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Foreword

This thesis deals with the physics of the 80’s. Almost all of the results obtained
here could have been achieved by the end of that decade. This also means that
the field of grand unification is becoming quite old. It dates back in 1974 with the
seminal papers of Georgi-Glashow [1] and Pati-Salam [2]. Those were the years just
after the foundation of the standard model (SM) of Glashow-Weinberg-Salam [3, 4, 5]
when simple ideas (at least simple from our future perspective) seemed to receive
an immediate confirmation from the experimental data.

Grand unified theories (GUTs) assume that all the fundamental interactions of the
SM (strong and electroweak) have a common origin. The current wisdom is that we
live in a broken phase in which the world looks SU(3)c® U(1)o invariant to us and the
low-energy phenomena are governed by strong interactions and electrodynamics.
Growing with the energy we start to see the degrees of freedom of a new dynamics
which can be interpreted as a renormalizable SU(2);, ® U(1)y gauge theory sponta-
neously broken into U(1)o!. Thus, in analogy to the U(1)qg — SU(2), @ U(1)y case,
one can imagine that at higher energies the SM gauge group SU(3)c®@SU(2), @ U(1)y
is embedded in a simple group G.

The first implication of the grand unification ansatz is that at some mass scale
My > My the relevant symmetry is G and the gz, g» and g’ coupling constants of
SU(3)c®@SU(2), @ U1)y merge into a single gauge coupling gy. The rather different
values for gz, g» and g’ at low-energy are then due to renormalization effects. Actually
one of the most solid hints in favor of grand unification is the fact that the running
within the SM shows an approximate convergence of the gauge couplings around
10" GeV (see eg. Fig. 1).

This simple idea, though a bit speculative, may have a deep impact on the under-
standing of our low-energy world. Consider for instance some unexplained features
of the SM like e.g. charge quantization or anomaly cancellation?. They appear just
as the natural consequence of starting with an anomaly-free simple group such as
SO(10).

1At the time of writing this thesis one of the main ingredients of this theory, the Higgs boson,
is still missing experimentally. On the other hand a lot of indirect tests suggest that the SM works
amazingly well and it is exciting that the mechanism of electroweak symmetry breaking is being
tested right now at the Large Hadron Collider (LHC).

°In the SM anomaly cancellation implies charge quantization, after taking into account the gauge
invariance of the Yukawa couplings [6, 7, 8, 9]. This feature is lost as soon as one adds a right-handed
neutrino vp, unless vy is a Majorana particle [10].
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Figure 1: One-loop running of the SM gauge couplings assuming the U(1)y embedding into G.

Most importantly grand unification is not just a mere interpretation of our low-
energy world, but it predicts new phenomena which are correlated with the existing
ones. The most prominent of these is the instability of matter. The current lower
bound on the proton lifetime is something like 23 orders of magnitude bigger than
the age of the Universe, namely 1, > 10%3°5 yr depending on the decay channel [11].
This number is so huge that people started to consider baryon number as an exact
symmetry of Nature [12, 13, 14]. Nowadays we interpret it as an accidental global
symmetry of the standard model®. This also means that as soon as we extend the
SM there is the chance to introduce baryon violating interactions. Gravity itself
could be responsible for the breaking of baryon number [17]. However among all
the possible frameworks there is only one of them which predicts a proton lifetime
close to its experimental limit and this theory is grand unification. Indeed we can
roughly estimate it by dimensional arguments. The exchange of a baryon-number-
violating vector boson of mass My yields something like

M
Tp ~ aulm—g, (1)
p

and by putting in numbers (we take aj' ~ 40, cf. Fig. 1) one discovers that 7, >
10%% yr corresponds to My > 10'® GeV, which is consistent with the picture emerging
in Fig. 1. Notice that the gauge running is sensitive to the log of the scale. This
means that a 10% variation on the gauge couplings at the electroweak scale induces
a 100% one on My. Were the apparent unification of gauge couplings in the window
101518 GeV just an accident, then Nature would have played a bad trick on us.
Another firm prediction of GUTs are magnetic monopoles [18, 19]. Each time a
simple gauge group G is broken to a subgroup with a U(1) factor there are topo-
logically nontrivial configurations of the Higgs field which leads to stable monopole

5In the SM the baryonic current is anomalous and baryon number violation can arise from in-
stanton transitions between degenerate SU(2); vacua which lead to AB = AL = 3 interactions for
three flavor families [15, 16]. The rate is estimated to be proportional to e *"/® ~ ¢~'7 and thus
phenomenologically irrelevant.
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solutions of the gauge potential. For instance the breaking of SU(b) generates a
monopole with magnetic charge Q,, = 27r/e and mass M,, = a;'My [20]. The cen-
tral core of a GUT monopole contains the fields of the superheavy gauge bosons
which mediate proton decay, so one expects that baryon number can be violated in
baryon-monopole scattering. Quite surprisingly it was found [21, 22, 23] that these
processes are not suppressed by powers of the unification mass, but have a cross
section typical of the strong interactions.

Though GUT monopoles are too massive to be produced at accelerators, they
could have been produced in the early universe as topological defects arising via
the Kibble mechanism [24] during a symmetry breaking phase transition. Experi-
mentally one tries to measure their interactions as they pass through matter. The
strongest bounds on the flux of monopoles come from their interactions with the
galactic magnetic field (® < 107! cm=?sr~!sec™!) and the catalysis of proton decay
in compact astrophysical objects (® < 1071829 cm~?sp~! sec™!) [11].

Summarizing the model independent predictions of grand unification are proton
decay, magnetic monopoles and charge quantization (and their deep connection).
However once we have a specific model we can do even more. For instance the huge
ratio between the unification and the electroweak scale, My /My ~ 10, reminds us
about the well established hierarchy among the masses of charged fermions and
those of neutrinos, ms/m, ~ 10"**. This analogy hints to a possible connection
between GUTs and neutrino masses.

The issue of neutrino masses caught the attention of particle physicists since a
long time ago. The model independent way to parametrize them is to consider the
SM as an effective field theory by writing all the possible operators compatible with
gauge invariance. Remarkably at the d = 5 level there is only one operator [25]

A

((Te,H)C(H  ey0) . 2)
Ap

After electroweak symmetry breaking (H) = v and neutrinos pick up a Majorana

mass term )

v

M, =Y —. 3

i g

The lower bound on the highest neutrino eigenvalue inferred from /Amgym ~
0.05 eV tells us that the scale at which the lepton number is violated is

AL <V, O(10%1 GeV). (4)

Actually there are only three renormalizable ultra-violet (UV) completion of the SM
which can give rise to the operator in Eq. (2). They go under the name of type-
1126, 27, 28, 29, 30], type-II [31, 32, 33, 34] and type-III [35] seesaw and are respectively
obtained by introducing a fermionic singlet (1,1, 0)r, a scalar triplet (1,3, +1)y and a
fermionic triplet (1,3, 0)r. These vector-like fields, whose mass can be identified with
Aj, couple at the renormalizable level with ¢ and H so that the operator in Eq. (2)
is generated after integrating them out. Since their mass is not protected by the
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chiral symmetry it can be super-heavy, thus providing a rationale for the smallness
of neutrino masses.

Notice that this is still an effective field theory language and we cannot tell at this
level if neutrinos are light because Y, is small or because A} is large. It is clear that
without a theory that fixes the structure of ¥, we don’t have much to say about A%

As an example of a predictive theory which can fix both ¥, and A; we can
mention SO(10) unification. The most prominent feature of SO(10) is that a SM
fermion family plus a right-handed neutrino fit into a single 16-dimensional spinorial
representation. In turn this readily implies that Y, is correlated to the charged
fermion Yukawas. At the same time A; can be identified with the B — L generator
of SO(10), and its breaking scale, Mp_;, < My, is subject to the constraints of gauge
coupling unification.

Hence we can say that SO(10) is also a theory of neutrino masses, whose self-
consistency can be tested against complementary observables such as the proton
lifetime and the absolute neutrino mass scale.

The subject of this thesis will be mainly SO(10) unification. In the arduous attempt
of describing the state of the art it is crucial to understand what has been done so
far. In this respect we are facilitated by Fig. 2, which shows the number of SO(10)
papers per year from 1974 to 2010.

S0(10)
50
40/
30

20/

10F

. P R | T R R R R | T
1980 1985 1990 1995 2000 2005 2010y

Figure 2: Blue: number of papers per year with the keyword "SO(10)" in the title as a function

of the years. Red: subset of papers with the keyword "supersymmetry" either in the title or in the
abstract. Source: inSPIRE.

By looking at this plot it is possible to reconstruct the following historical phases:

e 1974 + 1986: Golden age of grand unification. These are the years of the
foundation in which the fundamental aspects of the theory are worked out.

“The other possibility is that we may probe experimentally the new degrees of freedom at the
scale A\; in such a way to reconstruct the theory of neutrino masses. This could be the case for
left-right symmetric theories [30, 34] where Aj is the scale of the V + A interactions. For a recent
study of the interplay between LHC signals and neutrinoless double beta decay in the context of
left-right scenarios see e.g. [36].
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The first estimate of the proton lifetime yields 1, ~ 10°" yr [37], amazingly
close to the experimental bound 1, > 10% yr [38]. Hence the great hope that
proton decay is behind the corner.

e 1987 +1990: Great depression. Neither proton decay nor magnetic monopoles
are observed so far. Emblematically the last workshop on grand unification is
held in 1989 [39].

e > 1991: SUSY-GUTs. The new data of the Large Electron-Positron collider
(LEP) seem to favor low-energy supersymmetry as a candidate for gauge cou-
pling unification. From now on almost all the attention is caught by supersym-
metry.

e > 1998: Neutrino revolution. Starting from 1998 experiments begin to show
that atmospheric [40] and solar [41] neutrinos change flavor. SO(10) comes
back with a rationale for the origin of the sub-eV neutrino mass scale.

e > 2010: LHC era. Has supersymmetry something to do with the electroweak
scale? The lack of evidence for supersymmetry at the LHC would undermine
SUSY-GUT scenarios. Back to nonsupersymmetric GUTs?

e > 2020: Next generation of proton decay experiments sensitive to 1, ~ 103+
yr [42]. The future of grand unification relies heavily on that.

Despite the huge amount of work done so far, the situation does not seem very
clear at the moment. Especially from a theoretical point of view no model of grand
unification emerged as "the" theory. The reason can be clearly attributed to the lack
of experimental evidence on proton decay.

In such a situation a good guiding principle in order to discriminate among
models and eventually falsify them is given by minimality, where minimality deals
interchangeably with simplicity, tractability and predictivity. It goes without saying
that minimality could have nothing to do with our world, but it is anyway the best we
can do at the moment. It is enough to say that if one wants to have under control all
the aspects of the theory the degree of complexity of some minimal GUT is already
at the edge of the tractability.

Quite surprisingly after 37 years there is still no consensus on which is the
minimal theory. Maybe the reason is also that minimality is not a universal and
uniquely defined concept, admitting a number of interpretations. For instance it can
be understood as a mere simplicity related to the minimum rank of the gauge group.
This was indeed the remarkable observation of Georgi and Glashow: SU(5) is the
unique rank-4 simple group which contains the SM and has complex representations.
However nowadays we can say for sure that the Georgi-Glashow model in its original

formulation is ruled out because it does not unify and neutrinos are massive®.

SMoved by this double issue of the Georgi-Glashow model, two minimal extensions which can
cure at the same time both unification and neutrino masses have been recently proposed [43, 44].
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From a more pragmatic point of view one could instead use predictivity as a mea-
sure of minimality. This singles out SO(10) as the best candidate. At variance with
SU(5), the fact that all the SM fermions of one family fit into the same representation
makes the Yukawa sector of SO(10) much more constrained®.

Actually, if we stick to the SO(10) case, minimality is closely related to the com-
plexity of the symmetry breaking sector. Usually this is the most challenging and
arbitrary aspect of grand unified models. While the the SM matter nicely fit in three
SO(10) spinorial families, this synthetic feature has no counterpart in the Higgs
sector where higher-dimensional representations are usually needed in order to
spontaneously break the enhanced gauge symmetry down to the SM.

Establishing the minimal Higgs content needed for the GUT breaking is a basic
question which has been addressed since the early days of the GUT program’. Let
us stress that the quest for the simplest Higgs sector is driven not only by aesthetic
criteria but it is also a phenomenologically relevant issue related to the tractability
and the predictivity of the models. Indeed, the details of the symmetry breaking
pattern, sometimes overlooked in the phenomenological analysis, give further con-
straints on the low-energy observables such as the proton decay and the effective
SM flavor structure. For instance in order to assess quantitatively the constraints
imposed by gauge coupling unification on the mass of the lepto-quarks resposible
for proton decay it is crucial to have the scalar spectrum under control. Even in
that case some degree of arbitrariness can still persist due to the fact that the spec-
trum can never be fixed completely but lives on a manifold defined by the vacuum
conditions. This also means that if we aim to a falsifiable (predictive) GUT scenario,
better we start by considering a minimal Higgs sector®.

The work done in this thesis can be understood as a general reappraisal of the
issue of symmetry breaking in SO(10) GUTs, both in their ordinary and supersym-
metric realizations.

We can already anticipate that, before considering any symmetry breaking dy-
namics, at least two Higgs representations are required® by the group theory in order

6Notice that here we do not have in mind flavor symmetries, indeed the GUT symmetry it-
self already constrains the flavor structure just because some particles live together in the same
multiplet. Certainly one could improve the predictivity by adding additional ingredients like lo-
cal/global/continuous/discrete symmetries on top of the GUT symmetry. However, though there is
nothing wrong with that, we feel that it would be a no-ending process based on assumptions which are
difficult to disentangle from the unification idea. That is why we prefer to stick as much as possible
to the gauge principle without further ingredients.

" Remarkably the general patterns of symmetry breaking in gauge theories with orthogonal and
unitary groups were already analyzed in 1973/1974 by Li [45], contemporarily with the work of Georgi
and Glashow.

8As an example of the importance of taking into account the vacuum dynamics we can mention
the minimal supersymmetric model based on SO(10) [46, 47, 48]. In that case the precise calculation
of the mass spectrum [49, 50, 51] was crucial in order to obtain a detailed fitting of fermion mass
parameters and show a tension between unification constraints and neutrino masses [52, 53].

91t should be mentioned that a one-step SO(10) — SM breaking can be achieved via only one 144y
irreducible Higgs representation [54]. However, such a setting requires an extended matter sector,
including 45 and 120 multiplets, in order to accommodate realistic fermion masses [55].
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to achieve a full breaking of SO(10) to the SM:
e 16y or 126y: they reduce the rank but leave an SU(5) little group unbroken.

e 45y or B4y or 210y: they admit for little groups different from SU(5) @ U(1),
yielding the SM when intersected with SU(5).

While the choice between 16y or 126y is a model dependent issue related to the
details of the Yukawa sector, the simplest option among 45y, 54y and 210y is given
by the adjoint 45p.

However, since the early 80’s, it has been observed that the vacuum dynamics
aligns the adjoint along an SU(5)® U(1) direction, making the choice of 164 (or 126y)
and 45y alone not phenomenologically viable. In the nonsupersymmetric case the
alignment is only approximate [56, 57, 58, 59], but it is such to clash with unification
constraints which do not allow for any SU(5)-like intermediate stage, while in the
supersymmetric limit the alignment is exact due to F-flatness [60, 61, 62], thus never
landing to a supersymmetric SM vacuum. The focus of the thesis consists in the
critical reexamination of these two longstanding no-go for the settings with a 45y
driving the GUT breaking.

Let us first consider the nonsupersymmetric case. We start by reconsidering
the issue of gauge coupling unification in ordinary SO(10) scenarios with up to two
intermediate mass scales, a needed preliminary step before entering the details of a
specific model.

After complementing the existing studies in several aspects, as the inclusion of
the U(1) gauge mixing renormalization at the one- and two-loop level and the re-
assessment of the two-loop beta coefficients, a peculiar symmetry breaking pattern
with just the adjoint representation governing the first stage of the GUT breaking
emerges as a potentially viable scenario [63], contrary to what claimed in the litera-
ture [64].

This brings us to reexamine the vacuum of the minimal conceivable Higgs poten-
tial responsible for the SO(10) breaking to the SM, containing an adjoint 45y plus a
spinor 16y. As already remarked, a series of studies in the early 80’s [56, 57, 58, 59]
of the 4545 @ 16y model indicated that the only intermediate stages allowed by the
scalar sector dynamics were SU(5) @ U(1) for leading (455) or SU(5) for dominant
(16y). Since an intermediate SU(5)-symmetric stage is phenomenologically not al-
lowed, this observation excluded the simplest SO(10) Higgs sector from realistic
consideration.

One of the main results of this thesis is the observation that this no-go "theorem”
is actually an artifact of the tree-level potential and, as we have shown in [65], the
minimization of the one-loop effective potential opens in a natural way also the
intermediate stages SU(4)c @ SU(2);, @ U(1)r and SU(3)c @ SU(2);, @ SU(2)p @ U(1)5_1,
which are the options favoured by gauge unification. This result is quite general,
since it applies whenever the SO(10) breaking is triggered by the (45y) (while other
Higgs representations control the intermediate and weak scale stages) and brings
back from oblivion the simplest scenario of nonsupersymmetric SO(10) unification.
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It is then natural to consider the Higgs system 10y @ 16y & 45y (where the 10y is
needed to give mass to the SM fermions at the renormalizable level) as the potentially
minimal SO(10) theory, as advocated long ago by Witten [66]. However, apart from
issues related to fermion mixings, the main obstacle with such a model is given by
neutrino masses. They can be generated radiatively at the two-loop level, but turn out
to be too heavy. The reason being that the B — L breaking is communicated to right-
handed neutrinos at the effective level Mp ~ (ay/m)?M5_; /My and since Mp_; < My
by unification constraints, My undershoots by several orders of magnitude the value
1015+1* GeV naturally suggested by the type-I seesaw.

At these point one can consider two possible routes. Sticking to the request of
Higgs representations with dimensions up to the adjoint one can invoke TeV scale
supersymmetry, or we can relax this requirement and exchange the 16y with the
126y in the nonsupersymmetric case.

In the former case the gauge running within the minimal supersymmetric SM
(MSSM) prefers Mp_;, in the proximity of My so that one can naturally reproduce
the desired range for Mpy, emerging from the effective operator 16p16p165165/Mp.

Motivated by this argument, we investigate under which conditions an Higgs sec-
tor containing only representations up to the adjoint allows supersymmetric SO(10)
GUTs to break spontaneously to the SM. Actually it is well known [60, 61, 62] that
the relevant superpotential does not support, at the renormalizable level, a super-
symmetric breaking of the SO(10) gauge group to the SM. Though the issue can be
addressed by giving up renormalizability [61, 62], this option may be rather problem-
atic due to the active role of Planck induced operators in the breaking of the gauge
symmetry. They introduce an hierarchy in the mass spectrum at the GUT scale
which may be an issue for gauge unification, proton decay and neutrino masses.

In this respect we pointed out [67] that the minimal Higgs scenario that allows for
a renormalizable breaking to the SM is obtained considering flipped SO(10) ® U(1)
with one adjoint 45y and two 16y @ 16y Higgs representations.

Within the extended SO(10) ® U(1) gauge algebra one finds in general three
inequivalent embeddings of the SM hypercharge. In addition to the two solutions
with the hypercharge stretching over the SU(B) or the SU(5) ® U(1) subgroups of
SO(10) (respectively dubbed as the “standard” and “flipped” SU(5) embeddings [68,
69]), there is a third, “flipped” SO(10) [70, 71, 72], solution inherent to the SO(10)@ U(1)
case, with a non-trivial projection of the SM hypercharge onto the U(1) factor.

Whilst the difference between the standard and the flipped SU(5) embedding is
semantical from the SO(10) point of view, the flipped SO(10) case is qualitatively
different. In particular, the symmetry-breaking “power” of the SO(10) spinor and ad-
joint representations is boosted with respect to the standard SO(10) case, increasing
the number of SM singlet fields that may acquire non-vanishing vacuum expecta-
tion values (VEVs). This is at the root of the possibility of implementing the gauge
symmetry breaking by means of a simple renormalizable Higgs sector.

The model is rather peculiar in the flavor sector and can be naturally embedded
in a perturbative Es grand unified scenario above the flipped SO(10) ® U(1) partial-
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unification scale.

On the other hand, sticking to the nonsupersymmetric case with a 126y in place
of a 16y, neutrino masses are generated at the renormalizable level. This lifts the
problematic Mg_; /My suppression factor inherent to the d = 5 effective mass and
yields Mp ~ Mpg_;, that might be, at least in principle, acceptable. As a matter of fact
a nonsupersymmetric SO(10) model including 10y & 455 ® 1264 in the Higgs sector
has all the ingredients to be the minimal realistic version of the theory.

This option at the time of writing the thesis is subject of ongoing research [73].
Some preliminary results are reported in the last part of the thesis. We have per-
formed the minimization of the 45y & 126y potential and checked that the vacuum
constraints allow for threshold corrections leading to phenomenologically reason-
able values of Mpg_;. If the model turned out to lead to a realistic fermionic spectrum
it would be important then to perform an accurate estimate of the proton decay
branching ratios.

The outline of the thesis is the following: the first Chapter is an introduction to
the field of grand unification. The emphasis is put on the construction of SO(10)
starting from the SM and passing through SU(5) and the left-right symmetric groups.
The second Chapter is devoted to the issue of gauge couplings unification in non-
supersymmetric SO(10). A set of tools for a general two-loop analysis of gauge
coupling unification, like for instance the systematization of the U(1) mixing run-
ning and matching, is also collected. Then in the third Chapter we consider the
simplest and paradigmatic SO(10) Higgs sector made by 45y & 16y. After reviewing
the old tree level no-go argument we show, by means of an explicit calculation, that
the effective potential allows for those patterns which were accidentally excluded at
tree level. In the fourth Chapter we undertake the analysis of the similar no-go
present in supersymmetry with 455 @ 16y @ 16y in the Higgs sector. The flipped
SO(10) embedding of the hypercharge is proposed as a way out in order to obtain
a renormalizable breaking with only representations up to the adjoint. We conclude
with an Outlook in which we suggest the possible lines of development of the ideas
proposed in this thesis. The case is made for the hunting of the minimal realistic
nonsupersymmetric SO(10) unification. Much of the technical details are deferred
in a set of Appendices.
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Chapter 1

From the standard model to SO(10)

In this chapter we give the physical foundations of SO(10) as a grand unified group,
starting from the SM and browsing in a constructive way through the Georgi-
Glashow SU(5) [1] and the left-right symmetric groups such as the Pati-Salam one [2].
This will offer us the opportunity to introduce the fundamental concepts of GUTs,
as charge quantization, proton decay and the connection with neutrino masses in a
simplified and pedagogical way.

The SO(10) gauge group as a candidate for the unification of the elementary
interactions was proposed long ago by Georgi [74] and Fritzsch and Minkowski [75].
The main advantage of SO(10) with respect to SU(5) grand unification is that all
the known SM fermions plus three right handed neutrinos fit into three copies
of the 16-dimensional spinorial representation of SO(10). In recent years the field
received an extra boost due to the discovery of non-zero neutrino masses in the sub-
eV region. Indeed, while in the SM (and similarly in SU(5)) there is no rationale for
the origin of the extremely small neutrino mass scale, the appeal of SO(10) consists
in the predictive connection between the local B — L breaking scale (constrained by
gauge coupling unification somewhat below 10'® GeV) and neutrino masses around
25 orders of magnitude below. Through the implementation of some variant of the
seesaw mechanism [26, 27, 28, 29, 30, 31, 32, 33, 34] the inner structure of SO(10) and
its breaking makes very natural the appearance of such a small neutrino mass scale.
This striking connection with neutrino masses is one of the strongest motivations
behind SO(10) and it can be traced back to the left-right symmetric theories [2, 76, 77|
which provide a direct connection of the smallness of neutrino masses with the non-
observation of the V + A interactions [30, 34].

1.1 The standard model chiral structure

The representations of the unbroken gauge symmetry of the world, namely SU(3)c®
U(1)o, are real. In other words, for each colored fermion field of a given electric
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charge we have a fermion field of opposite color and charge!. If not so we would
observe for instance a massless charged fermion field and this is not the case.

More formally, being g an element of a group G, a representation D(g) is said
to be real (pseudo-real) if it is equal to its conjugate representation D*(g) up to a
similarity transformation, namely

SD(g)S™ = D*(g) forallg e G, (1.2)

whit S symmetric (antisymmetric). A complex representation is neither real nor
pseudo-real.
It's easy to prove that S must be either symmetric or antisymmetric. Suppose
T, generates a real (pseudo-real) irreducible unitary representation of G, D(g) =
expig, T, so that
ST,S™ = —-Tr. (1.3)

Because the T, are hermitian, we can write

ST.S'=-1"  or (SH'TIST=- T, (1.4)

which implies
T, = (s HTsT,s71sT (15)

or equivalently
[T.,S7'S"] =0. (1.6)

But if a matrix commutes with all the generators of an irreducible representation,
Schur’s Lemma tells us that it is a multiple of the identity, and thus

SISt A  or ST=2S. (1.7)

By transposing twice we get back to where we started and thus we must have A% = 1
and so A = +1, i.e. S must be either symmetric or antisymmetric.

! As is usual in grand unification we use the Weyl notation in which all fermion fields 1, are
left-handed (LH) four-component spinors. Given a 1, field transforming as ¥, — e°“3;, under the
Lorentz group (0w = w* Oy, Oy = é [7/“, %} and {y,, v} = 2g,») an invariant mass term is given by
¥/ Cip, where C is such that o],C = —Cay, or (up to a sign) C'9,C = —9,. Using the following
representation for the y matrices

0 _ 0 1 i 0 [¢]]
7‘<10 7=\ g 0 ) (11)

where o; are the Pauli matrices, an expression for C reads C = iyy9, with C = -C~! = —CT = —CT.

Notice that the mass term is not invariant under the U(1) transformation v;, — e1; and in order to
avoid the breaking of any abelian quantum number carried by 1, (such as lepton number or electric
charge) we can construct lp’LTch where for every additive quantum number ¥; and y;, have opposite
charges. This just means that if 1, is associated with a certain fundamental particle, ¥ is associated
with its antiparticle. In order to recast a more familiar notation let us define a field Y by the equation
¥y = P'C. In therms of the right-handed (RH) spinor g, the mass term can be rewritten as Py,



1.2. THE GEORGI-GLASHOW ROUTE 19

The relevance of this fact for the SM is encoded in the following observation:
given a left-handed fermion field v, transforming under some representation, re-
ducible or irreducible, ¥;, — D(g)i;, one can construct a gauge invariant mass term
only if the representation is real. Indeed, it is easy to verify (by using Eq. (1.2) and
the unitarity of D(g)) that the mass term ¢! CSy;, where C denotes the Dirac charge
conjugation matrix, is invariant. Notice that if the representation were pseudo-real
(e.g. a doublet of SU(2)) the mass term vanishes because of the antisymmetry of S2.

The SM is built in such a way that there are no bare mass terms and all the
masses stem from the Higgs mechanism. Its representations are said to be chiral
because they are charged under the SU(2), @ U(1)y chiral symmetry in such a
way that fermions are massless as long as the chiral symmetry is preserved. A
complex representation of a group G may of course become real when restricted
to a subgroup of G. This is exactly what happens in the SU(3)c ® SU(2), @ U(1)y —
SU(3)c @ U(1)o case.

When looking for a unified UV completion of the SM we would like to keep this
feature. Otherwise we should also explain why, according to the Georgi’s survival
hypothesis [78], all the fermions do not acquire a super-heavy bare mass of the order
of the scale at which the unified gauge symmetry is broken.

1.2 The Georgi-Glashow route

The bottom line of the last section was that a realistic grand unified theory is such that
the LH fermions are embedded in a complex representation of the unified group (in
particular complex under SU(3)c @ SU(2), @ U(1)y). If we further require minimality
(ie. rank 4 as in the SM) one reaches the remarkable conclusion [1] that the only
simple group with complex representations (which contains SU(3)c @ SU(2);, @ U(1)y
as a subgroup) is SU(5).

Let us consider the fundamental representation of SU(5) and denote it as a 5-
dimensional vector 5; (i = 1,..., 5). It is usual to embed SU(3)c ® SU(2),, in such
a way that the first three components of 5 transform as a triplet of SU(3)c and the
last two components as a doublet of SU(2);,

5=031)®1,2). (1.8)
In the SM we have 15 Weyl fermions per family with quantum numbers

q~(32+4) 0~01,2-1) u ~@B1,-2) d°~3,1,+4) e ~(1,1,+1). (19)

How to embed these into SU(5)? One would be tempted to try with a 15 of SU(5).
Actually from the tensor product

5@5 =10, & 155, (1.10)

°The relation CT = —C and the anticommuting property of the fermion fields must be also taken
into account.
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and the fact that 3@ 3 = 3, @ 65 one concludes that some of the known quarks
should belong to color sextects, which is not the case. So the next step is to try with
5@ 10 or better with 5 @ 10 since there is no (3,1) in the set of fields in Eq. (1.9).
The decomposition of 5 under SU(3)¢c ® SU(2), @ U(1)y is simply

5=031+h a2 -1), (1.11)

where we have exploited the fact that the hypercharge is a traceless generator of
SU(5), which implies the condition 3Y(d“) + 2Y(¢) = 0. So, up to a normalization
factor, one may choose Y(d®) = 1 and Y(¢) = —1. Then from Egs. (1.10)-(1.11) we
get

10=06®5x=031-2)a(32+)a11,+1). (1.12)
Thus the embedding of a SM fermion family into 5 & 10 reads
df 0 u;  —u; wy dy
3 d§ -us 0 uj  uy dy
5= d§ , 10 = u; —ufy O us ds |, (1.13)
e -uy —-uy -uz 0O e
—V —-d1 -—-dQ —-d3 —-e® 0

where we have expressed the SU(2);, doublets as q = (u d) and ¢ = (v e). Notice in
particular that the doublet embedded in 5 is ool ~ €*°.

It may be useful to know how the SU(5) generators act of 5 and 10. From the
transformation properties

5 (UN,5°, 10— UFU 10y, (1.14)
where U = expiT and TT = T, we deduce that the action of the generators is

65 = ~Ti5°, 510, = {T.10};. (1.15)
Already at this elementary level we can list a set of important features of SU(5) which

are typical of any GUT.

1.2.1 Charge quantization and anomaly cancellation

The charges of quarks and leptons are related. Let us write the most general electric
charge generator compatible with the SU(3)c invariance and the SU(5) embedding

Q =diag(a,a,a,b, —3a — b) , (1.16)
where Tr Q = 0. Then by applying Eq. (1.15) we find
Od) = -a Qle)=-b OQv)=3a+b (1.17)

5Here 0y is the second Pauli matrix and the symbol "~" stands for the fact that ios? and ¢* transform
in the same way under SU(2);..
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Ouf)=2a Olu)=a+b OWd)=-(2a+b) Qle)=-3a, (1.18)

so that apart for a global normalization factor the charges do depend just on one
parameter, which must be fixed by some extra assumption. Let's say we require
Q(v) = 0% that readily implies

Q(e®) = —Qle) = ;0(u) = —50°) = ~30Q(d) = 30(d°) = b, (1.19)

i.e. the electric charge of the SM fermions is a multiple of 2b.

Let us consider now the issue of anomalies. We already know that in the SM
all the gauge anomalies vanish. This property is preserved in SU(5) since 5 and
10 have equal and opposite anomalies, so that the theory is still anomaly free. In
order to see this explicitly let us decompose 5 and 10 under the branching chain
SU®B) > SU4) @ U1)y > SUB) @ U1)a@ U1)p

5=1(4) @ 4(-1) = 1(4,0) & 1(-1,3) & 3(-1, —1), (1.20)
10 = 4(3) @ 6(=2) = 1(3,3) @ 3(3, —1) © 3(-2, —2) ® 3(-2, —-2), (1.21)

where the U(1) charges are given up to a normalization factor. The anomaly A(R)
relative to a representation R is defined by

Tr {T%, T} TS = A(R)d™, (1.22)
where d?° is a completely symmetric tensor. Then, given the properties
ARy & Ry) = A(Ry) + A(Ry) and A(R) = —A(R), (1.23)

it is enough to compute the anomaly of the SU(3) subalgebra of SU(5),

fLSU(S)(5) = fLSU(3)<3)' fLSU@)(iO) = fLSU(3)<3) + fLSU(3)(3> + Asupm) (3). (1.24)

in order to conclude that A(5 @ 10) = 0.
We close this section by noticing that anomaly cancellation and charge quantiza-
tion are closely related. Actually it is not a chance that in the SM anomaly cancel-

lation implies charge quantization, after taking into account the gauge invariance of
the Yukawa couplings [6, 7, 8, 9, 10].

1.2.2 Gauge coupling unification

At some grand unification mass scale My the relevant symmetry is SU(5) and the
Js, go, g’ coupling constants of SU(3)c ® SU(2);, ® U(1)y merge into one single gauge
coupling gy. The rather different values for gs, go, g’ at low-energy are then due to
renormalization effects.

“That is needed in order to give mass to the SM fermions with the Higgs mechanism. The simplest
possibility is given by using an SU(2);, doublet H C 5p (cf. Sect. 1.2.6) and in order to preserve U(1)q
it must be Q((H)) = 0.



22 CHAPTER 1. FROM THE STANDARD MODEL TO SO(10)

Before considering the running of the gauge couplings we need to fix the relative
normalization between g, and g’, which enter the weak interactions

g2T3 + gly . (125)
We define Ty v2
r
—— 1.26
G Tr T2 (1.26)

so that V; = ¢ 12V is normalized as Ts. In a unified theory based on a simple group,
the coupling which unifies is then (g4 ¥V, = g'Y)
g1 =\Cg'. (1.27)
Evaluating the normalization over a 5 of SU(5) one finds
2 2
3=y 5 s
C - 1\2 1\ 2 - 3 , ( . )
(3)" +(=3)
and thus one obtains the tree level matching condition
gu = gs(My) = go(My) = g1(My). (1.29)

At energies 1 < My the running of the fine-structure constants (a; = g2/4s) is given
by

a;
o
where t = log(u/p) and the one-loop beta-coefficient for the SM reads (as, as, ay) =

(=7, -1 L) Starting from the experimental input values for the (consistently nor-

a Ht) = a7 H0) (1.30)

6’10
malized) SM gauge couplings at the scale My = 91.19 GeV [79]
a; = 0.016946 + 0.000006,
a; = 0.033812 + 0.000021, (1.31)

az = 0.1176 £ 0.0020,

it is then a simple exercise to perform the one-loop evolution of the gauge couplings
assuming just the SM as the low-energy effective theory. The result is depicted
in Fig. 1.1

As we can see, the gauge couplings do not unify in the minimal framework, al-
though a small perturbation may suffice to restore unification. In particular, thresh-
olds effects at the My scale (or below) may do the job, however depending on the
details of the UV completion®.

By now Fig. 1.1 remains one of the most solid hints in favor of the grand unifi-
cation idea. Indeed, being the gauge coupling evolution sensitive to the log of the
scale, it is intriguing that they almost unify in a relatively narrow window, 10'°+18 GeV,
which is still allowed by the experimental lower bound on the proton lifetime and a
consistent effective quantum field theory description without gravity.

5Tt turns out that threshold corrections are not enough in order to restore unification in the
minimal Georgi-Glashow SU(5) (see e.g. Ref. [80]).
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ozf

o » log,,(1/GeV)

Figure 1.1: One-loop running of the SM gauge couplings assuming the U(1)y embedding into
SU(B).
1.2.3 Symmetry breaking

The Higgs sector of the Georgi-Glashow model spans over the reducible 5y ® 24y
representation. These two fields are minimally needed in order to break the SU(5)
gauge symmetry down to SU(3)c @ SU(2);, @ U(1)y and further to SU(3)c @ U(1)o.
Let us concentrate on the first stage of the breaking which is controlled by the rank-
conserving VEV (24y). The fact that the adjoint preserves the rank is easily seen by
considering the action of the Cartan generators on the adjoint vacuum

6 (%4n); = [Tcartan, (24m)]; . (1.32)
derived from the transformation properties of the adjoint
247 — (U, U} 247 . (1.33)

Since (24y) can be diagonalized by an SU(5) transformation and the Cartan gener-
ators are diagonal by definition, one concludes that the adjoint preserves the Cartan
subalgebra. The scalar potential is given by

V(Q4p) = —m>Tr 24% + Ay (Tr24%)° + ATr 24%, (1.34)

where just for simplicity we have imposed the discrete symmetry 24y — —24p4. The
minimization of the potential goes as follows. First of all (24y) is transformed into
a real diagonal traceless matrix by means of an SU(5) transformation

(24y) = diag(hy, ho, hs, hy, hs), (1.35)

where hy + hy + hs + h;, + hs = 0. With 24y in the diagonal form, the scalar potential

reads )
V(24n) = —m*Y "hi + A <Zh?> +p ) By (1.36)
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Since the h;’s are not all independent, we need to use the lagrangian multiplier p
in order to account for the constraint ) . h; = 0. The minimization of the potential
V'(24y) = V(24y) — nTr 24y yields

OV (Q4ny)

2 2
on, —2m~h; + 4 Zhj h; + 4Mh? —p = 0. (1.37)

]

Thus at the minimum all the h;’s satisfy the same cubic equation

baox® + (4ha —2m*)x —p =0  with a= Zhlg (1.38)
J

This means that the the h;’s can take at most three different values, ¢y, ¢ and ¢s,
which are the three roots of the cubic equation. Note that the absence of the x* term
in the cubic equation implies that

o1+ ¢+ 3 =0. (1.39)

Let ny, ny and nz the number of times ¢, ¢, and ¢s appear in (24y),

<24H> = diag(¢1 ..... bo, ..., d)g) with nqy + nodpy + nzps = 0. (140)

Thus (24p) is invariant under SU(ny)@SU(ny) @ SU(ns) transformations. This implies
that the most general form of symmetry breaking is SU(n) — SU(ny) ® SU(ny) ®
SU(ns) as well as possible U(1) factors (total rank is 4) which leave (24y) invariant.
To find the absolute minimum we have to use the relations

ny @y + nogo + nzdz = 0 and G1+ Py + P35 =0 (1.41)

to compare different choices of {n;, ny, ns} in order to get the one with the smallest
V(24y). It turns out (see e.g. Ref. [45]) that for the case of interest there are two
possible patterns for the symmetry breaking

SUB)— SUB)@SU@Q) @ U(1)  or  SUB)— SU4) @ U1), (1.42)

depending on the relative magnitudes of the parameters A; and A,. In particular for
M > 0 and Ay, > 0 the absolute minimum is given by the SM vacuum [45] and the
adjoint VEV reads

(24y) = Vdiag(2,2,2, -3, -3). (1.43)
Then the stability of the vacuum requires
2\ ? 4 7
M <Tr<24H> ) FaTr () >0 = > sk (1.44)

and the minimum condition

OV ((241))

EIa. 0 — 60V (—m” + 2V*(304; + Thy)) = 0 (1.45)



1.2. THE GEORGI-GLASHOW ROUTE 25

yields
2
m
Ve ——— 1.46
203041 + Thy) ( )
Let us now write the covariant derivative
D24y = 0,24y + ig [Au,QéH] , (1.47)

where A, and 24y are 5 x 5 traceless hermitian matrices. Then from the canonical
kinetic term,

Tr D, (241) D* (2%41) = g°Tr [Au, (24x)] [(24n) , A¥] (1.48)

and the shape of the vacuum _ ‘
(24H); = h;5; , (1.49)

where repeated indices are not summed, we can easily extract the gauge bosons
mass matrix from the expression

g” [Ap, (24m)]] [(24n) , AM)] = g” (A,)} (AF)] (R — hy)” . (150)

The gauge boson fields (A,)! having i = 1,2,3 and j = 4,5 are massive, My = 25g*V?,
while i,j = 1,2,3 and i,j = 4,5 are still massless. Notice that the hypercharge
generator commutes with the vacuum in Eq. (1.43) and hence the associated gauge
boson is massless as well. The number of massive gauge bosons is then 24 — (8 +
3+ 1) = 12 and their quantum numbers correspond to the coset SU(5)/SU(3)c ®
SU(2);, ® U1)y. Their mass My is usually identified with the grand unification scale,
MU-

1.2.4 Doublet-Triplet splitting
The second breaking step, SU(3)c @ SU(2), ® U(1)y — SU(3)c @ U(1)q, is driven by

a by where
T
By = < g > , (1.51)

decomposes into a color triplet T and an SU(2); doublet H. The latter plays the same
role of the Higgs doublet of the SM. The most general potential containing both 24y
and 5y can be written as

where V(24y) is defined in Eq. (1.34),
. 2
V(5n) = —p2 5050 + A <5H5H> , (153)

and
V(24y,5y) = ab),55Tr 247 + B5,24%5 . (1.54)
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Again we have imposed for simplicity the discrete symmetry 24y — —24y. It is
instructive to compute the mass of the doublet H and the triplet T in the SM vacuum
just after the first stage of the breaking

Mp = —p* + (30a + 9B)V*, M7 = —p” + (30a + 4B) V2. (1.55)

The gauge hierarchy My > My requires that the doublet H, containing the would-
be Goldstone bosons eaten by the W and the Z and the physical Higgs boson, live at
the My scale. This is unnatural and can be achieved at the prize of a fine-tuning of
one part in O(M%/M%,) ~ 10% in the expression for M7. If we follow the principle
that only the minimal fine-tuning needed for the gauge hierarchy is allowed then
My is automatically kept heavy®. This goes under the name of doublet-triplet (DT)
splitting. Usually, but not always [83, 84|, a light triplet is very dangerous for the
proton stability since it can couple to the SM fermions in such a way that baryon
number is not anymore an accidental global symmetry of the low-energy lagrangian’.

A final comment about the radiative stability of the fine-tuning is in order. While
supersymmetry helps in stabilizing the hierarchy between My and My against ra-
diative corrections, it does not say much about the origin of this hierarchy. Other
mechanisms have to be devised to render the hierarchy natural (for a short dis-
cussion of the solutions proposed so far cf. Sect. 4.4.3). In a nonsupersymmetric
scenario one needs to compute the mass of the doublet in Eq. (1.55) within a 13-loop
accuracy in order to stabilize the hierarchy.

1.2.5 Proton decay

The theory predicts that protons eventually decay. The most emblematic contribution
to proton decay is due to the exchange of super-heavy gauge bosons which belong
to the coset SU(5)/SU(3)c @ SU(2), @ U(1)y. Let us denote the matter representations
of SU(5) as

5= (), 10 = (¥4, ) (1.56)

where the greek and latin indices run respectively from 1 to 3 (SU(3)c space) and 1
to 2 (SU(2),, space). Analogously the adjoint 24 can be represented as

24 = (X§, X!, XS - 3XI, X0, XL) (157)

from which we can readily recognize the gauge bosons associated to the SM un-
broken generators ((8,1) ® (3,1) & (1,1)) and the two super-heavy leptoquark gauge

6In some way this is an extension of the Georgi's survival hypothesis for fermions [78], according
to which the particles do not survive to low energies unless a symmetry forbids their large mass
terms. This hypothesis is obviously wrong for scalars and must be extended. The extended survival
hypothesis (ESH) reads: Higgs scalars (unless protected by some symmetry) acquire the maximum
mass compatible with the pattern of symmetry breaking [81]. In practice this corresponds to the
requirement of the minimal number of fine-tunings to be imposed onto the scalar potential [82].

"Let us consider for instance the invariants qqT and qfT*. There’s no way to assign a baryon
charge to T in such a way that U(1)p is preserved.
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bosons ((3,2) @ (3,2)). Let us consider now the gauge action of X* on the matter
fields

Xt Y= (d—ve), Wyt du—u), Woy?(ef —ud). (158)

1

Thus diagrams involving the exchange of a X" boson generate processes like
ud — u‘e®, (1.59)

whose amplitude is proportional to the gauge boson propagator. After dressing the
operator with a spectator quark u, we can have for instance the low-energy process
p — t’e*, whose decay rate can be estimated by simple dimensional analysis

5

2
Sl 3 (1.60)

My

I'(p— 7le*) ~

Using T(p — 7¥%*) > 8.2 x 10% years [11] we extract (for aj' = 40) the naive lower
bound on the super-heavy gauge boson mass

My > 2.3 x 10'° GeV (1.61)

which points directly to the grand unification scale extrapolated by the gauge running
(see e.g. Fig. 1.1).

Notice that B — L is conserved in the process p — s’e*. This selection rule is
a general feature of the gauge induced proton decay and can be traced back to the
presence of a global B — L accidental symmetry in the transitions of Eq. (1.58) after
assigning B — L (X{) = 2/3.

1.2.6 Yukawa sector and neutrino masses

The SU(5) Yukawa lagrangian can be written schematically® as
= 1
;ﬁy = 5FY51OF5*H + §6510FY1010F5H + hc., (162)

where &5 is the b-index Levi-Civita tensor. After denoting the SU(B) representations
synthetically as

= [ d° [ eu® q [T

- (4) 0= (95 9} 5o (1), ue
where €3 is the 3-index Levi-Civita tensor and €, = io,, we project Eq. (1.62) over the
SM components. This yields

esu® g

BFY5101:5* = (dc €€2T> < —qT 6260

> < EI > > d°VsqH + (Vs H*,  (1.64)

8More precisely 5pV510p5% = (51?);1 Cry (V5)™" (10F)‘Zﬁn 55 and e10pVio10p5y =
caBrse (10F)sgm Cry (Y10)™" (10;‘)‘;}/&1 (5y)., where (a,B,7,6,€), (m,n) and (x,y) are respectively SU(5),
family and Lorentz indices.
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1 1
§€510FY1010F5H — Euc (Yio + Yio) qH . (1.65)

After rearranging the order of the SU(2);, doublet and singlet fields in the second
term of Eq. (1.64), ie. ¢Vse°H* = eV ¢H*, one gets

V=Y and VY, =V, (1.66)

which shows a deep connection between flavor and the GUT symmetry (which is
not related to a flavor symmetry). The first relation in Eq. (1.66) predicts m,(My) =
m.(My), ms(My) = m,(My) and mq(My) = me(My) at the GUT scale. So in order
to test this relation one has to run the SM fermion masses starting from their low-
energy values. While my(My) = m,(My) is obtained in the MSSM with a typical
20 — 30% uncertainty [85], the other two relations are evidently wrong. By exploit-
ing the fact that the ratio between my/m. and ms/m,, is essentially independent of
renormalization effects [86], we get the scale free relation

my/ms = me/my,, (1.67)

which is off by one order of magnitude.

Notice that my = m, comes from the fact that the fundamental (55) breaks SU(5)
down to SU(4) which remains an accidental symmetry of the Yukawa sector. So one
expects that considering higher dimensional representations makes it possible to
further break the remnant SU(4). This is indeed what happens by introducing a 45y
which couples to the fermions in the following way [87]

5r10p45% 4+ 10510545y + h.c.. (1.68)

The first operator leads to Y; = —3Y,, so that if both 55 and 45y are present more
freedom is available to fit all fermion masses. Alternatively one can built an effective
coupling [88]

1_

K5F10F(<24H> 5H)z5 (1.69)

which mimics the behavior of the 454. If we take the cut-off to be the planck scale
Mp, this nicely keeps b — T unification while corrects the relations among the first
two families. However in both cases we loose predictivity since we are just fitting
M, and M, in the extended Yukawa structure.

Finally what about neutrinos? It turns out [89] that the Georgi-Glashow model
has an accidental global U(1)s symmetry with the charge assignment G(5p) = —%,
G(10r) = +1 and G(5y) = +2. The VEV (5y) breaks this global symmetry but leaves
invariant a linear combination of G and a Cartan generator of SU(5). It easy to see
that any linear combination of G + éY, Q, and any color generators is left invariant.
The extra conserved charge G + %Y when acting on the fermion fields is just B — L.
Thus neutrinos cannot acquire neither a Dirac (because of the field content) nor a
Majorana (because of the global B — L symmetry) mass term and they remain exactly
massless even at the quantum level.
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Going at the non-renormalizable level we can break the accidental U(1)g sym-
metry. For instance global charges are expected to be violated by gravity and the
simplest effective operator one can think of is [90]

1 _ _
— . 17
W 5rbr5y5, (1.70)

However its contribution to neutrino masses is too much suppressed (m, ~ O(M3,/Mp)
~107° eV). Thus we have to extend the field content of the theory in order to gener-
ate phenomenologically viable neutrino masses. Actually, the possibilities are many.

Minimally one may add an SU(5) singlet fermion field 1r. Then, through its
renormalizable coupling 5r175y, one integrates 1 out and generates an operator
similar to that in Eq. (1.70), but suppressed by the SU(5)-singlet mass term which
can be taken well below Mp.

A slightly different approach could be breaking the accidental U(1)s symmetry by
adding additional scalar representations. Let us take for instance a 10y and consider
then the new couplings [39]

cfm D ](5[.5[-10[—[ + M 1OH10H5H . (171)

Since G(5r) = —£ and G(5y) = +% there’s no way to assign a G-charge to 10y in
order to preserve U(1)s. Thus we expect that loops containing the B — L breaking
sources f and M can generate neutrino masses.

So what is wrong with the two approaches above? In principle nothing. But
maybe we should try to do more than getting out what we put in. Indeed we are
just solving the issue of neutrino masses "ad hoc", without correlations to other
phenomena. In addition we do not improve unification of minimal SU(5)°.

Guided by this double issue of the Georgi-Glashow model, two minimal extensions
which can cure at the same time both neutrino masses and unification have been
recently proposed

e Add a 155 = (1,3)y & (6,1)g @ (3,2)y [43]. Here (1,3)y is an Higgs triplet
responsible for type-II seesaw. The model predicts generically light leptoquarks
(3,2)y and fast proton decay [91].

e Addda24r = (1, 1)r@(1,3)r®(8,1)r® (3,2 r®(3,2)F [44]. Here (1,1)r and (1, 3)r
are fields responsible respectively for type-I and type-IIl seesaw. The model
predicts a light fermion triplet (1, 3)r and fast proton decay [92].

Another well motivated and studied extension of the Georgi-Glashow model is
given by supersymmetric SU(5) [93]. In this case the supersymmetrization of the
spectrum is enough in order to fix both unification and neutrino masses. Indeed,
if we do not impose by hand R-parity conservation Majorana neutrino masses are
automatically generated by lepton number violating interactions [94].

9An analysis of the thresholds corrections in the Georgi-Glashow model with the addition of the
10y indicates that unification cannot be restored.
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1.3 The Pati-Salam route

In the SM there is an intrinsic lack of left-right symmetry without any explanation
of the phenomenological facts that neutrino masses are very small and the weak
interactions are predominantly V — A. The situation can be schematically depicted
in the following way

. Uy Uy Uz 0 — % dc:((f gdg
T=\d d ds e u® = (u§ u§ u§
where q = (3,2, +3), ¢ = (1,2,—3), d° = (3,1, +
under SU(3)c ® SU(2);, @ U(1)y.

Considering the SM as an effective theory, neutrino masses can be generated by

a d =5 operator [25] of the type
v
Ap

where €, = i0, and C is the charge-conjugation matrix. After electroweak symmetry
breaking, (H) = v, neutrinos pick up a Majorana mass term M,v"Cv with

eC
) (1.72)

), u¢ = (3,1, —2) and e = (1,1, +1)

[N O

(SN Lo

((Te,H)C(H ey0), (1.73)

2
%
M, =Y,—.
Al
The lower bound on the highest neutrino eigenvalue inferred from /Amgym ~
0.05 eV tells us that the scale at which the lepton number is violated is

AL <V, 0101 GeV). (1.75)

(1.74)

Notice that without a theory which fixes the structure of Y, we dont have much to
say about Aj.

Actually, by exploiting the Fierz identity (0i)ap(0i)cd = 260dSch — SabSed, ONe finds
that the operator in Eq. (1.73) can be equivalently written in three different ways

(0Te;H)C(H  ept) = %(ETC@@@)(HT@@H) — —(Teyo.H)C(H  €50:0) . (1.76)
Each operator in Eq. (1.76) hints to a different renormalizable UV completion of the
SM. Indeed one can think those effective operators as the result of the the integration
of an heavy state with a renormalizable coupling of the type

(0Te,H)Ch" (0T Ceyoil) A (0Tey0;H)CT;, (1.77)

where 1°, A; and T; are a fermionic singlet (Y = 0), a scalar triplet (Y = +1) and
a fermionic triplet (V¥ = 0). Notice that being v¢, A; & A} and T; vector-like states
their mass is not protected by the electroweak symmetry and it can be identified
with the scale A;, thus providing a rationale for the smallness of neutrino masses.
This goes under the name of seesaw mechanism and the three options in Eq. (1.77)
are classified respectively as type-l [26, 27, 28, 29, 30], type-II [31, 32, 33, 34] and
type-III [35] seesaw.
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1.3.1 Left-Right symmetry

Guided by the previous discussion on the renormalizable origin of neutrino masses,
it is then very natural to to fill the gap in the SM by introducing a SM-singlet fermion
field 1°. In such a way the spectrum looks more "symmetric' and one can imagine
that at higher energies the left-right symmetry is restored, in the sense that left and
right chirality fermions'® are assumed to play an identical role prior to some kind
of spontaneous symmetry breaking.

The smallest gauge group that implement this idea is SU(3)c @ SU(2);, @ SU(2)p @
Ull)g_L ® Zy [2, 76, TT], where Z, is a discrete symmetry which exchange SU(2);, <
SU(2)p. The field content of the theory can be schematically depicted as

_ ([ W U Uz [ e as ds  dS . oc
q_<d1 dy d3>€_<e>q_<—u§ —uS —ug =1 _c (1.78)

where q = (3,2,1,+1), € = (1,2,1,-1), ¢° = (3,1,2*, —1), ¢ = (1,1,2*, +1), under
SUB)c@SU2), @ SU((2)p® U(1)p_1. Given this embedding of the fermion fields one
readily verifies that the electric charge formula takes the expression

- L

B
Q=T+ Th+ 5

(1.79)

Next we have to state the Higgs sector. In the early days of the development of
left-right theories the breaking to the SM was minimally achieved by employing
the following set of representations: &, = (1,2,1,+1), &p = (1,1,2, +1) and & =
(1,2,2*,0) [2, 76, TT]. However, as pointed out in [30, 34], in order to understand the
smallness of neutrino masses it is better to consider A, = (1,3,1,+2) and Ap =
(1,1,3, +2) in place of &, and &p.

Choosing the matrix representation Ay p = A} ,0;/2 for the SU(2);, p adjoint and
defining the conjugate doublet & = 0,d*0,, the transformation properties for the
Higgs fields under SU(2);, and SU(2)p read

AL U AL UL, Apg— UgARUL, > UDUL, & — USUL, (1.80)

and consequently we have

AL = [T Al 61Ar =0 S = Tid 5P = Tid
SpAL =0 SpAR = [Th, Ap]  &pdP = —®Ts b = —dT;  (1.81)
6B—LAL = +2AL éB—LAR = +2Ap 5B_LCI3 =0 (SB_LCI) =0.

10As already stressed we work in a formalism in which all the fermions are left-handed four com-
ponents Weyl spinors. The right chirality components are obtained by means of charge conjugation,
namely ¥, = Y7 C or equivalently ¥ = Cyot.
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Then, given the expression for the electric charge operator in Eq. (1.79), we can
decompose these fields in the charge eigenstates

_(ATV2 AT _ (9 ¢>1+> ~_<¢>8* —¢5>
AL,R = < AO HA_’_/\/Q >L’R , b = < ¢§ ¢8 , b = _¢17 ?* . (182)

In order to fix completely the theory one has to specify the action of the Z,
symmetry on the field content. There are two phenomenologically viable left-right
discrete symmetries: Z!’ and Z5. They are defined as

Y, «—  UYp Y Y]

D A «—— Ap c . A —— A}

Z5 b s P and Zy D s CI)¥ (1.83)
Wy «— Wy Wy e— Wy

The implications of this two cases differ by the tiny amount of CP violation. Indeed
when restricted to the fermion fields we can identify Z) and Z{ respectively with
Py, — Ypand C: Y, — Yf = Cyp. In the former case the Yukawa matrices
are hermitian while in the latter they are symmetric. So if CP is conserved (real
couplings) Z}’ and Z§ lead to the same predictions.

Notice that Z$ involves an exchange between spinors with the same chirality.
In principle this would allow the embedding of Z{ into a gauge symmetry which
commutes with the Lorentz group. The gauging is conceptually important since it
protects the symmetry from unknown UV effects.

Remarkably it turns out that Z$ can be identified with a finite gauge transforma-
tion of SO(10) which, historically, goes under the name of D-parity [95, 96, 97, 98, 99].
The connection with SO(10) motivates our notation in terms of left-handed fermion
fields which fits better for the Z{ case.

Let us consider now the symmetry breaking sector. From Eq. (1.82) we deduce
that the SM-preserving vacuum directions are

z v 0
(®) - < 5 o > . (1.84)

s=(5,8) @=(3 ).

The minimization of the scalar potential (see e.g. Appendix B of Ref. [34]) shows
that beside the expected left-right symmetric minimum v, = v, we have also the
asymmetric one

v = Vg, VLVR = YV}, (in the approximation vy, = 0), (1.85)

where 7 is a combination of parameters of the Higgs potential. Since the discrete
left-right symmetry is defined to transform A, < Ap (AL < A}) in the case of Zf
(Z$), the VEVs in Eq. (1.85) breaks it spontaneously. Phenomenologically we have to
require vp > vy > v, which leads to the following breaking pattern

SU@B)e @ SU2), @ SUQ)p © Ul)p_1, ® Zy — SU(3)c ® SU2), @ U(l)y

v >y,

Y SUB) e Ull)y, (1.86)



1.3. THE PATI-SALAM ROUTE 33

where the gauge hierarchy is set by the gauge boson masses My, Mz, > My, , Mz, .
Let us verify this by computing My, and Mz,. We start from the covariant derivative

DpAR = 8,Ar + igr [Th, Ag] (Aéz)“ + igB—LB - LAR (Ap-1), , (1.87)
and the canonically normalized kinetic term
Tr (D, (Ar))' D" (AR) (1.88)
which leads to
My, = grvi, Mz, =2(gp+ g5 )ve, Mg =0, (1.89)
where
Wi — AR :—;EiA% Zp — grA% + g 1ABL v gs-1.A% — grAp_y (1.90)

\/ gh + 9123—1, \/ gh + 91%—1,

Given the relation gy = gp°+9g5-.'! and the Z, symmetry in Eq. (1.83) which implies
Jr = g1, = g, we obtain
2g°
M%R = ﬁM%VR ~ 2.6 M%VR. (1.91)
g® —9gy
At the next stage of symmetry breaking ((#) # 0 and (A;) # 0) an analogous
calculation yields (in the approximation vy = 0)

1 1
My = 0 (G 28) . ML =g (g gl () M0, (1)
where
Al = A2 A3 — guA A3 A
e e A L N L (1.93)
V2 Vi +go VL + gy

Notice that in order to preserve p = 1 at tree level, where

Mgy, g% + gt

_ 1.94
p ME o (1.94)

one has to require v; < vy.
On the other hand at energy scales between My, and Myy,, SU(2);, @ U(1)y is still
preserved and Eq. (1.79) implies

ATy = —%A(B —~L). (1.95)

Since Ap is an SU(2)p triplet AT; = 1 and we get a violation of B — L by two units.
Then two classes of B and L violating processes can arise:

"This relation comes directly from V = T3 + % (cf. Eq. (1.79)). For a formal proof see Sect. 2.2.4.
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e AB =0 and AL = 2 which imply Majorana neutrinos.
e AB =2 and AL = 0 which lead to neutron-antineutron oscillations.

Let us describe the origin of neutrino masses while postponing the discussion of
neutron-antineutron oscillations to the next section.
The piece of lagrangian relevant for neutrinos is

Ly D Yol " Cerdl® + Yol Cerdl® + Ya ((TCepALl + T CARel) + he.,  (1.96)

The invariance of Eq. (1.96) under the SU(2);, @ SU(2)p might not be obvious. So let us
recall that, on top of the transformation properties in Eq. (1.80), ¢ — Uy, ¢, ¢¢ — Up ¢°,
and Ul e = & UE’R. After projecting Eq. (1.96) on the SM vacuum directions and
taking only the pieces relevant to neutrinos we get

Ly D Yo Crwy + Yo" Crvs + Ya (v Crvp + v Crvy) + hee.. (1.97)

Let us take for simplicity v, = O and consider real parameters. Then the neutrino
mass matrix in the symmetric basis (v 1°) reads

Yavr, i7<1>V1
< ?£V1 YAVR > ’ <198)

and, given the hierarchy vp > v; > v, the matrix in Eq. (1.98) is block-diagonalized
by a similarity transformation involving the orthogonal matrix

1—5op"  p
2
< _pT 1 — %pr ’ (199)
where p = Y5 V'v;/vp. The diagonalization is valid up to O(p?) and yields
9

m, = Vavy — ?q,ygi?g“j—;. (1.100)

The two contributions go under the name of type-II and type-I seesaw respectively.
From the minimization of the potential'* (see Eq. (1.85)) one gets v, = yv{/vg and

12Even without performing the complete minimization we can estimate the induced VEV v, by
looking at the following piece of potential

Vo —MZ TrAJAL + ATr Al OARDT . (1.101)
On the SM-vacuum Eq. (1.101) reads
(V) o —=M3Z vi + Avpvplw|?, (1.102)

and from the extremizing condition with respect to v;, we get

(1.103)
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hence the effective neutrino mass matrix reads

v?

(yﬂ Vo Vs 1y¢> n (1.104)
Vr

This equation is crucial since it shows a deep connection between the smallness of

neutrino masses and the non-observation of V + A currents [30, 34]. Indeed in the

limit vp — oo we recover the V — A structure and m, vanish.

Nowadays we know that neutrino are massive, but this information is not enough
in order to fix the scale vy because the detailed Yukawa structures are unknown.
In this respect one can adopt two complementary approaches. From a pure phe-
nomenological point of view one can hope that the V + A interactions are just behind
the corner and experiments such us the LHC are probing right now the TeV region'®.
Depending on the choice of the discrete left-right symmetry which can be either Z}
or Z§, the strongest bounds on My, are given by the K} — K5 mass difference which
vields My, > 4 TeV in the case of Z} and My, > 2.5 TeV in the case of Z§ [100, 101].

Alternatively one can imagine some well motivated UV completion in which the
Yukawa structure of the neutrino mass matrix is correlated to that of the charged
fermions. For instance in SO(10) GUTs it usually not easy to disentangle the highest
eigenvalue in Eq. (1.104) from the top mass. This implies that the scale vp must
be very heavy, somewhere close to 10'* GeV. As we will see in Chapter 2 this
is compatible with unification constraints and strengthen the connection between
SO(10) and neutrino masses.

1.3.2 Lepton number as a fourth color

One can go a little step further and imagine a partial unification scenario in which
quarks and leptons belong to the same representations. The simplest implementation
is obtained by collapsing the multiplets in Eq. (1.78) in the following way

Uy Up uz v . di d5 df e°
Q= < di dy ds e > @ = < —u§ —ug —u§ e > (1:105)
so that SU(3)c ® U(1)g_, C SU(4)c and the fermion multiplets transform as Q =
(4,2,1) and Q° = (4,1,2*) under SU(4)c ® SU(2);, ® SU(2)p, which is known as the
Pati-Salam group [2]. Even in this case one can attach an extra discrete symmetry
which exchange SU(2);, < SU(2)p.

The Higgs sector of the model is essentially an extension of that of the left-right
symmetric model presented in Sect. 1.3.1. Indeed we have A; = (E,S,i), Ap =
(10,1,3) and ® = (1,2,2%). From the decomposition 10 = 6(+2/3) & 3(—2/3) & 1(—-2)
under SU(4)c D SU(3)c® U(1)p_1, and the expression for the electric charge operator

131t has been pointed out recently [36] that a low O(TeV) left-right symmetry scale could be welcome
in view of a possible tension between neutrinoless double beta decay signals and the upper limit on
the sum of neutrino masses coming from cosmology.
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in Eq. (1.79), we can readily see that (Ap) contains a SM-single direction and so the
first stage of the breaking is given by

SUWM)e @ SUQ), ® SUR)R 25 SUG)e @ SUQ), ® Ull)y, (1.106)
while the final breaking to SU(3)c ® U(1)o is obtained by means of the bi-doublet
VEV (®). Analogously to the left-right symmetric case an electroweak triplet VEV
(AL) <« (P) is induced by the Higgs potential and the conclusions about neutrino
masses are the same.

A peculiar feature of the Pati-Salam model is that the proton is stable in spite
of the quark-lepton transitions due to the SU(4)¢c interactions. Let us consider first
gauge interactions. The adjoint of SU(4)c decomposes as 15 = 1(0) & 3(+4/3) @
3(—4/3) @ 8(0) under SU(3)¢ ® U(1)p_;. In particular the transitions between quark
and leptons due to Xpg = 3(+%) and Xps = 3(—%) come from the current interactions

Lps D % <X55 [ayv + dyfe] + Xﬁs [ucyte + ﬁy’leCD + hec. (1.107)
It turns out that Eq. (1.107) has an accidental global symmetry G, where G(Xps) = —
Glu) = G(d) = +%, Glv) = Gle) = +1, G(Xps) = +%, Gu®) = G(d°) = -1, G(r°)
G(e€) = —1. G is nothing but B + L when evaluated on the standard fermions. Thus,
given that B — L is also a (gauge) symmetry, we conclude that both B and L are
conserved by the gauge interactions.

The situation regarding the scalar interactions is more subtle. Actually in the
minimal model there is an hidden discrete symmetry which forbids all the AB =1
transitions, like for instance qqq¥ (see e.g. Ref. [102] )!*. A simple way to see it is that
any operator of the type qqq? ¢ QQQQ and the Q* term must be contracted with
an €;j tensor in order to form an SU(4)¢ singlet. However, since the Higgs fields in
the minimal model are either singlets or completely symmetric in the SU(4)¢c space,
they cannot mediate Q* operators.

On the other hand AB = 2 transitions like neutron-antineutron oscillations are
allowed and they proceed through d = 9 operators of the type [102]

2
23

(Ar) (udd)(udd), (1.108)

MR,
which are generated by the Pati-Salam breaking VEV (Ag). The fact that (Ar) can be
pushed down relatively close to the TeV scale without making the proton to decay is
phenomenologically interesting, since one can hope in testable neutron-antineutron
oscillations (for a recent review see Ref. [103]). Present bounds on nuclear insta-
bility give Ty > 10% yr, which translates into a bound on the neutron oscillation
time 1,_, > 10% sec. Analogous limits come from direct reactor oscillations ex-
periments. This sets a lower bound on the scale of AB = 2 nonsupersymmetric
(d = 9) operators that varies from 10 to 300 TeV depending on model couplings.
Thus neutron-antineutron oscillations probe scales far below the unification scale.

“Notice that this is just the reverse of the situation with the minimal SU(5) model where AB = 2
transitions are forbidden.
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1.3.3 One family unified

The embedding of the left-right symmetric models of the previous sections into a
grand unified structure requires the presence of a rank-5 group. Actually there are
only two candidates which have complex representations and can contain the SM as
a subgroup. These are SU(6) and SO(10). The former group even though smaller it
is somehow redundant!® since the SM fermions would be minimally embedded into
6r @ 15¢ which under SU(5) ® U(1) decompose as

6=1(+5 ®5(—1) and 15 =5(—4) ®10(+2), (1.109)

yielding an exotic 5 on top of the SM fermions.

Thus we are left with SO(10). There are essentially two ways of looking at this
unified theory, according to the two maximal subalgebras which contain the SM:
SU((B) ® U(1) and SO(6) ® SO(4). The latter is locally isomorphic to SU(4) @ SU(2) ®
SU(2). The group theory of SO(10) will be the subject of the next section, but
let us already anticipate that the spinorial 16-dimensional representation of SO(10)
decomposes in the following way 16 = 1(=5)&5(+3)©10(—1) under SU(5)® U(1) and
16 = (4,2,1) @ (4,1,2) under SU(4)c ® SU(2);, @ SU(2)p, thus providing a synthesis of
both the ideas of Georgi-Glashow and the Pati-Salam.

1.4 SO(10) group theory

SO(10) is the special orthogonal group of rotations in a 10-dimensional vector space.
Its defining representation is given by the group of matrices O which leave invariant
the norm of a 10-dimentional real vector ¢. Under O, ¢ — O¢ and since ¢ ¢ is
invariant O must be orthogonal, OO = 1. Here special means det O = +1 which
selects the group of transformations continuously connected with the identity. The
matrices O may be written in terms of 45 imaginary generators T;; = —Tj;, for
i,j=1,...10, as

O = exp %QjTij, (1110)

where ¢; are the parameters of the transformation. A convenient basis for the
generators is

(Tij)ab = —i(SajiSby) (1.111)

15SU(6) as a grand unified group deserves anyway attention especially in its supersymmetric version.
The reason is that it has an in-built mechanism in which the doublet-triplet splitting can be achieved
in a very natural way [104, 105]. The mechanism is based on the fact that the light Higgs doublets arise
as pseudo-Goldstone modes of a spontaneously broken accidental global SU(6) ® SU(6) symmetry of
the Higgs superpotential.
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wherea, b,i,j = 1,..,10 and the square bracket stands for anti-symmetrization. They
satisfy the SO(10) commutation relations'®

[Ty, Twt] = 18Ty + SpTie — ST — S Tu) - (1.112)

In oder to study the group theory of SO(10) it is crucial to identify the invariant
tensors. The conditions OOT = 1 and detO = +1 give rise to two of them. The
first one is simply the Kronecker tensor &;; which is easily proven to be invariant
because of OOT = 1, namely

6ij — O Ojbpr = OnOje = 65, (1.113)

while the second one is the 10-index Levi-Civita tensor €jjrimnopqr- Indeed, from the
definition of determinant

det O ei’j’k/l’m/n/o’p’q’r/ = Oi’i Oj’j Ok’k Ol/l Om/m On’n Oo’o Op’p Oq’q Or/r €ijklmnopqr <1 A1 4)

and the fact that det O = +1, we conclude that €;jpimnopqr is also invariant.

The irreducible representations of SO(10) can be classified into two categories,
single-valued and double-valued representations. The single valued representations
have the same transformations properties as the ordinary vectors in the real 10-
dimensional space and their symmetrized or antisymmetrized tensor products. The
doube-valued representations, called also spinor representations, trasform like spinors
in a 10-dimentional coordinate space.

1.41 Tensor representations

The general n-index irreducible representations of SO(10) are built by means of
the antisymmetrization or symmetrization (including trace subtraction) of the tensor
product of n-fundamental vectors. Starting from the 10-dimentional fundamental
vector ¢;, whose transformation rule is

i — Oy¢;, (1.115)

we can decompose the tensor product of two of them in the following way

1 1 Sii Si;
106 — §<¢i®¢j—¢j®¢i>+§<¢i®¢j+¢j®¢i>—1_6¢k®¢k+1_(])¢k®¢k. (1.116)

A S S 6ij

ij ij

Since the symmetry properties of tensors under permutation of the indices are not
changed by the group transformations, the antisymmetric tensor dbf} and the sym-
metric tensor d)isj clearly do not transform into each other. In general one can also

16These are an higher dimensional generalization of the well known SO(3) commutation relations
[J1,Jo] = iJs, where J; = Tos, Jo = T3 and Js = Tyo. Then the right hand side of Eq. (1.112) takes just
into account the antisymmetric nature of Tj; and Ty
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separate a tensor in a traceless part and a trace. Because O is orthogonal also the
traceless property is preserved by the group transformations. So we conclude that

f}, d)isj and S¢;; form irreducible representations whose dimensions are respectively
1010 — 1)/2 = 45, 10(10 + 1)/2 — 1 = 54 and 1. One can continue in this way by
considering higher order representations and separating each time the symmet-
ric/antisymmetric pieces and subtracting traces.

However something special happens for 5-index tensors and the reason has to
do with the existence of the invariant €;jpimnopqr Which induces the following duality
map when applied to a 5-index completely antisymmetric tensor ¢nopqr

d)ijklm - d)ijklm = —éeijklmnopqrd)nopqr . (1117)

This allows us to define the self-dual and the antiself-dual components of ¢;jp, in
the following way

1 -
ijkim = ﬁ <¢ijklm + ¢ijklm> , (1.118)
St = — <¢> & ) (1.119)
ijklm = \/E ijklm ijklm | - .
One verifies that iijklm = Yijeim (self-dual) and i-jklm = —jum (antiself-dual). Since
the duality property is not changed by the group transformations Xjjpm and Xijpim
do form irreducible representations whose dimension is %% — 126.

1.4.2 Spinor representations

We have defined the SO(10) group by those linear transformations on the coordinates
Xy, X, ..., Xyo, such that the quadratic form x? + x2 + ... + x{, is left invariant. If we
write this quadratic form as the square of a linear form of x;’s,

xf + xg + ...+ 1120 = (711 + YoX0 + ... + Y10X10)?, (1.120)

we have to require
{71, 71} = 2655 (1.121)

Eq. (1.121) goes under the name of Clifford algebra and the 7’s have to be matrices
in order to anticommute with each other!’.

"In particular it can be shown that the dimension of the 7 matrices must be even. Indeed
from Eq. (1.121) we obtain

vy + v =2y or %Y =i, (1.122)
with no sum over j. Taking the trace we get

Tryviyy = Troy. (1.123)



40 CHAPTER 1. FROM THE STANDARD MODEL TO SO(10)

For definiteness let us build an explicit representation of the 7’s which is valid
for SO(2N) groups [106]'8. We start with N = 1. Since the Pauli matrices satisfy the
Clifford algebra

{01, 01} = 265, (1.125)

we can choose
01 0 —i
751) =0y = < 10 > and ,}/él) = 0o = < _— > . (1126)

Then the case N > 1 is constructed by recursion. The iteration from N to N + 1 is
defined by

(N+1) w0
% = i ) for i=1,2,..., 2N, (1.127)
0 -

01 0 —i
A= () e aAE-(0 7). i

Given the fact that the %-(N) matrices satisfy the Clifford algebra let us check explicitly
(N+1) . .
that the v, ones satisfy it as well,

(N) . (N)
{7£N+1),7](N+1)} _ {% (f)?’f } {%(N)(I)%(N)} _ < QSU’ Qgg > = 26, (1.129)

(N) (N)
(N+1) _ (N+1) 0 02 0 -
. , = ! + ! =0, (1130
{% 72N+1} < _%w) 0 > < 7(1\7) 0 > ( )

2
(vinid) = 1. (1451)
Analogously one finds
2
[0 =28y, (i) -0 () -1 143

Now consider a rotation in the coordinate space, x; = O;,x,, where O is an orthog-
onal matrix. This rotation induces a transformation on the 7; matrix

7 = Ow7e - (1.133)

But for the case i # j this implies

Tryivivi = =Tryyy = =Tro, (1.124)

and hence, putting together Eqgs. (1.123)~(1.124), we have Try; = 0. On the other hand, 77 = 1 implies
that the eigenvalues of v; are either +1 or —1. This means that to get Try; = 0, the number of +1
and —1 eigenvalues must be the same, i.e. 7; must be even dimensional.

18For an alternative approach to the construction of spinor representations by means of creation
and annihilation operators see e.g. Ref. [107].
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Notice that the anticommutation relations remain unchanged, i.e.

{707} = OuOj{ve, 1} = 26 . (1.134)

Because the original set of v matrices form a complete matrix algebra, the new set
of v matrices must be related to the original set by a similarity transformation,

% =S(0)S™MO)  or  Owyr=S(0)yS™HO). (1.135)

The correspondence O — S(O) serves as a 2"-dimensional representation of the
rotation group which is called spinor representation. The quantities 1);, which trans-
form like

i = SOy, (1.136)

are called spinors. For an infinitesimal rotation we can parametrize O;, and S(O) by
Ow =6 + € and  S(O) =1+ LiS;e;, (1.137)

with €, = —e€p;. Then Eq. (1.135) implies
0[Skt 7i] = (M6ie — Y250) (1.138)

where we have used €7, = €,Yr0) = % (7£6i1 — 76j1). One can verify that a solution
for S in Eq. (1.138) is
i
Sk = 7 [7e, 7] - (1.139)

By expressing the parameter €, in terms of rotations angle, one can see that
S(O(4)) = 119, ie. S(O) is a double-valued representation.

However for SO(2N) groups the representation S(O) is not irreducible. To see
this we construct the chiral projector 7, defined by

Yy = (=077 oy (1.141)

7, anticommutes with v; since 2N is even® and consequently we get [’}/X'Skl] =0
(cf. Eq. (1.139)). Thus if ¥ transforms as ¥; = S(O);;3;, the positive and negative chiral

components
1 1
V=gl ydd and Y= -g)Y (1142)
transform separately. In other words ¥* and 1~ form two irreducible spinor repre-

sentations of dimension 2V 1.

19This is easily seen for SO(3). In this case the Clifford algebra is simply given by the three Pauli
matrices and a finite transformation looks like

= %Ui(ljt — M 0P M
S(Olg)) = e cos = +1 o) sin ==, (1.140)

where we have defined ey = —¢1, €13 = —@o, €10 = —@3 and |@| = \/¢? + @7 + ¢2.
“ONotice that this would not be the case for SO(2N + 1) groups.
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Which is the relation between ¥* and ¥~? In order to address this issue it is
necessary to introduce the concept of conjugation. Let us consider a spinor ¥ of
SO(2N). The combination ¥ Cy is an SO(2N) invariant provided that

S;C = -CS;. (1.143)

The conjugation matrix C can be constructed iteratively. We start from C = ioy
for N = 1 and define

0 CW)
CINH) _ < e > , (1.144)
One can verify that
(CV) AT CN = (= )Ny (1.145)

By transposing Eq. (1.145) and substituting back 7! we get
7, (CV)T) e =0, (1.146)
Then the Shur’s Lemma implies
(Ccvte™M = a1 or  CW = A(CN)T, (1.147)

which yields A*> = 1. In order to choose between A = +1 and A = —1 one has to
apply Eq. (1.144), obtaining
CT = (m)NIN+L2¢c (1.148)

On the other hand Eq. (1.141) and Eq. (1.145) lead to

(CM) g C = ()Y, (1.149)

which by exploiting 7, = 7, (cf. again Eq. (1.141)) yields
(CN) g, CN) = (—)Ny, | (1.150)
This allows us to write
(CM)HSy1 + )" C™ = (CN)TISH(L + 2,)C™ = =Sy (14 (=)Vy) . (L451)

where we have also exploited the hermicity of the 7 matrices. Eq. (1.151) can be inter-
preted in the following way: for SO(2N) with N even ¥* and ¥~ are self-conjugate
i.e. real or pseudo-real depending on whether C is symmetric or antisymmetric
(cf. Eq. (1.148)), while for SO(2N) with N odd @7 is the conjugate of ¥~. Thus only
SO(4k + 2) can have complex representations and remarkably SO(10) belong to this
class.
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Spinors will be spinors

We close this section by pointing out a distinctive feature of spinorial representa-
tions: spinors of SO(2N) decompose into the direct sum of spinors of SO(2N’) C
SO(2N) [106]. Indeed, since the construction of 7y, in Eq. (1.141) is such that

(N+1) %(cN) 0
= , 1.152
/}/X O _7>(CN) < )

the positive-chirality spinor ¥* of SO@2N + 2M) contains 2M-! positive-chirality
spinors and 2M~! negative-chirality spinors of SO(2N). More explicitly

¢§O(2N+2M) - w;O(2N+2M~2) SZ ng(2N+2M—2)

— 2% Vsopniom 1) D 2% Vsopnona =
— M Pl @ 2MT X Yoy, - (1.153)

Let us exemplify this important concept in the case of the 16-dimensional positive-
chirality spinor of SO(10). By taking respectively (N = 3, M = 2) and (N = 2, M = 3)
we obtain

e 16 =2 x 4" @2 x 4~ under SO(10) > SO(6),
e 16 =4 x 2" 4 x 27 under SO(10) D SO(4),

where 47 (47) and 2% (27) are respectively the positive (negative) chiral components
of the SO(6) and SO(4) reducible spinors. Thus under SO(10) > SO(6) ® SO(4) the
16 decomposes as

16 = (4%,27) @ (47,27). (1.154)

As we will show in Sect. 1.4.4 the Lie algebras SO(6) and SO(4) are locally isomorphic
to SU(4) and SU(2) ® SU(2). This allows us to make the following identifications
between the SO(6) and SU(4) representations

4T~ 4 47~ 4, (1.155)
and the SO(4) and SU(2) ® SU(2) ones
o ~(2,1) 27 ~(1,9), (1.156)

which justify the decomposition of the SO(10) spinor under the Pati-Salam algebra
SU(4)c ® SU(2), @ SU(2)R as anticipated in Sect. 1.3.3, namely

16 = (4,2,1) @ (4,1,2). (1.157)

This striking group-theoretic feature of spinors, which under the natural restric-
tion to an orthogonal subgroup decompose into several copies of identical spinors
of the subgroup, hints to a suggestive connection with the repetitive structure of
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the SM families [106] and motivates the study of unification in higher orthogonal
groups than SO(10) [27, 106, 108, 109]. To accommodate at least the three observed
matter families we must use either SO(16) or SO(18). Following the decomposition
in Eq. (1.153) we get

o SO(16): Ysoe — 4 X Vsong &4 x Ysoug) »

o SO(18): Peong — 8 % Vs & 8 x Psopp) -

However there is a fundamental difference between the two cases above. According
to the discussion below Eq. (1.151) only SO(4k + 2) groups have complex spinor
representations. This means that one can write a super-heavy bare mass term for
¢5+0(16) and it is difficult to explain why it should be light. On the other hand no bare
mass term can be written for d’gouea)' making the last group a more natural choice.

The obvious difficulty one encounters in this class of models is the overabundance
of sequential or mirror families. If we decide to embed the SM fermions into three
copies of ¥y, the remaining families in g, are called sequential, while those
in lpgo(io) are mirror! families.

It has been pointed out recently [111] that the existence of three (mirror or se-
quential) families is still in accord with the SM, as long as an additional Higgs doublet
is also present. This however is not enough to allow large orthogonal unification
scenarios based on SO(16) or SO(18).

1.4.3 Anomaly cancellation

SO(10) is an anomaly-free group. This important property can be understood from
a simple group theoretical argument [112]. Let us consider the SO(10) generators T;;
in a given arbitrary representation. Tj; transforms like an antisymmetric tensor in
the indices i and j. Then the anomaly, which is proportional to the invariant tensor

Tr {Tyj, Tt} Tonn (1.158)

must be a linear combination of a product of Kronecker ¢’s. Furthermore it must
be antisymmetric under the exchanges i < j, k < [, m < n and symmetric under
the exchange of pairs ij < kl, kl «<» mn and ij <+ mn. However the most general
form consistent with the antisymmetry ini < j, k< [, m < n

6jkO1mOSni — OikOlmOnj — 6j10kmOni + 6i1OkmOnj — OjkOInOmi + GikO1nOmj + 6j10knOmi — 6i1OknOm; »

is antisymmetric in ij <> kl as well and so it must vanish. The proof fails for SO(6)
where the anomaly can be proportional to the invariant tensor €;jpimn. Actually this
is consistent with the fact that SO(6) is isomorphic to SU(4) which is clearly an
anomalous group. On the other hand SO(N) is safe for N > 6.

“’Mirror fermions have the identical quantum numbers of ordinary fermions under the SM gauge
group, except that they have opposite handedness. They imply parity restoration at high-energies as
proposed long ago by Lee and Yang [110].
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1.4.4 The standard model embedding

From the SO(10) commutation relations in Eq. (1.112) we find that a complete set of
simultaneously commuting generators can be chosen as

Tio, Tss, Tss, Trs, Too- (1.159)
This is also known as the Cartan subalgebra and can be spanned over the left-right
group Cartan generators

TS, TS, T, TS, Ts_y. (1.160)
Let us consider the SO(4) ® SO(6) maximal subalgebra of SO(10). We can span the
SO(4) generators over Tj; with i,j = 1,2,3,4 and the SO(6) generators over T;; with
i,j =5,6,7,8,9,0. From the SO(10) commutation relations in Eq. (1.112) one can
verify that these two sets commute (hence the direct product SO(4) ® SO(6)).

The next information we need is the notion of local isomorphism for the algebras
SO(4) ~ SU(2) ® SU(2) and SO(6) ~ SU(4). In the SO(4) case we define

Tip=5(Tos = Tu) Trp=5(Ts = Tos) Tip=2(Tw+Ty), (1.161)
and check by an explicit calculation that
[Ti,Ti] — i€k, [T;;,T;g} — i clieTk, [T;,Tg] ~ 0. (1.162)

Thus T} and T} (i = 1,2,3) span respectively the SU(2);, and the SU(2)p algebra. On
the other hand for the SO(6) sector we define

Té = 3 (Tso + Tro) TE = 1 (Tor + Txo) Té = 5 (Too + Tsy)

Té = 1 (Tos + Tos) T2 = 1 (Tso + Tos) TS = L (Ter + Tss) |

Té = %(T75 + T86) ) T?: = 2%@ (2T65 + T78 + Tog) , T?; = % (T67 + T58) ’

T = (T + Tes) TE = 2 (Teo + Tos) . TE = 1 (Tos + Tos)

TE = 3 (Tso + Tor) . TE = 2 (Tor + Tos) . TE = \/% (Tes + Ts7 + Too)
and verify after a tedious calculation that

{TE,TH — i fUkTE (1.163)

where fUk are the structure constants of SU(4) (see e.g. [113]). Thus T. (i = 1,..., 15)

spans the SU(4)c algebra and, in particular, the SU(3)¢ subalgebra is spanned by Tk
i=1,..., 8) while TL can be identified with the (normalized) Tg_;, generator. Then
the hypercharge and electric charge operators read respectively

2 1 1
V="T+ \/;TB*L =5 (T1o — Tss) + 3 (Tes + Ts7 + Top) (1.164)

and \
Q=T +V="Ty+ 3 (Tes + Ts7 + Too) - (1.165)
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1.4.5 The Higgs sector

As we have seen in the previous sections SO(10) offers a powerful organizing princi-
ple for the SM matter content whose quantum numbers nicely fit in a 16-dimensional
spinorial representation. However there is an obvious prize to pay: the more one
unifies the more one has to work in order to break the enhanced symmetry.

The symmetry breaking sector can be regarded as the most arbitrary and chal-
lenging aspect of GUT models. The standard approach is based on the spontaneous
symmetry breaking through elementary scalars. Though other ways to face the
problem may be conceived® the Higgs mechanism remains the most solid one in
terms of computability and predictivity.

The breaking chart in Fig. 1.2 shows the possible symmetry stages between
SO(10) and SU(3)¢c @ U(1)o with the corresponding scalar representations respon-
sible for the breaking. That gives an idea of the complexity of the Higgs sector in
SO(10) GUTs.

In view of such a degree of complexity, better we start by considering a minimal
Higgs sector. Let us stress that the quest for the simplest Higgs sector is driven not
only by aesthetic criteria but it is also a phenomenologically relevant issue related to
tractability and predictivity of the models. Indeed, the details of the symmetry break-
ing pattern, sometimes overlooked in the phenomenological analysis, give further
constraints on the low-energy observables such as the proton decay and the effec-
tive SM flavor structure. For instance in order to assess quantitatively the constraints
imposed by gauge coupling unification on the mass of the lepto-quarks resposible
for proton decay it is crucial to have the scalar spectrum under control®.

From the breaking chart in Fig. 1.2 we conclude that, before before considering
any symmetry breaking dynamics, the following representations are required by the
group theory in order to achieve a full breaking of SO(10) down to the SM:

e 16 or 126y: they reduce the rank by one unit but leave an SU(5) little group
unbroken.

e 45, or B4y or 210y: they admit for little groups different from SU(5) @ U(1),
yielding the SM when intersected with SU(5).

It should be also mentioned that a one-step SO(10) — SM breaking can be achieved
via only one 144y irreducible Higgs representation [54]. However, such a setting
requires an extended matter sector, including 45 and 120r multiplets, in order to
accommodate realistic fermion masses [55].

As we will see in the next Chapters the dynamics of the spontaneous symmetry
breaking imposes further constraints on the viability of the options showed in Fig. 1.2.
On top of that one has to take into account also other phenomenological constraints
due to the unification pattern, the proton decay and the SM fermion spectrum.

*’For an early attempt of dynamical symmetry breaking in SO(10) see e.g. [114].
“’Even in that case some degree of arbitrariness can still persist due to the fact that the spectrum
can never be fixed completely but lives on a manifold defined by the vacuum conditions.
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SO(10)
/ w‘zm
15 210
SUB)® U(1)x SU(4)c ® SU2), ® SU@2)n
SUL)e @ SUQ), @ U)g 45 210
SU(3)c ® SU[2), ® SU(2)p ® U1l)p_y,

45 210 ]’45 210

SUB)c®SUR). @ Ul)p® Ull)s-1

l 16126

SUB)c®SUR)LU1)y <

45 54 210

144

l 10 16 120 126 144 210

SUB)c @ Ull)o

Figure 1.2: SO(10) breaking chart with representations up to the 210. SU(5) ® U(1)x can be
understood either in the standard or in the flipped realization (cf. the discussion in Sect. 3.1.2 ). In
the former case 16 or 126 breaks it into SU(5), while in the latter into SU(3)¢c @ SU(2), ® U(1)y. For
simplicity we are neglecting the distinctions due to the discrete left-right symmetry (cf. Sect. 2.1 for
the discussion on the D-parity and Table 2.1 for an exhaustive account of the intermediate stages).

We can already anticipate at this level that while the choice between 16y or 126y is
a model dependent issue related to the details of the Yukawa sector (see e.g. Sect. 1.5),
the simplest option among 45y, 54y and 210y is certainly given by the adjoint 45y.
However, since the early 80’s, it has been observed that the vacuum dynamics aligns
the adjoint along an SU(5) ® U(1) direction, making the choice of 16y (or 126y)
and 45y alone not phenomenologically viable. In the nonsupersymmetric case the
alignment is only approximate [56, 57, 58, 59], but it is such to clash with unification
constraints (cf. Chapter 2) which do not allow for any SU(5)-like intermediate stage,
while in the supersymmetric limit the alignment is exact due to F-flatness [60, 61, 62],
thus never landing to a supersymmetric SM vacuum.

The critical reexamination of these two longstanding no-go for the setting with
the 45y driving the the GUT breaking will be the subject of Chapters 3 and 4.
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1.5 VYukawa sector in renormalizable SO(10)
In order to study the SO(10) Yukawa sector, we decompose the spinor bilinear
16 ® 16 = 105 & 120, ® 1265, (1.166)

where S and A denote the symmetric (S) and antisymmetric (A) nature of the bilin-
ear couplings in the family space. At the renormalizable level we have only three
possibilities: 10y, 120y and 126y. Thus the most general SO(10) Yukawa lagrangian
is given by

;ﬁy = 161? <Y1010H + Y12012OH + Ym@%]{) 16[: + h.c., <1167)

where Yo and Y9 are complex symmetric matrices while Y5y is complex antisym-
metric?.

It should be mentioned that 10y and 120y are real representation from the SO(10)
point of view?. In spite of that the components of 105 and 120y can be chosen either
real or complex. In the latter case we have 10y # 103 and 120y # 1207, which
means that the complex conjugate fields differ from the original ones by some extra

*For completeness we report a concise proof of these statements based of the formalism used
in Sect. 1.4.2 and borrowed from Ref. [106]. In a schematic notation we can write a Yukawa invariant
term such as those in Eq. (1.167) as

(" CpCsT 1)) P, (1.168)

where 1 is both a Lorentz and an SO(10) spinor (hence the need for Cp and Cs which are respectively
the Dirac and the SO(10) conjugation matrix). Then I', denotes an antisymmetric product of k v
matrices and &, is a scalar field transforming like an antisymmetric tensor with k indices under
SO(10). Using the facts that ¥ is an eigenstate of 7,, {7, 7} = 0, Cs7,, = —7,Cs (cf. Eq. (1.150))
and g/g = 7, we deduce that k must be odd (otherwise Eq. (1.168) is zero). This singles out the

antisymmetric tensors &, with k = 1, 3,5, corresponding respectively to dimensions 10, 3[(1107({3)! =120

and % = 252 (actually the duality map defined in Eq. (1.117) is such that only half of these 252
components couples to the spinor bilinear).

Next we consider the constraints imposed by the symmetry properties of the conjugation matrices,
namely Cg = —Cp and C5T = —Cs (cf. Eq. (1.148)). These yields

Y CpCsT Ry = —pTCRrYCIY = —"CpCs(C5 ' T Co), (1.169)

where in the second step we have used the anti-commutation properties of the fermion fields. Then,
by exploiting the relation Cg 1%TC5 = —7; (cf. Eq. (1.145)), we obtain

Cillyr - 76)"Cs = Ci' ol 9L Cs = (= )F - n = ()R ()RR gy, (1.170)
which plugged into Eq. (1.169) implies
WTCpCsTyth = (=) YT CpCsT . (1.471)

Hence for k = 1,3 the invariant in Eq. (1.168) is symmetric in the flavor space of ), while for k = 2
is antisymmetric.

“>This can be easily seen from the fact that the SO(10) generators in the fundamental representation
are both imaginary and antisymmetric (cf. Eq. (1.111)). This implies Tq = —T# which corresponds to
the definition of real representation in Eq. (1.3) with S = 1.
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charge. Actually both the components are allowed in the Yukawa lagrangian, since
they transform in the same way under SO(10)%, and thus we have

£y = 16p (ymmH + V1010% + Viso120p + V1901207 + yi%mH> 16r + he.. (1.172)

For instance complex scalars are a must in supersymmetry where the fundamental
objects are chiral superfields made of Weyl fermions and complex scalars. However
in supersymmetry we never see the couplings V1o and Yoo because of the holomor-
phic properties of the superpotential. Even without supersymmetry there could be
the phenomenological need, as we are going to see soon, of having either a complex
10y or a complex 120y. In this case the new structures in Eq. (1.172) are still there,
unless an extra symmetry which forbids them is imposed.

In order to understand the implications of having a complex 10y, let us decom-
pose it under the subgroup SU(4)c ® SU(2);, ® SU(2)r

10 = (1,2,2) @ (6,1,1). (1.173)

In particular the bi-doublet can be further decomposed under SU(3)c®@SU(2),@U(1)y,
yielding (1,2,2) = (1,2,+1) = H, ® (1,2, -1) = Hy. Now if 105 = 10}, we have
H} = Hy as in the SM, while if 10y # 10}, then H} + Hy as much as in the MSSM
or in the two-higgs doublet model (2HDM).

To simplify a bit the discussion let us assume that we are either in the super-
symmetric case or in the nonsupersymmetric one with an extra symmetry which
forbids Vo and Vg, so that Eq. (1.167) applies with complex bi-doublets (H* + Hy).
The remaining representations in Eq. (1.167) decompose as

16 = (4,2,1) ® (4,1,2), (1.174)
120 = (1,2,2) @ (10,1,1) © (10,1,1) ® (6,3,1) @ (6,1,3) @ (15,2,2), (1.175)
126 = (6,1,1) ® (10,3,1) @ (10,1, 3) @ (15,2,2), (1.176)

under the Pati-Salam group and thus the fields which can develop a SM-invariant
VEV are (10,3,1), (10,1,3), (1,2,2) and (15,2, 2). With the exception of the last one
we already encountered these representations in the context of the Pati-Salam model
(cf. Sect. 1.3.2). Let us also fix the following notation for the SM-invariant VEVs

VL = <(E3 D1os) vr = ((10,1,3)125) , (1.477)
vl = (2,20 . v = (15.2,2i4) . (1.178)
v = ((L2.205) . vim, = ((15.2,2i5) . (1.479)

% Alternatively one can imagine a complex 10 as the linear combination of two real 10’s, i.e. 10 =
%(101 + i10,). This should make clearer the origin of the new structures in Eq. (1.172).
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Given the embedding of a SM fermion family into (4,2,1) @ (4,1,2) (c.f. Eq. (1.105))
one finds the following fermion mass sum rule after the electroweak symmetry
breaking

M, = Yioviuo + Y1Q6V1HQ6 + YiQO(Viugoi + Vil2015) <1180)

M, = Y10V?O + Y126V?26 + Y120(V?201 + V312015) (1181)

M, = Y10Vf0 — 3Y126Vf26 + YiQO(VfQ(M — 3V1d2015) <1182>

MD = Y10Vi10 — 3Y126Vi126 + Y1QQ(V11201 — 3Vil2015) (1183)

MR = Y126VR (1184)

My, = Yigevy, (1.185)

where Mp, Mp and M, enter the neutrino mass matrix defined on the symmetric
basis (v, 1°)

M;  Mp
(2 o) 1159

Egs. (1.180)—(1.185) follow from the SM decomposition?’, but it is maybe worth of a
comment the —3 factor in front of ((15,2,2)) for the leptonic components M, and
Mp. That is understood by looking at the Pati-Salam invariant

(4,2,1)((15,2,2)) (4,1,2). (1.187)

The adjoint of SU(4)c is a traceless hermitian matrix, so the requirement of an
SU(3)c ® U(1)o preserving vacuum implies the following shape for ((15,2,2))

((15,2,2)) o diag(1,1,1, —3) & < ‘2 ‘81 > , (1.188)
which leads to an extra —3 factor for leptons with respect to quarks. Conversely
((1,2,2)) preserves the symmetry between quarks and leptons.

In order to understand the implications of the sum-rule in Egs. (1.180)—(1.185) it
is useful to estimate the magnitude of the VEVs appearing there: v is responsible
for the rank reduction of SO(10) and gauge unification constrains its value to be
around (or just below) the unification scale My, then all the bi-doublets can develop
a VEV (collectively denoted as v) which is at most of the order of the electroweak
scale, while vy, is a small O(M%,/My) VEV induced by the scalar potential®® in analogy
to what happens in the left-right symmetric models (cf. Sect. 1.3.1).

Thus, given the hierarchy vy > v > v;, Eq. (1.186) can be block-diagonalized
(cf. Eq. (1.99)) and the light neutrino mass matrix is very well approximated by

M, = My, — MpMgz'M], (1.189)

where the first and the second term are the type-II and type-I seesaw contributions
already encountered in Sect. 1.3.1.

?’For a formal proof see e.g. [107].
8In the contest of SO(10) this was pointed out for the first time in Ref. [33].
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Which is the minimum number of Higgs representations needed in the Yukawa
sector in order to have a realistic theory? With only one Higgs representation at play
there is no fermion mixing, since one Yukawa matrix can be always diagonalized
by rotating the 16p fields, so at least two of them must be present. Out of the six
combinations (see e.g. [115]):

1. 10y & 126y

2. 120y ® 1264

3. 10y & 120y

4. 10y @ 10y

5. 120y & 120y

6. 126y @ 126y
the last three can be readily discarded since they predict wrong mass relations,
namely My = M, (case 4), My = —3M, (case 6), while in case 5 the antisymmetry of
Vigo implies m; = O (first generation) and my = —ms (second and third generation).

Notice that in absence of 126 (case 3) neutrinos are Dirac and their mass is related
to that of charged leptons which is clearly wrong. In order to cure this one has to
introduce the bilinear 16,16y which plays effectively the role of 1265 (cf. Sect. 4.1
for a discussion of this case in the context of the Witten mechanism [66, 116, 117]).
Though all the cases 1, 2 and 3 give rise to well defined Yukawa sectors, for defi-
niteness we are going to analyze in more detail just the first one.

151 10y ¢ 126y with supersymmetry

This case has been the most studied especially in the context of the minimal super-
symmetric version, featuring 2105 ® 1265 B 1265 B 10y in the Higgs sector [46, 47, 43].
The effective mass sum-rule in Eqgs. (1.180)—(1.185) can be rewritten in the following
way

My = Yiovy” + Yigvy ™

u ’

10 126
Md = Yde + Y126Vd ,

M. = Yiovi? — 3Vi06vi?, (1.190)
Mp = Y10VL110 - 3Y126VL1126 ’

Mp = YigVr,

My, = Yigevy,,

and, exploiting the symmetry of ¥;; and Y94, the neutrino mass matrix reads

M, = My, — MpMy'Mp, . (1.191)
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In the recent years this model received a lot of attention®® due to the observation [133]
that the dominance of type-II seesaw leads to a nice correlation between the large
atmospheric mixing in the leptonic sector and the convergence of the bottom-quark
and tau-lepton masses at the unification scale (b — T unification) which is a phe-
nomenon occurring in the MSSM up to 20 — 30% corrections [85].

Another interesting prediction of the model is 6;5 ~ 10° [119], in agreement with
the recent data released by the T2K collaboration [134].

The correlation between b — 1 unification and large atmospheric mixing can be
understood with a simple two generations argument. Let us assume M, = M| in
Eq. (1.191), then we get

M, x My — M, . (1.192)

In the the basis in which charged leptons are diagonal and for small down quark
mixing €, Eq. (1.192) is approximated by

M, o < Ms = My ¢ > , (1.193)
€ my — m,

and, being the 22 entry the largest one, maximal atmospheric mixing requires a
cancellation between m; and m,.

For a more accurate analysis [53] it is convenient to express the Y,y and Y
Yukawa matrices in terms of M, and My, and substitute them in the expressions for
M,, Mp and M,

My = fo [(3+ F)My + (1 — r)M,] | (1.194)
M = fu [3(0 — F)My + (1 + 3r)M,] | (1.195)

where 10 10 ,126
fu - %% r = % z;;% . (1.196)

The neutrino mass matrix is obtained as

-1 MD

M
M, = fy [(Mq — Me) + € fD(Md - M) (1.197)
with )
1 v, (4fuvi®)
v = 7 o5 = —— 1.198
f 4 Vé% £ VI, VR ( )

In what follows we denote diagonal mass matrices by ., x = u,d, e, v, with eigen-
values corresponding to the particle masses, i.e. being real and positive. We choose
a basis where the down-quark matrix is diagonal: My = my. In this basis M, is a
general complex symmetric matrix, that can be written as M, = nge W2, where

’For a set of references on the subject see [118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129,
130, 131, 132].
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W, is a general unitary matrix. Without loss of generality f, and f, can be taken to
be real and positive. Hence, the independent parameters are given by 3 down-quark
masses, 3 charged lepton masses, 3 angles and 6 phases in W,, f,, f,, together with
two complex parameters r and &: 21 real parameters in total, among which 8 phases.
Using Egs. (1.194), (1.195), and (1.197) all observables (6 quark masses, 3 CKM angles,
1 CKM phase, 3 charged lepton masses, 2 neutrino mass-squared differences, the
mass of the lightest neutrino, and 3 PMNS angles, 19 quantities altogether) can be
calculated in terms of these input parameters.

Since we work in a basis where the down-quark mass matrix is diagonal the
CKM matrix is given by the unitary matrix diagonalizing the up-quark mass matrix
up to diagonal phase matrices:

i, = W,M, W’ (1.199)

with
W, = diag(e™, e, ) Vo diag(e™, el2, 1), (1.200)

where a;, 5; are unobservable phases at low energy. The neutrino mass matrix given
in Eq. (1.197) is diagonalized by rh, = W,M, WVT , and the PMNS matrix is determined
by WrWTI = Dy Vouns Do, where Dy and D, are diagonal phase matrices similar to
those in Eq. (1.200).

Allowing an arbitrary Higgs sector it is possible to obtain a good fit of the SM
flavor structure [63]. However, after including the constraints of the vacuum in the
minimal supersymmetric version of the theory [49, 50, 51], one finds [52, 53] an
irreducible incompatibility between the fermion mass spectrum and the unification
constraints. The reason can be traced back in the proximity between the unification
scale and the seesaw scale, at odds with the lower bound on the neutrino mass scale
implied by the oscillation phenomena.

The proposed ways out consist in invoking a split supersymmetry spectrum [135]
or resorting to a non-minimal Higgs sector [136, 137, 138, 139], but they hardly pair
the appeal of the minimal setting. In this respect it is interesting to notice that without
supersymmetry gauge unification exhibits naturally the required splitting between
the seesaw and the GUT scales. This is one of the motivations behind the study of
the 10y @ 126y system in the absence of supersymmetry.

15.2 10y ¢ 126y without supersymmetry

In the nonsupersymmetric case it would be natural to start with a real 10y5. However,
as pointed out in Ref. [140] (see also [141] for an earlier reference), this option is
not phenomenologically viable. The reason is that one predicts m; ~ my, at list
when working in the two heaviest generations limit with real parameter and in the
sensible approximation 6, = V., = 0. It is instructive to reproduce this statement
with the help of the parametrization given in Sect. 1.5.1.
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Let us start from Eq. (1.194) and apply W, (from the left) and W[ (from the right).
Then, taking into account Eq. (1.199) and the choice of basis My = iy, we get

My, = fu [(3+ r)hgW, W, + (1 —r)W,M,W]] . (1.201)
Next we make the following approximations:
e W, W! ~ 1 (real approximation)
e W, ~ Ve (real approximation)
e Voxum ~ 1 (for the 2nd and 3th generation and in the limit V., ~ Vi, ~ AA? ~ Q)
e W, M,WT ~ my, (for the self-consistency of Eq. (1.201) in the limits above)
which lead to the system

me ~ fu [3+r)ms + (1 —r)m,] , (1.202)
me ~ fu [(3+r)my + (1 —r)m.] . (1.203)

It is then a simple algebra to substitute back r and find the relation

. imc(mr - mb) - mt(m,u - ms) - iﬂ

fu (1.204)

4 msm, — m,m Lbmy

On the other hand a real 10y predicts |vjy| = |v{;| and hence from Eq. (1.196) f, = 1.
More quantitatively, considering the nonsupersymmetric running for the fermion
masses evaluated at 2 x 10'® [142], one gets f, ~ 22.4, which is off by a factor of
O(100).

This brief excursus shows that the 10y must be complex. In such a case the
fermion mass sum-rule reads

126

10 U 10%
Mu = Y10Vu + YiOVd + Y126Vu )

10 U 10% 126
Md = Yion + YiOVu + Y126Vd

M. = Yiovl? + Vovl® — 3Y06vi%, (1.205)
10 |, & 10 126

MD = YiOVu + YiOVd - 3Y126Vu ,

Mp = Yigsvp,

My = Yioevy, .

The three different Yukawa sources would certainly weaken the predictive power of
the model. So the proposal in Ref. [140] was to impose a Peccei-Quinn (PQ) sym-
metry [143, 144] which forbids the coupling Yo, thus mimicking a supersymmetric
Yukawa sector (see also Ref. [141]). The following charge assignment: PQ(16r) = «,
PO(10y) = —2a and PQ(126y) = —2a would suffice.

In this case (126y) is responsible both for U(1)p @ U(1)p_, — U(1)y and the
U(1)po breaking. However, since it cannot break the rank of SO(10) ® U(1)po by
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two units, a global linear combination of U(1)po ® U(1)y, (where Y, is the generator
orthogonal to V) survives at the electroweak scale. This remnant global symmetry
is subsequently broken by the VEV of the electroweak doublets, that is phenomeno-
logical unacceptable since it would give rise to a visible axion [145, 146] which is
experimentally excluded.

Actually astrophysical and cosmological limits prefers the PQ breaking scale in
the window 10°*12 GeV (see e.g. [147]). It is therefore intriguing to link the B — L
breaking scale responsible for neutrino masses and the PQ breaking one in the
same model. This has been proposed long ago in [143] and advocated again in [140].
What is needed is another representation charged under the PQ symmetry in such a
way that it is decoupled from the SM fermions and which breaks U(1)po completely
at very high scales.

In summary the PQ approach is very physical and well motivated since it does
not just forbid a coupling in the Yukawa sector making it more "predictive’, but
correlates SO(10) with other two relevant questions: it offers the axion as a dark
matter candidate and it solves the strong CP problem predicting a zero 6.

However one should neither discard pure minimal SO(10) solutions with the SM
as the effective low-energy theory. Notice that in the PQ case we are in the presence
of a 2HDM which is more than what required by the extended survival hypothesis
(cf. the discussion in Sect. 1.2.4) in order to set the gauge hierarchy. Indeed two
different fine-tunings are needed in order to get two light doublets®!.

Thus we could minimally consider the sum-rule in Eq. (1.205) with either vl =
vi® =0 or v’ = v!?% = 0. The first option leads to a clearly wrong conclusion, i.e.
My = M,. So we are left with the second one which implies

C 10%
Mu = Yde ,
126

10
M, = Y1()Vd + Y126Vd

Me = Yiovy” — 3Y106v3>, (1.206)
Mp = Vvl
Mp = YigsVr,
My, = Yigevy,,
and
M, = My, — MpMy'Mp,. (1.207)

Notice that in the case of type-I seesaw the strong hierarchy due to Mp = M, must
by undone by My which remains proportional to My — M,. More explicitly, in the
case of type-I seesaw, one finds

M, = 4M, (Mg — My) ™" M,~¢— (1.208)

This is true as long as we ignore gravity [149].
S The situation is different in supersymmetry where the minimal fine-tuning in the doublet sector
makes both H, and Hy light.
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Though a simple two generations argument with real parameters shows that Eq. (1.208)
could lead to an incompatibility with the data, a full preliminary three generations
study indicates that this is not the case [150].

1.5.3 Type-I vs type-1l seesaw

Here we would like to comment about the interplay between type-I and type-II seesaw
in Eq. (1.189). In a supersymmetric context one generally expects these two contribu-
tions to be comparable. As we have previously seen (see Sect. 1.5.1) the dominance of
type-II seesaw leads to a nice connection between the large atmospheric mixing and
b — 1 unification and one would like to keep this feature®. On the other hand without
supersymmetry the b — T convergence is far from being obtained. For instance the
running within the SM yields m; = 1.00 + 0.04 GeV and m, = 1685.58 &+ 0.19 MeV
at the scale 2 x 10'% GeV [142]. Thus in the nonsupersymmetric case the dominance
of type-II seesaw would represent a serious issue.

In this respect it is interesting to note that the type-II seesaw contribution can
be naturally subdominant in nonsupersymmetric SO(10). The reason has to do with
the left-right asymmetrization of the scalar spectrum in the presence of intermediate
symmetry breaking stages®. Usually the unification pattern is such that the mass of
the SU(2)p, triplet Ap C 126y responsible for the B—L breaking is well below the GUT
scale My. The reason is that M, must be fine-tuned at the level of the intermediate
scale VEV vy = (Ap). Then, unless there is a discrete left-right symmetry* which
locks Ma, = M,,, the mass of the SU(2),, triplet A} C 126y, remains automatically
at My. On the other hand the induce VEV v, = (A}) is given by (cf. e.g. Eq. (1.103))

v, = A—mp?, (1.209)

where A and v denote a set of parameters of the scalar potential and an electroweak
VEV respectively. So we can write

MB_L 2 V2
~ Mgp_1, ~ A , 1.210
Vr B-L VL < My > <MB—L ( )

which shows that type-II seesaw is suppressed by a factor (Mp_1/My)? with respect
to type-I.

1.6 Proton decay

The contributions to the proton decay can be classified according to the dimension
of the baryon violating operators appearing in the lagrangian. Since the external

#See e.g. Ref. [151] for a supersymmetric SO(10) model in which the type-II seesaw dominance
can be realized.

%For a similar phenomenon occurring in the context of left-right symmetric theories see Ref. [152].

% As we will see in Chapter 2 this can be the case if the SO(10) symmetry breaking is due to either
a b4y or a 210g.
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states are fermions and because of the color structure the proton decay operators
arise first at the d = 6 level. Sometimes the source of the baryon violation is hidden
inad =5orad = 4 operator involving also scalar fields. These operators are
successively dressed with the exchange of other states in order to get effectively the
d = 6 ones.

The so-called d = 6 gauge contribution is the most important in nonsupersym-
metric GUTs. In particular if the mass of the lepto-quarks which mediate these
operators is constrained by the running then the major uncertainty comes only
from fermion mixing. There is also another class of d = 6 operators coming from
the Higgs sector but they are less important and more model dependent.

The supersymmetrization of the scalar spectrum gives rise to d = 5 and d = 4
baryon and lepton number violating operators which usually lead to a strong en-
hancement of the proton decay amplitudes, though they are very model dependent.

In the next subsections we will analyze in more detail just the gauge contribution
while we will briefly pass through all the other ones. We refer the reader to the
reviews [153, 154, 155] for a more accurate account of the subject.

1.6.1 d = 6 (gauge)

Following the approach of Ref. [156], we start by listing all the possible d = 6 baryon
number violating operators due to the exchange of a vector boson and invariant
under SU(3)c @ SU(2), @ U(1)y [25, 157, 158]

O " = K} €jp €up T, 7 Qjaa € Vi Qg (1.211)
Of ™" = B} € €ap Wy 7" Gjaa Ay Ve s (1.219)
O™ = B3 €k €ap dig 7" Qipa Wy 7y Lab (1.213)
O?VML = kg €ijk €ap a?a ™ Qiga Vi Vi Qrab - (1.214)

In the above expressions k; = gU/\/EMX and ky = gU/\/QMy, where My, My ~ My
and gy are the masses of the superheavy gauge bosons and the gauge coupling at
the unification scale. The indices i,j, k = 1,2,3 are referred to SU(3)c, a, B = 1,2 to
SU(2);, and a and b are family indices. The fields q = (u,d) and ¢ = (v, e) are SU(2);,
doublets.

The effective operators O}B L and O?I_L appear when we integrate out the super-
heavy gauge field X = (3,2, —%). This is the case in theories based on the gauge
group SU(5). Integrating out ¥V = (3,2, +%) we obtain the operators ngL and Oﬁ; L
This is the case of flipped SU(5) theories [68, 69], while in SO(10) models both the

lepto-quarks X and Y are present.
Using the operators listed above, we can write the effective operators in the
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physical basis for each decay channel [156]

Oleg, dg) = cleg, dg) €y T 7" u; €5 7 dig, (1.215)
Oleq, dg) = cleq, dg) €y U7 ¥ u; 325 Vi €a (1.216)
O, dq, dg) = c(v, do, dg) € 0 7" dja dklg Yo VI, (1.217)
O, do, d5) = c(vf, du, d) € dig 7" W B 7y dia (1.218)
where
cleS, dg) = B[VIVEP 4+ (Vi Vip) (Vv ), (1.219)
cleq, d§) = kF VI'VES + B2 (V VP (Vi Vup V] Vi)', (1.220)
(v, do, df) = B} (Vi Vup)'“(VsVen)®' + K5 VE“ (Vi Vyp V] Vs Vi) (1.221)
(v, da, dg) = R3[(V, V)" (Upy Vo)™ + VE (UL Va Vi)', (1.222)

with a = B # 2. In the equations above we have defined the fermion mixing matrices
as: Vy = UU, V, = EID, Vs = DIE, V, = DID, Vyp = U'D, Vgy = E'N and
Uy = EC'N € where U, D, E define the Yukawa coupling diagonalization so that

Ul vy U = v, (1.223)
DI v, D = vy, (1.224)
E' vp E = V39, (1.225)
NT vy N = yaies, (1.226)

Further, one may write Vyp = U'D = K;VexmKy, where Ky and K, are diagonal
matrices containing respectively three and two phases. Similarly, Vgy = Kx VEMN5K4
in the case of Dirac neutrinos, or Vpy = K5V3! s in the Majorana case.

From this brief excursus we can see that the theoretical predictions of the proton
lifetime from the gauge d = 6 operators require the knowledge of the quantities k;,
ko, Vfb, Vo, V5, V, and Ugy. In addition we have three (four) diagonal matrices
containing phases in the case of Majorana (Dirac) neutrino.

Since the gauge d = 6 operators conserve B — L the nucleon decays into a
meson and an antilepton. Let us write the decay rates for the different channels. We
assume that in the proton decay experiments one can not distinguish the flavor of the
neutrino and the chirality of charged leptons in the exit channel. Using the Chiral
Lagrangian techniques (see e.g. [159]), the decay rates of the different channels due
to the gauge d = 6 operators are [156]

I'(p — K™)
2

3 2
_mp — i) Z
3£2
8mmpfz —

"D clvi,d, %) + [1 + —2(D + 3F)lclw,s,d%)| , (1.227)
SmB
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3
Tlp — 7t7) = o ;QA% a” (1 + D+ F)*Y e(v,d,d)” (1.228)
i=1
m2 — mQ D)
Tlp - neg) - <4§M2)A2 |2 (1 + D — 3F)? {|c ep, d°) + |cleg, )\2} , (1.229)
(m2 — m%)? 9
0 p K 2 2
Tlp — K e§)=WAL|a| M1+ mB(D F)] {1c ep,s)|” + [cled, s)| } (1.230)
Llp — 7€) = 1 ’}QAQ a|%(1 + D + F)? {Ic(e ) + [eleg, d)ﬂ , (1.231)

where v = ve,1,, v, and eg = e, 1. In the equations above mp ~ 1.15 MeV is the
average baryon mass mg ~ my ~ ma, f; ~ 131 MeV is the pion decay constant,
D ~ 0.80 and F ~ 0.47 are low-energy constants of the Chiral Lagrangian which
can be obtained from the analysis of semileptonic hyperon decays [160] and a ~
—0.0112 GeV* is a proton-to-vacuum matrix element parameter extracted via Lattice
QCD techniques [161]. Finally A} ~ 1.4 takes into account the renormalization from
Mz to 1 GeV.

In spite of the complexity and the model-dependency of the branching ratios
in Egs. (1.227)-(1.231) the situation becomes much more constrained in the presence
of symmetric Yukawas, relevant for realistic SO(10) models based on 10y & 126y
in the Yukawa sector. In that case we get the following relations for the mixing
matrices: U. = UK,, D. = DKy and E. = EK,, where K,, K; and K, are diagonal
matrices involving phases. These relations lead to the remarkable prediction [156]

1/4
by = ! T (1.232)
[1A1[2| Vikerr |2 + [Ag]2| V2]

where

8tm’f2I'(p — K*7)
= il , A My D + 3F). 1.233
(m? — mg)?Af|al? " B3my SmB( ) ( )

Notice that the expression for by = gy/v/2My is independent from unknown mixing
matrices and CP violating phases, while the values of gy and My are subject to
gauge coupling unification constraints. This is a clear example of how to test a
(nonsupersymmetric) SO(10) model with 10y @& 126y in the Yukawa sector through
the decay channel I'(p — K*).

We close this subsection with a naive model-independent estimate for the mass of
the superheavy gauge bosons My ~ My ~ My. Approximating the inverse lifetime
of the proton in the following way (cf. the real computation in Eqgs. (1.227)-(1.231))

5
mp

FPNGUM_{;

(1.234)
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and using t(p — 7%e*) > 8.2 x 10% yr [11], one finds the naive lower bound
My >23x10"% GeV, (1.235)

where we fixed aj' = 40. The bound on My as a function of a;' is plotted in Fig. 1.3.

My
40x10°¢

3.5x 10 ¢
3.0x 107}
25%10°F
2.0x 10}

15 ‘ ‘ ‘ ‘ ‘ ‘
15x10 10 20 30 40 50 60 70 80%Y

Figure 1.3: Naive lower bound on the superheavy gauge boson mass My as a function of oc{]i.

1.6.2 d = 6 (scalar)

In nonsupersymmetric scenarios the next-to-leading contribution to the decay of the
proton comes from the Higgs induced d = 6 operators. In this case the proton decay
is mediated by scalar leptoquarks T = (3,1, ——) For definiteness let us illustrate the
case of minimal SU(b) with just one scalar leptoquark. In this model the scalar
leptoquark lives in the 55 representation together with the SM Higgs. The relevant
interactions for proton decay can be written in the following way [154]

Lr = €pepqh CAqeTe + u$' CBe® T,
+ e qh CCHT + eput’ CDAS T + he. (1.236)

1

In the above equation we have used the same notation as in the previous subsection.
The matrices A, B, C and D are linear combinations of the Yukawa couplings in the
theory and the possible contributions coming from higher-dimensional operators.
In the minimal SU(5) we have the following relations: A = B = Yy, and C = D =
Vp = YE. Now, using the above interactions we can write the Higgs d = 6 effective
operators for proton decay [154]

Onldy, eg) = aldy, eg) u” L C d, u” L Ceg, (1.237)
Oylda, €5) = alda, e5) u” L C dq egf L Cu®*, (1.238)
Op(dS, eg) = aldS, eg) dST L C u®™ u” L Ceg, (1.239)
Op(dS, e5) = alds, ef) do L C u™ e L C™'uc*, (1.240)
Ox(dy, dg, v;) = ald,, dg, ;) u' L C d di L C v, (1.241)
Onl(da, d§, v) = alde, dg,v) d§' L Cu* dl L C™ (1.242)
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where
1 T T T
a(daleﬁ) = ME (U(A+ A" )D)io (U CE)g, (1.243)
T
aldo,ef) = 11 (UT(A + A")D)yq (EIBTUL)s, (1.244)
T
aldg, ep) = % (DID'U)ar (UTCE)sg, (1.245)
T
1
alds. ef) = 1 (DID'Ue)or (EIB'U: ) (1.246)
T
alde,dg, ) = 1 5 (U(A + A")D)y, (DTCN), (1.247)
T
alde,d w) = <55 (DIDTUzgy (DTCN)r (1.248)
T

Here L = (1 — 95)/2, My is the triplet mass, a = B = 1,2 are SU(2); indices and
i=1,2,3are SU(3)c indices.

The above analysis exhibits that the Higgs d = 6 contributions are quite model
dependent, and because of this it is possible to suppress them in specific models
of fermion masses. For instance, we can set to zero these contributions by the
constraints A;; = —A; and D;; = 0, except for i = j = 3.

Also in this case we can make a naive model-independent estimation for the mass
of the scalar leptoquark using the experimental lower bound on the proton lifetime.
Approximating the inverse lifetime of the proton in the following way

mb

L, ~ |V Yl —2 (1.249)
p ]\4’;[;1

and taking t(p — ’e*) > 8.2 x 10% yr [11], we find the naive lower bound
My > 45 x 10" GeV. (1.250)

This bound tells us that the triplet Higgs has to be heavy, unless some special condi-
tion on the matrices in Eq. (1.236) is fulfilled (see e.g. [83, 84]). Therefore since the
triplet Higgs lives with the SM Higgs in the same multiplet we have to look for a
doublet-triplet splitting mechanism®.

163 d=5
In the presence of supersymmetry new d = 5 operators of the type
R ¢ and LuC utde &° (1.251)

SCt. Sect. 4.4.5 for a short overview of the mechanisms proposed so far.
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are generated via colored triplet Higgsino exchange with mass My [158, 162]. These
operators can be subsequently dressed at one-loop with an electroweak gaugino
(gluino or wino) or higgsino leading to the standard qqq¢ and u®u®de® operators.
Since the amplitude turns out to be suppressed just by the product Myrh, where m
is the soft scale, this implies a generic enhancement of the proton decay rate with
respect to the ordinary d = 6 operators.

Another peculiarity of d = 5 operators is that the dominant decay mode is p —
K*v, which differs from the standard nonsupersymmetric mode p — n’e*. A
simple symmetry argument shows the reason: the operators é[iéljé{k@l and ﬁfﬁfflgéf
(where i,j,k,1 = 1,2,3 are family indices and color and weak indices are implicit)
must be invariant under SU(3)c and SU(2);. This means that their color and weak
indices must be antisymmetrized. However since this operators are given by bosonic
superfields, they must be totally symmetric under interchange of all indices. Thus
the first operator vanishes for i = j = k and the second vanishes for i = j. Hence a
second or third generation member must exist in the final state.

In minimal supersymmetric SU(5) [93] the coefficient of the baryon number vio-
lating operator qqq¥ can be schematically written as (see e.g. [163])

as Yio¥s my

4ot MT mg '

where we have assumed the dominance of the gluino exchange and that the sfermion
masses (mg) are bigger than the gluino one (my), while Y;y and Y5 are couplings of
the Yukawa superpotential. Though there could be a huge enhancement of the
proton decay rate which brought to the claim that minimal supersymmetric SU(5)
was ruled out [164, 165], a closer look to the uncertainties at play makes this claim
much more weaker [166]:

(1.252)

e The Yukawa couplings in Eq. (1.252) are not directly related to those of the
SM, since in minimal SU(5) one needs to take into account non-renormalizable
operators in order to break the relation My = M!, and thus they can conspire
to suppress the decay mode [167].

e A similar suppression could also originate from the soft sector even after in-
cluding the constraints coming from flavor violating effects [168].

e Last but not least the mass of the triplet My is constrained by the running only
in the renormalizable version of the theory [165]. As soon as non-renormalizable
operators (which are anyway needed for fermion mass relations) are included
this is not true anymore [166]. In this respect it is remarkable that even in the
worse case scenario of the renormalizable theory the recent accurate three-
loop analysis in Ref. [169] increases by about one order of magnitude the upper
bound on My due to the running constraints.

Thus the bottom-line is that minimal supsersymmetric SU(5) is still a viable the-
ory and more input on the experimental side is needed in order to say something
accurate on proton decay.
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164 d=4

This last class of operators originates from the R-parity violating superpotential of
the MSSM
Whrpy = Hi gihu + )"ijk &&éf + )\’ijk qlﬁjdi + )\‘i]'k fllcdjcdlce . <1253)

Notice that A" violates baryon number while 1, A and A’ violate lepton number. So
for instance we have the following interactions in the R-parity violating lagrangian

Lrov D A qilds + Ay usdsds + hec.. (1.254)

The tree-level exchange of d°¢ generates the baryon violating operator q¢uc’d°’ with
a coefficient which can be written schematically as

AN m?, . (1.255)

Barring cancellations in the family structure of this coefficient and assuming a TeV
scale soft spectrum, the proton lifetime implies the generic bound [170]

AL <107, (1.256)

It's easy to see that the R-parity violating operators are generated in supersymmetric
GUTs unless special conditions are fulfilled. For instance in SU(5) the effective
trilinear couplings originate from the operator

N 55,105, (1.257)

which leads to A = %X — A" = A. Analogously in SO(10) the R-parity violating
trilinears stem from the operator

Nt 516,16, <1A6H> . (1.258)
Mp

If one doesn’t like small numbers such as in Eq. (1.256) the standard approach is
to impose a Z, matter parity which forbids the baryon and lepton number violating
operators [93]. A more physical option in SO(10) is instead suggested by Eq. (1.258).
Actually it seems that as soon as SO(10) is preserved the R-parity violating trilinears
are not generated. In order to better understand this point let us rephrase the
R-parity in the following language [171]

Rp — (_)S(B—L)+QS ) <1259)

where the spin quantum number S is irrelevant as long as the Lorentz symmetry is
preserved. Then, since B—L is a local generator of SO(10), it is enough to embed the
SM fermions in representations with odd B — L (e.g. 16, ...) and the Higgs doublets
in representations with even B — L (e.g. 10,120, 126, 210, . ..) in order to ensure exact
R-parity conservation. After the SO(10) breaking the fate of R-parity depends on the
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order parameter responsible for the B — L breaking. Employing either a 164 or a
126y for the rank reduction of SO(10) the action of the Rp operator on their VEV is

Rp(16y) = — (165)  or  Rp(126y) = (1264) . (1.260)

In the latter case the R-parity is preserved by the vacuum and becomes an exact
symmetry of the MSSM. This feature makes supersymmetric SO(10) models with
126y very appealing [62]. On the other hand with a 16y at play the amount of R-parity
violation is dynamically controlled by the parameter Mg_1/Mp, where (16y) ~ Mp_.
Though conceptually interesting it is fair to say that in SO(10) it is unnatural to have
the B — L breaking scale much below the unification scale both from the point of

view of unification constraints and neutrino masses®.

% As we will see in Chapter 2 when the GUT breaking is driven either by a 45y or a 210y there
are vacuum configurations such that Mg_;, can be pulled down till to the TeV scale without conflicting
with unification constraints. On the other hand the issue of neutrino masses with a low Mpg_;, is more
serious. One has either to invoke a strong fine-tuning in the Yukawa sector or extend the the theory
with an SO(10) singlet (see e.g. [172])



Chapter 2

Intermediate scales in
nonsupersymmetric SO(10)
unification

The purpose of this chapter is to review the constraints enforced by gauge unifi-
cation on the intermediate mass scales in the nonsupersymmetric SO(10) GUTs, a
needed preliminary step for assessing the structure of the multitude of the differ-
ent breaking patterns before entering the details of a specific model. Eventually,
our goal is to envisage and examine scenarios potentially relevant for the under-
standing of the low energy matter spectrum. In particular those setups that, albeit
nonsupersymmetric, may exhibit a predictivity comparable to that of the minimal
supersymmetric SO(10) [46, 47, 48], scrutinized at length in the last few years.

The constraints imposed by the absolute neutrino mass scale on the position
of the B — L threshold, together with the proton decay bound on the unification
scale My, provide a discriminating tool among the many SO(10) scenarios and the
corresponding breaking patterns. These were studied at length in the 80’s and early
90’s, and detailed surveys of two- and three-step SO(10) breaking chains (one and
two intermediate thresholds respectively) are found in Refs. [173, 99, 174, 64].

We perform a systematic survey of SO(10) unification with two intermediate
stages. In addition to updating the analysis to present day data, this reappraisal
is motivated by (a) the absence of U(1) mixing in previous studies, both at one- and
two-loops in the gauge coupling renormalization, (b) the need for additional Higgs
multiplets at some intermediate stages, and (c) a reassessment of the two-loop beta
coefficients reported in the literature.

The outcome of our study is the emergence of sizeably different features in some
of the breaking patterns as compared to the existing results. This allows us to rescue
previously excluded scenarios. All that before considering the effects of threshold
corrections [175, 176, 177], that are unambiguously assessed only when the details
of a specific model are worked out. Eventually we will comment on the impact of
threshold effects in the Outlook of the thesis.

It is remarkable that the chains corresponding to the minimal SO(10) setup with
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the smallest Higgs representations (10y, 455 and 16y, or 126y in the renormalizable
case) and the smallest number of parameters in the Higgs potential, are still viable.
The complexity of this nonsupersymmetric scenario is comparable to that of the
minimal supersymmetric SO(10) model, what makes it worth of detailed considera-
tion.

In Sect. 2.1 we set the framework of the analysis. Sect. 2.2 provides a collection
of the tools needed for a two-loop study of grand unification. The results of the
numerical study are reported and scrutinized in Sect. 2.3. Finally, the relevant one-
and two-loop f-coefficients are detailed in Appendix A.

2.1 Three-step SO(10) breaking chains

The relevant SO(10) - G2 — G1 — SM symmetry breaking chains with two inter-
mediate gauge groups G2 and G1 are listed in Table 2.1. Effective two-step chains
are obtained by joining two of the high-energy scales, paying attention to the possi-
ble deviations from minimality of the scalar content in the remaining intermediate
stage (this we shall discuss in Sect. 2.3.2).

For the purpose of comparison we follow closely the notation of Ref. [64], where
D denotes the unbroken D-parity [95, 96, 97, 98, 99]. For each step the Higgs repre-
sentation responsible for the breaking is given.

The breakdown of the lower intermediate symmetry G1 to the SM gauge group
is driven either by the 16- or 126-dimensional Higgs multiplets 165 or 1265. An im-
portant feature of the scenarios with 126 is the fact that in such a case a potentially
realistic SO(10) Yukawa sector can be constructed already at the renormalizable level
(cf. Sect. 1.5). Together with 10y all the effective Dirac Yukawa couplings as well as
the Majorana mass matrices at the SM level emerge from the contractions of the
matter bilinears 1616y with 126y or with 16516y/A, where A denotes the scale
(above My) at which the effective dimension five Yukawa couplings arise.

D-parity is a discrete symmetry acting as charge conjugation in a left-right sym-
metric context [95, 96], and as that it plays the role of a left-right symmetry (it
enforces for instance equal left and right gauge couplings). SO(10) invariance then
implies exact D-parity (because D belongs to the SO(10) Lie algebra). D-parity may
be spontaneously broken by D-odd Pati-Salam (PS) singlets contained in 210 or 45
Higgs representations. Its breaking can therefore be decoupled from the SU(2)p
breaking, allowing for different left and right gauge couplings [97, 98].

The possibility of decoupling the D-parity breaking from the scale of right-handed
interactions is a cosmologically relevant issue. On the one hand baryon asymmetry
cannot arise in a left-right symmetric (g, = gp) universe [95]. On the other hand,
the spontaneous breaking of a discrete symmetry, such as D-parity, creates domain
walls that, if massive enough (i.e. for intermediate mass scales) do not disappear,
overclosing the universe [96]. These potential problems may be overcome either
by confining D-parity at the GUT scale or by invoking inflation. The latter solution
implies that domain walls are formed above the reheating temperature, enforcing a
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Chain G2 G1
I o {4c212p} v {3c212p1p 1}
IT: ? ‘[4C2L2RP} m {3C2L2R13—LP}
III: ? {4C2L2RP} F {3C2L2R1B—L}
IVv: W {3C2L2R18~LP} F {3C2L2R18~L}
V: — {4C2LQR} - {4C2L1R}
210 Zi’f
VI ? {4C2L2RP} T {4C2L1R}
Py
VII: ? ‘[4C2L2RP} m {4C2L2R}
VIII: E) {3C2L2R1B7L} ; {3C2L1R13,L}
R
IX: — {3C2L2R1B7LP} — {3C2L1R1B7L}
210 2%5
X: %) {4‘02L2R} ﬁ {3(}2[41913411}
XI: — {402L2pp} — {3C2L1R13~L}
54 0}%10
XII: —? {4C2LiR} E— {3C2LiR1B—L}
A4S

Table 2.1: Relevant SO(10) symmetry breaking chains via two intermediate gauge groups G1 and
G2. For each step the representation of the Higgs multiplet responsible for the breaking is given
in SO(10) or intermediate symmetry group notation (cf. Table 2.2). The breaking to the SM group
3¢c211y is obtained via a 16 or 126 Higgs representation.

lower bound on the D-parity breaking scale of 10'* GeV. Realistic SO(10) breaking
patterns must therefore include this constraint.

2.1.1 The extended survival hypothesis

Throughout all three stages of running we assume that the scalar spectrum obeys
the so called extended survival hypothesis (ESH) [81] which requires that at every
stage of the symmetry breaking chain only those scalars are present that develop
a vacuum expectation value (VEV) at the current or the subsequent levels of the
spontaneous symmetry breaking. ESH is equivalent to the requirement of the min-
imal number of fine-tunings to be imposed onto the scalar potential [82] so that all
the symmetry breaking steps are performed at the desired scales.

On the technical side one should identify all the Higgs multiplets needed by
the breaking pattern under consideration and keep them according to the gauge
symmetry down to the scale of their VEVs. This typically pulls down a large number
of scalars in scenarios where 126y provides the B — L breakdown.

On the other hand, one must take into account that the role of 126y is twofold: in
addition to triggering the G1 breaking it plays a relevant role in the Yukawa sector
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Surviving Higgs multiplets in SO(10) subgroups
50(10) {4C2L1R} {4C2L2R} {3C2L2R187L} {302L1R1B7L} Notation

10 (1,2,+3)  (1,2,2) (1,2,2,0) (1,2,+3,0) ¢
16 (41, +3) (41,2 (1,1,2,-1)  (1,1,+1,-3) SL
16 (4,2,1) (1,2,1,+3) S
126 (15,2, +3) (15,2,2) (1,2,2,0) (1,2,+3.0) '
126 (10,1,1) (10,1,3)  (1,1,3, —1) 1,1,1,-1) AL
126 (10,3,1) (1,3,1,1) N
45 (15,1,0)  (15,1,1) A%
210 (15,1,1) A0
45 (1,1,3) (1,1,3,0) PN
45 (1,3,1) (1,3,1,0) 45
210 (15,1, 3) op!0
210 (15,3,1) o0
210 (1,1,1) A210

Table 2.2: Scalar multiplets contributing to the running of the gauge couplings for a given SO(10)
subgroup according to minimal fine tuning. The survival of ¢'0 (not required by minimality) is needed
by a realistic leptonic mass spectrum, as discussed in the text (in the 3:2;.2p15_1, and 3c2.1p1p 1
stages only one linear combination of ¢!° and ¢!?° remains). The U(1)p_;, charge is given, up to a
factor v/3/2, by (B — L)/2 (the latter is reported in the table). For the naming of the Higgs multiplets
we follow the notation of Ref. [64] with the addition of $'*. When the D-parity (P) is unbroken the
particle content must be left-right symmetric. D-parity may be broken via P-odd Pati-Salam singlets
in 45y or 210y.

where it provides the necessary breaking of the down-quark/charged-lepton mass
degeneracy (cf. Eq. (1.190)). For this to work one needs a reasonably large admixture
of the 126; component in the effective electroweak doublets. Since (1, 2, 2)10 can mix
with (15, 2, 2)155 only below the Pati-Salam breaking scale, both fields must be present
at the Pati-Salam level (otherwise the scalar doublet mass matrix does not provide
large enough components of both these multiplets in the light Higgs fields).

Note that the same argument applies also to the 4:-2;1p intermediate stage when
one must retain the doublet component of 126y, namely (15, 2, +%)@, in order for it
to eventually admix with (1,2, +%)10 in the light Higgs sector. On the other hand, at
the 3c212p15-1, and 3c21.1r15_;, stages, the (minimal) survival of only one combina-
tion of the ¢!° and ¢'* scalar doublets (see Table 2.2) is compatible with the Yukawa
sector constraints because the degeneracy between the quark and lepton spectra has
already been smeared-out by the Pati-Salam breakdown.

In summary, potentially realistic renormalizable Yukawa textures in settings with
well-separated SO(10) and Pati-Salam breaking scales call for an additional fine tun-
ing in the Higgs sector. In the scenarios with 126y, the 10y bidoublet (1,2, 2)4,
included in Refs [173, 99, 174, 64], must be paired at the 4-2;25 scale with an ex-
tra (15,2, 2)155 scalar bidoublet (or (1,2, +%)10 with (15,2, +%)@ at the 4c2;1p stage).
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This can affect the running of the gauge couplings in chains I, 11, III, V, VI, VII, X, XI
and XIIL

For the sake of comparison with previous studies [173, 99, 174, 64] we shall not
include the ¢'*° multiplets in the first part of the analysis. Rather, we shall comment
on their relevance for gauge unification in Sect. 2.3.3.

2.2 Two-loop gauge renormalization group equations

In this section we report, in order to fix a consistent notation, the two-loop renor-
malization group equations (RGEs) for the gauge couplings. We consider a gauge
group of the form Ul); ® ... @ U1)y ® G; ® ... ® Gy, where G; are simple groups.

2.21 The non-abelian sector

Let us focus first on the non-abelian sector corresponding to Gy ® ... ® Gy and defer
the full treatment of the effects due to the extra U(1) factors to section 2.2.2. Defining
t = log(u/py) we write

dg,

W = Jp .Bp (21)

where p = 1,...,N' is the gauge group label. Neglecting for the time being the
abelian components, the S-functions for the G; ® ... ® Gy gauge couplings read at
two-loop level [178, 179, 180, 181, 182, 183]

/

ge [ 11 4 1
By = (4;)2 ‘["'?CQ(GP) + EK/‘SQ(FP) + gnSQ(SP)
2
(49;)2 [_% (C2<Gp))2 + <4C2(Fp) + %CQ(GIJO KkSy(Fp)
+ <4C2(Sp) + %CQ(GP)> nSQ(Sp)}
2
+ (f;)glr[r-cCQ(Fq)SQ(Fp) + T?C2<Sq)32(5p)} — (427’:)2 th(Fp)} ) (2.2)

where Kk = 1,% for Dirac and Weyl fermions respectively. Correspondingly, n =
1,% for complex and real scalar fields. The sum over q # p corresponding to
contributions to B, from the other gauge sectors labelled by q is understood. Given
a fermion F or a scalar S field that transforms according to the representation
R = Ry ® ... ® Ry, where R, is an irreducible representation of the group G, of
dimension d(R,), the factor Sy(R,) is defined by

(2.3)
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where T(R,) is the Dynkin index of the representation R,. The corresponding
Casimir eigenvalue is then given by

CQ(Rp)d(Rp> = T<Rp)d(Gp> ’ (2-4)

where d(G) is the dimension of the group. In Eq. (2.2) the first row represents
the one-loop contribution while the other terms stand for the two-loop corrections,
including that induced by Yukawa interactions. The latter is accounted for in terms

of a factor

Vi(Fy) = ﬁG)Tr [ColF)YYT], (2.5)

where the “general” Yukawa coupling
yabe 3 by he + h.c. (2.6)

includes family as well as group indices. The coupling in Eq. (2.6) is written in terms
of four-component Weyl spinors 1, ;, and a scalar field h. (be complex or real). The
trace includes the sum over all relevant fermion and scalar fields.

2.2.2 The abelian couplings and U(1) mixing

In order to include the abelian contributions to Eq. (2.2) at two loops and the one-
and two-loop effects of U(1) mixing [184], let us write the most general interaction
of N abelian gauge bosons A} and a set of Weyl fermions 1)y as

Y72 Of s grp Al - (2.7)

The gauge coupling constants g,,, r,b = 1,..., N, couple A} to the fermionic current
Ji = @f%lQ}” Yr. The N x N gauge coupling matrix g,, can be diagonalized by two
independent rotations: one acting on the U(1) charges QO and the other on the gauge
boson fields A}. For a given choice of the charges, g,, can be set in a triangular
form (g, = 0 for r > b) by the gauge boson rotation. The resulting N(N + 1)/2
entries are observable couplings.

Since Fy, in the abelian case is itself gauge invariant, the most general kinetic
part of the lagrangian reads at the renormalizable level

- %F&FGW - %sangva“”, (2.8)
where a + b and |&,,] < 1. A non-orthogonal rotation of the fields A% may be
performed to set the gauge kinetic term in a canonical diagonal form. Any further
orthogonal rotation of the gauge fields will preserve this form. Then, the renormal-
ization prescription may be conveniently chosen to maintain at each scale the kinetic
terms canonical and diagonal on-shell while renormalizing accordingly the gauge
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coupling matrix g,, !. Thus, even if at one scale g,, is diagonal, in general non-

zero off-diagonal entries are generated by renormalization effects. One shows [186]
that in the case the abelian gauge couplings are at a given scale diagonal and equal
(ie. there is a U(1) unification), there may exist a (scale independent) gauge field
basis such that the abelian interactions remain to all orders diagonal along the RGE
trajectory *.
In general, the renormalization of the abelian part of the gauge interactions is
determined by
dg;b = gr'aBab , (29)

where, as a consequence of gauge invariance,

d
B = 57 (109 Z57) - (2.10)

with Zz denoting the gauge-boson wave-function renormalization matrix. In order
to further simplify the notation it is convenient to introduce the “reduced” cou-
plings [186]

grb = Qpgrn (2.11)
that evolve according to

d

% = gkaﬁab . (212)

The index k labels the fields (fermions and scalars) that carry U(1) charges.
In terms of the reduced couplings the B-function that governs the U(1) running
up to two loops is given by [178, 179, 180]

1 4 1
ﬁab = W {g’f Jradrb =+ 577 JsaJsb (213)
+ i[fc( 2 4 2Cy(Fy)) + 1 ( 2 4 1Co(S) |
(%)? gragrvTse T JradrpdqLallq N \9saFsbTsc T FsaFsbqL2loq

2K
WTP [gfagfb YYT]} ,

where repeated indices are summed over, labelling fermions (f), scalars (s) and U(1)
gauge groups (c). The terms proportional to the quadratic Casimir Cy(R,) represent
the two-loop contributions of the non abelian components G, of the gauge group to
the U(1) gauge coupling renormalization.

Correspondingly, using the notation of Eq. (2.11), an additional two-loop term that
represents the renormalization of the non abelian gauge couplings induced at two
loops by the U(1) gauge fields is to be added to Eq. (2.2), namely

g,

2
Ay = 7tk G5 + 0 0S5, (2.44)

! Alternatively one may work with off-diagonal kinetic terms while keeping the gauge interactions
diagonal [185].
®Vanishing of the commutator of the S-functions and their derivatives is needed [187].
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In Egs. (2.13)-(2.14), we use the abbreviation f = F, and s = S, and, as before,
k = 1,5 for Dirac and Weyl fermions, while n = 1, for complex and real scalar
fields respectively.

2.2.3 Some notation

When at most one U(1) factor is present, and neglecting the Yukawa contributions,
the two-loop RGEs can be conveniently written as

-1
da; _ a; bij

1

dt  on  8me’

(2.15)

where a; = g?/4m. The B-coefficients a; and by; for the relevant SO(10) chains are
given in Appendix A.

Substituting the one-loop solution for q; into the right-hand side of Eq. (2.15) one
obtains

a () — o (0) = === t+ —'j_%log(i —wjt) , (2.16)

where w; = a;a;(0)/(27) and b;; = b;;/a; . The analytic solution in (2.16) holds at two

loops (for w;t < 1) up to higher order effects. A sample of the rescaled S-coefficients

6” is given, for the purpose of comparison with previous results, in Appendix A.
We shall conveniently write the B-function in Eq. (2.13), that governs the abelian

mixing, as

1
Bab = W Jsa Ysr Jrb » (217)

where 7, include both one- and two-loop contributions. Analogously, the non-abelian

beta function in Eq. (2.2), including the U(1) contribution in Eq. (2.14), is conveniently

written as

2
3[) = (4gjl;)2 7{7' (218)

The 7, functions for the SO(10) breaking chains considered in this work are reported
in Appendix A.1.

Finally, the Yukawa term in Eq. (25), and correspondingly in Eq. (2.13), can be
written as

V,(F,) = pTr (kakT) , (2.19)

where V), are the “standard” 3 x 3 Yukawa matrices in the family space labelled by
the flavour index k. The trace is taken over family indices and k is summed over the
different Yukawa terms present at each stage of SO(10) breaking. The coefficients
Ypr are given explicitly in Appendix A.2
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2.2.4 One-loop matching

The matching conditions between effective theories in the framework of dimen-
sional regularization have been derived in [185, 189]. Let us consider first a simple
gauge group G spontaneously broken into subgroups G,. Neglecting terms involv-
ing logarithms of mass ratios which are assumed to be subleading (massive states
clustered near the threshold), the one-loop matching for the gauge couplings can be

written as C,(Gy) C,(G)
-1 2\Yp S 2
@ 1271 % 1271
Let us turn to the case when several non-abelian simple groups G, (and at most
one U(1)y) spontaneously break whilst preserving a U(1)y charge. The conserved
U(1) generator Ty can be written in terms of the relevant generators of the various

Cartan subalgebras (and of the consistently normalized Ty) as

(2.20)

Ty = Di Ti , (221)

where Y p? = 1, and i runs over the relevant p (and X) indices. The matching
condition is then give by’

Co(G;
ayt = Zp? <oc[1 - féﬂ)> , (2.28)

5This is easily proven at tree level [190]. Let us imagine that the gauge symmetry is spontaneously
broken by the VEV of an arbitrary set of scalar fields (¢), such that Ty (¢) = 0. Starting from the
covariant derivative

D‘u(}s = 6/1¢ + lngl <Ap>i (i), (222)
we derive the gauge boson mass matrix
15 = 919 (6) TiT(9) (2.23)

which has a zero eigenvector corresponding to the massless gauge field AZ = q; (All>i' where

phqi=0  with ) qi=1. (2.24)
J

It's easy to see then that the components of q are

1
2
ai = Npilgi with N = <Z (Pi/gi)2> , (2.25)

1
and from the coupling of AE to fermions
gi (Ap), VY" Ty = G A0y T + ... = Npy AL 9y ' Ti + ... = NAJ O Ty + .., (2.26)

we conclude that

1
2
gy =N = <Z<pf/gf>2> : (2.27)

i
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where for i = X, if present, Cy = 0.

Consider now the breaking of N copies of U(1) gauge factors to a subset of M
elements U(1) (with M < N). Denoting by T, (n = 1,...,N) and by Ty (m =1, ..., M)
their properly normalized generators we have

Ty = PyunTha (2.29)

with the orthogonality condition P, ,Ppnn = Smm. Let us denote by g,q (n,a =
1,...,N) and by g, (m,b =1, ..., M) the matrices of abelian gauge couplings above
and below the breaking scale respectively. By writing the abelian gauge boson mass
matrix in the broken vacuum and by identifying the massless states, we find the
following matching condition

Gg") " = P(gg") " PT. (2.30)

Notice that Eq. (2.30) depends on the chosen basis for the U(1) charges (via P) but it
is invariant under orthogonal rotations of the gauge boson fields (gOTOg™ = gg7).
The massless gauge bosons AY are given in terms of AY by

An {ng (g—iﬂ AR, (2.31)
where m=1,...,Mand n=1,...,N.

The general case of a gauge group U(1); ®...Q U(1)y @G ®...® Gy spontaneously
broken to U(1); @ ... ® U(1)y with M < N + N’ is taken care of by replacing (gg’)~!
in Eq. (2.30) with the block-diagonal (N + N’) x (N + N’) matrix

-2 CQ(GP) }

T\—1 : T\—1
(GG")™" = Diag |(gg™) .9, 1872 (2.32)

thus providing, together with the extended Eq. (2.29) and Eq. (2.30), a generalization
of Eq. (2.28).

2.3 Numerical results

At one-loop, and in absence of the U(1) mixing, the gauge RGEs are not coupled
and the unification constraints can be studied analytically. When two-loop effects
are included (or at one-loop more than one U(1) factor is present) there is no closed
solution and one must solve the system of coupled equations, matching all stages
between the weak and unification scales, numerically. On the other hand (when no
U(1) mixing is there) one may take advantage of the analytic formula in Eq. (2.16).
The latter turns out to provide, for the cases here studied, a very good approximation
to the numerical solution. The discrepancies with the numerical integration do not
generally exceed the 107 level.

We perform a scan over the relevant breaking scales My, My, and M; and the
value of the grand unified coupling ay and impose the matching with the SM gauge



2.3. NUMERICAL RESULTS 75

couplings at the My scale requiring a precision at the per mil level. This is achieved
by minimizing the parameter

3 Ofth—ai 2
5= Z<lai > (2.33)

i=1

where a; denote the experimental values at My and oc}h are the renormalized cou-
plings obtained from unification.

The input values for the (consistently normalized) gauge SM couplings at the
scale Mz = 91.19 GeV are [79]

0.016946 + 0.000006 ,
Qo 0.033812 + 0.000021 , (2.34)
az = 0.1176 = 0.0020,

ay

corresponding to the electroweak scale parameters

al = 127.925+0.016,
0.23119 + 0.00014 . (2.35)

sin’ Ow

All these data refer to the modified minimally subtracted (MS) quantities at the My,
scale.

For a;, we shall consider only the central values while we resort to scanning
over the whole 30 domain for az when a stable solution is not found.

The results, i.e. the positions of the intermediate scales M;, M, and My shall be
reported in terms of decadic logarithms of their values in units of GeV, ie. n; =
log,o(M1/GeV), ny = log,o(My/GeV), ny = log,,(My/GeV). In particular, ny, ny are
given as functions of n; for each breaking pattern and for different approximations
in the loop expansion. Each of the breaking patterns is further supplemented by the
relevant range of the values of ay.

2.3.1 U(i)R & U(i)B_L mixing

The chains VIII to XII require consideration of the mixing between the two U(1)
factors. While U(1)p and U(1)g_;, do emerge with canonical diagonal kinetic terms,
being the remnants of the breaking of non-abelian groups, the corresponding gauge
couplings are at the onset different in size. In general, no scale independent orthogo-
nal rotations of charges and gauge fields exist that diagonalize the gauge interactions
to all orders along the RGE trajectories. According to the discussion in Sect. 2.2, off-
diagonal gauge couplings arise at the one-loop level that must be accounted for in
order to perform the matching at the M; scale with the standard hypercharge. The
preserved direction in the Q®B~I charge space is given by

v _ § R \/2 B-L
Q —ﬁ@ +/zQ" (2:36)
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where
OR =Ty and OQFF = g <%> . (2.37)
The matching of the gauge couplings is then obtained from Eq. (2.30)
_ —1
gy’ =Plgg") PT, (2.38)
with
3 2
p = Jj \/j 2.39
< s 5> (2.39)
and
g - IRR IRr,B-L . (2.40)
gB-LR YB-LB-L

When neglecting the off-diagonal terms, Eq. (2.38) reproduces the matching con-
dition used in Refs. [173, 99, 174, 64]. For all other cases, in which only one U(1)
factor is present, the matching relations can be read off directly from Eq. (2.20) and
Eq. (2.28).

2.3.2 Two-loop results (purely gauge)

The results of the numerical analysis are organized as follows: Fig. 2.1 and Fig. 2.2
show the values of ny and ny as functions of n; for the pure gauge running (i.e. no
Yukawa interactions), in the 126;; and 16y case respectively. The differences between
the patterns for the 126y and 16y setups depend on the substantially different scalar
content. The shape and size of the various contributions (one-loop, with and without
U(1) mixing, and two-loops) are compared in each figure. The dissection of the
RGE results shown in the figures allows us to compare our results with those of
Refs. [173, 99, 174, 64].

Table 2.3 shows the two-loop values of a; in the allowed region for n;. The
contributions of the additional ¢!*® multiplets, and the Yukawa terms are discussed
separately in Sect. 2.3.3 and Sect. 2.3.4, respectively. With the exception of a few
singular cases detailed therein, these effects turn out to be generally subdominant.

As already mentioned in the introduction, two-loop precision in a GUT scenario
makes sense once (one-loop) thresholds effects are coherently taken into account,
as their effect may become comparable if not larger than the two loop itself (the
argument becomes stronger as the number of intermediate scales increases). On
the other hand, there is no control on the spectrum unless a specific model is
studied in details. The purpose of this chapter is to set the stage for such a study
by reassessing and updating the general constraints and patterns that SO(10) grand
unification enforces on the spread of intermediate scales.

The one and two-loop B-coefficients used in the present study are reported in
Appendix A. Table A5 in the appendix shows the reduced b;; coefficients for those
cases where we are at variance with Ref. [99].

1
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Figure 2.1: The values of ny (red/upper branches) and ny (blue/lower branches) are shown as
functions of n; for the pure gauge running in the 126y case. The bold black line bounds the region
n; < no. From chains Ia to Vlla the short-dashed lines represent the result of one-loop running while
the solid ones correspond to the two-loop solutions. For chains VIIla to XIla the short-dashed lines
represent the one-loop results without the U(1)p ® U(1)g_;, mixing, the long-dashed lines account
for the complete one-loop results, while the solid lines represent the two-loop solutions. The scalar
content at each stage corresponds to that considered in Ref. [64], namely to that reported in Table 2.2
without the ¢!'? multiplets. For chains I to VII the two-step SO(10) breaking consistent with minimal
fine tuning is recovered in the ny — ny limit. No solution is found for chain Xa.
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Figure 2.2: Same as in Fig. 2.1 for the 16y case.
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One of the largest effects in the comparison with Refs. [173, 99, 174, 64] emerges
at one-loop and it is due to the implementation of the U(1) gauge mixing when
Ul)r ® U(1)g_;, appears as an intermediate stage of the SO(10) breaking*. This
affects chains VIII to XII, and it exhibits itself in the exact (one-loop) flatness of ny,
ny and ay as functions of ny.

The rationale for such a behaviour is quite simple. When considering the gauge
coupling renormalization in the 3:2;1p15_; stage, no effect at one-loop appears in
the non-abelian p-functions due to the abelian gauge fields. On the other hand,
the Higgs fields surviving at the 3:2;1r15_;, stage, responsible for the breaking to
30211y, are (by construction) SM singlets. Since the SM one-loop B-functions are not
affected by their presence, the solution found for ny, ny and ay in the ny = n, case
holds for ny < ny as well. Only by performing correctly the mixed U(1)p @ U(1)p_;,
gauge running and the consistent matching with U(1)y one recovers the expected
n, flatness of the GUT solution.

In this respect, it is interesting to notice that the absence of U(1) mixing in
Refs. [173, 99, 174, 64] makes the argument for the actual possibility of a light (ob-
servable) U(1)p gauge boson an “approximate” statement (based on the approximate
flatness of the solution).

One expects this feature to break at two-loops. The SU(2);, and SU(3)¢ B-functions
are affected at two-loops directly by the abelian gauge bosons via Eq. (2.14) (the Higgs
multiplets that are responsible for the U(1)p® U(1)p_;, breaking do not enter through
the Yukawa interactions). The net effect on the non-abelian gauge running is related
to the difference between the contribution of the U(1)p and U(1)g_;, gauge bosons
and that of the standard hypercharge. We checked that such a difference is always
a small fraction (below 10%) of the typical two-loop contributions to the SU(2); and
SU(3)c B-functions. As a consequence, the n; flatness of the GUT solution is at a
very high accuracy (107°) preserved at two-loops as well, as the inspection of the
relevant chains in Figs. 2.1-2.2 shows.

Still at one-loop we find a sharp disagreement in the n; range of chain XlIla, with
respect to the result of Ref. [64]. The authors find n; < 5.3, while strictly following
their procedure and assumptions we find n; < 10.2 (the updated one- and two-loop
results are given in Fig. 2.1k). As we shall see, this difference brings chain XIla back
among the potentially realistic ones.

As far as two-loop effects are at stakes, their relevance is generally related to the
length of the running involving the largest non-abelian groups. On the other hand,
there are chains where n, and ny have a strong dependence on n; (we will refer to
them as to “unstable” chains) and where two-loop corrections affect substantially the
one-loop results. Evident examples of such unstable chains are Ia, IVa, Va, IVb, and
VIIb. In particular, in chain Va the two-loop effects flip the slopes of ny and ny, that
implies a sharp change in the allowed region for n;. It is clear that when dealing
with these breaking chains any statement about their viability should account for the
details of the thresholds in the given model.

“The lack of abelian gauge mixing in Ref. [64] was first observed in Ref. [191].
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Chain ay’ Chain ay’
Ta (455,464 b [45.7, 44.8]
a  [43.7,40.8] 1Ib  [45.3,445]
Ma  [455,40.8] IIb  [45.7,445]
Va  [455,434] Vb  [45.7,45.1]
Va  [45.444A] Vb [443,44.8]
Via  [441,41.0]  VIb  [443, 44.9]
Vila  [45.4,41.1]  VIIb  [44.8,44.4]
VIIla 45.4 VIITb 45.6
[Xa 42.8 IXb 44.3
Xa Xb 44.8
Xla 38.7 XIb 41.5
Xlla 441 XIIb 44.3

Table 2.3: Two-loop values of aj' in the allowed region for ny. From chains I to VII, aj! is ny
dependent and its range is given in square brackets for the minimum (left) and the maximum (right)
value of ny respectively. For chains VIIT to XII, aﬁi depends very weekly on n; (see the discussion
on U(1) mixing in the text). No solution is found for chain Xa.

In chains VIII to XII (where the second intermediate stage is 302, 1r15_1, two-loop
effects are mild and exhibit the common behaviour of lowering the GUT scale (ny)
while raising (with the exception of Xb and XIa,b) the largest intermediate scale (ny).
The mildness of two-loop corrections (no more that one would a-priori expect) is
strictly related to the (n;) flatness of the GUT solution discussed before.

Worth mentioning are the limits ny, ~ ny and ny ~ n,. While the former is equiv-
alent to neglecting the first stage G2 and to reducing effectively the three breaking
steps to just two (namely SO(10) — G1 — SM) with a minimal fine tuning in the
scalar sector, care must be taken of the latter. One may naively expect that the
chains with the same G2 should exhibit for n; ~ ny the same numerical behavior
(SO10) — G2 — SM), thus clustering the chains (I,V,X), (ILIILVLVILXI) and (IVIX).
On the other hand, one must recall that the existence of G1 and its breaking re-
main encoded in the G2 stage through the Higgs scalars that are responsible for
the G2—G1 breaking. This is why the chains with the same G2 are not in general
equivalent in the n; ~ ny limit. The numerical features of the degenerate patterns
(with ny ~ ny) can be crosschecked among the different chains by direct inspection
of Figs. 2.1-2.2 and Table 2.3.

In any discussion of viability of the various scenarios the main attention is paid to
the constraints emerging from the proton decay. In nonsupersymmetric GUTs this
process is dominated by baryon number violating gauge interactions, inducing at low
energies a set of effective d = 6 operators that conserve B — L (cf. Sect. 1.6.1). In
the SO(10) scenarios we consider here such gauge bosons are integrated out at the
unification scale and therefore proton decay constrains ny from below. Considering
the naive estimate of the inverse lifetime of the proton in Eq. (1.234), the present
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experimental limit T(p — 7%*) > 8.2 x 10% yr [11] yields ny > 15.4, for aj' = 40.
Taking the results in Figs. 2.1-2.2 and Table 2.3 at face value the chains Vlab, XIab,
XlIab, Vb and VIIb should be excluded from realistic considerations.

On the other hand, one must recall that once a specific model is scrutinized
in detail there can be large threshold corrections in the matching [175, 176, 177],
that can easily move the unification scale by a few orders of magnitude (in both
directions). In particular, as a consequence of the spontaneous breaking of accidental
would-be global symmetries of the scalar potential, pseudo-Goldstone modes (with
masses further suppressed with respect to the expected threshold range) may appear
in the scalar spectrum, leading to potentially large RGE effects [47]. Therefore, we
shall follow a conservative approach in interpreting the limits on the intermediate
scales coming from a simple threshold clustering. These limits, albeit useful for a
preliminary survey, may not be sharply used to exclude marginal but otherwise well
motivated scenarios.

Below the scale of the B — L breaking, processes that violate separately the barion
or the lepton numbers emerge. In particular, AB = 2 effective interactions give
rise to the phenomenon of neutron oscillations (for a recent review see Ref. [103]).
Present bounds on nuclear instability give 1y > 10% years, which translates into
a bound on the neutron oscillation time 1,., > 10® sec. Analogous limits come
from direct reactor oscillations experiments. This sets a lower bound on the scale
of AB = 2 nonsupersymmetric (d = 9) operators that varies from 10 to 300 TeV
depending on model couplings. Thus, neutron-antineutron oscillations probe scales
far below the unification scale. In a supersymmetric context the presence of AB = 2
d = 7 operators softens the dependence on the B — L scale and for the present
bounds the typical limit goes up to about 107 GeV.

Far more reaching in scale sensitivity are the AL = 2 neutrino masses emerging
from the see-saw mechanism. At the B — L breaking scale the AL (5L) scalars ac-
quire AL = 2 (AL = 1) VEVs that give a Majorana mass to the right-handed neutrinos.
Once the latter are integrated out, d = 5 operators of the form (¢Te,H)C(H e,0)/ A},
generate light Majorana neutrino states in the low energy theory.

In the type-I seesaw, the neutrino mass matrix m, is proportional to YpMp! V] v?
where the largest entry in the Yukawa couplings is typically of the order of the
top quark one and Mp ~ M;. Given a neutrino mass above the limit obtained
from atmospheric neutrino oscillations and below the eV, one infers a (loose) range
10 GeV < My < 10" GeV. It is interesting to note that the lower bound pairs with
the cosmological limit on the D-parity breaking scale (see Sect. 2.1).

In the scalar-triplet induced (type-1I) seesaw the evidence of the neutrino mass
entails a lower bound on the VEV of the heavy SU(2);, triplet in 126y. This translates
into an upper bound on the mass of the triplet that depends on the structure of
the relevant Yukawa coupling. If both type-lI as well as type-II contribute to the
light neutrino mass, the lower bound on the M; scale may then be weakened by
the interplay between the two contributions. Once again this can be quantitatively
assessed only when the vacuum of the model is fully investigated.
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Finally, it is worth noting that if the B — L breakdown is driven by 126, the
elementary triplets couple to the Majorana currents at the renormalizable level and
m, is directly sensitive to the position of the G1 — SM threshold M;. On the other
hand, the n;-dependence of m, is loosened in the b-type of chains due to the non-
renormalizable nature of the relevant effective operator 16516165165 /A, where the
effective scale A > My accounts for an extra suppression.

With these considerations at hand, the constraints from proton decay and the
see-saw neutrino scale favor the chains II, III and VII, which all share 4:2;:2rP in
the first SO(10) breaking stage [140]. On the other hand, our results rescue from
oblivion other potentially interesting scenarios that, as we shall expand upon shortly,
are worth of in depth consideration. In all cases, the bounds on the B — L scale
enforced by the see-saw neutrino mass excludes the possibility of observable U(1)p
gauge bosons.

2.3.3 The ¢'?° Higgs multiplets

As mentioned in Sect. 2.1.1, in order to ensure a rich enough Yukawa sector in
realistic models there may be the need to keep more than one SU(2);, Higgs doublet
at intermediate scales, albeit at the price of an extra fine-tuning. A typical example is
the case of a relatively low Pati-Salam breaking scale where one needs at least a pair
of SU(2);, @ SU(2)p bidoublets with different SU(4)c quantum numbers to transfer the
information about the PS breakdown into the matter sector. Such additional Higgs
multiplets are those labelled by ¢!?° in Table 2.2.

Table 2.4 shows the effects of including ¢'?° at the SU(4)c stages of the relevant
breaking chains. The two-loop results at the extreme values of the intermediate
scales, with and without the ¢'*® multiplet, are compared. In the latter case the
complete functional dependence among the scales is given in Fig. 2.1. Degenerate
patterns with only one effective intermediate stage are easily crosschecked among
the different chains in Table 2.4.

In most of the cases, the numerical results do not exhibit a sizeable dependence on
the additional (15, 2, 2)155 (or (15,2, +%)@) scalar multiplets. The reason can be read
off Table A.6 in Appendix A and it rests on an accidental approximate coincidence
of the ¢!'? contributions to the SU(4)c and SU(2); r one-loop beta coefficients (the
same argument applies to the 42,1, case).

Considering for instance the 40225 stage, one obtains Aa, = % x 4 x To(15) = %
and Aay = % x 30 x Ty(2) = b, that only slightly affects the value of ay (when the PS
scale is low enough), but has generally a negligible effect on the intermediate scales.

An exception to this argument is observed in chains Ia and Va that, due to their
ny y(ny) slopes, are most sensitive to variations of the B-coefficients. In particular,
the inclusion of ¢'*® in the la chain flips at two-loops the slopes of n, and ny so that
the limit ny = ny (i.e. no G2 stage) is obtained for the maximal value of n; (while
the same happens for the minimum n; if there is no ¢!*).

Fig. 2.3 shows three template cases where the ¢'? effects are visible. The highly
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Chain ny ny ny ay’
la [050, 100] [162, 10.0] [162, 170] [455, 46.4]
1800, 950] [10.4, 162] [180, 162] [30.6, 455]
la  [105,137] [154 137 [154 151] [43.7, 408
[105,13.7] [154, 137] [154 151] [43.7, 37.6]
Ma  [950,13.7] [162 137] [162, 154] [455, 408]
050, 137] [162 13.7] [162, 151] [455, 37.6]
Va (110, 114] [11.0, 144] [159, 144] [45.4, 441
104, 11.2] [104, 145] [165, 145] [325, 40.]
Via (114 137] (44 137] 4k 149] [441, 41.0]
112,137 [145 137] [145,149] [4038, 38.1]
Vila  [113,137] [159,137] [159,149] [454, 41.1]
105, 137] [165,13.7] [165, 150] [333, 38.1]
Xla  [300,137] [13.7,137] (148, 148] [387, 387
1300, 13.7] [137,13.7] [148 148] [36.0, 36.0]
XMla  [3.00,10.8] [10.8,108] [146, 14.6] [441, 441]
300, 105] [105,105] [147,147] [39.8, 39.8]

Table 2.4: Impact of the additional multiplet ¢!?° (second line of each chain) on those chains that
contain the gauge groups 4c21,2p or 4211 as intermediate stages, and whose breaking to the SM is
obtained via a 126y representation. The values of ny, ny and oc{]1 are showed for the minimum and
maximum values allowed for ny; by the two-loop analysis. Generally the effects on the intermediate
scales are below the percent level, with the exception of chains la and Va that are most sensitive to
variations of the S-functions.

8 " . . . . . Ny
75 8.0 8.5 9.0 9.5 100 105 110

(a) Chain Ia (b) Chain Va (c) Chain VIla

. . . . . . . ny 3
100 102 104 106 108 11.0 112 114 10

Figure 2.3: Example of chains with sizeable ¢'?° effects (long-dashed curves) on the position of the
intermediate scales. The solid curves represent the two-loop results in Fig. 2.1. The most dramatic
effects appear in the chain la, while moderate scale shifts affect chain Va (both “unstable’ under small
variations of the S-functions). Chain VlIla, due to the presence of two PS stages, is the only "stable”
chain with visible ¢'* effects.
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unstable Chain la shows, as noticed earlier, the largest effects. In chain Va the effects
of ¢!*° are moderate. Chain VII is the only "stable" chain that exhibits visible effects
on the intermediate scales. This is due to the presence of two full-fledged PS stages.

2.3.4 Yukawa terms

The effects of the Yukawa couplings can be at leading order approximated by con-
stant negative shifts of the one-loop a; coefficients a; — a; = a; + Aa; with

Aa; = —ﬁyim v, v/ (2.41)
The impact of Aa; on the position of the unification scale and the value of the unified
coupling can be simply estimated by considering the running induced by the Yukawa
couplings from a scale t up to the unification point (f = 0). The one-loop result for
the change of the intersection of the curves corresponding to a; !(t) and a; L(t) reads
(at the leading order in Aaq;):

and
~ 1 [Aa; + Aa;  (a; + a;)(Aa; — Aa;) - B
Aoyt = = - ! ! ) —a ]+ 243
aU 2 a; — aj (ai _ aj>2 [(X] ( ) al ( )] + ( )

for any i + j. For simplicity we have neglected the changes in the a; coefficients due
to crossing intermediate thresholds. It is clear that for a common change Aa; = Aaq;
the unification scale is not affected, while a net effect remains on a'. In all cases,
the leading contribution is always proportional to a; '(t) — a;'(t) (this holds exactly
for Aty).

In order to assess quantitatively such effects we shall consider first the SM stage
that accounts for a large part of the running in all realistic chains. The case of a
low ny scale leads, as we explain in the following, to comparably smaller effects. The
impact of the Yukawa interactions on the gauge RGEs is readily estimated assuming
only the up-type Yukawa contribution to be sizeable and constant, namely Tr Yy YE ~
1. This yields Aa; ~ —6x10~%y;y, where the values of the y;; coefficients are given in
Table A.7. For i = 1 and j = 2 one obtains Aa; ~ —1.1 x 1072 and Aay ~ —0.9 x 1072
respectively. Since ai™ = % and aj™ = —L, the first term in (2.43) dominates
and one finds Aay' ~ 0.04. For a typical value of aj!' ~ 40 this translates into
Aajt/agt ~ 0.1%. The impact on ty is indeed tiny, namely Any ~ —1 x 1072 In
both cases the estimated effect agrees to high accuracy with the actual numerical
behavior we observe.

The effects of the Yukawa interactions emerging at intermediate scales (or of
a non-negligible Tr Yp Yg in a two Higgs doublet settings with large tanpf) can

be analogously accounted for. As a matter of fact, in the SO(10) type of models
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Tr Yy Y]C ~Tr Yy Y{; due to the common origin of Yy and Yy. The unified structure
of the Yukawa sector yields therefore homogeneous Aa; factors (see the equality of
Y . Vi in Table A.7). This provides the observed large suppression of the Yukawa
effects on threshold scales and unification compared to typical two-loop gauge con-
tributions.

In summary, the two-loop RGE effects due to Yukawa couplings on the magnitude
of the unification scale (and intermediate thresholds) and the value of the GUT gauge
coupling turn out to be very small. Typically we observe negative shifts at the per-
mil level in both ny and ay, with no relevant impact on the gauge-mediated proton
decay rate.

2.3.5 The privilege of being minimal

With all the information at hand we can finally approach an assessment of the
viability of the various scenarios. As we have argued at length, we cannot discard
a marginal unification setup without a detailed information on the fine threshold
structure.

Obtaining this piece of information involve the study of the vacuum of the model],
and for SO(10) GUTs this is in general a most challenging task. In this respect su-
persymmetry helps: the superpotential is holomorphic and the couplings in the
renormalizable case are limited to at most cubic terms; the physical vacuum is con-
strained by GUT-scale F- and D-flatness and supersymmetry may be exploited to
studying the fermionic rather than the scalar spectra.

It is not surprising that for nonsupersymmetric SO(10), only a few detailed studies
of the Higgs potential and the related threshold effects (see for instance Refs. [56,
192, 58, 59, 193]) are available. In view of all this and of the intrinsic predictivity
related to minimality, the relevance of carefully scrutinizing the simplest scenarios
is hardly overstressed.

The most economical SO(10) Higgs sector includes the adjoint 454, that provides
the breaking of the GUT symmetry, either 165 or 126y, responsible for the subse-
quent B — L breaking, and 10y, participating to the electroweak symmetry breaking.
The latter is needed together with 165 or 126y in order to obtain realistic patterns for
the fermionic masses and mixing. Due to the properties of the adjoint representation
this scenario exhibits a minimal number of parameters in the Higgs potential. In
the current notation such a minimal nonsupersymmetric SO(10) GUT corresponds
to the chains VIIT and XII.

From this point of view, it is quite intriguing that our analysis of the gauge uni-
fication constraints improves the standing of these chains (for Xlla dramatically)
with respect to existing studies. In particular, considering the renormalizable setups
(126y), we find for chain VIIla, ny < 9.1, ny = 16.2 and ay' = 45.4 (to be compared to
ny < 7.7 given in Ref. [64]). This is due to the combination of the updated weak scale
data and two loop running effects. For chain XIla we find ny < 10.8, ny = 14.6 and
ay' = 44.1, showing a dramatic (and pathological) change from n; < 5.3 obtained
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in [64]. Our result sets the B — L scale nearby the needed scale for realistic light
neutrino masses.

We observe non-negligible two-loop effects for the chains VIIIb and XIIb (16)
as well. For chain VIIIb we obtain n; < 105, ny = 16.2 and oc{,1 = 45.6 (that lifts
the B — L scale while preserving ny well above the proton decay bound Eq. (??)). A
similar shift in ny is observed in chain XIIb where we find ny < 125, ny = 14.8
and a@i = 44.3. As we have already stressed one should not too readily discard
ny = 14.8 as being incompatible with the proton decay bound. We have verified that
reasonable GUT threshold patterns exist that easily lift n; above the experimental
bound. For all these chains D-parity is broken at the GUT scale thus avoiding any
cosmological issues (see the discussion in Sect. 2.1).

As remarked in Sect. 2.3.2, the limit ny = ny leads to an effective two-step
SO(10) — G2 — SM breaking with a non-minimal set of surviving scalars at the
G2 stage. As a consequence, the unification setup for the minimal scenario can be
recovered (with the needed minimal fine tuning) by considering the limit ny, = ny in
those chains among I to VII where G1 is either 3:2;2p15_1, or 4c2;1R (see Table 2.1).
From inspection of Figs. 2.1-2.2 and of Table 2.3, one reads the following results: for
SO(10) . 3c212p1-1, — SM we find

e n; =95 ny =16.2 and a;' = 45.5 (case a),
e n; =108 ny = 16.2 and aj! = 45.7 (case b),
while for SO(10) = 4c2:1p — SM

o ny = 11.4, ny = 14.4 and ay' = 44.1 (case a),
o ny =12.6, ny = 14.6 and ay' = 44.3 (case b).

We observe that the patterns are quite similar to those of the non-minimal setups
obtained from chains VIII and XII in the n; = ny limit. Adding the ¢'?® multiplet,
as required by a realistic matter spectrum in case a, does not modify the scalar
content in the 3:2,2p15_;. case: only one linear combination of the 10y and 1264
bidoublets (see Table 2.2) is allowed by minimal fine tuning. On the other hand, in
the 4021 case, the only sizeable effect is a shift on the unified coupling constant,
namely aj' = 40.7 (see the discussion in Sect. 2.3.3).

In summary, in view of realistic thresholds effects at the GUT (and B — L) scale
and of a modest fine tuning in the see-saw neutrino mass, we consider both scenarios
worth of a detailed investigation.



Chapter 3

The quantum vacuum of the minimal
SO(10) GUT

3.1 The minimal SO(10) Higgs sector

In this chapter we consider a nonsupersymmetric SO(10) setup featuring the min-
imal Higgs content sufficient to trigger the spontaneous breakdown of the GUT
symmetry down to the standard electroweak model. Minimally, the scalar sector
spans over a reducible 455 & 16y representation. The adjoint 45y and the spinor
16y multiplets contain three SM singlets that may acquire GUT scale VEVs.

As we have seen in Chapter 2 the phenomenologically favored scenarios allowed
by gauge coupling unification correspond to a three-step breaking along one of the
following directions:

My M Mgy,

SO(iO) S 3C 2L 2R 1B~L — 3(} 2L 1R 13411 e SM, (31)
My M Mp-p,

SO(lO) S 4C 2L 1R E— 3C 2L 1R 1B—L S SM, (32)

where the first two breaking stages at My and M; are driven by the 455 VEVs, while
the breaking to the SM at the intermediate scale Mg_; is controlled by the 164.
The constraints coming from gauge unification are such that My > M; > Mg_;.
In particular, even without proton decay limits, any intermediate SU(5)-symmetric
stage is excluded. On the other hand, a series of studies in the early 1980’s of the
45y @ 16y model [56, 57, 58, 59] indicated that the only intermediate stages allowed
by the scalar sector dynamics were the flipped SU(5) ® U(1) for leading 455 VEVs
or the standard SU(5) GUT for dominant 16y VEV. This observation excluded the
simplest SO(10) Higgs sector from realistic consideration.

In this chapter we show that the exclusion of the breaking patterns in Egs. (3.1)-
(3.2) is an artifact of the tree level potential. As a matter of fact, some entries of
the scalar hessian are accidentally over-constrained at the tree level. A number of
scalar interactions that, by a simple inspection of the relevant global symmetries and
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their explicit breaking, are expected to contribute to these critical entries, are not
effective at the tree level.

On the other hand, once quantum corrections are considered, contributions of
O(M?%/1671%) induced on these entries open in a natural way all group-theoretically
allowed vacuum configurations. Remarkably enough, the study of the one-loop ef-
fective potential can be consistently carried out just for the critical tree level hessian
entries (that correspond to specific pseudo-Goldstone boson masses). For all other
states in the scalar spectrum, quantum corrections remain perturbations of the tree
level results and do not affect the discussion of the vacuum pattern.

Let us emphasize that the issue we shall be dealing with is inherent to all non-
supersymmetric SO(10) models with one adjoint 455 governing the first breaking
step. Only one additional scalar representation interacting with the adjoint is suffi-
cient to demonstrate conclusively our claim. In this respect, the choice of the SO(10)
spinor to trigger the intermediate symmetry breakdown is a mere convenience and
a similar line of reasoning can be devised for the scenarios in which B — L is broken
for instance by a 126-dimensional SO(10) tensor.

We shall therefore study the structure of the vacua of a SO(10) Higgs potential
with only the 45y & 16y representation at play. Following the common convention,
we define 16y = ¥ and denote by x, and x_ the multiplets transforming as positive
and negative chirality components of the reducible 32-dimensional SO(10) spinor
representation respectively. Similarly, we shall use the symbol & (or the derived
¢ for the components in the natural basis, cf. Appendix B) for the adjoint Higgs
representation 45y.

3.1.1 The tree-level Higgs potential

The most general renormalizable tree-level scalar potential which can be constructed
out of 45y and 16y reads (see for instance Refs. [45, 194]):

Vo= Vo + VX + Vq;X , (33)

where, according to the notation in Appendix B,

2
Vo — —HTra? 4 a_i(Tr d%)? + Lt (3.4)
2 4 4
V2 A A
Ve = =5+ 000 + 00T ) D)
2 % %
and
Vo, = alxT)Te @ + B/ %y + 1Dy . (5.5)

The mass terms and coupling constants above are real by hermiticity. The cubic &
self-interaction is absent due the zero trace of the SO(10) adjoint representation. For
the sake of simplicity, all tensorial indices have been suppressed.
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3.1.2 The symmetry breaking patterns
The SM singlets

There are in general three SM singlets in the 455 @ 16y representation of SO(10).
Labeling the field components according to 3¢ 21 2p 151, (where the U(1)5_; gener-
ator is (B — L)/2), the SM singlets reside in the (1,1,1,0) and (1,1, 3,0) submultiplets
of 45y and in the (1,1, 2, +%) component of 165. We denote their VEVs as

((1,1,1,0)) = wp_1,
((1,1,3,0)) = wp, (3.6)
((1,1,2,41)) = xr.

where wp_1 r are real and yp can be taken real by a phase redefinition of the 16y.
Different VEV configurations trigger the spontaneous breakdown of the SO(10) sym-
metry into a number of subgroups. Namely, for x¥p = 0 one finds

wp =0, wp_ #0 : 3c212r1B-1,
wrp +0, wg_, =0 : 4e211n
wp 0, wp_g, #0 : Sc211plB-1, (3.7)
wp = —wp_r, +0 : flipped 51
wp =wp_, +0 : standard 51,

with 517 and 51, standing for the two different embedding of the SU(5) ® U(1)
subgroup into SO(10), i.e. standard and “flipped” respectively (see the discussion at
the end of the section).

When yp + 0 all intermediate gauge symmetries are spontaneously broken down
to the SM group, with the exception of the last case which maintains the standard
SU(5) subgroup unbroken and will no further be considered.

The classification in Eq. (3.7) depends on the phase conventions used in the
parametrization of the SM singlet subspace of 45y & 16y. The statement that wp =
wp_1, yields the standard SU(5) vacuum while wp = —wp_;, corresponds to the flipped
setting defines a particular basis in this subspace (see Sect. 3.1.2). The consistency of
any chosen framework is then verified against the corresponding Goldstone boson
spectrum.

The decomposition of the 455 and 16y representations with respect to the rele-
vant SO(10) subgroups is detailed in Tables 4.4 and 4.5.

The L-R chains

According to the analysis in Chapter 2, the potentially viable breaking chains ful-
filling the basic gauge unification constraints (with a minimal SO(10) Higgs sector)
correspond to the settings:

Wp-, > W > xr : SO(0) = 3c2.2r1p-1, = 3c2.1r1p-1 — 3211y (3.8)
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bc212p 4c211p 3c212plpor 3c2p1plpor  3c2p1y 5 btz 1y
(421) (420  (321,+1) (320 +L) (32+1) 10 (10,+1) +L
o)) (L20-1) (el 5 (-3 -

(4,1,2) (41,+%) (3.1.2,-%1) (3.1,+1,-%) (3.1.+%) 5 (10,+1) -—%
1) Boib-l) Ba-%) 10 (53 )
(11,2, +1) (L4, +5+5) (1,4, +1) 10 (1,45 0

(1,1, -5, +%) (1,1,0) 1 (10,+1) +1

Table 3.1: Decomposition of the spinorial representation 16 with respect to the various SO(10)
subgroups. The definitions and normalization of the abelian charges are given in the text.

bo212r  4c2plr Bc212p1Bor Sc2pirlBor 3c2p 1y 5 51, Ty

(1,1,3)  (1,1,+1) (1,1,3,0) (1,1,+1,0) (1,1, +1) 10 (10,-4) +1
(1,1,0) (1,1,0,0) (1,1,0) 1 (1,00 O

(1,1, -1) (1,1, -1,0) (1,1,-1) 10 (10,+4) -1

(1,31) (1,300 (1,31,0) (1,3,0,0) (1,300 24 (2400 0
6,2,2) (6,2,+%) (3,22, -%) (32+L-1) (321 10 (2400 -2
(6,2, 1) (3,2,-1,-1) (3,2,-2) 24 (10,-4) +3%

(3,22, +%)  (3.2,+1,+%) (3,2,+42) 24 (10,+4) -1

(3,2, -1, +%) (3,2,-%) 10 (24,00 +2

(15,1,1) (15,1,0) (1,1,1,0) (1,1,0,0) (1,1,0) 24 (24,00 0
(3,1,1,+%) (3,1,0,+%) (3,1,+%) 10 (10,+4) +%

(3,1,1,-%) (3,1,0,-%) (3,1,-%) 10 (10,-4) %

(8,1,1,0) (8,1,0,0)

—_

8,1,0) 24 (24,00 0

Table 3.2: Same as in Table 4.4 for the SO(10) adjoint (45) representation.
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and
wR > WB-1, > XRr 50(10) - 4C2L1R - 3C2L1R1B7L i 3C2L1Y . (39)

As remarked in Sect. 2.3.2, the cases yr ~ wp or ¥p ~ wp_; lead to effective two-
step SO(10) breaking patterns with a non-minimal set of surviving scalars at the
intermediate scale. On the other hand, a truly two-step setup can be recovered (with
a minimal fine tuning) by considering the cases where wp or wg_; exactly vanish.
Only the explicit study of the scalar potential determines which of the textures are
allowed.

Standard SU(5) versus flipped SU(5)

There are in general two distinct SM-compatible embeddings of SU(5) into SO(10) [68,
69]. They differ in one generator of the SU(5) Cartan algebra and therefore in the
U(1); cofactor.

In the “standard” embedding, the weak hypercharge operator V = Tj + Tp_ 1
belongs to the SU(5) algebra and the orthogonal Cartan generator Z (obeying
[T, Z] = 0 for all T; € SU(5)) is given by Z = —4T5 + 6Tg_1.

In the “flipped” SU(5)" case, the right-handed isospin assignment of quark and
leptons into the SU(5) multiplets is turned over so that the “flipped” hypercharge
generator reads V' = —T5 + Tg_1. Accordingly, the additional U(1), generator reads
7' = 4T; + 6Tg_1, such that [T;, Z'] = 0 for all T; € SU(5). Weak hypercharge is
then given by V = (Z' — V")/5.

Tables 4.4—4.5 show the standard and flipped SU(5) decompositions of the spino-
rial and adjoint SO(10) representations respectively.

The two SU(D) vacua in Eq. (3.7) differ by the texture of the adjoint representation
VEVs: in the standard SU(5) case they are aligned with the Z operator while they
match the Z’ structure in the flipped SU(5)’ setting (see Appendix B.4 for an explicit
representation).

3.2 The classical vacuum

3.2.1 The stationarity conditions
By substituting Eq. (3.6) into Eq. (3.3) the vacuum manifold reads

(Vo) = —2;12(2(u§2 + Sw,%,fL) + 4m(2w%2 + Sa)%fL)Q
D)

A
+ %(&ug v 2lwh, + 36whwd_,) — %Xg + Zi

T
+ gX}%(QwR + 30UB—L)Q — EXI%(QCUR + SU)BﬁL) (310)

Xp + haxp2wh + 30} )

The corresponding three stationary conditions can be conveniently written as
17o(V) 20(Vo) 0(Vo)  20(No) 5 O(%)

8 < Bwp gawB—L> - wBL Owr "Bows,  Oxr

-0, (311)
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which lead respectively to

ao

T (4w + Tw} | — 2wp_rwp) + 2ax5]

X (U)R — OL)B_L> =0, (312)

[—p® + 4a1(2u)}% + 3w]23_L) +

[—4as(wp + wp_)wrws_1, — Bxa(2wp + 3wp_1) + Txh](wp — wp_1) = 0, (3.13)

[—% + Mg + 8al2wh + 3wy_) + g(QwR + 3wp_1)? — T(2wp + 3wp_1)]xr = 0. (3.14)

We have chosen linear combinations that factor out the uninteresting standard
SU(5) ® U(1)z solution, namely wr = wp_r.
In summary, when yp = 0, Egs. (3.12)—(3.13) allow for four possible vacua:

e W= wp = wp_, (standard 51y)

e w=wp=—wg_g (flipped 51)

e wp=0and wg_;, #0 (3¢ 2, 2r15-1)
e wp +#0and wg_;, =0 (4c2.1p)

As we shall see, the last two options are not free level minima. Let us remark
that for yp + 0, Eq. (3.13) implies naturally a correlation among the 45y and 16y
VEVs, or a fine tuned relation between 5 and 1, depending on the stationary solution.
In the cases wp = —wp_1, wp = 0 and wg_;, = 0 one obtains T = Bw, T = 3Bwp_;, and
T = 2Bwp respectively. Consistency with the scalar mass spectrum must be verified
in each case.

3.2.2 The tree-level spectrum

The gauge and scalar spectra corresponding to the SM vacuum configuration (with
non-vanishing VEVs in 45y @ 16y) are detailed in Appendix D.

The scalar spectra obtained in various limits of the tree-level Higgs potential,
corresponding to the appearance of accidental global symmetries, are derived in
Apps. D.2.1-D.2.5. The emblematic case yr = O is scrutinized in Appendix D.2.6.

3.2.3 Constraints on the potential parameters

The parameters (couplings and VEVs) of the scalar potential are constrained by the
requirements of boundedness and the absence of tachyonic states, ensuring that the
vacuum is stable and the stationary points correspond to physical minima.

Necessary conditions for vacuum stability are derived in Appendix C. In particular,
on the xp = 0 section one obtains

ar > —as. (3.15)
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Considering the general case, the absence of tachyons in the scalar spectrum yields
among else

a, <0, -2 < wp_Llwg < —%. (316)

The strict constraint on wg_;,/wp is a consequence of the tightly correlated form of the
tree-level masses of the (8,1,0) and (1,3, 0) submultiplets of 45y, labeled according
to the SM (3¢ 21, 1y) quantum numbers, namely

M2(1, 3, O> = 2(12((1)371, — (L)R)((UB,L + QwR) , (317)
M2(8, 1, O) = QGQ(LUR — wB,L)(wR + QCUB,L) , (318)

that are simultaneously positive only if Eq. (3.16) is enforced. For comparison with
previous studies, let us remark that in the T = 0 limit (corresponding to an extra Z,
symmetry & — —®) the intersection of the constraints from Eq. (3.13), Egs. (3.17)-
(3.18) and the mass eigenvalues of the (1,1,1) and (3,2, 1/6) states, yields

ap <0, —1<wp/wp< -2, (3.19)
thus recovering the results of Refs. [56, 57, 58, 59].

In either case, one concludes by inspecting the scalar mass spectrum that flipped
SU((B) ® U(1)z is for ¥ = 0 the only solution admitted by Eq. (3.13) consistent with
the constraints in Eq. (3.16) (or Eq. (3.19)). For xr # O, the fine tuned possibility of
having or wg_;/wp ~ —1 such that yp is obtained at an intermediate scale fails to
reproduce the SM couplings (see e.g. Sect. 2.3.2). Analogous and obvious conclusions
hold for wg_; ~ wp ~ xp ~ My and for yp > wgpp_; (standard SU(5) in the first
stage).

This is the origin of the common knowledge that nonsupersymmetric SO(10)
settings with the adjoint VEVs driving the gauge symmetry breaking are not phe-
nomenologically viable. In particular, a large hierarchy between the 455 VEVs, that
would set the stage for consistent unification patterns, is excluded.

The key question is: why are the masses of the states in Egs. (3.17)-(3.18) so
tightly correlated? Equivalently, why do they depend on a, only?

3.3 Understanding the scalar spectrum

A detailed comprehension of the patterns in the scalar spectrum may be achieved
by understanding the correlations between mass textures and the symmetries of
the scalar potential. In particular, the appearance of accidental global symmetries
in limiting cases may provide the rationale for the dependence of mass eigenvalues
from specific couplings. To this end we classify the most interesting cases, providing
a counting of the would-be Goldstone bosons (WGB) and pseudo Goldstone bosons
(PGB) for each case. A side benefit of this discussion is a consistency check of the
explicit form of the mass spectra.
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3.3.1 45 only with ap = 0

Let us first consider the potential generated by 45y, namely Vg in Eq. (3.3). When
a, = 0, ie. when only trivial 45y invariants (built off moduli) are considered, the
scalar potential exhibits an enhanced global symmetry: O(45). The spontaneous
symmetry breaking (SSB) triggered by the 45, VEV reduces the global symmetry
to O(44). As a consequence, 44 massless states are expected in the scalar spectrum.
This is verified explicitly in Appendix D.2.1. Considering the case of the SO(10)
gauge symmetry broken to the flipped SU(5) @ U(1)z, 45 — 25 = 20 WGB, with the
quantum numbers of the coset SO(10)/SU(5) ® U(1)z algebra, decouple from the
physical spectrum while, 44 — 20 = 24 PGB remain, whose mass depends on the
explicit breaking term a,.

3.3.2 16 only with A, =0

We proceed in analogy with the previous discussion. Taking Ay = 0 in V, enhances
the global symmetry to O(32). The spontaneous breaking of O(32) to O(31) due to
the 16y VEV leads to 31 massless modes, as it is explicitly seen in Appendix D.2.2.
Since the gauge SO(10) symmetry is broken by xp to the standard SU(5), 45—24 = 21
WGB, with the quantum numbers of the coset SO(10)/SU(5) algebra, decouple from
the physical spectrum, while 31 —21 = 10 PGB do remain. Their masses depend on
the explicit breaking term As.

3.3.3 A trivial 45-16 potential (ay =1y =B =1 = 0)

When only trivial invariants (ie. moduli) of both 45, and 16y are considered, the
global symmetry of V; in Eq. (3.3) is O(45) ® O(32). This symmetry is spontaneously
broken into O(44) ® O(31) by the 45y and 16y VEVs yielding 44+31=75 GB in the
scalar spectrum (see Appendix D.2.4). Since in this case, the gauge SO(10) symmetry
is broken to the SM gauge group, 45 — 12 = 33 WGB, with the quantum numbers of
the coset SO(10)/SM algebra, decouple from the physical spectrum, while 75 — 33 =
42 PGB remain. Their masses are generally expected to receive contributions from
the explicitly breaking terms ay, Ay, B and T.

3.3.4 A trivial 45-16 interaction (8 = 7 = 0)

Turning off just the  and 1 couplings still allows for independent global rotations
of the & and x Higgs fields. The largest global symmetries are those determined
by the a, and Ay terms in Vp, namely O(10),5 and O(10)6, respectively. Consider the
spontaneous breaking to global flipped SU(5) ® U(1)z and the standard SU(5) by
the 455 and 16y VEVs, respectively. This setting gives rise to 20 + 21 = 41 massless
scalar modes. The gauged SO(10) symmetry is broken to the SM group so that
33 WGB decouple from the physical spectrum. Therefore, 41-35=8 PGB remain,
whose masses receive contributions from the explicit breaking terms f and 7. All
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of these features are readily verified by inspection of the scalar mass spectrum in
Appendix D.2.5.

3.3.5 A tree-level accident

The tree-level masses of the crucial (1,3,0) and (8,1, 0) multiplets belonging to the
45y depend only on the parameter a, but not on the other parameters expected
(cf. 3.3.3), namely Ay, B and T.

While the A and 1 terms cannot obviously contribute at the tree level to 455 mass
terms, one would generally expect a contribution from the B term, proportional to x%.
Using the parametrization ® = 0;;¢;;/4, where the o;; (i,j € {1,..,10}, i + j) matrices
represent the SO(10) algebra on the 16-dimensional spinor basis (cf. Appendix B),
one obtains a 455 mass term of the form

B

1—X}22 (01)168(0r1)p16 DijPrr - (3.20)

The projection of the ¢;; fields onto the (1,3,0) and (8, 1,0) components lead, as we
know, to vanishing contributions.

This result can actually be understood on general grounds by observing that the
scalar interaction in Eq. (3.20) has the same structure as the gauge boson mass from
the covariant-derivative interaction with the 16y, cf. Eq. (D.7). As a consequence,
no tree-level mass contribution from the  coupling can be generated for the 45y
scalars carrying the quantum numbers of the standard SU(5) algebra. This behavior
can be again verified by inspecting the relevant scalar spectra in Appendix D.2.

The above considerations provide a clear rationale for the accidental tree level
constraint on wg_r/wp, that holds independently on the size of yp.

On the other hand, we should expect the S and T interactions to contribute
O(My /47t) terms to the masses of (1,3,0) and (8,1,0) at the quantum level. Similar
contributions should also arise from the gauge interactions, that break explicitly the
independent global transformations on the 455 and 16y discussed in the previous
subsections.

The typical one-loop self energies, proportional to the 455 VEVs, are diagram-
matically depicted in Fig. 3.1. While the exchange of 165 components is crucial, the
xr is not needed to obtain the large mass shifts. In the phenomenologically allowed
unification patterns it gives actually negligible contributions.

[t is interesting to notice that the T-induced mass corrections do not depend on the
gauge symmetry breaking, yielding an SO(10) symmetric contribution to all scalars
in 45H

One is thus lead to the conclusion that any result based on the particular shape of
the tree-level 455 vacuum is drastically affected at the quantum level. Let us empha-
size that although one may in principle avoid the t-term by means of e.g. an extra
Zy symmetry, no symmetry can forbid the f-term and the gauge loop contributions.

In case one resorts to 126y, in place of 16y, for the purpose of B — L breaking,
the more complex tensor structure of the class of 126;45?{126;1 quartic invariants
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Figure 3.1: Typical one-loop diagrams that induce for (x) = 0, O(t/4, B () /47, g° (d) /47) renor-
malization to the mass of 45y fields at the unification scale. They are relevant for the PGB states,
whose tree level mass is proportional to as.

in the scalar potential may admit tree-level contributions to the states (1,3,0) and
(8,1,0) proportional to (126). On the other hand, as mentioned above, whenever
(126y) is small on the unification scale, the same considerations apply, as for the
165 case.

3.3.6 The yp = 0 limit

From the previous discussion it is clear that the answer to the question whether
the non-SU(5) vacua are allowed at the quantum level is independent on the specific
value of the B — L breaking VEV (xr << My in potentially realistic cases).

In order to simplify the study of the scalar potential beyond the classical level it
is therefore convenient (and sufficient) to consider the yp = 0 limit.

When yp = 0 the mass matrices of the 455 and 16y sectors are not coupled. The
stationary equations in Egs. (3.12)-(3.13) lead to the four solutions

® W= WR = WB-L (5 12)
® W= Wp = —WB-L (5/12/)

® Wp = 0 and WB-_J, 7L— 0 (3(} 2L 2R 1B—L>
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® WpR 7«J= 0 and wp-1, = 0 (4C2L1R)

In what follows, we will focus our discussion on the last three cases only.

It is worth noting that the tree level spectrum in the yp = 0 limit is not directly
obtained from the general formulae given in Appendix D.2.3, since Eq. (3.14) is triv-
ially satisfied for yp = 0. The corresponding scalar mass spectra are derived and
discussed in Appendix D.2.6. VYet again, it is apparent that the non SU(5) vacuum
configurations exhibit unavoidable tachyonic states in the scalar spectrum.

3.4 The quantum vacuum

3.41 The one-loop effective potential

We shall compute the relevant one-loop corrections to the tree level results by means
of the one-loop effective potential (effective action at zero momentum) [195]. We can
formally write

Vet = Vo + AVs + AV, + AV, (3.21)

where Vj is the tree level potential and AV;;, denote the quantum contributions
induced by scalars, fermions and gauge bosons respectively. In dimensional regu-
larization with the modified minimal subtraction (MS) and in the Landau gauge, they
are given by

_ 4 W2, x) 3

AV, x, p) = 647T2TY’ {W (¢, %) <109T - §>} ) (3.22)
- M?(¢, 3

AV, %, p) = 64§2Tr [MZ’((b,X) <logTX) - é)} , (3.23)
3 J1%(o, 5

AVg((be'll) = WTP ﬂ4(¢, X> <109TX) — 6)] , (324)

with n = 1(2) for real (complex) scalars and k = 2(4) for Weyl (Dirac) fermions.
W, M and Jf are the functional scalar, fermion and gauge boson mass matrices
respectively, as obtained from the tree level potential.

In the case at hand, we may write the functional scalar mass matrix, W#(¢, ¥) as
a 77-dimensional hermitian matrix, with a lagrangian term

1
511)7 W, (3.25)
defined on the vector basis ¥ = (¢, x, x¥*). More explicitly, W? takes the block form
Voo Vor Ve

W o, x) = | Vs Vi Vi | (3.26)
chb Vxx VXX*
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where the subscripts denote the derivatives of the scalar potential with respect to
the set of fields ¢, ¥ and x*. In the one-loop part of the effective potential V = V.

We neglect the fermionic component of the effective potential since there are no
fermions at the GUT scale (we assume that the right-handed (RH) neutrino mass is
substantially lower than the unification scale).

The functional gauge boson mass matrix, J7%(¢, ¥) is given in Appendix D, Egs. (D.6)-
(D.7).

3.4.2 The one-loop stationary equations

The first derivative of the one-loop part of the effective potential, with respect to the
scalar field component 1, reads

2

aafpfs — ﬁTr {{Wﬁa, W} <log‘l/lv— = —> + WQWM (3.27)
where the symbol Wia stands for the partial derivative of W? with respect to .
Analogous formulae hold for 0AVs ;/09,. The trace properties ensure that Eq. (3.27)
holds independently on whether W? does commute with its first derivatives or not.

The calculation of the loop corrected stationary equations due to gauge bosons
and scalar exchange is straightforward (for yp = O the 45 and 16y blocks decouple
in Eq. (3.26)). On the other hand, the corrected equations are quite cumbersome and
we do not explicitly report them here. It is enough to say that the quantum analogue
of Eq. (3.13) admits analytically the same solutions as we had at the tree level. Namely,
these are wp = wp_j, wp = —wp_, wy = 0 and wp_;, = 0, corresponding respectively
to the standard 51, flipped 5" 1, 3¢c2;2r15_1, and 4:2;,1r preserved subalgebras.

3.4.3 The one-loop scalar mass

In order to calculate the second derivatives of the one-loop contributions to Ve it
is in general necessary to take into account the commutation properties of W? with
its derivatives that enter as a series of nested commutators. The general expression
can be written as

AV, 1
oV Oy, Bha?

eSS () e | W [ wg ] (v -1)"] e

m=1 k=

e 8, w0 o [ ] o [ ] (1 )

where the commutators in the last line are taken k—1 times. Let us also remark that,
although not apparent, the RHS of Eq. (3.28) can be shown to be symmetric under
a < b, as it should be. In specific cases (for instance when the nested commutators
vanish or they can be rewritten as powers of a certain matrix commuting with W)
the functional mass evaluated on the vacuum may take a closed form.
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Running and pole mass

The effective potential is a functional computed at zero external momenta. Whereas
the stationary equations allow for the localization of the new minimum (being the
VEVs translationally invariant), the mass shifts obtained from Eq. (3.28) define the

running masses m>;,

—9 82 Veff (¢)
b a%wﬂm
2

where m?, are the renormalized masses and X, (p?) are the MS renormalized self-
energies. The physical (pole) masses M2 are then obtained as a solution to the
equation

= m, + Xap(0) (3.29)

det [p*Sap — (M2, + AZap(p?))] = 0 (3.30)
where
AZab(P2> = Eab(PQ) — Xap(0) (5.31)
For a given eigenvalue
M? = m? + AX,(M?) (3.32)

gives the physical mass. The gauge and scheme dependence in Eq. (3.29) is canceled
by the relevant contributions from Eq. (3.31). In particular, infrared divergent terms
in Eq. (3.29) related to the presence of massless WGB in the Landau gauge cancel in
Eq. (3.32).

Of particular relevance is the case when M, is substantially smaller than the
(GUT-scale) mass of the particles that contribute to 3(0). At g = My, in the M2 <« M7
limit, one has

AYL(M?) = O(MA/IM?) . (3.33)

In this case the running mass computed from Eq. (3.29) contains the leading gauge
independent corrections. As a matter of fact, in order to study the vacua of the
potential in Eq. (3.21), we need to compute the zero momentum mass corrections
just to those states that are tachyonic at the tree level and whose corrected mass
turns out to be of the order of My /4.

We may safely neglect the one loop corrections for all other states with masses of
order My. It is remarkable, as we shall see, that for yp = 0 the relevant corrections
to the masses of the critical PGB states can be obtained from Eq. (3.28) with vanishing
commutators.

3.44 One-loop PGB masses

The stringent tree-level constraint on the ratio wg_r/wp, coming from the positivity
of the (1,3,0) and (8,1,0) masses, follows from the fact that some scalar masses
depend only on the parameter a,. On the other hand, the discussion on the would-
be global symmetries of the scalar potential shows that in general their mass should
depend on other terms in the scalar potential, in particular T and f.
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A set of typical one-loop diagrams contributing O((¢) /47r) renormalization to the
masses of 45y states is depicted in Fig. 3.1. As we already pointed out the 165 VEV
does not play any role in the leading GUT scale corrections (just the interaction
between 455 and 16y, or with the massive gauge bosons is needed). Therefore we
henceforth work in the strict yp = 0 limit, that simplifies substantially the calculation.
In this limit the scalar mass matrix in Eq. (3.26) is block diagonal (cf. Appendix D.2.6)
and the leading corrections from the one-loop effective potential are encoded in the
V., sector.

More precisely, we are interested in the corrections to those 45y scalar states
whose tree level mass depends only on a, and have the quantum numbers of the
preserved non-abelian algebra (see Sect. 3.3.1 and Appendix D.2.6). It turns out that
focusing to this set of PGB states the functional mass matrix W# and its first derivative
do commute for yp = 0 and Eq. (3.28) simplifies accordingly. This allows us to
compute the relevant mass corrections in a closed form.

The calculation of the EP running mass from Eq. (3.28) leads for the states (1, 3, 0)
and (8,1,0) at 1 = My to the mass shifts

AM?(1,3,0) =
2 + B*(2wh — wrwp—1, + 2w5_;) + g* (16wh + wp_Lwr + 19w5_; ) 53
bor? o
AM?(8,1,0) =
T2 + B*(wh — wrwp—, + 3wh_p) + g* (13w} + wp_Lwr + 2205_; )
] . (3.35)

where the sub-leading (and gauge dependent) logarithmic terms are not explicitly
reported. For the vacuum configurations of interest we find the results reported in
Appendix E. In particular, we obtain

® W= Wp = —WB_[, (5/12/)2
2 5 2 A 4\, 2
M2(24,0) = —dagu? 4 =+ OB+ 34g )W (3.36)
4or?
® WR = 0 and WwB-1, 7J= 0 (3()2]421313_[1)2
2 2 2 19 4\, 2
M2, 31,0) = M2(1,1,3,0) = 2apay, + — 2P ;TQ I W1 5y
2 3 2 29 4\, 2
M2(8,1,1,0) = —hagals | + 1P 4;2 9 )51 (3.38)
® (Wp TL— 0 and wp-1, = 0 (4C2L1R):
2 2 2 16 4y, 2
M2(1,3,0) = —dapa? + Bé; g ) (3.39)
2 2 1 4\, \2
M2(15,1,0) = 2agw? 4~ B+ 1507 )wn. (3.40)

4or?
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In the effective theory language Egs. (3.36)—(3.40) can be interpreted as the one-loop
GUT-scale matching due to the decoupling of the massive SO(10)/G states where
G is the preserved gauge group. These are the only relevant one-loop corrections
needed in order to discuss the vacuum structure of the model.

It is quite apparent that a consistent scalar mass spectrum can be obtained in all
cases, at variance with the tree level result.

In order to fully establish the existence of the non-SU(5) minima at the quantum
level one should identify the regions of the parameter space supporting the desired
vacuum configurations and estimate their depths. We shall address these issues in
the next section.

3.45 The one-loop vacuum structure
Existence of the new vacuum configurations

The existence of the different minima of the one-loop effective potential is related
to the values of the parameters ay, 5, T and g at the scale up = My. For the flipped
51, case it is sufficient, as one expects, to assume the tree level condition a, < 0.
On the other hand, from Egs. (3.37)—(3.40) we obtain

® (Wp = 0 and WB-1, TL— 0 (3C2L2R1B—L):

T2

—8nay < —— +2B° + 19g°*, (3.41)
Wg_1,
® Wp TL— 0 and WwB-1, = 0 (4C2L1R):
T2
—8n°ay, < — + B* + 13g*. (3.42)
wr

Considering for naturalness T ~ wy p, Egs. (3.41)-(3.42) imply |as| < 1072, This con-
straint remains within the natural perturbative range for dimensionless couplings.
While all PGB states whose mass is proportional to —ay receive large positive loop
corrections, quantum corrections are numerically irrelevant for all of the states with
GUT scale mass. On the same grounds we may safely neglect the multiplicative a,
loop corrections induced by the 45y states on the PGB masses.

Absolute minimum

It remains to show that the non SU(5) solutions may actually be absolute minima of
the potential. To this end it is necessary to consider the one-loop corrected stationary
equations and calculate the vacuum energies in the relevant cases. Studying the
shape of the one-loop effective potential is a numerical task. On the other hand,
in the approximation of neglecting at the GUT scale the logarithmic corrections,
we may reach non-detailed but definite conclusions. For the three relevant vacuum
configurations we obtain:
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® W= WR = —WB_], (5/12/)
Zv* Sav?  5Bv* 517 9
=0)= - - 4
Viw xr = 0) 1672 < 2 16 167T2> v (5:43)

2 2 2 = 0 4
N <—100a1 B 65a9 N 600a;  45ajag  645a5 100« 25aB 658 5g >w4

—_ — ._I_. —
4 72 72 39772 72 272 6472 ;2

® Wp = 0 and WB-—J, -7/= 0 (3C2L2R18~L)

3vt 3av®  3Bv? 372 9
= 0) = — - 44
Viws-1.xr = 0) T < 2 16 167T2> B-L (544
2ay 216a?  33ajay  45aZ  36a®  9aBf  218%  15g%\
_36ai — - ,
" < au L e 02 " x2 o " Ghn? 1672 ) VB-L

® Wp -/L— 0 and WwB-1, = 0 (4C2L1R)

Bt <2ocv2 Bv? T2> 9

—0) = — - 4
Viwg, xp = 0) 167T2+ p= +87T2 32 wh (3.45)

96a? 492 14702 16a2 2 2 Tg*
+ <—16a1 — 2a9 + | + a1as 9 ba ap B g >w§§.

+ + + -
72 72 39712 72 72 8n? 167?

A simple numerical analysis reveals that for natural values of the dimensionless
couplings and GUT mass parameters any of the qualitatively different vacuum con-
figurations may be a global minimum of the one-loop effective potential in a large
domain of the parameter space.

This concludes the proof of existence of all of the group-theoretically allowed
vacua. Nonsupersymmetric SO(10) models broken at My by the 455 SM preserving
VEVs, do exhibit at the quantum level the full spectrum of intermediate symmetries.
This is crucially relevant for those chains that, allowed by gauge unification, are
accidentally excluded by the tree level potential.



Chapter 4

SUSY-SO(10) breaking with small
representations

41 What do neutrinos tell us?

In Chapter 3 we showed that quantum effects solve the long-standing issue of the
incompatibility between the dynamics of the simplest nonsupersymmetric SO(10)
Higgs sector spanning over 45y & 165 and gauge coupling unification.

In order to give mass to the SM fermions at the renormalizable level one has
to minimally add a 10y. So it would be natural to consider the Higgs sector 10y
16y @ 45y as a candidate for the minimal SO(10) theory, as advocated long ago by
Witten [66]. However the experimental data accumulated since the 1980 tell us that
such an Higgs sector cannot work. [t is anyway interesting to review the general
idea, especially as far as concerns the generation of neutrino masses.

First of all with just one 10y the Yukawa lagrangian is

;ﬁy = Y,016r16£10y + h.c., (41)

which readily implies Vcgy = 1, since Yy can be always diagonalized by a rotation in
the flavor space of the 16r. However this is not a big issue. It would be enough to add
a second 10y or even better a 120y which can break the down-quark/charged-lepton
symmetry (cf. Egs. (1.180)-(1.183)).

The most interesting part is about neutrinos. In order to give a Majorana mass
to the RH neutrinos B — L. must be broken by two units. Since B — L (163;) = —1 this
means that we have to couple the bilinear 167,16}, to 16p16p. Such a d = 5 operator
can be generated radiatively due to the exchange of GUT states [66].

Effectively the bilinear 165,167, can be viewed as a 126};. So we are looking for
states which can connect the matter bilinear 16p16F with an effective 126},. Since
10245®45 D 126 a possibility is given by the combination 1054545y (where 45y are
the SO(10) gauge bosons). Indeed the 10y and the 45y’s can be respectively attached
to the matter bilinear via Yukawa (V,o) and gauge (gy) interactions; and to the bilinear
165,167, via scalar potential couplings (1) and again gauge interactions. The topology
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of the diagram is such that this happens for the first time at the two-loop level (see
e.g. Fig. 4.1).

(165) v (16x)
| 164 |
D R e e ay

16 Yo 16 Vou 16p vVou 165

Figure 4.1: Two-loop diagram responsible for neutrino masses in the Witten mechanism. Figure
taken from [116].

Notice that the same diagram generates also a Majorana mass term for LH neu-
trinos, while a Dirac mass term arises from the Yukawa lagrangian in Eq. (4.1). At
the leading order the contribution to the RH Majorana, Dirac and LH Majorana
neutrino mass matrices (respectively Mp, Mp and M;) is estimated to be

av\? xp ] au\? X
Mp ~ Yio A < p- > M, Mp ~ Yiovyg My, ~ VigA < p ) My (4.2)
where xp is B — L breaking VEV of the 16y in the SU(5) singlet direction, vi® =

((1,2,4+5)0) and x;, = ((1,2, +1)16-) are instead electroweak VEVs. After diagonaliz-
ing the full 6 x 6 neutrino mass matrix

M, Mp w3
ML Mg )’ '

defined on the symmetric basis (v, 1°), we get the usual type-II and type-I contribu-
tions to the 3 x 3 light neutrinos mass matrix

m, = My, — MpMp'M}. (4.4)

The type-1I seesaw is clearly too small (M; ~ Y;0107% eV) while the type-I is naturally
too big!

) u\2
MU(# ~ Vo100 eV, (4.5)
XR

! Accidentally gravity would be responsible for a contribution of the same order of magnitude.
Indeed if we take the Plank scale as the cut-off of the SO(10) theory we find a d = 5 effective
operators of the type 16p16r167;167,/Mp, which leads to Mp ~ X%/Mp. The analogy comes from the
fact that (ay /) >My ~ Mp.

MpMzME ~ Vio 2! (%)
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For the estimates we have taken A ~ 1, ay/m ~ 1072, x;, ~ vy ~ 102 GeV, My ~
10" GeV and yp ~ 10" GeV, where yp < My by unification constraints.

The only chance in order to keep neutrino masses below 1 €V is either to push
xr ~ My or to take Viy ~ 107°. The first option is unlikely in nonsupersymmetric
SO(10) because of unification constraints?, while the second one is forbidden by the
fact that M, = Mp, in the simplest case with just the 10y in the Yukawa sector
(cf. e.g. Egs. (1.180)-(1.183)) .

As we have already anticipated the reducible representation 10y ® 120y is needed
in the Yukawa sector in order to generate non trivial mixing and break the down-
quark/charged-lepton symmetry. Interestingly this system would also allow for a
disentanglement between M, and M) (cf. e.g. Egs. (1.180)-(1.183)) and a fine-tuning
in order to suppress neutrino masses is in principle conceivable. However the Higgs
sector 10y @ 165 © 455 @ 120y starts to deviate from minimality and maybe there is
a better option to be considered.

The issue can be somewhat alleviated by considering a 126y in place of a 16y in
the Higgs sector, since in such a case the neutrino masses is generated at the renor-
malizable level by the term 16%126%,. This lifts the problematic xp/My suppression
factor inherent to the d = 5 effective mass and yields Mp ~ xp ~ Mg_;, that might
be, at least in principle, acceptable. This scenario, though conceptually simple, in-
volves a detailed one-loop analysis of the scalar potential governing the dynamics of
the 10y @ 4by @ 126y Higgs sector and is subject of an ongoing investigation [73].
We will briefly mention some preliminary results in the Outlook of the thesis.

On the other hand it would be also nice to have a viable Higgs sector with
only representations up to the adjoint. This is not possible in ordinary SO(10), but
what about the supersymmetric case? Invoking TeV-scale supersymmetry (SUSY),
the qualitative picture changes dramatically. Indeed, the gauge running within the
MSSM prefers Mg_;, in the proximity of My and, hence, the Planck-suppressed d = 5
RH neutrino mass operator 16%%?1/ Mp, available whenever 16y @ 16y is present in
the Higgs sector, can naturally reproduce the desired range for Mp.

This well known fact motivates us to re-examin the issue of the breaking of
SUSY-SO(10) in the presence of small representations.

4.2 SUSY alignment: a case for flipped SO(10)

In the presence of supersymmetry one would naively say that the minimal Higgs
sector that suffices to break SO(10) to the SM is given by 45y & 165 & 16y. Let us
recall that both 16y as well as 16y are required in order to retain SUSY below the
GUT scale.

However, it is well known [60, 61, 62] that the relevant superpotential does not

°In supersymmetry yp ~ My, but then the two-loop diagram in Fig. 4.1 would disappear due to
the non-renormalization theorems of the superpotential. This brought the authors of Refs. [116, 117]
to reconsider the Witten mechanism in the context of split-supersymmetry [196, 197, 198].
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support, at the renormalizable level, a supersymmetric breaking of the SO(10) gauge
group to the SM. This is due to the constraints on the vacuum manifold imposed
by the F- and D-flatness conditions which, apart from linking the magnitudes of the
SU(5)-singlet 16y and 16y vacuum expectation values (VEVs), make the the adjoint
VEV (45y) aligned to <16HEH>. As a consequence, an SU(5) subgroup of the initial
SO(10) gauge symmetry remains unbroken. In this respect, a renormalizable Higgs
sector with 126 ©126y in place of 16y @ 165 suffers from the same “SU(5) lock” [62],
because also in 126y the SM singlet direction is SU(5)-invariant.

This issue can be addressed by giving up renormalizability [61, 62]. However, this
option may be rather problematic since it introduces a delicate interplay between
physics at two different scales, My <« Mp, with the consequence of splitting the
GUT-scale thresholds over several orders of magnitude around My. This may affect
proton decay as well as the SUSY gauge unification, and may force the B — L scale
below the GUT scale. The latter is harmful for the setting with 16y & 165 relying on
a d = 5 RH neutrino mass operator. The models with 126y & 126y are also prone to
trouble with gauge unification, due to the number of large Higgs multiplets spread
around the GUT-scale.

Thus, in none of the cases above the simplest conceivable SO(10) Higgs sector
spanned over the lowest-dimensionality irreducible representations (up to the adjoint)
seems to offer a natural scenario for realistic model building. Since the option of
a simple GUT-scale Higgs dynamics involving small representations governed by a
simple renormalizable superpotential is particularly attractive, we aimed at studying
the conditions under which the seemingly ubiquitous SU(5) lock can be overcome,
while keeping only spinorial and adjoint SO(10) representations.

Let us emphasize that the assumption that the gauge symmetry breaking is driven
by the renormalizable part of the Higgs superpotential does not clash with the fact
that, in models with 165 @ 16y, the neutrino masses are generated at the non-
renormalizable level, and other fermions may be sensitive to physics beyond the
GUT scale. As far as symmetry breaking is concerned, Planck induced d > 5 effec-
tive interactions are irrelevant perturbations in this picture.

The simplest attempt to breaking the SU(5) lock by doubling either 16y @& 165 or
455 in order to relax the F-flatness constraints is easily shown not to work. In the
former case, there is only one SM singlet field direction associated to each of the
16y & 16y pairs. Thus, F-flatness makes the VEVs in 45y align along this direction
regardless of the number of 16;;416y’s contributing to the relevant F-term, 0W/845y
(see for instance Eq. (6) in ref. [62]). Doubling the number of 45y’s does not help
either. Since there is no mixing among the 45’s besides the mass term, F-flatness
aligns both (45y) in the SU(5) direction of 16y @ 16. For three (and more) adjoints
a mixing term of the form 45;45,455 is allowed, but it turns out to be irrelevant to
the minimization so that the alignment is maintained.

From this brief excursus one might conclude that, as far as the Higgs content is
considered, the price for tractability and predictivity is high on SUSY SO(10) models,
as the desired group-theoretical simplicity of the Higgs sector, with representations
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up to the adjoint, appears not viable.

In this chapter, we point out that all these issues are alleviated if one considers
a flipped variant of the SUSY SO(10) unification. In particular, we shall show that
the flipped SO(10) ® U(1) scenario [70, 71, 72] offers an attractive option to break the
gauge symmetry to the SM at the renormalizable level by means of a quite simple
Higgs sector, namely a couple of SO(10) spinors 164 5 @& 16, 5 and one adjoint 45.

Within the extended SO(10) ® U(1) gauge algebra one finds in general three
inequivalent embeddings of the SM hypercharge. In addition to the two solutions
with the hypercharge stretching over the SU(B) or the SU(5) ® U(1) subgroups of
SO(10) (respectively dubbed as the “standard” and “flipped” SU(5) embeddings), there
is a third, “flipped” SO(10), solution inherent to the SO(10) ® U(1) case, with a non-
trivial projection of the SM hypercharge onto the U(1) factor.

Whilst the difference between the standard and the flipped SU(5) embedding is
semantical from the SO(10) point of view, the flipped SO(10) case is qualitatively
different. In particular, the symmetry-breaking “power” of the SO(10) spinor and ad-
joint representations is boosted with respect to the standard SO(10) case, increasing
the number of SM singlet fields that may acquire non vanishing VEVs. Technically,
flipping allows for a pair of SM singlets in each of the 165 and 16y “Weyl” spinors,
together with four SM singlets within 455. This is at the root of the possibility of
implementing the gauge symmetry breaking by means of a simple renormalizable
Higgs sector. Let us just remark that, if renormalizability is not required, the break-
ing can be realized without the adjoint Higgs field, see for instance the flipped SO(10)
model with an additional anomalous U(1) of Ref. [199].

Nevertheless, flipping is not per-se sufficient to cure the SU(5) lock of standard
SO(10) with 16 & 16y @45y in the Higgs sector. Indeed, the adjoint does not reduce
the rank and the bi-spinor, in spite of the two qualitatively different SM singlets
involved, can lower it only by a single unit, leaving a residual SU(5) ® U(1) symmetry
(the two SM singlet directions in the 16 still retain an SU(5) algebra as a little
group). Only when two pairs of 16y @ 16y (interacting via 455) are introduced the
two pairs of SM singlet VEVs in the spinor multiplets may not generally be aligned
and the little group is reduced to the SM.

Thus, the simplest renormalizable SUSY Higgs model that can provide the spon-
taneous breaking of the SO(10) GUT symmetry to the SM by means of Higgs rep-
resentations not larger than the adjoint, is the flipped SO(10) ® U(1) scenario with
two copies of the 16 @& 16 bi-spinor supplemented by the adjoint 45. Notice further
that in the flipped embedding the spinor representations include also weak doublets
that may trigger the electroweak symmetry breaking and allow for renormalizable
Yukawa interactions with the chiral matter fields distributed in the flipped embedding
over 16 10 & 1.

Remarkably, the basics of the mechanism we advocate can be embedded in an
underlying non-renormalizable Es Higgs model featuring a pair of 27y @ 27y and
the adjoint 78y.

Technical similarities apart, there is, however, a crucial difference between the
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SO(10) ® U(1) and Es scenarios, that is related to the fact that the Lie-algebra of
Es is larger than that of SO(10) ® U(1). It has been shown long ago [200] that the
renormalizable SUSY Es Higgs model spanned on a single copy of 27y & 2Ty ® T8y
leaves an SO(10) symmetry unbroken. Two pairs of 27y @ 27y are needed to reduce
the rank by two units. In spite of the fact that the two SM singlet directions in the
2Ty are exactly those of the “flipped” 16y, the little group of the SM singlet directions
(2Ty, & 2Ty, & 2Ty, © 27y,) and (78y) remains at the renormalizable level SU(5), as
we will explicitly show.

Adding non-renormalizable adjoint interactions allows for a disentanglement of
the (78y), such that the little group is reduced to the SM. Since a one-step Eg breaking
is phenomenologically problematic as mentioned earlier, we argue for a two-step
breaking, via flipped SO(10) ® U(1), with the Ey scale near the Planck scale.

In summary, we make the case for an anomaly free flipped SO(10) ® U(1) partial
unification scenario. We provide a detailed discussion of the symmetry breaking
pattern obtained within the minimal flipped SO(10) SUSY Higgs model and consider
its possible E5 embedding. We finally present an elementary discussion of the flavour
structure offered by these settings.

4.3 The GUT-scale little hierarchy

In supersymmetric SO(10) models with just 455 @ 16y @ 16y governing the GUT
breaking, one way to obtain the misalignment between the adjoint and the spinors is
that of invoking new physics at the Planck scale, parametrized in a model-independent
way by a tower of effective operators suppressed by powers of Mp.

What we call the “GUT-scale little hierarchy" is the hierarchy induced in the GUT
spectrum by My/Mp suppressed effective operators, which may split the GUT-scale
thresholds over several orders of magnitude. In turn this may be highly problematic
for proton stability and the gauge unification in low energy SUSY scenarios (as
discussed for instance in Ref. [201]). It may also jeopardize the neutrino mass
generation in the seesaw scheme. We briefly review the relevant issues here.

4.3.1 GUT-scale thresholds and proton decay

In Ref. [202] the emphasis is set on a class of neutrino-mass-related operators which
turns out to be particularly dangerous for proton stability in scenarios with a non-
renormalizable GUT-breaking sector. The relevant interactions can be schematically
written as

1 1 —
Wy D %16F g 16p164165 + Eipr 16p161416y

3%<QgLT+QfQT), (4.6)
p
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where g and f are matrices in the family space, vp = |(16y)| = \(EHM and T
(T) is the color triplet (anti-triplet) contained in the 16y (16y). Integrating out the
color triplets, whose mass term is labelled My, one obtains the following effective
superpotential involving fields belonging to SU(2);, doublets

Vi

Weir = sy (W Fd) (u" GV —dTGV) (4.7)
T

p
where u and ¢ denote the physical left-handed up quarks and charged lepton super-
fields in the basis in which neutral gaugino interactions are flavor diagonal. The d’
and V' fields are related to the physical down quark and light neutrino fields d and
v by d = Vegmyd and V' = Vpyysv. In turn V= VJ Vs, where V, and V, diagonalize
the left-handed up quark and charged lepton mass matrices respectively. The 3 x 3
matrices (G, F) are given by (G, F) = Vi(g, f)V..

By exploiting the correlations between the g and f matrices and the matter
masses and mixings and by taking into account the uncertainties related to the low-
energy SUSY spectrum, the GUT-thresholds and the hadronic matrix elements, the
authors of Ref. [202] argue that the effective operators in Eq. (4.7) lead to a proton

lifetime
L 'WK*Y) ~ (0.6 —3) x 10% yrs, (4.8)

at the verge of the current experimental lower bound of 0.67 x 10% years [79]. In
obtaining Eq. (4.8) the authors assume that the color triplet masses cluster about the
GUT scale, My = (16y) ~ (45y) = My. On the other hand, in scenarios where at
the renormalizable level SO(10) is broken to SU(5) and the residual SU(5) symmetry
is broken to SM by means of non-renormalizable operators, the effective scale of
the SU(5) breaking physics is typically suppressed by (16y) /Mp or (45y) /Mp with
respect to My. As a consequence, the SU(5)-part of the colored triplet higgsino
spectrum is effectively pulled down to the M?/Mp scale, in a clash with proton
stability.

4.3.2 GUT-scale thresholds and one-step unification

The “delayed” residual SU(5) breakdown has obvious implications for the shape of
the gauge coupling unification pattern. Indeed, the gauge bosons associated to the
SU(5)/SM coset, together with the relevant part of the Higgs spectrum, tend to be
uniformly shifted [61] by a factor My/Mp ~ 1072 below the scale of the SO(10)/SU(5)
gauge spectrum, that sets the unification scale, My. These thresholds may jeopardize
the successful one-step gauge unification pattern favoured by the TeV-scale SUSY
extension of the SM (MSSM).

4.3.3 GUT-scale thresholds and neutrino masses

With a non-trivial interplay among several GUT-scale thresholds [61] one may in
principle end up with a viable gauge unification pattern. Namely, the threshold
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effects in different SM gauge sectors may be such that unification is preserved at
a larger scale. In such a case the My/Mp suppression is at least partially undone.
This, in turn, is unwelcome for the neutrino mass scale because the VEVs entering
the d = b effective operator responsible for the RH neutrino Majorana mass term

16%%?1/ Mp are raised accordingly and thus Mp ~ M%/Mp tends to overshoot the
upper limit Mp < 10'* GeV implied by the light neutrino masses generated by the
seesaw mechanism.

Thus, although the Planck-induced operators can provide a key to overcoming
the SU(5) lock of the minimal SUSY SO(10) — SU(3)c ® SU(2);, ® U(1)y Higgs model
with 16y & 16 & 45y, such an effective scenario is prone to failure when addressing
the measured proton stability and light neutrino phenomenology.

4.4 Minimal flipped SO(10) Higgs model

As already anticipated in the previous sections, in a standard SO(10) framework with
a Higgs sector built off the lowest-dimensional representations (up to the adjoint), it is
rather difficult to achieve a phenomenologically viable symmetry breaking pattern
even admitting multiple copies of each type of multiplets. Firstly, with a single
45y at play, at the renormalizable-level the little group of all SM singlet VEVs is
SU(5) regardless of the number of 16y @ 16y pairs. The reason is that one can not
get anything more than an SU(5) singlet out of a number of SU(5) singlets. The
same is true with a second 45y added into the Higgs sector because there is no
renormalizable mixing among the two 45y’s apart from the mass term that, without
loss of generality, can be taken diagonal. With a third adjoint Higgs representation at
play a cubic 45;45,455 interaction is allowed. However, due to the total antisymmetry
of the invariant and to the fact that the adjoints commute on the SM vacuum, the cubic
term does not contribute to the F-term equations [203]. This makes the simple flipped
SO(10) ® U(1) model proposed in this work a framework worth of consideration.
For the sake of completeness, let us also recall that admitting Higgs representations
larger than the adjoint a renormalizable SO(10) — SM breaking can be devised with
the Higgs sector of the form 54y @ 45y © 165 @ 165 [204], or Bby © 455 B 1265 © 126y
[62] for a renormalizable seesaw.

In Tables 4.1 and 4.2 we collect a list of the supersymmetric vacua that are ob-
tained in the basic SO(10) Higgs models and their Es embeddings by considering a
set of Higgs representations of the dimension of the adjoint and smaller, with all SM
singlet VEVs turned on. The cases of a renormalizable (R) or non-renormalizable
(NR) Higgs potential are compared. We quote reference papers where results rele-
vant for the present study were obtained without any aim of exhausting the available
literature. The results without reference are either verified by us or follow by com-
parison with other cases and rank counting. The main results of this study are
shown in boldface.

We are going to show that by considering a non-standard hypercharge embed-
ding in SO(10) ® U(1) (flipped SO(10)) the breaking to the SM is achievable at the
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Standard SO(10) Flipped SO(10) ® U(1)
Higgs superfields R NR R NR
16 @16 SO(10) SuU®B)  SO10)® U() SUB)® U{)
2 x (16 @E) SO(10) SU(5) SO(0)® U(1) SM
45316 @ 16 SU®B) [60] SM [61] SUB)® U1) SM® U(1)
B5a2x (16@16) SU) SM SM SM

Table 4.1: Comparative summary of supersymmetric vacua left invariant by the SM singlet VEVs in
various combinations of spinorial and adjoint Higgs representations of standard SO(10) and flipped
SO(10) ® U(1). The results for a renormalizable (R) and a non-renormalizable (NR) Higgs superpo-
tential are respectively listed.

Higgs superfields R NR

271 27 Es SO(10)

2 x (27T @ 27) Es Su(5)

78 © 27 @ 27 SO(10) [200] SM ® U(1)
8 ®2 x (27®27) SU(5) SM

Table 4.2: Same as in Table 4.1 for the Es gauge group with fundamental and adjoint Higgs repre-
sentations.

renormalizable level with 455 @ 2 x (16H @ EH) Higgs fields. Let us stress that what
we require is that the GUT symmetry breaking is driven by the renormalizable part
of the superpotential, while Planck suppressed interactions may be relevant for the
fermion mass spectrum, in particular for the neutrino sector.

441 Introducing the model
Hypercharge embeddings in SO(10) ® U(1)

The so called flipped realization of the SO(10) gauge symmetry requires an addi-
tional U(1)y gauge factor in order to provide an extra degree of freedom for the SM
hypercharge identification. For a fixed embedding of the SU(3)c @ SU(2);, subgroup
within SO(10), the SM hypercharge can be generally spanned over the three remain-
ing Cartans generating the abelian U(1)° subgroup of the SO(10) @ U(1)x/(SU(3)¢c ®
SU(2);) coset. There are two consistent implementations of the SM hypercharge
within the SO(10) algebra (commonly denoted by standard and flipped SU(5)), while
a third one becomes available due to the presence of U(1)y.

In order to discuss the different embeddings we find useful to consider two bases
for the U(1)° subgroup. Adopting the traditional left-right (LR) basis corresponding
to the SU(3)c ® SU(2);, @ SU(2)p ® U(1)p_;, subalgebra of SO(10), one can span the
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SM hypercharge on the generators of U(1)p @ U(1)g_;, @ U(1)y:
V= aTy +BB-L)+yX. (4.9)

The normalization of the TS) and B — L charges is chosen so that the decomposi-
tions of the spinorial and vector representations of SO(10) with respect to SU(3)c ®
SU2), ® U1)r ® U(1)p-1, read

16 = (3,20, +H e G L+, -Hae B 1 -5 - e 1,20, -1) a1, 1;+L, +1)
@ (1,1 -4, +1),

10=(3,1,0,-2)& (3,1,0,+4) & (1,2 +5,0)& (1,2, -3,0) (4.10)

which account for the standard B — L and Tg) ) assignments.
Alternatively, considering the SU(5)® U(1); subalgebra of SO(10), we identify the
Ul)y @ U1)z @ U(1)x subgroup of SO(10) ® U(1)y, and equivalently write:

V=aVY +pZ+7X, (4.11)

where V' and Z are normalized so that the SU(3)c @ SU(2);, @ U(1)y @ U(1)z analogue
of egs. (4.10) reads:

16 = (3,2 +1,+1) @ (3, 1;+1, —3) 0 3,1, =2, +1) @ (1,2 L, =3) & (1, 1; +1, +1)
®(1,1;0,+5),

10=(31-%-2)&(B,1+1, +2) & (1,2 +4, -2) & (1,2 -5, +2) . (4.12)

In both cases, the U(1)yx charge has been conveniently fixed to X5 = +1 for the
spinorial representation (and thus Xjp = —2 and also X; = +4 for the SO(10) vector
and singlet, respectively; this is also the minimal way to obtain an anomaly-free
U(1)x, that allows SO(10) ® U(1)x to be naturally embedded into Eg).

It is a straightforward exercise to show that in order to accommodate the SM
quark multiplets with quantum numbers Q = (3,2, +1), u® = (3,1, —%) and d°¢ =
(3,1, +%) there are only three solutions.

On the U(1)° bases of Eq. (4.9) (and Eq. (4.11), respectively) one obtains,

a=1,8=1,7-0, <a=1,B=o,7=o>, (4.13)

which is nothing but the “standard” embedding of the SM matter into SO(10). Ex-
plicitly, V = Tg ) 4 %(B — L) in the LR basis (while ¥ = ¥’ in the SU(5) picture).
The second option is characterized by

a--1,g=-14-0, <a=—%,3=%,7=0>, (4.14)

which is usually denoted “flipped SU(5)” [68, 69] embedding because the SM hy-
percharge is spanned non-trivially on the SU(5) @ U(1); subgroup® of SO(10), V =

By definition, a flipped variant of a specific GUT model based on a simple gauge group G is
obtained by embedding the SM hypercharge nontrivially into the G ® U(1) tensor product.
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L(Z — V'). Remarkably, from the SU(3)c @ SU(2), ® SU(2)r @ U(1)p_1, perspective
this setting corresponds to a sign flip of the SU(2)p Cartan operator Tg), namely

V= —Tg) ) 4 3(B — L) which can be viewed as a s rotation in the SU(2)p algebra.
A third solution corresponds to
a-0p--ty=1 (&a--LB--%.7-1) (4.15)

denoted as “flipped SO(10)” [70, 71, 72] embedding of the SM hypercharge. Notice,
in particular, the fundamental difference between the setting (4.15) with v = ¥ = %
and the two previous cases (4.13) and (4.14) where U(1)y does not play any role.

Analogously to what is found for Y, once we consider the additional anomaly-
free U(1)y gauge factor, there are three SM-compatible ways of embedding the
physical (B — L) into SO(10) ® U(1)x. Using the SU(5) compatible description they
are respectively given by (see Ref. [205] for a complete set of relations)

B-L) = L4V +2), (4.16)
(B-L) = +(16Y —Z+5X), (4.17)
(B-L) = —+(@8Y —3Z-5X). (4.18)

where the first assignment is the standard B — L embedding in Eq. (4.9). Out of
3 x 3 possible pairs of ¥ and (B — L) charges only 6 do correspond to the quantum
numbers of the SM matter [205]. By focussing on the flipped SO(10) hypercharge
embedding in Eq. (4.15), the two SM-compatible (B — L) assignments are those in
Egs. (417)-(4.18) (they are related by a sign flip in Tg)). In what follows we shall
employ the (B — L) assignment in Eq. (4.18).

Spinor and adjoint SM singlets in flipped SO(10)

The active role of the U(1)x generator in the SM hypercharge (and B — L) iden-
tification within the flipped SO(10) scenario has relevant consequences for model
building. In particular, the SM decomposition of the SO(10) representations change
so that there are additional SM singlets both in 165 & 16y as well as in 45y.

The pattern of SM singlet components in flipped SO(10) has a simple and intuitive
interpretation from the SO(10)® U(1)x C Es perspective, where 16,4 @ 16_; (with the
subscript indicating the U(1)y charge) are contained in 27 & 27 while 45, is a part of
the Es adjoint 78. The point is that the flipped SM hypercharge assignment makes
the various SM singlets within the complete E; representations “migrate” among
their different SO(10) sub-multiplets; namely, the two SM singlets in the 27 of Eg
that in the standard embedding (4.13) reside in the SO(10) singlet 1 and spinorial 16
components both happen to fall into just the single 16 C 27 in the flipped SO(10)
case.

Similarly, there are two additional SM singlet directions in 45, in the flipped
SO(10) scenario, that, in the standard SO(10) embedding, belong to the 16_5 @ 16,5
components of the 78 of Eg, thus accounting for a total of four adjoint SM singlets.



114 CHAPTER 4. SUSY-SO(10) BREAKING WITH SMALL REPRESENTATIONS

In Tables 4.3, 4.4 and 4.5 we summarize the decomposition of the 10_,, 16,4 and
45, representations of SO(10) ® U(1)x under the SM subgroup, in both the standard
and the flipped SO(10) cases (and in both the LR and SU(5) descriptions). The pattern
of the SM singlet components is emphasized in boldface.

LR SU(5)
SO(10) SO10);  SOM0)  SO(10)
(5,116 (BL-1)s B4 (3,1-L)s
BL+de GL-2 (L2+1s (1,21
1,2+ (1,2 -4 BL+ls (B2
1,2 -3 1,2-- 1,2-3) (1,2-1)s

Table 4.3: Decomposition of the fundamental 10-dimensional representation under SU(3)c ®
SU(2),® U(1)y, for standard SO(10) and flipped SO(10) ® U(1)x (SO(10)¢) respectively. In the first two
columns (LR) the subscripts keep track of the SU(4)¢c origin of the multiplets (the extra symbols +
correspond to the eigenvalues of the Tg ) Cartan generator) while in the last two columns the SU(5)
content is shown.

LR SU(5)
SO(10) SO(10); SO(10) SO10);
(3,2+4,  B.2+i G+l B L+l
1,21 2+3). (1.2-3s (L2+1)s
B L+ B+ 3,2+ 3.2+
3.1, -2 B L+1) B.L-%0 (B.L+1o
(1, 1+1) (1,1,0);+ (1,1, +1)10  (1,1;0)49
(1,1;0);- (1,1;0);- (1,1;,0) (1,1;,0)

Table 4.4: The same as in Table 4.3 for the spinor 16-dimensional representation. The SM singlets
are emphasized in boldface and shall be denoted, in the the SU(5) description, as e = (1,1;0)1o and
v = (1,1;0);. The LR decomposition shows that e and v belong to an SU(2)r doublet.

The supersymmetric flipped SO(10) model

The presence of additional SM singlets (some of them transforming non-trivially
under SU(5)) in the lowest-dimensional representations of the flipped realisation of
the SO(10) gauge symmetry provides the ground for obtaining a viable symmetry
breaking with a significantly simplified renormalizable Higgs sector. Naively, one
may guess that the pair of VEVs in 16y (plus another conjugated pair in 16y to
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LR SU(5)

SOM0) SO0  SO(10)  SO(10)
(1,1;0)40 (1,1;0)40 (1,1;0) (1,1;,0)4
1,10 (1,100 (1,100  (1,1:0),
8,1;0)5 B, 14;0)s (8,100  (8,1;0)
(3,1; +%)15 (3,1; —%)15 (3,2 —%)24 (3,2 +%)24
3125 B L+is B2 +Yu (321w
(1,3;0) (1,3;0)1 (1,500 (1,3;0)2
(3,2 +5)s 3.2+ B 2+80 3.2+
(3,2 +2)- (3.2 -1)e (3,1;=%)00 (3.1 +1)0
(1,1, +1)+ (1,1;,0)4+ (1,1, +1)10 (1,1;0)19
3,2 -5 B2-3s B2-thw B.2-{wo
(3.2 -8)s- 3.2+ B L+3m B -3
(1,1, -1)1- (1,1;0);- (1,1, 1)1 (1,1;0)5

Table 4.5: The same as in Table 4.3 for the 45 representation. The SM singlets are given in boldface
and labeled throughout the text as wg_p = (1,1;0)15, w* = (1,1;0)1+, wp = (1,1;0)p0 and w™ = (1,1;0)4-
where again the LR notation has been used. The LR decomposition also shows that w*, wp and w™
belong to an SU(2)p triplet, while wg_r, is a B — L singlet.

maintain the required D-flatness) might be enough to break the GUT symmetry
entirely, since one component transforms as a 10 of SU(5) ¢ SO(10), while the other
one is identified with the SU(5) singlet (cf. Table 4.4). Notice that even in the presence
of an additional four-dimensional vacuum manifold of the adjoint Higgs multiplet,
the little group is determined by the 165 VEVs since, due to the simple form of the
renormalizable superpotential F-flatness makes the VEVs of 45y align with those of
1616y, providing just enough freedom for them to develop non-zero values.

Unfortunately, this is still not enough to support the desired symmetry breaking
pattern. The two VEV directions in 16y are equivalent to one and a residual SU(5) ®
U(1) symmetry is always preserved by (16),, [194]. Thus, even in the flipped SO(10)®
U(1) setting the Higgs model spanned on 16 @16y @455 suffers from an SU5)@ U(1)
lock analogous to the one of the standard SUSY SO(10) models with the same Higgs
sector. This can be understood by taking into account the freedom in choosing the
basis in the SO(10) algebra so that the pair of VEVs within 16 can be “rotated” onto
a single component, which can be then viewed as the direction of the singlet in the
decomposition of 16 = 5@ 10 & 1 with respect to an SU(5) subgroup of the original
SO(10) gauge symmetry.

On the other hand, with a pair of interacting 165 & 16y’s the vacuum directions in
the two 164’s need not be aligned and the intersection of the two different invariant
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subalgebras (e.g., standard and flipped SU(5) for a specific VEV configuration) leaves
as a little group the the SU(3)c @ SU(2), ® U(1)y of the SM. F-flatness makes then
the adjoint VEVs (45 is the needed carrier of 16y interaction at the renormalizable
level) aligned to the SM vacuum. Hence, as we will show in the next section, 2 x
(165 + 165) @ 45y defines the minimal renormalizable Higgs setting for the SUSY
flipped SO(10) ® U(1)x model. For comparison, let us reiterate that in the standard
renormalizable SO(10) setting the SUSY vacuum is always SU(5) regardless of how
many copies of 165 @ 16y are employed together with at most a pair of adjoints.

The matter sector

Due to the flipped hypercharge assignment, the SM matter can no longer be fully
embedded into the 16-dimensional SO(10) spinor, as in the standard case. By inspect-
ing Table 4.4 one can see that in the flipped setting the pair of the SM sub-multiplets
of 16 transforming as u® and e® is traded for an extra d°-like state and an extra
SM singlet. The former pair is instead found in the SO(10) vector and the singlet
(the lepton doublet as well appears in the vector multiplet). Thus, flipping spreads
each of the SM matter generations across 16 ©10® 1 of SO(10), which, by construc-
tion, can be viewed as the complete 27-dimensional fundamental representation of
Es D SO(10) ® U(1)y. This brings in a set of additional degrees of freedom, in
particular (1,1,0)6, (3,1, +1)16, (1,2, +1)16, (3,1, —=1)10 and (1,2, —3)10, where the sub-
script indicates their SO(10) origin. Notice, however, that these SM “exotics” can
be grouped into superheavy vector-like pairs and thus no extra states appear in the
low energy spectrum. Furthermore, the U(1)y anomalies associated with each of
the SO(10) ® U(1)x matter multiplets cancel when summed over the entire reducible
representation 16, ¢ 10_, & 1,. An elementary discussion of the matter spectrum in
this scenario is deferred to Sect. 4.6.

4.4.2 Supersymmetric vacuum

The most general renormalizable Higgs superpotential, made of the representations
45 @16, ® 164 P 164 P 164 is given by

WH = gTI’ 452 + pij16iEj + Tl‘j16i45ﬁj , (419)

where i,j = 1,2 and the notation is explained in Appendix F.1. Without loss of
generality we can take p real by a global phase redefinition, while T (or p) can be
diagonalized by a bi-unitary transformation acting on the flavor indices of the 16 and
the 16. Let us choose, for instance, Tij = T;6;, with T; real. We label the SM-singlets
contained in the 16's in the following way: e = (1,1;0);o (only for flipped SO(10))
and v = (1,1;0); (for all embeddings).

By plugging in the SM-singlet VEVs wp, wp_1, w", W™, €19, €19, V1o and vy o (cf. Ap-
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pendix F.1), the superpotential on the vacuum reads

(Wi) = p (20} + 3wp_p, + 40 w”)
+ p11 (€1€1 + V1V1) + pot (€9€1 + VoVy) + pro (€189 + V1Vg) + Pog (€089 + VoTy)

Swp_
+ T |—wW eV — (1)+1)1§1 — % (6151 — 1)151) + E(UB_\/EL (8151 + 1)151)
Swp_
+ Ty | —W e9Vy — w ey — % (6252 — 1)252) + éwB—\/QL (6‘252 + 1)252) (420)

In order to retain SUSY down to the TeV scale we must require that the GUT gauge
symmetry breaking preserves supersymmetry. In Appendix F.2 we work out the
relevant D- and F-term equations. We find that the existence of a nontrivial vacuum
requires p (and T for consistency) to be hermitian matrices. This is a consequence of
the fact that D-term flatness for the flipped SO(10) embedding implies (16;) = <El>*
(see Eq. (F.30) and the discussion next to it). With this restriction the vacuum manifold
is given by

Sw* = Tyr? sin 2aje!®1 =) 4 1,r? sin 2ape!®e 0w
8w = Tyrfsin2aje % ~%) 4 1,p2 sin Qape % ")

WNopwp = 11} cos 2ay + Tors cos 2ay,

4\/§H Wwp-L = —T11"12 — TQF% ,
€19 = P1oCOS o €12,
Vig = P1oSinay o el )
Glo = Pigcosaygy e iz,
V1o ="r19 sin Q9 e*i‘bvm , (4'21)

where ry, and a* = ay + ay are fixed in terms of the superpotential parameters,

2 _QH (P22t — 5p11 1)

= , 429
ry 31’12’(2 ( )
rg _ _QH (p11 12 —25022T1) ’ (4.23)
31175

_ sin ®, — sin &,
cosa” =& Sin (@, — ) (4.24)

. . Sin d, + sin b,
cosa’ =€ Sin (@, — @) (4.25)

with

_Spfhe Bpgym '
\/ - n T 26p20p11
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The phase factors ®, and &, are defined as

('I)v = d)w - (bVQ + ¢p12 ’ (I)e = ¢e1 - d)eg + ¢p12 ’ (427)

in terms of the relevant phases ¢,,,, ¢, and ¢,,. Eqgs. (4.24)-(4.25) imply that for
b, = P, = d, Eq. (4.24) reduces to cosa™ — £cosd while at is undetermined (thus
parametrizing an orbit of isomorphic vacua).

In order to determine the little group of the vacuum manifold we explicitly com-
pute the corresponding gauge boson spectrum in Appendix F.3. We find that, for
a” # 0 and/or &, + &, the vacuum in Eq. (4.21) does preserve the SM algebra.

As already mentioned in the introduction this result is a consequence of the
misalignement of the spinor VEVs, that is made possible at the renormalizable level
by the interaction with the 45y. If we choose to align the 16, ¢ 164 and 16, & 16,
VEVs (a = 0 and &, = ®,) or equivalently, to decouple one of the Higgs spinors
from the vacuum (r, = 0O for instance) the little group is SU(5) ® U(1).

This result can be easily understood by observing that in the case with just one
pair of 165G 16y (or with two pairs of 165@ 16 aligned) the two SM-singlet directions,
ey and vy, are connected by an SU(2)r transformation. This freedom can be used
to rotate one of the VEVs to zero, so that the little group is standard or flipped
SU(B) ® U(1), depending on which of the two VEVs is zero.

In this respect, the Higgs adjoint plays the role of a renormalizable agent that
prevents the two pairs of spinor vacua from aligning with each other along the
SU(5) ® U(1) direction. Actually, by decoupling the adjoint Higgs, F-flatness makes
the (aligned) 16; @ 16; vacuum trivial, as one verifies by inspecting the F-terms in
Eq. (F14) of Appendix F.2 for (454) = 0 and detp + O.

The same result with just two pairs of 16y @ 165 Higgs multiplets is obtained
by adding non-renormalizable spinor interactions, at the cost of introducing a po-
tentially critical GUT-scale threshold hierarchy. In the flipped SO(10) setup here
proposed the GUT symmetry breaking is driven by the renormalizable part of the
Higgs superpotential, thus allowing naturally for a one-step matching with the min-
imal supersymmetric extension of the SM (MSSM).

Before addressing the possible embedding of the model in a unified Es scenario,
we comment in brief on the naturalness of the doublet-triplet mass splitting in flipped
embeddings.

4.4.3 Doublet-Triplet splitting in flipped models

Flipped embeddings offers a rather economical way to implement the Doublet-Triplet
(DT) splitting through the so called Missing Partner (MP) mechanism [206, 207]. In
order to show the relevat features let us consider first the flipped SU5) @ U(1).

In order to implement the MP mechanism in the flipped SU(5)® U(1), the Higgs
superpotential is required to have the couplings

Wy 210,410,459 + 10_110_1§+2 , (428)
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where the subscripts correspond to the U(1); quantum numbers, but not the 5,55
mass term. From Eq. (4.28) we extract the relevant terms that lead to a mass for the
Higgs triplets

Wy 2 ((1,1;0)10) (3,1 +1)10(3, 1; =1)5 + ((1,1;0)50) (3, 1; —1)10(3. 1; +1)s.. (4.29)

On the other hand, the Higgs doublets, contained in the 5_, & 5. remain massless
since they have no partner in the 10,4 10_4 to couple with.

The MP mechanism cannot be implemented in standard SO(10). The relevant
interactions, analogue of Eq. (4.28), are contained into the SO(10) invariant term

Wy 2161610 + 161610, (4.30)
which, however, gives a mass to the doublets as well, via the superpotential terms

Flipped SO(10) ® U(1)x, on the other hand, offers again the possibility of im-
plementing the MP mechanism. The prize to pay is the necessity of avoiding a
large number of terms, both bilinear and trilinear, in the Higgs superpotential. In
particular, the analogue of Eq. (4.28) is given by the non-renormalizable term [199]

1 — — 1 —
Wy D E161162162161 + VP161162162161. (4.32)

By requiring that 16, (16;) takes a VEV in the 145 (155) direction while 16, (16,) in
the 1045 (1015) component, one gets

1

1 _
WH D — <1E1> <10162> 101625E1 + — <1161> <1 ﬁ2> 1 E25161 ) (4.33)
Mp Mp

which closely resembles Eq. (4.28), leading to massive triplets and massless doublets.
In order to have minimally one pair of electroweak doublets, one must further
require that the 2 x 2 mass matrix of the 16’s has rank equal to one. Due to the
active role of non-renormalizable operators, the Higgs triplets turn out to be two
orders of magnitude below the flipped SO(10) ® U(1)y scale, reintroducing the issues
discussed as in Sect. 4.3.

An alternative possibility for naturally implementing the DT splitting in SO(10)
is the Dimopoulos-Wilczek (DW) (or the missing VEV) mechanism [208]. In order
to explain the key features it is convenient to decompose the relevant SO(10) repre-
sentations in terms of the SU(4)c ® SU(2);, @ SU(2)r group

45=01,1,3) @ 151,1) @ ..

16 = (4,2,1) ® (4,1,2),

16 = (4,2,1)® (4,1,2),

10=(6,1,1)®(1,2,2), (4.34)
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where wr = ((1,1,3)) and wp_, = ((15,1,1)). In the standard SO(10) case (see
[209, 210] and [211] for a recent discussion) one assumes that the SU(2);, doublets
are contained in two vector multiplets (10; and 10,). From the decompositions in
Eq. (4.34) it's easy to see that the interaction 10,4510, (where the antisymmetry of
45 requires the presence of two 10's) leaves the SU(2); doublets massless provided
that wp = 0. For the naturalness of the setting other superpotential terms must
not appear, as a direct mass term for one of the 10’s and the interaction term
16 4516. The latter aligns the SUSY vacuum in the SU(5) direction (wp = wg_1), thus
destabilizing the DW solution.

On the other hand, the absence of the 164516 interaction enlarges the global
symmetries of the scalar potential with the consequent appearance of a set of light
pseudo-Goldstone bosons in the spectrum. To avoid that the adjoint and the spinor
sector must be coupled in an indirect way by adding extra fields and symmetries
(see for instance [209, 210, 211]).

Our flipped SO(10) ® U(1)x setting offers the rather economical possibility of
embedding the electroweak doublets directly into the spinors without the need of
10y (see Sect. 4.6). As a matter of fact, there exists a variant of the DW mechanism
where the SU(2);, doublets, contained in the 16y @ 16y, are kept massless by the
condition wg_;, = 0 (see e.g. [212]). However, in order to satisfy in a natural way
the F-flatness for the configuration wg_; = 0, again a contrived superpotential is
required, when compared to that in Eq. (4.19). In conclusion, we cannot implement
in our simple setup any of the natural mechanisms so far proposed and we have to
resort to the standard minimal fine-tuning.

4.5 Minimal Es embedding

The natural and minimal unified embedding of the flipped SO(10) ® U(1) model is
Es with one 78y and two pairs of 27y @ 27y in the Higgs sector. The three matter
families are contained in three 27 chiral superfields. The decomposition of the 27
and 78 representations under the SM quantum numbers is detailed in Tables 4.6 and
4.7, according to the different hypercharge embeddings.

In analogy with the flipped SO(10) discussion, we shall label the SM-singlets
contained in the 27 as e = (1,1;0);, and v = (1,1;0), .

As we are going to show, the little group of (78 & 27, & 27, ® 27, & 275) is SUSY-
SU(5) in the renormalizable case. This is just a consequence of the larger Eg algebra.
In order to obtain a SM vacuum, we need to resort to a non-renormalizable scenario
that allows for a disentanglement of the (78y) directions, and, consistently, for a
flipped SO(10) ® U(1) intermediate stage. We shall make the case for an Eg gauge
symmetry broken near the Planck scale, leaving an effective flipped SO(10) scenario
down to the 10'° GeV.
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SU(5) SU((5)¢ SO(10)¢
BL+3s, BL-35, BL+iks,
(1.2 -5, 1L2-%)k, L2+,
(3,2 +2)0s (3.2 +8)0s (3.2 +3)104
(3,4 =210, 3.1 +3)0 (31 +3)104
(1,4 +010,s (L5000 (1,1;0)10,
(1,1;0)1, (1,1 +1)1, (1,1;0)1,4
(3,155 (31 -%)s, (3.1 -3,
(1,2 +3)5, (1,215, (1,235,
B+, G+, G.1-%%s,
(1,2 -85, (L2+)s, (1.2-3),
(1,1,0)1, (1,1,0)1, (1,1 +1)1,

Table 4.6: Decomposition of the fundamental representation 27 of Eg under SU(3)c@SU(2), @ U(1)y,
according to the three SM-compatible different embeddings of the hypercharge (f stands for flipped).
The numerical subscripts keep track of the SU(5) and SO(10) origin.
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SU(5) SU®) SO(10),
(1,1;0), (1,1;0)1, (1,1;0)1,
(1,1;0)1,, (1,1;0)1,5 (1,1;0)1,5
(8,1;0)045 (8, 1:0)04,5  (8,1;0)04
(3,2 —2oas (3.2 +5)ous (3,2 +5)24s
(3,2 +2)oas (3,2 —L)oas (3.2 —1)ouss
(1,30)00,s  (1,30)24s  (1,50)04,
(1,1;0)24,s (1,1;0)24, (1,1;0)04,
(3,2 +h0s (3.2 =210, (3.2 +5 )10,
B 210, B L -%0s B L+5)0s
(1,1 +1)10,, (L1 =110, (1,1;0)104
3.2 -3, BG2+3ms G2-5m,
(3.4 +%m0, (B L+30, (3L —30,
1,1; 110, 1,1; +1)10, (1, 10010,
B.L+3)s, G35, G135,
(1,2 -4, (1L2-1k5, (1.2-3)s,
(3,2 +2)0s (3,2 +0 (3.2 —2)104
B4 =20, B L+510,s 51 —2)104
(1,1 +1)10,s (1, 10010, (1,1 =1)104
(1,1;0)1,, (1,1 + 1)1, (1,1, = 1)1,
(3,445 BL+2s,  (B.1+2)s,
(1,2 +3)s.  (L2+4)s. (1,2 +5)s,
3.2 -t B2t B2+m5,
B L+30, BL-tm, 61+570,
1,1; _1)% (1, 1;0)% (1,1; +1)E1—
400 (1) (4 +1)

|
o

Table 4.7: The same as in Table 4.6 for the 78 representation.
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451 VY and B - L into Eg

Interpreting the different possible definitions of the SM hypercharge in terms of
the Eg maximal subalgebra SU(3)c ® SU(3), @ SU(3)p, one finds that the three as-
signments in Eqs. (4.13)-(4.15) are each orthogonal to the three possible ways of
embedding SU(2); (with I = R, R, E) into SU(3)p [205]. Working in the Gell-Mann
basis (cf. Appendix G.1) the SU(3)p Cartan generators read

o - 1 <T1f T2 ) , (4.35)
T = S (T},’ LT - 2T3,’> , (4.36)

which defines the SU(2)r embedding. The SU(2)r and SU(2)g embeddings are ob-
tained from Egs. (4.35)—-(4.36) by flipping respectively 2’ <> 3 and 3’ < 1’. Consid-
ering the standard and flipped SO(10) embeddings of the hypercharge in Eq. (4.13)
and Eq. (4.15), in the SU(3)® notation they are respectively given by

8) (3) (8) 8) (8)
V= %TL + Ty + %TR = %TL - %TE : (4.57)
and s ( : : :
8 8) 8) 3) 8)
V= %TL — %TR = %TL + T + %TE . (4.38)

Analogously, the three SM-compatible assignments of B — L in Eqgs. (4.16)—(4.18)
are as well orthogonal to the three possible ways of embedding SU(2); into SU(3)p.
However, once we fix the embedding of the hypercharge we have only two consistent
choices for B — L available. They correspond to the pairs where ¥ and B — L are
not orthogonal to the same SU(2); [205].
For the standard hypercharge embedding, the B — L assignment in Eq. (4.16)
reads
B-L=2 (TP + T?) R (4.39)

while the B—L assignment in Eq. (4.18), consistent with the flipped SO(10) embedding
of the hypercharge, reads

B-1L- LTR = & (19 + 7). (4.40)

45.2 The Es vacuum manifold

The most general renormalizable Higgs superpotential, made of the representations
18 ® 2Ty & 2Ty ® 274 B 27, is given by

WH = gTI’ 782 + 911271W1 + Tl]27l78ﬁj + aijk27i27j27k + ﬁi}'kﬁiﬁjﬁk , (441)

where i,j = 1,2. The couplings a;j, and S, are totally symmetric in ijk, so that each
one of them contains four complex parameters. Without loss of generality we can
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take p real by a phase redefinition of the superpotential, while T can be diagonalized
by a bi-unitary transformation acting on the indices of the 27 and the 27. We take,
Tij = T;i0;, with T; real. Notice that a and B are not relevant for the present study,
since the corresponding invariants vanish on the SM orbit.

In the standard hypercharge embedding of Eq. (4£.37), the SM-preserving vacuum
directions are parametrized by

/ / ! 4 U 4 4 b
(78) = ay TS +ay T2 + %(T} LT 0TY) + %(Tg, T2+ 7%(7‘11 L TE0T9), (4.42)
and
@27y = (e)vy + (w)vy, (4.43)
<Wl> = (@i)ug’, + (ii)u%/ . (Z,t/t/t)

where ay, as, as, a,, bs, €19, €19, V1 o and vy » are 13 SM-singlet VEVs (see Appendix G.1
for notation). Given the B — L expression in Eq. (4.39) and the fact that we can rewrite
the Cartan part of (78) as

V2a, Ty + Llas + bs) (T}f) + Tf”) + Llas - bs) (Tﬁ) - T£8)> . (445)

we readily identify the standard SO(10) VEVs used in the previous section with the
present Eg notation as wg o< a,, wg_1, o< az+ bz, while Q o< az —bsz is the SO(10)@ U(1)y
singlet VEV in Eg (Ty o< T — %),

We can also write the vacuum manifold in such a way that it is manifestly invariant
under the flipped SO(10) hypercharge in Eq. (4.38). This can be obtained by flipping
1" « 3 in Eqs. (4.42)-(4.44), yielding

(78) = ay Ty + apTZ + V2a, Ty + L(a} + bs) <T§> + TP)
’ 8 8
+ Gldy = bg) (TP =T, (446)

(271) = (e)vy + (w)vy (4.47)
(27;) = (@)uf + (W)uf
where we recognize the B — L generator defined in Eq. (4.40). Notice that the Cartan
subalgebra is actually invariant both under the standard and the flipped SO(10) form

of V. We have
AT + a, T — asTY + a,TY (4.49)

with
2a5 = —az — V3a,, (4.50)
2a, = —V/3as + a, (4.51)
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thus making the use of as, or aj, directions in the flipped or standard vacuum man-
ifold completely equivalent. We can now complete the identification of the notation
used for Eg with that of the flipped SO(10) ® U(1)x model studied in Sect. 4.4, by
w* o a o.

From the Es stand point, the analyses of the standard and flipped vacuum mani-
folds given, respectively, in Eqs. (4.42)—(4.44) and Eqs. (4.46)—(4.48), lead, as expected,
to the same results with the roles of standard and flipped hypercharge interchanged
(see Appendix G). In order to determine the vacuum little group we may therefore
proceed with the explicit discussion of the standard setting.

By writing the superpotential in Eq. (4.41) on the SM-preserving vacuum in
Egs. (4.42)-(4.44), we find

a? a7 b?
(Wh) =n <Cl1(12 + 75 + 54 + §3> (4.52)

+ p11 (€1€1 + V1) + por (€081 + W) + pio (€12 + ViVy) + poo (€089 + Vo)

| a K daV \/;a e1e1 — —D + A V1 V1 \/ibs( e vy )
1 1¢1 V1 2V1¢ 3 1¢1 2 1 V1 \/_ e1e1 + VM
| a v daV \/73(13 €580 — — VoD + i VoVo \/7.-b3(6‘ €o 1+ VoV )

When applying the constraints coming from D- and F-term equations, a nontrivial
vacuum exists if p and T are hermitian, as in the flipped SO(10) case. This is a
consequence of the fact that D-flatness implies (27;) = <27i>* (see Appendix G.2 for
details).

After imposing all the constraints due to D- and F-flatness, the E5 vacuum mani-
fold can be finally written as

2[1(11 = T11”12 sin 20{1 ei(¢'v1 7¢91) + TQI"S sin 2a2 ei(d)vg *(beg) ,
Q}lag = T1F12 sin 26{1 eii(d)"i ~%ey) + TQPS sin 2(12 e*i((i)vgfd)cg) ,

oV6pas = —1iri(3cos2ay + 1) — ri(3cos 2ay + 1),

\/§,ua4 = —T1T’12 sin® a; — wg sin® Ay,
V3ubs = Vot r? + Vorr?,
€19 = P1oCOSQ19 g %1s ,
V4o ="r19 sin Qa9 eid’"’i/? )
810 =rigcosaiy e 12,
Vio =rigsinary e 12, (453)

where ri, and a* = ay + ay are fixed in terms of superpotential parameters, as
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follows
f’12 _ _ll(pQQTi ;41011T2) ’ (4.54)
5171
— 4
rg _ _H(PMTQ 2922T1) , (4.55)
51,15
sin ®, — sin &,
= , 4.
cosa £ YT—— (4.56)
N sin ®,, + sin ®,
- , 457
cosar =& 5 P, — Dy (4.57)
with .
£ = : |’)2 12 . (4.58)
\/——@ﬁm - —%T‘in + 17poop1s
The phase factors &, and &, are defined as
qu = (]51)1 - (b‘vg + ¢,D12 , CI)e = ¢e1 - (bez + (bpm . (459)

In Appendix G.3 we show that the little group of the the vacuum manifold in
Eq. (453) is SU(5).

It is instructive to look at the configuration in which one pair of 27y, let us say
27y & 27, is decoupled. This case can be obtained by setting 7o = p1o = pe = 0 in
the relevant equations. In agreement with Ref. [200], we find that a; turns out to
be undetermined by the F-term constraints, thus parametrizing a set of isomorphic
solutions. We may therefore take in Eq. (453) a; = ay = 0 and show that the little
group corresponds in this case to SO(10) (see Appendix G.3), thus recovering the
result of Ref. [200].

The same result is obtained in the case in which the vacua of the two copies of
2Ty @& 27y are aligned, ie. a~ = 0 and &, = ®.. Analogously to the discussion in
Sect. 4.4.2, a® is in this case undetermined and it can be set to zero, that leads us
again to the one 27y @ 27y case, with SO(10) as the preserved algebra.

These results are intuitively understood by considering that in case there is just
one pair of 27y & 27y (or the vacua of the two pairs of 27; & 27; are aligned) the
SM-singlet directions e and v are connected by an SU(2)p transformation which can
be used to rotate one of the VEVs to zero, so that the little group is locked to an
SO(10) configuration. On the other hand, two misaligned 27y & 27y VEVs in the
e — v plane lead (just by inspection of the VEV quantum numbers) to an SU(5) little
group.

In analogy with the flipped SO(10) case, the Higgs adjoint plays the role of a
renormalizable agent that prevents the two pairs of <27z &) Wi> from aligning within
each other along the SO(10) vacuum. Actually, by decoupling the adjoint Higgs, F-
flatness makes the (aligned) 27; & 27; vacuum trivial, as one verifies by inspecting
the F-terms in Eq. (G.18) of Appendix G.2 for (78y) = 0 and detp # 0.
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In conclusion, due to the larger Eg algebra, the vacuum little group remains
SU(5), never landing to the SM. In this respect we guess that the authors of Ref.
[213], who advocate a 78y @ 2 x (27H @ WH) Higgs sector, implicitly refer to a non-
renormalizable setting.

45.3 Breaking the residual SU(5) via effective interactions

In this section we consider the possibility of breaking the residual SU(5) symmetry
of the renormalizable Eg vacuum through the inclusion of effective adjoint Higgs
interactions near the Planck scale Mp. We argue that an effective flipped SO(10) ®
U(l)xy = SO(10); may survive down to the M; =~ 10 GeV scale, with thresholds
spread in between Mp and My in such a way not to affect proton stability and lead
to realistic neutrino masses.

The relevant part of the non-renormalizable superpotential at the Es scale Mg <
Mp can be written as

WhR — Mi 2 (10 78%)" 2 Tr 78 4 (4.60)
p

where the ellipses stand for terms which include powers of the 27’s representations
and D > 5 operators. Projecting Eq. (4.60) along the SM-singlet vacuum directions
in Eqs. (4.42)—(4.44) we obtain

<WER> = ML {)q (2a1ay + a? +a? + b%)2
p
+ Ay [2a1a2 <afa§ +aj+aj+ %a3a4> + 1 (af + a%)Q + %bé’] + } . (4.61)

One verifies that including the non-renormalizable contribution in the F-term equa-
tions allows for a disentanglement of the (78) and <271 @27, 62T, B W2> VEVs, so
that the breaking to the SM is achieved. In particular, the SUSY vacuum allows
for an intermediate SO(10); stage (that is prevented by the simple renormalizable
vacuum manifold in Eq. (4.53)). By including Eq. (4.61) in the F-term equations, we
can consistently neglect all VEVs but the SO(10) ® U(1) singlet €, that reads

pMp

O e
5)\,1 + %)\,2

(4.62)

It is therefore possible to envisage a scenario where the E; symmetry is broken at
a scale Mg < Mp leaving an effective flipped SO(10) ® U(1)y scenario down to the
10%0 GeV, as discussed in Sect. 4.4. All remaining SM singlet VEVs are contained in
45316, & 164 B 164 & 16, that are the only Higgs multiplets required to survive at
the My <« Mg scale. It is clear that this is a plausibility argument and that a detailed
study of the Eg vacuum and related thresholds is needed to ascertain the feasibility
of the scenario.
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The non-renormalizable breaking of Es through an intermediate SO(10); stage
driven by Q > My, while allowing (as we shall discuss next) for a consistent uni-
fication pattern, avoids the issues arising within a one-step breaking. As a matter
of fact, the colored triplets responsible for D = 5 proton decay live naturally at the
Q%/Mp > My scale, while the masses of the SM-singlet neutrino states which en-
ter the "extended" type-I seesaw formula are governed by the (27) ~ M; (see the
discussion in Sect. 4.6).

45.4 A unified E4 scenario

Let us examine the plausibility of the two-step gauge unification scenario discussed in
the previous subsection. We consider here just a simplified description that neglects
thresholds effects. As a first quantitative estimate of the running effects on the
SO(10); couplings let us introduce the quantity

A(My) = X I — : log —= (4.63)

where My is the Es unification scale and af is the Eg gauge coupling. The U(1)y
charge has been properly normalized to X = X/v/24. The one-loop beta coefficients
for the superfield content 454 & 2 x (164 & 16y) & 3 x (16p & 10F & 15) & 455 are
found to be bjg = 1 and by = 67/24.

Taking, for the sake of an estimate, a typical MSSM value for the GUT coupling
ag! = 25, for Mg/M; < 10% one finds A(M;) < 5%.

In order to match the SO(10); couplings with the measured SM couplings, we
consider as a typical setup the two-loop MSSM gauge running with a 1 TeV SUSY
scale. The (one-loop) matching of the non abelian gauge couplings (in dimensional
reduction) at the scale M; reads

iy (My) = a;' (My) = a5 (M), (4.64)
while for the properly normalized hypercharge ¥ one obtains
@y (My) = (@ + B ) aig (My) + 9% (My) (4.65)

Here we have implemented the relation among the properly normalized U(1) gen-
erators (see Eq. (4.15))
V—aV +BZ+4X, (4.66)

with {&B, 7} = {~4, ~1\/3. 5}

The result of this simple exercise is depicted in Fig. 4.2. Barring detailed thresh-
old effects, it is interesting to see that the qualitative behavior of the relevant gauge
couplings is, indeed, consistent with the basic picture of the flipped SO(10) ® U(1)x
embedded into a genuine Eg GUT emerging below the Planck scale.
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Figure 4.2: Sample picture of the gauge coupling unification in the Es-embedded
SO(10) ® U(1)x model.

4.6 Towards a realistic flavor

The aim of this section is to provide an elementary discussion of the main features
and of the possible issues arising in the Yukawa sector of the flipped SO(10)® U(1)x
model under consideration. In order to keep the discussion simple we shall consider
a basic Higgs contents with just one pair of 16y & 16y. As a complement of the
tables given in Sect. 4.4, we summarize the SM-decomposition of the representations
relevant to the Yukawa sector in Table 4.8.

SO(10) SO(10)y
16p (D@ L@ (U Q@ E ) ® (NN DB N)ED A DQ®S)® (N
10 (A® A°)s @ (A° D A)s (A® L) ® (U ® A)s
1F (S)1 (E)
(16m) (0@ (Ha))s © (0 0@ 0)4p ® (ver)y 0@ (Hu))s © (006 sh)ip @ (v
(16m) (0@ (Hu))s ® (06 0 O)1g @ (va)s (0@ (Ha))s © (08 0 & sp)g @ (vu)t

Table 4.8: SM decomposition of SO(10) representations relevant for the Yukawa sector in the
standard and flipped hypercharge embedding. In the SO(10); case B — L is assigned according to
Eq. (4.18). A self-explanatory SM notation is used, with the outer subscripts labeling the SU(5) origin.
The SU(2);, doublets decompose as Q = (U, D), L = (N, E), A = (A%, A~)and A® = (A°*, AO)
Accordingly, (Hy) = (0, v,) and (Hy) = (vq, 0). The D-flatness constraint on the SM-singlet VEVs, sy
and vy, is taken into account.

For what follows, we refer to [214, 215, 216, 217] and references therein where
the basic features of models with extended matter sector are discussed in the E5 and
the standard SO(10) context. For a scenario employing flipped SO(10) ® U(1) (with
an additional anomalous U(1)) see Ref. [199].
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4.6.1 VYukawa sector of the flipped SO(10) model

Considering for simplicity just one pair of spinor Higgs multiplets and imposing a
Z, matter-parity (negative for matter and positive for Higgs superfields) the Yukawa
superpotential (up to d = 5 operators) reads

1 — .
Wy = Yy16p10p165 + VA [Y510F1p16H16H + YD16F16F16H16H] , (4.67)
P

where family indexes are understood. Notice (cf. Table 4.9) that due to the flipped
embedding the up-quarks receive mass at the renormalizable level, while all the
other fermion masses need Planck-suppressed effective contributions in order to
achieve a realistic texture.

16¢10F (16p) 10p1F (163 (164) 16p16f (1651) (164)

(1) 10]?3)? <§H> ) (QUC + SA) <Hu> (2) gpip <5H> <TH> O AE° <Hd> VH (1) 1}?11: <TH> <TH> D NCNCVIQ_I

(1) 1F5F <§H> D NCL<HH> (2) 5F1F <EH> <5H> > LE° (Hd>5H (1) 10}“10}“ EH> <EH> D SSS%!

(1) BF5F (1x) D (DA + A°L)vy (4) 10p1p <EH> <TH> D SN€syvy

(1) 5p5r (105) D AAsy (1) 5¢5F (51) (5u) D A°A° (Hg) (Hq)

(1) 10r5F (10g) D AAsy (4) 10F5F <EH> (51) D (A°S + QD) (Hq) sy
(2) 10r10F (5 ><TH> D QAC (Hg)ve
(4)

Table 4.9: Decomposition of the invariants in Eq. (4.67) according to flipped SU(5) and SM.
The number in the round brackets stands for the multiplicity of the invariant. The contractions
g1oF11F <EH> <EH> and 616F116F <EH> <TOH> yield no SM invariant.

Mass matrices

In order to avoid the recursive 1/Mp factors we introduce the following notation for
the relevant VEVs (see Table 4.8): ¥4 = vq/Mp, ¥y = vy/Mp and 8y = sy/Mp. The M;-
scale mass matrices for the matter fields sharing the same unbroken SU(3)c® U(1)q
quantum numbers can be extracted readily by inspecting the SM decomposition of
the relevant 1 + 10 + 16 matter multiplets in the flipped SO(10) setting:

Mu = YUVu y
< Ypbuva YpSuvg >

My =
YUSH YUW)H

Vit Y
A R (4.68)
Y}géHVd YUl)H
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0 0 YUSH 0 YU Vu
0 0 YUDH YU Vu 0
Mv = YUSH YUUH YDYA/d Va QYDIAJdl)H QYDYA/dSH , (469)

0 YUVu QYD”’DHVd YD"/I\)H"I)H QYD”/DHSH

YUVu 0 QYDéHVd QYD§H1)H YDéHSH

where, for convenience, we redefined Yp — Vp/2 and Yr — Vg/2. The basis (U)(U°)
is used for M,, (D,A)(A°, D°) for My and (A, E)(E¢, A°") for M.. The Majorana
mass matrix M, is written in the basis (A, N, A, N¢, S).

Effective mass matrices

Below the My ~ sy ~ vy scale, the exotic (vector) part of the matter spectrum
decouples and one is left with the three standard MSSM families. In what follows,
we shall use the calligraphic symbol I for the 3 x 3 effective MSSM fermion mass
matrices in order to distinguish them from the mass matrices in Egs. (4.68)—(4.69).
i) Up-type quarks: The effective up-quark mass matrix coincides with the mass
matrix in Eq. (4.68)
Wy = Yyvy . (4.70)

ii) Down-type quarks and charged leptons: The 6 x 6 mass matrices in Egs. (4.68)—
(4.68) can be brought into a convenient form by means of the transformations

My — MyUl = M,, M.— U:M.= M., (4.71)

where Uy are 6 x 6 unitary matrices such that M) and M, are block-triangular

0
M=ol " V), M=o . (4.79)
O Mf v Mf

Here v denotes weak scale entries. This corresponds to the change of basis

(2)-u(5) (L)-u(5) e

in the right-handed (RH) down quark and left-handed (LH) charged lepton sectors,
respectively. The upper components of the rotated vectors (d° and e) correspond to
the light MSSM degrees of freedom. Since the residual rotations acting on the LH
down quark and RH charged lepton components, that transform the M , matrices
into fully block-diagonal forms, are extremely tiny (of O(v/My)), the 3 x 3 upper-left
blocks (ULB) in Eq. (4.72) can be identified with the effective light down-type quark
and charged lepton mass matrices, ie, My = (M}),; 5 and Je = (M), 5-

It is instructive to work out the explicit form of the unitary matrices U; and Uk.
For the sake of simplicity, in what follows we shall stick to the single family case
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and assume the reality of all the relevant parameters. Dropping same order Yukawa
factors as well, one writes Egs. (4.68)-(4.68) as

Md=<v” VS>, Me=<v” 3H>, (4.74)
Sy Vy Vs VH
and the matrices Uy and U, are explicitly given by
Uy = < c?sa —sina > ' (4.75)
sina cosa

By applying Eq. (4.71) we get that M/, and M/ have the form in Eq. (4.72) provided
that tan @ = sy/vy. In particular, with a specific choice of the global phase, we can
write

cosa = sina = (4.76)

VH SH
2 2’ 2 2’
vV SH + Vg vV SH + vy

so that the mass eigenstates (up to O(v/Mj) effects) are finally given by (see Eq. (4.73))

dc B 1 vHAC — SHDC (4 77)
A° Vsh + v\ sgAC +vgDe ) .
and

e 1 vy~ — syE (478)
A~ V4 +v% \ suA™ +vyE ) '
where the upper (SM) components have mass of O(v, s) and the lower (exotic) ones
of O(M).
iii) Neutrinos: Working again in the same approximation, the lightest eigenvalue
of M, in Eq. (4£.69) is given by

(V% + s%)% + 25707
m, ~ gs?q vg’(S%I " vg ) HMpv? . (4.79)

For sy ~ vy ~ My ~ 10 GeV Mp ~ 10'8 GeV and v, ~ 10?> GeV one obtains

2

v
S 016V, 480
M, T 480

which is within the ballpark of the current lower bounds on the light neutrino masses
set by the oscillation experiments.

It is also useful to examine the composition of the lightest neutrino eigenstate
v. At the leading order, the light neutrino eigenvector obeys the equation M,v = 0
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which, in the components v = (x4, Xy, X3, x4, X5), reads

syxs =0, (4.81)
vuxs = 0, (4.82)
Syx1 + vgxe =0, (4.83)
Dyvyx, + 29yspxs = 0, (4.84)
25yvux, + Syspyxs = 0. (4.85)

By inspection, Egs. (4.84)-(4.85) are compatible only if x, = x5 = 0, while Egs. (4.81)-
(4.82) imply x5 = 0. Thus, the non-vanishing components of the neutrino eigenvector
are just x4 and xy. From Eq. (4.83), up to a phase factor, we obtain

1Y —S
Ve ——N'+ —=—N. (4.86)
vH+sH vH+sH

Notice that the lightest neutrino eigenstate v and the lightest charged lepton show the
same admixtures of the corresponding electroweak doublet components. Actually,
this can be easily understood by taking the limit v, = v4 = 0 in which the preserved
SU(2);, gauge symmetry imposes the same U, transformation on the (A% N) com-
ponents. Explicitly, given the form of U, in Eq. (4.75), one obtains in the rotated
basis

0O 0 O 0 0
0O 0 M O 0
M,=|1 0 M, O 0 0 , (4.87)
00 0 M oM
00 0 o M
where we have taken sy ~ vy ~ M;. M/ is defined on the basis (v, A°, A?, N¢, S),
where
<~v>=i<AO_N>. (4.88)
AP V2 \ A+ N
In conclusion, we see that the "light" eigenstate v decouples from the heavy spectrum,
my, ~ —M;[Mp vy, ~ 5(N°=S), (4.89)
My, ~ 3 Mf/Mp VM, ~ J%(NC +S), (4.90)
My, ~ =My vop, ~ 75(A” =A%), (4.91)
My, ~ My vpp, ~ J5(A% + A), (4.92)

where vy, and vy, are two Majorana neutrinos of intermediate mass, O(10) GeV,
while the states vpp, and vpp, form a pseudo-Dirac neutrino of mass of O(101%) GeV.
Notice finally that the charged current W; v e, coupling is unaffected (cf. Eq. (4.86)
with Eq. (4.78)), contrary to the claim in Refs. [214] and [215], that are based on the
unjustified assumption that the physical electron e is predominantly made of E.
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Outlook: the quest for the minimal
nonsupersymmetric SO(10) theory

In the previous chapters we argued that an Higgs sector based on 10y ¢ 45y & 126y
has all the ingredients to be the minimal nonsupersymmetric SO(10) theory. We are
going to conclude this thesis by mentioning some preliminary results of ongoing
work and future developments.

The first issue to be faced is the minimization of the scalar potential. Though
there exist detailed studies of the scalar spectrum of nonsupersymmetric SO(10)
Higgs sectors based on 10y & 54y @ 126y [218, 219], such a survey is missing in the
10y ®455 P 126y case. The reason can be simply attributed the tree level no-go which
was plaguing the class of models with just the adjoint governing the first stage of the
GUT breaking [56, 57, 58, 59]. On the other hand the results obtained in Chapter 3
show that the situation is drastically changed at the quantum level, making the study
of the 10y @& 45y & 126y scalar potential worth of a detailed investigation.

We have undertaken such a computation in the case of the 45y @ 126y scalar
potential and some preliminary results are already available [73]. The first technical
trouble in such a case has to do with the group-theoretical treatment of the 126y,
especially as far as concerns the 126% invariants. The presence of several invariants
in the scalar potential is reflected in the fact that there are many SM sub-multiplets
into the 45y & 126y reducible representation and each one of them feels the SO(10)
breaking in a different way. Indeed the number of real parameters is 16 and appar-
ently, if compared with the 9 of the 45, @ 16y system (cf. e.g. Eqs. (3.4)—(3.5)), one
would think that predictivity is compromised. However, out of these 16 couplings,
3 are fixed by the stationary equations, 3 contribute only to the mass of SM-singlet
states and 3 do not contribute at all to the scalar masses. Thus we are left with 7
real parameters governing the 22 scalar states that transform non-trivially under
the SM gauge group. After imposing the gauge hierarchy (455) > (126y), required
by gauge unification, the GUT-scale spectrum is controlled just by 4 real parame-
ters while the intermediate-scale spectrum is controlled by the remaining 3. Notice
also that these couplings are not completely free since they must fulfill the vacuum
constraints, like e.g. the positivity of the scalar spectrum.

The message to take home is that in spite of the complexity of the 45y @ 126y
system one cannot move the scalar states at will. This can be considered a nice
counterexample to the criticism developed in [175] about the futility of high-precision
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SO(10) calculations.

Actually the knowledge of the scalar spectrum is a crucial information in view of
the (two-loop) study of gauge coupling unification. The analysis of the intermediate
scales performed in Chapter 2 was based on the ESH [81]: at every stage of the
symmetry breaking only those scalars are present that develop a VEV at the current
or the subsequent levels of the spontaneous symmetry breaking, while all the other
states are clustered at the GUT scale*. In this respect the two-loop values obtained
for Mg_;, My and aai in the case of the two phenomenologically allowed breaking
chains were

My Mp_1,
L] 30(10) e 3C2L2R1B—L — SM
(45m) (126m)

Mp_p =32x10°GeV, My =1.6x10"GeV, ay' =455,

My Mp-p,
e SO(10) — 4211 — SM
<45H> <126H>

Mp_; = 2.5 x 10! GeV, My = 2.5 x 10" GeV, ayt =441,

Taken at face value both the scenarios are in trouble either because of a too small
Mg_1 (3c212p1p_;, and 4c2;1R case) or a too small My (402,15 case). Strictly speak-
ing the lower bound on the B — L breaking scale depends from the details of
the Yukawa sector, but it would be natural to require Mp_; > 103*!* GeV. On
the other hand the lower bound on the unification scale is sharper since it comes
from the d = 6 gauge induced proton decay. This constraint yields something like
My > 2.3 x 10'° GeV.

Thus in order to restore the agreement with the phenomenology one has to go
beyond the ESH and consider thresholds effects, i.e. states which are not exactly
clustered at the GUT scale and that can contribute to the running. Let us stress that
whenever we pull down a state from the GUT scale the consistence with the vacuum
constraints must be checked and it is not obvious a priori that we can do it.

For definiteness let us analyze the 3:2;2r15_1, case. A simple one-loop analytical
survey of the gauge running equations yields the following closed solutions for Mp_;,
and My

My _ <2ﬂ ((ag' —ag') (Bag?) + 2af™) + (a7 — a5")ad” + (az" —ay’) a%”%)
My P A

11\ SM 1 1) 4 SM 1 1\ SM
My — exp <27T(<a2 ag )ay’ + (af —ay')ag" + (az” —aj)ay )> , (4.93)
Mp_y, -A

“With the spectrum at hand one can verify explicitly that this assumption is equivalent to the re-
quirement of the minimal number of fine-tunings to be imposed onto the scalar potential, as advocated
in full generality by [82].
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with

A= (apM —ad") <%a%2_2£ + §a§221> + (@M — ™) aZ? + (o = aM) @, (4.94)
where a; 55 are the properly normalized gauge couplings at the My scale, while
aM y and a¥}', 5, are respectively the one-loop beta-functions for the SM and the
3c212r1 51, gauge groups.

The values of the gauge couplings are such that (' — az') ~ 21.1, (a;' — ;') ~
29.4, (a;' —a;') ~ —=50.5 and, assuming the field content of the ESH (cf. e.g. Ta-
ble 2.2), we have A < 0. Then as long as A remains negative when lowering new
states below the GUT scale, the fact that the matter fields contribute positively to the
beta-functions leads us to conclude that Mp_; is increased (reduced) by the states
charged under SU(2);, (SU(3)c or SU(2)r or U(1)g_1).

Thus, in order maximize the raise of Mg_;, we must select among the 3022151,
sub-multiplets of 45, & 126y those fields with aj?*! > a¥¥', ;. The best candidate
turns out to be the scalar multiplet (6,3,1, +%) C 126y. By pulling this color sextet
down to the scale Mp_;, we get at one-loop

Mp_p =86 x 10 GeV, My =55x10" GeV,  aj' =413,

which is closer to a phenomenologically reasonable benchmark. In order for the
color sextet to be lowered we have to impose a fine-tuning which goes beyond that
needed for the gauge hierarchy. It is anyway remarkable that the vacuum dynamics
allows such a configuration. Another allowed threshold that helps in increasing
Mpg_; is given by the scalar triplet (1,3,0) which can be eventually pulled down till
to the TeV scale. A full treatment of the threshold patterns is still ongoing [73].

What about the addition of a 10y in the scalar potential? Though it brings in many
new couplings it does not change the bulk of the 45y & 126, spectrum. The reason
is simply because the 10y can develop only electroweak VEVs which are negligible
when compared with the GUT (intermediate) scale one of the 455 (126y). Thus we
expect that adding a 10y will not invalidate the conclusions about the vacuum of the
45y @ 126y scalar potential, including the threshold patterns. Of course that will
contribute to the mass matrices of the isospin doublets and color triplets which are
crucial for other issues like the doublet-triplet splitting and the scalar induced d = 6
proton decay.

The other aspect of the theory to be addressed is the Yukawa sector. Such a
program has been put forward in Ref. [140]. The authors focus on renormalizable
models with combinations of 126}, and 10y (or 120y) in the Yukawa sector. They
work out, neglecting the first generation masses, some interesting analytic correla-
tions between the neutrino and the charged fermion sectors.

In a recent paper [220] the full three generation study of such settings has been
numerically addressed. The authors claim that the model with 120y & 1267, cannot
fit the fermions, while the setting with 10y and 126}, yields an excellent fit in the
case of type-I seesaw dominance.
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A subtle feature, as pointed out in [140], is that the 10y must be complex. The
reason being that in the real case one predicts m; ~ m, (at least when working
in the two heaviest generations limit and with real parameters). A complex 10y
implies then the presence of one additional Yukawa coupling. In turn this entails
a loss of predictivity in the Yukawa sector when compared to the supersymmetric
case. The proposed way out advocated by the authors of Ref. [140] was to consider a
PQ symmmetry, relevant for dark matter and the strong CP problem, which forbids
that extra Yukawa.

Sticking to a pure SO(10) approach, some predictivity could be also recovered
working with three Yukawas but requiring only one Higgs doublet in the effective
theory, as a preliminary numerical study with three generations shows [150].

The comparison between the 10y ¢ 455 B 126y scenario and the next-to-minimal
one with a b4y in place of a 45y is also worth a comment. At first sight the 545 seems
a good option as well in view of the two-loop values emerging from the unification
analysis of Chapter 2: Mp_; = 4.7 x 105 GeV and My = 1.2 x 10" GeV. However
the choice between the b4y and the 45y leads to crucially distinctive features.

The first issue has to do with the nature of the light Higgs. In this respect the
1267, plays a fundamental role in the Yukawa sector where it provides the neces-
sary breaking of the down-quark/charged-lepton mass degeneracy (cf. Egs. (1.181)-
(1.182)). For this to work one needs a reasonably large admixture between the
bi-doublets (1,2,2) C 10y and (15,2,2) C 126},. In the model with the 45y this
mixing is guaranteed by the interaction 105126745445y, but there is not such a
similar invariant in the case of the 54y. Though there always exists a mixing term
of the type 105126},1261264, this yields a suppressed mixing due to the unification
constraint (45y) > (126y).

The other peculiar difference between the models with 455 and 54y has to do with
the interplay between type-I and type-Il seesaw. As already observed in Sect. 1.5.3
one expects that in theories in which the breaking of the D-parity is decoupled from
that of SU(2)r the type-II seesaw is naturally suppressed by a factor (Mg_1/My)?
with respect to the type-I. Whilst the 45y leads to this last class of models, the
54y preserves the D-parity which is subsequently broken by the 126y together with
SU(2)g. The dominance of type-I seesaw in the case of the 45y has a double role:
it makes the Yukawa sector more predictive and it does not lead to b-t unification,
which is badly violated without supersymmetry.

So where do we stand at the moment? In order to say something sensible one has
to test the consistency of the 10y @ 45y & 126y vacuum against gauge unification and
the SM fermion spectrum. If the vacuum turned out to be compatible with the phe-
nomenological requirements it would be then very important to perform an accurate
estimate of the proton decay braching ratios. As a matter of fact nonsupersymmetric
GUTs offer the possibility of making definite predictions for proton decay, especially
in the presence of symmetric Yukawa matrices, as in the 10y ¢ 455 @ 126y case,
where the main theoretical uncertainty lies in the mass of the leptoquark vector
bosons, subject to gauge unification constraints (see e.g. Eq. (1.232)).
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Though the path is still long we hope to have contributed to a little step towards
the quest for the minimal SO(10) theory.
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Appendix A

One- and Two-loop beta coefficients

In this appendix we report the one- and two-loop B-coefficients used in the numerical
analysis of Chapter 2. The calculation of the U(1) mixing coefficients and of the
Yukawa contributions to the gauge coupling renormalization is detailed in Apps. A.1
and A.2 respectively.

Chain a;i b;

=

>
Z
T
4
|
ofs
o
S
P S
5 b
N (o))
213 ol o
Slozlz
\_/

S}
©
o

Table A.1: The a; and b;; coefficients are given for the 3c2,1y (SM) gauge running. The scalar
sector includes one Higgs doublet.
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G1 (Mi — My)
Chain ai bf]‘ Chain ai bf]‘
9 9 1 9 9 1
-2 5 5 3 =26 3 3 3
12 8 3 2 12 8 3 2
la (=7, -3, 1,11 2 Ib (=7,-3, -4, 1L 5
3 2> 19 3 % % 6 4) 19 3 % %
9 81 61 9 27 37
I A S5 7T 0%
9 9 1 9 9 1
-26 53 3 3 -26 3 3 3
80 27 61 9
M  (-7,-%-%.7) 2oy 830 o (-7, -F %3 2o 631 B
12 3 & Z ’ 123 % I
81 81 115 27 27 23
L5 5 7 4 T 77
9 9 1 9 9 1
=26 5 3 3 =26 5 3 3
12 8 3 3 12 8 3 3
Ma  (=7,-3,-2, 1) w0 Ub  (=7,-3, -, %) o
12 3 % 12 3 o 9
9 81 61 9 27 37
L5 9% 5 T 0%
9 9 1 9 9 1
=26 5 3 3 =26 5 3 3
12 8 3 32 ., 12 8 3 2
NVa  (=7,-3,-,1) o o Wb (=7,-3, -4, 1) o o
12 3 % Z 12 3 o 9
9 81 61 9 27 37
o3 5% 3 T 0%
ot 9w _25 9
6 2 2 ) r4 Qr
N = (O 8 IR B X £ 3
405 3 37 30 3 9
2 2 2 2 2
ot 9 _25 9
6 2 2 A 2
me R | £ E L] w3 son
405 3 14 30 3 9
2 2 2 2 2
643 9 153 206 9 15
6 2 2 3 2 2
Vila (-%.-3.4) 9 8 3 VIIb (-%,-3,-1) o8 3
765z 584 %5 3 %0
2 3 2 3

Table A.2: The a; and b;; coefficients due to gauge interactions are reported for the G1 chains |
to VII with 126y (left) and 16p (right) respectively. The two-loop contributions induced by Yukawa
couplings are given in Appendix A.2

G1 (M1 — Mp)

Chain ai b,’j Chain ai bii
9 3 1 9 3 1
VIlla -6 3 3 3 VIIIb -26 3 3 3
12 % L3 190 B 13
: (=7,-12,9 9 6 2 2 (=7, 19,11 55 6 2 2
Xlla 4 9 15 25 XIIb 4 9 15 65
2 2 2 2 8 16

Table A.3: The a; and b;; coefficients due to purely gauge interactions for the G1 chains VIII
to XII are reported. For comparison with previous studies the S-coefficients are given neglecting
systematically one- and two-loops U(1) mixing effects (while all diagonal U(1) contributions to abelian
and non-abelian gauge coupling renormalization are included). The complete (and correct) treatment
of U(1) mixing is detailed in Appendix A.1.
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G2 (Mg — My)

Chain a; bij Chain a; bii

289 9 155 _% 9 15

2 3 2 2

la (-7, -3, 1) %8 Ib -2,-3,-1) L8 3
765 584 % 50

T 3 3 7 3 3

661 155 155 g1 15 15

2 2 2 2 2

lla (-4, 4. %) 15 %3 1Ib (-8,-7,-1) 5 0 3
661 155 155 1 15 15

2 2 6 2 2

lla (~4.%.%) o m o (-%.-5-3) B3
765 584 75 50

R 7 3 %
9 9 1 9 9 1
=26 3 3 3 =26 53 3 3
12 8 3 27 12 61 3 9
Va (-7,-3.-%.7) 3 2 Ivb (=7, -1, 17 9 5 z
80 27 6 62 61 9
12 3 8 % 12 3 o 9

645 9 153 206 9 15

6 2 2 3 2 2

Va (-2, -3,4) v 8 3 Vb (-%,-3,-2 o8 3
55 204 B3 2

1759 153 153 M7 15 15

6 2 2 2

Vla (—1%,4,4) %5 204 3 VIb (—10, -2, -2) 526 3
3 204 53 2

1759 155 1855 _ur 15 15

6 2 2 : 72 2 2

Vila (CE LSS T VIIb (-10,-%, 1) 5% o3
9 9 1 9 9 1

=26 5 3 3 =26 5 3 3

12 8 3 3 5 12 8 3 3

Viila -7,-3,-2,4 2 VIITb -7,-3,-3,4 o2
( ) 12 3 36 % ( 3 12 3 2 9

9 81 61 9 27 37
4 3 3 0% 4 3 7 0%

9 9 1 9 9 1
=26 3 3 3 =26 5 3 3
12 3% 3 2 12 2 3 9

IXa ~7,-2,-2,7 2 IXb -7,-3,-3,9 2 &
( ) 12 3 3% % (7.3 75.2) 12 3 % 9
81 81 115 27 27 23
s 5 5 7 s T T 7

1515 9 249 309 1

6 2 2 - 3]_ 2 2

Xa (-4,-3,%) L 8 3 Xb -2,-3,8) L 8 3
1045 5 1004 555z 470

2 3 2 3

3103 249 249 331 111 11l

6 2 2 »2» 2 2

Xl (-3.2.9) 125 10 b (6.8 =g s
12245 3 1004 % 3 4%0

a4 9 2 B9 9

- 2 2 2 - 12 2

Xla (9.4, %) £ 3 | Xup o (-%,-%.9) £ 2 4
w05 5 81 50 3 9

2 2 2 2 2

Table A.4: The a; and by; coefficients due to pure gauge interactions are reported for the G2 chains
with 126y (left) and 16y (right) respectively. The two-loop contributions induced by Yukawa couplings
are given in Appendix A.2
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Chain b Eq. in Ref. [99]
109 81 44
205 9% 35
9 35 12
All/SM T —1 -7 A7
uno_2r 26
i 19 7
25 5 21 _4
9 3 19 7
5 5 _9 _12
3 3 19 7
ViIla/G1 Y1 s 1o A10
3 9 19 7
i1 21 26
9 3 19 7
6 3 81 4
11 2 % 7
5 8 3 _12
1 3 2 7
ViIla/G2 7 4 45 12 A13
11 7
13 9 26
1 2 A 7
8 9 _45
311 i
584 765
la/G2 -1 5 -1 Al4
3 450 989
2 2 14
3% 4 155
19 15 58
9 29 1215 5
Va/G1 -5 B —t5 A15
_27 9 101
9 5 58
% 4 5
19 15 2
9 29 45
Xlla/G2 -5 5 A18
_27r 9 4
9 5 18

Table A.5: The rescaled two-loop B-coefficients b;; computed in this work are shown together with
the corresponding equations in Ref. [99]. For the purpose of comparison Yukawa contributions are
neglected and no U(1) mixing is included in chain VIIIa/G1. Care must be taken of the different
ordering between abelian and non-abelian gauge group factors in Ref. [99]. We report those cases

where disagreement is found in some of the entries, while we fully agree with the Eqs. A9, A11 and
A16.

¢126 a; bij
80 48 48
(15,2,2)  (18,5,5) 240 65 45
240 45 65
2804 8
152, +4) (83,3 120 9 B
120 £ 9

Table A.6: One- and two-loop additional contributions to the B-coefficients related to the presence
of the ¢'? scalar multiplets in the 4c2;2p (top) and 4¢2.1p (bottom) stages.
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A.1 Beta-functions with U(1) mixing

The basic building blocks of the one- and two-loop S-functions for the abelian cou-
plings with U(1) mixing, cf. Egs. (2.13)—(2.14), can be conveniently written as

JraGrb = Jsal G (A1)

and

TraTrvTae = Tsal Db (A.2)

where I'" and I'® are functions of the abelian charges Qf and, at two loops, also of
the gauge couplings. In the case of interest, i.e. for two abelian charges U(1), and
U(1)g, one obtains

Il = Q1)
Iy =Thy = QFOF, (A3)
i — (QP2,

and

T2 = (O (92, + g%p) + 20082 QP (gangsa + gasgss) + (QD2(QP (ghs + gbs)
T — T2 = (O QP2 + ghp) + 20N QP (gangsa + gangss) + QMNQP) (gha + gis),

g = (OMP(OR (g% + gs) + 200 (08)3(gaagsa + gangss) + (OF) gk + gk . (A.4)

All other contributions in Eq. (2.13) and Eq. (2.14) can be easily obtained from
Egs. (A.3)-(A.4) by including the appropriate group factors. It is worth mentioning
that for complete SO(10) multiplets, (Q3)"(QF)™ = 0 for n and m odd (with n+m = 2
at one-loop and n + m = 4 at two-loop level).

By evaluating Eqs. (A.3)-(A.4) for the particle content relevant to the 302, 1p15 1,
stages in chains VIII-XII, and by substituting into Eqs. (2.13)-(2.14), one finally obtains
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e Chains VIII-XII with 126y in the Higgs sector:

1 3 1 9
ve =T+ e 5(9122,;2 +ghpor) + 5(9%7“2 +gp 1)+ 59% — 26g¢ (A5)
19 1 1 3 35
==t G |5 9RR T ORB1) + 505 Ln OB 1p1) +TEOL + 1208
9 1 15
YRR =5+ Tn? [2(91%,}2 +ghp_1) — 4V6(gRRIB-LR + IR B-LIB-LB-L)
15 3
+ ?(g%—L,R + b L)+ 59% +12g%
B B [ oveig? ,
YR,B-L = ¥YB-LR = —% + W [— 9RR T IR B_L)
+ 15(9r RIB-L.R + IR,B-LIB-1,B-L) — 3\@(91%—L,R + b 15-1)
9 1 15
YB-LB-L =751 75 7(9}%}{ + g}%,B—L) - 6\/6(QR,RQB7L,R + 9R,B-L9B—L,B-L)
2" G2 | 2
25 9
+ g(g]%fL,R +p 1)+ 59% + 49|
e Chains VIII-XII with 165 in the Higgs sector:
1 3 1 9
yc=-T+ T 5(91%,12 +ghp 1)+ E(Qg—L,R + 9B rp 1)+ EQE — 26g¢ (A.6)
19 1 1 3 35
"= =5 * G |3 9RRF IRp1) + 508 LR+ O Lp1) + 0T + 1208
_ g + L E( 2 + 2 ) _ 1\/3( + )
YRR = 7 G2 | % IRR T IRB-L 5\ 9 9RRIB-L.R + JR,B-LIB-LB-L

15 3
+ 2 (OB e+ OB Lp1) + 507 + 1208

8
1 /3
1 \/;(9;22,12 +Jhp_1)

15 3 13, 4 2
+ Z(QRRngL,R + 9R.B-LYB-LB-L) — 5 5(934,}2 +9p 15-1)

1 1
~-L=7B-LR= —7T =173
YRB-L = VB-LR NGRS L

_%, 1
YB-LB-L = 8 " )y

15, ) 3 [3
g(gR,R +9Jpp-1) — " E(QRRQB—L,R + 9R,B-LIB-L,B-L)

65

9
+ E(ggfL,R + b 1p1) + ng + 4gl
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By setting yg_1.n = Yrp-1. = 0and gg_p = grnp-1 = 0 in Egs. (A.5)-(A.6) one ob-
tains the one- and two-loop S-coefficients in the diagonal approximation, as reported
in Table A.3. The latter are used in Figs. 2.1-2.2 for the only purpose of exhibiting
the effect of the abelian mixing in the gauge coupling renormalization.

A.2 VYukawa contributions

The Yukawa couplings enter the gauge B-functions first at the two-loop leve], cf. Eq. (2.2)
and Eq. (2.13). Since the notation adopted in Egs. (2.5)-(2.6) is rather concise we shall
detail the structure of Eq. (2.5), paying particular attention to the calculation of the
ypr coefficients in Eq. (2.19).

The trace on the RHS of Eq. (25) is taken over all indices of the fields entering
the Yukawa interaction in Eq. (2.6). Considering for instance the up-quark Yukawa
sector of the SM the term Q. YyUgrh + h.c. (with h = io,h*) can be explicitly written
as

vabers;iof, Udhy + h.c., (A7)

where {a,b}, {i,j} and {k, 1} label flavour, SU(3)c and SU(2); indices respectively,
while 6,, denotes the n-dimensional Kronecker 6 symbol. Thus, the Yukawa coupling
entering Eq. (25) is a 6-dimensional object with the index structure Y{}beklég;. The
contribution of Eq. (A.7) to the three y,y coefficients (conveniently separated into
two terms corresponding to the fermionic representations Q; and Up) can then be
written as

U = G c;”(QL)Jrc;P)(UR)] N vEer s Vi enss, (AS)
b ab,ij,kl
The sum can be factorized into the flavour space part Y , Vab*yeb — Tr[YUYZ]]

times the trace over the gauge contractions Tr[AAT] where A = 5”63;. For the SM
gauge group (with the properly normalized hypercharge) one then obtains y,y = %,
Yoy = % and ysy = 2, that coincide with the values given in the first column of the
matrix (B.5) in Refs. [181, 182, 183].

All of the y,;, coefficients as well as the structures of the relevant A-tensors are

reported in Table A.7.
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Gp Ypk k  Gauge structure  Higgs rep. Tensor A Tr[AAT]
3¢ 2 2 0 U OuyUhh cklss] 6
2 3 3 4 D (gikjp;?hl hb:(+5,21) k6] 6
1y B 13 E LixEph! ok 2
3c 2 2 0 0
2 3 3 1 1 —— i Bl o
L % % % % U QijURhl € 531-‘ 6
1pr 2 2 7 7 D OpDih! Saf' 651 6
' “ERER hl:(2,+1,0,1) 1591
1RB-L %\/g *%\/g A %\/% N LppNrhi 2 ekt 2
1./3 1 /3 1 /3 1. /3 L l k
1p-Lr 5\/; *z\ﬁ *5\/; E\/; B LreErh S21 2
1B-LB-1L i i 3 3
3¢ 4 0
2L 31 Q Q'Lka,m¢m o (2,2,0,1) €kI€mn S5, 12
2R 51 L LfLimd)ln o €kl€mn 4
15-1 13
4C 2 2 U an Ui, klc i
2L 2 2 FD ﬂk"Flf)ihg Re4i 1) € ,f"'f,. 8
1r 2 9 F FkaFR h 62164i 8
4o 4
o 4 F FirFEmeln P (2,21)  cpemnds 16
2R 4
4c % 1% FU F7L FUifa €kl(T )J 15
2 T 7 > popbipgla HO1@4515)
| 5 & 13 FryFRTH ’ SF(Ta)] 15
R % %
4o 2 _ ,
2 L F o FFFgmoina olna - (9,9,15) epemn(Ta)] 30
2R L

Table A.7: The two-loop Yukawa contributions to the gauge sector S-functions in Eq. (2.19) are
detailed. The index p in y,. labels the gauge groups while k refers to flavour. In addition to the
Higgs bi-doublet from the 10-dimensional representation (whose components are denoted according
to the relevant gauge symmetry by h and ¢) extra bi-doublet components in 126y (denoted by H
and &) survives from unification down to the Pati-Salam breaking scale as required by a realistic SM
fermionic spectrum. The T, factors are the generators of SU(4)c in the standard normalization. As a
consequence of minimal fine tuning, only one linear combination of 10y and 1265 doublets survives
below the SU(4)c scale. The U(1)p -1, mixing in the case 3c211p1p_1 is explicitly displayed.
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SO(10) algebra representations

We briefly collect here the conventions for the SO(10) algebra representations
adopted in Chapter 3.

B.1 Tensorial representations

The hermitian and antisymmetric generators of the fundamental representation of
SO(10) are given by

(€if)ab = —1(CayiGby) » (B1)

wherea, b,i,j =1,..,10 and the square bracket stands for anti-symmetrization. They
satisfy the SO(10) commutation relations

€7, €] = —ilSpen — Siven — Spcir + Sucin) (B.2)

with normalization
Tr €ij€rl = 2 6i[k6jl} . (B3)

The fundamental (vector) representation ¢, (a =1, ...,10) transforms as

Ga — g — é)hij(ﬁjd))a , (B.4)

where Aj; are the infinitesimal parameters of the transformation.
The adjoint representation is then obtained as the antisymmetric part of the 2-
index 10, ® 10, tensor ¢ (a,b =1,..,10) and transforms as

Pab — Pab — é)bij €, 0], - (B.5)

Notice that [eij,d)]T — — [&j, @] and [Q’j:‘b]f = [ej, @]
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B.2 Spinorial representations

Following the notation of Ref. [59], the SO(10) generators S;; (i,j = 0, .., 9) acting on
the 32-dimensional spinor & are defined as

1
Si = o [T T (B.6)

where the I';’s satisfy the Clifford algebra
T, T} =26;. (B.7)

An explicit representation given by [221]

0 I 0 i
ro - S = ™) p=t1.9, (BY
L O —isp 0

where the s, matrices are defined as (k = 1, ..,3)

Sk = NP3, Sk+3 = OkP1, Sk+6 = TP2 . (B.9)

The matrices o, T, N and pg, are given by the following tensor products of 2 x 2
matrices

O =LL®lh®X,
Tr=LLoX,®I, (B.10)
m=hLeX,@Lxl,
Pr=2r QL@ L®I,

where X}, stand for the ordinary Pauli matrices. Defining

1
Spa = 57 [sp, 5q] (B.A1)

for p,q =1,..,9, the algebra (B.6) is represented by

1/ s 0 1/ s 0
S =~ P , Sy == ba ) B.12
PO 2<O —sp> pq 2< 0 Spq> ( )

The Cartan subalgebra is spanned over Sps, S1o, Si5, S7s and Sge. One can construct a
chiral projector I',, that splits the 32-dimensional spinor & into a pair of irreducible
16-dimensional components:

) Is O
[y = 27°503519545578Se0 = 0 : (B.13)
0 Ls
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It is readily verified that I',, has the following properties: I‘?C =I5, {I'),I;} = 0 and
hence [I‘X, Sl-j] = 0. Introducing the chiral projectors P, = %(IggTLFX), the irreducible

chiral spinors are defined as
<X> .y =P8 <O > , (B.14)
0 X°

where ¥¢ = Cy* and C is the SO(10) charge conjugation matrix (see next subsection).
Analogously, we can use the chiral projectors to write S;; as

&9
i

X+ =P,

1 O;i 0
Sy = P.SyP. + PSP = 5 < - > , (BA5)

where the properties [P.,S;] =0, P2 = P, and P, + D_ = I, were used.
Finally, matching Eq. (B.15) with Eq. (B.12), one identifies the hermitian generators
0;j/2 and 6;;/2 acting on the y and x° spinors, respectively, as

Opo = Sp,  Opqg = Spq, Opo = =Sp, Opq = Spq (B.16)

with normalization
%Tl” 0ijOp1 = %Tl" 6ij6kl =4 6i[k6jl} . (]_3)17)

It is convenient to trace out the o-matrices in the invariants built off the adjoint
representation in the natural basis ® = 0j¢;j/4. From the traces of two and four
o-matrices one obtains

Trd? = —2Tr ¢?, (B.18)

Ty d*

5 (Tr¢?)” —Tr¢. (B.19)

In order to maintain a consistent notation, from now on we shall label the in-
dices of the spinorial generators from 1 to 10, and use the following mapping
from the basis of Ref. [59] into the basis of Ref. [51] for both vectors and tensors:
[0312457869 } — {12345678910 }.

B.3 The charge conjugation C

According to the notation of the previous subsection, the spinor y and its complex
conjugate x* transform as

X=X~ Z)bijUiJX X X T Z}“ijng : (B.20)

The charge conjugated spinor ¢ = Cx* obeys

i, .
X — X - Z)Lijginc , (B.21)
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and thus C satisfies

C7161‘jc = —Og . (BQQ)
Taking into account Eq. (B.10), a formal solution reads
C = OpTompps, (B.23)

which in our basis yields

C = antidiag(+1, -1, -1, +1, -1, +1, +1, -1,
41,41, 1, 4+, 1, 1, 1), (B24)

and hence C=C*=C'1=CT =T,

B.4 The Cartan generators

It is convenient to write the five SO(10) Cartan generators in the 3022515, basis,
where the generator Tg_; is (B — L)/2. For the spinorial representation we have

O+ 0s), Tp= %(—012 + 034 ,

(
TP = 3(0ss — 012), TP = $(0s + 012,

TS — T3 — %(656 — 078),
T8 — T8 — ﬁé(g% + 078 — 20910) ,

Ty = Tpp = —Z(0s6 + O78 + Ovio) - (B.25)

While the T's act on y, the T's (characterized by a sign flip in oy;) act on x°. The
normalization of the Cartan generators is chosen according to the usual SM conven-
tion. A GUT-consistent normalization across all generators is obtained by rescaling
Tp_1, (and Tp_1) by V3/2.

In order to obtain the physical generators acting on the fundamental represen-
tation it is enough to replace 0;;/2 in Eq. (B.25) by ;.

With this information at hand, one can identify the spinor components of y and
XC

x = (v, u, ug, us, l,dy, dy, ds, —dg, d5, df, —1°, ug, —ug, —uf,»°), (B.26)

and
x© = (v, uf,ug, us, 1°,d{,d5, ds, —ds, dy, dy, =1, us, —uy, —uy,v)*, (B.27)

where a self-explanatory SM notation has been naturally extended into the scalar
sector. In particular, the relative signs in Egs. (B.26)-(B.27) arise from the charge
conjugation of the SO(6) ~ SU(4)c and SO(4) ~ SU(2);, ® SU(2)p components of x
and x°.
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The standard and flipped embeddings of SU(5) commute with two different Car-
tan generators, Z and Z' respectively:

Z — 4TI + 6Ty,  Z = 4T +6Ty. (B.28)
Given the relation Tr (T5)? = 3Tr T_; one obtains
Te(VZ) =0, Tr(VZ)+0, (B.29)

where V = T3 + Tp_y, is the weak hypercharge generator.
As a consequence, the standard SU(5) contains the SM group, while SU(5)" has a
subgroup SU(3)c @ SU(2), @ U(1)y, with

V= —T3 + Tx. (B.30)
In terms of Z’ and of V' the weak hypercharge reads

v=Llz -V, (B.31)

1
5
Using the explicit form of the Cartan generators in the vector representation one
finds

Z ocdiag(—1, =1, +1, +1, +1) ® X, (B.32)
Z < diag(+1, +1, +1, +1, +1) ® X, . (B.33)
The vacuum configurations wp = —wp_;, and wp = wp_; in Eq. (3.7) are aligned

with the Z’ and the Z generator respectively, thus preserving SU(5) @ U(1), and
SU(5) ® U(1)y, respectively.
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Appendix C

Vacuum stability

The boundedness of the scalar potential is needed in order to ensure the global
stability of the vacuum. The requirement that the potential is bounded from below
sets non trivial constraints on the quartic interactions. We do not provide a fully
general analysis for the whole field space, but limit ourselves to the constraints
obtained for the given vacuum directions.

b (wR' WB-L, XR) 0

From the quartic part of the scalar potential Vé[’) one obtains

hay (2w +3wp_1)* + %(Swf2 + 2w +36whws )+ %X}% +haxh (2w + 3wh_ ;)
T
+ gx%@wg + 3(A)B,L)2 — EXI%(Q(L)R + SwB,L) >0 (Cl)

Notice that the Ay term vanishes along the 165 vacuum direction.

e wp=wp =0 xp 0

Along this direction the quartic potential Vé[’) reads

Vé4> = %)\/1 qu , (C2)

which implies
M > 0. (C.3)

From now on, we focus on the xp = O case, cf. Sect. 3.3.6.

® w=wp=—-wpp Xrg =0

On this orbit the quartic part of the scalar potential reads

Vo = SwH(80ay + 13ay). (C.4)

Taking into account that the scalar mass spectrum implies a, < 0, we obtain

a, > _%QQ. (65)
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e wp=0,wp 1 +0,xp=0

At the tree level this VEV configuration does not correspond to a minimum of
the potential. It is nevertheless useful to inspect the stability conditions along

this direction. Since
Vs = 3(48ay + Tag)why_;, , (C6)

boundedness is obtained, independently on the sign of a,, when

a; > —éag . (C7)

wp+ 0, wg-, =0, xp =0

In analogy with the previous case we have
v = 2(8as + ag)wh, (C.8)

which implies the constraint
a; > —ias. (C9)

In the case ay < 0 the constraint in Eq. (C5) provides the global lower bound
on aj.
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Tree level mass spectra

D.1 Gauge bosons

Given the covariant derivatives of the scalar fields

1
(Dpd)ab = Opdab — lEQ(Au)ij [éij,(f)]ab ) (D)
1
(Dux)a = OpXa — iZQ(Au)ij<6ij)aB XB (D.2)
1
(DuX)a = OuXe — iZQ(AH)ij(éij)aB Xg (D.3)

and the canonically normalizaed kinetic terms
1 frpm
7 Tr(D,0)'(D"8), (D4)

and

S IDT(D) + 5D (D), D5

one may write the field dependent mass matrices for the gauge bosons as

2

g
%i((b)(ij)(kl) = §T1" [€ij), )€y, D] (D.6)
) 92
MA(X)(U’)(M) = ZXT{O(U), G(kl)}X- (D.7)

where (ij), (kl) stand for ordered pairs of indices, and €; (0;;/2) with i,j = 1,..,10 are
the generators of the fundamental (spinor) representation (see Appendix B).

Egs. (D.6)-(D.7), evaluated on the generic (wpp_1, + 0, xr # 0) vacuum, yield the
following contributions to the tree level gauge boson masses:
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D.1.1 Gauge bosons masses from 45
Focusing on Eq. (D.4) one obtains
IA,1, +1) = 4g’wh,
J3(3,1,-3) = 4g°wp

3
JI2(1,3,0) =

IE2(8,1,0) = D8
I5(3,2,-2) = g* (wp — wp_1)

I3(8,2,+5) = g% (wn + wp-1)

00
I5(1,1,0) =
n10- (29

where the SM singlet matrix is defined on the basis (Y{2, ¥i°), with the superscript

referring to the original SO(10) representation and the subscript to the SU(4)c origin
(see Table 4.5).

Note that, in the limits of standard 517 (wgp = wg_1), flipped 512 (wp = —wp_1),
3c212r15-1 (wr = 0) and 4c2.1r (wp_;, = 0) vacua, we have respectively 25, 25, 15
and 19 massless gauge bosons, as expected.

D.1.2 Gauge bosons masses from 16

The contributions from Eq. (D.5) read
S, +1) = 9% xR,

J5(3.1,-2) = 9°xp
M15(1,3,0) =
913(8,1,0) = 0 (D.9)
J5(3,2,-2) =0,
JA3,2,+1) = g%,
3 3
Z01,00 = 7 % 9%k
2
where the last matrix is again spanned over (72, ¥;°), yielding
Det J75(1,1,0) = 0, (D.10)
Tr J15(1,1,0) = 39%%5 . (D.11)

The number of vanishing entries corresponds to the dimension of the SU(b) algebra
preserved by the 165 VEV xp.

Summing together the 45y and 16y contributions, we recognize 12 massless
states, that correspond to the SM gauge bosons.
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D.2 Anatomy of the scalar spectrum

In order to understand the dependence of the scalar masses on the various parame-
ters in the Higgs potential we detail the scalar mass spectrum in the relevant limits of
the scalar couplings, according to the discussion on the accidental global symmetries
in Sect. 3.3.

D.2.1 45 only

Applying the stationary conditions in Eqgs. (3.12)—-(3.13), to the flipped 5 1, vacuum
with w = wp = —wp_;, we find

M?(24,0) = —4asw?,
M?(10, —4) = 0, (D.12)
M?(1,0) = 2(80a; + 13as) w?,

and, as expected, the spectrum exhibits 20 WGB and 24 PGB whose mass depends
on a, only. The required positivity of the scalar masses gives the constraints

Ay < 0 and a; > _%GQ , (D13)

where the second equation coincides with the constraint coming from the stability
of the scalar potential (see Eqg. (C5) in Appendix C).

D.2.2 16 only

When only the 16y part of the scalar potential is considered the symmetry is spon-
taneously broken to the standard SU(5) gauge group. Applying the the stationary
Eq. (3.14) we find

M?(5) = 229x% ,
M?(10) = 0, (D.14)

11 \1
M) - < 1 > St

in the (¥{°, ¥{°) basis, with the subscripts referring to the standard SU(5) origin, that
yields

Det M*(1) =0,

Tr M*(1) = Mxp, (D.15)

and as expected we count 21 WGB and 10 PGB modes whose mass depends on Ay
only. The required positivity of the scalar masses leads to

Ay >0 and M >0, (D16)
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where the second equation coincides with the constraint coming from the stability
of the scalar potential (see Eq. (C.3) in Appendix C).

D.2.3 Mixed 45-16 spectrum (yr + 0)

In the general case the unbroken symmetry is the SM group. Applying first the two
stationary conditions in Eq. (3.12) and Eq. (3.14) we find the spectrum below. The
2 x 2 matrices are spanned over the (*°, ¥!%) basis whereas the 4 x 4 SM singlet
matrix is given in the (Y2, ¥°, ¥i°, Pi°) basis.

MQ(i, 1, +1) _ < BX%{ + 2@2U)B~L ((UR + u)B_L) XR (T — BﬁwB~L) >

XR (T — SﬁwaL) 2(1)R (T — SBwB,L)

M2(3,1, ~2) = B + 2aswp (wp + wp-1)  xr (T — B2wr + wp-1)) . (DA7)
xR (T — Bwr + wp-1))  2wp_1, (T — B2wr + wp-1))

M*(1,3,0) = 2as(wp_1, — wp)(wp_1, + 2wg) ,

M?(8,1,0) = 2as(wp — wp_1)(wp + 2ws_1), (DA8)
M*(3,2,-2) =0,
M(3,2, +1) = < Bxh + 4aswpwp_t xr (T — Blwp + 2wp_1)) >

xr (T — Blwr + 2wp-1)) (wr + wp-1) (T — Blwr + 2wp-_1))
M*(1,2, 1) = (wr + 3wp_1) (T — Bwr) + 2Aoxg , (D.19)
M*(3,1,+1) = 2(wp + wp_1) (T — Bwp_1) + 2o -

5 (3Bxh + 4 (aswi + aswp pwp + (48ay + Ta)wp 1))
2
V6 <3L2R + 2(16a; + 3(12)wa8—11>

M?(1,1,0) =
—%\/EXR (T — 2Bwp — (16a + 3B)wp-1)
~5V3xr (1 — 2Bwp — (16 + 3B)wp_1)
V6 (’ﬁ? + 2(16a; + 3as)wpws. L) — 1By (T — 2Bwp — (16a + 3B)ws_1)
Byt + 2 (4(8ay + as)wh + aswp_Lwr + aswh_) apl e Mo+ fup+ Spup-i)
Xr(= T+2(8aﬂ:fjwp+3ﬁwfs L) l)LlXJ%
2
%)HQX}% XR(7T+2(8aJ\rf§)wR+3ﬁwB,L)

—3V3Bxr (1 — 2Bwg — (16a + 3B)wp-1)
XR(—T+2(8a4:/B)wR+3ﬁwB,L)
2 . (D20)
Tk
Xk
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By applying the remaining stationary condition in Eq. (3.13) one obtains

Det M?(1,1,+1) =0,

<X}% + 4(1)%) (T - S,BU)B,L)

Tr M?(1,1, +1) = o
R

Det M%(3,1,-2) =0,
(3 + 4wp_p ) (T — B2wr + wp_1))

TrM*(3,1, -2) = P ) (D.21)

Det M*(3,2,+1) =0,

Tr M?(3,2, +%) = Bxh + 4aswpwp_1, + (wp + wp_1) (T — Blwp + 2wp_1)) ,

Rank M?(1,1,0) = 3,

Tr M*(1,1,0) = 2 ((32a; + 5as)w} + 8(6as + as)wp_; + 2aswrwp_1) + xp (3B + A1)

In Egs. (DA7)-(D.21) we recognize the 33 WGB with the quantum numbers of the
coset SO(10)/SM algebra.

In using the stationary condition in Eq. (3.13), we paid attention not to divide by
(wp + wp_1), since the flipped vacuum w = wp = —wp_y, is an allowed configuration.
On the other hand, we can freely put wp and wg_;, into the denominators, as the
vacua wp = 0 and wp_; = 0 are excluded at the tree level. The coupling a, in
Eq. (D.21) is understood to obey the constraint

4&2(0)}2 + (A)B_L)(A)R(A)B_L + ﬁX}%(QUJR + 30)B—L> — TXIQ? =0. (DQQ)

D.2.4 A trivial 45-16 potential (ay = 1y = B =1 = 0)

It is interesting to study the global symmetries of the scalar potential when only the
moduli of 45y and 16y appear in the scalar potential. In order to correctly count
the corresponding PGB, the (1,1, 0) mass matrix in the limit of ap = Ay =B =17=0

needs to be scrutinized. We find in the (22, ¥1°, ¥i%, ¥I%) basis,

M?(1,1,0) =
96a;wp_;, 32V6aiwpwp-1, 8V3axrwp-1, 8V3axrwp-1
32\/6(11(1)9(1)3,11 64(11(()% 8\/§CKXR(UR 8\/§CKXRU)R (D 23)
8\/3(1)(;20)3% 8\/QOCXR(UR %MX}% %MX}% .
8V3axpwp-_ 1 8V 2axpwp TMXR MR
with the properties

Rank M2(1,1,O) =2,
Tr M?*(1,1,0) = 64a;wh + 961w} | + Axa. (D.24)

As expected from the discussion in Sect. 3.3, Egs. (D.17)-(D.23) in the ag = Ay = B =
T = 0 limit exhibit 75 massless modes out of which 42 are PGB.
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D.2.5 A trivial 45-16 interaction (8 = 7 = 0)

In this limit, the interaction part of the potential consists only of the a term, which
is the product of 455 and 165 moduli. Once again, in order to correctly count the
massless modes we specialize the (1,1,0) matrix to the B = 7 = 0 limit. In the (72,

2, 1% 1Y) basis, we find

M?(1,1,0) =
2 (apwh + agwp_rwr + (48ay + Tag)wh_;) 2v6(16a; + 3as)wrwp_1,
2\/6(16@1 + 3a2>U)R(UB_L 2 <4(8Cl1 + a2>a)]% + AoWp_LWpr + ClQ(x)%)
8\/3(1%120)8—1, 8\/§aXR(UR
8\/gaXR(UB~L 8\/§aXRwR

8V3axrwp-1 8V3axrws-1,
8\/§aXRwR 8\/§aXRU)R
Ik Ik
D L

(D.25)

with the properties
Rank M?(1,1,0) = 3,
Tr M2(1, 1, O) =2 ((32(11 + 5612)(1)% + 8(6@1 + QQ)Q)QB_L + QGQ(A)R(UB,L> + )HXI% . (D26)

According to the discussion in Sect. 3.3, upon inspecting Eqs. (D.17)-(D.21) in the
B = 1 = 0 limit, one finds 41 massless scalar modes of which 8 are PGB.

D.2.6 The 45-16 scalar spectrum for yp = 0O

The application of the stationary conditions in Egs. (3.12)—(3.13) (for xp = 0, Eq. (3.14)
is trivially satisfied) leads to four different spectra according to the four vacua: stan-
dard 51, flipped 5 17, 3c212r15_1 and 4c2;15. We specialize our discussion to the
last three cases.

The mass eigenstates are conveniently labeled according to the subalgebras of
SO(10) left invariant by each vacuum. With the help of Tables 4.4—4.5 one can easily
recover the decomposition in the SM components. In the limit yp = O the states 45y
and 16y do not mix. All of the WGB belong to the 45y, since for yp = 0 the 16y
preserves SO(10).

Consider first the case: w = wp = —wp_;, (which preserves the flipped 51
group). For the 45 components we obtain:

M?(24,0) = —4asw?,
M?(10, —=4) = 0, (D.27)
M?(1,0) = 2(80a; + 13as) w”.
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Analogously, for the 165 components we get:

M*(10, +1) = 1 (w*(80a + B) + 2tw — 2v*) ,
M?*(5, =3) = 1 (0*(80a + 9B) — 6Tw — 20%) , (D.28)
M*(1, +5) = 1 (5w*(16a + 5B) + 10Tw — 2v7) .

Since the unbroken group is the flipped 5 17 we recognize, as expected, 45-25=20
WGB. When only trivial 45y invariants (moduli) are considered the global symmetry
of the scalar potential is O(45), broken spontaneously by w to O(44). This leads to 44
GB in the scalar spectrum. Therefore 44-20=24 PGB are left in the spectrum. On
general grounds, their masses should receive contributions from all of the explicitly
breaking terms ay, f and 1. As it is directly seen from the spectrum, only the a,
term contributes at the tree level to M(24,0). By choosing a, < 0 one may obtain a
consistent minimum of the scalar potential. Quantum corrections are not relevant
in this case.

Consider then the case wp = 0 and wp_;, + 0 which preserves the 3:2;2p15 1,
gauge group. For the 45y components we obtain:

M?(1,3,1,0) = 2a,w%_,

M?(1,1,3,0) = 2aow3_,

M?(8,1,1,0) = —4asw?

M?(3,2,2,-1) =0, (D.29)
M*(3,1,1,-%) =0,

M?*(1,1,1,0) = 2 (48a; + Tag) wh ;. .

Analogously, for the 165 components we get:

M*(3,2,1, +1) = 1 (wj_, (48a + B) — 2Twp_;, — 207) ,

M*(3,1,2, 1) = L (wj_, (48a + B) + 2Twp_;, — 207) ,

M*(1,2,1, %) = L (w}_ (48a + 9B) + 6Twp_;, — 20°)

M?*(1,1,2, +1) = 1 (wf_, (48a + 9B) — 6Twp_1, — 20%) . (D.30)

Worth of a note is the mass degeneracy of the (1,3,1,0) and (1,1, 3,0) multiplets
which is due to the fact that for wp = 0 D-parity is conserved by even wg_; powers.
On the contrary, in the 165 components the D-parity is broken by the T term that
is linear in wg_j.

Since the unbroken group is 3¢2;,2p15_;, there are 45-15=30 WGB, as it appears
from the explicit pattern of the scalar spectrum. When only trivial invariants (moduli
terms) of 45y are considered the global symmetry of the scalar potential is O(45),
broken spontaneously to O(44), thus leading to 44 GB in the scalar spectrum. As



164 APPENDIX D. TREE LEVEL MASS SPECTRA

a consequence 44-30=14 PGB are left in the spectrum. On general grounds, their
masses should receive contributions from all of the explicitly breaking terms a,,
and 1. As it is directly seen from the spectrum, only the a, term contributes at the
tree level to the mass of the 14 PGB, leading unavoidably to a tachyonic spectrum.
This feature is naturally lifted at the quantum level.

Let us finally consider the case wgr # 0 and wp_;, = 0 (which preserves the 4:2;1p
gauge symmetry). For the 455 components we find:

(
(1,
M?(6,2,+1) =0, (D.31)
M*(6,2,-%) =0,
M?(1,1,+1) = 0,
M?(1,1,0) = 8(8a; + as) wh
For the 16y components we obtain:
M?*(4,2,0) = 8awp — $1°
M*(4,1, +3) = wh(8a + B) + Twp — 517, (D.32)
M?(4,1, —%) = wAi(8a + B) — Twg — %vQ.

The unbroken gauge symmetry in this case corresponds to 4:2;1r. Therefore, one
can recognize 45-19=26 WGB in the scalar spectrum. When only trivial (moduli) 455
invariants are considered the global symmetry of the scalar potential is O(45), which
is broken spontaneously by wp to O(44). This leads globally to 44 massless states in
the scalar spectrum. As a consequence, 44-26=18 PGB are left in the 45y spectrum,
that should receive mass contributions from the explicitly breaking terms a,,  and
T. At the tree level only the a, term is present, leading again to a tachyonic spectrum.
This is an accidental tree level feature that is naturally lifted at the quantum level.



Appendix E

One-loop mass spectra

We have checked explicitly that the one-loop corrected stationary equation (3.13)
maintains in the yp = 0 limit the four tree level solutions, namely, wp = wp_;,
wp = —wp_1, wg = 0 and wg_, = 0, corresponding respectively to the standard 51,
flipped 517, 3c212r1p_1, and 4c2,1r vacua.

In what follows we list, for the last three cases, the leading one-loop corrections,
arising from the gauge and scalar sectors, to the critical PGB masses. For all other
states the loop corrections provide only sub-leading perturbations of the tree-level
masses, and as such irrelevant to the present discussion.

E.1 Gauge contributions to the PGB mass

Before focusing to the three relevant vacuum configurations, it is convenient to write
the gauge contribution to the (1,3,0) and (8, 1, 0) states in the general case.

g* (16w} + wp-rwg + 19wh_; )

AM?(1,3,0) = Tt
3g* g% (wp — wp_1)”
2 —wp_p)°1
T 4 (R — Wp_1) (wr — wp_1) "~ log < 2
2 (wp + wp_1)?
+ (4U)R - 5(‘)B—L> (UJR + U)B_L>2].Og <g ( R‘u2 b L> >

4 2,2 4 2,2
—4w%log< g;leR> + 8wy_; log <%>} , (E1)
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g* (13w} + wp_Lwg + 22w} _; )

AM?(8,1,0) = o

3g*

812 (u)R — (UB—L)

92 (wr — wp_r,) 2>

(wp — wp_1) *log < e

2 + B 2
+ (5wp — Twp1) (Wp + wp-1)*log <g o H2wB 2 >

4 2,2 A 2,92
+4w% (3wr + wp-1)log <%> — 8(1)}32 log <%> (E.2)

2

One can easily recognize the (tree-level) masses of the gauge bosons in the log’s
arguments and cofactors (see Appendix F.3.2). Note that only the massive states do
contribute to the one-loop correction. (see Sect. 3.4.3).

Let’'s now specialize to the three relevant vacua. First, for the flipped 5 1 case
W = Wp = —wg_1, one has:

AM?(24,0) = (E.3)

17g*w®  3g*w? Lg?w?
) + o2 log 2 )

Simﬂarly, for WwpRp = 0 and WwB-_J, 7L 0 (\7)(;2112;213,]4):

AM?*(1,3,1,0) = AM?(1,1,3,0)
_ 19g%wi_, | 21g*wi o <92‘U123—L> B 24g*wi |, o <492‘U123—L>

412 412 u? 412 2
Mgtws ;  3g%ws_ g ws_
2 B-L B-L B-L
= . E.4
AM(8,1,1,0) 2772 * 2772 log 4p? (E4)

Finally, for wp # 0 and wp_;, =0 (4c21.1R):

4g4w2 3g4w2 g2w2
AM?(1,3,0) = R R R
( ) T2 - ome Y 1612

13g*w?  9g*w? g’ w? 129" w? 4g®w?
2 _ R R R _ R = R E5
AM~(15,1,0) I + e log< 2 I log 7 (E5)

E.2 Scalar contributions to the PGB mass

Since the general formula for the SM vacuum configuration is quite involved, we
give directly the corrections to the PGB masses on the three vacua of our interest.
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We consider first the case w = wp = —wp_;, (flipped 5 1):
2 2, 2
9 T+ 56w
AMP(24,0) = — 25— (E.6)
1 ) 5w?(16a + 56) + 10Tw — 212
+ 198770 (=BBw — 1)(Bbw(16aw + BBw + 21) — 2v°) log < e
4 <w <3'rw(80a +36) + Bw(27B — 400a) — 10r2> +12(10Bw — 6T)>
w?(80a + 9B) — 6Tw — 21°
oo < 4p® >
+ 2 <w <T(33Bw — 80aw) + Bw?(400a + 17B) + 1OT2> + 20%(1 — 5Bw)>
2 02
< log <w (80a + B) zQTa) 2v >} .
4p
For wp = 0 and wp_;, + 0 (3c21.2r15_1), we find:
2 2 2
AM2(1,3,1,0) = AM2(1,1,5,0) = L+ 2P Wb-L (E7)

4or?

1 0 ,
+ 6472051, [_ (t —3Bwp-1) <—3wB_L(16oc + 3B) + 6Twp-_1, + 2v >
<To <w%_L<48a +9B) — 6w 1 - 2v2>
g o

2. (48 2Twp_1, — 27
— (Bwp-1, + T) <w%_L(48a + B) + 2Twp_1, — 21)2) log <wBL( a+B)+2twp-p, —2v >

4p?
+ <3Tw]23_L(16a —4B) + Bwd_, (240 + 17B) + Qwp_1, <5r2 . 5/3v2) _ 2v27>

< 1o <w%_L(48a +B) — 2Twp_1, — 2v2>
g i

+ (w%_L(QBT — 48aT) + 3Bwy,_1 (98 — 16a) + 2wp_1, <Bv2 - T2> + 21)2T>

o <w]23L(48a +9B) + 6Twp_1, — 2v2>
g "
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T2 4 BBQa)QB_L

2 pr—
AM(8,1,1,0) = =5 (ES8)
1 ) ,
T Shwp 1 [_ (r — 3Bwp-1) <_3wB7L<16a + 3B) + 6Twp_1, + 2v >
<‘*’%L(48a +9B) - 6twp-_1, — 2v2>
x log
4p?

T @%,L(zwﬂr — 48at) + Pwl_, (Lhha + 11B) + wp_ <6T2 - 6ﬁv2> T 2v21>

< 1o <w%_L(48a + B) + 2Twp-_1, — 2v2>

2 (48a + 9B) + 6Twp_ | — 21°
— (3Bwp-1, + 1) <w123_L(48a + 9B) + 6TWB_], — 2v2> log <“’B—L( a+9B) + 6Twp_1, —2v >

4p?
+ <3Tu)%_L(160£ —7B) + Bwp_; (144a + 11B) + wp_1, <6T2 - 661)2) — 2v2T>

o <w%_L(48a +B) - 2Twp_1, — 2v2>
g "

Finally, for wp + 0 and wp_;, = 0 (4c2.1p), we have:

AM?(1,3,0) = W (E9)
+ s | 16wn <16an% N r2> log <W>

— 4 (1 = 2Bup) (~2u}(8a + B) + 2rwp + 1) log <‘”f2?(8a il BL; TR~ 22>

—4 (2Bwr + 1) <2w123(8a + B) + 2TwR — v2> log <wl%(8a il 321; TR~ v;ﬂ ,

AM?(15,1,0) = ngjfj‘*’% (E.10)
+ 64732@3 8wp <16aﬁwl% N T2> log <8a“’§;22>

112

2
w%(8a+B +TwR—”2>

2 - _
—4 <23w13;3(8a —B) — 16atwh + wp <T2 - 51)2) + v2T> log <“)R<806 +B) — Twr — % >

+4 <2Bw132([3 — 8a) — 16aTw} + wp <Bv2 - T2> + vQT> log < ilQ

Also in these formulae we recognize the (tree level) mass eigenvalues of the 16y
states contributing to the one-loop effective potential (see Appendix D.2.6).

Notice that the singlets with respect to each vacuum, namely (1,0), (1,1,1,0) and
(1,1,0), for the flipped 517, 3c2,2r15_1, and 4c2;,1p vacua respectively, receive a
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tree level contribution from both a; as well as a, (see Appendix D.2.6). The a; term
leads the tree level mass and radiative corrections can be neglected.

One may verify that in the limit of vanishing VEVs the one-loop masses vanish
identically on each of the three vacua, as it should be. This is a non trivial check of
the calculation of the scalar induced corrections.
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Appendix F
Flipped SO(10) vacuum

F.1 Flipped SO(10) notation

We work in the basis of Ref. [222], where the adjoint is projected along the positive-
chirality spinorial generators

45 = 45,5, (F1)
with i,j =1,..,10. Here
DI 1
< v > =5 (I £ T'y) X, (F2)

where Iz, is the 32-dimensional identity matrix and I, is the 10-dimensional analogue
of the Dirac 75 matrix defined as

Iy = =il Dol'sDUs U6l Is oMo (F.3)

The I'; factors are given by the following tensor products of ordinary Pauli matrices
0; and the 2-dimensional identity Io:

=000 LL®o,

[o=01R0p,R] Q05 0,
I's=00®0®®o®os,
I'v=01@00eL®ol,
I's=01®00@L®o®o,
['e=01®0,®]®0 ®o0y,

[7=00@0000Lol,
[s=01@000n0hLel,
[y=01003000Lxl,
Tio=0Lbeholh®l, (F.4)

which satisfy the Clifford algebra
{Ui, T} = 2615 . (F.5)
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The spinorial generators, ¥;;, are then defined as

i

ZijEZt

[T T (F6)

On the flipped SO(10) vacuum the adjoint representation reads

sy = [ O ) )
- ({45),
where
(45);, = diag (A1, Ao, A3, Ay, As, A6, A7, As) (F.8)
and
do - . L wt
Mo wt
A1 w*t
. . . . . . +
(45), = Ho Yl (F9)
w™ . . . )\'13 . . .
w- My
w- A5
w" Mo

In the convention defined in section 4.4.2 (cf. also caption of Table 4.5), the diagonal
entries are given by

WB-I,
M = =A=As =g =A7 = , F10
1 2=Ms =M =ho =l = o775 (F.10)
Swp-1,

A = e = — ,
4 8 N

WB-1  Wp Swp-r,  wr
Ao = Aun= Aoy — — 2R g, = Bl R
9 10 = My NN 2= "5

Wp-,  Wp 3wp_;  WR

+—, Mp= —.
02 V2 T o2 VR
where wg_; and wp are real, while w* = w™.

Analogously, the spinor and the anti-spinor SM-preserving vacuum directions are
given by

Mz = My =AM = —

where the dots stand for zeros, and the non-vanishing VEVs are generally complex.
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It is worth reminding that the shorthand notation 1616 and 164516 in Eq. (4.19)
stands for 16”73 16 and 1674573 16, where G is the “charge conjugation” matrix obey-
ing (X7)"G + BX~ = 0. In the current convention, @ is given by

= (FA3)

where [, is the four-dimensional identity matrix.

F.2 Supersymmetric vacuum manifold

In order for SUSY to survive the spontaneous GUT symmetry breakdown at My the
vacuum manifold must be D- and F-flat at the GUT scale. The relevant superpotential

Wy given in Eq. (4.19), with the SM-preserving vacuum parametrized by Eq. (F.7)
and Egs. (F11)-(F.12), yields the following F-flatness equations:

T, _ _ Ty, _ _
Fop = —4pwp + \/—%(616‘1 — Vi) + \/—%(6262 —wvy) =0,

2F,

T _ _ T _ _
wp, = AHWB_1, + \/—%(6‘16‘1 + V) + \/—%(626‘2 + voy) = 0,

Fw+ = 4}1&)_ — T1v1§1 — Tgvgég = 0,

Fw— = 4;1w+ — T1€1V] — To€9Vy = 0,

Fop=m <—w31 eiu; Sein L> + p11€1 + preéy =0,
Fe, =1 <—w_2 - eQa;R SGQwB L> + po1€1 + pog€y =0,
F, =7 <—w+§1 + vW;R Svin I> + P11V + provy = 0,
F, =1 <—w+§2 + vgu;R SvaB L> + P2t V1 + Py = 0,
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Feo=m <—w+v1 - 6\1/%}2 + 36;3%_L> + prer + poreg =0,
Fs, = 1o <—w+ ) — ef/%R + 36223%L> + pro€1 + poeg = 0,
=7 <—wﬁe1 + v\l/%R + 31)21\0;%_[‘> + P11V + porvy =0,
F, =1 <—w”eg + vf/%R + 3])22%L> + P1oVy + Poovy = 0. (F14)

One can use the first four equations above to replace wgp, wp_r, w" and w™ in the
remaining eight (complex) relations which can be rewritten in the form

16}1Fg)1 = 16}1 (p11§1 + pwég)
— 5T12 (1)1?1 + 6151)51 — T1 Ty (1)252@1 + (41)2?1 + 562@1)62) =0,

16}1F§; = 16p (pr1e1 + porey)
— 5T12 (?11)1 + 516‘1) el — TN Ty (521)261 + (4?21)1 + 55261) 62) =0 )

16}1FS§ = 16}1 (p1ﬁ1 + 01252)
— 5T12 (8151 + 1)151)51 — T1 Ty (825251 -+ (46251 + 51)251)52) =0 )

16}1F% = 16}1 (le)i + pmvg)
— 5T12 (5161 + 511)1) VI — T Ty (52821)1 + (4526‘1 + 5521)1) 1)2) =0, (F15)

where the other four equations are obtained from these by exchanging 1 « 2.
There are two classes of D-flatness conditions corresponding, respectively, to the
VEVs of the U(1)y and the SO(10) generators. For the X-charge one finds

Dy = (45)! X (45) + (16,)! X (164) + (16,)' X (16, ) + (16,) X (16,) + (16,)' X (16,)
= ler] + [w|* = [&1]* = [0 ” + Jea]* + |[wof” — [&of* — [Wo]* = 0, (FA16)

while for the SO(10) generators one has
Dy = Dff+ D =0, (F.17)

where
D = Tr (45)/ [, (45)] | (F.18)

and

DTS = (16,)T 5 (161) + (161) 5, (16, ) + (165) 55 (165) + (16,) ¥ (16,) . (FA9)
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Given that
Tr (45) [7, (45)] = Tr;; [(45),(45)@ , (F.20)
we obtain
{(45>,<45>f} _ < . > , (F21)
where
A VoBr -
A VoBr .
A VOB .
Di=| pp ) (F22)
VoB - ~A
V2B - ~A
V2B —A
and
A = o = o,
B = (w")wp— (wp) w . (F.23)

Since wp is real and w* = (w™)*%, Df*j5 = 0 as it should be. Notice that F,:-flatness
implies
Tie1V) + ToeyVy = T1(v1€1)" + To(veen)” (F.24)

where the reality of 1,5 has been taken into account.
For the spinorial contribution in (F.17) we find

DI — () 10.10 (les* + Jeaf?) + (Zihio s ([vi]* + [w?)
+ (X544 ([51|2 + |52|2) +(X;)ss8 (151[2 + 15212)
- (Z;;)iz,m (efv + esvg) — (Z;})m,m (vier + vyeq)
+ (3)as (Vi€ + Vyeo) + (X )su (€171 + E57) . (F.25)

Given ¥~ = —B71X*)T@ and the explicit form of G in Eq. (F.13), one can verify
readily that

(Xij)as = +(X 26 - (F.26)
Thus, D}j%ﬁ can be simplified to

(S hoanllen]” + leal” = [@1” = [81) + (Ehieasl[vil* + [val* — 91 ” — %))

— [(Z{IJ—-)1Q,16<€TD1 + e§v2 — 5?51 — 5352) + C.C.] =0, (F27)
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or, with Eq. (F.16) at hand, to

[(Z5)16.16 — (X7 )12.12] (V12 + [wo)* = 1) = 92)?)

— [(25)12,16(6T1}1 + 6;1)2 — 5?51 — 3;52) + C.C.] =0. (F28)

Taking into account the basic features of the spinorial generators Z; (e.g., the
bracket [(25)16,16 — (Zi—;)iglig] and (Z;})w,m can never act against each other because
at least one of them always vanishes, or the fact that (¥;7)19,16 is complex) Eq. (F.28)
can be satisfied for all ij if and only if

les|” + leo]” — [&1]* — [&]* = 0,
o+ [w)* = B4 * = [Wef* = O,
efvl + e;VQ — 5?@1 — 53@2 = 0, (F29)

Combining this with Eq. (F.24), the required D- and F-flatness can be in general
maintained only if ej, = € and v}, = V1. Hence, we can write

i¢61 2 _i¢e1,2
7 7

€19 = |ejgle
Tio = |[vyple” 2 (F.30)

e1o = |ejgle
Vi = Iv1,2|ei¢”'2 ,
With this at hand, one can further simplify the F-flatness conditions Eq. (F.15). To
this end, it is convenient to define the following linear combinations

L, = C/ cos ¢y — CJ sin ¢y, (F.31)
5= C/singy + Cy cospy, (F.32)
where
Cl=g(F-Fy).  Cf=3(F+Fy),

with V running over the spinorial VEVs ey, ey, vy and v. For p, 74 and 1y real by
definition, the requirement of Li; = O for all V is equivalent to

4pRe Lo = eo| (172 [vi [va| Sin (Pe; — de, — Puy + Do)
_2” (|p21| sin ((bei - ¢6‘2 - ¢p21) + |p12] sin ((bfn - d)ez + ¢P12>)) =0,

4pRe L) = |w| (1112 |e||eg| sin (¢y, — du, — do; + o)

_2:(1 (|p21| sin ((bw - d)vz - d)pm) + ]9121 sin (d)w - (l)VQ + (bmz))) =0, (FSS)

— 2Im L(; = |62| (Ilel Cos (¢e1 - d)ez - ¢P21) - |P12| Cos ((bei - ¢62 + ¢P12)) =0,
— 2Im L171 = |1)2| (]p21[ COs (‘bw - ¢v2 - d)pm) - |p12| Cos (d)w - d)w + (bPiQ)) =0, (F34)
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and

—16pRe L} = —16peq| |p11| cos (¢p,,) + 517 (ler]* + |v1] ?) |es]
- 8” IeQ| (|p21] COs (¢e1 - ¢82 - ¢PQ1) + 1912| COs (¢ej - d)ez + ¢D12)>
T T <<5162| ? + IvQIQ) |€‘1] + 4 ]vil ]1)2] |62[COS ((be1 - (beQ - (bw + ¢v2)> =0,

—16pRe L), = —16p|vi] |p11] cos (@p,,) + 517 (v * + |ed]?) [w]
- 8}1 IVQI (|p21| COs ((bvi - ¢v2 - ¢921> + ]PlQI COs (d)w - (l)vQ + ¢P12))
+ 11Ty ((5]ve]” + |eo] *) 1] + 4 |e1]|e2] [vo] cOS (¢, — oy — ey + de,)) = 0, (F35)

2Im L, = 2e| |p11]sin (¢p,,)
+ [6'2| (]9121 sin (¢e1 - (l)eg + (bpiz) - ]p21[ sin ((l)én - (l)eg - ¢P21)) =0,

2ImL; = 2|vi||py1]sin ()

+ |v2| (1912[ sin (¢V1 - d)vg + (bmz) - [p21| sin (d)w - (bvz - (bpm)) =0 , (F36)

where, as before, the remaining eight real equations for V=ey, v, are obtained by
swapping 1 « 2.

Focusing first on L=, one finds that |e(|L;, + |eq|L;, = 0 and |v|L;, + |w|L; = 0.
Thus, we can consider just L., and L, as independent equations. For instance, from
Im L, = 0 one readily gets

|p21| _ Cos (¢e1 - d)ez + d)pm)

= . E.37
|pi2| COs (d)e1 — e, — d)pm) ( )

On top of that, the remaining Re Ly, = Im L, = 0 equations can be solved only for
b, = — P, which, plugged into Eq. (E37) gives |pia] = |pot|. Thus, we end up with
the following condition for the off-diagonal entries of the p matrix:

P21 = Piy - (F.38)
Inserting this into the Re L, = 0 and Re L, = 0 equations, they simplify to

—4nlpro| = T V||| sin (P, — P,)csc Dy, (F.39)
4ulpre] = T ler]|es]sin (P, — Pe)csc P, (F.40)

where we have denoted
D, = d’m - ¢v2 + (bpm ;o Do = ¢e1 - d)ez + (bpu . (F-Zti)
These, taken together, yield

let]|eq] sin P = —|vi||o| sin D, , (F.42)
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and

4plpio| sin ®,, — sin b,

) F.4
T1Ty  sin (P, — D) (F.43)

(Ve[| ve] + ler|]eo] =

Notice that in the zero phases limit the constraint (F.42) is trivially relaxed, while
sir.ld(D&;—si(r;)(l;e -1
sin(®, — P,

Returning to the L{; = 0 equations, the constraint (F.38) implies, e.g.

ImLg = |ei]|pii]sin(¢y,,) =0,
Im L;; = ]6‘2| Ip22| sin <d)p22> =0,
Im L; = ]1)1] |plilSin (d’pu) =0,
ImL; = |vf |pe|sin(¢,,) = 0. (F.44)

For generic VEVs, these relations require ¢,, and ¢,, to vanish. In conclusion, a
nontrivial vacuum requires p (and hence 1 for consistency) to be hermitian. This is
a consequence of the fact that D-flatness for the flipped SO(10) embedding implies
(16;) = <El>* cf. Eq. (F.30). Let us also note that such a setting is preserved by
supersymmetric wavefunction renormalization.

Taking p = p! in the remaining Re L}, = 0 equations and trading |pis| for |vi||vy]
in Re L}, = 0 by means of Eq. (F.39) and for |e;||es] in Re L} = 0 via Eq. (F.40), one

€1,2 V1,2
obtains

—16pRe LY = |et| [—16ppis + 517 (|vi]” + |e1] ?)

+11 T (J1o] ® + 50| *)] + 4110 |v1] [12] |€o] sin D, csc e =

—16pRe L} = |eo| [—16ppos + 575 (|vo]* + €] ?)

+117o ([v1]” + 5 ler] ?)] + 4Tito [vi| || Je1] sin @, esc Pe = 0,

—16pRe Ly = |v| [-16ppi; + 577 (|er]* + || ?)

+11To ([eo] * + 5|w|?)] + 41110 | W |e1] |eo] cse Dy sind, = 0,
—16pRe L) = |w| [-16pps + 575 (|eo| ” + 10| ?)
+11 Ty (Jer]” + 5| ?)] + 4tite 1] |e1] |es] csc Py sind, = 0. (F.45)

Since only two out of these four are independent constraints, it is convenient to
consider the following linear combinations

Cs = |w|* (Je1|Re L} — |eo]Re LY ) — |eq|* (|vi|Re L; — |w|Re L), (F.46)

Cy = [w|* (le1|Re L, —|eg|Re L) — |eo|* (|vi|Re Ly — |»|Re L)), (F.47)
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which admit for a simple factorized form

16pCs = (Jvo|*les|” — 1] * |ea]?)

x (575 ([va]® + [eo]*) + 1o (Jv1]* + |e1]®) — 16ppss] = 0, (F.48)
16uCs = (Jw]*ler]® — |vi|” |eo] ?)

x [517 (|v]” + les]”) + 11 (Jvol® + |ea|*) — 16ppu]| = 0. (F.49)

These relations can be generically satisfied only if the square brackets are zero,
providing

16pp1 = 517 (|vi]® + le1]”) + 1o (|o] * + Jeo] ?)
16pp00 = 575 (|w|* + |eo| ?) + ite (0] * + |es] ?) . (F50)

By introducing a pair of symbolic 2-dimensional vectors 7y = (|vy], |e1]) and P, =
(Jva], |es|) one can write

ry = [w|* + les]?,
ry = |wl” + |eo|”,
iy = ][] + |er][eq]. (F51)

which, in combination with eqs. (F.43) and (F.50) yields

w2 _ 2plpopTi — Sp11To)

te 31Ty '
P2 — _QH(PMTQ — 5p001y)
2 3175 '
4 in®, —sin®
1.1y = Hlpio| sin S e . (F.52)

T1T, sin (P, — D)
With this at hand, the vacuum manifold can be conveniently parametrized by means

of two angles a; and ay

lvi| = rysinay , lej| = rycosay,
|vo| = rosinay, leo] = rycosay . (F53)

which are fixed in terms of the superpotential parameters. By defining a* = a4 + ay,
Egs. (F51)-(EB3) give

S 8 ) sin®, — sin ®,
— = , Fb54
cosa PPy £ sin (b, — d,) ( )

where
6|p12]

\/——SP%1 ™ SR 060500y

™ 2

£ = (F55)
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Analogously, Eq. (F.42) can be rewritten as
cosqq cosay sin®, = —sinay sinaysind,,, (F.56)

which gives
sind, cosat —cosa”

= , E57
sin®, cosa~ + cosat ( )
and thus, using Eq. (F.54), we obtain
ind., + sin®
cosat =& SIS, + SN e (F.58)

sin (P, — d,)

Notice also that in the real case (ie, ®, = &, = 0) a* is undetermined, while
cosa” =&
This justifies the shape of the vacuum manifold given in Eq. (4.21) of Sect. 4.4.2.

F.3 Gauge boson spectrum

In order to determine the residual symmetry corresponding to a specific vacuum
configuration we compute explicitly the gauge spectrum. Given the SO(10) ® U(1)y
covariant derivatives for the scalar components of the Higgs chiral superfields

D, 16 = 8,16 — ig (A )16 — igxX,16,
D16 = 6,16 — ig(Au)i) ;16 + igx X, 16,
D45 = 0,45 ~ ig(A)yy | S, 45| | (F59)

where the indices in brackets (ij) stand for ordered pairs, and the properly normal-
ized kinetic terms

DA6'D16, D6 D16,  1TrD,45'D,45, (F.60)

one can write the 46-dimensional gauge boson mass matrix governing the mass
bilinear of the form

T

|
5 (A . Xu) JA,X) (A, XP) (F.61)
as
2 2
(A, X) = < Mgy M > . (F62)
Iy Mxx

The relevant matrix elements are given by
f eV - y- 1/78
I, = 0 (1) (£, Sy} (16) + (16)' {55, Ty} (16)

51 [2, 48] [2, 481] )
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I = 299x <<16>TZ<+U) (16) - (16)' 7, <1_>> :
%quz) = 2g9x <<16>TZ(L> (16) — <E>TZ(_Z> <1_>> ’
12y = 2g2 ((16>T<16> + <1_>7<1_>> . (F.63)

F.3.1 Spinorial contribution

Considering first the contribution of the reducible representation <161 16y & 16, B E2>
to the gauge boson mass matrix, we find

I156(1,3,0)1,5 = 0, (F.64)
J176(8,1,0)15,5 = 0, (F.65)

ﬂ%6(3' 1, _%>1545 =
92 (|€‘112 + ]1)112 + ]6‘2|2 + |1)2|2 + |§1|2 + |$1|2 + |§2|2 + |$2|2) ) (F66>
In the (6,5, 6;5) basis (see Table 4.5 for the labelling of the states) we obtain
IE(3,2, +§) =
g2 <[1)1[2 + [1)2[2 + I$1|2 + |$2|2> —igg (e}‘vi + GSVQ + 5;51 + i;ég) (P67)
ng (eﬁ)ik + 621); + 515? + 52@3) g2 <|€1]2 + 162‘2 + [51‘2 + [§2|2>

The five dimensional SM singlet mass matrix in the (15,5, 1,5, 1%, 1/5, 11) basis reads

I5s(1,1,0) =
29°S iv39”Ss —\/29252 ~iV3g°Ss —V/3ggxSi
~iv3g92S;  g°S, 0 0 2ig gy Ss
—\/39%Ss 0 g’S; 0 V2g9xS; (F.68)
ivV3g2Ss 0 0 g%S, —2iggyS;

—V3ggxSt —2iggxS; V29g9xS:  2iggxSs 2935

where 51 = ’81|2 + [82‘2 + ]1)112 + ’1)2’2 + ]51]2 + ’52’2 + |$1IQ + ’?2‘2, 52 = ’81’2 + [62‘2 —
|1)1|2 — |1)2|2 + |§1|2 + |§2|2 - |51]2 - WQIQ and Sz = 6‘11)ik + egvg + §T51 + é;ig.

For generic VEVs Rank JJ17,(1,1,0) = 4, and we recover 12 massless gauge bosons
with the quantum numbers of the SM algebra.

We verified that this result is maintained when implementing the constraints of
the flipped vacuum manifold in Eq. (4.21). Since it is, by construction, the smallest
algebra that can be preserved by the whole vacuum manifold, it must be maintained
when adding the (45y) contribution. We can therefore claim that the invariant
algebra on the generic vacuum is the SM. On the other hand, the 45y plays already
an active role in this result since it allows for a misalignment of the VEV directions
in the two 16y @ 16y spinors such that the spinor vacuum preserves SM and not
SU(5) ® U(1). More details shall be given in the next section.



182 APPENDIX F. FLIPPED SO(10) vACUUM

F.3.2 Adjoint contribution

Considering the contribution of (45y) to the gauge spectrum, we find

ﬂl%(l' 3, 0)145 =0, (F69)
I175(8,1,0)15,5 = 0, (F.70)
3531, =), = 40°wp_ . (F.71)

Analogously, in the (6,5, 6};) basis, we have

(35,2, +1

) =
g? ((wr + wp_1)* + 20" w") i2v2g%wp_w™ 79
—i2V/2g%wp_Lw* g ((wp —wp_1)? + 2w w") |~

The SM singlet mass matrix in the (155,15, 1%, 15, 11) basis reads

0 0 0 0 0

0 49% (wh + w w') —i4g’wpw™ bg? (w™)? 0
I(1,1,00=| 0 i4g?wpw™ 8g°w w* —i4g®wpw” 0 | . (E73)

0 bg? (wt)? i4g%wpwt  4g”% (Wh + w w') 0

0 0 0 0 0

For generic VEVs we find Rank 1%(1,1,0) = 2 leading globally to the 14 massless
gauge bosons of the SU(3)c ® SU(2);, @ U(1)® algebra.

F.3.3 Vacuum little group

With the results of sections F.3.1 and F.3.2 at hand the residual gauge symmetry
can be readily identified from the properties of the complete gauge boson mass
matrix. For the sake of simplicity here we shall present the results in the real VEV
approximation.

Trading the VEVs for the superpotential parameters, one can immediately identify
the strong and weak gauge bosons of the SM that, as expected, remain massless:

91%(1,3,0),, = 0. (F.74)
Similarly, it is straightforward to obtain

‘M2<3’ 1’ _%)15“- =

4 2
#ZTQ (3],1 (pgg"l] (5’[’1 — Tg) + P11 Ty (5T2 — T1)) + 2 (p22T1 + 011”['2) 2) . (F75>
152
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On the other hand, the complete matrices J7*(3, 2, +%) and J7%(1,1,0) turn out to be
quite involved once the vacuum constraints are imposed, and we do not show them
here explicitly. Nevertheless, it is sufficient to consider

)
Tr J1*(3,2, +1) = 5_,112 [16p° (rf + ry) + Tir] + Tory + TiToriry (1 + cos2a”)] (F76)
and
2 p_ girirg 4 2 (12,2 | 2.2
det J1°(3,2, +¢) = 108 [512p* + 32" (Tir{ + T5r3)

+ritarirs (1 — cos2a”)| sin”a™  (F77)
to see that for a generic non-zero value of sina~ one gets Rank J1?(3, 2, +%) = 2.
On the other hand, when a~ = 0 (ie, (161) o (165)) or ro = 0 (ie, (165) = 0),
Rank J1?(3,2, +1) = 1 and one is left with an additional massless (3,2, +1)&(3,2, —1)
gauge boson, corresponding to an enhanced residual symmetry.
In the case of the 5-dimensional matrix #7%(1,1,0) it is sufficient to notice that
for a generic non-zero sina~

Rank 1%(1,1,0) = 4, (F.78)

on the vacuum manifold, which leaves a massless U(1)y gauge boson, thus complet-
ing the SM algebra. As before, for a~ = 0 or for ry = 0, we find Rank J7%(1,1,0) = 3.
Taking into account the massless states in the (3,2, +%) ®(3,2, —%) sector, we recover,
as expected, the flipped SU(5) ® U(1) algebra.
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Appendix G

Eg vacuum

G.1 The SU(3)° formalism

Following closely the notation of Refs. [200, 223], we decompose the adjoint and
fundamental representations of Es under its SU(3)c ® SU(3);, ©® SU(3)p maximal sub-
algebra as

78 =(8,1,1) & (1,8,1)&(1,1,8) @ (3,3,3) & (3,3,3)

cTioT oT oQkoQl, (GA)
27 =(3,31)®(1,3,3)®(3,1,3) = va; D v, & vV, (G.2)
27=0331001,33c031,3=u"du ®uy, (G.3)

where the greek, latin and primed-latin indices, corresponding to SU(3)¢, SU(3);, and
SU(3)p, respectively, run from 1 to 3. As far as the SU(3) algebras in Eq. (G.1) are
concerned, the generators follow the standard Gell-Mann convention

Ty).,

/—\

5 ) 5(T
T = LT} - T%) T = %(T3 +T7), (G.4)
T = LTy -T),  TO= LTS+ T5),
T = H(TF - T5) T® — m(T} + T —2T3),

with (Tg)F = 6¢6f, so they are all normalized so that Tr T@T® = 15,

Taking into account Egs. (G.1)-(G.4), the Es algebra can be written as

T, T7] = 82TF — 63T
Tj, TF] = 6,Tf — 8T
T, TY] = 6} Tk’ S Th

|
|
[
[T§, T = [T§, T{] = [T, T/] = 0, (G5)
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Q). Tg) = 83Q5;

[Q, Tg) = ~82Qy

[QF, TF) = =67 Q)

[QY, Tf] = 6;QY

[ 1]/'Tl’]_' 5k/ w

[, Tf] = 8,QIF, (G6)

[%Q%=—g$ﬂ—gﬁﬁ+$$ﬁ
[QF, le/] = €tkp€1/l’q QY1

[ai%]=—€ ,efPetiQr (G.7)
The action of the algebra on the fundamental 27 representation reads
Tgvm = Py,
TFve = vy
Tﬁ/vai =0
Qﬁq,vai = 6§€pikV§,
Qb vai = 8P €par v, (G.8)
Thvi, = 0
levf, = —6{V]k
TY vl = 65 v}
Q vy = —6p€qp v
ObT vl = &7 ePyg, (G9)
Tﬁ o _ _(g;rVBJ"
Tk af _
TK v = —6{: yek
Qb v = —65,6&17‘/”)
QR v = —sgetT¥ vy, (G.10)
and accordingly on 27
TBuai _ _6au6i
Tk ol L Siyak
TEu =0

ng,u‘“ — =6, U,y
Qb u = —sgePtuf (G.11)
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Thu} =0

30 N T
Tru; =6y

/ 04 s /7
Tfu, = —&uf

B ) j’ k
Qpytti = =8 epiett”

i
ng ll{ = 5?6‘”1? Ugg , (GlQ)

B . = SPir.
Thuey = SqUyy
T,kllaj/ =0
Tﬁ Uqj = 6]1? Uqr

= SPe o uk
ng,lla]/ = 6a€q/]/k/up

ng/uaj/ = 6]3,63@?/117’) : (G.13)

/

Given the SM hypercharge definition

1 1
= ﬁTf) + TV + %TEN (G.14)
the SM-preserving vacuum direction corresponds to [200]
3 o A3 | o SR A T ] o e g 3
(27) = evi +vvy, (27) = &uj +7vuj , (G.16)

where ay, ay, as, a; bz, e, €, v and v are SM-singlet VEVs. This can be checked by
means of Egs. (G.5)-(G.13). Notice that the adjoint VEVs as, a; and bs are real, while
a; = as. The VEVs of 27 & 27 are generally complex.

G.2 Es vacuum manifold

Working out the D-flatness equations, one finds that the nontrivial constraints are
given by

3as  ay 3dar  aj _ _
Dg, = < as —ay 5 ) el — &+ ejvy — ey =0,

=% 5 VA

Dy = 3 (Ja1|* = lao]?) +2 ([&1]” — |e1]*) +2 (|€a]” — |eal*) + [w]* = [B1]* + [w|* — [Bo]” = 0,

Tr

DT<5> = IGQ|2 - |C11|2 + Wil2 - |v1|2 + |52I2 - Iv212 =0,
R

Dy = les” + o]’ + eal” + [l — [&1]” — [3u]” — [eof” — [ = 0, (GAT)
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where Dy, is the ladder operator from the (1,1,8) sub-multiplet of 78. Notice that
the relations corresponding to DT§§>, DT}? and DT(Ls) are linearly dependent, since the
linear combination associated to the SM hypercharge in Eq. (G.14) vanishes.

The superpotential Wy in Eq. (4.41) evaluated on the vacuum manifold (G.15)-
(G.16) yields Eq. (4.52). Accordingly, one finds the following F-flatness equations

Foy = pas — 1ie1y — Teegvy = 0,

Fo, = pay — i€ — Topey = 0,
1 _ _ _ _

Foy = paz — 76 (T1 (V1 — 2e1€4) + To(VoVy — 2e9€y)) = 0,
1 _ _

Fo, = pas + E (T1V1Vy + TovVy) = 0,

Fy, = pbs — \/%(Ti(wﬁ + e181) + (Ve + e98y)) = 0,
3Fe, = 3lp11€1 + pro€s) — T <\/6(b3 —as) e + 301@) =0,
3F,, = 3(ps1€1 + poos) — Ty ( bs —as) ey + 3aiv2> =0,
6F,, = 6(p11V; + p1ove) — T1 <\/§ \/_ag —3a; + 2\/_b3 V1 + 6(126‘1) =0,
6F,, = 6(p21V1 + pooVo) — Ty <\/§ \/_Cl3 —3a; + 2\/_b3 Vo + 6a262> =0
3Fs, = 3lp1ier + pores) — Ty < 6(bs —asz)e; + 5a2v1> =0,
3Fs, = 3lpioer + poves) — To < 6 (bs —as) ey + 3a2v2> =0,
6F5, = 6(p11v1 + por o) — T4 <\/§ \/_(13 —3a, + 2\/—b3)v1 + 6aiel> =0,

6Fs, = 6(p1ovs + poss) — To (f 20VBas — 3a, + 2V/3bs) vy + 6a1e2> —0. (G18)

Following the strategy of Appendix F.2 one can solve the first five equations above
for ay, as, asz, a, and bs:

pay = i€y + ey,
Hag = Tie1Vy + To€oVy,

\/6,11(13 =T (1)151 — 26151) + To (1)252 — 26252) )

\/Qllazt = —THVV; — ToWy,

\/g}lbg = \/é('ﬂ (1)151 + 6151) + Ty (1)252 + 6252» . (619)
Since a; = aj and 7y and 1, can be taken real without loss of generality (see

Sect. 4£5.2), the first two equations above imply

TIVI€) + Tovly = Ti(e V)" + Tolegly)”, (G.20)
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Using Eq. (G.19) the remaining F-flatness conditions in Eq. (G.18) can be rewritten
in the form

Suky, = 3plpier + pio€s) — LTI (WD) + eje1) €y
— T1Tg (SveV1€s + (1 + 4degeg)er) = 0,

3ukg, = 3plpiier + pores) — LT (Dyvy + Brey) e
— T1To (3Vovien + (Wovy + 4€0en)er) = 0,

3k = 3plp1 vy + p1avs) — 417 (€181 + viVy) Ty
— T1 Ty (362@152 + (6252 + 41)252)51) =0,

SIlF% = 3}1([)111)1 + pgﬂ)g) — 4’1’12 (516‘1 + ?11)1) M
— T Ty (3526‘11)2 + (égeg + 4521)2)1)1) =0, (621)
and the additional four relations can be again obtained by exchanging 1 < 2. Sim-

ilarly, the triplet of linearly independent D-flatness conditions in Eq. (G.17) can be
brought to the form

Dg, = ejvi — eV} + egvy —eov; =0,
DT}?)

DT(LS) = |€1]2 + ]1)1]2 + ]62’2 + ‘1)2’2 — ‘51’2 — |$1|2 — |§2|2 — |$2‘2 =0. (GQQ)

= W]* = v ]* + [B)* = |m)* = 0,

Combining these with Eq. (G.20), the D-flatness is ensured if and only if ef, = €
and vi, = Vi Hence, in complete analogy with the flipped SO(10) case Eq. (F.30),
one can write

i¢01,2 ~i¢01,2
7 7

ein = |eigle €19 = |ejgle

Tio = |vyale” 2 (G.23)

Vg = 11)1,2|€id>”'2 ,

From now on, the discussion of the vacuum manifold follows very closely that
for the flipped SO(10) in Sect. F.2 and we shall not repeat it here. In particular the
existence of a nontrivial vacuum requires the hermiticity of the p and 1T couplings.
This is related to the fact that D- and F-flatness require (27;) = <Wl>* The detailed
shape of the resulting vacuum manifold so obtained is given in Eq. (4.53) of Sect. 45.2.

G.5 Vacuum little group

In order to find the algebra left invariant by the vacuum configurations in Eq. (4.51),
we need to compute the action of the Eg5 generators on the <78 ® 27T @27, B 27T & 272>
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VEV. From Egs. (G5)-(G.6) one obtains

T§(78) = 0
T} (78) = 3%(51 T} — 6/ T} + 8T/ — & Ty — 265T} + 257 T5)
T} (78) = ay(SyT) — &) Ty) + as(65 T — &) Th) + %(5§1 T} — 6 T, — &, T; +6; Ts)
+ %(5{/ TV — 6Tl + 64T — &7 T)y — 265 T + 267 T))
¢(78) = —a1(87 Q) — as(s7 Q) — ﬁ«si 0+ 67 Qy — 267 Q%)
ﬂ(ai/ b =67 Q) — 3%(51@] + 6708, — 2570%,)

7%(5{,Q;1’ + 65,07 —268,09)

Cl4 i’ sqr i’ -0 b3 . .7 . . . o
+ L1801 - 8,07) + —2(6,0) + 0% — 26107, G.24
\/g( 1 Qa 0 Qa ) \/6< 1Qa QQa ZQa ) ( )

on the adjoint vacuum. For (27; & 27,) one finds

QU (78) = a1 (8L,Q%) + ay(8, Q) +

TS (27, @ 27T) =
T]l (2T) ©2T9) = —(e1 + 62)[5 vy] — (v + vg)[éfVé]
T} (27, & 275) = (e1 + e)[85vi] + (v1 + w)[6y )]
Q5 (271 & 2T5) = —(er + eo)[6)€rswv™ ] — (v + W)[6 €raw v
QU (271 @ 27,) = (er + €5)[S5 e var] + (v + 1)[S) e ve], (G.25)

and, accordingly, for (27, ® 27,)
=0

= (&) + &)[5u’ ] + (Vy + Vy)[S5u ]

Tg (27, & 27,
Tj (271 ® 27,
T} (27, & 27,
o (2T @ 2T,) = —(& + 52)[513//€i3k11ak] — (v + 52)[5]-2//€i3k11ak]
Qg <271 D 272> = (e + éQ)[(Séej,S/k/uock/] + (M + 32)[5é€jl2/k/uak/] . (G.26)

=%a+a%%@—@wwm¥@]

~ ~ ~— ~——

On the vacuum manifold in Eq. (4.53) ‘one finds that the generators generally
preserved by the VEVs of 78 & 27, & 27, & 27, & 27, are

T 72 7l O 78 8,1,0),

TV T2 T . (1,3,0),

v: (1,1,0),

Q. 0% O QX': (3,2,+2) @ (3,2,-2), (G27)
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which generate an SU(5) algebra. As an example showing the nontrivial constraints
enforced by the vacuum manifold in Eq. (4.53), let us inspect the action of one of
the lepto-quark generators, say Of}:

Of, (78) = —L <a3 +V3a, + bg) o9, (G.28)

V6
QM’ <271 D 272>

It is easy to check that as + v/3a, + bs vanishes on the whole vacuum manifold in Eq.
(453) and, thus, Qf,, is preserved. Let us also remark that the U(1)y charges above
correspond to the standard SO(10) embedding (see the discussion in sect. 45.2).
In the flipped SO(10) embedding, the (3,2) ® (3,2) generators in Eq. (G.27) carry
hypercharges Tr%, respectively.

Considering instead the vacuum manifold invariant with respect to the flipped
SO(10) hypercharge (see Egs. (4.46)-(4.48)), the preserved generators, in addition
to those of the SM, are Qf, Q% Q! Q%. These, for the standard hypercharge
embedding of Eq. (4.37), transform as (3,2, —1) ® (3,2, +1), whereas with the flipped
hypercharge assignment in Eq. (4.38), the same transform as (3,2, +%) @ (3,2, —%).
Needless to say, one finds again SU(5) as the vacuum little group.

It is interesting to consider the configuration ay; = ay, = 0, which can be chosen
without loss of generality once a pair, let us say 27, & 275, is decoupled or when the
two copies of 27y @ 27y are aligned. According to Eq. (453) this implies all VEVs
equal to zero but as = —bs and e; (ey). Then, from Egs. (G.24)-(G.26), one verifies
that the preserved generators are (see Eq. (G.4) for notation)

e TS T T T T T TE : (8,1,0),
TV T2 T . (1,3,0),

(W) m(2) ml) B
Ty Ty Ty : (1,1, -1)& (1,1,0)& (1,1, +1),

T + T 11,1,0), (G.29)
Qfy Q5 QF Q2: 3,2, +2) @ (3,2, -2),
Qfy Q5 QF QF : (3,2, —-) @ (3, é)'
Q% QF : 3,1, -5) & (3,1, +%), (G30)

which support an SO(10) algebra. In particular, as = —bs preserves SO(10) @ U(1),
where the extra U(1) generator, which commutes with all SO(10) generators, is
proportional to Tf) - Tl(f). On the other hand, the VEV ey breaks TI(Jg) - Tg (while
preserving the sum). We therefore recover the result of Ref. [200] for the Eg setting
with 78y @ 27y @ 27y.
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