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Abstract

Explaining the physical origin of cosmic acceleration still poses a challenge to
modern cosmology. On one hand, observational evidence corroborating this
phenomenon is compelling and continuously becoming stronger and stronger.
On the other hand a physical explanation for it is still missing. Cosmic accel-
eration might be explained by a cosmological constant having the same effect
of vacuum energy. Indeed cosmological observations point in this direction and
the cosmological constant is a cornerstone of the standard cosmological model.
This explanation, however, suffers from several naturalness problems that re-
flect the fact that, while a cosmological constant is allowed in the gravitational
sector by symmetry arguments, there is no theory for the gravitational effect of
quantum vacuum. To address this issue, or at least to have an intuition of the
phenomenology related to the solution of this problem, one might want to add
other dark fluids to the cosmic budget or modify the laws of gravity on large
scales to drive the accelerated expansion of the universe.

In this thesis we develop and exploit a threefold approach to the study of the
phenomenological aspects of cosmic acceleration with the aim of systematizing
the investigation of models beyond the standard one.

The first path that we shall follow is that of quantifying the level of agreement
of cosmological observations, within the standard cosmological model; this will
allow us to determine whether there is already some indication that this model
might be inappropriate in describing present day observations.

Then we shall move along the second path to study parametrized approaches
to the phenomenology of Dark Energy and Modified Gravity theories. We de-
velop the relevant tools to exploit an Effective Field Theory description for this
phenomenon and we investigate some of its observational consequences.

At last we shall move along the third path that consists in testing specific
non-standard models. Exploiting the unifying power of the Effective Field The-
ory approach, we study the cosmological implications and corresponding data
constraints on two f(R) models and on Hořava gravity.

Overall we find that, already at present, cosmological observations are precise
enough to substantially improve our knowledge about the space of Dark Energy
and Modified Gravity models. While doing so we developed the relevant tools
to perform massive and systematic studies of non-standard cosmologies aiming
at explaining the physical origin of Cosmic Acceleration with present data and
the next generation of cosmological surveys.
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Notation

Here, we provide a brief guide to the notation and a list of acronyms.

c = 1 the speed of light is set to be equal to one;
G Newtonian Gravitational Constant;
m0 Planck mass;
(−,+,+,+) metric signature;
i, j, k... 3D spatial indices in vectors and tensors;
µ, ν, γ... 4D indices in vectors and tensors;
gµν metric tensor;
g determinant of the metric tensor gµν
τ conformal time;
t cosmic time;
H Hubble parameter in conformal time;
H Hubble parameter in cosmic time H = H/a;
Rµν , R Ricci tensor and its trace;
Tµν , T Stress energy tensor and its trace;
Gµν Einstein Tensor (Gµν = Rµν − 1/2gµνR);
φ Scalar field;
χm Matter fields;
Sm Matter action of all matter fields, χm;
∇µ Covariant derivative;
∇̄ Spatial covariant derivative;
Λ Cosmological Constant;
δ Perturbative density field (δ = ρ/ρ− 1).
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Acronyms

ΛCDM Λ Cold Dark Matter;
CC Cosmological Constant Λ;
DM Dark Matter;
GR General Relativity;

FLRW Friedmann-Lemâitre-Robertson-Walker metric;
DE Dark Energy;
MG Modified Gravitational Theory;
LSS Large Scale structure;
WMAP Wilkinson Microwave Anisotropy Probe;
SDSS Sloan Digital Sky Survey;
2dF Two-degree-Field Galaxy Redshift Survey;
C.L. Confidence Level;
CMB Cosmic Microwaves Background radiation;
BBN Big Bang Nucleosynthesis;
EFT Effective Field Theory for cosmic acceleration;
CAMB Code for Anisotropies in the Microwave Background;
CosmoMC Cosmological Monte Carlo code;
MGCAMB Modification of Growth with CAMB;
WP WMAP low-` polarization spectra;
DoF Degree of Freedom;
l.h.s Left hand side;
r.h.s. Right hand side;
w.r.t. With respect to.



Chapter 1

Introduction

We are witnessing the dawn of a golden era in cosmology. Ongoing and up-
coming experiments will map cosmic structures over a significant fraction of our
Universe, providing us with extremely accurate measurements. Observational
collaborations are driving the community toward this objective, working relent-
lessly to reach such accuracy. On the theoretical side, many questions still need
to be answered and these measurements will offer a unique opportunity to tackle
them. This will be possible only if we will be prepared to correctly interpret
and exploit this wealth of data.

A universe described by General Relativity and filled with ordinary matter
is naturally expected to decelerate, after the initial phase of rapid expansion
following the Big Bang. In this respect, an important breakthrough occurred in
the late 90s. Measurements of Type Ia Supernovae by the Supernova Cosmol-
ogy Project [11] and the High-Z Supernova Search Team [12] provided strong
evidence that the Universe has recently entered a phase of accelerated expan-
sion. This discovery was later corroborated by many independent probes. The
Wilkinson Microwave Probe satellite [13, 14] has measured the temperature
fluctuations of the CMB over the full sky with high precision, offering an un-
precedented ability to constrain several cosmological parameters and confirming
the physical picture emerging from Supernovae observations. The Planck satel-
lite substantially improved the accuracy of CMB measurements [15, 16], further
strengthening this picture and providing the first evidence for cosmic accelera-
tion from CMB data alone. Finally, several surveys such as SDSS [17], WiggleZ
[18], CFHTLenS [19] and DES [20] are providing us with precise information
about the distribution of structures in our universe. All these observations
converged in confirming this description of our Universe, and nowadays cosmic
acceleration is a well established fact and a cornerstone of our standard cosmo-
logical model. Yet theoretically we are struggling to find an explanation for its
physical origin. To make the expansion of the Universe accelerate, we need an
unnaturally small amount of vacuum energy, or an additional ingredient whose
nature is unknown, Dark Energy; or we might have to change our theory of
gravity on cosmological scales. In recent years, it has become increasingly clear
that our best hope to unlock this mystery is to compare measurements of the
expansion history of the universe with probes of the evolution of large-scale
structures. This can be achieved combining data from different cosmological

1



2 CHAPTER 1. INTRODUCTION

surveys. A large amount of high precision measurements have been provided
by several experiments and in the future the situation will further improve.
The extraordinary effort of the observational community in building the next
generation of cosmological probes, like the Simons Array [21], CMB-S4, Euclid
[22], WFIRST [23], LSST [24] and SKA [25], will result in extremely precise
measurements of the clustering of cosmic structure, the CMB and their cross
correlations. Aside from helping us to discern among different candidate models
of cosmic acceleration, these surveys will offer the unprecedented possibility to
test general relativity, and more broadly, fundamental physics on cosmological
scales.

This thesis focuses on how to exploit this wealth of data to understand
the physical origin of cosmic acceleration. We develop here a threefold way to
explore the space of models for this physical phenomenon. This consists in:

• Understanding the level of agreement of present data, within our fiducial
model;

• Exploring the space of available alternative theories through parametriza-
tions;

• Testing specific, physically motivated, theories;

In the space of models the first path corresponds to asking whether our present
position is really motivated by experiments. If this is the case then we should
proceed in our exploration of available models, to tighten our belief that the
fiducial one does not only work well in explaining the data, but also works
better than other models. On the other hand, if present data show substantial
signs of disagreement, that cannot be attributed to some systematic effect, we
have to start exploring the space of available models to search one that works
better and explains these tensions on a physical basis.

The second and third ways of this threefold approach focus on how we can
move away from the fiducial model. Exploring the space of available theories
through parametrizations, allows to cover wide portions of model space while
being agnostic about the precise physical details of the models considered. If no
sign of disagreement is found, within the fiducial model, then parametrizations
allow to cast constraints on model space in a general way. If they are designed
to cover wide enough portions of this space, then proportionally our belief in
the fiducial model will be tighten. If parametrizations relieve tensions between
data, or explain the data better than the fiducial model, we can use these results
to aid model building by pointing out the phenomenological signatures that are
preferred by the data.

Finally the third way of the threefold approach to model exploration consists
in testing specific theories. These might have a well motivated physical origin
and testing them corresponds to exploring specific portions of model space.

Al the branches of this approach are complementary. If there is no sign of
disagreement within the fiducial model, if general parametrizations do not favor
some other phenomenological signature and none of the specific models that
we know are better in explaining the data then we are sure that, at present,
our fiducial model is our best description of the universe. Conversely we can
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conclude that our present fiducial model is outdated if we find signs of disagree-
ment, and these either correspond to some phenomenological signature that is
caught by parametrizations or can be explained by a model. We can arrive to
the same conclusion if we find some parametrization that has a phenomenolog-
ical signature that is favoured by the data and we have a solid physical origin
for that.

This thesis is organized as follows. It is divided into an introductory part and
other three parts reflecting the structure of the threefold approach previously
discussed.

In part I we review some basic concepts of Modern Cosmology. In chapter
2 we briefly introduce the notion of background cosmology; in chapter 3 we
discuss the behavior of cosmological perturbations and in chapter 4 we discuss
the cosmological observables that can be used to probe these two regimes.

Part II concerns the development and exploitation of statistical null test for
the concordance of cosmological observations as discussed in chapter 5.

Part III of this thesis is focused on parametrized approaches and in partic-
ular on the Effective Field Theory approach to DE and MG and its implemen-
tation. In chapter 6 we introduce this framework and in chapter 7 we discuss
its phenomenology at the background level. In chapter 8 we move at the per-
turbation level and we describe the implementation of the EFT approach in the
Einstein-Boltzmann solver CAMB that can be used to study the cosmological
phenomenology of models enclosed in the EFT description. At last, in chapter
9 we discuss some of the observational consequences that have been obtained
by applying this framework and its corresponding code implementation.

Part IV instead, focuses on model tests that we performed by exploiting
the power and flexibility of the EFT approach. In chapter 10 we discuss the
cosmological phenomenology and corresponding constraints on designer f(R)
gravity. In chapter 11 we discuss Hu-Sawicki f(R) model and in chapter 12 we
discuss Horǎva gravity.

We conclude in part V.
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Part I

Modern Cosmology
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Chapter 2

Cosmological Background

Cosmology is the study of the composition and evolution of the universe by
means of mathematical and physical tools. The energy scales characterizing
our description of the universe, from its birth until today, vary over a wide
range, and therefore modern cosmology exploits a number of different branches
of physics.

Still the main difference between cosmology and the other branches of physics
is that the natural phenomenon that we are trying to understand is the universe
in which we live.
This implies that we cannot perform experiments because we cannot control
its parameters and we do not have different universes to consider as different
realization of the same physical phenomenon. We are then limited to observe
the universe and we can only collect information coming to us. We can then
build physical models based upon the laws that have been studied on the Earth
and compare them with the information that have been collected.
In order for this process to be meaningful we have to assume a mediocrity prin-
ciple that formalizes our belief that things are quite the same throughout the
universe. This is the heart of the Cosmological Principle that states the follow-
ing [26]:

On sufficiently large scales the properties of the universe are the same for
all fundamental observers.

Three different qualifications are implied by this principle.
The first is that observed phenomena do not depend on the quality of the ob-
server. The second is that natural laws do not depend on the position of the
observer. The third is that on sufficiently large scales the differences in the
observations are negligible.
This principle legitimates the process of comparison between what we see on the
earth and what we observe from the universe and gives a key to interpret them.
The problem with the Cosmological Principle (hereafter CP) is that it is a philo-
sophical assumption that cannot be verified nor deduced from experiments. But
at the present time there are some evidences that make this assumption at least
reasonable. The most remarkable of these evidences is the observed isotropy

7



8 CHAPTER 2. COSMOLOGICAL BACKGROUND

of the cosmic microwave background radiation, originated when the Universe
had about the temperature of a star. In fact we see in all directions in the sky
an electromagnetic radiation that has the same wavelength with deviations of
order 10−5. If we were living in an irregular universe we would probably see the
imprint of these irregularities on this radiation. Another clue to the CP comes
from the fact that our “geographical knowledge” of the universe is increasingly
enlarged by new observations made possible by recent technological advances.
Until the 1920s it was believed that our galaxy was the entire universe [27].
Today we have wide surveys of galaxies that tell us that the Milky Way is one
in billions of galaxies.
Even if these facts do not prove the cosmological principle they make it a little
harder to believe that we occupy a special position in the universe.
If we then accept general relativity as our theory of gravitation the CP has an
important consequence [28].
In fact it implies that, smoothed on sufficiently large scales, the universe is spa-
tially homogeneous and isotropic so it is a four dimensional semi-Riemannian
manifold that has a family of three dimensional maximally symmetric sub
spaces.
It is a well-known fact [28] that the metric is the Friedmann-Robertson-Walker
(FLRW) one and the line element takes the form:

ds2 = gµνdx
µdxν = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin(θ)2dφ2)

]
, (2.1)

where k = −1, 0, 1 indicates the curvature of the spatial slicing (flat spatial
slicing corresponds to k = 0, negatively curved to k = −1 and positively curved
to k = 1) and a(t) is the scale factor describing the expansion of space. We have
here normalized the curvature parameter to |k| = 1; an alternative normalization
is setting the scale factor today a0 ≡ a(t0) = 1. The family of fundamental
observer is then characterized by their four-velocity that in this reference frame
is uµ = (−1, 0, 0, 0) so that their spatial position does not change in time. We
shall refer to these observers as comoving observers. The coordinate t is the
proper time as measured by a comoving observer and is referred to as cosmic
time. We can naturally introduce another time variable, the conformal time η
via:

η(t) ≡
∫ t

0

dt′

a(t′)
. (2.2)

and this brings the FLRW metric (2.1) to:

ds2 = a2(η)

[
−dη2 +

dr2

1− kr2
+ r2(dθ2 + sin(θ)2dφ2)

]
, (2.3)

where a(η) ≡ a[t(η)]. In the case of flat space slicings, k = 0, the metric defined
by (2.3) is conformally equivalent to the Minkowski metric ηµν .

A fundamental quantity for cosmology is the Hubble parameter defined as

H ≡ ȧ

a
, (2.4)

where the overdot indicates a derivative with respect to the cosmic time t. The
Hubble parameter describes the expansion history of the universe as it measures
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the rate at which the scale factor changes. The Hubble parameter can be directly
derived from the recession velocity of distant galaxies and their distance from
us. Edwin Hubble (1929) was the first to find that distant galaxies recede from
us and that they do so with a velocity which is proportional to their distance.
This observation matched exactly what is expected in an expanding universe.
Neglecting peculiar motion of the galaxies, in fact, we expect v = Hd.

2.1 FLRW models

In this section we shall review the cosmological models that arise from the
assumption of the CP and the metric tensor (2.1). These models were developed
between the 1920s and the 1930s by Alexander Friedmann, Georges Lemâıtre,
Howard Percy Robertson and Arthur Geoffrey Walker and named FLRW after
them. The metric is the fundamental object in GR, as it describes gravity in
terms of curvature of the spacetime. The field equations for the metric are the
Einstein equations, a set of non-linear partial differential equations relating the
curvature of spacetime to its content. In the GR language these are:

Gµν = 8πGTµν , (2.5)

where the Einstein tensor is related to the metric by:

Gµν ≡ Rµν −
1

2
Rgµν ,

Rµν ≡ Rαµαν ,
R ≡ gµνRµν ,
Rαµνβ = Γανβ,µ − Γαµβ,ν + ΓγµβΓανγ − ΓγνβΓαµγ ,

Γαµν =
1

2
gασ(gσµ,ν + gσν,µ − gµν,σ) . (2.6)

where gµν is the inverse matrix of gµν , i.e. gµνgµν = δµν and with the subscript

,ν we indicate a covariant derivation ∇ν . R is the Ricci scalar, a contraction of
the Ricci tensor Rµν , which in turn is the contraction of the Riemann tensor
Rαµνβ . Finally, Tµν is the energy-momentum tensor of matter fields. FLRW
models describe a universe filled with a homogeneous isotropic perfect fluid, and
so Tµν has the form:

Tµν = (ρ+ p)uµuν + pgµν , (2.7)

where uµ is the fluid four-velocity, ρ and p are respectively its rest frame energy
density and pressure. The fluid elements will be comoving in the cosmological
rest frame and isotropic so that the energy-momentum tensor (2.7) reads

T 0
0 = −ρ ,

T ij = pδij ,

T 0
i = 0 . (2.8)
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Plugging this and the FLRW metric (2.1) into the Einstein equations, we im-
mediately obtain the two following equations:

H2 =
8πG

3

∑
m

ρm −
k

a2
, (2.9)

ä

a
+

1

2

(
ȧ

a

)2

= −4πG
∑
m

pm −
k

2a2
, (2.10)

where m labels the different matter constituents of the universe. The first
equation (2.9), is referred to as the Friedmann equation. It is a constraint
equation for the time derivative of the scale factor ȧ, relating it to the energy
density and curvature of spacetime. If we combine the second equation with the
Friedmann equation we obtain the acceleration equation:

ä

a
= −4πG

3

∑
m

(ρm + 3pm) . (2.11)

Notice that, according to (2.11), the universe will decelerate its expansion (ä <
0) as long as it is dominated by a form of matter such that ρi + 3pi > 0.

In order to solve the Friedmann equation, we need to close the system with
equations relating the energy density and pressure of the components of the
universe.

2.2 Matter Components

To close the system of Friedmann equations we need the propagation equations
for the matter species. The Bianchi identity ∇µGµν = 0 implies that the total
stress energy tensor of the matter components is covariantly conserved. In ad-
dition, if the matter species are not coupled the individual stress energy tensors
follow the continuity equation for the energy-momentum tensor:

∇µTµνm = 0 . (2.12)

The time (ν = 0) component of equation (2.12), enforces the continuity of energy
and it determines the time evolution of energy density. In a FLRW spacetime,
for a perfect fluid (2.8) it reads:

ρ̇m + 3H(ρm + pm) = 0 . (2.13)

Still the system of Friedmann and continuity equations is not closed and we have
to specify the equation of state for our fluids. This equation relates density and
pressure as p = p(ρ) and is assumed to be, either exactly or approximately:

pm ≡ wmρm . (2.14)

Then equation (2.13) can be solved for ρm(a) and the solution reads:

ρm ∝ exp

(
−3

∫
da′

a′
(1 + wm)

)
. (2.15)
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In studying the expansion of the universe, and in particular the formation of
its structures, we consider radiation and non-relativistic matter. There are
different relativistic massless particles constituting the radiation component
of our universe and we shall consider photons and massless neutrinos. Non-
relativistic matter, in turn, comes in the form of neutrons, protons, electrons
and other Standard Model particles and is commonly referred to as baryonic
matter. Baryons, however, make up just a small fraction of the total matter,
and the remaining is in an elusive form which reveals itself via gravitational
interactions, and is dubbed dark matter (DM).

Non-relativistic matter is characterized by a negligible kinetic energy so we
expect its energy density to scale proportionally to the volume. In the case
of radiation, we expect to have an extra factor in the scaling because of the
redshift of the wavelength as the universe expands. Indeed, radiation emitted
with wavelength λe, in the rest frame of a comoving observer, at proper time
a(te) = ae, is observed today at wavelength λo, related to λe by:

1 + z ≡ λo
λe

=
1

a
, (2.16)

where z is the redshift. Therefore, we expect non-relativistic matter to be
characterized by wm = 0, and radiation by wr = 1/3, i.e.

ρm ∝ a−3 , (2.17)

ρr ∝ a−4 . (2.18)

The Standard Cosmological Model is characterized by another, dark, compo-
nent. Following the discovery that the expansion of the universe is accelerating,
the cosmological constant Λ re-entered in cosmology. Originally it was intro-
duced by Einstein, as an extra term, Λgµν , in the Einstein equations (2.5) to
obtain a static cosmological solution. Soon after that, it was found that the
universe is not static but rather expanding, with distant galaxies receding from
us and the cosmological constant was no longer necessary.

It was not introduced again until later, when the measurements of SNeIa
indicated that the expansion of the universe is accelerating. This late time ac-
celeration can be achieved if the universe is dominated by an energy component
with the equations of state w ≤ −1/3. The cosmological constant Λ results
in exactly w = −1 and gives a component with constant energy density (and
p = −ρ) with an energy-momentum tensor:

TΛ
µν = − Λ

8πG
gµν , (2.19)

Therefore, it is equivalent to treat a cosmological constant as a component of the
energy density of the universe that serves the purpose of fueling the accelerated
expansion of the universe.

2.3 Distances and Horizons

In this section we shall review the notion of distance in an FLRW universe [29].
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The FLRW metric corresponds to a system of spatial coordinates which is
comoving with the expansion of the universe. Different points will maintain
their coordinates, as the universe expands, therefore their comoving distance
will remain unchanged. The physical distance, however, will increase, with a
rate given by the Hubble parameter.

The comoving distance out to an object at scale factor a is then given by:

χ(a) =

∫ 1

a

d ln a′

a′H(a′)
. (2.20)

Of particular relevance is the comoving distance that light could have trav-
eled since t = 0, which is given by the conformal time η (2.2). Causal physical
processes could not have happen at distances larger than this distance, and
therefore η is called the comoving horizon.

In an expanding universe it is possible to define other two types of distances.
A common way of determining distances, in astronomy, is the parallax method.
By knowing the angle θ subtended by an object of known physical size l we can
infer the distance of that object

dA =
l

θ
. (2.21)

this is then commonly called the angular diameter distance. In a flat universe
it coincides with the physical distance dflatA = aχ.

A second way of determining distances is by measuring the flux from an
object of known luminosity. The flux, integrated over all frequencies, that we
observe from a source of luminosity L through a comoving shell at distance χ(a)
is given by

F =
La2

4πχ2(a)
, (2.22)

hence we can define the luminosity distance of that object as dL = χ/a.

The luminosity distance plays a central role in the study of type Ia Super-
novae (SNeIa). These objects are standardizable candles as they have nearly
identical intrinsic magnitude M and small differences can be balanced by know-
ing the shape of their light curves. Since we observe their apparent magnitude,
any difference that we observe there is related to a difference in the supernovae
distance.

The relation between the apparent and intrinsic magnitude in then given by
the luminosity distance of the supernova:

m = M + 5 log

(
dL

10 pc

)
+K , (2.23)

where K is a correction for the shifting of the spectrum due to expansion.

This allows us to measure the distance from us to the supernova by measuring
the difference between m−M , independently of their redshift. We can therefore
reconstruct the relationship between redshift and luminosity distance.

At last, in this section we shall mention two crucial concepts in an FLRW
universe. These are causality and the horizon. As we already seen the comoving
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horizon η is the maximum distance a light ray could have traveled from t = 0.
This then represents the maximum radial distance of a point that could have
communicated with us since the Big Bang. Analogously, objects separated by
a distance larger than the comoving horizon η, could never have been in causal
contact. It is a common practice to define the Hubble radius as the integrand
1/aH in the comoving horizon expression as this represents the distance over
which particles can travel in the course of one expansion time. Particles that
are separated by a distance larger than the Hubble radius cannot communicate
now but still might be in communication at a different time.

2.4 Cosmic Acceleration

In the previous section we introduced SNeIa as standardizable candles, i.e. hav-
ing almost the same absolute magnitude after we correct for the differences in
the shapes of their light curves. This makes them the perfect tool to measure
independently distances and redshift. From the difference between the apparent
magnitude m and absolute magnitude M , we can infer the luminosity distance
(2.23). Then one can independently measure the redshift, and thus reconstruct
the distance-redshift relation. This relation in particular is given by:

dL(z) = (1 + z) ·
∫ z

0

dz′

H(z′)
. (2.24)

By measuring independently dL(z) and z, we can then constrain the expan-
sion history H(z) over a wide range of redshifts. This program was followed
by the Supernova Cosmology Project [11, 30, 31] and the High-Z Supernova
Team [12, 32, 33, 34] and the Supernova Legacy Survey (SNLS) [35], and re-
sulted in measurements of the magnitude and redshift of distant SNeIa up to
redshift z . 1.7.

As we increase the distance from us SNeIa appear dimmer than expected
if the universe was currently matter dominated. Further combining the data
from SNeIa, CMB and LSS, we have a strong evidence for a universe which is
currently dominated by either a cosmological constant, or a form of energy which
is smoothly distributed and makes up ∼ 70% of the current energy budget.
In other words the universe has then recently entered a phase of accelerated
expansion.

A value of Ω0
Λ ≈ 0.7, corresponds to an energy density

ρ0
Λ ≈ (10−3eV )4 . (2.25)

This value, however, proves puzzling to interpret [36]. If we consider this en-
ergy as a constant contributed by quantum fluctuations in the vacuum, then we
would expect it to be of order the cutoff scale of our effective theory. Hence, if we
believe that our effective quantum field theory is valid up to the Planck scale, we
would expect ρΛ to be of order M4

P ; thirty orders of magnitude (in mass scale)
bigger than the observed value. In addition, the cosmological constant interpre-
tation of cosmic acceleration presents another puzzle: the coincidence between
the observed vacuum energy and the current matter density today. The ratio be-
tween these two energy densities scales as a3. Therefore there is a brief epoch of
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the universe’s history during which it would be possible to witness the transition
from matter domination to cosmological constant domination. This is known
as the coincidence problem. An alternative way of achieving the desired acceler-
ated expansion is by introducing a smoothly distributed energy component with
negative equation of state, commonly referred to as dark energy (DE). One pos-
sibility consists of employing a slowly rolling scalar field, similar to what is done
for inflation. Such an approach is known as quintessence [37, 38, 39, 40, 41, 42].
Unfortunately it is not trivial to constrain the shape of the potential charac-
terizing such a field, and there is always some degree of fine-tuning required in
order to obtain the right scale of the energy density. Indeed we expect such
a scalar field to be quite light, mφ ≈ H0 ≈ 10−33eV . An interesting possi-
bility consists in coupling the scalar field to matter fields. Indeed, linking the
dynamics of the scalar field to that of matter, one may solve the coincidence
problem. In such models the scalar field displays a tracking behavior, and its
current energy density can be largely independent of the initial conditions. An
alternative to DE consists in assuming, instead of a new energy component,
new gravitational dynamics on large scales, i.e. modifying gravity (MG). There
are several models exploring this idea in the literature and we refer the reader
to [43], and references therein, for a thorough review. It is important to notice
that any approach to the phenomenon of cosmic acceleration, alternative to the
cosmological constant, needs to explain why the vacuum energy would be zero.
With respect to the cosmological constant approach, dark energy and modi-
fied gravity models have the advantage of adding some dynamics to the theory,
and this might alleviate the coincidence problem and increase the experimental
testability of the models. In particular, we might expect to see some peculiar
signatures of these models at the level of the growth of structure. Finally, it is
important to mention another alternative approach to the phenomenon of cos-
mic acceleration. Instead of modifying GR or assuming new components of the
energy budget, we can give up the assumption of a homogeneous and isotropic
background and fit the SNeIa data with a universe that has inhomogeneities.
The inferred late time acceleration could then be a result of the averaging pro-
cess. Several models have been recently proposed [44, 45, 46, 47, 48, 49, 50, 51],
however the effect of the inhomogeneities seems to be too small to account for
the data.



Chapter 3

Cosmological Perturbations

In the previous Chapter we have briefly reviewed the homogeneous and isotropic
model of the universe, studying what is commonly referred to as background
dynamics. While the remarkable isotropy of the CMB supports this model
there are fluctuations in the temperature of the CMB of the order of one part
in 105. These were discovered in the Nineties by measurements of the COBE
satellite [52, 53] and later measured to high precision by WMAP [54] and Planck
[16]. Moreover, we do see a lot of structure in our surroundings and on smaller
scales the universe is highly inhomogeneous, with matter clumped into large
scale structure.

In this Chapter we shall review how primordial perturbations grow under
the action of gravitational instability to form the large cosmological structures
that we observe today.

3.1 Perturbing the universe

To start, we need to define the perturbations around an FLRW universe (2.1) of
the gravitational field, the matter fields, including radiation, baryons and CDM.

Perturbing the energy momentum tensor of the matter fields (2.8), by intro-
ducing a space dependence in the energy density and pressure also introduces a
velocity field and shear. The perturbed stress-energy tensor is then:

T 0
0 = −ρ̄ (1 + δ) ,

T ij = (p̄+ δp) δij + πij ,

T 0
i = (ρ̄+ p̄) vi , (3.1)

where ρ̄(η) and p̄(η) are the background energy density and pressure, δ(η, ~x) ≡
δρ/ρ̄ is the density contrast, δp(η, ~x) the pressure perturbation, vi(η, ~x) the
velocity field and we define the anisotropic stress σ(η, ~x) as

(ρ̄+ p̄)σ ≡ −
(
k̂j k̂i −

1

3
δji

)
πij . (3.2)

When it comes to perturbing the gravitational field we can decompose the
contributions to the metric in terms of irreducible representations of the rotation

15
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group. The most generic form of the perturbed metric will therefore contain
scalar, vector and tensor perturbations. At linear order, these three types of
perturbations evolve independently, thanks to the superopsition principle. As
we are interested in studying the growth of structure, we will concentrate on
scalar perturbations for the rest of this Chapter.

The most generic metric containing scalar perturbations reads

g00 = −a2(1 + 2A), (3.3)

g0i = −a2B,i , (3.4)

gij = a2 [(1 + 2HL) δij + 2HT,ij ] , (3.5)

where A,B,HL, HT are functions of time and space, B,i ≡ ∂iB and HT,ij ≡
∂i∂jHT (and ∂i ≡ ∂/∂xi). Out of these four quantities we can choose two
independent quantities by means of a gauge transformation. The two most
common gauge choices are the longitudinal or Newtonian gauge, corresponding
to B = 0 = HT , and the synchronous gauge, corresponding to B = 0 = HL.
While the longitudinal choice completely fixes the gauge, the synchronous gauge
has some residual gauge freedom, which is typically eliminated by choosing a
frame that is comoving with CDM.

Most of the work in this thesis is done in synchronous-comoving gauge, as
this turns out to be a convenient gauge choice to perform numerical calculations.
While we will present later the results in this gauge we shall discuss here per-
turbation theory in Newtonian gauge to have a clearer physical interpretation.

3.2 Jeans analysis - Newtonian perturbation the-
ory

The focus of this chapter is describing cosmological perturbation theory and
how the structure we observe today formed via gravitational instability starting
from small fluctuations set up in the early universe. The main results for the
collapse of matter into structures can be recovered with the classical formalism
of Newton’s theory. Before getting into the details of the fully general relativistic
theory of linear perturbations it is thus instructive to review the Jeans analysis
to gain some physical insight into the process of structure formation.

The Newtonian equations governing perfect fluid dynamics are the continu-
ity, Euler and Poisson equations, respectively:

∂ρ

∂t
+∇(ρ~v) = 0 , (3.6)

∂~v

∂t
+ (~v · ∇)~v +

1

ρ
∇ρ+∇Φ = 0 , (3.7)

∇2Φ = 4πGρ . (3.8)

Notice that these can be obtained from Einstein equations in the weak field and
non-relativistic limit.

The simplest solution to these equations is the static one, where the matter
is at rest and uniformly distributed in space. In an expanding universe, this
reads
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ρ0(t, ~r) =
ρ0

a3
, ~v0(t, ~r) =

ȧ

a
~r, φ0(t, ~r) =

2πGρ0

3
r2 . (3.9)

Let us now expand all the fields around this background solution:

ρ(t, ~x) = ρ0(t)[1 + δ(t, ~x)] ,

~v(t, ~x) = ~v0(t) + ~v1(t, ~x) ,

φ(t, ~x) = φ0(t) + φ1(t, ~x) , (3.10)

where |δ|, |~v1|/|~v0|, φ1/φ0 � 1. If we plug this expansion into the set of equa-
tions (3.6)-(3.8), linearize the equations and Fourier transform the variables, we
obtain the following second order ordinary differential equation for the density
contrast δ

¨̂
δ(~k) + 2H

˙̂
δ(~k) +

(
v2
s |~k|2

a2
− 4πGρ0

)
δ̂(~k) = 0 , (3.11)

where vs ≡ (∂p/∂ρ)1/2 is the sound speed of the fluid.

This is the main evolution equation describing the clustering of matter in an
expanding universe. It is clear from (3.11) that there are two competing forces:
the gravitational attraction and the stabilizing effect of pressure. The scale at
which the two forces balance each other is known as the Jeans length

λJ ≡ vs
√

π

Gρ0
. (3.12)

On scales smaller than the Jeans scale, pressure dominates and perturbations
do not grow, but oscillate. On larger scales, gravity dominates and perturbations
grow monotonically until the break down of linear perturbation theory. The

second term in (3.11), 2H
˙̂
δ(~k), plays an important role in slowing the growth of

perturbations and for this reason is known as Hubble friction. On scales larger
than the Jeans length, the growth of density perturbations would be exponential
in the absence of this term. The presence of the friction term slows down the
growth of perturbations that follows a power-law behavior instead.

3.3 Linear Equations

In the previous Chapter we used the FLRW metric (2.1) and the perfect fluid
stress-energy tensor to derive Friedmann equations. Similarly in this Section
we use Einstein equations, along with the perturbed FLRW metric (3.3) in
Newtonian gauge and the perturbed stress-energy tensor to study the dynamics
of small inhomogeneities.

This procedure consists of inserting the metric (3.3) (with HT = 0 = B,A =
Ψ, HL = −Φ, as we have chosen to work in Newtonian gauge) and energy-
momentum tensor (3.1) into the Einstein equations (2.5) and expand the result-
ing equations up to first order in these perturbations. This procedure results in
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the following linearized Einstein equations:

time− time

k2Φ + 3H(Φ′ +HΨ) = −κ
2a2

2
ρ̄δ , (3.13)

momentum

k2 (Φ′ +HΨ) =
κ2a2

2
(ρ̄+ p̄)ikv , (3.14)

space− diagonal

Φ′′ +H (Ψ′ + 2Φ′) +
(
2H′ +H2

)
Ψ +

k2

3
(Φ−Ψ) =

κ2a2

2
δp , (3.15)

space− off diagonal

k2 (Φ−Ψ) =
3κ2a2

2
(ρ̄+ p̄)σ , (3.16)

where κ2 ≡ 8πG. Out of these four equations just two of them (3.13)-(3.16)
are independent. It is common to use the anisotropy equation (3.16) and the
combination of equations (3.13) and (3.14) giving the Poisson equation:

k2Φ = −κ
2a2

2
ρ̄∆ , (3.17)

where
∆ ≡ ρ̄δ + 3iH(ρ̄+ p̄)

v

k
(3.18)

is the energy density in comoving synchronous gauge. The advantage of the
Poisson equation is that it is not dynamical, it is simply a constraint equation
relating the metric potential Φ to the energy-momentum sources. Also the
anisotropy equation is not dynamical, and in presence of negligible shear, σ ' 0,
it simply sets the two gravitational potentials equal.

Notice that in eq.(3.14) we considered only the irrotational component of

fluid velocity so that ~v = vk̂. Since vector velocity modes decay in time we will
continue doing so in the rest of the thesis.

Let us now derive the linearized version of the energy-momentum continuity
equations. For a single uncoupled fluid, the continuity equations (2.12) at linear
level give the two following independent equations:

δ′ = −(1 + w)(ikv − 3Φ′)− 3H
(
δp

δρ
− w

)
δ , (3.19)

v′ = −H(1− 3w)v − w′

1 + w
v − δp/δρ

1 + w
ikδ + ikσ − ikΨ. (3.20)

Usually this is enough to study the growth of structures during the matter
era. However, to study in detail the evolution of perturbations through all
the expansion history, it is necessary to take into account non-gravitational
interactions between different species. In particular photons and baryons are
non-gravitationally are tightly coupled before recombination through Compton
scattering, forming a photon-baryon fluid. Therefore there are extra terms in
the conservation equations representing the energy-momentum transfer between
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these two components. The Botzmann equation formalism applied to the phase
space of particles offers the necessary tools. We describe interacting fluids via
their distribution function f(~x, ~p, η), which evolves according to the Boltzmann
equation

df

dη
=
∂f

∂η
+
dxi

dη

∂f

∂xi
+
dp

dη

∂f

∂p
+
dp̂i

dη

∂f

∂pi
= C[f ] , (3.21)

where C[f ] is the collision term. The distribution function will be the Fermi-
Dirac one for fermions (+ sign) and the Bose-Einstein distribution for bosons
(− sign). At the background level these read:

f0(p, η) =

[
exp

(
E(p)

T (η)

)
± 1

]−1

, (3.22)

where E(p) =
√
p2 +m2. At the perturbation level the distribution function,

will have a position and momentum direction dependence in the temperature:

f(~x, p, p̂, η) =

[
exp

(
E(p)

T (η)[1 + Θ(~x, p̂, η)]

)
± 1

]−1

, (3.23)

where Θ(~x, p̂, η) denotes the perturbation to the background temperature. Note
that p is not the comoving momentum Pi conjugate to the comoving coordinate
xi, but rather the proper momentum measured by an observer at a fixed spa-
tial coordinate. The magnitude of p is related to Pi via p2 = gijPiPj , and it
decreases with the expansion of the universe. The components of the energy-
momentum tensor can be derived from the distribution function via

Tµν (~x, η) = gs

∫
dP1dP2dP3

(2π)3

1√
−g

PµPν
P 0

f(~x, ~p, η) , (3.24)

where gs represents the number of spin states.

Since we work in Fourier space, let us use the Fourier transformed tempera-
ture perturbation Θ(k, µ, η), where µ ≡ k̂ · p̂ is the angle between the direction
of the gradient in the temperature and the particle motion.

For the sake of brevity we do not include the details of the derivation of the
explicit linear Boltzmann equations, but limit ourselves to presenting the result
and referring the reader to the literature on this topic ( [55, 56, 57, 58, 59, 60]
and references therein).

It is useful to expand the temperature perturbation in Legendre polynomials,
defining the l-th multipole of the temperature field as

Θl(k, η) ≡ 1

(−i)l

∫ 1

−1

dµ

2
Pl(µ)Θ(µ) , (3.25)

where Pl denotes the Legendre polynomial of order l.

We do not present here the calculation for the collision term C[f ] due to
Compton scattering, but we outline the resulting Boltzmann equations for ra-
diation and baryons. Radiation contains photons, that interact with baryons
before recombination, and neutrinos that for our purposes are treated as col-
lisionless. We will indicate with Θ the temperature perturbation of photons,
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with N the temperature perturbation of (massless) neutrinos and with ρb, vb
the energy density and velocity of the baryons. The resulting equations are

photons

Θ′ + ikµΘ = Φ′ − ikµΨ− τ ′[Θ0 −Θ + µvb −
1

2
P2(µ)Π] , (3.26)

Π = Θ2 + ΘP2 + ΘP0 ,

Θ′P + ikµΘP = −τ ′[ΘP +
1

2
(1− P2(µ))Π] ,

baryons

δ′b = −ikvb + 3Φ′ , (3.27)

v′b +Hvb = −ikΨ +
τ ′

R
[vb + 3iΘ1] , (3.28)

neutrinos

N ′ + ikµN = Φ′ − ikµΨ , (3.29)

where we have distinguished among photons, with temperature perturbation
Θ, baryons, with energy density and velocity ρb, vb and neutrinos, with temper-
ature perturbation N . τ is the optical depth related to Compton scattering,
defined as τ ′ = −neσTa, where σT and ne are respectively the Thomson cross
section and the baryon density. Finally R ≡ 3ρ̄0

b/4ρ̄
0
γ is the baryon to photon

density ratio today and ΘP is the strength of polarization of light.

The Boltzmann equation formalism can also be applied to CDM particles.
However, for non-relativistic collisionless species, the density contrast δ and
velocity field v are sufficient to describe the perturbed fluid. Moreover, the
equations derived through the energy-momentum conservation get us to the
same result with simpler algebra. For CDM, characterized by w = 0 and a
vanishing speed of sound we have:

δ′c = −ikvc + 3Φ′ , (3.30)

v′c = −Hvc − ikΨ . (3.31)

We conclude this part by pointing out that it is common to turn the differ-
ential equation (3.26) for the photon temperature perturbation into an infinite
series of coupled equations for the multipoles Θl. The advantage of this is, as we
will see, that the higher moments are small and can be neglected so that we are
left with a finite number of simpler equations. The result of this decomposition
is the series of equations:

Θ′0 + kΘ1 = Φ′ , (3.32)

Θ′1 −
kΘ0

3
=
kΨ

3
+ τ ′

[
Θ1 −

ivb
3

]
, (3.33)

Θ′l +
k

(−i)l+1

∫ 1

−1

dµ

2
µPl(µ)Θ(µ) = τ ′Θl , l ≥ 2 , (3.34)

From this equation we immediately see that the monopole, dipole and quadrupole
can be related respectively to its density contrast, the velocity field and the
anisotropic stress.
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3.4 Initial conditions

In order to solve the previously outlined set of differential equations we have to
set initial conditions. These are set at very early times, when all the modes of
interest for cosmological observables were outside the horizon.

At these scales the inflationary model for the early universe provides a pow-
erful mechanism to generate perturbation’s initial conditions, as was realized by
many authors [61, 62, 63, 64, 65, 66]. If the inflationary period of rapid expan-
sion of the universe was driven by a scalar field, quantum fluctuations of this
scalar field are stretched into super-horizon classical fluctuations which seed the
primordial perturbations for the metric and matter fields. We shall not cover
here any details about the way inflation generates the primordial spectrum of
fluctuations. We will rather assume that some mechanism is responsible for the
initial conditions and we will now analyze what are the consistency relations
that we need to impose on these initial conditions. We want to stress here that
the predictions of inflation for the primordial power spectrum of fluctuations
have so far been in very good agreement with observations. CMB experiments
in fact provided one of the cleanest measurements of this and, as shown by the
latest Planck data release [67], the primordial fluctuations are in good agreement
with a Gaussian model with an almost scale invariant power spectrum.

If we consider early enough times, scales that are of interest for cosmological
observables, were all super-horizon, i.e. their wavelength was larger than the
horizon. In terms of the comoving momentum k and comoving horizon η, this
condition is characterized by kη � 1. In this limit the evolution equations for
the perturbations greatly simplify. In particular, for radiation all the multipoles
l ≥ 1 are negligible. All terms in the equations multiplied by k can be neglected
with respect to time derivative terms.

With these approximations the set of perturbed equations for photons, neu-
trinos, baryons and CDM, becomes:

Θ′0 − Φ′ = 0 , N ′0 − Φ′ = 0 , (3.35)

δ′b = 3Φ′ , δ′ = 3Φ′ . (3.36)

While the time-time component of the Einstein equation (3.13) is

3H(Φ′ +HΨ) = −2κ2a2(ρ̄γΘ0 + ρ̄νN0) . (3.37)

Notice that we have considered only radiation sources as we are taking an early
time limit. If we derive eq. (3.37) with respect to conformal time, and combine
it with equations (3.35), we obtain a second order differential equation for the
Newtonian potential Φ

Φ′′η + 4Φ′ = 0 , (3.38)

where we have neglected the photons and neutrino quadrupole resulting in
Ψ ' Φ. Eq. (3.38) has two solutions, a constant and a decaying mode. The
decaying one is not physically interesting since we can imagine to set initial con-
ditions early enough for it to be negligible at times relevant to observables. The
interesting solution is the constant one and if we plug it back into eq. (3.37),
assuming Ψ ' Φ and a ∝ η we get:

Φ = −2 [(1− fν) Θ0 + fνN0] , (3.39)
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where we have used fν to denote neutrinos fractional density (fν ≡ ρν/(ρν+ργ)).
It is common to set Θ0(k, ηi) = N0(k, ηi) at early times, so that Φ(k, ηi) =
−2Θ0(k, ηi). Finally, by means of (3.36), we get δb = δ = 3Θ0 + const. as initial
conditions. We can now distinguish two types of initial conditions, adiabatic
and isocurvature ones, according to the choice of the constant appearing in the
previous equation. If we choose to have a constant ratio of density contrasts in
all species everywhere, so the const. is zero, we are selecting adiabatic initial
conditions. These correspond to fluctuations in the local spatial curvature, with
all components of the energy density participating in the perturbation. Notice
that the fluctuation in the local number density of any species, relative to the
entropy density, vanishes δ(ni/s) = 0. On the other hand, we label isocurva-
ture initial conditions when we are in a situation in which δ(ni/s) 6= 0. These
correspond to fluctuations in the form of the local equation of state. The ra-
tio between the density contrasts of different species depends on space and the
overall effect is a cancellation of the total density perturbation and hence the
spatial curvature fluctuation is zero. The distinction between these two types of
fluctuations is relevant on super-horizon scales. Once a mode enters the horizon
there are casual physical mechanism that can redistribute energy density via
fluctuations in the local pressure and hence convert isocurvature perturbations
into adiabatic ones. Conversely, since casual physics cannot act on scales larger
than the horizon, a super-horizon perturbation must be characterized by δρ = 0.
It follows that adiabatic perturbations need to be created as sub-horizon modes
and then be stretched to super-horizon scales. A mechanism for this is offered
by inflation. A period of quasi-De Sitter expansion shrinks the Hubble radius
and perturbations that were below the horizon are frozen as they are brought
to super-horizon scales. Observations of CMB anisotropies nowadays point to-
ward the fact that the initial power spectrum was made mostly of adiabatic
perturbations. Hence, in the following, we shall consider only this kind of initial
conditions. At last, even if, as previously discussed, the velocities and dipole
moments are negligible at early times, we do need to know their initial condi-
tions in order to evolve them properly. A procedure that is analogous to the
one discussed here can be followed to find:

Θ1(k, ηi) = N1(k, ηi) =
ivb(k, ηi)

3
=
iv(k, ηi)

3
=
kΦ(k, ηi)

6aH
. (3.40)

It is common to express the initial power spectrum of perturbations in terms
of the primordial spectrum of the gauge invariant combination:

ξ ≡ HL +H(B +H ′T )− iH
k
v , (3.41)

that measures scalar curvature perturbations and is related to the Newtonian
potential by ξ ≡ −Φ− iH

k v. This quantity has the advantage that it is conserved
on super-horizon scales so that we can decouple the treatment of the initial con-
ditions from the evolution of perturbations. Regardless of the mechanism that
we think is responsible for creating primordial fluctuations, once the statistical
properties of ξ are in place they are preserved by subsequent time evolution,
in the radiation era so that we can start to evolve perturbations, according to
these initial conditions later.

If the mechanism responsible for seeding primordial fluctuations is inflation,
driven by a scalar field, the quantum fluctuations of the scalar field can be
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related, at horizon crossing, to the perturbation ξ. While we shall not present
here the details of this mechanism we just need to highlight that at the end
of inflation, in Newtonian gauge we have Φ = −2/3ξ. A key prediction of
inflationary models is that the initial spectrum of curvature perturbations is
nearly scale invariant, which means that k3Pξ(k) is nearly scale independent

Pξ =
κ2H2

4εk3

∣∣∣∣
aH=k

, (3.42)

where ε is the slow roll parameter of (ε ≡ d(1/H)
dt ) and κ2 = 8πG. A scale

invariant power spectrum was firstly predicted as the appropriate primordial
distribution of perturbations by Harrison-Zel’dovich-Peebles. To parametrize
deviations from perfect scale invariance, it is conventional to write the primor-
dial spectrum as:

ln k3Pξ ≡ lnAs + (ns − 1) ln

(
k

ks

)
. (3.43)

where As stands for the amplitude of primordial fluctuations and the parameter
ns encodes departures from perfect scale invariance.
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Chapter 4

Cosmological Observables

In the previous Chapters we have briefly reviewed the homogeneous and isotropic
model of the universe and the evolution of small inhomogeneities.

In this Chapter we will review how these translate into cosmological observ-
ables and we shall highlight the experimental efforts that, over the last decades,
led to the measurements of such quantities.

4.1 Random fields

When studying the universe we are interested in the statistical properties of
what we observe. If background cosmology can be understood as the study
of the average properties of the universe, studying perturbations focuses on
describing departures from the average behavior, i.e. higher momenta.

Perturbation are regarded as random fields φ(~x) taking random values at
each point in space on constant time slices. Our universe is then thought to
be one specific realization in an ensemble of universes, and the observables will
be defined in the ensemble rather than on the single realization. These random
fields are fully characterized by their statistical properties, i.e. by the N point
correlation functions < φ(x1)....φ(xN ) >, where the averaging is performed on
the ensemble.

In cosmology, these random fields are assumed to be statistically homoge-
neous and isotropic; i.e. their distribution functions are assumed to be respec-
tively translationally and rotationally invariant. Another common assumption
is that the probability distributions of the random fields are Gaussian. A nice
outcome of these assumptions is that all homogeneous and isotropic Gaussian
random fields are ergodic. Ergodicty means that the ensemble average can be re-
placed by a spatial average. This then legitimates us in trusting spatial averages
as ensemble averages.

Since perturbations are assumed to be Gaussian to good approximation,
statistically isotropic random fields which are fully characterized by their r.m.s.
(root mean square) fluctuation σ ≡< φ(~x)2 >1/2 and two point correlation
function

25
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ξ(x) ≡ < φ( ~x1)φ( ~x2) >

σ2
, (4.1)

where x = | ~x1 − ~x2|.
It is common to Fourier expand the perturbations

φ(~x) =
1

(2π3)

∫
ei
~k·~x φ̂(~k) d3k , (4.2)

and to work with the functions φ(~k). The advantage is that at the linear level the
evolutionary equations for perturbations reduce to ordinary differential equa-
tions in time, and, thanks to the symmetries of the background, each mode
evolves independently. Notice that, in writing the expansion 4.2, we have im-
plicitly assumed a spatially flat universe. Since there is strong evidence in favor
of spatial flatness, for the rest of this thesis we shall always assume that back-
ground spatial curvature vanishes. It is then assumed that the complex numbers
φ̂(~k) have random phases, i.e. they are uncorrelated, and the power spectrum is
defined as:

< φ̂∗(~k)φ̂(~k′) >≡ (2π)3δ(~k − ~k′)P (k) , (4.3)

where P (k) depends just on the modulus |~k| because of isotropy.

4.2 Growth of Structure:
the Matter Power Spectrum

With the full set of linear equations and initial conditions outlined in the pre-
vious chapter we can go on and study the evolution of perturbations over time.
In other Chapters of this thesis we will see plenty of numerical solutions of
these equations so here we want to gain some physical insight by approach-
ing analytically this set of equations. We can solve them analytically when
we distinguish different regimes. The two main distinctions are: super-horizon
versus sub-horizon and radiation era versus matter era. As we will shortly see,
on super-horizon scales, perturbations freeze remaining constant. Once they
enter the horizon, causal physics starts affecting them and they start evolv-
ing. Depending on whether they enter the horizon during radiation or matter
domination, their evolution will be substantially different. This difference has
observational consequences and is reflected in the turnover of the power spec-
trum for matter P (k) at a scale keq corresponding to the mode entering the
horizon at matter/radiation equality aeq. We shall focus here on the growth of
large scale structures. As it is clear from the linear equations, CDM density
perturbations are coupled to all other species. In particular they are directly
coupled to the metric potentials, and they are affected by radiation only thor-
ough its gravitational effect. Therefore, at late times, when the universe is
matter dominated, we can neglect radiation and solve simply for the Newtonian
potentials and CDM perturbations. At early times, however, before recombi-
nation, we need to solve for the radiation perturbations in order to determine
the evolution of the metric potentials. Before recombination photons are tightly
coupled to the baryons, and they can be characterized simply by the monopole
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Θ0 and dipole Θ1. This is not true after recombination when the higher mul-
tipole moments cannot be neglected. To derive the anisotropies of the CMB
we will need to account for all the multipoles of radiation properly. By means
of equation (3.16), we can immediately see that, if we neglect the radiation
quadrupole, the two Newtonian potentials coincide. CDM and baryons, in fact,
have a vanishing anisotropic stress and the radiation one is proportional to the
quadrupole. With the two gravitational potentials reducing to one we just need
one Einstein equation to solve get their evolution. We shall choose one out of
(3.13)-(3.15) depending on the context. Notice that the fact that Φ = Ψ in
absence of anisotropic stress is a peculiar feature of GR and in general, when
considering Modified Gravity theories this is no longer the case. We shall re-
turn to this point in detail in the next chapters. Our set of equations will then
include one Einstein equation, either (3.13) or its combination with (3.15), the
equations for CDM, (3.30) and (3.31), and two equations for radiation (before re-
combination), (3.32) and (3.33) We shall start by considering the super-horizon
regime. As of initial conditions, we shall use the results of the previous chapter
that super-horizon modes, during radiation domination, are constant. We can
repeat a similar exercise in the matter era, when a ∝ η2 to find again that the
potentials and matter field perturbations remain constant. It is insightful to
combine the analysis of super-horizon modes for both eras in a single equation.
Following [60] we introduce:

y ≡ a

aeq
=
ρc
ρr
, (4.4)

where where the subscript r indicates radiation (photons and massless neutrinos)
and c stands for CDM. Notice that we have neglected the baryons, as we will do
for the rest of this Section. We can also safely neglect the equation for velocity
as it is decoupled at early times and we can trade Θ0 in favor of δc since they
are related by δc = −3Θ0 for adiabatic perturbations. We are then left with
two equations for super-horizon perturbations that read:

δ′c = 3Φ′ , (4.5)

3H (Φ′ +HΦ) = −κ
2a2

2
ρ̄cδc

[
1 +

4

3y

]
. (4.6)

Notice that in obtaining this equation we used the time-time component of the
Einstein equation (3.13). With some algebra it is possible to recast this set of
two equations in a second order one for the gravitational potential Φ:

d2Φ

dy2
+

21y2 + 54y + 32

2y(y + 1)(3y + 4)

dΦ

dy
+

Φ

y(y + 1)(3y + 4)
= 0 . (4.7)

that can be solved by:

Φ =
Φ(0)

10

1

y3

[
16
√

1 + y + 9y3 + 2y2 − 8y − 16
]
. (4.8)

When a � aeq, small y, we have a constant gravitational potential Φ = Φ(0).
For large y the y3 term dominates in the r.h.s. of (4.8) and we have again
a constant solution for the gravitational potential, with Φ = (9/10)Φ(0). As
we already knew, during these two eras the potential in constant but as it
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transitions from the radiation to the matter era, it decreases by an overall
factor of 9/10. We now turn to the sub horizon regime kη � 1. The distinction
between radiation and matter domination will be important and will leave a
direct imprint on observable quantities. As we shall see, the main difference
is pressure. Before recombination this will not be negligible and will balance
the effect of gravitational attraction, preventing the growth of perturbations.
When CDM starts dominating, pressure will gradually become negligible and
perturbations will be free to grow due to gravitational instability. We start bu
considering modes that enter the horizon during the radiation epoch. At these
times radiation is the dominant component of the energy budget, therefore we
need to include it in the set of equations. It turns out to be convenient to work
with the combination of space-diagonal (3.15) and time-time (3.13) Einstein
equations that give:

Φ′′ +
4

η
Φ′ +

k2

3
Φ = 0 , (4.9)

where we have neglected anisotropic stress Ψ = Φ. The solution to eq. (4.9) is
a Bessel function of order 1. If we impose as initial conditions Φ = Φp = const.
we obtain:

Φ = 3Φp

(
sin(kη/

√
3)− (kη/

√
3) cos(kη/

√
3)

(kη/
√

3)3

)
. (4.10)

At horizon crossing, when kη ' 1, the gravitational potential decays like ∝
η2. As we further go inside the horizon, by increasing kη, the potential starts
oscillating. From the sub-horizon limit of the Einstein equation (3.13) it is clear
that Θ0 ∝ η2Φ. Therefore the density contrast of radiation decays as ∝ 1/η
when entering the horizon and then starts oscillating for kη � 1. After solving
for the behavior of the metric potential we can turn to CDM and solve for
its evolution. It turns out to be convenient to combine the two conservation
equations for CDM, (3.30) and (3.31), into a single second order differential
equation for δc

δ′′c +Hδc = 3Φ′′ + 3HΦ′ − k2Φ . (4.11)

The general solution to this equation contains a constant and a logarithmic
growing mode. The interesting one is clearly the growing one and it indicates
that, already during radiation domination CDM perturbations do grow, even
if with a logarithmic rate. At last let us turn to the behavior of perturbations
during the matter era, in the sub-horizon regime. Radiation becomes irrelevant,
so we neglect it for this part and simply solve the CDM and Φ equations.
The main phenomenological signature, that is relevant for the growth of cosmic
structures, is the fact that, without pressure support, fluctuations will be free
to grow through gravitational instabilities. We shall consider (4.11) and the
Einstein equation (3.13). Since kη � 1 in the sub-horizon limit, in the source
term of eq.(4.11), the time derivative terms can be safely neglected with respect
to the k2Φ term. Similarly, in (3.13) we can neglect all the time derivative terms
of the potential to get

k2Φ = −κ
2a2

2
ρ̄δc , (4.12)

which is the sub-horizon limit of the Poisson equation (3.17) since on sub-horizon
scales ∆ ' δ. Combining this equation with the quasi-static approximation of
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equation (4.11), we obtain:

δ′′c +Hδ′c −
κ2a2

2
ρ̄cδc = 0 , (4.13)

which is a second order differential equation for δc. Noticeably this equation does
not depend on the scale. Every mode grows at the same rate once it is inside
the horizon. This behavior is not surprising since this equation corresponds
to the limit when GR reduces to classical Newtonian fluid physics (3.11), with
v2
s = 0. As before this equation has two families of solutions. A growing mode

and a decaying mode. The first one will be characterized by a growth rate of
D1(a) ∝ a while the second one by D2(a) ∝ a−3/2. Notice here that the growing
mode does not grow exponentially thanks to the Hubble friction term. Since we
are interested only in the growing mode, this has the following expression:

D1(a) =
5Ω0

m

2

H(a)

aH0

∫ a

0

da′

(H′(a′)/H0)3
. (4.14)

D1(a) is a scale-independent function describing the growth of matter pertur-
bations at late times. It follows from (4.12) that Φ ∝ const. for sub-horizon
modes during matter domination, i.e. Φ ∝ D1(a)/a. To summarize, in order to
solve for the growth of structure in standard GR, we need to solve eq.(4.13) for
cold dark matter and then use the Poisson equation (4.12) to infer the behavior
of Φ = Ψ.
With this analytical study of the linear equations through the expansion history,
we have found that the inhomogeneities in CDM remain constant on super-
horizon scales, that they grow logarithmically with the scale factor on sub-
horizon scales during radiation domination and that they grow linearly in the
scale factor on sub-horizon scales during matter domination. It follows that,
CDM perturbations that enter the horizon before recombination have a sup-
pressed growth until a ' aeq. Therefore all modes with k > keq have grown by
the same factor since they entered the horizon. Conversely, modes that enter
the horizon after recombination, grow at a scale-independent rate. We then ex-
pect the power spectrum to maintain its primordial shape on scales larger than
k > keq. It is common to define the transfer function to describe the evolution
of perturbations through horizon crossing and radiation/matter transition

T (k) ≡ Φ(k, alate)

Φlarge−scale(k, alate)
. (4.15)

With these definitions, the potential Φ(~k, a) and the matter perturbation δc(~k, a)

can be written in terms of the primordial one Φp(~k) as follows

Φ(~k, a) =
9

10
Φp(~k)T (k)

D1(a)

a
, (4.16)

δ(~k, a) =
3

5

k2

Ω0
mH

2
0

Φp(~k)T (k)D1(a) . (4.17)

The analysis in this section is based on linear theory, as developed in the previous
Chapter. This approximation will clearly break down on small scales. At those
scales CDM perturbations are growing since a long time up to apoint where the
perturbative description breaks down. In this regime, one needs to solve the full
non-linear equations.
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4.3 The Cosmic Microwave Background

In this Section we shall briefly review the theory of CMB anisotropies. This shall
shed light on how primordial perturbations remain imprinted in anisotropies
that we observe in the CMB sky. When photon decouple, at the time of recom-
bination, CMB radiation is decoupled from baryons evolution and photons are
free to stream to us. It is clear that perturbations in the photon distribution
will evolve very differently before and after recombination so we have to treat
these two epochs separately. First we need to study how primordial perturba-
tions evolve until last scattering, being tightly coupled to baryons. Then we
need to study how inhomogeneities on the surface of last scattering translate
into the anisotropies of the CMB temperature. The surface of last scattering
(SLS) is a spherical surface at a distance η∗ from us. Inhomogeneities on scales
k get projected into anisotropies on angular scales l ∼ k(η0 − η∗) ∼ kη0 as the
electrons come to us from different points on the SLS. Pressure is always signif-
icant for photons at all epochs and therefore their fluctuations never grow much
and remain always linear. This highlights the power of CMB observations. We
can reliably use linear perturbation theory over a wide range of scales to probe
primordial physics. As we have shown in the previous section super-horizon
perturbations remain constant into the radiation epoch. The focus of this Sec-
tion will therefore be on sub-horizon photon perturbations from the radiation
era to the matter era. In the former era, the behavior is characterized by the
baryon acoustic oscillations (BAO) of the baryon-photon fluid while after re-
combination the photons are characterized by free streaming. Let us start with
the radiation era. Photons interact with electrons through Compton scattering
and protons, with a large optical depth τ � 1. In this limit photons behave
like a fluid coupled to baryons. This is usually referred to as the photon-baryon
fluid and its evolution can be characterized by the first two multipoles Θ0 and
Θ1. In this limit equations (3.34) become:

Θl ∼
kη

2τ
Θl−1 . (4.18)

Therefore, before recombination, we simply need to solve equations (3.32) and
(3.33) for the monopole and dipole respectively, combined with equations (3.27)
and (3.28) for the baryons. We will not present the details of the calculations,
but instead give the final equation that can be obtained by combining this set
of equations and which governs the behavior of the monopole Θ0. We refer the
reader to [60] for more details. The result is the following equation[

d2

dη2
+

R′

1 +R

d

dη
+ k2c2s

]
(Θ0 − Φ) = −k

2

3

[
1

1 +R
Φ + Ψ

]
, (4.19)

where cs ≡
√
R/3(1 +R) is the sound speed of the photon-baryon fluid. The

solution of this equation is a fluid that oscillates with a period which is deter-
mined by the baryon density. These oscillations are called the baryon acoustic
oscillations, BAO. If we neglect the damping term in eq. (4.19), the general
solution is

Θ0(η)− Φ(η) = [Θ0(0)− Φ(0)] cos(krs)

+
k√
3

∫ η

0

dη′ [Φ(η′) + Ψ(η′)] sin[k(rs(η
′)− rs(η))] ,(4.20)
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where we have defined the sound horizon as

rs(η) ≡
∫ η

0

dη′cs(η
′) , (4.21)

which represents the distance traveled by a sound wave by time η. With the
CMB spectrum we therefore have a handle on two distance indicators that
are the sound horizon at recombination and the distance of the surface of last
scattering to us. Analogously we can derive the equation for the dipole moment
and here we report its solution:

Θ0(η)− Φ(η) = [Θ0(0)− Φ(0)] sin(krs)

− k√
3

∫ η

0

dη′ [Φ(η′) + Ψ(η′)] cos[k(rs(η
′)− rs(η))] .(4.22)

Notice that the dipole is out of phase with the monopole, and this, as we will
see, has important consequences for the final CMB anisotropy spectrum. Using
the two equations (4.19) and (4.22) we can evolve the primordial perturbations
to find the monopole and dipole of photons at recombination. The first peak
corresponds to the modes that entered the horizon before recombination, started
oscillate, growing and reaching the first maximum right at the time of recombi-
nation. Modes that entered the horizon earlier, i.e. smaller scales perturbations,
already passed through their first maximum and are going through a minimum
of the baryon acoustic oscillations at the time of recombination. Further, modes
that have entered even earlier, went through one full oscillation by recombina-
tion and lead to the second peak of the spectrum. We can continue along these
lines and recover all the peaks and troughs of the CMB angular power spec-
trum. The nature of the baryon acoustic oscillations is such that the height of
the maxima alternate, and this can be observed in the CMB peaks. Now, let us
translate these fluctuations at the SLS into the anisotropies. In order to do so,
we need to solve the equations for the radiation multipoles during the matter
era. We present the main results, using [59] and [60] as our main references. We
can write the solution of equation (3.26) as an integral over the line-of-sight

Θ(k, µ, η0) =

∫ η0

0

dηS̃(k, µ, η)eikµ(η−η0)−τ(η) , (4.23)

with the source term given by:

S̃ ≡ Φ′ − ikµΨ− τ ′
[
Θ0 + µvb −

1

2
P2(µ)Π

]
. (4.24)

After multiplying each side of eq.(4.23) by the Legendre polynomial Pl(µ) and
integrating over the angle µ we obtain an expression for the l-th multipole:

Θl(k, η0) =

∫ η0

0

dηS(k, η)jl[k(η − η0)] , (4.25)

where jl denotes the spherical Bessel function and the source S(k, η) becomes:

S(k, η) ≡ e−τ
[
Φ′ − τ ′

(
Θ0 +

1

4
Π

)]
+

d

dη

[
e−τ

(
Ψ− ivbτ

′

k

)]
− 3

4k2

d2

dη2
[e−ττ ′Π] . (4.26)
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With some algebraic reshuffling and with the approximations discussed in [60]
we get to the final expression for the l-th multipole of the photons temperature:

Θl(k, η0) ' [Θ0(k, η∗) + Ψ(k, η∗)]jl[k(η0 − η∗)]

+3Θ1(k, η∗)

(
jl−1[k(η0 − η∗)]−

(l + 1)jl[k(η0 − η∗)]
k(η0 − η∗)

)
+

∫ η0

0

dηe−τ [Ψ′(k, η) + Φ′(k, η)] jl[k(η0 − η)] . (4.27)

We shall now briefly discuss this solution as it is crucial for understanding
the physical origin of the CMB power spectrum. The first noticeable thing is
that, in order to solve this equations to get the anisotropies today we need to
know the photon monopole, dipole and gravitational potential Ψ evaluated at
recombination. Furthermore, the presence of the Bessel function jl[k[η− η0)] in
(4.27) determines how much anisotropy is sourced by a wave k on angular scale
l. As we anticipated, the main contribution comes from k ∼ l/η0. The first term
on the r.h.s. of eq. (4.27) constitutes the main contribution to the CMB power
spectrum. The Ψ(k, η∗) term, in fact, represents the gravitational potential
well, at the surface of last scattering, from which photons have to climb out in
order to free stream to us. This is summed to the monopole of temperature
perturbations to determine the total perturbation in temperature at the SLS.
The second term on the r.h.s. of eq. (4.27) encodes the effect of the dipole. As
we have seen, the monopole and the dipole oscillate out of phase as a peculiar
feature of baryon acoustic oscillations. In eq. (4.27) the dipole contribution is
subdominant with respect to the monopole, but it has the relevant effect of
raising the power in the troughs of the spectrum since as it adds incoherently
with the monopole. At last, there is a contribution in eq. (4.27) that depends
on the time dependence of the sum of the potentials Φ + Ψ, that give rise to the
ISW effect. The relevance of this term comes from the fact that it is an integral
measure of the time evolution of the gravitational potentials. These are constant
on super-horizon scales and during matter domination on sub-horizon scales as
well. However, as the universe enters the phase of accelerated expansion, at
late times, they both evolve. Therefore we expect an ISW contribution on the
largest scales that enter the horizon at recent times. We shall now turn on how
to connect the multipoles that we just discussed to observable quantities. We
start by decomposing temperature fluctuations on the sky into a time-dependent
background temperature, and fluctuations depending on time, space and photon
direction:

T (~x, p̂, η) = T (η) [1 + Θ(~x, p̂, η)] . (4.28)

By observing CMB today on the earth we can determine the anisotropies in the
microwave sky, so what we measure is the dependence of temperature on the
direction in the sky p̂. Since the temperature fluctuations are a two-dimensional
function we decompose them into spherical harmonics with:

Θ(~x, p̂, η) =

∞∑
l=1

l∑
m=−l

alm(~x, η)Ylm(p̂) . (4.29)

One then typically associates a power spectrum to the anisotropies (4.29), de-
fined as the distribution average of the coefficients alm

Cl ≡< |alm|2 > . (4.30)
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The information contained in the temperature of the CMB are then transferred
to the coefficients alm(~x, η). We shall now assume that the alm’s are Gaussian
random variables, with

< alma
∗
l′m′ >= δll′δmm′Cl . (4.31)

where Cl represents the angular power spectrum of Θ. Notice that this is a
strong working assumption that can be, nevertheless, tested experimentally.
The alm’s are related to the temperature multipoles by:

alm = (−i)l4π
∫
d3kY ∗lm(k̂)Θl(~k, η) . (4.32)

Therefore the angular power spectrum Cl can be expressed as a function of the
multipole Θl. Notice that at a given l, each alm has the same variance, as a
result of the statistical isotropy. Thus there is a fundamental uncertainty in the
knowledge we may get about the Cl’s, known as cosmic variance(

∆Cl
Cl

)
=

√
2

2l + 1
. (4.33)

We shall now relate the observables alm to the temperature multipoles for which
we have previously solved the equations. As we saw in the previous section the
initial conditions for temperature fluctuations can be written in terms of the
Newtonian potential Ψ. Since the evolution of Θl does not depend on the
direction of the wavevector ~k, we can then write:

Θl(~k, µ, η) = Ψi(~k)Θl(k, µ, η) , (4.34)

where Ψi(~k) is the initial perturbation and Θl(k, µ, η) is the solution to the
Boltzmann equation with initial condition equal to 1, i.e. it is the transfer
function for the photons. We can then write the CMB angular power spectrum
as:

Cl = 4π

∫
d3k

(2π)3
PΨ(k)|Θl(k)|2 . (4.35)

4.4 Cosmological Data Sets

One of the most remarkable results of modern cosmology is the fact that the
physical picture outlined in the previous chapters has found robust experimen-
tal confirmation. In this section we discuss the experiments that constitute the
bulk of cosmological observations and that we shall use in the following chap-
ters.
The first data set that we shall consider consists of the “Joint Light-curve Anal-
ysis” (JLA) Supernovae sample, as introduced in [68], which is constructed by
the combination of the SNLS, SDSS and HST SNe data, together with several
low redshift SNe.
The second probe that we use consists of the WiggleZ Dark Energy Survey
(WZ) measurements of the galaxy power spectrum in order to exploit the
constraining power of data from large-scale structures. This is inferred from
170, 352 blue emission line galaxies over a volume of 1 Gpc3 [69, 70] up to
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kmax = 0.2h/Mpc. The covariance matrices, as given in [70], are computed
using the method described by [71]. It has been shown that linear theory predic-
tions are a good fit to the data regardless of non-linear corrections up to a scale
of k ∼ 0.2 h/Mpc [70, 72] The WiggleZ likelihood automatically marginalises
over a scale independent linear galaxy bias for each of the four redshift bins, as
in [70].
The third data set that we shall use in the following Chapters consists of the
measurements of the galaxy weak lensing shear correlation function as provided
by the Canada-France-Hawaii Telescope Lensing Survey (CFHTLenS) [73]. This
is a 154 square degree multi-colour survey, optimised for weak lensing analyses,
that spans redshifts ranging from z ∼ 0.2 to z ∼ 1.3. Here we consider the data
subdivided into 6 redshift bins and we applied ultra-conservative cuts, as in [74],
that exclude ξ− completely and cut the ξ+ measurements at scales smaller than
θ = 17′ for all the tomographic redshift bins. As discussed in [74], these cuts
make the CFHTLenS data insensitive to the modeling of the non-linear evo-
lution of the power spectrum. For the Planck best-fit ΛCDM cosmology [16]
these cuts correspond to: kmax = 0.18 Mpc−1 for the CFHTLenS bin with mean
redshift z̄ = 0.36; kmax = 0.15 Mpc−1 for z̄ = 0.50; kmax = 0.13 Mpc−1 for
z̄ = 0.68; kmax = 0.12 Mpc−1 for z̄ = 0.87; kmax = 0.11 Mpc−1 for z̄ = 1.00 and
z̄ = 1.16.
The fourth data set that we shall employ consists of the HST [75] measurements
of the local Hubble constant from optical and infrared observations of more than
600 Cepheid variables.
We include in our analysis two versions of the Planck measurements of CMB
fluctuations. We employ the 2015 data release consisting in the measurements
of the CMB fluctuations in both temperature and polarization [16, 76]. At large
angular scales the Planck release implements a joint pixel-based Likelihood in-
cluding both temperature and E-B mode polarization for the multipoles range
of ` ≤ 29, as described in [76]. At smaller angular scales we use the Plik Like-
lihood [76] for CMB measurements of the TT, TE and EE power spectra, as
extracted from the 100, 143, and 217 GHz HFI channels.
The 2013 Planck data release consists of the temperature-temperature power
spectra considering the 9 frequency channels ranging from 30 ∼ 353 GHz for
low-` modes (2 ≤ ` < 50)and the 100, 143, and 217 GHz frequency channels
for high-` modes (50 ≤ ` ≤ 2500) [77, 78]. In order to break the well-known
degeneracy between the re-ionization optical depth and the amplitude of CMB
temperature anisotropy, when Planck 2013 is used, we include WMAP low-`
polarization spectra (2 ≤ ` ≤ 32) [14].
We shall also consider the CMB full-sky lensing potential measurements from
the Planck satellite in their 2013 and 2015 versions. The 2015 one [79] cov-
ers the multipoles range 40 ≤ ` ≤ 400 as obtained with techniques developed
within the Planck collaboration, capable of separating foregrounds and CMB
in the Planck multi-frequency data. The reconstructed CMB lensing potential
is obtained with a quadratic estimators that exploit the statistical anisotropy
induced by lensing [80]. This measurements resulted in a 40σ detection of the
lensing signal.
The 2013 data release of the lensing potential spectrum [81], uses the 100, 143,
and 217 GHz Planck frequency bands. This data set resulted in a detection of
CMB lensing with an overall significance greater than 25σ.
We shall also employ BAO measurements of: the SDSS Main Galaxy Sample at
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zeff = 0.15 [82]; the BOSS DR11 “LOWZ” sample at zeff = 0.32 [83]; the BOSS
DR11 CMASS at zeff = 0.57 of [83]; and the 6dFGS survey at zeff = 0.106 [84],
all joined together in the data set that we shall generically dub BAO. These
probes offer complementary constraining power on cosmological distances.
In addition we consider the redshift space distortion (RSD) measurements of
BOSS CMASS-DR11 as analysed in [85] and [86]. When these data are used
we exclude the BOSS-CMASS results of [83] from the BAO Likelihood to avoid
double counting.
At last we shall use the BICEP2 [87] measurements of B-mode polarization.
The BICEP2 collaboration was the first one to report a detection of B-mode
polarization at large angular scales, by improving the sensitivity of B-mode ob-
servatories by orders of magnitudes. A joint analysis with measurements of the
Planck satellite [88] later showed that this detection is consistent with polarized
dust emission from our galaxy and not due to a primordial component.
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Part II

Null Tests of Cosmological
Models
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Chapter 5

Testing the Concordance of
Evidences

In this chapter we present and use a complete and rigorous statistical indicator
to measure the level of concordance between cosmological data sets, without
relying on the inspection of the marginal posterior distribution of some selected
parameters.

Our present understanding of the universe is, in fact, based on the combi-
nation of several different cosmological observations that are joined in order to
exploit their complementary sensitivities to distinct characteristics of our uni-
verse, as discussed in the previous chapter. In the future, cosmological studies
are going further in this direction. Wide large scale structure surveys, like Eu-
clid, will combine maps of galaxies at several different redshifts, that will be
joined with measurements of the CMB from the Planck satellite [15] and sub-
orbital experiments.
The observational efforts, that are driving cosmology toward a phase of ex-
tremely accurate, large scale, measurements, will all be joined together to learn
all possible information about the initial conditions and the evolution of our
universe.

In this program, however, a problem arises.
How can we be sure that the data sets, that we will be collecting, form a coherent
picture, when interpreted within a model? How do we quantify the agreement
between them, to be aware of the possible presence of unaccounted systematic
effects or hints toward new physical phenomena?
Testing the agreement between data sets, in a rigorous way, that goes beyond
the comparison of the marginal distribution of some parameters, is critical in
answering these questions. The posterior of the model parameters is, in fact,
not guaranteed to show tensions due to the marginalization procedure, that can
alter discrepancies, that will be then misjudged. Assessing whether the posterior
distribution of two different data sets occupy a substantially different volume
in the parameter space of a model is instead crucial as it could provide a useful
guidance for the future research. Answering these questions is also a useful san-
ity check for parameters estimation. The statistical inference on the parameters
of a model should get stronger as we combine together different measurements

39
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and should not reflect the fact that we are joining low probability tails of the
model posterior.
An estimate of the tensions between different data sets, based on the marginal
posterior of cosmological parameters, has shown that indeed some discrepancies
arise when combining several probes [73, 89, 16, 90] that could point toward
some extensions of the fiducial model [91, 92, 93, 74, 4, 94].

5.1 Bayesian Statistical Tools

In this section we shall briefly review the Bayesian statistical tools that will be
used in this chapter.

If we consider a model M and some data D. We shall refer to the evidence
as the probability of the data given the model:

E ≡ P (D|M) . (5.1)

Notice that this is different from the probability of the model given the data
that instead reads:

P (M|D) =
P (D|M)P (M)

P (D)
. (5.2)

The evidence for a model and some data can be easily computed by means of
marginalization over the model parameters θ:

E =

∫
P (D|θ|M)P (θ|M) dθ . (5.3)

Following a standard convention we shall define the Likelihood and the prior to
be:

L(θ) ≡ P (D|θ|M)

Π(θ) ≡ P (θ|M) . (5.4)

The evidence can be immediately used at testing the validity of different
hypotheses. Suppose that we have two competing hypotheses, I1 and I2, and
we want to compare them. To do so we compute:

R =
P (I1|D)

P (I2|D)
. (5.5)

that gives us the odds ratio of the two hypotheses. Based on the result of this
computation we can take decisions according to the hypothesis to use follow-
ing a classification scheme like the Jeffery’s scale. Using Bayes’ theorem we
immediately have:

R =
P (D|I1)

P (D|I2)

P (I1)

P (I2)
, (5.6)

where we can compute P (D|I) through marginalization and P (I) is our prior
on the hypothesis I.
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5.2 The Data Concordance Test

Bayesian hypotheses testing provides a clean way of dealing with the problem of
combining data sets and we shall refer to this application as the Data Concor-
dance Test (DCT). We have two data sets and we want to test whether we can
describe them with the same set of parameters or not, within a given model.
Based on the outcome of such operation we shall take a decision about combin-
ing them [95, 96, 97, 98, 99, 100, 101].
Let us now consider two data sets D1 and D2 and a model M. The two com-
peting hypotheses that we want to compare are:

• I0: the two data sets can be characterized, within modelM, by the same
(unknown) parameters;

• I1: the two data sets can be described, within model M, with different
(unknown) parameters.

Then, we compare the evidences for these two statements to obtain their odds-
ratio. In particular by assigning non-committal priors for the two hypotheses
we immediately have:

C(D1, D2,M) =
P (D1 ∪D2| I0,M)

P (D1 ∪D2| I1,M)

=
P (D1 ∪D2|M)

P (D1|M)P (D2|M)
, (5.7)

where P (D1 ∪D2|M) is the evidence of the joint data sets and P (D1|M) and
P (D2|M) are the evidences of the single data sets. The last equality follows
from the definition of the two hypotheses and the fact that under the hypothe-
sis I1, the two data sets, D1 and D2, pertain to distinctly different classes and
knowledge of one of them tells us nothing about the other.
We can interpret the odds resulting from this calculation with a classification
scheme, like the Jeffreys’ scale or others, depending on the decision that we have
to perform afterwards. In particular, when we have to decide if it is appropriate
to combine two data sets, we can establish a threshold for the positive answer,
based on the risk that we are willing to take, and act accordingly. A common
choice [95] with this respect is to decide to follow the I0 hypothesis, combining
the data, if log C > 0 and I1 otherwise.

5.3 DCT Properties

The DCT is relatively easy to evaluate, once we have at our disposal the tools
to perform efficient evidence computations, and has some other advantages and
properties that we shall cover in this section. First of all the DCT is a quantita-
tive and statistically rigorous prescription. It measures the odds, within model
M, of obtaining one data set given the other one. Using P (D1 ∪ D2|M) =
P (D1|D2,M)P (D2|M) we can immediately write:

C(D1, D2,M) =
P (D1 ∪D2|M)

P (D1|M)P (D2|M)
=
P (D1|D2,M)

P (D1|M)
, (5.8)
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that shows that the C is large, within model M, if the probability of obtaining
the data set D1, given that the data set D2 have been collected, is large.

Other properties of the DCT can be easily understood by looking at the
Gaussian approximation of C.
We start by writing the Likelihood of the data under scrutiny as:

L(θθθ) = LmaxL̃(θθθ) , (5.9)

so that we can define the evidence as:

log E ≡ log

(
VL
VΠ

)
+ logLmax . (5.10)

So far this can be taken as the definition of the Likelihood volume VL and the
prior volume VΠ that is completely independent of the details of the problem
and holds even if the prior are not separable, or cannot be factored out of the
evidence integral.
The DCT between two data sets then trivially becomes:

log C = log

(
V12

V1V2

)
+ log (VΠ) + log

(
Lmax

12

Lmax
1 Lmax

2

)
, (5.11)

where V12 is the Likelihood volume for the combination of D1 and D2, Vi is the
Likelihood volume for the data set Di. This result can easily be generalized to
a combination of N datasets with:

log C = + log

(
V1···N

V1 · · ·VN

)
+ (N − 1) log (VΠ) + log

(
Lmax

1···N
Lmax

1 · · · Lmax
N

)
. (5.12)

Let us now assume that the Likelihood of the data set Di is Gaussian in the
Ni data xxx with covariance Σi and thus can be written as:

Li = Lmax
i exp

[
−1

2

(
χ2 − χ̂2

i

)]
, (5.13)

where:

Lmax
i = (2π)

Ni/2 |Σi|−1/2 exp

(
−1

2
χ̂2
i

)
, (5.14)

and:

χ̂2
i = (xxx− m̂mmi)

T
Σ−1
i (xxx− m̂mmi) . (5.15)

where we denoted, as in the rest of the chapter, |A| = detA and we will use
the hat to represent the best fit, either in the prediction mmm, in the χ2 or the
parameters.

If we assume that the Likelihood is Gaussian also in the M parameters θθθ
with inverse Fisher matrix Fi we can write:

Li = Lmax
i exp

[
−1

2

(
θθθ − θ̂θθi

)T
F−1
i

(
θθθ − θ̂θθi

)]
. (5.16)
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In the limit where the Likelihood is more informative than the prior we can
easily compute an approximation to the Likelihood volume:

Vi = (2π)M/2|Fi|1/2 ,
V12 = (2π)M/2|F1 + F2|1/2 , (5.17)

and we can then easily compute the DCT that becomes:

log C(D1, D2,M) =− M

2
log(2π) +

1

2
log

(
|F1 + F2|
|F1||F2|

)
+ log (Vπ)

− 1

2
log

(
|Σ1 ⊕ Σ2|
|Σ1||Σ2|

)
− 1

2
∆χ̂2 , (5.18)

where we used the notation Σ1 ⊕ Σ2 to denote the joint covariance of the two
datasets and:

∆χ̂2 = χ̂2
12 − χ̂2

1 − χ̂2
2 , (5.19)

In the case of multiple N datasets this becomes:

log C =− M

2
(N − 1) log(2π) +

1

2
log

(
|F1 + · · ·+ FN |
|F1| . . . |FN |

)
+ (N − 1) log (Vπ)

− 1

2
log

(
|Σ1 ⊕ · · · ⊕ ΣN |
|Σ1| . . . |ΣN |

)
− 1

2
∆χ̂2 , (5.20)

where:

∆χ̂2 = χ̂2
1...N −

N∑
i=1

χ̂2
i , (5.21)

We can now consider two interesting cases. The first one is the one in which we
assume that we have a broad flat prior. If we take the M parameters to have
equal constant prior with a width of p, so that the prior volume is Vπ = pM , we
get:

log C =− M

2
log(2π) +

1

2
log

(
|F1 + F2|
|F1||F2|

)
+ log

(
pM
)

− 1

2
log

(
|Σ1 ⊕ Σ2|
|Σ1||Σ2|

)
− 1

2
∆χ̂2 , (5.22)

that in the case of multiple data sets reads:

log C =− M

2
(N − 1) log(2π) +

1

2
log

(
|F1 + · · ·+ FN |
|F1| . . . |FN |

)
+ (N − 1) log

(
pM
)

− 1

2
log

(
|Σ1 ⊕ · · · ⊕ ΣN |
|Σ1| . . . |ΣN |

)
− 1

2
∆χ̂2 . (5.23)

The second one consists in taking a broad Gaussian prior, centered in the best
fit parameter value with covariance P . In this case the DCT reduces to:

log C = +
1

2
log

(
|F1 + F2|
|F1||F2|

)
+

1

2
log (|P |)− 1

2
log

(
|Σ1 ⊕ Σ2|
|Σ1||Σ2|

)
− 1

2
∆χ̂2 ,

(5.24)
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that for multiple data sets is:

log C = +
1

2
log

(
|F1 + · · ·+ FN |
|F1| . . . |FN |

)
+

1

2
(N − 1) log (|P |)

− 1

2
log

(
|Σ1 ⊕ · · · ⊕ ΣN |
|Σ1| . . . |ΣN |

)
− 1

2
∆χ̂2 . (5.25)

With these results at hand we can easily comment on several interesting prop-
erties of the DCT.

While the DCT measures tensions between data sets in terms of odds of
agreement or disagreement and is not based on the marginal distribution of
the parameters, the latter approach might point in the right direction if the
Likelihood is Gaussian, both in the data and the parameters. As we can see
here, and was shown in [95, 96] the DCT reduces to the usual prescription for the
marginal posterior of uncorrelated parameters. When these requirements break
down, however, the inspection of the parameters posterior becomes unreliable,
in assessing tensions, as it tends to be biased.

In addition, as common sense suggests, the DCT naturally favours the com-
bination of data sets, as long as there is no strong evidence that that should not
be done [95, 98]. The way in which this is automatically encoded in the com-
putation of C is by weighting the prior volume with the Likelihood volume, in a
manner that resembles the Occam razor common to Bayesian model selection.
If we consider two independent data sets so that |Σ1 ⊕ Σ2| = |Σ1||Σ2| and we
assume that the difference in the best fit χ2 does not change when modifying
the prior and that the two data sets have the same Fisher matrix, in the case
of wide flat prior we have:

log C = +
1

2
M log

(
1

π

(p)2

|F |1/M

)
− 1

2
∆χ̂2 , (5.26)

while in the case of Gaussian prior:

log C = +
1

2
M log

[
2

(
|P |
|F |

)1/M
]
− 1

2
∆χ̂2 . (5.27)

In both cases we can see that the first term in both expressions measures the
ratio of the prior volume over the Likelihood volume. If there is no clear indica-
tion on how to set the prior ranges, i.e. the previous knowledge of the model is
vague, and the prior are consequently wide, the DCT favours the combination
of data sets, as this might help in gaining knowledge of the model. Conversely
if the priors are stronger than the data the DCT will disfavour the combination,
as we already included in the prior choice the information that is coming from
the combination of the data sets.

If we assume that the Likelihood volume is of the same order of the prior
volume and that the data sets are independent we recover the frequentist rule
of thumb that an increase in χ̂2 is justified if the number of parameters drops
by roughly the same number.

If we consider one data sets and we remove a point from it regarding it as a
single data set we can see that the DCT reduces to the usual recipe for outliers
detection. Taking the prior volume and the Likelihood volume of the same order
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and vanishing correlation between the error on a point and the other errors we
immediately get:

log C = −1

2

(x2 − m̂all−2)
2

σ2
, (5.28)

and we see that the DCT reduces to the scatter of x2 from the best fit prediction
m̂all−2 obtained by fitting the remaining elements.

The DCT has also some disadvantages. It does not give any indication
whether the model is good by itself in fitting the data. Being a comparative
test, we can use it to judge if the agreement, within a given model, improves
or not when combining two data sets but it is possible to have a model that
fits very badly the data while the DCT might still favour their combination.
Another problem, that is particularly relevant when the DCT is used more than
once on some data sets, is that it is not robust against over fitting. As im-
mediately follows from the previous points, enlarging the parameter space with
the introduction of an additional parameter will not decrease C. As a conse-
quence, it is always possible to relax a tension between different measurements
by introducing a new parameter, being it just a nuisance parameter, describing
some systematic effects, or a parameter related to a different underlying physi-
cal modelling. For this reason it is critical to use other statistical tools to assess
whether the introduction of the additional parameter is really justified. It is
worth noticing, that as a by-product of the computation of C, for the two differ-
ent models, one has the relevant information to perform evidence based model
comparison. The last source of biases in the DCT are due to unaccounted corre-
lations between the data sets. If two data sets are assumed to have independent
errors and this is not the case, C will be biased toward positive values if the
covariance between the errors of the two experiments is positive and toward
negative values in the opposite case [98].

5.4 Data Sets and Model

We use several available cosmological data sets to perform a DCT over all the
possible independent data couples, within the ΛCDM model.
In particular, as outlined in Chapter 4, we use JLA Supernovae, WiggleZ mea-
surements of the galaxy power spectrum, CFHTLenS measurements, Planck
CMB temperature, polarization and lensing data, and several BAO and RSD
measurements. By means of the DCT we perform a test of the data concordance
within the 6 parameter ΛCDM model. To compute non-linear corrections to the
matter power spectrum and the lensed CMB power spectra, we use the halofit
approach [102] with the updates of [103]. We notice that the halofit approach
gives a reliable fitting formula over a limited volume in parameter space [103]
and this might result in biases in the evidence computation. We use the CAMB
code [104] to compute the predictions for all cosmological observables of interest
and we use the Likelihoods of the previously described data sets, as implemented
in CosmoMC [105]. We compute the evidence by means of the nested sampling
algorithm and its implementation in the PolyChord code [106]. The PolyChord
code also outputs error estimates, intrinsic to the nested sampling evidence cal-
culation, that are reported as well. In order to assess the agreement between the
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Figure 5.1: Panel (a): The marginalized joint posterior for Ωm and the ampli-
tude of the linear power spectrum on the scale of 8h−1 Mpc for different data
sets, as shown in legend. Panel (b): The marginalized joint posterior for σ8Ω0.5

m

and σ8/h
0.5 for different data sets, as shown in legend. In both panels the darker

and lighter shades correspond respectively to the 68% C.L. and the 95% C.L.
regions. From [2].

above data sets, in the set-up commonly used for parameter estimation, we use
the standard CosmoMC prior on the ΛCDM model parameters as summarized
in table 5.1.

Prior on cosmological parameters

Parameter prior range

Ω0
b h

2 [ 0.005 , 0.1 ]

Ω0
c h

2 [ 0.001 , 0.99 ]

100θMC [ 0.5 , 10 ]

τ [ 0.01 , 0.8 ]

ns [ 2 , 4 ]

ln(1010As) [ 0.8 , 1.2 ]

Table 5.1: Prior on the six cosmological parameters of the ΛCDM model.

5.5 Results

The results of the DCT of all the independent couples of the data sets described
above is shown in figure 5.2.

We can see that the combination of CMB and WL data shows evidence of
substantial disagreement. It is worth noticing that the marginal distribution
of the parameters is not displaying strong discrepancies. In figure 5.1, panel
(a), we show the joint marginalized posterior of the parameters σ8 and Ωm that
is commonly used [16, 107, 108, 90] to discuss tensions between these kind of
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SN = “Joint Light-curve Analysis” (JLA) Supernovae sample
WZ = WiggleZ Dark Energy Survey
WL = CFHTLenS 6 redshift bins, ultra-conservative cuts
CMB = Planck 2015 High-l TT, TE, EE and Low-l TEB spectra
CMBL = Planck 2015 CMB lensing spectrum
BAO = compilation of several BAO measurements
RSD = compilation of several BAO  and redshift space distortion measurements
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Figure 5.2: The Data Concordance Test (DCT) performed on all the indepen-
dent couples of the cosmological data sets described in the text. The shaded
region highlights the values of C that point toward disagreement between data
sets. The error bars represent the uncertainty in the nested sampling computa-
tion of the evidence. From [2].

data sets. As we can see, the constraints coming from the two data sets seem
consistent at 68% C.L. as in [16, 74]. In panel (b) of figure 5.1 we show the joint
marginalized posterior of two combinations of cosmological parameters, σ8Ω0.5

m

and σ8/h
0.5, that can be used to discuss tensions between data sets [90]. As

we can clearly see, the tension between CMB and WL seems enhanced, as they
seem not to be consistent at 68%. This is a clear example where marginalising
over a high dimensional non-Gaussian Likelihood to get the posterior of some
parameters biases the conclusions on the possible tensions between data sets. It
is clear that the DCT helps in assessing whether discrepancies, over the whole
parameter space of a model, are statistically relevant and require further inves-
tigation.
The C values involving CMB lensing (CMBL) data are all weakly pointing to-
ward agreement. CMBL+BAO and CMBL+RSD, in particular, are borderline
between agreement and disagreement. For both data sets, this comes from some
discrepancies in the determination of the background parameters. RSD data,
in addition, are also penalised by some discrepancy in the determination of the
amplitude of scalar perturbations. The results of the DCT involving CMB and
SN, BAO, RSD and WZ are on the high end of the comparison scale, with val-
ues that range from very strong to decisive. This is largely expected as we are
combining a probe that is extremely sensitive to all the cosmological parameters
(CMB) with other data that probe only a sub-set of them.
Surprisingly enough, when combining CMB and CMBL the DCT reaches a very
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high value, the maximum achieved in this comparison. This seems suspicious
for two reasons. The first one is the known lensing amplitude tension discussed
in [16, 4] and that is not found here. The second reason is the fact that CMBL
was found in weak agreement with all other data sets while CMB was displaying
a good agreement. It is beyond the scope of this work to investigate the pos-
sible causes of this behaviour. We can, however, have some ideas on its origin
from the properties of the DCT discussed before. It seems unlikely that this
discrepancy arises because of the unaccounted cross-correlation between CMB
temperature fluctuations and the CMB lensing spectrum. This was indeed found
to result in negligible corrections for Planck-like observations [109]. This leaves
the factors involving the Likelihood volume and the best fit χ2, that improve
significantly with the introduction of CMB lensing, and, as shown here, are
surely worth a deeper investigation. SN data show good agreement with BAO
and RSD measurements, from substantial to strong on a Jeffreys’ scale, as they
agree on the determination of the parameters describing background evolution.
The agreement between SN and RSD is slightly higher than BAO as this data
set is also sensitive to some perturbations parameters. Agreement between WL
and SN, BAO and RSD is also good as the DCT is rewarding the additional
leverage on perturbations parameters that comes from WL measurements. For
the same reason, a good agreement is found also for WZ and SN, BAO and RSD.
Noticeably the values of C are slightly higher than the previous ones. This re-
flects the fact that, due to the presence of non-linear scales in WZ data, the
constraints on perturbations parameters are stronger than the previous ones.
Testing the combination of WL and WZ data then results in strong agreement.
The two data roughly agree on the background parameters and the additional
constraining power of WZ on perturbation parameters favours the combination
of these two data sets.

5.6 Chapter Summary

In this chapter we have used Bayesian hypothesis testing to assess quantita-
tively whether there is concordance, within the ΛCDM model, between several
different cosmological experiments. This test, that we dubbed DCT, allows
to compute the odds that two data sets can be described by the same choice
of cosmological parameters and thus gives a way of measuring the statistical
significance of tensions between different measurements. We have commented
some of the properties that make this test a reliable tool that extends, with
statistical rigour, other commonly used approaches. We applied this test to the
combinations of some of the most relevant cosmological data sets to date and
found, overall, a good agreement between geometrical probes and other per-
turbations measurements. We showed, however, that the lensing of the CMB
is only weakly in agreement with all other cosmological data sets but CMB
itself. The odds of this agreement are suspiciously high, given the other re-
sults, and require further analysis. At last, we found substantial evidence for
a disagreement between WL data of CFHTLenS and CMB measurements of
Planck. We showed that a similar conclusion would not be drawn by inspecting
the marginal posterior of some parameters. This tension might be a sign of new
physics, pointing toward mechanisms that suppress the growth of structures in
the late time universe [110, 111, 74]. It might also be a signal of the presence of



5.6. CHAPTER SUMMARY 49

unknown systematic effects [112, 113], such as the presence of B-mode signal in
weak lensing observations [114]. At last it might point toward the inadequacy
of present cosmological predictions in fitting the data. A failure in modelling
the evolution of perturbations on non-linear scales might bias our conclusions
resulting in spurious tensions between data sets.
The investigation of these tensions, and how they are relieved in extended mod-
els, is a primary goal as these could point toward the presence of unaccounted
systematic effects, an incomplete modelling of the cosmological predictions or
the presence of new physical phenomena.
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Part III

Parametrized Test of
DE/MG Models
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Chapter 6

The Effective Field Theory
Approach to DE/MG
Models

Anticipating a wealth of high precision large scale structure data from ongoing
and upcoming surveys it is important to identify a model- independent way of
testing the theory of gravity against the evolution of cosmological perturbations.

To this extent, over the past years there has been a lot of activity in the
community to construct frameworks [115, 116, 117, 118, 119, 120, 121, 122, 123,
124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140,
141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156,
157, 158, 159, 160] that would allow model-independent tests of gravity with
cosmological observations. These are generally based on parametrizations of
the dynamics of linear scalar perturbations, either at the level of the equations
of motion, e.g. [148], of solutions of the equations, e.g. [120, 130, 145], or of the
action, e.g. [161, 162, 163], with the general aim of striking a delicate balance
among theoretical consistency, versatility and feasibility of the parametrization.

In this chapter we focus on a recent proposal which applies the effective field
theory (EFT) formalism to the phenomenon of cosmic acceleration [162, 163,
164], inspired by the EFT of Inflation and Quintessence [165, 166, 167, 161, 168,
169, 170, 171, 172].

The formalism is based on an action constructed in unitary gauge out of all
operators that are consistent with time-dependent spatial diffeomorphisms and
are ordered according to the power of perturbations and derivatives. At each
order in perturbations, there is a finite number of such operators that enter
the action multiplied by time-dependent coefficients to which we will refer as
EFT functions. The background dynamics is determined solely by three EFT
functions, that are the coefficients of the three background operators; while
the general dynamics of linear scalar perturbations is affected by a total of
six operators, and can therefore be analyzed in terms of six time-dependent
functions. From this perspective the EFT formalism can be used as a general,
model-independent, framework to test the theory of gravity on large scales,
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studying the effects of the different operators and the constraints that can be
put by data on their coefficients.

We refer the reader to [162, 173, 174] for a detailed discussion of the assump-
tions and limitations of this framework. Here we shall highlight that one of the
assumptions of the EFT is the validity of the weak equivalence principle, as
discussed in [162, 163], which limits is range of applicability to models for which
a Jordan frame, where all matter minimally couples to gravity, can be defined.
Despite of the inherent limitations, the EFT framework includes most of the
viable approaches to the phenomenon of cosmic acceleration that will undergo
scrutiny with upcoming cosmological surveys. We shall mention, among oth-
ers, the Horndeski class which includes quintessence, k-essence, f(R), covariant
Galileon, the effective 4D limit of DGP [175], Hořava gravity and more.

6.1 The EFT action in the Unitary Gauge

The EFT action is built in the Jordan frame and unitary gauge by consider-
ing the operators which are invariant under time-dependent spatial diffeomor-
phisms. The additional scalar DoF representing DE/MG is eaten by the metric
via a foliation of space-time into space-like hypersurfaces which correspond to
a uniform scalar field δφ ≡ φ(τ,xxx) − φ0(τ) = 0. This leaves with the residual
symmetries of unbroken spatial diffeomorphisms and at quadratic order, which
is sufficient to study the dynamics of linear perturbations, the most general
action compatible with these requirements reads:

SEFT =

∫
d4x
√
−g
{

+
m2

0

2
[1 + Ω(τ)]R+ Λ(τ)− c(τ) a2δg00

+
M4

2 (τ)

2

(
a2δg00

)2 − M̄3
1 (τ)

2
a2δg00 δKµ

µ

− M̄2
2 (τ)

2

(
δKµ

µ

)2 − M̄2
3 (τ)

2
δKµ

ν δK
ν
µ

+m2
2(τ) (gµν + nµnν) ∂µ(a2g00)∂ν(a2g00)

+
M̂2(τ)

2
a2δg00 δR+ . . .

}
+ Sm[gµν , χm], (6.1)

where R is the four-dimensional Ricci scalar, δg00, δKµ
ν , δKµ

µ and δR are
respectively the perturbations of the upper time-time component of the metric,
the extrinsic curvature and its trace and the three dimensional spatial Ricci
scalar. Finally, Sm is the matter action.
The important difference of (6.1) w.r.t. EFT of inflation [168, 169] is in the
conformal factor Ω, which cannot be reabsorbed by a redefinition of the metric
tensor because of the presence of matter.
Since the choice of the unitary gauge breaks time diffeomorphism invariance,
each operator in the action can be multiplied by a time-dependent coefficient;
in our convention, {Ω,Λ, c,M4

2 , M̄
3
1 , M̄

2
2 , M̄

2
2 , M̄

2
3 ,m

2
2, M̂

2} are unknown func-
tions of the conformal time, τ , and we will refer to them as EFT functions.
In particular, {Ω, c,Λ} are the only functions contributing both to the dynam-
ics of the background and of the perturbations, while the others play a role
only at level of perturbations. Let us notice that the above action includes ex-
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plicitly all the operators that in ref. [163] have been considered to be relevant
for linear cosmological perturbations since they can be easily related to some
well known DE/MG models such as f(R), quintessence, Horndeski, or because
they have been already studied in the EFT of inflation [169, 166, 168]. For such
operators the corresponding field equations have been worked out [163, 8]. How-
ever, additional second order operators can also be considered, such as (δR)2,
δRijδR

j
i as well as operators with higher-order spatial derivatives acting on

them, [162, 163, 173, 176]. In particular, as we will show in appendix .3, addi-
tional operators are needed to describe Hořava gravity in the EFT framework.
For a review of higher order EFT operators see also [176, 177].

6.2 The Stückelberg field

In action (6.1) the extra dynamical scalar d.o.f. that one expects both in mod-
ified gravity and dark energy models, is hidden inside the metric. The unitary
gauge is particularly suited for the construction of the most general action to de-
scribe all single field dark energy and modified gravity model. However, in order
to study the dynamics of perturbations it is more practical to disentangle the
scalar d.o.f from the metric ones. This can be achieved via the Stückelberg tech-
nique. Operationally, one restores the time diffeomorphism invariance by mean
of an infinitesimal time coordinate transformation which introduces a scalar
field, commonly referred to as the Stückelberg field, that realizes the symmetry
nonlinearly. We work in conformal time, so in our case the time diffeomorphism
reads:

τ → τ + π(xµ), (6.2)

while spatial coordinates are left unchanged. In the context of EFT of Infla-
tion [168], the Stückelberg field is associated to the Goldstone boson, while in the
effective field theory of dark energy the time translation invariance is no longer
realized by the Goldstone scalar mode. Under this procedure, time-dependent
functions are modified according to

f(τ)→ f(τ + π(xµ)) = f(τ) + ḟ(τ)π +
f̈(τ)

2
π2 + . . . (6.3)

and are typically Taylor expanded in π. Furthermore, operators that are not
fully diffeomorphism invariant transform according to the tensor transformation
law, generating dynamical terms for π. For a complete description see [168, 162,
163]. To keep the resulting action at second order in perturbations, the functions
multiplying the background operators, i.e. {Ω,Λ, c}, are Taylor expanded up
to the second order, while the functions multiplying second (and higher) order
operators are expanded to zero order.

Let us illustrate how the mechanism works for the background operators, by
giving the explicit form of the resulting action in terms of the Stückelberg field,
up to second order in perturbations

S =

∫
d4x
√
−g
{
m2

0

2
[1 + Ω(τ + π)]R+ Λ(τ + π)

− c(τ + π)a2

[
δg00 − 2

π̇

a2
+ 2Hπ

(
δg00 − 1

a2
− 2

π̇

a2

)
+ 2π̇δg00
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+ 2g0i∂iπ −
π̇2

a2
+ gij∂iπ∂jπ −

(
2H2 + Ḣ

) π2

a2

]
+ · · ·

}
+ Sm[gµν ], (6.4)

where the scale factor has already been Taylor expanded according to Eq. (6.3).
We give the explicit expression of the contributions to action (6.4) from second
order operators in Appendix .2.1. We will use action (6.4) to derive the linearly
perturbed Einstein equations in Sec. 6.4. Notice that our Stückelberg field is
defined w.r.t. to conformal time, therefore there is a factor of a of difference
w.r.t. the Stückelberg field of [162, 163].

6.3 Background dynamics

Varying the background part of the action (6.1) or, equivalently (6.4), with
respect to the metric and assuming a flat FLRW metric one obtains the following
background equations:

H2 =
a2

3m2
0(1 + Ω)

(ρm + 2c− Λ)−H Ω̇

1 + Ω
, (6.5)

Ḣ = − a2

6m2
0(1 + Ω)

(ρm + 3Pm)− a2(c+ Λ)

3m2
0(1 + Ω)

− Ω̈

2(1 + Ω)
, (6.6)

whereH = ȧ/a and ρm and Pm are, respectively, the energy density and pressure
of the matter components, for which we assume a perfect fluid form with the
standard continuity equation:

ρ̇m = −3H(ρm + Pm). (6.7)

Eqs. (6.5)-(6.6) can be recast in the following, more conventional, form

H2 =
a2

3m2
0(1 + Ω)

(ρm + ρQ) , (6.8)

Ḣ = − a2

6m2
0(1 + Ω)

(ρm + 3Pm + ρQ + 3PQ) , (6.9)

if one defines

ρQ ≡ 2c− Λ− 3m2
0HΩ̇

a2
,

PQ ≡ Λ +
m2

0

a2

(
Ω̈ +HΩ̇

)
. (6.10)

The latter can be interpreted as, respectively, the energy density and pressure
of the effective dark fluid. Combining Eqs. (6.7), (6.8) and Eq. (6.9) one obtains
the following continuity equation for this dark component:

ρ̇Q = −3H (ρQ + PQ) +
3m2

0

a2
H2Ω̇, (6.11)

which tells us that the energy density ρQ is conserved only in the case of Ω =
const., i.e. a minimally coupled theory.
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6.4 Perturbations dynamics

We shall now derive the linearly perturbed Einstein equations. We work in
synchronous gauge with the line element given by

ds2 = a(τ)2
[
−dτ2 +

(
δij + hijdx

idxj
)]
, (6.12)

where the scalar mode of hij in Fourier space can be decomposed into

hij =

∫
dk3eik·x

[
k̂ik̂jh(k, τ) +

(
k̂ik̂j − 2δijη(k, τ)

)]
, (6.13)

with h denoting the trace of hij . Unless explicitly stated otherwise, we work
with Fourier transforms of all cosmological perturbations.

While the functions {Ω,Λ, c} are the only ones affecting the background
dynamics in the EFT formalism, when we move to linear perturbations, more
operators come into play; indeed, all the remaining functions in action (6.1),
or equivalently (66), that multiply second order operators, will also affect the
dynamics of linear perturbations. For the sake of brevity, here we focus on the
terms contributed by background operators and we list the contributions from
second order operators in Appendix .2.2.

Starting from the action in terms of the Stückelberg field (6.4), and simpli-
fying the background terms, to linear order in scalar perturbations we have:

time-time Einstein equation:

k2η =− a2

2m2
0(1 + Ω)

[δρm + ρ̇Qπ + 2c (π̇ +Hπ)] +

(
H+

Ω̇

2(1 + Ω)

)
kZ

+
Ω̇

2(1 + Ω)

[
3(3H2 − Ḣ)π + 3Hπ̇ + k2π

]
,

(6.14)

momentum Einstein equation:

2

3
k2 (σ∗ −Z) =

a2

m2
0(1 + Ω)

[(ρm + Pm)vm + (ρQ + PQ)kπ]

+ k
Ω̇

(1 + Ω)
(π̇ +Hπ) , (6.15)

space-space off-diagonal Einstein equation:

kσ̇∗ + 2kHσ∗ − k2η = − a2PΠm

m2
0(1 + Ω)

− Ω̇

(1 + Ω)

(
kσ∗ + k2π

)
, (6.16)

space-space trace Einstein equation:

ḧ =− 3a2

m2
0(1 + Ω)

[
δPm + ṖQπ + (ρQ + PQ) (π̇ +Hπ)

]
− 2

(
Ω̇

1 + Ω
+ 2H

)
kZ + 2k2η

− 3
Ω̇

(1 + Ω)

[
π̈ +

(
Ω̈

Ω̇
+ 3H

)
π̇ +

(
H Ω̈

Ω̇
+ 5H2 + Ḣ+

2

3
k2

)
π

]
, (6.17)
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π field equation:

cπ̈ + (ċ+ 4Hc)π̇ +

[
3

2

m2
0Ω̇

a2
(Ḧ − 2H3)− 2Ḣc+Hċ+ 6H2c+ k2c

]
π

+ ckZ − m2
0Ω̇

4a2

[
ḧ− 4k2η + 6kHZ

]
= 0, (6.18)

where 2kZ ≡ ḣ and 2kσ∗ ≡ ḣ+ 6η̇ are the standard CAMB variables that will
be usefull in the remaining Chapters. As we will discuss shortly in Sec. 6.5, it is
important to demix the degrees of freedom in order to perform the appropriate
stability analysis of perturbations in the dark sector [162]. Namely, one shall
substitute for η and ḧ using Eq. (6.14) and (6.17), respectively, in order to
obtain the following equation:(
c+

3m2
0

4a2

Ω̇2

(1 + Ω)

)
π̈

+

[
3m2

0

4a2

Ω̇

(1 + Ω)

(
Ω̈ + 4HΩ̇ +

(ρQ + PQ)a2

m2
0

)
+ ċ+ 4Hc− Ω̇

2(1 + Ω)
c

]
π̇

+

[
3

4

m2
0

a2

Ω̇

(1 + Ω)

(
(3ṖQ − ρ̇Q + 3H(ρQ + PQ))a2

3m2
0

+HΩ̈ + 8H2Ω̇ + 2(1 + Ω)(Ḧ − 2H3)

)

−2Ḣc+

(
ċ− Ω̇

2(1 + Ω)
c

)
H+ 6H2c+

(
c+

3m2
0

4a2

Ω̇2

(1 + Ω)

)
k2

]
π

+

[
c+

3

4

m2
0

a2

Ω̇2

(1 + Ω)

]
kZ +

1

4

Ω̇

(1 + Ω)
(3δPm − δρm) = 0. (6.19)

6.5 Stability of perturbations in the dark sector

In this subsection we shall focus on some requirements for theoretical stability
that can be enforced on the EFT functions to ensure that the underlying gravi-
tational theory is acceptable. For the following discussion it is more convenient
to write the π field equation as follows:

A(τ) π̈ +B(τ) π̇ + C(τ)π + k2D(τ)π + E(τ, k) = 0 (6.20)

where the coefficients {A, . . . , E} can be easily read from Eq. (6.19) (and the
results of Appendix .2.2 if second order operators are at play. In that case also
A, B and D may display k−dependence). Relying on the discussion of [166], we
place the following theoretical constraints:

• 1+Ω > 0: this condition on the non-minimal coupling function is required
in order to ensure that the effective Newtonian constant does not change
sign. Violating this condition, classically, would imply a Universe quickly
becoming inhomogeneous and anisotropic [178, 179], while at the quantum
level it will correspond to the graviton turning into a ghost [180];

• A > 0: this second condition follows from requiring that our effective
scalar d.o.f. should not be a ghost, i.e. the corresponding kinetic energy
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term should be positive. At the classical level there is no serious danger in
this situation while at the quantum level the underlying physical theory
can show instability of the vacuum [181];

• c2s ≡ D/A ≤ 1: the third condition ensures that the sound speed of π does
not exceed the speed of light to prevent scalar perturbations from propa-
gating super-luminary. This condition is no longer true when treating, for
example, Lorentz violating theories [182];

• m2
π ≡ C/A ≥ 0: last, we enforce the mass of the scalar d.o.f. to be

real [183], to avoid tachyonic instabilities.

The above conditions could be relaxed in certain cases depending on the specific
theory of gravity one is interested in. Let us briefly comment on this. The
first two conditions are quite general and can be relaxed just in elaborated
models that can associate a physical meaning to the negative branch of A and
1 + Ω. Furthermore, their positive and negative branches are disconnected so
that no theory can allow these two quantities to cross zero as this will violate the
mathematical consistency of the initial value problem for Eqs. (6.8) and (6.19).
The last two conditions are milder and more strictly related to the particular
theory one wants to test. Therefore, they can be relaxed in many ways if the
EFT formalism is used to test some peculiar model that naturally permits their
violation. In this regards, we recall, among others, cosmological models which
allow for viable DE models in Lorentz violating theories [184, 185] and rolling
tachyon condensates [186, 187, 188, 189, 190].

The stability conditions described in this Chapter might be modified when
the coupling to matter is appreciable and the stability conditions described here
should be thought to hold only when this is not the case. The full set of physical
viability conditions for the general EFT action is a very complex matter that
is the focus of ongoing work. Some results have been obtained in [177] and are
briefly described in Appendix .2.7.
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Chapter 7

A Background Dynamical
Analysis

In this chapter we start tackling the phenomenological implications of the EFT
of DE/MG by performing a dynamical analysis of the background cosmology.

As mentioned in the previous chapter only three functions of time contribute
to the background dynamics and despite the underdetermined nature of the
system, we identify a set of variables that allows us to write it as an infinite-
dimensional system with an important recursive structure.

We then analyze several autonomous subsystems of increasingly higher di-
mension that, as we will illustrate, correspond to higher differential order for
combinations of the EFT functions; in other words, we explore more and more
general models of DE/MG identifying at each order conditions of cosmological
viability. Furthermore, we exploit the recursive nature of the system to draw
quite general conclusions on its cosmological dynamics, building on our findings
at the lower orders. While we apply our method to some specific cases in order
to elucidate it, the machinery we set up is general and can be used to perform
dynamical analysis of models of dark energy/modified gravity within the broad
and model independent EFT framework.

In this chapter only we shall extensively make use of cosmic time, as opposed
to conformal time so hereafter overdots will represent derivatives with respect
to cosmic time.

As outlined in the previous chapter, varying the background action with
respect to the metric, assuming a spatially flat FLRW metric one obtains the
following background equations:

3m2
0(1 + Ω)H2 + 3m2

0HΩ̇ =
∑
i

ρi − Λ + 2c, (7.1)

3m2
0(1 + Ω)H2 + 2m2

0(1 + Ω)Ḣ +m2
0Ω̈ + 2m2

0HΩ̇ = −
∑
i

pi − Λ,

(7.2)

where ρi and pi are, respectively, the background energy density and pressure
of the ith matter component, for which we assume a perfect fluid form. We

61



62 CHAPTER 7. A BACKGROUND DYNAMICAL ANALYSIS

will consider two distinct components, i.e. dust with zero pressure (that we will
indicate with a subscript ‘m’) and radiation with pr = 1/3 ρr. Their continuity
equations, in cosmic time, read:

ρ̇m = −3Hρm, (7.3)

ρ̇r = −4Hρr. (7.4)

Deriving Eq. (7.1) w.r.t. time and combining it with Eqs. (7.2)-(7.4), one obtains
what can be interpreted as a continuity equation for the effective DE component

2ċ− Λ̇ = 3m2
0ḢΩ̇− 6Hc+ 6m2

0H
2Ω̇ . (7.5)

Equations (7.1)-(7.5) are all the equations we have at our disposal to study the
dynamics of the background.

The covariant, background-independent approach that we adopt [162, 163],
aims at offering a general framework to study the evolution of cosmological per-
turbations in a model independent way. In the latter context, it is common to
fix the background history to the one of ΛCDM, or something close to that,
and to focus on the dynamics of perturbations. This is justified by the fact that
the cosmological concordance model is in very good agreement with current ob-
servables constraining the expansion history and that most alternative models
are highly degenerate with it at the level of background dynamics, while pre-
dicting modifications at the level of perturbations. In the EFT framework this
practice would translate into assuming that the background is given a priori,
i.e. typically it is chosen to be close to the ΛCDM one, and one focuses on the

coefficients of the higher order operators contained in S
(2)
DE. If we were to fix the

expansion history, we could use Eqs. (7.1) and (7.2) to eliminate two of the three
EFT functions, typically Λ(t) and c(t). This however would still leave us with
one completely undetermined function of time, Ω(t) for which we should make
some arbitrary choice. In this analysis, we do not fix the expansion history,
but rather we keep all the three functions free and, via a dynamical analysis of
the background, we identify viable forms, as well as compatibility conditions for
their time dependence in order for the model to produce an expansion history
that is viable. The aim of our analysis is, given the high degree of freedom, to
identify general rules of cosmological viability and compatibility for Ω,Λ, c, that
can guide us in later fixing them to some form or ansätze.

7.1 Dynamical system and
cosmological viability

In this Section we will set up the necessary ingredients to perform a dynamical
analysis of the effective field theory of dark energy. We need to rewrite the equa-
tions for the background into an autonomous system of first ODEs, for which
we can then study the stability around equilibrium points. To this purpose, we
introduce the following dimensionless variables:

x =
c

3m2
0(1 + Ω)H2

, y =
c− Λ

3m2
0(1 + Ω)H2

, u =
ρr

3m2
0(1 + Ω)H2

,
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α0 = − Ω̇

(1 + Ω)H
, . . . , αn = −Ω(n+1)

HΩ(n)
, . . . ,

λ0 = − ċ− Λ̇

H(c− Λ)
, . . . , λm = − (c− Λ)(m+1)

H (c− Λ)(m)
, . . . (7.6)

where the indices n,m are unbounded from above. Using Eqs. (7.1)-(7.5), we
can write the following set of first order ODEs:

dx

d ln a
= λ0y − 6x− 2α0 + xα0 − (α0 + 2x)

Ḣ

H2
, (7.7a)

dy

d ln a
=

(
α0 − λ0 − 2

Ḣ

H2

)
y, (7.7b)

du

d ln a
=

(
α0 − 4− 2

Ḣ

H2

)
u, (7.7c)

dαn−1

d ln a
=

(
−αn + αn−1 −

Ḣ

H2

)
αn−1, (n ≥ 1) (7.7d)

dλm−1

d ln a
=

(
−λm + λm−1 −

Ḣ

H2

)
λm−1, (m ≥ 1) (7.7e)

where
Ḣ

H2
= −3

2
− 3

2
x+

3

2
y + α0 −

1

2
α1α0 −

1

2
u. (7.8)

This is a nonlinear, non-autonomous system that, however, displays a hierar-
chical structure in the equations for the α′s and λ′s. We will shortly describe
our strategy to approach it.

Eq. (7.1) can be read as a constraint equation

Ωm =
ρm

3m0
2(1 + Ω)H2

= 1− x− y − u− α0, (7.9)

with Ωm ≥ 0. When describing the cosmology of the different points, we will
consider also the following parameters:

ΩDE = x+ y + α0, Ωr = u,

weff ≡ −1− 2

3

Ḣ

H2
= x− 2

3
α0 +

1

3
α1α0 − y +

1

3
u, (7.10)

respectively the DE and radiation fractional energy density and the effective
equation of state. Note that what we define the fractional density parameters,
are the standard ones rescaled by the function Ω(t) [191].

In order to solve system (7.7) we first need to make it autonomous. The
simplest option corresponds to setting α0, λ0 to constant and evolve only the
three core equations (7.7a)-(7.7c); we refer to this case as the zero-th order one
and analyze it sampling the space (α0, λ0) to find viable cosmologies. As we
discuss in detail in Sec. 7.3, this case corresponds to assuming that Ω and c−Λ
are power laws in the scale factor. To go beyond this zero-th order analysis, we
can start exploring the hierarchy of equations (7.7d) and (7.7e), by setting αN
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and λM constant for given N,M ≥ 1. We are then left with a (3 + N + M)-
dimensional system formed by the three core equations for {x, y, u}, plus N
equations for α0, . . . , αN−1 and M equations for λ0, . . . , λN−1. We perform the
dynamical analysis of this system sampling the space (αN , λM ) and determining
the regions for which one can obtain viable expansion histories. What is the
corresponding form of the EFT functions that we explore at this order? Let us
develop the following argument in terms of Ω; it is then trivial to reproduce it
for c− Λ. From the definition of the α′s, we see that fixing αN = const gives

Ω(N)(t) = Ω(N)(t0)a−αN , (7.11)

where t0 is the present time. Now that we have an expression for the N th

derivative of Ω, we can use it to write

1 + Ω(t) =

N−1∑
i=0

Ω(i)(t0)

i!
(t− t0)i + Ω(N)(t0)

∫ t

t0

(t− τ)N−1

(N − 1)!
a−αN (τ) dτ,

(7.12)

that shows that the constant αN (N ≥ 1) parametrizes the remainder in a Taylor
expansion of order N − 1 around the present time for the function Ω(t). Notice
that in order for the above argument to hold one does not necessarily need t0 to
be the present time (with a0 = 1); the latter can be the desired choice in view
of constraining the form of the EFT functions at recent times [162], where they
are expected to have a non-trivial dynamics and where they are more likely to
be probed. However, one can in principle choose any other t0 that is suited
to one’s purpose, as long as a is rescaled by a0 in (7.11) and (7.12). In the
following Sections, we separately analyze the stability of the system (7.7) at
different orders. In particular, after analyzing the zero-th order case in Sec. 7.3,
we maintain λ0 constant and focus on the α channel of the system, solving
3 +N equations for the variables {x, y, u, α0, . . . , αN}. In other words, we focus
on the class of models for which c− Λ is a power law in the scale factor, while
the conformal factor Ω can be increasingly general as we go up with the order.
Alternatively one could fix Ω to a constant and open the λ channel, which would
correspond to exploring all minimally coupled models of DE. Finally, one could
work with both channels and, for instance, explore, within this parametrized
framework the full class of Horndeski theories [192].

Finally, let us point out that the structure of the system is such that the
planes y = 0, u = 0, αi = 0, λj = 0 are all invariant manifolds, which implies
that trajectories starting on one of these planes remain on it. This ensures that
viable trajectories identified at a given order, will exist at all higher orders. We
exploit this feature at the end of this Section, when we reconstruct the dynamics
at a generic order N ≥ 3.

7.2 Stability Analysis

The dynamics of system (7.7) can be studied analyzing the evolution around
fixed/critical points, i.e. points pi satisfying the equilibrium condition dpi/d ln a =
0. In the following we briefly summarize the general procedure; for an exhaustive
description of the technique, and for some applications to cosmological models
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we refer the reader to [193]. After determining its fixed points, one proceeds to
calculate the eigenvalues µi of the Jacobian matrixM of the system in order to
linearize it around each critical point. This determines the stability nature of
the point, in other words it controls how the system behaves when approaching
the point. We are interested in hyperbolic critical points, since around these
the linearized dynamical system is a good approximation of the full nonlinear
system. By definition a critical point is said to be hyperbolic if all eigenval-
ues of M have Re(µi) 6= 0. Hyperbolic critical points are robust, in the sense
that small perturbations do not change qualitatively the phase portrait near the
equilibrium. For an n-dimensional system one has n eigenvalues for each point
and the stability depends on the nature of these eigenvalues, according to the
following classification:

• All µi are real and have the same sign:

– Negative eigenvalues → Stable node/ Attractor;

– Positive eigenvalues → Unstable node;

• All µi are real and at least one positive and one negative → Saddle points;

• At least one eigenvalue is real and there are pairs of complex eigenvalues:

– All eigenvalues have negative real parts → Stable Focus-Node;

– All eigenvalues have positive real parts → Unstable Focus-Node;

– At least one positive real part and one negative → Saddle Focus.

A working cosmological model needs to first undergo a radiation dominated
era, followed by a matter era, and then enter a phase of accelerated expansion
(DE) as indicated by observations [12, 11]. In terms of critical points we need
two saddle points for the radiation and the matter dominated eras, followed
by a late time accelerated attractor, i.e. a stable node with weff < − 1

3 . In
addition we impose the constraints that Ωm ≥ 0 and Ωr ≥ 0, given that matter
and radiation energy densities should be positively defined, and Ω(t) > 0 to
guarantee a stable gravity [179]. On the other hand, we allow the effective dark
energy density to be negative since this quantity may not correspond to the
energy density of an actual fluid, and may indeed be negative in some models of
modified gravity [191]. Finally, in reconstructing viable trajectories, we require
that the matter era is long enough to allow for structure formation.

7.3 Zeroth order analysis

The simplest option to make the system (7.7) autonomous is setting α0 and λ0

to constant and evolve only the core equations (7.7a)-(7.7c). The corresponding
behavior of the EFT functions is

1 + Ω(t) = Ω0 a
−α0 , c(t)− Λ(t) = (c− Λ)0a

−λ0 , (7.13)

where the constants will depend on the initial conditions and their value does
not affect the stability analysis.



66 CHAPTER 7. A BACKGROUND DYNAMICAL ANALYSIS

Unless α0 = 0, the system (7.7a)-(7.7c) is not closed due to the dependence
on α1 through Ḣ/H2. We can use (7.7d) for n = 1 to get

Ḣ

H2
=

1

2− α0

(
2α0 − α2

0 − 3 + 3y − 3x− u
)
. (7.14)

The resulting critical points of the system and the analysis of their stability are
shown in Table 7.1. We find that the same results are still valid if α0 = 0. In
what follows we present their eigenvalues and discuss the cosmological viability.

• P1: matter point
The eigenvalues and the relative eigenvectors of the linearized system around
the first critical point are:

µ1 = −1, µ2 = α0 − 3, µ3 = 3− λ0.

~u1 =

(
α0

6− 3α0
, 0 , 1

)
, ~u2 = (1 , 0 , 0) , ~u3 =

(
α0 − λ0

α0 + λ0 − 6
, 1 , 0

)
.

(7.15)

This point displays a scaling solution for which matter and DE coexists with
a constant ratio between their energy densities. We are primarily interested
in the matter configuration, since this is the only critical point of the zero-
th order system that can provide a matter dominated critical point. If we
require Ωm ≈ 1, then we have α0 ≈ 0, which combined with the requirements
of having a saddle, gives α0 = 0 ∧ λ0 < 3.

• P2: stiff matter point

µ1 = 2− α0, µ2 = 3− α0, µ3 = −α0 − λ0 + 6.

~u1 = (−1 , 0 , 1), ~u2 = (1 , 0 , 0), ~u3 = (−1 , 1 , 0). (7.16)

This point is a DE dominated critical point; it is a stable node with accelerated
expansion only if α0 > 3 ∧ α0 + λ0 > 6. For α0 = 0, it has weff = 1, which
corresponds to a stiff matter behavior that could be of interest for modeling
early stages of the Universe [194].

• P3: DE point

µ1 = λ− 4,

µ2 = λ0 − 3,

µ3 = α0 + λ0 − 6.

~u1 =

(
λ0 − 2α0

3(α0 − 2)
, −α0 + λ0 − 6

3(α0 − 2)
, 1

)
,

~u2 =

(
α0 − λ0

α0 + λ0 − 6
, 1 , 0

)
,

~u3 = (−1 , 1 , 0) . (7.17)

This is the second DE dominated critical point of the zero-th order system; it
exhibits a correct cosmological behavior, i.e. weff < − 1

3 , if (α0 ≥ 3∧α0 +λ0 <
6) ∨ (α0 < 1 ∧ λ0 < α0 + 2) ∨ (1 ≤ α0 < 3 ∧ λ0 < 3).
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• P4: radiation point

µ1 = 1,

µ2 = α0 − 2,

µ3 = 4− λ0.

~u1 =

(
α0

6− 3α0
, 0 , 1

)
,

~u2 = (−1 , 0 , 1) ,

~u3 =

(
λ0 − 2α0

3(α0 − 2)
, −α0 + λ0 − 6

3(α0 − 2)
, 1

)
. (7.18)

This point is characterized by Ωm = 0 and a coexistence of radiation and DE
with a constant energy density ratio; in other words it is a scaling radiation
point. We will focus on its radiation dominated version, since it is the only
point that can supply a radiation era for the zero-th order trajectories. It
can be be easily seen that it corresponds to a saddle with weff = 1

3 if α0 =
0 ∧ λ0 6= 4.

Combining all the information above, we conclude that viable cosmological mod-
els for the zero-th order case, can be recovered setting α0 = 0 and λ0 < 3, and
they are characterized by the transitions P4 → P1 → P3 (radiation→ matter →
DE attractor). One can actually further constrain the space (α0, λ0). Indeed,
a peculiar feature of the zero-th order system is the disposition of the critical
points. A careful analysis of the eigenvectors (7.15)-(7.18), shows that for any
pair of critical points the heteroclinic orbits, i.e. the lines connecting the two
points, are strainght lines. This is valid for any choice of (α0, λ0) and it allows
us to put a stricter bound on λ0 by requiring a long enough matter era for the
trajectories of interest. Let us elucidate this point. The ΛCDM model corre-
sponds to α0 = λ0 = 0 and its trajectory is such that it starts very close to
the radiation saddle point P4, then it passes close to the matter saddle P1 and
finally it reaches the dark energy attractor P3, always moving very close to the
heteroclinic orbits that connect these three critical points. The time spent by
this trajectory in the last transition gives a handle on the proper duration of
the matter era for trajectories that aim to be cosmologically viable. Since after
we set α0 = 0 the coordinates of P1 and P4 are fixed (i.e. independent on λ0),
we can use the constraint on the position of P3 to put a stringent bound on λ0;
indeed if we change the latter, and hence move P3, the duration of the matter
era will change significantly. In other words, we need P3 to be always close to
its ΛCDM position, and this forces λ0 ∼ 0.
In summary, viable cosmological models for the zero-th order case, can be recov-
ered setting α0 = 0 and λ0 ≈ 0, and they are characterized by the transitions
P4 → P1 → P3. Notice that α0 = 0 implies that the conformal factor 1 + Ω(t)
is a constant, which just rescales the Planck mass.

7.3.1 Reconstructing quintessence models

We shall now show how the results of this general dynamical analysis can be
reverberated to constrain specific models of dark energy. As an example, we
choose to interpret the results of the zero-th order analysis within the context
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Figure 7.1: The slow roll parameter and the quintessence potential reconstructed
for several trajectories of the α0 = 0, λ0 = 0.1 model (blue lines). The red
dashed line represents the behavior of the Planck [78] best fit ΛCDM model.
From [9].

of quintessence by using the matching in [162, 163]. Given that c and Λ for
quintessence models assume the following forms:

c =
φ̇2

2
, c− Λ = V (φ) = (c− Λ)0a

−λ0 , (7.19)

one immediately notices that the bound α0 = 0 for the zero-th order analysis,
translates into the constraint that any quintessence model with a potential which
is a power law in the scale factor, cannot have a power law behavior for the
conformal factor Ω, and therefore at this order is forced to be minimally coupled.
Among the models selected in this way, we will choose for our example those
corresponding to the value λ0 = 0.1. For simplicity we do not include radiation
in this numerical study since it will not alter much the reconstruction. We
choose initial conditions so that the present day matter density matches the
Planck ΛCDM best fit value [78] and we sample the trajectories that undergo
a P1 → P3 transition. Then using (7.19) we reconstruct the time evolution of
the quantities of interest, i.e. the slow-roll parameter and the the potential.
We show the outcome in Fig. 7.1, where one can notice that the late time
DE attractor corresponds to slow roll behavior which makes the field behave
approximately like a cosmological constant. On the other hand at early times
the field is rolling down the potential very fast as the dark energy component
behaves like stiff matter, as expected since the unstable stiff-matter point, P2,
serves as the starting point for the numerically reconstructed trajectories. The
corresponding potential is monotonically decreasing and positively defined.

7.4 First order analysis

We now start exploring the hierarchy of equations for the α′s. The immediate
generalization of the previous model is the one obtained by letting α0 vary, while
fixing (α1, λ0) to constant. As discussed at the beginning of this Section, this
corresponds to setting

Ω̇(t) = Ω̇0a
−α1 , c(t)− Λ(t) = (c− Λ)0a

−λ0 , (7.20)

where again the constants will depend on the initial conditions and do not affect
the stability analysis. Our system of equations is now formed by (7.7a)-(7.7c)
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along with Eq. (7.7e) with n = 1 and the constraint (7.9). The system has
nonlinear quadratic terms and, for different values of the parameters (α1, λ0),
it can display a wide range of behaviors. The critical points of the system
and the stability properties according to their eigenvalues are summarized in
Table 7.2. In what follows we give a more detailed overview of each point,
reporting the corresponding eigenvalues.

• P1: matter point
The linearized system around the first critical point has the following eigen-
values:

µ1 = −3, µ2 =
3

2
− α1, µ3 = −1, µ4 = 3− λ0. (7.21)

It corresponds to a matter dominated solution (weff = 0) which is a saddle
point for λ0 6= 3 ∧ α1 <

3
2 ∨ λ0 < 3 ∧ α1 >

3
2 .

• P2: stiff matter point

µ1 = 3, µ2 = 3− α1, µ3 = 6− λ0, µ4 = 2. (7.22)

This point corresponds to unstable solutions with a stiff matter equation of
state, which could be relevant in the early stages of the Universe [194].

• P3: DE point

µ1 = −6 + λ0, µ2 = −3 + λ0, µ3 = −α1 +
λ0

2
, µ4 = −4 + λ0. (7.23)

It gives a DE dominated solution which is accelerated for λ0 < 2. For λ0 < 0
the point has a phantom equation of state. In particular we have a late time
accelerated attractor (i.e. a stable node), with a ∝ t2/λ0 , for (α1 > 1 ∧ λ0 <
2) ∨ (λ0 < 2α1 ∧ α1 ≤ 1).

• P4: phantom DE point

µ1 = −5+2α1, µ2 = −3+α1, µ3 = −2+2α1−λ0, µ4 = 2(α1−3). (7.24)

It has a DE dominated solution with an accelerated expansion for α1 < 3,
(with a phantom equation of state for α1 < 2). Furthermore, the point is a

saddle for α1 <
5
2 ∧ λ0 > −2 + 2α0 with a ∝ t

1
α1−2 .

• P5: matter scaling point

µ1 =
1

4

(
−21 + 13α1 − 2α2

1 −
√

81− 42α1 + 29α2
1 − 20α3

1 + 4α4
1

)
,

µ2 =
1

4

(
−21 + 13α1 − 2α2

1 +
√

81− 42α1 + 29α2
1 − 20α3

1 + 4α4
1

)
,

µ3 = 3− λ0, µ4 = −1. (7.25)

For this critical point we have a matter scaling solution with Ωm = 5− 11
3 α1 +

2
3α

2
1 and ΩDE = −4 + 11α1

3 − 2α2
1

3 . The constraint on the positiveness of the
matter density gives α1 ≥ 3∨ α1 ≤ 5

2 . In this paper we do not perform a full
analysis of scaling solutions, but we rather focus on the two extrema for which
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either of the two components has fractional energy density equal to unity. We
leave the full analysis of the scaling regime for future work. For this specific
point it means that we consider only the case for which Ωm = 1 and the case
for which ΩDE = 1. Both points do not display the proper cosmology and
therefore we do not consider P5 any further.

• P6: DE point

µ1 =λ0 − 3, µ2 = λ0 − 4,

µ3 =
1

4

(
−12− 2α2

1 − 3λ0 + α1(10 + λ0)

−
√
−3 + α1

√
−48 + 4α3

1 − 4α2
1(λ0 − 1)− 8λ0 + 5λ2

0 + α1(32− 12λ0 + λ2
0)

)
,

µ4 =
1

4

(
−12− 2α2

1 − 3λ0 + α1(10 + λ0)

+
√
−3 + α1

√
−48 + 4α3

1 − 4α2
1(λ0 − 1)− 8λ0 + 5λ2

0 + α1(32− 12λ0 + λ2
0)

)
.

(7.26)

The point P6 gives a DE dominated solution, with a(t) ∝ t
1

λ0−α1 , which gives
an accelerated expansion for λ0 − α1 < 1 (phantom if α1 > λ0). The results
of the stability analysis around this critical point are summarized in Fig. 7.2;
one can identify regions in the space (α1, λ0) for which the point is a late time
attractor, as well as regions for which it is a stable focus-node. The latter
one is an asymptotically stable point and corresponds to the case in which
the system undergoes oscillations prior to reaching the equilibrium.

• P7: radiation point

µ1 = −2, µ2 = 1, µ3 = −α1 + 2, µ4 = 4− λ0. (7.27)

It corresponds to a standard radiation point with weff = 1
3 and can be a

saddle for α1 6= 2 and λ0 6= 4.

• P8: radiation scaling point

µ1 = 1, µ2 = 2(α1 − 3), µ3 = −6 + 5α1 − α2
1, µ4 = 4− λ0. (7.28)

This point exhibits a radiation scaling behavior since Ωm = 0 while Ωr and
ΩDE can be both non-vanishing. However one cannot in general find values
of (α1, λ0) that give either a proper DE or radiation dominated cosmology.

As we already discussed, a working cosmological model needs to first undergo
a radiation dominated era, followed by a matter dominated era (that needs to
be long enough to allow for proper structure formation) and finally it has to
approach an accelerated phase. The only critical point which corresponds to a
proper radiation domination in the first order system is P7, which is a saddle
for α1 6= 2 and λ0 6= 4; a good critical point for a matter era is P1, which can be
a saddle with a ∝ t2/3. From this point the system can move to an accelerated
expansion phase by going toward the late time attractors P3, P4 or P6 (as well
as the stable-focus version of P6), depending on the values of α1, λ0. Therefore
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Figure 7.2: The left panel shows the results of the stability analysis of the first
order system around P3. The panel at the center illustrates the stability around
P6. The right panel shows the combined results of the first order analysis:
regions in the (α1, λ0) plane which allow the different transitions discussed in
Sec. 7.4.1 are shown in different colors. From [9].

we have three types of cosmologically viable trajectories, that can be identified
by the last transition that they undergo: P1 → P3, P1 → P4 and P1 → P6 (with
and without oscillations). In the next subsection we investigate numerically
each of these cases. Finally, we give a graphical representation of the regions in
(α1, λ0) for which the different transitions can take place in Fig. 7.2.

7.4.1 Numerical investigation of different transitions

We shall now investigate numerically the structure of the phase space for some
models that display the different types of possible transitions discussed above. In
order to facilitate the visualization of the phase space, we neglect radiation. Let
us briefly describe the procedure that we follow for this numerical investigation.
We set initial conditions in order to reproduce the ΛCDM matter density [78]
at some given initial redshift and we systematically sample trajectories that
cross the plane so defined. After the integration of the equations of motion
we notice that, even if nothing a priori suggests it, the trajectories that depart
from constant matter density planes remain quite close to them. It is then
possible to visualize the behavior of the three dimensional system by projecting
the trajectories on these planes, and compactifying the latter via

xP =
x√

1 + x2 + y2
, yP =

y√
1 + x2 + y2

. (7.29)

After this operation we obtain the phase space plots that are shown in Fig. 7.3.
In what follows we discuss the different types of transitions recovered with the
technique just described; in particular we choose four different combinations of
values for (α1, λ0), according to the previous analysis (e.g. Fig. 7.2), to focus
each time on a different type of trajectory among the cosmologically viable ones.

P1 → P3 transition. We start with the model corresponding to α1 = 0.1 and
λ0 = 0. This choice of values allows us to recover trajectories that mimic very
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(a) The α1 = 0.1, λ0 = 0 model. (b) The α1 = 2.4, λ0 = 1.3 model.

(c) The α1 = 0, λ0 = −1/2 model. (d) The α1 = −2, λ0 = −2 model.

Figure 7.3: The phase space numerical investigation of different dark energy
models for the first order system. Initial conditions are evolved both in the
past (blue lines) and in the future (green lines). The red line in (a) corresponds
to the ΛCDM trajectory. From [9].



7.4. FIRST ORDER ANALYSIS 75

�5 �4 �3 �2 �1 0 1 2 3 4 5
�0.4
�0.1

0.2
0.5
0.8
1.1
1.4

Log�1�z�
�5 �4 �3 �2 �1 0 1 2 3 4 5

�1.

�0.5

0.

0.5

Log�1�z�

w
ef

f

�0.1
0.2
0.5
0.8
1.1

�10
�8
�6
�4
�2

0

w
ef

f

0.
0.2
0.4
0.6
0.8

1.

�2.5
�2.
�1.5
�1.
�0.5

0.

w
ef

f

Figure 7.4: The left panel shows the behavior of the effective equation of state
for ΛCDM (red dashed line) and three different DE models (blue continuous
line) corresponding to different types of trajectories identified in the first order
system and described in Sec. 7.4.1. The right panel shows the evolution of
matter and dark energy densities for the ΛCDM model (respectively the red
and black dashed lines) and the different DE models (respectively the blue and
green solid lines). The yellow area represents the region in which we expect
a non-negligible contribution from radiation which was not considered when
constructing these numerical DE models. From [9].

closely the ΛCDM trajectory, shown as a red line in Fig. 7.3a. Notice that for
this choice of α1, λ0, there is an alternative stable attractor, P4, which gives a
phantom DE. We set initial conditions to reproduce Ω0

m = 0.31 and evolve the
system to obtain the phase space plot shown in Fig. 7.3a. One can notice that
the phase space is dominated in the past by trajectories moving away from the
unstable point P2. These trajectories can be divided in several groups. The first
one is made by trajectories that leave P2 and reach infinity. Obviously these
correspond to unphysical solutions since the matter density and/or weff would
go to infinity as well. The second group is made of trajectories that leave P2 to
go to P3 and exhibit a cosmological behavior that is very similar to the ΛCDM
one. The third family of trajectories leave P2 to go to P4 that is the phantom
DE attractor, while the fourth family of trajectories is made up by solutions
that leave infinity and go to P4 and P3. It is worth noticing that we find again
the P2 → P1 → P3 transition that we had found for the zero-th order system. In
fact, the eigenvector that corresponds to the positive eigenvalue of P1 is aligned
with the eigenvector that corresponds to the negative eigenvalue of P3 and the
same holds for P1 and P2. As we already discussed, this gives rise to a family of
cosmologically viable trajectories (noticeable in Fig. 7.3a) that move very close
to the heteroclinic orbits connecting these points.
P1 → P6 transition with oscillations. We now investigate numerically a model

which displays a P1 → P6 transition with oscillations (Fig. 7.3b). We obtain
this behavior by setting α1 = 2.4 and λ0 = 1.3. This time we impose initial
conditions such that Ωm = 1 at high redshift (i.e. z = 1000), to evolve the
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system more into the future than in the past. Doing so, we avoid the dominance
of the unstable point P2 and are able to show a richer set of trajectories in the
phase space plot. The most interesting family of trajectories corresponds to
trajectories that either start at P2 or infinity at early times, then pass close to
P1 crossing the Ωm = 1 plane and then move close to P4, and start circling
toward P6. The background cosmology of one of such trajectories is shown in
Fig. 7.4.

P1 → P4 transition. In order to numerically recover a model which displays
a P1 → P4 transition, we choose α1 = −1/2 and λ0 = 0. The points P1 and P2

exhibit basically the same behavior as in the previous models, however for the
chosen values of α1, λ0 both P3 and P4 play the role of a dark energy attractor,
with different weff . This time we impose initial conditions to match the matter
density today. In Fig. 7.3c we can see as a result that we obtain two different
types of trajectories that go from P1 to P4. The first set departs from P2

and, after passing close to the matter saddle point P1, go to the dark energy
attractor P4. The second one starts at infinity, then passes close to P1 and
eventually moves towards P4. We plot the cosmological behavior of a trajectory
that undergoes this transition in Fig. 7.4.

P1 → P6 transition. The last transition we want to discuss corresponds is the
P1 → P6. In order to obtain trajectories with this behavior we set α1 = −2 and
λ0 = −2 and impose appropriate initial conditions in order to have equivalence
between dark matter and dark energy density at the same redshift as the Planck
best fit ΛCDM model [78]. As we can see from the resulting phase space plot in
Fig. 7.3d, the system displays a clear transition from P1 to P6 for the trajectories
that start close to P2. In Fig. 7.4 we show the cosmological behavior of one of
these trajectories.
The selected values for α1, λ0, allow also different types of trajectories, as can
be read off Fig. 7.2. In particular we can recognize two sets of trajectories
that show a P1 to P4 transition. The first set of trajectories starts in P2 and
move toward P1, but are then deviated towards P4 instead of P6. The second
set of trajectories starts at infinity, approaches P1 and then moves towards P4.
Noticeably in the phase space plot in consideration (Fig. 7.3d), one can observe
non-trivial heteroclinic orbits joining P1 and P4, P4 to P3 and P6 to P5.

In summary, from the numerical investigation of the different transitions,
we have learned that in general trajectories that undergo a P1 → P3 transition
are those that closely resemble the ΛCDM cosmology. Models involving other
transitions, such as P1 → P4 or P1 → P6, display trajectories that are quite
different from the ΛCDM one, but still can give viable cosmologies as can be
noticed in Fig. 7.4.

7.5 Second order analysis

We now proceed to the second order by allowing both α0 and α1 to vary, while
fixing α2 and λ0 to constant. The models under consideration will then be
characterized by

Ω̈(t) = Ω̈0a
−α2 , c(t)− Λ(t) = (c− Λ)0a

−λ0 . (7.30)
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As it can be seen from (7.7), α2 is the first of the α′s that does not enter the
core equations (7.7a)-(7.7c); it is therefore from this order on, that we start to
observe some of the effects of the recursive nature of Eqs. (7.7d). As we will
shortly show, the majority of the critical points for the second order system
are just trivial extensions of the critical points of the first order case; they
replicate the values for the coordinates {xc, yc, uc, α0,c} and come in two copies
distinguished by the value of α1, being it equal or different from zero. The latter
difference reflects into a different dynamics for Ω(t), which can be richer for the
points with α1 6= 0 . To highlight this splitting of the points, we shall label
with the subscript a the duplicates of the first order critical points that have
α1 = 0, and with b the duplicates that have (α1 6= 0). This splitting trend will
become regular from the next order on and it will help us in Sec. 7.6 for the
classification of the points at a generic order N .
The details of all the critical points and their stability are shown in Table 3 in
Appendix .1.1. In what follows we briefly comment on the characteristics of the
cosmologically interesting points.

• Matter points
There are two critical points that are matter dominated with weff = 0 and
both of them represents the extension to one higher dimension of the P1

critical point found in the first order analysis. Their coordinates and the
eigenvalues of the linearized system are:

P1a ≡ (0, 0, 0, 0, 0)

µ1 = −3, µ2 = −1, µ3 =
3

2
, µ4 =

3

2
− α2, µ5 = 3− λ0. (7.31)

P1b ≡
(

0, 0, 0, 0, α2 −
3

2

)
µ1 = −3, µ2 = −1, µ3 = 3− α2, µ4 = −3

2
+ α2, µ5 = 3− λ0.

(7.32)

The first one, P1a, is a viable saddle point for λ0 6= 3∧α2 6= 3
2 while the second

one, P1b, is a saddle for λ0 6= 0∧α2 6= 3
2∧α2 6= 3. As we can notice the stability

requirements are quite mild if compared to the constraints that we found at
the previous orders. As a result the vast majority of second order models
will have two cosmologically viable matter configurations distinguished by
the behavior of Ω(t). When passing close to P1a models will be characterized
by Ω̈ � Ω̇ � Ω which means that the coupling to matter will be frozen at
a certain value until the model moves toward dark energy domination. On
the other hand the second configuration corresponds to a matter era in which
Ω(t) has a non-trivial dynamics.

• Stiff-matter points
There are two P2-like critical points with a stiff matter equation of state,
weff = 1:

P2a ≡ (1, 0, 0, 0, 0)

µ1 = 2, µ2 = 3, µ3 = 3, µ4 = 3− α2, µ5 = 6− λ0. (7.33a)

P2b ≡ (1, 0, 0, 0,−3 + α2)

µ1 = 2, µ2 = 3, µ3 = 6− α2, µ4 = α2 − 3, µ5 = 6− λ0. (7.33b)
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Figure 7.5: The left panel shows the results of the stability analysis of the
second order system around P9 (see Appendix .1.1). The panel at the center
illustrates the stability of the system around P6. The right panel shows the
combined results of the second order analysis. Regions in the (α2, λ0) plane
which allow the different transitions discussed in Sec. 7.5 are shown in different
colors. From [9].

Their unstable configuration, which might be relevant for the early stages of
the Universe, can be obtained for α2 < 3 ∧ λ0 < 6 in the case of P2a, and for
P2b is 3 < α2 < 6 ∧ λ0 < 6 in the case of P1. Again the two realizations of
this point correspond to different behaviors of the conformal coupling Ω(t).

• Dark energy points
We have also two DE dominated points from the splitting of the first order
P3 point:

P3a ≡
(
λ0

6
, 1− λ0

6
, 0, 0, 0

)
µ1 = λ0 − 6, µ2 = λ0 − 4, µ3 = λ0 − 3, µ4 =

λ0

2
, µ5 =

1

2
(λ0 − 2α2).

(7.34)

P3b ≡
(
λ0

6
, 1− λ0

6
, 0, 0, α2 −

λ0

2

)
µ1 = α2 −

λ0

2
, µ2 = λ0 − 6, µ3 = λ0 − 3, µ4 = λ0 − 4, µ5 = λ0 − α2.

(7.35)

They both have weff = −1 +λ0/3 and are cosmologically viable late time DE
attractors respectively for (α2 ≥ 0 ∧ λ0 < 0) ∨ (α2 < 0 ∧ λ0 < 2α2) and for
α2 < 0 ∧ λ0 > 2α2 ∧ λ0 < α2.
The other viable DE attractor is the second order equivalent of the dark
energy dominated P6 (7.26):

P6 ≡
(
λ0

2
, 1 +

λ0

2
, 0,−λ0, 0

)
µ1 = λ0 − 4, µ2 = λ0 − α2, µ3 = −3− 3

4
λ0 +

1

4

√
3
√

48 + 8λ0 − 5λ2
0,
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µ4 = λ0 − 3, µ5 = −3− 3

4
λ0 −

1

4

√
3
√

48 + 8λ0 − 5λ2
0, (7.36)

which is an accelerated attractor with a viable equation of state for (α2 >
1 ∧ 0 < λ0 < 1) ∨ (0 < α2 ≤ 1 ∧ 0 < λ0 < α2). From the full stability
graphical analysis, reported in Fig. 7.5, we can notice that this point can be an
accelerated attractor for a wider range of (α2, λ0), however for some intervals
it would have weff < −2, which is a value already excluded by experiments,
e.g. [78], and hence we have considered a more conservative region.

• Radiation points
Two radiation dominated critical points are provided by the splitting of the
first order point P7:

P7a ≡ (0, 0, 1, 0, 0)

µ1 = −2, µ2 = 1, µ3 = 2, µ4 =
3

2
− α2, µ5 = 4− λ0. (7.37a)

P7b ≡
(

0, 0, 1, 0,−3

2
+ α2

)
µ1 = −2, µ2 = 1, µ3 =

7

2
− α2, µ4 = α2 −

3

2
, µ5 = 4− λ0. (7.37b)

They are a saddle respectively for λ0 6= 4 ∧ α2 6= 3
2 and λ0 6= 4 ∧ α2 6=

7
2 ∧ α2 6= 3

2 . A viable radiation era can also be provided by P10 (see Table 3)
which is a radiation-DE scaling critical point. The stability analysis of this
critical point is too complicated to be shown because of the complexity of
its eigenvalues; nevertheless we can deduce the stability conditions for the
configurations of cosmological interest. For instance for α2 = 7

2 this point
supplies a good radiation dominated point which is a saddle if λ0 6= 4. We
cannot instead identify a region of (α2, λ0) where this point would provide a
viable DE candidate.

Combining the above results, we can see that for the second order system there is
a wide variety of possible transitions between viable critical points that will give
rise to a working cosmological model. This is somewhat expected given that we
are moving up the α channel and allowing more and more general behaviors of
the function Ω(t). The combined results of the second order dynamical analysis
are shown in Fig. 7.5. In general the stability requirements for a viable radiation
and matter era are much less stringent than those for the first order system.
Indeed, except for a discrete set of values of α2, λ0, generally there are two points
that can give a radiation era, i.e. P7a or P7b, as well as two points that can
provide a matter era, i.e. P1a or P1b. The values of α2 that do not allow either
a viable matter or radiation critical point are shown in Fig. 7.5 as, respectively,
straight blue and purple lines. A stronger selection of viable regions in the
(α2, λ0) plane is imposed by requiring that the possible DE points, P3a, P3b, P6,
have a proper cosmology and stability.
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7.6 Nth order analysis:
exploiting the recursive nature of the system

In the previous Sections we performed a dynamical analysis of the system (7.7)
cutting the hierarchy of equations (7.7d) at increasingly higher orders, up to
the second, while keeping λ0 constant. At each order we determined the crit-
ical points, their stability and cosmological features. The reason for treating
separately the zero, first and second order is twofold. First, it allows us to
study gradually more and more general models, recognizing at each order some
characteristic features and cosmological viability conditions. Second, since α2

is the first of the α′s not to enter the core equations (7.7a)-(7.7c), we expect
that from the third order up the system will display a regular pattern in the
critical points that reflects the recursive structure of the equations (7.7d). We
saw glimpses of this pattern already in the second order system in 7.5, but it
is not until we have N ≥ 3 that it displays fully. We will now exploit this fea-
ture to reconstruct the dynamical properties of the system at any given order
N ≥ 3, building on the findings of the lower order analyses. We neglect radia-
tion for simplicity (our results can be easily extended to include it), so we are
left with an N +2 dimensional system for the variables {x, y, α0, α1, . . . , αN−1}.
When writing the coordinates of the critical points we use the general structure
(xc, yc, α0,c, α1,c, αn,c), with n = 2, .., N − 1, which allows us to treat separately
α0, α1 from αn with n ≥ 2, given that the former enter the core equations (7.7a)-
(7.7c) and do not obey the general rules that we are about to derive.

By looking at system (7.7), one notices that the set of variables {x, y, α0}
depends on the αn, n ≥ 2, only through α1. We can therefore use α1 as
a pivot variable and split the original system into two blocks: the block of
equations (7.7a), (7.7b), (7.7d) with n = 1 and the block of equations (7.7d)
with n ≥ 2. We start by solving the equations of the first block, and determine
solutions for (xc, yc, α0,c) as functions of α1. We then turn to the second block
and notice that one can generally distinguish two cases: those characterized
by α1,c = 0 and those with α1,c 6= 0. In the former case, the two blocks are
independent, while in the latter all the coordinates of the critical points will
be affected by the equations of the second block. The general structure of the
points for which α1 = 0 can then be recovered as follows. One starts solving the
first block of equations, which can be done quite straightforwardly, to determine
{xc, yc, α0,c}. Then one turns the attention to the second block, with n ≥ 3 since
α1,c = 0, and finds that there are three types of general solutions for this block:
one in which all αn,c = 0, the second where all αn,c 6= 0 and the last case in
which there will be different combinations of α′s equal or not to zero (hence
the name combinations in what follows). A combination is specified by the
location of all the zero terms; once these are given, the values of the α′s 6= 0
are uniquely determined and can be reconstructed, after some lengthy algebra,
solving the corresponding equations. Let us illustrate the general rules for the
specific expressions of the non-zero α′s, by using the following representative
combination:

αn,c ≡ ( 0, . . . , 0︸ ︷︷ ︸
block = 0

, αq,c, . . . αj,c . . . , αs,c︸ ︷︷ ︸
block 6= 0, j=q,...s

, 0, . . . , 0︸ ︷︷ ︸
block = 0

,
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. . . αj,c . . .︸ ︷︷ ︸
block 6= 0

, 0, . . . , 0︸ ︷︷ ︸
block = 0

, αk,c, ...αl,c..., αN−1,c︸ ︷︷ ︸
block 6= 0, l=k,...,N−1

). (7.38)

The elements in the non-zero blocks which are followed by a zero block have:

αj,c = (s+ 1− j) Ḣ
H2

, (7.39)

where q ≤ j ≤ s, with αq being the first non-zero term in the block and αs
the last one. The particular combination shown in (7.38) ends with a non-zero
block; the elements of such a block obeys the following specific rule:

αl,c = αN + (N − l) Ḣ
H2

, (7.40)

where k ≤ l ≤ N − 1, with αk being the first non-zero term in the block. Every
time we substitute into (7.39) and (7.40) the specific value of Ḣ/H2(xc, yc, α0,c, α1,c)
that corresponds to the point in consideration.

The solutions for which the variable α1 assumes a non-zero value are a little
trickier to treat as the components (xc, yc, α0,c) of the critical points will be
affected by the equations of the second block, we find that also in this case the
critical points can generally be separated in the three above cases based on the
structure of the αn, n ≥ 2, block for which the general rules (7.39)-(7.40) still
apply.

Using the above technique we are able to reconstruct all the critical points
of system (7.7) at a given order N . In particular, we find that they can be
organized in families characterized by the same cosmological behavior. These
families, in most of the cases, can be directly connected to the critical points
that we have analyzed in the previous Sections, as expected because of the
structure of our system and its invariant manifolds (as mentioned at the end of
the introductory part of Sec. 7.1). Therefore one can identify the main critical
points of cosmological interest, or in other words get a good sense of the cos-
mologies encoded in the EFT formalism, already at the lower orders. Going to
higher orders allows to analyze more and more general models.

In what follows we describe only the families of critical points that allow
for a viable cosmology, leaving the discussion of the remaining critical points
for Appendix .1.2. We generally indicate with s the position of the last term
in a non-zero block within the combination, and with k the position of the
first non-zero term in the last non-zero block that, for some cases, closes the
combination.

• Matter points:

This family includes 2N−1, P1-like, critical points characterized by a well
defined cosmology (Ωm = 1):

P1a ≡ (0, 0, 0, 0, αn,c = 0), (7.41a)

P1b ≡
(

0, 0, 0, αN −
3

2
(N − 1) , αn,c = αN −

3

2
(N − n)

)
, (7.41b)

P1c ≡ (0, 0, 0, combinations). (7.41c)

The latter point includes all (2N−1 − 2) possible combinations constructed
via Eqs. (7.39) and (7.40) with Ḣ/H2 = −1. All critical points correspond to
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matter domination, therefore, instead of performing the full stability analysis,
we simply determine the intervals for which they are saddle points. The
eigenvalues of the linearized system around P1a and P1b are:

P1a :µ1 = −3, µ2 =
3

2
− αN , µ3 = 3− λ0, µ4 = · · · = µN−1 =

3

2
, (7.42a)

P1b :µ1 = −3, µ2 =
3

2
N − αN , µ3 = 3− λ0,

µ4 = · · · = µN−1 = αN −
3

2
(N − h), (7.42b)

where h = 1, .., N − 1. As we can see these points have only one possible
stability configuration having two eigenvalues of opposite sign, therefore as
long as they are hyperbolic they are saddles. The first one is hyperbolic
if λ0 6= 3 and αN 6= 3/2 while for the second one we should have αN 6=
3
2 (N − h), αN 6= 3

2N and λ0 6= 3. As for the last sub-family of critical points,
P1c, the analysis of the eigenvalues reveals that this is a set of saddle points
regardless of the particular combination as for each combination at least two
eigenvalues have opposite sign. Despite the complexity of the structure of
the combinations, we are able to determine that all of them are hyperbolic if:
λ0 6= 3 and αN 6= 3

2 (N − h) with h = 1, . . . , N − 1.

• Stiff-matter points:

P2a ≡ (1, 0, 0, 0, αn,c = 0), (7.43a)

P2b ≡ (1, 0, 0, αN − 3(N − 1), αn,c = αN − 3(N − n)) , (7.43b)

P2c ≡ (1, 0, 0, combinations), αj,c = −3(s+ 1− j) , αl,c = αN − 3(N − l).
(7.43c)

The points in this family have ΩDE = 1 and weff = 1, therefore representing
a set of 2N−1 stiff-matter critical points. The structure and the cosmology of
these critical points suggest a similarity with the P2 critical point we analyzed
in the previous Sections. These critical points could be of interest in the early
stages of the Universe as unstable critical points [194], which is the only
configuration we analyze in what follows. The first two critical points have
eigenvalues:

P2a :µ1 = 3− αN , µ2 = 6− λ0, µ3 = µ4 = · · · = µN−1 = 3, (7.44a)

P2b :µ1 = 3, µ2 = 3N − αN , µ3 = 6− λ0,

µ4 = · · · = µN−1 = αN −
3

2
(N − 1− h) , (7.44b)

where h = 1, .., N − 1. The first critical point is unstable for αN < 3∧λ0 < 6
while the unstable configuration of the second one is obtained if 3/2 (N − 2) <
αN < 3N∧λ0 < 6. For the last sub-family, P2c, there is only one combination
which shows an unstable configuration and it is the one with α1 = 0 and
αn,c 6= 0 for n = 2, . . . , N−1 which is unstable if λ0 < 6∧3 < αN < 3(N−1).
Most of the other combinations are saddle points.
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• Dark Energy points:

P3a ≡
(
λ0

6
, 1− λ0

6
, 0, αn,c = 0

)
, (7.45a)

P3b ≡
(
λ0

6
, 1− λ0

6
, 0, αN −

λ0

2
(N − 1) , αn,c = αN −

λ0

2
(N − n)

)
,

(7.45b)

P3c ≡
(
λ0

6
, 1− λ0

6
, 0, combinations

)
,

αj,c = −(s+ 1− j)λ0

2
, αl,c = αN −

λ0

2
(N − l). (7.45c)

This family corresponds to a set of 2N−1 DE dominated critical points with
ΩDE = 1 and weff = λ0

3 − 1. From the structure of these points we can
immediately recognize a similarity with the P3 critical point analyzed in the
previous Sections. We are interested in the stable configuration for this family.
The eigenvalues of the system around the first two points are:

P3a :µ1 = λ0 − 6, µ2 = λ0 − 3, µ3 =
λ0

2
− αN , µ4 = · · · = µN−1 =

λ0

2
,

(7.46a)

P3b :µ1 = λ0 − 6, µ2 = λ0 − 3, µ3 =
λ0

2
,

µ4 = · · · = µN−1 =
λ0

2
+ αN −

3

2
(N − h+ 1), (7.46b)

where h = 1, . . . , N − 1. The stability analysis reveals that P3a is a stable
accelerated attractor if (αN > 0 ∧ λ0 < 0) ∨ (λ0 < 2αN ∧ αN ≤ 0) while P3b

displays this cosmological behavior if (λ0 < 0 ∧ αN ≤ 3) ∨ (αN > 3 ∧ λ0 <
6− 2αN ). The last sub-family P3c does not contain any stable solution, and
as a consequence will be not further considered.

The points discussed above represent all the hyperbolic, cosmologically viable,
critical points of the system (7.7) at a given order N ≥ 3 (with λ0 = constant).
Since we neglected radiation, the families of critical points which are of cos-
mological interest and that can be used to construct transitions from a matter
era to a DE one are, respectively, the P1-like and P3-like family. Each family
contains several critical points, therefore there are many possible specific tran-
sitions; in particular at a given order N , there are 2N−1 matter points and 2
DE points. Analogously to what happens in the second order case, the intervals
of cosmological viability for (αN , λ0) are strongly influenced by the stability re-
quirements of the DE points, while the requirements for a good matter era are
significantly easier to satisfy, and only exclude some values. Once one selects
the values of (αN , λ0) according to the intervals reported above, the trajectories
of the dynamical system will generally start at early times in the neighborhood
of a P2-like unstable node then approach a P1-like matter point, finally moving
away from it heading towards a P3-like de-Sitter attractor. Different trajectories
will correspond to different behaviors of the EFT functions Ω(t) and c(t). Let
us conclude pointing out that viable transitions have λ0 < 0, which implies that
c(t) − Λ(t) will be a growing function of time for all viable trajectories at the
N th order.
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7.7 Chapter Summary

In this chapter we performed a thorough dynamical analysis of the background
cosmology within the EFTof DE/MG formalism [162, 163]. In particular we
investigated general conditions of cosmological compatibility for the three func-
tions of time that describe the background dynamics in this formalism (EFT
functions). While the system of equations is underdetermined, we identified
a set of variables that allows one to transform it into an infinite-dimensional
system characterized by an important recursive structure. We then studied sev-
eral autonomous cases of increasingly higher dimension corresponding to more
and more general models of dark energy and modified gravity within the EFT
framework. Furthermore, exploiting the recursive nature of the full system of
equations, as well as our findings at the lower orders, we drew some general
conclusions on its dynamics and cosmological behavior.

Our set of dynamical variables contains two infinite series of variables αn
and λm, defined as ratios of subsequent derivatives of, respectively, the EFT
functions 1+Ω and c−Λ, (7.6). These variables are such that their corresponding
equations assume a hierarchical structure, that we exploit throughout the paper.
One can truncate these series at any desired order, and study the corresponding
autonomous system. We focused on the α channel, keeping always λ0 constant.
In other words, we focused on the class of models for which c−Λ is a power law
in the scale factor, while the conformal factor Ω can be increasingly general as we
go up with the order. Alternatively one could fix Ω to a constant and open the
λ channel, which would correspond to exploring all minimally coupled models
of DE. Finally, one could work with both channels and, for instance, explore,
within this parametrized framework the full class of Horndeski theories [192].
While we leave the former for future work, we want to stress that the machinery
set up in this paper is general and easily applicable to the other cases mentioned
above.

As we showed in (7.12), our set up allows us to find a general expression
for Ω consisting, at a given order N , of a Taylor expansion of order N − 1 in
time and the corresponding remainder that is parametrized in terms of αN .
Since we include the remainder, increasing the order of the analysis is not a
matter of increasing the precision of the Taylor expansion but rather it allows
the investigation of a wider class of models of dark energy and modified gravity
with the most diverse coupling. An analogous argument could be repeated for
c− Λ.

Focusing on the α variables, while keeping λ0 constant, we analyzed the
system at increasingly higher order. At each order we found the critical points
and analyzed their stability and cosmological nature, determining regions in the
plane (αN , λ0) which allow for viable cosmological trajectories. The simplest
case we analyzed was the zero-th order one, obtained setting α0 to constant. It
corresponds to a power law behavior for the EFT functions. After finding the
critical points, we performed a stability analysis and determined the cosmology
of each point as function of α0, λ0. The general result of the zero-th order
analysis is that viable cosmological models can be recovered setting α0 = 0 and
λ0 ≈ 0 and there is really only one viable transition between cosmologically
interesting critical points. Given that α0 = 0, the corresponding models will
be characterized by a constant conformal factor Ω, which is just a rescaling of
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the Planck mass. In Sec. 7.3.1 we showed how these findings, projected onto
models of quintessence, imply that a quintessence model with a potential which
is a power law in the scale factor, cannot have a power law behavior for Ω and
therefore, at this order is forced to be minimally coupled. We then proceeded
with the analysis of the first and second order systems, finding, as expected, a
richer set of cosmologies. We identified respectively the (α1, λ0) and (α2, λ0)
regions which result in cosmologically compatible EFT functions.

At the second order we started to notice some reflections of the recursive
nature of the equations for the α′s . In particular, we found that the majority
of the critical points for the second order system are just trivial extensions of
the critical points of the first order case, that come in two copies with similar
cosmology but a different dynamics of the conformal factor Ω(t). The recursive
nature of the dynamical system fully displays when N ≥ 3, which is part of
the reason why we treated separately the zero, first and second order cases.
In Sec. 7.6 we showed how to exploit this recursive feature to reconstruct the
critical points, their stability and their corresponding cosmological dynamics
at any given order N ≥ 3. We identified regions in (αN , λ0, N) space that
allow compatible forms of the EFT functions; in particular, all viable models
correspond to a function c− Λ that grows in time.

Our methodology offers a general tool to perform the dynamical analysis of
dark energy and modified gravity models within the EFT language.
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Chapter 8

Implementation in CAMB

We implemented the EFT approach to DE/MG in the public Einstein-Boltzmann
solver CAMB: Code for Anisotropies in the Microwave Background [104]. The
resulting code, which we dub EFTCAMB, is a powerful and versatile tool that
can be used for several objectives. It can be employed to evolve the full dy-
namics of linear scalar perturbations of a broad range of single field dark energy
and modified gravity model, once the model of interest is mapped into the EFT
formalism. It offers a numerical implementation of EFT as a model-independent
framework to test gravity on cosmological scales.

In this chapter we review the implementation of the EFT formalism in
CAMB and we show the reliability and applicability of our code by evolving the
dynamics of linear perturbations and extracting predictions for power spectra
in different models. In particular we extract predictions for linear observables
in some parametrized EFT models with a phantom-divide crossing equation of
state for dark energy.

One of the virtue of the EFTCAMB code is that it does not rely on any
quasi-static (QS) approximation but still allows for the implementation of spe-
cific single field models of DE/MG. When fitting to data or performing forecasts
for upcoming surveys, one generally focuses on sub-horizon scales and neglects
the time derivatives of the gravitational potentials and scalar fields w.r.t. their
spatial gradients, i.e. one assumes the QS regime. In Fourier space, this brings
the Einstein and scalar field equations to an algebraic form and simplifies signif-
icantly both the theoretical and the numerical setup. While the QS description
of the growth of structure generally might give a good representation of the
evolution on sub-horizon scales (see e.g. [195] for an analysis in f(R) gravity),
it might loose out on some dynamics at redshifts and scales that would leave an
imprint within the reach of some ongoing and upcoming surveys [196, 197].

At the level of model-independent tests of gravity, implementations that do
not employ the QS approximation are the Parametrized Post-Friedmann (PPF)
modules of [119, 198] as well as MGCAMB [199, 200]. The former uses a full
set of equations for all linear scales, obtained by the interpolation between the
super-horizon and the QS regime and it relies on three free functions and one
parameter; however, in order to study specific models, one needs to work out
interpolations and fits to the these functions and parameters for each case. The

87
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latter relies on a generic parametrization of the Poisson and anisotropy equation
to form a complete and general set of equations for all linear scales, allowing for
model-independent analysis of modified growth such as those of [137, 126, 147];
however, one has to restrict to the QS regime in order to study a specific model.
We shall mention also ISiTGR [135, 139], which is an integrated set of modified
modules for use in testing whether observational data are consistent with general
relativity on cosmological scales.

Our code solves the full Klein-Gordon equation for the Stückelberg field, as
opposed to macroscopic hydrodynamic/fluid treatments [141, 201, 202]. This
allows us to maintain an approach which is closer to the true nature of the
theory as well as to have a direct control and easier interpretation of the possible
instabilities related to this d.o.f. as we discuss in Sec. 6.5. Furthermore, with our
method we can easily evolve perturbations in models that cross the phantom-
divide, as we will illustrate in Sec. 8.4.

In this chapter we focus on the prediction of cosmological observables of in-
terest for ongoing and upcoming surveys, in particular showing outputs of our
code for the CMB temperature-temperature auto-correlation, the CMB lensing
potential auto-correlation, the cross-correlation between temperature and lens-
ing potential for the CMB and the matter power spectrum. In particular we
study cosmological predictions for a ghost-free power law parameterizations of
the EFT background functions that display a phantom-divide crossing back-
ground.

We refer the reader to Part III for a discussion of the specific models that
have been implemented in EFTCAMB, their phenomenology and observational
constraints.

8.1 Code implementation of the background cos-
mology

In this section we focus on the treatment of the cosmological background for
pure EFT models. In this approach we fix the expansion history to the desired
one. We can then use Eqs. (6.5)-(6.6) to determine two of the EFT background
functions {Ω,Λ, c} in terms of the third one. It turns out to be convenient to
solve for c and Λ in terms of Ω:

c = −m
2
0Ω̈

2a2
+
m2

0HΩ̇

a2
+
m2

0(1 + Ω)

a2
(H2 − Ḣ)− 1

2
(ρm + Pm), (8.1)

Λ = −m
2
0Ω̈

a2
− m2

0HΩ̇

a2
− m2

0(1 + Ω)

a2
(H2 + 2Ḣ)− Pm. (8.2)

We then use the EFT designer approach discussed above to get c,Λ and ei-
ther (6.10) or the prescription described below (see Eq. (8.5)) to get the Q
quantities.

For the actual implementation of the pure EFT cases, we fix the expansion
history to

H2 =
8πG

3
a2(ρm + ρDE), (8.3)
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with

ρDE = 3H2
0M

2
PΩ0

DE exp

[
−3

∫ a

1

(1 + wDE(a′)) d ln a′
]
, (8.4)

where wDE represents the equation of state of the effective dark energy com-
ponent and can be set accordingly to the model that one wants to study. In
particular we will consider the following three cases:

- wDE = −1, corresponding to a ΛCDM expansion history;

- wDE = const 6= −1, we will refer to this case as wCDM;

- wDE(a) = w0 +wa(1−a), i.e. the CPL parametrization [203, 204], where
w0 and wa are constant, respectively the value and the derivative of wDE

today.

Other parametrizations for the DE EoS are available in the EFTCAMB code
and are covered in Appendix .2.5.

From a comparison of (6.8), (6.9) with (8.3), (8.4), one obtains the following
correspondence:

ρQ = (1 + Ω) ρDE + Ωρm ,

PQ = (1 + Ω)PDE + ΩPm . (8.5)

After fixing wDE, we use (8.5) to determine the Q quantities; we then choose
an Ω(τ) and use (8.1) and (8.2) to get c and Λ. Let us note that the quan-
tity ρDE represents one possible way of modeling the contribution of the dark
component, alternative to the quantity ρQ introduced above. The Q and DE
quantities coincide in the case Ω = 0, i.e. when the dark sector is minimally
coupled to gravity. However, when Ω 6= 0, Eq. (6.10) gives a more proper repre-
sentation of the effective scalar d.o.f. of the dark sector, taking into account the
coupling to matter and the corresponding exchange of energy between the dark
and the matter sectors. In fact, the continuity equation (6.11) and that one
for (8.4) coincide when Ω̇ = 0, while for Ω̇ 6= 0 the density ρQ receives an extra
contribution from the coupling to matter. We choose to formulate the designer
approach for our code in terms of (ρDE, wDE), which allows for a more direct
implementation of the background cosmology in CAMB. However, we express
the equations for linear perturbations in terms of the Q quantities, as it is usu-
ally done in the EFT framework, since those better represent the contributions
to the evolution of perturbations from the EFT dark component.

While in the linearly perturbed equations of next Section we keep c and
the Q quantities, we implicitly assume that once the background is fixed, those
will be expressed in terms of the expansion history and Ω via a combination
of (8.1), (8.2) and (8.5) for the pure EFT cases.

8.2 Numerically Evolving Perturbations

After the expansion history is sorted out the EFTCAMB code solves consistently
perturbations around the given background, following Section 6.4.

In our numerical setup, we set the standard initial conditions for matter
components and curvature perturbations in the radiation dominated epoch, at



90 CHAPTER 8. IMPLEMENTATION IN CAMB

a time when the corresponding momentum mode re-enter the horizon. For the
Stückelberg field instead, we set initial conditions at a later time, corresponding
to aπ = 0.01. The reasons for this choice are several. First of all, we are
interested in the late time accelerating universe and we typically want our theory
to reproduce standard GR at early times (a < aπ). In other words, we expect
the Stückelberg field not to be excited at early times. This fact also makes
initial conditions for this scalar field less motivated at deep redshift, when the
other matter components initial conditions are instead well defined. Finally,
from the numerical point of view, the system is more easily controlled since, not
evolving the π equation at early times, we avoid some potential high frequency
dynamics that would make the integration time longer, while keeping track of
the underlying mode of evolution of the scalar field. Indeed, since the equation
of motion for the Stückelberg field, (6.19), is coupled to metric and matter
perturbations, which behaves as an external driving source, we set the π field
to trace the dynamics of the source at times earlier than aπ. In this way we can
get regular and proper initial conditions for the π field at aπ, while avoiding
potential high frequency dynamics around the underlying growing mode which
anyhow are not expected to leave imprints on physical observables.

8.3 Cosmological Observables

In view of using our code to test gravity with upcoming and future cosmolog-
ical surveys, the observables of interest are all the two-point auto- and cross-
correlations between Weak Lensing, Galaxy Clustering and the CMB. In this
section we show outputs of our code for the temperature-temperature auto-
correlation, the CMB lensing potential auto-correlation, the cross-correlation
between temperature and lensing potential for the CMB and the matter power
spectrum.

It is expected that the dynamics of the Stückelberg field will mainly affect the
time evolution of the metric potentials and matter perturbations at late times.
Therefore we expect to see the more noticeable effects in observables such as the
ISW effect of the CMB and WL. The former is a secondary anisotropy induced
by the time evolution of the Weyl potential (ψ ≡ (Φ + Ψ)/2 in Newtonian
gauge 1) at late times. The latter involves the distortion of light rays when they
pass close to clustering objects, such as galaxies and clusters; it is sourced by
the spatial gradients of the Weyl potential. During the accelerated epoch, no
significant polarization modes of the CMB photon are generated, therefore we
will not consider them here.

The CMB temperature angular spectrum can be computed via the line of
sight integration method [205]

CTT` = (4π)2

∫
dk

k
P(k)

∣∣∣∆T
` (k)

∣∣∣2, (8.6)

where P(k) = ∆2
R(k) is the primordial power spectrum and the radiation trans-

1where we assume the following convention for the Newtonian gauge: ds2 = a2(τ)[−(1 +
2Ψ)dτ2 + (1 − 2Φ)dx2]. The gauge transformations between Newtonian and synchronous
gauges are given by: Ψ = σ̇∗/k +Hσ∗/k, Φ = η −Hσ∗/k.
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fer function

∆T
` (k) =

∫ τ0

0

dτ eikµ(τ−τ0)ST(k, τ)j`[k(τ0 − τ)] (8.7)

is sourced by

ST(k, τ) =e−κ
(
η̇ +

σ̈∗
k

)
+ g

(
∆T,0 + 2

σ̇∗
k

+
v̇B

k
+

Π

4
+

3Π̈

4k2

)

+ ġ

(
σ∗
k

+
vB
k

+
3Π̇

4k2

)
+

3

4k2
g̈Π , (8.8)

where τ0, µ, κ, g, ∆T,0, vB and Π are, respectively, the present conformal
time, angular separation, optical depth, visibility function, intrinsic CMB den-
sity perturbations at the last scattering surface, velocity of baryonic matter
and total anisotropic stress of normal matter (which includes CMB photons,
massless/massive neutrino). Since the recombination of electrons and protons
happens very fast, the visibility function g peaks sharply at that early moment,
so we do not expect the Stückelberg field to affect the terms proportional to the
visibility function and its derivatives. As already discussed, the only relevant
term of (8.8) for our analysis is the ISW one, which can be expressed as follows:

σ̈∗ + kη̇ =− 2Hσ̇∗ − 2Ḣσ∗ +
vm

1 + Ω

a2(ρm + Pm)

m2
0

− 1

k(1 + Ω)

d

dτ

(
a2P

m2
0

Π

)
+

kπ

1 + Ω

a2(ρQ + PQ)

m2
0

+
Ω̇

1 + Ω

[
kHπ − σ̇∗ +

1

k(1 + Ω)

a2P

m2
0

Π

]
.

(8.9)

(8.10)

As for WL, we calculate its angular power spectrum following the convention
of [206]:

Cψψ` = 4π

∫
dk

k
P(k)

[∫ χ∗

0

dχ Sψ(k; τ0 − χ)j`(kχ)

]2

, (8.11)

where the source Sψ is given in terms of the transfer function of the Weyl
potential ψ, i.e.:

Sψ(k; τ0 − χ) =2Tψ(k; τ0 − χ)

(
χ∗ − χ
χ∗χ

)
, (8.12)

Tψ(k, τ) =
σ̇∗ + kη

2

=
1

2

[
−2Hσ∗ + 2kη − 1

k(1 + Ω)

a2P

m2
0

Π− Ω̇

1 + Ω
(σ∗ + kπ)

]
.

(8.13)

Conventionally, the line of sight integral in the lensing source is expressed in
terms of comoving distance χ. Here χ∗ is the comoving distance of the source
objects. Since ISW and WL are sourced by the same potential, one being
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sensitive to time derivatives and the other to spatial gradients of the Weyl
potential, it is expected that the two effects are strongly correlated and this
correlation produces a non-zero cross-spectrum CTψ

` [207]:

CTψ
` = 4π

∫
dk

k
P(k)

{∫ τ0

0

dτ eikµ(τ−τ0)e−κ(Φ̇ + Ψ̇)j`

[
k(τ0 − τ)

]
×∫ τ0

τ∗

dτSψ(k; τ)j`

[
k(τ0 − τ)

]}
, (8.14)

with τ∗ denoting for the conformal time at recombination.

Finally, the matter power spectrum can be computed via

P (k) =
2π2

k3
P(k)∆T(k)2, (8.15)

with the matter transfer function defined as [208]

∆T(k) =
δm(k, z = 0)δm(0, z =∞)

δm(k, z =∞)δm(0, z = 0)
, (8.16)

which describes the evolution of matter density perturbations through the epochs
of horizon crossing and radiation/matter transition. A proper calculation of
∆T(k) requires that in our code we take all types of non-relativistic matter into
account, and follow the growth of each mode outside and inside the horizon.

8.4 Some Numerical Results

In this Section we showcase the reliability and scope of EFTCAMB by com-
menting on some numerical results. While we have all the necessary ingredients
to consider models which involve also second order operators in action (6.1), for
the numerical analysis of this section we focus on the cases that involve only the
background operators. The examples that we present should convey the wide
range of applicability of our code.

EFTCAMB can, in fact, be used to fulfill the true purpose the EFT for-
malism has been envisaged for, i.e. a framework for model-independent tests
of gravity on cosmological scales. To this extent, presumably one fixes the ex-
pansion history as discussed in [162, 163] and briefly reviewed in Sec. 6.3, and
then focuses on the dynamics of cosmological perturbations studying the effects
of the different operators in action (6.1). In this case it is necessary to select
some parametrization for the functions of time multiplying the operators under
consideration. Restricting to the background operators, we show the outputs
for power law parameterization of the remaining EFT free function Ω(a) with
a phantom-divide crossing background.

Throughout this section we will always use the following cosmological pa-
rameters: H0 = 70 Km/s/Mpc, Ωb = 0.05, Ωc = 0.22, TCMB = 2.7255 K.

On the lines of Sec. 6.3 for the pure EFT cases, we fix the desired expansion
history and we make a choice for Ω(a), deriving the remaining quantities from
the EFT designer procedure.
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Figure 8.1: Power spectra of several cosmological observables for parametrized
EFT models with a phantom-divide crossing background. The red solid line
represents predictions for the ΛCDM model. Dashed lines portray models cor-
responding to several choices of parameters defining the function Ω. Upper
panels: CMB temperature power spectra; central panels: lensing-temperature
cross-correlation (left) and the lensing potential power spectra (right); lower
panels: total matter power spectra (left). See Sec. 8.4 for a detailed explana-
tion. From [8].

Here we consider power laws for Ω and we set:

Ω(a) = Ω0a
n , (8.17)

which gives an Ω analogous to the one of the BZ parametrization of f(R) models
when Ω0 = −B0Ωm/2 and n = 3, as we will discuss in Chapter 10. We fix the
expansion history to be the one of a dark energy model displaying an extreme
phantom-divide crossing which is a phenomenological feature that is naturally
and consistently accounted for by the EFT approach. Let us stress that with
our code we have checked that these models satisfy the stability constraints
listed in Sec. 6.5. In this case, given that we are not choosing a specific model
of DE/MG, but rather a form for Ω, these stability requirements acquire the
meaning of a validity check on the time dependence of the EFT functions in view
of the corresponding behavior of the perturbations. In particular, the stability
conditions will constrain the parameter space describing the expansion history,
(w0, wa), and Ω, in this case n, offering a complementary constraining power.

We plot the resulting power spectra in Fig. 8.1 for two ghost-free phan-
tom model: n = 1, 4 and Ω0 = −0.3 in two different background specified by
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(w0 = −1.2, wa = 0.3) and (w0 = −1.5, wa = 0.5). We shall outline here some
interesting features. We can notice that the CMB power spectrum at small
scales is mostly influenced by the change in the expansion history while all the
other observables are more sensitive to the change in the power law exponent.
Between the linear (n = 1) and the non-linear (n = 4) models we can see a
pronounced qualitative difference while the different expansion histories induce
just quantitative changes. This is particularly clear in the ISW part of the
CMB temperature power spectrum, in the lensing potential and in the lensing-
temperature cross correlation. Interestingly enough we see that the effects on
the total matter power spectrum are limited even if the models that we consid-
ered are chosen to be rather extreme. At last we notice that no pathological
feature arises in these spectra associated to the crossing of the phantom-divide.

8.5 Chapter Summary

In this chapter we presented an implementation of the EFT framework in the
publicly available CAMB code. The resulting product, which we dubbed EFT-
CAMB, is a full versatile Einstein-Boltzmann code which allows a thorough
investigation of linear scalar cosmological perturbations in general theories that
approach the phenomenon of cosmic acceleration. Our code has several advan-
tages.

EFTCAMB does not rely on any QS approximation, solving instead the full
dynamics of scalar perturbations on all linear scales. The latter is an important
feature for several reasons; it allows the exact implementation of any given single
field DE/MG model that can be cast into the EFT language, without need
of resorting to sub-horizon approximated expressions which often correspond
to solutions of the theory. It also ensures that we do not miss out on any
potential sub-horizon dynamics of the scalar d.o.f. which in some cases could
be non-negligible and could leave an imprint on cosmological observables within
the reach of ongoing and upcoming surveys. To this extent, we presented an
example of signature on the small scales of the CMB lensing potential angular
power spectrum from the sub-horizon dynamics of the scalaron in f(R) models.
Effects like the latter will be measured at increasing accuracy in the next years,
and our code offers a way to exploit these data as complementary tests of gravity.

Our code can handle very general expansion histories, ranging from the
ΛCDM one to phantom-divide crossing ones. In this paper we presented results
for models with a ΛCDM, wCDM and CPL background (including phantom-
divide crossing models). The time-varying case is implemented in such a way
that the contribution to perturbations coming from the evolution of the dark
energy equation of state, is consistently taken into account. Finally, our code
has a built-in check for theoretical viability of the model under consideration. In
other words, in order to ensure that the underlying theory of gravity is physically
acceptable we impose on the EFT operators some stability conditions and the
code automatically checks that they are satisfied before proceeding with the
evolution of the equations. In particular we require: a positive Newtonian
constant, absence of ghost instabilities, absence of super-luminary propagating
perturbations and, finally, a positive mass of the extra scalar degree of freedom.

We used the pure EFT approach, i.e. we chose an expansion history and
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a parametrized form for the EFT function Ω and again explored signatures
on power-spectra observables. In this case we focused on backgrounds with a
phantom-divide crossing demonstrating how within the EFT framework there
is no special pathology arising when wDE = −1 is crossed.
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Chapter 9

Observational Results

In the previous Chapter we introduced EFTCAMB, a patch which implements
the EFT formalism for DE/MG models into the public Einstein-Boltzmann
solver CAMB [104]. As such, the code can be used to investigate the implica-
tions of the different EFT operators on linear perturbations as well as to study
perturbations in any specific DE or MG model that can be cast into the EFT
language, once the mapping is worked out.

Along with EFTCAMB we have developed a modified version of the Markov-
Chain Monte-Carlo code CosmoMC [105], that we dubbed EFTCosmoMC. In
combination with the check for stability of the theory embedded in EFTCAMB,
it allows to explore the parameter space of models of cosmic acceleration under
general viability criteria that are well motivated from the theoretical point of
view.

In this chapter we illustrate the use of these patches in exploring parametrized
DE/MG models, obtaining constraints on different models within the EFT
framework, using several cosmological data sets.

9.1 EFTCosmoMC: sampling of the parameter
space under stability conditions

To fully exploit the power of EFTCAMB we equipped it with a modified ver-
sion of the Markov-Chain Monte-Carlo code CosmoMC [105] that we dubbed
EFTCosmoMC. The complete code now allows to explore the parameter space
performing comparisons with several cosmological data sets, and it does so with
a built-in stability check that we shall discuss in the following.

In the EFT framework, the stability of perturbations in the dark sector
can be determined from the equation for the perturbation π, which is an in-
homogeneous Klein-Gordon equation with coefficients that depend both on the
background expansion history and the EFT functions [162, 163, 8]. Following
the arguments of [166], in the previous Chapter and in [8] we listed general via-
bility requirements in the form of conditions to impose on the coefficients of the
equation for π; these include a speed of sound c2s ≤ 1, a positive mass m2

π ≥ 0
and the avoidance of ghost. Furthermore we required a positive non-minimal

97
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coupling function, i.e.1 + Ω > 0, to ensure a positive effective Newton constant.

When exploring the parameter space one needs to check the stability of the
theory at every sampling point. While this feature at first might seem a draw-
back, however, it is one of the main advantages of the EFT framework and
a virtue of EFTCAMB/EFTCosmoMC. Indeed, as we outlined in [8], check-
ing the stability of the theory ensures not only that the dynamical equations
are mathematically consistent and can be reliably numerically solved, but also,
perhaps more importantly, that the underlying physical theory is acceptable.
This of course is desired when considering specific DE/MG models and, even
more, when adopting the pure EFT approach. In the latter case indeed, one
makes a somewhat arbitrary choice for the functional form of the EFT functions
and satisfying the stability conditions will ensure that there is an underlying,
theoretically consistent model of gravity corresponding to that given choice.

Imposing stability conditions generally results in a partition of the param-
eter space into a stable region and an unstable one. In order not to alter
the statistical properties of the MCMC sampler, like the convergence to the
target distribution, when dealing with a partitioned parameter space we imple-
ment the stability conditions as priors so that the Monte Carlo step is rejected
whenever it would fall in the unstable region. We call these constraints viabil-
ity priors as they represent the degree of belief in a viable underlying single
scalar field DE/MG theory encoded in the EFT framework. We would like
to stress that they correspond to specific conditions that are theoretically well
motivated and, hence, they represent the natural requirements to impose on a
model/parametrization. One of the virtues of the EFT framework, and con-
sequently of EFTCAMB/EFTCosmoMC, is to allow their implementation in a
straightforward way.

9.2 Linear EFT Observational Results

We start our exploration of cosmological constraints on DE/MG theories with a
pure EFT model. We adopt the designer approach choosing two different models
for the expansion history, the ΛCDM one and the wCDM one (corresponding to
a constant dark energy equation of state). As we explained in Section 8.1, after
fixing the background expansion history one can use the Friedmann equations
to solve for two of the three EFT background functions in terms of the third
one; as it is common, we use this to eliminate Λ and c. We are then left with Ω
as a free background function that will leave an imprint only on the behaviour
of perturbations. We assume the following functional form:

Ω(a) = ΩEFT
0 a , (9.1)

which can be thought of as a first order approximation of a Taylor expansion
in the scale factor. We set to zero the coefficients of all the second order EFT
operators. In the remaining we refer to this model as the linear EFT model.

Before proceeding with parameter estimation, it is instructive to study the
shape of the viable region in the parameter space of the model. As we discussed
in Section 9.1, the check on the stability of any given model is a built-in feature
of EFTCAMB/EFTCosmoMC, so that the user does not need to separately
perform such an investigation prior to implementing the model in the code.
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Nevertheless, in some cases it might be useful to look at the outcome of such
analysis as one can learn interesting things about the model/parametrization
under consideration. Let us briefly discuss the stability of the linear EFT model.

In the case of a ΛCDM expansion history, it is easy to show that all the
stability requirements that we introduced in Section 6.5, imply the following
viability prior :

ΩEFT
0 ≥ 0 . (9.2)

On the other hand, the case of a wCDM expansion history can not be treated
analytically so we used our EFTCAMB code along with a simple sampling
algorithm to explore the stability of the model in the parameter space. We
varied the parameters describing the dark sector physics while keeping fixed
all the other cosmological parameters. The result is shown in Figure 9.1 and
includes interesting information on the behaviour of this model. First of all, also
in this case the stable region correspond to ΩEFT

0 > 0; furthermore it is possible
to have a viable gravity model with w0 < −1, although in this case ΩEFT

0 needs
to acquire a bigger and bigger value to stabilize perturbations in the dark sector.
Finally, we see that if ΩEFT

0 = 0 we recover the result, found in the context of
quintessence models [209], that w0 > −1. This case corresponds, in fact, to
minimally coupled quintessence models with a potential that is crafted so that
the resulting expansion history mimics that of a wCDM model.
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Figure 9.1: Stability regions of linear EFT model on a wCDM background. The
cosmological parameters defining the expansion history are set to their CAMB
default values: H0 = 70 Km/s/Mpc, Ωb = 0.05, Ωc = 0.22, TCMB = 2.7255 K.
From [7].

9.2.1 Results Without Massive Neutrinos

We use Planck 2013 CMB temperature and lensing spectrum, the WMAP (WP)
CMB low-` polarization spectra and several BAO measurements outlined in
Chapter 4.
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To explicitly show the effect of individual data sets on the different param-
eters that we constrain, we adopt three different combinations of data, namely:
Planck+WP; Planck+WP+BAO; Planck+WP+BAO+lensing, where with lens-
ing we mean the CMB lensing potential distributions as measured by Planck.
In all cases we assume standard flat priors from CMB on cosmological param-
eters while we impose the viability priors discussed in Section 9.1 on model
parameters.
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Figure 9.2: 1D Marginalized posterior distributions of cosmological and model
parameters for the pure linear EFT model both on a ΛCDM (left) and wCDM
(right) background. Different colors represent different combinations of cosmo-
logical data sets. From [7].

For the ΛCDM background case, the 1D marginalized posterior distributions,
obtained with the three different data compilations discussed above, are shown
in Figure 9.2 (a). The corresponding marginalized statistics are summarized
in Table 9.1 (a). We find that the three different data compilations produce
similar results, with Planck+WP+BAO+lensing giving:

ΩEFT
0 < 0.061 (95%C.L.) . (9.3)

Next we consider a wCDM expansion history, characterized by an equation
of state for dark energy constant in time, w0, but different from −1. Upon
inspecting Figure 9.2 (b) one can notice that the marginalized posterior distri-
butions of (Ωm,ΩΛ, H0, w0) obtained from Planck+WP data are significantly
skewed, i.e.their right tail goes to zero much more sharply than the left one.
The situation changes significantly when one adds BAO data. This is due to the
combination of two effects. On one hand, when BAO data are not included, the
constraints on (Ωm,ΩΛ, H0, w0) are relatively loose since one is lacking the com-
plementary high precision information on the expansion history. In other words,
the gain/loss of likelihood value in the vicinity of best-fit points is not very signif-
icant, so the sampling points of cosmological parameters broadly spread around
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their central values. In this case, the stability requirements on ΩEFT
0 and w0

dominate over the data constraining power. On the other hand, as shown in
Figure 9.1, the viable region in the space (ΩEFT

0 , w0) for the linear EFT model
on a wCDM background covers mostly w0 > −1, i.e.it is highly asymmetric
in the range around w0 = −1. This explains the asymmetry in the posterior
distribution of w0 since the marginalized posterior distribution in Monte-Carlo
integration algorithms follows the number of projected sampling points in the
given volume. Furthermore, from the left panel of Figure 9.3 (green curve), one
can see that (Ωm,ΩΛ, H0) are degenerate, as expected, with w0 and this explains
while their posterior distributions are skewed as well. As soon as complemen-
tary measurements of cosmological distances, such as BAO, are added to the
data sets, the constraining power is strong enough and the posterior distribu-
tions become more symmetric; indeed BAO data significantly helps to localize
the confidence regions close to w0 ∼ −1, making the posterior distribution less
affected by the global profile of viability priors.

Finally, from the left panel of Figure 9.3 we can see that the degeneracy of
ΩEFT

0 with the other parameters is not very significant after adding BAO data
(blue and red curves). As a result the bounds on ΩEFT

0 remain at the same level
of those obtained for a ΛCDM background. With Planck+WP+BAO+lensing
data we obtain:

ΩEFT
0 < 0.058 (95%C.L.) . (9.4)

One can notice that the addition of lensing data does not significantly improve
the constraint on ΩEFT

0 in neither the ΛCDM nor the wCDM case.

9.2.2 Results With Massive Neutrinos

The direct measurements of neutrino flavor oscillations provide evidence for non-
zero neutrino masses, but give no hint on their absolute mass scale (see e.g. the
reviews [210, 211]). Cosmology, on the other hand, provides a powerful, com-
plementary way of placing constraints on the sum of the mass of neutrinos (see
e.g. the reviews [212, 213]). Indeed massive neutrinos can significantly affect
the distribution of large-scale structure (LSS) and the pattern of cosmic mi-
crowave background (CMB) anisotropies depending on the value of their mass.
The current constraint from CMB experiments on the summed neutrino mass
fixes the upper limit at

∑
mν < 0.66 eV (95%; Planck+WP+highL) for a flat

ΛCDM cosmology [78]. Besides slightly affecting the expansion history, massive
neutrinos leave an imprint on the dynamics of linear scalar perturbations. On
scales smaller than their mass scale neutrinos free stream damping the structure
and accordingly diminishing the weak lensing effect on those scales [214]. Fur-
thermore, they contribute an early Integrated-Sachs Wolfe (ISW) effect because
their transition from relativistic to non-relativistic happens on an extended red-
shift interval which, for the typical neutrino mass (

∑
mν ∼ 0.1 eV), overlaps

with the transition from radiation to matter [214].

Similar effects are also observed in DE and MG models. The latter generally
involves an extra, dynamical massive scalar degree of freedom (d.o.f.). which
mediates a fifth force between matter particles and can have a speed of sound dif-
ferent from unity. Besides affecting the background dynamics such as to source
cosmic acceleration, on linear scales the field can modify significantly the cluster-
ing of matter as well as the sub-horizon dynamics of metric potentials on scales
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Figure 9.3: 68% and 95% confidence regions on combinations of cosmological
parameters for the linear pure EFT model on wCDM background. Different
combinations of observables are indicated with different colors. From [7].

below or above its characteristic lengthscale. Hence, structure formation, the
ISW effect and weak lensing effect will be modified accordingly [215, 216, 217].
Based on these considerations, a degeneracy between massive neutrinos and the
dark sector is expected, and in general neutrinos bounds depend significantly
on the cosmological model within which they are analyzed. This has been in-
vestigated by several authors [200, 218, 219, 220, 72].

In this Section we investigate the degeneracy between massive neutrinos and
the linear EFT model.

In our analysis we will use different combinations of the following data sets:
Planck 2013 CMB temperature and lensing spectra, WMAP low-` CMB polar-
ization spectra, several BAO measurements and WiggleZ galaxy power spectrum
data, as outlined in Chapter 4.

To test the Linear EFT model we use different combinations of these data
sets and the corresponding constraints on ΩEFT

0 and
∑
mν are listed in Ta-

ble 9.2. From there we can see that the bounds on ΩEFT
0 do not sensibly change

with respect to the results reported in 9.2.1, where neutrino masses were set to
zero. In that case the bound on ΩEFT

0 was found to be ΩEFT
0 < 0.061 (95% C.L.)

when considering Planck+WP+BAO+lensing (for details see Table 9.1). The
only exception is given by the most complete data combination which slightly
improves on the previous bounds. Overall, the constraints on the sum of neu-
trino masses are stringent for all the data sets considered, given the lack of
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and lighter shades correspond respectively to the 68% C.L. and the 95% C.L..
No new significant degeneracies between these parameters are found. From [5].

degeneracy as can be noticed in Figure 9.4. In particular the bounds are close
to those found in [78] in the absence of modified gravity. However, when lensing
data are added one can notice some weak degeneracy between ΩEFT

0 and
∑
mν

in the left panel of Figure 9.4, which results in this data set favoring a slightly
bigger neutrino mass and a smaller value of ΩEFT

0 . From the middle and right
panels of Figure 9.4, we can see that the degeneracy between σ8 and ΩEFT

0 is
also negligible and that the interplay between neutrino masses and σ8 is not
sensibly altered, with respect to [78], by linear EFT models.

These results suggest that almost no degeneracy with massive neutrinos is
present when the linear EFT model on ΛCDM cosmology is considered. One
could wonder whether the same model on a different background would result
in a different degeneracy. The results in 9.2.1 seem to imply that exploring the
same model on wCDM would not alter so much the bounds, since no effects due
to a modification of gravity would be appreciable.

9.3 Investigating Tensions with Parametrizations

Another application of parametrized DE/MG models is that of investigating the
physical origin of tensions between different data sets. In this Section we show
a worked example of this application.

Based on the full-mission Planck observations of temperature and polariza-
tion anisotropies of the cosmic microwave background (CMB) radiation, Planck-
2015 results show that the temperature and polarization power spectra are con-
sistent with the standard spatially-flat six-parameter ΛCDM cosmology with a
primordial power-law spectrum of adiabatic scalar perturbations. On the other
hand, the same data, especially the temperature-temperature (TT) spectrum
reveals some tension with the CMB lensing deflection angle (d) spectrum re-
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constructed from the same maps. In details, the lensing amplitude in CMB
temperature and polarization spectra, AL = 1.22 ± 0.10, is in 2σ tension with
the amplitude of the CMB trispectrum reconstructed lensing deflection angle
spectrum, AφφL = 0.95± 0.04 while it is expected that in the base-ΛCDM model
both these quantities should be equal to unity.

The Planck collaboration finds that, compared with the base-ΛCDM model,
the base-ΛCDM+AL model can reduce the logarithmic likelihood (∆χ2 = −6.1)
and provide a better fit to the data sets with 1 AL = 1.28 or marginalized
constraint AL = 1.22 ± 0.10 [16] . More importantly, they find that there is
roughly equal preference for high AL from intermediate and high multipoles (i.e.,
the Plik likelihood; ∆χ2 = −2.6) and from the low-` likelihood (∆χ2 = −3.1)
with a further small change coming from the priors. This means that the base-
ΛCDM+AL model can provide a better fit than base-ΛCDM model against both
TT and lowP data sets. However, the increase in AL will induce changes on
the full sets of cosmological parameters as mentioned in the reference [16]. For
example, compared with the base-ΛCDM fit, the scalar index, ns, is increased
by 1%, the primordial scalar spectrum amplitude, As, is reduced by 4% and the
effective amplitude of the TT spectrum, Ase

−2τ , is reduced by 1%. Through
the complicated relationship between parameters and their degeneracy the re-
ionization optical depth parameter, τ , falls to 0.060, which is roughly in 2σ
tension with Planck-2013 temperature + WMAP low-` polarization data results
of τ = 0.089+0.012

−0.014.

Inspired by these observations, in this Section, we investigate whether some
modifications of gravity can relieve the tension between Planck CMB anisotropy
spectra and CMB lensing results.
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Figure 9.5: the marginalized joint likelihood for the lensing amplitude AL and
the scalar spectral index ns panel (a), the amplitude of the (linear) power spec-
trum on the scale of 8h−1Mpc, σ8 panel (b) and the reionization optical depth τ
panel (c). In all three panels different colors correspond to different combination
of mock data sets as shown in legend. The darker and lighter shades correspond
respectively to the 68% C.L. and the 95% C.L.. From [5].

1From the PLA-PR2-2015 official chains base-Alens-plikHM-TT-lowTEB at http://pla.

esac.esa.int/pla/.

http://pla.esac.esa.int/pla/
http://pla.esac.esa.int/pla/
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9.3.1 Simulating Tensions in Planck Data

To investigate this tension in Planck data we will simulate a tension CMB data
set that resembles the tension present in the Planck-2015 results and we will try
to fit the resulting power spectra with different models to have a glimpse of the
changes in the parameter that arise because of this tension.

We analyse a pure EFT modified gravity model against two sets of simu-
lations of CMB spectra (TT,TE,EE) and CMB lensing spectra (dd and Td)
with the fiducial cosmological parameter equal to the Planck-2015 data release
best-fit values and Planck blue book beam and noise specifications.

We use these simulations because the cosmological parameters are degener-
ate with each other in a complicated way, by using simulations, we can efficiently
isolate and study the effects coming from different parameters and their combi-
nations.

To construct our simulations we use the cosmological parameters listed in
Table 9.3 along with the CAMB code [104] to produce the fiducial CMB temper-
ature and E-mode polarization power spectra. We feed these to the FuturCMB2

package [221] to compute the noise power spectra for T, E-mode and the lensing
deflection angle based on the Hu-Okamoto [80] quadratic estimator. For further
details about the FuturCMB code we refer the reader to [221] while for the con-
struction of the spectrum likelihood we refer to [222, 223, 221]. In this paper,
we shall adopt the Planck bluebook [224] beam and noise parameters listed in
Table 9.4.

After the above operations, we build two mock data sets (CTT` , CTE` , CEE` ,
Cdd` and CTd` ), that we shall call Mock-A and Mock-B, whose fiducial cosmo-
logical parameter values (see Table 9.3) are, respectively, the best-fit values of
base-ΛCDM+AL to Planck-2015 TT+lowP and Planck-2015 TT+lowP+lensing
data sets3. Since the Mock-A data set, which mimics Planck-2015 TT+lowP,
is generated from AL ∼ 1.3, we can treat it as a realization of a non-ΛCDM
universe; Mock-B data, that mimics Planck-2015 TT+lowP+lensing, AL ∼ 1.0,
is closer to a realization of ΛCDM universe.

Based on Mock-A and Mock-B data sets, we build a “tension” data set,
called Mock-C, by combining (CTT` , CTE` , CEE` ) from Mock-A and (Cdd` and
CTd` ) from Mock-B. The resulting data set should mimic the tension present in
Planck data while being free of additional complications that arise in the real
situation. Before the end of this section, we would like to emphasize that the
strategy of simulating data has both strong and weak points. On one hand
this procedure allows to single out specific effects that in the real data could
be shaded by systematics or by noise and this allows to target precisely the
physical phenomena under scrutiny. On the other hand the simulated dataset
is not expected to reproduce precisely the results of the real one because there
are a number of details about the likelihood construction that can not possi-
bly be mimicked. Our likelihood is built analytically at all multipoles without
binning and assuming the same sky coverage in all frequency bands in tem-
perature and polarization. In addition we adopt all the polarization data into

2http://lpsc.in2p3.fr/perotto/
3 The best-fit values are read from the PLA-PR2-2015 official chains

base-Alens-plikHM-TT-lowTEB and base-Alens-plikHM-TT-lowTEB-lensing at http:

//pla.esac.esa.int/pla/.

http://lpsc.in2p3.fr/perotto/
http://pla.esac.esa.int/pla/
http://pla.esac.esa.int/pla/
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Figure 9.6: the effective lensing amplitude Aeff
L (`) ≡ Cφφ` (MG)/Cφφ` (GR) as a

function of scale in the constant Ω pure EFT model considered here. Different
colors correspond to different values of the model parameters as shown in legend.
From [5].

our numerical analysis, unlike in the lowP likelihood in which only the low-`
polarization data are used. The simulated lensing data is then reconstructed
based on these power spectra and the relative balance between the lensing like-
lihood and the T and E one results in assigning more weight to the T and E
likelihood (because we include high-` TE and EE data) with respect to real
Planck (TT+lowP+lensing) results. This procedure for building the likelihood
is not the same as those adopted by the Planck collaboration and the results on
specific parameters reflect this point.

9.3.2 Results

In the one extra parameter extension of the base-ΛCDM model in the Planck-
2013 [78] and Planck-2015 [16] results, the collaboration studied the case of
varying the lensing amplitude parameter, AL, in the CMB anisotropies, which
was originally introduced in [225]. This phenomenological parameter is defined

by Cφφ` → ALC
φφ
` , which simply rescales the lensing amplitude contribution

to the CMB anisotropies. This parameter, however, only modulates the CMB
anisotropy spectra, CTT` , CTE` and CEE` , and rescales the lensing potential

spectrum Cφφ` but does not rescale the estimator of the lensing spectrum ÂφφL

which is computed from the CMB anisotropy trispectra [81, 79]. For a review
of CMB temperature and polarization lensing we refer the reader to [206].

In the following we shall elaborate on the relationship between this phe-
nomenological parameter and modifications of gravity.

We shall consider a model that consists in taking a constant value for the
conformal coupling Ω(a) = ΩEFT

0 and requiring the expansion history to be
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exactly that of the ΛCDM model. This requirement will then fix, through the
Friedmann equations, the time dependence of the operators c and Λ.

We highlight here that the constant Ω model is not a simple redefinition of
the gravitational constant. In fact the requirement of having a ΛCDM back-
ground with a non-vanishing Ω, that would change the expansion history, means
that a scalar field is sourced in order to compensate this change. This scalar
field will then interact with the other matter fields and modify the behaviour of
cosmological perturbations and consequently the CMB power spectra and the
growth of structure. For instance, it is easy to show that in the constant Ω
model, c(τ), which is vanishing in general relativity, is non-zero and reads

c =
Ω

2
(ρm + Pm) . (9.5)

0.008

0.006

0.004

0.002

0.000
0.800.80 0.84 0.88 0.92 0.81 0.82 0.83 0.84

-0.02

-0.04

-0.06

-0.08

Figure 9.7: the marginalized joint likelihood for the amplitude of the (linear)
power spectrum on the scale of 8h−1Mpc, σ8 and the present day value of the
conformal coupling ΩEFT

0 in the case in which it is allowed to have positive and
negative values panel (a) and in the case in which it is restricted to positive val-
ues panel (b). In all panels different colors correspond to different combination
of mock data sets as shown in legend and the grey band is the marginalized 1σ
bound on σ8 from the base-ΛCDM+AL model. The darker and lighter shades
correspond respectively to the 68% C.L. and the 95% C.L.. From [5].

Another general remark we would like to make on the models that we con-
sider here, is that they display a radically different cosmology, as they correspond
to two different behavior of the perturbation’s effective gravitational constant.
We consider two possibilities. If the constant Ω is positive the model will be
characterized by a smaller effective gravitational constant resulting in a sup-
pression of the growth and consequently a suppression of the CMB lensing. We
shall call this case the Ω+ model. If the constant Ω is negative, on the other
hand, the model will have an enhanced effective gravitational constant. In con-
trast to what happens to the Ω+ case, that respects all the usual requirements
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of physical viability [8], this model is only classically stable. This means that
perturbations around the FLRW background are stable and well behaved but,
for example, the sign of the scalar field kinetic term is wrong. We shall call
the case in which the constant Ω can be greater and smaller than zero the Ω±
model.

We firstly check the reliability of our simulations. As reported in the Ta-
ble 9.3 we use the fiducial AL = 1.28 for the generation of the Mock-A data set.
After going through the Markov-Chain Monte-Carlo analysis [105], we get the
marginalized constraint from the Mock-A data set as

AL = 1.31± 0.06 , (68%C.L.) . (9.6)

The consistency between the input and output values of our simulations can also
be seen in the panels of Figure 9.5. In addition from panel (a) we can see that
there is a relatively large positive correlation between ns and AL. This happens
because a large value of ns will enhance the high-` multipoles, while an increase
in AL will smear the peaks in the same multipole range. Panel (b) instead shows
that σ8 and AL are anti-correlated. An increase of AL will suppress the growth
inferred from the TT power spectrum, hence we end up with lower σ8 value.
Panel (c), at last, shows that no significant degeneracy arises between AL and
the re-ionization optical depth parameter τ .

From all the panels of Figure 9.5 we can see how different cosmological
parameters reacts to the use of a tension data set. The shift of blue and red
contour from Mock-A and Mock-C data sets shows the tension between them.
In particular in panel (a) we can see that the Mock-C data set gives a value of
AL ∼ 1.15 that is in the middle of the Mock-A (AL ∼ 1.3) and Mock-B (AL ∼
1.0) data sets. This happens because the Mock-C likelihood is constructed from
the equally weighted combination of the Mock-A and Mock-B ones while in the
real Planck results [16], instead, the CMB lensing data dominates the constraint
on AL.

From panel (b) and (c) we can instead see that the marginal probability
distribution of σ8 and τ does not change significantly as the tension in the data
set is introduced. This happens because the constraint on these two quantities
are dominated by the TT and EE power spectra. From the same panels we can
notice that there is a slight bias in parameter estimation with respect to the real
Planck data. This is due to differences in the construction of the likelihood that
result in different weights being assigned to the temperature and polarization
likelihood with respect to the lensing one. As stressed at the beginning of this
Section, this simulation procedure is targeted at mimicking the tension between
the data sets rather than the data sets themselves and their specific constraints
on cosmological parameters therefore this effect does not affect the following
analysis of the results and conclusions.

After checking the consistency of our simulations we move to their interpre-
tation within the modified gravity models here considered.

First of all we check whether these models can reproduce the input ampli-
tude of lensing. To do so we define an effective lensing amplitude as Aeff

L (`) ≡
Cφφ` (MG)/Cφφ` (GR) and we plot it for several choices of the parameters defining
our modified gravity model in Figure 9.6. We can see that the effective lensing
amplitude is generally a function of scale so that the accuracy of using a scale
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independent approximation for it is limited by the accuracy of observations.
That is, if observations are not precise enough then the scale independent ap-
proximation can work while if the observations have enough sensitivity we would
bias parameter estimation by considering it scale independent. This point will
be more and more relevant as the experimental accuracy improves.

The constant Ω+ and Ω± models are shown in Figure 9.6. From there we can
see that Aeff

L (`) has a wide bump or dip around multipoles of few tenths while
the scale dependence is somewhat weaker than the previous case. As expected,
in the Ω+ model the amplitude of lensing is decreased as a consequence of the
suppression of growth while the opposite behavior shows when ΩEFT

0 is smaller
than zero.

We fit these models to our Mock-A and Mock-C data sets and we show the
marginalized bound on parameters of interest in Figure 9.7.

From panel (a) we can see that there is a strong negative correlation between
ΩEFT

0 and σ8 due to the fact that negative values of Ω correspond to significant
deviations from GR, and consequently to stronger enhancement of CMB lensing.
The bound on σ8 from the AL fit, shown in Figure 9.7 as a gray band, is almost
compatible with the one in the Ω± case. This is due to the fact that deviations
from scale independence of Aeff

L , in this model, are weaker and a constant Ω is
efficient at mimicking a scale independent AL. Since a weaker effective Newton
constant is disfavoured by the Planck-2015 CMB anisotropy data, the best-fit
parameter in the Ω+ model mimic those in the base-ΛCDM model and the
model result to be compatible with GR.

At last in Table 9.5 we list the best-fit χ2 for the one parameter extensions
of the base-ΛCDM model considered here.

From there we can see that the best-fit χ2 values in the base-ΛCDM+AL, Ω±
models are similar and are noticeably smaller than those from base-ΛCDM or
Ω+ models with ∆χ2 ' −16 from the Mock-A and ∆χ2 ' −11 from the Mock-
C data sets. The best-fit χ2 in the Ω± case is closer to the AL one because of
the weaker scale dependence of Aeff

L .

9.4 Observational Signatures of Modified Grav-
itational Waves

Another application of parametrized DE/MG models, that we will investigate
in this section, is that of studying the observational signatures of a modified
propagation of GWs.

In general relativity gravitational waves propagate at the speed of light,
however in alternative theories of gravity that might not be the case. In this
Section we study the effects of a modified speed of gravity, c2T , on the B-modes
of the CMB anisotropy in polarisation.

Gravitational waves have been recently directly observed [90] opening a new
observational window on our Universe. CMB experiments, on the other hand,
have recently detected the B-modes of polarisation [87, 226], and are getting
closer to offering an indirect measurement of cosmological GWs (tensor modes).
While on small angular scales the BB-power spectrum is dominated by the
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lensing of the CMB, on larger scales, the B-modes of polarisation are primarily
produced by tensor modes and give an insight onto primordial GWs [227].

In general relativity, short-wavelength GWs follow the null geodesics of the
background, thus their propagation speed equals the speed of light on a flat
background. However in alternative theories addressing the phenomenon of
cosmic acceleration, in Hořava-Lifshitz [228, 229] gravity and, more generally,
in Lorentz-violating theories [230, 231, 182], the speed of gravity may deviate
from that of light. For instance, some of the generalized scalar-tensor mod-
els within the Horndeski family [192, 232], like the covariant galileon involving
certain derivative couplings, are expected to modify the tensor propagation
speed [233, 234, 235, 236]; quantum gravity effects may modify the dispersion
relation of GWs [237]; or the graviton may have a mass which prevents it from
behaving light-like [238]. Massive gravity has the added complication that dif-
feomorphism invariance is explicitly broken, therefore in this paper we will focus
on variations of cT and will not consider a mass term [238, 239].

A direct measurement of the speed of GWs could be achieved comparing the
arrival times of light and gravitational wave signals from a distant astronomical
source [240]. This has not been possible yet, however indirect, local observa-
tions of gravitational radiation seem to suggest that its propagation speed, at
the current epoch, is close to the speed of light. For instance, accurate mea-
surements of binary pulsar timing indicate that the sound speed of GWs should
not deviate from the general relativistic value by more than 1% [240]; the latter
bound assumes that energy is lost via GWs; models of modified gravity might
however imply also a loss of energy via scalar radiation associated to an addi-
tional d.o.f., possibly modifying this bound [241, 242, 243].

In this section we focus on the B-modes of CMB polarisation and show how
they offer a novel, independent way to measure the propagation speed of GWs
at the time of recombination. As we will show, variations of cT affect the BB
power spectrum in a unique way which makes it orthogonal with other cos-
mological parameters. Interestingly, as we will discuss, the B-modes are only
sensitive to the modifications of the dispersion relation of the graviton around
the time of recombination, therefore they are complementary to bounds from
binary pulsars, allowing a combined constraint on the time variation of cT .

On a flat Friedmann-Robertson-Walker background one can use the rota-
tional and translational symmetries to decompose the metric perturbations into
scalar, vector and tensor components. We are only interested in the tensorial
part:

ds2 = −a(τ)2[dτ2 + (δij + hij)dx
idxj ] , (9.7)

where hij satisfy ∂ihij = 0 and hii = 0. We shall consider a linear perturbation
theory that also satisfies the gauge symmetry hij → hij + ∂(iεj), where εi is a
generic function of the coordinates. Using the same EFT approach described in
the previous chapters we can write down the most general quadratic action for
hij that is ghost free and satisfies the symmetries mentioned above:

S
(2)
T =

1

8

∫
dτ d3x a2M2

P (τ)
(
h′ijh

′
ij − c2T (τ)∂khij∂khij

)
, (9.8)



9.4. OBSERVATIONAL SIGNATURES OF MODIFIED GRAVITATIONAL WAVES111

5 10 50 100 1000 5 10 50 100 1000
l l

10�3

10�2

10�1

l�l
�

1�
C

lBB
�2
Π
�Μ

K2 �

10�1

1

10

102

103
104 l�l�1�C

l TT
�2Π

�ΜK
2�

cT
2 = 1.5

cT
2 = 1.0

cT
2 = 0.5

cT
2 = 1.5

cT
2 = 1.0

cT
2 = 0.5

Figure 9.8: Left: the total B-mode polarisation power spectrum (solid lines) and
its component due to tensor perturbations (dashed lines). Right: the total CMB
temperature power spectrum (solid lines) and its tensor component (dashed
lines). In both panels different colors correspond to different values of the speed
of GWs. From [6].
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Figure 9.9: Left: The marginalized joint likelihood for the GWs speed of sound
c2T and parameters defining the primordial tensor power spectrum: the tensor
to scalar ratio r0.002, the scalar perturbations spectral index ns and its running
dns/dlnk. Different colors correspond to different combinations of datasets and
models as shown in the legend. The two different shades indicate the 68%
and the 95% confidence regions. Right: Marginalized likelihoods of the tensor
perturbations sound speed for the considered datasets and models. From [6].

where matter sources are assumed to be minimally coupled to the metric. Gen-
erally higher order gradient terms hij∂

2nhij(n > 1) should also be included in
the action (9.8) but we have neglected them as we are interested in the low
energy phenomenology [239]. The function M2

P (τ) plays the role of the Planck
mass which is allowed by the above mentioned symmetries to vary in time. We
fix its value to M2

P ≡ (8πG)−1 since time variations of this quantity are con-
strained by a large number of complementary observations [240, 244, 43] while
polarisation observables are expected to depend weakly on this quantity. We
are then left with modifications of the sound speed of tensor modes, so that the
action (9.8) results in the following wave equation:

h′′ij + 2
a′

a
h′ij − c2T∂k∂khij =

2

M2
Pa

2
Sij , (9.9)

where Sij is the transverse and traceless component of the energy momentum
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tensor of the matter sector. Varying c2T changes the relevant dynamical scale
of tensor perturbations from the effective cosmological horizon, corresponding
to the case c2T = 1 (in units of the speed of light), to the sound horizon. For
this reason the net effect on CMB spectra is an horizontal shift of the whole
tensor induced component whose main peak moves at the angular scale of the
GWs sound horizon at recombination as can be seen in figure 9.8. Notably
the sources of the E and B-mode polarisation spectra are peaked at the recom-
bination epoch [227] thus making them dependent on the dynamics of tensor
perturbations at earlier times but limiting the impact of a later evolution. We
have studied this effect numerically and found that a possible late time de-
pendence of the GWs sound speed does not noticeably affect the polarisation
observables which are in turn sensitive to its value around the recombination
time. According to this result we have assumed c2T to be constant throughout all
cosmological epochs. Changing the speed of GWs in principle impacts also the
reionization bump at large scales in the polarisation spectra. The effect is how-
ever less prominent than the shift of the recombination peak and its constraining
power is also reduced by cosmic variance, which is stronger at those scales. The
effect of horizontal shifting of the tensor component of the CMB spectra can in
principle be mimicked by a change in the cosmological expansion history which
is however tightly constrained by the scalar part of the CMB itself [78, 245]
and many other observations. Other cosmological parameters, especially those
defining the primordial tensor power spectrum, are not expected to be degener-
ate with c2T . The tensor to scalar ratio, for example, shifts vertically the tensor
part of CMB spectra while the spectral index primarily changes its shape. More
complicated models for the tensor primordial power spectrum could in principle
be degenerate with c2T but if inflationary consistency relations [246] are assumed
then the scalar sector is expected to break this degeneracy.

From figure 9.8 we can also see that the effect of changing c2T weakly influ-
ences the CMB temperature power spectrum because the tensor induced com-
ponent is several orders of magnitude smaller than the scalar one for values
of the tensor to scalar ratio not yet excluded by observations. We have also
investigated the influence of this effect on the E-mode polarisation spectrum
and found it negligible. The B-mode spectrum is instead greatly influenced by
changes in the speed of GWs thus making this CMB observable the most suited
for these studies.

9.4.1 A Worked Example

In this section we address the possibility of detecting such effect. At this goal
we use the BICEP2, Planck CMB temperature power spectrum and WMAP
low-` CMB polarisation spectra discussed in Chapter 4. To understand how
well the speed of sound of cosmological GWs can be constrained with an ini-
tial, statistically weak, detection of tensor modes we ignore the polarized dust
emission modelling of Planck [88]. To forecast the precision at which this quan-
tity will be measured by the next generation of CMB experiments we create
simulated datasets adopting the specifications of the Cosmic Origins Explorer
(CORE) [247] and the Polarized Radiation Imaging and Spectroscopy Mission
(PRISM) [248] satellites. We perform a Markov Chain Monte Carlo analysis of
both the data and the simulated data using the publicly available CosmoMC
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Figure 9.10: The marginalized joint likelihood for the GWs speed of sound
c2T , the tensor to scalar ratio r0.002, the scalar perturbations spectral index ns
and its running dns/dlnk. Different colors correspond to different instrumental
specifications used in the forecast and different models as shown in the legend.
The two different shades indicate the 68% and the 95% confidence regions.
From [6].

package [105]; in the case of forecast this allows us to have a good handle on
the degeneracies among cosmological parameters. We allow variation of the six
baseline cosmological parameters of the ΛCDM model, plus the running of the
scalar spectral index and the amplitude of primordial cosmological GWs; we
impose the single field inflationary scenarios to relate the spectral index of ten-
sors to the scalar one.

The results of this analysis for both current data and forecast are shown in
figure 9.9, while in figure 9.10 we provide a zoom of the forecasts of the cosmo-
logical parameters most relevant for our analysis. From panel (d) of figure 9.9
we can see that the marginalized likelihood of c2T is peaked at its GR expected
value, i.e. c2T = 1 (in units of the speed of light) when considering a model
without the running of the spectral index. Very high values of c2T are excluded
since they would move the tensor component of the B-mode spectrum to large
scales, resulting in a poor fit of the measured data points. From panel (a) of
figure 9.9, we can notice that there is a degeneracy between c2T and the tensor
to scalar ratio assumed at a pivot scale of 0.002 Mpc−1. The reason for this de-
generacy is that those values of c2T shift the GWs contribution to the spectrum
toward smaller scales so that the only way to fit the data points is to change
the spectrum amplitude. We can also see from panel (b) of figure 9.9 that c2T is
weakly degenerate with the spectral index due to the poor constraining power of
the BICEP2 measurements. From the combination of the Planck and BICEP2
datasets we obtain the marginalized bound: c2T = 1.30± 0.79 and c2T < 2.85 at
95% C.L..
If we allow a running of the primordial tensor power spectrum index the situ-
ation changes slightly. From the marginalized joint likelihood of c2T , r0.002, ns
and dns/dln k in panels (a,b,c) of figure 9.9, we can see that c2T is driven toward
smaller values and this is further confirmed by its marginalized distribution in
panel (d). The peak of the probability distribution of c2T is found not to be
at its GR value which is however not excluded. From the same figure we can
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see that as c2T goes toward smaller values its degeneracy with r0.002 is enhanced
while it is not so pronounced with respect to the running of the spectral index,
shown in panel (c), and ns itself, shown in panel (b). Given the skewness of the
marginal distribution of c2T which is also cut at c2T = 0 we report here only its
upper bound: c2T < 2.33 at 95% C.L..
We now turn to the forecasts to investigate further these degeneracies and to
evaluate our capability of constraining the speed of cosmological GWs with fu-
ture generation surveys. Our results do not include any forecast on de-lensing
capability, and thus represent rather conservative bounds in the adopted fore-
cast setup. Indeed the CMB lensing signal represents the main contaminant for
measurement of primordial GWs from the BB spectrum and the constraining
power will improve accordingly to the capability of tracing this signal. The
results are shown in figure 9.10, with a fiducial model assumed to be the best
fit one obtained with the Planck and BICEP2 datasets. We can clearly see that
increasing the accuracy of B-mode polarisation observations removes all the de-
generacy with the other cosmological parameters since the measurements would
be able to disentangle the effect of horizontal shifting, due to changes in c2T ,
from the vertical shifting induced by varying r0.002 or the shape changes due
to ns and the running of the spectral index. As a result we can say that the
parameter c2T , quantifying the speed of GWs at recombination, is orthogonal
to other cosmological parameters, as it is theoretically expected. We can also
notice that considering an instrument with higher precision like PRISM, does
not improve significantly on the determination of c2T with respect to CORE,
since the effect is seen at degree angular scales where both of the considered
experiments are cosmic variance limited.
Overall, we see that the next generation of CMB experiments will constrain the
speed of cosmological GWs with a 1% accuracy independently of the assumed
shape of the primordial power spectrum.

9.5 Chapter Summary

In this chapter, we described how we equipped and used EFTCAMB with a mod-
ified version of CosmoMC, that we dubbed EFTCosmoMC, creating a bridge
between the EFT parametrization of the dynamics of perturbations and obser-
vations. EFTCosmoMC allows to practically perform tests of gravity and get
constraints analyzing the cosmological parameter space with several cosmolog-
ical observables.

As discussed in Section 9.1, exploring the parameter space requires a step
by step check of the stability of the theory. We implemented the resulting sta-
bility conditions as viability priors that makes the Monte Carlo step be rejected
whenever it would fall in the unstable region of the parameter space. The latter
procedure, in our view, represents a clean and natural way to impose priors on
parameters describing the dark sector.

To illustrate the use of the EFTCAMB/EFTCosmoMC package, we have
derived constraints on a pure linear EFT model. We used three different combi-
nations of Planck, WP, BAO and CMB lensing data sets to show their different
effects on constraining the parameter space. For both models we have adopted
the designer approach built-in in EFTCAMB and have considered the case of a
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ΛCDM as well as of a wCDM background.

For the linear EFT model, we have derived bounds on the only model pa-
rameter, i.e the present value of the conformal coupling functions ΩEFT

0 , as
described in Section 9.2. In the case of a ΛCDM background, we have found
that the latter needs to satisfy ΩEFT

0 ≥ 0 as a viability condition and with
Planck+WP+BAO+lensing data we get a bound of ΩEFT

0 < 0.061 (95%C.L.)
(the three different data compilations give similar results). For the wCDM ex-
pansion history, the outcome of the stability analysis is shown in Figure 9.1;
specifically, there is a stable region in parameter space where the dark energy
equation of state can be smaller than −1 as long as the corresponding value
of ΩEFT

0 is high enough to stabilize perturbations in the dark sector; finally,
the value ΩEFT

0 = 0 corresponds to a minimally coupled model and requires
w0 > −1, like in the case of quintessence. The combined bound on ΩEFT

0 with
Planck+WP+BAO+lensing data gives ΩEFT

0 < 0.058 (95%C.L.).

To further showcase the applicability of the EFT framework and EFT-
CAMB/EFTCosmoMC, in Section 9.2.2, we have studied how these observa-
tional bounds change when considering massive neutrinos along with a MG
model.

It is well known that the addition of massive neutrinos to the standard cos-
mological model affects the growth of structures in the Universe. On the other
hand, the same imprint on structure formation might be also a characteristic of
a class of scalar tensor theories. That is why the degeneracy between the mas-
sive neutrino component and models of modified gravity has been extensively
investigated.

In the case of the pure linear EFT model we found that there is no appre-
ciable degeneracy between the present day value of the coupling, ΩEFT

0 , and
the sum of neutrino masses for all the data set combinations that we consid-
ered. While a more extensive investigation of different non-minimally coupled
pure EFT models is left for future work, we stress that the absence of degener-
acy is to be considered peculiar of the specific parametrization chosen for the
coupling, i.e. linear in the scale factor. As a result the constraints on ΩEFT

0

slightly improve with respect to the one previously obtained in [7] regardless of
the presence of massive neutrinos. The combination of the PLC, BAO, lensing
and WiggleZ data then results in ΩEFT

0 < 0.05 and
∑
mν < 0.26 at 95% C.L..

We then investigated, in Section 9.3, the possibility of using the EFT frame-
work to explore the physical origin of some tension between cosmological data
sets. The results of Planck-2015, in fact, revealed some interesting tensions be-
tween CMB temperature and polarization anisotropies and CMB lensing. These
tensions add to the one reported by LSS surveys, like CFHTLenS, that seem to
favour a smaller σ8. If this is not due to some unaccounted systematic effects,
this might be an indication of exotic physics beyond the base-ΛCDM model and
as such should be investigated in great detail.
In Section 9.3, using a simulation of the Planck-2015 data set, we tried to rec-
oncile this tension with some modified gravity models. In particular we studied
whether this tension can be mitigated by models characterized by a constant
conformal coupling between gravitational and matter perturbations. We found
that this model can mimic the role of AL even if, generally, the amplitude of
lensing, with respect to the GR case, is scale dependent. In order to provide
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a good fit to the Planck-like CMB anisotropy spectra, however, these models
predict an enhancement of the growth on smaller scales that make the tension
in σ8 even worse. From these results we can conclude that the tension between
the growth of matter perturbations assessed from CMB power spectra, CMB
lensing and LSS surveys can be mimicked by modified gravity models but is
hardly relieved by simple models beyond the standard ΛCDM one. This in turn
suggests to investigate more complicated models, possibly with different time
dependencies, to allow for different regimes of growth at the times at which each
of these observations is more sensitive.

At last, in Section 9.4, we have used a parametrized, EFT-like approach,
to study the observational imprint of a modified speed of gravitational waves.
This modification, indeed leaves an imprint on the power spectrum of B-modes
of the Cosmic Microwave Background (CMB) anisotropies polarisation.

We have derived the expected constraints on this quantity from from Planck
and the BB power spectrum on the degree angular scale as reported by the
BICEP2 experiment. Since we did not account for the presence of dust polar-
ization these results give us an hint of the expected constraining power coming
from an initial detection of the tensor component of the B-mode spectrum.
Moreover, we have derived the projected constraints which will be within reach
of the future generation, polarisation dedicated CMB satellites.

We have found that a departure of cT from the speed of light has an apparent
projection effect on the characteristic peak of the BB power spectrum at the
degree scale, which corresponds to the part produced by cosmological GWs.
We have identified the origin of this feature in the effective “re-scaling” of the
gradient term of the wave equation (9.9), affecting the horizon re-entry time
for the tensor component, and thus the location of the BB peak in the angular
domain.

Since the effect of c2T is rather orthogonal with that of other cosmological
parameters, we have established the ultimate constraining power by adopting
the specifications of the future proposed CMB satellites. We have found that
those are indeed capable of resolving the parameter space into a neat constraint
on cT , without degeneracies with other parameters, down to a percent level.
We observe that such a constraining power is almost competitive with the one
from observations of binary pulsar timing. These results confirm the relevance
of CMB polarisation measurements in exploring fundamental physics.
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Varying mν

Data sets ΩEFT
0 (95% C.L.)

∑
mν (95% C.L.)

PLC + BAO < 0.06 < 0.30
PLC + BAO + WiggleZ < 0.06 < 0.25

PLC + BAO + lensing + WiggleZ < 0.05 < 0.26

Table 9.2: Constraints on the cosmological parameter of pure linear EFT
parametrization with varying neutrino mass, using different combinations of
data sets.

CP Mock-A Mock-B
109As 2.10745 2.14338
ns 0.97468 0.97156
τ 0.0611 0.0664

Ωbh
2 0.022674 0.022379

Ωch
2 0.11639 0.11748

H0 69.02 68.39
AL 1.28 1.02∑
mν/eV 0.06 0.06

Table 9.3: Fiducial parameters of the mock data sets

Experiment Frequency θbeam σT σP
Planck: 217 5.02 13.1 26.7

143 7.30 6.0 11.4
100 9.68 6.8 10.9

Table 9.4: Planck blue book instrumental specifications

χ2
best−fit Mock-A Mock-C

base-ΛCDM 1967.373 3314.547
base-ΛCDM+AL 1951.122 3303.599

f(R) 1952.325 3305.251
Ω+ 1967.604 3314.676
Ω± 1951.109 3304.507

Table 9.5: The best-fit χ2
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Chapter 10

Designer f (R) Gravity

In this Chapter we showcase the flexibility of the EFTCAMB code in studying
mapping models and, in particular, f(R) models that mimic a given expansion
history. The simplicity of its theoretical structure and the representative phe-
nomena to which it leads at the level of growth of structure, have long made
f(R) gravity a popular model of modified gravity.

To start with, we focus on f(R) models that reproduce a ΛCDM expansion
history and we compare our outputs to those of the common implementation
of these theories in MGCAMB [199, 200, 195]. This allows us to perform a
consistency check of our code as well as to identify some peculiar features in the
power spectra contributed by the sub-horizon dynamics of the scalaron, which is
neglected by the QS implementation of f(R) in MGCAMB. We then extend to
designer f(R) models with more general expansion histories, considering both
a constant but different than −1 and a time-varying dark energy equation of
state. We analyze in details all the imprints of these models on the different
observables and the corresponding observational constraints.

We then investigate the degeneracy between massive neutrinos and f(R)
theories, with the designer approach, updating the bound on the Compton scale
parameter B0 with and without massive neutrino.

At last we explore the tensions between CMB temperature and polarization
anisotropies and CMB lensing, within f(R) models.

The examples that we present should highlight the versatility of our EFT-
CAMB code: it can be used to evolve the full dynamics of linear perturbations
for any given DE/MG model that can be cast into the EFT language, without
the need to resort to the QS approximation.

10.1 Introduction to Designer f(R) gravity

Let us begin by briefly reviewing the theory of f(R) gravity. We consider the
following Lagrangian in Jordan frame

S =

∫
d4x
√
−g [R+ f(R)] + Sm , (10.1)

121
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where f(R) is a generic function of the Ricci scalar and the matter sector is
minimally coupled to gravity.

For a detailed discussion of the cosmology in f(R) theories we refer the reader
to [249, 250, 251, 252]. Here we will briefly review the main features that are of
interest for our analysis. The higher order nature of the theory translates into
having an extra scalar d.o.f. which can be identified with the field fR ≡ df/dR,
commonly dubbed the scalaron [253]. Implementing the mapping to EFT, we
have that Stückelberg field for f(R) theories is given by π = δR/R [162], which
can be easily related to the perturbation of the scalaron, δfR.

Viable f(R) models need to satisfy certain conditions of stability and consis-
tency with local tests of gravity [251], which can be inferred from the conditions
in Sec. 6.5 once the mapping (10.4) is implemented. Finally, given the higher
order of the theory, it is possible to reproduce any given expansion history by
an appropriate choice of the f(R) function [249, 251]. In other words, f(R)
models can be treated with the so called designer approach which consists in
fixing the expansion history and then using the Friedmann equation as a second
order differential equation for f [R(a)]. As we will recap shortly, generically one
finds a family of viable models that reproduce this expansion; the latter are
commonly labeled by the boundary condition at present time, f0

R. Equivalently,
they can be parametrized by the present day value of the function:

B =
fRR

1 + fR

HṘ
Ḣ − H2

. (10.2)

Let us recall that the heavier the scalaron the smaller B0 and |f0
R|.

10.2 Mapping f(R) to the EFT framework

It is straightforward to map f(R) models of gravity into the EFT formalism. In
particular this has been already presented in [162, 163] and here we will briefly
summarize the main steps and the final result. Starting from action (11.1),
we can expand it in perturbations of the Ricci scalar around its value on a
FLRW background, R(0). It turns out to be convenient to do so by choosing a
preferred time-slicing for which the constant time hypersurfaces coincides with
the uniform R hypersurfaces. This allows to truncate the expansion at linear
order since all higher order terms will contribute always at least one power of
δR to the equations, and the latter vanishes. Therefore, to linear order we have:

S =

∫
d4x
√
−gm

2
0

2

{[
1 + fR(R(0))

]
R+ f(R(0))−R(0)fR(R(0))

}
. (10.3)

Comparing this action with the EFT one (6.1), we can easily derive the following
mapping recipe:

Λ =
m2

0

2
[f −RfR] ; c = 0 ; Ω = fR . (10.4)
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10.3 Comparison with MGCAMB
on Cosmological Predictions

MGCAMB relies on two functions of time and scale to parametrize deviations
in the Poisson and anisotropy equations, closing the system of equations for
matter in conformal Newtonian gauge with the two following equations:

k2Ψ ≡ − a2

2M2
P

µ(a, k)ρm∆m,
Φ

Ψ
≡ γ(a, k) . (10.5)

In order to evolve perturbations in f(R) models one has to specify the cor-
responding forms for µ(a, k) and γ(a, k), and this can be achieved by taking
the QS limit of the linearly perturbed equations, which corresponds to neglect-
ing time-derivatives of the metric potentials and of the scalar field, as well as
focusing on sub-horizon scales k � H. In this limit we have:

k2Ψ = − 1

1 + fR

1 + 4fRR/(1 + fR)k2/a2

1 + 3fRR/(1 + fR)k2/a2

a2ρm∆m

2M2
P

,

Φ

Ψ
=

1 + 2fRR/(1 + fR)k2/a2

1 + 4fRR/(1 + fR)k2/a2
. (10.6)

On sub-horizon scales the dynamics of linear perturbations in f(R) is generally
described sufficiently well by this QS approximation [195]. Eqs. (10.6) have
inspired the following parametrization [120, 254, 195, 200]:

µBZ(a, k) =
1

1−B0Ωmas−1/2

1 + 2/3B0 (k/H0)
2
as

1 + 1
2B0 (k/H0)

2
as

,

γBZ(a, k) =
1 + 1/3B0 (k/H0)

2
as

1 + 2/3B0 (k/H0)
2
as
, (10.7)

to which we will refer as the BZ parametrization that consists in assuming

fRR

1 + fR
≡ B0

6H2
0

as+2. (10.8)

A standard way of extracting predictions for cosmological observables and
comparing f(R) models to data is the one of modeling the late time universe
by inserting Eq. (10.7) into MGCAMB, leaving B0 as a free parameter and
fixing s = 4 [199]. Let us recall that a f(R) model defined by Eq. (10.7) with a
constant value for s will not in general be capable of reproducing the full ΛCDM
expansion history. However, it works as a good approximation for each epoch
alone [132], as can be inferred from Eq. (10.8). Indeed a reasonable value of s
is given by s ≈ 5 during radiation domination, s ≥ 4 during matter domination
and s < 4 during the late time phase of accelerated expansion. For small values
of B0, it is customary to fix s = 4 as discussed in [195], however here we will
re-examine this choice in view of the precision and extent of upcoming surveys.

In order to compute observables for these theories with MGCAMB it suffices
to fix the expansion history to that of ΛCDM, s = 4 and input (10.7) for µ and
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Figure 10.1: Upper panel : comparison between the temperature anisotropy
angular power spectra of EFTCAMB and MGCAMB for f(R) models with a
ΛCDM expansion history but different values of B0 and modeled via the BZ
approach described in Sec. 10.3. Lower panel : same comparison for the case of
a designer f(R) model with ΛCDM background. For a detailed interpretation
of the plots see Sec. 10.3. From [8].

γ for several choices of B0. EFTCAMB, on the contrary, does not rely on the
quasi-static BZ parametrization, but rather solves the full equations; therefore
even after fixing the expansion history to ΛCDM we need to feed the code a
form for the EFT functions. We consider two cases:

• BZ case: from Eq. (10.8) we read off the implications of the BZ parametriza-
tions for f(R) and then we reconstruct the corresponding Ω and Λ to input
in the full equations for linear perturbations. We again stress that our code
does not rely on any QS approximation;

• Designer case: we implement in our code the f(R) designer approach to
reconstruct viable f(R) models that mimic the ΛCDM expansion history and
determine the corresponding Ω,Λ via the mapping, Eq. (10.4).

The BZ case allows us to make a check of reliability of our code with minimal
changes with respect to the way f(R) theories are treated in MGCAMB. The
designer case corresponds to a proper full treatment of f(R) models and there-
fore let us fully exploit the potential of our code, avoiding spurious effects due
to the BZ approximation; this will allow us to check the accuracy of the QS
approximation in f(R) models to a new extent. The latter case corresponds to
the proper treatment of the background operators in the mapping EFT cases.

Let us start with the BZ case. Using the mapping formulae (10.4) we see
that the BZ ansätz (10.8) can be mapped into the EFT formalism as follows:

Ω = −1 + e−
3B0Ωma

s−1

2(s−1) = −3

2

B0Ωma
s−1

s− 1
+O(B2

0),

Λ

m2
0

= −ρDE

m2
0

+B0H
2
0

27a4Ω2
m − 9Ωma

s
(
4a3(s− 4)ΩΛ + (s− 1)Ωm

)
4a4(s− 4)(s− 1)

+O(B2
0).

(10.9)



10.3. COMPARISON WITH MGCAMBON COSMOLOGICAL PREDICTIONS125

As in MGCAMB, we fix s = 4 and we use different values of B0 ranging from
very large ones (B0 = 2) to very small ones (B0 = 10−3). The comparison of the
temperature spectra from the two codes is shown in the upper panel of Fig. 10.1.
As we can clearly see the agreement on small scales is very good (. 0.01%) and
remains under control (. 0.1%) even on very large scales for small values of
B0 (. 0.01). We get some tension between the two codes, (relative difference
> 1%), at low multipoles for large values of B0 (& 0.1). This is partially due
to the way we treat the background in this case; first of all when B0 & 1
the correction term in (10.9) cannot be neglected anymore. For example, for
B0 = 2 this introduces an order of magnitude approximation error in Ω and Λ.
Secondly, there is some fictitious dynamics of the scalar d.o.f., excited by the
fact that the BZ parametrization (10.8) does not give an exact representation
of the background dynamics. We also expect this discrepancy to be partially
due to the fact that the QS approximation inherent in the treatment of f(R) in
MGCAMB does not give a full account of the ISW effect. However, in order to
make meaningful statements about the latter, we need to make a comparison
between the output of MGCAMB and the output of EFTCAMB with the full
treatment of the background, i.e. consider the designer case mentioned above.

Let us then abandon the BZ parametrization for our background cosmol-
ogy, and rather adopt the designer approach that allows us to reconstruct all
the viable f(R) models that reproduce a ΛCDM expansion history. As men-
tioned earlier, f(R) models are able to reproduce any given expansion history
by means of a designer approach firstly discussed in [249] and later generalized
to include radiation and a time varying dark energy equation of state in [251].
The Friedmann equation for f(R) theories can indeed be written as a second
order differential equation for f [R(a)], namely:

f ′′ −
(

1 +
H ′

H
+
R′′

R′

)
f ′ +

R′

6H2
f = − R′

3M2
PH

2
ρDE, (10.10)

where primes denote differentiation w.r.t. ln a and ρDE is the energy density of
the effective dark energy component. The procedure consists then in fixing the
expansion history by choosing an equation of state of dark energy wDE(a), de-
termining the corresponding energy density like in (8.4) and solving Eq. (10.10)
for f . For any given expansion history the solution will consist in a family of
f(R) models labeled by B0. We implement this procedure in EFTCAMB and
show the output in Fig. 10.2; for the ΛCDM and wCDM cases one can notice
that the reconstructed f(R) are in agreement with those of [249]. We show also
the results for the case of a CPL background.

We start with a ΛCDM expansion history, consider different values of B0 and
compare our results with those of MGCAMB in the lower panel of Fig. 10.1. The
overall agreement for values of B0 < 0.1 is within 0.1% in the high multipoles
regime and within 1% in the low multipoles regime. For larger values, i.e. B0 & 1
(which are in tension with constraints from current data [255, 155, 256, 257]) we
notice that at large scales there is a better agreement, while on smaller scales we
get some systematic offset. In what follows we analyze this discrepancy using
B0 = 2 which emphasizes the offset of the codes and facilitates the investigation.

We choose to investigate the source of the above mentioned discrepancy by
comparing the functions µ(z, k) and γ(z, k) in the BZ parametrization (10.7) to
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Figure 10.2: We show designer f(R) models that mimic different expansion
histories as reconstructed with our code: ΛCDM in the top panel, a constant
wDE = −0.9 in the middle panel and a time-varying wDE in the bottom panel.
For each case we plot four curves corresponding to four different values of the
boundary condition B0. The values of wDE in the first two panels are chosen
to facilitate the comparison with [249]. See Sec. 10.3 for a detailed explanation.
From [8].

those inferred from our code. The latter are obtained evolving the full dynamics
for the designer f(R) model in EFTCAMB and then substituting the pertur-
bations into Eqs. (10.5), therefore we indicate them with a subscript ‘des’. In
Fig. 10.3 we plot all these quantities in the (z, k) space, as well as the fractional
difference between the BZ and designer quantities both for µ and for γ. Overall
we get good agreement between the BZ quantities and our designer ones, re-
producing the known pattern of recovery of the standard GR behavior at early
times on large scales, and having some significant deviations from the standard
behavior on small scales at late times. After a more careful look, we see that on
super-horizon scales the differences between µBZ(γBZ) and µdes (γdes) are rela-
tively small and are simply due to the fact that our full-Boltzmann code catches
some well known dynamics of the scalaron at those scales, and the return to GR
is not as exact as in the quasi-static BZ where it is imposed a priori. On smaller
scales, in particular on scales around the Compton wavelength of the scalaron,
the fractional difference plot shows some non-trivial differences between the BZ
and designer quantities. In other words, at late times and on scales around the
Compton one, EFTCAMB is able to catch some dynamics of the scalaron which
is not entirely negligible and perhaps is the source of the discrepancies that we
noticed in the CMB lensing spectrum on small scales. The latter appears espe-
cially in models for which the Compton wavelength of the scalaron is close to
the horizon scale and the sub-horizon and sub-Compton regimes are not clearly
distinguished.

To investigate the non-trivial sub-horizon dynamics further, we introduce
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the following indicator:

ξ ≡ π̇

Hπ
, (10.11)

which quantifies deviations from quasi-staticity for the scalar degree of freedom.
In this context with quasi-staticity we mean the fact that time derivaties of the
quantities of interest can be neglected. We plot ξ in the left panel of Fig. 10.4;
from that contour plot one can notice that the scalaron has some dynamics
on super-horizon scales, it then slows on scales of the order of its Compton
wavelength and finally resumes evolving in time below the latter scale, especially
at low redshift. Let us stress that ξ is a good indicator of whether one can neglect
the time derivatives of the scalar field, but does not necessarily carry information
on the dynamics of the metric potentials and therefore on the overall validity of
the QS approximation. The latter will depend on how the scalar field couples
with gravity and the matter sector. In the right panel of Fig. 10.4 we plot
the behavior of π as a function of redshift for four different scales, comparing it
with the evolution of the source term in Eq. (6.20). The curves confirm what we
inferred about the dynamics of π from the behavior of the indicator ξ; on very
large scales the scalaron evolves slowly, following the source term at early times
and then almost stops evolving at extremely late times. On the other hand, on
smaller scales, the field evolves slowly at early times, tracking the source and
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for a detailed explanation. From [8].

continues to evolve even at later times eventually crossing zero at some point.
At this point the QS approximation for the dark sector breaks down because
the field becomes very small while its derivatives remains finite.

To summarize, we see that the strongest deviations from the BZ parametriza-
tion of f(R) gravity are found close to the Compton wavelength of the scalaron.
Below this scale, depending on the value of B0, the dynamics of the scalar field
might be non-negligible even if we are on sub-horizon scales; and depending on
the coupling of π to gravity and dark matter, this might generate a non-standard
dynamics of matter perturbations. We expect deviations from QS, parametrized
predictions to show up in cosmological observables around k2

c = 6H2
0/B0 which

is roughly the Compton scale today. For what concerns the CMB, this effect
will show up, for very large values of B0, both on very large scales due to the
differences induced on the ISW effect and on small scales due to the modified
evolution of perturbations that will influence the lensing of the CMB. As the
value of B0 decreases the Compton wavelength will move to scales that just
contribute to the lensing, but the magnitude of the effect will decrease as well.
In the end, for small values of B0, this will just introduce some very small,
negligible, discrepancies that we can see in Fig. 10.1. We however stress that
ongoing experiments, such as Planck, and forthcoming ones, like Euclid, are ex-
pected to be much more sensitive to these effects which will have to be properly
accounted for when extracting predictions for the observables of interest.

10.4 Designer f(R) models
on non-ΛCDM background

In this section we shall use EFTCAMB to compute the power spectra of different
cosmological observables for f(R) models that mimic more general expansion
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Figure 10.5: Power spectra of several cosmological observables for f(R) models
mimicking both ΛCDM and non-ΛCDM expansion histories. The red solid line
represents predictions for the ΛCDM model while the black solid one stands
for a wCDM with w0 = −0.7 (shown only in the bottom right panel). Dashed
lines portray designer f(R) models with different expansion histories but same
boundary condition B0 = 1: the long-dashed dark blue line corresponds to mod-
els with a ΛCDM background, the short-dashed blue to models with a wCDM
background with w0 = −0.7 and the dashed-dotted light blue to models with a
CPL background with w0 = −0.7 and wa = −0.3. Upper panels: CMB temper-
ature power spectra; central panels: lensing-temperature cross-correlation (left)
and the lensing potential power spectra (right); lower panels: total matter (left)
and CMB temperature power spectra (right) for ΛCDM / wCDM and the cor-
responding designer f(R) models. See Sec. 10.4 for a detailed explanation.
From [8].

histories. As above, after choosing an expansion history, we reconstruct viable
models via an implementation in our code of the f(R) designer approach and
the mapping formulae (10.4). We consider a wCDM expansion history with
w0 = −0.7, a CPL model with w0 = −0.7, wa = −0.3 and we compare the
results with those of the ΛCDM models analyzed in 10.3. In all cases we fix
B0 = 1 in order to make the various effects clearly visible. In particular we
choose the parameters of the CPL model in order to resemble a cosmological
constant at high redshift while evolving toward the wCDM case at late times.

We show the power-spectra observables calculated with our code in Fig. 10.5
and in what follows we give a detailed overview of each result. The first, top
left, panel shows the ISW part of the CMB temperature power spectrum. On
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these angular scales we notice the effects of a modified time evolution of the
gravitational potentials at late times, that results in an overall suppression of
power at low multipoles. This effect will, however, be shaded by cosmic variance
which lowers the statistical significance of these deviations. In fact, we expect
differences from the ΛCDM behavior at small scale to acquire a primary role
in testing alternative models with ongoing and upcoming surveys [258]. We
zoom in on the modifications to CTT` at small scales in the top right panel,
where we can more clearly see the part of the temperature power spectrum
which is influenced by gravitational lensing. As expected, we notice that the
change in the expansion history shifts the position of the peaks and reduces their
amplitudes, while the modification of gravity could further smear the acoustic
peaks in the lensing part. This can be clearly seen in the lower right figure
which compares explicitly the resulting temperature spectra from CAMB and
our designer EFTCAMB in ΛCDM and wCDM background. The impact of
modifications of gravity on the CMB lensing potential is shown in the center
right figure where we plot Cψψ` ; one can appreciate that the different expansion
histories change the angular size of the lenses slightly shifting the position of the
peak, while the different dynamics of perturbations greatly impact the amplitude
of the spectrum. Ongoing CMB experiments like Planck, ACT and SPT [81,
259, 260] have directly measured this observable, and in the upcoming future
they will measure it with even greater accuracy, so to this extent codes like ours,
that evolve the full dynamics and capture interesting features at those scales of
the CMB spectrum, will be very useful.

Another quantity which is greatly influenced by modification of gravity is
the power spectrum of the cross-correlation between temperature and lensing
potential, i.e. CψT` . As we already commented, the evolution of the Weyl
potential sources both the ISW and weak lensing effect inducing a correlation
between these two. From the center left panel of Fig. 10.5 one can notice
that for the ΛCDM model the cross-correlation is large and positive, while for
f(R) models with a ΛCDM expansion history but B0 = 1, the cross-correlation
oscillates around zero. Interestingly, the signal can be increased by changing
the expansion history while keeping B0 = 1; in this case the cross-correlation
will become large and negative.

Finally, we shall comment on the effects that appear in the total matter
power spectrum. In the bottom left panel of Fig. 10.5 we can appreciate that as
soon as B0 is different from zero the spectrum is shifted, both in amplitude and
in scale, with respect to the ΛCDM one. In addition a non-standard expansion
history changes the amplitude of the spectrum at the peak and also the slope
at smaller, but still linear, scales as we can see comparing the light blue lines
to the dark blue ones. Interestingly, we can clearly see that the CPL model
lies between the ΛCDM and the wCDM one; the amplitude of the peak, which
is influenced by the early time expansion history, lies close to the ΛCDM one
while the slope at smaller scales, which is affected by the late time evolution
of matter perturbations, stays close to the wCDM model as w is approaching
w0 = −0.7.
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Figure 10.6: Left panel : stability regions of designer f(R) models on a wCDM
background. The cosmological parameters defining the expansion history are
set to their CAMB default values: H0 = 70 Km/s/Mpc, Ωb = 0.05, Ωc = 0.22,
TCMB = 2.7255 K. Right panel : marginalized constraints on Log10(B0) describ-
ing designer f(R) models on ΛCDM background for two data sets differing by
CMB lensing and BAO. For each data set we compare the results obtained with
EFTCAMB with those obtained by MGCAMB [199, 200] for the same designer
f(R) models. From [7].

Like in the pure EFT case that we treated in Section 9.2, it proves very
instructive to investigate the shape of the parameter space as dictated by the
stability conditions of Section 9.1. For the designer f(R) model on ΛCDM
background it is easy to show that the latter reproduce the known result that
in order to have a positive mass of the scalaron B0 should be greater than zero.
It is much more interesting to investigate the shape of the parameter space
for f(R) models mimicking a wCDM background expansion history. We do it
numerically, through the built-in routine of EFTCAMB, and we show the results
in Figure 10.6. The first noticeable feature is that for wCDM models the value
of the equation of state of dark energy can not go below −1, which is consistent
with what was found in [251]. The second one is that the parameter B0 controls
the limit to GR of the theory i.e.when B0 gets smaller the expansion history is
forced to go back to that of the ΛCDM model in order to preserve a positive
mass of the scalaron.

In what follows, we shall first investigate the constraints on B0 in models
reproducing ΛCDM background, performing also a comparison with analogous
results obtained using MGCAMB [199, 200]. We will then move to study con-
straints on designer models on a wCDM background.

In the right panel of Figure 10.6, we compare the 1D marginalized posterior
distributions of Log10B0 from our EFTCAMB to those from MGCAMB. Overall
there is good agreement between the two results. Moreover, one can notice that
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Figure 10.7: 1D Marginalized posterior distributions of cosmological and model
parameters for designer f(R) models both on a ΛCDM (left) and wCDM (right)
background. Different colors represent different combinations of cosmological
data sets. From [7].

generally the constraints obtained with EFTCAMB are a little bit tighter than
those obtained with MGCAMB. This is because in the latter code f(R) models
are treated with the quasi-static approximation which looses out on some of
the dynamics of the scalaron [195], which is instead fully captured by our full
Einstein-Boltzmann solver.

The detailed 1D posterior distributions and corresponding marginalized statis-
tics are summarized in Figure 10.7 (a) and Table 10.1 and they are consistent
with previous studies employing the quasi-static approximations [72]. The right
panel of Figure 10.6 and Figure 10.7 show that lensing data add a significant
consrtaining power on B0. This is because Planck lensing data are helpful in
breaking the degeneracy between Ωm and B0 which affect the lensing spectrum
in different ways. Indeed, in f(R) gravity the growth rate of linear structure
is enhanced by the modifications, hence the amplitude of the lensing poten-
tial spectrum is amplified whenever B0 is different than zero (see our previous
work [8]); however, the background angular diameter distance is not affected by
B0, so the position of the lensing potential spectrum is not shifted horizontally.
On the other hand, Ωm affects both the background and linear perturbation so
that both the amplitude and position of the peaks of the lensing potential are
sensitive to it.

Similarly to what happens in the linear EFT model, reviewed in Section 9.2,
f(R) gravity shows some novel features in the case of a wCDM background.
Once again we find a non-trivial likelihood profile of Log10B0 (see Figure 10.7)
for all the three data compilations, with the shape of the marginalized posterior
distribution of Log10B0 being dominated by the shape of the stable region. In
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the middle panel of Figure 10.6 one can see indeed that when B0 tends to smaller
values, i.e.the theory tends to GR, the stable regions becomes narrower and
narrower, with a tiny tip pointing to the GR limit. Since the width of this tip is
so narrow compared with the current capability of parameter estimation from
Planck data, the gains of likelihood of the sampling points inside this parameter
throat are not significant, i.e.they are uniformly sampled in the throat. Hence,
even though the full data set has a very good sensitivity to B0, the marginalized
distribution of Log10B0 is dominated by the volume of the stable region in
the parameter space. A complementary consequence of the shape of the stable
region in the (B0, w0) space is the fact that when B0 tends to zero, w0 is driven to
−1. In other words the stability conditions induce a strong correlation between
B0 and w0 and, as a consequence, in f(R) models, no matter in the ΛCDM
or wCDM background case, the GR limit is effectively controlled by a single
parameter, i.e.B0.

Finally one can notice that the bound on w0 with Planck lensing data is
quite stringent compared to those without lensing, namely:

w0 ∈ (−1,−0.94) (95%C.L.) without lensing,

w0 ∈ (−1,−0.9997) (95%C.L.) with lensing. (10.12)

We argue that this stringent constraint actually is a consequence of the combina-
tion of the strong correlation between B0 and w0 induced by the viability prior,
as discussed above, and the sensitivity of lensing data to B0, that we capture
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well with our code. As shown in [155] Planck lensing data is very sensitive to MG
parameters such as B0; indeed, in our analysis with Planck+WP+BAO+lensing
data we get

Log10B0 = −3.35+1.79
−1.77 (95%C.L.) . (10.13)

Furthermore, from Figure 10.8, one can see that the ellipse in the (Log10B0, w0)
space corresponding to Planck+WP+BAO+lensing data (blue) is orthogonal
to those without lensing (red and green). In other words, when lensing data is
included, Log10B0 and w0 display a degeneracy which propagates the stringent
constraint on the scalar Compton wavelength from CMB lensing data to w0.
Besides this, we do not find other remarkable degeneracies between B0 and
standard cosmological parameters.

10.6 Cosmological Constraints With Massive Neu-
trinos

As we discussed in Section 9.2.2, massive neutrinos are an extension of the
cosmological standard model which modify the dynamics of linear scalar per-
turbations, leaving a characteristic imprint on the growth of structure [212].
Specifically, on linear scales smaller than the neutrino free streaming distance,
the overall matter clustering is suppressed. Interestingly scalar tensor models of
modified gravity leave a complementary signature on the growth of structure,
enhancing the clustering on linear scales within the Compton scale of the ex-
tra scalar degree of freedom, because of the fifth force mediated by the latter.
Depending on the mass of neutrinos and of the scalar field, there may be a
significant degeneracy between the two effects at some redshifts and scales. The
latter has been investigated to large extent in the context of f(R) theories of
gravity, and generally an appreciable degeneracy has been found. However, a
common feature of all previous analyses is the assumption of the quasi static
(QS) limit in the equations for the perturbations and the employment of the
QS parametrization introduced by Bertschinger and Zukin in [120]. In this
Section we revisit this degeneracy employing EFTCAMB, which has the im-
portant virtue of letting us implement exact f(R) models and evolve their full
dynamics. Another key feature of our analyses is the consistent treatment of
the background cosmology, which is based on a designer reconstruction of f(R)
models with the inclusion of massive neutrinos.

In EFTCAMB massive neutrinos are implemented by numerically integrat-
ing their Fermi-Dirac distribution and adding their contribution to all the de-
signer f(R) equations, as well as the EFT perturbation equations.

Things are different in the case when MGCAMB is used. While the frame-
work at the basis of this code is in general not restricted to the quasi static limit,
the implementation of specific models like f(R) relies on the parametrization
introduced by Bertschinger and Zukin in [120], and later extended in [251, 254,
131], which is quasi static and introduces an approximation for the time evolu-
tion of fR. More specifically, the background is fixed to whatever the desired
one is, in this case ΛCDM plus the parameter fν modeling massive neutrinos.
The effects of modified gravity are then taken into account via the following
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parametrization of Poisson and anisotropy equations:

k2Ψ = −µ(a, k)
a2

2M2
P

[ρm∆m + 3 (ρm + Pm)σm] ,

k2 [Φ− γ(a, k)Ψ] = µ(a, k)
3a2

aM2
P

(ρm + Pm)σm , (10.14)

where no QS limit has yet been taken, and σm is the anisotropic stress from
matter, to which neutrinos are expected to contribute at high redshift.

If one wants to implement a specific model, in this case f(R), one needs to
reduce to the QS limit, so that Einstein equations become a set of algebraic
equations and it is easy to find an analytical expression for µ and γ. In the case
of f(R), they assume the following form [251]:

µ =
1

1 + fR

1 + 4 fRR
1+fR

k2

a2

1 + 3 fRR
1+fR

k2

a2

, γ =
1 + 2 fRR

1+fR
k2

a2

1 + 4 fRR
1+fR

k2

a2

. (10.15)

In the current setup of MGCAMB a further simplification is applied when
treating f(R) models, which reduces µ and γ to the following expressions in
terms of a single parameter, B0:

µ =
1

1−B0Ωma3/2

1 + (2/3)B0 (k/H0)
2
a4

1 + (1/2)B0 (k/H0)
2
a4
,

γ =
1 + (1/3)B0 (k/H0)

2
a4

1 + (2/3)B0 (k/H0)
2
a4
, (10.16)

which correspond to a QS approximation with a power law to describe the
time evolution of the Compton wavelength of the scalar d.o.f. [195]. For the
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remaining, we will refer to (10.16) as the BZ parametrization. Equations (10.16)
are combined with the system of Boltzmann equations for matter components
and the dynamics of linear scalar perturbations is evolved. They are numerically
implemented in [199, 200].

MGCAMB: PLC, BAO, WiggleZEFTCAMB: PLC, BAO, WiggleZ
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Figure 10.10: The marginalized joint likelihood for the present day value of
Log10B0, the sum of neutrino masses,

∑
mν , and the amplitude of the (linear)

power spectrum on the scale of 8h−1Mpc, σ8. Different colors correspond to
the different codes used and, hence, a different modeling of f(R) as shown in
the legend. The darker and lighter shades correspond respectively to the 68%
C.L. and the 95% C.L.. The solid line indicates the best constrained direction
in parameter space while the dashed line indicates the worst constrained one.
As we can see these directions differ noticeably for the two codes. From [5].
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and lighter shades correspond respectively to the 68% C.L. and the 95% C.L..
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Armed with the full and consistent treatment of the background cosmology
for f(R) theories in the presence of massive neutrinos, we can now turn our
attention to the dynamics of linear scalar perturbations. While EFTCAMB
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provides a number of different parametrizations for the effective dark energy
equation of state that can be used in conjunction with the f(R) designer ap-
proach, in this paper we will consider only the case of a ΛCDM background.
We compare our results with those obtained with the publicly available code
MGCAMB [199, 200], and in particular with its adapted version of [72]. We
will focus on the constraints on the mass of neutrinos and on the B0 parameter
labeling f(R) theories.

Combining the different cosmological observables described in Section 9.2.2,
we explore constraints on designer f(R) models in the massive neutrinos sce-
nario, both in the case of varying and fixed neutrino mass. The results are
summarized in Table 10.2. From there we can see that the PLC data set
combined with BAO weakly constrain f(R) models so that in the range of
interest there is no statistically significant upper bound on Log10B0 both in
the case of varying and fixed neutrino mass even though the mass of neutri-
nos is strongly constrained. This is because the constraining power of CMB
temperature-temperature spectrum on f(R) models is dominated by the ISW
effect on the large scales. As shown in [255, 155], the tension between the
observed low value of large-scale multipoles of CMB temperature-temperature
spectrum and ΛCDM prediction could indeed be reconciled by a large value of
B0 because of the ISW effect. On the other hand, the summed neutrino mass is
constrained better by small scale data and is affected negligibly by the tension
in the low-` multipoles. This is confirmed by the black line in panels (a) and
(b) of Figure 10.9 that clearly shows that the posterior probability distribution
of Log10B0 is peaked at a very large value because of this effect and regardless
of the mass of neutrinos. In the case of varying neutrino mass this pronounced
peak results in a 2σ lower bound on Log10B0 as can be seen from Table 10.2.
This comes from the fact that models with large B0 value fit better both the
power deficit of the TT spectrum in the ISW regime and the relatively stronger
lensing modulation of the TT spectrum around the 3rd and 4th peaks as found
by Planck-2013. However, the inclusion of large scale structure data disfavors
large values of B0 and the peak of the posterior distribution located at a non-
zero value of B0 loses its statistical significance after including other data sets,
as we will comment later. Moreover, as can be seen from Figure 10.9, the PLC
and BAO data compilation are not very robust to constrain neutrino mass and
the Compton wavelength at the same time due to the degeneracy between these
parameters, so that when the summed neutrino mass is fixed to the vanilla
model value, 0.06 eV, the tail of the distribution of Log10B0 raises up resulting
in no statistically significant lower bound on Log10B0.

The whole picture slightly changes when CMB lensing data are added since
both f(R) and massive neutrinos can affect those significantly and in a degen-
erate way. As we already discussed, f(R) models predict an enhancement of
the growth on scales smaller than the Compton scale of the scalaron. Bigger
values of B0 correspond to a larger Compton scales and hence a more significant
enhancement of growth on linear scales. On the other hand, massive neutrinos
predict a suppression of growth via the freestreaming and a shift in the matter-
radiation equality time. Therefore there is a degeneracy between B0 and

∑
mν

when growth data are considered, with a non zero neutrino mass allowing for
larger values of B0. This degeneracy is reflected also in the lensing effect im-
printed by LSS on CMB. Indeed, when lensing data are considered B0 and

∑
mν
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display a significant degeneracy which is noticeable in panel (a) of Figure 10.9.
As can be seen from Table 10.2 the marginalized bounds on the parameter of
interest reflect this degeneracy. On one hand, when lensing data are added the
constraint on the neutrino mass gets worse with respect to the CMB and BAO
case; on the other hand the constraint on Log10B0 improves with respect to the
CMB and BAO dataset combination but is worse with respect to the case in
which lensing is included but the sum of neutrino masses is not allowed to vary.

Comparing the 1D likelihoods for B0, i.e. the red curves, in the middle
and right panels of Figure 10.9 we can see a significant difference in the bounds
between the case of varying and fixed neutrino mass. The present value of
the Compton scale is well constrained when the neutrino mass is kept fixed
(
∑
mν = 0.06eV) , with a bound of Log10B0 < −2.3 at 95% C.L.. Instead,

when the neutrino mass is varied the bound is looser. In both cases the addition
of CMB lensing data rises the tail of the Log10B0 distribution removing any
statistical significance from the lower bound found in the PLC and BAO case.

Finally we can see that the addition of the WiggleZ data improves the sit-
uation. It is true that f(R) and massive neutrinos leave a degenerate imprint
on LSS, however the constraining power of WiggleZ, and its high sensitivity to
changes in B0 within the range that we consider are able to partially alleviate
the degeneracy. Hence we obtain a stringent bound on B0 when the mass of
neutrinos is fixed and, more generally, substantial bounds on both B0 and

∑
mν

when the mass of neutrinos is varied.

We compare our results with those obtained with MGCAMB, following the
implementation described in Section 10.6. The results are in good agreement,
even though there are some interesting differences that we shall discuss in the
following. Form Table 10.2 we can see that the constraints obtained with
EFTCAMB on Log10B0 are a bit tighter while the bound on neutrino mass
is weaker. The reason why this happens can be easily understood by looking at
the marginalized joint likelihood of Log10B0 and

∑
mν in Figure 10.10. From

there we can see that there is a change in the degeneracy between these two
parameters. This conclusion is further confirmed by looking at the principal
components of the two parameters. These are shown in Figure 10.10 as two
lines: the continuous one corresponds to the best constrained direction in pa-
rameter space while the dashed one corresponds to the worst constrained one.
The blue lines correspond to results obtained with EFTCAMB, while the red
lines correspond to those obtained with MGCAMB. As we can see the principal
directions for the two codes differ noticeably. The same conclusion can be drawn
from the other two panels of Figure 10.10 where we can see that the degenera-
cies between Log10B0, σ8 and

∑
mν change substantially. In particular, there

is less degeneracy between σ8 and
∑
mν in f(R) cosmologies when the analysis

is performed with EFTCAMB.

These changes in the degeneracies are due to the different modeling of mod-
ified gravity physics. As discussed in Section 10.6, with respect to the complete
f(R) modeling of EFTCAMB the modeling of MGCAMB relies on two differ-
ent assumptions, namely the QS regime for perturbation and the power law
ansatz for the time dependence of the Compton wavelength of the scalaron,
characteristic of the BZ parametrization (10.16). In order to disentangle the
effects of these two approximations we have created a quasi-static version of
EFTCAMB customized to f(R) theories, which implements Eq. (10.15), here-
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after we name it QS-f(R); in other words it assumes QS but model properly
the time-dependence of the background terms, so that at the level of the back-
ground the modeling is the same as in EFTCAMB and the differences come only
from the different treatment of the dynamics of perturbations. We show a com-
parison of the results obtained with EFTCAMB, MGCAMB and QS-f(R) in
Figure 10.11. It can be noticed that, as expected, results obtained with QS-f(R)
lie in between those obtained with EFTCAMB and MGCAMB. Furthermore,
it can be seen that in all three panels, MGCAMB and QS-f(R) results are very
close to each other, while those obtained with EFTCAMB differ to some ex-
tent. Comparing the 1D likelihoods of the center and right panels we can notice
that the difference between EFTCAMB and the other two codes is significantly
enhanced when massive neutrinos are added. From these comparisons we can
infer that the discrepancy found in Figure 10.10 between EFTCAMB and MG-
CAMB is mostly due to a different modeling of the dynamics of perturbations;
the quasi-static approximation misses out some important dynamical contribu-
tions. However, as can be noticed in the right panel of Figure 10.11, in the case
with a fixed neutrino mass the QS approximation and the power-law modeling
of the background contribute similarly to the difference between EFTCAMB
and MGCAMB. We expect the above results to depend to some extent on the
data set considered, with the differences potentially being smaller for data sets
that have a weaker constraining power on f(R). Nevertheless, given the accu-
racy and wealth of upcoming measurements it is certainly important to take
into account these discrepancies.

10.7 Investigating Tensions with Designer f(R)

Following up the discussion in Section 9.3 we can investigate the interesting
tensions between CMB temperature and polarization anisotropies and CMB
lensing within designer f(RM) models.

As we can see from Figure 10.12 the f(R) case displays an Aeff
L that is

monotonically increasing as a function of scale. At low multipoles the agreement
with a scale independent model is as good as few percent while in the high-`
range it is off by 40% depending on the present value of the Compton wavelength
of the scalaron.

We fit with designer f(R) our Mock-A and Mock-C data sets, described
in 9.3, and we show the marginalized bound on parameters of interest in Fig-
ure 10.13. From there we can see that there is a strong positive correlation
between the scalaron present Compton wavelength parameter B0 and σ8. This
effect is well known and corresponds to the fact that as the effective New-
ton constant is increased the growth of matter perturbations is increased as
well. When considering just Mock-A our results show that in order to mimic
AL ∼ 1.3, the marginalized constraint on B0 have to point significantly toward
large values of the scalaron Compton wavelength. The marginal bound is then
−1.15 < Log10B0 < −0.04 at 95% C.L..

Due to the significant degeneracy between B0 and σ8 such values of B0 will
lead to strong enhancement of the growth rate at relatively small scales making
the σ8 value too large so that the tension between Planck and and LSS surveys,
such as CFHTLenS [261, 262], would become even worse. For this reason when
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Figure 10.12: the effective lensing amplitude Aeff
L (`) ≡ Cφφ` (MG)/Cφφ` (GR) as

a function of scale in designer f(R) models. Different colors correspond to
different values of the model parameters as shown in legend. From [4].
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Figure 10.13: the marginalized joint likelihood for the amplitude of the (linear)
power spectrum on the scale of 8h−1Mpc, σ8 and the present day value of
Log10B0. Different colors correspond to different combination of mock data
sets as shown in legend and the grey band is the marginalized 1σ bound on σ8

from the base-ΛCDM+AL model. The darker and lighter shades correspond
respectively to the 68% C.L. and the 95% C.L.. From [4].

lensing is added in Mock-C, the tension in AL, that for the lensing data set is
smaller, pushes the posterior of B0 toward smaller values, making it closer to
GR. A similar effect was also observed for the Planck-2015 data set [74] and in
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the Planck-2013 data [5, 72, 155, 256].

In Table 9.5 we list the best-fit χ2 for the one parameter extensions of the
base-ΛCDM model that we investigated in this paper. From there we can see
that the best-fit χ2 values in the base-ΛCDM+AL and f(R) models are similar
and are noticeably smaller than those from base-ΛCDM model with ∆χ2 ' −16
from the Mock-A and ∆χ2 ' −11 from the Mock-C data sets.

10.8 Chapter Summary

In this chapter, we described the implementation of designer f(R) models into
EFTCAMB. We presented the results that can be drawn for this model with
present cosmological data and we used it as an example of the implementation
of a designer mapping theory into EFTCAMB.

We started, in section 10.3, comparing our code with the outputs of MG-
CAMB for f(R) theories in a ΛCDM background. To this extent, we focused
on the CMB temperature angular spectrum and showed an agreement of the
two code within 0.1% for values of the scalaron Compton wavelength consistent
with existing bounds from Planck. For larger values of B0 we found some ten-
sion both at the low and high multipoles; the former is due to the fact that not
relying on any QS approximation, EFTCAMB gives a more accurate account
of the ISW effect. To investigate the latter discrepancy instead, we considered
the functions µ(z, k) and γ(z, k) Eqs. (10.5), commonly used to parametrize
deviations from GR and implemented in MGCAMB. We compared their shape
in (z, k)-space as reconstructed from the full evolution of the perturbations in
our code, to their form under the BZ approximation (10.7) employed to study
f(R) in MGCAMB. This comparison showed that EFTCAMB catches the mild
dynamics of the scalaron at early times and on large scales, as well as some
non-trivial dynamics on scales around and below the Compton wavelength. We
confirmed this by analyzing the time- and scale-dependence of a quantity that
we propose as an indicator of quasi-staticity in the dark sector, ξ Eq. (10.11).
After this thorough check of consistency with MGCAMB, we moved on to fully
exploit the flexibility of the EFT framework applying our code. As an example
of what we called the mapping EFT approach, we extended the implementa-
tion of the f(R) designer approach to more general expansion histories like the
wCDM and CPL one, examining the effects of the combined change in the back-
ground dynamics and in the growth of structure on cosmological observables like
the CMB temperature and lensing power spectra (auto- and cross-correlation),
and matter power spectrum.

We then moved to deriving constraints on designer f(R) with three different
combinations of Planck, WP, BAO and CMB lensing data sets to show their
different effects on constraining the parameter space. We have adopted the de-
signer approach built-in in EFTCAMB and have considered the case of a ΛCDM
as well as of a wCDM background. Constraints on the model parameter B0, are
described in Section 10.5. For the ΛCDM case we also compared our results to
those that we obtained with the quasi-static treatment of these models via MG-
CAMB [199, 200]. The two treatments give results that are in good agreement,
with bounds from EFTCAMB/EFTCosmoMC being a little tighter thanks to
the full treatment of the dynamics of perturbations. On wCDM background
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we have found a non-trivial likelihood profile of Log10B0 (see Figure 10.7 (d))
for all the three data compilations and the shape of the marginalized posterior
distribution in this case strongly reflects that of the viable region in parameter
space. In the wCDM background, with Planck+WP+BAO+lensing data we get
Log10B0 = −3.35+1.79

−1.77 (95% C.L.). The bounds on w0 with Planck lensing data
(w0 ∈ (−1,−0.9997) (95% C.L.)) are quite stringent compared to those without
this data set (w0 ∈ (−1,−0.94) (95% C.L.)) due to the high constraining power
of lensing measurements on B0 and the strong correlation between w0 and B0

via the viability prior.

After investigating these cosmological implications we investigated the de-
generacy between massive neutrinos and designer f(R) models. We found that
the combination of Planck and BAO measurements displayed a marked degen-
eracy between the Compton wavelength of the scalaron and the sum of neu-
trino masses. With the addition of large scale structure data from the WiggleZ
experiment we found that this degeneracy is alleviated resulting in stronger
constraints. In particular the most complete data set that we used results in
Log10B0 < −4.1 at 95% C.L. if neutrinos are assumed to have a fixed mass
equal to

∑
mν = 0.06 eV and Log10B0 < −3.8 and

∑
mν < 0.32 at 95% C.L.

if neutrino masses are allowed to vary. We compared our results to those ob-
tained by means of MGCAMB, in which f(R) models are typically treated via
parametrization introduced in [120], which assumes the quasi static regime and
a specific power law evolution for the characteristic lengthscale of the model.
Overall there is good agreement between the two codes, finding however that
due to the different modeling there is a slight change in the degeneracy between
f(R) models and massive neutrinos. In particular this degeneracy changes direc-
tion in parameter space resulting in the fact that EFTCAMB obtains stronger
bounds on Log10B0 but weaker constraints on

∑
mν . We observed that also

other degeneracies are affected by the different physical modeling so that with
EFTCAMB there is less degeneracy between f(R) models and σ8.

At last we explored the tensions between CMB temperature and polarization
anisotropies and CMB lensing and we found that f(R) can mimic the role of
AL even if, generally, the amplitude of lensing, with respect to the GR case, is
scale dependent.
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Chapter 11

Hu-Sawicki f (R) Gravity

While in the previous Chapter we focused on a designer model, in this chapter
we show how to fully map a specific model of modified gravity into EFTCAMB.
This approach consists in few steps and allows to obtain the cosmological phe-
nomenology of a model with minimal effort. Here we discuss all these steps, from
the solution of the dynamical equations for the cosmological background of the
model to the use of the mapping relations to cast the model into the effective
field theory language and use the latter to solve for perturbations. The model
that we choose for this purpose is the popular Hu-Sawicki f(R) gravity, that
was introduced in [263] and represents one of the few known viable functional
forms of f(R) with the interesting feature of being able to satisfy solar system
tests of gravity. The non-linear structure formation via N-body simulations of
this model has been studied in [264, 219, 265, 266, 267]. Finally, a generic
No-Go theorem of the screening mechanism for chameleon-like models has been
studied in [268]. After solving the background and performing the mapping,
we interface the algorithm with EFTCAMB and take advantage of the effective
field theory framework to integrate the full dynamics of linear perturbations,
returning all quantities needed to accurately compare the model with observa-
tions. We discuss some observational signatures of this model, focusing on the
linear growth of cosmic structures. In particular we present the behavior of
fσ8 and EG that, unlike the ΛCDM scenario, are generally scale dependent in
addition to redshift dependent. Finally, we study the observational implications
of the model by comparing its cosmological predictions to the Planck 2015 data,
including CMB lensing, the WiggleZ galaxy survey and the CFHTLenS weak
lensing survey measurements.

As anticipated, the dynamics of linear perturbations in f(R) models of grav-
ity can be studied exactly through the EFT framework working only with two
EFT functions: Ω and Λ. In figure. 11.1, we demonstrate the logical steps of
the implementation of a full-mapping module in EFTCAMB. Our algorithms
only asks for a few steps to interface the model parameters with EFTCAMB,
such as the background equation of state of the dynamical dark energy field (or
the modified Hubble parameter) and the corresponding EFT functions. The
modules of the code will automatically calculate the derivatives and integrals of
these quantities numerically. In the following we will show how to determine the
time-dependence of these functions, which is all is needed in order to have EFT-
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EFT 
Einstein-Boltzmann 

solver

Full Mapping EFT
Covariant action

EFT action

Model specific 
cosmological 

background solver

Cosmological
and model
parameters

Figure 11.1: Diagram illustrating the logical steps of the implementation of
a full-mapping module in EFTCAMB. At first a specific theory needs to be
mapped to the EFT framework. These mapping relations, along with the cos-
mological and model parameters are fed to a module that solves the cosmological
background equations, for the specific theory, and outputs the time evolution of
the EFT functions. These functions are then used to evolve the full perturbed
Einstein-Boltzmann equations and compute cosmological observables. From [1].

CAMB solve for the dynamics of cosmological perturbations, in f(R) models,
through the full mapping procedure.

While we specialized to the Hu-Sawicki model as a working example in this
Chapter, the steps presented here also constitute the necessary ingredients to
map other modified gravity models into EFTCAMB. Indeed, in a similar way
one has to write a model specific module that solves the background equations
for the model of interest. Then one has to work out and use the mapping
relations between the model and the EFT framework to get the specific time
dependence of the EFT functions (e.g. [177] offers a complete guide on the
mapping). Once these functions are fed to EFTCAMB, the code will automat-
ically calculate derivatives and integrals numerically and finally output all the
cosmological observables of interest.

11.1 Introduction to Hu-Sawicki f(R)

The Hu-Sawicki model of f(R) gravity was introduced in [263] and represents
one of the few known viable functional forms of f(R) with the interesting feature
of being able to satisfy solar system tests of gravity. It corresponds to the
following action:

S =

∫
d4x
√
−gm

2
0

2
[R+ f(R)] + Sm[gµν , χm], (11.1)

where

f(R) = −m2 c1(R/m2)n

c2(R/m2)n + 1
, (11.2)

with

m2 ≡ H2
0 Ωm = (8315Mpc)−2

(
Ωmh

2

0.13

)
. (11.3)

The non-linear terms in f(R) introduce higher-order derivatives acting on the
metric, making explicit the higher order nature of the theory. It is possible to
cast the theory into a second order one with an extra scalar degree of freedom
represented by fR ≡ df/dR, i.e. the scalaron.



11.2. HS F (R) BACKGROUND COSMOLOGY 147

0 1 2 3 4 5 6 7
z

-0.90

-0.95

-1.00

-1.05

-1.10

Effective Dark Energy equation of state

Figure 11.2: Effective Dark Energy Equation of State for the Hu-Sawicki f(R)
model as a function of redshift. Different colors and ticks represent different
values of model parameters, as shown in legend. From [1].

In the high curvature regime, R � m2, the action (11.2) can be expanded
in m2/R:

lim
m2/R 0

f(R) ≈ −c1
c2
m2 +

c1
c22
m2

(
m2

R

)n
+ · · · . (11.4)

This limit can be applied up to z = 0 if the parameter m2 is properly chosen. In
particular it can be applied for the value given in (11.2), as discussed in [263].
Furthermore one can notice that the first term corresponds to a cosmological
constant and the second term to a deviation from it, which becomes more im-
portant at low curvature. It is possible to closely mimic a ΛCDM evolution if
the value of c1/c2 is fixed by:

c1
c2
≈ 6

ΩΛ

Ωm
. (11.5)

which is valid as long as the high curvature regime holds. Using the latter rela-
tion, the number of free model parameters can be reduced to two. In addition,
the parameter c2 can be expressed in terms of f0

R ≡ df/dR(z = 0) so that the
two free parameters of the Hu-Sawicki model, that we shall discuss in the next
sections, are f0

R and n.

11.2 HS f(R) Background Cosmology

We shall now focus on solving the background dynamics of the Hu-Sawicki
model, with the goal of deriving the time-dependence of the EFT functions
in (10.4). Let us start from the modified Friedmann equations in conformal
time: (

1 + fR
)
H2 + a2 f

6
− ä

a
fR +HḟR =

1

3m2
0

a2ρm ,

ä

a
− (1 + fR)H2 +

a2

6
f +

f̈R
2

= − 1

6m2
0

a2 (ρm + 3Pm) .

(11.6)

The trace of Einstein equations provides a dynamical equation for the additional
scalar degree of freedom of the theory

�fR =
1

3

(
−ρm
m2

0

+R− fRR+ 2f

)
. (11.7)
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From a closer look at (11.7), it can be realized that in the high curvature regime
the solution of this equation displays highly oscillatory modes when fRR >
0, [249, 253]. These oscillations have an amplitude that decays in time and
eventually fades away as the curvature decreases. Nevertheless, one needs extra
care to cope with these oscillations when solving the background dynamics, as
we will discuss later.

Starting from (11.6) it is possible to recast the Friedmann equations in their
general relativistic form, incorporating the effects of the modifications of gravity
into an effective dark fluid with the following equation of state:

wDE = −1

3
− 2

3

(
H2fR − a2f

6 −
1
2 f̈R

)
(
−H2fR − a2f

6 −HḟR + a2fRR
6

) . (11.8)

Following [263], we can then define two auxiliary variables:

yh =

(
H2

m2
− a−1

)
a−2, yr =

R

m2
− 3a−3, (11.9)

to recast the first equation in (11.6) and the geometrical relation between R and
H into a first order system of non-linear ordinary differential equations:

y′h =
1

3
yr − 4yh

y′r = 9a−3 − 1

yh + a−3

m2

fRR

[
yh − fR

(1

6
yr − yh −

1

2
a−3

)
+

1

6

f

m2

]
(11.10)

where the prime stands for the derivative w.r.t. the number of efolds ln a. As we
already discussed, the solution of this system of differential equations is expected
to display high frequency oscillations at high redshift. In order to ensure an
accurate and efficient approach, we shall determine the particular solution of it
around which oscillations happen. This is defined by the smooth evolution of
the minimum of the potential defined by the r.h.s. of equation (11.7). Requiring
the field to seat at the bottom of its potential, immediately results in:

R =
k2ρm − 2f

1− fR
. (11.11)

We can then linearize the initial system around the evolution of the minimum
of the effective potential. At the leading order in the high curvature expan-
sion (11.4), the evolution for H2 can be described by:

H2 ≈ m2a−1 +
c1
6c2

m2a2 . (11.12)

Then, the variable that can be safely used for our linearization at high redshift,
is:

ȳh ≡
H2 −m2a−1 − c1

6c2
m2a2

m2a−1
=
H2 −H2

ΛCDM

m2a−1
, (11.13)

where H2
ΛCDM is the Hubble parameter for the ΛCDM model. Once (11.10)

has been linearized, the evolution of its stable solution is well approximated by
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the ratio of the non-homogeneous term and the mass term of the corresponding
linearized system.

The strategy that we shall use to solve the background equations, for the
Hu-Sawicki f(R) model, consists in the following steps: we will start deep in
radiation domination, when the system (11.10) shows extreme stiffness, and we
approximate its solution with the stable solution of the linearized system; when
the stiffness of the system becomes tractable by standard numerical methods
the particular solution introduced before, is used as the initial condition for the
numerical solution of (11.10). After solving the background equations, we can
reconstruct the effective DE equation of state (11.8):

wDE = −1− y′h
3yh

. (11.14)

Figure 11.2 shows the time evolution of this quantity as a function of redshift,
for some selected values of model parameters. As we can see the Hu-Sawicki
model is never exactly mimicking a cosmological constant. Differences, with
respect to the ΛCDM expansion history, are however decreasing as we decrease
the value of f0

R and we increase the value of the exponent n, as expected.

The numerical algorithm to solve (11.10), along with the mapping (10.4),
constitute all the ingredients that the user needs to supply in order to have
EFTCAMB solve for the full dynamics of linear perturbations in the Hu-Sawicki
model. All these operations can then be implemented in a model specific module
of EFTCAMB that is simply interfaced with the part that solves Boltzmann-
Einstein equations.

11.3 Scale Dependence of the Growth of Struc-
tures

After we implement the background solver, EFTCAMB solves consistently the
full perturbed Einstein-Boltzmann equations to compute all cosmological quan-
tities of interest. We shall not review the matter and cosmic microwave back-
ground spectra but rather refer the reader to [10], where such observables have
been outputted using EFTCAMB for designer f(R) models. In this section we
will focus instead on some specific combinations of observables that capture in-
teresting phenomenological signatures, namely the growth rate fσ8 and the EG
statitstics, defined below. For some other interesting features see also [276].

We shall first consider the observational effects imprinted in the time and
scale dependence of fσ8. Within General Relativity and the ΛCDM model, on
linear scales, the combination of f(z, k) = d log δm(z, k)/d log a and the ampli-
tude of the linear power spectrum on the scale of 8h−1 Mpc does not depend
on the scale at which this quantity is computed. This does not hold in generic
modified gravity models. In particular, in f(R) models, the growth rate is en-
hanced at scales that are smaller than the Compton wavelength of the scalaron
field, resulting in specific scale-dependent patterns [249, 251].

In figure 11.3 we show the effect of this scale dependence in fσ8, at two
different scales. It can be noticed that in Hu-Sawicki f(R) gravity, the growth
rate of short wavelength modes is enhanced with respect to that of long wave-
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Figure 11.3: The linear growth rate, fσ8, in Hu-Sawicki f(R) gravity, at dif-
ferent redshifts and scales. Different panels correspond to different values of
the Hu-Sawicki exponent n. The black thick line corresponds to ΛCDM cos-
mology. Different colors indicate different scales at which fσ8 is computed, as
shown in the legend. The colored thick lines show the behavior of fσ8 for the
mean value of cosmological parameters of the corresponding model, as obtained
from the most complete data set combination discussed in section 11.4. The
color bands denote the 1σ uncertainties on the f0

R parameter from the data
compilation of Planck15+BAO+JLA+WiggleZ+CFHTLenS. Specifically this
means that in the n = 1 case the mean/lower/upper bound values of f0

R are,
−3× 10−5, −1× 10−5 and −6× 10−4. In the n = 4 case the mean/lower/upper
bound values of f0

R are −4 × 10−5, −3 × 10−6 and −2 × 10−2. The black
points with error bars are 10 redshift space distortion measurements from: 6dF-
GRS [269], 2dFGRS [270], WiggleZ [271], SDSS LRG [272], BOSS CMASS [273]
and VIPERS [274]. From [1].
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Figure 11.4: EG for Hu-Sawicki f(R) gravity for a BOSS-CMASS-like survey
with average redshift z̄ = 0.57 and different angular scales. Different panels
correspond to different values of the Hu-Sawicki exponent n. The black thick
line corresponds to ΛCDM cosmology. The red thick line shows the behavior of
EG for the mean value of cosmological parameters of the corresponding model, as
obtained from the most complete data set combination discussed in section 11.4.
The color bands denote the 1σ uncertainties on the f0

R parameter from the
data compilation of Planck15+BAO+JLA+WiggleZ+CFHTLenS. In the n = 1
case the mean/lower/upper bound values of f0

R are, −3 × 10−5, −1 × 10−5

and −6 × 10−4. In the n = 4 case the mean/lower/upper bound values of f0
R

are −4 × 10−5, −3 × 10−6 and −2 × 10−2. The black points with error bars
measurements of EG from BOSS-CMASS [275]. From [1].

length modes and also as compared to the scale-independent rate of the ΛCDM
model. This behavior is consistent with the picture emerging from the matter
power spectra, as those shown in [8]. While being mild, this scale dependence
cannot certainly be neglected and the plots in figure 11.3 warn about the possi-
bility of biasing cosmological inference by not properly accounting for it. From
figure 11.3, by comparing the two panels, we can also see how this scale depen-
dence changes with the value of the parameter n. The smaller the value of n,
the stronger the enhancement of the growth with respect to ΛCDM and hence
the bigger the overall scale dependence of fσ8. The second observable that
we shall consider is the modified gravity statistic, EG, [118] that was proposed
to constrain or detect deviations from a ΛCDM cosmology. In order to do so,
different observables are combined into a single one that is free from the mod-
eling of other unknown quantities like bias. We refer to [277] for the complete
derivation of the observationally-motivated definition of EG in modified gravity
scenarios. Here we consider the following definition, given by [278, 275]:

EG = Γ
Cκg`
Cθg`

, Γ =
H(z)fg(z)

3H2
0Wκ(z)(1 + z)2

, (11.15)

where Cκg` is the cross correlation between galaxy lensing convergence and

galaxy number counts fluctuations; Cθg` is the cross correlation between galaxy
peculiar velocity and galaxy number counts fluctuations; Wκ(z) is the lensing
convergence window function; fg(z) is the normalized galaxy redshift distribu-
tion as in [279].

The particular combination of observables in (11.15), is scale independent on
linear scales for the ΛCDM model. In general, when we consider modified gravity



152 CHAPTER 11. HU-SAWICKI F (R) GRAVITY

Model Data set log10(−f0
R) σ8 H0

n = 1 D1 < −2.7 0.87+0.12
−0.08 67.7+0.9

−0.9

D1 + WiggleZ −3.4+1.4
−1.2 0.95+0.07

−0.07 67.7+0.9
−0.9

D1 + CFHTLenS < −4.5 0.83+0.07
−0.04 67.8+0.9

−0.9

All < −3.2 0.90+0.07
−0.10 67.7+0.9

−0.9

n = 4 D1 − 0.87+0.06
−0.07 66+2

−4

D1 + WiggleZ > −5.2 0.90+0.04
−0.08 66+2

−4

D1 + CFHTLenS < −2.8 0.84+0.07
−0.04 67.8+0.9

−0.9

All −4.4+2.9
−4.2 0.87+0.06

−0.07 67+1
−1

n free D1 − 0.86+0.08
−0.07 67+2

−3

D1 + WiggleZ > −5.2 0.93+0.09
−0.11 67+2

−2

D1 + CFHTLenS < −2.3 0.84+0.06
−0.04 67+1

−1

All < −1.9 0.88+0.08
−0.08 67+1

−1

Table 11.1: The 95% C.L. marginalized bounds, from the used data set com-
binations, on Hu-Sawicki models. In the case where the parameter n is allowed
to vary, within its prior range n ∈ [0, 10], no statistically significant constraint
on n is found.

scenario, this does not hold anymore and EG acquires a scale dependence. This
is shown for the Hu-Sawicki model in figure 11.4. While the ΛCDM behavior
is clearly scale independent the Hu-Sawicki case shows a slight scale dependent
suppression. This suppression is due to an enhancement of the galaxy velocity
field in f(R) gravity with respect to the ΛCDM case. As in the previous case we
can notice that the scale dependence and deviation from the ΛCDM behavior
is stronger in the n = 1 case and weaker in the n = 4 case.

11.4 Cosmological constraints

We shall now use different cosmological data to place constrain on the Hu-
Sawicki model via EFTCAMB/EFTCosmoMC. Cosmological constraints on this
model have been already explored in [250, 255, 280, 281, 282, 150, 153, 283, 284]
(see [252, 285] for review). Let us stress that most of the previous approaches
have relied on the quasi-static approximation and often assumed a ΛCDM back-
ground, while we evolve the full dynamics of perturbations and use the specific
background expansion history of the model. In our analysis we use several ge-
ometrical and dynamical probes, combining them progressively. The baseline
data set combination employed, hereafter “D1”, consists of: the Planck 2015
temperature and polarization CMB spectra, JLA Supernovae and several BAO
measurements. We shall add to the D1 data set compilation the WiggleZ galaxy
number density power spectrum. The third data set combination, that we dub
“D1+CFHTLenS”, consists of D1 joined with CFHTLenS weak lensing mea-
surements. Finally we shall refer to “All” to indicate the data set combination
obtained by joining D1, WiggleZ and CFHTLenS. For a detailed discussion of
these data sets we refer the reader to Chapter 4. We shall consider three dif-
ferent Hu-Sawicki models: a model with the exponent n = 1, a model with the
exponent n = 4 and a model in which n is free to vary in the range [0, 10]. In all
the cases, there is another model parameter which is left free to vary, i.e. f0

R.
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We sample it logarithmically within the range log10(−f0
R) ∈ (−9, 0).

The marginalized bounds on the model parameters, that we obtain for all
cases are summarized in table 11.1. One can notice that bounds on log10(−f0

R)
from the D1 data set are weak for the n = 1 model, and do not result in
statistically significant constraints in the n = 4 and n free cases. On the other
hand the WiggleZ data set clearly favors a high value of log10(−f0

R) driving the
parameter bound away from the ΛCDM limit as far as:

log10(−f0
R) = −3.4+1.4

−1.2 , at 95% C.L. (n = 1, “D1 + WiggleZ′′) (11.16)

A similar result was found, for another type of f(R) model, in [72, 5]. We
can estimate the Compton wavelength, λc, of the scalaron corresponding to the
above results, using B0 ' −6f0

R, where B0 gives the square of the Compton
wavelength in Hubble units. We get λc ∈ (172, 3429) Mpc at 95% confidence
level, which is safely inside the linear regime. This results is thus consistent
with the linear cut off that we adopted for the WiggleZ survey. The CFHTLenS
data set on the contrary pushes the bounds on log10(−f0

R) toward the ΛCDM
limit. This behavior is caused by the fact that, in f(R) gravity, the growth of
cosmic structures, on scales below the Compton wavelength of the scalar field,
is enhanced with respect to the ΛCDM scenario. The combination of Planck
and WiggleZ data seems to prefer this enhancement of the growth, while the
CFHTLenS weak lensing data, favors the opposite behavior, i.e. a suppression
of the amplitude of the matter power spectrum. This is also reflected in the σ8

bounds. If we consider the n = 1 case we can immediately read from table 11.1
that the combination of D1 with WiggleZ results in a statistically significant
enhancement of the σ8 value while the opposite holds for D1 joined with the
CFHTLenS data set. Furthermore, we can also see that the estimated Hubble
parameter H0 is weakly dependent on the data set and model considered. How-
ever, even if the mean value does not change significantly, the 95% C.L. bounds
are, instead, significantly dependent on the model considered.

All these conclusions about the parameters bounds are further confirmed
by the inspection of the marginalized posterior of several parameters. In fig-
ure 11.5 we can clearly see the degeneracy between the present day amplitude
of scalar perturbations, σ8, and the present day value of fR. Through this de-
generacy, WiggleZ data set favors a high value of both parameters, while CMB
and CFHTLenS measurements favor a smaller value. This degeneracy changes
as we change the value of the Hu-Sawicki model exponent. With this respect,
figure 11.6, shows the n = 4 case. Noticeably, we can see that as soon as
log10(−f0

R) > −2, the degeneracy between σ8 and log10(−f0
R) has an abrupt

change in direction. This change in direction clearly shows up also in the pos-
terior distribution of σ8 and H0, in panel (b) of figure 11.6. The reason for this
behavior can be understood by looking at panel (c) of the same figure. As we
can clearly see, for log10(−f0

R) < −2, the parameter describing f(R) is not de-
generate with the Hubble parameter but, as soon as log10(−f0

R) > −2, a marked
degeneracy arises. This means that when log10(−f0

R) < −2 the model is con-
strained through its effect on perturbations while in the regime log10(−f0

R) > −2
the effect of this modification of gravity at the background level is not negligi-
ble. On the contrary, in this parameter range, background observables play an
important role in constraining the model. To further support this conclusion
we notice that such a degeneracy does not arise in designer f(R) models, where
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Figure 11.5: Results of the analysis of Hu-Sawicki f(R) with n = 1. Panel (a):
The marginalized posterior of σ8. Panel (b): The marginalized joint posterior
of σ8 and log10

(
−f0

R

)
. The darker and lighter shades correspond respectively

to the 68% C.L. and the 95% C.L.. We can see the strong degeneracy be-
tween these two parameters. The WiggleZ data set drives the joint posterior
toward high values of log10

(
−f0

R

)
and σ8. Panel (c): The marginalized pos-

terior of log10

(
−f0

R

)
. As we can see the WiggleZ data set favors a large value

of log10

(
−f0

R

)
. In all panels different colors correspond to different data set

combinations as shown in legend. From [1].

the cosmological background mimics exactly the ΛCDM one, as in [5]. When n
is allowed to vary the situation slightly changes. As we can see from figure 11.7
there is a significant degeneracy between n and log10(−f0

R) and, being n weakly
constrained, the bound on log10(−f0

R) gets weaker.

Finally, in figure 11.8, for different data set combinations we can see how
the degeneracy between the growth of structure and modifications of gravity
induced by the Hu-Sawicki model depends on the value of the exponent n. The
general trend is that the degeneracy is stronger for small values of n and weaker
for high values on n, as can be seen clearly from the n = 1 and n = 4 posterior.
The case with n free obviously covers these two sub-cases and noticeably enough,
in this case, the degeneracy is not that different from the other two cases.

11.5 Chapter Summary

In this chapter, we have presented in detail the procedure at the basis of the
full mapping of a specific model of modified gravity into the linear Einstein-
Boltzmann solver EFTCAMB. We chose the Hu-Sawicki f(R) model as an ex-
ample, demonstrating how to set up its background solver and how to implement
it in EFTCAMB, mapping between the model parameters and the relevant EFT
functions. Once the mapping of the model into the EFT language is worked out,
from the numerical point of view all the user needs for this model is to interface
EFTCAMB with the background equation of state of the dynamical dark energy
field (or the modified Hubble parameter) and the EFT functions. The relevant
modules of the code will automatically calculate their derivatives and integrals
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Figure 11.6: Results of the analysis of Hu-Sawicki f(R) with n = 4. Panel (a):
The marginalized joint posterior of log10

(
−f0

R

)
and σ8. We can see the well

known degeneracy between log10

(
−f0

R

)
and the growth of structure. Panel (b):

The marginalized joint posterior of H0 and σ8 displaying a marked degeneracy
between the two parameters. Panel (c): The marginalized joint posterior of
log10

(
−f0

R

)
and H0. We can see a strong degeneracy between the two param-

eters for large values of log10

(
−f0

R

)
. This is introduced by the modification of

the background equations. In all panels different colors correspond to different
data set combinations as shown in legend. From [1].
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Figure 11.7: Results of the analysis of Hu-Sawicki f(R) varying both model
parameters, i.e. the index n and the boundary condition f0

R. Panel (a): The
marginalized posterior of n. As we can see there is no statistically significant
bound on this parameter. Panel (b): The marginalized joint posterior of n and
log10

(
−f0

R

)
. The darker and lighter shades correspond respectively to the 68%

C.L. and the 95% C.L.. It is the first time were the significant correlation be-
tween these two parameters is shown. Panel (c): The marginalized posterior
of log10

(
−f0

R

)
. As in the previous cases the WiggleZ data set drives the pos-

terior of log10

(
−f0

R

)
away from the ΛCDM limit. In all panels different colors

correspond to different data set combinations as shown in legend. From [1].
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Figure 11.8: All panels show the marginalized joint posterior of σ8 and
log10

(
−f0

R

)
for different data set combinations. The darker and lighter shades

correspond respectively to the 68% C.L. and the 95% C.L.. Different colors
correspond to different Hu-Sawicki models as shown in legend. We can see the
change in the degeneracy direction depending on the value of n that is used,
with a weak dependence on the data set. From [1].

numerically. More generally, one will need to interface EFTCAMB with the
time evolution of the EFT functions corresponding to the given model. The
advantage of this mapping algorithm is that it allows the users to implement a
specific model within a few steps without going to the details of the complicated
perturbation equations. The EFTCAMB background and perturbation solvers
will solve the coupled system consistently.

In order to display the full potential of this implementation, which treats
fully and in a model specific way the dynamics of both the background and
the perturbations, we discussed some linear structure growth rate estimators,
such as fσ8 and EG, and studied the constraints on the Hu-Sawicki f(R) model
with current cosmological data. As for the growth estimators, unlike in the
ΛCDM scenario, at the linear regime, both fσ8 and EG are scale-dependent in
DE/MG models, and this was clearly visible for the Hu-Sawicki model. For this
reason, we showed the fσ8 growth in different wavenumber and the EG angular
distribution at some fixed averaged redshift snapshot. The former, as expected,
showed quite significant scale-dependent profiles against the present redshift
space distortion data. However, since there are a lot of residual systematics
in the EG estimator pipeline, the scale-dependent angular distribution in f(R)
case is still inside of the scattering of the current data points.

Finally, we run a Markov-Chain Monte-Carlo analysis and estimated the
model and cosmological parameters against Planck CMB, including CMB lens-
ing, WiggleZ galaxy number density counts as well CFHTLenS weak lensing
surveys. We found some degeneracy between σ8 and |f0

R|, through which, the
WiggleZ data set, favors a high value of both parameters, while CMB and
CFHTLenS measurements favor a smaller value. Furthermore, when n = 4
and log10(−f0

R) > −2, this degeneracy has an abrupt change in direction. This
change in the degeneracy direction clearly showed up also in the posterior distri-
bution of σ8 and H0. For the small value of the scalaron Compton wavelength,
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such as log10(−f0
R) < −2, the parameter describing f(R) is not degenerate with

the Hubble parameter but, as soon as log10(−f0
R) > −2, a marked degeneracy

arises. It is because when log10(−f0
R) < −2 the model is constrained through

its effect on perturbations, while in the regime log10(−f0
R) > −2 the effect of

this modification of gravity at the background level is not negligible. Hence,
the background kinematics play an important role in constraining the model
in this parameter range. This degeneracy was fully displayed for the first time
since with our procedure we have solved the specific background for the model,
without approximating it to a ΛCDM one.
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Chapter 12

Hořava Gravity

In their quest to find a quantum theory of gravity that could describe physi-
cal phenomena at the Planck scale (∼ 1019 GeV/c2), relativists have recently
started to explore Lorentz violating theories (LV) (see [182] and references
therein). Indeed, even though Lorentz invariance (LI) is considered a corner-
stone of our knowledge of reality, the challenge presented by physics at Planck
energy is forcing us to question also our firmest assumptions. In the cosmologi-
cal context, LV theories represent interesting candidates for cosmic acceleration,
since in their low-energy limit they generally predict a dynamical scalar degree
of freedom (DoF) which could provide a source for the late time acceleration,
in alternative to the cosmological constant.

Interestingly, LV theories typically break LI at all scales, and are therefore
constrainable with many different measurements and data sets over a vast range
of energies. Constraints and measurements on the parameters of a general
realistic effective field theory for Lorentz violation [286], usually referred to as
the Standard Model Extension [287, 288], support LI with an exquisite accuracy.
Furthermore, LI has been tested to high accuracy on solar system scales, and
stringent bounds have been placed on the Post Newtonian parameters (PPN),
in particular on those corresponding to the preferred frame effects, since such
effects are typical of LV theories [240]. Phenomena on astrophysical scales,
and in particular tests of gravity in the strong regime, such as those of binary
pulsars [289, 290], provide further bounds on LV [240]. On the contrary, the
exploration of cosmological bounds on LV theories is still in its infancy [291,
292, 185, 293, 294].

In this chapter, we focus on the class of LV theories known as Hořava grav-
ity [295, 228] which modifies the gravitational action by adding higher order
spatial derivatives without adding higher order time derivatives, thus modify-
ing the graviton propagator and achieving a power-counting renormalizability.
This is possible if one considers that space and time scale differently. Such a
prescription is implemented through a breaking of full diffeomorphism invari-
ance, which leads to LV at all scales. The resulting theory propagates a new
dynamical scalar DoF, i.e. the spin-0 graviton. As a candidate for quantum
gravity, Hořava theory is expected to be renormalizable and also unitary. Nev-
ertheless, at the moment there is no evidence for renormalizability beyond the
power-counting arguments.

159
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Hořava gravity shows a rich phenomenology on cosmological scales, e.g.
the higher curvature terms in the action lead to a matter bouncing cosmol-
ogy [296, 297]; it also shows different mechanisms by which it is possible to ex-
plain the nearly scale invariant spectrum of cosmological perturbations without
introducing an inflationary phase [298, 299, 300, 301, 302], finally, cosmological
perturbations at late time have been investigated in refs. [291, 303, 304, 305,
306, 307, 308].

Here we consider Hořava gravity within the framework of the EFT of DE/MG,
that has been recently considered and investigated in refs. [176, 309]. We work
out a complete mapping of the theory into the EFT language for an action
including all the operators which are relevant for linear perturbations with up
to sixth order spatial derivatives, which is the minimal prescription to achieve
power counting renormalizability. We focus on the part of this action that con-
tributes to linear order in perturbations [310]. For this action we work out a
complete mapping to the EFT framework deriving also the generalization of the
original EFT action used in refs. [8, 311]. When we compare the predictions
of the theory to the observations, we consider only the low-energy operators
of Hořava gravity, since those are the relevant ones to describe the large scale
cosmology associated to the observables that we employ. We work out the con-
tribution of these operators to the equations of motion for linear scalar and
tensor perturbations.

We then employ EFTCAMB/EFTCosmoMC to study the cosmology of the
low-energy limit of Hořava gravity and derive constraints on its parameters us-
ing several cosmological data sets We get improved upper bounds, with respect
to those from Big Bang Nucleosynthesis, on the deviation of the cosmological
gravitational constant from the local Newtonian one. At the level of the back-
ground phenomenology, we find a relevant rescaling of the Hubble rate at all
epoch, which has a strong impact on the cosmological observables; at the level
of perturbations, we discuss in details all the relevant effects on the observables
and find that in general the quasi-static approximation is not safe to describe
the evolution of perturbations. Overall we find that the effects of the modifica-
tions induced by the low-energy Hořava gravity action are quite dramatic and
current data place tight bounds on the theory parameters.

12.1 Introduction to Hořava Gravity

Hořava gravity has been recently proposed as a candidate for an ultraviolet
completion of GR [295, 228]. The basic idea is to modify the graviton propa-
gator by adding to the action higher-order spatial derivatives without adding
higher-order time derivatives, in order to avoid the presence of Ostrogradski
instabilities [312]. The theory is constructed in such a way to be compatible
with a different scaling of space and time, i.e.

[dt] = [k]
−z
, [dx] = [k]

−1
, (12.1)

where z is a positive integer and k is the momentum. In order to accommodate
such a different scaling between space and time, the action of Hořava gravity
cannot still be invariant under the full set of diffeomorphisms as in GR, but it
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can be invariant under the more restricted foliation-preserving diffeomorphisms

t→ t̃ (t) , xi → x̃i
(
t, xi

)
. (12.2)

Therefore, within this approach, space and time are naturally treated on dif-
ferent footing leading to Lorentz violations at all scales. The emergence of LV
is reflected in modified dispersion relations for the propagating DoFs. From a
practical point of view, the different behavior of space and time is achieved by
picking a preferred foliation of spacetime, geometrically described within the
Arnowitt-Deser-Misner (ADM) formalism.

It has been shown that the theory is power-counting renormalizable if and
only if z ≥ d, where d indicates the number of spatial dimensions, which
means that the action has to contain operators with at least 2d spatial deriva-
tives [313, 314]. Hence, in a four-dimensional spacetime, d = 3, power-counting
renormalizability arguments request at least sixth-order spatial derivatives in
the action.

Considering the above arguments, the action of Hořava gravity can be writ-
ten as follows [310]

SH =
1

16πGH

∫
d4x
√
−g
(
KijK

ij − λK2 − 2ξΛ̄ + ξR+ ηaia
i + L4 + L6

)
+ Sm[gµν , χi], (12.3)

where g is the determinant of the metric gµν , R is the Ricci scalar of the three-
dimensional space-like hypersurfaces, Kij is the extrinsic curvature, and K is
its trace. {λ, ξ, η} are dimensionless running coupling constants, Λ̄ is the “bare”
cosmological constant, ai = ∂ilnN where as usual N is the lapse function of the
ADM metric. L4 and L6 denote the Lagrangians associated to the higher-order
operators, that contain, respectively, fourth and sixth-order spatial derivatives
(see appendix .3 for the explicit expressions of their parts that contribute to
linear order perturbations). These Lagrangians constitute the high-energy (HE)
part of the action (12.3), while the operators preceding them represent the low-
energy (LE) limit of the theory and are the ones of relevance on large scale.
Sm is the matter action for all matter fields, χi. Finally, GH is the coupling
constant which can be expressed as

GH = ξG (12.4)

where G is the “bare” gravitational constant. As demonstrated in ref. [310],
the solution of the static point-like mass in the Newtonian limit gives the rela-
tionship between the “bare” gravitational constant (G) and the Newtonian one
(GN ), i.e.

G = GN

(
1− η

2ξ

)
. (12.5)

Then, the coupling in front of the action reads

1

16πGH
=

m2
0

(2ξ − η)
, (12.6)

where m2
0 = 1/8πGN is the Planck mass defined locally.
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Notice that the action of GR is recovered when λ = 1, ξ = 1 and η = 0, and
the higher order operators in L4 and L6 are not considered.

The symmetry of the theory allows for a very large number of operators
∼ O(102) in L4 and L6. In order to limit the huge proliferation of couplings
in the full theory, in the first proposal Hořava imposed some restrictions, i.e.
projectability and detailed balance (for the details see refs. [315, 316, 317, 318,
319, 320, 321]). In the following we will not impose any of these limitations to
the action (12.3) and we will consider for L4 and L6 all the operators which
contribute to the dynamics of linear perturbations [310].

12.2 Mapping Hořava Gravity into EFT

In this section we will work out explicitly the mapping of the low-energy (LE)
part of action (12.3) into the EFT formalism. This is the part of the action for
which we will explore cosmological constraints. We show the mapping for the
high-energy (HE) part (L4 and L6) in the appendix .3.

We define a time-like unit vector, nµ as :

nµ =
∂µt√

−gαβ∂αt∂βt
, with nµn

µ = −1, (12.7)

which corresponds to the convention that we use for the normal vector to the
uniform-field hypersurfaces in the EFT construction of the action (6.1) [163, 8].
In conformal time and at second order in perturbations, one has

nµ = δ0
µ

(
1 +

1

2
a2δg00 +

3

8
(a2δg00)2

)
, (12.8)

nµ = g0µ

(
1 +

1

2
a2δg00 +

3

8
(a2δg00)2

)
. (12.9)

In the following, these relations will be often employed.

Let us first recall the low-energy action, which can be rewritten as:

SH,LE =
m2

0

(2ξ − η)

∫
d4x
√
−g
[
KijK

ij − λK2 + ξR− 2ξΛ̄ + ηaia
i

]
=

m2
0

(2ξ − η)

∫
d4x
√
−g
[
ξR+ (1− ξ)KijKij + (ξ − λ)K2

− 2ξΛ̄ + ηaia
i

]
+ boundary terms , (12.10)

where the second line has been obtained by using the Gauss-Codazzi rela-
tion [322].
In the following, we show how to rewrite every single term of the above action
in the EFT formalism described by the action (6.1), providing the mapping of
the Hořava gravity parameters into the EFT functions.

• m2
0ξ

(2ξ−η)

(
R− 2Λ̄

)
Comparing the above expression with the EFT action (6.1), it is straight-
forward to deduce that these two terms contribute to the following EFT
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functions

(1 + Ω) =
2ξ

(2ξ − η)
, Λ = −2

m2
0ξ

(2ξ − η)
Λ̄. (12.11)

• m2
0

(2ξ−η) (ξ − λ)K2

In order to identify the relation between the EFT functions and the Hořava
gravity parameters we have to expand K2 up to second order in pertur-
bations as

K2 = 2K(0)K + (δK)2 −K(0)2, (12.12)

by using K = K(0) + δK. Comparing the above relation with the ac-
tion (6.1), it is straightforward to see that the last term gives contribution
to Λ(τ) and the second one to M̄2

2 (τ). The first term can be computed as
follows [162]∫

d4x
√
−g2K(0)K = 2

∫
d4x
√
−gK(0) (∇µnµ)

= −2

∫
d4x
√
−g∇µK(0)nµ

= 2

∫
d4x
√
−g K̇

(0)

a

[
1− 1

2
(a2δg00)− 1

8
(a2δg00)2

]
,

(12.13)

where we have integrated by parts the second line and we have used
eq. (12.9). The last line will give respectively its contribution to Λ(τ),
c(τ) and M4

2 (τ). Then summarizing, the corresponding contributions to
the EFT functions from the K2 term are

Λ(τ) = −m
2
0(ξ − λ)

(2ξ − η)

(
K(0)2 − 2

K̇(0)

a

)
, c(τ) =

m2
0(ξ − λ)

(2ξ − η)

K̇(0)

a
,

M4
2 (τ) = −m

2
0(ξ − λ)

2(2ξ − η)

K̇(0)

a
, M̄2

2 (τ) = − 2m2
0

(2ξ − η)
(ξ − λ). (12.14)

• m2
0(1−ξ)

(2ξ−η) KijK
ij

As before, we can expand up to second order in perturbations the above
operator and it can be written as

KijK
ij = 2K

(0)
ij δK

ij +Kij(0)K
(0)
ij + δKijδK

ij , (12.15)

where we have used the spatial metric to raise the indices and the ex-
trinsic curvature has been decomposed into its background and first order

perturbation parts, i.e. Kij = K
(0)
ij + δKij . Moreover, the first term can

be written as

2K
(0)
ij δK

ij = −2
H
a
δK = −2

H
a2

(aK + 3H) , (12.16)
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where the term proportional to K can be treated as in eq. (12.13). Finally,
in terms of the EFT functions this operator can be written as

Λ(τ) = −m
2
0(1− ξ)

(2ξ − η)

[
Kij(0)K

(0)
ij +

2

a2

(
Ḣ − H2

)]
,

c(τ) = −m
2
0(1− ξ)

(2ξ − η)a2
(Ḣ − H2)

M4
2 (τ) =

m2
0(1− ξ)

2a2(2ξ − η)
(Ḣ − H2) , M̄2

3 = −2
m2

0(1− ξ)
(2ξ − η)

. (12.17)

• m2
0

(2ξ−η)η aia
i

Let us first write explicitly ai in terms of perturbations up to second order

ai =
∂iN

N
= −1

2

∂i(a
2g00)

a2g00
=

1

2
∂iδ(a

2g00) +O(2), (12.18)

where in the last equality we have used a2g00 = −1 + a2δg00 and then we
have expanded in Taylor series. Then we get

m2
0

(2ξ − η)
ηaia

i =
m2

0

4(2ξ − η)
η
g̃ij

a2
∂i(a

2δg00)∂j(a
2δg00) , (12.19)

where g̃ij is the background value of the spatial metric. In the EFT
language the above expression corresponds to

m2
2 =

m2
0η

4(2ξ − η)
. (12.20)

Summarizing, we can map the low-energy action (12.10) of Hořava gravity in
the EFT language at the basis of EFTCAMB as follows:

(1 + Ω) =
2ξ

(2ξ − η)
,

c(τ) = − m2
0

a2(2ξ − η)
(1 + 2ξ − 3λ)

(
Ḣ − H2

)
,

Λ(τ) =
2m2

0

(2ξ − η)

[
−ξΛ̄− (1− 3λ+ 2ξ)

(
H2

2a2
+
Ḣ
a2

)]
,

M̄2
3 = − 2m2

0

(2ξ − η)
(1− ξ),

M̄2
2 = −2

m2
0

(2ξ − η)
(ξ − λ),

m2
2 =

m2
0η

4(2ξ − η)
,

M4
2 (τ) =

m2
0

2a2(2ξ − η)
(1 + 2ξ − 3λ)

(
Ḣ − H2

)
,

M̄3
1 = M̂2 = 0, (12.21)
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where we have explicitly written the value of the extrinsic curvature and its
trace on a flat FLRW background 1. The mapping of the high-energy part of
the action can be found in appendix .3.

12.3 Degrees of freedom: dynamics and stabil-
ity

After the full diffeomorphism invariance is restored by means of the Stückelberg
mechanism, at the level of perturbations we have a dynamical equation for the
scalar DoF represented by the Stückelberg field π. In the case of the low-energy
limit of Hořava gravity that we are considering, this equation reads

ηπ̈ + 2ηHπ̇ +
[
(3λ− 2ξ − 1)(H2 − Ḣ) + η(H2 + Ḣ)

]
π

+ k2ξ(λ− 1)π + ξ(λ− 1)kZ +
(ξ − 1)(2ξ − η)

2k

[
a2(ρi + pi)

m2
0

vi

]
= 0, (12.22)

where Z is the standard CAMB variable [104, 105] ρi, pi are the background
density and pressure of matter components, and vi is the velocity perturba-
tion of matter components. The above equation is coupled with the following
perturbative field equations:

• time-time (t) field equation

2H
[
k2π(η − 3λ+ 2ξ + 1) + (1− 3λ)kZ

]
+ 2k2 (2ξη̄ + ηπ̇)

+a2 2ξ − η
m2

0

δρm = 0 , (12.23)

• space-space (s) field equation

−4H
[
k2(3λ− 2ξ − 1)π + (3λ− 1)kZ

]
+ (1− 3λ)ḧ+ 4k2ξη̄

+2k2(−3λ+ 2ξ + 1)π̇ + 3a2 (η − 2ξ)

m2
0

δPm = 0 , (12.24)

where h, η̄ are the usual scalar perturbations of the metric in synchronous gauge
(notice that we have added a bar to the standard metric perturbation in order
to do not confuse it with the Hořava gravity parameter, η). EFTCAMB evolves
the above set of coupled differential equations along with the usual matter per-
turbation equations and the initial conditions are set following ref. [8]. Let us
notice that by using the mapping (12.21) worked out in the previous section, it is
straightforward to deduce the above equations following the general prescription
in ref. [8].

We shall now determine the dispersion relation of the scalar DoF, computing
the determinant of the matrix of the coupled system eqs. (12.22)- (12.24). Since

1For the low-energy action it is possible to obtain part of the mapping by following the
method in ref. [173]. However, one has to consider that our formalism and notation differ from
the one in ref. [173] because we are using conformal time, a different signature for the normal
unit vector, a different notation for the EFT functions and one more operator is included in
our low-energy action: aµaµ.
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the number counting of dynamical DoFs will not be changed by neglecting the
couplings with standard matter species, for simplicity, for the purpose of this
calculation we neglect them. After taking the Fourier transform ∂τ → −iω, we
can rewrite the system (12.22)- (12.24) in the following matrix form: γππ γπh γπη̄

γsπ γsh γsη̄

γtπ γth γtη̄

 π
h
η̄

 = 0 , (12.25)

where the term γab with a, b = {π, h, η̄} corresponds to the coefficient of b in
equation a and they can be easily deduced from the above equations. Finally
we set the determinant to zero and get

k4ω(ω + iH)

[
ω2 + i2Hω − (λ− 1)ξ(2ξ − η)

η(3λ− 1)
k2

− ξ

η

(
(Ḣ − H2)(η − 3λ+ 2ξ + 1) + (6λ− 4ξ − 2)H2

)]
= 0 ,

(12.26)

which can be written in a compact form as

k4ω
(
ω + i

α

2

) [
ω2 + iαω − k2c2s + β

]
= 0 . (12.27)

From the above equation we deduce that only one extra dynamical DoF exists,
which corresponds to the scalar graviton (π field in EFT language), as expected.
Furthermore, one can identify the terms in the squared bracket as follows: α
is a friction term, β is the dispersion coefficient and c2s can be identified with
the canonical speed of sound defined in vacuum, when no friction or dispersive
terms are present. Let us notice that both the friction and dispersive terms are
related to the nature of the dark energy component through the dependence of
the Hubble rate on the latter (12.37). The procedure to compute the dispersion
relation (12.26) follows the one in ref. [163], but here we include also friction
and dispersive terms.

In order to ensure that a given theory is viable, we enforce a set of physical
and mathematical viability conditions. The mathematical conditions prevent
exponential instabilities from showing up in the solution of the π-field equation,
and the physical ones correspond to the absence of ghosts and gradient instabil-
ities for both scalar and tensor modes. In particular, in our analysis of Hořava
gravity, for the scalar DoF they correspond to

2m2
0η(1− 3λ)k2

(η − 2ξ) (2(3λ− 1)H2 + η(λ− 1)k2)
> 0 ,

ξ(2ξ − η)(λ− 1)

η(3λ− 1)
> 0, (12.28)

where the first condition corresponds to a positive kinetic term and it has been
obtained from the action by integrating out all the non dynamical fields, while
the second one ensures that the speed of sound is positive. Let us note that the
ghost condition reduces to the one in the Minkowski background by setting the
limit a→ 1.

Additional conditions to be imposed comes from the equation for the prop-
agation of tensor modes hij ,

AT (τ)ḧij +BT (τ)ḣij +DT (τ)k2hij + ETij = 0. (12.29)
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where δTij generally contains the matter contributions coming from the neutrino
and photon components and, for Hořava gravity, the remaining coefficients read:

AT =
2

2ξ − η
, BT =

4H
2ξ − η

, (12.30)

DT =
2ξ

2ξ − η
, ETij =

a2

m2
0

δTij . (12.31)

The viability conditions require AT > 0 and DT > 0 to prevent respectively a
tensorial ghost and gradient instabilities [10].

It is easy to show that the above conditions translate into the following
constraints on the parameters of Hořava gravity:

0 < η < 2ξ , λ > 1 or λ <
1

3
, (12.32)

which are compatible with the viable regions identified around a Minkowski
background [310]. In the following we will not explore the λ < 1/3 branch
since along it the cosmological gravitational constant on the FLRW background
becomes unacceptably negative [178, 179] and the branch does not have a contin-
uous limit to GR. The conditions that we have discussed are naturally handled
by EFTCAMB/EFTCosmoMC in the form of viability priors that are automat-
ically enforced when the parameter space is being sampled.

Besides the above theoretical viability conditions, there are observational
constraints on the Hořava gravity parameters coming from existing data. In
particular:

• Big Bang Nucleosynthesis (BBN) constraints [291], which set an upper
bound on |Gcosmo/GN − 1| < 0.38 (99.7% C.L.)2, where Gcosmo is the
cosmological gravitational constant as defined in section 12.4;

• Solar system constraints, where the parametrized post Newtonian param-
eters (PPN) are bounded to be3:

α1 < 3.0 · 10−4 (99.7%C.L.) , α2 < 7.0 · 10−7 (99.7%C.L.) . (12.33)

where α1 and α2 are two of the parameters appearing in the PPN ex-
pansion of the metric around Minkowski spacetime, more precisely those
associated with the preferred frame effects [240, 323]. Here we consider
only these two parameters sice they are the only ones of relevance for
constraining LV. It has been shown in refs. [324, 325, 326], that the PPN
parameters for the low-energy action of Hořava gravity, read

α1 = 4(2ξ − η − 2) ,

α2 = − (η − 2ξ + 2)(η(2λ− 1) + λ(3− 4ξ) + 2ξ − 1)

(λ− 1)(η − 2ξ)
. (12.34)

2The original bound in ref. [291] is reported at 68% C.L. and we convert it to 99.7% C.L.
by assuming a Gaussian posterior distribution of Gcosmo/GN − 1.

3The original bounds in ref. [323] (and references therein) are reported at 90% C.L. and
we convert it to 99.7% C.L. by assuming a Gaussian posterior distribution of the relevant
parameters.
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It is easy to show that combining the above relations, the above mentioned
PPN bounds result in a direct constraint on λ that reads:

log10 (λ− 1) < −4.1 (99.7%C.L.) , (12.35)

while the bound on α1 provides a degenerate constraint on the other two
parameters {ξ, η}.

• Čherenkov constraints from the observation of high-energy cosmic rays [327]
are usually imposed as a lower bound on the propagation speed of the
scalar DoF and the propagation speed of tensor modes. In the case of
LV theories we will refer the reader to Refs. [327, 328], for further details.
However, since these bounds have not been worked out specifically for
Hořava gravity we decided not to impose them a priori.

For the present analysis we consider two specific cases of Hořava gravity:

1. Hořava 3, hereafter H3, where we vary all three parameters {λ, η, ξ} ap-
pearing in the low-energy Hořava gravity action;

2. Hořava 2, hereafter H2, where we choose the theory parameters in order
to evade the PPN constraints (12.34) by setting exactly α1 = α2 = 0.
This implies:

η = 2ξ − 2, (12.36)

so that the number of free parameters reduce to two, {λ, η}. This case
has the quality of systematically evading solar system PPN constraints,
meaning that it is not possible to build a local experiment, with arbitrary
precision, to distinguish it from GR. Therefore it can only be constrained
with cosmological observations.

For both cases we impose the physical and mathematical viability condi-
tions in the form of viability priors as discussed in ref. [7]. The portion of the
parameter space excluded by the viability priors can be seen as a dark grey
contour in figure 12.6 for the H3 case and in figure 12.7 for the H2 case. For
both cases we also derive the bounds on Gcosmo/GN − 1 and for the H3 case we
provide cosmological bounds on the PPN parameters. These results are shown
and discussed in detail in section 12.6.

12.4 Hořava Background Cosmology

The first step toward testing a theory against cosmological observations, is to
investigate the behaviour of its cosmological background. In this section, we dis-
cuss the background evolution equation for Hořava gravity, its implementation
in EFTCAMB, and review the definitions that we adopt for the cosmological
parameters.

The Hořava gravity field equations for a flat FLRW background read:

3λ− 1

2
H2 =

8πGN (2ξ − η)

6
a2
∑
i

ρi + ξ
Λ̄

3
a2, (12.37)

−3λ− 1

2

[
Ḣ+

1

2
H2

]
= −ξΛ̄

2
a2 + 4πGN

(2ξ − η)

2
a2
∑
i

pi, (12.38)
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where ρi and pi are respectively the density and the pressure of the matter fluid
components, i.e. baryons and dark matter (m), radiation and massless neutrino
(r) and massive neutrinos (ν). Here we consider that all massive neutrino species
have the same mass and we set the sum of their masses to be 0.06 eV. In
addition to the Friedmann equations, we have the standard continuity equations
for matter and radiation:

ρ̇i + 3H(1 + wi)ρi = 0, (12.39)

while for massive neutrinos we refer the reader to ref. [5] for a detailed discussion.

Starting from the Friedmann eq. (12.37), we can define the cosmological
gravitational constant as:

Gcosmo =
(2ξ − η)

3λ− 1
GN , (12.40)

where it is clear that Gcosmo differs from GN , which is obtained with local
experiments, as already pointed out in ref. [310]. This definition allows us to
write the Friedmann equation (12.37) in another way:

H2 = 8πGcosmoa
2

(∑
i ρi
3

+
1

8πGN

2ξ

2ξ − η
Λ̄

3

)
. (12.41)

From this equation it is straightforward to see that in general, once the theory
parameters have been properly set, the modification that Hořava gravity induces
at the level of the background is a global rescaling of H [294].

In order to properly identify the parameters that we should fit to data, we
have to pay special attention to the working definition of all the relevant quan-
tities. In particular in the definition of the relative density abundance. For
the matter fields, we define Ωi(a) in terms of the locally measured gravitational
constant, GN , and the present time Hubble parameter, H0. We then derive the
abundance of the effective dark energy, describing the modifications to the Fried-
mann equations, by means of the flatness condition, i.e.

∑
i Ωi(a)+ΩDE(a) = 1.

To this extent, we rewrite the Friedmann eq. (12.37) as

H2 = 8πGN

∑
i ρi
3

a2 +
2ξ

2ξ − η
Λ̄

3
a2 +

(
1− 3λ− 1

2ξ − η

)
H2 , (12.42)

so that it is straightforward to identify

Ωi(a) = 8πGN
ρi
3

a2

H2
,

ΩDE(a) =
2ξ

2ξ − η
Λ̄

3

a2

H2
+ 1− 3λ− 1

2ξ − η
. (12.43)

At present time (a0 = 1), we can immediately see that Ω0
DE = 1−

∑
i Ω0

i with:

Ω0
DE =

2ξ

2ξ − η
Λ̄

3H2
0

+ 1− 3λ− 1

2ξ − η
. (12.44)

This allows us to rewrite the Friedmann eq. (12.37) in terms of the parameters
that we are going to sample as:

H2 =
(2ξ − η)

3λ− 1
a2H2

0

[
Ω0
m

a3
+

Ω0
r

a4
+ ρν +

(
Ω0
DE − 1 +

3λ− 1

2ξ − η

)]
. (12.45)
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Figure 12.1: The figure shows the evolution of the densities parameters for
baryons and dark matter (m, dashed line), radiation, neutrino and massive
neutrinos (r, dot dashed line) and dark energy (DE, solid line). In the left panel
we compare the density parameters of the H3 case (green lines) with the ones
in the ΛCDM model (red lines). In the right panel the comparison is between
the H2 case (blue lines) and ΛCDM. The yellow area highlights the radiation
dominated era. For this figure the standard cosmological parameters are chosen
to be Ω0

b h
2 = 0.0226, Ω0

c h
2 = 0.112, Ω0

ν h
2 = 0.00064 and H0 = 70 Km/s/Mpc.

In the H3 case the Hořava gravity parameters are λ = 1.4, ξ = 0.9, η = 1.0
while in the H2 case they are fixed to λ = 1.4, η = 1.0. From [3].

This is the background equation that EFTCAMB evolves, along with its time
derivatives. For details about how the code treats ρν see ref. [5]. Finally, one
can use eq. (12.44), to substitute the “bare” cosmological constant with Ω0

DE ,
therefore in the following we use the latter as one of the Hořava parameters that
we fit to data instead of Λ̄.

We shall now specialize to some choices of the Hořava parameters, and
derive the corresponding expansion history in order to visualize and discuss
the effects of Hořava gravity, in particular for the H3 and H2 cases, on back-
ground cosmology. We choose the background values of the cosmological pa-
rameters to be Ω0

b h
2 = 0.0226 for baryons, Ω0

c h
2 = 0.112 for cold dark matter,

Ω0
ν h

2 = 0.00064 for massive neutrinos and H0 = 70 Km/s/Mpc, accordingly to
the default CAMB parameters. Additionally, the parameters of the H3 case are
chosen to be: λ = 1.4, ξ = 0.9, η = 1.0; while in the H2 case we set λ = 1.4
and η = 1.0. While the general trend of the modifications does not depend
on the magnitude of the theory parameters, the above values are selected in
order to enhance the effects and clearly display the changes with respect to the
standard cosmological model, ΛCDM. Thus they have to be considered as illus-
trative examples because the values involved are significantly bigger than the
observational bounds that we will derive in section 12.6. However, in both cases
the choices of parameters respect the viability criteria discussed in section 12.3.

In figure 12.1 we can see the behaviour of the relative densities for matter
(dark matter and baryons), radiation (photons and relativistic neutrinos), and
effective dark energy, as defined in eqs. (12.43). One can notice that at early
times the matter species display density values that are generally bigger than
one, on the contrary the dark energy component assumes negative values. This
can be explained as follows. The matter components are well behaved, with
positively defined densities with a time evolution that is exactly the standard
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one (eq. (12.39)), as expected when working in Jordan frame. However, the
expansion history changes as it is rescaled by a constant (eq. (12.45)), altering
the time behaviour of the relative abundances. The effective dark energy bal-
ances this effect in order to respect the flatness condition. We argue that in
this specific case the interpretation of the modification of gravity in terms of a
fluid-like component is not well justified/posed, representing instead a genuine
geometrical modification of the gravitational sector. This kind of behaviour
for the effective dark energy component is commonly encountered in dynamical
analysis studies of modified gravity models where the flatness condition is used
as a constraint equation [191, 9]. From figure 12.1, we can also notice that
Hořava gravity does not affect the time of radiation-matter equality as the con-
tinuity equations for these species are not changed, as it is clearly highlighted
by the yellow region in the figure. Indeed Ωm and Ωr for all the models cross
at the same value of the scale factor. On the other hand, the time of equality
between matter and dark energy is slightly modified depending on the model
parameters. Finally, let us notice that, once the parameters of the theory are
chosen to be compatible with the observational constraints, all these effects that
we have discussed are quite mitigated and become hardly noticeable by eye in
the plots. Indeed, values of the parameters consistent with the bounds that we
derive in section 12.6 would induce a less negative DE density at earlier times.

12.5 Cosmological Perturbations in Hořava Grav-
ity

In this section, we proceed to study the dynamics of cosmological perturbations.
Once we have worked out the background equations of Hořava gravity (12.45),
as well as the mapping of this theory into the EFT language (12.21), we have all
the ingredients required by EFTCAMB to perform an accurate analysis of the
perturbations. For technical details on the actual implementation, as well as
the full set of perturbative equations that are evolved by EFTCAMB, we refer
the reader to ref. [10].

As we will see, the behaviour of perturbations in Hořava gravity displays an
interesting and rich phenomenology, allowing to investigate the theory and to
constrain its parameters with the available data. In the following, we perform an
in depth analysis of the dynamics of linear perturbations and the corresponding
observables, specializing to a choice of parameters for the case H3 and one for the
case H2, in order to visualize and quantify the modifications. In all cases, we set
the values of the cosmological parameters to the one used in the previous section,
which are the default CAMB parameters, while for the Hořava parameters we
use: in the H3 case, (ξ − 1) = −0.01, (λ − 1) = 0.004, η = 0.01; in the H2
case, (λ − 1) = 0.02, η = 0.05. As it will be clear in the next section, these
are noticeably bigger than the observational constraints that we will derive, but
they facilitate the visualization of the effects on the observables. Let us stress
that, while the direction and entity of the modifications that will be described
in the remaining of this section are specific to the choice of parameters, we have
found an analogous trend for several choices of parameters that we have sampled
in the region allowed by the viability priors.

Let us now focus on the time and scale evolution of cosmological perturba-
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Figure 12.2: We show the relative comparison of the modification of the Poisson
equation µ, the source of gravitational lensing Φ + Ψ (whose derivative sources
the ISW effect on the CMB), and δm ≡

∑
m ρm∆m/

∑
m ρm with their ΛCDM

values for the H3 (upper panel) and H2 (lower panel) models. In all panels,
the dashed white line represents the physical horizon while the solid white line
shows where the relative comparison changes sign. For this figure the stan-
dard cosmological parameters are chosen to be Ω0

b h
2 = 0.0226, Ω0

c h
2 = 0.112,

Ω0
ν h

2 = 0.00064 and H0 = 70 Km/s/Mpc. In the H3 case the additional pa-
rameters are (ξ − 1) = −0.01, (λ − 1) = 0.004, η = 0.01 while in the H2 case
they are fixed to (λ − 1) = 0.02, η = 0.05. For a detailed explanation of this
figure see section 12.5. From [3].

tions and the growth of structure. In order to discuss the deviations of Hořava
gravity from ΛCDM, we study the behaviour of the µ(k, a)-function, which is
defined in Newtonian gauge as [145]

k2Ψ ≡ −µ(k, a)
a2

2m2
0

ρm∆m , (12.46)

where ∆m is the comoving matter density contrast and Ψ is the scalar pertur-
bation describing fluctuations in the time-time component of the metric. As
it is clear from eq. (12.46), µ parametrizes deviations from GR in the Poisson
equation. In the standard cosmological model, ΛCDM, this function is constant
and µ = 1. Let us notice that EFTCAMB does never evolve the above quan-
tity (12.46), but it can easily output µ as a derived quantity. Moreover, we also
analyse the behaviour of the quantity Φ + Ψ, where Φ is the scalar perturbation
of the space-space component of the metric in Newtonian gauge. This quantity is
important as it allows to identify possible modifications in the lensing potential
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Figure 12.3: We show the quantity ξN = π̇N/HπN that we introduce as an in-
dicator of the goodness of the quasi-static approximation for the H3 (left panel)
and H2 (right panel) cases. In both panels, the dashed white line represents the
physical horizon, while the solid white lines highlight the scale dependence of
this quantity. For this figure the standard cosmological parameters are chosen to
be Ω0

b h
2 = 0.0226, Ω0

c h
2 = 0.112, Ω0

ν h
2 = 0.00064 and H0 = 70 Km/s/Mpc. In

the H3 case the Hořava gravity parameters are (ξ−1) = −0.01, (λ−1) = 0.004,
η = 0.01 while in the H2 case they are fixed to (λ− 1) = 0.02, η = 0.05. For a
detailed explanation of this figure see section 12.5. From [3].

and in the low multipole of the cosmic microwave background (CMB) radiation
through the Integrated Sachs-Wolfe (ISW) effect. Finally, we explore the fluc-
tuations in the total matter distribution defined as δm ≡

∑
m ρm∆m/

∑
m ρm.

In figure 12.2 we show the time and scale behaviour of these three quanti-
ties. In order to facilitate the visualization of the deviations from the ΛCDM
behaviour, we show the logarithmic fractional comparison between these quan-
tities in the two Hořava gravity cases considered and the ΛCDM model.

• H3 case: from the top left panel of figure 12.2 we can see that µ signif-
icantly deviates from one at large scales and all redshift with fractional
differences that are around unity (100%). Small deviations of the order of
10−4 can be also seen at small scales and high redshift. At small scales and
low redshift, in the bottom right part of the H3 a) panel, one can notice
small features due to the fact that the π field oscillates while being coupled
to the other species. From the top central panel of the same figure we can
see that gravitational lensing is modified as well. On large, super-horizon,
scales deviations from the ΛCDM behaviour are not significant, staying
below 10−2 at all the times shown. In general at these scales the lensing is
suppressed. On sub-horizon scales in turn the enhancement of the lensing
potential with respect to the ΛCDM case becomes relevant. A similar
behaviour can be seen in the total matter density contrast. Although on
super-horizon scales, as well as just below the horizon, the density contrast
is enhanced compared to the ΛCDM one, on very small scales it is sup-
pressed. Noticeably the oscillations that we see in µ do not reflect on Φ+Ψ
and δm, which look rather regular. The physical interpretation of this is
that even if the additional scalar DoF is introducing fluctuations in the
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Figure 12.4: Power spectra of different cosmological observables in the ΛCDM,
H2 and H3 cases. Upper panel: CMB temperature-temperature power spectrum
at large (left) and small (right) angular scales. Central panel: lensing potential
and CMB temperature cross correlation power spectrum (left), lensing potential
auto correlation power spectrum (right). Lower panel: matter power spectrum
(left) and B-mode polarization power spectrum (right). In this last panel the
solid line corresponds to the scalar induced B-mode signal while the dashed one
shows the tensor induced component. For this figure the standard cosmological
parameters are chosen to be Ω0

b h
2 = 0.0226, Ω0

c h
2 = 0.112, Ω0

ν h
2 = 0.00064

and H0 = 70 Km/s/Mpc. The Hořava gravity parameters in H3 case are chosen
to be: (ξ − 1) = −0.01, (λ − 1) = 0.004, η = 0.01; in the H2 case they are:
(λ− 1) = 0.02, η = 0.05. From [3].

structure of the Poisson equation the field is not coupled strongly enough
to introduce fast fluctuations in the matter and metric fields themselves.

• H2 case: from the lower left panel of figure 12.2 we can notice that, in
the H2 case, the behaviour of µ is rather different from the H3 case. In
particular on small scales its value returns to the GR one. This is compat-
ible with the extra constraint that we have imposed in this case (12.36),
making the theory indistinguishable from GR on solar system scales. On
large scales and high redshift, similarly to the H3 case, deviations from
the ΛCDM behaviour are of the order 10−2 (1%). Panels H2 b) and H2
c) in figure 12.2 show that the lensing effects and the growth of matter
perturbations do not follow the trend of µ. Indeed, in the case of lensing,
in panel H2 b), around and below the horizon the model displays signif-
icant deviations from the ΛCDM behaviour that are similar to the H3
ones. From panel H2 c) we notice that the growth of matter perturba-
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tions deviates significantly from the ΛCDM one (around 10−2) at almost
all redshifts and scales. Finally, in the same panel it can be noticed that
the density contrast is enhanced for k . 10−1 h/Mpc while it is suppressed
at very small scales and all redshift.

After considering the cosmological evolution of metric and matter perturba-
tions we now turn to the study of the dynamics of the additional scalar DoF that
propagates in Hořava gravity. In particular we study the quantity introduced in
ref. [8] to quantify the deviations from quasi-staticity for the dynamical scalar
DoF, π, i.e.

ξN =
π̇N
HπN

, (12.47)

where with the index N we indicate that we are working with the π-field in
Newtonian gauge. This quantity compares the evolutionary time-scale of the
additional scalar DoF with the Hubble time scale, thus quantifying how many
times the π-field changes significantly in a Hubble time. Small values of this
quantity imply that the π field is slowly evolving and that time derivatives of
the field can be neglected when compared to the value of the scalar field itself.
On the contrary large values mean that the time derivative of the field is playing
a major dynamical role, and hence QS would not be a safe assumption.

The time and scale behaviour of ξN can be seen, for the H3 and H2 cases,
in figure 12.3. We can notice that, roughly for both cases, the π-field is slowly
evolving at low redshift (0 < z < 1), on the other hand, at higher redshift we can
see that its dynamics becomes relevant and deviations from a QS behavior are
order 30%. We can also notice that, at all scales and times, the evolutionary
time scale of πN is smaller than the Hubble rate. From the same figure we
can see that this evolutionary rate does not significantly depend on scale. The
white lines in figure 12.3 show some residual scale dependence at early times
and clearly show that this scale dependence gets weaker at late times.

Finally, we discuss how the modified dynamics of perturbations in Hořava
gravity affects the observables that we later use to constrain this theory. In fig-
ure 12.4, we compare several power spectra for the H2 and H3 cases in compar-
ison to the ΛCDM model. We identify the following effects on the observables:

• Differences in the late time Integrated Sachs-Wolfe (ISW) effect. For the
two cases that we explore, we find an enhancement of the amplitude of
the low-` temperature power spectrum, as it can be seen from the top left
panel of figure 12.4 which is related to an increase of the late-time ISW
effect [329]. The latter is sourced by the time derivative of Φ + Ψ and,
as we can see from figure 12.2, for the two Hořava gravity cases the time
evolution of this quantity is modified. This change also affects the CMB
temperature-lensing cross correlation (central left panel), as discussed be-
low.

• Differences in the gravitational lensing. As we already discussed, in the
specific cases that we explore, gravitational lensing results to be enhanced
as we can see in the central panel of figure 12.2. This reflects on the CMB
lensing power spectrum as shown in the central right panel of figure 12.4,
where we can notice that fluctuations of this observable are enhanced for
both H3 and H2 cases with respect to the ΛCDM model. This modification
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also has an effect on the high multipole of the lensed CMB temperature
power spectrum as highlighted in the top-right panel of figure 12.4. At first
glance we can see that, compared to the ΛCDM model, the profile of the
high-` peaks is less sharper in the H3 and H2 cases because of the lensing
enhancement. We can also notice that there is a slight asymmetry between
peaks and troughs due to a combined effect of the lensing modification with
the modified Hubble rate discussed in section 12.4, thus leading to a small
change in the angular scale of the CMB peaks. From the central left panel,
we can see that the CMB temperature-lensing cross correlation spectrum
is influenced by both the ISW and lensing modifications. In particular,
this spectrum results to be enhanced at low-` because of the lensing and
ISW enhancements but it is suppressed for 50 < ` < 100 following the
trend of the temperature power spectrum. Indeed, we can notice, from
the top right panel of figure 12.4, that at these scales the spectra are
suppressed due to the lensing effect as previously mentioned. Finally,
the enhancement of the lensing potential also affects the component of
the CMB B-mode power spectrum that is sourced by the lensing of the
E-mode of polarization. This situation is highlighted in the lower right
panel of figure 12.4. The solid lines representing this component of the
B-mode spectrum are enhanced proportionally to the enhancement in the
lensing potential.

• Differences in the growth of matter perturbations and the distribution of
the large scale structure. For the two cases under analysis (H3 and H2), we
observe a slight enhancement of the growth of structure in the total matter
power spectrum, at intermediate scales, as well as a slight suppression on
small scales, as it is clearly depicted in the lower left panel of figure 12.4,
and in agreement with our previous analysis of the density contrast, see
figure 12.2. The matter power spectrum, for both H2 and H3, follows the
ΛCDM one on large scales (k . 10−3 h/Mpc) while for 10−3 . k . 10−1

h/Mpc it is slightly enhanced, particularly for the H2 case. At very small
scales, both the H2 and H3 matter spectra follow the ΛCDM behaviour.

• Differences in the propagation of tensor modes. As previously discussed in
section 12.3, the tensor dynamical equation is modified in Hořava gravity.
This change is usually reflected in the tensor induced component of the
B-modes of CMB polarization [330, 6]. In particular, in the H3 case, the
parameter ξ controls directly the propagation speed of gravitational waves,
while the combination 2ξ − η is responsible for the strength of coupling
between tensor modes and matter. Instead, in the H2 case the tensor
speed of sound is controlled by η, while there is no effect on the coupling
with matter. The choice of parameters we made for figure 12.4, displays
a significant effect on the scalar component of the B-mode spectrum as
shown in the lower right panel of figure 12.4 as solid lines, but the effect
on the tensor component (dashed line) of the B-mode power spectrum for
the same parameters is much smaller and not visible in the figure. In
figure 12.5 we change the Hořava gravity parameters to better display the
effect of the change in the tensor sector. Therefore only for this figure
we choose the Hořava gravity parameters in H3 case to be (ξ − 1) =
−0.3, (λ− 1) = 4× 10−4, η = 10−3 and in the H2 case they are (λ− 1) =
1, η = 0.6. As we can see from that figure, the leading effect is due
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Figure 12.5: The tensor induced component of the B-mode CMB polarization
power spectrum in the ΛCDM, H2 and H3 cases. For this figure the stan-
dard cosmological parameters are chosen to be Ω0

b h
2 = 0.0226, Ω0

c h
2 = 0.112,

Ω0
ν h

2 = 0.00064, r = 1 and H0 = 70 Km/s/Mpc. The Hořava gravity parame-
ters in H3 case are chosen to be: (ξ − 1) = −0.3, (λ − 1) = 4 × 10−4, η = 10−3

in the H2 case they are: (λ− 1) = 1, η = 0.6. From [3].

to the modification of the speed of gravitational waves [6]. In the next
section we will find that due to a combination of viability requirements
and data constraints, for the H3 case, ξ ≤ 1, therefore the spectrum
results to be shifted to the right with respect to the ΛCDM one, since
tensor modes propagate sub-luminally. On the other hand, in the H2 case,
tensor modes propagate super-luminally (η > 0) and the whole spectrum
is shifted to the left. Finally, a modification of the coupling to matter
leaves an observational imprint that is much smaller that the previous
one as cosmological gravitational waves propagate almost in vacuum. We
can also conclude, on the basis of the results we will present in the next
section, that in the H3 case since the tensor sound speed is less than one,
the Čherenkov constraints are not always satisfied but only in a very tiny
range [327, 328]. On the contrary, in the H2 case the tensor sound speed
is always super-luminal, then the Čherenkov constraints are evaded.

12.6 Cosmological constraints

In this section we derive and discuss the observational constraints on Hořava
gravity coming from cosmological probes.

In our analysis we use several geometrical and dynamical probes, combining
them progressively. The first data set employed, hereafter PLC, consists of the
Planck 2013 CMB temperature spectrum measurements along with the WMAP
large scale CMB polarization spectra. The second data set considered, denoted
as BG, is a combination of background measurements that helps to break the
degeneracies between background parameters and the ones describing the be-
haviour of perturbations. We use: HST data, JLA Supernovae and several BAO
measurements. The third data set that we use, consists of the Planck 2013 CMB
lensing potential power spectrum measurements. We refer to this data set as the
lensing one, hereafter CMBL. Finally, we use the measurements of the WiggleZ
galaxy power spectrum. For the details of these data sets we refer the reader
to Chapter 4. However, as we will show in the next section, the cosmological
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Figure 12.6: Results of our analysis of the H3 case. Upper panel: The marginal-
ized joint likelihood for combinations of the parameters of low-energy Hořava
gravity. The darker and lighter shades correspond respectively to the 68% C.L.
and the 95% C.L.. Lower panel: The marginalized likelihood of the parame-
ters of low-energy Hořava gravity. In both panels different colours correspond
to different data set combinations as shown in legend. The dark grey shade
corresponds to the marginalized region of parameter space excluded by viability
priors. From [3].

H3 case

Parameters Prior PLC PLC+BG PLC+CMBL PLC+WiggleZ all combined

ξ − 1 [−0.1, 0.1] −0.01+0.01
−0.02 −0.01+0.01

−0.02 −0.01+0.01
−0.02 −0.01+0.01

−0.02 −0.01+0.01
−0.02

log10(λ− 1) [−8,−2] < −4.56 < −4.68 < −4.24 < −4.68 < −4.31

log10 η [−5,−1] −− −− −− −− −−
Ω0
DE derived 0.69+0.06

−0.07 0.69± 0.02 0.70+0.04
−0.05 0.66± 0.06 0.69± 0.02

α1 derived < 0.283 < 0.240 < 0.263 < 0.322 < 0.220

log10 α2 derived < 5.05 < 4.83 < 5.04 2.70+2.52
−2.41 < 4.72

Gcosmo/GN − 1 derived < 0.035 < 0.030 < 0.033 < 0.040 < 0.028

Table 12.1: The 99.7% C.L. marginalized posterior bounds on the H3 case
parameters and relevant derived parameters.

constraints are mainly driven by CMB and background observables toward the
ΛCDM limit. Therefore, we do not expect that a scale dependent bias will
dominate the results in Hořava gravity when considering WiggleZ data.

12.6.1 H3 case: results

The first case we compare to cosmological observations is the low-energy limit
of Hořava gravity, H3, for which the parameters of the theory are {ξ, λ, η}.

We sample λ and ξ shifting them by one so that the GR limit of the new
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parameters, i.e. λ−1 and ξ−1, corresponds to a zero value. In addition, we use
a logarithmic sampler for the parameters η and λ− 1 as they are constrained to
be positive by physical viability, as discussed at length in section 12.3. Instead,
ξ is allowed to change sign, hence we sample ξ − 1 linearly.

When combining the viability priors discussed in section 12.3, with cosmo-
logical data, we notice that the requirement of physical viability has a strong
effect on the posterior distribution of the parameter ξ. This is shown in panel
(a) of figure 12.6. Even though ξ is not constrained to be above or below 1 a
priori, the magnitude of λ, draws the posterior of the model into a region where
only values of ξ ≤ 1 are viable. Let us notice that there is a very small viable
region in the parameter space above one (1 < ξ . 10−6), which due to the scale
adopted in the plot cannot be seen by eye; however, since this is significantly
smaller than the region below ξ = 1, it is not picked up when sampling linearly
the parameter ξ. As we can see from the other two panels of figure 12.6, the
viability priors do not have a strong impact on λ and η in the region where the
posterior of the model is peaked.

From the top panels of figure 12.6, we can notice that the different param-
eters specifying Hořava gravity do not have sizable degeneracies between them
over all the range explored (which spans several orders of magnitude). From
the lower panel of the same figure we can notice that different data sets con-
tribute differently to the parameter bounds. In particular we can see that PLC
strongly constrains the λ parameter, while preferring a bigger value for η and ξ.
The addition of background probes pushes these two parameters closer to the
ΛCDM limit of the theory. Noticeably the addition of CMB lensing strongly
degrades the bounds on λ while being consistent with PLC+BG for the other
two parameters. This behavior is expected considering the known tension be-
tween the Planck 2013 and the Planck 2015 data and the CMB lensing power
spectrum as reconstructed from the CMB trispectrum [78, 16, 4]. These results
are confirmed by the marginalized bounds on the H3 parameters reported in
table 12.1. In particular the 99.7% C.L. bounds on the ξ and η parameters
weakly depend on the data set used and in particular for the η parameter no
99.7% C.L. bounds are found. As discussed in section 12.4, the “bare” cosmo-
logical constant Λ̄ has been replaced in this analysis by Ω0

DE , and the latter
has been included in table 12.1. The most relevant result that can be drawn
from table 12.1 is that low-energy Hořava modifications of gravity are severely
constrained, with the corresponding parameters bounded to be orders of mag-
nitude below unity. In particular, we find that cosmological data have a strong
constraining power on λ. Here we summarize the bounds, at 99.7% C.L, that
we get from the combination of all data sets:

ξ − 1 = −0.01+0.01
−0.02 ,

log10(λ− 1) < −4.31 ,

Ω0
DE = 0.69± 0.02 (12.48)

Let us notice that the viability priors give also an upper bound on ξ, i.e.
ξ ≤ 1. All the marginalized constraints on standard and derived cosmological
parameters for the H3 case are shown in appendix .4.

In table 12.1 we report also the marginal bounds on the PPN parameters
{α1, α2} and Gcosmo/GN − 1. From the first two, we can notice the extreme
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Figure 12.7: Results of our analysis of the H2 case. Panel (a): The marginal-
ized likelihood of log10 (λ− 1); Panel (b): The marginalized joint likelihood
of log10 (λ− 1) and log10η. The darker and lighter shades correspond respec-
tively to the 68% C.L. and the 95% C.L.. The theoretical viability condition is
roughly (λ − 1) > O(2η/9); Panel (c): The marginalized likelihood of log10η.
In all panels different colours correspond to different data set combinations as
shown in legend. The dark grey shade corresponds to the marginalized region of
parameter space excluded by viability priors. The arbitrary normalization of the
posterior is chosen to better display the effect of the viability priors. From [3].

complementarity of cosmological and solar system experiments in constraining
Hořava gravity. The cosmological observations lead to an upper bound on α1

that is α1 < 0.220, while PPN bounds on this parameter are three orders of
magnitude stronger. Cosmological observations are, however, sensitive to ξ and
weakly sensitive to η, while solar system probes constrain just a degenerate
combination of the two. On the other hand the cosmological bounds on the
parameter α2 are worst than the PPN ones by several orders of magnitude. That
is due to the fact that in the limit in which λ is constrained to be smaller than
the other parameters by cosmological data, the α2 parameter goes to infinity as
it is clear from its definition (12.34). If we compare the cosmological constraint
on λ with the one that is derived from α2 in eq. (12.35), we see that our bounds
are compatible with the solar system constraints. Finally, we can see that the
bound on Gcosmo/GN−1 < 0.028 (99.7% C.L., all combined) is improved by one
order of magnitude with respect to previous results [291].

12.6.2 H2 case: results

The second case we consider, is a sub-case of the previous one obtained by
restricting to the plane of the parameter space corresponding to η = 2ξ−2. For
this choice, the solar system constraints are automatically evaded as shown by
studies of the PPN limit of Hořava gravity (see section 12.3). We refer to this as
the H2 case. The free parameters of the theory are now {η, λ} and, as discussed
in the previous section, we sample the parameter space of the logarithm of η
and λ− 1 since both these quantities are constrained by the viability priors to
be positive. Unlike for the H3 case, where the viability priors had a strong
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influence only on the parameter ξ, in the H2 case they have a strong influence
on the marginalized posterior for both η and λ, as one can see in figure 12.7.
In particular one can notice in panel (b) of figure 12.7 that the viable region
is a triangle corresponding roughly to the condition (λ − 1) > O(2η/9). This
triangle shape of the marginalized joint posterior of the model parameters has
a strong influence on the marginalized 1D posterior of the two parameters. In
particular, as we can see in panel (a) of figure 12.7 , the low tail of λ is cut
by the viability priors and, in panel (c), the posterior of η becomes markedly
non-gaussian. Apart from the degeneracy induced by this prior cut, no other
degeneracy between the Hořava gravity parameters is present.

In panel (a) of figure 12.7, we can see that different data sets contribute
differently to the cosmological bounds. In particular, the PLC, PLC+BG and
PLC+WiggleZ data sets are pushing the posterior of λ to smaller values. The
constraints become slightly weaker when considering CMB lensing for the same
reasons explained in the previous section and it dominates the bounds coming
from the total data set combination. Because of the degeneracy induced by the
viability priors, in the H2 case we are able to set bounds also on η. These are
shown in table 12.2. In this table we can notice that the 99.7% C.L. confidence
bounds on λ are comparable to the previous ones and the bounds on η are
considerably stronger. Indeed the bounds for all combination of data sets for
the H2 case are:

log10(λ− 1) < −4.39 ,

log10(η) < −4.51 ,

Ω0
DE = 0.69± 0.02 . (12.49)

As in the previous case Ω0
DE and all the standard derived cosmological param-

eters are reported in appendix .4.

Noticeably in the H2 case, the bounds on Gcosmo/GN −1 are more stringent
than in the H3 case. In particular this bound is several orders of magnitude
stronger than the BBN bound.

The H2 case studied in this section has been already investigated in ref. [294].
Indeed, our H2 case is the khronometric model in ref. [294] when the LV in
matter is switched off and a precise mapping between the different notations
adopted is worked out. In this respect, a comparison between our results and
the one in ref. [294] is not straightforward. We find an overall good agreement in
the cosmological predictions by comparing the output of the code used by [294]
to EFTCAMB. The stronger bound onGcosmo/GN−1 is then due to the different
choices of cosmological parameters that we sample and the different priors that
we impose on them.

12.7 Chapter Summary

In this chapter we have performed a thorough investigation of the cosmology
of Hořava gravity, which is a Lorentz violating theory proposed as a candidate
for quantum gravity [295, 228]. The emergence of Lorentz violations at all
scales, makes the theory power-counting renormalizable at very high energies
(∼ 1019 GeV/c2). However, since at low energies we do not experience LV
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H2 case

Parameters Prior PLC PLC+BG PLC+CMBL PLC+WiggleZ all combined

log10(λ− 1) [−10,−2] < −4.62 < −4.62 < −4.38 < −4.59 < −4.39

log10 η [−10,−2] < −4.68 < −4.58 < −4.40 < −4.73 < −4.51

Ω0
DE derived 0.68+0.04

−0.06 0.69± 0.02 0.69± 0.04 0.66+0.05
−0.06 0.69± 0.02

Gcosmo/GN − 1 derived < 3.6× 10−5 < 3.6× 10−5 < 6.3× 10−5 < 3.9× 10−5 < 6.1× 10−5

Table 12.2: The 99.7% C.L. marginalized posterior bounds on the H2 case
parameters and Gcosmo/GN − 1.

effects, we expect large scales tests to place important constraints on the theory.
In particular, we have analysed Hořava gravity at cosmological scales, to see
whether there is any room for LV at these energies. As we will summarize in
details in the following, we have found that cosmological data severely constrain
Hořava gravity.

We have performed our analysis within the EFT framework for dark en-
ergy and modified gravity [162, 163]. We have focused on the dynamics of the
background and linear perturbations, and considered the power-counting renor-
malizable action for Hořava gravity which includes all the quadratic operators
with up to sixth spatial derivatives [310]. For this action, we have worked out a
complete mapping into the EFT language, in section 12.2, finding that its low-
energy part is completely mapped in the most commonly used EFT action (6.1).
While the high-energy part requires the inclusion of additional operators, that
we have identified in appendix .3. After working out the full mapping, when ex-
ploring the cosmology and corresponding observational bounds, in sections 12.4
and 12.6, we have restricted to the low-energy part of the action which is suffi-
cient for a first exploration of the large scale phenomenology of the theory.

For our analysis we have made use of the powerful EFTCAMB/EFTCosmoMC
package [8, 7, 10]. For the first time, we have implemented in EFTCAMB a full
mapping case, solving the Hořava equations for the background, instead of us-
ing a designer approach to the expansion history. We have included a detailed
discussion of this procedure in section 12.4. After solving the background and
before proceeding to the evolution of the perturbations, EFTCAMB runs a check
on the viability of the selected theory, enforcing some stability requirements such
as the absence of ghosts and gradient instabilities. The latter conditions become
viability priors when using EFTCosmoMC to constrain the parameters of the
theory by means of cosmological data. Finally, we have proceeded to evolve
linear scalar perturbations with the general EFT equations [10], specializing
their coefficients to the corresponding expressions in the Hořava case through
the mapping worked out in section 12.2.

Let us notice that besides the physical stability requirements, Lorentz vio-
lations can also be constrained via BBN and solar system tests, as discussed
at length in section 12.3. In our analysis we have not imposed the BBN ex-
perimental bounds a priori, rather we have compared them to our finding for
cosmological constraints. Nevertheless, we have investigated two cases: a first
one, H3, where the low-energy Hořava gravity parameters {λ, ξ, η} were allowed
to vary freely; the second case, H2, where we enforced a relationship between
the parameters that allows the theory to evade PPN constraints, reducing the
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number of free parameters to two, {λ, η}.
In sections 12.4 and 12.5, we have studied in details the cosmology of Hořava

gravity. At background level, we have found a constant rescaling of the Hubble
rate which reflects in the behaviour of the density parameters. Indeed, as shown
in figure 12.1, the fractional matter density exceeds unity at all times and the
fractional density of the effective dark energy (12.43) correspondingly becomes
negative, so that the flatness condition is satisfied at all times. This behaviour
signals that the modifications of gravity in this theory should be considered
as a purely geometrical effect, rather than be interpreted in terms of a dark
fluid. At the level of linear perturbations we have identified modifications in
the ISW effect, the gravitational lensing, the rate of growth of structure and
the B-modes spectrum, which translated into stringent bounds on the Hořava
parameters when we fit them to cosmological data. In order to facilitate a in
depth visualization of characteristic features of Hořava gravity at the level of
perturbations, we have specialized to two choices of parameters, one for the
H3 case and one for the H2 case, and have performed a thorough analysis of
the dynamics of perturbations and the corresponding cosmological observables.
In both cases, we have found a general enhancement of the growth of matter
perturbations and the lensing potential. The first modifies the shape of the
matter power spectrum, which we have found to be enhanced for 10−3 < k <
10−1 h/Mpc; the second one impacts the CMB temperature power spectrum
at high-` and the CMB lensing power spectrum. In particular in the latter
case the effect is of a general enhancement of power in the lensing potential
auto spectrum. A modification of the lensing potential also alters the scalar
perturbation induced component of the B-mode power spectrum, leading to an
enhancement in that signal. On the other hand, we found an enhancement of
the CMB temperature power spectrum at large angular scales and its cross-
correlation with the lensing potential. This effect can be traced back to an
enhancement of the ISW effect at late times. Finally, the tensor power spectrum
is also modified as the speed of sound of the tensor modes depends on the
parameters of the theory. In particular the tensor BB-power spectrum is shifted
on the right with respect to the ΛCDM one for the H3 case as the tensor
propagation is sub-luminal and on the left for H2 because the propagation is
super-luminal. Noticeably, we have determined that in general the quasi-static
approximation is not safe to describe the evolution of sub-horizon perturbations
in Hořava gravity if we want an accuracy better than 30%. Let us stress that
while the direction and entity of these modifications is dependent on the specific
choice of parameters, we have found a general enhancement of the growth rate,
lensing potential, and an enhancement of the ISW effect for several choices of
parameters that we have sampled in the region allowed by the viability priors.

In section 12.6, we have moved on to perform a global fit of the two cases of
low-energy Hořava gravity, H3 and H2, to progressive combinations of cosmo-
logical data sets: the CMB temperature-temperature and lensing power spectra
by Planck 2013, WMAP low-` polarization spectra, the WiggleZ galaxy power
spectrum, the local Hubble measurements and Supernovae data from SNLS,
SDSS and HST and the BAO measurements from BOSS, SDSS and 6dFGS.

In the case of H3, we have set upper bounds on λ and a lower bound on ξ,

while for Ω
(0)
DE (which through eq. (12.44) replaces Λ̄) we found a mean value

and errors that are close to the ones of the ΛCDM model. Specifically we
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obtained ξ − 1 = −0.01+0.01
−0.02, log10(λ − 1) < −4.31 and Ω0

DE = 0.69 ± 0.02
at 99.7% C.L. for the combination of all the data sets considered. For all the
other data set combinations see table 12.1. As a general result we have found
that the values of the Hořava gravity parameters are constrained to be close
to their values in the GR limit. For both cases we reported the constraints on
the standard cosmological parameters in tables 4-5. Moreover, for the H3 case
we get an improved bound on Gcosmo/GN − 1 < 0.028 ( 99.7% C.L., for the
combination of all data sets) which outruns the BBN one. On the other hand
PPN experiments are three orders of magnitude stronger in constraining the α1

parameter that we find to be α1 < 0.220 ( 99.7% C.L., for the combination of
all data sets), while our cosmological bound on λ is compatible with the one
derived from solar system tests.

For the H2 case, we were able to set upper bounds on log10(λ− 1) < −4.39
and log10(η) < −4.51 and constraints on Ω0

DE = 0.69 ± 0.02 at 99.7% C.L.
with all data sets. Noticeably for this model we get a quite stringent bound on
Gcosmo/GN − 1 < 6.1 × 10−5 at 99.7% C.L. by combining all the considered
data sets.

The full mapping of the low-energy limit of Hořava gravity has been publicly
released as part of an update of EFTCAMB/EFTCosmoMC. As part of future
work, it would be certainly of interest to explore the phenomenology associated
to the high-energy part of the Hořava gravity action to see whether additional
operators can affect significantly linear perturbations. Future analysis could
also include the study of LV in the dark matter sector.
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Cosmic acceleration still poses a challenge for modern cosmology. While
current cosmological data strikingly present observational evidence for this phe-
nomenon its theoretical understanding is still lacking. To explain this effect one
might resort to a cosmological constant, as it is done in the standard cosmolog-
ical model; this, however, still does not have a deep theoretical motivation. On
the other hand, one might want to add other dark fluids to the cosmic budget
or modify the laws of gravity on large scales to drive this accelerated expansion.

In this thesis we presented and exploited a threefold approach to the study
of the phenomenology of cosmic acceleration to perform systematic explorations
of models beyond the standard one.

Within this threefold path, the first way that we followed in this thesis was to
quantify the level of agreement of cosmological observations, within the standard
cosmological model, to see whether there is already some tension between data
that motivates us to move away from the fiducial model. We have built a
statistical estimator of tensions between data sets and used it on state of the art
cosmological measurements. We have found that, while most of the cosmological
observations agree, within the standard ΛCDM model, there is a statistically
significant tension between weak lensing measurements from the CFHTLenS
survey and Planck CMB observations. This tension can be due to residual
systematic effects in the data, but if this explanation is eventually excluded,
it will be a first indication of the presence of physical phenomena beyond the
ΛCDM ones.

The second path that we followed was to study parametrizations that would
allow to explore the phenomenology of alternatives to the fiducial ΛCDM model,
i.e. DE/MG models. Generally these models amount to adding a single scalar
propagating degree of freedom to our gravitational theory. We thus exploited
an Effective Field Theory approach to describe the cosmological phenomenology
of such a scalar field.
After briefly reviewing the construction of the EFT we dived into its phenomeno-
logical applications. We started with the behavior of the cosmological back-
ground and, using dynamical systems techniques, we got some general results
concerning the compatibility of the functions describing the EFT with a viable
cosmological expansion history. After investigating the background we moved to
the evolution of perturbations. To do so we built a modification of the Einstein-
Boltzmann solver CAMB, to obtain numerical predictions for all cosmological
observables of interest. The resulting tool, that we called EFTCAMB, fully ex-
ploits the power of the EFT approach when performing investigation of DE/MG
models. In particular it automatically implements a check of the physical viabil-
ity of a theory at any step in its parameter space. Moreover our implementation
does not rely on any approximation for the DE/MG dynamics, solving the full
hierarchy of modified Einstein-Boltzmann equations.
With this tool at hand we studied the observational consequences of some
parametrized models investigating their phenomenological signatures. We started
with the constraints on a time dependent conformal coupling between gravity
and the scalar field, showing the bounds on theory parameters coming from
several cosmological probes. With the same model we have investigated the
degeneracy between DE/MG effects and massive neutrinos. The latter usually
enhances the growth of cosmic structures while the former suppresses it. The
two effects might balance each other resulting in degenerate constraints. We
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have found that, if the conformal coupling between gravity and the scalar field
depends linearly on the scale factor, the growth of structure is suppressed, and
the corresponding degeneracy with massive neutrinos is alleviated.
Another phenomenological signature of DE/MG models that we investigated,
following the results of the Planck satellite in its 2015 data release, concerns the
gravitational lensing of the CMB. By considering a time independent change
in the cosmological gravitational constant we showed that the amplitude of the
CMB lensing spectrum is altered in a scale dependent way. We then tried to
investigate whether we can relieve the tension between Planck CMB Temper-
ature data and Planck CMB lensing measurements, finding that it is hardly
alleviated.
Finally, we used a parametrized approach to investigate the phenomenology of
a modified speed of gravitational waves. We showed that a modification of the
speed of tensors leaves a distinct imprint on the CMB B-mode polarization spec-
trum, shifting the angular position of its peak. We then showed that the next
generation of cosmological experiments will be capable of tightly constraining
this quantity to an accuracy comparable with that of binary pulsar systems.

The third path that we followed, in our threefold approach to the phe-
nomenology of DE/MG models, consisted in testing specific models. This corre-
sponds to looking at specific positions in model space, motivated by the physical
origin of models. We used the full power of the EFT approach in doing so. This
can, in fact, be used to test specific models once they are mapped to the EFT
framework with appropriate mapping relations between the EFT functions and
the model functions. In particular, we investigated the cosmological implica-
tions of designer f(R) models. These are built to reproduce exactly a given
expansion history and we studied the cosmological constraints on these models
when we require a ΛCDM and a wCDM expansion history. We found signifi-
cant constraints on the theory parameters and, especially in the wCDM case, we
found that the constraints are strongly affected by the requirements of physical
viability. Using EFTCAMB allowed us to study the validity of the quasi-static
approximation for these models. At this goal we built a modified version of
MGCAMB to study the same designer models with this approximation. We
found a negligible difference in cosmological constraints when considering de-
signer f(R) on a ΛCDM background. However, when we add to the f(R) model
massive neutrinos we found a noticeable change in the degeneracy direction in
parameter space. These results highlight the relevance of the full treatment of
perturbations in light of the accuracy of upcoming experiments.
We then moved to cosmological tests of Hu-Sawicki f(R) models, that we used as
an example of a model significantly changing the background expansion history.
We showed that cosmological constraints are significant and the full treatment
of EFTCAMB allowed us to appreciate the degeneracy between background pa-
rameters and perturbation parameters.
Finally we tested the cosmological implications and data constraints for Hořava
gravity. This is an example of a Lorentz violating theory that can still be
mapped to the EFT framework thanks to its flexibility. We mapped the full
theory to EFT, including both high-energy and low-energy contributions. We
then studied the cosmology emerging from its low energy part. We found signif-
icant constraints on the theory parameters. In particular, if the Hořava theory
parameters are tuned to avoid solar system constraints, we found that cosmo-
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logical observations are already at a precision stage that allows to cast powerful
bounds on this model.

In conclusion, in this thesis, we have developed and applied a threefold ap-
proach to the exploration of models beyond the standard cosmological one. We
have explored all the three branches constituting this approach and significantly
developed them. We have shown that already at present, cosmological observa-
tions are precise enough to substantially improve our knowledge about DE/MG
models. We developed the relevant tools that will allow us to perform massive
ans systematic studies of DE/MG models with the next generation of cosmo-
logical surveys by following the threefold path described in this thesis.

The work presented in this thesis can be extended in several ways, that will
be directly relevant and useful for the interpretation of data from contemporary
and future experiments.
The first extension of this work consists in developing and exploiting robust
statistical tools. It is of primary relevance to develop the relevant statistical
proxies to distinguish between different scenarios, to ensure that we are using
at best the power of present and future cosmological probes. The ones discussed
in this thesis can be extended and applied to the process of model selection and
to forecasting.
A second relevant extension is to move toward systematic studies of the cos-
mological constraints of several theories, including Galileon and massive gravity
models. This can be pursued by extending the range of models implemented
in EFTCAMB. This line should be aided by advancements in the study of ag-
nostic parametrizations, that will allow to learn how we can optimally extract
information, about gravitational theories, from different cosmological probes.
Finally, to complete the range of scales that we can use to test gravitational
theories with future surveys, we have to understand what happens on small,
non-linear, scales. The additional interaction that is included to source cos-
mic acceleration is strongly constrained by solar system tests. Viable models of
DE/MG successfully develop a screening mechanism to hide the presence of this
force on such scales. Generally these mechanisms rely on non-linear interactions
or self-interactions between the scalar field, sourcing the fifth force, gravity and
matter. The development of tools aimed at studying screening mechanisms will
allow the design of laboratory experiments to test the presence of additional
forces by looking at the objects for which these mechanisms are less effective.
On the long run this will also help in making the connection with large scale
modelling, completing the range of scales over which we will perform cosmolog-
ical tests of gravity.



190



Part VI

Appendix

191





.1. DYNAMICAL ANALYSIS CONTINUED 193

.1 Dynamical Analysis Continued

.1.1 Second Order

In this Appendix we complete the analysis of the critical points of the second
order system. In particular, all critical points (including those already discussed
in Sec. 7.5) and their stability analysis are reported in Table 3; while in the
following we present the eigenvalues and discuss the cosmology of the points
that were not considered in Sec. 7.5.

• Phantom DE points
From the splitting of the first order point P4, we have two critical points
characterized by a phantom effective equation of state:

P4a : µ1 = −6, µ2 = −5, µ3 = −3, µ4 = −2− α2, µ5 = −2− λ0. (50a)

P4b : µ1 =
1

2
(α2 − 4), µ2 = α2 − 4, µ3 = α2 − 3, µ4 = α2 + 2, µ5 = α2 − λ0.

(50b)

The first one has weff = − 7
3 and is a stable attractor for α2 > −2∧λ0 > −2,

while the second one is an accelerated stable node for α2 < λ0 ∧ α2 < −2
with weff < − 7

3 . We do not consider these points viable as such values of weff

have been already excluded by experiments (e.g. [78]).

• φ-MDE and φ-RDE points
There are two critical points characterized by, respectively, matter and radi-
ation domination with a non-negligible DE density:

P5 : µ1 = −15

2
, µ2 = −3, µ3 = −1, µ4 = 3− α2, µ5 = 3− λ0. (51)

P8 : µ1 = −6, µ2 = −6, µ3 = 1, µ4 = −1

2
− α2, µ5 = 4− λ0. (52)

The first point has Ωm = 5, ΩDE = −4 and a stiff matter equation of state,
while the second one has Ωr = 9 and ΩDE = −8 with weff = 5

3 . Both these
points are not considered cosmologically relevant.

• P9: unstable DE point

µ1 = α2 − 4, µ2 = α2 − 3, µ3 = α2 − λ0,

µ4 = 6− 3

4
α2 −

1

4

√
3
√
−α2(−32 + 5α2), µ5 = 6− 3

4
α2 +

1

4

√
3
√
−α2(−32 + 5α2).

(53)

This point corresponds to a DE dominated configuration, albeit one that is
always unstable.

• P11: radiation scaling point
The stability analysis of this point is too complicated to be reported, nev-
ertheless we are able to deduce something about its cosmological behavior.
From Table 3 one can see that the point corresponds to a scaling solution
for radiation and DE with ΩDE = 2α2 − 7. However, the constraint Ωr ≥ 0
imposes α2 < 4, and for this range of values the point cannot be neither a
proper DE or radiation dominated point.
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.1.2 Nth order analysis continued

In this Appendix we continue with the analysis of the critical points for the
N th order system giving an overview of the points that were not presented in
Sec. 7.6 since they either did not have the desired cosmological characteris-
tics or stability. The general structure of the critical points for the N th order
system was explained in detail in Sec. 7.6, however here we will give a brief
review. Critical points belonging to the same family can be of three types:
(xc, yc, α0,c, α1,c, αn,c = 0) with n ≥ 2, (xc, yc, α0,c, α1,c, αn,c 6= 0) with n ≥ 2
or (xc, yc, α0,c, α1,c, combinations), where ‘combinations’ correspond to all the
different combinations of {α2,c, . . . , αN−1,c} for which a different A thorough
description of how to build all the combinations is given in Sec. 7.6. Here
we simply remind the reader that we use the index j for the αn,c in non-zero
blocks that are followed by a zero-block (rule (7.39)); while we use the index l
for the αn,c of the non-zero block that closes the combination, when it exists
(rule (7.40)). Every time we substitute into (7.39) and (7.40) the specific value
of Ḣ/H2 that corresponds to the point in consideration.

• Phantom DE points:
There are different families of critical points which are DE dominated but give
rise to cosmological behaviors which are in tension with current observations
(i.e. weff . −2). However, their stable node configuration gives an attractor
that, in principle, could be reached in the far future, provided that the du-
ration of the matter era would remain long enough to allow for structure to
form ([190] and references therein). The first family that we shall consider is
P4a-like, which is a set of DE dominated critical points with weff = − 7

3 .

P4a,1 ≡ (−1, 0, 2, 0, αn,c = 0), (54a)

P4a,2 ≡ (−1, 0, 2, 0, αn,c = αN + 2(N − n)), (54b)

P4a,c ≡ (−1, 0, 2, 0, combinations),

αj,c = 2(s+ 1− j), αl,c = αN + 2(N − l). (54c)

From an investigation of the eigenvalues, one finds that the first point is
a stable node for λ0 > −2 while the second one exhibits this behavior for
λ0 > −2 ∧ αN < −2 (N − 2) ∧ αN > 3N − 8. The last sub-family of critical
points P4a,c also displays stable configurations for some combinations. In that
case we have λ0 > −2∧αN < −2 and λ0 > −2∧αN > −2. The second family
that we shall consider does not have a unique cosmological behavior, though
in all the cases the critical points are DE dominated and resemble the P4b

point of the second order analysis.

P4b,1 ≡ (−1, 0, 2, 1, αn,c = 0), (55a)

P4b,2 ≡
(
−1, 0, 2,

2N − 2 + αN
N + 1

,
−2n+ 2N + nαN

N

)
, (55b)

P4b,c ≡
(
−1, 0, 2,

2s1

1 + s1
, combinations

)
,

αj,c =
2(s+ 1− j)

s+ 1
, αl,c =

αN + 2(N − l) + sαN
s+ 1

, (55c)

where s1 is the value of s for the first non-zero block. The first critical
point P4b,1 has a well defined cosmology. It is a DE dominated point with
a phantom equation of state, weff = − 5

3 , and it resembles the point P4b of
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the second order with α2 = 0. We can infer its stability from Table 3, which
shows that it is a saddle, therefore it does not have the desired nature for a
DE point and we do not analyze it further. The second critical point P4b,2

can be written as (
−1, 0, 2, 1 +

α2,c

2
, αn,c =

4− 2n+ nα2,c

2

)
, (56)

where we have used the solution of α2 to substitute for αN in terms of α2,c;
comparing it with Table 3 we can see a clear connection with the P4b critical
point. As expected the equation of state for the effective fluid equation can
be written as

weff =
−3N − 4 + 2αN

3N
= −5− α2,c

3
, (57)

which is equivalent to the one found at second order for the point P4b, and
shows an accelerated behavior for α2,c < 4. For this critical point is very
difficult to calculate explicitly the eigenvalues but looking at Table 3 we can
infer that for α2 < 4 it will be a saddle, therefore we do not consider it
cosmologically viable. In the latter case the critical points P4b,c has weff =
− 7+3s

3(s+1) , which for all the combinations is ≈ −1. The stability analysis,

however, reveals that this is a set of saddle points, thus preventing them from
being viable accelerated attractors.

The third family of DE dominated critical points is P6-like with weff = 2
3λ0−1:

P6a ≡
(
λ0

2
, 1 +

λ0

2
,−λ0, 0, αn,c = 0

)
, (58a)

P6b ≡
(
λ0

2
, 1 +

λ0

2
,−λ0, 0, αn,c = αN − λ0 (N − n)

)
, (58b)

P6c ≡
(
λ0

2
, 1 +

λ0

2
,−λ0, 0, combinations

)
,

αj,c = −(s+ 1− j)(3 + λ0), αl,c = αN − (N − l)(3 + λ0). (58c)

The eigenvalues of the linearized system around these critical points are too
complicated to be reported. However it can be shown that the first one is
an accelerated attractor for (− 12

5 < αN ≤ −2 ∧ − 12
5 ≤ λ0 < αN ) ∨ (αN >

−2 ∧ − 12
5 ≤ λ0 < −2) while the second one displays the same cosmological

behavior for (αN < 1
5 (24− 12N) ∧ − 12

5 ≤ λ0 < −2) ∨ (αN = 1
5 (24− 12N) ∧

− 12
5 < λ0 < −2) ∨ ( 1

5 (24− 12N) < αN < 4− 2N ∧ αN
−2+N < λ0 < −2). Both

these points, as well as P6c have weff < −2.3, therefore we do not consider
them cosmologically viable.

The last family of, P9-like, DE dominated critical points contains configura-
tions which all have a different effective equation of state.

P9a ≡(−5, 0, 6, 3, αn,c = 0), (59a)

P9b ≡
(
−1− 2N + αN

(N − 1)
, 0,

3N − αN
(N − 1)

, 3,
3N + n(αN − 3)− αN

(N − 1)

)
= (α2 − 5, 0, 6− α2, 3, αn,c = 6 + n(α2 − 3)− α2) , (59b)

P9c ≡
(
−2− 3

s1
, 0, 3 +

3

s1
, 3, combinations

)
,

αj,c =
3(s+ 1− j)

s
, αl,c =

3(N − l) + sαN
s

, (59c)
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where s1 is the value of s for the first non-zero block. The equation of state
parameter in these three configurations is, respectively:

weff(P9a) = −3, weff(P9b) = −3 + 3N − 2αN
3 (N − 1)

= −3 +
2

3
α2, weff(P9c) = −2 + s1

s1
.

(60)

The stability analysis reveals that all the points of this family are saddles in
the range for which they are accelerated and therefore we do not investigate
them further.

• Scaling solutions:
This family of critical points is characterized by a scaling between matter and
DE:

Psc1 ≡
(
−3− 6 (N − 1)2 + 5αN − 2α2

N + (N − 1) (−9 + 7αN )

3(N − 2)2
, 0,

3N − 2αN
N − 2

,

,
3 (N − 1)− αN

N − 2
, αn,c =

3N + n(−3 + αN )− 2αN
N − 2

)
, (61a)

Psc2 ≡
(
− (s1 + 1)(2s1 + 1)

(s1 − 1)2
, 0,

3(s1 + 1)

s1 − 1
,

3s1

s1 − 1
, combinations

)
,

αj,c =
3(s+ 1− j)

s− 1
, αl,c =

−αN + 3(N − l) + sαN
s− 1

, (61b)

where s1 is the value of s for the first non-zero block. These configurations
correspond to a matter density and equation of state parameter:

Ωm(Psc1) = − (4 +N − 2αN )(−3 + αN )

3(N − 2)2
, weff(Psc1) =

3N − 2αN
6− 3N

,

Ωm(Psc2) =
5 + s1

(s1 − 1)2
, weff(Psc2) =

s1 + 1

1− s1
. (62)

The study of the stability for these critical points is very complicated due
to the unknown value of N. It is, however, simple to determine that, for
both points, neither of the two configurations in which they are, respectively,
matter (Ωm = 1) and DE dominated (ΩDE = 1) is cosmologically viable.

In this paper we choose not to perform a full analysis of the scaling config-
urations, but rather focus on the two extrema for which either of the two
components has fractional energy density equal to unity. While we leave
a thorough investigation of the scaling regime for future work, we want to
stress that this family of critical points is expected to display all the late-time
scaling cosmologies that can offer a dynamical solution to the coincidence
problem [194, 331, 332].

• DE points:
The last family of critical points is made of DE dominated configurations

Pd1 ≡
(
−2α2

N − λ0(−3 + (N − 1)2 (λ0 + 1) + (N − 1) (λ0 + 2)) + αN (−4 + λ0 + (N − 1) (4 + 3λ0))

6(N − 2)2
,

,
(αN − 3)(−2 + 2αN − λ0) + (N − 1)2 (6− 5λ0 + λ2

0) + (N − 1) (−12 + αN (8− 3λ0) + 2λ0 + λ2
0)

6(N − 2)2
,

,
λ0 + (N − 1)λ0 − 2αN

N − 2
,

(N − 1)λ0 − αN
N − 2

, αn,c =
(n− 2)αN + (N − n)λ0

N − 2

)
,

(63a)
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Pd2 ≡
(
− λ0(−3 + s2

1(λ0 + 1) + s1(λ0 + 2))

6(s1 − 1)2
,

3(2 + λ0) + s2
1(6− 5λ0 + λ2

0) + s1(−12 + 2λ0 + λ2
0)

6(s1 − 1)2
,

λ0(s1 + 1)

s1 − 1
,
s1λ0

s1 − 1
, combinations

)
,

αj,c =
(s+ 1− j)λ0

s− 1
, αl,c =

αN (s− 1) + (N − l)λ0

s− 1
, (63b)

with different values of the equation of state, respectively

weff(Pd1) =
6− 3N + 2αN − 2λ0

3(N − 2)
, weff(Pd2) =

3− 3s1 − 2λ0

3(s1 − 1)
, (64)

where s1 is the value of s for the first non-zero block. The first point has a
viable cosmological behavior for αN < N − 2 + λ0 and would have weff = −1
if λ0 = αN ; however we are not able to analyze its stability. The second
point gives a viable cosmological behavior for s1 + λ0 > 1; however requiring
weff = −1 gives λ0 = 0 and the stability analysis reveals that the point is
non-hyperbolic for such a value.

• φ-MDE:
This family contains the following P5-like:

P5a ≡ (−1, 0,−3, 0, αn,c = 0), (65a)

P5b ≡ (−1, 0,−3, 0, αn,c = αN − 3(N − n)), (65b)

P5c ≡ (−1, 0,−3, 0, combinations), αj,c = −3(s+ 1− j), αl,c = αN − 3(N − l),
(65c)

which are characterized by Ωm = 5, ΩDE = −4 and weff = 1, therefore we
do not consider them further.

.2 EFTCAMB Implementation Details

In this Appendix we review some of the details of the EFT formalism and its
implementation in CAMB.

.2.1 EFT Action from Second Order Operators

The effective field theory of dark energy action in conformal time with the π
field manifest through the Stückelberg trick, up to second order operators, read:

S =

∫
d4x
√
−g
{
m2

0

2
[1 + Ω(τ + π)]R+ Λ(τ + π)

− c(τ + π)a2

[
δg00 − 2

π̇

a2
+ 2Hπ

(
δg00 − 1

a2
− 2

π̇

a2

)
+ 2π̇δg00

+2g0i∂iπ −
π̇2

a2
+ gij∂iπ∂jπ −

(
2H2 + Ḣ

) π2

a2
+ ...

]
+
M4

2 (τ + π)

2
a4

(
δg00 − 2

π̇

a2
− 2
Hπ
a2

+ ...

)2
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− M̄3
1 (τ + π)

2
a2

(
δg00 − 2

π̇

a2
− 2
Hπ
a2

+ ...

)
·(

δKµ
µ + 3

Ḣ
a
π +
∇̄2π

a2
+ ...

)

−M̄
2
2 (τ + π)

2

(
δKµ

µ + 3
Ḣ
a
π +
∇̄2π

a2
+ ...

)2

− M̄2
3 (τ + π)

2

(
δKi

j +
Ḣ
a
πδij +

1

a2
∇̄i∇̄jπ + ...

)
·(

δKj
i +
Ḣ
a
πδji +

1

a2
∇̄j∇̄iπ + ...

)

+
M̂2(τ + π)

2
a2

(
δg00 − 2

π̇

a2
− 2
H
a2
π + ...

)
·(

δR(3) + 4
H
a
∇̄2π + ...

)
+m2

2(τ + π) (gµν + nµnν) ∂µ
(
a2g00 − 2π̇ − 2Hπ + ...

)
∂ν
(
a2g00 − 2π̇ − 2Hπ + ...

)
+ ...

}
+ Sm[gµν ], (66)

where ∇̄ indicates three dimensional spatial derivatives. Note that the conformal
scale factor has been already Taylor expanded in π according to Eq. 6.3.

.2.2 Cosmological Perturbations from Second Order Op-
erators

In what follows we list the contributions to the linearly perturbed equations of
Sec. 6.4 from the second order operators in (66). Let us make an itemized list
where for each operator we list its contributions to the r.h.s. of Eq. (6.14) by
∆00, to the r.h.s. of Eq. (6.15) by ∆0i, to the r.h.s. of Eq. (6.16) by ∆ij,i 6=j , to
the r.h.s of Eq. (6.17) by ∆ii and to the l.h.s. of Eq. (6.18) by ∆π. Notice that
in order to perform a correct stability analysis on the equation for π, along the
lines of Sec. 6.5, it is important to demix the degrees of freedom; specifically,
once the contributions from all operators have been taken into account, one needs
to use the Einstein equations to subsistute for any ḧ, η, σ∗ appearing in the final
form of the equation for π.

(δg00)2:

∆00 = − 2M4
2 a

2

m2
0(1 + Ω)

(π̇ +Hπ) ,

∆0i = 0 ,

∆ij,i 6=j = 0 ,
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∆ii = 0 ,

∆π = 2M4
2

[
π̈ + 4

(
H+

Ṁ2

M2

)
π̇ +

(
3H2 + Ḣ+ 4

HṀ2

M2

)
π

]
. (67)

δg00δKµ
µ :

∆00 =
aM̄3

1

2m2
0(1 + Ω)

[
kZ − 3

(
Ḣ − 2H2 − k2

3

)
π + 3Hπ̇

]
,

∆0i =
aM̄3

1 k

m2
0(1 + Ω)

(π̇ +Hπ) ,

∆ij,i 6=j = 0 ,

∆ii = − 3aM̄3
1

m2
0(1 + Ω)

[
π̈ +

(
4H+ 3

˙̄M1

M̄1

)
π̇ +

(
3H2 + Ḣ+ 3

H ˙̄M1

M̄1

)
π

]
,

∆π =
M̄3

1

2a

[(
3H+ 3

˙̄M1

M̄1

)(
−kZ + 3(Ḣ − H2)π − k2π

)
− ḧ

2
+HkZ + 2Hk2π + 3(Ḧ − 4HḢ+ 2H3)π

]
. (68)

(δK)2:

∆00 =
3HM̄2

2

2m2
0(1 + Ω)

[
kZ − 3(Ḣ − H2)π + k2π

]
,

∆0i =
M̄2

2 k

m2
0(1 + Ω)

[
kZ − 3(Ḣ − H2)π + k2π

]
,

∆ij,i 6=j = 0 ,

∆ii = − 3M̄2
2

m2
0(1 + Ω)

(
2H+ ∂τ + 2

˙̄M2

M̄2

)[
kZ − 3(Ḣ − H2)π + k2π

]
,

∆π =
M̄2

2

2a2

(
3(Ḣ − H2)− k2

) [
−kZ + 3(Ḣ − H2)π − k2π

]
. (69)

δKµ
ν δK

ν
µ:

∆00 =
HM̄2

3

m2
0(1 + Ω)

[
kZ − 3

(
Ḣ − H2 − k2

3

)
π

]
,

∆0i =
M̄2

3 k

m2
0(1 + Ω)

[
kZ
3

+
2

3
kσ∗ − (Ḣ − H2 − k2)π

]
,

∆ij,i 6=j =
M̄2

3

m2
0(1 + Ω)

(
2H+ 2

˙̄M3

M̄3
+ ∂τ

)(
kσ∗ + k2π

)
,

∆ii =
M̄2

3

m2
0(1 + Ω)

(
2H+ 2

˙̄M3

M̄3
+ ∂τ

)[
−kZ + 3

(
Ḣ − H2 − 1

3
k2

)
π

]
,

∆π =
M̄2

3

a2

[(
k4

2
− k2(Ḣ − H2) +

3

2
(Ḣ − H2)2

)
π

+

(
k2

2
− Ḣ −H

2

2

)
kZ +

k3

3
(σ∗ −Z)

]
. (70)
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δg00δR(3):

∆00 = − 2M̂2

m2
0(1 + Ω)

k2 (η +Hπ) ,

∆0i = 0 ,

∆ij,i 6=j = 2
M̂2

m2
0(1 + Ω)

k2 (π̇ +Hπ) ,

∆ii =
4M̂2

m2
0(1 + Ω)

k2 (π̇ +Hπ) ,

∆π =
2k2

a2

[
M̂2 k

3
(σ∗ −Z) +

(
HM̂2 + 2M̂

˙̂
M
)
η +

(
2HM̂ ˙̂

M + ḢM̂2
)
π

]
.

(71)

(gµν + nµnν)∂µδg
00∂νδg

00:

∆00 = − 4m2
2

m2
0(1 + Ω)

k2 (π̇ +Hπ) ,

∆0i = 0 ,

∆ij,i 6=j = 0 ,

∆ii = 0 ,

∆π = 4m2
2

(
2H+

ṁ2

m2
+ ∂τ

)
k2 (π̇ +Hπ) . (72)

.2.3 EFTCAMB Notation

In this Appendix and the following Sections we shall follow the notation of the
EFTCAMB Numerical Notes [10].

This has been developed to ensure maximum compatibility with CAMB
notation while being suitable for the numerical implementation of the EFT
framework.

• The overdot represents derivation with respect to conformal time τ while
the prime represents derivation with respect to the scale factor a, unless
otherwise specified.

• In what follows we define a new dimensionless Stückelberg field: π̃, i.e.the
π-field in the action (66) multiplied by H0 and divided by a. For the rest
of the notes we will suppress the tilde to simplify the equations so π̃ is
written as π, if there is no confusion.

• We redefine all the second order EFT functions to make them dimension-
less and to facilitate their inclusion in the code:

γ1 =
M4

2

m2
0H

2
0

, γ2 =
M̄3

1

m2
0H0

, γ3 =
M̄2

2

m2
0

,

γ4 =
M̄2

3

m2
0

, γ5 =
M̂2

m2
0

, γ6 =
m2

2

m2
0

. (73)
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Let us notice that in the last EFTCAMB released version (v2.0) we have
slightly changed the definition of the second order EFT functions w.r.t.
the convention used in v1.0 and v1.1. These new definitions do not change
the general structure and physics in the code, but they allow for a more
direct and cleaner implementation of Horndeski models [192, 333]. For
the sake of clarity let us list the explicit correspondence between this new
convention and that one used in the previous releases (v1.0 and v1.1), in
terms of the α’s:

γ1 = α4
1, γ2 = α3

2, γ3 = α2
3, γ4 = α2

4, γ5 = α2
5, γ6 = α2

6. (74)

• We define all the EFT functions Ω, c, Λ and the γ-functions as function
of the scale factor a .

.2.4 Structure and Evolution of the EFTCAMB code

In parallel with the flexibility of the EFT approach to DE and MG models we
need a complicated logical structure to control its numerical implementation.
This structure changed from version to version growing in complexity while
the model coverage increased. The structure corresponding to different releases
is shown in Figures 8, 9 and 10. In this section we shall briefly outline the
structure of the latest version (2.0) as in Figure 10.

There is a number associated to each model selection flag; such number is
reported in Figure 10 and it controls the behaviour of the code. The main code
flag is EFTflag, which is the starting point after which all the other sub-flags,
can be chosen according to the user interests.

• The number EFTflag = 0 corresponds to the standard CAMB code. Every
EFT modification to the code is automatically excluded by this choice.

• The number EFTflag = 1 corresponds to pure EFT models. The user
needs then to select a model for the background expansion history via
the EFTwDE flag. Various common parametrizations for the DE equation
of state are natively included in the code. The implementation details of
the dark energy equations of state can be found in Section .2.5. Finally,
to fully specify the pure EFT model, one has to fix the EFT functions
behaviour as functions of the scale factor a. The corresponding flags for
the model selection are: PureEFTmodelOmega for the model selection of the
EFT function Ω(a) and PureEFTmodelGammai, with i = 1, .., 6 for the γi(a)
EFT functions. Some built-in models are already present in the code and
can be selected with the corresponding number, see Flowchart 10. The
details about these models can be found in Section .2.9. There is also the
possibility to use the flag PureEFTHorndeski to restrict pure EFT models
to Horndeski one. The code will then internally set the behaviour of the
EFT functions γ4, γ5, γ6 according to eq. (126) in order to cancel high
order derivatives, at this point choices made for these functions will be
ignored (see Section .2.9 for more details). After setting these flags the
user has to define the values of the EFT model parameters for the chosen
model. Every other value of parameter and flag which do not concern the
chosen model is automatically ignored.
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• The number EFTflag = 2 corresponds to the designer mapping EFT pro-
cedure. Also in this case the EFTwDE flag controls the background expan-
sion history which works as in the previous case.
For the mapping case the user can investigate a particular DE/MG model
once the matching with the EFT functions is provided and the background
evolution has been implemented in the EFT code.
The model selection flag for the mapping EFT procedure is DesignerEFTmodel.
Various models are already included in the code (see the blue lines in
the Flowchart 10) and their implementation details are presented in Sec-
tion .2.10. Models corresponding to the grey lines in the Flowchart 10 are
some of the models that can be cast into the EFT formalism and that will
be gradually implemented in future code releases.

• The number EFTflag = 3 corresponds to the implementation of alterna-
tive model-independent parametrizations in terms of EFT functions. A lot
of alternative parametrizations already present in literature can be com-
pletely described by using the versatility of the EFT approach allowing to
preserve all the advantages of EFTCAMB. See Section .2.11 for details.

• The number EFTflag = 4 corresponds to the full mapping EFT procedure.
In this case the background expansion history is not set by a choice of
wDE and a model has to be fully specified. The code will then solve
the background equations for the given model to map it into the EFT
framework. Low energy Hořava gravity has been included as the first
example of the implementation of full mapping models. More models will
be gradually filled in the near future. See Section .2.12 for details.

In addition EFTCAMB takes advantage of the feedback mechanism of CAMB
with the following modifications:

• feedback level=0 no feedback from EFTCAMB nor from EFTCosmoMC;

• feedback level=1 basic feedback, no feedback from EFTCAMB when
called from EFTCosmoMC;

• feedback level=2 advanced feedback, no feedback from EFTCAMB when
called from EFTCosmoMC;

• feedback level=3 debug feedback also when EFTCAMB is called from
EFTCosmoMC;

In order to implement the EFT formalism in the CAMB and CosmoMC
codes we had to modify several files. We list them in this Section.
To further help the user in understanding our part of code and/or applying
the EFT modification to an already modified version of CAMB/CosmoMC we
enclosed every modification that we made inside the following commented code
lines:

! EFTCAMB MOD START

...

! EFTCAMB MOD END

for the CAMB part and:
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! EFTCOSMOMC MOD START

...

! EFTCOSMOMC MOD END

for the CosmoMC part.

The step by step guide to the EFTCAMB modification v1.0 and v1.1 will
still be available at http://www.lorentz.leidenuniv.nl/~hu/codes/guide_

EFTCAMB.html and the EFTCosmoMC one at http://www.lorentz.leidenuniv.
nl/~hu/codes/guide_EFTCosmoMC.html.

We also provide a developers version of the code at https://github.com/

EFTCAMB/EFTCAMB. The tools provided by Github to visualize the history of
the modifications of the code will, from now on, supersede the guides to the
EFTCAMB/EFTCosmoMC modifications.

Structure of the EFTCAMB modification

The modification to the CAMB code is mainly implemented by modifying or
adding the following files:

• EFT_def.f90: this file contains all the compile time EFTCAMB options
and the definition of the parametrizations for the dark energy equation of
state.

• EFT_designer.f90: this file contains the module for designer models.

• EFT_Horndeski.f90: this file contains all the code regarding implemen-
tation of Horndeski models.

• EFT_functions.f90: this file contains the definition of the EFT functions
for the chosen model, in particular it contains the definitions of the pure
EFT parametrizations.

• EFT_main.f90: this file contains a module that evaluates whether the
considered DE/MG model is stable or not and a module that finds the
time (if it exists) at which the considered model is so close to GR that it
is pointless to evolve the DE equation.

• EFTstabilitySpace.f90: this file contains a program that can be com-
piled with the directive make eftstability to serve the purpose of mak-
ing simple explorations of the stability region in parameter space for the
theory of interest. This proves extremely helpful to understand and visu-
alize the shape of the parameter space of a theory before exploring it with
CosmoMC.

• equations_EFT.f90: this is a modified version of the standard CAMB
equations file. It contains all the equations that the code needs to solve to
get the full behaviour of perturbations in DE/MG models. These equa-
tions are reported in Section .2.6 and being written in terms of the EFT
functions there is no need for the user to modify this file to include new
DE/MG models in CAMB.

http://www.lorentz.leidenuniv.nl/~hu/codes/guide_EFTCAMB.html
http://www.lorentz.leidenuniv.nl/~hu/codes/guide_EFTCAMB.html
http://www.lorentz.leidenuniv.nl/~hu/codes/guide_EFTCosmoMC.html
http://www.lorentz.leidenuniv.nl/~hu/codes/guide_EFTCosmoMC.html
https://github.com/EFTCAMB/EFTCAMB
https://github.com/EFTCAMB/EFTCAMB
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• cmbmain.f90: it includes modification of the standard CAMB file to run
the designer code, the stability check and the return to GR detection
just after EFTCAMB is launched. It also contains an optional code that
will print the behaviour of perturbations in the DE/MG model that is
considered. The latter part of code is not controlled by the parameter file
so the user has to search for it in the code and manually activate it. It is
also possible to use it at debug purposes.

Several other files have to be marginally modified to complete the integration
between CAMB and EFTCAMB. We encourage the user to inspect the released
code for more details.

Structure of the EFTCosmoMC modification

To interface CosmoMC with EFTCAMB we had to modify the following files:

• params_CMB_EFT.ini: to specify the EFT model parameters that are sam-
pled in the MCMC run and their priors.

• common_batch1_EFT.ini and common_batch2_EFT.ini: to read cosmo-
logical parameters from params_CMB_EFT.ini.

• EFT_params.ini: to let the user choose the model via the selection flags.

• params_CMB.paramnames: to add the names of the EFT model parame-
ters.

• Makefile: to compile the whole program with the EFTCAMB/EFTCosmoMC
files.

• settings.f90: to increase the number of theory parameters.

• CosmologyTypes.f90: to add the EFT model parameters into the set of
CosmoMC parameters and read the values of the model selection flags.

• CalcLike_Cosmology.f90: to perform the stability check on the consid-
ered model for the specific choice of cosmological parameters that are
being considered by the MCMC sampler and reject them if the theory is
found to be unstable.

• Calculator_CAMB.f90: to pass the EFT model parameters and the values
of the model selection flags to EFTCAMB.

• Calculator_Cosmology.f90: to make the stability module works with
the newest version of CosmoMC.

• CosmologyParameterizations.f90: to increase the number of CosmoMC
parameters and associate the EFT parameter name to the one in the
parameters files.

As of now the EFTCosmoMC Oct15 code does not enforce automatically
the compatibility between the model selection flags and the parameters that are
included in the MCMC run. This means that the user has to do the following
to properly launch a run:
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• At first the proper values for the EFT model selection flags have to be
chosen in the file EFT_params.ini according to the scheme in Figure 10.

• Then the user has to modify params_CMB_EFT.ini to select the parame-
ters to include in the run, their center values and priors.
In order to exclude unwanted EFT parameters from the run, their start

width and propose width have to be set to zero while for the parame-
ters related to the previously selected model these two have to be chosen
different from zero.
Since EFTCAMB enforces viability priors it is then sufficient that the
standard CosmoMC priors are set to a value that reasonably includes the
stable region in parameter space.
We then suggest to set the center of a parameter relatively far from its GR
limit as the parameter space of a given model might be not well behaved
in the vicinity of that point.

• After these two steps the run can be launched in the standard way.

.2.5 EFTCAMB Background Equations: Code Notation

Given the high degree of freedom already at the level of background, and since
the focus will be on the dynamics of linear perturbations, it is common to
adopt a designer approach as described in [162, 163]. First of all one writes the
background equations as follows:

H2 =
8πG

3
a2(ρm + ρDE + ρν) ,

Ḣ =− 4πG

3
a2 (ρm + ρDE + ρν + 3Pm + 3PDE + 3Pν) = −H

2

2
− 8πGa2Ptot

2
,

Ḧ =8πGa2ρmH
(

1

6
+ wm +

3

2
w2
m

)
+ 8πGa2ρDEH

(
1

6
+ wDE +

3

2
w2

DE −
1

2
aw′DE

)
+ 8πGa2

(
H
6
ρν −

H
2
Pν −

1

2
Ṗν

)
(75)

where the prime stands for derivative w.r.t. the scale factor a, {ρm, Pm} are
the energy density and pressure of matter (e.g. dark matter, radiation and
massless neutrinos) and {ρDE, PDE} encode the contributions from the extra
scalar field into the form of an energy density and pressure of dark energy.
For the matter components, one has the following continuity equations, and
corresponding solutions:

ρ̇m + 3H (ρm + Pm) = 0 ,

ρm =
3H2

0

8πG
Ω0
m a
−3(1+wm) ,

ρ̇DE + 3HρDE [1 + wDE(a)] = 0 ,

ρDE =
3H2

0

8πG
Ω0

DE exp

[
− 3

∫ a

1

(1 + wDE(a))

a
da

]
, (76)

where Ω0
m,DE is the energy density parameter today, respectively of matter sec-

tor and dark energy, and H0 is the present time Hubble parameter. Finally,
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{ρν , Pν} are the density and pressure contributions due to massive neutrinos.
The equation of state of massive neutrinos has a complicated, time dependent
expression, hence the code computes directly Ṗν . As the treatment of massive
neutrinos in EFTCAMB is exactly the same as CAMB we refer the user to [59].
However, let us stress that in EFTCAMB the indirect interaction (via gravity) of
massive neutrino and DE/MG sectors has been consistently taken into account
both at the background and perturbations level, see also [5]. With this setup,
a background is fixed specifying wDE. We illustrate in the next Section .2.5 the
models that are currently implemented in the code. After the expansion history
has been chosen one can then determine c,Λ in terms of H and Ω(a); namely,
combining eq. (75) and eq. (76) with the EFT background eqs. (12,13) in [8]
one has:

ca2

m2
0

=
(
H2 − Ḣ

)(
Ω +

aΩ′

2

)
− a2H2

2
Ω′′ +

1

2

a2ρDE

m2
0

(1 + wDE) , [Mpc−2]

(77)

Λa2

m2
0

=− Ω
(

2Ḣ+H2
)
− aΩ′

(
2H2 + Ḣ

)
− a2H2Ω′′ + wDE

a2ρDE

m2
0

, [Mpc−2]

(78)

ċa2

m2
0

=
H
2

(
−3 (1 + wDE)

2
+ aw′DE

) ρDEa
2

m2
0

− Ω
(
Ḧ − 4HḢ+ 2H3

)
+
aΩ′

2

(
−Ḧ+HḢ+H3

)
+

1

2
a2HΩ′′

(
H2 − 3Ḣ

)
− 1

2
a3H3Ω′′′ , [Mpc−3] (79)

Λ̇a2

m2
0

=− 2Ω
(
Ḧ − HḢ −H3

)
− a2Ω′′H

(
2H2 + 3Ḣ

)
− a3H3Ω′′′

− aΩ′
(

4HḢ+ Ḧ
)

+
ρDEa

2

m2
0

H
[
aw′DE − 3wDE(1 + wDE)

]
. [Mpc−3]

(80)

As discussed in the Sections .2.9 and .2.10, depending on whether one wants
to implement a pure or mapping EFT model, the choice for Ω changes. After
fixing the expansion history, in the former case one selects an ansätz for Ω(a),
while in the latter case one determines via the matching the Ω(a) corresponding
to the chosen model. In this case one has to separately solve the background
equations for the given model, which might be done with a model-specific de-
signer approach. In fact, this is the methodology we adopt for f(R) models (see
Section .2.10).

Finally, for the purposes of the code, it is useful to compute the following
EFT dark fluid components that can be derived from eq. (10) of [8]:

ρQa
2

m2
0

=2
ca2

m2
0

− Λa2

m2
0

− 3aH2Ω′ , [Mpc−2] (81)

PQa
2

m2
0

=
Λa2

m2
0

+ a2H2Ω′′ + aḢΩ′ + 2aH2Ω′ , [Mpc−2] (82)

ρ̇Qa
2

m2
0

=− 3H
(
ρQa

2

m2
0

+
PQa

2

m2
0

)
+ 3aH3Ω′ , [Mpc−3] (83)
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ṖQa
2

m2
0

=
Λ̇a2

m2
0

+ a3H3Ω′′′ + 3a2HḢΩ′′ + aΩ′Ḧ

+ 3aHḢΩ′ + 2a2H3Ω′′ − 2aH3Ω′ . [Mpc−3] (84)

Effective Dark Energy equation of state parametrizations

Several models for the background expansion history have been implemented in
the code:

- The ΛCDM expansion history:

wDE = −1 ,

ρDE = m2
0Λ ; (85)

- The wCDM model:

wDE = w0 = const 6= −1 ,

ρDE = 3m2
0H

2
0 Ω0

DEa
−3(1+w0) ; (86)

In code notation: w0 = EFTw0.

- The CPL parametrization [203, 204]:

wDE(a) = w0 + wa(1− a) ,

ρDE = 3m2
0H

2
0 Ω0

DEa
−3(1+w0+wa) exp (−3wa(1− a)) ; (87)

where w0 and wa are constant and indicate, respectively, the value and
the derivative of wDE today.
In code notation: w0 = EFTw0 and wa = EFTwa.

- The generalized Jassal-Bagla-Padmanabhan parametrization [334, 335]:

wDE = w0 + (1− a)an−1wa ,

ρDE = 3m2
0H

2
0 Ω0

DEa
−3(1+w0) exp

(
3wa ((a(n− 1)− n)an + a)

a(n− 1)n

)
; (88)

where w0 is the value of wDE for a = 1 and n = 1, while n encodes the
time of maximum deviation from w0 and wa the extent of this deviation.
For n = 1 this reduces to the usual CPL parametrization.
In code notation: w0 = EFTw0, wa = EFTwa and n = EFTwn.

- The turning point parametrization [336]:

wDE = w0 + wa (at − a)
2
,

ρDE = 3m2
0H

2
0 Ω0

DEa
−3(1+w0+a2

twa) exp

(
−3

2
wa(a− 1) (1 + a− 4at)

)
,

(89)

here w0 is wDE(a = at) where at is the value of the scale factor at the
turning point, and wa is its time derivative. In code notation: w0 = EFTw0,
wa = EFTwa and at = EFTwat.
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- The Taylor expansion around a = 0:

wDE = w0 + waa+
1

2
w2a

2 +
1

6
w3a

3 ,

ρDE = 3m2
0H

2
0 Ω0

DEa
−3(1+w0)·

exp

(
(1− a)

(
3wa +

3

4
w2(a+ 1) +

1

6
w3(a2 + a+ 1)

))
, (90)

where w2 and w3 are respectively the 2nd and 3rd time derivatives of wDE .
In code notation: w0 = EFTw0, wa = EFTwa, w2 = EFTw2 and w3 = EFTw3.

- User defined: the EFTCAMB code includes the possibility for the user
to define his/her own DE equation of state parametrization and it will
properly account for it in any calculation. Let us notice that this option
can be safely chosen without any modification in the structure of the code
if the parametrized form of wDE is given as a function of the scale factor
a(τ).

These definitions of wDE are shared by the pure EFT and designer EFT modules
and can be consistently used for both choices of model.

.2.6 EFTCAMB Perturbations Equations:
Code Notation

Linear Scalar Perturbations

In this Section we write the relevant equations that EFTCAMB uses [59]. We
write them in a compact notation that almost preserves the form of the standard
equations simplifying both the comparison with the GR limit and the imple-
mentation in the code.
The dynamical equations that EFTCAMB evolves can be written4 as:

A(τ, k) π̈ +B(τ, k) π̇ + C(τ)π + k2D(τ, k)π +H0E(τ, k) = 0 , (91)

kη̇ =
1

X

[
1

1 + Ω

a2(ρm,ν + Pm,ν)

m2
0

vm,ν
2

+
k2

3H0
F + (U −X)

Zk2

3

]
, (92)

while constraint equations take the form:

σ =
1

X

[
ZU +

1

1 + Ω

3

2k2

a2(ρm,ν + Pm,ν)

m2
0

vm,ν +
F

H0

]
, (93)

σ̇ =
1

X

[
−2H [1 + V ]σ + kη − 1

k

a2Pm,ν
m2

0

Πm,ν

1 + Ω
+

N

H0

]
, (94)

σ̈ =
1

X

[
− 2 (1 + V )

(
Ḣσ +Hσ̇

)
− 2HσV̇ + kη̇ +

1

k

aHΩ′

(1 + Ω)2

a2Pm,ν
m2

0

Πm,ν

− 1

k(1 + Ω)

d

dτ

(
a2Pm,ν
m2

0

Πm,ν

)
− Ẋσ̇ +

Ṅ

H0

]
, (95)

4Notice that working in the Jordan frame ensures that the energy-momentum conservation
equations will not change with respect to their GR form. For this reason the evolution
equations for density and velocity are not reported here.



.2. EFTCAMB IMPLEMENTATION DETAILS 209

Z =
1

G

[
kη

H
+

1

2H(1 + Ω)k

a2δρm,ν
m2

0

+
L

kH0

]
, (96)

Ż =
1

U

[
−2H [1 + Y ]Z + kη − 1

1 + Ω

3

2k

a2δPm,ν
m2

0

− 3

2k(1 + Ω)

M

H0

]
,

=
1

U

[
− 2HZ

(
1 + Y − G

2

)
− 1

2(1 + Ω)k

a2δρm,ν
m2

0

− 3

2(1 + Ω)k

a2δPm,ν
m2

0

− HL
H0k

− 3

2(1 + Ω)k

M

H0

]
, (97)

where 2kZ ≡ ḣ and 2kσ∗ ≡ ḣ+ 6η̇ are the standard CAMB variables. In these
expressions we wrote the same prefactor, X, in eqs. (93) and (94), and U , in
eqs. (93) and (97), but we have to stress that they might be different if other
second order EFT operators are considered. In addition the last expression (97)
has two forms: the first is the standard one while the second one is used when
the CAMB code uses the RSA approximation.
At last, to compute the observable spectra we had to define two auxiliary quan-
tities:

EFTISW = σ̈ + kη̇

=
1

X

[
− 2 [1 + V ]

(
Ḣσ +Hσ̇

)
− 2HσV̇

+
(1 +X)

2(1 + Ω)X

a2(ρm,ν + Pm,ν)

m2
0

vm,ν +
1

k

aHΩ′

(1 + Ω)2

a2Pm,ν
m2

0

Π

− 1

k(1 + Ω)

d

dτ

(
a2Pm,ν
m2

0

Πm,ν

)
+

(1 +X)k2

3H0X
F

+
(1 +X)k2

3X
Z(U −X)− Ẋσ̇ +

Ṅ

H0

]
, (98)

EFTLensing = σ̇ + kη

=
1

X

[
−2H (1 + V )σ + (1 +X)kη − 1

k(1 + Ω)

a2Pm,ν
m2

0

Πm,ν +
N

H0

]
.

(99)

The coefficients for the π field equation, once a complete de-mixing is achieved,
can not be divided into contributions due to one operator at a time so we write
here their full form:

A =
ca2

m2
0

+ 2a2H2
0γ1 +

3

2
a2 (HΩ′ +H0γ2)

2

2(1 + Ω) + γ3 + γ4
+ 4γ6k

2 , (100)

B =
ċa2

m2
0

+ 4Hca
2

m2
0

+ 8a2HH2
0

(
γ1 + a

γ′1
4

)
+ 4k2H (2γ6 + aγ′6)

+ ak2 γ4 + 2γ5

2(1 + Ω)− 2γ4
(HΩ′ +H0γ2)

− a HΩ′ +H0γ2

4(1 + Ω) + 6γ3 + 2γ4

[
− 3

a2(ρQ + PQ)

m2
0

− 3aH2Ω′

(
4 +

Ḣ
H2

+ a
Ω′′

Ω′

)

− 3aHH0 (4γ2 + aγ′2)− (9γ3 − 3γ4)
(
Ḣ − H2

)
+ k2 (3γ3 − γ4 + 4γ5)

]
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+
1

1 + Ω + 2γ5

(
aHΩ′ + 2H (γ5 + γ′5)− (1 + Ω)

aHΩ′ + aH0γ2

2(1 + Ω) + 3γ3 + γ4

)
·

·
[
−a

2c

m2
0

+
3

2
aH2Ω′ − 2a2H0γ1 − 4γ6k

2 +
3

2
aHH0γ2

]
, (101)

C =H ċa
2

m2
0

+
(

6H2 − 2Ḣ
) ca2

m2
0

+
3

2
aHΩ′

(
Ḧ − 2H3

)
+ 6H2H2

0γ1a
2

+ 2a2ḢH2
0γ1 + 8a3H2H2

0

γ′1
4

+
3

2

(
Ḣ − H2

)2

(γ4 + 3γ3)

+
9

2
HH0a

(
Ḣ − H2

)(
γ2 + a

γ′2
3

)
+
a

2
H0γ2

(
3Ḧ − 12ḢH+ 6H3

)
− a HΩ′ +H0γ2

4(1 + Ω) + 6γ3 + 2γ4

[
− 3

a2ṖQ
m2

0

− 3H
(
a2ρQ
m2

0

+
a2PQ
m2

0

)
− 3aH3

(
aΩ′′ + 6Ω′ + 2

Ḣ
H2

Ω′

)
+ 3

(
Ḧ − 2HḢ

)
(γ4 + 3γ3)

+ 6H
(
Ḣ − H2

)(
3γ3 + 3a

γ′3
2

+ γ4 + a
γ′4
2

)
− 3aH0

(
3H2γ2 + Ḣγ2 + aH2γ′2

)]
+

1

1 + Ω + 2γ5

(
aHΩ′ + 2H (γ5 + aγ′5)− (1 + Ω)

aHΩ′ + aH0γ2

2(1 + Ω) + 3γ3 + γ4

)
·

·
[
− 1

2

a2ρ̇Q
m2

0

−Ha
2c

m2
0

+
3

2
aHΩ′

(
3H2 − Ḣ

)
− 2a2HH2

0γ1

− 3

2
aH0γ2

(
Ḣ − 2H2

)
− 3H

(
Ḣ − H2

)(3

2
γ3 +

γ4

2

)]
,

D =
ca2

m2
0

− 1

2
aHH0 (γ2 + aγ′2) +

(
H2 − Ḣ

)
(3γ3 + γ4) + 4

(
Ḣγ6 +H2γ6 + aH2γ′6

)
+ 2

(
Ḣγ5 + aH2γ′5

)
− a HΩ′ +H0γ2

4(1 + Ω) + 6γ3 + 2γ4

[
− 2aHΩ′ + 4Hγ5 − 2H

(
3γ3 + 3a

γ′3
2

+ γ4 + a
γ′4
2

)]
+

1

1 + Ω + 2γ5

(
aHΩ′ + 2H (γ5 + aγ′5)− (1 + Ω)

aHΩ′ + aH0γ2

2(1 + Ω) + 3γ3 + γ4

)
·

·
[

1

2
aHΩ′ − 2Hγ5 +

1

2
aH0γ2 +

3

2
Hγ3 +Hγ4

2
− 4Hγ6

]
+

γ4 + 2γ5

2(1 + Ω)− 2γ4

[
a2 (ρQ + PQ)

m2
0

+ aH2Ω′ − γ4

(
Ḣ − H2

)
+ aHH0γ2 + 3γ3

(
H2 − Ḣ

)]
+ k2

[
γ3

2
+
γ4

2
+

γ4 + 2γ5

2(1 + Ω)− 2γ4
(γ3 + γ4)

]
,
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E =

{
ca2

m2
0

− 3

2
aH2Ω′ − 1

2
aHH0 (2γ2 + aγ′2) +

1

2
γ3

(
k2 − 3Ḣ+ 3H2

)
+

1

2
γ4

(
k2 − Ḣ+H2

)
− a HΩ′ +H0γ2

4(1 + Ω) + 6γ3 + 2γ4

[
− 2H (aΩ′ + 2(1 + Ω))

− 2H
(

3γ3 + 3a
γ′3
2

+ γ4 + a
γ′4
2

)]
+

1

1 + Ω + 2γ5

(
aHΩ′ + 2H (γ5 + aγ′5)− (1 + Ω)

aHΩ′ + aH0γ2

2(1 + Ω) + 3γ3 + γ4

)
·

·
[
H
(

1 + Ω +
aΩ′

2

)
+

1

2
aH0γ2 +

3

2
Hγ3 +

Hγ4

2

]
+

γ4 + 2γ5

2(1 + Ω)− 2γ4
k2 (γ4 + γ3)

}
kZ

+ 3a
HΩ′ +H0γ2

4(1 + Ω) + 6γ3 + 2γ4

(
a2δPm,ν
m2

0

)
+

γ4 + 2γ5

2(1 + Ω)− 2γ4
k

(
a2 (ρm,ν + Pm,ν) vm,ν

m2
0

)
− 1

2

1

1 + Ω + 2γ5

(
aHΩ′ + 2H (γ5 + aγ′5)

− (1 + Ω)
aHΩ′ + aH0γ2

2(1 + Ω) + 3γ3 + γ4

)(
a2δρm,ν
m2

0

)
. (102)

On the other hand the non-zero contributions to be added to the Einstein equa-
tions can be written for each operator separately and are listed in the following
as ∆F,∆G,∆N, ... respectively.
We adopt the following convention: F =

∑
∆F and the same applies to all the

other terms.

Background operators:

∆F =
3

2k(1 + Ω)

[
(ρQ + PQ)a2

m2
0

π + aHΩ′ (π̇ +Hπ)

]
, [Mpc−1] ,

∆G =

(
1 +

aΩ′

2(1 + Ω)

)
, [ ]

∆L =− 3

2

aΩ′

1 + Ω
(3H2 − Ḣ)π − 3

2

aΩ′

1 + Ω
Hπ̇ − 1

2

aΩ′

1 + Ω
k2π

+
π

2H(1 + Ω)

a2ρ̇Q
m2

0

+
π̇ +Hπ
H(1 + Ω)

a2c

m2
0

, [Mpc−2]

∆M =
ṖQa

2

m2
0

π +
(ρQ + PQ)a2

m2
0

(π̇ +Hπ) + aHΩ′
[
π̈ +

(
Ḣ
H + 4H+ aHΩ′′

Ω′

)
π̇

+

(
2Ḣ+ 6H2 + aH2 Ω′′

Ω′
+

2

3
k2

)
π

]
, [Mpc−3]

∆N =− aHΩ′

1 + Ω
kπ , [Mpc−2]

Ṅ =− aḢΩ′

1 + Ω
kπ − aHΩ′

1 + Ω
kπ̇ − aH2

(1 + Ω)

[
Ω′ + aΩ′′ − aΩ′ 2

1 + Ω

]
kπ , [Mpc−3]

∆X =1 , ∆Ẋ = 0 , [ , ]
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∆Y =
aΩ′

2(1 + Ω)
, [ ]

∆U =1, [ ]

∆V =
1

2

aΩ′

1 + Ω
, ∆V̇ =

aH
2(1 + Ω)

[
Ω′ + aΩ′′ − aΩ′ 2

1 + Ω

]
. [ ,Mpc−1]

(103)

(δg00)2:

∆L =
2a2H2

0γ1

H (1 + Ω)
(π̇ +Hπ) . [Mpc−2] (104)

δg00δKµ
µ :

∆G =
aH0γ2

2H(1 + Ω)
, [ ]

∆F =
3

2
aH0γ2

π̇ +Hπ
k(1 + Ω)

, [Mpc−1]

∆L =
3

2

aH0γ2

1 + Ω

[(
Ḣ
H − 2H− k2

3H

)
π − π̇

]
, [Mpc−2]

∆M = aH0

[
γ2π̈ +

(
4γ2 + aγ′2

)
Hπ̇ +

(
3H2γ2 + Ḣγ2 + aH2γ′2

)
π
]
. [Mpc−3]

(105)

(δK)2:

∆G =
3

2

γ3

1 + Ω
, [ ]

∆F = +
3

2

γ3

1 + Ω

[
k − 3

Ḣ − H2

k

]
π , [Mpc−1]

∆L =− 3

2

γ3

1 + Ω

[
k2 − 3

(
Ḣ − H2

)]
π , [Mpc−2]

∆M =γ3

(
3H2 − 3Ḣ+ k2

)
π̇ + γ3

(
6H3 − 3Ḧ

)
π

+ 2Hk2π

(
γ3 + a

γ′3
2

)
− 6aH(Ḣ − H2)

γ′3
2
π , [Mpc−3]

∆Y =
3

2(1 + Ω)

(
γ3 + a

γ′3
2

)
, [ ]

∆U =
3

2

γ3

1 + Ω
. [ ] (106)

δKµ
ν δK

ν
µ:

∆G =
γ4

2(1 + Ω)
, [ ]

∆F = +
3γ4

2(1 + Ω)
kπ − 3γ4

2(1 + Ω)

Ḣ − H2

k
π , [Mpc−1]

∆X =− γ4

1 + Ω
, ∆Ẋ = − aH

1 + Ω

[
γ′4 −

γ4Ω′

1 + Ω

]
, [ ,Mpc−1]
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∆L =
3γ4

2(1 + Ω)

(
Ḣ − H2 − k2

3

)
π , [Mpc−2]

∆N =
2H

1 + Ω

(
γ4 + a

γ′4
2

)
kπ +

γ4

1 + Ω
kπ̇ , [Mpc−2]

∆Ṅ =
γ4kπ̈

1 + Ω
+
aHkπ̇
1 + Ω

[
γ′4 −

γ4Ω′

1 + Ω

]
+

2k

1 + Ω

(
γ4 + a

γ′4
2

)(
Ḣπ +Hπ̇

)
+

2aH2kπ

1 + Ω

[
a
γ′′4
2

+ 3
γ′4
2
− Ω′

1 + Ω

(
γ4 + a

γ′4
2

)]
, [Mpc−3]

∆V =− 1

1 + Ω

(
γ4 + a

γ′4
2

)
, [ ]

∆V̇ =− aH
1 + Ω

[
a
γ′′4
2

+ 3
γ′4
2
− Ω′

1 + Ω

(
γ4 + a

γ′4
2

)]
, [Mpc−1]

∆Y =
1

2(1 + Ω)

(
γ4 + a

γ′4
2

)
, [ ]

∆M =− γ4

(
Ḣ − H2 − k2

3

)
π̇ − 2H

(
γ4 + a

γ′4
2

)(
Ḣ − H2 − k2

3

)
π

− γ4

(
Ḧ − 2HḢ

)
π , [Mpc−3]

∆U =
γ4

2(1 + Ω)
. [ ] (107)

δg00δR(3):

∆M = −4γ5k
2

3
(π̇ +Hπ) , [Mpc−3]

∆N =
2γ5k

1 + Ω
(π̇ +Hπ) , [Mpc−2]

∆Ṅ =
2γ5k

1 + Ω

(
π̈ +Hπ̇ + Ḣπ

)
+

2akH
1 + Ω

(π̇ +Hπ)

[
γ′5 −

γ5Ω′

1 + Ω

]
. [Mpc−3]

(108)

(gµν + nµnν)∂µδg
00∂νδg

00:

∆L =
4γ6k

2

H(1 + Ω)
(π̇ +Hπ) . [Mpc−2] (109)

Linear Tensor Perturbations

The tensor component of the B-mode polarization of the CMB can be used to
further constrain modifications of gravity [330, 6]. In this Section we write the
relevant equation that EFTCAMB uses to build the tensor component of the
CMB spectra. Since we are working in the Jordan frame only the propagation
equation for tensor perturbations needs to be modified into:

AT (τ)ḧij +BT (τ)ḣij +DT (τ)k2hij + ETij = 0, (110)
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where:

AT =1 + Ω− γ4 ,

BT =2H
(

1 + Ω− γ4 +
aΩ′

2
− aγ

′
4

2

)
,

DT =1 + Ω ,

ETij =
a2

m2
0

δTij , (111)

and δTij contains the neutrinos and photons contribution to the tensor compo-
nent of anisotropic stress.

.2.7 Viability Conditions

In this Section we list the viability priors that EFTCAMB naturally enforces
on the EFT functions in order to ensure that the theory under consideration
is stable. We separate these conditions in a set of physical ones and a set
of mathematical ones, as described in the following. The full set of physical
conditions for the general EFT action is a part of ongoing work. Here we report
a preliminary version of them that contains the ghost and gradient stability
for the subset of the EFT corresponding to GLPV theories [337], for which the
mixing between the matter and gravity perturbations has been considered [176].
The full class of Horndeski models is included in these theories. Specifically,
when γ3 = −γ4 and γ6 = 0 (i.e. we consider GLPV theories) the kinetic and
gradient stability conditions reduce respectively to

W̃2

[
4W̃1W̃2 − W̃ 2

3

]
> 0, (112)

W̃0W̃
2
3 + aH

(
W̃2W̃3W̃

′
6 + W̃6W̃3W̃

′
2 − W̃6W̃2W̃

′
3

)
+ 2HW̃3W̃2W̃6 >

9

2
W̃ 2

6

a2

m2
0

(ρm + Pm), (113)

where

W̃0 =− (1 + Ω), (114)

W̃1 =
ca2

m2
0

+ 2H2
0a

2γ1 − 3H2(1 + Ω)− 3aH2Ω′ + 3H2γ4 − 3aH0Hγ2, (115)

W̃2 =− 3[(1 + Ω)− γ4], (116)

W̃3 =6H(1 + Ω) + 3aHΩ′ − 6Hγ4 + 3aH0γ2, (117)

W̃6 =− 4

[
1

2
(1 + Ω) + γ5

]
, (118)

W̃ ′2 =− 3[Ω′ − γ′4] (119)

W̃ ′3 =6
Ḣ
aH

(1 + Ω) + 9HΩ′ + 3
Ḣ
H

Ω′ + 3aHΩ′′ − 6Hγ′4

− 6
Ḣ
aH

γ4 + 3aH0γ
′
2 + 3H0γ2 (120)

W̃ ′6 =− 4

[
1

2
Ω′ + γ′5

]
. (121)



.2. EFTCAMB IMPLEMENTATION DETAILS 215

Let us notice that for models characterized by γ3 6= −γ4 and/or γ6 6= 0 the sta-
bility conditions need to be derived separately; while, the full set of perturbative
equations evolved by EFTCAMB is still valid and can be used for a thorough
investigation of linear perturbations, the derivation of the corresponding stabil-
ity conditions is work in progress. Therefore, for these cases the user has to be
careful in setting appropriate stability conditions for the chosen model. Hořava
gravity belongs to this class of theories and in the current version of the code
we implement specific stability conditions as explained in Section .2.12.

Along with the physical stability conditions discussed above, and that are
work in progress, we have a set of mathematical stability conditions which guar-
antee that the perturbations in the dark sector are stable. They are turn off by
default, but can be turned on by the user providing a second layer of protection
from unhealthy models. They are imposed via the π−equation and we call them
mathematical (or classical) stability conditions. Rewriting the π field equation
as follows: [

A1(τ) + k2A2(τ)
]
π̈ +

[
B1(τ) + k2B2(τ)

]
π̇ + C(τ)π

+ k2
[
D1(τ) + k2D2(τ)

]
π +H0E(τ, k) = 0 , (122)

the conditions that we impose read:

• A1 + k2A2 6= 0: well defined π field equation;

• No fast exponential growing of π field perturbations:

– if B2 − 4(A1 + k2A2)(C + k2D1 + k4D2) > 0
then:[
−B1 − k2B2 ±

√
B2 − 4(A1 + k2A2)(C + k2D1 + k4D2)

]
[2(A1 + k2A2)]

< H0

(123)

– if B2 − 4(A1 + k2A2)(C + k2D1 + k4D2) < 0 then:

−
[
B1 + k2B2

]
/
[
2(A1 + k2A2)

]
< H0 (124)

• AT 6= 0: well defined tensor perturbations equation;

Let us notice that all the conditions based on scale dependent relations are
enforced from k = 0 up to k = kmax, where kmax is the maximum wavenumber
that CAMB evolves.

Furthermore, we impose some additional priors on cosmological parameters.
These are not related to the EFT framework and are used to help the code deal
with very complicated models.

• Cosmic acceleration prior: the standard dark matter prior excludes Ωdm =
0 and dark matter is supposed to behave as a matter fluid. Dark energy is
supposed to source cosmic acceleration. In this case we can safely impose
that wDE ≤ −1/3 at all times.

• Dark Energy prior: we impose the additional prior that ΩDE ≥ 0.
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The EFTCAMB code allows the user to have full control over the prior
that are enforced by means of a set of flags contained in the parameter file
params EFT.ini that will do the following:

• EFT mathematical stability: decides whether to enforce requirements
of mathematical stability;

• EFT physical stability: establishes whether to use physical viability
conditions;

• EFTAdditionalPriors: determines whether to use the additional priors
on cosmological parameters;

• MinkowskyPriors: for some theories stability on Minkowsky background
is known and leads to constraints on theory parameters. This flag decides
whether to enforce them or not;

.2.8 Initial Conditions

We assume that DE perturbations are sourced by matter perturbations at a
sufficiently early time so that the theory is close to GR and initial conditions
can be taken to be:

π (τπ) = −H0
E(τπ)

C(τπ) + k2D(τπ)
,

π̇ (τπ) =H0

[
E(τπ)

(C(τπ) + k2D(τπ))2
(Ċ(τπ) + k2Ḋ(τπ))− Ė(τπ)

C(τπ) + k2D(τπ)

]
,

(125)

where τπ is the time at which the code is switching from GR to DE/MG. This
scheme is enforced here to speed up models that are too close to GR at early
times.

Studying early DE/MG models requires the user to modify the flag
EFTturnonpiInitial in EFT_main.f90 to a suitable value. Its default value
is set to be EFTturnonpiInitial=0.01. The initial conditions for matter com-
ponents and curvature perturbations are set in the radiation dominated epoch
(a ∼ 10−8).

.2.9 Pure EFT Models

In the pure EFT procedure once the background expansion history has been
fixed, one has to specify the functional forms for the EFT functions. EFTCAMB
allows to choose among several models. We write them here just for Ω but the
same time dependence can be assumed for any other EFT function γ1, . . . , γ6.

Constant models: Ω(a) = Ω0;

Linear models: Ω(a) = Ω0a;

Power law models: Ω(a) = Ω0a
s;



.2. EFTCAMB IMPLEMENTATION DETAILS 217

Exponential models: Ω(a) = exp (Ω0a
s)− 1.

The first option includes the minimal coupling, corresponding to Ω = 0;
the linear model can be thought of as a first order approximation of a Taylor
expansion; while the power law is inspired by f(R). There is also the possibility
for the user to choose an arbitrary form of Ω/γi according to any ansätz the
user wants to investigate, defining them as a function of the scale factor and
by specifying their derivatives with respect to the scale factor. Of course the
possibility to set all/some second order EFT functions to zero is included.

In the code we implemented a slot for user defined forms which can be easily
spotted inside the file EFT_main.f90. Once the user defined form has been
specified no other modifications to the code are required but numerical stability
is not guaranteed. Notice also that due to the structure of our modification
it is possible to use, inside the definition of the EFT functions, cosmological
parameters like ΩΛ and Ωm.

Code notation for pure EFT models:

• Ω0 = EFTOmega0, s = EFTOmegaExp;

• γ0
1 = EFTGamma10, s = EFTGamma1Exp;

• γ0
2 = EFTGamma20, s = EFTGamma2Exp;

• γ0
3 = EFTGamma30, s = EFTGamma3Exp;

• γ0
4 = EFTGamma40, s = EFTGamma4Exp;

• γ0
5 = EFTGamma50, s = EFTGamma5Exp;

• γ0
6 = EFTGamma60, s = EFTGamma6Exp.

Horndeski implementation into EFTCAMB

The Horndeski gravity [192] or Generalized Galileons (GG) [333] correspond to
the most general scalar tensor theory with second order derivatives in the equa-
tions. As discussed in [173, 174] they are a subset of the models encompassed
by the EFT framework which corresponds to the following conditions on the
EFT functions (in terms of our convention):

2γ5 = γ3 = −γ4 , γ6 = 0 (126)

Models belonging to this class can be implemented into EFTCAMB following
three different procedures as we discuss in what follows.

• Pure EFT: if one is interested in investigating the general Horndeski class,
rather than implementing a specific model within it, then one can opt to
work directly with the four EFT functions that describe the Horndeski
class in the EFT framework [174], i.e. {Ω(a), γ1(a), γ2(a), γ3(a)}, after
an expansion history has been chosen (wDE). In this case one has to
parametrize the dependence of the EFT functions on time instead of spec-
ifying the functions (K,Gi). The limit of this procedure is that the user
loses information about the corresponding theory as an inverse machin-
ery to reconstruct the Horndeski functions (K,Gi)[φ,X] is not possible to
implement.
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• EFT implementation of the parametrization proposed in [160]; the latter
is a parametrization of Horndeski theory in terms of five functions of time
which are chosen to correspond to specific physical properties of the scalar
d.o.f.. Let us notice that it is equivalent to the pure EFT approach, and
hence it shares the same limit mentioned above, while perhaps being closer
to the phenomenology and the observables in the specific choice of the five
functions. See Section .2.11 for details.

• Full/designer Mapping approaches: one starts from a specific Horndeski/GG
model, i.e. from a choice of the 4 unknown functions (K,Gi)[φ,X] (where
i = 3, 4, 5 and x ≡ −∂µφ∂µφ/2) and in the case of designer mapping
by specifying also the expansion history, i.e. wDE; proceeds solving the
background field equations for this model and then, through the mapping
described in [173, 174], reconstructs the corresponding EFT functions. At
this point EFTCAMB has all the ingredients to evolve linear perturba-
tions. This approach emphasizes the choice of a specific theory and its
implementation in EFTCAMB is work in progress.

Here we will focus on the pure EFT approach leaving the other options to
the specific Sections. To use the code using the EFT approach restricted to
Horndeski case, the user has to change the flag PureEFTHorndeski setting it to
true. Once this has been done, the code will automatically restrict the number of
the involved second order EFT functions according to eq. (126). This condition
will internally fix the behaviour of the EFT functions γ4, γ5 and γ6 so that the
corresponding choices and parameters for these functions will be ignored. At this
point the user can choose according to the model he/she wants to investigate,
the behaviours of the three remaining EFT functions {γ1, γ2, γ3} and {Ω, wDE}
to fix the background. Built-in models for these functions are already present
in the code, see Section .2.9, as well as the possibility to implement the user
own model.

.2.10 Designer Mapping EFT Models

The EFT framework allows to study a specific single field DE/MG model once
the mapping into the EFT language is known. We refer the reader to [162, 163,
173, 174] for a complete list of the theories that can be cast in the EFT frame-
work and for an exhaustive theoretical treatment of models already mapped in
this language.

Once the user chooses the model of interest, a model-dependent flag solves
the corresponding background equations for a given expansion history (ΛCDM,
wCDM or CPL). Then, using the mapping into the EFT formalism, it recon-
structs the corresponding EFT functions and, finally, has all the ingredients to
evolve the full dynamical EFT perturbed equations. Notice that in this case
all the EFT functions are completely specified by the choice of the model and
once the background equations are solved. In the current version, EFTCAMB
includes flags for f(R) models and minimally coupled quintessence. The back-
ground equations are solved through the use of the designer approach specific to
f(R) [249, 251] (see the following Subsection for implementation details). In the
future, new flags implementing the background equations and the mapping for
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other DE/MG models of interest that are included in the EFT formalism will
be added. A detailed diagram of the mapping EFT case is shown in Figure 10.

Designer f(R)

We consider the following action in Jordan frame

S =

∫
d4x
√
−g (R+ f(R)) + Sm, (127)

where f is a generic function of the Ricci scalar, R, and Sm indicates the action
for matter fields which, in this frame, are minimally coupled to gravity. f(R)
models can be mapped into the EFT language via the following relations [162]:

Λ(t) =
m2

0

2
[f −RfR] ; c(t) = 0 ; Ω(t) = fR, (128)

where fR ≡ df
dR .

It is well known that given the higher order nature of f(R) gravity, there is
enough freedom to reproduce any desired expansion history. When dealing with
perturbations, it is common to adopt the designer approach which consists in
fixing the expansion history and solving the Friedman equation as a second order
differential equation in ln a for the function f [R(a)] [249, 251]. This procedure
yields, for each chosen background, a family of f(R) models that can be labelled
by the value of fR ≡ df/dR today, or analogously, by the present value of the
mass scale of the scalaron

B ≡ fRR
1 + fR

HṘ
Ḣ − H2

, (129)

One further needs to impose certain viability conditions on the resulting models
in order to have stable and viable cosmologies [251]. We refer the reader to [249,
251] for the details of the designer approach to f(R) models. In the following
Subsection we shall present some of the technical aspects of its implementation
in EFTCAMB.

Following [251], let us define the dimensionless quantities:

y ≡ f(R)

H2
0

, E ≡ H2

H2
0

,
R

H2
0

≡ 3 (4E + E′) , Em,r ≡
ρm,r
ρ0
c

, (130)

where ρ0
c ≡ 3H2

0M
2
P is the critical density today and, in this Section only,

primes indicate derivation with respect to ln a ( to be not confused with the
primes indicating derivatives with respect to a in the previous Sections).

Furthermore, let us introduce an effective energy density, Eeff , and an ef-
fective equation of state, weff , which allow one to set the desired expansion
history:

E ≡ Em + Er + Eeff

Eeff = ΩDE exp

[
−3x+ 3

∫ 1

a

weff(ã)d ln ã

]
. (131)
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In terms of these dimensionless quantities the scalaron mass scale reads:

B =
2

3(1 + fR)

1

4E′ + E′′
E

E′

(
y′′ − y′ 4E

′′ + E′′′

4E′ + E′′

)
. (132)

The designer approach will then consist in choosing one of the expansion histo-
ries in Section .2.5 and solving the following equation for y(x)

y′′ −
(

1 +
E′

2E
+
R′′

R′

)
y′ +

R′

6H2
0E

y = − R′

H2
0E

Eeff , (133)

with appropriate boundary conditions that allow us to select the growing mode,
as described in [251]. The outcome will be a family of models labelled by the
present day value, B0, of (132).
In order to implement eq. (133) in the code we need to define the following
quantities:

Eeff ≡ ΩΛe
−3g(x) ⇒ g(x) =

∫ ex

1

1 + wDE(ã)

ã
dã ,

g′(x) = 1 + wDE ,

g′′(x) = ex
dwDE

da
,

g(3)(x) = ex
dwDE

da
+ e2x d

2wDE

da2
, (134)

where we have introduced the variable x ≡ ln a. These definitions allow us to
rewrite E(x) and its derivatives as follows:

E′ =− 3Ωme
−3x − 4Ωre

−4x − 3ΩΛe
−3g(x)g′(x) ,

E′′ =9Ωme
−3x + 16Ωre

−4x − 3ΩΛe
−3g(x)

(
g′′(x)− 3g′(x)2

)
,

E′′′ =− 27Ωme
−3x − 64Ωre

−4x − 3ΩΛe
−3g(x)

(
g(3)(x)− 9g′(x)g′′(x) + 9g′(x)3

)
.

(135)

Let us notice that massive neutrinos are consistently implemented in the de-
signer approach. For a detailed treatment of their inclusion in the above equa-
tions we refer the user to [5] and references therein for an historical background.
Once we have solved the background according to the above procedure, there
remains only to map the solution into the EFT language. To this extent we
have:

Ω(a) ≡ fR(a) =
y′

3(4E′ + E′′)
. (136)

For the code purposes we need also the derivatives of this function with respect
to a, and it turns useful to input their analytical expressions directly in the
code, rather than having the code evaluate them numerically. We have:
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dΩ

da
=
e−x (−E′′(6Eeff + y) + E′ (y′ − 4(6Eeff + y)) + 2Ey′)

6E (E′′ + 4E′)
,

d2Ω

da2
=

e−2x

12E2 (E′′ + 4E′)

(
E′ (E′ (24Eeff − y′ + 4y)− 6E (8E′eff + y′))

+ E′′ (E′(6Eeff + y)− 12EE′eff)

)
,

d3Ω

da3
=

e−3x

24E3 (E′′ + 4E′)

[
2E

(
E′′ 2(6Eeff + y) + 4E′ 2 (18E′eff + 6Eeff + 2y′ + y)

+ E′E′′ (18E′eff + 30Eeff − y′ + 5y)

)
+ 12E2

(
E′′ (−2E′′eff + 4E′eff − y′)

+ E′ (−8E′′eff + 16E′eff + y′)

)
+ 3E′ 2 (E′ (y′ − 4(6Eeff + y))− E′′(6Eeff + y))

]
. (137)

At this point, having H(a) and Ω(a) at hand, one can go back to the general
treatment of the background in the EFT formalism (setting wDE = weff), and
use the designer EFT described in Section .2.10 to determine c and Λ. However,
for a matter of numerical accuracy, it is better to determine these functions via
the mapping too. We have:

ca2

m2
0

=0,
ċa2

m2
0

= 0 ,

Λa2

m2
0

=a2H2
0

2
[y − 3fR (4E + E′)] ,

Λ̇a2

m2
0

= −3

2
H2

0H
[
a3 dΩ

da
(4E + E′)

]
.

(138)

The user can select the designer-f(R) model by setting mappingEFTmodel=1

in the designer flag (EFTflag=2) as described earlier (see Section .2.4).

Designer minimally coupled quintessence models

Minimally coupled quintessence models correspond to setting all the EFT func-
tions Ω and γ’s to zero, while using an effective dark energy equation of state
different from −1.
These models are specified by the action:

S =

∫
d4x
√
−g
[
m2

0

2
R− (∇φ)2

2
− V (φ)

]
, (139)

and can be mapped into the EFT framework by [162, 163]:

c(τ) =
1

2a2
φ̇2

0 ,

Λ(τ) =
1

2a2
φ̇2

0 − V (φ0(τ)) , (140)
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where φ0 is the background value of the quintessence field and V (φ0) is the
quintessence potential.
It can be shown that fixing the background expansion history by a designer
approach results in:

ca2

m2
0

=
1

2

a2ρDE

m2
0

(1 + wDE) , [Mpc−2]

Λa2

m2
0

= wDE
a2ρDE

m2
0

, [Mpc−2] (141)

and their time derivatives can be read from equation (77).

The user can select the minimally coupled quintessence models by setting
mappingEFTmodel=2 in the designer flag (EFTflag=2) as described earlier (see
Section .2.4). Once this has been done, the user has to choose only the behaviour
of wDE.

.2.11 Alternative Parametrizations

Besides the EFT approach, in literature there are several alternative model-
independent parametrizations which allow to describe possible departures from
General Relativity which come from a modification at the level of the action
or directly by parametrizing the field equations by introducing new functions
or parameters. Due to the versatility of the EFT approach and to the large
number of DE/MG models that can be described within this framework, it is
possible to completely cast most of these model-independent parametrizations
in terms of EFT functions. In this Section we will gradually implement the
technical details of such alternative parametrizations.

RPH: ReParametrized Horndeski

As already discussed, there are three ways to implement the Horndeski/GG the-
ory in EFTCAMB (See Section .2.9). In the following we want to focus on the
implementation of the parametrization proposed in [160], which is a built-in fea-
ture of the latest release (v2.0). Hereafter we will refer to this parametrization
as ReParametrized Horndeski (RPH) as it is a model-independent parametriza-
tion of Horndeski theory in terms of five functions of time defined in such a way
that they correspond to specific physical properties of the scalar d.o.f.. They
correspond to the expansion history (in terms of w(a)) and four functions of
time {M̃, αK , αB , αT } . There is a fifth function, which is not independent but
can be derived from M̃ and whose expression reads αM = aM̃ ′/(1 + M̃). As it
will be clear in the following, RPH is equivalent to the pure EFT approach.

As described in [160] the correspondence between these functions and the
EFT ones is (in our convention):

M2
∗

m2
0

= 1 + M̃ = 1 + Ω + γ3 ,

αK =

2ca2

m2
0

+ 4H2
0γ1a

2

(1 + Ω + γ3)H2
,
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αB = +
1

2

aγ2H0 + aHΩ′

H(1 + Ω + γ3)
,

αT = − γ3

1 + Ω + γ3
. (142)

Notice that we have redefined
M2
∗

m2
0

= 1 + M̃ for numerical reasons.

To implement this parametrization into EFTCAMB we need first to invert the
previous definitions in order to calculate {Ω, γ1γ2, γ3} as functions of {M̃, αK , αB , αT }:

Ω(a) = (1 + M̃)αT + M̃ ,

γ1(a) =
1

4H2
0a

2

[
αK(1 + M̃)H2 − 2ca2

m2
0

]
,

γ2(a) =
1

aH0

[
+2αBH(1 + M̃)− aHΩ′

]
,

γ3(a) = −αT (1 + M̃) ,

γ4(a) = −γ3 . (143)

Then we can compute the following derived quantities that are needed for the
equations in the code:

Ω′(a) = M̃α′T + M̃ ′(αT + 1) ,

Ω′′(a) = 2M̃ ′α′T + M̃α′′T + M̃ ′′(αT + 1) ,

Ω′′′(a) = 3M̃ ′′α′T + 3M̃ ′α′′T + M̃α′′′T + M̃ ′′′(αT + 1) ,

γ′1(a) = −2

a
γ1 +

1

4H2
0a

2

[
α′K(1 + M̃)H2 + αKM̃

′H2 + 2αK(1 + M̃)
Ḣ
a
− 2c′a2

m2
0

− 4ca

m2
0

]
,

γ′2(a) = −γ2

2
− 1

aH0

[
−2(1 + M̃)(α′BH+ αB

Ḣ
aH

)− 2αBHM̃ ′ +HΩ′ +
Ḣ
H

Ω′ + aHΩ′′

]
,

γ′3(a) = −(1 + M̃)α′T − αT M̃ ′ ,
γ4(a) = −γ3 ,

γ′4(a) = −γ′3 ,
γ′′4 (a) = −γ′′3 = (1 + M̃)α′′T + 2α′T M̃

′ + αT M̃
′′ ,

γ5(a) =
γ3

2
,

γ′5(a) =
γ′3
2
,

γ6(a) = 0 ,

γ′6(a) = 0 . (144)

To use the RPH parametrization of Horndeski models, one has to set EFTflag=3
as described earlier (see Section .2.4) and then choose AltParEFTmodel=1. Once
this has been done, the user has to choose the behaviour for the four RPH func-
tions of time {M̃, αK , αB , αT } by acting on the RPHmassPmodel, RPHkineticitymodel,
RPHbraidingmodel and RPHtensormodel flags and for the expansion history by
choosing wDE . The built-in models allow to choose a constant (e.g.: αK = α0

K)
and power law (e.g.: αK = α0

K a
s), or the user can define by him/herself the
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behaviours for the respective functions according to the model he/she wants to
investigate. The name of the parameters are then specified by:

• M̃0 = RPHmassP0, s = RPHmassPexp;

• α0
K = RPHkineticity0, s = RPHkineticityexp;

• α0
B = RPHbraiding0, s = RPHbraidingexp;

• α0
T = RPHtensor0, s = RPHtensorexp;

By running parameter space explorations of these models we noticed that the
viability priors [160] are particularly aggressive so we suggest to have some ideas
of the parameter space of these models before studying them.

.2.12 Full EFT Mapping

As already discussed, the EFT framework offers a unifying language for all single
field models of DE and MG; once a given model is mapped into the EFT lan-
guage, i.e. the corresponding EFT functions are determined, one does not need
to derive lengthy perturbation equations specific for that model. Rather, the
general perturbation equations for the EFT action, which are implemented in
EFTCAMB, can be used. All the necessary input are the background evolution
and the EFT functions as functions of the scale factor. There are two ways in
which the latter can be determined: via the designer approach discussed in the
previous Section, or solving for the background evolution of the given model,
determining the Hubble parameter and the time evolution of the EFT functions.
Once these are worked out, they are passed to the main code which solves the
full perturbative equations.

The users can choose this branch by setting EFTflag=4. The current built-in
model is low-energy Hořava gravity, implemented as described in [3], which can
be selected by choosing FullMappingEFTmodel=1.

Low-energy Hořava gravity

A thorough discussion of the theory considered and analysis of its cosmological
implications via EFTCAMB can be found in [3]. Here we will report the action
and few important details about its implementation in the code. The action
that we consider corresponds to the low-energy Hořava gravity [310]

S =
m2

0

(2ξ − η)

∫
d4x
√
−g
[
KijK

ij − λK2 − 2ξΛ̄ + ξR+ ηaia
i
]

(145)

where Kij and K are the extrinsic curvature and its trace and R is the Ricci
scalar of the three-dimensional space-like hypersurfaces. The coefficients λ, η,
ξ are running coupling constants, while Λ̄ is the ”bare” cosmological constant,
ai ≡ ∂ilnN being N the lapse function in the ADM formalism. Let us now
introduce the following definitions useful for numerical computations

ξ̃ = ξ − 1 ; λ̃ = λ− 1 (146)
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Action (145) can be mapped in EFT formalism as follows [3]

Ω =
η

2 + 2ξ̃ − η
; Ω′ = Ω′′ = Ω′′′ = 0,

γ1 =
1

2H2
0a

2

2ξ̃ − 3λ̃

(2 + 2ξ̃ − η)

(
Ḣ − H2

)
,

γ′1 =
1

2H2
0a

3

2ξ̃ − 3λ̃

(2 + 2ξ̃ − η)

(
Ḧ
H
− 4Ḣ+ 2H2

)
,

γ2 = 0 ; γ′2 = γ′′2 = 0,

γ3 = 2
λ̃− ξ̃

(2 + 2ξ̃ − η)
; γ′3 = γ′′3 = 0,

γ4 =
2ξ̃

(2 + 2ξ̃ − η)
; γ′4 = γ′′4 = 0,

γ5 = 0 ; γ′5 = γ′′5 = 0,

γ6 =
η

4(2 + 2ξ̃ − η)
; γ′6 = γ′′6 = 0,

ca2

m2
0

= − 2ξ̃ − 3λ̃

(2 + 2ξ̃ − η)

(
Ḣ − H2

)
,

ċa2

m2
0

= − 2ξ̃ − 3λ̃

(2 + 2ξ̃ − η)

(
Ḧ − 4HḢ+ 2H3

)
,

Λa2

m2
0

= −3

(
Ω0
DE − 1 +

3λ̃+ 2

2ξ̃ + 2− η

)
H2

0a
2 − 2

2ξ̃ − 3λ̃

(2 + 2ξ̃ − η)

(
H2

2
+ Ḣ

)
,

Λ̇a2

m2
0

= −2
2ξ̃ − 3λ̃

(2 + 2ξ̃ − η)

(
Ḧ − HḢ −H3

)
. (147)

The background of Hořava gravity is fully solved without imposing a priori
any condition. In detail, we implemented in EFTCAMB and solved the following
equation which describes the background evolution:

H2 =
(2ξ̃ + 2− η)

3λ̃+ 2
a2

{
8πGN

3
(ρm + ρν) +

[
Ω0
DE − 1 +

3λ̃+ 2

2ξ̃ + 2− η

]
H2

0

}
(148)

where we have used the following relation

Λ̄ = 3
2ξ − η

2ξ

[
Ω0
DE − 1 +

3λ− 1

2ξ − η

]
H2

0 , (149)

to eliminate the Λ̄ parameter from the evolution equation in favour of Ω0
DE . As

usual the density of the massive neutrinos is implemented as explained in [5].
Moreover, we also computed the derivatives of the Hubble function:

H2 =
(2ξ̃ + 2− η)

3λ̃+ 2
a2

{
8πGN

3
(ρm + ρν) +

[
Ω0
DE − 1 +

3λ̃+ 2

2ξ̃ + 2− η

]
H2

0

}

Ḣ =− (2ξ̃ + 2− η)

3λ̃+ 2
a2

[
−

(
Ω0
DE − 1 +

3λ̃+ 2

2ξ̃ + 2− η

)
H2

0



226

+
4πGN

3
(3Pν + ρν) +

4πGN
3

(1 + 3wm)ρm

]
Ḧ =− (2ξ̃ + 2− η)

3λ̃+ 2
a2

[
− 2

(
Ω0
DE − 1 +

3λ̃+ 2

2ξ̃ + 2− η

)
H2

0H

+
8πGN

3

(
3

2
PνH−

1

2
ρνH+

3

2
Ṗν

)
− 4πGNH

3
(1 + 6wm + 9w2

m)ρm

]
.

(150)

Hořava gravity belongs to the class of theory for which EFTCAMB has not
yet the appropriate general stability conditions, therefore for this model we
implemented the stability conditions found in [3] which, in code notation, read:

λ̃ > 0 0 < η < 2ξ̃ + 2. (151)

These conditions are imposed by default and they become viability priors when
using EFTCosmoMC.

To investigate the low-energy Hořava gravity, the user has to set EFTflag=4
as described earlier (see Section .2.4) and then choose FullmappingEFTmodel=1.
At this point the user can study the model for which all the three parameters
appearing in the action can vary. If one is interested in investigating the case
for which the theory evades the Solar System constraints the user has to set
HoravaSolarSystem=2. For details about the physics of the two models see [3].
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.3 The Hořava L4 and L6 Lagrangians

The original action considered in ref. [163], and implemented in the public
version of EFTCAMB, contains all Horndeski and some of the extensions like
GLPV [311, 176, 337], but does not have all the operators necessary to study
Hořava gravity.

The L4 and L6 Lagrangians contain, respectively, all the operators up to
fourth and sixth order spatial derivatives, which are compatible with the sym-
metry of Hořava gravity and guarantee its power-counting renormalizability.
The number of those operators is very large, but given that we are interested in
an effective field theory description of linear scalar perturbations, only the ones
which are second order in perturbations have to be considered in the action.
The latter have been identified in ref. [310] and they are given by suitably con-
tracting the three-dimensional Ricci tensor and scalar, the acceleration ai, and
their spatial derivatives. In detail, the HE part of action (12.3) can be written
as

SH,HE =
1

16πGH

∫
d4x
√
−g
(
g1R2 + g2RijRij + g3R∇iai + g4ai∇2ai

+g5R∇2R+ g6∇iRjk∇iRjk + g7ai∇4ai + g8∇2R∇iai
)

(152)

where ∇2 = ∇i∇i and ∇4 = ∇i∇i∇j∇j , and the coefficients gi are running
coupling constants of suitable dimensions. The first and second lines contain
respectively the contributions from L4 and L6.

We expand now the above action up to second order in perturbations by
considering that on a flat FRLW background the components of R and Rij
identically vanish. Then we map it into the language at the basis of the EFT
formalism by using the relation (12.18) for ai. With these recipes, it is straight-
forward to show that the operators in action (152) up to second order can be
written as

g1
m2

0

(2ξ − η)
R2 = g1

m2
0

(2ξ − η)
(δR)2, (153a)

g2
m2

0

(2ξ − η)
RijRij = g2

m2
0

(2ξ − η)
δRijδRij , (153b)

g3
m2

0

(2ξ − η)
R∇iai = g3

m2
0

2(2ξ − η)
δR∇2(a2δg00), (153c)

g4
m2

0

(2ξ − η)
ai∇2ai = g4

m2
0

4(2ξ − η)
∂i(a

2g00)∇2∂i(a2g00), (153d)

g5
m2

0

(2ξ − η)
R∇2R = g5

m2
0

(2ξ − η)
δR∇2δR, (153e)

g6
m2

0

(2ξ − η)
∇iRjk∇iRjk = g6

m2
0

(2ξ − η)
∇iδRjk∇iδRjk, (153f)

g7
m2

0

(2ξ − η)
ai∇4ai = g7

m2
0

4(2ξ − η)
∂i(a

2δg00)∇4(∂i(a2δg00)), (153g)

g8
m2

0

(2ξ − η)
∇2R∇iai = g8

m2
0

2(2ξ − η)
∇2δR∇2(a2δg00). (153h)
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We notice immediately that the EFT action (6.1) is incomplete if one wants
to treat the full version of Hořava gravity (which includes the operators in
action (152)), then we need to add to it all the operators in eqs. (153). This
suggests to extend the EFT action to a more general one by adding the following
part:

SEFT,2 =

∫
d4x
√
−g
[
λ1(τ)(δR)2 + λ2(τ)δRijδRij + λ3(τ)δR∇2(a2δg00)

+ λ4(τ)∂i(a
2g00)∇2∂i(a2g00) + λ5(τ)δR∇2δR

+ λ6(τ)∇iδRjk∇iδRjk

+ λ7(τ)∂i(a
2δg00)∇4(∂i(a2δg00))

+ λ8(τ)∇2δR∇2(a2δg00)

]
. (154)

In the Hořava gravity case the EFT functions λi’s reduce to the constant coef-
ficients in eqs. (153), e.g. λ1 = g1m

2
0/(2ξ − η).

Notice that the first two operators in the action (154) have already been
considered in ref. [173], while the remaining operators have been considered
in refs. [176, 309]. However, in these latter works an explicit EFT action (in
the form of the action (154)) has not been emphasized as well as an explicit
mapping between these operators and a specific theory has not been worked
out. In this respect our finding corresponds to new results. Finally, let us
mention that although we wrote the operators in eqs. (153) in terms of 3D
quantities, following the 3+1 formalism employed in Hořava gravity, one can
always express them by means of 4D quantities by using the Gauss-Codazzi
relation [322].

It would be of interest to implement the contributions of these new operators
in the equations for the perturbations evolved in EFTCAMB, in order to in-
vestigate their cosmological effects. We expect that their contribution becomes
more important as the cosmological scale becomes smaller.

.4 Hořava Cosmological Parameters

In this appendix we report the 99.7% C.L. constraints on the derived cosmolog-
ical parameters: Ω0

b h
2 the present day density parameter of baryons; Ω0

c h
2

the present day value of the cold dark matter density parameter; 100θMC

which measures the sound horizon at last scattering; τ is the Thomson scat-
tering optical depth due to reionization; ns the power law index of the scalar
spectrum; ln(1010As) the log power of the primordial curvature perturbation,
H0 (km/s/Mpc) the present time value of the Hubble rate, and Ω0

m the dark
matter density parameter today. We found that the constraints on these pa-
rameters for H2 are the same as in ΛCDM as reported in the following table.
The reason for this is that, in H2 case, the Hořava gravity parameters are con-
strained to be very close to the GR limit so that the cosmological parameters
fall back to their ΛCDM values.
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Bounds on cosmological parameters for ΛCDM and H2 cases

Parameters PLC PLC+BG PLC+CMBL PLC+WiggleZ all combined

Ω0
b h

2 0.02202± 0.008 0.02216± 0.0007 0.02210± 0.0008 0.02182± 0.0008 0.02213+0.0008
−0.0007

Ω0
c h

2 0.120± 0.008 0.118± 0.004 0.119+0.007
−0.006 0.123± 0.008 0.119+0.004

−0.003

100θMC 1.041± 0.002 1.041± 0.002 1.041± 0.002 1.041± 0.002 1.041± 0.002

τ 0.089+0.047
−0.036 0.092+0.040

−0.034 0.089+0.041
−0.036 0.085+0.037

−0.033 0.090+0.037
−0.032

ns 0.959+0.021
−0.020 0.963± 0.015 0.961+0.022

−0.021 0.953± 0.021 0.963± 0.015

ln(1010As) 3.088+0.085
−0.069 3.090+0.078

−0.069 3.085+0.073
−0.064 3.087+0.072

−0.063 3.087+0.071
−0.065

H0 67.2+3.5
−3.4 68.0+1.9

−1.6 67.7+3.1
−2.9 65.8+3.3

−3.1 67.7+1.8
−1.6

Ω0
m 0.316+0.052

−0.044 0.305+0.022
−0.024 0.309+0.042

−0.039 0.337+0.051
−0.046 0.309+0.022

−0.021

Table 4: Mean values and 99.7% C.L. bounds on several cosmological parame-
ters. Notice that these bounds do not change for the ΛCDM and H2 cases.

Bounds on cosmological parameters for H3 case

Parameters PLC PLC+BG PLC+CMBL PLC+WiggleZ all combined

Ω0
b h

2 0.021+0.001
−0.001 0.0218+0.0009

−0.0010 0.0218+0.0010
−0.0009 0.021± 0.001 0.0218+0.0008

−0.0009

Ω0
c h

2 0.12+0.01
−0.01 0.119+0.005

−0.004 0.118± 0.007 0.123+0.008
−0.010 0.119+0.004

−0.003

100θMC 1.043+0.007
−0.004 1.043+0.005

−0.003 1.043+0.006
−0.004 1.043+0.007

−0.004 1.044+0.004
−0.003

τ 0.08+0.05
−0.04 0.08± 0.04 0.08± 0.04 0.08+0.04

−0.03 0.08+0.04
−0.03

ns 0.96± 0.03 0.96± 0.02 0.96± 0.02 0.96± 0.03 0.96± 0.02

ln(1010As) 3.09+0.09
−0.08 3.09+0.09

−0.08 3.08+0.08
−0.07 3.10± 0.08 3.07+0.08

−0.06

H0 67± 5 67± 2 68+4
−3 65+5

−4 67+1
−2

Ω0
m 0.31+0.07

−0.05 0.31± 0.02 0.30+0.05
−0.04 0.33± 0.06 0.30± 0.02

Table 5: Mean values and 99.7% C.L. bounds on several cosmological parameters
in H3 case.
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