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Introduction

This thesis collects variational results concerning the modeling of nematic elastomers and
some issues regarding the characterization of the limit behavior of solutions to some singularly
perturbed evolution problems. A large part of these results, which are the content of Chapters
BHTZ, has been published in [I]-[4]. Part of the material composing this thesis is extracted from
these papers.

Let us start with a brief introduction to nematic elastomers. Synthesized at the end of the
80’s, these materials are rubbery elastic solids made of cross—linked polymeric chains to which rigid
rod-like molecules, the nematic mesogens, are attached. In particular, nematic elastomers exhibit
large spontaneous deformations, which can be triggered and controlled by temperature, applied
electric fields, irradiation by UV light. These properties make them interesting as materials for
fast soft actuators and justify the considerable attention that they have attracted in recent years.

Theoretical modeling of the mechanical response of nematic elastomers has concentrated on
the occurrence of equilibrium configurations exhibiting fine domain patterns (stripe domains),
and the stress plateau associated with rearrangement of stripe domains in stretching experiments
(soft elasticity). Starting from the pioneering work of Warner, Terentjev, and their collaborators
[10], 69], several models have been proposed [6], (13, 37, [40, 48], [70}, [71]. The model based on the
free energy density put forward in [10] is particularly worth mentioning, both for its fundamental
nature and for its success at reproducing (and even predicting) essential features of experimental
observations. In fact, energy minimizing states computed with this model reproduce experimental
evidence with a remarkable degree of accuracy. Examples include the highly nontrivial spatially
dependent domain structures observed in [73] and simulated numerically in [16], [17], the existence
of a plateau in the stress—strain response in some uniaxial extension experiments [16], 17, [35],
and the decay of shear moduli in stretching experiments when the imposed stretch reaches the
ends of the stress plateau [9), [32], [55].

In Chapter [I] we describe in more detail the most important feature of nematic elastomers,
namely, the coupling between nematic orientational order and rubber elasticity. Indeed, the
nematic mesogens are randomly oriented at high temperature, but, upon cooling through a specific
transition temperature, they align along a common direction described by the nematic director,
which is represented by a unit vector n of R®. At the same time, the underlying polymer network
exhibits the spontaneous elastic distortion described by the tensor

Ly=din®n+a 3 —nan), (0.1)

where a > 1 is a non dimensional material parameter. We then introduce the following expression
for the energy density of an isotropic and incompressible nematic elastomers:

g [tr (FTL;'F)—3],  detF =1, (0.2)

Here, F' is a 3x3 matrix representing the gradient of a deformation with respect to the reference
configuration €2, chosen as the one the sample would exhibit in the high—temperature phase. This
is a classical expression, studied, e.g., in [16] and [31], and obtained from an earlier proposal
by Bladon, Terentjev and Warner [10] by an affine change of variables, first introduced in [29].
This energy is always nonnegative and it is null precisely when FFT is of the form (ILI). The
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4 INTRODUCTION

fact that these states of deformation are those observed experimentally (under sufficiently small
applied loads) is one of the main justifications for the physical soundness of the model.

In Chapter[2] we study the following natural generalization of energy (.2)), in order to handle
compressible nematic elastomers:

A
W (F) = g [ior (F7Ly F) = 3 = 2In(det F)] + Z(det F = 1%, det F >0, (0.3)
Then, we consider the energy
W(F) := min W,(F),  detF >0, (0.4)

Inl=1

which models the purely mechanical response of the system. We present and discuss in details
the linearized versions of (I3)—(@4) obtained on the basis of Taylor expansion, in the spirit
of [32]. To proceed with the presentation of the results of Chapter 2l we briefly comment on
the justification via I'—convergence of linearized theories in elasticity (we discusss this subject in
Subsection in more details).

The energy stored by a homogeneous and hyperelastic body occupying a reference configura-
tion 2 C R™ and subject to a deformation v : 2 — R" is

/Q F(Vv)da,

where Vv is the deformation gradient and f is the energy density. Suppose that f is minimized
at the value 0 by the identity matrix I, and that f is frame indifferent. In these conditions one
expects that small external loads el(z) will produce small deformations v(z) = x + cu(x). In
turn, the total energy will be given by

fU +eVu)dx — 52/ ludz.

Q Q

Denoting by e(u) the symmetric part of the displacement gradient Vu, the stored elastic energy
of linearized elasticity is

3 | e - [ o,

and can be obtained by Taylor—expansion from the previous formula rescaled by ¢ ~2. This formal
derivation of linear elasticity does not guarantee that the minimizers of the “c—functionals” (under
prescribed boundary conditions) converge to the minimizer of the limit functional (under the same
boundary conditions). On the other hand, if one manages to prove a statement of I'-convergence
for the functionals involved, then it is possible to recover information on the convergence of the
minimizers. This is one of the most important features of I'—convergence (see [23 Chapter 7]).

In this framework, convergence of minimizers has been established by Dal Maso, Negri and
Percivale in [26], under the assumption

f(F) > Cd*(F,SO(n)), (0.5)

where SO(n) is the set of rotations of R™ and d?(F, SO(n)) is the square of the distance of F'
from SO(n). This result has been extended in [60] to a family {f.} of stored energy densities
whose set of minimizers is of the form

SO(n)Uy cU...USOn)Uye, (0.6)

where U; . = I+ eU; + o(e) is a positive definite symmetric matrix. In [60], the growth behavior
of the f.’s is again as in (@L3)), with the set ([@.6) in place of SO(n).

Going back to the expressions (IL3)—(04]), we see that the energy density W, obtained from
(@4) by replacing L,, with

Lpe=0+e)n@n+(1+e) (I -nen),
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has the following set of minimizers

SO3)%., where % = U Léﬁg.
In|=1
Also, it satisfies
W.(F) > Cd*(F,SO(3)%.), for every F. (0.7)

A straightforward extension of the I'-convergence result of [60] applies to our family of energy
densities {WW.}. We then apply this result and show that, under prescribed boundary conditions,
the minimizers of (proper rescalings of) the nonlinear functionals converge to minimizers of the

relaxed linearized functional (Theorem 24]). The linearized functional is given by [ V(e(u))dx,
Q

with the small strain energy density V' (linear limit) defined on every symmetric matrix F as

1
V(E) :=lim =W.(I +¢cFE).

e—0 g2
More explicitly, the linearized functional has the expression

2
/ {u min
o U o=t

~ k
(e(w))a —Un| + E(tr VU)Q} dz,
where k is a function of the material parameters appearing in (@3], and U, comes from the

linearization L., = I + 25Un + o(e). An explicit relaxation formula for the linearized functional
is available in [T2]. We conclude Chapter 2] with the analysis of another compressible version of
[02), alternative to (Q3)—(@4). This alternative model shares with (0.3)—(0.4]) the set of wells
- as well as the linear limit. What is different is the growth behavior in the regime of large
deformations. For this reason, we discuss and justify a modified version of it to which the theory
of [60] applies and gives Theorem [Z7

The previous analysis leaves open the question whether the results of [60] can be generalized to
energies satisfying condition (0.7)) only near the wells. In Chapter Bl we give a positive answer for
the case of single—well energies. More precisely, we obtain in Theorem [B.2] the same conclusions as
Dal Maso, Negri and Percivale under the assumption that (0L5) is satisfied only in a neighbourhood
of SO(n), while far away from SO(n) the growth condition can be weakened to

f(F) > cd’(F,S0(n)), for some 1 < p < 2. (0.8)

Similar results have been obtained in [59] assuming also a bound of order p from above. It is
worth noticing that the reason for considering energies satisfying (0.8) (without any bound from
above) is not purely academic. Indeed, for a large class of compressible rubber—like materials,
the growth behavior (0.8 is the appropriate one (see Subsection BIT).

Concerning the strategy of the proof, we observe that in [26] the main tool adopted to
prove the compactness of the minimizers is the Geometric Rigidity Lemma of [38]. To obtain
the analogous issue when (IE) holds only near SO(n), while (@8) holds far from SO(n), see
Theorem B3] we need a version with two exponents of the Geometric Rigidity Lemma, similar to
those used in [18], [51], and in [59].

In proving the T'—convergence result (Theorem [B4]), our approach is different from the one
employed in [26], as well as from the further improvements introduced in [60]. The main simpli-
fication relies on some arguments developed in [38] for the rigorous proof of dimension reduction
results. Moreover, in place of the weak convergence in W12 of the minimizers obtained in [26],
we provide strong convergence in WP (see Theorem [3.3)).

We hope that all our results can be extended to multi-well energies.

We now describe the results of Chapter @ Albeit the Warner—Terentjev model has been
quite successful at reproducing observed material instabilities (stripe domains and soft elasticity,
which are associated with the non convexity of the proposed energies), however it does not predict
accurately stress—build—up at large imposed stretches. The reason for that is the Neo—Hookean
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form of the expression for the free energy density, which results from the assumption of phantom
gaussian chains made in its derivation from statistical mechanics. Just as in classical rubber
elasticity, stress—strain curves showing the typical hardening response of rubbers at high strains
and stresses requires the use of functional forms richer than the Neo—Hookean template. Inspired
by the seminal work of Ogden [54], we provide Ogden—type extensions of the Warner—Terentjev
model to the regime of very high strains, and also include finite compressibility effects.

The main new results contained in Chapter [ are the following. By exploiting a multiplicative
decomposition of the deformation gradient into an elastic and a remanent or spontaneous part,
we propose the Ogden—type expressions

N i
Wa(F) =32 [tr (La? FFTLY) T - 3] , detF =1,
i Vi

for the free energy density of nematic elastomers, and provide a template for further extensions.
Here, v, > 2 and ¢; > 0, for every ¢ = 1, ..., N. We compute the geometrically linear version of the
new models, which shows the geometric structure of the underlying energy landscape in a very
transparent fashion: the energy grows quadratically with the distance from the nonconvex set of
spontaneous strains (energy wells). Energies of this type are very common in the theoretical and
computational mechanics community, especially in the context of active and phase-transforming
materials [8]. Our discussion of their relation with a parent fully nonlinear theory may have
the additional side benefit of inspiring generalizations in the opposite direction, namely, finite
deformation generalizations of existing small strain theories for active materials.

We then derive (Proposition @3] the expression of the energies W' := miny,—; W, describing
the purely mechanical response governed by the new model, which turns out to be

W (F) = ic— KMS))% + (@)7 + (M)W —3} . detF =1, (0.9)

P Yi a~ s a a3

where A\ (F) < Aa(F) < A3(F) are the ordered singular values of F. This expression is “sepa-
rable” in the sense discussed in [54] and justifies the name “Ogden—type” for this new model.
Moreover, because of the structure with multiple energy wells, these energies are not quasiconvex.
Finally, using the results of [31], we provide explicit formulas for their quasiconvex envelopes in
Theorem 10, and apply them to a simple thought experiment (pure—shear) to demonstrate their
use and their potential at reproducing the stiffening behavior at very large imposed strains, that
is typical of elastomeric materials.

In Chapter Bl we present two results of attainment of the minimal energy, one for the non-
linear model and the other for the geometrically linear one. These results have been obtained in
collaboration with G. Dal Maso and A. DeSimone. We consider first the nonlinear energy density
given by

W(F) i% K%?)W + (%?)7 n (%?)7 3]  detF =1,

where v; > 2, ¢; > 0 for every ¢ = 1,..., N, and 0 < e; < ez < ez are three fixed ordered real
numbers such that ejeses = 1. Note that Ogden—type energies for nematic elastomers (0.9) are
included in this expression. The function W is minimized at the value zero if \;(F) = e;, for
i =1, 2, 3. Theorem [5.2] states that for every function v : Q — R3 which is piecewise affine and
Lipschitz, if

detVo=1 a.e. inQ, essinfq|A (V)| > ey, ess supq | A3 (V)| < es, (0.10)

then there exists a dense set of Lipschitz functions v : Q — R? such that

/ W(Vy) =0 a.e. in Q, y=v on J. (0.11)
Q
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The same holds if v is of class C1*(Q;R?), for some 0 < a < 1, and satisfy (LI0). This result is
an application of the theory developed by Miiller and Sverdk in [53]. In this paper, the authors
study the solutions of first order partial differential relations

Vy e K a.e. in Q, y=v on 0f, (0.12)

where the set K is contained in {F : M(F) = t}, M(F) is a fixed minor of F, and ¢ # 0. The
case M(F) = det F' and ¢ = 1 perfectly applies to our minimum problem (0.I1), which can be
rewritten as (II2) with K = {3x3 matrices F : \;(F) =e;, i = 1,2,3}

The case where the set K appearing in ([012) is contained in {F : tr F' = 0} is not explicitly
treated in [53]. Thus, focusing on the two—dimensional case, we state and prove Theorem [B.1T]
which is a linear version of the main result of Miiller and Sverdk, with slightly simplified assump-
tions. We then apply Theorem [E.11] to obtain the following result (Theorem (7). We consider
the small strain (incompressible) energy density given by

2
V(E) = (|E| - \/5) , for every 2x2 symmetric matrix E such that trE=0. (0.13)

This expression can be derived by taking the limit, as e goes to zero, of the ratio W.(I +¢E) /&2,
where W, is obtained from ([@2) by replacing L, with (1 +¢)’n®@n + (1 +¢)"2(I —n @ n),
and considering n as a unit vector of R%2. We prove that for every piecewise affine Lipschitz map
w : Q — R? such that

divw =0 a.e. in Q, ess supg|e(w)| < V2, (0.14)

there exists a dense set of Lipschitz functions u : 2 — R? such that
/ Vie(u)) =0 a.e. in u=w on 0. (0.15)
Q

The same holds if w is of class C*(Q;R?), for some 0 < o < 1, and satisfies (II4)). In fact, our
minimum problem (@LI5) can be rewritten as

Vu e Ky a.e. in £, u=w on Of, (0.16)
where Ko := {2x2 matrices F : tr F = 0, |symF| = \/5}
We also propose another method to solve problem (IIH) in the case where w = 0, see

Proposition [.0] without making use of the theory of [53]. This method provides solutions of
class WO1 P for every 1 < p < oo, and gives explicit solutions in the case where ) is a disk.

The motivation for the study of minimal energy’s attainment problems is the attempt to
understand the dynamic response of nematic elastomers. Concerning the dynamics, we have
considered an evolution problem in the simplest situation: the two—dimensional small strain
regime. Let € be the reference configuration, dp{2 a Dirichlet part of the boundary 02 with
positive #! measure, and let H be defined by

H:={uec H'(R?) : u=0on dpQ},

where the equality is referred to the traces of the functions. Given g € H~Y2(9\ dpQ; R?), we
consider the functional

E(u) := /QV(e(u))d:c +{g,u),

where V' is defined in (.I3]), and (g, u) is the duality product between g and the trace of u on
00N\ Opf). The functional € is a Lyapunov function for the evolution problem

divS =0, divu=0 on$, u(t,-) € H, Sv=g ondQ\IdpQ, (0.17)
where

ov .
S = a—E(e(u)) + e(a).

While the existence of the solutions is not difficult to prove, up to a regularization of V' in a
neighborhood of the origin, the crucial question regards the behavior of the solutions at infinity.
It is implicit that the aim of this approach is finding a way to select some critical points of €.
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This problem is very difficult and, apart from some examples of evolution built by hand, we are
unable to produce general results at the moment.

In the last two chapters we consider two other dynamic problems in a more abstract frame-
work. In particular, we deal with singular perturbations of these evolution problems and study
the limit behavior of their solutions. Even if not directly related to the modeling of nematic
elastomers, they present some connections with problem (II7).

In Chapter [6] we address the problem of finding a function ¢ — w(t) satisfying
VeE(tu(t) =0 and  V2E(t,u(t)) > 0. (0.18)

This problem appears in many areas of applied mathematics, where, usually, the real-valued
function &(t,x) represents a time—dependent energy, defined for ¢ € [0,7] and z € R™. The
symbol V, denotes the gradient with respect to x, while V2 is the corresponding Hessian. The
inequality in (0.I8) means that the matrix V2E(¢,u(t)) is positive definite. Therefore, (0I5 says
that, for every ¢, the state u(t) is a stable equilibrium point for the potential (¢, -).

If we look for a continuous solution ¢ — u(t), defined only in a neighborhood of a prescribed
time, the problem is solved by the Implicit Function Theorem. In many applications, however,
we want to obtain a piecewise continuous solution ¢ + u(t) on the whole interval [0,7]. The
main problem is, therefore, to extend the solution beyond its maximal interval of continuity. A
first possibility is to select, for every ¢, a global minimizer u(t) of &(t,-). This choice has some
drawbacks, as we shall explain later. Different extension criteria can be proposed, motivated by
different interpretations of the problem.

Problem (0I8)) can be considered, for instance, as describing the limiting case of a system
governed by an overdamped dynamics, as the relaxation time tends to 0. Indeed, one can prove
that, when the relaxation time is very small, the state u(t) of the system is always close to a
stable equilibrium for the potential £(¢,-), which, in general, is not a global minimizer of (¢, -).
The first general result in this direction has been obtained by Zanini (see [72]), who considers
([@I]) as limit of the viscous dynamics governed by the gradient flow

05 (t) + V(¢ uf (1)) = 0. (0.19)

She proves that the limit u(t) of the solution u®(t) to problem (0I9) is a piecewise continuous
function satisfying ([0I8]), and describes the trajectories followed by the system at the jump times.
Under different and stronger hypotheses, similar vanishing viscosity limits have been studied in
finite dimension [27), [34}, [49], (50} [62], and even in infinite dimension in [11}, 23], 24], 25, [46], [65].

Simple examples show that the solution u(t) found in [72] is, in general, different from the
global minimizer. We note that the global minimizer may exhibit abrupt discontinuities at times
where it must jump from a potential well to another one with the same energy level. This jump
cannot be justified if we interpret (IIF)) as limit of a dynamic problem, since the state should
overcome a potential barrier during the jump.

We consider ([0I8) as the limiting case of a sequence of singular second order evolution
problems, namely

2 Aiif(t) + e BUS(t) + V. E(t,uf(t)) = 0, (0.20)

where A and B are positive definite and symmetric matrices. This describes the evolution of
a mechanical system where both inertia and friction are taken into account, encoded in A and
B, respectively. We use the same assumptions as in [72]. Among these assumptions, a very
important one is that

the critical points of E(¢,-) are isolated, for every ¢ e [0,T]. (0.21)

We prove that the solution u® of ([I20) is such that (u®,eBuc) tends to (u,0), where u is piecewise
continuous and satisfies ([II8)). Moreover, the trajectories of the system at the jump times are
described through suitable autonomous second order systems related to A, B, and V€.
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Let us explain, in more detail, the procedure that we follow. We first construct a suitable
piecewise continuous solution u of problem ((ILI8) and then show that the solutions u®(t) of (.20,
with the same initial conditions, converge to u(t) at every continuity time ¢.

The function u is defined in the following way (see Proposition [6.6]). We begin with a point
u(0) such that V,&(0,u(0)) = 0 and V2E(0,u(0)) > 0. By the Implicit Function Theorem, we
find a continuous solution u of (I8) up to a certain time ¢; < T" such that V2E(t1,u(t])) has
only one zero eigenvalue. In a “generic” situation (see Assumption 3 in Section [61] and Remark
[63), certain transversality conditions hold at the point (¢1,u(t;)). These conditions imply that
a saddle-node bifurcation of the vector field F(t,-), corresponding to the first order autonomous
system equivalent to

A (s) + Buw(s) + VzE(t, w(s)) =0, (0.22)
occurs at t1. Let (¢,2) be close enough to (t1,u(t])). If t < ¢y, then F(¢,-) has two zeros, a saddle
and a node. If ¢t > t;, there are no zeros of F(t,-). Under these conditions, it is also possible
to prove (see Lemma [64)) existence and uniqueness, up to time—translations, of a non constant
solution to system ([0.22]), satisfying

Jim_(w(s), () = (7). 0). (0.23)
Moreover, the limit
lim_(w(s),(s) = (5,0) (0.24)

exists, and ] is another zero of V,&(t1,-). If t1 < T, we make the “generic” assumption that
V2 f(t1,27) is positive definite (see Assumption 4 in Section G.I]). This allows us to restart the
procedure and, in turn, to find a solution of ([@IK) on [t1,t2), for a certain to < T, and so on.
In this way, we find a piecewise continuous solution u of (0.I8]), with certain discontinuity times
t1,...;tm—1, and, for j = 1,...,m — 1, a heteroclinic solution w; of (0.22) with ¢ = ¢;, which
connects a degenerate critical point of €(¢;,+) at s = —oco to a non degenerate critical point at
s = +00.

The next step consists in proving that, if (u®(0),e4°(0)) — (u(0),0), then (u®, e Bu®) converges
to (u,0) uniformly on the compact subsets of [0, 7]\ {t1, ..., t,—1}, while a proper rescaling v$ of
uf is such that (v, 05) converges uniformly to (w;, ;) on the compact subsets of R (see Theorem
and Remark [E17). This shows that ([022]) governs the fast dynamics of the system at the
jump times. Theorem [G.9summarizes these convergences in a more geometric statement involving
the Hausdorff distance.

We conclude Chapter [6] showing that the same solution u of (0I8]) introduced before can be
obtained as the limit of a discrete time approximation, which uses only autonomous systems. For
every k € N, we consider the partition 77 = £T, i = 1,...,k, of the interval [0,T]. Let {uf};
recursively defined by uf = u(0) and by
= lim (o), (0.25)

o——+oo

k
U;

where vF is the solution to the autonomous system

Ak (o) + BiF (o) + Vi&(tF,vF (o) = 0, (0.26)

17

with initial conditions (v¥(0),9¥(0)) = (u¥_,,0). The existence of the limit in ((I25)) is a property

i i
of the autonomous system, ensured by Lemma [6.4]

We prove that u¥ = u(7F), unless 7F is close to the discontinuity times ¢1, ..., t,,,_1 of u. More

precisely, given an arbitrary neighborhood U of the set {t1,...,t; 1}, we prove that u} = u(7F)
whenever k is sufficiently large and 7% ¢ U (see Lemma and Lemma [6.2]). This implies
that the piecewise constant and the piecewise affine interpolations of the values u¥’s converge
uniformly to u on the compact subsets of [0, 7]\ {t1, ..., tm—1}-

In order to obtain the convergence to the heteroclines w;’s near the jump times, as well as
the convergence of the velocity (Proposition and Theorem [6I]), we introduce a suitable

interpolation of u¥ based on the solution v of ([(LZH) (see the definition in ([EI0X)).
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In Chapter [l we extend to an infinite dimensional setting the analysis performed in [72]
about the compactness and the limit behavior of a family of solutions to ([@II9). These results
have been obtained in collaboration with G. Savaré and R. Rossi.

We work with an energy functional € : [0,7] x X — R, where X is a Hilbert space. Apart
from standard and minimal semicontinuity and coerciveness hypotheses on the functional &, all
the assumptions of [72] have been removed, with the only exception of the crucial requirement

For a vanishing sequence {e,, }, we let {uc, } be a family of solutions to the gradient flow (I19)
and we prove in Theorem that, up to a subsequence, {u., } converges a.e. to a function u
satisfying

V. E(t, u(t)), for a.e. t € (0,7). (0.27)
To show this, we start with a detailed analysis of the limit behavior, as n — 400, of the
integrals
ty
/tn IVl (r, ue, ()| e, ()| dr, (0.28)
1
when the sequences {t7} and {tJ} tend to t, for some t € [0,T]. Using assumption (2], it is
possible to prove that if the sequences {u., (t7')} and {u., (t5)} converge to two different critical
points x1 and x9 of (¢, -), then the integrals (28] are bounded below by a single positive integral

/0IIVzS(t,ﬂ(T))Illlﬁ(T)lldT,

where 9 is a function in the class

A L= {19 :10,1] — X continuous : there exist 0 =t) <t; <...<t; =1 s.t.

Z1,T2

3(0) = x1, ¥(1) = x2, and for every i =0,...,5 — 1,
4 is 10C&Hy LipSChitZ on (ti,ti+1)7 19('[1) 7é 19('[1'+1), Vzg(tz,ﬁ(tz)) = 0}

This is the content of Lemma [[4l Building on this, we can prove that the following minimum is
achieved:

1
cttiar,zz) = min { [ 19,80 0ONIIOdr - 0 € ot}
0

Combining some key properties (Proposition [[9) of the cost function c(t;x1,22) with suitable a
priori estimates, we finally prove the a.e. convergence of a family of solutions {u. } to a limit
function wu satisfying (0.27]).

Theorem [[.12 also says that u is continuous on [0,77]\ J, where the jump set J is a countable
set. Moreover, the left and the right limits u_(t), uy(t) exist everywhere and are such that

E(t,u_(t)) — E(t, us(t)) = c(t;u_(t), uy(t)), for every t € J.

We point out that from this condition and from the definition of the cost function it is possible

to deduce that, for every ¢t € J, there exists a function w € Qf;i(t) ws () satisfying the equation

w(s) + A(s)VzE(t, w(s)) =0, for a.e. s € (0,1),

for some function A(s) > 0. The existence of this kind of functions at the jump times is the
infinite dimensional counterpart of what happen in the finite dimensional case [72]. In particular,
in [72] it is proved that, at any fixed jump time ¢, there exists a function which satisfies ((22))
with A =0 and B = I, and which connects two critical point of E(t, ).



Notation

R"™ is the set of real n—dimensional vectors;

R is the subset of R™ of the vectors whose entries are all nonnegative;

M™*"™ is the set of mxn real matrices;

MG ™™ is the set of nxn traceless (deviatoric) matrices;

MT e M™ ™ is the transpose of the matrix M € M™*™;

Sym(n) = {M € M"*" : M = M7} is the set of nxn symmetric matrices;
Symo(n) the set of nxn symmetric and traceless matrices;

Skw(n) :=={M € M"*" : M = —M7} is the set of nxn skew-symmetric matrices;
Lin™(n): the set of nxn invertible matrices with positive determinant;
Orth(n) := {M € M™" : M~! = M7T} is the set of nxn orthogonal matrices;
SO(n) :={M e M™" : M~1 = MT det M = 1} is the set of rotations of R";
Psym(n) is the set of nxn positive definite symmetric matrices;

M4+MT
2

symM = is the symmetric part of M € M"*";

skwM = M_TMT is the skew—symmetric part of M € M"*"™;
Mg := [M — L(tr M)I] € Mj*" is the deviatoric part of M € M"*™;

(M) < ... < pp (M) are the ordered eigenvalues of M € Sym(n);

M (M) < ... < A\ (M) are the ordered singular values of M € M™*" where \;(M) :=
(M7 M)

A(M) is the set of the singular values of M € M™*";

S™ is the unit sphere in R"*1;

I is the unit matrix;

e(u) := sym(Vu), for a generic deformation or displacement u;

ZL"™ is the n—dimensional Lebesgue measure.

™ is the n—dimensional Hausdorff measure.

11



12 NOTATION

The measure of a .Z"—measurable set 2 C R” is sometimes denoted by |Q2|. We use the
symbol 1q for the characteristic function of €2, which is defined by

lo(z) = 1 ifx e,
2T =9 0 otherwise.

Throughout, d(-, ) indicates the Euclidean distance both between two points and between a point
and a set, and dP(-,-) means the p—th power of d(-, ).
We denotes the Euclidean inner product between A and B by A - B. Thus,

a-b:=Y ab; ifabeR", A-B:i=tr(ATB)=) Y AiBi; if A, BeM™",
i=1 i=1j=1
where tr A is the trace of A. The corresponding Euclidean norm is | - |. We often use the tensor

product a ® b : R™ — R™ between vectors a, b € R", which is defined by
(a®@b)v:=(b-v)a for every v € R".

We recall that the ij—component of a ® b is given by (¢ ® b);; = a;b;.

If not otherwise stated, B(z,r) denotes the open ball centered at x with radius r. The ball
B(0,r) is sometime denoted by B,.

For f:Q — X, we use the symbols

Df(z)lu]  and  D*f()[u, ]

to denote the differential of f at the point x applied to u and the second differential of f at the
point x applied to the pair [u,w].

We use the following classes of functions defined on €2 and taking values in X:

e C(9Q;X) the class of continuous functions;

o C*(Q; X) the class of k-times differentiable functions;

o (°(£; X)) the class of smooth functions with compact support in €;
o CH(Q; X) the class of Holder functions;

e Lip(£2; X) the class of Lipschitz functions;

e Lip;,.(£2; X) the class of locally Lipschitz functions;

o LP(§); X) the class of Lebesgue functions;

o WLP(Q; X) the class of Sobolev functions.

The space W2(Q; X) is also denoted by H'(€; X). The space Wy (; X), for 1 < p < oo,
is the closure of C°(Q; X) with respect to the topology of WP(Q; X). For functions defined on
an open interval (a,b), we also use the notation LP(a,b; X), H'(a,b; X), and so on. The spaces
of absolutely continuous functions and of functions with bounded variation on [a,b] are denoted
by AC([a,b]; X) and BV ([a, b]; X ), respectively.

We point out that the codomain is sometimes dropped out in the notation, whenever it is
clear from the context.

Throughout we denote by C' a generic constant whose value may vary from line to line.



CHAPTER 1

Modeling of nematic elastomers

Nematic liquid crystal elastomers are rubbery elastic solids which consist of a polymeric
backbone, made of cross—linked polymeric chains, where nematic mesogens are embedded. We
limit ourselves to a brief description of these materials, referring the reader to the monograph by
Warner and Terentjev [69] for a thorough introduction to the chemistry and physics of nematic
elastomers, and for an extensive list of references.

The polymeric backbone is made of monomers containing tetra—valent atoms which form
long and flexible chains which are connected to each other by means of other flexible chains, the
cross—linkers, to form a network. The nematic mesogens are rigid rod—like molecules (containing
benzenic rings) which can either be part of the backbone or be attached sideways. These mesogens
are randomly oriented at high temperature (isotropic phase), but at a sufficiently low temperature
they align along a common average direction, the nematic director, and the system becomes
anisotropic (nematic phase).

The polymeric backbone experiences reversible distortions as the material is cooled through
the isotropic-to—nematic phase transition temperature: a uniaxial elongation occurs parallel to
the nematic director as a consequence of the ordering of the mesogenic units that are incorporated
into the network.

Given the isotropy of the high—temperature phase, the system is free to choose an arbitrary
direction of alignment, so that different parts of the sample may spontaneously deform in different
ways. We will focus on monodomain nematic elastomers, that is on the case where, in the nematic
phase, there is only one (average) direction of alignment throughout the sample.

i,

- o
"_/'"' //’ .,

o

We work in the framework of a Frank—type theory, in which the liquid crystal order is supposed
to be uniaxial with fixed degree of orientation. To describe the mechanical implication of such
an order (in dimension 3), we consider the tensor

L, = a%n@m—i—a_%(l — n®n), n €S2 (1.1)

Here, n represents the nematic director, and the material parameter a > 1 is the step—length
anisotropy quantifying the magnitude of the spontaneous stretch along n accompanying the
isotropic-to—nematic phase transformation. This spontaneous distortion of the polymer chains
induced by the alignment of the nematic mesogens along the direction n is

1 1 1
L2 =a3n@n+a"5(I —n@n).

1
Note that L represents a volume—preserving uniaxial stretch. More precisely, a3 is the elongation
along n and a~% is the contraction along all the orthogonal directions. We remark that the

13



14 1. MODELING OF NEMATIC ELASTOMERS

parameter « is in principle a function of the temperature, but we assume it to be constant,
because we will be working at a fixed constant temperature well below the phase transition
temperature.

In Section [I.T] we describe the most basic and fundamental expression for the elastic energy
density stored by a nematic elastomer. We will refer to it throughout the following chapters. In
Section we introduce some mathematical tools and results which will be useful later on.

1.1. The classical BTW expression for the energy density

Fixing a reference orientation n, (e.g., the first basis vector of a given cartesian frame) and
focusing on the incompressible case, the expression for the energy density proposed by Bladon,
Terentjev and Warner [10} [69] stored by a monodomain nematic elastomer in the state (F,n) is

W, (F) = g [tr (LHTFTL,;T) - 3} . detF =1, (1.2)
where > 0 is a material parameter controlling the rubber energy scale (shear modulus) and
F = V7 is the gradient of the deformation 7 mapping a minimum energy configuration associated
with n, (chosen as reference configuration) into the current configuration. Note that the choice
of n, is arbitrary and, just as the choice of the reference configuration, is only a matter of
convenience. If there exists a distinguished orientation in the material, it is natural to use it as
a reference one. This is the case, e.g., when treating anisotropic nematic elastomers [32].

Following [29), [30] (see also the discussion in [32] Section 3]), we choose as reference configu-
ration a minimum energy configuration associated with the high—temperature isotropic state, see
Figure [[LT1

\m

FIGURE 1.1. Schematic diagram illustrating two possible choices of reference
configuration (the one for y and the other for 7).

Introducing the affine change of variables ¢, with Vg = Lér, we set
y=yogq,
where o denotes the composition of the maps 7 and ¢, and let F' := Vy. We have
F=FL,? (1.3)
and we can rewrite energy ([L2)) as

Wa(F) =5 [t (FTL;'F) =3],  detF =1. (1.4)
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Throughout our discussion we will refer to (I4) as to the BTW model. We remark that the
energies W,, and W,,, which are related to each other by W, (F) = W, (F), in view of (3], are
entirely oblivious to the reference orientation n,. They describe a material for which there exist
no distinguished material directions, namely, an isotropic material. In fact, we have that

WL(FQ) =W, (F), for every @ € SO(3),

for every n € S2. Note that, in checking the isotropy of W,,, we have not applied @ to n. This is
because, considering W, (F') as a function of n, this variable should be interpreted as a Eulerian
variable. This is not the case for n, in formula (LC2): to check that (2 governs an isotropic
material, we have to show that expression (L2)) does not change if we replace F' and n, with FQ
and @Qn,, respectively, because n, in (2] represents a Lagrangian variable.

While W, is the energy density modeling the mechanic response of nematic elastomers when
n is maintained fixed (e.g., by an applied electric field), the energy density W we are going to
introduce models the so called purely mechanical response, that is the mechanical response when
the system is free to adjust n at fixed F. Following the notation 0 < A1(F) < Xo(F) < A3(F)
for the ordered singular values of F' (so that \?(F) < A3(F) < M\3(F) are the ordered eigenvalues
of FFT), we consider

W(F) = min W, (F)
N[l B ETL ) R E) 0

We set W, (F) = W(F) = o0, if det F' # 1. The expression in (L) can be obtained observing
that

min tr (FT'L,'F) = min(FF").L,!
nes? nes?
= miSn2(FFT)- [a_%n®n +as(I— n®n)}
ne
1
= a3 min(FFT). [1 + (— - 1) n®n]
nes? a
1
= 4% min {tr(FFT) + (— - 1) (FFTn)n] . (1.6)
nes? a

Since @ > 1, the minimum in (LG) is attained when n is an eigenvector of FF” corresponding to
its maximum eigenvalue A\3(F) , so that

1
min tr (F7L;'F) = as [tr (FFT) + (— - 1) A§(F)] :
nesS? a

From this equivalence, expression (L)) follows.
PROPOSITION 1.1. Considering W,, and W defined by (1) and (I3), respectively, we have
that
(i) Wy, >0 and W, (F) =0 if and only if FFT = L,,;
(ii)) W >0 and W(F) = 0 if and only if FFT = L, for some n € S2.
Note that, by left polar decomposition, the condition FFT = L, for some F € Lin*(3) is
equivalent to
1
F=U,R forsome R € SO(3), where U,, == L2.

Moreover, Proposition [T (ii) tells us that W attains its minimum value zero on the set of energy
wells

% = |J {U.R : Re SOB3)} = {QU:R : Q,R € SO(3)}, (1.7)

nes?

where 71 is some fixed unit vector. Equivalently, F' € % if and only if A(F) = {a% ,a"%,a %}.
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_1 1
PROOF. Denoting by vy, v5 and v3 the (positive) eigenvalues of L, > FFT L, ?, the standard
inequality between geometric and arithmetic mean gives

r(FTLYF) = Zyk >3 (H yk> 3 [det(FL, 1F)ﬁ =3, (1.8)

where we have also used the fact that det F' = det L;' = 1. Note the equality holds in (L) if
and only if 1 = vy = v3 = 1, that is FT L' F = I. This concludes the proof of (i). Property (ii)
trivially follows from (i), from the definition of W, and from the fact that, for every m € S? and
R € S0O(3), W(RU,,) := min,,cg2 W, (RU,,) = 0. O

1.2. Mathematical tools
In this section we introduce some mathematical tools which will be useful in our treatment.

1.2.1. Notions of convexity. The variational problems arising in the study of nematic
elastomers are vectorial problems of the multi—-dimensional calculus of variations, whose funda-
mental convexity condition is quasiconvexity. Together with quasiconvexity, in Chapters2 4l and
Bl the following notions of convexity will be useful. For completeness, we start with the definition
of convexity. For this notion, as well as for the following ones, we allow the functions to take the
value 4o0: this is standard, when one is interested in applications to elasticity.

DEFINITION 1.2. A function f: M"™*™ — R U {400} is convex if
FOA+ (1 —=XN)B) <Af(A)+ (1 —=Nf(B), foreveryXel0,1], A, B €M™ ™. (1.9)

In passing, we recall that for a function f : M™*" — R U {—o0} U {4+00} the convexity
condition is (C9) adding more f(A), f(B) < +oc.

DEFINITION 1.3. A function f : M"™*™ — R U {+o0} is polyconvex if there exists a conver
function g which depends on the vector M(F) of all minors of F such that f(F) = g(M(F)).

In particular, if m = n = 2, then f(F) = g(F,det F) with g defined in R® and, in the case
m=mn=3, f(F) = g(F,cof F,det F) with g defined in R'?.
DEFINITION 1.4. Let f : M™*" — R U {+o0} be Borel measurable and bounded below. The

function f is called quasiconvex if

f(F |Q|/fF+V<p) (1.10)

for every bounded open set @ C R™ with |0 = 0, for every F € M™*"™ and every ¢ € Wol’oo(Q; R™).

Suppose that ([I0) holds for some nonempty bounded open set @ C R™, for some F € M"™*™
and for every ¢ € Wol’OO(Q; R™). Suppose further that

f(F) < 0.

Then, for any other bounded open set ' C R", there exist £ € R™ and € > 0 such that
&+ Q' C Q. Therefore, it follows from (IZI0) that for every o € W, ™ (V; R™)

) < [ p(Feve(T5E) e i\ G el 1)
and in turn that )
@) < [ JF+ Vo)

Note that this argument fails when f(F) = +oo. Nevertheless, we have the following proposition
whose proof is based on a Vitali covering argument and can be found in [7].

ProposiTION 1.5. If ([LIQ) holds for some nonempty bounded open set Q C R™, for every
F e M™*"  and every ¢ € W&’W(Q;Rm), then f is quasiconver.
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In Section[[.Z2and in Chapter 2lwe will deal also with the following variant of quasiconvexity.

DEFINITION 1.6. Let f: Sym(n) — RU {400} be Borel measurable and bounded below. The
function f is quasiconvex on linear strains if

f(E)sﬁ [ $(5+ ele))da

for every bounded open set Q C R™ with |02 = 0, for every E € Sym(n), and every p € WOI’OO(Q; R™).

Here, e(p) := sym(Vp) is the linear strain. Observe that f is quasiconvex on linear strains
if its extension F' +— f(symF) to all of M"*™ is quasiconvex. Conversely, if f is quasiconvex, this
does not imply in general that f restricted to Sym(n) is quasiconvex on linear strains.

DEFINITION 1.7. A function f: M™*™ — R U {400} is rank—one convex if
FOA+ (1 =N)B) <Af(A) + (1 =N f(B), (1.11)
for every A € [0,1] and every A, B € M™*" such that rank (A — B) < 1.

Equivalently, f is rank—one convex if the function ¢t — f(F + tR) is convex for every F,
R € M™*™ such that rank R = 1.

If f : M™*"™ — RU{+oc0}, polyconvexity implies both quasiconvexity and rank—one convexity,
but quasiconvexity does not imply rank—one convexity. If we restrict our attention to the case of
real valued functions, then

f convex = f polyconvex = f quasiconvex = f rank-one convex

(see [20]).

The polyconvexr envelope of f is the largest polyconvex function less than or equal to f.
The quasiconvex envelope, the quasiconver envelope on linear strains, and the rank—-one convex
envelope of [ are defined analogously and denoted by f?¢, f2°¢ and f"¢, respectively.

The macroscopic response of nematic elastomers is governed by the quasiconvex envolope
W of the free energy density W of the system. This is true in general for materials displaying
fine internal structures.

The polyconvexr hull KP¢, the quasiconver hull K¢ and the rank—one convexr hull K¢ of
a compact set K C M™*" are defined by duality with polyconvex, quasiconvex, and rank—one
convex functions, respectively, in the following way:

KP¢ .= {F e M™*": f(F) < sup f(Q) for every f: M™*" = R polyconvex},
GeK

K9 = {F e M™*": f(F) < sup f(G) for every f: M"™*" = R quasiconvex} , (1.12)
GeK

K™ := {F eM™*" . f(F) < sup f(QG) for every f: M"™*"™ — R rank—one convex} .
GeK

The last type of convexity we introduce is defined set—theoretically and will be crucial later.
DEFINITION 1.8. A set K C M™*" js lamination convex if
(I1-MNA+ABeK
for every A € [0,1] and every A, B € K such that rank(A — B) < 1.

The lamination convex hull K'¢ is defined as the smallest lamination convex set which contains
K. The following characterization of the lamination convex hull will be very useful. It states that
the lamination convex hull can be obtained by successively adding rank—one segments.

PROPOSITION 1.9. For every K C M™*"™  we have that
ch — U Ki,
i
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where K° := K and
KT :={(1-XNA+AB : A,Be K', A€ [0,1], rank(A — B) = 1}.
Moreover, if K is open, then the sets K'’s are open.

For the proof of this proposition, see [52]. For sake of completeness, we recall the following
alternative characterization of K'¢.

ProposITION 1.10. For every K € M™*™,

Kle = {F e M™*™ . f(F) < sup f(G) for every f: M™*" — RU {+occ} rank-one com)ex}.
GeE
(1.13)

Note that this characterization is obtained by allowing all RU{+o0} valued rank—one convex
functions in the definition of K.

PROOF. Let us call K the set on the right-hand side of (LI3). We want to prove that
K'* = K. Note that K is lamination convex. Indeed, if A, B € K are such that rank (4 — B) < 1
and f: M™*" — RU {400} is rank—one convex, then, by definition of K,

fAA+ (1 =X)B) <Af(A) + (1= N)f(B) < ételg(f(G),

and in turn AA 4 (1 — \)B € K. Since K C K, by definition of K'® we have K C K. On the
other hand, let us consider the function f : M™*™ — [0, co| defined by

i lc
f(F)::{ 0 if Fe Kl

oo otherwise.
We have that f is rank—one convex. To see this, consider A, B € M"™*™ such that rank (A—B) < 1
and \ € [0,1]. If f(A) = oo or f(B) = oo, then ([ILT)) is trivially satisfied. Otherwise, by definition
of f, we have that A, B € K and f(A) = f(B) = 0. Thus, f(AM + (1 — A\)B) < 0, because
M+ (1—-\)B € K'. Hence, if F € K, by definition of K we have that f(F) < supgeg f(G) =0
and therefore F' € K'¢. This concludes the proof. (I

Definitions (LI2]), characterization (LI3), and the relations between the different notions of
convexity imply the inclusions

l
KCgKTCquCngC,

for every compact K C M™*"™,

The next example, which was found independently by several authors (see, e.g., [64]) il-
lustrates the difference between lamination convexity (which is defined set—theoretically) and
rank-one convexity (which is defined by duality with functions). Let K be the subset of the
diagonal matrices in M2*?2 given by

K :={A1, Az, A3, Ay}, (1.14)

where

10 3 0 -1 0 -3 0
a8 ) (g O) (%) a5 )

It turns out that K¢ is strictly contained in K. Indeed, since K does not contain rank-
one connections, we have that K'© = K. We can check that K C K (and therefore that
K'® = K), also using the functional characterization (LI3): it is enough to consider the function
[ M2%2 — [0, 00] defined by

0 if Felk,

oo otherwise.

)=
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This is a rank—one function. To check this, we can equivalently prove that the function ¢ —
f(A+tR) is convex for every A, R € M?*? such that rank R = 1. This function is clearly
nonconvex iff

A+t R=A; and A+tiR=A; for some ¢ # j. (1.15)

But (LI5) is not possible, because it implies rank (4; — A;) = 1, which is not true. Thus, if
F € K'°, then f(F) < supgex f(G) = 0 and therefore F € K.

On the other hand, if F; ; are the matrices’ coordinates, we have that K" contains the square
Q :={|F11] < 1,|Fa2] <1} and the segments [Ag, Ji], for k =1, ...,4, where

1 0 1 0 -1 0 -1 0
n=(o ) =g 5) m=( L) a0 Y)

are the vertexes of Q. To see this, let f : M?*2 — R be rank-one convex. From the definition
of K", we have to check that f(F') < supy f, for every F' € QU U,_;  4[Ax, Ji]. Note that if
supy f = oo there is nothing to prove and that, up to consider f — supy f, we can suppose that
supy f < 0 and then prove that

f(F) <0, for every F' € QU U [Ak, Ji]-
k=1,...,4

Since f is convex along all the lines parallel to [J1, J2] and those parallel to [J2, J3], it must
attain its maximum over ) in one of its vertex, say J;. If we prove that f(J;) < 0, we are done.
Note that [Jq, J2] C [Ay, Jo]. If f(J1) > 0, then convexity along [A4, Jo] yields the contradiction

f(J2) > f(J1).

1.2.2. Two known results from I'-convergence theory. In this section we collect two
already established I'-convergence results which are fundamental for the rest part of our discus-
sion. Even if their statements are not written in terms of I'-convergence, it is clear that their
proofs require ['-convergence as well as compactness arguments. Both of them take into account
energy densities of the form W(x, F), with (z, F) € QxM"*™. For simplicity, we present such
results in the homogeneous case where W does not depend on .

Consider an elastic body occupying a reference configuration 2 C R", with n > 2, subject
to some deformation v : Q — R™. Assuming that the body is homogeneous and hyperelastic, the
stored energy can be written as

/Q W(Vv)dz,

where Vv is the deformation gradient, and the energy density W(F) > 0 is defined for every
F € M™ ™ and it is finite only for det F' > 0. Assume that the energy density W is minimized at
the value 0 by the identity matrix I, which amounts to saying that the reference configuration is
stress free. Assume also that W is frame indifferent, i.e., W(F) = W(RF) for every F' € M"*"
and every R in the space SO(n) of rotations.

Since the deformation v(z) = z is an equilibrium when no external loads are applied, we
expect that small external loads el(z) will produce deformations of the form v(z) = 2+ cu(x), so
that the total energy is given by

/W(I—i—EVu)dx —52/ ludz. (1.16)
Q Q

In the case Vu bounded, by Taylor-expanding W (I +eVu) around I and rescaling ((CI6) by 2,
we obtain in the limit ¢ — 0 the formula

1 DQW(I)[VU]de—/ ludz, (1.17)
2 Jo Q



20 1. MODELING OF NEMATIC ELASTOMERS

where D?W (I)[Vu]? is the second differential of W at I applied to the pair [Vu, Vu]. By frame
indifference, the first summand in (LI7)) depends only on the symmetric part e(u) of the dis-
placement gradient Vu, i.e.,

3 | oW = 5 [ DWne)ar

This functional is the linearized elastic energy associated with the displacement w.

This elementary derivation of linear elasticity requires only C? regularity of W near I, and
hence in a neighbourhood of SO(n), by frame indifference. However, it does not guarantee that
the minimizers of the most natural boundary value problems for (LI6]) converge to the minimizer
of the corresponding problems for the limit functional (LIT), as example (LIZ) shows.

Convergence of minimizers has been established by Dal Maso, Negri and Percivale [26] in the
framework of I'-convergence, under the assumption

W(F) > Cd*(F,50(n)),  for every F € M"*". (1.18)

More precisely, let 2 be a bounded domain with Lipschitz boundary and let 02 be a closed
subset of dp€ such that "~ (9pQ) > 0. Fixed h € WH>(Q;R™), let H 5 ¢ denote the
closure in H'(Q;R") of the space of functions u € W1 (Q;R") such that u = h on 9p(?, and let
& HY(;R") — R be a continuous linear operator. Define 4., 4 : H'(Q;R") — (—o0, 00| by

Y. (u) := E%/QW(InLEVu)dz — Z(u) and Y(u / D*W u)lde — £ (u),

if ue H}, 5 o, and by 4. (u) = ¥ (u) = 400 otherwise in H'(Q;R™).
The main result in [26] is the following theorem.

THEOREM 1.11. Let W : M"*"™ — [0, 00] be Z-measurable, where A is the o—algebra of the
Borel measurable subsets of M"*™. Suppose that W is frame indifferent, and of class C? in some
neighborhood of SO(n). Moreover, suppose that W =0 on SO(n) and that (II8) holds.

If {uc} satisfies

Ye(ue) = inf G +o0(1), (1.19)

9,9p Q2

then {u.} converges weakly in H*(;R™) to the (unique) solution of min ¥.
Hl

9,9p Q2

The following example shows that, if other energy wells are present, we might loose compact-
ness.

ExampLE 1.12. Consider Q := (=1,1)x(—1,1) and £ (u) := [, u - erdz, where e; := ((1))
Let w € Hi(Q;R?) be defined by

1 —
w(wy, r2) = ( max{o|x1|, |$2|}) ) (1,22) € R?.

Set w. := w/e and note that I + eVw,. takes only four values:

0 0 1 -1 2 0 1 1
e (00) me () me(20) me(2 1)

If W is an energy density such that W (F;) =0 for i = 1, ...,4, we have that

1 1
inf 4. <— / W(I + eVw.)dx — / wedr = —=||w||p1(or2).-
H(R?) € Q Q IS

If {uc} is a sequence satisfying (LI9), then
1
—g||w||L1(Q;1R2) +0(1) 2 |[uel[Lr(o;re),

and therefore {||uc||11(o;r2)} diverges.
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In [60] Schmidt extends the results of Dal Maso, Negri and Percivale allowing for a family
{W.} of stored energy densities where, for every € > 0 arbitrarily small, the set of the energy
wells of W, is of the form

U := SO(n)U;(e) U... U SO(n)Uy (), (1.20)

with
Ui(e) € Sym(n) and Ui(e) = I +eU; + o(e), (1.21)
for some U; € M"*" for every i = 1,...,k. These energies are important when modeling mate-
rials with different “variants”, i.e. preferred strains represented by the wells SO(n)U;(g). This
occurs, e.g., in the martensitic phase of shape memory alloys. In these cases the energies are
not quasiconvex and the materials tend to form microstructures in order to assume energetically

favorable configurations. As for [26], the intent of Schmidt is to understand the limit behaviour
of the functionals

8. (u) = éAWE(1+5vU)dx—g(u).

In order to derive a geometrically linear model in this multiple—well case, the energy wells have to
be sufficiently close to each other. This is why the small parameter €, in terms of which the typical
distance between the energy wells ([L20)) is measured, is introduced. Moreover, the physically
interesting regime is when the displacements scale with the same parameter €. Indeed, recalling
that v stands for a deformation, if Vv — I tends to 0 more slowly than e, then the corresponding
geometrically linear version would result trivialized into the case where Uy = ... = Uy = [ in
(CZI). On the other hand, if |[Vv — I| is much smaller than ¢, then one would effectively try to
linearize at one particular well and this would lead to a loss of compactness.

Let us specify in more details what are the assumptions on the family {W.}. For every e
arbitrarily small, the energy density W, : M"*"™ — [0, 00] is B—measurable, frame indifferent,
and C° in an e-independent neighborhood of SO(n). Moreover, W. = 0 on the set U., defined
in (L20), and

W.(F) > Cd*(F,U.).

Let us introduce V. : Sym(n) — R defined by
1
V.(E) = §W8(1+5E),

and suppose that V. (£) tends to the linear limit V(E), as € — 0, for every E' € Sym(n). Finally,
let us define &, & : Hy 5 o — (—00,00] by

é’(u):/ﬂ‘/(e(u))dx—f(u) and g(u):/vqce(e(u))dzfiﬂ(u), (1.22)

Q

where V9 is the quasiconvexification on linear strains of V' (see Subsection [[LZT]for a definition).
The main result in [60] is the following theorem.

THEOREM 1.13. Suppose that Vo — V on the compact subsets of Sym(n) and that there exists
a € R such that

V(E) < a(1+|E?), for every E € Sym(n). (1.23)
Then
lim inf & = inf &= min &
e=0H) 500 H%L,aDQ Hj, opQ

Moreover, if {u:} satisfies

then
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Furthermore, there exists a subsequence of {u.} which converges weakly in H'(Q;R™) to some
u € H} opq and u is a minimizer of &.

1.2.3. Rigidity estimates. In this section we recall some well known results from geometric
rigidity theory, which will be mainly employed in Chapter [l We begin by recalling the following
version of the crucial Korn’s inequality, for which we refer, e.g., to [63].

THEOREM 1.14. Let Q be a Lipschitz domain of R™®, T C 0 with " Y(T') > 0, and
1 <p < oo. Then there exists a constant C' > 0, depending on Q, I' and p, such that

llullwrr@rn) < C||€(u)||Lp(Q;Rn),
for every u € WHP(Q;R™) with trace null on T.

We recall also this version of Korn’s inequality: for every u € WhH2(Q;R") there emists
A € Skw(n) such that

/ |Vu — Adx < C/ le(u)|*d.
Q Q

This can be seen as the linear counterpart of the following inequality due to Friesecke, James
and S. Miiller [38], which is, in turn, a quantitative version of Liouville’s Theorem.

THEOREM 1.15. Let Q be a bounded Lipschitz domain of R™. There exists a constant C > 0,
depending on T', with the following property. For each v € W2(Q;R™) there is an associated
rotation R € SO(n) such that

/ Vo — R|?dx < C/ [d(Vv, SO(n))|*da.
O Q

To prove the compactness results of Chapter Bl we will need a variant of Theorem [[LTHl with
two exponents: Lemma[38 As for Theorem [T the proof of Lemma B8 hinges on the following
auxiliary truncation result.

PRrROPOSITION 1.16 (|38], Proposition A.1). Let Q be a bounded Lipschitz domain of R™, n,
m>1, and 1 < p < oo. There exists a constant C, depending on 2, m and p, with the following
property. For each v € WHP(;R™) and every A > 0, there exists V.€ W1 (Q; R™) such that

1) VV]lpe(@rm) < O,
) c ,
() zeQ: o) # V@) < o / VolPde,

{zeQ: |Vu(z)|>A}
(iil) ||V — VV||I£,J(Q;RM) <C / |Vo|Pda.
{zeQ: |Vu(z)|>A}

Conti, Dolzmann, and Miiller [19] have recently proved the following version of Theorem [[.TH]
with mixed growth conditions. This result was first stated without proof in [39]. We will use it
to prove strong convergence of minimizers in Section B.41

THEOREM 1.17. Let Q be a bounded Lipschitz domain of R™ and 1 < p1 < p2 < oco. There
exists C > 0, depending on Q, p1, and ps with the following property. For every v € Wbl with

d(Vv,S50(n)) = fi+ f2 ae imQ, and fi €Ll i=1,2,
there exist g; € LPi, i = 1,2, and a constant rotation R € SO(n) such that
Vv=R+ g1+ g2, a.e. in Q, with ||gi||LPi §C||fi||Lpi, 1 =1,2.



CHAPTER 2

From the nonlinear to the geometrically linear model via
['-convergence

In this chapter, we present the results of [3]. We consider two variational models which
describe the mechanical behavior of nematic elastomers either in the fully nonlinear regime or
in the framework of a geometrically linear theory. We show that there exists a sequence of
minimizers of suitable rescalings of the nonlinear functionals which converges to a minimizer of
the relaxed linearized functional. We focus on compressible nematic elastomers and therefore on
energy densities which are finite only in Lin™(3). We use the same notation W,, and W already
employed in Section [Tl for the incompressible model and consider the expression

W(F) = min W (F), F e M3*3, (2.1)
ne
where

3 (2.2)

M . A . .
W, (F):={ 3 [tr (FTL,'F) —3—2In(det )| + S(det F —1)* if F € Lin™(3),
e otherwise,

and L,, is defined as in (LI). This is a natural generalization of (I4)). Indeed, observe that for
det F =1 (22) reduces to (L4). Moreover, by Proposition 2:0] W attains its minimum value zero
on the set %, defined in (7)), which is the set of the wells of energy (LH). The term in square
brackets in (22)) is motivated by Flory’s work on polymer elasticity [36]. The presence of the
term %(det F —1)? guarantees that the Taylor expansion at order two coincides with isotropic
linear elasticity with two independent natural parameters (shear modulus and bulk modulus, see
[2I4) below).

In Section 2] we present the linearized version of (ZI)—(22) on the basis of Taylor expansion,
in the spirit of [32]. Then, in Section we provide a justification, via I'-convergence, of the
linearized theory, and of its relaxation obtained in [I2]. In Section we use the same approach
of Sections 2Tl and and deal with another compressible energy density.

2.1. The geometrically linear version of the BTW model

Let us explain why we are interested in a geometrically linear theory for nematic elastomers.
In spite of its obvious limitations (see, e.g., [8]), the geometrically linear theory is a valuable
conceptual tool in the study of phase transforming materials: it is simpler and familiar to a larger
group of users, the resulting energy landscape has an easier geometric structure, and rigorous and
more complete mathematical results are available for it [12, [14]. Furthermore, the linear theory
is suitable for the exploration of new model extensions taking into account, e.g., the effects of
applied electric fields (see, e.g., [40]).

In order to obtain the geometrically linear approximation of energy (22l), we consider the

small strain regime |Vu| = e, where u is the displacement associated with the deformation y
through y(x) =  + u(x), and matrices L,, that scale with ¢ as
Ly =0+e¢)*n@n+1+e) (I -nen). (2.3)

This scaling is necessary to ensure that the stress—free strains described by the tensors L,, .’s are
reachable within a small strain theory (see the discussion in Subsection [[22] and [32] Appendix

23
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B.1]). With the notation introduced in Section [Tl for L,,, based on the material parameter a,
we have that a3 = 1 + . By expanding 23) in e around 0, we obtain

Lp.=1I+¢L,+o(e), with L,:=3 (n ®n— %1) : (2.4)
Similarly, from
Upe =Lic=(1+em@n+(l+e) I -non), (2.5)
we have that
Upe=1+¢U, +o(e), with U, = %Ln (2.6)
Now, we define
W.(F) = min Wi e(F), F e M3*3, (2.7)

where W, . is given by (2.2) with L, . in place of L, that is

H Tr—17\ o é 2 S
W o(F) =4 3 [tr (F"L, LF) — 3 —2In(det F)] + 5 (det F —1)° if F' € Lin™(3), (2.8)
00 otherwise.
Also, we have that W, .(F) = VNV,LE(FFT), for every F € Lin™*(3), where
= A
We(B) = % [B-L,!—3-Indet B)] + S(Vdet B-1)>, B e Psym(3). (2.9)

PROPOSITION 2.1. In the small strain regime |Vu| = &, we have that, modulo terms of order
higher than two in €,

2

Wiy e(I+Vu)=p ‘[e(u)]d —eU,| + g(tr Vu)?, (2.10)

where U, is the traceless matriz defined in (Z8) and k = X + 2.

We can recognize in (ZI0) the formula for the energy in the small deformations regime
obtained in [32].

PROOF. In order to derive (ZI0), let us define for every E € Sym(3) the linear limit

R )
:;g%gww (I +¢cE)?).

1
Va(B) = lim W, (I +<E)

e—0 £2

Since VNV,LE is minimized by L,, . at the value 0 (see Proposition[2Z3]), the linear term of the Taylor
expansion vanishes and we have

N N R
Va(B) = lim — {§D2Wn,g(Ln,g)[(I +eE)? — Lp)* +o(|(I+¢eE)? - Lw|2)}
1 - N - R
= §D2Wn,0(1)[2E - Ln]2 = 2D2Wn,0(1>[E o Un]27 (211)

where the last two equalities are obtained using (24)—(2.6]). Simple calculations give
5 A
DW, «(B)[H] = g[H L, —B "-H]+ 5 (Vdet B — 1)Vdet BB T . H,
and in turn

. A
D2W, (L) [H]? = %tr(L;}EH)? + (L, L), (2.12)

for every B € Psym(3) and H € Sym(3). Thus, from (ZII) and (2I2) we have that

~ A o
Vi(E) = %tr(2E — L)’ + G0’ (2B — L)

= ptr(E—U,)%+ Me2(E - T,), (2.13)
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where in the second identity we used the fact that i/n = QUn. Since Un is traceless, we prefer to
write the first summand in (ZI3) in terms of the deviatoric part E4. Thus, since

N A 1
|E— U, =|Eq— Un|* + g(trE)Q,

setting k = \ + %u we obtain that

- k
Vi(E) = u|Ey — Un|? + §(tr E)?, for every E € Sym(3). (2.14)
Note that
N 3 1
U, = 3 (n ®@n — §I) , for every n € S2. (2.15)

It remains to observe that, since W, . (F) can be expressed in terms of FFT (through W, ), it
turns out that

1 1
lim =W, (I +eM)= lim W, (I +esymM)=:V,(symM),

e—0t € e—0t €

for every M € M3*3. In particular, we have that, modulo terms of order higher than two,

Vu Vu e(u)
€ I — | =& n T~ =¢? n .
W, ( “w) = (Sym(w)) =V (IWI)

Thus, considering Vu with the proper scale |Vu| = ¢ and using (ZI4), we obtain (Z.I0). O

REMARK 2.2. Note that the incompressible version of the large and small strain theories
can be obtained by considering the formal limit A\ — +o0 and k¥ — +oo in (22) and in ZI0),
respectively: in the large strain regime we obtain energy (L)), and in the small strain regime we

obtain
2

Whe(I 4+ Vu) = ple(u) —elU,| , divu =0,
or, equivalently, the linear limit
L2
ValB) = |E-Tn|", B e Symo).

Now, let us consider the smallest energy density achievable by the system, in the small strain
regime, if it is allowed to freely adjust n, at fixed E' € Sym(3). Recalling that pq(F) < p2(E) <
us(E) are the ordered eigenvalues of E, this is given by

. k
V(E) := min V,,(E) = 1 min |Eq — Uyn)? + §(tr E)? (2.16)
ne

(m(E) + %)2 + (MQ(E) + %)2 +(us(B) — 1% + (g - %) (tr B)2. (2.17)

Expression (2I7) can be obtained by considering that

min [Eq— U2 = min (|Ed|2 9B, U, + |Un|2)
nes?2 nes?2

1 3
o 2 1 2 _ . o
= miy (|E| 3(trE) 3(En) -n+trE+ 2) .

Since the minimum in the last expression is attained when n is an eigenvector corresponding to
the maximum eigenvalue ps(E) of E, we have

. ~ 3 1
o |Ea—Unl® = [EP + [p1(E) + p2(B) — 2u3(E)] + 5~ §(trE)2

- <u1(E)+%)2+<M2(E)+%)2+(u3(E)1)2%(trE)Q,

and in turn (ZI7).
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The following remark will be useful in Chapter

REMARK 2.3. Moving from the three dimensional case to the two dimensional case, we con-
sider the nematic director

L, :=an@n+a (I —n®n), ne St
where a > 1. In the small strain regime a = (1 +¢)?, we define
Lpe:=(1+¢)*n@n+ (1+¢)%(I —n@n), ne St
and

A
Wh.e(F) = g [tr (FTL,LF) — 2 — 2In(det F)] + §(detF — 1),  Fe Lin™(2).

From Proposition we have that W, . is nonnegative and that W, .(F) = 0 if and only if
FFT = L, .. In this case, the linear limit V,(E) := lim._o E%Wn,a(l + eF) has the expression
Vo(E) = p|Eg — Un|2 + gtr ’E, for every E € Sym(2),

where now k = A + u, and

Uy :=2n@n — I, for every n € S*. (2.18)
In Chapter il we will consider the incompressible version

Vo(E) = p|E—U,?,  E e Symo(2). (2.19)
In this case, we set V,,(E) = 400 for every E € Sym(2) such that tr E # 0.

2.2. Justification of the geometrically linear theory via I'-convergence

To present the following theorem, let us introduce some notation. Let Q C R? be a bounded
Lipschitz domain, 0p§2 a subset of 9Q with positive surface measure, h € W1 >°(Q, R?) some
boundary data, and . : H'(£2,R?) — R a continuous linear operator representing the work of
the loads. Moreover, let Hilz,BDQ be the closure of the set {v € Wh*(Q;R3) : v = h on dpQ} in
H'(;R3). Considering the energy W, defined by [Z.7)— (23], we introduce the energy functionals
&. and & defined on H'(Q; R?) as

1
E/WE(IJrEVu)d:c—Z(u) if ue H 5 o
= Q ’

&e(u)
400 otherwise,
_ i 1
) = {fQV(e(u))dm Z(w) i ue H) o, (2.20)
400 otherwise,

where the function V : Sym(3) — R is given by ([ZI8). In what follows, & is the relaxation of &
in the weak sequential (briefly, w. s.) topology of H?, that is

& :=sup{.F : Z is H(Q,R®)-w. s. lower semicontinuous, .# < &}.

THEOREM 2.4. We have that

lim inf & = inf &= min &, (2.21)
€0 Hrll,aDn Hy, apQ Hrll,aDn
with
Pl = JoVeee(e(u))de — L (u) ifue H,;BDQ, (2.22)
+00 otherwise.

Here, VI s given by

k
Vie(R) = Ménig |Ey — Q* + §tr2E, for every E € Sym(3), (2.23)
€
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where k = X\ + %u and
1
2= {M € Symo(3) with eigenvalues in [—5, 1} } . (2.24)

Moreover, if {u.} is a sequence of “almost minimizers” for {&:}, which means

éag(ug) = Hllnf (9@8 + 0(1),

h,0pQ
then {u:} is also a minimizing sequence for &, that is

&11_% E(ue) = )%I;ig & (2.25)
Furthermore, there exists a subsequence of {u.} which converges weakly in H'(Q;R?) to some
ue Hy 5 o andu is a minimizer of &.

We remark that V9°¢ is the quasiconvex envelope on linear strains of V' (see Definition [[6).
Expressions (216) and (2:23]) show that the parameters p and k have the physical meaning of a
shear modulus and a bulk modulus, respectively.

REMARK 2.5. In the engineering literature, it is customary to write small strain theories
using the leading order term of the deviation of the strain from the identity. In other words, one
considers F' = I + Vw + o(e), where |Vw| = ¢, and then writes the energy as a function of w.
This energy is related to (Z20) by a simple scaling (see Proposition [2Z]]), so that, modulo terms
of order higher than two in ¢,

s - [ {umgl (el — Eo(m) + & (o wf} ds — L (w), (2.26)
where
Eoy(n) = gs (n@n— %I) .

The corresponding relaxation is

Fw) = / {u min |(e(w))a — £QI% + = (tx Vw>2} dr — 2 (w).
Q Qe2 2

This relaxed functional may prove very useful to set up effective numerical schemes in applications

where one is interested in the behaviour of global energy minimizers, similarly to what has been

done in [16} [17]. When, instead, local minimizers or dynamics are studied (see, e.g., [13] and

[40]), (Z28]) describes the correct energetics.

Our result is an application of the abstract theory developed by Schmidt in [60], where
linearized theories are derived from nonlinear elasticity theory for multi—-well energies, via I'—
convergence. We have presented the main result of [60] in Section 2l We refer the reader to that
section for some details which are implicit in the following discussion as well as in the remaining
part of this chapter. One class of energy densities to which Schmidt’s result applies is of the form

W (F) = -Pllinkwivf(F)’ (2.27)
where, for i = 1, ..., k, the function W, . is a frame indifferent single-well energy minimized and
equal to zero on SO(N)U; .. Here, U; . € Sym(N) is of the form U;(e) = I 4 eU; + o(e) and

W; . (F) > Cd*(F,SO(N)U;..).

The linear limit of W, is
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where A; := lim._,o D*W, ;(U;(¢)). The double-well case k = 2 with A; = A, is of particular
interest since, in this case, an explicit formula for the quasiconvex envelope of V is available

147, 56].

Now, the family of energy densities {W.} that we consider (see 27)—(Z8])) can be viewed
as an infinite-dimensional analogue of (Z27). To handle this case, an extension of the theory for
energy densities with wells which vary on a compact is required. For this purpose, we generalize
Schmidt’s Theorem to the following class of “admissible” energy densities.

DEFINITION 2.6. We say that {W.} is an admissible family of energy densities if, for every
e arbitrarily small, the following properties are satisfied:
(i) We : MN*N 10, +00] is frame indifferent;
(i) We is minimized at the value 0 on SO(N)%., where
U ={U e Sym(N) : U=1I+eU+ole), Ue .4}, (2.28)
and M is a compact in MN*N ;
(i11) W is measurable and continuous in an e—independent neighbourhood of I;
(iv) there exists a constant C' not depending on € and F such that

W.(F) > Cd*(F,SO(N)%.), for every F € MN*N, (2.29)

The generalization of Theorem to this class of energies does not require any change in

its proof. In fact, for such a proof, it is sufficient that W, satisfies (i), (iii), and
W.(F) > cd*(F,SO(N)) — Ce?,
for some ¢, C' > 0, see [60, Remark 2.9]. Observe that this condition is implied by (Z28) and
@29). Indeed, let
for some R € SO(N) and U = I 4 U + o(¢). Since U varies in the compact .#, we have that
|F — R| < |F — RU| + |U — I| < d(F, SO(N)%.) + Ke,
and therefore
d(F, SO(N)) < d(F, SO(N)Z.) + Ke,

for some constant K > 0 and every € > 0 small enough.
We now move to the specific energies for nematic elastomers and focus on the three—dimensional
case N = 3. Let us introduce the set

U :={Upne : n€S*}, (2.30)
where U, . is defined in [Z). From (1) it is clear that %4 is a class of type [22]).

ProOF OoF THEOREM [2.4] To apply Theorem[L.I3lin the generalized version discussed above,
we have first to check that {IV.} is an admissible family of energy densities in the sense of Defi-
nition [Z6l Conditions (i) and (iii) trivially hold. To prove (ii), note that, if det F > 0, then

A
W(F) = SFP(FFT) + 5 (det F — 1),

where fP is defined as in ([Z5]) (specialized to dimension 3). By Proposition[Z3] this is minimal
at the value 0 on SO(3)%.. Also, observe that SO(3)%. = %.SO(3). To prove (iv), we restrict
the attention to the non trivial case det F' > 0 and look separately at three regimes: the case
F far from SO(3), the case F' close to SO(3) and the intermediate regime. Thus, we divide the
proof into three steps. In what follows, we use the standard convention and denote by C' a generic
positive constant whose exact value may change from line to line.

Step 1. We prove that there exist a > 0 and C7 > 0 such that, for every ¢ small enough,

if d(F,SO(3)) <a, then W.(F)> Cid*(F,SO(3)%.).
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We can write W, .(F) = Wn,g(FFT), where V~Vn7€ is defined on Psym(3) as in (Z0). Let
d(F,S0(3)) < a, with a > 0 to be chosen later. Then |[FFT — I| < o® + 2a and FFT be-
longs to the closed ball centered in L, . and with radius 2a? + 4a, for every ¢ small enough.
Thus, for a small enough, we can expand VNV,LE around L,, . and obtain

- 1 -
W(FFT) = 5D?WH,E(LW)[FFT — Lnc* + Ra, (2.31)
where

|Ra| < Col FF' — Ly o |?, (2.32)

for a certain positive constant C,,, which depends on « but not on € and n. From (ZI2) we note

that

D2W,, (Ly 2)[H]? > gtr(L;}EHf > %|H|2, (2.33)

for every n € S?, H € Sym(3), and every e sufficiently small. Thus, from Z31), Z32) and
@33)) it turns out that

Woe(F) > %|FFT — Lpe? + Ra

8C,
> BppT —p, .2 (1 _ e ppT - LM|) ,

8 k) l,[, k)
for every € small enough. Now, it is possible to choose a > 0 such that the parenthesis in the last
inequality is arbitrarily close to one and hence

Wy o(F) > C|IFFT — L, .|*.
Therefore, since |v/G — VH| < C|G — H| for every G, H € Psym(3), if H is sufficiently near I,
then there exists a constant C; > 0, not depending on F', € and n, such that

Wye(F) > C1I[VFFT - U, |*.
Then, we can conclude by using the following inequalities:
W.(F) := min Wy.e(F) > Cy min \WVFFT — U, .|* > C1d*(F,SO(3)%.).
ne ne
Step 2. Let a be the constant found in the Step 1. We now show that there exists Co > 0 such
that, for every £ small enough,
if d(F,SO(3)) >«, then W.(F)>Cs.

Recall that, by polar decomposition, [VEFT — I| = d(F,SO(3)) (see [42 Ex. 7, p. 17] for more
details). Thus, if d(F,SO(3)) > «, using Lemma 211 with B = FFT and d = 3, there exists

d € (0,1) such that, if
det(FFT) e [1—6,1+ 6],

then f7,, > %2 for every e small enough and therefore
by 2
W.(F) = g St (FFT) + S(det F = 1) > % > 0.

On the other hand, if det(FFT) € R\ [1 — 6,1+ 6], then
A A
We(F) > 5 (det F — 1)? > o) min{1, %} > 0.
Step 3. Finally, we prove that there exists g large enough such that,
if d(F,SO(3)) > B, then W.(F)> Csd?*(F,SO(3)%.),

for some constant C5 > 0 and for every £ small enough.
By using Proposition ([28) with d = 3 and denoting by 0 < A; < Ay < A3 the ordered singular
values of F', we have that

W.(F) > g[u F)A2 A2+ (1+2)222 — 3 2In(MAos)].
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Therefore, since (1 +¢)72, (1 +¢) tend to 1 as ¢ tends to zero, we have that, for e small enough,

W.(F) > % [g —3- 1n(A1A2/\3)2} . (2.34)

By using the inequality between arithmetic and geometric mean, we obtain from (2.34])

FP g PP
[Py gy, I
2 3

F2
[% - 31n|F|2} ,

so that, if |F| is sufficiently large, we have that W.(F) > £|F|>. Thus, if § is large enough, we
have that

We(F) >

o N

>

W.(F) > C|FFT -1, (2.35)

for a certain constant C' > 0. Now, observe that

3 3
WFFT 12 =Y "(A\i = 1)7 < ,[3> (M = 1)2+6 = V3|FF" —I| +6. (2.36)

i=1 i=1

Thus, if ¢ is small enough, from (2:6) and ([2:36]) we have that
—|\/ —Unel* < |[VFFT—IP+|I-U,.|?

< VBIFFT —I| 46+ |eU, + o(e)|?
cB
< V3|FFT — 1|4+ 7=
< V3 |+ ke
< <f+7 >|FFT 1], (2.37)

for every n € S2. From (Z37) and (Z37), by choosing 3 > 0 sufficiently large, we can conclude
that there exists C's > 0 such that for every € > 0 small enough

( >>03|V Un€|2

and in turn

W.(F) > Csd*(F, SO(3)%.).
The quadratic growths established by Steps 1 and 3, together with the estimate in Step 2, show
that we can bound W, with a single function, growing with the square of the distance, so that

229)) holds.

In order to apply Theorem [[LT3] it remains to consider the linear limit

1 1
hr% E—W (I +¢eF) = lim min 2I/[/ms(] +eFE). (2.38)

e—=0nes2

Note that this limit coincides with the function V', given by (ZI6]), which defines the functional &
in (Z20). We have to check that the limit (Z:38) is uniform on the compact subsets of Sym(3) and
that V satisfies growth condition (L23]). Both these properties are trivially satisfied, in view of
the expressions of the functions W, . and V, and of the computations performed in the previous
section. Hence, Theorem [[13] directly gives ([221]), (Z25)), and the last sentence of our theorem.
Finally, the characterization 222)-(@24) of the relaxed functional & can be obtained by using
[12] Theorem 1] with v =1, 2 in place of 2, and the set

3 1\ ,
{§(n®n—§l) .neS}

of matrices in Symg(3) with eigenvalues 1, —;, , in place of 2p,. The proof of Theorem 2.4]
is thus concluded. O
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2.3. An alternative model

It is natural to explore the small strain behavior of another class of model energies, discussed
in [32], and obtained from the BTW incompressible template (I4]), by a procedure which is quite
common in rubber elasticity and computational mechanics. This is based on the additive split of
the energy density into a distortional term (invariant under the transformation ' — oF, with «
a positive scalar), obtained from () by replacing F with (det F)~3 F, and a volumetric term
(which only depends on det F'). The resulting energy is of the form

Wi e(F) = min Wine(F), F e M3*3 (2.39)
nes?

(2.40)

)Tty

K -2 Tr—1 _§ E 2 I
Wi o (F) = 2(detF) str(F7 L, F) 2u—|— 2(detF 1) if F € Lin™(3),
400 otherwise,

and L, . is given by Z3) for e > 0 and n € S?. W, . is again a natural generalization of (I4)
because it coincides with it for det F' = 1, it has the same set of energy wells

so@)w = |J {RLi. : Res0E)}
nesS?

as ([27) and the same behavior near the energy wells (same linear limit (2I6) or, equivalently,
same Taylor expansion at order two). However, Wi . violates the hypothesis of quadratic growth
with respect to d(F, SO(3)%:) (see Remark [Z]). Therefore, we cannot apply to it the abstract
theory of [60] and the characterization of the I'-limit of the functionals

Ere(u) = %/ Whe(I +eVu)dr — L (u) (2.41)
e Ja

requires an extension of Schmidt’s theory. Some results in this direction are given in [2] for the
single—well case. These results will be described in Chapter

While Schmidt’s theory does not apply to (Z39), it does apply to energies with quadratic
growth that are obtained from (239) by changing its functional form only for matrices F' such
that, simultaneously, d(F, SO(3)) and det F' are large. More in detail, we define, for 5 > 0,

WA(F) = {Wl,E(F) if either d(F, SO(3)) < or det F < B,

. (2.42)
Wy(F)  otherwise,

where Wy is any frame indifferent function of F' such that Wo(F) > Cd?(F, SO(3)%.) for some
constant C' > 0, whenever det F' > £ and d(F,SO(3)) > 8. W/ has the same set of energy
wells SO(3)%. of [E39), for every B > 0. Moreover, Wi . and W/ have the same linear limit
[214). Since the threshold § can be made arbitrarily large, (2.42]) modifies energy (2.39) only in a
regime in which |F'| and det F are very large. It is well known from rubber elasticity that, in such
extreme regimes, Neohookean—type energies such as (I4]), in which the energy depends linearly
on FFT, are unable to reproduce the experimentally observed behaviour. In fact, expression
(T4 is best regarded as a conceptual tool to explore the behaviour of nematic elastomers under
small applied forces, i.e., near the energy wells. The correction Ws in ([2.42)) can thus be seen as
a technical device with no mechanical significance, since it alters the values of the energy in a
regime of deformations where expression ([L4]), and hence [239), is no longer reliable.

Once the legitimacy of the correction ([Z42]) is accepted, again using [60] (generalized to the
admissible energy densities of Definition [Z0]) it is possible to compute the small strain I'-limit
of all energies of this type for every [ sufficiently large. It is implicit in the following theorem
that they all share the same I'-limit &, which is independent of 5. This is not surprising since,
looking at the proof of Theorem 2.4l it is clear that the important features of the energy densities
are their behavior near the energy wells (the only part which is involved in the computation of
the linear limit: this is given by (ZI0]), which is independent of ), and the quadratic growth.
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Let us follow the same notation of Section and define the energy functionals &7 on
HY(Q; R3) as

1
E/WE(I—FEVU)CLT—X(U) if ue Hy 5 0
Q

&P (u) := (2.43)

400 otherwise,

with W2 defined by (Z39), (240) and (Z42)) for 3 > 0.
THEOREM 2.7. We have that

lim inf éaf = inf &= min &,
1 1 1
E%OHh,BDQ Hh,BDQ H

where & and & are given by (Z20) and (Z23)-(2-29), respectively. Moreover, if {u.} is a sequence
of “almost minimizers” for {&2}, then {u.} is also a minimizing sequence for &. Furthermore,
there exists a subsequence of {u.} which converges weakly in H'(Q;R3) to some u € H}%anQ and

w is a minimizer of &.

PROOF OF THEOREM 271 Let us verify the admissibility of {W/} in the sense of Definition
It is clear that conditions (i) and (iii) hold. To prove (ii), consider the non trivial case
det F' > 0, and notice that, if d(F, SO(3)) > 8 and det F' > 3, WZ(F) is nonnegative, otherwise

€

k
WA (F) = ggOPt(FFT) + 5 (det F —1)%, (2.44)

where g2 is defined as in (250) with d = 3. By Proposition 210, expression (ZZ4) is minimal at
the value 0 on SO(3)%., where %. is defined in ([Z30). Next, we prove that (iv) holds for W, for
every [ large enough. More precisely, we want to prove that for every § sufficiently large there
exists a constant Cz > 0 such that WA (F) > Csd?(f, SO(3)%.) for every F and every £ > 0
small enough. In view of the definition of W/ it is enough to prove that there exists 3; > 0 such
that, for every 8 > (1,

W(F) > Cad®(F, SOB3) %),
whenever d(F,SO(3)) < S or det F < 3, and ¢ > 0 is sufficiently small. We divide the proof of
this in the following three steps and restrict attention to the non-trivial case det F' > 0.
Step 1. We prove that there exist o > 0 and C; > 0 such that, for every ¢ small enough and for
every F € R3¥3,

if d(F,SO(3)) <a, then Wi (F)> Cyd*(F,SO(3)%).
This can be shown as done in Step 1 of the proof of Theorem 2.4t we use the expansion of V~V17mE
around Ly, ., where Wy ,, . is defined in @62) and W1, o(F) = Wy, .(FFT), and we use Lemma
to conclude.
Step 2. Let a be the constant found in the Step 1. We want to show that there exists Cy > 0
such that, for every e small enough,
if d(F,SO(3)) >, then W; (F)> Cs.

Again, the proof is the same of Step 2 of the proof of Theorem 4] by using Lemma 12| in place
of Lemma 2171
Step 3. Finally, we prove that there exists 8; large enough such that, for every g > 3y,

if d(F,SO(3))>p3 and detF <pj, then W;.(F)> Cgd*(F,SO(3)%.),
for every € small enough.

By using Proposition (ZI0) and denoting by 0 < A1 < Ay < A3 < the ordered singular values of
F', we have that

Wie(F) > B(det F) 303 + 231+ ) + 2501 +) 7]~ o
3
> SorlOE )T+ B+ - g
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Therefore, since (1 +¢)72, (1 +¢) tend to 1 as ¢ tends to zero, we have that, for e small enough,
H ry2 2 21 3 K T 3

w A4 A2 42 =L _|FFT| - 24 2.45

Le(F) 2 453[ sl = gH P | —35h (2.45)

Observe that 8 < |VFFT — I| < |FFT — I|. Thus, if ; is large enough, on one hand, from
Z43), we have that for every 8 > 34

Wi .(F) > Cs|FFT - I|; (2.46)
on the other hand, proceeding as in (236)—([Z3T), we obtain again that, for every e small enough,

1
SIVFFT — Une® < <f+7 ) \[FFT — 1], (2.47)

for every n € S2. From (Z46) and ZZ7) we can conclude that for every 8 > 3; and every € > 0
sufficiently small,

Wi .(F) > Cs|VFFT — U, .|?,

for a certain Cg > 0, from which
Wi.e(F) > Cpd?(F, SO(3)%).

The quadratic growths established by Steps 1 and 3, together with the estimate in Step 2, show
that we can bound W; . with a single function, growing with the square of the distance, in the
case d(F,S0O(3)) < B or det B < f5.

Now, let us compute the linear limit

1
V(E) = lim E—QWf(I +¢E),  E¢cSym(3).

It is clear that

V(E) = lim —W1 (I +¢E) = min lim —W1 me((I+eB)I +<E)T),

neS2e—0 g2

where Wy, - is defined as in Z62). Since W), . and its gradient vanish at L, ., we have, from

@4, that

V(E) = = min D*Wy . o(1)[2E — L,)>.

nes?
From (ZG0) and from the fact that L, = 2Un, it turns out that

N ~ k
V(E)=p Inisn2 |E —U,)* + <§ - %) tr’FE = V(E), for every E € Sym(3),
ne

where V' is given by (2.I6). This complete the proof, in view of Theorem [LT3 The characteri-
zation of & has been already established in the proof of Theorem [2.4] using the relaxation results

of [12]. O

We remark again that, even if the I'limits of ([2:43) are all the same, independent of 3, this
says nothing about the I'limit of ZZI). In fact, W) .(F) > Cd=(F,SO(3)%.) for |F| large
enough (as can be seen using Young’s inequality) and Wi . violates the hypothesis of quadratic
growth on M3*3 (see the following remark) required by Schmidt’s theory. Characterizing the
I-limit of (Z4I)), and establishing whether this coincides with the I'limit of (Z43) requires an
extension of Schmidt’s theory. These are interesting questions, and will be addressed in future
work.

REMARK 2.8. The function W1 . does not have a quadratic growth in d(F, SO(3)%.) in the

regime of large determinant and norm. By Proposition 210 we have that

Wi (F) = g(detF)*%[(A% +A)(1+e)+A(1+e) %] - gwr k(detF —1)%
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where \; = \;(F). More in general, consider an energy of the form
G.(F) = %(det F) 302+ 22)(1 4 ) + A2(1 +¢) %] + g(det F),

with g any scalar—valued function which goes to 400 as det F' — +00. We observe that G. cannot
satisty

G.(F) > Cd*(F,SO(3)%.) for every F € M>*3,
for a certain C' > 0 and for any ¢ small enough. Indeed, G. doesn’t satisfy this growth condition
if F' has both norm and determinant arbitrarily large.

In order to prove this, given a fixed arbitrary constant C' > 0, we have to show that for every
€ > 0 there exists ¢ < & and F € M3*3 such that

G.(F) < Cd*(F,SO(3)%.).

Consider
Ag(AN) (1 +¢) 0 0
1
= (A4e)” 2
r: 0 VIEY o
0 0 AMl+e) 2

with € < € and A € R to be chosen later. It turns out that
HFy-2 1422 1 2
F)y==X NN+ 55—+ A
Go(F) = A [0 + gy + 2] + a0
which behaves as )\2_§92(A) for A large. At the same time, when ¢ — 0,
2
1
d*(F, SO(3)%. AgN) =1+ [ —= -1 A=1)%
(F.503)2%) — (a) - 0+ (555 - 1) + (-1
Thus, for any § > 0, we can find € < € such that
2
d*(F,SO(3)%.) > (Ag(A) — 1)* + (— - 1> +(A—=1)2-4. (2.48)

Now, if we choose \ large enough such that

G:.(F)<C

(Ag(\) — 1)? + (L - 1)2 + (A —1)? —51 :

we can conclude from (2.48) that
G.(F) < Cd*(F,SO(3)%.),

as claimed.

2.4. Appendix: some results from tensor calculus

We recall that pp (M) < pe(M) < ... < pa(M) are the ordered eigenvalues of the matrix
M € Sym(d). The next proposition is a slight variant of [32] Proposition 1].

PROPOSITION 2.9. Let B € Psym(d), L € M and consider the scalar-valued function
f(B,L)=B-L"—d—In(det B). (2.49)

The following properties hold:
(i) for every L € Psym(d) with det L = 1, we have that

i B,L)= f(L,L) = 0;
Beg;;gl(d)f( )= f(L,L)
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(i) assume that L is of the form

Lnc=(1+e)n@n+(1+e) @I —n®n), (2.50)

for e > 0 and n belonging to the unitary sphere S=1. Then, for every B € Psym(d),
we have that

Spt(B) = nggi'iql f(Ba LH,E)
= (1+&)77 [trB — pa(B)] + (1 + &) 2puq(B) — d — In(det B); (2.51)
(iii) for every e >0,

fspt(B) =0

and this minimum is obtained by any matriz in Psym(d) whose largest eigenvalue is

min
BePsym(d)

(1+¢)? and whose other eigenvalues are all equal to (1 +¢)~ @

PROOF. To prove (i), let {by,...,bq} and {l1,...,l4} be the orthonormal bases of eigenvectors
of B, L € Psym(d), respectively. Then

B-L7' = <Zuz b®b> ZMJ D@1

d d
= D m(BN(EL Z Dbili)*.
ij=1 i1
Observe that the equality holds if and only if b;l; = 0 for all ¢ # j; thus, in order to minimize
f(-, L), we restrict our attention to the case in which both B and L are in diagonal form. Then,

by using the well-known inequality between arithmetic and geometric mean and the fact that
det L = 1, we have that

fB.L) = Zui(B)m(L‘l)*dfln(detB) (2.52)
> d(det BL™")7 — d — In(det B) (2.53)
= dy(a), (2.54)

where ¢(a) ;== a—1—Ina and o := (det B)4. Since ¢ > 0 and () = 0 if and only if v = 1, we

have, from Z52)-(@54), that f(B, L) = 0 if and only if p;(B)u;(L™Y) = p;(B)u;(L~1) for every
i,j €{1,...,d} and a = 1. These conditions are equivalent to

d
l=detBdet L7 = H,ui(B)ui(Lfl) = [ui(B)ui(Lfl)}d, for every i = 1,...,d,

which gives B = L.
To prove (ii), let us fix 2 € S4~! and observe that

Lyl = (1+¢)a [17(17(1+5)’%)ﬁ®ﬁ}.

Clearly,
c (B) = i B,RL; .RT
opt( ) REgESL(d)f( ’ s€ )’
thus
_2 . __2d_ N N
Wi(B) = (147 min B {1 - (1 ~(1+e) d—l) RA® Rn] — d— In(det B)

_2 . __2d_ ~ ~
= (4™ min [trB— (1—(1+g) C I)BRn-Rn} — d—In(det B).
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From the last equality we deduce that the minimum is attained when R maps n onto the maximum
eigenvalue of B and thus the thesis follows.
To prove (iii), observe that

. £ B — . . B Ln
BEII};LI}TLM) fopt( ) né%lﬁl BEJIDI;LI}n(d)f( s ,s)
= nggi;ll f(Ln,Ea Ln,e) = O,
where the last equality follows from (i). 0

We also use the following result, which we state without proof.
PROPOSITION 2.10. Let B € Psym(d), L € M*? and consider the scalar-valued function
g(B,L) = (det B)"4B-L™' —d. (2.55)
The following statements hold:
(i) for every L € Psym(d) with det L = 1, we have that

min B,L)=g(aL,L)=0, for every a > 0;
Bepsym(d)g( ) =9( ) f Y

(ii) assume that L = L, ., for some ¢ > 0 and n € S, where L, . is defined in (Z50).
Then, for every B € Psym(d), we have that

Gopr(B) = min g(B,Ln.c)

= (et B) 1 {(14 )70 [rB - \(B)] + (L +2) 2ua(B)} —d;  (256)

(iii) for every e >0,

i c (B)Y=0
pein o 9opt(B)

and this minimum is obtained by any matriz in Psym(d) whose largest eigenvalue is

a(l+¢)? and whose other eigenvalues are all equal to a1 + {—:)7(0’31) , for some a > 0.
We now collect some results from tensor calculus that we used in the Section and

LeEMMA 2.11. Let B € Psym(d) and suppose that |v/B — I| > a > 0. There ezists § € (0,1)
such that, if
det B e[l —46,1+ 4],

then, for every e small enough,
2

e (B)>%>O,

opt
where fgpt is the function defined in (221).
PROOF. From the expression of f5, given in point (ii) of Proposition 2.9} it is clear that for
a parameter 7 € (0,1) to be chosen and for every e small enough, we have that
fopt(B) >ntrB —d —In(det B). (2.57)
Now, if we write p; = p;(v/B), the hypothesis |[v/B — I|?> > a? becomes
d

> (wi—1)* > o’

i=1
Expanding the squares and using again the inequality between arithmetic and geometric mean,
we obtain

d d
trB:ZuZ2 > a2fd+22ui
i=1 i=1

> o — d+ 2d(det B)7a. (2.58)
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From (ZX1) and (235]) it descends that

F2.(B) > n [aQ — d + 2d(det B)%} — d— In(det B)

opt
> n[a27d+2d(175)ﬁ} —d—In(1+0):=K, (2.59)

where in the last inequality we are supposing det B to vary in [1 — §,1 4 §], with § € (0,1) a
parameter to be chosen. Finally, since the right hand side of [Z5J) tends to a? as n — 1~ and
§ — 0T, we can choose 7 sufficiently near 1 and § sufficiently near 0 such that K > %2 and the
thesis follows. O

LEMMA 2.12. Let B € Psym(d) and suppose that |v/B — I| > o > 0. There exists § € (0,1)
such that, if

det B €[l —4,1+ 4],

then, for every e small enough,

a?

oo(B) > &
where g5, is the function defined in (2:20).

PROOF. From the expression of g5 ,, we have that, for a parameter n € (0,1) to be chosen
and for any £ small enough,

92, (B) > n(det B)7trB — d. (2.60)

Now, as in the proof of Lemma 211 consider ZE8) (where p; = u;(v/B)), which descends from
the hypothesis. From (2.60) and (2.58) we obtain that

95 (B) > n(det B)™4 [oﬁ — d + 2d(det B)zﬂ —d
_n
(1t

where in the last inequality we are supposing det B to vary in [1 — §,1 4 §], with § € (0,1) a
parameter to be chosen. Since the right hand side of (261 tends to a? asn — 1~ and § — 07,
we can choose 7 sufficiently near 1 and ¢ sufficiently near 0 such that K > 0‘72 and the thesis
follows. O

o —d+2d(1—0)2| —d:=K, (2.61)
| }

LEMMA 2.13. Let i and k be two positive constants. For e > 0 and n € S2, let Wl,n,s be the
scalar—valued function which, to each B € Psym(3), gives the value

- k
Wine(B) = gg(B, Lno) + 5(\/det B - 1), (2.62)

where g and Ly, . are defined in (233) and (Z250), specialized to dimension 3, respectively. Then,
there exists a positive constant C' such that

D*Wi e (Lno)[S) > C|S|?
for every n € S%, S € Sym(3), and for every & small enough.

PROOF. For B € Psym(3), let hy(B) = (det B)~ 3B and hy(B) = (V/det B — 1)2. Then, for
every S € Sym(3), we have

Dhy(B)[S] = *%(detB)*%(Bfl .8)B + (det B)" 58,

and
Dhy(B)[S] = (det B — Vdet B)B~* - S.
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By some computations, we obtain:
1
D’hy(B)[S, H] = 5(det B)"3(B~'-S)(B~'-H)B+
1 1
+ 5 (det B)"35[(B"'HB™')-S|B — 5 (det B)"3(B™'.S)H—

- %(detB)’%(B’l - H)S,

and

D?hy(B)[S, H] =

<detB - L?B> (B~ 8)(B~' - H)—

— (det B — Vdet BY(B~*HB™')- S,
for every S, H € Sym(3). Thus, if L = L,, . for some ¢ and n, we have that

D?hy(L)[S]? = %(L*1 - S)?L + %[(L*lsrl) - S|L — %(L*1 -8)S, (2.63)

and
D?hy(L)[S]? = %(L‘l - 8)?, (2.64)

for every S € Sym(3). Since g(B, L) = h1(B)-L~! -3, by using ([2.63) and (Z64) we obtain that

D*Wy o (L)[S)? = gp%l(L)[S]?-L—1+§D2h2(L)[S]2

2 3
and therefore, by the fact that (L=1SL™1) .S = tr(L~15)2, that

- K [1(L1 82 4+ (L7ESLTh - S] + g(L*1 - 8)?,

~ k
2D*Wy o (L)[S)? = (5 - %) tr2(L™1S) + ptr(L19)%, (2.65)
Now, since for every H € Sym(3) one has that tr2H < 3trH?, then
< . 3 _
2D*W1 (L )[S]? > min {u, 51@} tr(LmlES)Q.

The conclusion follows from the fact that tr(L,15)* > 11S|? for every e sufficiently small. O



CHAPTER 3

From finite to linear elasticity via ['—convergence under
weak conditions

In this chapter, we present the results of [2]. We consider a homogeneous and hypere-
lastic body occupying a reference configuration 2 C R”, with n > 2, subject to a deforma-
tion v : @ — R”, and endowed with a frame indifferent energy density W minimized at the
value 0 by the identity matrix I. The linearized elastic energy associated with the displacement
u(z) = v(x) — z is given by the formula

1
5/ D2*W (I)[e(u))*dz. (3.1)
Q
We suppose that W satisfies the growth conditions
W(F) > cd*(F,S0(n)) around SO(n), W(F) > CdP(F,SO(n)) far from SO(n), (3.2)

for some 1 < p < 2. In Theorem B2 we essentially show that, under prescribed boundary
conditions, the minimizers of the functionals

/ W(I + eVu)dx
Q

converge strongly in W1P(Q; R™) to the minimizer of the corresponding boundary value problem
for the functional (ZI)). In the case where p = 2 in ([B2]), the justification of (BI]) as the small
strain I'-limit of finite elasticity has been already established in [26]. We refer the reader to
Subsection in Section for an account of the main result of [26] showing the crucial role
of I'—convergence for the derivation of linear elasticity.

The proof of Theorem hinges on a compactness result and on a I'-convergence result, as
well as on a result of strong convergence of minimizers, which are proved in Sections B2 [3.3]
and B.4] respectively. In Section Bl we specify the setting of our problem and state the main
results of this chapter. Also, we show with some examples that the growth behavior (8.2]) is the
appropriate one for a large class of compressible rubber—like materials.

3.1. Energy densities with a weak coerciveness property

The reference configuration €2 is a bounded connected open set of R with Lipschitz boundary
9. Throughout this chapter, the Sobolev space WP(Q2; R") will be denoted by W?. We will
prescribe a Dirichlet condition on a part dp$2 of 9Q with Lipschitz boundary in 9€), according to
the following definition.

DEFINITION 3.1. Let us define
Q:=(-11)",  QFT:=(-11)"""x(0,1),

Qo := (—1,1)""tx{0}, QF = (—1,1)""%x(0,1)x{0}.
We say that E C 00 has Lipschitz boundary in 02 if it is nonempty and for every x in the
boundary of E for the relative topology of OS2 there exist an open meighbourhood U of x in R™ and
a bi—Lipschitz homeomorphism v : U — @Q such that

YUNQ)=Q",  PUNIN=Q, $UNE)=Q.

39
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To deal with the Dirichlet boundary condition, for every h € W we introduce the set
WP = {fue W' ru=h " '-ae ondpQ}, (3.3)

where the equality on Op§ refers to the traces of the functions on the boundary 0.
We consider a hyperelastic material with a % x Z—measurable stored energy density

W Q x M™"™ — [0, 0],

where . and Z# are the o—algebras of the Lebesgue measurable subsets of R"” and Borel mea-
surable subsets of M"™*™ respectively. We assume that W satisfies the following properties for
a.e. x €k
(i) W(x,-) is frame indifferent;
(ii) W(z,-) is of class C? in some neighbourhood of SO(n), independent of x, where the
second derivatives are bounded by a constant independent of x;
(iii) W(x,F)=01if F € SO(n);
(iv) W(z,F) > gp(d(F,SO(n))), for some 1 < p <2, where g, : [0,00) = R is defined by

e if0<t<l,
o) =9, | . e (3.4)

Observe that these assumptions are compatible with the condition W (z, F') = oo, if det F' < 0,
which is classical in the context of finite elasticity. Also, observe that g, is a convex function. By
frame indifference, for a.e z € 2 we have that

D?*W (x, I)[M]? = D*W (z, I)[symM])?, for every M € M"*". (3.5)

Together with assumption (iv), this implies that the quadratic form D?W (x, I)[-]? is null on
Skw(n) and satisfies the coerciveness condition

D?*W (x, I)[symM]? > |symM]|?, for a.e x € Q and every M € M"*". (3.6)

The load is modelled by a continuous linear functional .Z : WP — R. If v € WP represents
the deformation of the elastic body, the stable equilibria of the elastic body are obtained by
minimizing the functional

Wz, Vv)de — L (v),
Q
under the prescribed boundary conditions. We are interested in the case where the load has the

form .2 and we want to study the behaviour of the solution as e tends to zero. We write
V=T +¢€cu
and we assume Dirichlet boundary condition of the form
v=x+cech A" lae ondpQ,
with a prescribed h € W, The corresponding minimum problem for « becomes
$}1117 {/Q W (xz, I +eVu)dr — EX(EU)} ) (3.7)

where the term €. (z) has been neglected since it does not depend on u. The following theorem
is the main result of this chapter. It describes the behavior of the minimizers of ([B.7)).

THEOREM 3.2. Assume that W : Q x M™*™ — [0, 00] satisfies conditions (i)—(iv) for some
1<p<2,andlet h € WL, For every e > 0 let

me = inf {E%/QW(:E,IwLEVu)de(u)}, (3.8)

ueWw, P

and let {uc}e>0 be a sequence such that

5_12 Wz, I + eVue)dr — L (u:) = me + o(1). (3.9)
Q
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Then, {u.} converges strongly in WP to the unique solution of the problem

mi= min {%/§2D2W(x,l)[e(u)]2—X(u)}. (3.10)

uGW;’2

Moreover, ms — m.

In the case 1 < p < 2, Theorem asserts that a sequence of “almost minimizers” in Wi P
for the e—problems converges to a minimizer for the limit problem in a different Sobolev space:
indeed, the limit problem is formulated in W,i’Q.

In the case p = 2, weak convergence of the “almost minimizers” has already been proved in
[26]. Theorem [B.2]extends this result to the case 1 < p < 2 and provides also strong convergence.
The proof is based on the following three results which are proved in Section B.2] B3] and B.4]
respectively. To simplify the exposition, the proofs are given only when W does not depend
explicitly on z. The general case requires only minor modifications. Such results involve the
functionals .Z., .7 : WHP — [0, 00| defined by

1
5—2/ W(z, I +eVu)dr if ue€ W7,
Q

Zo(u) = (3.11)
0 otherwise,
and
1 2 2 . 1,2
Fw)=1{ 3 QD Wz, I)[e(uw)]“de if ue W, (3.12)
00 otherwise,
and the functionals 4., 4 : WP — (—o0, cc] defined by
Y = F. - 2, G =F - . (3.13)

Observe that, due to the growth property (iv) of W, the functionals 4. and ¢4 are bounded
from below.

THEOREM 3.3. Assume that W : Q x M™"*"™ — [0, 00] satisfies conditions (i)-(iv) for some
1 < p < 2. There exists a constant C > 0 depending on Q, OpQ), and p such that for every
h € WYP and every sequence {u.} C W,i’p we have

/ [Vuel|Pde < C
)

1+ Zo(us) + (/BDQ |h|d%ﬂ”‘1)21 , (3.14)

for every € > 0 sufficiently small.

The previous theorem ensures that, if {u.} is a sequence in W,"” such that {Z.(u.)} is
bounded, then {u.} is bounded in W'?, hence a subsequence converges weakly in WP,

THEOREM 3.4. Under the hypotheses of Theorem [T 2, for every ¢; — 0 we have that

Fey — F, as j — oo,

in the weak topology of WP,

Theorem B4 together with the compactness result provided by Theorem B.3] implies the
convergence of minima and the weak convergence of minimizers, using standard results on I'-
convergence. The next theorem and the previous remarks allow us to obtain the strong conver-
gence of minimizers.

THEOREM 3.5. Under the hypotheses of Theorem [32, let ¢; — 0 and let {u;} be a recovery
sequence for u € W,i’2, that is u; — u weakly in WP and Z., (u;) — F(u). Then {u;} converges
strongly in WP,
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REMARK 3.6 (On the condition dpQ # ). Observe that in Theorem the assumption
Op§Y # O is crucial. When 0pQ = O, inequality ([BI4) is false, as the following example shows.
Consider the simple case W (F) := g,(d(F, SO(n))) for every F € Lin*(n). For every € > 0 and
some R € SO(n) \ {I}, set

R-1T
ue(x) := x, x€N
€
In this case, we have that
QR —I|P
/ |Vue|Pde = M — 00, ase— 0T,
Q ep

whereas

1
Fe(ue) = ?/ gp(d(I +eVue, SO(n)))dx =0, for every e > 0.
Q

REMARK 3.7 (On the condition h € W), In Theorems B2 B4l and the hypothesis
h € W1 cannot be replaced by h € W2, unless W satisfies suitable bounds from above, which
are not natural in the context of finite elasticity. Consider the simple case dpQ2 = 992, £ = 0,
and assume that for some r > 2 we have

W(F) > |F|" for |F| large enough.

By well known properties of the images of Sobolev spaces under the trace operator, there exists
h € W12 such that

{fue Wh" :u=h #" ae on 00} =0. (3.15)

Let us prove that .Z.(u) = oo for every u € WP, Assume by contradiction that there exists
u € WP with Z.(u) < oo. By BII) we have that Vu € L", hence u € W because ) has
Lipschitz boundary. This contradicts (3I0]). Therefore {%.} cannot I'-converge to %, because
F(h) < cc.

3.1.1. Model energy densities. A large class of models where the energy density grows
quadratically near the wells and less than quadratically elsewhere is provided by rubber elasticity,
when one wishes to take into account the compressibility of the material. We recall that we have
formalized this growth behaviour by introducing, as bound from below of our energies, the function

gp(d(-,S0(3))), for some 1 < p < 2,

where g, is the function defined in ([84)). For simplicity, we focus on the homogeneous case.

As seen, e.g., in Section2-3land ]l a common practice to pass from an incompressible model,
with associated energy density W defined on {F € M"*"™ : detF = 1}, to a corresponding
compressible model W (see also [45]) is to define

W(F) := W((det F)"Y/3F) + W,o(det F), for every F € Lin*(3),
where W, is such that
Wyot 20  and Wy, (t) =0 if and only if ¢=1.
For example, we can take W, of the form
Wt (t) = ¢ [t2 —1- 21ogt] , for every t > 0,

for ¢ > 0. Consider first the Neo-Hookean incompressible model for hyperelastic materials, where
the energy density is of the form

Wy (F):=a(|F]*-3), forevery F € M"*" with det F =1,
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for a certain a > 0. Following the procedure described above, we consider the corresponding
compressible energy density defined for every F € Lin™(3) by

Wy (F) = Wy < ) + Wi (det )

|F'?
- (W =3 ) + W (det I).

Let us check that W_4 has “g,—growth”. By using the well known inequality between arithmetic
and geometric mean, it is easy to see that

Wy >0 and W, (F)=0 ifandonlyif F € SO(3). (3.16)

Moreover, recalling the Green—St. Venant strain tensor E = %(F TF — I) and using simple rules
of tensor calculus, it turns out that in the small-strain regime, W has the expression

A
Wy (F) = plB* + S0*E + o [EJ*), (3.17)
where u
w=2a, /\:4(f§+c).
The parameters g and A+ % 1 have the physical meaning of a shear modulus and a bulk modulus,
respectively. Since |E|* > 1tr2E for every E € Sym(3), from @IT) we obtain that
Wy (F) > minp, 6c} B2 + o BI2),
and in turn,
1
W (F) > 5min{u,6c}|E|2, (3.18)
if | E| is small enough, that is, if d(F, SO(3)) is small enough. Since [/C — I| < |C — I| for every
C € Psym(3), from (BI]) we obtain that
1

Wy (F) > %min{,u,GchFTF —IP? = gmin{u,6c}d2(F, SO(3)), (3.19)

if d(F,S0(3)) is sufficiently small. Now, we want to study the growth of W in the regime
|F| — oo. In this case, if det F' is bounded, then

Wy (F) > C|F|> = 3a > Cd*(F,SO(3)),  (det F bounded), (3.20)
for some C, C > 0. In the case det F — oo, we have that
P2 2 >
W (F) > K< + det”F' ),
() det?3F

for some K > 0. By using Young’s inequality

P q 1 1
me et (L=

s 1/2
with z = (ﬂ) and y = (det F)'/2 | it is easy to show that

Wy (F) > K|F[?? > Kd**(F,SO(3)),  (detF — o), (3.21)

for some K > 0. (BI6), (EI9), (20) and @21) shows that W_y has g, growth from below with
p= % It is important to notice that W 4 has not quadratic growth everywhere. In particular,
W_4 has not quadratic growth in the regime det F' — oo. This can be checked by taking into
account deformation gradients of the type

A0 00
F=|0 1 0], withA>0. (3.22)
0 0 1
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In Remark a similar example shows that the BTW model for nematic elastomers has not
quadratic growth everywhere.

As a second example, we consider the Mooney—Rivlin compressible model given, for some a,
b >0, by

Wy (F):=a <$ - 3) +b ((det F)Y3|F~1)? - 3) + Woor(det F)
— W (F)+b ((det F)2/3| P12 — 3) , (3.23)

for every F' € Lin™(3), and derived from the corresponding incompressible version as explained
before. The inequality between arithmetic and geometric mean implies that the second summand
in (3.23)) is nonnegative, so that, from (B.10), we have that

Wy >0 and W 4(F)=0 ifandonlyif F € SO(3).

The formula for the small strain regime is given by [B.I7), with

b
1= 2(a+b), A=4<—a§ —|—c>.

From the fact that W 4 has g,—growth and from the positiveness of the second summand of (Z.23))
the g,—growth of W_y trivially follows. Also in this case, deformation gradients of the type (3.22))
show that W_, does not grow quadratically everywhere.

Finally, we mention some Ogden—type compressible energy densities:

" tr (FTF)i/?
Wﬁ(F) = Z a; <_((det F)%-/g )

i=1

- 3) + Woo(det F),

defined for every F € Lin™*(3), for some m > 1 and a;, v; > 0,4 = 1,...,m. The formula for W
in the small strain regime is again given by [B.I7), with

u:2iai, )\4<%iai+c>.
i=1 i=1

Arguing similarly to the Neo-Hookean and the Mooney—Rivlin models, we obtain that W attains
its minimum 0 at SO(3). By using Young’s inequality and proper counterexamples, it is possible
to show that Wy has g, growth for some 1 < p < 2 (p depending on the exponents ;), but not
a quadratic growth in general, if 0 < v; < 3 for every ¢ = 1,...,m and ; > % for at least one
index ¢ € {1,...,m}. The (multi-well) Ogden—type energies for nematic elastomers discussed in
Chapter @ have a similar behavior.

3.2. Compactness

The compactness result requires the following extension of the well known geometric rigidity
result of [38], where a power of d(Vv, SO(n)) is replaced by g,(d(Vv, SO(n))).

LEMMA 3.8 (Geometric rigidity). Let g, be the function defined in (37)). There exists a
constant C' = C(£2,p) > 0 with the following property: for every v € WP there erists a constant
rotation R € SO(n) satisfying

/ gp(|Vv — R)dx < C’/ gp(d(Vv, S0(n)))dz. (3.24)
Q Q

Similar versions of LemmaB.8 can be found in [18], [51], and in [59]. For sake of completeness,
we give the proof in Section
We need two more lemmas in order to prove Theorem B3]
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LEMMA 3.9. Let S CR"™ be a bounded 7™ -measurable set with 0 < 7™ (S) < oo for some
m > 0. Then

Fl|g:= mi Fx —¢ldx™
s ggﬁg[slw q

is a seminorm on M"™*™. Define
So:={xeS:2"(SNBy(x)) >0 for every p > 0},
and let aff(Sy) be the smallest affine space containing Sy. Let K C M"*™ be a closed cone such
et dim(Ker(F)) < dim(aff(Sp)), for every F € K \ {0}. (3.25)
Then, there exists a constant C = C(S) > 0 such that
C|F| < |F|s, for every F € K.

PROOF. It is not difficult to check that the minimum which defines | - |s exists and that |- |g
is a seminorm. The following argument is an adaptation of the the proof of [26] Lemma 3.3] to
the L' norm. Suppose, by contradication, that for every integer k there exists Fj, € K \ {0} such
that

—_— > m%@n/ |Frx — Cldo™. (3.26)
"Js
Let {¢x} € R™ be such that

min/|Fkx—C|d%m:/|ka—Ck|d%m, for every k,
CeER™ Jg s

and observe that

Fy,
min Frpax — (|do™ = |F, min/ —x — (| dAa™,
win [ 1Fio - Al [ | e

so that in (B:26) we can suppose |F| =1 for every k and then write
1
e / |Fex — Celd ™, for every k. (3.27)
S

The fact that K is closed and |Fy| =1 for every k imply that, up to a subsequence,
F,—-FekK, with |F| = 1. (3.28)

BZ17), together with the boundedness of { Fj,} and of S, implies that {(} is bounded. Therefore,
up to a further subsequence, we can suppose that

o — ¢ € R™. (3.20)
BZ1), B28) and BF29) imply, in the limit & — oo, that
/ |Fz —¢|ds#™ =0, for some ¢ € R" and F € K \ {0}.
S

From the last equality we deduce that Fx = ( for s™—a.e. x € S and, in turn, by the continuity
of F, for every x € Sy. Finally, the linearity of F' implies that Fa = { for every x € aff(Sp), so
that

dim(Ker(F)) > dim(aff(Sy)),

against (3:20)). O
We will use the next lemma also in the proof of the I'-convergence result.

LEMMA 3.10. Lete > 0 and u. € W,i’p. Under the hypotheses of Theorem[Z3, let R. € SO(n)
be a constant rotation satisfying (3-24) with v = x + eu.. Then,

9mw+(AWMM%"ﬂT,

where C' depends only on Q, dpQ, and p.

|I — R.|* < Ce?
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Proor. Consider the deformation v, := = + cu.. Lemma tells us that there exists a

constant rotation R. € SO(n) such that

/ 9p(|Vve — R.|)dx < C’/ gp(d(Vve, SO(n)))dz
Q Q

where C' depends only on €2 and p. Then, by assumption (iv) on W, we have that

/ 9p(|Vve — R.|)da < C’/ W(Vv.)dr = Ce2. 7. (u.).
Q Q

Jensen inequality thus implies

1
<|Q| / |Vv€ R€|d1'> < 052355(115)- (3.30)
Q

Poincaré—Wirtinger inequality and the continuity of the trace operator give

/ | — Rex — (c|ds™ ™! < C/ |[Vve — Re|dx,
OpQ

where (. := \QI fQ — R.x)dr and C depends on Q, so that, since v. = x + ch " '-a.e. on
0p§), we obtain
/ |(I — R)x — (|d#""t < C </ |[Vve — Re|dx + 6/ |h|d%"1> . (3.31)
apQ Q apQ

Now, let us use Lemma with S = dpf) and with K equal to the closed cone generated by
I — SO(n). Showing first that every F' € K belongs to the cone generated by I — SO(n) or to
Skw(n), it is easy to prove that every F' € K \ {0} is such that

dim(Ker(F)) <n — 1.
On the other hand, 92 Lipschitz implies that the right-hand side of 2] is equal to n— 1. Thus,
we can apply Lemma B0 to (I — R.) € K and write that

C|I — R.| < mln/ (I — R.)x — (|ds#"t, (3.32)
CER™ Jop0

where C' depends on dp$ and not on €. From (B31) and (332) we obtain that

(|é|/|vvg—Re|d$)2+€2 (/6Dg|h|d;f"1ﬂ. (3.33)

We conclude the proof by distinguishing two cases. If [, [Vv. — Re|dz < |Q|, then (330) and the
definition of g, tell us that

1/ 1 °
5 <W/Q|VUERE|d:c) < O 7. (u.).

Using this last inequality in [333), it turns out @I4). If [, [Vv. — Rc|dz > [Q], again (B30) and
the definition of g, tell us that

I -R|J*<C

Ce*Z.(us) > %

This bound from below of 2% (u.) gives trivially .I4), in view of the fact that |[I — R.| <
2/n. O

For the proof of Theorem we will need the following estimate.
gp(s+1) < Clgy(s) + 7], for every s,t >0, (3.34)

for a certain C' depending on p. This estimate can be easily deduced from the convexity of g,
and from the growth properties of g, which give

1
gp(t) < —min{t?,t*} and g,(2t) < Cg,(t), for every t >0,
p
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for some C depending on p.

PROOF OF THEOREM Let R. be given by Lemma B.8 for v. := x + cue, for every € > 0.
By using ([3.34]), we have that

/ gp(|eVue|)dz < C/ [gp(|VvE —R|)+ I - R€|2} dx
Q Q

<c UQ an(d(Vve, SO(m)))da + |T Rﬂ ,

where in the last inequality we have used Lemma Assumption (iv) on W and Lemma 310
then imply that for some C, depending on €2, dp§2, and p,

Z.(ue) + </6DQ |h|d%”1)2] . (3.35)

In particular, from (335) and from the definition of g, we obtain

/ 9p(|eVue|)dr < Ce?
Q

leVu|?dr < 2/Qgp(|5Vu€|)dz

ﬁmw+<AwMM%”Qj,

p/2

{z€Q: [eVu:(z)|<1}

< Ce?

so that, by Holder inequality, it turns out

[eVuePdr < / leVue|*dzx Q1 =®/2)

{zeQ: |eVu.(z)|<1} {z€Q: |eVu.(z)|<1}

ﬁww+<ANMM%”QT

1+ Z.(u.) + (LDQ|h|d%"1>2]. (3.36)

p/2
< CeP

< CeP

Note that in (B36) we have used the fact that
P2 <14t, foreveryt> 0.
On the other hand, from [B.76]) and again from (338) we obtain that

|eVu|Pde < C’/ gp(|eVue|)dx
{zx€Q:|eVue(z)|>1}

2
Fo(ue) + (/ |h|d%"1> . (3.37)
OpQ
Inequalities (330) and B37) imply that (BI4) holds. O

In the next remark we construct a counterexample which shows that Theorem [B.3]is not true
in general for p € (0,1).

/{mEQ:|EVu5 (z)[>1}

< Ce?

REMARK 3.11. Let p € (0,1) and consider the simple case in which €2 is the open unitary
ball B(0,1) in R%, W(F) := g,(d(F, SO(2))) for every F € Lin™(2), h =0, and . = 0. For any
€ > 0 and some a > 0 to be chosen, we introduce the set

Se={zeR*: 1< |z[<i+e"}.
For every € > 0 sufficiently small, S, is an open annulus strictly included in 2. We want to define
a sequence {u.} C W, * such that the values .Z.(u.) are equibounded and Jo IVucPdz — oo as
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e — 0T. In order to do this, we consider for every ¢ > 0 arbitrarily small a function . € C°(, R)

such that supp(¢.) C (0, %) US.,0<p. <1, 9. =10on B (0, %) and
C
Ve | < = for some C independent of ¢. (3.38)

Then, we choose R € SO(2) \ {I} and define the function

R—1
uw) = po(r)—az, e,

which belongs to C'*° for every ¢ > 0 sufficiently small. Observe that

— P
/ |Vue|Pdx 2/ |Vue|Pdx = M,
Q B(O l) 4ep

2

so that [, [Vuc|Pdx — oo as ¢ — 07 (for every choice of o > 0). Now, let us compute
1
Vue(w) = —{pe(@) (R~ I) + [(B — I)a] ® Ve (x) }

and observe that Vu. = 0 on Q0 \ {B (0,3) U SE}, so that d(I +eVu.,SO(2)) = 0 on the same

set. Thus, recalling that g, is increasing, it turns out that

e Fe(ue) < / gp(|I +eVue — R|)dx
B(0,4)us.
< [3 gp(|R = 1|1 + [2]|Vip.])da, (3.39)

where in the last inequality we have also used the fact that o. =1 on B (0, %) Therefore, from

B4) and (B339) we obtain that
c
Fu)< G [ @4 Ve ds, (3.40)

=

for some C' independent of e. Using ([B38) and noticing that |S:| = me® + o(e®), B.40) implies

that
c. .. 1
fg(ug) S g[ﬂ'f + O(E )] <1 + 5-pr> s

so that {.Z.(u.)} turns out to be bounded whenever o > %.

We end this section with the following corollary.

COROLLARY 3.12. Under the hypotheses of Theorem[3.3, the functionals 9. are equicoercive
in the weak topology of WP,

PROOF. Let t € R and {u.} a sequence with & (u.) < t, so that {u.} C W,"". Thus, by the
definition of 4. BI3), we have

Fe(u) <t + L(ue).
Theorem implies that for every ¢ sufficiently small

1+ 2 (ue) + </6DQ |h|d<%ﬂ”1>2] :

for some C independent of . By Poincaré inequality, this gives
uellfyrn < C ([Juellwrr +1), (3.41)

where C' now depends also on h and .. Therefore, since p > 1, from ([B.41]) we obtain that
[|ue|lwe is bounded. O

/ |[Vue|Pde < C
Q
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Observe that the proofs of Theorem B3] Lemma and Corollary [E7] do not use the fact
that OpQ) has Lipschitz boundary in 99 (see Definition B)): actually, these results hold under
the weaker hypothesis 7" ~1(9pQ) > 0.

3.3. '-convergence

Consider a sequence €; — 07 as j — co. By Theorem[3.3] we can characterize the I'-limit in
the weak topology of W17 in terms of weakly converging sequences (see [23] Proposition 8.10]).
In particular, we have that

F'(u) = I-liminf Z., (u) = inf{liminf Z. (u;) : u; — u weakly in W'?};
j—o0o j—o0
F"(u) == T'-limsup Z, (u) = inf{limsup 7., (u;) : u; — u weakly in W"?}. (3.42)
Jj—o0 Jj—o0
Thus, in order to prove TheoremB.4] we will show that . (u) > 7" (u) and .7 (u) < liminf; . F¢,(u ),
for every u € WP and every u; — u weakly in W7,

PrOOF OF THEOREM [3.4]
(I) We want to show that .%(u) > %" (u). Consider the nontrivial case .#(u) < oo, so that
u € W;’Q and

F(u) = %/QDQW(I)[(B(U)]Qd:c.

Suppose first u € W, The boundedness of Vu and assumption (ii) on W, together with the
fact that W(I) = 0 and DW (I) = 0, imply that

1 1
lim ?W(I +¢;Vu(z)) = 2D2W(I)[Vu(:c)]2, for a.e. x € Q,
J—ro0 }
J

and that there exists C' > 0 such that for every ¢; > 0 sufficiently small
W(I +¢;Vu) < e5C|Vul?, ae. in Q.

Then, by dominated convergence and by (B3], we obtain

1 1
lim —2/ W(I + &;Vu)dr = —/ D*W (I)[e(u)])*dx.
i €5 Jo 2 Ja
Therefore, by (3.42)),
F(u) = lim Z. (u) > F"(u). (3.43)
j—o0o
Consider now the general case u € W,i 2 Since dp< has Lipschitz boundary in 89, from
Proposition B.15 we have that there exists a sequence {uy} C W,i "> such that u, — u strongly
in W12 as k — oco. Observe that by [343) we have F"(uy) < .Z (uy) for every k. Thus, by the
weak lower semicontinuity of .#” in WP and the strong continuity of .% in Wi ’2, it turns out
that

F(u) = lim F(ug) > likniicgff”(uk) > F" (u).

k— o0
e want to prove that, if u; — u weakly in P then w) < liminf; 7. (u;).
I1) Wi tt that, if u; kly in W'?, then Z(u) < liminf; %, (u;
Consider the nontrivial case liminf;_, . ﬁgj (uj) < oo so that, up to a subsequence, we can

suppose {7, (u;)} bounded and, in particular, {u;} C W,"*. Let lp, be the characteristic
function of Bj, where

B; = {z € |Vu,(z)| < %} . (3.44)

Claim 1. We have that {1p,Vu;} is bounded in L?.
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Proof of Claim 1. By Lemma and by the growth hypothesis on W we have that for every j
there exists R; € SO(n) such that

/ 0o + &, Vuy(z) — Ry )da < 2CF., (uy) < CE2, (3.45)
Q
where the last inequality follows from the boundedness of {.%;,(u;)}. Considering the set

Aj = {ZL' eN: |I+€jVUj(SC) — R]| < 3\/5} ,
it is easy to check that B; C A; for every j large enough, so that

2
/ |Vu,|2de < = / (|sjvuj + 1= R[>+ |1 - Rj|2) dz. (3.46)
B €iJA;
Therefore, by using (B.75) and the definition of A;, from (3.46]) we obtain that

C
/ |Vu,|?dr < ?/A (90 (Ie;Vu; + I — Ry|) + |I — R;|?] d=
j J J

BJ
I — R;|?
<o+ L), 47
J

where in the last inequality we have used ([B.45) and C depends on  and p. Since {F(u;)} is
bounded, Lemma BT tells us that [T — R;|*/e7 is bounded. This fact, together with [B.Z1), gives
the claim.

Claim 2. Vu € L? and, up to a subsequence, we have that

1Bj Vu; — Vu weakly in L2,
Proof of Claim 2. By Claim 1, we have that, up to a subsequence,
15, Vuj — v weakly in L, (3.48)
for some v € L?. Let us prove that
13;; Vu; — 0 strongly in L, (3.49)

for every a € [1, p). We first observe that |Bf| — 0, by Chebyshev inequality. Taking into account
the boundedness of {u;} in WP by Hélder inequality we obtain

/ ‘1B;Vuj
Q

which proves (3:49]).
The weak convergence of u; to u in W implies also that Vu; — Vu weakly in L*, for every

a € [1,p). This fact, together with [3.49), gives that

(e a/p
dr < (/ |Vuj|pdac> |BS|P=)/P < 0| BE|P=)/P 0,
Q

Lo, Vuj = (Vu; = 1p: V) = Vu weakly in L, (3.50)

for every a € [1,p). By B48) and (E50) we conclude that Vu = v € L? and Claim 2 follows.
From assumptions (ii) and (iii) on W it is easy to show that

1
W({I+F)> §D2W(I)[F]2 —n(|F\)|F)?, for every F € M"™*™,

where 7 is an increasing function on [0, 00) such that n(t) — 0 as t — 0. Therefore, we can
write

) = [ SOOI - e Tuiul | do

J

z /Q {%DQW(I)[lBje(uj)P - n(\/E_j)lBj |VUj|2} dx, (3_51)
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where in the last inequality we have used the definition of B; and the monotonicity of 7. Thus,
from (FEI) we obtain that

lim inf .7 (u;)

J—0o0
> —hmmf/ D*W(I)[1p,e(u;)]?dx — lim n(\/a)/ 15,|Vu,|*dx
j—00 j—o00 Q
= —hmmf/ D*W(I)[1p,e(u;)]*dx (3.52)
j—00
> 5/ D2*W (I)[e(u)]?d, (3.53)
Q

where ([.52) follows from Claim 1 and from the convergence of 1(,/Z;) to 0, while ([Z.53) is deduced

from Claim 2 and from the lower semicontinuity of

w %/QD%V(I)[UJ]?

in the weak topology of L2, which is a consequence of ([B.5]) and [.6). In order to conclude the
proof, it remains to show that u € W%, so that from (353) we have lim inf;_, Fe;(uj) > F(u).
We already know, from Claim 2, that Vu € L2. Since u is at least in L!, it is easy to show, by
using Sobolev embeddings, that u € L?. Therefore, u € W2, Since u; — u weakly in W? and
{u;} CW,"P, we have u € WP Thus, u € W'’ n W2 = w2, O

REMARK 3.13. In the case p = 2, one can prove a slightly different version of Theorems
and B4, assuming only that dpQ is a subset of 9Q with "~ 1(9pQ) > 0, as in [26]. In this
case, in the definitions of the functionals BIT)~(BI3) the space W,"* has to be replaced by the
closure of W,"> in W12,

3.4. Convergence of minimizers

Recall that a family .# := {f} C LY(Q) is equiintegrable if for every n > 0 there exists M,, > 0
such that

/ |flde <n, for every f € .Z. (3.54)
{zeQ:|f(2)|>My}

Equivalently, .# is equiintegrable if for every n > 0 there exists d,, > 0 such that, if A C 2 and
|A| < 6y, then

/ |flde <mn, for every f € .Z. (3.55)
A

The following criterion of equiintegrability will be useful.

LEMMA 3.14. The family F = {f} C L' is equiintegrable if and only if for every n > 0 there
exists My > 0 and p € (1,00] such that any f € .F can be written as

f=g+h, with ||g|lpx <n and |hl|Lr < M. (3.56)

PROOF. Suppose .# equiintegrable, so that, for every n > 0, there exists M, > 0 such that
BE4) holds. By setting

9= flyssa,y and b= flygcn,y,
we have that f = g+ h and

lgllz: = /{ o Wl <Rl < ol
> My
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Conversely, assume (3.56). We want to prove that, for every n > 0, there exists ¢, > 0 such that
(3353) holds, whenever |A| < §,. By hypothesis, for every f € % there exist g, h, and p € (1, ]
such that ([3.56) holds with # in place of . Thus, by using Holder inequality, we have that

[ 1flde < [ Jglde+ [ hlde < 3+ byalae0

p/(p—1)
) , we can conclude. O

so that, by imposing d, := (m
n

In the next proof, we will make use of Vitali’s Convergence Theorem: if {f;} is a sequence
of equiintegrable functions on 2 which converges pointwise to a function f, then
felL' and f;—f in L.
PROOF OF THEOREM Let {u;} be a recovery sequence for u € W,i’2. In order to prove
that {u;} converges to u strongly in WP we show that
(i) e(u;)lp, — e(u) strongly in L2,
) {dp(usjwj,som))
i

eP

} is equiintegrable,
J

(i) {|Vu,;[P} is equiintegrable,

where Bj is the set defined in (3.44)). Once (i) and (iii) are proved ((ii) is an intermediate step to
prove (iii)), we can conclude as follows. From (i) we have that, up to a subsequence,

e(uj)lp, = e(u) ae. in Q. (3.57)
Moreover, e(u;)1 Be =0 strongly in L' by Holder inequality:
| letws)ide < letus) sl 510 o, (3.58)
B¢
J

where we have used the boundedness of {u;}, which implies [Bf| — 0 by Chebyshev inequality.
Thus, by B21) and F5S), we have that, up to a further subsequence,

e(uj) = e(u;)1p, + e(uj)lB]c, — e(u) a.e. in Q. (3.59)

Let us apply Vitali’s Convergence Theorem to the functions f; := |e(u;) — e(u)|P? and f = 0.
Since f; — f a.e. in Q by B59) and {f;} is equiintegrable by (iii), we obtain that
e(u;) — e(u) in LP.

Observe that, by the hypothesis .7, (u;) — % (u) < oo, uj = h on dpd for every j, thus it is
sufficient to apply Korn’s inequality [L14] to deduce that u; — u strongly in WP,
We now prove (i)—(iii). Let us set, for every j,

vj ==z +e5uy, forae xze.
Proof of (i). As shown in the proof of Theorem B4 the boundedness of {%(u;)} for every j

sufficiently large implies that, up to a subsequence, the sequence {1 B; Vuj} converges to Vu
weakly in L2, and

lim .7, (u;) > limsup — / W (Vo,)dx > hmsup/ —D*W(I)[e(u;)1p,]%dz,

j—o0 j—o0 E j—o0

liminf — / W(Vv;)dx > hmlnf/ —D*W(I)le(u;)1p,?dz > F(u).

j—o00 E J—0
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Since .7, (u;) — 7 (u), it turns out that

—/ W (Vu;)dx -3 D*W (I)[e(w))*dz, (3.60)
Q

/D2 le(uj)1p,] dz%/DQ De(u)]?d.

The latter, together with the positive definiteness of D?W (I) on symmetric matrices and the
weak convergence of {1p,e(u;)} to e(u) in L?, proves (i).
Proof of (ii). Let us write
1 1
S5 (Vu;, SO(n) = Zd”(Vv;, SO(n) (1Bj + 135,), (3.61)
J j
and prove that both terms of the sum in (.61 are equiintegrable. Observe that
d(Vv;, SO(n)) < d(Vvj, I + ejskw(Vuy)) + d(I + ejskw(Vu,), SO(n))
= g;le(u;)| + d(I + ¢;skw(Vu;), SO(n)). (3.62)
Since €;skw(Vu;) is an element of the tangent space to the C° manifold SO(n) at I, we have
that
d(I + gjskw(Vuy), SO(n)) < Cel|skw(Vuy)|* < Ce?|Vu,l?, (3.63)
for every €; small enough. Inequalities (B:62) and (B63) imply that

1

Edp(wj, 50(n)) < 2% {|e(u;)|P + Ce¥|Vu;[*} . (3.64)
J

Now, by using the definition of B; and writing

1
Vu; P 1p, = [Vu;[?|Vu;P1p, < — | Vu;P1p,,

from (3.64) we obtain that

Ei?dp(vvj,SO(n))lBj < or {|e(uj)1B].|P + Cs§/2|vuj13j|1)} .

This last inequality gives that

Ei?dp(ij, SO(n))lp, is equiintegrable,

in view of (i) and of the fact that {Vu;1p,} converges weakly in L?. It remains to prove that

{%dp(VUj, SO(n))lB;} is equiintegrable. Indeed, it turns out that

1
> d?(Vv;,S0(n))dx — 0. (3.65)
J JBj

In order to see this, we use the fact that

1
—2 W(Vu;)dx — 0, (3.66)
BC

which descends from (B60) and from the convergence of {.7.,(u;)} to .#(u). By the growth
hypothesis on W and by the inequality t? < t? + 1, for t > 0, it is easy to show that

1 2
E—pdp(l—i—EF, SO(n)) < EW(I—FEF) +1, for every F € M™*" and ¢ € (0,1),

so that ) )
€j /B &5 JB¢

This last inequality, together with (B.66]) and the fact that |Bf[ — 0, implies (B.65).
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Proof of (iii). For every M > 0 and every j, we set
By = {z € Q:d"(Vu;(2), 50(n)) > P M}.

Let us fix ¢ > p. By using (ii), it is easy to show that for every n > 0 there exists M,, > 0 with
the following property. If

1l = d(Vv;, SO(n)) 1, and 1l ::d(ij,SO(n))l(Ej )

Mn
then f{ € L?, f] € L9, d(Vv;,S0(n)) = fI + f3, and
WA <nehs Nf311E. < [QIME/Pel. (3.67)

Applying Theorem [L17 due to Conti, Dolzmann, and Miiller, it turns out that for every j there
exists R; € SO(n) such that Vv; = R; + g] + g} a.e. in Q, with

gillzr < Cllf 1 Ngallee < ClSIILs. (3.68)
In particular,
1 p 2\" J|p J|p
Vo, —RiP < (=) (1ol +1g3l") (3.69)
j J
and, due to (B67) and (3.63),
1 ) 1 ) 1/«
5 [lara<en 5 ([1apas) <o, (3:70)
i/ FARCAY
for a = 1 > 1. Therefore, by considering (3.69) and B.70), and using Lemma B.14], we have that
[Vo; — R;[P | . ..
{# is equiintegrable. (3.71)

Recalling that v; = z +ejh " 1-a.e. on Opfl, it turns out that

|7 — RJ| <C (/ |V’Uj — RJ|dZL' + Ej/ |h|d%nl) , (3.72)
Q OpQ)

where C' depends on Q and dp€). This can be shown as done in the proof of Lemma B.I0!
by using Poincaré—Wirtinger inequality and Lemma From 371 follows in particular that

{\Vwe;pf’wl”} is bounded in L' so that, by ([B.72)), we obtain that

J

1= &) is bounded. (3.73)
€5

Finally, observe that for every measurable subset A of €2

9P
[ wuiras < 5 { [ 90 - Ropae+ 4 - ),
A g A
for every j. This inequality, together with (B.71) and B.73), gives (iii). O

PROOF OF THEOREM Consider a sequence €; — 0. By using the notation introduced

in BII)-EI3), the infima m,., and m (see (B.8) and (ZI0)) can be rewritten as

m.. = inf 9., m = min ¥.
J Wl.p J wi.p

It is easy to show that ¢ has a unique minimizer u € W,i 2 on Whe, By standard properties of
I'—convergence (see [23] Theorem 7.8]), Theorem [3.4] and Corollary [Ef] imply that

me;, —m =9 (u)

and in turn, by (39), that
G (ue;) — G (u) < oo, (3.74)
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when {uc,} is a sequence of “almost minimizers”. Again by standard arguments, (3.74) and
Corollary [E7] imply that

ue; — u weakly in wh?  and Fe,(ue;) = F(u).

This last result and Theorem Bl give that {uc,} converges to u strongly in W*'?. Since this is true
for every €; — 0, the whole sequence {u.} converges to u strongly in W'? (and m. —m). O

3.5. Appendix: the Geometric Rigidity Lemma with two exponents and other tools

We collect here some estimates involving the function g,, which describes the growth from
below of our energy density. We use them mainly in the proof of Lemma
For every K > 0, there exists C' depending on p and K such that

t* < Cg,(t), forevery 0 <t <K, (3.75)
tP < Cgp(t), for every t > K. (3.76)

Moreover, since g, (t) < %min{t”, t?} for every t > 0 and g, is convex, there exists C' depending
on p such that

gp(s+1) < CO(sP +t2), for every s,t > 0. (3.77)

PROOF OF LEMMA B8 For v € WLP let V € W1 be given by Proposition [LT6] (with
A > 0 to be chosen), and R € SO(n) arbitrary. Since g, is nondecreasing, by using [B.77) we
have

/ ay(IV0 — R|)da < c/ (Vv — VVI + [VV - R?) da, (3.78)
Q Q

where C' depends on p. Let S(z) € SO(n) be such that |Vv — S| = d(Vv,SO(n)) a.e. in
Observe that, in the set where

Vv — 8| > V/n, (3.79)
we have

IVolP < 27 (|Vv — 5P np/2) < 2P+LgP (T, SO(n)). (3.80)

It is clear that (3.79) is satisfied if [Vv| > 24/n. Thus, by using ([B3.80) and Proposition [T (iii)
with A = 24/n, we have that

/ Vo —VV|Pde < C / |Vo|Pdx
Q
{2 € Vo(@)|>2/m}
<C / d?(Vu(zx), SO(n))dx

{ze:|Vv(z)|>2/n}
and in turn, by using ([B.76]), that

/Q Vo — VV[Pde < C /Q an(d(Vo(), SO(n)))dz. (3.81)

In the case p = 2, the lemma we are proving is already well known (see [38]) and we apply it to
V: there exist C' independent of V' and a constant rotation R € SO(n) such that

/ |VV — R|?dx < C/ d*(VV,SO(n))dz. (3.82)
Q Q
By rewriting (878) for such an R € SO(n), from (BRI and ([B82)) we obtain
[ 900170 = Rz < € [ {,(d(T0,50()) + (V.50 dr,  (383)
Q Q

where C' depends on €2 and p. Next, we prove that
d*(VV,80(n)) < C{|VV = Vol + g,(d(Vv,SO(n)))} a.e. in Q, (3.84)
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for some C' depending on © and p. We use again the matrix S(z) € SO(n) such that |Vv — S| =
d(Vv,SO(n)) a.e. in Q.
(i) In the set where |Vv — S| < 1, the function |VV — Vo| is bounded by a constant
independent of V:

[VV = V| < [VV[+ S|+ 1 <C,
where in the last inequality we have used Proposition [[L.T@ (i). Thus, since
t? < K*7PtP, for every t€[0,K] and K > 1, (3.85)

we have

|VV — Vo2 < C|VV — VulP
and in turn, using the definition of g,

d*(VV,80(n)) < |[VV — S]? <2|VV — Vu|* + 2|Vv — S?
< C{IVV = Voul? 4 g,(d(Vv, SO(n)))}

which gives (3.84)).
(ii) In the set where |Vv — S| > 1, Proposition [[LT6l (i) and ([B.83]) give that

d*(VV,80(n)) < |[VV — S| < C|VV — S|P
< C{|VV = Vu|P +dP(Vv,SO(n))} .
From this inequality and from [B.76) we obtain (3.84).
Inequalities (383) and (B84) imply that

/ an(IVv = R|)dz < c/ {9,(d(V0, SO(n))) + |V — Vol} da,
Q Q
and in turn, by considering ([3.8T]), gives the thesis. O

We finish by proving an approximation result for functions in W,i P which has been useful in
the proof of the I'-convergence results. We write z € R™ in the form « = (2", 2,,—1, 2,,) and refer
the reader to Definition B] and to (33) for the notation.

PROPOSITION 3.15. Suppose that Op$2 has Lipschitz boundary in 02, according to Definition

31, and let W;’p be defined in (3.3).
Ifhe WH® and 1 < p < oo, then W,i’p is the closure of W,i’oo in Whe,

In order to prove Proposition BI85l we need the following lemma.

LEMMA 3.16. For p € [1,00), let u € WHP(QT) be such that supp(u) CC Q and u = 0
L ta.e. on QF. Then, for every e > 0 there exists u. € C*(Q) such that u. =0 on QF and

||u€ — u||W1,p(Q+) < €. (3.86)

PROOF. Let u € WHP(QV) satisfy the hypotheses of the lemma. Consider the subset M :=
(—1,1)"72x(0,1)x(—1,0] of @ and define

L u, on QJF,
Y=Y 0, onM.

It turns out that v € W1P(QTUM). Up to extend v to a function in W1P(Q) and to multiply
it by a function ¢ € C2°(Q) such that ¢ = 1 on supp(u), we can suppose that v € W1P(Q) and
that supp(v) CC Q. Starting from v, we want to construct a sequence {vy} which approximates
win WHP(QT) and is such that supp(vy) CC Q \ M. To this end, we define for every k

vp(z) =0 (2", xpn-1 + £,y — 1), for every z € Qy,

where

—_

Qui=(-1,1)"2x (-1—- L 1-1)x (-1+4,1+1).

)

=
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Observe that
supp(vx) CC Q \ M, for every k sufficiently large. (3.87)

Moreover, v and vy, are functions in W1P(R™), up to extend them at 0 out of @ and Qy, respec-
tively. In this case, it is well known that vy — v in W1P(R"). In particular, we have obtained
that

vp —u in WHP(QT).
The last step of the proof consists in choosing k. such that

[k, — ullwirgr) < g (3.88)
and considering a standard family {p.,,}m of mollifiers. By ([BR7), there exists m. such that
Ue 1= Vg, * P, € C°(Q\ M) (thus, u. =0 on QF) and

3
||u8 — Vg, ||W1,p(Q) < 5 (3.89)

Inequalities (B.88) and (B89) give (B.Z4l). O

ProoF oF PrROPOSITION [BT5] By a standard argument based on a partition of unity sub-
ordinate to a finite covering of  and on local bi-Lipschitz charts, we can use Lemma 316 to prove
that {u € WP :u =0 " '-a.e. on dp} is contained in the closure of {u € C*(€) : uw = 0 on IpN}
in WP, The opposite inclusion is trivial. The result for a general boundary value h € W1 is
obtained by adding h to both sets. (]






CHAPTER 4
Ogden—type energies

In this chapter, we describe the results obtained in [4]. Exploiting the multiplicative de-
composition of the deformation gradient into an elastic and a spontaneous or remanent part, we
propose and analyze Ogden—type extensions of the BTW free energy density currently used to
model the mechanical behavior of nematic elastomers (see Section [1]). Geometrically linear ver-
sions of the new models are provided and discussed in Section 4.2 while in Section we derive
the expression of the energies which govern the purely mechanical response. Since these energies
are not quasiconvex, in Section [£4] we exhibit their quasiconvex envelopes and apply them to
compute the stiffening response of a specimen tested in plane strain extension (pure shear). This
shows that the proposed Ogden—type models provide a suitable framework to study the regime
of high imposed stretches.

4.1. Ogden—type expressions for the energy density
We recall from Section [Tl the classical formula for the energy density stored by a monodomain
nematic elastomer
W, (F) = g [tr (LHTFTLglf) - 3} . detF =1, (4.1)

due to Bladon, Terentjev and Warner. Here, n, is an arbitrarily chosen reference orientation and
the reference configuration is a natural state (i.e., a stress—{ree state) of the material corresponding
to n =n,. See (ILI)) for the definition of L,.

In Section [Tl we have rewritten (1)) choosing as reference configuration a minimum energy
configuration associated with the high—temperature isotropic state. Referring to Figure 1] we

1
have introduced the affine change of variables ¢, with Vq := L3, , set y :=%oq and F := Vy, and

obtained

Wa(F) =5 [t (FTL;'F) =3],  detF =1.

Equivalently, W, (F) = W, (FFT), where

Wa(B) = & [ix (BLS") - 3] (4.2)

Observe that the schematic graph of Figure .l naturally suggests to introduce the matrices
1 T 1 no 1
Ff:=1L,*F, Bf .= F(FJ) =Lpn?FF"Ly? (4.3)
arising from the decomposition
1
F =L Fy

1
of the deformation gradient F' into an elastic part F; and a spontaneous part Lj. We recall

1
that the matrix L, describes the stress—free strain of the material corresponding to the current
orientation n of the nematic director. Using (L3, expression [2)) assumes the classical Neo—
Hookean form

Wi (B) = g (tr BS —3). (4.4)

59
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\m

13
FIGURE 4.1. Schematic diagram illustrating two possible choices of reference
configuration (the one for y and the other for 7). and the elastic part F¢ of the
deformation gradient F'.

Following Ciarlet [I5, Chapter 4], we use the same notation W,,, W, and W,, used for the
classical expressions of the energies and propose the following natural generalization of (£4]):

N M
= i i d; 5
Wa(B):=3 2 [tr(Bg)% —3} +3 Y [trcof(B:;)T — 3], (4.5)
i—1 Yi = 5j
wherej ¢;, v;, d; and 0; are constants such that
C; dj . .
Yis (SjER\{O}, —, = >0, i=1,..,.N, 7=1,..., M.
Yi© 0j
Then, we set
Wo(F) =W, (FFT),  detF=1. (4.6)

We recall that the p—th power AP of a matrix A € Psym(3) is well defined by the formula
AP = QDiag(\))Q",  peR,

where @ € Orth(3) is a matrix which diagonalizes A. Observe that, choosing N = M = 1 and
v1 = 01 = 2, W, takes the Mooney—Rivlin form

d
W (B) = %1 (tr By —3)+ 5 (trCof By —3),  detB=1, (4.7)

and we obtain the Neo—Hookean model (£4) if d; = 0 and ¢; = p. Moreover, if in ([@3]) we set
dj =0forj=1,..,M and v; > 2 for i = 1,..., N, and take the minimum with respect to n € 52,
we obtain energies in “separable form” of the type discussed by Ogden in [54] Chapter 4] (see

Section E.7]).

A common practice to pass from an incompressible model, with associated energy density
Wiev to a corresponding compressible model We™? is to define

WP (F) 1= Waeo ((det F) ™5 F) + Wioo(det F), F € Lin*(3),
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where W, is such that
Wyot 20 and Wy (t) =0 if and only if ¢ = 1. (4.8)
Here, we choose W, of the form
Waoor(t) := c(t? — 1) — dlogt.
By imposing condition (48], we obtain the function
Wy (t) = c(t? =1 —2logt),  t>0. (4.9)
This function has also the following properties:
(i) Wyer is a convex function;
(i) Woor(t) — +o00, as t — 0F;
(ili) Wyer(t) — 400, as t — +o0.
In Section 23] we have chosen for W, (t) the simpler form £(t —1)2.
Setting Wye, = W,,, where W, is defined by (I)—-(EH), we define for F' € Lin™(3)
Weomp(F) := W, ((det F)~3 F) + W, (det F),

so that
Jeeme( icl[d F)y " F (L FFTL, )% —3
comp( [7 5 [(det F)~ ¥ tx(Ln n?)7 -
iz i

S

+ Z [ (det F)~ " tr Cof (L F FFT L, $)# — 3} + Woor(det F),  (4.10)

for every F € Lin™(3). We set W°P(F) = +o0 for every F such that det F' < 0. Also in this
case it is useful to express the energy density as function of B = FFT and we have

Wﬁomp(F> — VT/T‘;Omp(F’F’T)7 for every F € Lin* (3>a

where
N C; 1 1 .
W’somp -t |: (det B)~ Fir L,?>BL,? o 3:|
=25 (L2 BL)
Md; _1 14
+ Z 5—] [(det B)~ El trCof(Ln BL,2)7% — 3| + Waal /det B), (4.11)
j=1 "7

for every B € Psym(3).
PROPOSITION 4.1. WS s a nonnegative function and
Weemp(F) =0 if and only if FFT = L,,.
We recall that the condition FFT = L,,, for some F € Lint(3), is equivalent to

F=U,R forsome R € SO(3), where U,, := Lé.

1

PROOF. Let F € Lin™(3) and let v, v2, and v be the (positive) eigenvalues of L, ? BLy 2,

where B = FFT € Psym(3). Then, by using the standard inequality between geometric and
arithmetic mean and the fact that det L,, =1, fori=1,..., N and j =1, ..., M we have that

1

3 3 3
(det B)"¥tr (Lp * BL, 5)¥ (det B) & Z?l 3(det B) & (Huk>

2

i
6

— 3(det B) 7" [det( 1BL;%)} =3, (4.12)
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and

1 94 5 ) 5

5 _ 1 1 55 —9dy j J J
(det B)~#tr Cof (L, * BL,?) ¥ = (det B) & [(ymﬁ + () ? + (yzygﬁ}

,5]. (Sj Jj Jj %
> 3(det B) [(VIVQ)T(V1V3)T(VQVS)T] =3, (4.13)

so that, looking at ([@IT]) and recalling (£S]), W™ is nonnegative. The equality holds in (£12)
if and only if 1y = vy = v3 = v, that is

Ly®BL,® = vl, for some v > 0, (4.14)

and in ([@I3)) if and only if v1ve = 1113 = Va3 = a?, that is
Cof (L;%BL;%) =a?I, for some a > 0. (4.15)
By ([@I4)) and (E_.?Lﬂ) anld by property @S) of Wy, we obtain that WP (F) = WP (B) = 0
if and only if L, 2 BL,? = I. O

4.2. Behavior for small strains

In order to obtain the geometrically linear approximation of the Ogden—type model introduced
in the previous section, we consider, as done in Section 2] for the classical BTW model, the small
strain regime |Vu| = ¢, where v is the displacement associated with the deformation y through
y(x) = x + u(z), and matrices L,, that scale with ¢ as

Lpe=0+e)n@n+(1+e) (I -nen). (4.16)
By expanding [I6) in ¢ around 0, we obtain that L, . = I + &L, + o(€), where L, is defined in
@), and U, . := L2 . = I + U, + o(e), with

-~ 1. 3 1
U, =-L ==< -=I). 4.1
o 2("®” 3) (4.17)

Now, we define
WRomP(F) := Wﬁf’g”p(FFT), for every F' € Lin™(3),

where W,ﬁf’gmp is given by (@I with L, . in place of L,,. More explicitly,

N
~ i Yi _1 1 ~;
Were(B) = s— [(det B) ¥ tr(Ln i BLL2) ¥ — 3]
i=1

3

M
d' 9j 1 _1 94
+> 7 {(det B)~Ftr Cof(Ln2BLy2)% — 3| + Wy (Vdet B), (4.18)
j=1 "7
for every B € Psym(3).

PROPOSITION 4.2. In the small strain regime |Vu| = &, we have that, modulo terms of order
higher than two in €,

2k
WEmp (I + V) = pi ‘[e(u)]d — <l +50%(Vu), (4.19)
where
R M
= Jj=

and ¢, ¢;, i, d;, and &; are the constants appearing in ({{-9) and {{-15).
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PROOF. In order to obtain (19, as in Section 2] we define for every E' € Sym(3) the linear
limit

1
V(E) := lim —W“””p(l +eE) = lim W7 (I +¢E)%).

e—0t € e—0+ g2

Since 0 is the minimum value attained by Wﬁ?;"p at Ly, ., see Proposition [4.1] the linear terms of
the Taylor expansions vanish and we have

SR . . .
V(E) = §D2W§?$P(1) [2E — Ly)* = 2D*W " (D) [E — Uy)?, (4.21)

where the last equality is obtained using ([{IT). Note that, for every B € Psym(3),

N
Werr(B)y =Y i— [(det B)"¢tBY — 3}

M
d; 5
+y Y { det B)™ % tr Cot BF — 3| + W, (vdet B).

j=1"9

Simple calculations give that, for every symmetric matrix H,
DATE(T) Z con { - ggu*tt + 31}
+Zd5 { —tr?H 4 =~ |H|2}+ctr2H,
so that, from (£2]]) and from the fact that U, is traceless, we have

V(E):1 Zcheré |E - U,|* + 71 Zcm+2d5 + 2¢| tr2E.

Writing now V(E) in terms of Eg4, since

. . 1
|E—U,|> =|Eq—Un]* + gtr?E,

we obtain that

1 .
V(E) == Zcm + Z did; | |Eq — U, |* + 2¢tE. (4.22)

=1

Finally, arguing as in the proof of Prop081t1on 2T and considering Vu with the proper scale
|[Vu| = e, we obtain from (@22l

1
W™ (I + V) = Z civi + Z did; Na <O+ 20002 (V).

O

Energy densities like ([II9) have been used in the study of nematic elastomers in the small
strain regime in [3, 12, @3], 14, B2, 40]. One reason to derive small strain theories from the
fully nonlinear ones is to obtain the expressions for the initial shear and bulk moduli in terms
of the constants and exponents of the fully nonlinear models, as done in ([£20). While our main
interest here has been to derive the small strain limit of fully nonlinear Ogden—type models,
also the opposite path is interesting. In fact, energies of the form ([@I9) are quite common in
the modeling of active and phase—transforming materials, where geometrically linear theories are
often used [8]. Our discussion of their relation with parent (fully nonlinear) theories such as
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(D)4l provides several templates to generalize these small strain theories to the regime of
large deformations.

4.3. Purely mechanical response

In this section we focus on the purely mechanical response of an incompressible material
governed by the energy densities W,, introduced in Section EJl This means to consider the
stored elastic energies obtained, for each fixed F', by minimizing the energy density W, with
respect to n.

Referring to the expressions ([@L3)—([@0), let us restrict the attention to the case ¢; > 0, v; > 2
fori=1,..,N and d; = 0 for j = 1,..., M, so that W, (F) = W, (FFET), for every F € M?3*3
with det F' = 1, where

N
- . 1 1y
WaB) =Y & [tr(L,ﬁBL,ﬁ)T —3} . (4.23)
— i
i=1
In order to minimize (23] with respect to n € S2, we need the following proposition.

PROPOSITION 4.3. Let B € Psym(3) and let 0 < g < po < us be its ordered eigenvalues.
For every v > 2, we have that

_1 _1\ 7 5 5 2
min tr (Ln °BL, 2) i {uf N (@) ] . (4.24)
nes? a

The minimum is achieved when n is aligned with an eigenvector of B corresponding to ps.

We recall that ¢ > 1 and that L, is defined in (II). In order to simplify the notation for the
proof of Proposition 3] let us set

ORES %, and M, :=a"2n®n + (I —n®n) = (aié — 1)n@n + 1, (4.25)
so that
Ln? = at M, (4.26)
By using the positions [@28)-@20), identity [@24]) is equivalent to
min tr(M, BM,)* = i§ + 5 + (@) . (4.27)
nes? a

For what follows, we fix an orthonormal basis {b1, ba, b3} of eigenvectors of B such that Bb; = u;b;,
i =1,2,3. The next lemma will be useful.

LEMMA 4.4. For every unit vector n € R3, the mazimum eigenvalue of M, BM, is greater
than or equal to max{ps, us/a}.

Proor oF LEMMA [£.4l By definition of the maximum eigenvalue of M,, BM,,, to prove the
lemma it is enough to show that

(M,,BM,,;m) - m > max {ug, E} ., for some m e S?.
a

If 22 > pip, we define
v 1
m:=—, where v := —Mn_lbg.
|v] Va
With this choice of m, we have that
(M, BM,m) L (BMv) - (M) = —— (Bbg) - by = — 12
n nMm) - -m = —= nvU) - n = . = =
[o]? alo2 77 T P a

From the definition of M,, it turns out that |v| < |bs| = 1, because a > 1 and

(4.28)

1
v = |n®n+ —=(I —nen)| bs.

Ja

Thus, from ([E28), we obtain (M, BM,m) -m > us/a.
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If po > £2, we consider (Span{n})", the orthogonal space to n, and choose a unit vector

m in the set Span{by,bs} N (Span{n})", which contains at least one line. Thus, the fact that
m € Span{ba, b3} implies
(Bm) - m > s, (4.29)

while m € (Span{n})" implies that M, m = m. This fact, together with E29), gives that
(M, BM,m)-m = (BM,m) - (M,m) > us.
g

The proof of Proposition hinges on the following crucial technical result, whose proof is
postponed at the end of this section.

LEMMA 4.5. Let 0 <2 <y<Z and 0 < x <y < z be such that
(i) ayz=7yz, (i) 24+y+z>T+y+z, (i) z>z (4.30)
Then, for every a > 1 we have that
2 Fy* 2 > T Y+

PROOF OF PROPOSITION 3] Recall that we want to prove [£27)) and that M,, is defined
in (@25). Note that ([@21) is true for a = 1: this has been proved in (LG) (with FFT in place of

Band a= 5L, ? in place of M,,), so that

min tr(M,BM,,) = pu1 + pa + &, (4.31)
nes? a

and the minimum is attained when n is parallel to bs. Now, by using the definition of the a—power
of a positive definite and symmetric matrix, we write our minimum problem as

min tr(M,BM,)* = min (%4 y~ + %), (4.32)
nes? (z,y,2) el

where
o = {(z,y,z) €ER®:0<a<y< 2z v,z eigenvalues of M, BM, for some n € SQ}.

It is easy to check that w1, po and us/a are eigenvalues of My, BMy,., so that, by relabeling them
T, y and Z in such a way that T <7 < Z, we have that

@7.7) € o, (433)
with Z € {p2, £2}. Finally, observe that for every (z,y,z2) € &,
wyz = det(M, BM,) = det B det M2 = H1E215 _ 752 (4.34)
a

We now apply Lemma L5 Take (z,y, z) € &7 since [@30) (i) is assured by ([@34), (@30) (ii) by
&3T), and (£30) (iii) by Lemma [£4] we have that

for every « > 1. Thus, by considering also (£32) and [33)), we have obtained that
min tr(M,BM,)* =% + 7 4+ z¢,

nes?

that is (@27). O

By considering W, given by [EZ3), we define

N

5 - [C A -1 -1 u
W(B) = min W,(B) = ; = miy {tr(Ln BL, )% — 3} . detB=1. (4.35)
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In view of Proposition 3] we have that

N i i
~ i, 6 i 2i 2 i
B =3 L [uf Y (%) 3a_%}, det B = 1,

=1

where 0 < g1 < s < ug are the ordered eigenvalues of B, and in turn that

W(F) = W(FFT)
N o Vi

_ Gid S |y Tig Az g T _

= ; : [)\ + 2 (\/a> 3a 6}, det F=1 (4.36)
where 0 < A\; < Ay < A3 are the ordered singular values of F. Expression (£30]) tells us that the
energy density W is of “Ogden—type”, that is separable in the sense discussed in [54], Chapter
4]. We remark that in all the terms of the sum in ([3H), the minimum is achieved when n
aligned with an eigenvector of B corresponding to its largest eigenvalue ps. Therefore, within
this model, the nematic director is always aligned with the direction of maximal principal stretch.
The following proposition characterize the set of the wells of W.

PROPOSITION 4.6. Considering the function W defined by [-30]) if det FF = 1 and equal
to 400 otherwise in M>*3, we have that

W>0 and W(F)=0 ifandonlyif M(F)=X(F)=a"5 and A\s(F) = a5.

PRrROOF. It is sufficient to use Proposition ] (specialized to the incompressible case) and
argue as in the proof of Proposition [Tl (ii). O
Consider now
Wa(F) := Wo(FFT), det F =1,
where

N

M
~ ~ C; J
Wo(B) := min W,,(B) = mi ~ tr(BS)7 —3 —L[tr Cof (B5)2 —3] 3,
2(B) = min W, (B) = min ;%[m ¥ ]gé rCof (B5)? — 3]

and B, is given by ([@3). If d; > 0 for some j = 1,..., M, these expressions may be not separable
in the sense discussed in [54, Chapter 4], except in the Mooney—Rivlin case N = M = 1 and
v1 =01 =2 (and ¢1, d; > 0). In this case, W, is of the form (1) and, recalling that

L, =a’n®n + a_%(l — n@n) (a>1), (4.37)

it is easy to show that
o\ 2 A\ 2 A\ 2
-3 () - () () -
a~ 6 a~ 6 a3
di [ (2exs\? . (Ads) A\’
= ( 213) +( 113) +( 112) —3|. (4.38)
2 as6 as6 a3

Again, the minimum which defines Wa(F') is attained when n is aligned with an eigenvector
of FFT corresponding to its largest eigenvalue, just as in the case of ([E30).

+

Proor oF LEMMA [£F] Suppose first that T = 3 = Z. In this case, we have to prove that
x*+y*+2z* > 3%, To have this, it is enough to use condition (30 (ii), which gives xz+y-+2z > 37.
Indeed:

T 4 y® + 2% > 3% 4y + 2)* > 377,
where the first inequality is standard (descending, e. g., from Hélder’s inequality). Thus, in the
rest part of the proof, we will suppose
T <Z. (4.39)
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We introduce the functions
w(w,y,z) =% +y* + 2% v(z,y,2) =2yz, ulz,y,z2)=r+y+z,

and the minimum problem

i 4.40
Jmin w(z,y, 2) (4.40)

with constraints
(i) v(z,y,2) ==yz, (i) ulz,y,2)>T+74+7%, (i) 2>z (4.41)

By standard arguments it can be proved that the minimum exists. Let (zq, 3o, 20) be a minimum
point. It is not restrictive to suppose that

To < Yo < Zo-
Claim 1. z( < zg.
Suppose, by contradiction, that zg = 2o. In this case, (ZZ1)) (i) and (ii) would give 2} = T7Z and
3xy > T+7Y+Z, respectively. Thus, by the standard inequality between arithmetic and geometric
mean, we would obtain

and in turn T = Z, against (£39).
Claim 1 will be used in the proof of the following claim.
Claim 2. zy = Z.
Let us see how the thesis descends from Claim 2 and postpone the proof of the claim. Since
2o = Z, conditions [@AI) (i) and (ii) become
Toyo =TY, To+yo > T+Y. (4.42)
This two conditions imply the inequality
Yo~ @+Py +TF =0

and in turn that

either Yo <T or Yo > 7. (4.43)
As an intermediate step, we want to prove that
x5 +yo =T +Y°. (4.44)

If the contrary were true, by considering also the first condition in (#42]) we would obtain the
inequality
(6)* — @ +7)yg + (FP)* <0
which is true if and only if
T <yo <Y,
against (£43). Thus, [@44) holds and therefore
TOHY A+ =T Y g Sag +ys 2
This fact, together with the definition of (z¢, yo, 20) as a minimum point of (£40)—(Z4I), gives

the thesis.
Proof of Claim 2. Suppose, by contradiction, that

20 > Z. (445)
Constraint (£4T]) (ii) tells us that xo +yo+20 > T+7+Z. If 2o +yo+ 20 > T+ 7Y+ Z, this strict
inequality, together with conditions [@A4T]) (i) and ([@43), gives
VU(SC(), Yo, ZO) = MV’U_)(SC(), Yo, 20)7

for some Lagrange multiplier p # 0. A direct computation shows that this last condition implies
Ty = 20, against Claim 1. Therefore, we must have

To+ Yo+ 20 =T+7+Z. (4.46)
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Since ¢ < zp from Claim 1, we have three possibilities which we treat separately in the following
cases (a), (b) and (c). We are going to show that every case leads to a contradiction resulting

from (£45).

(a). Here we suppose that
To = Yo < 20-
Let € > 0 be such that x(e) := yo—e > 0 and let y = y(¢) and z = z(¢) > y satisfy the conditions
z(e) +y + 2z = 2yo + 20,
{ z(e)yz = Y3 2o
Setting
ag = Yo + 2o, bo = yozo,

yle) = l{ao—i—a—\/(ao—l—E)Q—élbo(yoyoE)},
z(e) = %{ao+€+\/(ao+5)24b0<y0y3€>}.

It is easy to show that z(e) < y(e) < z(e) for ¢ sufficiently small. Moreover, up to a smaller e,
we have that z(e) > Z, since z(0) = z¢ and (£45) holds. Now, let us introduce the function

fe) = (@) +y(e)™ + 2(e)*

Since (2(0),y(0),2(0)) = (xo0,y0,20) and (z(e),y(e), z()) satisfies the constraints (@A) of the
minimum problem ([£40), it follows that

it turns out that

[\]

F(0)=0 and f"(0) > 0. (4.47)
Simple computations show that
2«
"0) = ——— [y& 4+ oy (20 — yo) — 28] . 4.48
1O = o =) [ + ays ™ (20 — yo) — #5] (4.48)

Now, since yo < 2o, we have that y§ + ayg‘_l(zo —yo) < 2§, in view of the strict convexity of the
function ¢ — t* (« > 1). Thus, from [@Z8]) we obtain that f”(0) < 0, against ([47).
(b). Here we suppose that

o < Yo = 20-

In this case, constraints (4] (i) and ([£40) give

2 _ (25
(o s (4.49)
where o
A="1 ; y, G := \/f_y
From (£49) we deduce that zy solves the third order equation
P(t) =2t — A+ 2)t* + G*Z = 0.
The function P has a local maximum at ¢ = 0 with P(0) > 0 and a local minimum at t = 2’4%
with P (2’43—+2) < 0. Now, from ([@Z3)), from the fact that
z> 2A3+ z (4.50)
and that zg is a zero of P, it is easy to deduce that
P(t) <0 for “22 <t <z and P(t) >0 for ¢ > 2. (4.51)

On the other hand,
Pz)=z[z- T +y)z+T7],
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so that P(Z) > 0 in view of the fact that z > 7. Together with (£50) and (AT, this implies
that Z > 2o, against (ZZ0]).
(c). Finally, we suppose that

ro < Yo < 20
In this case, we consider the matrix whose lines are the gradients Vw(zo, yo, 20), Vv(2o, Yo, 20),

Vu(zo, yo, z0). Considering (£40), @A) (i), (£43), and [@44), it turns out that

V’w(ﬂCo,yo,Zo)
D :=det | Vov(zo,y0,20) | =0. (4.52)
Vu(zo, yo, z0)

Computing such a determinant gives

D = alzo (Y5 — 25) = vo (25 — 25) + 20 (25 — y5)]
= —alyg (20 — o) — 25 (yo — o) — 25 (20 — yo)! - (4.53)
Setting \ := £=20 ¢ (0, 1), so that

Z20—X0

yo = Az + (1 — N, (4.54)

from ([@53) we obtain that

D = —a(zo — xo0) [yg — Az5 — (1 — Nag].

This last equality, together with ([£54)) and the strict convexity of the function ¢ — t* (a > 1),
implies that D > 0, against ([A52]). O
In the following remark we show that in the case where the two largest eigenvalues of B €
Psym(3) are equal it is possible to find the analytical expression of the eigenvalues of L, 2 BL,, 2

and prove Proposition in a more direct way.

REMARK 4.7. Let B € Psym(3) and suppose that 1y < s = pg (the case pq = s = pg is
trivial), where u1, ps2, ps are the ordered eigenvalues of B. Let by, ba, bs be the corresponding
orthonormal eigenvectors. For a > 1 and a unit vector n € R3, consider L,, = L, (a) defined as
in ([{37) and suppose that

ni
n= | ng in the orthonormal basis {by, b2, b3}.
ng

11
Then, up to the multiplicative constant aé, we have that the spectrum of L, 2 BL, ? is

g(nd) + \[9P(n) — 4L gnd) — \[g?(nd) — 41 (455)

2 ’ 2 '

Mo,

where

SHN

o10)i= (2 =) (1

Moreover, we have that

> t+m+ﬂ, for every 0 <t <1. (4.56)
a

1 1N3 ST 2 \ 2
min (L,ﬂBLn?) =q? {uf + (1 +a_7) uf} ,
nes?
and the minimum is attained for n € (Span{b;})".
In order to prove this, let us use the same position used for the proof of Proposition

a =73 and

Mn;:a_éLné:( —1)7’L®7’L+I

=
NG



70 4. OGDEN-TYPE ENERGIES

With this notation, we are going to check that the spectrum of M, BM,, is [L53]) and that

1
min tr(M, BM,)" = u{ + (1 + —) 12y (4.57)
nes? a”

with the minimum attained for n € (Span{b;})".

We note that, as u; < ps = 3, we can write B in the following way:

B = ul(b1®b1) —+ ‘LLQ(I - b1®b1) = /LQC, (458)
where
pi= % <1, C:=pbi@by+ (I —b@by).
2

We are going to find the eigenvalues of M,,C'M,,. Note that M, ! is an invertible matrix and
that there exist A € R and v € R®\ {0} such that M,,CM,v = v if and only if CM2 (M, 'v) =

A (M, 'v). Therefore, we look for the eigenvalues of the matrix

CM? = [(p— 1)by@by + 1] Ké - 1) n®n + I}

=1 (5 -1) rmhsnc+ (- st + (21 won 1, (w59

since in this case there are shorter formulas to handle. Recall that we have fixed the orthonormal
basis {b1, b, b3} where

1 ni
bp=10 and n=| n
0 ns

Using these expressions we can compute the coefficients of the matrix CM?2 and obtain

1
p[ 5—1 n%—i—l] p(é—l)nlng p(%—l)nlng

CM? = ifl nins (%fl)nngl (%*1)712”3

n
1
5—1 nins (%—1)712713 (%—1)71%-{-1

It is already clear that 1 is an eigenvalue of C'M2. Indeed, using expression [59), it turns out
that CM2v = v for every vector v in the orthogonal space to Span{b;,n}. In order to find the
other eigenvalues of C'M?2, we use the standard procedure and look for the solutions w of the
equation det (CM,% —wl ) = 0. A direct computation gives

det (CM? —wl) = {p[Gl) n§+1} w} [w? — (6 + 1)w + 4]

—p (é — 1)2n§ (n3 +n3) (1 —w), (4.60)

where
1
0= <El> (n3+n3) + 1.

Now, since [w? — (6 + 1)w + 6] = (w — 1)(w — d), we use the fact that 1 — n3 —n3 = n? and
rewrite (A60) as
det (CM? —wl) = (w — 1)P(w), (4.61)

where
1
P(w) = —w? + —g(nd)w — -,
H2 paa
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and g is defined in ([@56). The zeros of P are

g(ni) £ 4/g%(n}) — atake

242

A) = (0 = 102 = o = )? (1 1)

1 2 2\ 2
+2(pe — ) (1 —— (,u1 + —) t+ (,u1 — —) >0 forevery 0 <t<1. (4.62)
a a a
Thus, looking at ([61]), we have that the spectrum of C'M? is

{1 9(n) + VAW g(nd) \/A<n%>}
i 2 9 Y :

Iz 212

Recalling (Z58), multiplying these eigenvalues by pa gives the spectrum of BM?2, which is the
same of M, BM,,.
In order to prove [5T), let us introduce the function

o) +VAD |, lg(t) - VA
2

f@t) = ps + 5

and observe that f(n?) = tr(M, BM,)". Now, we differentiate f in (0, 1):

(g(t)Jr\/A(t))a (M)a] forevery 0 <t <1
5 .

ag'(t)
A(t)

7't = >

This tells us that
f'(t)>0 forevery 0<t<1,

since ¢'(t) = (p2 — p1) (1 — 1) > 0 and A(t) > 0 for every ¢ > 0 (see ([ZG2)). Thus,
f(0) < f(t) forevery 0<t<1,

and therefore

a « M2\« . . o
FO) =5 +ut + (B2)" = min f(n?) = min tr(M,BM,)". (4.63)
Finally, observe that
0
£(0) = tr(M,BM,)*, where n= | ny | € (Span{bi})". (4.64)
n3

Considering ([@63]) and ([@64]), the proof of ([L51) is completed.

4.4. Stress-strain response through quasiconvex envelopes

Although the free energy density obtained in the previous section minimizing with respect
to n is not quasiconvex, nevertheless this notion of convexity plays an essential role in predicting
global features of the material response of nematic elastomers: the passage from the mesoscopic to
the macroscopic free energy is achieved by quasiconvexification and the quasiconvex hull of the set
of the energy wells has a very clear physical interpretation as the set of macroscopic deformation
gradients achievable by minimum-energy microstructures. Indeed, minimization with respect
to n leads to a loss of stability of homogeneously deformed states with respect to configurations
exhibiting shear bands (stripe domains, which are indeed observed experimentally, see Figure f2]).
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FIGURE 4.2. Comparison between experimental data from [68] and numerical
results from [28]. This is a stretching test on a sample of nematic elastomer ma-
terial with clamped lateral edges. In the second picture the grey scale represents
the cosine of the angle between the nematic director and the horizontal, and the
vertical arrows represent the direction of the nematic director at the beginning
of the experiment and of the simulation.

Using the arguments of [31], we will see that the quasiconvex envelope W€ of the energy
density W defined in ([34]) is given by

1
WI(F) = inf —/ W (Vw(x)) dzx , (4.65)
Wi g 19 U

where ) is an arbitrary bounded open set with [0Q] = 0 and w is an arbitrary Lipschitz con-
tinuous displacement field perturbing the affine state y(x) = Fa and vanishing on 9. Stable
materials are characterized by W = W. If, for some F, Wi°(F) < W(F), then the state of
homogeneous deformation F' is unstable: the material shows an energetic preference to develop
spatially modulated deformations with gradient F' + Vw(x) (typically, shear bands) at fixed av-
erage deformation F'. The minimal energy cost to maintain the state of average deformation F
is W9¢(F'), rather than W (F'), and this is achieved through domain patterns with length scales
which are very small compared to the size of the domain 2.

For energies such as ([{30), an explicit formula for their quasiconvex envelope is available,
thanks to [31]. Figure gives a sketch of the sets L, I;, and S appearing in the following
proposition. To simplify the notation, let us introduce the set

Y= {F M3 : det F =1},

which models the incompressibility of the elastomer. Note that

Fex = X(CofF) = ﬁ (4.66)

PROPOSITION 4.8. Let W be the energy density given by (4.30), with ¢; > 0 and v; > 2.
Consider the following sets of 3x3 matrices:

L= {F €3 : Ay(Cof F) < a%} (4.67)
I = {F €3 1 A3(Cof F) > ab, A\3(Cof F) > a—%Ag(F)} (4.68)

S:= {F €3 1 Ay(Cof F) < a—%Ag(F)} (4.69)
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Then, the quasiconver envelope WI°¢ of W is given by

1
WI(F) = inf —/W(Vgo(ac))dac
St a1 0

¢(x)=Fz

0 fFel
ZN:CZ' ( A (F))%+2 AN 3| ifFel
— 6 - _
= ¢ L [\T at \i(F) ‘ Yo (40)
W(F) ifFesS
+00 otherwise

Note that in the (A3(F'), A3(Cof F))—plane the set where det F' = 1 is the set bounded by the
curves A3(Cof F) = /A3(F) and A\3(Cof F') = A3(F). In view of ([@B0), this is due to the fact
that

Fey = X(Cof F) <N(F), Xs(Cof F) > \/A3(F).
Also, it is easy to see that LU, U S = X.
Let us postpone the proof of Proposition L8 and note that each summand in ([@38) is of the

< KM)V N (M)7 n <M)7 3} . detF =1, (4.71)

Vi €1 €2 €3

where

0<e; <ey<es aresuchthat ejeses=1. (4.72)
In [31] explicit formulas for the quasiconvex envelopes of functions like (L TI]) are given. Now,
in order to conclude that ([@XT0) holds, we cannot directly use the result of [31], because it is
not always true that the quasiconvex envelope of a sum is the sum of the quasiconvex envelopes.
Thus, for sake of completeness, in the following Theorem we give the results of [31] for
functions of the type

o S () () (B0) o] wren

400 otherwise.

Note that ([@73) includes [E36) for e; = ex = a~% and e3 = as and, in particular, includes
[BTW] model for N =1 and 7; = 2. By the standard arithmetic-geometric mean inequality, we

have that .y
M (2B (2B det F\
<1( )> +<z( )> +<ﬁ> 23< e ) _3 (4.74)
el e es €1€2€3

Thus, f is a nonnegative function and f(F') = 0 if and only if

FeK:={FeX: \NF)=e;,i=1,23}
Referring to Subsection [LZ1] for the following notions of convexities and hulls, the quasiconvex
hull of K is given by the following theorem. We recall in particular that the set K(?) is involved

in characterization of the lamination convex hull K% of Proposition An important result
contained in [31] is the following.

THEOREM 4.9.
K® =Kl =K =K®=KPF={FeX: AF)Clepes}.

We refer the reader to [31] for the proof of this theorem. We remark that the constraint
Y, is stable under taking the lamination convex hull. Indeed, consider A, B € X such that
rank (A — B) = 1. Let A € (0,1) and note that, up to a change of coordinates, we have that

T1 0 O
M+(1—=NB=B+X| rm» 0 0
T3 0 0
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Thus, since the determinant is a multilinear function of the columns, we have that det(AA + (1 —
A)B) =det B =1.

To prove Proposition [£g] it is sufficient to apply the following theorem with e; = ey = a~5
and ez = as.

-

THEOREM 4.10. Let f be given by (Z.73) and (£73). Then, for every F € M3**?® and every
bounded open set @ C R? with |0Q] =0,

1
fF) = inf —/ f(Vo(x))dx (4.75)
PeW 1,20 (;R3) |Q| Q
p(x)=Fx 0on o2
0 ifFel,
N r ) i b
¢ )\1(F))% ( el )2 .
S NG 3| ifFer,
— % ( €1 AL(F) ] / '
T3 if Fes, (4.76)
o~ _()‘3(F))%+2( s )l 3_ fF el
b _ i :
25 [\ e Na(F) _ ’
400 otherwise,
where
1
{FGZ )\3 )<€3,)\3 COfF e—}
= F eX:\(Cof F >—)\CofF> F)
ni={Fes o) = Lo r) 280} -
- {F €% TP A(F) < Ag(Cof F) < ~ (F)}
{FGE A3(F) > e3, A3(Cof F) < /T F)}
and
N= 22 =2 (4.78)
€3 €1

As we will see in the proof, f4¢ turns out to be polyconvex. Also, note that L = K¢, in view
of Theorem L9 In particular, we see that f9¢ =0 on K.

Proor oF THEOREM [ 10l Following [31], the proof proceeds in three steps:

(i) finding an upper bound f for fr¢ such that f < f;
(ii) establishing that f is polyconvex, so that f7¢ = fP¢ = f;
(iii) showing that f2¢ < f < fP¢ where f is the function on the right hand side of (@ 70).

Step (i). Consider the function f : M3*3 — [0,00] defined as the right hand side of (@76).
It is easy to see that f < f. Moreover, as done in the proof of [31], Proposition 1], it can be
showed that fm¢ < f and that for every F € X there exist m € {1,..,4}, A\, A €00, 1], and
Fy, ..., F,, € %, such that
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Step (ii). In order to prove that f is polyconvex, consider the function 1 : Ri — R defined by
0 if (s,t) € L,

N T/ 1\
i % : =
— =) +2et)z -3 if (s,t) € I,
= i L\et

N ; ; '
= i 1\ " " S
¥(s,1) G (_) + (i) + (i) — 3} if (s,t) € 5,
— i [\eit €28 €3

7=

N ¢ [/ s\ es3\ o ] ~
— = —|—2(—) -3 if (s,t) € I,

1L

1=

and

e

=10, e3] x [0, i] ,

€1
2 1 * 2
I :{(s,t)GRJr:tz—,tZ’y s },
€1
S = {(s,t) ER? : \/F*52t§7*52},
I3 = {(s,t) ERi ts>esg, t < \/F*s},

where v* and I'* are defined as in (£7])). In [31] Proposition 2] it is shown that every summand
of v is convex and nondecreasing in its arguments. Hence, v is convex and nondecreasing in its
arguments. The same arguments of the proofs of [31] Proposition 3, Theorem 3| then give that
f is polyconvex, because f(F) = 1p(As(F), A3(Cof F)), if F € X.

Step (iii). Note that Theorem does not follows automatically from the previous steps,
because quasiconvexity does not imply rank—one convexity for functions which take values in
R U {+00}. To close this gap, the authors in [31] use the following result by Miiller and Sverdk
[53, Lemma 4.1] particularized to a subset V' of ¥ and to the lamination convex hull of V.

LEMMA 4.11. Let Q C R™ be a bounded domain, let V be an open set in ¥, and F € V'°.
Then, for every e > 0 there exists a piecewise affine Lipschitz function y. : @ — R™ such that
Vu. € Vi€ ae. in Q and

[{x € Q : Vu.(x) ¢ V}| <elQ, u:(z) = Fx on 0.
Let us introduce the function f : M3*3 — [0, 0o] defined by

1
f(F):= inf —/ f(F +Vo(x))dz, for every F € M**3 (4.79)
pewd=(ms) [ Jo

for some open bounded set @ C R3 with [9Q)] = 0. Firstly, note that, by definition, every
quasiconvex function g : M®*3 — R U {400} such that g < f satisfies also g < f. Indeed, for
every ¢ € Wy we have that

o(F +V)dz < —= [ $(F+ V) < f(F).

=101 J, 9 Jo
In particular, we have that
fre< e < f. (4.80)
If one shows that
f<fr, (4.81)

this inequality together with ([LS0) gives that fI¢ = fP¢ = f and in turn, in view of the definition
of f and of Step (ii), concludes the proof of the theorem. To prove (L&) the idea is to construct,
for every § > 0 and every F € X, a function s p € W such that ¢s p(z) = Fx on 99 and

/Q (Vs p)dz < QU F7(F) + 0(5), (4.82)
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where O(8) — 0, as 6 — 0. This implies (@XI). From Step (ii) we have that fP¢ = f. Thus,
using Step (i), we obtain that for every F' € ¥ there exist m € {1,...,4}, A1, ..., Ay, € [0, 1], and
Fy, ..., F,, € %, such that

F=Y MF,  and  fP(F)=f(F), fori=1,..,m.

Set X := {Fl, ..., F,,} and define, for every § > 0 arbitrarily small

Vs ={FeX:d(F,X) <0}, ws:= sup f(G)— fP(F).
GEV&

Since f is continuous on Y, then ws — 0, as 6 — 0. Lemma E.TT] provides a piecewise affine
Lipschitz map ¢s r : © — R? such that Vs p € Vi€ ace.,

Hz € Q : Vs r(z) ¢ Vst <0|9, and s, r(x) = Fz on 0.

Now, V(;lc C V/¢ for every § arbitrarily small and, since ¥ is stable under taking the lamination
convex hull, it turns out that V/¢ is a bounded set contained in . Therefore, if M is an upper
bound for f on V{¢,

IN

/Qf(V%,F)dw {z € Q: Vs r(x) € Vsl [(f7(F) +ws) + 6|QM

IN

|Q fPF) + Q| (ws + 0M).

Hence, is true with O(9) := |Q|(ws + IM) and this concludes the proof of the theorem. [

0 1 a

FIGURE 4.3. Level curves of the quasiconvex envelope ([70) of the Ogden—type
energy (A30]) and illustration of the sets L, I;, and S appearing in its definition
(a=4).

From the expression of W% in ([LT70) we obtain that in the region L the response of the
system in completely soft and the nematic elastomer behaves essentially like a liquid. On the
other hand, in the region S the expression of W is equal to W and describes an Ogden—type
rubber, so that the material behaves like an elastic solid. In the intermediate region I;, the energy
W depends only on the smallest singular value of the deformation gradient and the material
response is intermediate between liquid and solid.
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REMARK 4.12. For sake of completeness, we remark that the quasiconvexification of the
Mooney-Rivlin model W5 given by ([@38]) has been obtained by Silhavy in [61]. We have that

0 if Fel

. C1 1 2 2 d1 1 2 1 .
WI(F) = —[am F +17—3}+— (7) + 245\ (F)—3|, if Fel,
1) = G| (afa) T 2w 1(F) :
WQ(F) if Fels,

where L, I, and S are the sets defined in (Z.67)—(E@.63)).

In the rest of this section we will use the knowledge of the quasiconvex envelope W1¢ (see
E10)) of W (see (@30)) to examine the mechanical response of a sample tested in pure shear,
through stress—strain curves. Pure shear is a plane strain condition (also called plane strain
extension) often used in classical rubber elasticity to assess the performance of constitutive models,
see [54}, [66] and Figure for a sketch illustrating these laoding conditions. We are unaware
of experimental results on nematic elastomers that exploit this geometry, which we propose for
future investigations. In fact, stress—strain curves have been typically obtained, up to now, from
uniaxial extension tests on narrow strips of thin films (we refer to [9, [16], 7] for theoretical results
on uniaxial extension in thin film geometries, and to [35} 53] for the corresponding experimental
measurements).

FIGURE 4.4. Level curves of the Ogden—type energy ([£RH) with a =4, ¢; = 1,
~1 = 4, arbitrary units. The dashed (red) line gives the zero level set describing
the spontaneous deformations that minimize the energy density.

Plane strain conditions lead to a simplified expression for W (F') (which becomes a function of
A3(F) alone) and to a very transparent representation of the quasiconvex envelope in (A, §)—plane,
where A and ¢ denote applied stretch and shear, respectively. We start by rewriting the energy

given in (E30) as
W (F) = XN: “ [(M)7 + (@)7 + (M)W - 3} . (4.83)

1 1 1
— Vi a~ 6 a~ 6 as
i=1

Consider the plane strain conditions encoded by the deformation gradient

0 0
F(\6) = Ao (4.84)
0
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N _

10 15 20 25

FIGURE 4.5. Level curves of the quasiconvex envelope of the Ogden—type energy
BE) with a =4, ¢; =1, 71 = 4, arbitrary units. The shaded (red) region gives
the set of macroscopic strains that can be accommodated at zero energy.

where A > 0. From the expression of F(\,4) it is clear that a~ 5 is a singular value and that
A3(F(X,8)) # a5, because F(\,8) € ¥ and a > 1. Thus, the expression [@83) with F = F(X, §)

simplifies to
1 Yi .
5 )\ Vi
1+ <2> + (—3) —3] , (4.85)
)\3 a3

where A3 = A3(F()\,9)), with equality holding if and only if A3 = a3, Referring now to and
([@B7)-([@Z0), we observe that if A3 < a?, then F(),8) € LN1, and if A3 < a3, then F(),8) € S,
so that

N

W(EM)) =Y &

iz i

, 0 if \3(F(\,0)) < a3
WI(F(N,0)) = ’ y 4.86
(F(%9) { W(P(\S)  if Aa(F(\,6)) > a. (4.86)
Simple computations give
1 AW 0\
2 = - | \2 2, @7 - 2 o B3yt
)\3(F(/\,5))2</\ +4 +)\2>+2 </\ +4 +)\2> 4as,
and A3(F(),6)) < a3 if and only if A € [a*%,a%} and [0] < 0*(\), where
* __ l 2 i : 2 _ 2 3
5*(N) = 5 ()\ a) (a A ) . (4.87)
This allows us to rewrite ([{80]) as
W (F(), 6)) = 0 if e [a_ﬁ,ag} and [6] < 0*(N), (4.88)
W(F(X,6)) otherwise.

Level curves of energy
f(A,6) = W(F(A,0)).
and of (£]])) are shown in Figures 4] and These plots clearly illustrate that, in fact,
WHI(E(X,6)) = f9(A,6).

Observe that at a macroscopic unsheared (6 = 0) deformation with A € (a %,a%) the

energy W(F(\,0)) = f¢(\,0) = 0 can be obtained by combining the microscopic deformation
states (A, £0%()\)), with alternating equal and opposite shears of magnitude ¢* given by ([EJT]),
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in a stripe domain configuration with stripes of equal width and parallel to the direction zo of

imposed stretch (see [14}, 16, 17, [30] for further details and Figure for a sketch).

X3
SN T+
-------------------- g 20
T~ 1/2h
! JI, 1/2h
D &
D KE
D
&

X2

FIGURE 4.6. Sketch of the geometry for the pure shear experiment, and stripe
domain patterns with alternating shears +46*(\) on stripes of thickness 1/2h,

h > 1, providing the lowest energy configurations for stretches A € (a_%,a%)

in the plateau region.

Since % f(A,0) = 0 (note that f is even in the 0 variable), d = 0 always gives a stationary

point for f(),-). This equilibrium state is, however, unstable if A € (a_% , a%) (the energy plots

in Figures 4] and [£7 show a local maximum at § = 0 along lines with constant A, leading
to a negative shear modulus). Since, as already mentioned, the macroscopic deformation state
(X, 6 = 0) can be resolved by a stripe domain pattern alternating the states (A, +6*(\)) in stripes
of equal width at a smaller (in fact, zero) energy cost, we have W°(F(\,0)) = W(F(X, £0%(\)))
(see Figure[dL.]), and the quasiconvex envelope W% can be used to obtain a stable, macroscopically
unsheared state of minimal energy for all imposed stretches A > 0. The corresponding stresses

can be computed from

5 0 ifa=s <A< aé,
N i
o(A) == = f°(\,0) = as Avi—l . 1
o\ |-+ —— fA>as.
;Cz A\vitl + s wAa=zas
w w
04l 04r
03f 03
4
02t 02r 7\
!/ \
i . o \
< / ~N f L5 / N ~
-2 -1 1 2 15 2.0 25

FIGURE 4.7. Sections of the Ogden—type energy (£JH) (dashed line) and of its
quasiconvex envelope (£88) (full line) at constant A = 1 (left) and at constant
0 = 0 (right). The energy is in arbitrary units, the material parameter values
area=4,c1 =1, 7 =4.

(4.89)
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In order to obtain the last equality we have used the fact that, since

A3(F(A,0)) =

> ]8.

if0<\<ai,
if A > a1,

we also have

FEN0) = WE(E(X,0) ={ 0 if ) e [(f%,a%} ,

0 >
N
218
—
_|_
VN
> 2
N———
2
_l’_
7N
Sl >
N———
2
|
o
| I
=N
>
vV
S
W=

30}

20F

15F

05F

FIGURE 4.8. Stress—strain response in plane strain extension (pure shear). The
dashed line comes from the Neo—Hookean expression obtained from (£89) with
N =1, ¢ =2, v =2, the full curve from the Ogden—type expression obtained
from [@89) with N =1, ¢;1 =1, v1 =4 (a = 4, arbitrary units).

Figure .8 shows force—stretch curves for the plane strain extension experiment ([{L87]) starting
from the minimal energy configuration associated with a director uniformly aligned with x5 (this

is given by A = a’%, 0 = 0). Let us focus for simplicity on the Ogden—type expression (85

with N =1, that is
1 Y1
3 )\ Y1
1+ <2> + (—3) —3] , (4.90)
)\3 a3

for some ;3 > 2. We note that while the Neo-Hookean model (77 = 2) misses the stiffening
response at large imposed stretches, this is captured by expression [90) as soon as y; > 2, that
is by the simplest expression of an Ogden—type energy density. Indeed, denoting by oxpy the
expression given by [89) with N =1, v1 = 2, and ¢; = ¢, and by oo the same expression with
N =1,v =+v> 2, and ¢; = d, we have that for A > a3

C1

st

W(F(X,0)) =

a§+ A
¥ a

O’NH()\) =C [—

and  oo(N) = [—;+£}. (4.91)

Simple computations show that whereas oy is concave for every A > a%, oo changes concavity
for some A > a3. ITmposing the conditions v > 2 and o’y ((a3)") = o4, ((a5)"), the constants in
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(Z9T)) have to fulfill
2c
c> d, Y= F
In Figure[d8 the prediction of o g is compared with that of oo with ¢ =2,d =1, and v = 4. As
is well known, the plateau at zero applied stress is unrealistic, and it is possible to add anisotropic
corrections to ensure that director reorientation need to be triggered by a nonzero minimum stress

level (see, e.g., [14, I7]).






CHAPTER 5

Attainment of minimal energy

In this chapter, we collect two attainment results regarding minimum problems for the free
energy functionals modeling incompressible nematic elastomers. They have been obtained in
collaboration with G. Dal Maso and A. DeSimone. We will consider both the nonlinear model
and the geometrically linear one. In Section 5] we treat the nonlinear case and consider energy
densities of the form

vy EE[(E) () () o wren

400 otherwise,
where v; > 2, ¢; > 0 for every i = 1,..., N,
Si={FeM>®: det F =1},
and e, es, and e3 are three fixed real numbers such that
0<e <eg<es, eireses = 1.

Recall that A\ (F) < A\y(F) < A3(F) are the orered singular values of F.. We have seen in Section
that an energy density of this type governs the purely mechanical response of incompressible
nematic elastomers if ey = e5 = a’%, e3 = aé, where a is the material parameter appearing in

the definition (1) of the nematic tensor L,. Recalling [@74), we have that W > 0 and that
W(F) =0 if and only if
FeK:={FeX: \NF)=¢;,i=1,23}. (5.2)
We will prove that for every piecewise affine Lipschitz map v : 2 — R3 such that
Vv e X ae. in (), essinfo| A1 (V)| > ey, ess supg| A3 (V)| < es, (5.3)
there exists a dense set of Lipschitz functions y : © — R? such that
W(Vy) =0 a.e. in Q, y=wv on J.

The same result holds if v satisfying (53] is of class C*(Q;R?), for some 0 < o < 1.

In Section we will consider the linear case. We will focus on the two dimensional case,
because this will allow us to provide simpler proofs of the results. Referring to Remark
for the derivation of the geometrically linear model in dimension two, and more in general to
Chapter 2] for the justification of the small strain theory, we will consider the energy density
V(E) := min,eg: V,,(E), for every E € Sym(2), where V,, is defined in (ZI9). Normalizing
multiplicative constants, the energy V' will thus be defined as

. 2 .
V(E) = { min |E—U,|* if E € Symo(2), (5.4)
400 otherwise,

where U, is given by ([2I8). We recall that V' governs the purely mechanical response in the
small strain limit. Note that V(E) = 0 if and only if

EeKky, := {E € Symo(2) : E=2n®n —1, for somen € S'}
_ {E € Symo(2) : |E| = \/5} (5.5)

83
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In fact, we will mainly use the set
Ko = {A € M2? : symA € f(o} : (5.6)
We will provide a method to find solutions u of class VVO1 P for every 1 < p < oo, to the problem

V(e(u)) =0 a.e. in Q. This method gives explicit solutions in the case where 2 is a disk.
We will then prove that for every piecewise affine Lipschitz map w : £ — R? such that

divw =0 a.e. in Q, ess supg|e(w)| < V2, (5.7)
there exists a dense set of Lipschitz functions u : Q — R? such that
Vie(u)) =0 a.e. in Q, u=w on . (5.8)

The same result holds if w satisfying (57 is of class C1(Q;R?), for some 0 < o < 1.

The results of this chapter are an application of the theory developed by Miiller and Sverak in
[63]. In that paper, the authors use Gromov’s theory of convex integration to study the solutions
of first order partial differential relations Vy € U a.e. in 2, where the unknown y : Q@ C R™ — R™
is a Lipschitz map and U is contained in .& := {F € M"™*" : M(F) = t}, with M(F') a minor
of F', and t # 0. A crucial step in this theory is the construction of a suitable approximation
of U by means of sets U; relatively open in . and satisfying some technical assumptions (see
Definition [£.3)).

In Section 5.1l we provide such an approximation for our set K C . with . = ¥ and apply
the results of [53] directly. The same results for the linear constraint divu = 0 (in place of its
nonlinear version det Vy = 1) are not explicitly stated in [53], and, to our knowledge, are not
available in the literature. Thus, in Section we state without proof Theorem [B.11] which is a
linear version of the main result of Miller and Sverdk, with slightly simplified assumptions. We
then apply Theorem 511 to our minimum problem (G.8)), where the condition V(e(u)) = 0 a.e.
in Q is equivalent to Vu € Ky a.e. in Q, and K is the set defined in (&6]). In this case, we
exhibit a suitable approximation of Ky by means of sets U; relatively open in Mg“ and satisfying
some technical assumptions (see Definition (10). Finally, in Section [53], we prove Theorem B.11]
adapting the approach of [53] to the linear constraint divu = 0.

5.1. The nonlinear case

Here and in the following two sections € will be a bounded Lipschitz domain of R (n = 3 in
this section, n = 2 in the following ones). Recall that this is a sufficient condition for W (Q; R™)
to agree with the class of Lipschitz functions Lip(Q;R™). The set W&’W(Q;Rm) is the set of
Lipschitz functions which are null on the boundary. It is worth pointing out that this definition
differs from the definition of Wol’p(Q;Rm), for 1 < p < o0, as the closure of the set C°(€2;R™)
in the topology of W1P(Q; R™).

The following notion will be crucial in the sequel.

DEFINITION 5.1. A map u :  — R™ is piecewise affine if u is continuous and there exist
countably many mutually disjoint Lipschitz domains 2; C Q such that

uj, s affine and L <Q\UQZ> =0.
K3

For every piecewise affine function u, the gradient Vu(x) is clearly defined for a.e. . Note
that it may happen that u ¢ W'! even when Vu is bounded. For instance, in dimension one,
the Cantor—Vitali function is piecewise affine according to the previous definition.

We consider the following problem: find a minimizer of [, W (Vy)dz, where W is defined in
(BID), under a prescribed boundary condition. This problem is equivalent to the following: given
a Dirichlet datum v, find y such that

Vye K ae. in (), y=wv on 0f,
where K, given by (B.2)), is the set of the wells of W. We have the following theorem.
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THEOREM 5.2. Consider a piecewise affine Lipschitz map v : Q — R3 such that
VveX ae inf, essinfq A (V)] > ey, ess supg | A3 (V)| < es. (5.9)
Then, for every e > 0 there exists y. : {0 — R3 Lipschitz such that

/W(Vyg)dx = min /W(Vy)d:z: =0,
Q Q

1,2
y€v+W0

and ||ye — v||oo < e. The same result holds if v € CH*(Q;R?), for some 0 < a < 1, and satisfies

Note that from Theorem we have obtained a dense set of minimizers of the energy func-
tional at the level zero: this makes very interesting the study of a dynamic model which is able
to select minimizers. To prove Theorem 5.7 we use the following definition and theorem.

DEFINITION 5.3. Consider K C X. A sequence of sets {U;} C X, where U; is open in ¥ for

every i, is an in—approximation of K if the following three conditions are satisfied.
1. U; C U,
2. {U;} is bounded,
3. if F; € U; and the sequence {F;} converges to F' € M*3 as i — oo, then F € K.

The following theorem is stated and proved in [53].

THEOREM 5.4. Suppose that K C X admits an in—approzimation {U;} in the sense of Defi-
nition .3 Suppose that v : Q — R? is piecewise affine, Lipschitz, and such that

VveU; ae. in. (5.10)

Then, for every e > 0 there exists a Lipschitz map y. : Q — R3 such that
(i) Vy. € K a.e. in Q,
(i) ye = v on 09,
(111) ||ue —v||pe < e.
The same result holds if v € CY*(Q;R3), for some 0 < a < 1, and satisfies (210).

In Section we will prove the analogue of Theorem 4] in dimension two with the linear
constraint divu = 0 in place of det Vy = 1. From that proof, the importance of the approximation
by open sets relatively open in the constraint (and endowed with the other technical properties)
will emerge.

PROOF OF THEOREM As already observed, finding y : Q — M®*® such that [, W (Vy)dx
0 is equivalent to finding y : Q — M?>*3 such that Vy € K a.e. in Q. Thus, to prove the the-
orem, we can directly apply Theorem [5.4] showing that K admits an in—approximation in the
sense of Definition The two inequalities in (5.3) imply that there exist two sequences {ei},
{ei} C (e1,e3) such that

e1 < ey < essinfg |\ (Vv)| < esssupg|A3(Vv)| < e3 < es, (5.11)
and
{e!} strictly decreasing , e! — e, {e}} strictly increasing , e} — e3.
We define
Up:={FeX: AF) C (e1,e})} (5.12)
and, to define U; for every ¢ > 2, we distinguish the following three cases:
(1) if e; = ey < e3, we define

Up={FeX : \M(F),\(F) € (el,ei™"), A\s(F) € (5", eh) }5
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(2) if e; < ey < e3, we consider a strictly increasing sequence {eb _} C (e1,e3) such that
ey —egand a strictly decreasing sequence {e5 .} C (e1,es) such that ef , — es. We
can also suppose that e] <ej _ <ej <e; We define

U; = {F eX: \M(F) e (ei,eifl), Ao(F) € (eéﬁ,eéﬁ), A3(F) € (eéﬁl,eé)};
(3) if e; < ea = e3, we define

Up={FeX: \(F)€ (ef, e "), Xa(F),\3(F) € (e ", e})}.
It is clear that in each of these cases U; is open in ¥ for every ¢ > 1, that {U;};>1 is bounded,
and that if F; € U; and F; — F then A(F) = {e1, ea,e3}. Now, let us check that U; C Uffrl for
every ¢ > 1. We note that
U, 2 {F €3 1 A(F) C (e, i)} (5.13)
To see this, let us focus on case (1) (in the other cases, inclusion (m) can be proved similarly).
For every o > e’l‘|r1 arbitrarﬂy close to €™ ! and for every ag < e?’ arbitrarily close to e”‘l we
have that e/™ < a1 < el < e} < az < e?’l so that,
{F S > )\1( ) = )\2(F) = g, Ag(F) = 043} g UiJrl.

Thus,

{FeX:ANF)Clap,a3]} ={FeX: (F) = )\Q(F) = a1, \3(F) = az}le C Uffrl, (5.14)

where the first equality is guaranteed by Theorem L9 Therefore, since (5.I4)) is true for every
oy > e arbitrarily close to ei™! and for every az < e arbitrarily close to e4"', inclusion
(EI3) follows. The fact that trivially U; € {F € X : A(F) C (e T es™)} and (BI3) conclude

the proof that condition (1) of Definition holds and conclude the proof of the theorem. [

5.2. The geometrically linear case

In this section, we consider the problem of finding a minimizer of the functional [, V (e(u))dz,
where V is defined as in (i.4]), under a prescribed boundary condition. This problem is equivalent
to the following: given a Dirichlet datum w, find u such that

Vu e Ky a.e. in u=w on Of, (5.15)

where K is defined as in (5.0]).
In order to prove the results of this section, it is useful to recall the following fundamental
corollary of Vitali’s Covering Theorem. We refer the reader to [21] for its proof.

THEOREM 5.5 (Corollary of Vitali’s Covering Theorem). Let Q C R™ be an open set and
G C R™ a compact set with |G| > 0. Let 4 be a famzly of translated and dilated sets of G such
that for almost every x € ) and € > 0 there exists G € 9 with diam G < € and z € G.

Then, there exists a countable subset {Gr} C 9 such that

UGkQQ, GrNGp=0Q for every k # h, X”(Q\UG,C>0
k k

Note that, chosen A € Ky, we have that the affine function x +— Ax is a trivial solution of
EI5) with w(x) = Az. We address the preliminary question whether there exists a (nontrivial)
solution of problem (EI5) with w = 0. We denote by (z,y) the coordinates of a generic point &
of R? and write u = (u1,uz), so that

Oyui+0zu

( ) B (91’&1 y 12 2

e(u) = Byu1+81u2 a U .
2

Note that Vu € Ky a.e. in 2 is equivalent to
divu=0 and |e(u)| =2 a.e. in €, (5.16)
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and these conditions give the following nonlinear system of partial differential equations in :
Ozsu1 + GyuQ =0,
2
(&DU1)2 + (7Byu1;6mu2) = 1.

In order to solve this system, a possible strategy is to choose u as a
of the gradient of a scalar function, that is

(5.17)

m_

5 —(counterclockwise) rotation

u = (—0yp, 0xp), for some scalar-valued function . (5.18)
This gives automatically divu = 0 and the constraint on the norm becomes
2
(02,9)° + <% = 1. (5.19)

This a fully nonlinear second—order partial differential equation which does not seem to be studied
yet.

PROPOSITION 5.6. There exists u € Wol’p(Q;RQ), for every 1 < p < oo, such that
/ V(e(uw))dr = min V(e(w))dz = 0. (5.20)
Q weWy? Ja
If Q = B, for some r > 0, then

w(z,y) = +log <$2:2y2) (—y, ) (5.21)

is a solution to [L20).

We remark that the case of the disk is very lucky, leading to the explicit solution u defined
in (E21)). Observe that u € C(B,;R?) and that

2

-m o —holg()

57 +log (%) #

so that Vu € C>(B,. \ {0}; M2*2). Moreover, e(u) € L>®(B,; M?*2), whereas Vu is unbounded
about the origin. To find a solution when €2 is not a disk, the strategy is to express 2 as a disjoint
union of a sequence of disks and a null set. This method, which works for homogeneous boundary
conditions, does not provide solutions as explicit as those on disks. Clearly, we cannot exclude
that other explicit solutions defined on domains with some special geometries can be found out.

PROOF. Let us proceed as anticipated in (BI8)—(E19) and look for solutions of (EI9)) of the

form ¢(z,y) = ¥(p?), where p := /22 + y2. In this case, equation (E.I9) becomes an ordinary
differential equation in p:

Vu(z,y) =2

4552"/)”*4y21/)” 2
=)

1 = (dayy”)? + <
= 4p'(y")>,
which gives o(z,y) = ¥(p?) = +1 (p*logp? — 1) + C1p* + Co. Setting u = (=0, d,¢) and
imposing u = 0 on dB(0,7) we obtain (L.2I). By Theorem 5.5 there exists a countable collection
{B;} of disjoint closed disks in €2 such that

7? <Q\LiJBZ-> =0.

Let & € R? and r; > 0 be the center and the radius of the ball B;, respectively. The function
defined by
§—¢&

T

w;(§) :=ru ( ) , for every £ € B;,



88 5. ATTAINMENT OF MINIMAL ENERGY

is such that divu; = 0 and |e(u;)| = V2 a.e. in By, and u; = 0 on 9B;. Now, define
0 onQ\[JBi,
u; on B;, for every i.

This function is a solution to our problem. To see this, let us introduce the functions

k
k_ ) 0 mQ\[JB,
' i=1
u; on By, foreveryi=1,... k.
Extending each u; at zero outside B;, we can also write u = ZZ u;lp, and uf = Zf uilp, and it
is clear that
uF(z) = u(z), ask— oo, for every = € . (5.22)
Since |e(u®)] < v/2 a.e. in Q, we have that {u*} is equibounded in W,*(Q;R?), by Korn’s
inequality (see Theorem [[T4]). This fact, together with the pointwise convergence (B.22) gives
that w € W,?(Q;R?). Finally, the fact that divu = 0 and |e(u)| = v/2 a.e. in Q comes from
the definition of u itself, from the corresponding properties of u; on B;, and from the fact that
£2(Q\ U, B;) = 0. Another application of Korn’s inequality and the fact that |e(u)| = V2 a.e.
in Q then implies u € Wy (Q;R?), for every 1 < p < oc. O

In Section we have used a relaxation result of [12] applied to nematic elastomers’ ge-
ometrically linear model in three dimension. Clearly, the same result holds in two dimensions
and tells us that the relaxation of the functional [, V'(e(u))dz in the weak sequential topology of
W2 is given by [, V7 (e(u))dx (for every u such that divu = 0), where V9° is the quasiconvex

envelope on linear strains of V' (see Definition [LA) and it is given by
min |[E — Q| if A€ Symy(2
Qe Q| Q ymo(2)
400 otherwise,

oo

where
2 :={E € Symy(2) with eigenvalues in [—1, 1]}.
In particular, for every v € W12(Q; R?) such that

dive =0 and le(v)] < V2 a.e. in (5.23)
inf / V(e(u))dx = min / Vice(e(u))dz = 0. (5.24)
ucv+Wy 2 JQ ucv+Wy 2 JQ

The following theorem tells us essentially that if esssupg|e(v)| < v/2, then there exists a minimizer
of the unrelaxed functional too.

THEOREM 5.7. Consider a piecewise affine Lipschitz map v : Q — R? such that
divo =0 a.e. in Q, ess supg|e(v)] < V2. (5.25)
Then, for every e > 0 there exists u. : 8 — R? Lipschitz such that

/ V(e(us))dz = min V(e(u))dz =0,
Q uev+Wy»

and |[ue — v||p(r2) < €. The same result holds if v € CH*(;R?), for some 0 < o < 1, and
satisfies (223).

Condition (23] and equalities (5.24]) leads to suppose that the result of Theorem [ can
be obtained even with |e(v)| < v/2 a.e.. Nevertheless, the proof of Theorem [, based on the
following definitions and on Theorem [EIT}, strongly relies on the fact that esssupg|e(v)] < v/2.
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DEFINITION 5.8. For every set U C M?*2, we define
U:={1-MNA+AB: ABcU0<\<I1, rank(A— B) =1}

REMARK 5.9. Observe that if U € M2*? is open in M2*2, then U is open in M2*2. To see
this, consider C' € U and suppose that C' + D € M§*?. We want to show that C' + D € U if |D|
is sufficiently small. We have that C'= (1 — A)A 4+ AB for some 0 < A < 1 and some A, B € U.
Note that A+ D, B+ D € M%XQ and that A4+ D, B+ D € U if | D| is sufficiently small, in view
of the fact that U is open in Mg”. Thus, C + D € U, because

C+D=(1-XNA+D)+AXB+ D),
and rank[(A+ D) — (B+ D)] = 1.

Note that U this is the first set among those which recursively define the lamination convex
hull of U, according to Proposition Indeed, to prove Theorem .7, we will use Theorem
BI1] which is a slightly simplified version of Theorem [5.4] where instead of considering K C X

endowed with an in—approximation, we use Ky C Mg“ endowed with a strong-in-approximation,
according to the following definition.

DEFINITION 5.10. Consider Ko C MZ*%. A sequence of sets {U;} C M3*?, where U; is open
in Mg“ for every i, is a strong—in—approximation of Kq if the following three conditions are
satisfied.

1. U; C Uiy,
2. {U;} is bounded,
3. if F; € U; and the sequence {F;}; converges to F' € M?*2 as i — oo, then F € K.

THEOREM 5.11. Suppose that Ko C Mg“ admits a strong—in—approzimation {U;} in the
sense of Definition [Z10. Suppose that v : Q — R? is piecewise affine, Lipschitz, and such that

Vv eU; a.e in €.

Then, for every e > 0 there exists a Lipschitz map u. : Q@ — R? such that
(i) Vue € Ky a.e. in §,
(ii) ue. = v on 09,
(111) ||ue —v||Le < e.
We devote Section to the proof of this theorem. Now, let us apply it to prove Theorem
B In order to do this, we have to exhibit a strong—in—approximation of the set K (defined by

(55)-(58) in the sense of Definition F.I0l Observe that every E € Symg(2) such that |E| = /2
can be written as

E:[61 €2 ], with e%—i—e%:l.
€y —€1

Thus, we can represent every A € Ky in the following way:

A:SymA+Sl{3wA:|:a1 as :|+|: 0 0/3:|:|: aq a2+a3 ,

as —ai —az 0 as — as —ay
where a? + a3 = 1. Denoting a := (a1, az), the set Ko has the equivalent expression
Ko={AecM;*? : |a| = 1},
and it is easy to verify that, for every A, B € Ky, the condition rank (A — B) = 1 is equivalent to
(az — b3)* = |a — b|*. (5.26)
Since a strong—in—approximation has to be bounded, we will have to replace Ky by the
bounded set
Ky':={A € Ky : |az] <m},
for some m > 2. Also, we will use the set

G = {AEM? : |ag| € (m—1,m) and |a| < |ag| —m+1}.
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PROOF OF THEOREM [5.71 Suppose v : 2 — R? to be piecewise affine and Lipschitz. Since
by hypothesis
le(v)]

M := esssu <1,
Pa \/5
by choosing max{1/2, M} < ro < 1, we have that
VuveUs:={AeM™® : |a| <70, |as| <m}\ G, ae inQ, (5.27)

for some m > 2. In order to use Theorem [B.11] we construct a suitable strong—in—approximation
of K" starting from U;. We consider a strictly increasing sequence {r;}5°; C R such that r; — 1~
as i — oo and define

U, := {A S M(%XQ i < |a| <71, |a3| < m} \?m; 1=1,2,.. (528)

See Figure B.1] for a sketch of the sets K§* and U;. Observe that {U;} is a bounded sequence
of sets which are open in ngz. Also, it is clear from the geometry of these sets that whenever
F,c¢U;and F; - F € M?>*? as i — o0, then F € K. It remains to check that the first
condition of Definition [5.10] hold. Consider C' € U; and suppose for simplicity that 0 < ¢z < m
(the case —m < ¢35 < 0 can be treated in a similar way). In particular, we have that |¢| < r; and,
if c3 > m — 1, then

| 2 3 —m+1, (5.29)
by definition of %,,. We have to prove that there exist A, B € U; 41 such that

rank(A—B) =1 and C=(1-XA+AB, forsome0<A\<]1.

Recall that the condition rank(A — B) = 1 is equivalent to (5.28). We fix 7 € (1, 7;+1) and choose

a:= E, b= —E,
lc] ]
so that |a — b| = 27 and
c= (1= Na+ b, with A= =1

27
Choosing az = bs + 2, we have that (5:20) is satisfied and a necessary condition for A, B to be in
Ui+1 is given by
—m+ 27 < az < m, —m < bg <m — 2. (5.30)
Now, since the condition ¢3 = (1 — A)as + Abs must hold, we have
bs=cs—|c|—7, asz=-c3—|c|+T. (5.31)
Finally, the choices which have been made are compatible if the inequalities
el —m+7 <ecg <|e|+m-—r, (5.32)

which have been derived comparing (B.30) and (E.31)), hold true. If ¢3 € [0,m — 1], then (5.32)) is
true because |¢] < r; <7 < 1 and in turn

[0,m — 1] € (le| = m + 7, || +m — 7).

If ¢5 € (m — 1, m), the first inequality in ([B32]) is true because m > 2, and the second inequality
comes from (29). It remains to check that A, B € U;;1. Let us check that A € U;y;. First,
note that |a| = 7 € (r;,71+1). Secondly, observe that, since 7 > 1/2, we have —m + 27 > —m + 1.
Thus, in view of ([B30), to prove that A € U171 we are left to check that if m — 1 < ag < m, then
|a] > |as| —m+ 1. This last inequality is equivalent to (529)), in view of (B.31]), and (529 is true
if ¢3 € (m —1,m) and trivially true if ¢3 € [0, — 1]. This finish the proof of U; C U; ;. Hence,
we have constructed a strong—in—approximation {U;} of KJ* C Kj in the sense of Definition
and, from (&27), Vv € Uy a.e. in Q. Applying Theorem BT, we obtain the first part of the
theorem. It remains to consider the case where v € C*(Q;R?) (and satisfies (5.25)). Proposition
EIZensures the existence of a piecewise affine Lipschitz function vs : 8 — R? such that divvs = 0
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a.e. in Q, [[vs — v||wr~ < J, and vs = v on IN. If § is sufficiently small, we have that Vus € Uy
a.e. in , where U; is defined in (528)), and we can proceed as in the first part of the proof. O

F1GURE 5.1. Illustration of the sets K" and U; in the (a1, az, as)-space. U; is
the set bounded by the green lines and circles.

PROPOSITION 5.12. Let u € CH*(;R?) be such that divu = 0 in Q.
Then, for every § > 0 there exists a piecewise affine Lipschitz map us : Q — R? such that
divus =0 a.e. in €,
us =u on 0L,
||U5 — u||W1,co <.
In order to prove this proposition, we use a procedure already used in [563]. The idea is that
on a ball B(a,r) where r*[Vul, is sufficiently small, u can be replaced by a map with the same
boundary values which is affine on B(a,r/2). This replacement can be obtained by introducing

first an interpolation between the functions z — u(a) + Vu(a)(z — a) and v in B(a,r) \ B(a,r/2)
and then using the following result of Dacorogna [20] to reestablish the constraint.

THEOREM 5.13. Let m > 0 be an integer and 0 < a < 1. Let Q C R"™ be a bounded domain
with a C™ 2% boundary consisting of finitely many connected components. Set

X = {f € C™*(Q) : / f(x)de = 0},
Q
and
Y = {uc C"TH(Q;R™) - u =0 on 0Q}.
There exists a bounded linear operator L : X —'Y such that
div L(f) = f,
for every f € X.

This theorem tells us that there exists a constant K = K(m, «,) > 0 with the following
property: if f € C™%(Q) satisfies [, f(x)dx = 0, then there exists u € C™T1*(Q; R™) verifying
divu=f in Q,

u=20 on 01,
and such that
l[ullgm+r.e < K| fllcm.e.

The proof of Proposition B.12] is based on a inductive argument which hinges on the following
corollary of Theorem
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COROLLARY 5.14. Let 0 < aw < 1. There exists a constant C' = C(«) > 0 with the following
property. For every § >0, a € R?, v > 0, and every u € C»*(B(a,r); R?) such that

divu =0 in B(a,r) and  r*[Vul, <6, (5.33)

there exists i € C°(B(a,r); R?) N CY*(B(a,r) \ B(a,r/2); R?) such that
divi=0 a.e. in B(a,r), (5.34)
Va(z) = Vu(a) for every x € B(a,r/2), w=u on dB(a,r/2), (5.35)
rH|u — ]| + ||[Vu — Vil < CO. (5.36)

Note that the function @ is affine on B(a,r/2).

PROOF. Let us first prove the corollary in the case a =0, r = 1, and u(0) = 0.

Fix a cut-off function ¢ € C2°(B1) such that ¢ =1 on B, . For every u € CY(By;R?) such
that
divu=0 in By and [Vulo <9, (5.37)
we define
uo(z) = Vu(0)x, for every x € By,
and the interpolation
U= puo + (1 — p)u, on U::B_l\B%.
Note that
fi=divi =V (uy—u), (5.38)
that f € C1*(U), and that

/ F(x)de = /BU i(z) - vds(z) = /B divu(gc)dz/Bl tr Vau(0)dz = 0.

Thus, by Theorem [ET3} there exists L(f) € C1*(U;R?) such that div L(f) = f in U, L(f) =0
on JU, and

IL(Nlerewrey < Kllfllco.ew),
where K is a positive constant depending only on o and U. Thus, from (5.38]), we have

IL(lorewirey < Kllu— uol|coa(w:r2), (5.39)
where K > 0 depends on «, U, and . Now, consider the function
- () on B_;,
u = 2
@—L(f) onU.

From the properties of L(f) it turns out that @ € C°(By;R?) N CL*(U;R?), that divi = 0 a.e.
in By, that Vi(z) = Vu(0) for every € By, and that & = u on 9B1. It remains to check ([.30).

Note that
Vu o
Vu=Vuglle = sup D VOl gy 10y,
2€B;\{0} ||
and that
1
[lu — ug||oo = sup / [Vu(tx) — Vug(tz)] xdt‘ <||Vu = Vuplleo < [V]a- (5.40)
r€B1 |JO
Also, we have that
[ ] s ! /1 d h(t)dt}
U — Ugla = Sup — ,
0 z,y€By |$ - y|o¢ 0 dt

zFy



5.2. THE GEOMETRICALLY LINEAR CASE 93

where h(t) := u(tx + (1 — t)y) — uo(tz + (1 — t)y), for every 0 < ¢ < 1. Thus,

1
tr + (1 — t)y) — Vau(0
< p [ A0 T
z,y€B1 JO |x7y|a
TFY
! t 1—t)y) —
< Sup/ Vultz+ (1 =)y) = VuOl gy < ofw,.. (5.41)
sy Jo [tz + (1 —t)y|*

zFy

Estimates (5:39) and (540)—-(G4T) give

lu—dllo = [lu—uolloc,5;, +Ilu—a+L(f)lloo,v
< lw—wolloo + [lu = dl|so,u 4 [|L(f)|oo,v
< [Vula + [l —uo)||oo + K|t — uol|co.n
= (14 [|@lloe +3K)[Vula, (5.42)
and
IVu = Vil = [IV(u—12)|[ec + [[VL(f)lloo

[1(w = u0)@ Vel loo + |0V (4 = 10)||oo + K ||u = uo||co.
IVl llu = uollos + [|¢lloo| [V = Voo + Kl[u — ug|co.o
3(llellwr.e + K)[Vula. (5.43)

By estimates (0.42) and (5.43), and by (5.37), we obtain

Il — il [y < C8,

IN NN

where
C = 1+4¢|lwr~ + 6K (a,U, ). (5.44)

Now, let us prove the proposition for a generic ball B(a,r) C R? and for every u € C*(B(a,r); R?)
satisfying (5.33). Consider the function v € C1%(B;;R?) defined by
o(z) = u(re +a) — u(a)-
r

We have that v(0) = 0 and that (5.37) are satisfied with v in place of u. We have seen that the
corollary holds in this case, so that there exists o € C°(B1; R?*) N C1*(B; \ By;R?) such that

divo =0 a.e. in By,

Vi(z) = Vo(0) for every z € B, v=v ondBy,
and
llv = Blwr < C5,
where C' is given by (.44]). By these properties of © and by defining

Tr—a

a(z) = rd (

> +u(a), for every x € B(a,r),
,

it turns out that @ € C°(B(a,r);R?) N CH*(B(a,r) \ B(a,r/2);R?) and satisfies (5.34)), (535,
and (5.30) with C given by (5.44). O

We are now in position to prove Proposition 5.2 The iterative method used in the proof is
illustrated in Figure
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PrOOF OF PrOPOSITION .12l Fix 6 > 0. We are going to construct a decreasing sequence
of open sets ), C Q and a sequence of maps u(®) such that «(©) = u, u®) € WH>°(Q;R?), and

[u®) — D[ < 52, (5.45)

divu® =0 a.e. in Q, (5.46)

u®) =0 on 99, (5.47)
Nk

uF D = ® on U Al(.k) UN, =Q\Qy, forevery k>1, (5.48)
i=1

Q41| < nlQ|, for every k > 1, (5.49)

where 1 € (0,1), u®) is affine on Agk), and Ng is a null set. This construction implies that there
exists a Lipschitz map v : Q — R? such that u®*) — v in W (by (545)), dive = 0 a.e. on
(by (&48)), and v = u on 9 (by (E4T)). Moreover, (545) implies that

k k
A i 1
= u+ e < 3 Jlu? = w* e <Y s <6,
i=0 i=0

for every k, and therefore

l[u— || = lim [ju—uFFD || < 6.
k— o0

Finally, (5.49) implies that
Q] < %] < 0*|Qpa| < o <,

and in turn that |Q\ Qx| — |Q|, as k — oco. Since Q\ Q4 is the set where u(¥) is piecewise affine,
and u; = ug on Q\ Q for very | > k (recall that {Q\ Qi} is an increasing sequence of sets),
we have obtained that v is piecewise affine on 2. Now, let us describe the construction of the
sequences {Q;} and {u®}. There exist Q” CC Q' CC Q such that |Q”| > 1|Q[. Cover Q" by
a lattice of n; disjoint open squares C’Z-(l) with half-side » < 1. If r is sufficiently small, then
U, C’Z-(l) C Q. Also, since Q' is compactly contained in Q, there exists a constant M (Q') > 0
such that

[Vul, oo < M (), for every i = 1,...,n;. (5.50)

Let BZ-(l) be the open inscribed disk of CZ-(l) (BZ-(l) has radius 7). By (E50) we have that
r*[Vu] , o) < 5 (if r is small enough).
Note that the hypotheses of Corollary E.14] are satisfied by w g € CL”‘(Bi(l);RQ). Hence,

(1) (1)

i A

that there exists uz(-l) eC’ (Bi(l);Rz) nehe (Bi(l) \Agl);RQ) such that

denoting by A;"”’ the open disk with the same center as B;”’ and with radius r/2, it turns out

)

- a.e. in BZ-(1 ,

P

divu

ul(.l) is affine in AZ(-l), uz(-l) =u on 831'(1)’
and

(

D < < 9
% ||W1,w(B§1);R2) >

1
11V = Vil 0 gy < 5

[lu —u T_1||u7uz(-

1
)||LOO(B£1);]R2)
where the constant ¢ > 0 depends only on a. Now, we define

ul(.l) on Bgl) (i=1,..,n1),

() ._ n
v u on 0\ U BZ.(l),
i=1
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and set
o=\ |J (aVvoB®) .
i=1
Note that, since the ratio between the area of a disk and the area of a circumscribed square is a
constant A € (0,1), we have that

mn1 ni )\
S [al] =230 e = ne = Slel, (5.51)
1=1 =1

and in turn
A
[ul<nl€, 0<n=1-7<1. (5.52)
From the definition of u(*) we deduce that u(?) is piecewise affine in Q\ Q1, that Q\ ©; is a finite

union of disjoint disks (up to a null set), that u(!) € W°(Q; R?) N CL%Y (213 R?), that u(V) =
on 99, that divu =0 a.e. in Q, and that

- cla)d
,,,,, " B{VR2) = T

Now, suppose to have defined Q,...,Q; and u®, ... u*) (k > 1), and let us see how to
construct Q41 and u®). There exist Qf cC Q) C Qy such that |Q}] > %|Qk| Cover Qf by a

lattice of njy1 disjoint open squares Ci(kﬂ) with half-side » < 1. If r is sufficiently small, then
Ui Ci(kﬂ) C Q. Also, since Q) is compactly contained in €, and u*) € C’llo’f,‘(ﬂk;]RQ), there
exists a constant M (€2) > 0 such that

[Vu(k)]aﬁc@ﬂ) < M(Qy,), foreveryi=1,...n41. (5.53)
Let BZ-(kH) be the open inscribed disk of C’Z-(kﬂ). By (B53), we have that

)
7'04 [VU(k)]a,Bi(k+l) S W .

Since the hypotheses of Corollary [5.14] are satisfied by u‘(;)(kﬂ) € Cl’a(Bi(kH);RQ), labeling by
(k1) ) (k+1)

%

(k+1)

cO(BF:R2) 0 cle(BEFTY\ AR R2) such that

(k1) _

%

the open disk with the same center as B and with radius r/2, there exists u

divu, a.e. in BZ-(kH),
(k+1)

i

n is affine in AEkH), ugkﬂ) —u® on aBZ.(kH),

and
k k+1
||u( ) _ UE )||W1,°0(B,Ek+1)§R2)
—111,.(k k+1 k k1 co
< u®) —ug )||Lm(3§k+1>;Rz) + | Vul®) — V“z(' )||Loc(3§’“+1>;M2x2) < ok+1°
where the constant ¢ > 0 depends only on a. Now, define

ugkﬂ) on BZ-(kH) (i=1,..,nk41),
(k+1) . Mk+1
“ ' u(®) on 0\ U Bi(k-’_l),

=1

and set
Np+1

Qpr =\ | (M o).
=1
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Again, we have that > . %1 ’Agkﬂ)‘ =AYk Ci(kﬂ)‘ > M| > 3|94/, where X is the same
as in (BEEI]), and in turn [Qp41] < n|Q%| where 0 < 1 < 1 has been defined in (552). From the
definition of u**1) we deduce that u(**1 is piecewise affine in Q\ Q41 D Q\ Qp, that Q\ Qi q
is a finite union of disjoint disks (up to a null set), that u*+1 € Wh(Q:R2) N CL Y (Vpy1; R?),
that v+ = 4 on 99, that divu®*+t1) =0 a.e. in Q, and that

- cla)d
(BT R2) = 9kt

k
||u(k) _ U(k+1)||W1«°°(Q;]R2) _ max |u(k) _ ug +1)||W1,oo

iG{l ..... nk+1} |
Also, observe that u(*+1) = u(*) on Q\ J/*7" BZ-(kH), thus, in particular, u**1) = 4(*) (piecewise
affine) on Q \ Q. This finishes the construction of the sequences {Q} and {u(®)} endowed with
the properties stated at the beginning of the proof. O

FIGURE 5.2. Schematic picture illustrating the first two step of the iterative
procedure used in the proof of Proposition B.I21 The big and the small blue

circles are the sets 8351) and GBZ-@), respectively; the big and the small red disks
are the sets Al(.l) and Al@), respectively.

5.3. Convex integration for divergence free vector fields

In this section we prove Theorem BT adapting the procedure used in [63] to our linear
constraint divu = 0. We denote by [A, B] the segment between the matrices A and B.

The proof of Theorem .11l postponed at the end of this section, is the last step of an
approximation process which passes through some preliminary results: Lemma B.I5, Lemma
[ETI7 and Theorem In Lemma we solve the following problem: given two matrices A
and B, with rank—one difference, and given C' = (1 —\)A+ AB for some \ € (0, 1), we construct a
map u which satisfies the constraint and the boundary condition u(x) = Cz, and whose gradient
lies in a sufficiently small neighborhood of [A, B]. In the next step we consider U relatively open
in M2*? and U obtained by adding rank-one segments with end points in U (see Definition [.8).
Lemma [5.17 states that for every affine boundary data = + Cz with C' € U, there exists a
piecewise affine and Lipschitz map u whose gradient is always in U and most of the time in U.
Then, the same iterative method used in the proof of Lemma [5.17 makes it possible to remove
step by step the set where Vu ¢ U and allows for boundary data v such that Vo € U a.e.: this
is the content of Theorem Finally, the set U relatively open in Mg“ is replaced by a set
Ko € MZ*? satisfying Definition (see Theorem [B.IT]). This last step requires another more
subtle iteration process.
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V3

Vi V2

FicURE 5.3. Triangle T

FIGURE 5.4. A prototype of piecewise affine deformation u such that divu = 0
and u =0 on JT.

LEMMA 5.15 (Basic construction). Let A, B € M3*? be such that rank(A — B) = 1 and set

C=(1-XNA+ B, for some A € (0,1). (5.54)

Then, for every e > 0 arbitrarily small there exists a piecewise affine Lipschitz map ue : Q — R?
such that

Vu. € MZ*?  a.e. in 9, (5.55)

uc(x) = Cx, for every x € 09, (5.56)

d(Vue,[A,B]) <e a.e inQ, (5.57)

{z € Q: d(Vue,{A B}) 2 e} <[], (5.58)

(5.59)

sup |us(x) — Cx| < e.
e

The constant ¢ appearing in (LAY is such that 0 < ¢ < 1 and it does not depend neither on &
nor on €.

To prove Lemmal[5.T5] we use the following lemma and construct a particular piecewise affine
function u with divu = 0 a.e. on an equilateral triangle 7" and such that « = 0 on 07



98 5. ATTAINMENT OF MINIMAL ENERGY

LEMMA 5.16. Consider a triangle T C R? with vertices Vi, Va, and Vs, and an affine function
w:T — R? such that u(Vy) = u(Vz) = 0. Then,

divu =0 if and only if w(V3) is parallel to Vi — Va.

PROOF. Suppose for simplicity that V3 — V5 is parallel to the first vector of the canonical
basis of R2. Let v, v, and v3 be the outer unit normals on the sides [V;, V3], [Va, V3], and [V3, V1],
respectively, so that

v = (0,a), with a € {+1, —1}. (5.60)
By the Divergence Theorem and by the fact that Vu(x) is constant, we have that
|T|tr Vu(x) = u(V3) - (12| Va — V3| + 13| V5 — V). (5.61)

Since the relation
Vi = Vol + 12| Vo = Va| + v3|Vs — V3| =0

holds in general, from (G.GI) we obtain that |T|tr Vu(z) = —|Vi — Va|u(V3) - v1. From this
last expression, considering also (G.60), it turns out that divwu(z) = 0 if and only if the second
component of u(V3) is zero. O

For the following construction, we refer the reader to Figures and B4 Let T be the
equilateral triangle with vertices

- (o) e (o). - (0)

Let V4, V5, and Vi be the middle points of the segments bounded by the center O of T and the
middle points of [Va, V5], [Va, V1], and [Vi, V3], respectively, that is

R R )

We divide T into the seven triangles
Ty = AVV2Ve Ty = AV2VAVs = AVAVEYe = AVRVBVS

Ts = AV3V4V5, T = AV1V3V5, Ty = AV1VsVs,
It turns out that

|T| 7 |T|
Ty = |Ty| = |Ts| = —, |I=| =|T5| = |T7| = —=|T T3 = —. 5.62
T = ITul = ITol = 12 Bl = T = |T5| = T, 1Tl = (5:62)
Consider the following vectors representing displacements which will be applied at the points V,

Vs, Vg, respectively:
§ 1)
ui = 5(717 \/g)a ’U,g = 75(15 \/g)v ug = 5(170)

These three vectors have the same length § and are chosen in such a way that u$ has the same
direction as (V3 — V4), ud the same direction as (Vi — V3), and ud the same direction as (Va — V}).
Finally, we define u as the piecewise affine function defined by

uVi) =u(Va) =u(V3) =0,  u(Vi)=u, i=4,56. (5.63)

It is clear that u = 0 on JT. To check that divu = 0 a.e. in T, let us prove that uz, is
divergence—free for ¢ = 1,2,5 (for the other triangles the arguments are the same). In view of
Lemma 516, divu = 0 on T}, because u(V;) = u(Va) = 0 and u(Vs) = ud is parallel to V; — Va.
For what concerns u on T3, note that it can be written as the sum of three function, uy4, us, and
ug, where u;(V;) = ul and u;(V;) = 0 for j € {4,5,6} \ {i}, for i = 4,5,6. Again using Lemma
[.I6l from the definition of uf we obtain that u; has divergence—free on T3, for i = 4,5,6, and
in turn divu = 0 on 75. To check that divu = 0 on T5, we use the Divergence Theorem. Note
that |V3 — V4| = |V3 — V5| and that, if vy and vo are the first and the second component of the
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outer normal on 975, we have that vi|jy, vi] = —Vi|[vs,va) and Vv, vs) = V2|(v,v,)- Moreover,
Yva,vs) = (—1,0). Thus,

|T5|tr Vg, (z) = / uvds
ITs

|V — Vil |Vi — V5|
= T(Ui Vva,va) + Ul Vvae)) + T(Ui +ud) Vv

8§|Vs — Vi §|Va — Vs
= f[(—la V3) U vay) — (LV3) - vy v + T(—lao) “V|[Va,Vs)
= 0.

We write down here the explicit expression of u:

[0 236 20 [ %0 7%5 25
u|T1(z)<0 0 )$+<O)a u|T2(z)<%5 1_725 z+ #5 ’
(0 =235 (35 s —0
up, () = ( 21/35 0 )x, up, () = < —%56 5 x + V35 )
0 2v3 5 —45 V3
U‘T5(‘T) = < 2\/5(5 70 >$+ ( 07 ) U|Te($)

() < IV ) ( y )

up () = § 1 T+ .
' 730 70 - 2485
We can now prove Lemma [5.15] following the lines of the proof of [57], Proposition 2.6].

I
N
| |
s

>,
l\?l('.‘-?l\3|c'Q
> o
N———
&
+
N
\
S |
W] &
S
~_

ProOOF OF LEMMA [B.T8l Here, we use the notation (z,y) or (£,n) in place of x for a generic
point of R2. We will suppose M?*?2 to be endowed with the /., norm, which will be denoted by
| |0, and d to be the distance corresponding to such norm. This assumption is not restrictive for
the proof of the statement, due to the equivalence of all the norms in a finite dimensional vector
space. The proof is divided in three cases.

Case 1. Consider the matrix E := ( 8 é

This fact, together with (5.54]), gives that
A=A\E, B=(\-1)E.

>, and suppose that A — B = E and that C = 0.

In this case,

d(Ma [AaB]) = Og,luugll |M_(1_IU’)A_:U’B|OO

pr— 1 M - E
ogﬂ%' + (1 — N E|o,

for every M € M2*2. From the definitions of E and of | - |+, we have in particular that
d(M, [A,B]) = max{|M11|, |M21|, |M22|}, if A—1 S M12 S A (564)

We are going to construct a piecewise affine function w, which satisfies (5.55)—(5.59) on a compact
set T, with |T;| > 0. We will then conclude the proof of Case 1 applying Theorem Since
€ > 0 is an arbitrarily small parameter, it is not restrictive to assume that

g3 < min{\, 1 — \}. (5.65)
This will be useful later. Consider the piecewise affine function u of components (u1,us2) defined
by (B63) on the triangle T and, from the explicit expression of u, note that

aul
[Vl Lo (rip2x2) = €8SSUD(, 4y er| VU(T,Y)]0o = a—y(m,y), for every (z,y) € Th,
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where %—?(x,y) = 2/35 for every (x,y) € Ty. Choosing § = 28\;5 and relabeling u by u®, we

obtain that

€
3 = ‘?;1 on T, (5.66)
and that
||VUE||Loo(T;M2x2) = 53 <e and ||u8||Loo(T;]R2) < 536, (567)

for some constant ¢ > 0 which does not depend on €. Also, again from the explicit expression of
u = u® we see that

ous { ous|  Ous } 3
su =su == <0, =¢". 5.68
T 0y U] oy = s
Set m. = e3max{1/\,1/(1 — \)}, so that
0<me <1, (5.69)

in view of (B.63]). Then, define

S = ( 815 (1) ) and T := S (T).
NS

The function
we (€, m) = S 1uf (S (5)) , for every (&,n) € T-.
n

satisfies conditions (B55)-(E5Y). Indeed, (B55) and (B5G) trivially follow from the fact that
divu® =0 a.e. on T and u® = 0 on 97". Note that
Juj 1 Ouj

— [2) )
Vwe(f,ﬁ) - ( m gug maugy

, for every (&,m) € T.

fom by >(\/r7z—§\/,”7)

Thus,

)

owi | [ows| |o0ws

¢ o€ on
in view of (5.67) and (£.69). Moreover, (5.6]) and the definition of m. give that A—1 < 6611:; <A\
This fact, together with (5.64]) and (5.70) give (B.51), that is d (Vw®, [A, B]) < € a.e. in T.. Also,
equivalence (5.66) implies that, for every (¢,71) € SZ1(Th) C Tx, d(Vw®(&,1),{A, B}) <&, and in
turn that

<e, (5.70)

{(&m) € Te = d(Vw (&), {A, B}) > e}| < |-\ ST (T)].
This inequality, together with (5.62) and the fact that areas are invariant under S=!, gives that

H{(&n) € T. : d(Vw(&,n),{A,B}) > e} < }—$|TE| and in turn (&58). Finally, (617) and the
definition of m. implies that

el oy < =2 &L
elLe=(TeiR?) = Vme ~ max{\,1—\}’

so that ||we||pe(7.;r2) < €, if € > 0 is sufficiently small. Thus, we have constructed a piecewise
affine Lipschitz map w® : T. — M?*2 which satisfies (£55)-(E59) on T.. It remains to note
that the function (£,7) — Aw®({/A\,n/\) satisfies (L50)—(@09) on the dilated set AT: for every
A > 0, and that the function (§,n) — w®(§ — &u,n — 1a) satisfies (B53)-(E5I) on the translated
set T. + (as7a). Thus, using Theorem [5.5 there exists a disjoint numerable union | J; T C Q of
dilated and translated sets of T such that

22 (Q\U:ﬁ;’) =0,

and piecewise affine Lipschitz maps w$ : T8 — M?*? satisfying (E55)-(E59) on Ti. Arguing as in
the proof of Proposition[5.0] it is possible to prove, starting from the functions w§’s, the existence
of a piecewise affine and Lipschitz function u : Q — R? satisfying (E55)—(E53) on .
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Case 2. Here, suppose C = 0 and A, B arbitrary in M%XQ. Since det(A — B) = 0, 0 is an
eigenvalue of A — B which may have algebraic multiplicity equal either to 1 or 2. The Jordan
Decomposition Theorem tells us that, in the first case, there exists an invertible matrix L and

pu € R\ {0} such that A— B =L~! ( g 8 ) L, but this is not possible, because A — B € M*2.
0 1

0 0

w be given by Case 1 and satisfying conditions (5.53)(59) on a rectangle R for A := LAL™!
and B := LBL™' (note that A — B = E and (1 — \)A + AB = 0). It is easy to verify that

u(&,n) = L7t (v (L (g))) satisfies conditions (B.55)-(E59) on L~1(R). Using again Theorem

and covering 2 by dilated and translated copies of L™1(R), we obtain a function satisfying
conditions (B.53)—(E59) on .

Case 3. Here, suppose C, A, and B to be as in the hypotheses. The matrices A:=A-C and
B := B — C are such that (1 — \)A + AB = 0. Thus, from Case 2, there exists w :  — R?
piecewise affine and Lipschitz satisfying (.55)—(E59) with A, B, and 0 in place of A, B, and C,

respectively. It is easy to verify that u(z,y) := w(z,y) + C ( ) satisfies (E5H)—(E50) on Q. O

T
Yy

In the second case, we have that A — B = L™! < ) L, for some invertible matrix L. Let

For the following lemma, we recall that the set U is obtained from the set U by Definition (8
Observe that if U C Mg“, then U C MSXQ.

LEMMA 5.17. Let U C Mg“ be bounded and open in M%XQ and let C € U.
Then, for every € > 0 there exists a piecewise affine Lipschitz map u. : Q@ — R? such that

Vu. €U ae. inQ, (5.71)
ue(z) = Cz, for every x € 99, (5.72)
Hz € Q : Vuc(z) ¢ U} < €|, (5.73)
sup |us(z) — Cz| < e. (5.74)

zeQ

PROOF. Let C' € U. By definition of U, there exists 0 < A < 1 such that C' = (1 —\)A+ \B

for some A, B € U. Consider the nontrivial case 0 < A < 1. By Lemma BI85 for every e > 0

there exists a piecewise affine Lipschitz map u. : 2 — R? such that conditions (E.55)—(E.59) are

satisfied. In particular, conditions (0.56) and (559) give directly (B.72) and (5.74), respectively,

and (E55) and (55D give (X)), because U is open in M2*? (see Remark [£J). Now, observe
that (B.58) implies

{x € Q: Vu(z) ¢ U} < |9, (5.75)

where ¢ is a constant such that 0 < ¢ < 1 and does not depend neither on ¢ nor on €2. Indeed,
since A, Be€ U and U C M%XZ is relatively open, and since Vu. € UC Mg” a.e., we have that
d(Vue(x),A,B) > ¢ for a.e. x € {x € Q : Vu(x) ¢ U}. In turn, from (EES), we obtain (&730).
Let w be a piecewise affine Lipschitz function (depending on ¢) which satisfies (571), (5.22),
(574) with 5 in place of ¢, that is

sup [w (z) — Cz| < E,

w : (5.76)

and (B.75). Starting from w) | we are going to construct a sequence of functions {w®)} which
at the end will give a map u. (piecewise affine and Lipschitz) satisfying (E71)-(574). Since w")
is piecewise affine, there exist countably many mutually disjoint Lipschitz domains €2 C € such
that

w,il) = wl(glz)k is affine and .Z? (Q \ UQk> =0.
k
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Let {Qg)}k C {Q} be the sequence of the sets where Vw) ¢ U. Thus,
> lel|=|{zee: v @ ¢ U} <dal. (5.77)
k

(1)

Applying again Lemma [EI5 on each €, (where w) is affine), now with $ in place of ¢, we find

w,(f) : Q,(cl) — R? piecewise affine and Lipschitz such that Vw,(f) €U ae. in Q,(cl)

o0t

, w,(f) =w® on

Hx e : v (z) ¢ UH <o, (5.78)

and -
sup |w) (z) —wW(2)] <

= (5.79)
4
IEQS)

Define w® : Q — R? in the following way:

@ _ J w® ona\U, 0,
wee = (2) (1)
wy, on Qk .

It turns out that w(® is piecewise affine and Lipschitz continuous, because it can be seen as the
limit of a sequence of Lipschitz functions. Moreover, Vw(® € U a.e. in Q and w® (x) = Cx for

every © € 0N). Also, in view of (B71) and (78,
Hx ceQ: v (zx) ¢ UH = Z Hx € Q,(:) : Vw,(f)(z) ¢ UH
k

S efof?| <
k

IN

and, in view of (576) and (579,
1
sup |w® (z) — Cz| < sup {’w@)(z) - w(l)(z)’ + ’w(l)(z) - Cz’} << (1 + —> .
zeQ zeQ 2 2
By iterating this procedure we find out that for every m € N \ {0} there exists a piecewise affine
Lipschitz map w(™) : Q — R? such that Vw(™ € U a.e. in Q, w(™ (z) = Cx for every x € 99,
Hz €Q: V™ (z) ¢ U}‘ < mql,
and

1 1
M) —Cz| << (1+24 .. +—) <e

Since 0 < ¢ < 1, for m sufficiently large ¢™ < . Setting u. := w(™) for such a big m, we have
obtained that wu. satisfies (G271 (&74). O

The same iterative method used in the proof of Lemma (.17 allows to remove step by step
the set where Vu ¢ U and obtain the following theorem.

THEOREM 5.18. Let U C Mg“ be open in MgXQ and bounded. Suppose that v : @ — R? is
piecewise affine, Lipschitz, and such that

VoelU ae. inS.

Then, for every e > 0 there exists a piecewise affine Lipschitz map u. : Q — R? such that
Vue. €U a.e. in (5.80)
u: =v on 0f), (5.81)
[|ue — ||~ < e. (5.82)
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PRrOOF. Consider first the case where v is affine, so that Vu(z) = Cx for every z € (,
for some C' € U. Fixed ¢ > 0, by Lemma [E.I7 there exists a piecewise affine Lipschitz map
u® : Q — R? such that Vu® € U a.e. in Q and v¥) = v on Q. Thus, there exist countably
many mutually disjoint Lipschitz domains ; C Q such that

ugl) = u‘%i is affine and . (Q \ UQl> = 0.

In particular, we can write
o= |J oVu |J oPunm,
ie A i€B M)
where

AW = {z eN: vull e U}, B = {z eN:vull ¢ U}, IND| = 0.

Moreover, u(!) can be chosen in such a way that conditions (573) and (E74) are satisfied with £
in place of ¢, so that, setting My := {J;c50) le),

€
(MM < e, ut® — V]| Lo (r2) < > (5.83)

Applying again Lemma [5.I7 with £ in place of €, on each Qil) with i € BM, we find u§2) :
QZ(-I) — R? piecewise affine and Lipschitz such that Vul@) eU, u? =u® on 891(-1), and

%

—

9
||UE2) — u(l)”Lw(QEl);Rz) < Z, (584)

for every i € B(). Now, define u(? : Q — R? by

u® on | J oMUN®,
i€ A
ul(?) on le), for every i € BL)

W@ —

As done before for 2, we can write M) = Uica® QEQ) UUseae QZ(-Q) UN®), where uEQ) is affine

on each QZ(-Q) and
A = {z eN: vu® e U}, B2 = {z eN: vu? ¢ U}, IN®)| = 0.
Setting M@ :=J;cp2) QEQ), we obtain that

IMP | ={zeQ: Vu® ¢ U} <elMP| <29, (5.85)

that u(? is a piecewise affine Lipschitz function such that Vu(?) e U a.e. in Q, that u® = v on
01, and that

€

Z.

Note that u® = u( on Q\ M. By iterating this procedure, we find

u® on U le)UN(l),
i€ AM

u(® on U QZ(-Q)UN(Q),
i€A®)

e
||u(2) — ’U||LDO(Q;]R2) < 5 =+

u(™=1  on U ngfl) U Nm=1),
i€ A(m—1)
ul(.m) on ng_l), for every i € B(m—1),
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and write
T IS
i€ B(m—1)
= U omu | amuntm,
i€ A(m) i€ B(m)
where u{™ is affine on each Q™ and

7 A

A = {z eN: vu™ e U}, Bm) .= {z eN: vul™ ¢ U}, IN()| = 0.

We remark that, for every i € Bm—1), ul(.m) : ng_l) — R? is piecewise affine and Lipschitz

and have been obtained from u(™~1) by applying Lemma [5.17 with 5w in place of €, so that
Vugm) e, uz(-m) = u(m=1) on 8Q§m_1), and
€

g™ = al™ D] o gy < - (5.86)
Setting M (™) .= Uiesom ng), it turns out that
IM™)| = {zeQ: Vul™ ¢ U} <e™|Q, (5.87)
that (™ is a piecewise affine Lipschitz function such that Vu(™ e U a.e. in Q, that
u™ =0 on 09, (5.88)
and that - -
||u(m) *UHL‘X’(Q;RZ) < §++2_’m < €. (589)

Note that u(™) = u(™=1 on Q\ M=V and that M) D M® D .. Finally, consider the
function u : Q — R? defined by

v on Q\M(l),

u®  on MM \M@),
ui=< - (5.90)
w™  on MOm=D\ 37"

Observe that u is defined on Q up to a set of null measure, because |2 N 9M,,| = 0 for every m
w7(m)

(equivalently, [M"" NQ| = |[M™)]). Note that u(™ = u1) on Q\M(l) for every m > 1, and that

u(™ = u*) on pk=1) \M(k) for every m > k and k > 2. Since {u(™} is a bounded sequence in
W1 we have in particular that u(”) —* 4 in W and in turn that v is a Lipschitz function
on ) such that u = v on 99, from (5.88). Moreover, by definition (5.90), and by definition of
{M™}, u turns out to be piecewise affine. Estimate ([5.83) is given by (5.8J).

If v is piecewise affine, it is enough to apply the previous argument to each region where v is
affine. (|

We are now in position to prove Theorem [5.11], where a set Ky C M%XQ not necessarily open
in M%“ is considered. The idea of the proof is to approximate K by sets U; open in M%XQ. This
leads to approximated solutions u; which satisfy Vu; € U;. It turns out that by a careful choice
of u; one can obtain strong or a.e. convergence of the sequence {u;}, despite the fact that the
functions wu;’s develop increasingly faster spatial oscillations. The idea is to superimpose at each
step oscillations which are much faster than the ones of the previous step. The sets U; have to
approximate K in the sense of Definition [5.10, which is motivated by the fact that Theorem (.18
is used to obtain the approximation u;y1, with Vu,41 € U;41 a.e., from wu;, which is such that
Vu; € U; C Uprl a.e..
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Proor oF THEOREM [B.11] As in the proof of Theorem [5.18] it is not restrictive to suppose
v affine. Fix e > 0. Since Vv € U; C UQ, by Theorem (.18 there exists a piecewise affine Lipschitz
map u : Q — R? such that Vuy € Us a.e. in 2, u; = v on 99, and ||ug — V|| oo (ur2) < €/2. Let
{ps} be a family of mollifiers and set

1
O = {xEQ s d(z,00) > 5}

Not that Q7 is a nonempty set, up to replacing 1/2 by some smaller positive constant. Let
0 < 01 < 1/2 be such that ||ps,*Vur — Vui||p1 (o, m2x2) < 1/2 and set

19 19
=0 < —.
FLmay =g

Since Vu; € Uy C Us, again by Theorem .18 there exists a piecewise affine Lipschitz map
ug 1 © — R? such that Vuy € Uz a.e. in Q, ug = u; on 99, and ||uz — u1|| oo (sr2) < €1. Set

1
Qy = {:cE Q : d(z,00) > Z}’
let 0 < 02 < min{dy, 1/4} be such that ||ps,*Vuz — Vua||11(q,me2x2) < 1/4, and define
€ €
Eo 1= (5261 S 31 S g

We have that ||’LL2 — 'U||LOO(Q;]R2) < ||u2 — u1||Lao(Q;]R2) + ||u1 — 'U||LOO(Q;]R2) < % (1 + %) NOW, for
i=2,3,..., suppose to have a piecewise affine Lipschitz map u; : Q@ — R? such that

Vu,; € Ui+1 a.e. in Q, (591)

w; = u;—1 on JS2, and ||u1 — ui,1||Loo(Q;]R2) < é€gj—1, set
1
Q; = {(E Ve d(l‘,aQ) > ?},

let 0 < 6; <min{d;_1,1/2'} be such that

||p5i*Vui — Vui||L1(Qiszz) < 1/2i, (592)
and define
Ei—1 €1 g
gi = 0i€i—1 < 5 <. < 51 < 5

Since Vu,; € U;41 C U»L'+27 by Theorem .18 there exists a piecewise affine Lipschitz map w;41 :
Q — R? such that Vuzqu S UZ'+2 a.e. in Q, Ujq41 = U; O 89, and

||’U,i+1 — UZ'HLOO(Q;]RQ) < &;. (593)
Thus,
w1 = vlloe < fJtigr — wil[oe@irzy + o+ [Jug — | @2y + [|us — vl @2
€ € 1 1
— i<=(l1+=+..4+= . .94
< 2+51+ +5_2<+2+ +21)<€ (5.94)
Since

||uz-+1 — UZ'”LOC(Q;]RZ) <g —0, asi— oo,

and {u;}; is bounded in W1, we have that u; — @ uniformly, as i — oo, for some @ € W1,
By this convergence, from the fact that v = u; on 9Q for every i, and from (2.94]), we obtain
conditions (ii) and (iii) (with @ in place of wu.), respectively. It remains to show that Vi € Ky
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a.e. in Q. Since [|Vps, |11 (or2) < 5% for some constant C' > 0 independent of §;, from (93] we
have that

IN

s, *(Vui — Va)||pr (o, m2x2) Vs,

O
e Ui+1 — Ug Lo (Q;R?)
=" [

K2

=i

rr2)l[ui — 0 oo (r2)

IN

C —+oo oo
< 5—1 ;(5151_1 < Clz:&‘l_l < 2C¢g;_1.
=3 =i

Taking into account (592) and writing L' in place of L!(Q;; M?*?), we have that
||V’UJ1 - V’CLHLI(Q;MZXZ) S ||V’U,Z - V’CLHLl + ||V’UJ1 - v'&”Ll(Q\Qi;MZXZ)

< ||Vuifp5i*vui||L1 +||p5i*(vui7V’&)||L1
+||p5i*v1} — V’&HLl + ||VUZ — vaHLl(Q\Qi;MZX?)
1 N N N
< — +2Cgi—1 + ||ps,*VUu — V|| + || Vu; — VUHLI(Q\Q“MZXZ).

21
Since 6; — 0, as i — o0, and since u; and 4 are equibounded in W' (Q,R?), from the previous
inequalities we deduce that Vu; — Vi in L'(Q,M?*2), as i — co. In particular, we have that,

up to a subsequence, Vu; — Vi a.e. in Q and in turn, in view of (&9 and of Definition [E10,
that Vu € Ko. [l



CHAPTER 6

Singular perturbations of second order evolution problems
in finite dimension

In this chapter, we describe the results of [I]. We study the limit, as e goes to zero, of a
particular solution u® : [0,7] — R™ to the equation

g2 Aii* (t) + eBuf () + V,E(t,u® (1)) = 0, (6.1)

where € : [0, T]xR"™ — R is an energy functional satisfying suitable coerciveness conditions, A
and B are positive definite symmetric matrices of M"*™ and the symbol V, denotes the gradient
with respect to z € R™. In Section [6.I] we specify the assumptions on the potential & and describe
the limit solution w, which is a piecewise continuous function satisfying

V.E(tu(t) =0 and  V2E(t,u(t)) >0, (6.2)

where V2 stands for the Hessian matrix with respect to the variable z and the inequality means
that the matrix V2&(t,u(t)) is positive definite. Moreover, we show that certain jump conditions
characterize the behavior of u(t) at the discontinuity times ¢;’s using a heteroclinic solution to
the second order autonomous equation

Aw(s) + Buw(s) + VzE(ti, w(s)) =0, (6.3)

satisfying w(—oo) = lim, ,- u(t) (see Proposition[G6)). In Section 2 we prove that u® converges
to w in a suitable sense (see TheoremBERand T heorem[6.9). In Section[6.3] the same limit behavior
is obtained by considering a different approximation scheme based on time discretization as well
as on the solutions of suitable autonomous systems (see Theorem [6.15).

Section contains the proof of the existence and uniqueness, up to time-traslations of
a heteroclinic solution w to equation ([G3) satisfying w(—oo) = &£, when certain transversality

conditions at the zero £ of the vector field are satisfied.

6.1. Setting of the problem and preliminaries

In this section we formulate four assumptions we will refer to in this chapter, and give some
preliminary results. We will use the following terminology: 2 € R™ is a critical point of E(t,-)
if V,&(t,x) = 0. A critical point = of E(t,-) is degenerate if det V2E(t,z) = 0. It is useful to
recall that if D,, D% V., V2 stand for the first differential, the second differential, the gradient,
and the Hessian matrix, with respect to x, respectively, then D,E(t,z)[l]] = V,E(t,x) - | and
D2&(t,z)[l,1] = (VZ&(t,z)l) - , for every | € R™.

Assumption 1. The energy € : [0,7] x R — R is a C® function satisfying, for every (¢,z) €
[0,T] x R™, the properties:

(i) Vi&(t,z)-x > blz|*> — a, for some a > 0 and b > 0,
(i) 0:&(t,x) < d|z|* + ¢, for some d, ¢ > 0,

where the symbol J; denotes the partial derivative with respect to the variable .
Observe that, from Assumption 1 (i), it descends that there exist @ > 0 and b > 0 such that

&(t,z) > blz|* —a, for every (t,z) € [0,T] x R™. (6.4)

107
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Moreover, Assumption 1 (i) implies that, for every ¢t € [0, T7], all the critical points of E(, -) belong
to the closed ball B centered at zero and with radius y/%. Since the function &(¢,-) has minimum
and maximum on B, it has at least one critical point and it belongs to B.

Assumption 2. For every t € [0,T], the set

{£ € R™ : £ degenerate critical point of £(¢,-)} is discrete.

REMARK 6.1. Assumptions 1-2 imply that, for every t € [0, 7], the set of the critical points
of &(t,-) is discrete. Indeed, by Assumption 2, the set of the degenerate critical points of &(t,-)
is discrete, while the set of the nondegenerate critical points of £(¢,-) is discrete by the Implicit
Function Theorem.

For simplicity, in the sequel we will suppose that there are no critical points of (T, ).

DEFINITION 6.2. We say that (1,&) € [0,T] x R™ is a degenerate approximable critical pair
if & is a degenerate critical point of E(7,-) and there exist two sequences t, — 7 and &, — &
with Vz&(tn, &) = 0 and V2E(t,,, &) > 0 for every n.

Observe that if (7,&) is a degenerate approximable critical pair, then V,E&(7,&) is positive
semidefinite. From now on, A and B will be two given symmetric and positive definite matrices
of M™ ™ unless differently specified. A7t and A2, will denote the minimum eigenvalue of A
and B, respectively.

Assumption 3. If (1,£) € [0,T] x R™ is a degenerate approximable critical pair, then there
exists [ € R™\ {0} such that

(i) ker V2&(7, &) = span(l),

(i) (A™TBI)-V4(0E)(,€) # 0,

(iii) (A~TBI)-D3E(T,€)[1,1] # 0,
where A~7' is the transpose of the inverse matrix A~! and D32 denotes the third differential with
respect to the variable x, so that D3&(r,€)[l,1] is the vector of R™ obtained by taking the third
differential of &(7,-) at £ and applying it to the pair [I,].

In the sequel, we will consider the equation Aw(s) 4+ Bw(s) + V,E&(T,w(s)) = 0, which is

equivalent to the system
6| _ g ([P (6.5)
i(s) v(s)

where F : [0, T]xR*" — R?" is defined by

F (t, [”;D = [BAl (f:%gﬁe(t,:c))] . te[0,T)], z,y € R™. (6.6)

For this reason, we collect in the following remark some properties of the function F’ which descend
from Assumption 3 and which will prove useful.

n n

Throughout this chapter, we will use both the notation b] or (z,y) for a point of R?",

REMARK 6.3. Let Assumption 3 hold for some (7,&) degenerate approximable critical pair
and some [ € R™. Setting 7 := [g} € R2", observe first that
F(r,n)=0.
Since )
0 B~
V’OF(Tv 77) - |: _BA—IV%E(T, E) _BA—l :| 5

where V,, denotes ﬁ, from Assumption 3 (i) it turns out that

ker V,, F(1,n) = span(w), ker V,,F'(1,1m)" = span(v), (6.7)

! B2A-1
= V.=
Y=ol |

where
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Moreover, simple calculations give that

0 0
O F = D’F =
o= [ paasiaeo) PO [ gl
so that, from Assumption 3 (ii) and (iii), we obtain that
vOF(rn) £0,  v-DEF(r,y)w,w] £0. (6.8)
Observe that A € C is an eigenvalue of V, F'(7,7) if and only if there exists {ﬂ # 0 such that
y = ABz,
{ V2e(r, &)z = —A(B + A)z. (6.9)
Let us show that
the algebraic multiplicity of the null eigenvalue of V, F(7,n) is 1. (6.10)

It is well known that such multiplicity corresponds to the dimension of the generalized eigenspace
associated to the null eigenvalue, that is ker(V, F(7,1))*, where k is the smallest integer k such
that ker(V, F(7,n))* = ker(V,F(r,1))**!. Thus, in order to prove (GI0), it is enough to show

that ker(V,F(7,n))? C ker(V,F(r,n)). If {ﬂ € ker(V, F(7,1))?, then, in view of (6.7,
Vo F(7,m) [m} =« {(l)] , for some « € C. (6.11)
Y

If o # 0, (GIT) implies that

y = abBl,
{Viﬁ(ﬂf)x =y,
and, in turn, that 0 = z- (ViS(T,f)l) = aBl-l # 0, which is an absurd. Thus, o = 0 in (GIT]), so
that [ﬂ € ker(V,F(r,n)). This concludes the proof of (6I0). Now, we want to show that every
eigenvalue \ of V, F(7,n) is such that:
Re(\) < 0, for every eigenvalue X # 0. (6.12)

Let {ﬂ be an eigenvector associated to the eigenvalue A # 0 and write x € C™\ {0} as x = a+1b,

for some a, b € R™. In the case a, b € span(l), from the second equation in (63) we obtain that
(B + AA)l = 0. The scalar product of this equality with [ gives

Bl _ B,
— _ 2« min )
TN TR

In the case {a,b} ¢ span(l), we consider the hermitian product of the second equation of (G9)
with x, which gives

C=-\NCar+Cp), (6.13)

where
C .= (ViE(T, &a-a+ ViS(T,f)bb) , Cy := Aa-a + Ab-b, Cp = Ba-a + Bb-b.

Now, by setting A = A1 + i\ for some A1, Ao € R, from (G.I3) we obtain

Ao (Cp + 2C4)1) = 0, (6.14)
and

Ca)i+ Ol — CaX3+C =0. (6.15)

We want to prove that Ay < 0. If Ay # 0, from (6.I4)) it is easy to deduce that

B

A5
A < —Zmin
1 < 2|A|<0
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In the case where Ay = 0, we can suppose b = 0 and from (6I5) we obtain that C% — 4CC4 > 0
and that

—Ba-a + \/(Ba-a)? — 4(V2E(r,€)a-a)(Aa-a)
2Aa-a

Since a ¢ span(l) = ker V2&(7,£) and V2E(T,&) > 0, we have that V2&(r,&)a-a > A-|a|?, where
Ar > 0 is the smallest eigenvalue of V2E(r, ¢) different from 0. By using this fact, together with
the hypotheses on A and B, we can easily prove, by rationalization, that

—Ba-a + +/(Ba-a)? — 4(V2&(r,€)a-a)(Aa-a) - A AA 0

2Aa-a STTasl <

This concludes the proof of (GI2)). Let us collect together properties ([G), (G.8), (EI0), and
[EIZ). We obtain that F : [0,7] x R?*" — R?", defined as is ([@.0), is a C? function such that
F(7,m) = 0 and satisfies:

(TC1) 0is an eigenvalue of V, F(7,n) with algebraic multiplicity 1, and there exist w, v € R™
such that w-v # 0 and ker V,,F(7,n) = span(w), ker V,,F(r,n)T = span(r). Moreover,
Re(A) < 0 for every eigenvalue A # 0;
(TC2) v-0uF(,1m) # 0;
(TC3) V-D%F(T, n)[w,w] # 0.
We remark that, by [41l Theorem 3.4.1], the set of the vector fields satisfying (TC1)—(TC3) is
open and dense in the space of C"°° one—parameter families of vector fields with an equilibrium
at (7,€&) with a zero eigenvalue. In this sense, we can say that our Assumption 3 is “generic”.

AL <

With the next lemma we introduce the heterocline which will allow us to connect, at a specific
time 7, a degenerate critical point of £(7,-) to another suitable critical point of &(r,-).

LEMMA 6.4. Let (1,€) € [0,T] x R™ be a degenerate approximable critical pair. Suppose that
Assumption 1 and 2 and Assumption 8 (i) and (iii) hold. Ezcluding the constant solution &, there
erists a unique solution, up to time—translations, to the problem

Aw(s) + Bw(s) + V(T w(s)) =0, s € (—00,0]
limg—, — oo w(s) =&, (6.16)
limg oo w(s) = 0.
The solution w is defined on all R, there exists limg_s oo w(s) =: ¢ € R™, with ¢ critical point of
&(7,-), and there exists limg_, 4o w(s) = 0.

PROOF. Writing the equation in (6I6) in the equivalent form (G3]) and using the properties
of the function F' derived in Remark[6.3] we can apply Proposition [6.27] (with m = 2n and F (7, -)
in place of F'), and we obtain existence and uniqueness (up to time—translations) of the nontrivial
solution to ([GI6). The other properties of such a solution con be proved using Lemma (]

LEMMA 6.5. Let g : R™ = R be a C? function such that
g(x) > C1|z|* — Oy, for every x € R", (6.17)
for some constants Cy > 0 and Cy > 0. Suppose that the set of the critical points of g is discrete.
Let w be the (unique) solution of the Cauchy problem associated to
A + B + Vg(w) =0, (6.18)
with initial conditions at some sy € R.
Then, (w,w) is bounded and defined on [sg,+00) and there exists the limit

&l}r_{loo(w(s)vw(s)) = (C,O), (619)

where € is a critical point of g. Moreover, if (w,w) is bounded on its maximal interval of existence,
then (w,w) is bounded and defined on all R and there exists the limit

lim_(w(s), (s) = (€,0),

S5—r
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where & is a critical point of g.

PROOF. Let us denote by (sy,ss) the maximal interval of existence of w. Consider, for

x,y € R™, the function
T 1
1% = —Ay-
({yD 5 Ay y +9(2),

and observe that, by multiplying ([GI8]) by w, we obtain that

2o (3] o=

Thus, for every s € [so, s ),

1 . . . 1. .

SNl (5) 7 + g(w(s)) < 5 Avh(s)1i(s) + glw(s)) < 5 Au(s0)b(50) + g(w(so).
Therefore, by using ([G.I7), we deduce that the positive semiorbit of (w,w) is bounded and there-
fore defined on [sg,+00). This fact, together with the monotonicity of V' ([m) on [sg, +00),
implies the existence of the limit

lim V <[7“,”(S)D —LeR. (6.20)

w(s)

Let [%} be a point of the w-limit set associated to (w,w) (which is nonempty because of the
boundedness of the positive semiorbit of (w,w)), and consider the solution ¢ to the problem

A (s) + Bw(s) + Vg(w(s)) =0, s € [sg,+0)

w(sg) =T,

12)(80) = g

Since, from @20), V (E]) = L, and the w-limit sets are invariant sets, we obtain that

\% ([igz;}) = L for every s > sg. Thus,

diiV ([iéjﬂ) = —Bp(s)-o(s) =0, for every s > s,
so that 7 = 0 and ¢(s) = 0 for every s > sg. Considering also (618), it turns out that Vg(Z) =
0. In this way, we have proved that the w-limit set is contained in the set Z := {({,0) €
R2™ : ¢ critical point of g}, which is, by assumption, discrete. Therefore, the w-limit set, that is
connected, is reduced to one point of Z, and this proves (6.19)). The proof of the remaining part
of the lemma can be done in a similar way, by using the boundedness of (w, w) on (s, ,4+00) and
again the monotonicity of V ([%]). O

Assumption 4. For every degenerate approximable critical pair (7,£) € [0,7] x R™, let w be
the unique solution (up to time-translation) of (G.I6]). We assume that
V2E&(7,w(+00)) is positive definite.
With the following proposition we construct a piecewise continuous solution to problem (G.2])

on the interval [0,7]. We will then prove, in Section [6.2] that this solution is suitably approxi-
mated by a solution of equation (6.I]).

PROPOSITION 6.6. Under Assumptions 1-4, let xf, € R™ be such that V,E(0,z;) = 0 and
V2E(0,25) > 0.
There exists a partition 0 = tog < ... < t,, = T of the interval [0,T] and, for every j €
{1,...,m — 1}, two distinct points x%, x; € R™ with the following properties:
(1) for every j € {1,...,m}, there exists a unique function u; : [tj_1,t;) — R"™ of class C?
such that uj(tj—1) = x%_, and

V.E(tuj(t) =0 and VZE(t,u;(t)) >0, for every t € [t;_1,t;);
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(2) for every j € {1,...,m — 1}, a5 = limt%t; u;(t), (tj,x5) is a degenerate approzimable
critical pair, and there exists a unique (up to time-translation) function w; : R — R”
of class C? satisfying

A’LUJ (S) + Bw](s) + Vzg(tj,wj(s)) = 0, ERS R, (621)

and such that

S

lim w;(s) = 7,

i : =z"
im lim w;(s) = z.

s—+o00 J

The proof of Proposition[6.0lis similar to the proof of [72], Proposition 1]. The only difference
is in the choice of the heterocline which connects x§ to 27 in [72], it is the solution to the equation
w;(s) = VzE(tj,w;(s)), while, here, equation (G.2I]) is considered. The scheme of the proof is
the following: starting from zf}, we find a unique solution u; of ([G2) on the maximal interval of
existence [0,¢1) such that uy(0) = zf. If t; < T, then there exists the limit «§ := lim,_,,- uq (t)
(the index s stands for “singular”) and (t1,5) is a degenerate approximable critical pair. Thus,
Assumption 3 holds for (¢1,x5). In particular, Lemma [6:4] tells us that Assumption 3 (i) and (iii)
(together with Assumption 1 and 2) ensure the existence and uniqueness, up to time—translations,
of the solution wy to ([G2I) with j = 1, satisfying w;(—00) = x§. Moreover, there exists the limit
limg—, yoo wi(8) =: a7 (the index r stands for “regular”) and zf is a critical point of &(¢1,-).
At this point, using Assumption 4, we have that V2&(t1,27) > 0 and we can repeat the same
argument with (¢1,27) in place of (0,zf)). In this way, we find the solution uy of (2], defined
on the maximal (on the right) interval of existence [t1,t2), and such that us(t1) = 27, and so on.
Observe that, by Assumption 2, V2E&(T, u,,(T)) is positive definite. The functions uy, ..., u,, give
us a piecewise continuous solution u to problem (G.2]), according to the next definition.

DEFINITION 6.7. Under Assumptions 1-4, we define u : [0,T] — R™ by:

u(t) = u;(t), for every t € [tj_1,t;), je€{l,..,m}, w(T) = up(t),

where 0 = tg < ... < ty, = T and uy,...,uy, are the partition and the functions obtained in
Proposition [6.0.

Since (t;,x3) is an approximable critical pair for every j € {1,..,m — 1}, Assumption 3
implies that the transversality conditions (TC1)—(TC3) listed in Remark hold for F (see
(66) for a definition) at (tj, [?D for j = 1,...,m — 1, as shown in the same remark. Such
transversality conditions ensure (see [41, Theorem 3.4.1]) the existence of a smooth curve of
equilibria (t(-), Lﬂ ()) passing through (tj, [ZO;D, tangent to the hyperplane {t;} x R?". In
particular, in a left neighborhood of ¢; there are two regular branches of solutions to F(t,-) = 0,

a saddles’ branch and a nodes’ branch, while in a right neighborhood of ¢; there are no solutions.
The nodes’ branch is the already defined w;(t) (more precisely, it is (t, [“jo(t)D). For every
Jj=1,..,m—1, we denote the other branch, which is defined starting from some ¢} € [ti—1,t5),
by

Note that, by Assumption 2, for every § > 0 sufficiently small we have that

S F(m?, ) satisfies V,E(tj,z) =0 if and only if =z == (6.23)

s
I

s
i } ), we can introduce

Moreover, in view of the behavior of the vector field F' at the point (tj, [ K

the specific times

tion <t <t)<t; <t} (6.24)
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endowed with the following properties:

— 5
for every t € [t‘;,tj), V.E(t,x) =0 for some z € B (:Cj, Z) if and only if x € {u;(t),w;(t)},

(6.25)
|F(-,-)] >0 on (t;,t5"] x B((z},0),0). (6.26)
6.2. Singular perturbations of second order
In this section, we consider the equation
e2 Ail (t) + e Bu (t) + V. E(t,us (t)) = 0, t€[0,7], (6.27)

where € > 0 is an arbitrarily small parameter, and we show that a solution to this equation,
satisfying suitable initial conditions, approximates the solution to problem ([G.2]) constructed in
the previous section in a sense that we are going to specify. Note that equation (G.27) can be
seen as a singular perturbation of the evolution problem

Ati(t) + Bu(t) + V(¢ u(t)) =0, t € 0,T].

In the present section and also in Section [6.3] we will take into account the following objects. Let
zf, € R™ be such that V,&(0,z}) = 0 and V2&(0,x}) is positive definite. We consider a point
(x0,y0) € R?" such that vy is the solution to the autonomous problem

Aty (o) + Bog(o) + ViE(0,v9(0)) =0, o € [0,+00)
vo(0) = o, (6.28)
00(0) = yo,
and
lim wo(o) = x. (6.29)

o——+00
Under Assumptions 1 and 2, Lemma [6.5 ensures the existence of the solution to problem (6.28])
and of the limit in ([629). Also, it tells us that vg(4+00) is a critical point of £(0,-) and that
0o(4+00) = 0. The main results of this section are given by the following two theorems, which
describe how the function u of Definition and the trajectories of the heteroclines w;’s at the
jump times ¢;’s are approximated by suitable solutions u® of (G.21).

THEOREM 6.8. Under Assumptions 1-4, let xj € R™ be such that V4E(0,z() = 0 and
V2E(0,25) is positive definite. Let u : [0,T] — R™, with u(0) = zf, be given by Definition
[67 and w® : [0,T] — R™ a solution to (6-27) such that

(u®(0),e4°(0)) = (20, y0), ase— 0T, (6.30)

where (xo,yo) satisfies (C28) and (6.29). Then, we have that
(1) (uf,eBuf) converges uniformly to (u,0) on the compact subsets of (0,T]\ {t1, ..., tm—1};
(2) for every j € {1,...,m — 1}, there exists a sequence {a5}, with a5 — t;,
and a heteroclinic solution w; of

Aiisj(s) + B (s) + Vo €(t5,w;(s)) = 0,
limg, oo w;(s) = s, (6.31)
limg_y o0 1;(s) = 0,
such that
(v5,05) = (wj, ;) uniformly on the compact subsets of R,
where
a5 T —as

v5(s) = u(a5 +es), for every s € [?j, TJ} .
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The next theorem can be viewed as a corollary of Theorem[6.8 and gives a geometric interpre-
tation of how (u®,eBu°) approximates (u,0) and the trajectory of (wj, Bw;), for j =1,...,m—1.
It deals with the following sets. Recall the heteroclines given by Proposition [6.6 and the function
vo previously introduced. We define

Sy = {(00(s), Bio(s)), >0} and 7= {(wy(s), Biy(s), s€R},  (6.32)
for j=1,...,m—1, and set
S = {(t,u(t),eBuc (1)) : t€[0,T]}, L = FregU Lsings (6.33)
where
Freg = {(t,u(t),0) : t €[0,1}, (6.34)
and
Fsing 1= [{0} x H] U U {t;} < [ U{(25,0)}]. (6.35)

Observe that the set .7,y does not change if we replace some w;’s by some of their time-
translated. We recall that d(-,-) stands for the euclidean distance either between two points or
between a point and a set, and denote by dy the Haudorff distance. If K; and K> are two
compact subsets of a compact metric space, the Hausdorff distance between K7 and K> is defined
as
du (K1, Kz) := sup d(z, K2) + sup d(z, K1).
reK, reKa
THEOREM 6.9. Under the hypotheses of Theorem [G.8, we have that
dg(S%,.7) =0, ase— 0.

In order to prove Theorem [6.8 and Theorem [6.9] we need some preliminary results. First, we
state a property of uniform boundedness of the solutions to equation (G.2T).

LEMMA 6.10. Let Assumption 1 hold and let {t°} be a sequence converging to some t € [0,T],
as € — 0F. Then, there exists a unique u® : [t°,T] — R™ of class C?, solution of the Dirichlet
problem associated to (6-27) with initial condition at t=. Moreover, if u®(t°) and eu®(t%) are
uniformly bounded, then u®(t) and et®(t) are uniformly bounded with respect to t € [t*,T] and e.

PROOF. The standard theory of ordinary differential equations tells us that there exists
locally a unique solution u® of the Cauchy problem associated to (G27). Multiplying equation
627) by 4(t), it turns out the equation

g2 d d
gaAUEUE + EB’(:LE"(:LE —+ %8(@ ’U,E) — 8t8(t, ’U,8> = 0,
which, by integration between ¢° and ¢ € [t¢,T] and by the positive definiteness of A and B, gives

2 2 t

S Nmin 05 (D + E (8, w5 (£)) < AU ()47 () + (8w (7)) +/ 0,&(r,uf (r))dr.  (6.36)

tE

2 min
Then, by using Assumption 1 and (64, we have that

t
luf ()| < K§ + KQ/O |u (7)|*dr, for every t € [0,T],

where ) p
1
K; = ; %Auf(tg).uf(f) + E(t5,us(t%)) + (T —t°) + &} , Ky = . (6.37)
By differential inequalities (see, e.g., [43]), we obtain that
[us(t)|? < KTt for every t € [0,T7,

so that, by hypothesis and by ([G.37), u®(t) is uniformly bounded with respect to t € [t%,T] and e.
This fact, together with (G36), gives that also eu° is uniformly bounded with respect to ¢ € [t%, T
and e. This in particular implies that u® and @° are defined on [t°, T] and completes the proof. O
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The following technical proposition will play a crucial role in the proof of the main results of
this section. To handle equation ([G27)), we will use the function F : [0,7] x R?*" — R?" defined

in ([@.4), so that ([G.27) is equivalent to

[ =r ()

Also, we will consider a function u € C([%,]; R") for some 0 <7 < # < T and we will use Lemma,
to say that if u*(¢°) and e (¢°) are uniformly bounded for a certain sequence {t°} C [%,1),
then there exists a compact K C R2" such that
{(sus(t) + (1 — s)u(t),esBus(t)) : (s,t) € [0,1]x[t°,¢]} C K, (6.38)

for every € > 0.

PROPOSITION 6.11. Let € : [0,T] x R® — R be a C? function and let u € C([%,£];R™) be a
solution of (6.2) on [t,1], for some 0 <T <t <T. Let {t°} C [,1) be such that

& — 1, for some t € [1,1),

and let u® be a C? solution of [6.27) on [t°, T such that u®(t°) and i (t°) are uniformly bounded.

Finally, let K be a compact of R®™ such that [6.38) hold and let w be the modulus of continuity

on K (uniform with respect to t € [0,T]) of the function V,F(t,-), where F is defined in (G.0).
There exists a positive constant C = C(&,u) such that, if r € (0,C) and

1inr_1>%1ip |(u®(t°) = u(t),eBus(t°)) | < min{r, rw(2r)}, (6.39)

then
limsup sup |(u®(t) — u(t),eBu(t))| < r. (6.40)
e—=0t te[te i)

The proof of Proposition [E.11] requires two lemmas.
LEMMA 6.12. Let A € M"™*™ be such that
Re()) < —q, for every A eigenvalue of A,  for some a > 0.
There exists a constant Cya, depending on A, such that
|etA‘ < Cae™ 3t for every t > 0.
The proof of Lemma is straightforward, once A is written in Jordan canonical form.
In Section we will use more general estimates of this kind (see (EI73)-(@I74)). With the

following remark we underline the fact that the constant C'4 of the previous lemma is not universal,
but generally depending on A.

-1 a

REMARK 6.13. For a € R, consider the matrix A = { 0 —1

} , whose spectrum is {—1}.

Since A is the sum of the matrices { _0 _01 } and [ 8 8 } which commute, it is easy to
compute
1 at
tA _ —t
e =e [ 0 1 }

The norm of e*4 is e7*\/2 + a2t2. Therefore, a constant C' not depending on A and such that
|et’4| < Ce™ % should satisfy V2 + a?t? < Ce? for every a € R, but this is impossible.

LEMMA 6.14. Let A € M"*™ be such that
|etA| < Ce for every t >0, for some C,~ > 0.

There exist two positive constants § and b, depending only on C and ~y, such that, if B € M"*"
and |B| <6, then

et(A+B)‘ < be 2, for every t > 0.
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PROOF. Observe that when A and B commute the proof is straightforward. Otherwise, for
x € R", let us consider the solution v” of the problem
0(t) = (A+ B)v(t), t>0
v(0) = z.

(6.41)

Since
(t
et(A-‘rB)’ = sup [v” (8)]
zekn\f0} ||
the thesis follows if we prove that there exist §, b > 0, depending only on C' and -, such that, if
|B| <6, then

[v®(t)] < be™ 2|z, for every t > 0 and x € R". (6.42)
For certain constants d, b > 0 to be chosen later, let us fix a function z € C([0, +00); R™) such
that |2(t)| < be~2*|x| for all t > 0, and consider, for |B| < §, the problem
0(t) = Av(t) + Bz(t), t>0
z(0) = x.
The solution of ([6.43]) can be represented by the variation of constants formula and estimated in
the following way:

(6.43)

t 206
lu(t)] < C <67t|:c| +/ e'y(ts)|B||z(s)|ds) < Clz|e™ 3t <1 + —> . (6.44)
0 Y
In order to obtain ([6.42]), we want C (1 + @) < b so that we choose
Y yC
6 < — b> ———. 6.45
<20 =S -2%C (6.45)

Now, we define the space

X :={wel(0,40),R") : v(0) =z and sup v(t)ex! <oop,
te[0,4+00)

il
2

which is a Banach space endowed with the norm |[|v||x := sup;e(g o0y v(t)e??, and the subset
Q:={veX : vy <|zb}.
From (644) and thanks to the choice (G.45]), we have obtained that the operator
G:Q—Q,

that to each z € Q associates the solution of ([G43]), is well defined. If we prove that G is a
contraction from € to 2, we will prove that the solution v of ([GA41]) satisfies ([6.42)), that is our
aim. Let z1, 2o € Q and suppose |B| < 6. Then, we have that

St , 204
IG(21) — G(22) ]| x = supe?’ / " Bz1(s) — z2(s)lds| < =21 — 2|lx.
t>0 0 Y
From (6.45)), it descends that g < 1, so that G is a contraction from (2 to €. O

ProOF oF PROPOSITION [6.TT] Note that, defining W := [g] and W, := {z:} — W, equation
EZ1) is equivalent to

eW. = F(t,W + W.) — eW, (6.46)
where F, already defined in (G.6]), is given by
x B~y
Ft = . tel0,T], z,ycR"
CLD) = aa+v.c.0 O

Set
M(t) := V, F(t, W(t)), te[t,t].
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The regularity assumptions on & and w imply that M € C([%,£]; M?"*2") and that
V2E(t,u(t)) > a, for every t € [£,1], for some a > 0. (6.47)

First, let us explain how we find the constant C' of the statement. As done in Remark [6.3] we
can prove using (G.47) that there exists 8 > 0 such that Re(\) < —g for every X eigenvalue of
M((s), for every s € [%,1]. Therefore, from Lemma [E12 and Lemma [GI4] it turns out that there
exists b > 0 such that

M| < e~ 4t for every t > 0 and s € [Z,1]. (6.48)

Indeed, from Lemma [6.12] we have that, for every ¢ > 0,

‘etM(s) < CM(S)G_gt, (6.49)

with Cpss) > 0 a constant depending on M(s) for every s € [f,¢]. Considering (649) for a
certain sg € [t,1], let &y, by > 0, depending on Chr(so) and g, be given by Lemma [G.T4l By the
uniform continuity of M on [%,], there exists o9 > 0 and a finite number of s; in [7,¢] such that,
if s € [,£], then |s — s;| < 0 for some i and |M(s) — M(s;)| < o, so that, by Lemma 614,

etM(s)

et(M(Si)JFM(S)*M(Si))‘ < boefgt, for every t > 0.

Now, let C' > 0 be a constant (depending on b and § and, in turn, on f and w) such that, if
0 <r <, then

o< (119 naxon) (6.50)
— — max . :
w(2r) < o 3 ax{1,
The reason why the estimate (G50) is needed will be clear at the end of the proof. By now, let
0 < 7 < C and suppose that ([639) holds true for a certain t* — ¢ € [Z,#). Then, there exists
e, > 0 such that
|(u (t°) — u(t), e B (t%))| < min{r, rw(2r)}, for every e € (0,¢,). (6.51)
Since t* — ¢, it is easy to check that (G.51) implies, up to a smaller ¢,., that
[W(t%)] < 2min{r,rw(2r)}, for every e € (0,¢,). (6.52)

Therefore, it makes sense to define, for € € (0,¢,),

¢ =inf{t € [t°, 1] : |W.(t)| > 2r},
with the convention inf @ = ¢, so that SUP[ge je] |[We| < 2r for every e € (0,¢,.).
Claim. There exists £, € (0,&,] such that

sup |[W.(t)| <, for every e € (0,&,).
te(te te]

Observe that the claim implies that £* = ¢ and, in turn, that supye 1) [We| < rforevery e € (0,£,),

that is (@40).

Proof of the claim. Using again the uniform continuity of M on [%,£], let ¢ > 0 be such that
|M(t) — M(s)| <w(2r) if |s — t| < o, and define

f& — €
7 =7i(e) :=t° 4o, for i=0,.., k., where k. := { J ,
o

and
M(t¢), tetc,m)
M(Tl), t S [7’17’2)
M.(t) :=«¢ .

M(7y.), t€ [m.,t].
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Observe that M.(t) = M (& + L%J) With such definitions, we obtain that

sup | M. (t) — M(t)| < w(2r). (6.53)
te(te,te]

Let us write equation (G46) on [t°,#%] in the following equivalent way:
EWE = MW, + He,
where
He = (M — M)W. + [F(t, W + W.) — MW,] — eW.
Clearly, there exists &, € (0,&,] such that

sup W (t)] < rw(2r), for every € € (0,€,). (6.54)
tefte, €]
Since F(t,W(t)) = 0 for every t € [, 1], it turns out that
sup | F'(t, W(t) + We(t)) — M(t)We(t)]
te(te,te]
< 2rsup {|V,F(t, W(t) + sW.(t)) — M(t)| : (s,t) € [0,1] x [t°,£]} < 2rw(2r). (6.55)
Inequalities (653)), (6.54) and ([G.53) imply that
sup |H.(t)| < 5rw(2r). (6.56)
[te,Ee]
By setting Z.(t) := W.(et), let us consider another equation equivalent to (G486) on [t¢,{°]:
. e t%
ZE = Mg(Et)ZE + HE(Et), te |:z, z:| . (657)
If k. = 0, that is £° — t° < o, the solution of (G.57) is
€ 5 € t e
Z.(t) = (L= 5) M%) 7. (—) +/ EIME) H_(e7)dr.
€ ©
Then, by using (648) and (656]), we have that
20 10
sup [We(t)] = sup |Z:(t)] <b <|Wg(t€)| + —rw(27’)> <2b <1 + —) rw(2r),
te(te,ie] te[ts 55] ﬁ ﬁ

where the last inequality is due to (652]). Then, the thesis follows from (6.50]).
If k. # 0, we define Z? as the solution of equation ([G.57) in [0, ) and, for i =1, ..., ke, we define

Z! as the solution of equation (G.57) in {%, min { Ttk %}) with z{Y (%_) as initial condition

€

at Zt. By using the variation of constants formula, it turns out that

22| < RY on [g%) (6.58)
where
R(t):==1b (e_g(t_§)|WE(t€)| + %rw@r)) , te [g, %} ,
and
1Zi| < R. on E%) fori=1,.. ke —1, (6.59)
1zF| < R on {%H : (6.60)
where

i BT i1 (Ti 4 Ti Tit1 .
R.(t) ::b(e it E)RE ! (g) + Ew(r)r), te [;’TJF}’ fori=1,.. k. (6.61)
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From this definition it is easy to check that, up to a smaller &, (such that bexp ( 8 ‘7) < % for

every € € (0,&,)), RL (™) < 2rw(2r) (1 + 27%)’ for i =0, ...,k — 1. In turn, again from (G61]),
we have that
i (Ti 200
R; (T;) < 2brw(2r) <11 + 7) ;
so that, from the choice made in [@50), R (
in ¢, from ([E58)—(E60) we obtain that

j) <r, fori=0,..., k.. Thus, since R’ is decreasing

sup |[We(t)] < maxq  max sup |Z§(t)|, sup |Z§5 ()]
te[te,i¢] €40 ke 1} e [m Tigny te[ ke te]
. T
< max R’ (—’) <r, for every € € (0,&,).
~ ie€{0,...ksy “\e/ T Y (0,)

Proposition [6.11] allows us to prove a first part of Theorem [6.8

PRrROOF OF THEOREM RESTRICTED TO (0,t1). We begin the proof of Theorem by
showing that

(u®,eBu°) — (u,0) uniformly on the compact subsets of (0,%;). (6.62)

Consider [t*, 7] C (0,¢;) and let § > 0 be sufficiently small in order to apply Proposition B.I1 with
r = 0. Observe that the function

vE(s) = uf(es), s € {o, q , (6.63)

3

satisfies the problem

A5 (s) + Big(s) + Va€(es,v§(s) =0, se [0, L]

so that, by (630),

(v§,05) = (v, Dp) uniformly on the compact subsets of [0, +00), (6.64)

where vy satisfies ([6.28) and (629). This convergence, the limit in (629) and the fact that
¥o(+00) = 0 imply that there exists s > 0 such that

|(vo(s) — a5, Bin(s))| < = m1n{6 dw(20)}, for every s > s, (6.65)
and
lim sup | (u®( (e5)) — ahy, e Buf (550))’ < min{d, dw(29)}, (6.66)
e—0t

where w is defined in Proposition G.I1 Using the same proposition with = £ = 0 and w; in place
of u, and

g = es) (6.67)
in place of t°, from (G.GG) we obtain that
limsup sup |(u®(t) —u(t),eBu(t))| <limsup sup |(u®(t) —u(t),eBi(t))| <4, (6.68)
e—=0T  te[t*,i] e—=0T  te[bg,i]

and, in turn, (G.G2). O
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Note that convergence (6.62), together with the fact that lim,_,,~ u(t) = #] and the definition
of t§ < t; (see ([6.25)), implies that

|(u(t3) — a5, e Bi(9))] <

N |

)

for every e sufficiently small. To prove Theorem [6.8] (2) for j = 1, we need to introduce the first
time larger that { in which (u®(t),eB1u°(t)) escapes from B((z§,0),d), that is

a5 == max {t € [t},}"] : (u(t),eBuc(t)) € B((},0),0) for every t € [t7,%]}, (6.69)

where t7* > ¢ is defined in ([G26). Observe that, for every € small enough, a5 is well defined,
because the maximum is taken over a nonempty set, and it depends on §. Also, note that if

a§ < t}* then (u(af),eBif(af)) € 0B((x5,0),9).
LEMMA 6.15.
aj — t1, ase— 0.

Proor. We divide the proof in two steps.
(i) Let 7, > t{ be a sequence approaching ¢; from the left, as k — +oo. From (6.62) we have
that, for every k, there exists ), such that supys |(u€ — u,sBu5)| < g for all € € (0,ex). Thus,
also in view of the definition of #?,

(u(t),eBus(t)) € B((},0),0), for every t € [t$,71], € € (0,e).

In turn, from the definition of a$, we obtain that a5 > 7 for every ¢ € (0,ex) and every k, so
that

liminf af > t;.
e—0

(ii) Here, we want to prove that

limsupaj < t;.
e—0

Suppose, by contradiction, that there exists a sequence {e}, with e — 0, such that {aj*} C
[£,t5*], for some t; < £ < t*. Then, up to a subsequence,

ajt —t, for some t € [£,1}*]. (6.70)

Note that the function v§ := u®(a§ + es) satisfies the problem

A5 () + B (s) + Vol(aS +es,05(s)) =0, se€ [J—? T“ﬂ
0i(0) = u*(a3),
7(0) = ei*(ag).
From the definition of a§, we have that (v{(0), Bi(0)) € B((z5,0),6), and, in turn, up to a
further subsequence, that
(v7*(0), Bo*(0)) — (2, 2), for some (z, %) € B((z5,0),46). (6.71)
The limits ([@70) and (7)) imply that, if w is the solution to the problem
Adib(s) + B (s) + Vi E(L,w(s)) =0,
w(0) = z, (6.72)
Bi(0) = 2,
then (vi*,v7*) — (w,w) uniformly on the the compact subsets of a common interval of existence.
From this convergence, using Lemma and the definition of af, it is easy to check that w and

W are defined on all R and that (w(s), Bu(s)) € B((z3,0),6) for every s € (—00,0]. Moreover,
by Lemma [6.5] there exist the limits

Sgrgloow(s) =: w(—00), SE@mw(s) =: w(—00),
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and satisfy F' (f, [5%:2”) =F (f, [W(BOO)D = 0. At the same time, (w(+00),0) € F((mf,O),é).

These facts give a contradiction, because ¢ € (t1,t}*] and (G26) holds. O

By Lemma [64] any solution of problem (G31]) differs from any other solution by time—
translation, so that the trajectories .#;’s (defined in (632))) are uniquely defined. By using
Morse—Sard Theorem (see, e.g., [44, Theorem 1.3 ch. 3]) applied to the function

t = [(w; (t) — a5, Buj(1)?,
it is easy to check that the set
Ej:={6>0: 7 is tangent to dB((x},0),d) at a point of intersection} (6.73)

has zero measure. The reason why we introduce the set E;, for j = 1,...,m — 1, will be clear in
the next proof.

PRrROOF OF THEOREM [6.8] COMPLETE. Let ¢ be sufficiently small. First, let us prove state-
ment (2) in the case j = 1. Consider an arbitrary sequence £ — 0 and the function

I 1>
as T—al]
9

vi(s) :=u(af +€9), s € [—, (6.74)

9 9

with a§ given by (669). Observe that v§ depends on §. By using Lemma [E15 and arguing
similarly to its proof, we can show that, up to a subsequence,

(vS*(0), BS*(0)) — (2, 2), for some (z,2) € 9B((z5,0),9),

and that (v{*,07*) — (wy,w;) uniformly on the compact subsets of R, where w; is the solution
of problem (672), with ¢; in place of ¢, and satisfies

wi (—o0) = 77, 1 (—o0) = 0. (6.75)

The first condition in (6.75)) is due to the fact that wy(—oc0) € B(z§,d) must be a critical point of
&(t1,-) and, since we are supposing § small enough, the unique critical point of &(t1, ) in B(z$, )
is a§ (see ([@2Z23)). Observe that wy depends on §. To conclude the proof, it remains to show
that, given any other sequence e, — 0, (v{",07") converges (up to a subsequence) to (wi,w1),
as (vi*,v7") does. By repeating the same arguments above, we have that, up to a subsequence,
(vS", 05") — (i1, 1) uniformly on the compact subsets of R, where (i;,w1) satisfies the same
system that (wq,w;) satisfies, and the conditions in ([G75). Therefore, by Lemma [6:4, we have
that

wi(s) = w1(s + so), seR, (6.76)
for a certain constant sg, which we can assume to be nonnegative. We want to prove that, indeed,
so = 0. Let us suppose, by contradiction, that so > 0. By (67@) and the definition of a§, we
have, on one hand, that

(w1 (s), Bun (s)) € B((z5,0),9), for every s < so; (6.77)

on the other hand, since F; has measure 0 (see (6.73)), it is not restrictive to assume § ¢ Ej,
so that there exists o > 0 such that (wq(s), Buwi(s)) ¢ B((235,0),9) for every s € (0,0), against
(67). Therefore, it has to be sp = 0 and, in turn, wy; = w;. Thus, we have proved that

(vf,07) = (w1, ) uniformly on the compact subsets of R, (6.78)
where, among the solutions of the problem
Aw(s) + Buw(s) + VzE(t1,w(s)) = 0,
limg oo w(s) = a5,

wy is the one such that (wy(0), Bw;(0)) = (z, ) (being (u®(a5),eBuc(a3)) — (2, 2) € OB((z5,0),9)).
Moreover,
(w1 (s), Buiry (s)) € B((x5,0),06), for every s < 0. (6.79)
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Now, recall that, by Proposition [G.6] the limit of w; at +oco selects a point which allows us to
find, as done for [0,%1), a solution uy of problem (G.2) on [t1,t2) starting from wq(+00). More
precisely:

SEI_EOO(wl (S)a wl(s)) = (xia 0)’ UQ(tl) = a7,

and
V. E(t, ua(t)) =0, V2E(t,ua(t)) >0, forevery t € [ty,t2).

In particular, there exists s¢ > 0 such that

0
[(wy(s) — a7, By (s))] < 3 for every s > s9. (6.80)
Moreover, due to (6.78) and to the definition of v§, there exists €5 > 0 such that
)

|(uf (b5) — w1 (s3), eBus (b5) — Buin (s9))| < 2 for every e € (0,&5), (6.81)

where
b = b5(8) == a5 +es!,

so that

|(u®(b7) — 27, eBus(b])| < 0, for every e € (0,¢5). (6.82)
By using (6.82) and Proposition with £ = t;, b in place of t°, us in place of u (since it
can be b5 < ti, note that us is defined in a left neighbourhood of ¢, also) and § in place of
min{r, rw(2r)}, we can prove statement (1) of the theorem restricted to (¢1,t2). In turn, we can
define a§ and b5, corresponding to the jump point t2, and prove statement (2) of the theorem
for j = 2. Repeating the same argument for all the other intervals (¢;_1,¢;) and taking into
account the quantities a$ and b5, according to the following definition, completes the proof of the
theorem. O

For j = 1,..,m — 1 and 0 > 0 sufficiently small, let ¢;* € (¢;,%;41) and t? € (tj—1,t;) be
defined as in ([6.25]) and ([6.20), respectively. From Theorem [6.8] we have that

for every j=1,....m — 1,

N |

|(u(t5) — @5, e B (1)))] <

for every e sufficiently small (depending on §
definition.

~—

. For every such a small ¢, we give the following

DEFINITION 6.16. For 6 > 0 sufficiently small and j = 1,...,m — 1, we define

a5 :=max {f € [t?,t;*] : (uf(t),eBus(t)) € B((x5,0),0) for everyt € [t?,f]}

and
e._ € §
bs == aj +esj,
where s? > 0 is such that

N >

’(U’J(S) - x;ang(S))‘ <, for every s > s?.

REMARK 6.17. In the case where
(u=(0),€a7(0)) — (=5, 0),
then
(u®,eB4®) — (u,0) on the compact subsets of [0, T]\ {t1, ..., tn—1}-
To check this on a compact [0,7] of [0,%1), it is enough to apply Proposition BI1 with 7 = = 0
and t* = 0.

We can now prove the last result of this section. We recall that . and ¢ are defined in

@.32)-@.33).
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PROOF OF THEOREM Chosen ¢ > 0 small enough and such that
m—1
s¢ | E
j=1

where E;, for j = 1,...,m — 1, is defined in (G.173) (recall that U;’;l E; has zero measure), we
suppose to work with the particular heteroclinic solutions depending on ¢ found in the proof of
Theorem (see (6279)). Due to the definition of the Hausdorff distance, we divide the proof in
two parts.

(a) Here, we show that there exists 5 > 0 such that

supd(-,.) <24, for every e € (0,¢e5). (6.83)
yi

Set

de(t) :=d((t,u®(t),eBu(t)),”), te0,T].
By referring to (624)—(G.25)), to (€.65)—(C.67) and to Definition [6.10] for the notation, and in view
of the fact that

by — 0, a3, b5 — tj, forj=1,..m—1, (6.84)
we consider, for every € small enough, the partition

0<bs<td<al<bf<..<b5, ,<T.

In order to prove (G.83)), it is enough to give a proper estimate of d. on [0,b5), since we can
proceed in a similar way on the remaining part of the interval [0,7]. By looking at the definition
of v§ (see (G.G3)), observe that

sup de(t) < sup [es+d((v5(s), Bog(s)), H)]
t€[0,b5) s€(0,s3]

< by + sup |(vg(s) —wvo(s), Bug(s) — Bi}o(s)) }, (6.85)

s€[0,9]
while, by using ([668) with ¢{ in place of £, it turns out that

sup de(t) < sup |(u(t) — u(t),eBuc(t))| < 6. (6.86)
te[bs,t9) te[bs,td]
Now, observe that we can suppose
t —t0 < g. (6.87)
This fact, together with the definition of af, implies that

sup d.(t) <  sup [|t—t1|+}(us(t)—zf,sBif(t))}}
te(t?,as) te(t?,as)

max{|t1 —aﬂ,%} +9 (6.88)

IN

Finally, consider that

sup do(t) <  sup [|t — 1]+ d((uF (t), e Bu (1)), yl)}
tela$,b5) tela$,b5)
< esd 4|t — a5+ sup |(vi(s) —wi(s), Bi§(s) — Bun(s))]. (6.89)
SG[O,S?E]

Inequalities (G.88)—([6.80) and (G88)—([E.89), together with (6:64), Theorem [6.8 (2), the conver-

gences in (684) and the convergence of £s9 to 0, imply that there exists e5 > 0 such that

sup d.(t) < 26, for every € € (0,&5),
te[0,b5)

and, in turn, imply (E33).
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(b) Here, we show that there exists £5 > 0 such that

supd(-,.7%) < 24, for every € € (0, &s). (6.90)
4
By the definition of .# and by the fact that (z5,0) € .#1, it is sufficient to analyze
swp d(. 7%, swp d((twn(t),0),.79),  sup d(,.7°).
{O}Xtﬁo tE[O,tl) {tl}Xﬂl

The other cases can be treated in a similar way. Let us consider separately s € [0, sg] and s > sg,
and write

sup d((0,vo(s), Bip(s)), ) <  sup [Es+d((vo(s),B®0(s)),(ug(es),sBds({—:s)))}

s€[0,s9] s€[0,s)]
< by + sup ‘(’Uo(s) —v5(s), Big(s) — Bi)é(s)) , (6.91)
56[0753]
and, in view of (6.65]),
sup d((0,vo(s),00(s)),#°) < b5+ sup d((vo(s), Bio(s)), (u®(b5),eBu(bj)))
s>sg s>sg
< b + 0 + |(u(b5) — xh, e Bt (b5))|- (6.92)

Now, to carry out a proper estimate of sup,cjg ;) d((t,u1(t),0),.79), we divide [0,¢,) in [0,b5),
[b5,t9) and [t9,¢1). Tt turns out that

sup d((t,u1(t),0),.7°) < b5+ sup d((ua(t),0), (u®(b§),eBi(bf)))
te[0,b5) t€[0,b3)
< b+ w, (05) + | (us(65) — ap, e Bt (b5)) |, (6.93)
where w,, is the modulus of continuity of u; on [0,¢;/2]. Moreover, we have that
sup  d((t,u1(t),0),.7) < sup |(u*(t) — ui(t),eBu(t))], (6.94)
tebs t9) t€[bg,t]]

and, in view of (687) and (62H]), that
sup d((t, u1(t),0),77)

te(tl,ty)
< sup d((tua(2),0), (1, w5 (1)), e Bis (1))
te[t}s7t1)

(6.95)

)
<5+ (@) — (@), eBat (@) + sup Ju () — i (£5)]
te[t(ls7t1)

<6+ | (u( (t9) — w1 (19), e Buf (t‘s))‘

Finally, consider supy, #, d(-,-#¢). Observe that

d((tr, wi(s), Bun (s)),-77) < [t1 = b5| + [(wi(s) —wi(s1), Buvn(s) — Bun(s1))]|
+ | (uf () — wi(s9),eBus (b5) — Buin(s)))],
so that, from (680)—(6.8T]), we obtain
3
sup d((t1, wi(s), Bun(s)), %) < [t1 — bi| + 55. (6.96)

s>s‘15
Now, similarly to what is done in (G.80)-(6.82), we can define ¢§ in the following way. Since
(w1 (—00), 11 (—o0)) = (x5, 0), there exists 3] < 0 such that

|(wi(s) — @, Buin(s))] < g, for every s < 39. (6.97)
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Moreover, due to (6.74) and (67F), there exists £5 > 0 such that

N |

|(u®(a] + £5%) — wy (s3),eBuf (a5 + €39) — Bu';l(s‘ls))| <=, for every € € (0,&5).  (6.98)

Let us define
¢§ = c5(0) == af + €5 < af,
and observe that ¢ — t;. We have that
sup  d((t1,wi(s), Buin(s)), %) < |t1 — af| + e max{[3}|, s}
s€[s7,51]
s |(45(5) — wals), Big(s) - Bin(s)], (6.9
s€[s7,s7]

while, since

sup d((t1, wi(s), Buin(s)),.7) < [t1 — cf| + | (wi(s) — w1 (s3), Bu (s) — Bu'}l(s‘ls))|

s<89

+ [ (wi(s9) — u(cf), Buin (s9) — eBu(c5)) |,

from (697) and (G.98)) it turns out that

3
sup d((t1, wi(s), Bun(s)), %) < [t1 — ¢f| + 55. (6.100)
s<s$
Inequalities ([E.91)—(6.96) and (699)—(6.100), together with ([E.64), ([G.64), ([6.62), and (1), give

that, up to a smaller &,

sup d(-,.7F), sup d((t,ul(t),O),yE), sup d(-,.%) < 20,
{O}Xtﬁo tE[O,tl) {tl}Xﬂl

for every € € (0,&5), and, in turn, give (6.90]). O

6.3. An alternative approach: time discretization

In this section, we study a second order, discrete—time approximation of the same limit
problem constructed in Section and approximated in Section by second order singular
perturbations. The present approximation process is modelled on the following idea. We consider
a partition 0 = 7§ < 78 < ... < 7F | < 78 =T of the interval [0,7] such that

pr = IMax 1(Tik+1 - =0, as k — +o0, (6.101)

and suppose to have defined u¥ , as the approximation of the function u given by Definition

on the interval [7F_;, 7F). Since u(F

T *) is a critical point of (7F, ), we find the next approximating

point u¥ by considering the solution v¥ of the autonomous problem

A (o) + BoF(o) + V. E(TF, vk (0)) =0, o €0, +00)

17

vF(0) = ul |, (6.102)
’Uf (0) =0,
and setting
uf = lim oF(0), i=2,..,k. (6.103)
o——+oo

Consider a point zf; € R™ such that V,&(0,zf) = 0 and V2E(0, zy) is positive definite. Clearly,
the first approximating point of this process could be defined as the limit at +oc of the solution
of [BIN2) with 7F and zf; = u(0) in place of 7 and u¥ |, respectively. Actually, it does not cost
much more effort to define

uf = lim (o), (6.104)

o—+00
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and v} as the solution of
Atk (o) + Bof (o) + Vi E(F,vF(0)) =0, o €0, +00)

¥ (0) = 2y, (6.105)
01(0) = -
Here,
@k, y) = (z0,Y0), as k — +o0,

and (x0,yo0) lies in the basin of attraction of (z{,0) for the autonomous problem at time 0, that
is (70, yo0) satisfies ([628) and ([629). In order to uniform the notation, we set u§ = x5. Note that
Lemma ensures the existence of the solutions of problems (G.I02), ([GI03), and (628, and
of the limits (EI03), (6I04), and (G29). Also, Lemma [67] tells us that u! is a critical point of
&(rF,+) and that vg(+00) = vi(+00) =0, for i = 1, ..., k.

Let .7 be the same set defined in (6.33)—([6.35). In order to define a suitable set .#* approximating
-, we choose arbitrarily some

af € (tF ., 7F), fori=1,..,k,
and introduce a function u* which has, on every [7¥ |, 7F], the following features. On [} |, aF],
it is a suitable reparametrization of v¥ from a certain big interval [0,a¥] to [7F |, aF], and, on

[k 7F], it is a convex combination of v¥(a¥) taken in of and u} taken in 7F. More precisely, we
fix a sequence J; — 0 and a constant C' > 0, and, for i = 1, ..., k, we consider a value af > 0 with
the following properties:

min  a¥ — +o0, as k — +o0, (6.106)
ie{l,...,k}

and, for every k,

[of (af) — ug

| ko k
max <C, max |07 (a;))| < 0. 6.107
ie{lnky  TE—aF T ie{l,...,k}| P (@) < 9 ( )
It is clear that such values exist, in view of Lemma We can now define the function u* €
C([0,T};R™) by
t— 7'-k_1
. vf <ﬁa5> : te [l afl,
u®(t) == i i—l (6.108)
(1} — )Uf(Zf) +k(t - af)“f’ t e [k, 7F
T — o
Observe that
u*(0) = 0¥ (0) = 2y, uF(rF ) = oF(0) = ub fori=2,..,k,
uf (af) = oF (a¥), fori=1,..k,
and that
{uf(t): te[rfq,afl} ={vj(0): o €[0.a]]},
while, on [, 7F], uF(t) is an affine function connecting v¥(a¥) to u¥. Moreover, u* can be not
differentiable at of, 7, a5, 7§, ..., aﬁ. Thus, with abuse of notation, we set
ks k . k .
w®(r;") ==  lim a"(7), fori=0,...k—1,
()= tim it (r)
ki k . .k .
(o) ;==  lim a”(7), for i=1,..,k,
(o) = lim it ()
and *(T) := lim,_,p- 4*(7), so that
k k
a; t—T7
o :Tk Vi \ ok Z ;_k af) , telniyay),
ak(t) == S S (6.109)
k k(,k
ui —v;'(a7) te [ak Tk)
ok i2Ti )s
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and @*(T) == “=%E)  Note that, for i = 2, ..., k, @*(r¥ |) = 2L o¥(0) = 0, while @*(0) =
. T_O‘E . 9 9 crey Uy 1—1 a?—Tk . '3 )

k -
2y, Finally, we need some coefficients which have, in the present analysis, the same role played
51
by e in Section [6.2] To this aim, we define

LV
hi(t) =Y ———"=L t), telo,T), 6.110
k(1) ; oF X, ok (E) [0,T) ( )
with hy(T) = 0/’2717;’5’1, and, in turn,
k
= {(t,uk(t), hy(t)BuF(t)) = t €[0,T]}. (6.111)

By referring to Section for Assumptions 1-4, we are in position to state the main result
of this section.

THEOREM 6.18. Under the hypotheses of Theorem[6.8, we have that
du(S*,.7) =0, as k — +oo.

To prove Theorem [6.18, we need some preliminary results. Under Assumptions 1 and 2, fix
7€ [0,T] and let &, § € R™ be such that, if v is the solution to the problem

Ab(o) + Bio(o) + Vz&€(T,v(0)) =0, o €]0,4+00)

(0) = '%’
0(0) =7,
and Ve = limy_s o0 v(0), then V2E(7,v4) is positive definite. By the Implicit Function Theo-
rem, there exist a connected neighbourhood U of 7 in [0,T], a neighbourhood V' of v, in R™ and
a C? function u : U — R™ such that u(7) = v and, if (t,x) € U x V, then V,&(t,x) = 0 if and
only if = u(t). Moreover, V2E(t,u(t)) is positive definite on U.

Consider three sequences z; — Z, yp — ¢ and 7, € [0,7T] such that 7, — 7, and denote by

vi the solution to the problem

Aig(0) + Big (o) + Vi&(t,v5(0)) =0, o € [0,+00)

Vk (0) = Tk,

0 (0) = Y-
By continuous dependence, we have that (vg,0x) — (v, ) uniformly on the compact subsets of
[0, 4+00), and, by Lemmal[65 we know that v (+00) is a critical point of (7, ) and v (400) = 0.
The following lemma tells us that, if & is sufficiently large, vg(+o00) = u(1r). Moreover, this
convergence is uniform with respect to k.

LEMMA 6.19. Under Assumptions 1 and 2, let u and v be defined as above. Then, there
exists ko such that

lim (vg(0),0(0)) = (u(r%),0), for every k > ko. (6.112)

o——+00

Moreover, for every § > 0, there exists ks, o5 > 0 such that
(vi(a), By () € B((u(m),0),9), for every o > o5, k > ks. (6.113)

PROOF. Let us refer to the previous paragraph for the notation. For every ¢t € U and every
x € R", there exists « € [0, 1], depending on x and wu(¢), such that

E(t,z) = E(t,ult)) + V2E(tu(t) + alr — u(t)))(z — u(t),z — u(t)). (6.114)

Let 7 < 7 < 7 be such that [7,7] C U. Since V2&(-,u(-)) is positive definite on [7, 7], there exists
R > 0, depending on [T, 7], such that, if § € (0, R), then

min {\ : X is an eigenvalue of V2E(t, u(t) + 2), |2| <6, t € [F,7]} =: B2 > 0. (6.115)
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Choose § € (0, R). From (GIT4)) and (GITH), we obtain that

52
min E(t,x) > E(t,u(t)) + ﬂ(;z, for every t € [T, 7], (6.116)
le—u(t)|=5
while the uniform continuity of €(-,u(+)) on [7, 7] implies that

2

)
‘ m(abic‘< E(t,x) < E(t,u(t)) + ﬂ(;g, for every t € [T, 7], (6.117)
z—u(t)|<r

for a certain r € (0,%). Since (v(c),9(0)) = (vs0,0), as ¢ — +o0, we can find o5 > 0 such that

1 /8 1

s\ 27ap E} , for every o > os. (6.118)

o(0) ~ vl S5, Jilo)] < gmm{

By the uniform convergence of (vg, 0) to (v,0) on the compact subsets of [0, +00), there exists
ks such that, for every k > ks,

lvg(o5) — v(os)| < g, [0k (0s) — 0(0s)] < g\/% (6.119)
Also, we can suppose that
[u(Tk) — voo| < g, for every k > ks. (6.120)
Let 0 > 05 and k > ks. By arguing as in the proof of Lemma [G.5] we obtain that
E(1r,vi(0)) < %Ai}k(o(;)@k(og) + &(k, vi(05)), (6.121)
and, by using ([E.I18)—-(6120), we have that
vk (05) — u(m)| < |vk(os) = v(os)] + |v(05) = Vool + [Veo — u(Tk)| <7 (6.122)

Since 71, € [T, 7] for every k sufficiently large, (CI111), (GI2I) and (GI22) imply that
2

8
3
< &(m, ulm) + 765507, (6.123)

E(Tk,vk(o)) S %|’Ok(05)|2+8(Tk,u(7'k))+ﬂ§

where in the last inequality we have used also the second estimates in (GI18) and in (GII9).
From (6I106) and (6123), we obtain that vy(c) € B (u(r:),2) for all ¢ > 05 and k > ks. This
fact, together with the second estimate of (6118), gives ([GII3)). In particular, let us fix §o > 0
such that B (u(7:), %“) C V for every k > ko, for some kg > 0. Then, by Lemma [6.5] and by the

fact that the unique critical point of &(, ) in B (u(7s), %") is u(7g), [@II2) is proved. O

For the following lemma, observe that, for j =
Proposition [6.6] is more generally defined on [#;,¢;4+1
t; such that

Vzg(t,Uj+1(t)) =0, Vig(t, ujJrl(t)) > 0, for every t € [fj, thrl)' (6124)

..,m — 1, the function w;1, defined in

1,.
), for a certain ¢; < t; sufficiently close to

Since the notation is unavoidably heavy, be careful to distinguish the functions u;’s from the
functions u*’s defined in ([I08) proceeding from the points u}’s, defined in ([I03) and (GI04).
The next lemma tells us essentially that, for & large enough, the points u¥ are indeed values
approximating u; on the compact subsets of (0, 7).

LEMMA 6.20. Choose t € (0,t1) and § > 0. There exists ks, o5 > 0 such that, for every
k > ks, we have that

(vf(o), Bi}{C (0)) € E((ul('rlk), 0), 5), for every o > oy, (6.125)
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and, if 7F € [t% 1], then
(vF(0), Bif (o)) € B((u1(7)),0),0), for every o > 0. (6.126)
In particular, there exists k such that

uf = uy (1), for every 7F € [tF 1], k > k. (6.127)

?

To show that (E125) and ([EI27) hold for ¢ = 1, we can use Lemma [6.19 with 7 = 0, & = z,
7 = Yo, vo in place of v, u; in place of u, vo = 5, and 7F, v} in place of 74, vy, respectively. The
proof of the remaining part of Lemma can be done by induction and by using essentially the
same argument of the proof of Lemma [6.19l

While Lemma takes into account the approximating points u¥ on the compact subsets
of (0,t1), the following lemma, whose proof is similar to the previous one, deals with [¢;,%;41),
which is a slight modification of [t;,t;41) in the sense of (6124)), for j =1,...,m — 1.

LEMMA 6.21. For j =1, ey T — 1, lett; <tj be suﬁciciently close to t; so that holds
. Forj=1,...m—2, choose t; € [t;,tjy1), and set t,,_1 = T. For every § > 0, there exists
ks > 0 such that, if

k _k - k k
T T € [, 45] and uf = ujpa (1),
for some j € {1,....,m — 1}, then
(Uf (o), Bi)f(o)) € E((ujﬂ(ﬁ-k), 0), 5), for every o > 0,
for every TF € [Tl]fi_l, fj], and k > ks. In particular, there exists k> 0 such that
uf = (7)), for every 7f € [0, 4], k> k.

In order to prove Theorem [B.I8 we need to select some special indices among i = 0, ..., k
and show certain properties of those. Lemma (G.20) and (G.21]) suggest that we can expect that
there exist some indices o], which mark a transition around ¢; from the approximation of u; to
the approximation of w;1, that is u¥ = u;(7F) for every Tokj,l <1< Tfj. Unluckily, it is not

k k
really like this, since, as we will see, it may happen that, if 7% < t; is too much close to t;,
uk € {u;(7F),u;(7F)} (see [E22) for a definition). We will show later that the indices introduced
by the following definition, which depends on a small parameter § estimating the distance from
xj, are those responsible for the transition.

DEFINITION 6.22. Let 6 > 0 be small enough. For every j € {1,....,m — 1}, we define
oi = 0?%(5) = minAi,

where Al = Al(8) is the set of the indices i € {0,...,k — 1} such that

— 1)
F <t ufEB($§,§),

and
(vfy1(0), Bofy (o)) € OB((25,0),8),  for some o > 0,
where x5, for j =1,...,m — 1, is defined in Proposition [C.0.

REMARK 6.23. Observe that, for k sufficiently large, the definition of oi is well posed, since
Ai # (). Let us check this fact in the case j = 1. For j = 2,...,m — 1, the proof can be conducted
in a similar way, by using also the next lemma. Choose € (t{,t1), where #{ is defined in (G25).
By Lemma[G20, for every k sufficiently large, there exists at least one index i such that 7/ € [t{, ]
and uf = uy(7F) € B (a5, %). Now, there are two possibilities:
(1) Tik_H > t1: in this case, we can suppose, up to bigger k’s, that Tik_H < t7*, where t7* is defined
in @24) and E20). Recalling that u¥, , = vf,,(400) is a critical point of &(7f,,,-), from the
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definition of #;* we have that u¥,, ¢ B(23,d). Therefore, since uf = vf, (0) € B (25,4) and

@z‘+1(0) = 0, it turns out that (vF, | (o), Bo¥, (o)) € 0B((x1,0),d) for some ¢ > 0, so that i € A};
(2) 7F,; < t1: in this case, if (vF, | (0), BoF_ (0)) € 9B((z3,0),6) for some o > 0, then i € A}; oth-

erwise, th—H—OO( z+1( ), sz-‘rl( )) = (u 7,+1’0) € B((mi,O),(S) But u7,+1 € {u;(r, z+1) ; ( zk-i-l)}
and 9 < ™ <7k i1 < t1, therefore u1+1 €B (xl, 4) At this point, we begin again by considering
7F_, and, in turn, case (1) or (2).

By this procedure, in a finite number of steps we find some i € A;.

It is useful to underline two facts which emerge from Remark [6.23] We have that

k kY 5 (K
Ugs € {uj (Toi) \ T (Toé)} ; (6.128)
and we cannot determine whether 7% > ¢; or 7%  <t;. The following lemma will be useful
ok—i-l ok—i-l

to prove the main result of this section and tells us (see point (3)) that the index oi marks the
transition from the branches u; and u; to u;41, as it was expected.

LEMMA 6.24. For every j € {1,....,m — 1} and 6 > 0 small enough, the following properties
hold:

(1) Tkj - tj_ 5
Ok
(2) b, a5

(3) for every k large enough, u* k

ok
=uj (7 ]+1> hence wy

— x".
] J

.7_;’_1
PROOF. Let us begin with the case j = 1 and write, in order to simplify the notation,

or = ox(6) in place of o},. We will use the point #{, which is defined in (G2Z5).

(1) Observe that, from Definition [6.22] Tfk < t1. Let t < t; be arbitrarily close to ¢t;. We want

to show that there exists k such that 78 € (Z,t,], for every k > k. We can suppose that ¢ > 3.

Observe that, if z, y € R™ vary in a compact, by uniform continuity there exists p = p(§) > 0

such that

52)‘7?1171

|E(t, ) — E(t,y)| < 252 for every t € [0,T] and |z — y| < p. (6.129)
Choose € (7,¢1) and set ¢ := 3 min {p,d}. Lemma G20 tells us that, for every k large enough

(depending on ¢ and on [7,7]), there exists an index ¢ > 1 such that
) <t<tF<th, <% (6.130)
uf = up (1), (6.131)

and

vk (o) € Blua(tF4),9), for every o > 0. (6.132)

Thus, from ([132) and the definition of § and of #{, we obtain that

5. (6.133)

=] W

[071(0) = @3] < [ofyr (0) = wa ()| + Jua (7fyy) — 5] <

Also, recall that

A

/\min .
5 0F 1 ()P + E(rf 1,051 ()

1. .
§Avf+1(o)~vf+1( )+8( Tit1s z+1( o))
< &(rfi.uf), (6.134)

for every o > 0, and observe that, by (G.I0T]) and ([G.I3T)—([6132), we can suppose, up to greater
k’s, that

IN

uf —vfa (@) = Jua(rf) = viyy(0)]

< () = ()| + lua () = v ()] < p,



6.3. AN ALTERNATIVE APPROACH: TIME DISCRETIZATION 131

for every o > 0. Thus, from (G129) and ([GI34), it descends that

. 2 19
|Bof, (0)| < |B] v [E(rfF oy ul) — E(rfy, vk (0)]? < T for every o > 0.  (6.135)
By using (6.I30), ([€I31), (6133), and (EI35) we have that
— )
uf € B <x§, §> and (vF, (o), Bof (o)) € B((25,0),0), for every o > 0. (6.136)

By the same argument just used, we can prove that, whenever [ < ¢ is such that uf €B (m‘{, %),
we have that (v, (o), Buy (o)) € B((x3,0),4), for every o > 0. This fact, together with (EI3G)
and the definition of o, implies that or > ¢ and therefore Tfk > Tf > 1.
(2) This limit follows from property (1) and from (G.I28).
(3) To further simplify the notation, let us write vy, instead of v% ,, so that vy is the solution to
the problem

A (o) + Big(o) + Vo &(F 41,vk(0)) =0, o € [0,+00)

vk(0) = ug,,
0,(0) = 0.
By Definition [6.22] the following parameter is well defined for every k sufficiently large:
o :=min{oc > 0: (vx(0), Biog(0)) € 0B((z1,0),9)}. (6.137)
The compactness of dB((z5,0),0) implies that, up to a subsequence,
(vg(ok), Bog(ok)) = (2, 2), for some (z,2) € OB((z7,0),9). (6.138)

We claim that

o) — 400, as k — +oc. (6.139)
Suppose, by contradiction, that, up to a subsequence, {0} C [0, M] and o), — &, for some M > 0
and 6 € [0, M]. By properties (1) and (2), (vg,?x) is uniformly convergent to (v,v) on [0, M],
where v is the solution to the problem

Av(o) + Bo(o) + Vi E(t1,v(0)) =0, o €[0,+00)

v(0) = =,

(0) = 0.
In particular, (v (o%), (o)) — (v(6),9(6)) and, in turn, by @I37), (v(6), Bi(6)) € dB((x5,0),6).
This is an absurd, because v = 25, and therefore ([6.139) is proved.
Now, let us define

(o) = vi(o + ok), o € [—ok, +0),

which satisfies the system Aoy (o) 4+ Big(o) + V2&(7E 11,k(0)) = 0 for every o € [0, +00),
and the conditions 9 (0) = vg(oy), 0£(0) = 0 (0%), and let w; be the solution to the problem

Aw(o) + Buw(o) + VzE(t1,w(o)) =0, o € [0,400)
w(0) = z,
Buw(0) = 2.

By property (1) and convergences ([6.138) and ([I39), we have that (3, 0 ) — (w1, w1 ) uniformly
on the compact subsets of any common interval of existence. By using this fact together with the
definition of oy, it is easy to show that

{(wy (o), Buy (o)) : 0 <0} C F((m‘f,O),é). (6.140)
Thus, by Lemma [64] together with (6:23) and Proposition [6.6] we have that
Jim (i (s).1in(s)) = (21,0),_lim_(wy(s), 1 (s)) = (@.0), (6.141)

and that .
(Ok, V) — (w1,w1) uniformly on the compact subsets of R. (6.142)
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Observing that, by definition, u’jk_ﬂ = limy— 400 Tk (0), it is enough to apply Lemma [G.19] with

tla Z, B_lza :E71" Uz, ’Uk(O'k), ’(.)k(O'k), Tfk-‘,-l and /Dk in pla‘ce of T, :Ea ga Vooy Uy Ty Yk Tk and Uk,

respectively, to conclude that ulgk 11 = uQ(Tfk 41) for every k large enough, and, in turn, that
k T

U, 41 = 7.

The proof of the cases j = 2,...,m — 1 can be done in a similar way and by using, more, the case

j=1 O

Lemma and Lemma allow us to state and prove a result of approximation of u on
the compact subsets of (0, T\ {t1,...,t;m—1}. Since the jump times ¢;’s are not so far considered,
the heteroclines w;’s appear in the statement just because they are involved in the definition of u
through their limit points 27 and z7 at —oo and +o0, respectively (see Definition [67). Notice that
Proposition 625 by including the uniform convergence to 0 of the “modified” velocity hy B on
the compact subsets of (0,7 \ {t1,...,tm—1}, recovers all the information collected in Theorem
(1) by using a different approach. We refer the reader to (GI06)—(G.I10) for the notation. In
the remaining part of this section, we will sometimes use the symbol w,, to denote the modulus
of continuity of u; on [0,t1/2].

PROPOSITION 6.25. Under the hypotheses of Theorem[6.8, we have that
(u*, hi Bi*) — (u,0), uniformly on the compact subsets of (0,T]\ {t1,...,tm_1}.

PROOF. Let us consider the interval (0, ¢1). The proof for the other intervals (¢;_1,¢;) can be
done in a similar way, by using, more, Lemma [6.24] (3). Choose  and f such that 0 <7 <t < t;
and § > 0 arbitrarily small. Observe that, for k sufficiently large, there exist i and m such that
i —m > 2 and
t+ t1

TF <t<al <...<a§§£<q’“§T,

i—m—1 i—m
so that it is sufficient to analyze the following two model cases.
() Ift € [£,aF ), then uF(t) = vF (o) and hy(t)i*(t) = 0F (o) for some o € [0,a”_, ). Thus,

1—m 1—m ) i—m
since

| (u*(t) = ur (), i (£) Ba* () | < | (07 (0) = ua(7,), BOE 1 (0) | + un(7f,) — ua(#)]
we have that, for every k large enough,

sup | (¥ (8) = ua (£), hae(8) BA* (1)) | < 6 4w, (o),

T—m)
in view of Lemma [6.201 e -
(ii) If t € [a¥, ] then uF(t) = (i —Bvr (@) F (e )ur o that, by using Lemma G20 (uf = uq (7F)

i

k_ Kk
T'L Oti

for every k large enough, since 7 < 7F < %),

| (u*(t) — wr (£), b (8) BaF (1)) | <

(of = 7y) |uf = vi(ar)|

v (@) = wi| + | Bl==— S () —w (@) (6.143)
Assumption (6.I07) and inequality ([G.I143) give that
k ok k k af — T,
sup ’(u (t) — ui(t), hy(t) B (t))’ < Cl7f—aof + |B|T + wa, (k)
te[afaf] )
3 1B

Cpx <1 + ?> erul(pk).

3

Since p, — 0, cases (i) and (ii) together with (GI06) tell us that

sup ‘(uk(t) — up (t), hy,(t) Ba® ()] < 24, for every k large enough.
te(t,t]
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From Proposition[G.25] one can easily deduce an approximation result related to the piecewise
constant and the piecewise affine interpolations of the points u”, seen as the piecewise constant

79

and the piecewise affine approximations of u*, respectively. To be precise, let us set

k¢ uk
(= et t € [0,7)
Tp te[0,7F) R Ky, k
k’ ; ;glk; (TQ—t)U1+(t_Tl)U2 te[ k k)
k ur, [T'73) k Tk F ’ 172
ur(t) =9 . at(t) = 2 — T
L :
v el G SR Ut SV S
T % . telni,, T
T Tk-1

We have that

ﬁk

, 4% — u uniformly on the compact subsets of (0, T]\ {t1, ..., tm_1}.

Since these convergences do not take into account the velocities, it is clear that their proof
requires much less effort than the proof of Proposition [6.25]

REMARK 6.26. Observe that, if 29 = zj and yo = 0 (recall (628), (629) and ([GI03)), we
obtain that vg = z¢. In this case, it turns out that

(u®, hy, Bi*) — (u,0) uniformly on the compact subsets of [0, 7]\ {t1, ..., tm_1}.

To see this, choose t € (0,¢1) and § > 0. In view of the proof of Proposition B2, it is enough to
consider the case t € [0,a}) C [0,1], so that

‘(uk(t) —uy (t), hk(t)Buk(t)H = ‘(v’f(o), Bo¥ ()], for some o € [0, a}). (6.144)
Let o5 and ks be given by Lemma G200 Then, from (6144), we have that, if o > o5 and k > ks,

|(w" () =i (), k() Bi* (1)) < [(v(0) —ui(77), Bix (0))| + [ur (1) — ua (¢)]
< 64 wuy (Pr);
if 0 €10,05),
|[(u*(t) = wr(t), b () Ba* (1)) | < [(vf(0) — x5, Bix (o)) | + |2 — ua (t)]
< sup |[(vf(0) — a5, Bit(0))| + wu, (or),

o€[0,05]
and we can conclude by using the fact that (v, 5) — (z5,0) uniformly on the compact subsets
of [0, 4+00) and (GI0T]).
What it remains to do now is an accurate study at time 0 and at the jump times ¢;’s. This

is done in the proof of the main result of this section. We refer to (6.32)—(G.35) and to (G111
for the definitions of the sets . and .7.

PROOF OF THEOREM We follow the position already used in the proof of Lemma [6.24}
we write oy and vg in place of o} and v’(fk 41, respectively. In the sequel, whenever § > 0 is
arbitrarily chosen, it will be implicit that the following objects, which depend on § and have been
defined in the proof of Lemma [6224] are involved: the sequence {0} such that o — 400 and
the functions 0 (o) := vi(0 + ox) and w; such that (GI40)—(ET42) hold and

{(f)k(o),Bﬁk(o)) o€ [—Jk,()]} - E((zf,O),(;).
Choose § > 0 arbitrarily small. In order to prove the theorem, we are going to show that, for
every k large enough,
dy(S*,7) = supd(-, ) + supd(-, ") < 20. (6.145)
Sk 7
We can suppose that
t —t§ <4, (6.146)
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where ¢ is defined in ([G2H), and that, for some ks,

k 1+t k k
T, € | and  wf =w(7F) for every 7F € (6.147)

ok 2
for every k > ks, in view of Lemma [6.20
We divide the proof in two parts, in view of the definition of the Hausdorff distance.

(a) Here, consider sup o d(-,.) and set

dy(t) == d((t u®(t), hi(t) B (t)),.7), t€[0,7).

By considering the partition 0 < 7% < 7F ., < ... < T, which depends on d (see Definition G.22),
it is clear that it is sufficient to analyze dy in the model cases t € [O,Tok) and t € [Tfk,Tka),
since the other cases j # 1 can be treated in a similar way. Let us divide part (a) in two subparts.

(al) Consider first di(t) for t € [r}, 7% ). Using Lemma I3 since convergence [GI22) hold
and wi(+00) = a7 with V,E(t1,27) = 0 and V2E(t1,27) > 0, there exists 65 such that, up to a
greater kg,

(1 (0), Big(0)) € B((u2(7) 41),0),0), for every o > 55, k > ks. (6.148)

k t6+t1
2 )

Ift €[k ok ), we have that
dy(t) = d((t,vx(0), Bog(0)),.7), for some o € [0,ak . ,).

Recall that 0y (o) = v (o 4 o), with o — +00. Therefore, if ¢ — o, > 75, we use (GI4]8) and
obtain

d(t)

IN

|t —t1] + d((on(0 — ok), Bop(o — o)), (27, 0)) + [uz(75, 41) — 7]
(tr = 70) + pr + 0 + |ua(rh 1) — 7], (6.149)
for every k > ks. If 0 < 0 — o), < 74, then
di(t) < |t—t1|+ d((f}k(a — Ok), Bf)k(o —0k)), fl)
< (t—7E)+pe+ sup |(Bk(0) —wi(o), Buk(o) — B (o))].  (6.150)

0'6[0,55]

IN

In the case 0 < oy, by the definition of o) we have that (vy(0), Bik(0)) € B((f,0),0). This
fact, together with (GI49), (6€I50), (6142), and Lemma [624] gives that
di(t) < 24, for every t € [r2 ,al L), (6.151)
for every k sufficiently large.
In the remaining case t € [k |, 7% ), we use ([EI07) and Lemma G224 (3), so that

011 =7
di(t) < (= 75) + pr + Cl75, 1 — by 1) + |ua (7l 1)) — 2f] + [BIC—25—=2. (6.152)
or+1

Since 75, — t7 by Lemma G241 (1), (75, —ak ;) — 0 from @I0L), 75, — t1 and therefore
uQ(T(’ka) — ¥, and a’gk_ﬂ — +oo from (6I06), inequalities ([EI52) and (EI5]) give
sup  dj <26, (6.153)
[Tc’fkv’rfkﬂ)
for every k large enough.
(a2) Now, let us consider dj(t) for t € [0,7%). We have to distinguish the case t € [0, ttl;%'fl)

? Top

t1+t1 k
) Ok

from the case t € [ . Suppose ¢ € [7FF,7F, ;) for some i > 1. The case ¢ € [0,7f) can be

handled similarly to the case (al), but more easy, since in this case we have to use the uniform
convergence of (vl,vl) to (vo,0p) on the compact subsets of [0,+00), instead of the uniform
convergence of (¥, x) to (wr, 1) on the compact subsets of R.
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Ift e [O%) N [, ak, ), we have that di(t) = d((t,v%,, (o), Bik,,(0)),.7), for some o €
[0,af,,). Observe that, up to a bigger ks,

for every k > kg,

so that, by using (6126), we obtain

U§+1 = Ul(ﬁ'ﬁﬁa (6.154)

and

QU
e
=
~—
IN

(81 =) + [(v81(0) —ua (), Bof1 (0))| S p +6, for every 0 > 0. (6.155)

S5
Ift e [0, 52%) N[k, , from it turns out that
2 z+1 z+1

( z+1 'k) |u1(7'ik+1) - vf+1(a§+1)|

d (t) 3
z+1 Tik+1 — Qg

IN

Tik+1 -+ |vf+1(af+1) ( Tit1 )|+ |B|

k ( z+1 Tzk)
pi+ Ol — af| + |B|Ca7’ (6.156)

1+1

IN

where the last inequality is due to (GI0T).

)
In the case t € [%,Tfk) N [Tik,TfH), observe first that we can suppose, for larger k’s, that

78 > 1§, Thus, since u¥ € {u1(7F), w1 (7F)}, we have that

— )
k- 3
This inclusion, together with the fact that ¢ < or and the definition of o, gives that

(vF 1 (0), BOF, (0)) € B((2,0),0), for every o > 0. (6.157)

Thus, if t € [7F,af ), so that di(t) = d((t, v}, (0), BiF,(0)),.) for some o € [0,af,,), from
(6146) and ([EI57) it turns out that

dk(t) S d((tﬂv§+1(o—)7B®§+l(o—))ﬂ (tlﬂziﬂo))

ty —t9 ,
< 2 5 L ’(Ufﬂ(a) - xf,viH(a))’ < 26. (6.158)
Otherwise, if t € [aF,;,7F ), we have
( 1 'k) |uk+1 - Uk+1(ak+1)|
di(t) < pr A+ v (afy) —ua (7o) + | Bl = - pz S
aerl Tiv1 — 0%‘+1
k
1T
< Pkt C|Tz'k+1 - 04?+1| + |uf+1 — x| + |z} — (7, z+1)| + |B|CM,
z+1

where, in the last inequality, we have used (GI07). Then, by using (6.I01)), the definition of £
and (BIED) (which gives u¥,, € B(z},4)), we have that, for every k large enough,

4t
di(t) < 24, for every t € [%, Tfk> Nlafy, 7). (6.159)
Inequalities (6158), (G.I56), (6I58) and (6I59) imply that, for every k large enough,
sup dp < 26. (6.160)

[0 'r(fk)
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(b) Here, we consider sup g d(-, #*). By definition of .# and by the fact that (x5,0) € .7, it is
sufficient to consider

sup d((t,u1(t),0),.7%), sup d(-,.7%), sup d(-,.7%).
t€[0t1) {O}Xfo {t1}><f1

The other cases can be treated in a similar way. Let us divide part (b) in three subparts

(b1) If ¢ € [0, t‘s) suppose ¢ € [7},7F,,) for a certain index i, so that, up to a blgger ks, T z+1 <t
and, in turn, uf , = ui(7F, ), for k > ks. Therefore, by recalling that u*(7f ;) = u¥ ; and
u*(7F ;) = 0, we obtain that

A((t ur(t), 0, 7%) < (they — ) + la(t) — wa(7h)| < i+ wus(pn)s (6.161)
for every k > ks. For t € [t3,t;), we write, in view of (G140 and (G.147),
d((t,ui(t),0),.7%) < d((t,ua(),0), (5, u*(75,), hu(5, ) Bi" (7))

O’

< (1 —t]) + w(t) — 23] + 2] — uk | < 26, (6.162)
for every k > ks. ([6161) and (6I62), together with (GI0T), give, up to a bigger ks,
sup d((t,ui(t),0), %) <26,  for every k> k;. (6.163)

tE[O t1)

(b2) Consider (0,vo(c), Big(o)) € {0} x H and let 83 > 0 be defined as in (G.65). Since a¥ > )
for every k large enough, it turns out that

d((0,vo(0), Bin(0)), %) < af + min d((vo(0), Bio(0)), (vi(s), Bt (s))).

SG{ 0‘5]
Then, if o € [0, s3], we have that
d((0,v0(c), Big(0)), #*) < of + S[up ]}(vo( o) —vf (o), Big(o) — Bif ()], (6.164)
oc|0,05

while, if o > s,

d((0,v0(0), Bin(0)), ") < 7 + d((vo(0), Bio(0)), (u®(r1), hu(r¥) Bi* (71)))
< 7 +d((vo(0), Bio(0)), (25,0)) + |2 — ua ()] (6.165)

Inequalities (G164) and (GI65), together with (EI01) and the uniform convergence of (vf, 9F) to
(vo,0o) on the compact subsets of [0, +00), give

sup d(-,.7%) <6, for every k large enough. (6.166)
{0} x

(b3) Finally, let us consider supy 1. 4 d(-, %), By recalling (GI40), we obtain that

d((tr,wi(s), Bin(s)), ") < (t1 —75,) +d((wi(s), Buin(s)), (ug, , 0))
< (L —TE) 6+ [ —uk |, (6.167)

Ok

for every s < 0. Similarly, if s > 0 is defined as in (6.80), for every s > s we can write
d((t1,wi(s), Bun(s)), %) < |t1 =75, | + d((wi(s), Bun(s)), (ug, +1,0))
5 T
< =Tl + g el —ugl (6.168)

To finish the proof we need the following claim, whose proof is postponed. See (6I37) for the
definition of oy.
Claim. For every § > 0 and ¢ > 0 sufficiently small, there exists k3 s > 0 such that

a’gkﬂ — o > 8, for every k > ks 5.
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It remains to consider s € [0, s{]. In this case,
d((tl, w1 (S), B’Lbl (S)), yk)
< inf  d((tr,wi(s), Buin(s)), (¢, uF(t), he(t) Bk (1))

tE[T(?k 7a§k+1)

<(t; — Tfk) +pe+  inf d((w1(s), B (s)), (vg(c), Bog(o)))

a'G[O,aOkJrl

=(t1 — 'rokk) + ok + inf d((w1(s), Bi(s)), (3x(0), Big(0))).

aE[—ak,a’;k+l—0k)
Thus, since o — 400, in view of Lemma [624] (1), of the claim and of ([GI42) we have that, up
to a bigger ks,
d((tr, w1 (s), Bin (s)), ")
<(tr = 7o)+ pi+ inf d((wi(s), Bin(s)), (0k(0), Boy(0)))

a€(0,sd]

<(ti —7h) + pr + sup. |(w1(0) — Tk(0), Bibi (0) — Bi(0))]
o€l0,s9]

(6.169)

§5+pk7

for every k > ks. Inequalities (G.I67), (CI6]) and (6.I69), together with (6I01), imply that, up
to a bigger ks,

sup d(-,.7%) < 20, for every k > ks. (6.170)
{tl}Xf1

By considering together the estimates in (6.153)), (€I160), (G.I63), (G.I160) and (GI70), which hold
(]

also for generic j’s in place of j = 1, we obtain (G.I4H).

PROOF OF THE CLAIM. Suppose, by contradiction, that, for a certain § > 0, 6 > 0 and up
to a subsequence, algk_ 11 < 8+ 0y, for every k. Then, by definition of oy,
(vi(ak oy — 8), Big(al ., — 8)) € B((1,0),0)
so that, up to a subsequence, (vi(af ., — 8), Bop(ak , —38)) — (p,p), for some (p,p) €
B((z5,0),0). Consider
(o) = ’Uk(0'+alock+17§), foroZéfa’gk_H.

From Lemma[6.24] from the definition of vy and from the fact that algk_ 41 — +oo, it is clear that

(%, 01) converges uniformly on the compact subsets of R to (i1, ), where w0y is the solution to
the problem

Ady (5) + B (s) + Ve &(t1,1(s)) = 0,

Observe that
(velak, o). Bin(ak, 1)) = (00(8), Bin(3)) = (t1(3), Bin (4)), (6.171)

and (w1 (8), Bwi(8)) # (27,0), otherwise it would be (wy, Bw) = («},0), so that (z],0) =
(101(0), Biiy (0)) = (p,p) € B((25,0),4), which is not true if § is small enough. But convergence
@I7T) and (i (8), By (5)) # (x,0) give a contradiction, because by Lemma 24 (3) and by
6I107), for every k large enough,

’ (Uk(alock-i-l) -, B@k(alock-i-l)) ’

IN

’(Uk(alock-i-l) - “§k+1’ B@k(alock-i-l))’ + |“§k+1 — 7]

C(Tkarl - a§k+1) + |B|5k + |u§k+1 - 1‘"{|’

IN

so that .
(0(3), Bow(8)) = (vi(as, 1), Bow(al, 1)) — (27,0).
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6.4. Appendix: existence and uniqueness of the heteroclinic solution

For sake of completeness and since we could not find in the literature a satisfying proof, we
state and prove here a result of existence and uniqueness, up to translations, of the solution of a
first order autonomous system, issuing from a zero of the vector field where suitable transversality
conditions are satisfied.

PROPOSITION 6.27. Let F': R™ — R™ be a C? function such that F(n) = 0. Let the following
two conditions be satisfied:

(i) 0 is an eigenvalue of VF(n) with algebraic multiplicity 1. This implies that there exist
w, v € R™ such that wv # 0, ker VF(n) = span(w), and ker VF(n)T = span(v).
Moreover, suppose that Re(\) < 0 for every eigenvalue X # 0;
(ii) v-D?F(n)[w, ] £ 0.
Excluding the constant solution n, there are infinitely many solutions to the problem
@(t) = F(xz(t)), t<0
{ limg_, oo 2(t) = 1, (6.172)
and they differ from each other by time—translations.
From assumption (i) of Proposition [6.27 it descends that R™ can be decomposed as
R™ = X1 @& Xo, with  X; :=span(w) and Xj:= {l/}l.
We denote by m; the projection on X;, ¢ = 1,2, so that every x € R™ can be uniquely written as
x = 1 + 22, where x; = m;(x). Observe that
m(2) = 2w, where 1z, = —.

For every R™—valued function g, we use the notation

Juw ‘= (g())wa 9i ‘= (g())’w 1= 172
To further simplify the notation, we write A in place of VF(n) and denote by /3 the spectral gap
of A, that is
B :=min{|Re(\)| : X is eigenvalue of A and Re()) # 0}.

It is well known that for every ¢ € (0, 3), there exists C. > 0 (also depending on A) such that
the following fundamental estimates hold for every x € R™:

|etA7r1(:c)‘ < Ceefltl|z), for every t € R, (6.173)

’etAﬂ'g(x)‘ < Coem B9y, for every t > 0. (6.174)

Remember that both 7, and 75 commute with A and hence with e!4. The proof of Proposition
[6.27] requires the following lemma.

LEMMA 6.28. Under the same assumptions of Proposition [6.27, for every a > 0 sufficiently
large there exists a unique solution of the problem
i(t) = F(xz(t)), t<0
2,(0) = + ¢, (6.175)

in the space
Y= {y:(-00,0] = R™ : [[y1llvy < o0, [lyellvy < oo},
where
loallye ==suplt —ally @), llyallve = sup [t — a|* [ya(t)].
<0 <0
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We remark that, throughout, the symbol | - | denotes the euclidean norm in the appropriate
finite dimensional euclidean space.

PRrROOF. First, observe that Y is a Banach space with the norm

lyllye = llyallye + lly2llvg-
Note that we can suppose n = 0 and |w|, |v| = 1. Also, we can suppose
v-D*F(0)[w,w] = 2(w-v). (6.176)

Using the expansion
Fa(t)) = VE(0)x(t) + %D2F(0)[w(t)]2 +o(jz(t)?),

where D?F(0)[x(t)]? stands for D?F(0)[z(t), z(t)], by assumptions (i) and (ii) and by (B.I76),
F,(z(t)) has the following expression:

Fo(a(t) = 23() + - {D?F(O)[m), ea(t)] + DU (O)za )] + o<|x<t>|2>} o (e1m)

w-v

By assumption (i) and since Rank(VF(0)) C X3, we have that

Fy(x(t)) = VF(0)xa(t) + m2 (%D2F(O)[x(t)]2 + 0(|:I:(t)|2)> . (6.178)

For y € Y%, with a > 0 to be chosen, we define for ¢ < 0 the following functions:
h{(t) == Fu(y(t) — (1), (6.179)
hy(t) == Fa(y(t)) — VE()ya(t). (6.180)

Let y vary in Br :={y € Y : |ly|]lye < R} for a certain R > 0 to be chosen later and observe
that from the definition of || - ||y« easily follows that ||y||y« > min{a,a?} sup,<q |y(t)|. Therefore,
for every € > 0, there exists §(¢) > 0 such that, if

sup |y(t)| < R < d(e), (6.181)

<0 min{a,a?} ~

the following estimates, which descend from (GI71) and (EI79) and from (GI78) and (EI80),

respectively, hold for every ¢t < 0:

ol < 2 [9F0) (ln@lno+ 200 ]
)

RO < SIVEO)y@P + <l

R? 1 1
< V2F(0)| + 2¢ (—+—).
(T EOI 29 (7 + o
We can briefly write, for ¢t < 0,
R2
[RY ()] < G )QM(a, £), with M(a,e) — 0, as a — +o0, € — 07, (6.182)
—a

R - _
[hy(t)] < mM(a,e), with M(a,e) — 0, as a — +oo. (6.183)
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We consider the auxiliary problems

du(t) — g (t) = h{(t), t<0

{ 20(0) = 1, (6.184)
st — VF 0 i) = hg 5 ~ 0

{ T et S (6.155)

We are going to prove, in Step 1 and Step 2, that problems (EI84]) and (G.I83) have unique
solutions and that the solution of problem (G.I84) tends to 0 as ¢ — —oo. Therefore, if x = y,

problems (G.I84)—([6.I88) are equivalent to (GI73).

Step 1. If y € Bg and (6.I81) holds, (6I82) implies that there exists a real-valued function Hy

with sup,q [H{ (t)| < R*M (a, ) such that
Hy

(t—a)*’

Now, by observing that the equation in (6I84) is a particular Riccati equation and by setting

Ty, = (tfz), we have that problem (G.I84]) is equivalent to

Ry (t) = for every ¢ < 0.

. u?(t) +u(t) + HY (t)
u(t) = t—a) , 150 (6.186)
u(0) = —1,

Let w be the solution of (GI86) with —R?M (a,¢) in place of H{ and v the solution of (G.IS6])
with R2M (a,€) in place of H{. It is easy to check that, if

M (a,¢) (6.187)

< —=3>
4R?
—1— 2 s —1— — 2 ,
then =t ,/1+121R M(ad) e 1<y 2t V1 ;lR M(a.e)
(see, e.g., [43]), we obtain that for every ¢ < 0
—1—+/1+4R?>M(a,¢)
<
2
and in turn, from (GI87), that

. Therefore, by differential inequalities

~1— /1 4R?M(a,¢) (6.188)

u(t) = (t —a)x,(t) < 5 ,

14+4R2M (a,e) 142
sup |t — al|x, (t)] 5 (a,) < 5
t<0

Step 2. By the variation of constants formula, we can write a solution of the equation in (G.I85)
as

t
x2(t) = e(t—tO)VF(O)xQ(tO) +/ €(t_T)VF(O)hg(T)dT.
to

By using ([@I74), we have that there exists a constant Cz > 0, depending on the spectral gap
B >0 of VF(0), such that

lim
to——o0

Therefore, the solution to problem (6IRH) is

e(t*tO)VF(O):cz(to)‘ <, lim Cpe™ 20 aa(t)] = 0.

t
xo(t) = / e=IVEOI Y (7Y dr, for every ¢ < 0.

— 00

Now, if y € Br and ([GI8T]) holds, it is easy to check, by using ([GI74) and ([EI83)), that

2 ~
[#2]lye < ECﬂRQM(aaE)-
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Observe that ||za|ye < & if
- p
M .
(a,6) < 4C3R

(6.189)

From Step 1 and Step 2 we have obtained that, if
R:=1+ \/5,

and a is large enough and & small enough such that (6181, ([CI8T) and (GI89) are satisfied,
then the operator

A Br — Bpr
which associates to y € Bg the function & = x,w + 22, with 2, and x5 the solutions of (G.I184)
and (6.I88) respectively, is well defined.
To conclude the proof, it remains to show that A is a contraction. Given y, y* € Bg, set
Ay)=z=x1+x2,  Ay") =2" =a] +ai.

Let us handle the first component and the second one separately, by proceeding in two steps. The
following estimates can be obtained similarly to [EI82) and BI83). They hold if R/ min{a,a?} <
d(e) for some d(¢) > 0 which can be supposed to be equal to §(e) (see (EI)).

R

WY (t) — hY ()] < 0 )QN(a,E)Hy—y*Hya, for every ¢ < 0, (6.190)
—a
where
1 11 1
N = V2FO)| | — + = de [ 14 =
(@)= 123 {' (>|<\/5+a>+ ( *)]
and
R
IhY(t) — by (t)] < ﬁN(a Elly =y v, for every t <0, (6.191)
where

N(a,e) = % [|V2F(O)| <1 + é 4 %) e (1 + é)] .

Step 3. As already done in Step 1, let us set =, = ﬁ and z), = (;fa). From (6I88) we deduce
that, for a large enough and ¢ small enough,

1
a:=u+u" issuchthat 14 a(t) < —5 for every t < 0. (6.192)
Observe that the function z := u — u™* satisfies the equation

. 1
W=7y

and the condition z(0) = 0. Therefore, by the variation of constants formula, z(¢) satisfies the
following estimate for every ¢ < 0O:

{[1 + a(t))z(t) + H (t) — Hf(t)} : for every ¢ <0,

0 exp : 1+”‘(S))d )
|z(8)] < sup|H Hy |/ dr. (6.193)
a—T

From (6.I92), it turns out that

t 14a(s) )dS

/0 exp (fT e )drg /0 exp (7%ft7 adfs)d
t t

T
a—T a—T

0
=|t—a|—%/ (a—7)"2dr <2. (6.194)
t
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Thus, since sup,<q [HY () — HY (t)] = sup,<q(t — a)2[hY(t) — kY (t)], from @I33), GIH) and
(6190) we obtain that

lz1 = 2illve = sup ju(t) = w*(t)] < 2RN(a, &)y = y” [l (6.195)

Step 4. Since

t
la(t) — 23(t)] < Cy / e~ 407 |1Y(r) — Y ()| dr,

— 00

from ([@I91) we have that

t o—B(t-)

IN

dr

CsRE(a,o)lly — vy /

”1'2 352”}” 3
2
—o0 |t—a|2

2 ~
< ECBRN(%E)”?J*?J*HYM (6.196)

Finally, if we choose a > 0 sufficiently large and € > 0 sufficiently small such that, for R = 14+/2,

(6181), (6I87), [6.189) and ([G.I92) hold together with

1
N(a.e) < —
(a.€) < g3 = RCsR’

from (6I95) and (G.I96]) we obtain that

* * 1
1A(y) = Ay )llye = llon = 21llve + llez = 22llve < 5lly = y7[lye,

that is A is a contraction from Br to Bpg. O

PROOF OF PROPOSITION [6.27] The existence of a solution of problem (G.I72), different from
the constant 7, is given by Lemma It remains to show the uniqueness of such a solution,
up to time—translations. Clearly, we can suppose n = 0 in (6I72). The idea is to show that for
every solution x to problem (G.I72]), different from the constant solution, there exists a sequence
t, — —oo such that z,(t,) > 0 (and z,(t,) — 0). In this way, it is possible to prove that the
projections of the trajectories on X; intersect, and conclude by using Lemma

Let z be a solution of ([GCIT72). As shown in Lemma 628 the system #(t) = F(x(t)) is
equivalent to

bu(t) = a2(1) + {DZF(O)[:m(t),m(t)] +ADPPO) a0 + o<|x<t>|2>} o (6197)
da(t) = VE(0)a2(t) + hE(2), (6.198)

where h%(t) := w2 (D*F(0)[z(t)]? + o(|z(t)[*)), for every ¢ < 0. Observe that for every § > 0
small enough, if sup,, |z(t)| < d, then

|R3 ()] < =(IV2F(0)] + 1)|z(2)|?, for every ¢t < 0. (6.199)

N =

Since z(t) — 0 as t — —oo, there exists tg = to(J) such that |z(t)| < 6 for every ¢t < ty. Therefore,
up to change x with y(t) := z(t +t9), we can suppose to = 0 and then sup,q |2(t)| < 0. This
assumption, together with (6.199), gives that

s ()| < (IVEF(0)] + 1)(|zw ()] + 0]x2(2)]), for every ¢t < 0. (6.200)
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From equation (6I98) and estimates (6I74)) and (G:200), we obtain the following inequalities for
every t < t<0:

|z2(2)]

t
‘/ e(tff)VF(O)hg (T)dr
t

< cﬂ/ e~ 2 =D |Rz ()| dr

2
B
Choosing ¢ such that 5%Cg(|V2F(O)| +1) < 1, we obtain that

< ZCs(IVEF(0)] +1) (sup |z, (7)]? + d sup |:I:2(7')|> .

T<t <t

sup |z2(7)| < K sup 22 (7), for every £ < 0, (6.201)
<t <t

for some K > 0. Now, note that it is possible to construct a sequence {t,} such that ¢, — —oco
as n — oo and

|zy ()| = max | (t)]- (6.202)
Thus, from ([G.201]), we have that
|z2(tn)| < K22 (tn), for every n.

From this inequality and from (6I97), up to a smaller § depending on some £ > 0 such that
2 <1, it descends that

|w-v|

baltn) 2 22(t2) = o [IVFO (lowttn)lloaten)] + 22000 ) 4 claten)p

> (1 - ﬁ;) 22 (tn) — K% [|V2F(O)| (1 + §|xw(tn)|> + 25K|xw(tn)|]. (6.203)

Now, if x,(t,) = 0 for some n, then = 0, in view of ([G2202) and ([G201). Otherwise, from
[6203) we have that @, (t,) > 0 for every n, and this implies, from the definition of ¢,,, that

Ty, (tn) >0, for every n. (6.204)

Let « and z* be solutions of (6I72) (with n = 0). The above argument show that ([6.204]) hold
for x, and z¥ on some sequences {t,} and {t!}, respectively. We conclude by considering two
cases:
(i) if there exist n and m such that z,(t,) = «}(t5,), we define y(t) := x(t + t,,) and
y*(t) := a*(t +t¥,). y and y* satisfy problem (GI70) (with n = 0) with a = m
sufficiently large. Therefore, y and y* coincide and, in turn, z and z* coincide up to
time—translations, in view of Lemma [G.28
(ii) if zy(tn) # x5 (tE,) for every n and m, there exist n and & > m such that x, () <
xk (t5) < @y (tm). Thus, there exists ¢ € (ty, t,,) such that z,,(t) = =¥ (¢}). By defining
y(t) == x(t + 1) and y*(t) :== z*(t + t}), we conclude as in (i).

O






CHAPTER 7

Singular perturbations of gradient flow problems in infinite
dimension

In this chapter, we present some partial results obtained in collaboration with G. Savaré and
R. Rossi. We want to study the limit behavior, as ¢ goes to zero, of a solution to the gradient
flow

et (t) + VzE(t ue(t)) =0, (7.1)

where € is an energy functional defined on [0,7] x X. Here, X is a Hilbert space and V& is the
gradient of & with respect to the variable 2 € X. Note that equation () can be viewed as a
singular perturbation of the evolution problem

a(t) + V& (t,u(t)) = 0.

Consider a vanishing sequence {e,}. Under very weak hypotheses on the energy functional (see
Section [T)), in Section we perform a detailed analysis, for every ¢ € [0,T] and all sequences
t7 <13 converging to ¢, of the integral quantities

ty
/tn IV &(r, ue, (r))[ll|de,, (r)|dr.
1

We show that these integrals are bounded below by a strictly positive cost function c(t; x1,x2),
whenever u., (t7') and u., (t5) converge to two different critical points x; and x2 of E(t,-). Some
key properties of the cost function are listed and proved in Section[.3] Taking advantage of these
properties, we are able to prove in Section [[.4] a.e. convergence on [0,7] of a family {u., } of
solutions to (TI). Moreover, we show that the limit solution w is continuous on [0,77]\ J, where
the jump set J is a numerable set, and satisfies V,E(¢t,u(t)) = 0 for a.e. t € (0,T). Finally, the
left and the right limits u_(¢), u(t) exist everywhere and are such that

E(t,u_(t)) — E(t,us(t)) = c(t; u—(t), uy(t)), for every t € J. (7.2)

7.1. Setting of the problem

To simplify the notation, throughout this chapter we suppose that X is a Hilbert space
endowed with the scalar product (-, -) and with the associated norm || - ||. All the results we are
going to show can be easily extended to the case where X is a separable Banach space endowed
with the Radon—Nikodym property (see [33, Chapter 3]).

We consider an energy functional & : [0,T] x X — R satisfying the following properties.

For every t € [0,T], the map E(t,-) is lower semicontinuous and Gateaux—differentiable. (Ep)

We recall that the Gateaux—differentiability is not a sufficient condition to guarantee semi-
continuity, even in the case where X has finite dimension. The gradient of (¢, ) at x € X,
denoted by V,E(t, ), is the element of X such that

(VzE(t,x),h) = (da€(t,x), h).,

where dgE(t, x) is the Gateaux—differential of £(¢, ) at x, and (-, -}, is the duality pairing between
X" and X.

145
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Hereafter, we will use the function

G(x) := sup E(t,x), for every x € X.
te[0,7)

Coercivity:
the function § has compact sublevels. (Eq)

Note that, by assumptions (Eg) and (Ej)), up to additive constants, we can suppose
that

&(t,z) >0, for every (t,x) € [0,T] x X.
Time-dependence:

for every x € X, the function &(-, ) is differentiable on (0,7 with derivative 9;&(-, x);

E
there exists C1 > 0 such that [0,E(t, x)| < C1E(t, x), for every (t,x) € [0,T] x X. (E2)
REMARK 7.1. Using the Gronwall Lemma, it is not difficult to deduce from (E3) that
G(z) < exp(CiT) i[%fT] E(t, x), for every x € X. (7.3)
t€o,

Closedness: for every ¢t € [0,7] and every sequence {z,}, C X, we have the following
condition:

if (tn,2n) = (t,2) in [0,T] x X, sup ||[Va&(tn,xn)|| < C, E(tn,xn) = & < 00,
then lminf ||V, E(tn, xn)|| > [[VLE(R, )|, limsup 0:&(tn, xn) < OE(t,x), & = E(t, x).

(Es)
Note that in the first line of (Eg]) we can replace z,, — = with z,, — z. Indeed, condition
E(tn,xn) — & < oo implies that, up to subsequences, sup,, §(z,,) < oo (see Remark [T.1])
and in turn implies strong convergence, in view of (Ey]).
Chain rule: For every u € AC(]0,T]; X) such that

sup &(t,u(t)) < +oo, / VL€ (¢, u®) || a(t)||dt < +oo, (7.4)
te[0,T) 0

the map t — E(t, u(t)) is absolutely continuous and

%S(t,u(t)) = (V. E(t,u(t)), u(t)) + 0 E(t, u(t)), for a.e. t € (0,7). (Eq)

Note that in the case where & € C1((0,7)x X;R), conditions (Ez) and (Eg) are trivially satisfied.
We will follow the same terminology used in Chapter Bt = € X is a critical point of E(¢,-) if
V.E(t,x) = 0. We will also use the notation, for any ¢ € [0, 7],

Ct) :={x € X : V,E&(t,x) =0}. (7.5)
Our last assumption on € is that

for every ¢ € [0,T], the set C(t) is discrete. (Es)

7.2. Properties of integral functionals
In what follows, for a fixed t € [0, 7], we consider two sequences {t}},,, {t5}, fulfilling
0<t} <ty <T, foreveryneN, T th —t, asn— oo, (7.6)
and a sequence {V,}, € AC([t],t5]; X) such that
In(t}) — 1, In(th) — xa, sup sup G(U.(r)) < oo, (7.7)

noreltr g

for some x1, x5 € X. We have the following preliminary lemma.
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LEMMA 7.2. Assume (Eg), (E1), (Ea), and (Eg). If x1 # xa, there exists n = n(t, z1,22) > 0
such that

n—oo

ty _
1iminf/ |V E(r, O ()| (7)]|dr = n. (7.8)
ty

PRrOOF. It follows from (7)) and from assumption (Ej]) that there exists a compact sublevel
K of the functional G such that 9, (r) € K for every r € [t7,t5], n € N. Assumption (Eg)) implies
that the set C(t) N K is finite and there exists p = p(¢,x1, z2) such that

B(z,2p) N B(y,2p) = O, for every z,y € C(t) U {x1, 22} with z # y.

Note that it may happen 1 € C(t) or not, the same for z5. Let us introduce the compact set
K = K(t,x1,x5) defined by
K=K\ U B(z, p)
z€C(t)U{z1,z2}

and observe that min _z [|[V,E(t,2)[| > 0. It follows from Lemma below that for some
a= alt,x1,22) >0
7:= _ min IV E(r,x)|| > 0. (7.9)

zeK,reft—a,t+a]
Moreover, from (Z77) and from the definition of K we obtain that {r € [t7,¢2] : 9,(r) € K} # @
for every n large enough, and that ¥,,(r1) € 0B(x1, p), In(r2) € OB(x2, p) for some 1 # 72 in the
set {r e [t7,t8] : ¥,(r) € K}. Thus, by (Z3), since [t7, 3] C [t —a, t+a] for every n sufficiently
large,

V

[ s @l = [ Ve ) 9

2% N
{re[th,th]: 9, (r)eK}

7 / 1, ()l dr
{reltn t2]: 9. (r)eR}

> 5 min Tz — 1yl —2p). 7.10
_nxyyee(t)u{mhm}(l yl —2p) (7.10)

Thus, (Z8) holds with 1 defined as the right hand side of (ZI0). Observe that 7 is positive in
view of (Z9) and of the definition of p, and depends only on ¢ if z1, 22 € C(t). O

Y

LEMMA 7.3. Assume (Eg)), (E1), and (E3). Let K C X be a closed set such that
Kc{reX : G <r}, for some r > 0, (7.11)
and suppose that
;g{ IVLE(t, )] >0, for some t € (0,T). (7.12)
Then, the inf in (TI2) is attained, and there exists & = a(K,t) > 0 such that

min V.E(s,x)|| > 0. 7.13

percolD o IVaE(s 2l (7.13)

PROOF. Since the closed set K fulfills (TI1), it follows from (Ej) that it is compact and
from (E3) that inf,cx ||V.E(s,x)|| is attained for every s € [0,T]. Moreover, the function s —
mingeg |VzE(s, z)|| is lower semicontinuous. Combining this fact with (Z.12)), we conclude (ZI3).
(]

A crucial result for the sequel is the following.

LEMMA 7.4. Assume (Eg), (Ei), (E3), and (Es). Let t € [0,T] and x1, z2 € X be fizved.
Let {t7}n, {t5}n and {9y} n C AC([t7,t5]; X) fulfill (C8) and (T1), respectively. We have that
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(1) if )
lim inf / Vo€ 0 () 90 () = 0, (7.14)
then r1 = xs.
(2) If )
1inrr_1>i£f/t:2 |V &, O (7)) || () || di > 0, (7.15)

1
then there exist —oo < a < b < 400 and a curve

vedt . ([a,b]; X):=

{19 € C([a,b]; X) : thereexist jeNanda=ty<t; <...<tj=0b st
Ha) =21, I(b) = xa, forevery i=0,...,5—1
7‘9|(ti7ti+1) € Liploc(tivtiJrl; X)v ﬂ(tt) 7£ ﬂ(tiJrl)ﬂ
and Y(t;) € C(t) for every i=1,...,j— 1}
(7.16)
such that
tn . b .
imint [ IV DI > [ 1A s, @)

1

PrROOF. For t € [0,T] and z1, 22 € X fixed, let {t7'},, {t5}, and {9, }, be as in the
statement.
Ad (1): assume (CI4). In view of Lemma [[2] 21 = z».
Ad (2): suppose that x1 # x9, and that the lim inf in (ZI5) is finite (otherwise (ZI7]) is trivial).
By Lemma [[.2, we can suppose that, up to a subsequence, there exists
o

ILm (IV2E(r, 19n(r))||||19n(r)||dr =:L; >0,

and i
sup/ IV E(r, ﬁn(r))||||19n(7°)||d7° < (C < oo. (7.18)
neN ty

We split the proof in several steps.
Step 1: reparameterization. Let us define, for every r € [t 5],

salr)i= 1+ [ 19.E0 0, (7l

Also, we set

sT = sn(ty) = 17, s := sn(t3),
and note that
ST — t, sy — (t+ L) > t.
Since s}, > 0, we define
rn(s) = 5,1 (s) and On(s) := On(rn(s)), for every s € [s], s5].
Observe that 3 3
19"(8?) — T, ﬂn(83> — X2, (719)

that the functions r,’s are equi—Lipschitz, and that

V2 (5), Du ()10 (5) | = 1—

1, for a.e. s € (st,sh).

(7.20)

1
= - <
L+ [[Va&(rn(s), On(s))[[0n(ra(s) —
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By using the rescaling map r,,, we obtain

|19 0D = [ IV DD (o)lds. (72

n
1 S1

Step 2: localization and equicontinuity estimates. Assumptions (Z17) and (E7) give that
there exists a compact K C X such that

In(t) € K, for every t € [t7,t5], n € N, (7.22)

and that C(t) N K consists of a finite number of points, where C(¢) is defined in (Z5). As in the
proof of Lemma [[2] we observe that there exists 6 = (¢, 21, z2) > 0 such that, for 0 < § < 0,

B(x,20) N B(y,26) = O, for every a,y € C(t) U {xy1,x2} with z # y. (7.23)
We now introduce the compact set K5 = Ks(t,x1,x2) defined by

Ks =K\ U B(z, ) (7.24)
2€C(t)U{z1,22}

and use Lemma [(.3] to obtain that

min IVzE(s, )| =:es >0, (7.25)

z€Ks,s€[t—a,t+a]

for some o = «(t,0,z1,22) > 0. Observe that r,(s) € [t — a,t + a], for every s € (s}, s5) and
every n large enough. Defining the open set

AS = {s € (s, s8) : On(s) 6[?5},

we obtain that A% # () for every n sufficiently large, in view of the definition of K5 and of (ZI1J).
We write A2 as the countable union of its connected components

A5 = (@l 1,05 1), (7.26)
k=1

where we suppose b° , < a® , 41, for every k. Inequality (Z20), the minimum (Z25), and the
definition of afu . and bfw, i imply that

esl[0n(8)]| < V2E(rn(s), In(s)) | 10n(s)] < 1, for a.e. s € (ad ;b0 ) - (7.27)
Furthermore, it is clear that
ﬁn(aiyk) € 0B(x,0), @n(bik) € 9B(y, ), for some z,y € C(t) U {x1, z2}. (7.28)

Note that it may happen z = y. In the following lines we show that there is a finite number
of intervals (ad ,,b° ,) bringing ¥ from one ball to a different one: this will allow us to find the
function ¥ of the statement consisting of a finite number of Lip, . —pieces. Thus, we focus on the

cases where x # y in ([28) and introduce the set
By = U (ai,k’ bi,k) with
(ap, kb7, k)EBY, (7.29)
B) = { (a1 004) € AL Da(ah 1) € OB(2,9), u(bs) € OB(y,0), v £y}
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From (Z21)), (Z27), and the definition of A% and B?

>, we obtain that there exists ns such that
for every n > ng

tg ) ~ 2
/tn V2 &(r, On (P [[9n (r)lldr > /,45 [Va&(rn(s), On(s))ll|0n(s)llds
> s [ ldao)lds
B,
> es Z min (|lx — y| — 20)
(a? k7b5 k)e%g%yee(;)uéwhwz}
> ey, m, (7.30)

(ad, 1,05 L) EBY,

where 0 < T := min, yeeo(a, a0y (|7 — y| — 26). Inequality (Z30), together with (TIS), implies
T#yY
that B? has a finite number N (n,d) of components, more precisely

c -
N(n,d) < —, for every 0 < 0 < ¢ and n > ng, (7.31)
esm
with C as in (ZI8). In what follows, we will show that N(n,d) has a uniform bound with respect
to n and 9.
Step 3: compactness. We claim that
there exist a sequence (1, 0m;);j, such that
N(nj,0m;) = N, for every j € N, (7.32)
a partition
t§a1<ﬂl§a2<52§...§aN<ﬂN§t+Lt Of [t,t+Lt], (733)

and 9 € Lipy, (ngl(ak, ﬂk);X), such that, in the limit j — oo,

N
Upn; — 0 uniformly on the compact subsets of U (ks Br)s

et (7.34)
1§n]. —*3J in L®(ax +p, Bk — p), for every p>0 and k=1,...,N.

To prove this claim, let us observe first that, since {N(n,d)},>n, is a bounded sequence by
(T31)), there exists a subsequence {nf}; and an integer N(§) such that

N(ng,8) — N(3), as | — oc. (7.35)

Clearly, since 21 # w2, taking (ZI9) into account we see that N(§) > 1 for every 0 < § < 6. Also,
we have that

N(n, (51) Z N(n, 52), if (51 Z 52, (736)
for every n > max{ns,,ns, }. Indeed, since d; > 8y, then K5, C Ks, and in turn B3* C B?2. This
means that, for every k € {1,..., N(n,d1)},

(a0l b0) C (a2, b2, ), for some ji € {1,...,N(n,d2)}. (7.37)

Mgk Tk
At the same time, (a%,,b%,) C [s}, s3], for i = 1,2, and [s7,s5] — [t,t + L], as n — oo.

Therefore, there exists p > 0 such that (af;k, biik) Ct—p,t+ L+ p], for i = 1,2. This fact,

together with (T37), gives (T30).

In order to prove (32), we develop the following diagonal argument. Consider a sequence
{8m }m C (0, 9] such that é,, — 0, as m — co. Using (Z.38) and (Z.34), it is possible to construct
for each m € N a subsequence {n]"};, where n]” is a short-hand notation for n?m, such that

N(n", 0m) = N(6m), as | — oo, for every m € N, (7.38)
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N(61) > N(02) > ... > N(6p) > ... > 1, (7.39)
and

é. m
a m”k — g,

m
)

b‘s%k — prt, asl— oo, forallk=1,..,N(§y,) and all m € N. (7.40)

i
Now, since {N(,,)}m is a decreasing sequence of integers, up to a subsequence we may suppose
that

there exists N € N such that N(é,,) = N, for every m € N,

and that there exist the limits
ap = lim o, Br = lim B"°, for every k =1, ..., N. (7.41)

m—r oo m—r oo

Observe that the points «y, O satisfy (C33). Now, choose k € {1,..., N} and observe that for
every j € N arbitrarily large there exists m; and [; such that

1 1 O ; Om
— —_ J J .
{ak + j,ﬁk Jl - (an;nj7k, bn:n,j7k) , for every | > 1}, (7.42)
and
S . S . 1
anlm]j L g+ ‘bnl’"JJ - Bl < —, for every 1 > 1;. (7.43)
; ; j

Moreover, we can suppose that m;, I; — oo, as j — oco. Combining (Z42) with estimate (Z21),
we have that, up to a subsequence,

< 1 1
¥, m; — ¥ uniformly on [ak + =, Bk — —.] , asl— o0
! J

J (7.44)

L . 1 1
19mj —* 9 in L= <O[k+—,,ﬂk—,), asl%oo,
™ J J

for some ¥ € Lip ([ak + %,ﬂk - %] ;X). If at each step j we extract a subsequence from the
previous one, we obtain a sequence {nZ” }4, which we relabel by {n;};, such taht N(nj, d,,,) = N

for every j, and a unique ¢ € Lip,,, (Ugil(ak,ﬁk); X) such that, for all k € {1, ..., N},

1 1 = Om,; = Sim
[ak + =, 8 — _l < (ajyk, bj,k) , where ajk:=a, 3, bjr:=0b, 7%, (7.45)
J J » »
- 1 1 1
[Un, () —9(s)| < =, for every s € {ak + =, Bk — —,] . (7.46)
J J J
Therefore, we have proved ([32)—(T34). From (41 and (Z43) we obtain also that
djr— ok, bjk— By, asj— oo, (7.47)

where @; x, bj x are defined in (ZZH). These limits will be useful in Step 5.
Before proceeding with the proof, some comments are in order. Recall that N = N(n;, d,,,)

is the number of the pieces of the trajectory of ﬁnj which go from 0B(z,0m,) to OB(y,dm,),
for some z, y € C(t) U {x1,22} with  # y. Thus, we have so far excluded that, for example,
on (@, bjx) the trajectory of J,, runs from dB(x,8,,) to OB(x,8y,). At the same time,
the following situation is allowed: on (djyk,gjﬁk) the trajectory of 1§nj goes from OB(x,dy,;) to
0B(y,6m,) and on (a; k41, bjki1) goes from AB(y, Om;) to OB(x, ;). Moreover, so far we have
overlooked what happens to the trajectory of @nj on the interval F)j’k’ dj7k+1] It is not difficult
to imagine that, if B < ag41 some “loops” around a certain point x € C(t) U {x1, 22} have been
created by the trajectory of 1§n]. on {Bjﬁk, dj7k+1}, as j — oo. Note that we cannot deduce that

the number of these loops is definitely bounded as we have done for N (n;, dpm; ).
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Step 4: passage to the limit. In order to take the limit of the integral term in (TIT), we
observe that

/ IV D, (P, () | dr > Z / 1928, (), B, ()9, (5) s
1 a5,k

(7.48)

N o rB=1/j - z
> Z/ Va2 €(rn; (5); In; ()9, (5) | ds,
o1/ aktl/j
where we have used (Z40). We now pass to the limit as j — oo in ([Z4]). Observe that,
since {ry,(s)}; C [t17,t57] for every s € [s]7,s5°], then 1, (s) — t as j — oo thanks to (Z0).
Furthermore, the first of (Z34)), joint with the bound in (7)) and the closedness condition (Ez)
yield

lim inf || Vo€ (rn, (5), O, ()| > Vo (t, 9(5))ll,

Jreo (7.49)
for every s € [ax +p, B8k —p], p>0, k=1,...,N.

Combining (7.49) with the second of (Z.34)), applying an infinite dimensional version of Ioffe’s
theorem (see, e.g., [67, Theorem 21)), and arguing as in the proof of [49] Lemma 3.1], we have
that

Br—1/j N - Br—p .
ﬁminf/ [Va€(rn, (s), O, (5))[[[9n, (s)l|ds 2/ V€L, I(s))l10(s)l|ds,

Jj—roo w+1/4 ag+p
for every p >0, k=1,...,N.

Ultimately, we have proved that

lim IIV &(r, Oy (r) 19, (r) | dr = Z/ IV &(8,9())I[19(s) | ds. (7.50)

Jj—o0

Step 5: conclu51on. We claim that

lim ¥(s) = w1, lim 9(s) = z2, (7.51)
s—>o¢;r s—By
lim ¥(s) = lim 9(s) =z, for some x € C(t) U{x1,x2}, (7.52)
s—=B, s—>o¢;r+1

for every k =1,..., N — 1.
Let us check the first limit in (Z5I) only, since the other limits can be verified in a similar
way. Let {s;}; C (a1, 1) be a sequence such that s; — o7 . We want to prove that

9(si) = a1, as i — oo. (7.53)

The first of (Z34) gives that 1§nj (si) = ¥(s;), as j — oo, for every i. In particular, there exists a
strictly increasing sequence {j;}; such that

(0, (53) — 0(s0)] <

Note that aj, 1 — a1, as i — oo, in view of (T4T). Moreover, from the definition of a;, 1 (7.43)
it follows that

, for every i. (7.54)

ﬁ"u (@j,1) = 21, as i — oc. (7.55)
Now, note that from (7.20) and from the fact that s;, G;, 1 — a1, as ¢ — oo, we have that

/ V€, (), ny, ()19, (5)lds

i

< |Si7&ji,1| 4)0, as i — 00.

Also, we have that

/ 1720, O, (D19, () |

i

[ U800, 990, D (s

k3
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nji

for some {r;};, {7i}; C [t?“,tQ |, where

7-97’7,” (T’L) = 7-97’7,” (Si), ﬂnji (F’L) = flg’nj
<

Also, we can suppose that, up to a subsequence, r;

(@j, 1), for every i. (7.56)

7; for every i, and that
O, (ri) = T, for some 7 € X.
This fact, together with the limit
U, (73) = a1, as i — 00
which comes from (T53) and the second of (Z.50), gives that
énn (8i) = Un, (ri) = 21, as i — 0o, (7.57)

as a consequence of Lemma [T4] (1). Inequality (7.54) and convergence (Z57) imply (T.53)).
By the limits in (Z5I) and (52) we can trivially extend ¢ on the whole interval [aq, On]
and obtain, from (Z50), that

t2 . B .
1iminf/t IIVIS(T,%(T))II||19n(7’)||d7’2/ IV2&(t, 9(s))[[[[9(s)l|ds.

n—o00
T ai

Thus, we have deduced (TI7) with [a,b] = [a1, Bn]. Note that we can choose an arbitrary [a, b],
reparametrize ¥ on it and obtain again (ZI7)), by scaling invariance. Let v be the smallest point
in {1, a2, B2, ..., an, Bn} such that J(y) = z2. Relabelling a; < ... < by tg < ... < tj, we have
that ¥(tg) = x1, ¥(t;) = w2, and that J(t;) € C(¢) for every i = 1,..., j — 1. This last remark gives
that ¥ € &' . ([a,b]; X) and concludes the proof. O

T1,T2

7.3. The cost function

In this section we introduce the cost function ¢(¢; x1, 22) (see Definition [[.8 below) which will
prove useful to obtain the convergence of a sequence of solutions {u., } of (ZI)) to a limit function
u satisfying the jump condition (Z2)) (see Theorem[12)). Since the definition of the cost function
is based on the class Q%jhwz([a, b]; X) introduced in Lemma [T4] we list some properties of such

class in the following remark. From now on, we will refer to the curves ¥ € @}, . ([a,b]; X), for

some t € [0,T], 21, x2 € X, and some interval [a,b], as to admissible curves connecting x; and
To at the time ¢.

REMARK 7.5. The class ! . ([a,b]; X) is endowed with the following properties:

1,T2

(1) up to a reparameterization, every absolutely continuous curve ¥ € AC([a,b]; X) such
that there exists a = tg < ... < t; = b with J(t;) # 9(tix1) (¢ = 0,...,j — 1) and
9(t;) € C(t) (i =1,...,5 — 1) is an admissible curve;

(2) if the energy functional & complies with the chain rule (Eg) along any absolutely con-
tinuous curve v € AC([0,7]; X) fulfilling (T4]), then the chain—rule identity (E4) also
holds along any admissible curve u fulfilling (74]);

(3) it is possible to extend the statement of Lemma [[2] to curves ¥,, € sz{;;},’wg([a, bl; X) in
the following sense: let x1, 9 € X with x1 # x5. There exists n > 0 with the following
property. For all sequences {27}, and {z%},, such that

! — xy, Ty — T, (7.58)
t . s
and every {Un}tn C Fgn on([a,b]; X) satisfying
sup sup G(9,(s)) < oo, (7.59)
n  s€la,b]

we have

b
lin_1>inf/ V2 E(t, 0n ) |8 () dr > 1.
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The following lemma is a variant of Lemma [[4] where ¢,, € (szf;?ymg([a, b]; X) and the inte-
grands ||V,&(s, 0, (5))||[[ 95 (s)|| are replaced by ||V,E(t, 0, (5))||[[9n(s)]|. This result will be used
to deduce key properties of the cost function in Proposition [Z.9l

LEMMA 7.6. Assume (Eq)), (E1), (E3), and (Eg). Lett € [0,T], x1, 22 € X, let {a]}n, {25}
. . t . .
be two sequences satisfying (7.58), and {Uy}n C Hyn 4n([a,b]; X) fulfilling (759). We have that

b
lin_1>inf/ IV2E&(t, On()10n(s)]lds =0 = x1 = 2o, (7.60)
and there exists ¥ € <}, . ([a,b]; X) such that
b . b .
imint [ 190 ads > [ I19E@AIEds. (o

REMARK 7.7. Lemma holds in the more general case where ¥,, € "Qfafffmg ([th,t5]; X) for
some {t,} C [0, 7] such that ¢, — t, and gives that

b b
1iminf/ IIVmﬁ(tn,ﬂn(S))llllﬁn(S)lldS2/ IV€(, 9())Il1(s)llds,

n—roo

for some ¥ € ! _ ([a,b]; X).

Z1,22

PROOF. While implication (.60]) immediately follows from property (3) of Remark [[5] we
only sketch the argument for (C61]), dwelling on the differences with the proof of Lemma [T4] Tt
follows from (T5Y) that there exists a compact set K C X such that

In(t) € K, for every t € [a,b], n € N.

Starting from K, we define Ks as in (Z24). By definition of ij?7lg([a,b];X), we have that
Un € C([a,b]; X) and there exists a partition a = 7§ < 7{' < ... < 73, = b such that
Onlrprry) € Libloc(7i, 7415 X), for every i = 0,..., My, and ¥p(a) = a7, Jn(b) = 23. We
use the same rescaling r,, introduced in the proof of Lemma [[4] (with a and b in place of ¢} and

t%, respectively) and obtain 0,,(s) := 9, (r,,(s)), for every s € [dn, I;n}, where G, :== 7,(a) = a

and l;n = r;l(b). It turns out that an eC ({dn, I;n} ;X) and there exists a partition
dn:03<0?<...<oﬁ4n:l~7n

such that 1§n|(0?10?+1) € Lip, (07, 07 1: X), foreveryi = 0,..., M,, and On(dn) = 2, Op(by) = a3
Moreover,
IV2€(rn (), Dn () Tn(s)l < 1, for ae. s € (@n, bn),
and
b . bn ~ i
/ IV &(r, On (r))[[[[0n ()l dr = / V2 €(rn(s), In(s))l[9n(s) ds.

We now define, for every i = 0,..., M,, — 1, the sets
AbS = {s € (a7, 00 1) = Un(s) EK(;},

and write A%° as the countable union of its connected components

(oo}

; i85 14,8
ALY = U(a;k,b;,k).
k=1
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Similarly, we consider the analogues of the sets B} (Z29), that is

By’ = U (a ZSk,b:fk) with

5 5 )8
(a3, 0,03 ) €B

(7.62)
B = {(affk,bifk) C AP 2 (ay’,) € OB(x,3), I(b)5,) € OB(y,0), © # y}

fori =1,.., M, — 1. We denote by N(i,n,§) the cardinality of the set B%°. Then, we have, up
to a subsequence,

min (|lz —y| —20)
- 5 z,y€C(t)U{z,z0}
L(ay 5 by B z#Y

es M, Z m,

(a’znék,bw k)e%ijé

b
C> / V€, 0 () [ ()

F1
1

Y

where 0 < T := min, ,cenx (|7—y|—20) and es > 0 is the minimum defined in (Z25). Therefore,
Ay
we conclude the estimate

C —
M,N(i,n,d) < —, for every 0 < d < d and n € N,
esm
which is a bound for both {M,},, and {N(i,n,d) : i =1,...,M,, — 1, n € N}. The proof can be
then carried on by suitably adapting the argument for Lemma [T (2). O

We are now in position to define the cost function.

DEFINITION 7.8. Lett € [0,T], 21, 22 € X, and —oc0 < a < b < +00 be fized. We define the
cost function

b
c(t;x1, ) := inf {/ |VLE(t, 9(s))|||D(s)||ds : ¢ € A 4 (la,b]; X)} (7.63)

Note that this definition does not depend on the interval [a,b] on which the admissible curves ¢

are defined, due to the scaling invariance of the integral fab VL&t 9(s)||[|9(s)||ds. The following
result collects the properties of the cost function.

PROPOSITION 7.9. Assume (Eq), (E1), (E3), and (Eg). For every t € [0,T] and x1, w2 € X
we have that:
(1) x1 # x2 & c(t;x1,22) > 0;
(2) there exists an optimal curve ¥ € 7 . (la,b); X) attaining the inf in (ZG3);
(3) we have

n—oo

ty .
c(t;xy,me) < inf{liminf/ IV E(s, Fn(N|Un(s)]|ds :
i
Oy € AC([E7,12): X), 7 = t, 9n(th) — @i for i = 1,2}; (7.64)
(4) the following lower semicontinuity property holds

<tn St o =, o — o, sup (S(aT) +9(z3>>) <o
n

= lminf c(t,; 27, 25) > c(t; 1, x2).
n—roo
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PROOF. Ad (2): we use the direct method of the calculus of variations: let 9, € <7 ,,

be a minimizing sequence for ¢(¢; 21, 22) < oco. Up to extracting a subsequence, we may suppose
that sup,, f: |V2E(t, 90 (5)]|19n(s)||ds < C. Applying the chain rule (Ey) yields for all s € [a, b]

E(t,Un(s)) < E(t,Vn(a)) + / IV &(t, 9 ()11 0n ()| dr < E(t,21) + C.

Hence, by Remark [[T] there exists C' > 0 such that
G(In(s)) < C, for every n € N, s € [a, b]. (7.65)

Therefore, we may apply Lemma to the curves 9, € ,Q%Itlm ([a, b]; X) and conclude.

Ad(3): is a direct consequence of Lemma [4]

Ad (4): for every n € N, let ¥J,, be an optimal curve for c(t,;«}, z). Arguing as in the above
lines, we prove estimate (Z65)). Therefore we apply Lemma and conclude.

Ad (1): suppose that ¢(t; x1,z2) = 0. It follows from (2) that f; |Vt 9(s))||[9(s)||ds = 0, for
some ¥ € &} . ([a,b]; X). Using Lemma [ with 9,, = ¢ and z}' = x;, we obtain that z; = x5.
The converse implication can be trivially checked. (I

7.4. Compactness

With the following proposition some a priori estimates involving a family of functions {u.}
satisfying equation (ZI)) are derived. They will be useful to obtain the next compactness results.

PROPOSITION 7.10. Assume (Egd), (E3), and (Ed). Let {ul}. C X be such that, in the
limit e — 0,
there exists ug € X : u? — g and E(0,u2) — €(0,up), (7.66)

and let {u:}. C H'(0,T; X) be a family of solutions to the gradient flow ([7.1) satisfying the initial
condition us(0) = ul. Then, the functions u.’s fulfill for every 0 < s <t < T the energy identity

/S <%|u5(7’)|2+ “Vmg(ggf(”)” )dr+8(t,u€(t))S(S,UE(S))Jr/S 8 (r, ue(r))dr. (7.67)

Furthermore, there exists a constant C' > 0 such that for every e > 0 arbitrarily small the following
estimates hold

sup G(uc(t)) + sup |9:E(tu:(t))] < C, (7.68)
(0,17 (0,77
i 1
/ (%Hug(r)ﬂ2 + 2—€||VI8(T, ug(r))|2) dr < C, for every 0 < s <t <T. (7.69)

PROOF. The energy identity (Z.67) follows from the chain rule (E4)), using that wu. fulfills
(ZI). Now, taking into account (E3]), we obtain from (T.67)) that

e(t.ue(t) + [ (§|a5(s)|2+ 2i€|V18(s,ug(s))|2) ds < 200 + 01 [ E(s.u(s))is

(7.70)
Hence, convergences (L.G6), the Gronwall Lemma and (Z3) yield sup,c(o ) G(ue(t)) < C, which
in turn implies (T.63), in view of (Eg). Therefore, we also conclude (7.69). O

We are now in the position to state our first compactness result. From now on, we will use

the place-holder P;(u) for 0;E(t, u).

PROPOSITION 7.11. Assume (Ed), (E3), and (Ed). Let {u°}. C X fulfill (T6G), and let
{ucte € HY0,T;X) be a family of solutions to ([TI)), fulfilling u-(0) = ui. Then, for every
vanishing sequence {€,}n, considering the sequence of measures

En

= (e, O + 52198, (DI ) 2 (r.1)

([a’b];X)
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(with £ the Lebesgue measure on (0,T)), there exist a Radon measure 1 € M(0,T) and functions
& € BV([0,T]) and & € L>(0,T) such that, along a not relabeled subsequence, the following
convergences hold as n — oo:

iy, =" in M(0,7T), (7.72)
E(t,ue, (1) = &(1), for every t € [0,T], (7.73)
Pi(uc, (t) =* 2 in L*(0,T). (7.74)

Moreover, denoting by &(t_) and &(t4.) the left and right limits of & in t, respectively, and by
dé& the distributional deriwative of &, the following identities hold

£t )~ &) = p({t)),  for everyt € (0,7), (7.75)

A& +pu= 2L, (7.76)

PRrOOF. It follows from (Z.69) in Proposition that the measures p,’s have uniformly

bounded variation, so that (L72) follows. As for (ZZ73), we observe that, by (Z67), the map

t = () = E(tue, (1) — fot Ps(uc, (s))ds is nonincreasing on [0,7]. Therefore, by Helly’s

Compactness Theorem (see, e.g. [5, Lemma 3.3.3]) there exists n € BV([0,T]) such that, up to

a subsequence, 1, (t) — n(t) for every t € [0,T]. On the other hand, (Z6S) yields (Z74), up to a
subsequence. Therefore, [T.73)) follows with

E(t) =n(t) +/0 P(s)ds.

Finally, passing to the limit as n — oo in the energy identity (CG7) and taking into account
convergences ([T72)—(T74), it turns out that

w([s,t]) + &) = &(s) + /t P(r)dr, for every t € [0,T], s € [0,1]. (7.77)
In particular,
t+p
Et—p)—&EL+p) + . P(s)ds = ([t — p,t + p),

for every ¢t € (0,T) and p > 0 arbitrarily small. Observe that, since & € BV([0,T), the left and
right limits &(t—) and &(t4) exist for every ¢ € [0,T]. Therefore, taking the limit as p — 0% in
the above identity gives (75). Identity (C70) trivially follows from (T77]). O

Hereafter, we will denote by J the set where the measure p is atomic, that is
J:={t€(0,T) : u({t}) > 0}.
Furthermore, we will denote by B the set
B={te(0,T) : Vz&(t,ue, (t)) — 0}
where {u., }, is the sequence for which convergences (T72)-(C.74) hold. Observe that (Z.69)

gives that lim, o fOT IV2E(r,ue, (r)||?dr = 0, hence, up to a subsequence, the set B has full
Lebesgue measure.

Finally, we can state our main compactness result. We recall that the set C(¢) has been
defined in (7).

THEOREM 7.12. Assume (Eg)-(Ez). Let {u?}. C X fulfill [T66) with ug € C(0) and let
{tue, }n € HY0,T; X) be a family of solutions to (TI) satisfying ue, (0) = ul and such that con-
vergences ([LI2)-[C74) hold. Then, there exists a function u : [0,T] = X, with u € L*(0,T; X),

such that, along a not relabeled subsequence, the following convergences hold:
Ue, (t) = u(t) for everyt € [0,T], with u(t) € C(t) for everyt € [0,T)\J, (7.78)
Ue, =" u in L>(0,T;X), e, > u in LP(0,T;X) forevery 1<p<oo, (7.79)

n



158 7. SINGULAR PERTURBATIONS OF GRADIENT FLOW PROBLEMS IN INFINITE DIMENSION

and
E(t) > E(t,u(t)) for every t € [0,T], E(t) = E(t,u(t)) for ae. t€(0,T), (7.80)
P(t) < l(t,u(t)) for ae te (0,T). (7.81)
Furthermore, the left and right limits
u_(t) := ligl u(s), ug(t) := 1i£1;1 u(s) exist for every t € (0,7, (7.82)
fulfilling

u_(t), uy(t) € €(t), (7.83)
J={te(0.T) : u_(t) #us (1)}, (7.84)
the set J consists of at most countably many points, (7.85)
c(tiu—(t),us(t) = p({t}) = E(t,u—(t)) — E(t,uy (t),  for everyt e J. (7.86)

REMARK 7.13. Observe that from (C82) it follows that w is a regulated function. As a
consequence of ([T78) and (Z8H), we may conclude that

u(t) € C(t), for a.e. t € (0,7). (7.87)
The proof of Theorem hinges on the following result.
LEMMA 7.14. Assume (Eg) —(Ez). Let {uc,}n C HY(0,T;X) be a family of solutions to (T1))

such that

sup sup G(ue, (t)) < oo,
n tel0,T]

and convergence (L12) to a measure p € M(0,T) holds. Then, for every t € [0,T] and for all
sequences {t7}n, {t5}, fulfilling (C8) with limit t and such that, as n — oo,
Ue,, (1) — w1, Ue, (t5) = ua, for some uy, us € X, (7.88)
there holds
p({t}) > c(t,u1, usz). (7.89)
In particular, for every t € [0,T]\ J we have that uy; = us.

PROOF. Observe that for every p > 0 there holds
u([t — pst + p]) > limsup p, ([t7, £5])
n—oo

. t Eny . 1
—timsup [ (Gl G+ G IV D) ds g

n—oo

ty

> limSUP/ IV (s, ue, () l[te, (5)l|ds = c(t; ur, uz),
n—o00 ty

where the first inequality is due to (T72), the second one to [Z71]), the third one to the Young

inequality, and the last one to (Z64]) in Proposition [Z.9l Since p is arbitrary, we conclude ([Z.89]).

In particular, if p({t}) = 0 then by (1) in Proposition [[.9 we deduce that uy = us. O

Proor or THEOREM [[L.T21 We split the argument in several points.
Ad (Z85): this property follows from the fact that u(2) < co by standard arguments. E.g., one
can use Lemma [7.T5] below.
Ad ([TT8)—(C79): let us consider the set
I:=JUAU{0} with A C (B\J) dense in [0,7] and consisting of countably many points.
(7.91)
It follows from (Z68) and (Ej) that there exists a compact K C X such that

ue, (t) € K, for every n € N, t € [0,T. (7.92)
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Therefore, since I has countably many points, with a diagonal argument it is possible to extract
from {uc, }, a (not relabeled) subsequence such that there exists 4 : I — X, with

ue, (t) — a(t), for every t € I, (7.93)

and with 4(0) = ug, thanks to (Z68). It follows from estimate (Z68]) and the lower semicontinuity
(Eq) of u+ E(t,u) that

S(u(t)) < C, for every ¢ € I, for some C' > 0. (7.94)
Moreover, by the construction (Z91) of I, by (Ez), and by the fact that uy € €(0), we conclude
that
a(t) € C(t), for every t € T\ J. (7.95)
We now prove (C18). From now on, for notational simplicity we will write w,, in place of ..
Firstly, we show that
for every t € (0,T]\ I, a(t) := klim 4(tg) is uniquely defined for every {t;}r € &(t)
—00

(7.96)
with  &(t) := {{tk}k C A : t;, — t and there exists klim ﬁ(tk)} .
— 00

Observe that &(f) # O, because @ € L(I; X), in view of () and (E1). To see (ZID), let
{t"Yk, {t5}k € S(t) be such that

lim a(th) =: uy and lim a(th) =: us.
k—o00 k—ro0

We want to show that u; = up. Note that G(tF) = lim,, o u,(t}) and a(t5) = lim, 0 un (t5)
for every k, because of (ZA3)). Now, since t¥, t5 € A C B for every k € N, by (Ez) there holds
VL E(tR a(th)) = V.E(th, a(th)) = 0, for every k € N. Therefore, again by (Ej) (which we can
apply thanks to (Z.94))), we conclude that u;, us € €(t). Furthermore, with a diagonal procedure
we can extract a subsequence {ny}; such that

up = lim wuy, (tV) and uy = lim w,, (t5).
k—o00 —00
Thus, we are in the position to apply Lemma [[T4] so that, since t ¢ J, we have that u; = us.

This concludes the proof of ([Z94]).
Now, we define the (candidate) limit function u everywhere on [0, 7] by

C(a) ittel
u(t) = { alt) ifte 0,7\ 1, (7.97)

and prove (LT8) with u given by (L97). We already know that, for every t € I, lim, o0 un(t) =
@(t) = u(t). Thus, consider t € (0,7]\ I. We want to show that any subsequence of {u, ()},
admits a further subsequence converging to u(t) = @(t). Let us fix a (not relabeled) subsequence
{un(t)}n and consider a sequence {t;}r C A such that ¢ ¢ and u(t) = limg_,o0 4(t;). Arguing
as in the above lines, we see again that u(ty) € C(t;) for all k € N hence u(t) € C(t). Moreover,
as seen before, there exists a subsequence {ny}x such that

u(t) = lim up, (tx). (7.98)
k—o00
Now, considering {un, ()}, in view of (Z92)) there exists a subsequence {n4; }; such that
Un,, (t) — a, for some @ € X.
At the same time, from (Z9])), we have in particular that
Uny, (th;) = u(t).

From the last two convergences, since t ¢ J, an application of Lemma [[.T4 with t;, t, Uny, s u(t),
and @ in place of 7, t5, u., , u1, and ug, respectively, gives u = u(t). Therefore, (C78) holds.
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Observe that (Z78) implies (T79), in view of (92)). The latter and assumption ([Eg) also
imply that
S(u(t)) < C, for every ¢ € [0, 7], for some C > 0. (7.99)

Ad ([Z830)—(ZR1): the first of ([ZRQ) follows from (ZI8) and from assumption (Eg). The second
of (ZR0Q) and (ZX1) follow from (Ez), which we can apply thanks to estimates (Z.68) and (Z.69).
Ad [TR2)—(T83): consider {t}x, {t5}x C [0,7] such that t§ < t§ for every k , t§, t& — t for
some t € [0,T], and there exist

lim w(t) =: uy lim w(t) =: u,.

k— o0 k—o0
Note that, up to subsequences, we can suppose that {t¥}; approaches ¢ either from the left or
from the right, and that the same holds for {t5},. In particular, there exist lim_, . &(t}) and
limy 00 &(t5), because & € BV([0,T]). Now, (TZ3) gives that &(tF) = lim,,_ E(tF, u, (tF)) for
every k, for i = 1,2. Hence, there exists ny — oo such that

1 1
‘E(t]fa Uny, (tlf)) - éa(tlf)‘ < E’ |8(t§’unk (t;)) - g(t§)| < Ea

for every k, so that

lim E(tF, un, (7)) = lim &(t4), lim E(t5, un, (t5)) = lim &(t5). (7.100)

k—o00 k—o0 k—o00 k— o0
Arguing as previously done, we can also suppose that, up to a subsequence,

up = lim w,, (t9), uy = lim wy,, (t5). (7.101)
k—o00 k—o0

Now, recalling definition [.71] of py,, the energy identity (T61) with ¢¥, 5, u,, in place of s, t,
and u., respectively, gives

ty
E(F, tn, (1)) — E(t5, un, (t3)) +/ Pr(un (r))dr = pa([t7, t5]).

ty

This equality, together with (ZI00), (CI0T), and with (Z64]) in Proposition [[.9] implies that
lim &) — lim &(t5) > liminf u,, ([tV,t5]) > c(t; uy, uz) (7.102)
k— o0 k— 00 k— o0

(note that we have also used ([74). Since & € BV([0,T]), the left and right limits of & exist
on all [0,7]. Thus, considering t¥, t5 1 ¢ or t¥, t& | ¢, inequality (ZI02) immediately tells us
that c(t; u1,u2) = 0, so that u; = us, in view of Proposition [0 (1). In this way, we have proved
([CR2). Property (Z.83) follows from (Z.78)) and (Z.87]).

Now, let us make some comments which will be useful later. Consider ¢t € [0,T] \ J and
suppose that t¥ 1 ¢ and 5 | ¢, so that u; = u(t_) and uz = u(ty) in (ZI0Z). Denoting by &(t_)
and &(t4) the left and the right limits of & at ¢, from (7I02) we obtain

E(t) — E(ty) > cltyult_), u(t)). (7.103)

This inequality, together with (T75), gives that pu({t}) > e(t; u(t-),u(t+)). Since t ¢ J we have
c(t;u(t—),u(ty)) = 0, hence u(t—) = u(ty). Thus, we have proved that (Z84) holds with D in
place of =.

Ad ([34), (CRG): from the previous step we have obtained in particular that for every ¢t € J
there exist u_(t) and u, (t). Now, let us choose {t¥},., {tk}x C [0,T]\ J such that t¥ 1 ¢, & | ¢,
the second of (Z80) holds on such sequences, and

u_(t) = lim u(th), wy(t) = lim u(th).
k—o0 k—o00
Due to (T80), we also have
Et_) = lim &(tF) = lim &V, u(th)) = &(t,u_(t)),
k—o0 k—o0
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where the last equality follows from (Ez)). Similarly, we have that &(t4+) = &(¢,uy(t)). Thus,
from (ZI03)) it descends that

Et,u_(t)) — E(t,ur(t)) > clt;u_(t),ur(t)), for every t € J. (7.104)
To prove the converse inequality, let 9 € 7?

u— (t),u (t)
c(t;u—(t),us(t)), whose existence is guaranteed by Proposition [Z.9] (2). Then, by the chain rule

(E4) (see also Remark [T.5] (2)),

b .
C(t;uf(t),w(t)):/ IVa&(t, (s)|[19(s)lds

> —[(t,0(0)) — £(t,0(a))] = E(t,u_(t) — E(t,us (1)).

Combining (C78)), (CI04), and (ZI05) it turns out the jump condition (8G). Furthermore,
taking into account (1) in Proposition[7.9] from (7.86) it is immediate to deduce that .J coincides

with the jump set of u, that is (84]). This concludes the proof. O

([a, b]; X) be a minimizing curve for the cost

(7.105)

LEMMA 7.15. Let I be a continuous family of indices and let {a;}ier C [0,00) be such that
> icr @i < 00. Then, there exists J C I at most countable such that oy = 0 for everyi € I\ J.

PROOF. Suppose that ), ; a; = C' < oo. For every k € N\ {0}, define

1
Ik:{iGI:aiEE}.

Z Q; = Z o = Z Z Q. (7106)

It is clear that

icl {i€l:a; >0} keN\{0} i€l
Note that, since %ﬁ[k < Zielk a; < C < oo, then
#I is finite for every k. (7.107)

From (ZI06) and (ZI07) the thesis follows. O
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