} for every j ∈ V(a) \ i for every
b ∈ V( j) \ a, and the associated set of cavity fields {~h j→a}. We denote by T ({~h j→a}) the set
of all the configurations of the s j variables allowed by the incoming set of warnings:

(D.3) T ({~h j→a}) =
{
(s j) j∈V(a)\i | h

s j

j→a = 0, ∀ j ∈ I (a) \ i
}

For each (s j) in T ({~h j→a}), it becomes then possible to evaluate the output warning ~ua→i.
Assuming independence of the incoming warnings, we can approximately write:

(D.4) H j→a(~h) =
∑

{~ub→ j}b∈V( j)\a

δ~h,~h j→a

∏
b∈V( j)\a

Bb→ j(~ub→ j) .

and then:

(D.5) Ba→i(~u) =
1
Z

∑
{~h j→a} j∈V(a)\i

 ∑
~s∈T ({~h j→a})

δ~u,~ua→i(~s)

 ∏
j∈V(a)\i

H j→a(~h j→a)

where the prefactorZ−1 is a normalization constant.
These equations can tentatively be solved by iteration, starting form some randomly

chosen population of beliefs. In some cases a fixed-point will be reached and the his-
tograms of local fields (evaluated with a relation analogue to (D.4) including the contribu-
tions from all the incident edges) will be helpful for performing decimation.

2. Survey Propagation for general CSPs

A crucial difference between BP and SP is the fact that unfrozen variables are taken
explicitly into account. If a given configuration of messages allows a variable to assume
several possible states (this is the case in which the cardinality of T ({~h j→a}) is larger than
1), in the SP formalism, we assign to it a special state called the joker state. A byproduct
of the definition of this extra state is the collapse of several “BP-style” configurations into
a single “SP-style” configuration. To be more rigorous, warnings, cavity and local fields in
the context of the SP formalism will be functions of sets of allowed configurations, more
than of allowed configurations themselves: For a given CSP, we define:
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Generalized warning (or cavity bias): : For any given edge aøi of the factor graph,
let S be a given set of possible values for the variables (x j) j∈V(a)\i. We define as
warning the q-component vector ~̂ua→i(S ) ∈ {0, 1}q with components:

ûp
a→i(S ) = min

(x j)∈S
Ca

[
(x j) j∈V(a)\i| xi ← p

]
, p = 1, ..., q,

Note that now the null message (0,0,0, . . . , 0) enters the set of possible warnings. It is
always sent when a variable is free to assume any state, that is when it is forced to assume
a joker state. The definitions of cavity and local fields are exactly identical to the BP
case, with generalized warnings depending on sets of configurations S instead of ordinary
warnings depending on configurations.

The histograms of warnings and fields are now defined over clusters of solutions S C

instead of individual solutions ~s. In the generalized formalism presented in this section, it
is straightforward to see that solutions differing only in the assignments given to unfrozen
variables generate exactly the same set of generalized warnings. The histogram of local
fields is given by:

(D.6) Hi(~h) =
1
Ncl

Ncl∑
`=1

δ~h,~hi(S `C ) .

We define on the other end the surveys, in term of clusters of solutions of the cavity graphs:

(D.7) Qa→i(~u) =
1

N
(i)
cl

n(i)
cl∑
`=1

δ~u,~ua→i(S
`,(i)
C ) .

Now a fundamental difference enter into play. It is still possible to consider incoming
warnings as independent but, since multiple allowed configurations collapse into a single
extended-space configuration, contradictory messages have now to be explicitly filtered1.
We have:

(D.8) H j→a(~h) =
∑

{~ub→ j}b∈V( j)\a

δ~h,~h j→a

∏
b∈V( j)\a

Qb→ j(~ub→ j) .

We introduce then the set of all non-contradictory cavity field configurations:

(D.9) Ma→i =
{
{~h j→a} j∈V(a)\i | ∀ j : ~h j→a ∈ {0, 1}q, ~h j→a , (1, . . . , 1)

}
.

Then, for an element ofMa→i we define again:

(D.10) T
(
{~h j→a}

)
=

{
(s j) j∈V(a)\i |h

s j

j→a = 0,∀ j ∈ V(a) \ i
}

All the elements of T ({~h j→a}) give rise to a single outgoing warning, then, finally:

(D.11) Qa→i(~u) =
1
Z̃

∑
{~h j→a}∈Ma→i

δ~u,~ua→i

(
T ({~h j→a})

) ∏
j∈V(a)\i

H j→a(~h j→a)

In BP, each configuration of input messages contributes with the full set of the possible
outputs, introducing a bifurcation mechanism which may easily become unstable. On the
contrary, in SP the clustering ansatz is done from the very beginning and a variable which
receives a message having at least two zero components will be frozen in the unfrozen
state!

1This is exactly the action of the reweighing term (2.34) in the limit y→ ∞.
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3. Extended spaces and SP/BP equivalence

At least in the case of the K-SAT problem, rigorous results about the correspondence
between BP and SP can be proved. It has indeed be shown in [29] that the marginals com-
puted with SP equations over a given K-SAT instance coincides exactly with the marginals
extracted by BP over a modified “local equilibrium” hamiltonian, defined in an extended
configuration space, including besides the states ±1 also the joker state, and over a suitably
built dual graph.

The proof is simple but rather technical and the reader is asked to refer to the original
paper for more details. An interesting fact is that the entropy computed by the “dual” BP
coincides with the complexity estimated by SP. The link between the onset of clustering
and the appearance of variables forced to be unfrozen can then be put on a rigorous ground,
at least for the K-SAT model. It is indeed possible to build an exact mapping between a
1-RSB problem and a RS problem over an extended space and with a modified hamiltonian.

Another important feature of the dual construction is the possibility of iterating it more
times. If SP coincides with BP over a dual problem, one could think to build SP over the
dual problem itself. This would coincide with BP over a second dual problem, but also to
a sort of 2-RSB version of SP. The second dual construction can at least approximately be
completed, and a simplified version of its equations as been also implemented algorithmi-
cally. This is the SP-2 algorithm used tentatively in Chapter 5 for establishing the onset
of 1-RSB instability: a difference between the marginals computed in the 1-RSB and the
2-RSB ansatz shows that the 1-RSB framework has become unstable with respect to the
immersion in a larger functional space. Work is in progress for obtaining a rigorous and
complete characterization of the behavior and meaning of the SP-2 equations ( [10]).
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