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�!��9 �0 "- �3;& *�";%��%� W  ,, ,%�9 !" � �%93;! "� "- !&% *�"93;! "� ;"�!�
��9 !" ��  �;�%��% "- !&% 23�, !' "- !&% $ @ *�"93;%9 �



� � ���	
 ��
� �
�
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!&% �%,%1��! H �%! ;�  � 9%!%�.  �%9 +' %�%�0' +��� %�� !&�! ��% ,"W ;". *��%9
!" !&% !'* ;�, !&%�. �, �3;!3�! "�� � � &%� !& �  � �"! !&% ;��% !&% �'�!%.
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τfast ∼
√

m

V
′′ (qmin)

� ��9  !  �  �9%* %�#
9%�! -�". !%. * %��!3�% � �&% �'�!%. ;�� �,�" �3. * -�". � .  � .3. !" !&%
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 ����� 
 ����  � F 03�% ���T � �&% ! . % �;�,% ;&���;!%� �! ; "-
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τslow

T 9%* %�9 "� !&% ��! " + %!W%%� !&% *�"+�+ , !' "- + % �0 �!
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 � !&% �%�;!��!� � ;"��03��! "� T � A� ;"�!���! !"

τfast

�
τslow

�!�"�0,' 9%* %�9�
"� !%. *%��!3�% � + % �0 �**�"�  . �! 1%,' 0 1%� +'

τslow ∼ τfast e
EA

KBT
� �& �  . #

*, %� !&�! � W &%�
EA � KBT

� !&% ! . % �;�,%� ;"��%�* "�9 �0 !" 1  +��! "�� ��9
�3. *� ��% %�*"�%�! �,,' �%*���!%9 � +' � � �0 !&% !%. * %��!3�% � !&% 9 �%�%�;%
+ %!W%%�

τslow

��9
τfast

+%;". %� �. �,,%� ��9 �. �,,%� � �&% !���� ! "� -�".

�%�;! "� ;""�9 ��!%

�
�
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�
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KBT

EA � KBT
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τfast
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�&% -�;! !&�! �;! 1�!%9 *�";%��%� ��% ���% %1%�!� . �H%�  ! *"�� + ,% !" "+!� �
�;;3��!% %�! . �!%� "- !���� ! "� ��!%� 3� �0 � *3�%,' �!�! �! ;�, �**�"�;& � !&%
�	��
 ����� �
 ���� �� ��	� S� $� T�

U0� � A -" ;3� "� !&% + �!�+,% a:$ 9%�;� + %9  � F 03�% ��� ��9 A ;"�� 9%�
�� %��%.+,% "- �'�!%. �  � ! �,,' *�%*��%9  � !&% �%�;!��!� �!�!% � :�;& "�% "-
!&%�% �'�!%. � ;�� "1%�;". % !&% %�%�0' +��� %� ��9 �%�;& !&% *�"93;!� �!�!%
�" !&�! !&% �%�;! "� ;�� +% �;&%. �! �%9 �� Q
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����� −→ �	����� �
� ����� −→ �	
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��
.

A  �9 ;�!% W  !&
NR

��9
NP

!&% * "*3,�! "�� "- !&% !W" %�9 �!�!%� � $ �;% !&%
!���� ! "�� -�". "�% �!�!% !" !&% "!&%� ��%  �-�%23%�! �  ! ;�� + % ���3. %9 !&�!
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NR + NP

 � ;"��!��! � !&%
%1",3! "� "-

NR

��9
NP

 � 0 1%� +' !&% -",,"W  �0 H �%! ; %23�! "�� Q

ṄR = −k+NR + k−NP

S���T
ṄP = k+NR − k−NP .

S��)T
�&% %�  �!%�;% "- � �!%�9' �!�!% S

k+NR = k−NP

T !"0%!&%� W  !& !&% <",!�. ���
9 �!� +3! "� ,�W  . *, %� �  � !%�. � "- !&% %23 , +� 3. ;"��!��!

K
� !&% 9%!� ,%9

+�,��;% ;"�9 ! "� Q
NR

NP

= e−β(ER−EP ) =
k−

k+
= K.

S��CT
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K
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NR

��9
NP

� "+!� � �0 �� %�! . �!% -"�
k−

��9
k+ � �& � !&%"�'
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k+ = k
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ṄR = −k NR.
S��(T

�&% � $� ��!%  � !&3� 0 1%� +' !&% !"!�, �3� "- ;,��� ;�, !��� %;!"� %� -�".
�%�;!��!� !" !&% *�"93;!� � 9% "- !&% 9 1  9  �0 �3�-�;% � F�". F 03�% ���  !  �
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q∗
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k =

〈

p

m
θ(p) δ(q − q∗)

〉

〈θ(q − q∗)〉
S��=T

=
1

〈θ(q − q∗)〉

∫ +∞

−∞
dpdq e

−β

„

p2

2m
+V (q)

«

p

m
θ(p) δ(q − q∗)

=
1

〈θ(q − q∗)〉 e
−βV (q∗)

∫ +∞

0

dp e−β p2

2m
p

m

=
1

〈θ(q − q∗)〉
e−βV (q∗)

β
,

W &%�% W% &�1% * %�-"�. %9 !&% -",,"W  �0  �!%0��! "� Q
∫ +∞

0

dp e−β
p2

2m
p

m
= − 1

β
e−β

p2

2m

∣

∣

∣

+∞

0
=

1

β
.
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q0
� !&% ;""�9 ��!% "- !&% .  � .3. ���" ; �!%9 !" !&%
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〈θ(q − q∗)〉 =

∫ +∞

−∞
dpdq e

−β

„

p2

2m
+V (q0)+ 1

2
V

′′
(q0)q2

« S��?T

= e−βV (q0)

∫ +∞

−∞
dpdq e

−βm
2

„

p2

m2 +ω2q2

«

= · · ·
=

2π

β ω(q0)
e−βV (q0),
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ω2 = V
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(q0)
m
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k =
1

2π
ω(q0) e−β(V (q∗)−V (q0)) =

1

2π
ω(q0) e−βEA.
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!&�! !W" .  � . � "- � a:$ ��% �,W�'� �%*���!%9 +'� �! ,%��! � "�% ��99,% * " �! �
 �% � � �!�! "���' * " �! W  !& � � �0,%  . �0 ���' �"�. �,#. "9% -�%23%�;'� A�
W &�! -",,"W � � !&% ��99,% *" �! W  ,, + % ���3. %9 !" +% !&% + "!!,%�%;H -"� !&%
�%�;! "� � �&%

3N − 1
9 . %�� "��, �3�-�;% W & ;& 9 1  9%� �%�;!��!� ��9 *�"9#

3;!� W  ,, + % ���3. %9 !" +% "�!&"0"��, !" !&% �"�. �, . "9% W  !&  . �0 ���'
-�%23%�;' �! !&% ��99,% *" �! � �  !& !& � 9%�� ! "� -"� !&% 9 1  9  �0 �3�-�;% �
!&% ��99,% *" �! �%�3,!� !" + % � ," ;�, .  � .3. "- !&% *"!%�! �, %�%�0' "�
�3;& � �3�-�;% ��

�  !&  � !&%�% �**�"�  . �! "�� � !&% >�� �! R "� #U ��&%� 3� %�*�%�� "� -"� !&%
��!% ;"��!��! ;�� + % "+!� �%9 +' %�*��9 �0 !&% *"!%�! �, %�%�0'  � �"�. �,
. "9%� � �&%  �!%0��, !&�! 0 1%� !&% �%�;! 1% �3�  � * %�-"�. %9 +' %�*��9 �0
!&% *"!%�! �, %�%�0' ��"3�9 !&% ��99,% *" �!

q∗
� W &%�%�� !&%  �!%0��, !&�!

0 1%� !&% �"�. �, ��! "�  � 9"�% +' %�*��9 �0 !&% * "!%�! �, %�%�0' ��"3�9 !&%
�%�;!��!� .  � .3.

q0
� F",,"W  �0 W &�! &�� + %%� 9"�%  � !&% "�% 9 . %�� "��,

;��% W% "+!� � Q

k =
1

2π

∏3N

i=1 ω(q0)i
∏3N−1

i=1 ω(q∗)i

e−βEA.
S���ET

������� �
� ��� � ����
 �� �%
�� ��� �� �
�� ���� ��� ���
 �������� ��
����� ��� ������
���%
E(q0, p0)

�� ���� � �%���� � ��� ����� �
���% ����� ���
 ��� "���
���� �
���% �&��� ������ "��
� $
V (q∗)

$ � ��� 
���� ����� ��� "������� * ��� � �
 ���� �
���% ���� ������ 
��" �� ����
 �%
V (q∗)

�
� �� �� ������"�
�� �� ������
� ��� �
���% ������� �� ��������� "��
� * '�
�� ��� "���� �"��� ����� � ��
� ���� ��� "���������% � ���������� �� ����
�����
 �� ���
 �����% �� "��"�����
�� �� ��� ����)� �

 &�����

e−βE(q0,p0)
$ ����� ����� �������� �
���% ������� �� ��� ������ "��
� ��� ���� "������� *
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U �"!�+,% -%�!3�% "- !& � %�*�%�� "�  � !&�! �,, !&% 23��! ! %�  �1",1%9 ;�� +%
%1�,3�!%9 -�". !&% *"!%�! �, %�%�0' �3�-�;% � �! �%�" !%. * %��!3�% � !&3� �"!
�%23 � �0 !&% %1�,3�! "� "- !&% .3;& . "�% ;". *, ;�!%9 -�%%#%�%�0' ,��9�;�* % �
8%1%�!&%,%�� %�!�"* ; %� %;!� ��% �,�"  �;,39%9  � �� �**�"�  . �!% W�'  � !&%
��!% ;"��!��! !&�"30& !&% %�*�%�� "� "- !&% *�%-�;!"� �

�&% . "�!  . *"�!��! *��! "- !& � ;�,;3,�! "�  � !&% �%��;& -"� !&% �%,%1��!
��99,% *" �!� � a"W%�-3, . %!&"9� &�1% + %%� 9%1%,"* %9 -"� ;, .+ �0 3* !&%
* "!%�! �, %�%�0' �3�-�;% -�". .  � . � !" ��99,% * " �!� � +3! !&%' 0%�%��,,'
�%23 �% !&% %1�,3�! "� ��9 !&%  �1%�� "� "- !&% R%�� �� . �!� � �! %�;& * " �!
�,"�0 !&% �%��;& � �  1%� !&% � & 0& ;". *3!�! "��, ;"�! � !&%�% . %!&"9� ��%
*�%-%�%�! �,,' 3�%9 W &%� �� ���,'! ;�, %�*�%�� "� -"� !&% R%�� �� . �!� �  �
�1� ,�+,% S-"�  ��!��;%  � !&% ;��% "- %. * � ;�, * "!%�! �,�T � �&%' ��% �,�" 3�%9
 � 23��!3. #;&%.  �!�' ;�,;3,�! "�� W &%� "�,' !&% .  � .3. ;"��%�* "�9 �0 !"
!&% �!��! �0 *" �! "- !&% �%�;! "� S�%�;!��!�T  � H�"W � ��9 �"  �-"�. �! "�  �
�1� ,�+,% "� !&% ��� 1�, * " �! S*�"93;!�T �

� &%� +"!& �%�;!��!� ��9 *�"93;!� ��% H�"W � � "!&%� !%;&� 23%� � �%23 �#
 �0 "�,' � ��! 9%� 1�! 1%� "- !&% * "!%�! �, %�%�0' �3�-�;% � ;�� +% %. *,"'%9
!"  9%�! -' !&% ��99,% * " �!� � �&%�% . %!&"9� 9%� 1% -�". !&% "+�%�1�! "�
!&�! � W &%� !&% !%. *%��!3�%  � ,"W ;". *��%9 !" !&% %�%�0' +��� %� � !&% !���#
� ! "�� -�". �%�;!��!� !" *�"93;!� " ;;3� *�%-%�%�! �,,' �,"�0 � *��! ;3,��
;"��03��! "�#�*�;% *�!& � ;�,,%9 �%�;! "� *�!&W�'� �& � *�!&W�'� H�"W � ��
!&% ����� �� ���	�� 	��� SD :aT �  � ;&���;!%� �%9 +' +% �0 %1%�'W &%�% *��#
�,,%, !" !&% 0��9 %�! "- !&% * "!%�! �, %�%�0' �3�-�;% � A!  � -"�. %9 +' !W"
+���;&%� W & ;& ;"��%�*"�9 !" !&% !W" �!%%* %�!#9%�;%�! !��� %;!"� %�� !&�! 9%#
*��! -�". !&% ��99,% *" �! �

q(s∗)
� �%*���! �0 �%�;!��!� ��9 *�"93;!� �,"�0

!&% !W" 9 �%;! "�� "- !&%  . �0 ���' -�%23%�;' �"�. �, . "9% � �&% D :a ;��
!&3� + % W � !!%� �� Q

dq(s)

ds
=

{

∇V (q(s))
 -

s < s∗

−∇V (q(s))
 -

s > s∗,

S����T

W &%�%
s

�" ,"�0%� �%*�%�%�!� !&% ! . % � + % �0 �"!& �0 +3! �� ��+ !���' *���#
. %!� ��! "� "- !&% *�!& �

A� !&% �%�! ;&�*!%� A �&�,, 9%�;� + % !W" * "W%�-3, !%;&� 23%� 9%1%,"* %9 !"
 9%�! -' !&% D :a W & ;& � �%23 � �0 "�,' � ��! 9%� 1�! 1%� "- !&% a:$ � �%�3,! !"
+ % . "�% %� ; %�! !&�� !&"�% 3�%9 !" ," ;�!% 9 �%;!,' !&% ��99,% *" �! � D "�%#
"1%� �  � !&% �%�! �%;! "�  ! W  ,, + % �&"W � !&�! � W &%� !&% %1",3! "� "- !&%
�'�!%. ;�� + % 9%�;� + %9 +' � � ��! "�9%� /��0%1 � %23�! "� � !&% D :a *,�'�
!&% �",% "- !&% . "�! *�"+�+,% �%�;! "� *�!& �

���� ����"��� �����
� ���
 �����% �� ���
�� �� ��� �
� �����&% �
� ��� &����� �
� ������
����
�������
 � dq(s)

ds
= −∇V (q(s))

|∇V (q(s)|

*
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��� ��������	� ��	��� ����� ��	� �
� ���	�
 ��
������	�

A� *� �; * ,% �� %�*�%�� "� -"� !&% !���� ! "� ��!% ;"3,9 + % "+!� �%9  � !&%
-��. %W"�H "- 8%W!"� �� 9'��.  ;� � A� *��;! ;% !& � �%�3,!� !" + % ��!&%� ;3. #
+%��". % + %;�3�% "�% &�� !" W"�H  � !&% *&��% �*�;% "- !&% W &",% �'�!%. �

U� �,!%���! 1% �**�"�;&  � +��%9 "� !&% ���3. *! "� !&�! !&% W &",% *&��%
�*�;% ;�� + % *��! ! "�%9  � !W" �3+�%!� � !&% -"�. %� ;"�!� � �0 �,, !&% 9%0�%%�
"- -�%%9". �%,%1��! !" 9%�;� + % !&% %1",3! "� "- !&% �'�!%. -�". �%�;!��!�
!" *�"93;!� � !&% ,�!!%� *,�' �0 !&% �",% "- � !&%�. �, +�!& � �&% ;""�9 ��!%
x(t)

9%�;� + %� !&% 9'��.  ;�  � !&% � ��! �3+�*�;% ��9 � �� � ;"��%23%�;% "-
!& � �;"���% 0�� � �0� *�";%93�% �  � ;"3*,%9 !" !&% !&%�. �, +�!& W & ;& ;��
% !&%� 9"��!% "� �%. "1% %�%�0'� �&% . �!&%. �! ;� "- �3;& �%93;! "� &��
+ %%� W"�H%9 "3!  � -3,, 0%�%��, !' +' 
W���  0 ��)� ��9 D "� ��C� W  !& �
!&% -��. %W"�H "- �!�! �! ;�, . %;&�� ;� � 3� �0 !&% !%;&� 23% "- *�"� %;! "�
"* %��!"�� � A� !&% � . *,%�! 9%�;� *! "� !&% �%�;! "� ;�� +% !&"30& �� � 9 �;�%!%
�!";&��! ; *�";%�� W  !&"3! ��' . %. "�' %�%;! � W &"�% %1",3! "�  � 9%�;� + %9
+' � � ��!#"�9%� /��0%1 � %23�! "� Q�

xi+1 = xi − ε∇V (xi) + ξi,
S���)T

W &%�%
ξi

 � � ���� �	 *�";%�� Q
〈ξi〉 = 0

S���CT
〈ξiξj〉 = σ2

= 2 ε δi,j KBT.�&% �+ "1% %�*�%�� "�  � "+!� �%9 9 �;�%! � �0 !&% ! . %
t ∈ [t1, t2]

+'
N

%2#
3 �*�;%9 �!%*� Q

t2 − t1 = εN
� !&% !��� %;!"�'  � !&3� 0 1%� +'

x(ε · i) = xi

�
W &%�%

i = 0, . . . , N
� $ �;%

ξi
��% �,, � �3�� �� �!";&��! ; 1�� �+,%� ��9 ��% �,,

9%;"��%,�!%9 � !&% *�"+�+ , !' 9%�� !' -"� !&% %�! �% *�";%��
(ξ0, . . . , ξN−1)

 �
0 1%� +' Q

P (ξ0, . . . , ξN−1) =
1

(2πσ2)
N
2

· e−
PN−1

i=0
(ξi)

2

2σ2 .
S���(T

�  !& !&% ;&��0% "- 1�� �+,%�
ξi = xi+1−xi +ε∇V (xi)

!&% *�"+�+ , !' 9%�� !'
+ %;". %� Q

P (x0, . . . , xN) =
‖J‖

(2πσ2)
N
2

· e−
PN−1

i=0
|xi+1−xi+ε∇V (xi)|2

2σ2 ,
S���=T

���� "������ �& ��� ����� ���� ��� � ��� ����� ��
��� �
 �%
�� ��� �""��# �� ��� ���
�����
 �%
�� ��� �� 
�� �����% �
������ * � ��� �� ��
�����% ������� �� ���� ��� ��
� ��� �
"��"������ �& ��� �%���� ��� �����
���% ���� ��������� �% � � ��� ����� ��
��� �
 �%
�� ��� *
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W &%�% ‖J‖  � !&% ��;"+ �� 9%!%�.  ���! "- !&% !����-"�. �! "� � �& � ��;"+ ��
;�� + % %�� ,' ;�,;3,�!%9 Q

‖J‖ =
9%! [∂ (xi − xi−1 + ε∇V (xi−1))

∂xj

] S���IT

=
9%! [

δi,j − δi,j+1 ·
(

1 + ε
∂

∂xj

∇V (xi−1)

)]

= 1.

�&% *�"+�+ , !' 9%�� !'  � !&3� 0 1%� +' Q

P (x0, . . . , xN ) =
1

(4πεKBT )
N
2

· e−
PN−1

i=0
|xi+1−xi+ε∇V (xi)|2

4εKBT .
S���?T

A�!%0��! �0 �,, !&%  �!%�. %9 �!% 1�� �+,%� W% "+!� � �� %�*�%�� "� -"� !&%
!���� ! "� *�"+�+ , !'

w (x0, t1|xN , t2) =

∫

dx1 · · ·dxN−1

(4πεKBT )
N
2

· e−β
4

PN−1
i=0

1
ε
|xi+1−xi+ε∇V (xi)|2,

S���BT

!&�! �  � !&% ;"�! �3"3� , .  ! � +%;". %� Q

w (x(t1)|x(t2)) ∼
∫

D [x(t)] e−
β
4

R t2
t1

|ẋ(t)+∇V (x(t))|2dt.
S���4T

�&% ! . %  �!%0��,
S[t1, t2, x(t)]

�**%�� �0  � !&% �+"1% %�*�%�� "�

S[t1, t2, x(t)] =

∫ t2

t1

|ẋ(t) +∇V (x(t))|2 dt,
S��)ET

 � � -3�;! "��, "- !&% *�!&
x(t)

��9  � ;�,,%9 /��0%1  � �;! "� � �&% *�!&
!&�! 0 1%� !&% ,��0%�! ;"�!� +3! "� !" !&% !���� ! "� *�"+�+ , !'  � !&% "�%
!&�! .  � .  �% !&% /��0%1 � �;! "� � A��!%�9 "- ;"�� 9%� �0 !&% !���� ! "�
+ %!W%%� !&% �!�+,% �!�!%�  � �� !% ! . % � A �&�,, ," "H -"� !&% "*! . �, �W  !;& �0
*�!& W & ;& �,�" .  � .  �% !&% �;! "�  �

t1
��9

t2
� /%!

x(t)
�
t ∈ [t1, t2]

� +%
�� ��+ !���' *�!& ��! �-'  �0 !&% ;"��!�� �!�

x(t1) = reactants
��9

x(t2) =
products

� A�9 ;�! �0 W  !&
x(t∗)

!&% ;"��03��! "� �,"�0 !&% *�!& W &%�% !&%
* "!%�! �, %�%�0'  � . ��  .  �%9 �  ! ;�� + % �&"W � !&�! ��(� Q

S[t1, t2, x(t)] ≥ 2 [V (x(t∗))− V (x(0))]
S��) �T

 � !&% "!&%� &��9 � !&%�% %�  �!� � �* %; �, ;3�1% � !&% D :a 9%��%9  � !&%
*�%1  "3� �%;! "� +' %23�! "� S����T � !&�! ��! ��%� !&% ,"W%� +"3�9 "- S��) �T
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-"�
t1 → −∞

��9
t2 → +∞ � �&% /��0%1  � �;! "� ;". *3!%9 "� !&% D :a  �

0 1%� +' Q
∫ t2

t1

|ẋ(t) +∇V (x(t))|2 dt = 4

∫ t∗

t1

|∇V (x(t))|2 dt
S��))T

= 4

∫ t∗

t1

ẋ(t) · ∇V (x(t))dt

= 4 [V (x(t∗))− V (x(t1))] ,�" !&�! � �! !&% ,"W%�! "�9%�  �
β
� !&% !���� ! "� *�"+�+ , !' �%�3,!� !" + %

*�"*"�! "��, !" !&% +��� %� &% 0&! Q
w (x(t1)|x(t2)) ∼ e−β[V (x(t∗))−V (x(t1))] = e−βEA .

S��)CT
U . "�% �;;3��!% %�! . �!% "- !&% !���� ! "� *�"+�+ , !' ;�� +% "+!� �%9

+' * %�-"�.  �0 � ��',"� %�*��� "� "- !&% /��0%1  � �;! "� ��"3�9 !&% D :a�
A� *��! ;3,�� � W% ,%!

x(t) = x∗(t) +
√
η y(t)

� W &%�%
η = KBT

��9 !&% * %�!3�#
+�! "�

y(t)
��! ��%� !&% + "3�9�� %�

y(t1) = 0
��9

y(t2) = 0
� �&%� � �! � ��!

"�9%�  � !&% !%. * %��!3�%
η
� W% &�1% Q

S[x(t)] =

∫ t2

t1

∣

∣

∣
ẋ+ V

′

(x)
∣

∣

∣

2

dt
S��)(T

=

∫ t2

t1

∣

∣

∣
ẋ∗ +

√
η ẏ + V

′

(x∗ +
√
ηy)
∣

∣

∣

2

dt

=

∫ t2

t1

∣

∣

∣
ẋ∗ + V

′

(x∗) +
√
η
(

ẏ + V
′′

(x∗)y
)

+
η

2
yV

′′′

(x∗)y
∣

∣

∣

2

dt

= S[x∗(t)] +

η

∫ t2

t1

[

∣

∣

∣
ẏ + V

′′

(x∗)y
∣

∣

∣

2

+
(

ẏ + V
′′

(x∗)y
)

·
(

yV
′′′

(x∗)y
)

]

dt,

W &%�% W% &�1% 3�%9 � ��',"� %�*��� "� -"� !&% 0��9 %�! "- !&% * "!%�! �,
%�%�0' -3�;! "� Q

V
′

(x∗ +
√
ηy) = V

′

(x∗) +
√
η V

′′

(x∗)y +
η

2
yV

′′′

(x∗)y.
S��)=T

A� !&% , .  ! "-
t1 → −∞

��9
t2 → +∞ � !&% !���� ! "� *�"+�+ , !'  � !&3�

0 1%� +' Q
w (x(t1)|x(t2)) = Ct1,t2 e−βEA,

S��)IT
W &%�% !&% !%. * %��!3�%  �9%* %�9%�! *�%-�;!"� CT  � 0 1%� +' Q

Ct1,t2 =

∫

D [y] e
− 1

2

R t2
t1

»

˛

˛

˛ẏ+V
′′
(x∗)y

˛

˛

˛

2
+

“

ẏ+V
′′
(x∗)y

”

·
“

yV
′′′

(x∗)y
”

–

dt
.

S��)?T
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�� 

�� ��� �� � 
 �	��� � ��� �� ��� � � �� � �� ��� � � ������ �� �� ����
���� � ���� �	� ��		���
� �
 �� �� ������� � �� � � ���� �� ���	�� 	��� ���� ������

 ���
� 
 ����
 �� �� � 	 �������
 �� �	�� 
�	� ���� 	 �

� ��
 �	��� 
�� � �� ���
 ���

�� �� �
 � �		 	���� �
 ���� 	 ���� ����
�	 �� � ��� �� � ��� �� ��	 	����� �� ��	
	 �	� �	� �� �� ��� �
���
��� �

A� !&% *�%1 "3� ;&�*!%� !&% .  � .3. %�%�0' *�!& &�� + %%� 9%��%9 ��
!&% *��! ;3,�� ;"��03��! "�#�*�;% *�!& � ;"��%;! �0 �%�;!��!� ��9 *�"93;!� �
;&���;!%� �%9 +' !&% *�"* %�!' !&�! !&% ;". *"�%�!� "- !&% -"�;%� "�!&"0"��,
!" !&% *�!& ��% �%�" Q


∇V (x(s))− τ (s) (τ (s)|∇V (x(s)) = 0.
S) ��T

R%�% ��9  � !&% -",,"W  �0
τ (s)

�%*�%�%�!� !&% �"�. �, �%9 !��0%�! 1%;!"� ��9
!&% D :a  � *���. %!� �%9 +' �� ��+ !���' �%�;! "� ;""�9 ��!%

s ∈ [0, 1]
� A!

&�� �,�" + %%� �&"W � !&�! � W  !& � !&% -��. %W"�H "- � �!" ;&��! ; 9%�;� *! "�
"- !&% �'�!%. � � 9'��.  ;� "- � !&% D :a  � �  � !&% ,"W !%. * %��!3�% , .  ! � !&%
. "�! *�"+�+,% *�!& !&�! ;"��%;!� !W" .  � . �  � !&% a:$ � :23�! "� S) ��T
�!�!%� !&�! !&% *"!%�! �, %�%�0'  � �!�! "���' "� %�;& &'*%�*,��% "�!&"0"��,
!" !&% D :a� R"W%1%� � "�,' !&"�% *�!&  � W & ;& !&% %�%�0'  � .  � .  �%9 "�
!&% "�!&"0"��, &'*%�*,��%� ��% *&'� ;�,,' �%,%1��! � !&% "!&%�� &�1 �0 �%�"
*�"+�+ , !' "- + % �0 �%�;! "� *�!&� �

�&%  9%�! �;�! "� "- !&% D :a ��9 "- !&% ��99,% * " �! �%*���! �0 �%�;!��!�
��9 *�"93;!� ;�� +% �;& %1%9 +' �",1  �0 �3. %� ;�,,' !&% %23�! "� S) ��T �

��
 ��� &����� �
� � �
������ � ���
(a|b)

��� ��� "������ � �����
 ��� ��
��������
 �"���
�������

a
�
�

b
*
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�&% � ��! �!%* ;"�� �!�  � �%*�%�%�! �0 !&% *�!&
x(s)

� W & ;&  � � ;"�! �3"3�
-3�;! "� �  � � -"�. �3 !�+,% !" + % &��9,%9 �3. %� ;�,,'� �& �  � 9"�% +'
9 �;�%! � �0 !&% �%�;! "� ;""�9 ��!%

s
��9 +' �%*�%�%�! �0 !&% *�!& "� !& �

9 �;�%! �%9 . %�& � �&% ;"�! �3"3� *�!&
x(s)

 � !&3� �%*�%�%�!%9 +' � �;&� �
"-  . �0%�� Q

s −→ i · δs S) �)T
x(s) −→ xi

τ (s) −→ τ i =
xi+1 − xi−1

|xi+1 − xi−1|
.

�&% 9 �;�%! �%9 1%�� "� "- %23�! "� S) ��T  � 0 1%� +' Q

∇V (xi)− τ i (τ i|∇V (xi)) = 0.
S) �CT

�&% �",3! "� "- !& � �%! S"�% -"� %�;& * " �! 3�%9 !" �%*�%�%�! !&% *�!&T "-
;"3*,%9 �"�#, �%�� %23�! "�� �%*�%�%�!� !&% 9 �;�%! �%9 D :a� :23�! "�� S) �CT
��% �",1%9 W &%� � -"� %�;&  . �0% � !&% %�%�0'  � .  � .  �%9 "� !&% &'*%�*,��%
"�!&"0"��, !" !&% 9 �;�%! �%9 *�!& � $3;& .  � .  ��! "� ;�� +% ;��� %9 "3!  !#
%��! 1%,' 3� �0 � �"�! "- �!%%* %�!#9%�;%�! 9'��.  ;�  � !&% �*�;% "- *�!&� � �&%
*�";%93�%  � �!��!%9 +' ;"��!�3;! �0 !&%  � ! �, *�!& �� � ;&� � "- %23 �*�;%9
 . �0%� � �&%� %�;&  . �0% %1",1%� -",,"W  �0 !&% �;! ! "3� 9'��.  ;� 0 1%� +'
!&% *�"� %;!%9 -"�;% Q

F (xi)⊥ = − [∇V (xi)− τ i (τ i|∇V (xi))]

⇓ S) �(T
xi(t+ δt) = xi(t) + δt F (xi(t))⊥.

�&% !&% *�!&  � ;"�1%�0%9 !" !&% D :a W &%�
F(xi)⊥ = 0

-"� �,, !&%  . �0%�
S
xi

T  � !&% ;&� � ��
�&% . � � , .  ! "- !& � �**�"�;&  � !&�! !& � 9'��.  ;� 9"%� �"! *�%�%�1%

!&%  �!%�# . �0% 9 �!��;% ��9 �  � 0%�%��, � 9"%� �"! *�%1%�!  . �0%� !" �, 9%
9"W �  � !&% !W" .  � . � � A�9%%9 � � �;% !&% *�!&  � �%*�%�%�!%9 W  !& , .  !%9
�;;3��;'� �,�" !&% %�! . �!% "- !&% !��0%�! S��9 !&3� "- !&% *�"� %;! "��T  �
�**�"�  . �! 1%,' H�"W � ��9 � �%� 93�, ;". *"�%�! "- !&% -"�;% *���,,%, !" !&%
*�!& �;!� "� !&%  . �0%� � �& � %� %;!  � . "�% �%,%1��! W &%� !&% �3.+%� "-
 . �0%� 3�%9  � ;&� �  � �. �,, � �&% �%�3,!  � !&�! !&%  . �0%� �!��! �, 9  �0
9"W � �,"�0 !&% *�!& � -3�!&%� �%93; �0 !&% �;;3��;' "- !&% *�"� %;! "�� � A-
!&  � + %&�1 "3�  � �"! "** "�%9 � �,, !&%  . �0%� "- !&% ;&� � ;�� %1%�!3�,,'
;",,�*�%  � !&% !W" .  � . � � �& � %�%;!  � 9%�;� + %9  � F 03�% ) �� W &%�% �

� �
 "�������� ����������
� �� ������� ���
‖F(xi)⊥‖∞

�� � � �� ����� �
∀xi

� ���
 � ����
�
"�� ��������� ��������� � *
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&"W%1%� �  !  � �,�" �&"W � !&�! � �� � * "� ! 1% ;"��%23%�;% "- !&% *�"� %;! "� "-
!&% -"�;%� � !&% 1�� �! "� "- !&%  �!%�# . �0% 9 �!��;%  � "- "�9%�

∆x2 � W &%�%
∆x

 � !&%  . �0% 9 �*,�;%. %�! Q� !&%  �!%�# . �0% 9 �!��;%  � !&3� *�%�%�1%9
�! � ��! "�9%�  � !&% ! . % �!%*

δt
� F�". !&%�% "+�%�1�! "�  !  � ;,%�� !&�! !&%

L

LLL

L
′

∆x∆x

L
′

=
√
L2 + ∆x2

L
′ − L = L

(

√

1 + ∆x2

L2 − 1

)

∼ 1
2

∆x2

L2

F 03�% ) ��Q U �  ,,3�!��! "� "- !&% %1",3! "� "- �� %23 �*�;%9 *�!& � A�  �
�&"W � !&�! !&% 1�� �! "�  � !&%  �!%�# . �0% 9 �!��;%  � �%;"�9 "�9%�  � !&%
9 �*,�;%. %�!

∆x
�

�!��!%0' 3�%9 !" 9 �;�%! �% !&% *�!& ��9 !&% ;"��!�� �!�  . *"�%9 !" *�%�%�1%
!&% *���. %!� ��! "� S �% � !&%  �!%�# . �0% 9 �!��;%T ��% +"!& "- -3�9�. %�!�,
 . *"�!��;%  � !&% �3. %� ;�, �",3! "� "- %23�! "� S) �CT � A� !&% -",,"W  �0 A
�&�,, 9%�;� + % !W" �,!%���! 1% �**�"�;&%� S!&% �390%9 %,��! ; +��9 ��9 !&%
�!� �0 . %!&"9T !&�! 9 � %�  � !&% W�' !&% *���. %!� ��! "� "- !&% *�!&  �
*�%�%�1%9 �

� �� �
� ���	�� � ������ ���� � ��
	�

A� !&% �390%9 %,��! ; +��9 . %!&"9 S8:< T �C � �E � ��� !&% *�!& *���. %!� ��#
! "�  � %�-"�;%9 +' ;"��%;! �0 %�;&  . �0% "- !&% ;&� � !"  !� �% 0&+ "3�� +'
�1 �!3�,� �*� �0� "- �%�" �%�!#,%�0!& � �&%  . �0%� -%%, +"!& !&% -"�;%� 93% !"
!&% %�!%���, *"!%�! �, S!&% !�3% *�"� %;!%9 -"�;%� �

F(xi)⊥
T ��9 !&"�% 93% !"

!&% �1 �!3�,� �*� �0�
F(xi)

elastic � �&% 9 �;�%! �%9 *�!&  � !&3� 9%�;� + %9 �� ��
%,��! ; +��9 � ��-"�!3��!%,'� W &%� !&% *�!& +%�9� !&% �*� �0� ;��  �!�"93;%
�� ��! �; �, ;". * "�%�! "- !&% -"�;% "�!&"0"��, !" !&% *�!& !&�! *�%1%�!�

���� ���"�����%$ ��� ���"����� �
� �� ��""���� �� �� ��� ��� � &�� ��� ��� �� ���� *
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!&% ;&� � !" ;"�1%�0% !" !&% !�3% D :a� U� �&"W �  � F 03�% ) �) � !& � %� %;! �
W & ;&  � 0%�%��,,' �%-%��%9 !" �� �;"��%� ;3!! �0� �  � . "�% �%,%1��! W &%�% !&%
;3�1�!3�% "- !&% *�!&  � ,��0%� � �" �%93;% !&%�% �*3� "3� %�%;!� �  � !&% 8 :<
. %!&"9 !&% %,��! ; -"�;%� ��% *�"� %;!%9 �,"�0 !&% *�!& �� !��0%�! Q

F(xi)
elastic
‖ = −k τ i (τ i|(2xi − xi+1 − xi−1)) .

S) �=T
�&% *�";%93�% "- *�"� %;! �0 !&% �*� �0 -"�;%�  � ;�,,%9 ���� ��� "- !&% %,��! ;

F(xi)
elastic

F(xi)⊥

F 03�% ) �) Q A,,3�!��! "� "- !&% �;"��%� ;3!! �0� *�"+,%. �
+��9 ��9 �%*�%�%�!� !&% *� �; *�,  . *�"1%. %�! "�%�%9 +' !&% 8 :< . %!&"9
�0� ��!  !� *�%9%;%��"�� S� �%1 %W "- !&%�% . %!&"9�  � ;"�!� �%9  � �C�T Q  !
 � %��%�! �, !" 9%;"3*,% !&% %� %;! "- !&% �1 �!3�,� �*� �0� -�". !&% %�!%���,
* "!%�! �, � �&% ;&� � !&�! ��! ��%� %23�! "� S) �CT  � *�%�%�;% "- !&% �*� �0�
 � -"3�9 +' %1",1  �0 %�;&  . �0% W  !& !&% �!%%* %�!#9%�;%�! �,0"� !&. � W &%�%
!&% "1%��,, -"�;% 1%;!"� �;! �0 "� !&%  . �0%

xi

�! ! . %
t

S&%�%�-!%�  �9 ;�!%9
��

F(xi(t)) = F(xi(t))⊥ + F(xi(t))
elastic
‖

T  � 3�%9 Q

xi(t+ δt) = xi(t) + δtF(xi(t)).
S) �IT

A� !&% 8 :< . %!&"9 !&% �1 �!3�,� �*� �0� �;! �� � * %��,!' -3�;! "� !&�! �
W &%� �,, !&% %,��! ; ;"��!��!� &�1% !&% ��. % 1�,3% � -�1"3�� !&% ;"��03��#
! "� "- !&% ;&� � W &%�% �,,  . �0%� ��% %23 �*�;%9 � U! ;"�1%�0%�;% �,, !&%
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 �!%�# . �0% 9 �!��;%� ��% %23�, � U � � ;"��%23%�;% "- !&% *�"� %;! "�� � !& �
+ %&�1 "3� 9"%� �"! 9%* %�9 "� !&% �* %; �; ;&" ;% "- !&% %,��! ; ;"��!��! �
*�"1 9%9 !&�! !&%' ��% ,��0%� !&�� �%�" ��

� ���� �GPJG��L�L �GRKJ���SHRKGHKR �	


A� !&% 8:< . %!&"9 !&% %,��! ; -"�;%� �;! %�;,3� 1%,' �,"�0 !&% *�!& � "�%  �
!&3� -�%% !" ;&""�% 9 � %�%�! �*� �0 ;"��!��!� + %!W%%� 9 � %�%�! *� � "-  . �0%�
W  !&"3! ��%;! �0 !&% ;"�1%�0%�;% "- !&% ;&� � !" !&% D :a S!& � + %;�3�%
!&% 0%". %!� ;�, 9%�� ! "� "- D :a 0 1%� +' %23�! "� S) ��T  �  �1�� ��! -"�
��' �%*���. %!� ��! "� "- !&% *�!&T � @,%��,'� !&% ��99,% *" �!  � !&% . "�!
 . *"�!��! ;"��03��! "� �,"�0 !&% D :a ��9 "�% W"3,9 !'* ;�,,' *�%-%� !"
&�1% & 0&%� �%�",3! "� ;,"�% !" !& � *" �! !&�� �%�� !&% %�9 *" �!� � �& � ;��
+% �;;". *, �&%9 W  !& � !&% 1�� �+,%#%,��! ;#;"��!��!� �;&%. % � W &%�% �! �%�
�*� �0� ��% 3�%9 �%�� !&% * " �! "- & 0&%�! %�%�0'� A� *��! ;3,�� � !& �  � 9"�%
+' �* %; -'  �0 � .  � .3. ��9 � . ��  .3. 1�,3% -"� !&% %,��! ; ;"��!��!�
S��
 �� ��9 ��
�� T ��9  �!%�*",�! �0 + %!W%%� !&%�% !W" 1�,3%� Q�

ki =
1

2

(

kmax + kmin − (kmax − kmin) cos

(

π
(V (xi)− Vmin)

(Vmax − Vmin)

))

.
S) �?T

�&% 1�� �+,%#%,��! ;#;"��!��! �;&%. % !&3� *�"1 9%� � ��!3��, W�' "- ;&""� �0
!&% *���. %!� ��! "� "- !&% *�!& �" !&�! � .  � .3. �3.+%� "-  . �0%�  �
�%23 �%9 !" &�1% � 0""9 %�! . �!% "- !&% ��99,% *" �! * "� ! "� � A� !&% ;��%
9%�;� + %9 �+ "1% !&% �%�",3! "�  � � �%� ��"3�9 *" �!� "- & 0& *"!%�! �, %�%�0'�
W & ;&  � � �%��"��+,% ;&" ;% + %;�3�% !&% ��99,% *" �! &�� !&% & 0&%�! %�%�0'
�,"�0 !&% *�!& � U � �,!%���! 1% ;&" ;% ;�� +% !&�! "- � � �0 !&% *�!& �%�",3! "�
S�! �%� �*� �0�T ��"3�9 * " �!� "- ,��0%�! ," ;�, ;3�1�!3�%

ω(s) = dτ(s)
ds

� A�9%%9 �
!&% �3.+%� "-  . �0%� �%23 �%9 !" �%*�%�%�! � *�!& 9%*%�9� "� !&% 0,"+�,
;3�1�!3�% "- !&% *�!&

Ω =

∫ 1

0

|ω(s)| ds. S) �BT

U �!�� 0&! *�!& ;�� +% �%*�%�%�!%9 +' "�,' !W"  . �0%� � +3! � *�!& !&�! + %�9�
"�  !�%,- . ��' ! . %� ;�� �%23 �% � ,��0% �3.+ %� "-  . �0%� � %1%�  - !&% %�%�0'
+��� %�  � 1%�' �. �,, � A &�1% "+�%�1%9 !&�! � +' 9%�� �0 !&% 9 �;�%! �%9 ," ;�,
;3�1�!3�% ��

ωi = xi+1−xi

|xi+1−xi| −
xi−xi−1

|xi−xi−1|
� �;3�1�!3�%#W% 0&!%9� %,��! ; ;"��!��!�

;�� +% 3�%9 � "+!� � �0 �� "*! . �, *���. %!� ��! "� "- !&% *�!& � U �  � !&%
� �
���� $ ��� ����� �& ��� �#���
�� &����� ���
� ��� "��� �� ������� �% ��� "�� 
 �����
� *
���� �#"������
 ���� ���� ��� � ��
 &��
� �� ���� ������ ���
 ��� ��
��� �
���"������
���� �
 ���� *
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"� 0 ��, �%; * % � !&% %,��! ; ;"��!��!� ��% "+!� �%9  �!%�*",�! �0 + %!W%%� �
.  � .3. ��9 � . ��  .3. 1�,3% Q

ki =
1

2

(

kmax + kmin − (kmax − kmin) cos

(

π
(ωi − ωmin)

(ωmax − ωmin)

))

.
S) �4T

�  !& � !&% 1�� �+,% %,��! ; ;"��!��!� �;&%. % !&% *�"� %;!%9 %,��! ; -"�;%� ��%
0 1%� +' Q

ki,i+1 =
1

2
(ki + ki+1)

S) ��ET
F(xi)

elastic
‖ = − τ i (τ i| (ki,i+1 (xi+1 − xi)− ki−1,i (xi − xi−1))) .

U� *�%1 "3�,' * " �!%9 "3! � !&% ;&" ;% "- !&% %,��! ; ;"��!��!� S��
 ��
��9 ��
�� T  � �"! %��%�! �, -"� !&% ;"�1%�0%�;% "- !&% *�!& !" !&% D :a
+ %;�3�% "- !&% *�"� %;! "� "- !&% -"�;%� 9%�;� + %9 �+"1% � U�'W�'� � W �"�0
;&" ;% "- !&% %,��! ; ;"��!��!� ;�� �%� "3�,' ��%;! !&% ;"�1%�0%�;% ��!% "-
!&% ;&� � "-  . �0%� !" !&% D :a + %;�3�%  ! ;��  �!�"93;% ,"�0 !39 ��, . "9%�
"- -�%23%�;' .3;& & 0&%� !&�� !&% �*&'� ;�,� . "9%� "- !&% *"!%�! �, %�%�0'
�3�-�;% � �%�3,! �0  � � & ,,#;"�9 ! "�%9 "*! .  ��! "� *�"+,%. � A� !& � ;��%
!&% ! . % �!%* 3�%9 !" %1",1% !&% ;&� � "-  . �0%� W  ,, + % 9 ;!�!%9 +' !&%
��! �; �, ,"�0 !39 ��, . "9%� � �& �  � "�% "- !&% . "�% �%1%�% , .  !�! "�� !"
!&% 3��+ , !' "- !&% 8:< . %!&"9 �  � !&% "!&%� &��9 A!  � H�"W � !&�! !&%
,��0%�! -�%23%�;' �3**"�!%9 +' !&% %,��! ; +��9  � 0 1%� +'

ν = 1
π

√
kmax

�
�&% "*! . �, 1�,3% "-

kmax

;�� !&3� + % "+!� �%9 �%23 � �0 !&�! !&% ! . % �!%* �
;&"�%� �. �,, %�"30& !" W%,, �%*�%�%�! �,, !&% -�%23%�; %� ;&���;!%� � �0 !&%
* "!%�! �, %�%�0' �3�-�;% �  � �,�" �. �,,%� !&��

ν−1 � A� *��;! ;% � 0 1%� !&% ! . %
�!%* �� ��  �*3! �

kmax

 � �3!". �! ;�,,' �%! !"
kmax = π2

n2δt2

SW &%�%
n

 � �". %
 �!%0%� ,��0%� !&�� "�%T �" !&�! �,�" !&% %,��! ; -�%23%�; %� ��% W%,, 9%�;� + %9 �
�& �  . *,%. %�!�! "� "- 8 :< !&3� �%. "1%� !&% 93!' "- ;&""� �0 !&% ;"��%;!
1�,3% -"� !&% %,��! ; ;"��!��!� �  - ;"3��% � !&% �"-! ,"�0 !39 ��, . "9%� "- !&%
%,��! ; +��9 ��% �! ,, *�%�%�! � !&3�  ��3%�; �0 !&% ;"�1%�0%�;% ��!% !" !&%
D :a� A� !&% -",,"W  �0  ! W  ,, + % �&"W � &"W !& � *�"+,%.  � �",1%9 +' !&%
�!� �0 . %!&"9 �

� ���� F �J�� JH� �� G�L �	


�&% ;, .+ �0  . �0% 8 :< S@A#8:<T . %!&"9 �  �!�"93;%9 +' � � R%�H%,. �� �
< � a� �+%�3�0� ��9 R � �����"�  � ��E� �  � � �, 0&! � +3!  . *"�!��! �  . *�"1%#
. %�! "- !&% 8 :< . %!&"9 "� 0 ��,,' 9%�;� + %9  � �C� � A�-"�. �! "� �+"3! !&%
�&�*% "- !&% D :a  � �%!� �%9 � +3! � � 0"�"3� ;"�1%�0%�;% "- ��  . �0% !"
!&% ��99,% *" �!  � �,�" "+!� �%9 � �& � �99 ! "��, -%�!3�% 9" %� �"! �99 ��'
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� 0� �;��! ;". *3!�! "��, %�"�! � �&% ;, .+ �0  . �0% �;&%. % ;"�� �!�  � !&%
-",,"W  �0 *�" ;%93�% Q �-!%� � -%W  !%��! "�� W  !& !&% �%03,�� 8:< � !&%  . �0%
W  !& !&% & 0&%�! %�%�0'

imax

 �  9%�! �%9 � �&% -"�;% "� !& �  . �0%  � �%! !"
+ % !&% -3,, -"�;% 93% !" !&% *"!%�! �, W  !& !&% ;". * "�%�! �,"�0 !&% *�!&
 �1%�!%9 Q

F(ximax
) = −∇V (ximax

) + 2 τ imax
(τ imax

|∇V (ximax
)) .

S) ���T
G3�, !�! 1%,'�  � !&% ;, .+ �0# . �0% �;&%. % !&% . ��  .3. #%�%�0'  . �0%  �
-"�;%9 !" . "1% 3*#& ,, �,"�0 !&% *�!& !��0%�! ��9 9"W �#& ,, �,"�0 �,, !&%
9 �%;! "�� * %�* %�9 ;3,�� !" !&% *�!& !��0%�! � . "�%"1%�  !  � �"! ��%;!%9 +'
!&% �*� �0 -"�;%� �! �,, � �&% "!&%�  . �0%� "- !&% ;&� � �%�1% !&% *3�*"�% "-
9%�� �0 !&% "�% 9%0�%% "- -�%%9". -"� W & ;& � . ��  .  ��! "� S��!&%� !&��
� .  � .  ��! "� T "- !&% %�%�0'  � ;��� %9 "3! � $ �;% !&%  . �0%�  � !&% ;&� �
%1%�!3�,,' ;"�1%�0% !" D :a � !&%' 0 1% � 0""9 �**�"�  . �! "� !" !&% �%�;! "�
;""�9 ��!% ��"3�9 !&% ��99,% *" �! �

@A#8 :< &�� *�"1%9 !" + % %�!�%. %,' 3�%-3, + %;�3�%  ! 9 �%;!,' *�"1 9%�
�� �;;3��!%  9%�! �;�! "� "- !&% ��99,% * " �! W  !&"3! ��' �99 ! "��, %�"�! �"
!&�! � �! !&% %�9 "- � *�!& "*! .  ��! "� � !&% �;! 1�! "� %�%�0' ��9 !&% ��99,%
*" �! ;""�9 ��!%� ��%  . . %9 �!%,' �1� ,�+,% �

� ���� ��OPSQLI KGH�LHK LRKJ� GKL
�&% �!�+ , !' ��9 !&% %� ; %�;' "- !&% 8 :< . %!&"9 �!�"�0,' 9%* %�9 "� !&%
�;;3��;' "- !&% %�! . �!% -"� !&% ," ;�, !��0%�!

τ i

� �&% � . *,%�! %�! . �!%
 � 0 1%� +' !&% �"�. �, �%9 , �% �%0. %�! + %!W%%� !&% !W"  . �0%� 3�%9  �
%23�! "� S) �CT � +3! � �, 0&!,' + %!!%� W�'  � !" + �%;! !&% !W" 3� ! 1%;!"��

τ i =
xi+1 − xi

|xi+1 − xi|
+

xi − xi−1

|xi − xi−1|
,

S) ��)T

��9 !&%� �"�. �, �%
τ = τ

|τ|
� �& � ,�!!%� W�' "- 9%�� �0 !&% !��0%�! %��3�%�

!&�! !&%  . �0%� ��% %23 �*�;%9 SW &%� !&% %,��! ; ;"��!��!� ��% !&% ��. %T �
%1%�  � �%0 "�� "- ,��0% ;3�1�!3�% � ��-"�!3��!%,'� !& � �;&%. % . �' ,%�9 !"
!&% -"�. �! "� "- H �H�  � !&% *�!&  � �%0 "�� W &%�% !&% ;". *"�%�! "- !&%
*"!%�! �, -"�;% *���,,%, !" !&% D :a  � ,��0% ;". *��%9 W  !& !&% * %�* %�9 ;3,��
;". * "�%�!� S� 9%!� ,%9 9%�;� *! "� "- !& � + %&�1  "3� ;�� + % -"3�9  � ����T �
�&% �3. %� ;�,  ��!�+ , !' ;�� +% �1" 9%9 +' 3� �0 �� �,!%���! 1% 9%�� ! "�
"- !&% ," ;�, !��0%�! � *�"*"�%9 +' � � R%�H%,. �� ��9 R � �����"�  � ���� �
A��!%�9 "- %�! . �! �0

τ i

3� �0 + "!& !&% �9� �;%�!  . �0%� �
i+1

��9
i−1

� "�,'
!&%  . �0% W  !& & 0&%� %�%�0' ��9 !&%  . �0%

i
��% %. *,"'%9 � �%�3,! �0  � �
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!��0%�! 9%��%9 ��

τ i =

{

τ
+
i

 -
Vi+1 > Vi > Vi−1

τ
−
i

 -
Vi+1 < Vi < Vi−1,

S) ��CT

W &%�%

τ
+
i =

xi+1 − xi

|xi+1 − xi|
��9

τ
−
i =

xi − xi−1

|xi − xi−1|
,

S) ��(T

��9
Vi = V (xi)

� A- + "!& !&% �9� �;%�!  . �0%� ��% % !&%� & 0&%� "� ,"W%�  �
%�%�0' !&��  . �0%

i
� !&% !��0%�!  � !�H%� !" + % � W% 0&!%9 �1%��0% "- !&%

!W" !��0%�! 1%��"��
τ

+
i

��9
τ
−
i

� �&% W% 0&!%9 �1%��0%  � 9%!%�.  �%9 +'
!&% %�%�0' ��9 "�,' *,�'� � �",% �! %�!�%. � �,"�0 !&% D :a� A� !&%�% ;��%�
S
Vi+1 > Vi < Vi−1

"�
Vi+1 < Vi > Vi−1

T !&% !��0%�!  � 9%��%9 ��

τ i =

{

τ
+
i δV

max
i + τ

−
i δV

min
i

 -
Vi+1 > Vi−1

τ
+
i δV

min
i + τ

−
i δV

max
i

 -
Vi+1 < Vi−1,

S) ��=T

W &%�%

δV max
i = max (|Vi+1 − Vi|, |Vi−1 − Vi|) ,

S) ��IT
��9

δV min
i = min (|Vi+1 − Vi|, |Vi−1 − Vi|) .

S) ��?T
F ��,,'� �,, !&% !��0%�! 1%;!"�� �%%9 !" + % �"�. �, �%9 � �  !& !& � . "9 �%9
!��0%�! � !&% *�!&  � W%,, + %&�1%9 ��9 ;"�1%�0%� � 0"�"3�,' !" !&% D :a  - �
�3� ; %�! �3.+%� "-  . �0%�  �  �;,39%9 �

� �� �
� �����	 � ��
	�

�&% �!� �0 . %!&"9� ;"��! !3!%� � *��! ;3,��,' %,%0��! W�' "-  . *,%. %�! �0
!&%  9%�� "3!, �%9  � !&% *�%1 "3� �%;! "�� � A! &�� + %%� *�"*"�%9 +' � � : �
� � V%� ��9 : � >��9%�#: ��9%� �( � ��9 &�� + %%� �%;%�!,'  . *,%. %�!%9 +'
� � � ��� ��9 ;"W"�H%��  � !&% -��. %W"�H "- @��#a��� �%,," � ��!#*� �; *,%�
. ",%;3,�� 9'��.  ;� ��=� �

A� !&% "� 0 ��,  . *,%. %�!�! "� "- !&% �!� �0 . %!&"9 �(� !&% *���. %!� #
��! "� "- !&% *�!&  � %�-"�;%9 +' �%9 �!� +3! �0 !&%  . �0%� W &%�%1%� !&% �
� �
 ����� ���� $ ���
�
 � �
� ��������� ���� ������ ���� �
 ���� ������ ��� � ��
 ������

"��� *
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�%; *�" ;�, 9 �!��;% 9"%� �"! ��! �-' !&% �%23 �%9 *���. %!� ��! "� � �& � *�"#
;%93�%  � * %�-"�. %9 +' 3� �0 � �!��9��9 * ",'�".  �, S;3+ ;T  �!%�* ",�! "�
�;&%. % � +��%9 "� !&% * "� ! "�� "- !&%  . �0%� �! !&% *�%1 "3� �!%* � �&% ," ;�,
!��0%�! 1%;!"�� ��% 9%��%9 3� �0 !&% �;&%. % 9%�;� + %9  � ) ���C � �&% . � �
�91��!�0% "- !& � �**�"�;& W  !& �%�* %;! !" 8:<  � !&�! �*� �0� ��% �" ,"�0%�
�%%9%9 ��9 !&% � �%0�! 1%  . *�;! "� !&% ;"�1%�0%�;% ��!% "- !&% "*! .  ��#
! "� *�";%93�%  � �%. "1%9 �� D "�%"1%� � !&% ;&"�%� *���. %!� ��! "� "- !&%
*�!&  � ��! ��%9 �! %�;& �!%* � $ �;% !&% 9'��.  ;� 0 1%� +' %23�! "� S) �(T
*�%�%�1%� !&%  �!%�# . �0% 9 �!��;% �! � ��! "�9%�  � !&% ! . % �!%* S�%% F 03�%
) ��T � !&% �%*���. %!� ��! "� 9" %� �"! �%� "3�,'  �!%�-%�% W  !& !&% "*! .  ��! "�
*�";%93�% �

�& � �**�"�;& � +��%9 "�  �!%�*",�! "� ��9 �%*���. %!� ��! "� �  � �"! �3 !%9
!" + % 3�%9  � ;"��3�;! "� W  !& !&% @��#a��� �%,," � ��!#*� �; * ,%� . ",%;3,��
9'��.  ;� � �&% �%��"�  � !&�! !&% �%�3,! �0 !��� %;!"�'  � �"! 9 �%�%�! �+,% �
!&3� ;"��  ;! �0 W  !& !&% �;! ! "3� 9'��.  ;� "- !&% �&"�#$&�. W�1%-3�;! "��
��� � �&% �**�"�;& -",,"W%9  � !& � ;��% +' � � � ��� ��9 ;"W"�H%�� ��=�  � !"
 . *"�% /�0���0 �� ;"��!�� �!� "� !&%  �!%�# . �0% 9 �!��;%� �" !&�! �,, !&%
 . �0%� ��% %23 �*�;%9 �! %�;& �!%* � �&% D :a  �  9%�! �%9 3� �0 � 9�. *%9#
9'��.  ;� *�" ;%93�% ��9 !&% /��0���0% ;"��!�� �!� ��% %�-"�;%9 3� �0 !&%
$RU�: �,0"� !&. ��I� �

U� �,!%���! 1% W�' "- %�-"�; �0 !&% *�!& *���. %!� ��! "� � +��%9 "� !&%
F"3� %�  �!%�* ",�! "� �;&%. % � &�� + %%� �%;%�!,' 9%1%,"* %9 +' !&% �3!&"� �
�& � �**�"�;&  � 9%�;� + %9  � !&% �%�! �%;! "� �

� �� �� �SNPJLP PLOPLRLHKGKJSH
U ;"�! �3"3� *�!& ;�� +% 9%�;� + %9 �3. %� ;�,,'  � 1�� "3� W�'� � �&% � . #
*,%�!  � *�"+�+,' !&% "�% 0 1%� +' !&% ;&� � "-  . �0%� S) �CT !&�! &�� + %%�
3�%9 3* !" �"W � U� �,!%���! 1% �**�"�;&  � +��%9 "� !&% ��!3��, ;"��%�*"�#
9%�;% !&�! %�  �!� + %!W%%� � *%� "9 ; -3�;! "� ��. *,%9 "� � 9 �;�%!% . %�&
S
xi

T ��9  !� 9 �;�%!% F"3� %� !����-"�. � �" %�*," ! !& � ;"��%�* "�9%�;% W%
�!��! �3+!��;! �0 -�". !&% *�!&

x(s)
!&% , �%��  �!%�* ",�! "� + %!W%%� !&% !W"

%�9 * " �!� Q

y(s) = x(s)− x(0)− s (x(1)− x(0)) .
S) ��BT

:�;& @��!%� �� ;". *"�%�!
yα(s)

 � � ;"�! �3"3� -3�;! "� "- !&% ��;#,%�0!&
*���. %!� ��! "� �

s
� W  !& +"3�9��' ;"�9 ! "�� 0 1%� +'

yα(0) = 0
��9

yα(1) =
0

� A- W% 9 �;�%! �% !&% *�!& 3� �0
N + 1

 . �0%� � !&% @��!%� �� ;". *"�%�!
yα

i

+%;". %� � -3�;! "� "- !&% 9 �;�%!%  �9%�
i = 0, . . . , N

� �&% 9%�� ! "� "-
���� ��&� ��
������
�� � ���� �& ��� ������� ��
� ���� � ��
 ���� �
���� *
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%�;& @��!%� �� ;". *"�%�!
yα

i

;�� +% %�!%�9%9 �" !&�! !&% �%�3,! �0 -3�;! "�
 � * %� "9 ; "- * %� "9

2N
S�%% F 03�% ) �CT Q

yα
i =

{

yα
i

 -
i < N

yα
2N−i

 -
N < i < 2N

.
S) ��4T

U� %�*,� �%9  � U ** %�9 � < � %�;& *%� "9 ; -3�;! "�
yα

i

"- * %� "9
2N

�3;&

� �
� �

�
�

E
�

)
C

8

)8

F 03�% ) �C Q $;&%. �! ; �%*�%�%�!�! "� "- !&% *�";%93�% 3�%9 !" %�!%�9 !&%
9%�� ! "� "- � *�!& � �&% �%�3,! �0 -3�;! "�  � * %� "9 ; ��9  � �%�" �!

i = 0
�

i = N
�
i = 2N

�" !&�!  ! ;�� + % W � !!%� �� � �3. "- � �%� "�,'�

!&�!
yα

0 = yα
N = yα

2N

;�� + % W � !!%� �� � �3. "- � �%� "�,' Q

yα
i =

N−1
∑

n=1

ỹα
n sin

(

2πn
i

2N

)

,
S) �)ET
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W &%�% !&% F"3� %� ;". *"�%�!�
ỹα

n

��% 9%��%9 ��

ỹα
n =

1

N

2N−1
∑

i=1

yα
i sin

(

2πn
i

2N

) S) �) �T

=
1

N

[

N−1
∑

i=1

yα
i sin

(

2πn
i

2N

)

−
2N−1
∑

i=N+1

yα
2N−i sin

(

2πn
i

2N

)

]

=
1

N

N−1
∑

i=1

yα
i

[

sin

(

2πn
i

2N

)

− sin

(

2πn
2N − i

2N

)]

=
2

N

N−1
∑

i=1

yα
i sin

(

πn
i

N

)

.

�&%  � ! �, *�!&
xi

� 9 �;�%! �%9 W  !&
N + 1

 . �0%� � ;�� !&3� + % 9%�;� + %9
3� �0 !&% !W" %�9 *" �!� ��9

N − 1
F"3� %� . "9%�

ỹn

Q

xi = x0 +
i

N
(xN − x0) +

N−1
∑

n=1

ỹn sin

(

πn
i

N

)

.
S) �))T

�&% ��. % F"3� %� . "9%� ;�� �,�" + % 3�%9 !" 9%��% !&% !��0%�!

τ i =
1

N
(xN − x0) +

π

N

N−1
∑

n=1

n ỹn cos

(

πn
i

N

)

,
S) �)CT

��9 !&% ;3�1�!3�%

ωi = − π
2

N2

N−1
∑

n=1

n2 ỹn sin

(

πn
i

N

)

.
S) �)(T

�& � F"3� %� �%*�%�%�!�! "�  � *��! ;3,��,' 3�%-3 , + %;�3�%  ! *�"1 9%� ��
�;;3��!% ��9 �!�� 0&!-"�W��9  �!%�* ",�! "� �;&%. % !&�! ;�� +% 3�%9 � 93�#
 �0 !&% "*! .  ��! "� *�";%93�% � !" �%9 �!� +3!% !&%  . �0%� �,"�0 !&% *�!& �
;&��0 �0 !&%  �!%�# . �0% 9 �!��;% � A�9%%9 � !&% ;"��03��! "� "- !&% �'�!%.
;"��%�* "�9 �0 !" �� ��+ !���' 1�,3% "- !&% �%�;! "� ;""�9 ��!%

s ∈ [0, 1]
 �

0 1%� +' Q

x(s) = x0 + s (xN − x0) +

N−1
∑

n=1

ỹn sin (πns) .
S) �)=T

�  1%� !&% F"3� %� . "9%�
ỹn

� %23�! "� S) �)=T ;�� +% 3�%9 !" ;"��!�3;! � �%W
�%*�%�%�!�! "� "- !&% *�!& W &%�% !&%  . �0%� ��% 9 �*"�%9 �� *�%-%��%9 � -"�
 ��!��;% %23 �*�;%9 �
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U *"�� + ,% �91��!�0% "- !& � �**�"�;& ;". *��%9 !" !&�! "- � � : ��9
;"W"�H%��  � !&�! !&% !��0%�!  � "+!� �%9 -�". � 0,"+�, �%*�%�%�!�! "� "- !&%
*�!& � A!  � !&3� �%��"��+,% !" %�*%;! !&% *�"� %;! "� "- !&% "- !&% -"�;%� !"
+ % . "�% �;;3��!% !&�� W  !& !&% ," ;�, 9%�� ! "� "- !&% !��0%�! 0 1%� +' !&%
%23�! "�� 9%�;� + %9  � ) ���C � D "�%"1%� � W  !& � !& � F"3� %� �%*���. %!� ��! "�
�;&%. % �  !  � 23 !% %��' !" ;&��0% !&% �3.+ %� "-  . �0%� �"� !&% �'� 93� �0
!&% "*! .  ��! "� �� �& � �300%�!� !&�!  ! ;�� +% ;"�1%� %�! !" �!��! !&% "*#
! .  ��! "� -�". � *�!& 9%��%9 +' � � �0,%  . �0% S*,3� !&% !W" %�9 *" �!�T �
�99 �0 "!&%�  . �0%� �� �""� �� !&% %��"� 9�"*� 3�9%� � *�%9%��%9 !&�%�&",9 �
�  !& !& � �!��!%0' !&% �3.+%� "- -"�;% %1�,3�! "�� �%%9%9 !" ;"�1%�0% !" !&%
D :a  � ;"�� 9%��+,' �%93;%9 �

� �� �� ���
� �� 	���� �����	� ��
�� �

U � %�*,� �%9 �! !&% + %0 �� �0 "- !& � ;&�*!%� � !&% *�!& "*! .  ��! "� ;��
+ % * %�-"�. %9 3� �0 � �!��9��9 �!%%* %�!#9%�;%�! �,0"� !&. � U . "�% %� ; %�!
. %!&"9  � +��%9 "� !&% 1%," ; !' >%�,%! �,0"� !&. W & ;&  � �"3! �%,' 3�%9
-"� � .3,�! �0 ;,��� ;�, 9'��.  ;� �� U! %�;& ! . % �!%* !&% ;""�9 ��!%� ��9
1%," ; ! %� "- %�;&  . �0% ��% 3*9�!%9 �;;"�9 �0 !" !&% -"�;%� %1�,3�!%9 �!
!&% ;3��%�! ;""�9 ��!%� � -",,"W  �0 !&% 8%W!"� �� %23�! "� "- . "! "� � A� !& �
�%;! "� A �&�,, 3�% � +��#H%! �"!�! "� !" �%*�%�%�! ;"��03��! "� �*�;% 1%;!"�� �
A- !&% H �%! ; %�%�0'  � ;". *,%!%,' �%. "1%9 -�". !&% �'�!%. �! %�;& ! . % �!%*
S!& � ;�� +% 9"�% +' �%!! �0 !&% 1%," ; !' !" �%�"T !&% �,0"� !&. �%93;%� !"
!&% �!%%* %�!#9%�;%�! "*! .  ��! "� � U . "�% %� ; %�! *�";%93�%  � !" H%%* !&%
;". * "�%�! "- !&% 1%," ; !' *���,,%, !" !&% -"�;% �! !&% ;3��%�! �!%* � 3�,%��  !

� �� ���� ��
 �� ����� �� ������� �
 ����"����� �"��� *
� �
 ��� ���� ���% ������ ��������� ��� �����
 �� �������
� �& � ����
 ��� �
�������� ���
���� &����� �
� ����� � ���� �

•
���" � �

x(t + δt) = x(t) + δt ẋ(t) +
δt2

2
ẍ(t)

ẋ(t +
δt

2
) = ẋ(t) +

δt

2
ẍ(t)

•
���" �� �

ẍ(t + δt) = −∇V (x(t + δt))

•
���" ��� �

ẋ(t + δt) = ẋ(t +
δt

2
) +

δt

2
ẍ(t + δt)
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 � * " �! �0  � � 9 �%;! "� "**"� !% !" !&% -"�;%

|ẋi(t)〉 =







|F̂i(t)〉 〈ẋi(t)|F̂i(t)〉
 - 〈ẋi(t)|F̂i(t)〉 > 0

0
 - 〈ẋi(t)|F̂i(t)〉 < 0,

W &%�%
i

 � !&%  . �0%  �9%� ��9 |F̂i(t)〉
 � !&% �"�. �, �%9 -"�;% 1%;!"� � � &%�

!&% �'�!%. "1%��&""!� !&% .  � .3. � !&% 1%," ; !'  � �%�" %9 � U -3�!&%�  . #
*�"1%. %�! "- !& � . %!&"9 ;�� + % �;& %1%9 +' ���3.  �0 !&�! !&% -"�;% 1%;!"�
|Fi(t)〉

 � !&% S.  �3�T 0��9 %�! "- � *"!%�! �, -3�;! "� ��9 %�*," ! �0 !&% -�;!
!&�! � W &%� !&% 1%," ; !'  � �%�" %9 S;��% 〈ẋi(t)|F̂i(t)〉 < 0

T � � �""! "- !&% -"�;%
1%;!"� S〈F̂ |F̂ 〉 = 0

T �&"3,9 %�  �!� + %!W%%� |xi(t−δt)〉
��9 |xi(t)〉

� �&% �%�!  �#
!%0��! "� �!%* ;�� !&3� + % * %�-"�. %9 3� �0 �� �"*! . �,� ! . %#�!%* � "+!� �%9
%�! . �! �0 !&% ," ;�, R%�� �� . �!� � � /%! �� 9%��% !&% -",,"W  �0 1%;!"�� S!&%
 . �0%  �9%�  � 3�9%��!""9T Q

|g(t)〉 = −|F (t)〉 S) �)IT
|y(t)〉 = (|g(t)〉 − |g(t− δt)〉)
|s(t)〉 = (|x(t)〉 − |x(t− δt)〉).

�&% ,";�, ;3�1�!3�% "- !&% *"!%�! �, %�%�0' �3�-�;% �,"�0 !&% |y(t)〉 9 �%;! "�
 � !&3� �**�"�  . �! 1%,' 0 1%� +' Q

ω =

√

〈y(t)|s(t)〉
〈s(t)|s(t)〉 ,

S) �)?T

��9 !&% �**�"�  . �!%  �1%��% R%�� �� . �!� �  � 0 1%� +' Q

H−1 ' ω−2 |s(t)〉〈s(t)|
〈s(t)|s(t)〉 .

S) �)BT

A� !& � �**�"�  . �! "� !&% .  � .3.  � �3**"�%9 !" + % -"3�9  � Q

|xmin〉 ' |x(t)〉 −H−1|g(t)〉 S) �)4T

' |x(t)〉 − ω−2 |s(t)〉〈s(t)|
〈s(t)|s(t)〉 |g(t)〉

' |x(t)〉 − |s(t)〉〈s(t)|〈y(t)|s(t)〉 |g(t)〉.

$ �;% |ẋ(t)〉 = 0
� -�". !&% 1%," ; !' >%�,%! �,0"� !&. W% &�1% !&�! Q

|x(t+ δt)〉 = |x(t)〉+ 1

2
δt2 |F (t)〉. S) �CET
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$%!! �0
δt = 1

� !&% + %�! �**�"�  . �! "� -"� !&% .  � .3. *"� ! "�  � "+!� �%9
+' 3� �0 !&% -",,"W  �0 -"�;% 1%;!"� Q

|F best(t)〉 = 2
|s(t)〉〈s(t)|
〈y(t)|s(t)〉 |g(t)〉.

S) �C �T

U ,, !&%�% �**�"�  . �! "�� ��% �%��"��+,% *�"1 9%9 !&�! !&% -"�;% 1%;!"� |F (t)〉 � !&% S.  �3�T 0��9 %�! "- � *"!%�! �, � A� !&% ;��% "- *�!& "*! .  ��! "�� !& �  �
�"! !�3% � U �'W�'�  � !&% �3!&"� �� %�* %� %�;% !& � �;&%. % � �%-%��%9 �� ��. ��!#
�!%*� � &�� "-!%� + %%� �+,% !" �* %%9#3* !&% ;"�1%�0%�;% "- !&% ;&� � "-  . �0%�
!" !&% D :a S�%% ��+,% ) ��T �

�&% "*! .  ��! "� *�";%93�% 9%* ;!%9 �+ "1%  � * %�-"�. %9 "� �,, !&%  . �0%�
�%*���!%,'� b3� �0 !&% � ��! �!�0%� "- !&% "*! .  ��! "�  ! "-!%� &�**%�� !&�!
!&% -"�;% �;! �0 "� � 0 1%�  . �0%  � .3;& ,��0%� !&�! !&% -"�;%� �;! �0 "�
�,, !&% "!&%�� � A� !& � ;��%  !  � W"�!& "*! .  � �0 "�,' !&"�%  . �0%� W  !&
!&% ,��0%� -"�;% � H%%* �0 !&% "!&%�� -�"�%� � U -!%� �". % !%�!� A &�1% �%�, �%9
!&�!  !  � ;"�1%� %�! !" H%%* -�"�%� � 0 1%�  . �0% W &%�%1%� |F (xi)|

 � �. �,,%�
!&�� &�,- "- !&% ,��0%�! "�% � |F |max

� U � �&"W �  � ��+,% ) �� � !& � *�";%93�% �
�%-%��%9 !" �� �-�%%� �0� � * %�.  !� � ;"�� 9%��+,% ��1  �0  � !&% �3.+%� "- -"�;%
%1�,3�! "�� �%%9%9 !" ;"�1%�0% ��9 � �! !&% ��. % ! . % � . �H%� !&% "*! .  ��! "�
*�";%93�% .3;& . "�% �"+3�! �

D %!&"9 8 � "- -"�;% %1�,3�! "��
*,� � 8 :< ()I
*,3� �-�%%�  �0� )==
*,3� ��. ��!#�!%*� )((
*,3� �F"3� %� *���. %!� ��! "�� ))�

��+,% ) ��Q @". *���! 1% "- !&% �3.+ %� "- -"�;% %1�,3�! "�� �%%9%9 !"  9%�! -'
!&% D :a "� !&% !W" 9 . %�� "��, D 3%,,%� a:$ � �&% *�!&  � 9%�;� + %9 +'
� ;&� � "- �E  . �0%� ��9 !&% 23 ;H#.  � �,0"� !&.  � 3�%9 � �&% ;&� �  �
"*! .  �%9 3�! , !&% -"�;% �;! �0 "� %�;&  . �0%  � �. �,,%� !&�� E �E ��

� �� ������ ������	�

�&% 8 :< ��9 !&% �!� �0 . %!&"9� � �� "3!, �%9  � !&% *�%1 "3� �%;! "�� � &�1%
+ %%�  . *,%. %�!%9 +' !&% �3!&"�  � !&% "*%�#�"3�;% G3��!3. #:$aV :$$ 
*�;H�0% ��?� � A� !& �  . *,%. %�!�! "� !&% *�!& "*! .  ��! "�  � * %�-"�. %9 "�
!&% %,%;!�"� ; 0�"3�9 �!�!% S!&% <"��# **%�&% . %� �3�-�;%T � �" !&�! � -3,,
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�%,-#;"�� �!%�;'  � �%23 �%9 -"� %�;&  . �0% �! %�;& �!%* � �& �  � +' -�� !&%
. "�! 9%. ��9 �0 *��! "- !&% W &",% ;�,;3,�! "� �  � !%�. � "- +"!& . %. "�' ��9
;*3 ! . % � �&% "*! .  ��! "� �;&%. % "3!, �%9 �+"1% * %�.  !� � 1%�' %� ; %�!
*���,,%, ��! "�  � W & ;& 9 � %�%�! *"",� "- ;*3� W"�H "� 9 �%�%�!  . �0%� � !&%
;". .3� ;�! "� + %!W%%� *"",�  � �%0, 0 + ,% � �&% ,"�9 +�,��; �0  � "*! .  �%9
+' �9"*! �0 !&% �!��!%0' 9%* ;!%9  � F 03�% ) �( � W &%�% � �� �� %��. *,% � )
*"",� S* "", � ��9 *"", )T ��% 3�%9 "� � *�!& 9 �;�%! �%9 +' 8  . �0%� � a"", �
�!��!� W"�H �0 "�  . �0% � ��9 * "", ) "�  . �0% ) � �&% ���! *"", !&�! �%�;&%�
!&% �%,-#;"�� �!%�;' �!��!� W"�H �0 "�  . �0% C � ;". .3� ;�! �0 !" !&% "!&%�
"�% !&�! !&% �%�!  . �0% �1� ,�+,%  � ( � F"� *��! ;3,�� �'�!%. � �  ! . �' ";;3�
!&�! !&% �%,-#;"�� �!%�;' "�  . �0% ) !�H%� �" ,"�0 !" + % ;". *,%!%9 !&�! �,,
!&% "!&%�  . �0%� ��% 9"�% +' * "", ��

F 03�% ) �( Q a���,,%, ��! "� �;&%. % 3�%9 -"� 8 :< ;�,;3,�! "�� � R%�%  !  �
���3. %9 !&�! ) * "",� S*"", � ��9 *"", ) T ��% 3�%9 "� � *�!& 9 �;�%! �%9 +'
8  . �0%� � a"", � �!��!� W"�H �0 "�  . �0% � ��9 *"", ) "�  . �0% ) � �&%
���! * "", !&�! �%�;&%� !&% �%,-#;"�� �!%�;' S* "", �T �!��!� W"�H �0 "�  . �0%
C � ��9 �" "� �

U � .  ,��  . *,%. %�!�! "� "- 8:< &�� �,�" + %%�  �;,39%9  � 08 :< ��B� �
� �!��9#�,"�% *�"0��. !&�! ;�� +% %�� ,'  �!%�-�;%9 !" "!&%� . ",%;3,�� . "9#
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%,, �0 ;"9%� �  �9%* %�9%�!,' "- !&% �**�"�;& 3�%9 !" ;". *3!% !&% -"�;%� � U!
*�%�%�! 08 :< &�� + %%�  �!%�-�;%9 !" !&% @��#a��� �%,," @aD b ;"9% ��4�
��9 !" � ;,��� ;�, . ",%;3,�� 9'��.  ;� ;"9% � 9%1%,"* %9 +' !&% �3!&"� � W & ;&
 . *,%. %�!� !&% %�!%�9%9 <�%��%� *"!%�! �, �)E� �

U ,, !&%�% ;". *3!�! "��, !"",� &�1% + %%� 3�%9 +' !&% �3!&"� �  � ;",,�+"#
��! "� W  !& "!&%�� � !"  �1%�! 0�!% !&% H �%! ;� "- 9 �%�%�! ;&%.  ;�, �%�;! "��
" ;;3�� �0 �! �3�-�;%� "- �%.  ;"�93;!"�� ��9 !���� ! "� . %!�,� � A� !&% -",,"W#
 �0 ;&�*!%�� A �&�,, *�%�%�!  � 9%!� , !&�%% W"�H� �%,%;!%9 �� �%*�%�%�!�! 1% "-
9 �%�%�! W�'� "- 3� �0 !&% . %!&"9","0' 9%�;� + %9 &%�% � U �&"�! 9%�;� *! "�
"- �,, !&% W"�H� � !&�! A &�1% ;"�!� +3!%9 �  � W & ;& !&%  . *,%. %�!�! "�� "-
8 :< &�1% +%%� 3�%9  � *�%�%�!%9  � @&�*!%� I �
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A� �%;%�! '%��� !&%  �!%��;! "� "- &'9�";��+ "�� W  !& � , ;"� �3�-�;%� &��
+ %;". % !&% �3+� %;! "- . ��' %�*%� . %�!�, ��9 !&%"�%! ;�, �!39 %� 93% !"  !�
-3�9�. %�!�, ��9 !%;&�","0 ;�, �%,%1��;% � �&% ,��0%�! �. "3�! "- !&%"�%! ;�,
��9 %�* %� . %�!�, W"�H &�� + %%� 9%1"!%9 !" !&% �!39' "- !&% 0�"W!& "- � , ;"�
;��+ 9% S$ @ T � ,. � "� !&% $ S�EET �3�-�;% � 8%1%�!&%,%�� � � �3.+%� "- %�*%�#
 . %�!�, ��9 !&%"�%! ;�, *�*%�� �%;%�!,' �** %��%9 �)) � )C � )( � 9 �;3�� �0 !&%
 �!%��;! "� "- � . *,% 3���!3��!%9 "�0�� ; . ",%;3,%� � , H% �;%!',%�% � W  !& !&%
$ S���T# S?×?T �3�-�;% �� *"�� + ,% �"3!%� -"� !&% ,"W#!%. * %��!3�% *�"93;! "�
"- $ @ � ,. � �

�&% � ��! *�"*"��, -"� � ;&%.  �"�+ %9 �!�!% "- �;%!',%�% "� $ S���T# S?×?T
W�� . �9% +' �"�& �"+3 ��9 ;"#W"�H%�� �)=� � +��%9 "� & 0&#�%�",3! "� %,%;#
!�"� %�%�0' ,"�� �* %;!�"�;"*' %�*%� . %�!� * %�-"�. %9 �! �"". !%. *%��!3�% �
�&%' -"3�9 !&�! �! �3;& !%. * %��!3�% �;%!',%�%  � *�%9".  ���!,' �9�"�+ %9
�"�#9 ��" ; �! 1%,'� ��9  !� + "�9 �0 W  !& !&% $ �3+�!��!% �%�3,!�  � � �!�!%
"- &'+� 9 ��! "�  �!%�. %9 �!% + %!W%%�

sp2 ��9
sp3 � U� �9�"�+ %9 �!�3;!3�%

W�� *�"* "�%9  � W & ;& �;%!',%�%  � 9 #
σ

+ "�9%9 !" !&% $ �3�-�;% � +� 90 �0
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�9� �;%�! �9�!". ��%�!�!". 9��0, �0 +"�9� S�+� 90%� �!�3;!3�%T �
D "�% �%;%�!,'� !&% %,%;!�"� ; �!�3;!3�% ��9 +"�9 �0 0%". %!�' "- �;%!'#

,%�% �9�"�+ %9 �! �"". !%. * %��!3�% "� !&% $ S���T# S?×?T �3�-�;% W�� �!39 %9
+' � ;".+ ��! "� "- �'�;&�"!�"� ��9 �! "� � #��' *&"!"%.  �� "� �* %;!�"�;"*'
��9 "- �%��#%90% � #��' �+�"�*! "� ��% �!�3;!3�% �* %;!�"�;"*' �))� � �&% �* %;#
!�"�;"* ; 9�!� ;"���. %9 !&�! !&% . ",%;3,% ;&%.  �"�+� �"� 9 ��"; �! 1%,'�
W  !& ;"��* ;3"3� ;&��0%�  �  !� %,%;!�"� ; �!�3;!3�% ��9  � !&% � , ;"� �3�-�;%
�!�!%� � �& � %1 9%�;% �0� � �3**"�!� � 9 #

σ
�+� 90%� ;"��03��! "� + %!W%%�

�9�!". ��%�!�!". *� �� � U 23��! !�! 1% %�! . �!% "- !&% S*�%�3. �+,' �. �,,T
! ,! ��0,% "- !&% �9�"�+ %9 . ",%;3,% W  !& �%�* %;! !" !&% �3�-�;% *,��% W�� �"!
* "�� + ,% �

�&% �"". !%. *%��!3�% �9�"�*! "� ��9 !&% !&%�. �, �%�;! "� "- �;%!'#
,%�% "� !&% $ S���T# S?×?T �3�-�;% &�� + %%� ,�!%�  �1%�! 0�!%9 +' . %��� "-
3,!��1 ",%!#*&"!" %.  �� "� �* %;!�"�;"*' ��9 & 0&#�%�",3! "� %,%;!�"�#%�%�0'#
,"�� �* %;!�"�;"*' SRV ::/$T �)C� � �&% %1",3! "� "- !&% �%�!�!".� ��9
�9�!".� �%,�!%9 %,%;!�"� ; �!�!%� �� � -3�;! "� "- �;%!',%�% %�* "�3�% W��
-"3�9 !" +% W%,, 9%�;� + %9 +' � . "9 �%9 9 #

σ
+ "�9 �0 . "9%, �  � �0�%%. %�!

W  !& *�%1 "3� . %��3�%. %�!� �))� � F"� & 0&%� %�*"�3�% � &"W%1%� � W &%� �,,
!&% �%�!�!". 9��0, �0 + "�9� ��% ��!3��!%9 +' 9 #

σ
+ "�9%9 . ",%;3,%� � !&%

�9�"�*! "� *�" ;%�� ;�� ;"�! �3% !&�"30& ��!3��! "� "- !&% �%. � � �0 �9�#
!". � � W & ;& ��% !W  ;% �� !&% �3.+ %� "- �%�!�!". � � A� !& � �%W *&��% "- !&%
�9�"�+ %9 �;%!',%�% � � �3+�!��! �, . ",%;3,�� ! ,! �0  �  �-%��%9 �)C� � ,%�9 �0
!" !&% �* %;3,�! "� !&�! � �1%�! ;�,� ;"��03��! "� "- !&% �9�"�+ %9 . ",%;3,%  �
�,�" *�%�%�! � 8" .  ;�"�;"* ; . "9%, -"� �3;& � �!�!% � &"W%1%� � %�  �!� �

8"! �3�*� � �0,'� 0 1%� !&% ;". *,%�  !' "- !&% $ S���T# S?×?T �3�-�;% � !&%#
"�%! ;�, ;�,;3,�! "�� "- . ",%;3,% �9�"�*! "� "� !& � �3�-�;% ��% �;��;% � "-!%�
+��%9 "� � . *, �%9 . "9%,� "- !&% �;!3�, �3�-�;% �!�3;!3�% � b F� ;�,;3,�#
! "�� "- !&%  �!%��;! "� "- 3���!3��!%9 &'9�" ;��+"�� W  !& !&% $ S���T# S?×?T
�3�-�;% &�1% + %%� �%;%�!,' �%*"�!%9 � +��%9 "� � ;,3�!%� . "9%, "- !&% S?×?T
�3�-�;% �)( � � �&% +�� ; . %;&�� �. 3�9%�,'  �0 !&% ;&%.  �"�*! "� "- �;%!',%�%
 � -"3�9 !" +% � ;';,"�99 ! "� �%�;! "� +%!W%%� !&% @#@ +"�9 "- !&% . ",%;3,%
��9 �� �9�!". ��%�!�!". 9��0, �0 + "�9 *� � � A!  � -"3�9 &"W%1%� !&�! !&%
�9�"�*! "� "- �;%!',%�% "� !&% $ S���T �3�-�;% -",,"W � � �!%*W  �% � 9 ��9 ;�,
*�!&W�'� �&% ��!%#9%!%�.  � �0 �!%*  � !&% ���! "�% � ���� !&% -"�. �! "� "- �
� �0,%!#9 ��9 ;�,  �!%�. %9 �!% � W  !& �� "1%��,, +��� %� &% 0&! "- E ��I %> -"� !&%
;". *,%!% ;&%.  �"�*! "� �%�;! "� -�". !&% 3�+"3�9 . ",%;3,%  � !&% 1 ; � !'
"- !&% �3�-�;% !" !&% ,"W%�!#%�%�0' �+� 90%� �!�3;!3�% � U � W% 9%. "��!��!%
 � !&% -",,"W  �0 � !&% �%�3,!� "- V%- � �)( � ��% &"W%1%� + ��%9 +' �*3� "3� %-#
-%;!� 93% !" !&% ;,3�!%� 0%". %!�' 3�%9  � !&% ;�,;3,�! "�� � W & ;&  �93;%� ��
3��%�, �! ; �3�-�;% 9 �!"�! "�  � !&% -"�. �! "� "- !&% �+� 90%� �!�3;!3�% �

A� !&% -",,"W  �0 �%;! "�� W% �&�,, *�%�%�! � 9%!� ,%9 �!39' "- !&%  �!%��;#
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! "� +%!W%%� !&% $ S���T# S?×?T �3�-�;% ��9 �;%!',%�% +' 3� �0 + "!& �� �� ����

��9 �%.  #%. * � ;�, . %!&"9� � W &%�% !&% �3�-�;%  � . "9%,,%9 +' . %��� "- * %� #
"9 ;�,,' �%* %�!%9 �,�+� � �" ;"�� �. !&% *�%, .  ���' *�"* "��, �300%�!%9  � �
*�%1 "3� �!39' "� !&% ��. % !"* ; �)I� � W% * %�-"�. �;;3��!% �� �� ���� ;�,;3,�#
! "�� -"� !&% ;&%.  �"�*! "� "- @

2R2
"� � . "9%, $ S���T �3�-�;% �  3� �� �� ����

 �1%�! 0�! "�  � *�%;%9%9 ��9 ;". *,%. %�!%9 +' � !&"�"30& ���,'� � "- !&%
;"��03��! "� �*�;% -"� !&% �9�"�+ %9 . ",%;3,% 1  � %. * � ;�, � .3,�! "�� "� �
-3,, S?×?T �3�-�;% � �& � �,,"W � 3� !"  9%�! -' !&% . "�! �%,%1��! ;&%.  �"�*! "�
� !%� ��9 �,�" !" 9%�;� + % !&% *"�� + ,% *�!&� -"� . ",%;3,�� �9�"�*! "� �

� �� �
�	������ � � 	�� �

U;;"�9 �0 !" !&% W  9%,' �;;%*!%9 . "9%, "- !&% S?×?T �%;"��!�3;! "� "- !&%
$ S���T �3�-�;% � !&%�% ��% �4 9��0, �0 + "�9� * %� S?×?T ;%,, Q �. "�0 !&%�% � �)
+%,"�0 !" !&% �9�!". � � I !" !&% �%�!�!". � S �% � !&% �3�-�;% $ �!". � �"! ��!3#
��!%9 +' !&% �9�!". �T ��9 � !" !&% $ �!". �! !&% + "!!". "- %�;& ;"��%� &",%
�)?� � b3% !" !&% 1%�' ;". *,%� �%;"��!�3;! "� "- !& � �3�-�;% � �%1%��, �9�"�*#
! "� � !%� ��% !&3� *"�� +,% %1%� -"� �%,�! 1%,' � . *,% . ",%;3,%� , H% @

2R2
�

��9 . ��' �%�;! "� *�!&� . �' ";;3� ,%�9 �0 !" . ",%;3,�� 9 ��" ; �! "� ��9
%1%�!3�,,' !"  �;"�* "��! "� "- !&% 9 ��" ; �!%9 @ �!". �  �!" !&% $ �3+�!��!% �

A

B
O

F 03�% C ��Q �"* 1 %W "- !&% $ S���T# S?×?T �%;"��!�3;!%9 �3�-�;% � U �%;!��03#
,�� ;3! "- !&% �3�-�;% � ;"�!� � �0 ) 3� ! ;%,,�  � �&"W � � �&% ,�+ %,�  �9 ;�!% !&%
� !%� ;"�� 9%�%9 -"� !&% �9�"�*! "� "- � � �0,% @

2R2
. ",%;3,% � �&% 9��&%9

, �%� �%*�%�%�! !&% S)×)T ;3!  �1%�! 0�!%9 +' �� �� ���� ;�,;3,�! "�� � b��H
'%,,"W +�,,�  �9 ;�!% !&% �3�-�;% �9�!". � �
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adatomrestatom

F 03�% C �) Q �"* 1  %W "- !&% $ S���T# S)×)T �3�-�;% 3�%9  � !&% �� �� ���� ;�,#
;3,�! "�� � W  !& !&% �9�!". ��%�!�!". ;"3*,% & 0&, !%9 �

�&% S?×?T 3� ! ;%,,  � !"" 9%. ��9 �0 !" + % 3�%9  � � -3,, �� �� ���� � . #
3,�! "� !&�!  �;,39%� �,�" "�0�� ; . ",%;3,%� � R"W%1%� �� �� ���� ;�,;3,�! "��
��% �! ,, -%�� +,% -"� � �. �,,%� �'�!%. � �% &�1% 3�%9 S)×)T �3* %�;%,, W  !& �
$ �9�!".  � !&% ��(� � !% � !&�! .  .  ;� !&% . "�! �%,%1��! *��! "- !&% "� 0 #
��, S?×?T �%;"��!�3;! "� � ���� !&% �9�!". ��%�!�!". *� � �)I� � A� F 03�% C ��
W% �&"W � !"* 1 %W "- !&% $ S���T# S?×?T �3�-�;% Q !&% 9��&%9 ;%,, �%*�%�%�!�
!&% S)×)T * "�! "� ;"�� 9%�%9  � "3� �� �� ���� ;�,;3,�! "�� � �& � ;%,,  � �,�"
�&"W �  � ��%� 9%!� ,  � F 03�% C �) � W &%�% !&% �9�!". ��%�!�!". ;"3*,%  �
&  0&, 0&!%9 � A� !&% ;&"�%� S)×)T 3� ! ;%,, W%  �;,39%9 � � 9"3+,%#,�'%�� *,3�
� 1�;33. �%0 "� � �) � W  9% � �%*���! �0 !&% �%* %�!%9  . �0%� "- !&% �,�+ Q
!&% + "!!". ,�'%� 9��0, �0 +"�9� ��% ��!3��!%9 W  !& &'9�"0%� �!". � � �&%
= !"* 9"3+,% ,�'%�� ��% �,,"W%9 !" �%,�� � <� ,,"3 � 
"�% S<
 T  �!%0��! "�
 � * %�-"�. %9 3� �0 � S)×)×�T D "�H&"��!#a�;H . %�& � �% ��9 !&�!  � !&%
S)×)T ;%,, !&% %23 , +� 3. �9�!". ��%�!�!". 9 �!��;%  �

4.57
� S;". *��%9

!" !&% /bU 1�,3% "-
4.48

� "+!� �%9 -"� !&% S?×?T �%;"��!�3;! "� �)?�T ��9
!&% 9 �!��;% + %!W%%� � .  ,�� �9�!". � !%�  � �,�"  � ;,"�% �0�%%. %�! W  !&
!&% "� 0 ��, 1�,3% 0 1%� -"� !&% S?×?T �3�-�;% � �;%  ! ;"��%�*"�9� !" !&% ;%,,
*���. %!%� "- !&% $ S���T# S)×)T � �&% 9 �!��;% + %!W%%� !&% �9�!". ��9 !&%
;"��%�* "�9 �0 �!". "- !&% �%;"�9 ,�'%� S"� !&% 1%�! ;�, "- !&% �9�!". T  �
) �(( � �  � �0�%%. %�! W  !& !&% 1�,3% ) �(E � "+!� �%9 W  !& � /bU -"� !&%
S?×?T �%;"��!�3;! "� �)?� � U ,, !&% 9%!� ,� "- "3� �� �� ���� ;�,;3,�! "�� ��%
�%*"�!%9  � U**%�9 � U �

A� "�9%� !" "+!� � � . "�% ;". *,%!% �;%��� " "- ;&%.  �"�*! "� 0%". %!� %�
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-"� !&% @
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. ",%;3,% � W% &�1% �,�" * %�-"�. %9 �%.  #%. * � ;�, ;�,;3,�! "��
"� � �,�+ ;"�!� � �0 !W" S?×?T 3� ! ;%,,� S�%% F 03�% C ��T ��9 ? $ 9"3+,%#
,�'%�� S-"� � !"!�, "- �CBE $ �!". �T � !&% + "!!". 9"3+,%#,�'%� + % �0 H%*! �� %9
 � !&% +3,H * "� ! "�� � �% &�1% 3�%9 !&% %�!%�9%9 <�%��%� S�< T %. * � ;�,
*"!%�! �, -"� ;��+ "�#&'9�"0%�#� , ;"� �'�!%. � �)B� � !&�! !�H%�  �!" �;;"3�! !&%
;&%.  ;�, %�1 �"�. %�! "- !&% �!". � �� W%,, �� !&% � 0%". %!� ;�, �%,�! "��& *�
W  !& "�% ��"!&%� � A� *��! ;3,�� � !& � * "!%�! �,  � �+,% !" 9%�;� + %  . *"�!��!
��* %;!� "- ;��+ "� ;&%.  �!�'� �3;& �� �+ "�9 ;"��30�! "�� ��9 �+ "�9 "�9%�� �
D "�%"1%� � 3�, H% !��9 ! "��, . ",%;3,�� . %;&�� ;� -"�;% �%,9� � !& � * "!%�! �,  �
�+,% !" 9%�;� + % *�";%��%�  �1",1  �0 + "�9 +�%�H �0 ��9 -"�.  �0 S �% � ;&%.  ;�,
�%�;! "��T � �% 3�%9 &%�% � �%;%�!,' *�"* "�%9 1�� ��! "- !&% �< *"!%�! �, �)E� �
W & ;& W% -"3�9 !" +%!!%� 9%�;� + % !&% �9�"�*! "� ��9 ;&%.  ;�, �%�;! "�� "-
"�0�� ; . ",%;3,%� "� $ �3�-�;%� � $%.  #%. * � ;�, *"!%�! �,� &�1% + %%� 3�%9
 � !&% *��! !" ;". *3!% !&% *�"* %�! %� "- !&% $ S���T# S?×?T �3�-�;% �)B � )4� Q
!&% �%�3,!� W%�% -"3�9 !" �%*�"93;% !&% �!�+ , !' "- !& � �%;"��!�3;! "� ��9
!" *�"1  9% � 23�, !�! 1%,' 0""9 9%�;� *! "� "- ;&%.  �"�*! "� ;"��03��! "��
"- � . *,% . ",%;3,%� �

� �� ��� �
��� ����� � �� �������	�� � �
�� ��	����	�
����� 	 � �

2� 2
	� �� �����
 ��×��

�&% $ S���T# S?×?T �3�-�;% *�%�%�!� � �3.+%� "-  �%23 1�,%�! �9�!". ��%�!�!".
*� �� S+ "!&  � !&% -�3,!%9 ��9 3�-�3,!%9 &�,1%�T � �% !&3� %�*," !%9 !&% "*#
! .  �%9 �%.  #%. * � ;�, *"!%�! �, "3!, �%9  � !&% *�%1 "3� �%;! "� � ��9 3�%9
 � �%;%�! W"�H� �)E� !" �!39' !&% ;&%.  �"�*! "� "- "�0�� ; . ",%;3,%� "� !&%
$ S�EET �3�-�;% Q !&% 3�% "- !&% �%.  #%. * � ;�, *"!%�! �, �,,"W%9 3� !" � .3,�!%
!&% ;". *,%!% S?×?T �%;"��!�3;!%9 ;%,, � @&%.  �"�*! "� � !%� W%�%  9%�! �%9
3� �0 !&% 9�. * %9#9'��.  ;� �,0"� !&. � A� !& � �%;! "� W% 9%�;� + % !&% �%! "-
�%.  #%. * � ;�, ;�,;3,�! "�� ;��� %9 "3! "� !&% $ S���T# S?×?T �3�-�;% � W &%�%��
!&% �� �� ���� �%�3,!� ��% �%*"�!%9  � !&% �%�! �%;! "� �

 3� ;�,;3,�! "�� +��%9 "� !&% �%.  #%. * � ;�, *"!%�! �, *�%9 ;! 9 � %�%�;%�
 � !&% �;%!',%�% + �9 �0 %�%�0 %� "- E ��#E �) %> �! . "�! "� � .  ,�� � !%� "- !&%
-�3,!%9 ��9 3�-�3,!%9 &�,1%� "- !&%

(7 × 7)
;%,, � �%�* %;! 1%,' S!&% � !%� "�

!&% -�3,!%9 &�,- + % �0 �,W�'� %�%�0%! ;�,,' -�1"3�%9T � �&3� W% W  ,, ;"�� 9%�
&%�%�-!%� "�,' ;&%.  �"�*! "� "- �;%!',%�% "� !&% -�3,!%9 &�,- "- !&% S?×?T
�3�-�;% � �% &�1% ;". *��%9 ;&%.  �"�*! "� 0%". %!� %� ��9 + �9 �0 %�%�0 %�
-"� ;"��03��! "�� W &%�% !&% @

2R2
. ",%;3,%� ;&%.  �"�+  � � �+� 90%�#, H% �!�!%

W &%�% !&% @ �!". �  � !&% . ",%;3,% ��!3��!% !&% 9��0, �0 +"�9� "- �� �9� �;%�!
�9�!". ��%�!�!". *� � S �% �  � !&% 9 #

σ
+"�9%9 ;"��03��! "� �300%�!%9 +'
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!&% %�*%� . %�!�, �%�3,!� *�%1 "3�,' 9%�;� + %9T � �% 9 �! �03 �& + %!W%%� !W"
* "�� + ,% �3;& �!�!%� �  �% � �+� 90%� ��9 �+�"H%�#+� 90%� ;"��03��! "�� Q W & ,%  �
!&% -"�. %� !&% $ �9�!". . � �!� ��  !� +"�9 �0 �!�3;!3�% W  !& !&% 3�9%�,'  �0
$ �!". � �  � !&% ,�!!%� "�% "- !&% �9�!".#�3+�!��!% +"�9�  � +�"H%� 3*"�
;&%.  �"�*! "� � �% ;"�� 9%� �%1%��, �+� 90%�#, H% �!�3;!3�%� �  �% � W &%�% !&%
�;%!' ,%�% . ",%;3,%  � + "�9%9 !" !&% �9�!". ��%�!�!". ;"3*,%�  � !&% �"�#
%23 1�,%�! �U � � � � ��9 �< � � !%� S�%% F 03�% C ��T � �&% �%�3,! �0 + �9 �0
%�%�0 %� S�%% ��+,% C ��T "� !&% U � !%� ��% ∼ 0.4

%> & 0&%� !&�� !&"�% "� !&%
< "�%� � !&%  � !%� &�1  �0 �". %W &�!  �!%�. %9 �!% 1�,3%� Q  � �,, !&% ;��%� �
&"W%1%� � !&% �+�"H%�#+� 90%� ;"��03��! "�� ��% �,W�'� -�1"3�%9 W  !& �%�* %;!
!" !&% ;"��%�* "�9 �0 �+� 90%� "�%� � A� "�9%� !" ;". *��% "3� �%.  #%. * � ;�,
�%�3,!� W  !& !&% . "�% �;;3��!% �� �� ���� �%�3,!� �%* "�!%9  � !&% �%�! �%;! "� �
W & ;& ��% * %�-"�. %9  � � S)×)T �3*%�;%,, � W% &�1% �,�" ;�,;3,�!%9 !&% + �9 �0
%�%�0 %� -"� !&% �+�"H%�#+� 90%� ;"��03��! "� ;". *3!%9 "� !&% ��. % S)×)T
;%,, 3�%9  � !&% �� �� ���� ;�,;3,�! "�� � +' 3� �0 !&% �%.  #%. * � ;�, *"!%�! �,
S�%% ��+,% �T � U ;". *�� �"� W  !& !&% �%�3,! �0 + �9 �0 %�%�0 %� -"� !&% ��. %
;"��03��! "�� "� !&% $ S���T# S?×?T �3�-�;% �&"W � !&�! !&% 1�,3% "+!� �%9
W  !& !&% S)×)T ;%,,  � �"30&,' %23�, !" !&% �1%��0% 1�,3% "- !&% + �9 �0
%�%�0 %� "� !&% !&�%% �"�#%23 1�,%�! U �  ��9 < � !%� "� !&% -3,, $ S���T#
S?×?T �3�-�;% S!&% �1%��0%  �

3.93
%> T� �& � �%�3,! �3**"�!� !&% %�* %;!�! "�

!&�! !&% �. �,,%� S)×)T ;%,, �%*�%�%�!� � �%��"��+,% . "9%, -"� !&% -3,, $ S���T#
S?×?T �3�-�;% �

A� �0�%%. %�! W  !& *�%1 "3� �� �� ���� �!39 %� �)I� � !&% *�%�%�! ;�,;3,�! "��
+��%9 "� !&% �%.  #%. * � ;�, �< *"!%�! �, ;"�� �. !&�! !&% �+�"H%�#+� 90%�
�!�3;!3�% �&"W �  � F 03�% C �C  �  �9%%9 !&% . "�! �!�+,% ;&%.  �"�*! "� ;"��0#
3��! "� "- �;%!',%�% "� $ S���T Q !&% 0%". %!�'  � ;&���;!%� �%9 +' � + �9 �0
%�%�0'  � !&% ���0%

[3.70 ÷ 4.15]
%> S9%*%�9 �0 "� !&% ;&%.  �"�*! "� � !% �

�%% ��+,% C ��T ��9 +' � @#@ 9 �!��;% "-
1.31

� � U �+� 90%� ;"��03��! "� S �% �
W &%�% !&% �9�!". . � �!� ��  !� +�;H+"�9�  �!�;!T � �&"W �  � F 03�% SC �(T �  �
�,�"  9%�! �%9 �� �� %23 , +� 3. �!�!% � W  !& � + �9 �0 %�%�0'  � !&% ���0%
[3.36÷3.77]

%> S����∼ 0.4
%> ,"W%� !&�� !&�! "- !&% �+�"H%�#+� 90%� "�%T ��9

� ;��+"���9�!". 9 �!��;%  �;�%��%9 +' ∼ 4%
W  !& �%�* %;! !" !&% �+�"H%�#

+� 90%� � �300%�! �0 !&�! !& � ;"��03��! "�  �93;%� � ;"�� 9%��+,% �!�%�� "�
!&% �3�-�;% � D "�%"1%� !&% �9�!". ��3�-�;% 9 �!��;%  �  �;�%��%9 +'

3%
W  !&

�%�* %;! !" !&% ;,%�� �3�-�;% �  �9 ;�! �0 �". % �!�%!;& �0 "- !&% �9�!". +�;H#
+ "�9� �� W%,, Q -�". !&% �+"1% �%�3,!� "�% ;"3,9 %�1  ��0% !&% * "�� +  , !' "- �
-�; ,% �+� 90%� !" �+�"H%�#+� 90%� ;"�1%�� "� � A�9%%9 � "3� �� �� ���� ;�,;3,�#
! "�� �%* "�!%9 +%,"W 9" �"! %1%� *�%9 ;! !&% �!�+ , !' "- � �+� 90%� �!�3;!3�% �
0 1  �0  ��!%�9 !&% �+�"H%�#+� 90%� "�% �� !&% "�,' �!�+,% ;"��03��! "� +� 90#
 �0 �� �9�!". ��%�!�!". *� � �

U 9 �! �;! 1% -%�!3�% "- !&% $ S���T# S?×?T �3�-�;%  � !&% *�%�%�;% "- 4 �"�#
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@"��03��! "� + �9 �0 %�%�0' S%> T
�+� 90%� U C �??

�+�"H%�#+� 90%� U ( ��=
�+� 90%�  C �=C

�+�"H%�#+� 90%�  C �4C
�+� 90%� < C �CI

�+�"H%�#+� 90%� < C �?E
�+�"H%�#9 . %�� ) �EB

�!"*� U ��E4
�!"* +�"H%�#�9�!". � U ��?�

�3*� 0&!� U ��( �
�23�� #3*� 0&!� U ) �=I
�;"3*,%9#+� 90%� U C �4C

�!%!��#
σ
� ) ��)

�+�"H%�#+� 90%� "� $ ���# S)×)T C �BB
��+,% C ��Q <  �9 �0 %�%�0 %� S%> * %� ;&%.  �"�+ %9 @

2R2
. ",%;3,%T "+!� �%9

W  !& !&% �< �%.  #%. * � ;�, *"!%�! �, �

%23 1�,%�! $ �3�-�;% 9 . %�� � �&%' 9 � %� -�". !&"�% ;&���;!%� � �0 � % �0 �� !&%
$ S�EET# S)×�T �3�-�;% -"� !&% �+�%�;% "- 9��0, �0 + "�9� ��9 ��% !&3� �"�
�%�;! 1% � !%� � 8%1%�!&%,%�� � !&% ;&%.  �"�*! "� "- �� �;%!' ,%�% . ",%;3,% . �'
 �93;% !&% +�%�H �0 "- 9 . %�� � �&% �%�3,! �0 �+�"H%�#9 . %�� ;"��03��! "�  �
�&"W �  � F 03�% C �( ��9  � ;&���;!%� �%9 +' � 9"3+,% @#@ + "�9 S��CE � T *��#
�,,%, !" !&% �3�-�;% � U ,!&"30& !& � �!�3;!3�% � W  !& � + �9 �0 %�%�0' "- ) �EB %> �
 � ,%�� �!�+,% !&�� �,, !&% �+� 90%� "�%� �  ! �%*�%�%�!� � W%,, 9%��%9 .  � .3.
"- !&% *"!%�! �, %�%�0' �3�-�;% !&�! 9" %� �"!  �1",1% !&% �9�!". ��%�!�!".
;"3*,% ��9 ;�� !&3� ;" %�  �! W  !& !&% �+� 90%�#, H% ;"��03��! "�� �

<%� 9%� !&% �+� 90%� ;"��03��! "��  �1",1  �0 *� �� "- �%�!�!". � ��9 �9�#
!". � � W% &�1% �,�" ;"�� 9%�%9 "!&%� �!�3;!3�%� � 9%�;� + %9  � !&% -",,"W  �0 �
 � W & ;& !&% �;%!',%�% . ",%;3,%  � + "3�9 !" !&% �9�!". "�,' S,�+ %,,%9 �!"*� �
�3*� 0&!� ��9 �23�� #3*� 0&!� ;"��03��! "��T � �&%�% ;"��03��! "�� ��% �3*#
*"�%9 !" *,�' � �",%  � !&% & 0& ;"1%��0% �%0 . % "- �;%!' ,%�% �9�"�*! "� "�
!&% $ S���T# S

7× 7
T �3�-�;% Q  � -�;! � W &%� �,, !&% �9�!". ��%�!�!". *� �� ��%

��!3��!%9 +' �;%!',%�% . ",%;3,%� ;&%.  �"�+ %9  � �+� 90%���+�"H%�#+� 90%�
;"��03��! "�� � !&%�% �! ,, �%. � � 3���!3��!%9 �9�!". � SI *%� �3�-�;% S?×?T
3� ! ;%,,T �1� ,�+,% -"� -3�!&%� ;&%.  �"�*! "� � U! & 0& �;%!',%�% ;"1%��0% � "�
!&% +�� � "- !&% "+�%�1%9 R V::/$ �*%;!�� � !&% �3!&"�� "- V%- � �)C� �300%�!
!&�! ��"!&%� ;&%.  �"�*! "� �!�3;!3�% . �' ";;3� � W & ;&  � ;&���;!%� �%9 +'
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� . "�% �1%�! ;�,� 0%". %!�' !&�� !&�! "- �+� 90%�#, H% ;"��03��! "�� �  �%
* "�� +  , !'  � �%*�%�%�!%9 +' !&% �!"*� ;"��03��! "� �&"W �  � F 03�% C �( Q  �
!& � ;��% �� �;%!' ,%�% . ",%;3,% ;�� + �9 !" �� �9�!". S!&% �%�!�!". � ��%
�3**"�%9 !" + % �,, ��!3��!%9 +' . ",%;3,%�  � !&% �+� 90%�#, H% ;"��03��! "��T
-"�.  �0 � � �0,% @#$ + "�9 � "� !" �� �9�!". ;&���;!%� �%9 +' � +�"H%� + "�9
W  !& !&% �3+�!��!% S&%�%�-!%� ,�+ %,,%9 �!"* +�"H%�#�9�!". �T � !&3� -"�.  �0
!W" @#$ +"�9� �� �&"W �  � F 03�% C �C � A� + "!& ;��%� !&%�% ;"��03��! "��
��% ;"�� 9%��+,' ,%�� �!�+,% S+' C %> T !&�� !&% �+�"H%�#+� 90%� �!�3;!3�% �
D "�%"1%� !&% ��0,% !&�! !&% @#@ +"�9 -"�. � W  !& !&% $ S���T �3�-�;% *,��%
 � ;". *���+,% W  !& !&% "�% �%�, �%9  � !&% �+�"H%�#+� 90%� �!�3;!3�% � A� "�9%�
!" %�*,� � !&% %�*%� . %�!�, %1 9%�;% "- � 23�� #1%�! ;�, �9�"�+ %9 . ",%;3,% �
"�% W"3,9 �%%9 � ;"��03��! "� ;&���;!%� �%9 +' � 9"3+,% @#@ +"�9 S!&%
�!�%!;& �0 -�%23%�;' .3�! + % ;,"�% !" !&�! "- !&% �+�"H%�#+� 90%� �!�3;!3�%
� �;% �" � 0� �;��! �& -! "- !&% R V::/$ *%�H &�� + %%� "+�%�1%9 �! & 0&%�
;"1%��0% �)C�T ��9 �! � ,��0%� ��0,% W  !& !&% �3�-�;% !&�� !&�! ";;3�� �0  �
!&% �+�"H%�#+� 90%� ;"��03��! "� � D "�%"1%� !& � ;"��03��! "� �&"3,9 �"!
 �1",1% �%�!�!". � � �;% �! & 0& ;"1%��0% !&%' ��% �3**"�%9 !" + % �,, ��!3#
��!%9 +' �;%!',%�% . ",%;3,%�  � �+�"H%�#+� 90%� � !%� � U * "�� + ,% ;��9 9�!%
-"� �3;& � 1%�! ;�, �!�3;!3�%  � !&% �3*� 0&!� ;"��03��! "� �&"W �  � F 03�%
C �C � ;&���;!%� �%9 +' � @#@ +"�9 ,%�0!& "- ��C) � ��9 +' � + �9 �0 %�%�0'
"- ���( %> �

U�"!&%�  �!%�%�! �0 �!�!%  � �%*�%�%�!%9 +' !&% �23�� #3*� 0&!� �!�3;!3�%
"- F  03�% C �C Q  !  � ,%�� �!�+,% !&�� !&% �+�"H%�#+� 90%� �!�3;!3�% � +3! � 0� � #
;��!,' . "�% �!�+,% !&�� !&% �!"*� ��9 �3*� 0&!� "�%� � U � .  ,�� ;"��03��! "�
&�� + %%� *�"* "�%9 -"� !&% ;&%.  �"�*! "� "- �;%!',%�% "� !&% $ S�EET# S)×)T
�3�-�;% S;"��03��! "� � �)#&'9�"0%� !����-%� 9%�;� + %9  � V%- � �CE�T � R "W%1%� �
 � !&�! ;��% !&% @ �!". "- !&% . ",%;3,%  � + "�9%9 !" !W" $ �!". � "- !&%
��. % 9 . %� ��9 !&% �%�3,! �0 ;"��30�!%9 @#@ +"�9  � ,"�0%� S��(C � T !&��
!&% ;"��%�*"�9 �0 @#@ +"�9  � !&% ;"��03��! "� ;". *3!%9 &%�% � �&% �%�, #
��! "� "- !&% �23�� #3*� 0&!� ��9 �3*� 0&!� ;"��03��! "��  . *, %� !&% !����-%�
"- � R �!". -�". !&% @ �!". + "�9%9 !" !&% �3�-�;% !" !&% "!&%� @ �!".  �
!&% . ",%;3,% 93� �0 !&% ;&%.  �"�*! "� *�";%�� � �% �&�,, �&"W  � !&% -",,"W#
 �0 !&�! � �%�;! "� *�!&W�' -"� �3;& � �%�;! "� 9"%�  �9%%9 %�  �! � ��9  !  �
;&���;!%� �%9 +' � �%,�! 1%,' �. �,, %�%�0' +��� %� �

 �% ;"��%23%�;% "- !&% -"�. �! "� "- � �+�"H%�#+� 90%� �!�3;!3�%  � !&�!
 ! ;�%�!%� � �%W 9��0, �0 +"�9 "� !&% �3�-�;% S � -�;! !&% $ �!". !&�!
W�� *�%1 "3�,' +"�9%9 !" !&% �9�!".  � �"W !&�%%#-",9 ;""�9 ��!%9T � . "�%#
"1%� !&% �9�!". � �,!&"30& + "3�9 !" !&% �;%!',%�% . ",%;3,% �  � �! ,, �%�;! 1% �
�&3� � � -3�!&%� �9�"�*! "� � !% W  !& � ;&%.  ;�, %�1 �"�. %�! � .  ,�� !" !&%
�9�!". ��%�!�!". ;"3*,%  � �%�, �%9 "� !&% �3�-�;% ��9 ��"!&%� �;%!',%�%
. ",%;3,% ;�� �! ;H !" !&% ��. % �9�!". �%�3,! �0  � � �;"3*,%9#+� 90%� ;"�#
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�03��! "� S�%% F 03�% C �CT � �&% + �9 �0 %�%�0' "- !& � �!�3;!3�% � ;". *3!%9
W  !& !&% �%.  #%. * � ;�, �< *"!%�! �, �  � C �4C %> *%� @

2R2
. ",%;3,% S"�,'

!&% � !% U  � ;"�� 9%�%9 T �  �% � &  0&%� !&�� !&% + �9 �0 %�%�0' "- !&% �+�"H%�#
+� 90%� �!�3;!3�%  � � !%� 9 � %�%�! -�". �U � � �% �&�,, �&"W  � !&% -",,"W  �0
!&�! ;&%.  �"�*! "� "- !&% �%;"�9 . ",%;3,% ;�� *�" ;%%9 W  !& �� %�%�0' +��#
� %� � .  ,�� !" !&�! %�;"3�!%�%9 -"� !&% ;&%.  �"�*! "� "- �;%!',%�%  � !&%
�+�"H%�#+� 90%� ;"��03��! "� �

�% &�1% ���,,' ;"�� 9%�%9 � ;"��03��! "�  � W & ;& !&% �;%!',%�% . ",%;3,%
 �93;%� !&% +�%�H �0 "- !W" �9�!". +�;H+ "�9� � �! ;H  �0 !" !&% !W" �%�3,! �0
�3�-�;% 9��0, �0 +"�9� ��9 !" !&% �9�!".  !�%,- � �&% �%�3,! �0 ;"��03��! "� �
&%�%�-!%� ;�,,%9 �!%!��#

σ
� S�%% F 03�% C �CT � &�� � + �9 �0 %�%�0' "- ) ��) %> �

,"W%� !&�� !&�! "- �+� 90%� ;"��03��! "�� � +3! ;". *���+,% W  !& !&�! "- !&%
�+�"H%�#9 . %�� "� �23�� #3*� 0&!� "�%� � �&% ;"��03��! "�  � ;&���;!%� �%9
+' � �0,% @#@ +"�9 � *���,,%, !" !&% �3�-�;% S!&% +"�9 ,%�0!&  � ��=I � T ��9
;"�� 9%��+,' W%�H%� !&�� �,, "!&%� @#@ +"�9� !�H%�  �!" �;;"3�! �

�&% �+"1% * ;!3�% ,%�9� ��!3��,,' !" ;"�� %;!3�% � ��!3��! "� ;"1%��0% "-
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%,%;!�"� ; ;&��0% !����-%� !�H%� *,�;% -�". !&% �9�!". � S−E ��= %−T !" !&%
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�� �� ���� ;�,;3,�! "�� �
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BCD EFFGH IJKLMND OI PCD Q RIP SRT DUV MQRUW PCD XRYZOU[D\ LMNDI RL PCDLNN Q DPMXI ] DNMJID OP CMI PCD XRYDIP IJKLMND [DUIOP^_ `U M LDY LNN Q DPMXI RLPCD
5d

ZIDKODI a IJNC MI WRX[ a TXMPOUJQ MU[ OKO[ OJQ a PCD Q RIP IPM]XD LRKQ RLPCD EFFGH IJKLMND OI M EF×bH Q OIIOUW KRY KDNRUIPKJNPORU a YCDKD DcDK^ IDNRU[NXRIDZTMNdD[ MPRQ ON KRY OI Q OIIOUW _ eRK QRIP RPCDK LNN Q DPMXI a CRYDcDK aPCDKD OI UR IPM]XD Q OIIOUWZKRY IPMPD a MU[ PCD IJKLMND WKRJU[ IPMPD CMI MIOQTXD EF×FH WDRQDPK^_ fCR[OJQ ]DXRUWI PR PCOI XMPPDK WKRJT _ gRYDcDK a OPOI dURYU PCMP PCD EFFGH IJKLMND RL KCR[OJQ JU[DKWR DI PCOI EF×bH Q OIIOUW KRYKDNRUIPKJNPORU JTRU R\^WDU M[IRKTPORU MP M NRcDKMWD RL CMXL M Q RURXM^DK EG _hijHa LRKQ OUW M IPKJNPJKD Y OPC Eb×bHZTbQW TDKOR[ONOP^ klbm _ BCD [KOc OUW LRKNDRL PCOI KDNRUIPKJNPORU TKRNDII OI PCD IPKRUW DXDNPKRIPMPON KDTJXIORU ] DPYDDUPCD M[IRK] D[ R\^WDU MPRQ I _ n^ POPKMPORU Y OPC C^[KRWDU PCD IJKLMND NMU ] DKD[JND[ a LRKQ OUW YMPDK QRXDNJXDI PCMP OQQD[OMPDX^ [DIRK] a XDMcOUW M NXDMUEF×bH Q OIIOUWZKRY KDNRUIPKJNPD[ IJKLMND _ oP PDQTDKMPJKDI ] DXRY pGG q PCOIQ DPMIPM]XD IPMPD NMU ] D Q MOUPMOUD[ LRK IDcDKMX CRJKI a YCOXD PCD DcRXJPORUPRYMK[ PCD DrJOXO]KOJQ EF×FH TCMID OI cDK^ LMIP M] RcD hGG q _BCD [DNRUIPKJNPORU TKR NDII RL PCOI IJKLMND CMI ] DDU OUcDIPOWMPD[ OU PCD
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TMIP ]^ QDMUI RL gDXOJQ oPRQ �NMPPDKOUW Ego �H kllm MU[ �NMUUOUW BJUZUDXXOUW i ONKRINRT^ E�BiH klpm _ fDIJXPI LKRQ go� kllm IJWWDIP PCMP M[� MNDUP
[11̄0]

KCR[OJQ KRY I TMOKZJT NRCDKDUPX^a LRKQ OUW XRUW OIXMU[I Y OPC EF×pH I^QZQ DPK^_ �J]IDrJDUP �Bi IPJ[ODI klpm NRU� KQ D[ PCOI TONPJKD a OU[ONMPOUW PCMPPCOI NRCDKDUP Q DNCMUOIQ OI OWUOPD[ MP IPDTI RK MP RPCDK [DLDNP IOPDI _ BCDIDIPJ[ODI MXIR ICRYD[ PCMP [O�JIORU RL fC M[MPRQ I MXRUW PCD Q OIIOUW KRY INRUPKO]JPDI PR PCD [DNRUIPKJNPORU RL PCD IJKLMND MU[ PCMP a RUND MWMOU a PCOITKRNDII OI RKOWOUMPD[ MP IPDTI _ BCDID KDIJXPI IJWWDIP PCMP PCD PCDKQ MX IPM]OXOP^RL PCD EF×bH IPKJNPJKD OI NXRIDX^ KDXMPD[ PR PCD MNPOcMPORU ]MKKODK RL MPRQ ON[O�JIORU MP PCD IJKLMND YCONC OI D\T DNPD[ PR RNNJK cOM IOQ TXD TKRNDIIDI a IJNCMI CRTTOUW RK cMNMUN^ Q OWKMPORU klh a l�m RK ]^ QRKD NRQTXD\ Q DNCMUOIQ IOUcRXc OUW M XMKWDK UJQ]DK RL MPRQ I a IJNC MI D\NCMUWD TKR NDIIDI kl�m _fDNDUPX^a PCD TRIIO]OXOP^ RL OUcDIPOWMPOUW PCD dOUDPONI RL PCD [DNRUIPKJNPORUTKRNDII JIOUW KDMXZPOQ D COWCZKDIRXJPORU NRKD XDcDX TCRPR DXDNPKRU IT DNPKRINRT^CMI QRPOcMPD[ M NRXXM] RKMPORU Y OPC MU D\TDKOQ DUPMX WKRJT YRKdOUW MP PCD:;: 44)< I^UNCKRPKRU KM[OMPORU LMNOXOP^ OU BKODIPD _� nDNMJID RL PCD COWCIJKLMND IDUIOPOc OP^ MU[ cDK^ XR NMX NCMKMNPDK RL PCD IJKLMND NRKD XDcDX NRQTRZUDUPI a PCD T RTJXMPORU RL [O�DKDUPX^ NRRK[OUMPD[ MPRQ I MP PCD IJKLMND NMU ]DrJMUPOPMPOcDX^ QRUOPRKD[ MI M LJUNPORU RL POQ D MP [O� DKDUP IJ]IPKMPD PDQ ZT DKMPJKDI _ BCOI CMI MXXRYD[ PR [DPDNP PCD D\ OIPDUND RL MNPOcMPD[ TKRNDIIDIOUcRXc OUW M NCMUWD OU PCD XR NMX MPRQ ON IPKJNPJKD MU[ PR [DPDKQ OUD MU MNPOcMZPORU DUDKW^ RL G _ h±G _Fl D! LRK PCD RcDKMXX [DNRUIPKJNPORU TKRNDII _ "U PCD]MIOI RL PCOI KDIJXP a YD CMcD T DKLRKQ D[ �KIPZTKOUNOT XDI NMXNJXMPORUI MOQ D[ MPTKRcO[OUW M [DPMOXD[ [DINKOTPORU RL PCD Q ONKRINRTON Q DNCMUOIQ I KDITRUIO] XDLRK PCD R]IDKcD[ dOUDPON ] DCMcORJK a YCONC OI URP [OKDNPX^ MNNDIIO] XD PR PCDD\T DKOQ DUP _
# $% &'()*'+,*- (. +/* 0/ 1%%23 456 0/ 1%%237 %×8-9'.4�*-
o [DPMOXD[ [DINKOTPORU RL PCD Q DPCR[RXRW^ JID[ OU RJK � KIPZTKOUNOTXDI NMXZNJXMPORUI OI KDTRKPD[ OU oTTDU[O\ o _ o XX PCD KCR[OJQ IJKLMNDI NRUIO[DKD[OU PCOI YRKd CMcD ]DDU QR[DXXD[ ]^ �ZXM^DK IXM]I : PCD ]RPPRQ PYR XM^DKIYDKD �\D[ MP PCD ]JXd PKJUNMPD[ IPKJNPJKD MU[ PCD RPCDKI YDKD XDLP LKDD PRKDXM\ IR MI PR Q OUOQ OID PCD IJKLMND DUDKW^_ BCD [O� DKDUP IPMWDI RL PCD [DNRUZIPKJNPORU TKR NDII CMcD ] DDU QR[DXXD[ JIOUW EF×bH a EF×pH a Eb×bH a El×bH a MU[Ep×bH IJKLMND JUOP NDXXI _ nKOXXRJOU ;RUD OUPDWKMPORUI CMcD ] DDU T DKLRKQ D[JIOUW a KDIT DNPOcDX^a E<×p×FH a E<×b×FH a Ep×p×FH a El×p×FH a MU[ Eb×p×FH

=> ? @ABACD � E F ? G �HH �� E I ? @JKD �KJ E L ? MJ�� CC� E AKD N ? NJ��� ?
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iRUdCRKIPZ�MNd QDICDI _BCD DrJOXO]KOJQ XMPPOND NRUIPMUP a
a0

a MU[ ]JXd Q R[JXJI a
B0

a RL KCR[OJQCMcD ] DDU [DPDKQ OUD[ ]^ NRQTJPOUW PCD PRPMX DUDKW^ MI M LJUNPORU RL PCDJUOP NDXX cRXJQ D MU[ ]^ �PPOUW PCD KDIJXPI Y OPC M iJKUMWCMU �I DrJMPORU RLIPMPD _� BCD KDIJXPI a KDTRKPD[ OU BM]XD p _Fa MKD OU KDMIRUM]XD MWKDDQ DUP Y OPCD\T DKOQ DUPMX DIPOQ MPDI MU[ Y OPC RPCDK � KIP TKOUNOTXDI KDIJXPI _ o IO[D cODY RL
BCOI YRKd fDL _kl<m D\T DKOQ DUP kl m

a0

E]RCKH � _b � _bG � _F 
B0

Ei]MKH b _h� l _F� b _� BM]XD p _F Q �rJOXO]KOJQ XMPPOND NRUIPMUP
a0

MU[ ]JXd Q R[JXJI
B0

RL KCR[OJQ _
]RPC PCD KDXM\D[ EFFGH IJKLMND MU[ PCD EF×bH KDNRUIPKJNPD[ IJKLMND OI ICRYUOU eOWJKD p _F_ BCD OUPDKTXMUMK KDXM\MPORUI R]PMOUD[ LRK PCD PYR IPKJNPJKDIMKD KDT RKPD[ OU BM]XD p _b MU[ MKD MWMOU OU WRR[ MWKDDQ DUP Y OPC RPCDK � KIPTKOUNOTXDI NMXNJXMPORUI EIDD a LRK OUIPMUND a PCRID KDTRKPD[ OU kpGmH _
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fC EFFGHZ F×F IJKLMND fC EFFGHZ F×b IJKLMND
eOWJKD p _F Q � O[D cODY RL PCD TKOIPOUD fC EFFGHZ F×F IJKLMND ERU PCD XDLPH MU[RL PCD fC EFFGHZ F×b Q OIIOUW KRY KDNRUIPKJNPD[ IJKLMND ERU PCD KOWCPH _

� 	K �
� ��BKA

AK �� ���A��JK J� ��A�� �
� �B� ��AC �K�B
� �� ���B����D A�

E(V ) =
V0B0

B
′

0





1

B
′

0 − 1

(

V0

V

)B
′

0
−1

+
V

V0





�
�B�
B

′

0

�� �
� D�B ��A���� J �
B0

� ��
 B��� ��� �J �
� �B����B� AKD
V0 =

a3

0

4

�� �
� ��� �C��B ���
�JC���



�� �������	
����� �������� �
 ��� �� �����N�×� � ������ 	�� �
	
���

∆z1−2 ∆z2−3 ∆z2−3′ ∆z3−4 ∆z3′−4TDKLDNP fC EFFGH Z  _�G � G _G� � � G _h� � �fC EFFGHZ F×b Z FG _�b � ZG _F� � Z� _ � � Zb _h< � h _bb �BM]XD p _b Q `UPDKTXMUMK KDXM\MPORUI RL ]RPC PCD T DKLDNP MU[ Q OIIOUWZKRY KDZNRUIPKJNPD[ fC EFFGH IJKLMNDI D\TKDIID[ MI T DKNDUPMWD RL PCD ]JXd OUPDKTXMUMKITMNOUW Eb _h< ]RCKH _ fDLDK PR eOWJKD p _F LRK PCD XM] DXXOUW _
BCD IPM]OXOP^ RL PCD PYR TCMIDI RL fC EFFGH a UMQDX^ PCD EF×FH JUKDNRUZIPKJNPD[ MU[ PCD EF×bH Q OIIOUWZKRY KDNRUIPKJNPD[ IJKLMNDI a CMI ] D NRQTMKD[]^ NRQTJPOUW PCDOK IJKLMND DUDKWODI a

σ
a [D�UD[ ]^ Q

Etot = N · Ebulk + 2 · S · σ. Ep _FH
gDKD OP OI MIIJQ D[ PCMP M IXM] Y OPC OUcDKIORU I^QQDPK^ OI JID[ PR Q R[DX PCDIJKLMND :

Etot

OI PCD PRPMX DUDKW^ RL PCD IXM] a
N

OI PCD UJQ]DK RL MPRQ I OUPCD IXM] MU[
S

OI PCD UJQ]DK RL IJKLMND JUOP NDXXI _
σ

MU[
Ebulk

MKD R]PMOUD[]^ NRQTJPOUW PCD PRPMX DUDKWODI RL PCD IXM]I LRK OUNKDMIOUW UJQ]DK RL XM^DKIMU[ [ROUW M XDMIPZIrJMKDI �P RL PCD KDIJXPI _ �D CMcD R]PMOUD[
σ = 1.64

D!LRK PCD EF×FH JUKDNRUIPKJNPD[ TCMID MU[
σ = 1.66

LRK PCD EF×bH Q OIIOUWKRY KDNRUIPKJNPD[ _ BCDID KDIJXPI NRU� KQ PCMP PCD JUKDNRUIPKJNPD[ IJKLMNDOI QRKD IPM]XD EOP CMI M XRYDK IJKLMND DUDKW^ H a PCD [O� DKDUND ] DOUW CRYDcDKrJOPD IQ MXX _
# $8 �4++,�*7�4- � 4� ,�+(5,45
BCD Q OIIOUWZKRY KDNRUIPKJNPD[ IJKLMND NMU ] D cODYD[ MI M T DKOR[ON IDrJDUNDRL

[11̄0]
NCMOUI RL fC M[MPRQ I M[IRK] D[ RU PCD T DKLDNP EFFGH IJKLMND _ oINCDQ MPON PRT cODY RL PCD LNN EFFGH IJKLMND OI [DTONPD[ OU eOWJKD p _b a YCDKDPCD LRJK TRIIO]XD M[IRKTPORU IOPDI LRK PCD IOUWXD M[MPRQ MKD MXIR OU[ONMPD[ _`U RK[DK PR OUcDIPOWMPD PCD IPM]OXOP^ RL PCOI IPKJNPJKD YD CMcD NRQTJPD[ PCD]OU[OUW DUDKW^ RL M[MPRQ I M[IRK] D[ RU M Eb×bH JUOP NDXX MP [O�DKDUP NRcZDKMWDI MU[ OU [O� DKDUP WDRQDPKODI _ �D CMcD cDKO�D[ PCMP fC M[MPRQ I ]OU[D\NXJIOcDX^ OU PCD CRXXRY IOPD a PCD PRT a XRUWZ]KO[WD MU[ ICRKPZ]KO[WD IOPDI ] DZOUW JUIPM]XD EPCDID XMPPDK PYR MKD IM[[XD TROUPIH _ BCD KDIJXPI a KDTRKPD[ OUBM]XD p _l a CMcD ] DDU QMTTD[ RUPR M XMPPONDZWMI gMQ OXPRUOMU YCONC MNNRJUPILRK OUPDKMNPORUI JT PR PCOK[ UDOWC]RJKI 	

E = J1

∑

i

σi +
1

2

∑

i

[

JS
2

S
∑

j

σiσj + JL
2

L
∑

j

σiσj + JD
2

D
∑

j

σiσj

]

,
Ep _bH
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YCDKD

σi = 1
OL PCD IOPD

i
OI R NNJTOD[ a

σi = 0
RPCDKY OID _ o I ICRYU OU eOWZJKD p _b a J1

KDTKDIDUPI PCD DUDKW^ RL MU OIRXMPD[ M[MPRQ MU[
JS,L,D

2

WOcD PCDNRKKDNPORUI PR PCD DUDKW^ [JD PR TMOKZOUPDKMNPORUI LRK � KIP a IDNRU[ a MU[ PCOK[UDOWC]RJKI _ o UDWMPOcD cMXJD RL PCD NRJTXOUWI [DURPDI MU [DNKDMID RL PCD DUZDKW^ MU[ [DINKO] D MU MPPKMNPOcD OUPDKMNPORU _ o IIJQ OUW PCMP PCD OUPDKMNPORUI

Rh

Rh Rh

Rh Rh

Rh

Rh

H

T

SB

LB

JS
2 [11̄0]

JL
2 [001]

JD
2 [11̄1]

a0

a0√
2

eOWJKD p _b 	 �NCDQ MPON PRT cODY RL PCD EFFGH IJKLMND _ fD[ XM] DXI OU[ONMPD PCDCRXXRY IOPD Eg Ha PCD PRT IOPD EB H PCD ICRKPZ]KO[WD E�nH MU[ PCD XRUW ]KO[WDEjn H IOPDI _ BCD PCKDD NRJTXOUWI
JS,L,D

2

]DPYDDU NRM[IRK] D[ fC M[MPRQ I JID[OU PCD DrJMPORU Ep _bH MKD MXIR ICRYU _
] DPYDDU M[MPRQ I NRM[IRK] D[ MP M [OIPMUND XMKWDK PCMU PCOK[ UDOWC]RJKI MKDUDWXOWO] XD a� PCD TMKMQ DPDKI RL PCD gMQ OXPRUOMU NMU ] D R]PMOUD[ ]^ �PPOUWDrJMPORU Ep _bH Y OPC PCD ]OU[OUW DUDKWODI NRQTJPD[ MP NRcDKMWDI RL G _bh a G _hG aG _�h a MU[ F_GG ij _ BCD KDIJXPI RL M XDMIPZIrJMKDI �P MKD KDTRKPD[ OU BM]XD p _p _`P KDIJXPI PCMP PCDKD OI M IPKRUW MPPKMNPOcD OUPDKMNPORU ]DPYDDU M[MPRQ I NRM[ZIRK] D[ MXRUW PCD

[11̄0]
[OKDNPORU a YCDKDMI PCD OUPDKMNPORU OI QJNC YDMdDK a ]JPIPOXX MPPKMNPOcD a MXRUW PCD

[001]
MU[

[11̄1]
[OKDNPORUI _ BCOI Q R[DX PCJI IJWWDIPIPCMP NRM[IRK] D[ M[MPRQ I NXJIPDK TKDLDKDUPOMXX^ MXRUW PCD

[11̄0]
[OKDNPORU _

��
 �� �JBB���JKD� �J A�����K
 �
A� �
� ��KD �K
 �K�B
� ��B AD�JB��D N
 ADA�J� DJ��KJ� �
AK
� �� B�D���K
 �
� �J��BA
� � � CJ� � ?	
 �G ?
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WDRQDPK^ NRcDKMWD EijH

Ebind

ED! �MPRQ H
(2× 2)

G _bh p _�p
(2× 1)

G _hG h _l 
(1× 2)

G _hG p _�<
(2× 2)

G _hG p _��
(2× 2)

G _�h h _bh
(1× 1)

F_GG h _p�
BM]XD p _l 	 nOU[OUW DUDKWODI RL fC�fC EFFGH MP [O�DKDUP NRcDKMWDI MU[ [O�DKZDUP M[IRKTPORU WDRQ DPKODI _

ED! �MPRQ H
J1

Zp _�lG
JS

2

ZG _�h 
JL

2

ZG _Gp 
JD

2

ZG _GbFDKKRK G _G Fl
BM]XD p _p 	 �RJTXOUWI RL PCD XMPPOND WMI gMQ OXPRUOMU EDrJMPORU Ep _bHH MI R]ZPMOUD[ ]^ PCD XDMIPZIrJMKDI �P RL PCD ]OU[OUW DUDKWODI KDT RKPD[ OU BM]XD p _l _

BCD TKR NDII OU YCONC PYR UDOWC]RJKOUW KRY I RL M[MPRQ I TMOK JT OI ICRYUOU eOWJKD p _l a YCDKD M PRT c ODY RL PCD fC EFFGHZ F×b IJKLMND ] DLRKD MU[ MLPDKPCD KRYZTMOKOUW TKR NDII OI [DTONPD[ _ eKRQ PCD XMPPONDZWMI gMQ OXPRUOMU YD NMUDIPOQ MPD PCMP PCD DUDKW^ WMOU KDIJXPOUW LKRQ PCD NRJTXOUW RL PYR IDTMKMPD
[11̄0]KRY I OI ∼G _Gp D! �M[MPRQ _ BCD IMQ D OULRKQ MPORU CMI MXIR ] DDU R]PMOUD[ ]^NRQTMKOUW [OKDNPX^ PCD PRPMX DUDKWODI RL PCD PYR IXM]I ICRYU OU eOWJKD p _l aPCJI R]PMOUOUW M cMXJD RL ∼G _Gb D! �M[MPRQ _ BCDID PYR DIPOQ MPDI MWKDD Y OPCOUPCD MNNJKMN^ RL RJK NMXNJXMPORUI EP^TONMX DKKRKI MKD OU PCD KMUWD RL ∼G _G F D! H aPCJI NRU� KQ OUW PCD cMXO[ OP^ RL PCD XMPPONDZWMI gMQ OXPRUOMU _

# $� � *�(5-+'9�+,(5 )'( �*--
BCD � KIP IPDT OU PCD MUMX^IOI RL PCD [DNRUIPKJNPORU TKRNDII NRUIOIPI OU PCDIPJ[^ RL PCD KRYZTMOKOUW TKRNDII RU M EF×bH JUOP NDXX _ "U IJNC M IQ MXX JUOPNDXX YCMP NMU ]D IPJ[OD[ OI URP KDMXX^ PCD KRY TMOKOUW TKRNDII a ]JP PCD NRCDKDUPCRT RL MXX PCD

[11̄0]
NCMOUI RL M[MPRQ I _ �D CMcD O[DUPO�D[ PCKDD URU DrJOcZMXDUP TMPCI� [DINKO] D[ OU eOWJKD p _p� XDM[OUW PR MU DrJOcMXDUP �UMX IPMPD a
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fC EFFGHZ F×b fC EFFGHZ F×p
eOWJKD p _l 	 BRT MU[ IO[D c ODY I RL PCD fC EFFGHZ F×b IJKLMND ] DLRKD EXDLPH MU[MLPDK EKOWCPH PCD KRYZTMOKOUW TKRNDII _ BCD KD[ KDNPMUWXDI KDTKDIDUP PCD EF×bHMU[ EF×pH IJKLMND JUOP NDXXI _
YCONC YD [DIOWUMPD � %  ��1 a '�"!��.!9 ����1 ! MU[ �"%��.!9 ����1 !_ `U PCD � KIPNMID PCD M[MPRQ OU PCD NCMOU �JQTI LKRQ RUD CRXXRY IOPD PR PCD RPCDK TMIIOUWPCKRJWC PCD ICRKPZ]KO[WD IM[[XD TROUP _ `U PCD IDNRU[ MU[ OU PCD PCOK[ NMIDIPCD M[MPRQ D\NCMUWDI OPI TRIOPORU Y OPC MU MPRQ RL PCD IDNRU[ XM^DK _ eRK PCD� %  ��1 TKRNDII YD CMcD NRQTJPD[ MU MNPOcMPORU DUDKW^ TDK [O�JIOUW MPRQ
EA �

F_�� D! �NDXX a LRK PCD '�"!��.!9 ����1 !
EA �

G _ l D! �NDXX a YCOXD LRK PCD�"%��.!9 ����1 !
EA �

F_G� D! �NDXX _ BCD Q MOU KDIJXP RL PCDID NMXNJXMPORUI OIPCMP !9 ����1 !ZXOdD TMPCI KDIJXP PR ] D LMcRJKD[ a M TRIIO]XD D\TXMUMPORU ] DOUWPCD COWCDK McDKMWD NRRK[OUMPORU RL PCD I^IPDQ MP PCD PKMUIOPORU IPMPD _ �DTROUP RJP PCMP PCD TKR NDIIDI NRUIO[DKD[ CDKD NRUIOIP RL M NRCDKDUP CRT RL MXXPCD
[11̄0]

NCMOUI RL M[MPRQ I _ � OUND PCD NCMOUI MKD OU�UOPDX^ XRUW a CRYDcDK XRYPCD MNPOcMPORU DUDKW^ T DK MPRQ Q OWCP ] D a PCD RcDKMXX DUDKW^ ]MKKODK LRK PCOITKRNDII Y OXX KDIJXP PR ] D OU�UOPDX^ COWC _ eRK M KRY RL �UOPD XDUWPC PCD DUDKW^]MKKODK OI TKRTRKPORUMX PR PCD UJQ]DK M[MPRQ I PCMP CRT IOQJXPMUDRJIX^_ `UPCD NMID RL M KRY RL � MPRQ I a RJK NMXNJXMPORUI ICRY PCMP PCD RcDKMXX MNPOZcMPORU DUDKW^ NMUURP ] D XRYDK PCMU � ·G _ l D! a PC OI DIPOQ MPD ] DOUW cMXO[ LRK
��F_ BCD D\TDKOQ DUPMX OU[ONMPORU RL MU MNPOcMPORU DUDKW^ RL G _ h D! XDM[IPR D\NXJ[D PCD TKR NDIIDI OU YCONC QMU^ MPRQ I RL M KRY TDKLRKQ M NRCDKDUP
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CRT a IJWWDIPOUW PCMP TROUP [DLDNPI QJIP ] D OUcRXcD[ OU PCD [DNRUIPKJNPORUTKRNDII _

e OWJKD p _p 	 BRT cODY RL PCD PCKDD T RIIO] XD [O�JIORU Q DNCMUOIQ I [DINKO] D[ OUPCD PD\P 	 E�� H [OKDNPZD\NCMUWD a E�� H NKRIIZD\NCMUWD MU[ Eg H CRTTOUW _
�D CMcD PCDU NRUIO[DKD[ PCD IMQD KRY TMOKOUW TKRNDII RU M EF×pH JUOPNDXX _ o I ICRYU OU eOWJKD p _l a PC OI KDTKDIDUPI PCD IQ MXXDK I^IPDQ OU YCONCPCD KRY TMOKOUW NMU ] D IPJ[OD[ a ]JP MWMOU PCD KDIJXPI MKD MNPOcMPORU DUDKWODIT DK CRTTOUW MPRQ MU[ NMUURP ] D [OKDNPX^ NRQTMKD[ Y OPC PCD D\TDKOQ DUPMXDIPOQ MPD _ `U PCOI NMID PCD PCKDD T RIIO] XD TMPCI [DINKO] D[ M]RcD WOcD a KDIT DNZPOcDX^a

EA �
F_�h D! �NDXX E� %  ��1 H a

EA �
G _<� D! �NDXX E'�"!��.!9 ����1 !H MU[

EA �
F_G� D! �NDXX E�"%��.!9 ����1 !H _ `P OI YRKPC URPONOUW PCMP PCD [O�DKDUNDIOU PCD MNPOcMPORU DUDKWODI Y OPC KDIT DNP PR PCD KDIJXPI R]PMOUD[ LRK PCD IMQ DTMPCI RU PCD EF×bH JUOP NDXX MKD Y OPCOU PCD MNNJKMN^ RL RJK NMXNJXMPORUI EG _FD! LRK PCD MNPOcMPORU DUDKWODIH _ BCD KDXDcMUND RL PCDID KDIJXPI IPDQ I LKRQTKRcOUW PCMP PCD MNPOcMPORU DUDKW^ LRK PCD [DNRUIPKJNPORU TKRNDII a YCONC OUTKOUNOT XD ICRJX[ ]D NRQTJPD[ RU M EU×pH JUOP NDXX a NMU OUIPDM[ ]D DcMXJMPD[EY OPCOU PCD JUNDKPMOUP^ RL G _F D! H RU PCD IQ MXXDK EU×bH JUOP NDXX _ iRKDRcDK aIOUND �"%��.!9 ����1 ! TMPC WOcDI KRJWCX^ PCD IMQD MNPOcMPORU DUDKW^ MI PCD'�"!��.!9 ����1 ! RUD a OU PCD LRXXRY OUW YD ICMXX NRUIO[DK RUX^ PCD � %  ��1 MU[PCD '�"!��.!9 ����1 ! TMPCI ECDKDMLPDK IOQTX^ NMXXD[ !9 ����1 !H _o I D\TXMOUD[ ]DLRKD a MU OQTRKPMUP T ROUP PR ] D M[[KDIID[ LRK JU[DKIPMU[ZOUW PCD PCDKQ MX IPM]OXOP^ RL PCD EF×bH TCMID OI PCD PCDKQR[^UMQ ONI MU[ PCDdOUDPONI RL PCD NKDMPORU RL M [DLDNP PCMP ]KDMdI M T DKLDNP KRY _ BCOI ] DNMJID
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PCD NRCDKDUP CRT M XMKWD T RKPORU RL KRY OI NCMKMNPDKOID[ ]^ MU DUDKW^ ]MKKODKQJNC COWCDK PCMP PCD D\TDKOQ DUPMX DIPOQ MPD _ eRK PCOI TJKT RID YD NRUIO[DK MT DKLDNP EF×bH IJKLMND YCRID [DNRUIPKJNPORU TKRNDD[I PCKRJWC PCD LRKQ MPORURL M cMNMUN^ OU RUD RL PCD
[11̄0]

M[[D[ KRY I MU[ PCD NRKKDITRU[OUW NKDMPORURL MU M[MPRQ OU RUD RL PCD M[� MNDUP Q OIIOUW KRY I _ BCOI TKRNDII CMI ] DDUQR[DXXD[ JIOUW M El×bH JUOP NDXX a IR PCMP PCD OUPDKMNPORU ] DPYDDU [DLDNPI OUPCD T DKOR[ONMXX^ KDT DMPD[ OQ MWDI RL RJK IXM] OI D\T DNPD[ PR ] D UDWXOWO] XD _

1.09

2.56

0.00

exchange

0.00

2.03

0.99F

TS

I

hopping E∆ E∆

eOWJKD p _h 	 �NCDQ MPON cODY I RL PCD CRTTOUW MU[ D\NCMUWD [DNRUIPKJNPORUTKRNDIIDI 	 PCD OU OPOMX IPMPD E`H a PCD PKMUIOPORU IPMPDI EB�H MU[ PCD �UMX IPMPDIEe H MKD [DINKO] D[ _
∆

� OI PCD DUDKW^ [O�DKDUND EOU D! H ] DPYDDU DMNC IPMPDMU[ PCD OUOPOMX IPMPD RL PCD IMQ D TKRNDII _ BCD ] RPPRQ TMUDXI ICRY M PRT cODYRL PCDID TKR NDIIDI _
BCD LRKQ MPORU RL M cMNMUN^ NMU MWMOU RNNJK cOM PCD PYR [OIPOUNP � %  ��1MU[ !9 ����1 ! TMPCI [DINKO] D[ M]RcD MU[ YCONC MKD [DTONPD[ OU [DPMOX OUeOWJKD p _h _ BCD PYR TKRNDIIDI MKD R]cORJIX^ DU[RPCDKQ ON 	 PCD �UMX IPMPD RL MIOUWXD CRT XODI F_G D! M]RcD PCD OUOPOMX IPMPD EY OPC M LRKYMK[ PKMUIOPORU ]MKKODKRL b _h� D! H a YCOXD PCD �UMX IPMPD RL M IOUWXD D\NCMUWD XODI G _  D! M]RcD PCD
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T DKLDNP EF×bH IJKLMND EY OPC M LRKYMK[ PKMUIOPORU ]MKKODK RL b _Gl D! H _ gRYDcDK aLRK ] RPC TKR NDIIDI PCD MNPOcMPORU DUDKW^ OI URP NRQTMPO]XD Y OPC PCD cMXJDRL
EA�

G _ h±G _Fl D! D\PKMNPD[ LKRQ PCD oKKCDUOJI �P PR PCD D\TDKOQ DUPMX[MPM _ �D NRUNXJ[D PCMP a YCMPDcDK PCD [DNRUIPKJNPORU QDNCMUOIQ Q OWCP ] D aOPI OWUOPORU QJIP R NNJK OU PCD UDOWC]RJKCRR[ RL [DLDNPI MXKDM[^ TKDIDUP MPPCD KDNRUIPKJNPD[ IJKLMND _`U RK[DK PR OUcDIPOWMPD PCD KRXD RL IJKLMND [DLDNPI OU PCD [DNRUIPKJNPORUTKRNDII a YD CMcD NRUIO[DKD[ PCD TKR NDII OU YCONC M fC MPRQ a IOPPOUW MP MUM[[D[ KRY UD\P PR MU MXKDM[^ D\ OIPOUW cMNMUN^a �JQTI PR M UDOWC]RJKOUWQ OIIOUW KRY EPCD TKR NDII
S1 → S2

[DINKO] D[ OU eOWJKD p _�H _ `U PCOI NMID a

e OWJKD p _� 	 `U[Oc O[JMX [DLDNPZQ D[OMPD[ [DNRUIPKJNPORU QDNCMUOIQ MU[ KDZIJXPOUW MNPOcMPORU DUDKWODI ED! H _
RUX^ PCD !9 ����1 ! Q DNCMUOIQ CMI ] DDU D\TXONOPX^ NRUIO[DKD[ a LRK OP OI QJNCLMcRJKD[ OU PCD NMID RL M T DKLDNP IJKLMND _ BCD NMXNJXMPD[ LRKYMK[ MNPOcMPORUDUDKW^ OI F_Fp D! a NRQTMPO]XD Y OPC PCD D\TDKOQ DUPMX cMXJD RL PCD MNPOcMPORUDUDKW^ LRK PCD IJKLMND [DNRUIPKJNPORU TKR NDII _ BCD �UMX IPMPD RL PCD TKR NDII a
S2

a CMI MU DUDKW^ G _p� D! COWCDK PCMU PCD OUOPOMX IPMPD a KDIJXPOUW OU M ]MKKODKLRK PCD KDcDKID TKRNDII
S1 ← S2

RL G _�� D! _ BCOI OI [JD PR M XMKWDK IPKDUWPC RLPCD ] RU[ ]DPYDDU fC MPRQ I Y OPCOU PCD IMQ D KRY E
JS

2

H PCMU ] DPYDDU MPRQ IOU M[� MNDUP KRY I E
JL,D

2

H _ "UND PCD [DNRUIPKJNPORU CMI ] DDU OWUOPD[ ]^ PCDTKRNDII
S1 → S2

a OP Y OXX TKRNDD[ DOPCDK PCKRJWC PCD [O�JIORU RL PCD M[MPRQ OUPCD Q OIIOUWZKRY a RK PCKRJWC PCD [OKDNP TMOKOUW RL PYR M[� MNDUP KRY I KDIJXPOUW]^ PCD OUNKDQ DUPMX ]JOX[ZJT RL MU MPRQ ON KRY OU PCD Q OIIOUW KRY PCKRJWC _ `UPCD LRKQ DK NMID a PCD [O�JIORU RL PCD OIRXMPD[ M[MPRQ TKR NDD[I JUPOX OP IPRTI MP
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PCD LRRP RL M IPDT RK OP NXJIPDKI Y OPC RPCDK M[MPRQ I LRJU[ RU OPI YM^ PCKRJWCPCD Q OIIOUWZKRY _� `U PCD XMPPDK NMID a OUIPDM[ a KRY TMOKOUW YRJX[ TKRNDD[ cOMDXDQ DUPMK^ IPDTI IJNC MI PCD
S2 → S3

TKRNDII [DTONPD[ OU eOWJKD p _� a OUYCONC MU MPRQ XDMcDI PCD M[[D[ KRY �JQTOUW UD\P PR M TKDc ORJIX^ Q RcD[MPRQ _ BCD NMXNJXMPD[ [O�JIORU ]MKKODK MXRUW PCD Q OIIOUWZKRY OI G _�G D! acDK^ NXRID PR PCD ]MNdYMK[ MNPOcMPORU DUDKW^ LRK PCD
S1 → S2

TKRNDII EG _��D! H a OU[ONMPOUW PCMP RUND MU M[MPRQ CMI ] DDU ICOLPD[ PR PCD Q OIIOUW KRY a OPY OXX a Y OPC DrJMX TKR]M]OXOP^a DOPCDK KDNRQ]OUD Y OPC PCD cMNMUN^ XDLP ] DCOU[ RK[O�JID MYM^_ BCD NMXNJXMPD[ MNPOcMPORU DUDKW^ LRK PCD
S2 → S3

TKRNDII OI F_F�D! a NRQTMKM]XD PR PCMP RL PCD �KIP �JQT a YCONC OWUOPDI PCD [DNRUIPKJNPORUE
S1 → S2

a F _Fp D! H a MU[ QJNC XMKWDK PCMU PCD [O�JIORU ]MKKODK EG _� D! H RK PCD]MNdYMK[
S1 → S2

]MKKODK EG _�� D! H [OINJIID[ M]RcD _� �D PCJI OULDK PCMPPCD [OKDNP TMOKOUW RL M[� MNDUP M[[D[ KRY I OI JULMcRJKD[ Y OPC KDIT DNP PR M[DNRUIPKJNPORU QDNCMUOIQ OU YCONC M[[D[ KRY I YRJX[ NKJQ]XD IPMKPOUW LKRQIJKLMND [DLDNPI E!31 3 IPDTIH MU[ PCD OIRXMPD[ M[MPRQ I PCJI TKR[JND[ YRJX[[O�JID MXRUW Q OIIOUWZKRY I JUPOX PCD^ NXJIPDK RK MKD ]XR NdD[ MP PCD LRRP RL MIPDT _ � CDU DOPCDK PCDID �UMX IPMPDI MKD KDMNCD[ a PCD UJQ]DK RL OUZKRY ]RU[IOUNKDMIDI ]^ RUD a PCJI XRYDKOUW PCD IJKLMND DUDKW^ IXOWCPX^ ] DXRY PCD OUOPOMXcMXJD NRKKDITRU[OUW PR PCD
S1

IPMPD _BCOI � KIPZTKOUNOT XDI IPJ[^ RL PCD Q ONKRINRTON Q DNCMUOIQ I NCMKMNPDKOIOUWPCD OUOPOMX IPMWDI RL PCD [DNRUIPKJNPORU TKR NDII NRU� KQ I PCMP PCD T DKLDNPEF×bH TCMID RL fC EFFGH OI D\PKDQ DX^ IPM]XD a ]JP OP MXIR OU[ONMPDI PCMP PCDTKDIDUND RL IJKLMND [DLDNPI RT DUI UDY XRYZ]MKKODK [DNRUIPKJNPORU TMPCYM^IYCONC IOWUO�NMUPX^ [DNKDMID PCD PCDKQ MX IPM]OXOP^ RL PCD IJKLMND _ BCOI OI NRQ ZTMPO] XD Y OPC �Bi KDIJXPI MNNRK[OUW PR YCONC PCD �KIP IPDTI RL PCD IPKJNPJKMXKDMKKMUWDQDUP OUcRXcD PCD TKDIDUND RL IJKLMND [DLDNPI klpm _ BCOI INDUMKOR OILJKPCDK IJTTRKPD[ ]^ PCD WRR[ MWKDDQ DUP ] DPYDDU PCD PCDRKDPONMX EF_Fp±G _FD! H MU[ PCD D\T DKOQ DUPMX KDIJXPI EG _ h±G _Fl D! H LRK PCD MNPOcMPORU DUDKW^ RL[DLDNP Q D[OMPD[ [DNRUIPKJNPORU _
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�� �� �� ��� �!" �  "!� !�� � %0 !  "!$�0 ���"( "!�#$�� %& �� ! ��#'( %& �� ! �'�%" .��%� ��' '�� #��%� %& ��"8%� ��%0� ��' �0 �$ $ �$#��!"� %� �� ! = � *+++- �#"& ��!34��� 2 %"56 '%� ! �� �%$ $�8%"���%� 2��� ? 3 < $& 	 ��' A 3 > �"%��6 �� ��0 !' �� #�.'!"����'��1 �� ! !�"$( ���1 !� %& 1 "� � �������%� %& �� ! = � *+++- �#"& ��!3

i MU^ NMPMX^PON TKRNDIIDI IJ� DK LKRQ JUYMUPD[ IO[D KDMNPORUI XDM[OUW PRXRY IDXDNPOc OP^ RK TROIRUOUW RL PCD NMPMX^IP _ o cDK^ OQTRKPMUP D\MQTXD OI PCDNMPMX^PON [DC^[KRWDUMPORU RL C^[KR NMK]RUI _ � ONdDX OI M NMPMX^IP Y O[DX^ JID[LRK PCD [OIIR NOMPORU RL C^[KRNMK] RUI ] DNMJID RL PCD LMcRJKM]XD D
 NODUN^�TKONDKMPOR _ eRK OUIPMUND a OU PCD IPDMQ KDLRKQ OUW TKRNDII a Q DPCMUD E�g
4

H OI [ OIZIR NOMPD[ RU PCD IJKLMND RL UONdDX UMURTMKPONXDI _ iRXDNJXMK C^[KRWDU Eg
2

H OILRKQ D[ MU[ PCD KDQ MOUOUW NMK]RU KDMNPI Y OPC YMPDK PR LRKQ M[[OPORUMX QRXDNZJXMK C^[KRWDU MU[ NMK] RU QRUR\ O[D E�" H _ �MK]RU QM^ ] D TKDIDUP RU PCDUONdDX IJKLMND OU PYR LRKQ I 	 M ��"8�'�� TCMID a NCMKMNPDKOID[ ]^ JUIMPJKMPD[
� bTz

RK]OPMXI a MU[ M 1"� � ���� TCMID _ BCD TKDIDUND RL PCD PYR IT DNODI NMU ] DD\T DKOQ DUPMXX^ [OIPOUWJOICD[ RU PCD ]MIOI RL PCD q!! oJWDKZXOUD ICMTD _ �MKZ]O[ON NMK]RU LRKQ I MP PDQTDKMPJKDI ] DXRY ∼�GG q MU[ OI PCD MNPOcD NMK] RUIT DNODI TMKPONOTMPOUW OU PCD NMPMX^PON TKRNDII _ `U PCD NMK]O[ON TCMID MP NRcZDKMWDI COWCDK PCMU G _b ij a PCD IJKLMND MPRQ I MKD LRJU[ PR KDMKKMUWD OUPR MUMXQRIP IrJMKD IJKLMND Q DIC Y OPC M E√
39×
√

39
H
R16.1� SNXR NdV KDNRUIPKJNPORUkp Fm YCONC OI rJOPD IOQ OXMK PR PCMP R]IDKcD[ RU PCD � O EGG FH IJKLMND kpbm _ oPPDQTDKMPJKDI ] D^RU[ �GG q a WKMTCOPON NMK]RU LRKQ I a YCONC KDIJXPI OU M XRII RLKDMNPOc OP^ MU[ PCDKDLRKD XDM[I PR M TROIRUOUW RL PCD NMPMX^IP _ o KDNDUP INMUZUOUW PJUUDXXOUW Q ONKRINRT^ E�BiH IPJ[^ RL PCD [DNRQTRIOPORU RL DPC^XDUDE�

2

g
4

H RU PCD � O EFFFH IJKLMND MP PDQTDKMPJKDI ] DXRY PCMP KDrJOKD[ LRK PCD
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LRKQ MPORU RL WKMTCOPON NMK] RU kplm CMI ICRYU PCMP PCD NMK]RU OI [OIT DKID[ RUPCD IJKLMND MI MU OIRXMPD[ IPMPD RK MI M IPKOUWZXOdD IPKJNPJKD Y OPCRJP LRKQ OUWOIXMU[I RL KDNRUIPKJNPD[ IOUWXD [RQ MOUI RL PCD E√

39×
√

39
H
R16.1� IPKJNPJKD _

BCD PDQTDKMPJKD [DT DU[DUND RL PCD KDMNPOc OP^ RL NMK] RU TKDIDUP RU PCDIJKLMND RL PCD UONdDX NMPMX^IP CMI OQ TRKPMUP NRUIDrJDUNDI _ `U[DD[ a PCD OUZ[JIPKOMX TKRNDIIDI PCMP OUcRXcD PCD [OIIR NOMPORU RL C^[KRNMK]RUI KJU MP COWCPDQTDKMPJKD MU[ MKD QRIP NRUcDUODUP OL PCD NMK]RUZPRZR\^WDU KMPOR OI MI NXRIDPR IPRONCORQ DPKON MI T RIIO] XD _ �U[DK IJNC IDcDKD NRU[OPORUI WKMTCOPON NMK]RULRKQ I _ BCD NMK] RU ]JOX[JT RU PCD UONdDX IJKLMND ]XR NdI PCD MNPOcD IOPDI a PCJIXRYDKOUW PCD D
 NODUN^ MU[ DcDUPJMXX^ XDM[OUW PR M PRPMX ]KDMd[RYU RL PCDNMPMX^IP _ o TMKPOMX IRXJPORU RL PCD TKR]XDQ CMI ] DDU TKRTRID[ ]^ e _ nDIDUZ]MNCDK !� �$3 kppm a NRUIOIPOUW OU PCD M[[OPORU RL M IQ MXX MQRJUP RL WRX[ EG _hYP � H PR PCD UONdDX IJKLMND _ g OWCZMNPOc OP^ IOPDI MKD ]XR NdD[ ]^ NRRK[OUMPORUY OPC WRX[ MPRQ I a KDPMK[OUW NMK] RU UJNXDMPORU MU[ a PR M XDIIDK D\PDUP a PCDKDLRKQ MPORU TKRNDII _ BCOI TKR ND[JKD a CRYDcDK OI URP IJ
 NODUP PR DXOQ OUMPDPCD LRKQ MPORU RL WKMTCOPON NMK]RU _
BCD D
 NODUN^ RL UONdDX OU PCD [OIIR NOMPORU RL C^[KR NMK]RUI CMI MXIR ] DDUKDNDUPX^ D\TXROPD[ LRK PCD WKRYPC RL NMK] RU UMUR�]KDI kphm _ �MK] RU UMUR�Z]KDI CMcD ] DDU R]IDKcD[ PR [DcDXRT PCKRJWC M KDMNPORUZOU[JND[ KDICMTOUWRL PCD UONdDX UMURTMKPONXDI _ �eB NMXNJXMPORUI T DKLRKQ D[ RU PCD EFFFH MU[EbFFH IJKLMNDI kphm CMcD IJWWDIPD[ PCMP PCD KMPD XOQ OPOUW IPDT LRK PCD UMUR�Z]KD WKRYPC OI PCD IJKLMND PKMUITRKP RL � MPRQ I MYM^ LKRQ IPDTI a YCDKD PCD[OIIR NOMPORU RL Q DPCMUD OI QRKD LMcRJKM]XD a PR PCD WKMTCDUD�� O EFFFH OUPDKZLMND _ BCD RcDKMXX MNPOcMPORU DUDKW^ LRK M[[OUW M NMK]RU MPRQ PR M TKDZD\ OIPOUWWKMTCDUD RcDKXM^DK CMI ] DDU DIPOQ MPD[ PR ] D F_� D! a OU MWKDDQ DUP Y OPC PCDD\T DKOQ DUPMX DIPOQ MPDI EF_hZ F_� D! H _ `U ITOPD RL PCDID M[cMUNDI a PCD JU[DKZIPMU[OUW RL PCD Q ONKRINRTON WKRYPC QDNCMUOIQ RL M WKMTCDUD XM^DK RU UONdDXIJKLMNDI OI IPOXX OUNRQTXDPD _ `U TMKPONJXMK a PCD DMKX^ IPMWDI RL PCD UJNXDMPORUTKRNDII XDM[OUW PR PCD LRKQ MPORU RL WKMTCDUD OIXMU[I MKD URP ^DP NXDMK _
`U RK[DK PR ICD[ XOWCP RU PCOI PRTON a YD CMcD TDKLRKQ D[ �KIP TKOUNOTXDINMXNJXMPORUI RL PCD M[IRKTPORU RL NMK] RU MP PCD EFFFH IJKLMND RL UONdDX _ `UTMKPONJXMK YD CMcD IPJ[OD[ PCD LRKQ MPORU MU[ [O�JIORU RL IQ MXX NMK] RU NXJIZPDKI EIJNC MI [OQ DKI a PKOQ DKI a JT PR PCD CD\MQ DKH PCMP MKD D\TDNPD[ PR TXM^MU OQTRKPMUP KRXD OU PCD UJNXDMPORU TKRNDII _ "JK TKDXOQ OUMK^ KDIJXPI IDDQ PRIJWWDIP PCMP a OU MWKDDQ DUP Y OPC PCD D\T DKOQ DUPMX �U[OUWI RL � MdMUR !� �$3kplm a PCD LRKQ MPORU RU M WKMTCDUD OIXMU[ OI JULMcRJKD[ Y OPC PCD KDIT DNP PRWKRYPC RL NMK] RU � XMQ DUPI _



� �� � � ���� � ����� �
	
��� ��

� $% � ,��* � 1%%%3 -9'.4�*
o [DPMOXD[ [DINKOTPORU RL PCD Q DPCR[RXRW^ JID[ OU RJK � KIPZTKOUNOTXDI NMXNJXMZPORUI OI KDTRKPD[ OU oTTDU[O\ o _ BCD EFFFH UONdDX IJKLMND CMI ] DDU QR[DXXD[]^ LRJK XM^DK IXM]I : PCD ]RPPRQ XM^DK YMI dDTP �\D[ MP PCD ]JXd PKJUNMPD[IPKJNPJKD MU[ PCD RPCDKI YDKD XDLP LKDD PR KDXM\ IR MI PR Q OUOQ OID PCD IJKZLMND DUDKW^_ nKOXXRJOU �RUD OUPDWKMPORU CMI ] DDU TDKLRKQ D[ JIOUW M E × ×FHiRUdCRKIPZ�MNd QDIC LRK PCD EF×FH IJKLMND JUOP NDXX MU[ DrJOcMXDUP Q DICDILRK PCD XMKWDK JUOP NDXXI _ BCD ]JXd MU[ PCD IJKLMNDI RL UONdDX MKD dURYU PR ] DQMWUDPON _ eRK PCOI KDMIRU YD CMcD TDKLRKQ D[ MXX PCD NMXNJXMPORUI OU PCD XR NMXITOU [DUIOP^ MTTKR\ OQ MPORU Ej��oZ��oH_ BCD DrJOXO]KOJQ XMPPOND NRUIPMUP a
a0

a MU[ PCD ]JXd QR[JXJI a
B0

a RL U ONdDX CMcD ] DDU [DPDKQ OUD[ MI D\TXMOUD[OU PCD TKDcORJI NCMTPDK OU PCD NMID RL KCR[OJQ _ eRK
a0

YD CMcD R]PMOUD[ McMXJD RL � _�� ]RCK a OU D\NDXXDUP MWKDDQ DUP Y OPC PCD D\TDKOQ DUPMX KDIJXP E� _��]RCK kp�mH _ eRK PCD ]JXd QR[JXJI
B0

MU[ LRK PCD Q MWUDPON Q RQ DUP
µ

YD CMcDR]PMOUD[ a KDIT DNPOcDX^a b _Gb i]MK MU[ G _�p
µB/

NDXX a OU WRR[ MWKDDQ DUP Y OPCPCD D\T DKOQ DUPMX cMXJDI RL F_<� i]MK MU[ G _� F
µB/

NDXX kp� a p<m _ `U eOWJKDh _F M INCDQ MPON PRT cODY RL PCD EFFFH IJKLMND RL M LNN NK^IPMX OI [DTONPD[ _nXJD MU[ KD[ NOKNXDI KDTKDIDUP a KDIT DNPOcDX^a PCD CNT MU[ LNN PCKDDZLRX[ CRXXRYIOPDI a YCOXD PCD cDKPD\DI RL PCD XMPPOND KDTKDIDUP PCD PRT IOPDI _ gNT CRXXRYIOPDI [O� DK LKRQ PCD LNN RUDI LRK PCD TKDIDUND RL M � O MPRQ OU PCD JU[DKX^ OUWXM^DK _ BCD EF×FH a Eb×bH MU[ El×lH IJKLMND JUOP NDXXI JID[ OU PCOI YRKd MKD[DTONPD[ Y OPC [MICD[ XOUDI _ e OWJKD h _F ICRY I PCMP PCD CRXXRY IOPDI MKD XR NMPD[RU M PKOMUWJXMK XMPPOND RL IO[D F_pp � a cDK^ NXRID PR PCD XMPPOND NRUIPMUP RL MWKMTCDUD ICDDP EF_pl � H _
� $8 �4'�(5 46-(')+,(5 � +/* �4'� ,6 ,� )/4-*
�D CMcD � KIP NRUIO[DKD[ PCD TKRT DKPODI RL PCD NMK]O[ON TCMID a O _D _ PCD ]OU[ZOUW RL OIRXMPD[ NMK] RU MPRQ I RU PCD EFFFH IJKLMND RL UONdDX _ �MK] RU MPRQ IMKD MIIJQ D[ PR KDIJXP LKRQ PCD NRQTXDPD [DC^[KRWDUMPORU RL C^[KRNMK] RUIEQ DPCMUD a LRK OUIPMUNDH _ �RIIO] XD M[IRKTPORU IOPDI MKD PCD PRT a PCD ]KO[WD aPCD LNN MU[ PCD CNT PCKDDLRX[ZCRXXRY _ "JK NMXNJXMPORUI OU[ONMPD PCMP RUX^ PCDPYR CRXXRY IOPDI MKD IPM]XD a Y OPC PCD NMK]RU IXOWCPX^ Q RKD ] RJU[ MP PCD CNTEG _Gp D! MP M NRcDKMWD RL F� ijH_ BCD KDIJXPI MKD KDTRKPD[ OU BM]XD h _F_`P OI Dc O[DUP PCMP PCDKD OI IO�M]XD KD[JNPORU RL PCD ]OU[OUW DUDKW^ OU WROUWLKRQ XRY EF� ijH PR COWC NRcDKMWD EF ijH a Y OPC MU DUDKW^ [O�DKDUND RL
∼F_� D! _ �D CMcD MXIR cDKO�D[ PCMP PCD D�DNPI RL ITOU T RXMKOIMPORU MKD KDXZDcMUP _ BCD DIPOQ MPD[ DKKRK OU PCD ]OU[OUW DUDKW^ KDIJXPOUW LKRQ UDWXDNPOUWIJNC D�DNPI OI ∼G _F D! _ BCD QR[O�NMPORU RL PCD Q MWUDPON IPKJNPJKD RL PCD
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eOWJKD h _F 	 BRT cODY RL PCD EFFFH IJKLMND RL M LNN NK^IPMX _ fD[ MU[ ]XJD[RPI KDTKDIDUP a KDIT DNPOcDX^a PCD LNN MU[ CNT PCKDDZLRX[ CRXXRY IOPDI _ BCDEF×FH a Eb×bH a MU[ El×lH IJKLMND JUOP NDXXI JID[ OU PCOI YRKd MKD [DTONPD[Y OPC [MICD[ XOUDI _



� �� � ��	��� ����	����� � ��� ��	� �� �� ����� ��
F� ij F ij F ij EURU QMWUDPONHCNT CRXXRY � _�� ED! �� H p _ b ED! �� H �LNN CRXXRY � _�l ED! �� H p _ b ED! �� H h _G F ED! �� H

BM]XD h _F 	 nOU[OUW DUDKWODI RL PCD NMK]RU MPRQ RU PCD PYR M[IRKTPORU IOPDIECNT MU[ LNN CRXXRY IOPDIH MP [O� DKDUP NRcDKMWDI _ BCD ]OU[OUW DUDKW^ RL MNMK]RU MPRQ M[IRK] D[ MP PCD LNN CRXXRY IOPD EF ijH a R]PMOUD[ UDWXDNPOUW PCDITOU TRXMKOIMPORU a OI KDTRKPD[ MI M KDLDKDUND _
� O EFFFH IJKLMND KDIJXPOUW LKRQ PCD M[IRKTPORU RL NMK]RU MP COWC NRcDKMWD EFijH OI ICRYU OU eOWJKD h _b a YCDKD PCD TXMUMK McDKMWD RL PCD ITOU TRXMKOIMPORUE
ζ(z) =

∫ ρ↑−ρ↓
ρ↑+ρ↓

dxdy
H OI T XRPPD[ MI M LJUNPORU RL � _ BCD ]XMNd XOUD KDTKDIDUPIPCD TRXMKOIMPORU RL PCD NXDMU � O EFFFH IJKLMND : PCD KD[ MU[ PCD WKDDU XOUDI KDLDKPR NMK]RU M[IRKTPORU MP PCD CNT MU[ LNN IOPDI _ BCD RKODUPMPORU RL PCD NMKZ]RU QMWUDPON Q RQDUP OI RTTRIOPD PR PCMP RL PCD � O IJKLMND a KDIJXPOUW LKRQ MUMUPOZLDKKRQ MWUDPON NRJTXOUW : PCD Q MWUDPOIMPORU RL PCD � KIP � O XM^DK OI KD[JND[PR �DKR _BCD NMK]RU [O�JIORU CMI ] DDU IPJ[OD[ ]^ IDMKNCOUW PCD i�� PCMP NRUZUDNPI PCD CNT MU[ PCD LNN IOPDI OU PCD XOQ OP RL XRY NRcDKMWD EF� ijH_ BCDKDIJXPOUW DUDKW^ TKR� XD OI [DTONPD[ OU eOWJKD h _l a PRWDPCDK Y OPC M PRT cODYRL PCD PYR DU[ IPMPDI MU[ RL PCD PKMUIOPORU IPMPD _ `U WDUDKMX a PCD [O�JIORURL M[IRK]MPDI RU PCD EFFFH IJKLMND R NNJKI ]^ NKRIIOUW PCD ]KO[WD IOPD Y OPCRJPM NRUIO[DKM]XD [DLRKQ MPORU RL PCD IJ]IPKMPD _ BCOI OI URP PCD NMID RL NMKZ]RU _ `U[DD[ a MI NMU ]D IDDU LKRQ eOWJKD h _l a PCD TKRT DUIOP^ RL NMK]RU PROUNKDMID OPI NRRK[OUMPORU OU[JNDI M IPKRUW [DLRKQ MPORU RL PCD IJ]IPKMPD a KDZIJXPOUW OU MU OUNKDMID RL PCD � O2Z� O4 [OIPMUND ]^ G _l� � MU[ M NRUPKMNPORURL PCD � O1Z� O3 [OIPMUND ]^ G _pp � _ oP PCD PKMUIOPORU IPMPD PCD NMK] RU IPM^IOU M IRKP RL LRJKLRX[ CRXXRY IOPD MU[ PCD IJKLMND WDRQDPK^ NXRIDX^ KDIDQ]XDIPCD NXR Nd KDNRUIPKJNPORU OU[JND[ ]^ � M[IRKTPORU RU PCD EGG FH LMNDP RL UONdDXkpbm _ BCD KD[ [MICD[ NJKcD OU eOWJKD h _l KDTKDIDUPI PCD DXMIPON NRUPKO]JPORU PRPCD DUDKW^ ]MKKODK _ `U RK[DK PR DIPOQ MPD PCD DXMIPON DUDKW^ E

E� CA���� H YD CMcDKDQRcD[ PCD NMK] RU MPRQ LKRQ PCD IJKLMND MU[ NRQTJPD[ PCD PRPMX DUDKW^ RLPCOI IPKJNPJKD Y OPC PCD QDPMX MPRQ I dDTP LKR�DU MP PCD TRIOPORUI PCD^ YRJX[CMcD OU TKDIDUND RL M NMK] RU OQTJKOP^_
E� CA���� OI PCJI WOcDU ]^ PCD [O�DKDUND] DPYDDU PCD PRPMX DUDKWODI RL PCOI SLKR�DUV IXM] MU[ PCMP RL PCD NXDMU IJKLMND 	

E� CA���� = E�BJH�K ��B�A�� − E�C�AK ��B�A�� Eh _FH
BCOI TKRND[JKD CMI ] DDU LRXXRYD[ LRK MXX PCD OQ MWDI RL PCD TMPC _ BCD DXMIPONDUDKW^ PCJI [D�UD[ NRKKDITRU[I PR PCD YRKd KDrJOKD[ PR [DLRKQ PCD UONdDX
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0

bare surface

fcc hollow

hcp hollow

ζ(z) =
∫ ρ↑−ρ↓

ρ↑+ρ↓
dxdy

eOWJKD h _b 	 � XMUMK McDKMWD RL PCD ITOU TRXMKOIMPORU TXRPPD[ MI LJUNPORU RL � _BCD ]XMNd XOUD KDTKDIDUPI PCD TRXMKOIMPORU RL PCD ]MKD � O EFFFH IJKLMND : PCDKD[ MU[ PCD WKDDU XOUDI [DINKO] D PCD D�DNP RL PCD NMK]RU M[IRKTPORU OU PCDCNT MU[ LNN IOPDI _
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eOWJKD h _l 	 �UDKW^ TKR� XD LRK PCD NMK] RU [O�JIORU RU PCD � O EFFFH IJKLMND _BCD KD[ NJKcD NRKKDITRU[I PR PCD NRUPKO]JPORU WOcDU ]^ PCD DXMIPON [DLRKQ MZPORU RL PCD IJ]IPKMPD PR PCD DUDKW^ ]MKKODK EIDD PD\PH _ `U PCD XRYDK TMUDXI MPRT cODY RL PCD PYR DU[ IPMPDI MU[ RL PCD PKMUIOPORU IPMPD OI ICRYU _
IJ]IPKMPD : ]^ [D�UOPORU a OP OI MXYM^I T RIOPOcD _ `U eOWJKD h _l OI DcO[DUP PCMP PCDDXMIPON DUDKW^ MP PCD PKMUIOPORU IPMPD OI DcDU XMKWDK E]^ G _F D! H PCMU PCD RcDKMXXDUDKW^ ]MKKODK _ �D NMU PCJI NRUNXJ[D PCMP PCD ] RU[OUW RL NMK] RU Y OPC PCDIJ]IPKMPD OI IPKRUWDK MP PCD PKMUIOPORU IPMPD PCMU MP PCD PYR DU[ IPMPDI a ]JP URPDURJWC PR NRQTDUIMPD PCD DUDKW^ TM^D[ LRK PCD XMKWD IJ]IPKMPD [DLRKQ MPORU _BCOI KDIJXP OI OU MWKDDQ DUP Y OPC PCD D\TDKOQ DUPMX R]IDKcMPORU PCMP a OU PCDNMK]O[ON TCMID MP NRcDKMWD M]RcD G _b ij a PCD IJKLMND MPRQ I MKD LRJU[ PRKDMKKMUWD OUPR MU MXQ RIP IrJMKD IJKLMND Q DIC Y OPC M E√

39 ×
√

39
H
R16.1�SNXR NdV KDNRUIPKJNPORU kp Fm _ `U[DD[ a MP COWC NRcDKMWD a PCD NRIP LRK PCD DXMIPON[DLRKQ MPORU RL PCD UONdDX IJ]IPKMPD OI NRQTDUIMPD[ ]^ PCD DUDKW^ WMOU [JDPR PCD IPKRUWDK ]OU[OUW RL NMK]RU _ �ULRKPJUMPDX^a ] DNMJID RL PCD XMKWD JUOPNDXX KDrJOKD[ PR [DINKO] D PCD E√
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[OKDNPX^ PCD NRKKDNPUDII RL PCOI Q R[DX _ "JK DIPOQ MPD RL PCD DUDKW^ ]MKKODKLRK NMK] RU [O�JIORU OI ∼G _lh D! a OU WRR[ MWKDDQ DUP Y OPC PCD D\TDKOQ DUPMXcMXJD RL G _l D! R]PMOUD[ LRK T RX^NK^IPMXXOUD � O kp m _ BCD IXOWCPX^ XMKWDK cMXJDE∼G _h D! H NRQTJPD[ ]^ gDXcDW !� �$3 kphm OI TKR]M]X^ PCD KDIJXP RL PCD IQ MXXDKIJT DKNDXX MU[ PCOUUDK IXM] JID[ OU PCDOK NMXNJXMPORU _ `U[DD[ a JIOUW M lZXM^DKIXM] MU[ M Eb×bH IJKLMND JUOP NDXX a� YD CMcD R]PMOUD[ MU DUDKW^ ]MKKODK RL G _hD! a OU MWKDDQ DUP Y OPC PCD cMXJD R]PMOUD[ ]^ gDXcDW !� �$_
� $� �'4)/*5* 59� �*4+,(5 � +/* �'4)/,+,� )/4-*
BCD KMPCDK XRY DUDKW^ ]MKKODK LRK NMK] RU [O�JIORU IJWWDIPI PCMP PCOI TKRNDIIOI D\PKDQ DX^ KMTO[ a DIT DNOMXX^ MP PCD COWC PDQTDKMPJKDI KDrJOKD[ LRK PCD LRKZQ MPORU RL WKMTCDUD E∼�GG q H_ `P OI PCJI KDMIRUM]XD PR D\T DNP PCD LKDrJDUPR NNJKKDUND RL PYR ]R[^ TKRNDIIDI OU YCONC M[IRK] D[ NMK] RU MPRQ I NRXXO[D aWOc OUW KOID PR M [OQ DK _ o PRT c ODY RL PCOI KDMNPORU MU[ RL PCD NRKKDITRU[OUWDUDKW^ TKR� XD MKD [DTONPD[ OU eOWJKD h _p _ BCD � MPRQ I MKD OU OPOMXX^ TXMND[OU LNN CRXXRY IOPDI MP M [OIPMUND RL p _lb � MU[ PCD TKRNDII TKRNDD[I OU PCKDDCRTI _ o LPDK DMNC CRT PCD DUDKW^ OUNKDMIDI MI M NRUIDrJDUND RL PCD IJ]IPKMPDZQ D[OMPD[ OUPDKMNPORU ]DPYDDU PCD � MPRQ I _ BCD ]RPPXDUDNd LRK PCD YCRXDKDMNPORU OI WOcDU ]^ PCD XMIP DUDKW^ ]MKKODK MU[ PCD RcDKMXX MNPOcMPORU DUDKW^OI DIPOQ MPD[ PR ] D F_Gb D! _� � OPC M ]OU[OUW DUDKW^ RL � _ l D! �� a PCD [OQ DKOI G _b� D! �� QRKD IPM]XD PCMP PCD OIRXMPD[ � MPRQ : PCD LRKQ MPORU RL M [OQ DKOI PCJI MU D\RPCDKQ ON TKR NDII EG _hb D! TDK NMK] RU [OQ DKH _ BCD � Z� [OIPMUNDOI F_lh � a PR ] D NRQTMKD[ Y OPC F_l F � LRK PCD � Z[OQ DK OU PCD cMNJJQ MU[QJNC ICRKPDK PCMU PCD [OIPMUND ] DPYDDU UDOWC]RJKOUW CRXXRY IOPDI EF_pp � H _
�D CMcD MXIR NMXNJXMPD[ PCMP PCD [OQ DK [O�JIORU OI COU[DKD[ ]^ MU DUDKW^]MKKODK RL G _h D! a QJNC XRYDK PCMU PCD ]MKKODK PCMP CMI PR ] D RcDKNRQ D PRNKDMPD OP _ BCOI IJWWDIPI PCMP a YCDU PCD PDQTDKMPJKD OI COWC DURJWC PR MXXRYPCD [OQ DK LRKQ MPORU a PCD [OQ DK [O�JIORU OI LMNOXD _`U PCD T DKIT DNPOcD RL JU[DKIPMU[OUW PCD UJNXDMPORU RL M WKMTCDUD XM^DKOP OI UMPJKMX PR NRUIO[DK PCD IPM]OXOP^ RL PKOQ DKI a PDPKMQ DKI a T DUPMQ DKI MU[ a�UMXX^a RL M NMK]RU KOUW EMU CD\MQ DKH _ �OUND NMK]RU MPRQ I CMcD PR XOD RU PCDPKOMUWJXMK XMPPOND ICRYU OU eOWJKD h _Fa PCDKD OI �JIP RUD TRIIO] XD NRU�WJKMPORU
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LRK PCD PKOQ DK _ "U PCD NRUPKMK^a PCKDD [O� DKDUP PDPKMQ DK IPKJNPJKDI MKD TRIIOZ]XD _ oWMOU a LRK PCD T DUPMQ DK M UJQ]DK RL [O�DKDUP IPKJNPJKDI OI TRIIO] XD a ]JPYD CMcD NRUIO[DKD[ RUX^ PCD RUD PCMP NMU XDM[ PR PCD LRKQ MPORU RL PCD NMK] RUKOUW _ o PRT cODY RL MXX PCDID IPKJNPJKDI OI [DTONPD[ OU eOWJKD h _h MU[ PCD KDXMZPOcD ]OU[OUW DUDKWODI MKD IJQQMKOID[ OU BM]XD h _b _ `P OI YRKPC URPONOUW PCMP
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NC NNi NC−C NC−NiQRURQDK � _�� F l G l[OQ DK � _ l b p F �PKOQ DK � _ b l h b �PDPKMQ DK SQ RRUV � _<b p � l FbPDPKMQ DK SIPMKV � _�b p � l FbPDPKMQ DK SIUMdDV � _ � p � l <T DUPMQDK � _�h h � p FhCD\MQDK � _�� � � � F<

BM]XD h _b 	 nOU[OUW DUDKWODI RL MXX PCD NMK]RU NXJIPDKI NRUIO[DKD[ OU PCOI YRKd _
NC

KDTKDIDUPI PCD UJQ]DK NMK]RUI PCMP LRKQ PCD NXJIPDK MU[
NNi

OI PCDUJQ]DK RL UONdDX IJKLMND MPRQ I OUcRXcD[ _
NC−C

MU[
NC−Ni

MKD a KDIT DNPOcDX^aPCD UJQ]DKI RL NMK]RUZNMK]RU MU[ NMK]RUZUONdDX ] RU[I _
PCD ]OU[OUW DUDKW^ T DK NMK] RU MPRQ OI KRJWCX^ PCD IMQD LRK [OQ DKI a PKOQ DKIMU[ DXRUWMPD[ PDPKMQ DKI EPCD SIUMdDV NRU�WJKMPORU [DTONPD[ OU eOWJKD h _hH _BCOI NMU ] D D\TXMOUD[ RU PCD ]MIOI RL PCD [MPM KDTRKPD[ OU BM]XD h _b _ `U[DD[ aMXX PCDID DXRUWMPD[ IPKJNPJKDI ICMKD PCD TKRT DKP^ PCMP PCD KMPOR ] DPYDDU PCDUJQ]DK RL NMK] RUZUONdDX ]RU[I E�

C−Ni

H MU[ PCD UJQ]DK RL IJKLMND UONdDXMPRQ I OUcRXcD[ OU PCD ] RU[OUW E�
Ni

H OI Q OUOQJQ a ]DNRQ OUW NXRIDK PR F MIPCD XDUWPC RL PCD NXJIPDK OUNKDMIDI _ BCOI Q DMUI PCMP PCD McDKMWD NRRK[OUMZPORU RL PCD IJKLMND UONdDX MPRQ I OI XRYDK PCMU LRK PCD RPCDK IPKJNPJKDI IR PCMPDMNC NMK]RUZUONdDX ]RU[ OI IPKRUWDK _ BCD PDPKMQ DK SIPMKV OI PCD XDII IPM]XDIPKJNPJKD : OP CMI M KMPCDK T DNJXOMK PDPKMCD[KMX WDRQ DPK^ OU YCONC PCD NDUPKMXNMK]RU MPRQ OI [DPMNCD[ LKRQ PCD IJKLMND a ] DOUW G _pl � COWCDK PCMU PCD RPCDKNMK]RU MPRQ I _ BCD SQ RRUV PDPKMQ DK a PCD T DUPMQDK MU[ PCD CD\MQDK MKD MXXNRUIO[DKM]X^ XDII IPM]XD PCMU PCD NRKKDITRU[OUW DXRUWMPD[ NXJIPDKI _ BCOI ] DZCMcORJK OI TKR]M]X^ [JD PR PCD TKDIDUND RL MU RcDKZNRRK[OUMPD[ NDUPKMX U ONdDXMPRQ a ICMKD[ ]^ MXX PCD NMK]RU MPRQ I _ "U PCD ]MIOI RL PCDID KDIJXPI NMK] RUOI D\T DNPD[ PR WKRY OU PCD LRKQ RL DXRUWMPD[ � XMQ DUPI a MU^ UDY KMQ O�NMPORUCMcOUW MU DUDKW^ NRIP RL ∼G _hh D! _BCD MUMX^IOI RL Q MU^ TRIIO] XD KDMNPORU TMPCYM^I PCMP Q M^ XDM[ PR PCD LRKZQ MPORU RL PCDID IPKJNPJKDI NRU� KQ I PCOI TONPJKD _ BCD MNPOcMPORU DUDKW^ PCMPCOU[DKI PCD M[[OPORU RL M NMK]RU MPRQ PR MU DXRUWMPD[ NXJIPDK EPCD LRKQ MPORU
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RL PKOQ DK MU[ PDPKMQ DK SIUMdDV IPKJNPJKDIH OI ∼F_F D! a NRQTMKM]XD Y OPC PCDMNPOcMPORU DUDKW^ LRK PCD [OQ DK LRKQ MPORU _ "U PCD NRUPKMK^a PCD RcDKMXX DUZDKW^ ]MKKODK LRK PCD LRKQ MPORU RL PCD CD\MQDK OI F_<h D! a NRUIO[DKM]X^ XMKWDKPCMU MXX PCD RPCDK ]MKKODKI PMdDU OUPR MNNRJUP _ BCD [O�JIORU RL PKOQ DKI MU[RL XMKWDK NXJIPDKI CMI URP ] DDU PMdDU OUPR MNNRJUP ] DNMJID PCD DUDKW^ ]MKZKODKI LRK PCDID TKR NDII MKD D\TDNPD[ PR ] D XMKWD MU[ PCJI PCD^ MKD IJTTRID[PR ] D RL IDNRU[MK^ OQTRKPMUND OU PCD WKRYPC TKR NDII _ BCDID KDIJXPI OU[ONMPDPCMP PCD PYR IPKJNPJKDI PCMP a OU TKOUNOT XD a ICRJX[ ] D PCD ]JOX[OUW ]XR NdI RLPCD WKMTCDUD XM^DK E�3!3 PCD PDKPMQ DK SIPMKV MU[ PCD NMK]RU KOUWH MKD ] RPCPCDKQR[^UMQ ONMXX^ JULMcRJKD[ Y OPC KDIT DNP PR [OQ DKI a PKOQ DKI MU[ RPCDKDXRUWMPD[ � XMQ DUPI _ iRKDRcDK PCD LRKQ MPORU RL PCD NMK] RU KOUW OI COU[DKD[]^ M NRUIO[DKM]XD DUDKW^ ]MKKODK _ BCD DUDKWDPONI RL PCD TKRNDIIDI IPJ[OD[ OUPCOI YRKd OI IJQQMKOID[ OU eOWJKD h _� a YCDKD PCD NMID RL PCD LRKQ MPORU RL MUCD\MQDK a IPMKPOUW LKRQ IO\ NMK]RU QRURQ DKI a OI NRUIO[DKD[ _BCOI INDUMKOR OI OU MWKDDQ DUP Y OPC PCD D\TDKOQ DUPMX �U[OUWI RL � MdMURMU[ NRYRKdDKI kplm YCR CMcD R]IDKcD[ PCD LRKQ MPORU RL IPKOUWZXOdD IPKJNPJKDIRU PCD UONdDX IJKLMND MLPDK D\TRIJKD PR G _b j RL �

2

g
4

MP � Fp q EIDD eOWJKDh _�H _ BCD � XMQ DUPI LRKQ MUWXDI RL ∼FbG� MU[ MKD PCJI NRQQDUIJKMPD Y OPCPCD EFFFH IJ]IPKMPD _
� $# &*'-) *�+,�*-
BCD KDIJXPI TKDIDUPD[ OU PCD TKDc ORJI IDNPORU IDDQ PR OU[ONMPD PCMP PCD UJZNXDMPORU RL M WKMTCDUD OIXMU[ OI a MP XDMIP MP XRY PDQTDKMPJKD a JULMcRJKD[Y OPC KDIT DNP PR PCD WKRYPC RL DXRUWMPD[ NMK]RU � XMQ DUPI _ gRYDcDK OP OI URPNXDMK YCMP PCD OQTMNP RL DUPKRTON D� DNPI Q OWCP ] D _ `U[DD[ a PCD LMNP PCMPPCD LRKQ MPORU RL WKMTCOPON NMK] RU OI R]IDKcD[ MP PDQTDKMPJKDI ] D^RU[ �GGq OU[ONMPDI PCMP PCD D�DNPI RL PDQTDKMPJKD RU PCD PCDKQ MX IPM]OXOP^ RL PCDIPKJNPJKDI NRUIO[DKD[ NMUURP ] D UDWXDNPD[ _ BCD TRIIO] OXOP^ RL IPJ[^ OUW PCDDcRXJPORU RL PCD I^IPDQ MI M LJUNPORU RL PCD PDQTDKMPJKD MU[ RU QMNKRINRTONPOQ D INMXDI YRJX[ MXXRY LRK M [DDT DK JU[DKIPMU[OUW RL PCD WKRYPC QDNCMUOIQ _eRK PCDID KDMIRUI a YD MKD NRUIO[DKOUW PCD T RIIO] OXOP^ RL JIOUW PCD OULRKZQ MPORU R]PMOUD[ LKRQ � KIPZTKOUNOTXDI NMXNJXMPORUI PR T DKLRKQ dOUDPON iRUPDZ
�MKXR Eqi� H IOQJXMPORUI _ `U[DD[ a RUND M [MPM]MID RL MXX PCD TRIIO] XD NRU�WZJKMPORUI MU[ DUDKW^ ]MKKODKI OI McMOXM]XD a PCD KDMNPORU KMPDI NMU ]D NRQTJPD[JIOUW PCD CMKQRUON B�B [DINKO] D[ OU PCD � KIP NCMTPDK _ � OPC PCDID OUWKDZ[ODUPI a M IOQJXMPORU RL PCD XRUWZPOQ D DcRXJPORU RL PCD I^IPDQ ]MID[ RU PCDqi� INCDQ D ICRJX[ ]D IPKMOWCPLRKYMK[ _
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eOWJKD h _p 	 �UDKW^ TKR� XD RL PCD QJXPOZIPDT TMPCYM^ PCMP XDM[I PR PCD [OQ DKLRKQ MPORU _ BCD XRYDK TMUDXI [DINKO] D M PRT cODY RL PCD IPM]XD NRU�WJKMPORUIMU[ PKMUIOPORU IPMPDI MXRUW PCD KDMNPORU TMPCYM^_
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eOWJKD h _h 	 BRT cODY RL PCD IPKJNPJKDI [DINKO] D[ OU PCD PD\P _
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tetramer "star"

monomer

trimer

dimer

tetramer "snake"

tetramer "moon"

pentamer

number of monomers

N N−6N−5N−4N−3N−2

hexamer

0.0 eV

1.85 eV

−0.75 eV

−0.20 eV

−0.52 eV

0.59 eV

0.36 eV

0.20 eV

1.02 eV

−1.20 eV

−0.60 eV

−0.40 eV

−0.54 eV

1.10 eV

eOWJKD h _� 	 �UDKWDPONI LRK PCD LRKQ MPORU RL M NMK]RU KOUW ECD\MQDKH IPMKPOUWLKRQ IO\ NMK]RU QRURQDKI _
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eOWJKD h _� 	 �Bi OQMWD RL ��� O EFFFH IJKLMND MLPDK D\T RIJKD PR G _b j RL �
2

g
4MP � Fp q EFh<×Fh< �2H _ `UIDKPD[ OI M j��� TMPPDKU RL PCD IJKLMND _ `P OIDc O[DUP PCD TKDIDUND RL IPKOUWZXOdD IPKJNPJKDI kplm _
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o _ g _ fRQDKR a � _ �]KMNNOM a � _ j _ � OXcDIPKDXXO a MU[ e _ oUNOXRPPR :TJ]XOICD[ OU � _ �CDQ _ �C^I _ FG<h a ��� EbGGlH _�� ��	��� �BCD NCDQ OIRKTPORU RL Q DPC^XNCXRKO[D E�g

3

� XH RU � O EFGGH OI IPJ[OD[LKRQ � KIP TKOUNOT XDI _ �D �U[ PCMP a MQ RUW M UJQ]DK RL TRIIO] XD M[ZIRKTPORU NRU�WJKMPORUI a PCD XRYDIPZDUDKW^ IPKJNPJKD OI RUD OU YCONCPCD Q DPC^XNCXRKO[D QRXDNJXD OI [ OIIR NOMPD[ OUPR �g
3

MU[ � X LKMWQ DUPIYCONC MKD ]RJU[ PR PCD PYR � O MPRQ I RL PCD IMQ D IJKLMND [OQ DK _ "JKNMXNJXMPORUI ICRY PCMP [OIIR NOMPOcD NCDQ OIRKTPORU RL Q DPC^XNCXRKO[D RU� O EFGGH Q M^ TKRNDD[ MXRUW [O� DKDUP KDMNPORU TMPCI NCMKMNPDKOID[ ]^[O�DKDUP DUDKW^ ]MKKODKI PCMP PCD I^IPDQ QJIP RcDKNRQ D 	 IRQ D [OIIRZNOMPORU TKR NDIIDI MKD Q D[OMPD[ ]^ M QRXDNJXMK TKDNJKIRK IPMPD MU[ a MPXDMIP OU RUD NMID a YD �U[ PCMP PCD [OIIR NOMPORU TKRNDII OI URU MNPOcMPD[ aOU MWKDDQ DUP Y OPC KDNDUP D\TDKOQ DUPMX �U[OUWI _ �D CMcD MXIR WDUZDKMPD[ a LRK Q MU^ TRIIO] XD M[IRKTPORU IPKJNPJKDI a PCDRKDPONMX INMUUOUWPJUUDXXOUW Q ONKRINRT^ OQ MWDI YCONC NRJX[ LMNOXOPMPD PCD OUPDKTKDPMPORURL D\T DKOQ DUPMX Q DMIJKDQ DUPI _
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7

g
8

H RU PCD � O EFGGH IJKLMND OI IPJ[ZOD[ JIOUW � KIPZTKOUNOTXDI MU[ IDQ ODQTOKONMX Q DPCR[I _ �D �U[ PCMP PCDQ RIP IPM]XD NRU�WJKMPORU OI M [OIIR NOMPD[ RUD a OU YCONC M � Zg ]RU[ RLPCD Q DPC^X WKRJT OI NXDMcD[ MU[ PCD XRRID C^[KRWDU OI ]RU[D[ PR PCDIOXONRU IJKLMND : M [DPMOXD[ MUMX^IOI ]MID[ RU PCD JID RL PCD Q M\OQ MXX^XR NMXOID[ �MUUODK LJUNPORUI OU[ONMPDI PCMP PCOI TKRNDII NMU ] D [DINKO] D[MI M TKRPRU M]IPKMNPORU KDMNPORU _ �DcDKMX RPCDK IPM]XD WDRQ DPKODI OUZcRXc OUW ]RPC JU[OIIRNOMPD[ MU[ [OIIR NOMPD[ PRXJDUD QRXDNJXDI CMcD ] DDULRJU[ MU[ IPJ[OD[ _ o XPCRJWC QRIP RL PCDQ KDIDQ]XD PCRID RL ] DU�DUDRU � O EFGGH a IRQ D [O�DKDUNDI CMcD ] DDU [DPDNPD[ a YCONC QMOUX^ KD�DNPPCD KRXD RL PCD DXDNPKRUZ[RUMPOUW a IJ]IPOPJDUP Q DPC^X WKRJT RL PRXJDUD _
�RIIO] XD KDMNPORU TMPCYM^I XDM[OUW LKRQ RUD IPM]XD M[IRKTPORU NRU�WZJKMPORU PR MURPCDK MU[ PR PCD [OIIR NOMPORU RL PCD PRXJDUD Q RXDNJXD RUPCD � O IJKLMND CMcD ] DDU OUcDIPOWMPD[ : OU TMKPONJXMK PCD RUD OUcRXc OUWPCD M]IPKMNPORU RL M TKRPRU LKRQ PCD QDPC^X WKRJT CMI ] DDU LRJU[ PR] D MNPOcMPD[ a Y OPC MU DUDKW^ ]MKKODK RL M] RJP F_p D! _ "JK KDIJXPI MKDNRQTMKD[ Y OPC KDNDUP D\T DKOQ DUPMX Q DMIJKDQ DUPI _
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� H RU � O EFGGH OI IPJ[OD[ LKRQ� KIP TKOUNOT XDI _ BCKDD [O� DKDUP IPKJNPJKDI NMU ]D KDMXO�D[ LRK YCONC a [DZT DU[OUW RU PCD PDQTDKMPJKD a PCD NCDQ OIRKTPORU TKRNDII OI LMNOXD ELRK PYRRL PCDQ OP OI DIIDUPOMXX^ ]MKKODKXDIIH _ oQRUW PCDID NRU�WJKMPORUI PCDQ RIP LMcRJKD[ RUD a LKRQ M PCDKQ R[^UMQ ONMX TROUP RL c ODY a OI M [OIIR NOZMPD[ IPKJNPJKD R]PMOUD[ PCKRJWC MU D\RPCDKQ ON KDMNPORU NCMKMNPDKOID[]^ PCD LRKQ MPORU RL M � Z�O ] RU[ MU[ M gZ� O ] RU[ OU YCONC PCD g MPRQOI [DPMNCD[ LKRQ PCD QRXDNJXD _ �DcDKMX RPCDK NCDQ OIRKTPORU IPKJNPJKDIMKD TRIIO] XD YCONC a CRYDcDK a KDrJOKD RcDKNRQ OUW M IOWUO�NMUP DUDKW^]MKKODK MU[ RLPDU ]KDMdOUW QJXPOTXD ]RU[I _ o UJQ]DK RL KDMNPORU TMPCIWROUW LKRQ RUD IPM]XD IPKJNPJKD PR MURPCDK CMcD ] DDU OUcDIPOWMPD[ _ �DCMcD MXIR WDUDKMPD[ a LRK PCD PYR ]MION M[IRKTPORU IPKJNPJKDI a PCDRKDPONMXINMUUOUW PJUUDXXOUW Q ONKRINRT^ OQ MWDI YCONC NRJX[ LMNOXOPMPD PCD OUPDKZ
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TKDPMPORU RL D\T DKOQ DUPMX Q DMIJKDQ DUPI a MU[ YD TKRTRID M T RIIO] XDKDMNPORU Q DNCMUOIQ LRK UOPKRWDU OUNRKTRKMPORU _
• ���� ���	����� ����� ��� 	������� ������� � 
�	 ����� ���� ��� � ������ ��×�� a
� _ �]KMNNOM a � _ o _ � OWUD[RXO a o _ �MPDXXMUO a f _ � O eDXOND a � _ j _ � OXcDIPKDXXO ae _ BROWR a e _ oUNOXRPPR a MU[ � _ i _ nDKPRUO :TJ]XOICD[ OU �JKL _ �NODUND <G a ��� EbGGpH _�� ��	��� �BCD OUPDKMNPORU ]DPYDDU PCD MNDP^XDUD QRXDNJXD E�

2

g
2

H MU[ PCD � O EFFFHZE�×�H IJKLMND OI IPJ[OD[ JIOUW ] RPC �KIP TKOUNOT XDI MU[ IDQ OZDQTOKONMXQ DPCR[I _ �DcDKMX T RIIO] XD NCDQ OIRKTPORU NRU�WJKMPORUI MKD D\TXRKD[ aYCONC QM^ ] D CDXTLJX PR KMPORUMXOID KDNDUP D\T DKOQ DUPMX KDIJXPI _ BCD dOZUDPONI RL PCD NCDQ OIRKTPORU TKR NDII OI MXIR IPJ[OD[ ]^ Q DMUI RL MNNJKMPDM] OUOPOR NMXNJXMPORUI a MU[ XRYZDUDKW^ TMPCI XDM[OUW PR IPM]XD NRU�WJZKMPORUI MKD O[DUPO�D[ _ `P OI ICRYU PCMP XMKWDZINMXD NMXNJXMPORUI ]MID[RU PCD JID RL IDQ OZDQTOKONMX T RPDUPOMXI a OU POWCP NRRTDKMPORU Y OPC M]OUOPOR NMXNJXMPORUI a NMU ] D MU D
 NODUP PRRX PR MNCODcD M ]KRM[ RcDKc ODYRL PCD NCDQ OIRKTPORU KDMNPORUI RL Q RXDNJXDI RNNJKKOUW RU NRQTXD\ IDQ OZNRU[JNPRK IJKLMNDI _
• �������	��� ��� ������� ��� �
 � ��� � ���� �� ��� � � � ��� � ��
���
 � ������ �����	��������� �� �� ����� ao _ qRdMX� a � _ nRUOUO a � _ �]KMNNOM a � _ [D � OKRUNRXO a MU[ � _ nMKRUO :TJ]XOICD[ OU �o�� F��lb a ��� EbGGpH�� ��	��� �BCD � KIP PYR IPDTI RL Q DPCMUD E�g

4

H [OIIR NOMPORU RU fC EFFFH CMcD] DDU OUcDIPOWMPD[ JIOUW [DUIOP^ZLJUNPORUMX PCDRK^a LR NJIOUW RU PCD [DZT DU[DUND RL PCD NMPMX^IP �I KDMNPOc OP^ RU PCD MPRQ ON NRRK[OUMPORU RL PCDMNPOcD Q DPMX IOPD _ �D �U[ PCMP a MXPCRJWC PCD ]MKKODK LRK PCD [DC^[KRZWDUMPORU RL Q DPCMUD E�g
4 →

�g
3 �

gH [DNKDMIDI a MI D\T DNPD[ a Y OPCPCD NRRK[OUMPORU RL PCD ]OU[OUW IOPD a PCD [DC^[KRWDUMPORU RL Q DPC^ XE�g
3 →

�g
2 �

gH OI COU[DKD[ MP MU M[MPRQ [DLDNP a YCDKD PCD � KIPKDMNPORU OI OUIPDM[ QRIP LMcRJKD[ _ "JK �U[OUWI OU[ONMPD PCMP a OL OP YDKDT RIIO] XD PR XDP PCD [OIIR NOMPORU RNNJK IDXDNPOcDX^ MP M[MPRQ [DLDNPI a PCDKDMNPORU NRJX[ ] D ]XRNdD[ MLPDK PCD � KIP [DC^[KRWDUMPORU IPDT a M KDZIJXP RL C OWC TRPDUPOMX OUPDKDIP LRK Q MU^ [KDMQ KDMNPORUI IJNC MI a LRKD\MQTXD a PCD [OKDNP NRUcDKIORU RL Q DPCMUD PR Q DPCMURX _
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��� � 	�� ����� � ��	������ � �� ���	������ ��� �� �� ���� ���� ���� �
 �� ����� a
o _ nMKMX[O a � _ j O��OP a e _ nRU[OUR a � _ �RQDXXO a f _ fRIDO a � _ �]KMNNOM a
� _ nRUOUO a � _ nMKRUO a o _ q OddDXIDU a MU[ � _ � _ oU[DKIDU :IJ]Q OPPD[ PR �fn _
�� ��	��� �BCD PCDKQ MX IPM]OXOP^ RL PCD EF×bH Q OIIOUWZKRY TCMID RL fC EFFGH a YCRID� KIP XM^DK OI MU RK[DKD[ MKKM^ RL RUDZ[OQ DUIORUMX MPRQ ON NCMOUI a OI OUcDIZPOWMPD[ JIOUW COWCZKDIRXJPORU NRKDZXDcDX IT DNPKRINRT^ MU[ [DUIOP^ LJUNZPORUMX NMXNJXMPORUI _ BCD POQ D DcRXJPORU RL PCD IT DNPKM OU[ONMPDI PCMPPCOI TCMID OI Q DPMIPM]XD PRYMK[I PCD [DNRUIPKJNPORU OUPR M EF×FH TCMID _"JK NMXNJXMPORUI JUcDOX PCD Q DNCMUOIQ RL PCOI TKRNDII a YCONC OI ICRYUPR ] D OWUOPD[ ]^ IJKLMND [DLDNPI MU[ TKRcO[D M cMXJD LRK PCD MNPOcMPORUDUDKW^ OU WRR[ MWKDDQ DUP Y OPC D\TDKOQ DUPMX �U[OUWI _

• ���	������ ��� �	���� ���	���������� �
 � � �� ���� ���� ������
	
��� 
���	 �������� ���� �� ���� ao _ jRNMPDXXO a � _ �]KMNNOM a � _ g DJU a � _ nMKRUO a MU[ i _ q OIdOURcM :MNNDTPD[ LRK TJ]XONMPORU OU �o�� _
�� ��	��� �BCD NRQTRIOPORUMX MU[ IPKJNPJKMX KDMKKMUWDQDUPI MP PCD NMPMX^IP IJKZLMND [JKOUW NCDQ ONMX KDMNPORUI MKD OIIJDI RL WKDMP OQTRKPMUND LRK JUZ[DKIPMU[OUW MU[ QR[DXXOUW PCD NMPMX^PON TKR NDIIDI _ jRYZDUDKW^ DXDNZPKRU Q ONKRINRT^ MU[ TCRPRDXDNPKRU IT DNPKRQ ONKRINRT^ IPJ[ODI RL PCDKDMXZITMND IPKJNPJKD MU[ NRQTRIOPORU RL M oJZQR[O�D[ fC EFFGH IJKLMND[JKOUW YMPDK LRKQ MPORU KDcDMX KDRKWMUOIMPORU TKR NDIIDI [JD PR oJ QMIIPKMUITRKP PKOWWDKD[ ]^ PCD TKRTMWMPOUW KDMNPORU LKRUPI _ BCD PDQTRKMXDcRXJPORU RL PCD IJKLMND KDMNPORU KDIJXPI OU M TMPPDKUD[ IJKLMND NRUIOIPOUWRL IDTMKMPD[ oJZKONC MU[ oJZT RRK TCMIDI Y OPC [O�DKDUP R\^WDU NRcDKZMWD a fC IJKLMND IPKJNPJKD a MU[ KDMNPOc OP^_ BCD D\TDKOQ DUPMX KDIJXPI MKDNRQTXDQ DUPD[ ]^ M] OUOPOR DXDNPKRUON IPKJNPJKD NMXNJXMPORUI RL PCD "MU[ oJ M[IRKTPORU TCMIDI a YCONC [DQRUIPKMPD PCMP PCD KDRKWMUOIMPORURL PCD oJ M[XM^DK ]^ PCD TKRTMWMPOUW KDMNPORU LKRUPI OI MU DUDKWDPONMXX^[KOcDU TKRNDII _ "JK �U[OUWI IJWWDIP PCMP KDMNPORUZOU[JND[ ITMPOMX OUZCRQRWDUDOP^ OU PCD IJKLMND NRQTRIOPORU MU[ IPKJNPJKD OI M NRQQRULDMPJKD RL Q DPMX NMPMX^IPI Q R[O�D[ Y OPC M[MPRQ I YCONC ]DNRQD QR]OXDJU[DK KDMNPORU NRU[OPORUI _
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BCD XMIP LDY ^DMKI CMcD IDDU MU OUPDUID [DcDXRTQDUP RL UDY QDPCR[I MOQ D[MP PCD IPJ[^ RL KMKD DcDUPI _ �RQD RL PCDQ MKD IT DNO�NMXX^ IJOPD[ PR IPJ[^I^IPDQ I NCMKMNPDKOID[ ]^ M IQRRPC TRPDUPOMX DUDKW^ IJKLMND a YCDKD PCD O[DUZPO�NMPORU RL PCD IM[[XD TROUP IDTMKMPOUW IPM]XD IPMPDI OI IJ
 NODUP PR MNCODcDM WRR[ DIPOQ MPD RL PCD PKMUIOPORU KMPD _ oQRUW PCDID Q DPCR[I PCD UJ[WD[DXMIPON ]MU[ klm MU[ RL PCD IPKOUW Q DPCR[ kpm CMcD KDNDOcD[ M TMKPONJXMK MPZPDUPORU ] DNMJID PCDOK QR[DKMPD NRQTJPMPORUMX NRIP Q MdD PCDQ YDXX IJ OPD[ PR] D JID[ OU NRU�JUNPORU Y OPC � KIPZTKOUNOT XDI Q DPCR[I _ " PCDK MTTKRMNCDI a MIPCD PKMUIOPORUZTMPC IMQTXOUW RK PCD Q DPM[^UMQ ONI a MKD QRKD MQ]OPORJI ] DZNMJID PCD^ MKD [DIOWUD[ PR NRT D Y OPC PCD [O
 NJXPODI OUPKR[JND[ ]^ M KJWWD[TRPDUPOMX DUDKW^ IJKLMND a PMdOUW OUPR MNNRJUP PCD OQTRKPMUP DUPKRTON D� DNPIPCMP MKOID MP �UOPD PDQTDKMPJKD _ BCD TKOND PR TM^ LRK IJNC WDUDKMXOP^ OI MUD\PKDQ DX^ COWC NRQTJPMPORUMX NRIP LRK PCD PKMUIOPORUZTMPC IMQTXOUW RK PCDUDD[ PR O[DUPOL^ M NRMKIDZWKMOUD[ ITMND RL KD[JND[ [OQ DUIORUMXOP^ LRK PCDQ DPM[^UMQ ONI _BCD KDIDMKNC ` CMcD T DKLRKQ D[ OI LR NJID[ RU PCD � KIP NXMII RL Q DPCR[I _ BCDNCROND OI QRPOcMPD[ ]^ PCD KDrJOKDQ DUP RL CMcOUW MP RJK [OIT RIMX MU D
 NODUPPRRX LRK PCD �8 �����% IPJ[^ RL PCD MNPOcMPD[ TKRNDIIDI PCMP RNNJK OU IRXO[ZIPMPDI^IPDQ I a IJNC MI [O�JIORU MU[ NCDQ ONMX KDMNPOc OP^ MP NK^IPMX IJKLMNDI _ BCD
��� RL PCDID I^IPDQ I OI KMPCDK IQRRPC MU[ NCMKMNPDKOID[ ]^ M IQ MXX UJQ]DKRL KDXDcMUP Q OUOQ M MU[ IM[[XD TROUPI _ iRKDRcDK M KDXOM]XD [DINKOTPORU RL PCDDUPKRTON D�DNPI PCMP a MP �UOPD PDQTDKMPJKD a NMU ]D OQTRKPMUP PR [DPDKQ OUD PCDKDXMPOcD IPM]OXOP^ RL [O� DKDUP NRU�WJKMPORUI NMU ] D R]PMOUD[ OU PCD CMKQ RUONMTTKR\ OQ MPORU _ eRK PCOI KDMIRUI a PCD Q OUOQJQ DUDKW^ TMPC TKRcO[DI WRR[OU[ONMPORUI RU PCD KDMNPORU Q DNCMUOIQ MU[ PCD IM[[XD TROUP NRUPMOUI QRIP RLPCD OULRKQ MPORU KDrJOKD[ PR DcMXJMPD PCD PKMUIOPORU KMPD _`U PCOI PCDIOI ` CMcD [DINKO] D[ Q^ RKOWOUMX OQ TXDQ DUPMPORU RL PCD UJ[WD[DXMIPON ]MU[ MU[ RL PCD IPKOUW Q DPCR[I Y OPCOU PCD LKMQ DYRKd RL �8 �����%
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NMXNJXMPORUI _ `U TKOUNOT XD PCDID Q DPCR[I ICRJX[ CMcD M NRQTJPMPORUMX NRIPNRQTMKM]XD PR PCMP RL M IDP RL NRUIPKMOUD[ Q OUOQ OIMPORUI ERUD LRK DMNC OQ MWDH _`U TKMNPOND PCD IOPJMPORU OI XDII KRI^ MU[ PCDOK T DKLRKQ MUND IPKRUWX^ [DT DU[IRU PCD UJQ]DK RL OQ MWDI KDrJOKD[ PR [DINKO] D PCD KDMNPORU TMPCYM^_ eRK PCOIKDMIRU a ` CMcD [DcRPD[ M TMKPONJXMK D�RKP PR PCD IPJ[^ RL MXWRKOPCQ I PCMPMXXRY LRK MU MNNJKMPD [DINKOTPORU RL PCD i�� a KDrJOKOUW PCD Q OUOQJQ UJQZ] DK RL OQ MWDI _ BCD D\TDKODUND MNNJQJXMPD[ [JKOUW PCOI YRKd CMI T DKQ OPPD[PCD [DcDXRTQDUP RL T RYDKLJX RTPOQ OIMPORU INCDQ DI a IRTCOIPONMPD[ TMKMXXDXOZIMPORU MTTKRMNCDI MU[ JIDKZLKODU[X^ OUPDKLMNDI PCMP Q MdD PCD O[DUPO�NMPORURL i�� I M KMPCDK IPKMOWCPLRKYMK[ PMId _ BCOI OQTXDQ DUPMPORU OI URY TMKPRL PCD RT DUZIRJKND �JMUPJQZ���f���" TKR� DNP kF�m _ BCDID Q DPCR[I MKDPCJI LKDDX^ McMOXM]XD PR PCD INODUPO�N NRQQJUOP^ MU[ MKD NJKKDUPX^ DQTXR^D[YRKX[Y O[D LRK PCD IPJ[^ RL M cMKODP^ RL [O�DKDUP TKRNDIIDI _ BCDID NRQTJZPMPORUMX PR RXI CMcD ] DDU JID[ ]^ PCD MJPCRK LRK PCD OUcDIPOWMPORU RL IDcDKMXIJKLMND TCDURQ DUM _ BCD MTTXONMPORUI KMUWD LKRQ PCD IPJ[^ RL NCDQ OIRKTPORURL RKWMUON QRXDNJXDI MP PCD IDQ ONRU[JNPRKI � IJKLMNDI PR PCD [DINKOTPORU RL PCD[DNRUIPKJNPORU TKR NDII RL PKMUIOPORU Q DPMX IJKLMNDI _ �MKPONJXMKX^ IJNNDIILJ XCMI ] DDU PCD MTTXONMPORU RL PCOI Q DPCR[ PR PCD OUcDIPOWMPORU RL PCD IOQTXDNCDQ ONMX KDMNPORUI OUcRXcD[ OU PCD NMPMX^PON PKMUILRKQ MPORU RL Q DPCMUD MP PCDPKMUIOPORUZQ DPMX IJKLMNDI _

�R [RJ]P Q^ LRKPCNRQ OUW KDIDMKNC Y OXX DUNRQTMII Q RKD NRQTXD\ I^IZPDQ I a YCDKD DUPKRTON D�DNPI MKD LJU[MQDUPMX PR [DPDKQ OUD PCD KDMNPORU KMPD _`U PCDID NMIDI PCD OUcDIPOWMPORU RL PCD dOUDPONI KDrJOKDI a URP �JIP PCD dURY XZD[WD RL PCD DUDKW^ ]MKKODK a ]JP PCD NRQTJPMPORU RL PCD LKDDZDUDKW^ TKR� XDLRK PCD KDMNPORU _ BCOI NMU ] D R]PMOUD[ JIOUW PCD i��a O[DUPO�D[ ]^ QDMUIRL PCD ��n RK PCD IPKOUW Q DPCR[I a MI M KDMNPORU NRRK[OUMPD MU[ TDKLRKQ OUWMU JQ]KDXXM IMQTXOUW RL PCD DrJOXO]KOJQ [OIPKO]JPORU RL PCD I^IPDQ RU PCDC^TDKTXMUDI RKPCRWRUMX PCR PCD i�� kpm _ gRYDcDK a PCD ��n QDPCR[ OI RLXOQ OPD[ JPOXOP^ YCDUDcDK PCD T RPDUPOMX DUDKW^ IJKLMND OI KJWWD[ MU[ [DUID RLQ MU^ TRIIO]XD KDMNPORU TMPCI _ BCOI ] DNMJID PCD IOUWXD i�� OI UR XRUWDK MWRR[ OU[ONMPRK RL PCD KDMNPORU QDNCMUOIQ MU[ M YCRXD DUIDQ]XD RL KDMNPORUTMPCI QJIP ] D NRUIO[DKD[ _ eRK OUIPMUND a NCDQ ONMX KDMNPORUI OU IRXJPORU NMUZURP ] D [DINKO] D[ JIOUW PCD IMQD KDMNPORU NRRK[OUMPD JID[ OU PCD WMIZTCMID a] DNMJID PCD IRXcDUP TXM^I a OU Q MU^ NMIDI a MU MNPOcD KRXD _ `U IJNC I^IPDQ I PCDO[DUPO�NMPORU RL M KDXOM]XD KDMNPORU NRRK[OUMPD a PCMP NRJX[ PMdD OUPR MNNRJUPMXX PCD [DWKDDI RL LKDD[RQ a NRUIPOPJPDI PCD �KIP OIIJD _ fDNDUPX^a fDU MU[ �kFpm CMcD TKRTRID[ M WDUDKMXOIMPORU RL PCD IPKOUW QDPCR[ [DINKO] D[ OU PCOIPCDIOI PCMP a PMdOUW OUPR MNNRJUP PCD PCDKQ MX D� DNPI RU PCD [^UMQ ONI RL PCDIPKOUW a OI M]XD PR IQ DMK PCD NRKKJWMPORU RL PCD ��� RU PCD DUDKW^ INMXD RL
KBT

_ `U PCOI Q DPCR[ a KDLDKKD[ PR MI � ���!.�!0 !"��#"! ��"��1 0 !�� %'a DMNCOQ MWD RL PCD IPKOUW T DKLRKQ I M IMQTXOUW RL PCD DrJOXO]KOJQ [OIPKO]JPORU RL PCD
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I^IPDQ NRUIPKMOUD[ RU PCD C^T DKTXMUD [D�UD[ ]^ PCD PMUWDUP PR PCD IPKOUW _BCD IPKOUW OI JT[MPD[ IDXLZNRUIOIPDUPX^ JUPOX OP MTTKR\ OQ MPDI XR NMXX^ PCD NRKZKDNP KDMNPORU NRRK[OUMPD MIIRNOMPD[ Y OPC PCD KDMNPORU TKR NDII _ BCD KDWORU OUPCDID TXMUDI YCDKD PCD DrJOXO]KOJQ [OIPKO]JPORU OI NRUNDUPKMPD[ [DPDKQ OUDI MPKMUIOPORU PJ]D OU PCD NRU�WJKMPORU ITMND OU YCONC KDMNPORU PMdDI TXMND Y OPCCOWC TKR]M]OXOP^_ BCD QDPCR[ OI TMKPONJXMKX^ MTT DMXOUW ] DNMJID OP MXXRY I LRKPCD O[DUPO�NMPORU RL MU D� DNPOcD KDMNPORU TMPCYM^ Y OPC Q OUOQJQ KDrJOKDQ DUPRL M TKORK dURY XD[WD EQRIPX^ PCD XR NMPORU RL PCD IPM]XD IPMPDI OI KDrJOKD[ H _ ocMKOMUP RL PCOI Q DPCR[ a ]MID[ RU PCD eRJKODK KDTKDIDUPMPORU RL PCD IPKOUW [OIZNJIID[ OU PCOI PCDIOI a CMI ] DDU OQTXDQ DUPD[ ]^ PCD MJPCRK MU[ PDIPD[ RU PCDPYRZ[OQ DUIORUMX iJDXXDK ��� _ BCD TKDXOQ OUMK^ KDIJXPI R]PMOUD[ RU PCOI PR^QR[DX MKD DUNRJKMWOUW ] DNMJID OP IDDQ I TRIIO] XD PR DIPOQ MPD PCD LKDDZDUDKW^TKR� XD [ OINKDPOIOUW PCD IPKOUW Y OPC RUX^ LDY OQ MWDI _ gRYDcDK OP OI URP ^DPNXDMK YCMP PCD NRQTJPMPORUMX NRIP RL PCOI MTTKRMNC Q OWCP ] D YCDU MTTXOD[PR I^IPDQ I RL TKMNPONMX OUPDKDIP a YCDKD PCD ��� OI DURKQRJIX^ QRKD NRQTXD\ _
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BCD �8 �����% IOQJXMPORUI TKDIDUPD[ OU PCOI PCDIOI CMcD ] DDU T DKLRKQ D[ Y OPCOU
� DUIOP^ eJUNPORUMX BCDRK^a JIOUW PCD TXMUDZYMcD TIDJ[RZTRPDUPOMX Q DPCR[ aMI OQTXDQ DUPD[ OU PCD ��INL TMNdMWD khGm _ eRK PCD D\NCMUWDZNRKKDXMPORULJUNPORUMX ` CMcD JID[ PCD WDUDKMXOID[ WKM[ODUP MTTKR\ OQ MPORU E��o H OUPCD LRKQ TKRTRID[ ]^ �DK[DY nJKdD MU[ � KU�DKCRL E�n� H kh Fm IOUND OP OIP^TONMXX^ Q RKD MNNJKMPD PCMU PCD XR NMX [DUIOP^ LJUNPORUMX OU [DINKO] OUW IJKZLMND NCDQ ONMX TKR NDIIDI _ gRYDcDK a MI CMTTDUI LRK RPCDK WKM[ODUP NRKKDNPD[D\NCMUWDZNRKKDXMPORU LJUNPORUMXI a PCD YDMd OUPDKMNPORUI PCMP MKD P^TONMX RLcMU [DK �MMXI LRKNDI MKD TRRKX^ [DINKO] D[ _ BCD IJKLMNDI CMcD ] DDU QR[DXXD[JIOUW TDKOR[ONMXX^ KDT DMPD[ IXM]I IDTMKMPD[ ]^ M cMNJJQ KDWORU RL MP XDMIP FG
� EIDD eOWJKD o _FH _ BCD ]RPPRQ XM^DKI CMcD ] DDU dDTP �\D[ OU PCD PCD ]JXdPKJUNMPD[ IPKJNPJKD MU[ a OU PCD NMID RL OUIJXMPOUW IJKLMNDI a PCD ]RPPRQZXM^DK[MUWXOUW ] RU[I CMcD ] DDU IMPJKMPD[ Y OPC C^[KRWDU MPRQ I _ � XPKMIRLP khbmTIDJ[R TRPDUPOMXI CMcD ] DDU JID[ LRK PCD MPRQ ON IT DNODI MU[ PCD DXDNPKRUONIPMPDI CMcD ] DDU D\TMU[D[ OU TXMUD YMcDI _ q OUDPONZDUDKW^ MU[ NCMKWDZ[DUIOP^NJPZR� I MKD KDTRKPD[ OU BM]XD o _F MU[ CMcD ]DDU NCRIDU PR DUIJKD PCMP PCDIPKJNPJKMX TKRT DKPODI RL RJK I^IPDQ I MKD YDXX NRUcDKWD[ _ BCD KDIJXPOUW RcDKMXXMNNJKMN^ OI DIPOQ MPD[ PR ] D ] DPPDK PCMU FG QD! LRK PCD ]OU[OUW DUDKWODI MU[]DPPDK PCMU FGG QD! LRK PCD MNPOcMPORU DUDKWODI _ BCD XMKWDK DKKRK MIIJQ D[LRK DUDKW^ ]MKKODKI OI PCD NRUIDrJDUND RL PCD T RIIO] X^ TRRK [DINKOTPORU RL PCDYDMd ]RU[I RNNJKKOUW MP PCD PKMUIOPORU IPMPDI _ BCD DXDNPKRU [DUIOP^ CMI ] DDU[DPDKQ OUD[ IDXLZNRUIOIPDUPX^ ]^ OPDKMPOcD [OMWRUMXOIMPORU RL PCD qCRUZ�CMQgMQ OXPRUOMU MU[ ]^ PCD QR[O�D[ NCMKWDZ[DUIOP^ nKR^[DU �I Q O\ OUW LRK MNZNDXDKMPOUW NRUcDKWDUND RL PCD IDXLZNRUIOIPDUP TKRND[JKD khlm _ BCD MNNJKMN^RL PCD gDXXQ MUUZeD^UQMU LRKNDI a YCONC MKD KMPCDK [DT DU[DUP RU PCD XDcDXRL IDXLZNRUIOIPDUN^a CMI ] DDU OQTKRcD[ ]^ JIOUW PCD NRKKDNPORU TKRTRID[ ]^
�CMU !� �$3 khpm _ nKOXXRJOUZ�RUD OUPDWKMPORUI CMcD ] DDU TDKLRKQ D[ Y OPC PCDIT DNOMX T ROUPI PDNCUOrJD khhm a YCDKDMI PCD PCD eDKQ O IJKLMND D�DNPI CMcD ] DDU
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I^IPDQ

ψ
NJPZR�

ρ
NJPZR�

C2H2

�
Si(111)− 7× 7 bh f^ FhG f^

Rh(110)
IJKLMND bp f^ F b f^

C
�
Ni(111) bh f^ bGG f^

BM]XD o _F 	 qOUDPONZDUDKW^ MU[ NCMKWDZ[DUIOP^ NJPZR� I LRK PCD PCKDD [O�DKDUPI^IPDQ I IPJ[OD[ _
PKDMPD[ ]^ PCD IQ DMKOUW PDNCUOrJD RL iDPCLD\DX MU[ �M\PRU kh�m a JIOUW MIQ DMKOUW TMKMQDPDK RL G _Fl� D! _ BCOI MTTKRMNC CMI ] DDU JID[ MXIR OU PCDNMID RL OUIJXMPOUW IJKLMNDI EMI OU PCD NMID RL

Si(111) − 2 × 2
H ] DNMJID a DcDUYCDU PCD WKRJU[ IPMPD OI dURYU PR ] D MU OUIJXMPRK a PC OI Q OWCP URP ] D PKJD LRKPCD OU OPOMX IPMPD RL M IPKJNPJKMX RTPOQ OIMPORU RK LRK PCD OUPDKQ D[OMPD OQ MWDIRL M KDMNPORU TMPC _ �PKJNPJKMX RTPOQ OIMPORUI CMcD ] DDU T DKLRKQ D[ JIOUW MrJMIOZ� DYPRU MXWRKOPCQ MU[ M KDNDUPX^ TKRT RID[ cMKOMUP RL PCD YDXX dURYUne�� INCDQ D LRK PCD JT[MPD RL PCD OUcDKID gDIIOMU QMPKO\ kh�m _ o LPDK DcDK^RTPOQ OIMPORU IPDT a PCD NCMKWD [DUIOP^� JID[ PR WDUDKMPD PCD OU OPOMX WJDII LRKPCD qCRUZ�CMQ TRPDUPOMX� MU[ PCD PKOMX YMcDLJUNPORUI� JID[ OU PCD OPDKMPOcD[OMWRUMXOIMPORU RL PCD qCRUZ�CMQ gMQ OXPRUOMU� MKD D\PKMTRXMPD[ LKRQ PCRIDR]PMOUD[ MP PCD TKDcORJI IPDTI _ eRK PCOI TJKT RID ` CMcD JID[ PCD IDNRU[ZRK[DKINCDQ D TKRTRID[ ]^ oKOMI !� �$3 LRK PCD YMcDLJUNPORUI kh<m MU[ PCD INCDQDTKRTRID[ ]^ o XL� LRK PCD NCMKWD [DUIOP^ kh m _ eRK ]RPC IPKJNPJKMX KDXM\MPORUIMU[ TMPC RTPOQ OIMPORUI OP CMI ] DDU NCDNdD[ PCMP a MP NRUcDKWDUND a PCD

L∞URKQ RL PCD LRKND cDNPRK YMI IQ MXXDK PCMU hG QD! �� _ o XX PCD QRXDNJXMKWKMTCONI TKDIDUPD[ OU PCOI PCDIOI CMcD ] DDU TKR[JND[ Y OPC PCD ��f� ����WKMTCONMX TMNdMWD k�Gm _
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eOWJKD o _F 	 �DKOR[ONMXX^ KDT DMPD[ OQ MWDI RL PCD IJTDKNDXX JID[ LRK PCD NMXNJZXMPORUI RU PCD NMK] RU M[IRKTPORU MP PCD � O EFFFH IJKLMND _



�� ����
������� � ��� ��



��� ��� �� �

� �
����� ������� ����
����
jDP �I NRUIO[DK M RUD [OQ DUIORUMX T DKOR[ON LJUNPORU

f(x)
[D�UD[ RU PCD OUPDKcMX

[0, L]
MU[ XDP �I MIIJQD PCMP

f(x)
OI IMQTXD[ RU M JUOLRKQ QDIC RL � TROUPI 	

∆x =
L

N − 1

En _FH
xj = j∆x

f(x) −→ f(j∆x) = fj

1

L

∫ L

0

f(x)dx −→ 1

N

N−1
∑

j=0

fj .`U PCD LRXXRY OUW ` M[RTP PCD NRUcDUPORU RL XM] DXXOUW KDMX ITMND OU[D\DI ]^
j, kMU[ KDNOTKRNMX ITMND OU[D\DI ]^

n,m
_ "U PCD [OINKDPOID[ QDIC PCD RKPCRWRZUMXOP^ ] DPYDDU TXMUD YMcDI OI WOcDU ]^ PCD KDXMPORU 	

N−1
∑

j=0

ei 2π
N

(m−n)j = N δn,m

En _bH
BCOI OI OQQD[OMPDX^ cDKO�D[ ]^ IOQ TXD NMXNJXMPORUI 	

N−1
∑

j=0

ei 2π
N

(m−n)j =
e−i2πn (ei2πm − ei2πn)

e−i 2π
N

(m−n) − 1

En _lH
=

ei2π(m−n) − 1

ei 2π
N

(m−n) − 1

=
eiπ(m−n) 2i sin(π(m− n))

ei π
N

(m−n) 2i sin( π
N

(m− n))

=











0
OL

m 6= n

sin(π(m−n))
sin( π

N
(m−n))

= N
OL

m = n
.
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gDKD ` YMUP PR ICRY PCMP M RUD PR RUD NRKKDIT RU[DUND D\ OIPI ] DPYDDU PCDLJUNPORU

fj

MU[ OPI eRJKODK NR D
 NODUPI
f̃n

	

fj =
∑N−1

n=0 f̃nei 2π
N

nj

m
f̃n = 1

N

∑N−1
j=0 fje

−i 2π
N

nj

.
En _pH

` � KIP ICRY PCMP a MIIJQD[ PCD LJUNPORU
fj

NMU ]D Y KOPPDU MI 	

fj =

N−1
∑

n=0

f̃nei 2π
N

nj En _hH
PCDU OPI eRJKODK NRD
 NODUPI MKD WOcDU ]^ 	

f̃n =
1

N

N−1
∑

j=0

fje
−i 2π

N
nj En _�H

`U[DD[ 	

fj =

N−1
∑

n=0

f̃nei 2π
N

nj En _�H
=

N−1
∑

n=0

(

1

N

N−1
∑

k=0

fke
−i 2π

N
nk

)

ei 2π
N

nj

=
1

N

N−1
∑

k=0

fk

N−1
∑

n=0

ei 2π
N

n(j−k)

=
1

N

N−1
∑

k=0

fkNδj,k

= fj .
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BCD RPCDK OQ TXONMPORU OI ICRYU Y OPC IOQ OXMK NMXNJXMPORUI 	
f̃n =

1

N

N−1
∑

j=0

fje
−i 2π

N
nj En _<H

=
1

N

N−1
∑

j=0

(

N−1
∑

m=0

f̃mei 2π
N

mj

)

e−i 2π
N

nj

=
1

N

N−1
∑

m=0

f̃m

N−1
∑

j=0

ei 2π
N

(n−m)j

=
1

N

N−1
∑

m=0

f̃mNδn,m

= f̃n.



�� � ���	��� ��
	��	 �	���
�	�



� �� ���������
kFm f _ �MK MU[ i _ �MKKOUDXXR a �C^I _ fDc _ jDPP _ �� a bp�F EF <hH _
kbm f _ � X] DK MU[ i _ qMKTXJI a �CDQ _ �C^I _ jDPP _ ��� a l�h EF <�H _
klm g _ ��UIIRU a � _ i OXXI a MU[ q _ � _ �MNR]IDU a OU @$������$ ��' �#���#0?(��0 ��� �� @%�'!�� !' ���� ! A�0#$���%��a D[OPD[ ]^ n _ � _ nDKUD a � _

� ONNRPPO a MU[ � _ e _ �RdDK E�RKX[ �NODUPO�N a � OUWMTRKD a F  <H a �CMT _ F� aTT _ l<h�pGp _
kpm � _ � a� _ f DU a MU[ � _ !MU[DUZ� O�U[DU a �C^I _ fDc _ n �� a GhblG F EbGGbH _khm i _ �TKOd MU[ � _ � ONNRPPO a � _ �CDQ _ �C^I _ ��� a ��l� EF  <H _
k�m � _ � DXXMWR a �_ � _ nRXCJOI a e _ � _ � IM�dM a MU[ � _ �CMU[XDK a � _ �CDQ _

�C^I _ ��� a F �p EF  �H _
k�m � _ �MIIDKRUD MU[ i _ �MKKOUDXXR a �C^I _ fDc _ jDPP _ �� a FG<lGb EbGG FH _k<m o _ jMOR MU[ i _ �MKKOUDXXR a � KR N _ �MP _ oNM[ _ �NO _ � _� _o _ �� a Fbh�bEbGGbH _k m � _ � _ � DMK a ` _ � _ qDcKDdO[OI a MU[ � _ BCDR[RKRTRJXRI a �RQTJP _ �CDQ _

�UW _ � a  p F EbGGbH _kFGm � _ gDUdDXQ MU a n _ � _ �] DKJMWM a MU[ g _ ��UIIRU a � _ �CDQ _ �C^I _ ��� a  G F EbGGGH _kFFm � _ g DUdDXQ MU MU[ g _ ��UIIRU a � _ �CDQ _ �C^I _ ��� a   �< EbGGGH _kFbm f _ ;YMU� OW a �C^I _ fDc _ ��� a  <l EF � FH _
kFlm g _ iRKO a � KRW _ BCDRK _ �C^I _ �� a pbl EF �hH _
kFpm � _ fDU a �C _� _ PCDIOI a � DY �RKd �UOcDKIOP^a bGGb _
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kFhm � _ q MUMO a o _ B OXR NNM a o _ �DXXRUO a MU[ f _ �MK a � _ �CDQ _ �C^I _ ��� a llh EbGGpH _kF�m i _ � _ o XXDU MU[ � _ � _ B OX[DIXD^a @%0 #�!" A �0#$���%� %& ; ��#�'� E� XMKDZ[RU a "\LRK[ a F <�H _
kF�m �JMUPJQZ���f���" E�#���#0 % :�.A %#"�! � ��5�1 ! & %" )!.� !�"�� �� : $!��"%��� A�"# ��#"!6 A �0#$���%�6 ��' � ��0 �����%� HOI MU RTDUZIRJKND TKR� DNP ICOTT D[ ]^ ��i"�f`B"� E��QZRNKOPRI i"[DXOUW �DUPDK LRK fDIDMKNC `U MB"Q OIPON � OQJXMPORUI a
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 ��� ���� H OUNRXXM]RKMPORU Y OPC RPCDK OUIPOPJPORUI E� `���o nRXRWUM a � KOUNDZPRU �UOcDKIOP^a i `B H MU[ [OIPKO]JPD[ JU[DK PCD � DUDKMX �J]XONj ONDUID E��j a ���� �		
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��	�� � ���� H _ �JMUPJQZ
���f���" OI M NRXXDNPORU RL IRLPYMKD LRK PCD NRQTJPDK QR[DXXOUW RLQ MPPDK ]MID[ RU DXDNPKRUON IPKJNPJKD 	 OP JIDI [DUIOP^ZLJUNPORUMX PCDRK^E�eB Ha M TXMUD YMcDI E�� H ]MIOI IDP a MU[ TIDJ[RTRPDUPOMXI E�� H _ BCOI[OIPKO]JPORU OI PCD KDIJXP RL PCD Q DKWD RL TKDZD\ OIPOUW TMNdMWDI MU[ R�DKIMNNDII PR IDcDKMX PDNCUOrJDI YCRID Y O[DZITKDM[ JID CMI PKM[OPORUMXX^] DDU XOQ OPD[ ]^ PCD XMNd RL McMOXM]XD IRLPYMKD EXOUDMK KDITRUID a J XPKMIRLP
��a �MKZ�MKKOUDXXR iRXDNJXMK �^UMQ ONIH _ BCD NR[DI CMcD ] DDU Q M[DCRQRWDUDRJI MU[ QR[JXMK OU RK[DK PR LMcRJK PCD DMI^ M[[OPORU RL UDYTMNdMWDI a [DcDXRTQDUPI a D\PDUIORUI a MU[ UDY LDMPJKDI _

kF<m � _ �]KMNNOM a ���� �		


 ������ ��� 	��������	���� �� EbGGlZbGGhH _kF m � _ gJPPDK !� �$3a ��i� �RT^KOWCP `ni �RKT _ F  GZbGGl a �RT^ZKOWCP i� ` LJK eDIPdRKT DKLRKINCJUW a �PJPPWMKP a F  �ZbGG F_ �DD MXIR
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kbGm � _ �]KMNNOM a � _ j _ � OXcDIPKDXXO a MU[ e _ oUNOXRPPR a �JKL _ �NODUND � �� a Fp�EbGGbH _kb Fm � _ �]KMNNOM !� �$3a �JKL _ �NODUND ��� a <G EbGGpH _kbbm e _ fRNCDP !� �$3a �C^I _ fDc _ n �� a ��l< EF  <H _
kblm ! _ � _ f DU� O a f _ n OMWO a MU[ � _ [DX �DUUOUR a �C^I _ fDc _ n �� a FhhlGhEbGGFH _kbpm � _ jJ a � _ �MUW a � _ �JMU a MU[ � _ ;CMUW a � _ oQ _ �CDQ _ �R N _ ��� a � blEbGGlH _
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kbhm � _ �RICOUR]J a g _ BIJ[M a i _ "UNCO a MU[ i _ � OIC O� OQ M a �CDQ _ �C^I _ jDPP _��� a F�G EF <�H _
kb�m f _ � _ eDXOND !� �$3a �JKL _ �NODUND ��� a  <b EbGGlH _kb�m q _ � _ nKRQQDK a i _ � DD[DXI a n _ � _ jMKIRU a MU[ � _ �RMUURTRJXRI a �C^I _fDc _ jDPP _ �� a Flhh EF  bH _kb<m o _ � _ �^IRU MU[ � _ � _ �Q OPC a iRX _ �C^I _ �� a Fp F EF   H _
kb m � _Z; _ �JD a i _ fM[U^a � _ �Q OPC a MU[ o _ �^IRU a �JKL _ �NODUND ��� a FblEbGGGH _klGm f _ i ORPPR a o _ � _ eDKKM� a MU[ � _ � _ �KOcMIPMcM a �C^I _ fDc _ n �� a �hpG FEbGGbH _kl Fm �_Z" _ j�Y[OU a �C^I _ fDc _ �� a Fp�p EF hpH _
klbm � _ �RQDXXO !� �$3a �JKL _ �NODUND fDT _ �� a F�h EF  <H _
kllm � _ �cDPdR !� �$3a �JKL _ �NODUND ��� a j FF l EF  pH _
klpm � _ o LKONC a e _ � INC a � _ �RQDXXO a MU[ f _ fRIDO a � _ �CDQ _ �C^I _ ��� a �bGGEbGGbH _klhm f _ ! _ �MIPDX !� �$3a �C^I _ fDc _ jDPP _ �� a Fh�b EbGG FH _kl�m i _ j _ � KMUP a n _ � _ �YMKP�DUPKJ]DK a � _ � _ nMKPDXP a MU[ � _ g MUURU a �C^I _fDc _ jDPP _ �� a ph<< EbGG FH _kl�m � _ j _ qDXXRWW MU[ � _ � _ eDO] DXQ MU a �C^I _ fDc _ jDPP _ �� a l Fpl EF  GH _
kl<m � _ o XL� a �C _� _ PCDIOI a �`��o a �NJRXM `UPDKUM� ORUMXD �JTDKORKD [O �PJ[OocMU�MPO a F  � _
kl m ���� �		
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�� � ���� 	 a BCD �UOcDKIOP^ RL �CD
 DX[ MU[ �DZ]� XDQ DUPI jP[ a �q _
kpGm o _ eOXOTT DPPO MU[ ! _ eORKDUPOU O a �C^I _ fDc _ n �� a Fpl�� EF   H _
kp Fm � _ q XOUd MU[ !� �$3a �JKL _ �NODUND ��� a bhG EF  hH _
kpbm � _ o XL� a � _ [D � OKRUNRXO a MU[ � _ nMKRUO a �JKL _ �NODUND ��� a F< EF   H _
kplm g _ � MdMUR a � _ "WMYM a MU[ � _ � MdMQJKM a �JKL _ �NODUND ��� a bh� EbGGbH _kppm e _ nDIDU]MNCDK !� �$3a �NODUND ��� a F Fl EF  <H _
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kphm � _ g DXcDW !� �$3a �MPJKD ��� a pb� EbGGpH _kp�m � _ ! OXXMKI MU[ j _ �MXcDKP a � !�"� %� �� � ��'8%%5 %& @"(���$ $%1 "� � �� ? ���& %" ���!"0 !��$ $�� ���� !� Eo �i `UPDKUMPORUMX a i MPDKOMXI �MKd a "g aF  FH _
kp�m jMU[RXPZn�KUIPDOU a OU : $�����6 � �!� %!$!��"��6 ��' )!$��!' @%������� %&@"(���$� a D[OPD[ ]^ q _g _gDXXYDWD MU[ o _i _gDXXYDWD E�TKOUWDKZ!DKXMW a

� DY �RKd a F � H a ]JXd QR[JXO MKD NRQTJPD[ JIOUW PCD KDXMPORU
B0 =

(C11 + 2C12)/3
_

kp<m � _ q OPPDX a ���"%'#���%� �% A %$�' A���! ��(����a
7th

D[OPORU D[ _ E�RCU � OXD^MU[ �RUI a � DY �RKd a F  hH _
kp m � _ e _ iR� ONM MU[ j _ j _ jDcDUIRU a �JKL _ �NODUND �� a pp� EF ��H _
khGm � _ nMKRUO a o _ � _ �RKIR a � _ [D � OKRUNRXO a MU[ � _ � OMUUR��O a
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kh Fm � _ �_ �DK[DY a q _ nJKdD a MU[ i _ � KU�DKCRL a �C^I _ fDc _ jDPP _ �� a l<�hEF  �H _
khbm � _ !MU[DK]OXP a �C^I _ fDc _ n � � a �< b EF  GH _
khlm � _ � _ �RCUIRU a �C^I _ fDc _ n �� a Fb<G� EF <<H _
khpm � _ B _ �CMU a q _ � _ nRCUDU a MU[ q _ i _ gR a �C^I _ fDc _ n �� a p��F EF  bH _khhm g _ � _ iRUdCRKIP MU[ � _ � _ �MNd a �C^I _ fDc _ n �� a h F<< EF ��H _
kh�m i _ iDPCLDIIDX MU[ o _ B _ �M\PRU a �C^I _ fDc _ n �� a l� F� EF < H _
kh�m � _ f _ n OXXDPDK a o _ � _ BJKUDK a MU[ � _ BCODX a �C^I _ �CDQ _ �CDQ _ �C^I _ � ab F�� EbGGGH _kh<m B _ o _ o KOMI a i _ � _ �M^UD a MU[ � _ � _ �RMUURTRJXRI a �C^I _ fDc _ n �� aFhl< EF  bH _kh m � _ o XL� a �RQTJP _ �C^I _ �RQQJU _ ��� a l F EF   H _
k�Gm o _ qRdMX� a �� K^�� DU 	 E� ZY OU[RY H �f� IPMXXOUD �PJKNPJKDI MU[

��� IOPODI a ���� �		
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` MQ D\PKDQ DX^ WKMPDLJ X PR �PDLMUR nMKRUO LRK WOc OUW Q D PCD RTTRKPJUOP^ RLYRKdOUW RU cDK^ OUPDKDIPOUW MU[ LMINOUMPOUW PRTONI MU[ LRK PKMUIQ OPPOUW Q DCOI DUPCJIOMIQ OU PCD IPJ[^ RL TC^IONI _ i^ [DDT DIP WKMPOPJ[D WRDI MXIR PR
� ODK jJOWO � OXcDIPKDXXO MU[ eKMUNDINR oUNOXRPPR YCR CMcD WJO[D[ QD IOND ` YMIMU JU[DKWKM[JMPD IPJ[DUP a TKRIDNJPOUW M IPOQJXMPOUW INODUPO�N NRXXM]RKMPORU _BCOI D\T DKODUND YRJX[ URP CMcD ] DDU TRIIO] XD Y OPCRJP PCDOK IJTTRKP _ ` MQWKMPDLJ X PR MXX PCD Q DQ]DKI RL PCD �RU[DUID[ iMPPDK IDNPRK MP �`��o a LRKPCDOK PDMNCOUW MU[ LRK PCD IPOQJXMPOUW DUcOKRUQDUP PCD^ NKDMPD _ `U TMKPONJXMK a` YRJX[ XOdD PR PCMUd � MKOR o XL� a oU[KDM �MX �RKIR a �PDLMUR [D � OKRUNRXO a MU[BRUD qRdMX� LRK PCD Q MU^ INODUPO�N [OINJIIORUI MU[ JIDLJX M[cOIDI _ o[[OPORUMXIT DNOMX PCMUdI WR PR � ONRXM nRUOUO a YCR CMI ICMKD[ Y OPC QD QRIP RL PCD POQ DIT DUP MP �`��o a MU[ PR jRKDU�R nKJMXXM a YCR CMI NRUPMQ OUMPD[ Q D Y OPCCOI DU[XDII dURY XD[WD MU[ OUPKR[JND[ PR PCD LMINOUMPOUW YRKX[ RL PCD CDMc^ZYDMPCDK IMOXOUW _ e OUMXX^a ` YRJX[ XOdD PR WKDDP MXX Q^ NRXXDMWJDI a MXX PCD LKODU[I` CMcD Q DP [JKOUW PCOI T DKOR[ OU �`��o MU[ a XMIP ]JP URP XDMIP a PCMUdI PR
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