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Introduction

Gromov-Witten theory of orbifolds was introduced in the symplectic setting in [§],
followed by an adaptation to the algebraic setting in [I] and [2], where Abramovich,
Graber and Vistoli developed the Gromov-Witten theory of Deligne-Mumford stacks
in characteristic zero, using the moduli stack of twisted stable maps into X, denoted
by Kgn(X,5). This stack was constructed in [4] and it is the necessary analogue of
Kontsevich’s moduli stack of stable maps for smooth projective varieties when replacing
the variety with a Deligne-Mumford stack. The stack ICg (X, 3) is defined for any tame
proper Deligne-Mumford stack X of finite presentation over a noetherian base scheme S
and is a proper algebraic stack over S ([4]). When the base is a field &k of characteristic
zero, ICq n (X, B) is Deligne-Mumford and admits a perfect obstruction theory ([2]). This
leads to a virtual fundamental class [ICg n (X, A e A, (Kgn(X,B)) and the Gromov-
Witten invariants of X’ are obtained by integrating cohomology classes on X against
[ngn(/lﬂﬁ)]virt.

In this thesis we define Gromov-Witten classes and invariants associated to smooth
proper tame Deligne-Mumford stacks of finite presentation over a Dedekind domain.
The main motivation for us is to compare the invariants in different characteristics for
stacks defined in mixed characteristic. We hope that this approach could give a useful
insight into the Gromov-Witten theory in characteristic zero, providing a new technique
for computing Gromov-Witten invariants.

The fundamental ingredient for the construction of Gromov-Witten invariants is the
virtual fundamental class [Ky,(X,8)]"™ € A.(Kyn(X,B)). In the language of [7], a
virtual fundamental class [M]"™ € A,(M) is defined in the Chow group with ratio-
nal coefficients, for a Deligne-Mumford stack M endowed with a perfect obstruction
theory. The main problem in developing Gromov-Witten theory in positive or mixed
characteristic is that in general the stack K4, (X, ) is not Deligne-Mumford. For is-
tance this happens for IC()’O(IP’,{;, p), when k is a field of characteristic p > 0, because the
map f: P; — P} such that f(xo,x1) = (25, 2]) is stable but has stabilizer

ip = Specklz]/(z» — 1) = Specklzl/(z - 1),

i



ii INTRODUCTION

which is not reduced. When the base is a field of characteristic p > 0, then K4, (X, 3)
is still Deligne-Mumford for certain values of the fixed discrete parameters g, n, 8 which
are big with respect to p ([1]). However, this is not satisfactory from the point of view
of Gromov-Witten theory, because most of the properties of Gromov-Witten invariants
(e.g. WDVV equation, Getzler relations) involve all the invariants at the same time.

The definition of virtual fundamental class for Artin stacks was not feasible at the
beginning because of the lack for Artin stacks of two useful technical devices: Chow
groups and the cotangent complex. We now have these devices at our disposal. Chow
groups and intersection theory for Artin stacks over a field are defined in [20] and we
verified that Kresch’s theory naturally extends to stacks over a Dedekind domain (see
Appendix . A working theory for the cotangent complex of a morphism of Artin
stacks is provided by [21], [29], [22]. Nonetheless the presence of these tools is not
enough to overcome all the difficulties in the absolute case: the existing construction
relies on the correspondence between Picard stacks and 2-term complexes of abelian
sheaves, whereas the cotangent complex of an Artin stack has three terms, so that one
cannot exploit directly the above correspondence. A first step in this direction was done
by Francesco Noseda in his PhD thesis ([26]), even though his construction was not
completely proven to be intrinsic and therefore may depend on the chosen resolution
of the perfect obstruction theory (this point is crucial to prove the functoriality of the
virtual fundamental class). To our knowledge, no intrinsic construction of the virtual
fundamental class of an Artin stack has been done so far.

However, for the purpose of this work, it is enough to define a relative version of the
virtual fundamental class of an Artin stack, generalizing the construction in [7] 7. In
particular, we describe a way of constructing virtual fundamental classes of Artin stacks
which admits a Deligne-Mumford type morphism into a smooth Artin stack over a scheme
S and a relative perfect obstruction theory. We apply this to the natural forgetful functor
0: Kyn(X,B) — MY  which is of Deligne-Mumford type, into the stack of twisted curves

o
‘,Jﬁgwn constructed iIgl [4], after we exhibited a perfect relative obstruction theory for 6,
and we construct a virtual fundamental class [, (X, 8)]""™ € Ay (Kyn(X, B)).

A Dedekind domain D can be thought of as a space whose points corresponds to fields
of different characteristics; a Deligne-Mumford stack ) over D is a family of Deligne-
Mumford stacks - the fibers - each of which is defined over a point of D. We prove the

following result, provinding a comparison between invariants in different characteristics.
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1. Theorem. Let Y be a smooth proper tame Deligne-Mumford stack of finite presen-
tation over a Dedekind domain D. Then the Gromov-Witten theories of the geometric

fibers of Y are equivalent (i.e., the Gromov- Witten invariants of the fibers are the same).

As an application, if one starts with a smooth proper Deligne-Mumford stack X over
C and can put it in a family over a Dedekind domain, which has a fiber with known
Gromov-Witten invariants, then one gets the invariants of X

When the base is an algebraically closed field k, for a prime [ different from the

characteristic of k, we consider the [-adic étale cohomology

H"(Z,(X), Zy) = lim Hg(Z,(X), %/17z)

of the rigidified ciclotomic inertia stack Z,(X) (defined in [2]) and we set
H3(X) =) H'(Z(X),Qu(r)),

where T is the integral part of /2. Then we prove that Gromov-Witten invariants define
an associative and supercommutative product on the quantum cohomology ring H (X')
(G.2.5).

Outline of the thesis. In section[I]we recall Abramovich, Graber and Vistoli’ defi-
nition of the stack /Cy ,,(¥/s, ) of twisted stable maps for tame proper Deligne-Mumford
stacks X of finite presentation over a Dedekind domain. We define the stack ICy ,(¥/s, 8,)
which parametrizes twisted stable maps to &', but we take 3, to be a cycle class over the
generic fiber X, of X’ rather than over X itself. This stack turns out to be more convenient
when we want to compare the Gromov-Witten invariants in mixed characteristic. We
prove that Ky, (¥/s, 3,) is a proper Artin stack with finite stabilizers . Section
is devoted to illustrating the definition of the relative intrisic normal cone and extending
to Deligne-Mumford type morphisms of Artin stacks the techniques used in [7] for con-
structing virtual fundamental classes of Deligne-Mumford stacks. In this way, we are able
to construct virtual fundamental classes of Artin stacks which admits a Deligne-Mumford
type morphism into a smooth Artin stack and a relative perfect obstruction theory. More-
over, using the deformation theory of stacks, we prove a criterion for verifying whether
a complex is an obstruction theory . In section |3| we construct explicitly a perfect
obstruction theory relative to the natural forgetful functor 6: Ky (X, 3) — 9%, . This
leads to a virtual fundamental class [y, (X, 8)]"™ € A.(Kyn(X, B)). In section 4f we
define Gromov-Witten classes and invariants associated to smooth proper tame Deligne-

Mumford stacks of finite presentation over a Dedekind domain. We prove that they are
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deformation invariants and verify the fundamental axioms. For a smooth proper tame
Deligne-Mumford stack over a Dedekind domain, we prove that the invariants of fibers
in different characteristics are the same . Section contains some results for genus
zero Gromov-Witten invariants. We show that the Gromov-Witten potential satisfies
the WDVV equation and we deduce from this a reconstruction theorem for genus
zero Gromov-Witten invariants in arbitrary characteristic .

In appendix [A] we recall the formal criterion for smoothness of schemes and prove it
for stacks; moreover, we study the deformation theory of Artin stacks and of Deligne-
Mumford type morphisms of Artin stacks (over a base scheme), which is a key point in
the construction of a perfect relative obstruction theory. These results are well-known
to the experts and we include a proof for completeness. Appendix [B|is devoted to inter-
section theory on Artin stacks over a Dedekind domain. In particular we observe that
Kresch’s intersection theory for stacks over a field ([20]) extends naturally to stacks over
a Dedekind domain. As a consequence we are able to generalize Manolache’s construction
of the virtual pullback (]23]) for Deligne-Mumford type morphisms of Artin stacks over
a Dedekind domain. An essential ingredient for defining Gromov-Witten invariants in
positive and mixed characteristic is the non-representable proper pushforward for mor-
phisms of Artin stacks. We describe the construction of this pushforward as suggested
n [11]. In addition, we prove Costello’s pushforward formula for proper morphisms of

Artin stacks with quasi-finite diagonal.

Future work. It would be interesting to investigate properties of higher genus
Gromov-Witten invariants in positive characteristic, such as Getzler relation in genus 1
(which has been proven in characteristic zero by Getzler, [15]) or Virasoro conjecture, a
conjectured sequence of relations among Gromov-Witten invariants of a smooth projec-
tive variety in all genera, which is known to hold in characteristic zero only for a point
and for Calabi-Yau manifolds of dimension at least three ([12], [16]).

A natural generalization would be to develop a Gromov-Witten theory for tame
Artin stacks, using the moduli stack of twisted stable maps constructed in [3]. The main
problem is that the natural forgetful functor 6: Ky, (X, 8) — MY, is not of Deligne-
Mumford type in general, and therefore the relative cotangent complex of # has three
terms, so that one cannot use the construction described in

In another direction, it would be interesting to prove a degeneration formula in the
mixed characteristic setting. This would give a useful tool to compute Gromov-Witten
invariants of Deligne-Mumford stacks in characteristic zero out of simpler invariants of

tame Deligne-Mumford stacks in positive characteristic. For istance, this would apply
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to the fake projective plane (i.e., a complex surface non isomorphic to P? but with the
same Betti numbers of P?) constructed by Mumford in [25] using p-adic uniformization.

We imagine this is far from easy, but we hope to return to these points in a future paper.
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Notations. We write (Scb/s) for the category of schemes over a base scheme S. For
a scheme X € (S¢h/s), we denote by A,(X/s) the group of numerical equivalence classes
of cycles. All stacks are Artin stacks in the sense of [5], [21] and are of finite type over a
base scheme. Unless otherwise specified, the words ”stack of twisted stable maps” refer
to Kgn(¥/s, ) in Definition We recall that a Deligne-Mumford stack X is tame if
for every algebraically closed field £ and morphism z: Speck — X the stabilizer group

of x in X has order invertible in k.
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CHAPTER 1

The stack of twisted stable maps

1.1. Twisted curves and twisted stable maps

Let D be a Dedekind domain and set S = Spec D. Let & be a proper tame Deligne-
Mumford stack of finite presentation over .S, admitting a projective coarse moduli scheme
X. We fix an ample invertible sheaf &(1) on X. We fix § € A1(X/s) and integers g > 0,
n>0,d>1.

1.1.1. Definition ([4] 4.1.2). Let T be a scheme over S. A (balanced) twisted nodal
n-pointed curve of genus g over T is the data (C — T, {X¢}) ) where

(1) C — T is a proper flat tame Deligne-Mumford stack of finite presentation over
T and the fibers are purely 1-dimensional and geometrically connected with at
most nodal singularities;

(2) the genus of every geometric fiber of C' — T is g;

(3) {=¢}.", is a collection of disjoint closed substacks of C contained in the smooth
locus of C — T

(4) the stacks X.§ are étale gerbes over T}

(5) if Cgen denotes the complement of the X¢ in the smooth locus of C — T' then
Cgen is a scheme;

(6) let C — C be the coarse moduli space of C, then C — C'is an isomorphism over
Cgen;

(7) over an étale neighborhood Spec A a node of C, the stack C is isomorphic to

[Spec(A[z, w]/zw =t,2" = a,w" = b)/#r]
where the action of y,. is given by £(z,w) = (£z, & w).

1.1.2. Definition. We denote by 9tV

9,n/s
of twisted n-pointed curves of genus g.

the category fibered in groupoids over (Sch/s)

1.1.3. Theorem (28] 1.9-1.12). The category IM™

9,n/s
;%L/SSN’F, classifying twisted curves (C,{X$})

is a smooth Artin stack, locally

of finite type over S. Moreover, the stack I

1



2 1. THE STACK OF TWISTED STABLE MAPS

such that the order of the stabilizer group at every point is at most N and the coarse

space C' of C has dual graph T, is a smooth Artin stack of finite type over S.

1.1.4. Definition ([4] 4.3.1). Let T be a scheme over S. A twisted stable n-pointed map
of genus g and degree d over S is the data (C — T, {Ef}?zl, f:C — X) where

(1) the following natural diagram is commutative

B
A

Qe

ﬁE

(2) (C— T,{=¢}._,) is a twisted nodal n-pointed curve of genus g over T}
(3) the morphism C — X is representable;
(4) let =¢ be the image of 3¢ in C, then (C' — T,{S¢}" |, f: C — X) is a stable
n-pointed map of degree d.
The twisted stable map (C — T, {2}, f: C — X) is said of class 3 if the stable map
(C = T,{x¢}, f: C — X) is of class 3.

1.1.5. Definition ([4] 4.3.2). Let 7" and T” be schemes over S. Given two twisted stable
maps £ = (C — T, {36}/, f:C = X)and & = (C' = T, {3}, f: C — X), a
morphism of twisted stable maps consists of data (F, «), where F': C — C' is a morphism

of twisted pointed curves, and a: f — f’ o F is an isomorphism.

1.1.6. Definition. We denote by Ky, (¥/s,d) the category fibered in groupoids over
(Sch/s) of twisted stable n-pointed maps of genus g and degree d into X. We denote by
Kygn(¥/s,B) the category of twisted stable maps of class (3.

1.1.7. Theorem ([4] 1.4.1). (1) The category K4 ,,(¥/s,d) is a proper Artin stack.
(2) The coarse moduli space Kg,(¥/s,d) of Kgn(¥/s,d) is projective.

(8) There is a commutative diagram

Kon(¥/s,d) — Kgn(X/s,d)

| |

Kgn(¥/s,d) — Kgn(¥/s,d)

where the top arrow is proper, quasifinite, relatively of Deligne-Mumford type

and tame, and the bottom arrow is finite. In particular, if Kq,(X/s,d) is a



1.2. AN OTHER STACK OF TWISTED STABLE MAPS 3

Deligne-Mumford stack, then so is Kg,,(¥/s,d). The category Kq,(¥/s, ) is an
open and closed substack of Kq,,(¥/s,d).

1.2. An other stack of twisted stable maps

Let n be the generic point of S and set X, = X xgn. Fix 3, € A{(X+/n). For any
closed point s € S, we denote by X, the fiber over s. Let mg C D be the maximal
ideal corresponding to s and consider the localization R = Dy,, of D at mg. Let us set
)?s = X xgSpec R and let X i> X and X, i) X be the natural inclusions. Notice that R

is a dicrete valuation ring and, by [14] 20.3, there exists a specialization homomorphism
o5t Au(Xnfn) — As(Xs/s),

sending a cycle a to i'@, for some & € A,(X./R) such that j*@ = «. By [14] 20.3.5, there

exists an induced specialization homomorphism
Ts: A(Xa/n) = A(X5/5),

where 7 and 5 are geometric points over 17 and s. We denote by Fn € A1 (X7/7) the cycle

class induced by 3, and we notice that @, (8,) = 04(8).

1.2.1. Definition. A stable n-pointed map of genus g and class ﬁn into X is the data
(C 5 T,t;, f), where
(1) the morphism 7 is a projective flat family of curves;
(2) the geometric fibers of 7 are reduced with at most nodes as singularities;
(3) the sheaf m.wc)r is locally free of rank g (where wc, is the relative dualizing
sheaf);
(4) the morphisms t1,...,t, are sections of 7 which are disjoint and land in the
smooth locus of 7;
(5) f: C — X is a morphism of S-schemes;
(6) the group scheme Aut(C, f,7,t;) of automorphisms of C, which commute with
f, mand t;, is finite over T,

(7) for every geometric point ¢ — T', we consider the following induced morphisms
CEZCXTEIQX{:X X5EL>X§:XXS§—>XS:X X58L>X,

where s = Speck € S is the image of  and 5 = Speck, with k a separable
closure of k, then we have f;, [Cf] = 7705 (8,).

1.2.2. Remark. Notice that a stable map of class 3, is a stable map of class 3 for some
B € A1(X/s) such that j*8 = 3,.
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1.2.3. Definition. A twisted stable n-pointed map of genus g and class 3, into X is
the data (C — T,{X{} |, f: C — X) as in Definition which satisfies conditions
(1)=(3) and

(4') let =¢ be the image of Xf in O, then (C' — T,{S¢}" |, f: C — X) is a stable

n-pointed map of class 3.

1.2.4. Definition. We denote by Ky ,(*/s, 3,) the category fibered in groupoids over
(Seb/s) of twisted stable n-pointed maps of genus g and class 3, into X'

1.2.5. Corollary. The category K¢, (¥/s,B,) is a proper Artin stack over S, admitting

a projective coarse moduli scheme K4, (¥/s,B,) — S.

PRrROOF. Let d = degf3,. It is enough to show that Ky ,(¥/s,,) is an open and
closed substack of g, (¥/s,d). Notice that K4, (¥/s,5y) = [ Kgn(X/s, ), where the
union is over 8 € A;(X/s) such that j*3 = f,. By Theorem Kgn(X/s,By) is an
open substack of K, (¥/s, d), because it is a union of open substacks. On the other hand
Kgn(X/s,d)\ICgn(¥/s, By) = | Kgn(¥/s, ) is open, where the union is over 5 € A;(X/s)
such that degf = d, j* # B,. It follows that K,,(¥/s,,) is a closed substack of
Kgn(¥/s,d). O
1.2.6. Definition. Let C — MY be the universal twisted nodal curve. We define the

,n/s
algebraic stack Homgpe (C, X) over M

tw
g,n/s

as follows

(1) for every S-scheme T', an object of Homgpe (C,X)(T) is a twisted pointed curve
(Cr — T,{%;};_,) over T together with a representable morphism of S-stacks
f: Cr—= X )

(2) a morphism from (Cr — T,{X¢}, f) to (Cr» — T',{%.}, f') consists of data
(F,«), where F': Cp — Cpv is a morphism of twisted curves and a: f — f' o F

is an isomorphism.

1.2.7. Remark. There is a canonical functor 6: Homgy, (C,X) — M _which forgets

9,n/s
the map into X'. Moreover, since stability is an open condition, the stack ICy (¥/s, )

is an open substack of Homgyu (C, X).
1.2.8. Proposition. The natural forgetful functor
0: Kgn(X/s,B,) — M

9,n/s

which forgets the morphism into X is of Deligne-Mumford type.
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PROOF. Let U — 9™, /s be a morphism from a scheme U over S and let us denote

Cy=C Xontae, U the corresponding twisted pointed curve over U. Form the fiber diagram
V — Hommgwn (C, X)

|k

U mtw

9,n/s

and notice that V' = Homy;(Cyr, X'). Since Cy and X are Deligne-Mumford stacks it fol-
lows, by [27] 1.1, that V is a Deligne-Mumford stack and hence 6 is of Deligne-Mumford
type. The statement follows from the fact that ICy,(¥/s, ;) is an open substack of
Hoimm% (C,X). O

1.2.9. Remark. For every S-scheme T, a morphism 7" — K, ,(¥/s, 3,) corresponds
to a stable map (Cp = T,t;, fr) over T, then, by descent theory, the identity of
Kgn(¥/s, B,) corresponds to a universal stable map (¢ = K. (¥/S, 8y), 0i, ).

1.3. Inertia stacks

Let X be a Deligne-Mumford stack of finite presentation over a Dedekind domain
D. Let S = Spec D.

1.3.1. Definition ([2] 3.1-3.2). The cyclotomic inertia stack of X is Z,,(X) = U,Z,, (X),

where 7, (X) can be defined in the following two equivalent ways.

(1) For every S-scheme T', objects of Z,, (X)(T') consists of pairs (£, «) where &
is an object of X(T) and a: pu, Xg T — Autp(£) is an injective morphism of
group-schemes; a morphism from (£, @) to (&', /) is an arrow F': £ — £ making
the following diagram commutative

Hr T ———— M, T

« a/

Autp(€) 5 Autg (€)

T

T/

(2) For every S-scheme T, objects of Z,,. (X)(T') consists of representable morphisms
v: B, xg T — X; a morphism from 1 to ¢’ over f: T — T" is a 2-morphism
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p: Y — ' o f, making the following diagram commutative

B, XSTLBMT xg T’

N,

1.3.2. Proposition ([2] 3.1.2-3.1.4). The category Z,(X) is an Artin stack of finite
presentation over S. If X is smooth then I, (X) is smooth.

1.3.3. Definition ([2] 3.3). The stack of cyclotomic gerbes of X is Z,,(X) = U,Z,, (X),
where Z,, (X) denotes the category fibered in groupoids over (S¢h/s) associated to the
2-category fl(i)()( ) such that
(1) an object over an S-scheme T is a pair (G, ), where G — T is a gerbe banded
by pr and ¢: G — X is a representable morphism;
(2) a morphism (F,p): (G,¥) — (G',¢') over f: T — T’ consists of a morphism
F: G — G’ compatible with the bands and a 2-morphism p: ¢ — 1’ o F making
the following diagram commutative

F

NS

X

g

g/

(3) a2-morphism (F, p) — (F’, p') is a 2-morphism o: F' — F’ making the following
diagram commutative

p

Y Yo F
PN r
W o F

1.3.4. Proposition ([2] 3.4). The category Z,, (X) is equivalent to the rigidification
T, (X) . If X is smooth then I,,(X) is smooth; if X is proper then I,(X) is proper.

1.3.5. Remark ([2] 3.5). There is an involution ¢: Z,,(X) — Z,,(X) defined over each
fur(X ) as follows. Consider the inversion automorphism 7: i, — p, sending & to £¢71.
For every object (G,9) of Z,, (X), we can change the banding of the gerbe G — T
through 7 and get another object 7G — X of Z,,, (X).

1.3.6. Notation. We denote A: Z,,(X) — Z,(X)? the morphism, which we will call
diagonal, induced by the identity and the involution ¢.
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1.4. Evaluation maps

1.4.1. Definition (2] 4.4.1). The i-th evaluation map e;: Kgn(¥/s, By) = Z,(X) is the
morphism that associates to every twisted stable map (C — T,{X¢},, f: C — X) the

diagram
¢ SN
T

The i-th twisted evaluation map &;: Kgn(%/s,B,;) — Z,(X) is the composition ¢ o e;,

where ¢ is the involution described in Remark [[L3.5]

1.4.2. Remark. Let us notice that the evaluation map e; is the composition
I, _ _
Kgn(X/5, By) = Kgn(¥/3, By) x5 Lu(X) = Tu(X),
where I'c, is the graph of e; and 7 is the projection. By the following cartesian diagram

Kgn(¥/s,By)

€e; —

Zu(X)

re, A

eiXid — —

Kyn(X/,8y) x5 Tu(X) —— Lu(X) x5 T)u(X)

it follows that I'c, is a regular local immersion, hence, by [20] 6.1, there exists a Gysin
map I’LZ Moreover Hoimmzvyn (C, X) is flat over I, therefore, since I, is smooth over
S and Ky n(*/s,By,) is an open substack of Homgpan, (C, X), we get that m is flat. Then
we can define the pull-back ef =T

! *
o 0T

1.4.3. Notation. We write e*(y) =[], € (y:) for every y =71 ® - -+ ® Yp.

(2






CHAPTER 2

Relative intrinsic normal cone

In [7], the authors construct a cone stack, associated to a given Deligne-Mumford
stack, called the intrinsic normal cone and give a relative version of it for morphisms
of Deligne-Mumford type of Artin stacks over a field. They also introduce the notion
of perfect obstruction theory and use this to construct virtual fundamental classes of
Deligne-Mumford stacks. In this section we extend the construction in [7] to the case
of a morphism of Deligne-Mumford type of Artin stacks over a scheme S. In particular,
we describe a way of constructing virtual fundamental classes for Artin stacks which
admits a Deligne-Mumford type morphism into a smooth Artin stack, with the additional
condition that M admits a stratification by global quotients in the sense of [20] 3.5.3.

Moreover, we give a criterion to verify whether a complex is an obstruction theory.

2.1. Cones and cone stacks

Let S be a scheme and let M be an Artin S-stack. We consider the lisse-étale topos
Miis.er of M. Let ® be a quasi-coherent sheaf of graded &Ops-algebras in the topos
Miiss such that

(1) the canonical morphism & — .#° is an isomorphism,
(2) .#1 is coherent,
(3) .#* is locally generated by ..

2.1.1. Definition ([32] 1.18). The cone associated to .#* is the S-stack C'(#*) associ-
ated to the groupoid Spec .3 = Spec .77, where R = U is a presentation of M and .7}
(respectively %) is the restriction of .#* to U (respectively R). A morphism of cones
over M is induced by a graded morphism of sheaves of graded O -algebras.

2.1.2. Remark. The natural morphism .#* — .#° induces a morphism of S-stacks
0: M — C(°) called the vertex of C(.*). Moreover the morphism .* — .*[z]
induces an action v: AL xg C(.#*) — C(7*).

9
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2.1.3. Definition. If .# is a coherent sheaf of & -modules over M, the cone C(.%)
associated to Sym(.%) is called an abelian cone. An abelian cone C(.%) is a vector bundle

over M if % is a locally free coherent sheaf over M.

2.1.4. Remark. The natural morphism Sym(#!) — .#* is surjective, because .#* is
locally generated by .#!, hence the induced morphism of cones C(.#*) — C(.#1) is a
closed immersion. The abelian cone C(.#!) is called the abelianization of C = C(.7*)
and it is denoted by A(C). Moreover a morphism of cones C'— C’ induces a morphism
A(C) — A(C’). In particular the abelianization defines a functor A from the category

of cones over M to the category of abelian cones over M.

2.1.5. Definition ([7] 1.2). A sequence of morphisms of cones
0ELC—C =0

is exact if F is a vector bundle and locally over M there is a morphism of cones C — F

splitting ¢ and inducing an isomorphism C' = FE x C’.
2.1.6. Remark. A sequence of coherent sheaves on M
0% -7 —-8&—0,
with & locally free, is exact if and only if
0-C&)—-C(ZF)—=C(F)—0
is exact ([14] Example 4.1.7).

2.1.7. Definition ([7] 1.8-1.9). A cone stack over M is an algebraic M-stack € together
with a section and an Als—action such that, smooth locally on M, there exist a cone C,
a vector bundle F over M and a morphism of abelian cones £ — A(C') such that C
is invariant under the induced action of E on A(C), and there exists an Ak-equivariant
morphism [€/E] — € which is an isomorphism (for the definitions of Ak-action and
A}q—equivariant morphism and 2-isomorphism we refer to [7] 1.5). A morphism of cone
stacks is an A}g—equivariant morphism of M-stacks. A 2-isomorphism of cone stacks is
an A}g—equivariant 2-isomorphism. An abelian cone stack over M is a cone stack € such
that smooth locally € = [C/E], where C is an abelian cone. A vector bundle stack over

M is a cone stack € such that smooth locally € = [C/E], where C' is a vector bundle.

2.1.8. Remark. Abelian cone stacks over M form a 2-category denoted by (ACS/m).
We consider the associated homotopy category Ho(ACS/Mm).
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2.2. Abelian cone stacks and complexes of sheaves

Let C [_1’0]<COh(M1is_ét)) be the category of complexes (E®,dg) of coherent sheaves
in the topos My such that h'(E®,dg) = 0, for i # 0, —1; consider the subcategory
CL0)(Coh(Miyisst)) of complexes (E®, dg) with ker d% locally free.

2.2.1. Definition ([7] 2). Let ¢, ¢: (E®,dg) — (F*,dr) be morphisms in the cate-
gory CI=10(Coh(Myser)). A homotopy »: ¢ — ¢ is a morphism s: E* — F*[1] in
Cl-1.0] (Coh(Myjs.4t)) such that

st iy, = i — g

d%%i—&-l — il it

2.2.2. We can view é[_l’o](COh(Mhs_ét)) as a 2-category, where the 2-morphisms are

homotopies. We define a morphism of 2-categories
iLZ Cr[—l,O] (COh(Mhs_ét))opp — (ACS/M)

such that h(E®) = [CE /@) if B* = [E-! 22 B9, and h(E®) = h(rj_1 o E*) in
general. In the following we can assume, for every complex E°®, that E* = 0 for i # —1,0.
If ¥: E* — F* is a morphism of complexes, then it induces a commutative diagram of
abelian cones

C(FY) — C(F~Y)

|

C(E°) — C(ET)

which gives a morphism of cones h(¢): h(F*) — h(E®). Finally, : E° — F~1is a
homotopy of morphisms v, ¢ of complexes from E® to F*®, then xxodr = ¢~ ' —9~! and
dp o 3c = ©® — 0. The 2-morphism h(s): h(¢)) — h(y) is defined in the following way.
For every M-scheme U and every (P, f) € h(F*)(U), let {U;} be an open cover of U
such that U; xy P 22 U; x p C(F?), then

h()(U)(P. f): R(@)(U)(P, f) = h(@)(U)(P, f)
is obtained by gluing the isomorphisms

(du;,C(0)ofilu, x pq{0p3OPL+P2)

U; x C(E®) U; x  C(E),

where C(¢) is the morphism of cones induced by 3. In particular h(3) is a 2-isomorphism.
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2.2.3. Lemma. Let 1: E®* — F* be a morphism in é[_l’o](COh(Mlis_ét)) such that the
diagram of cones

C(d
o0y £ oy
) J Jc<w1>
C(dg)

s cartesian and the morphism
Cldp) +C(¥p™1): C(B™) xm C(F™H) = C(E™)
is surjective, then ﬁ(z/J) 18 an isomorphism of cone stacks.

PROOF. Let us notice that h(F*) = h(F® @ E~1), because the following diagram

CF) xm C(E™) xpm O(F%) xm C(E) CF 1) xm C(E™)

CE ) xpm C(E) xp C(F) » C(F1) xpm C(F?) — C(F )

h(F*®)

CE) xm C(ET) C(F)

is cartesian (the projection C(F~1) x , C(E~!) — C(F~1) is surjective). Therefore we

can assume that C(y~1) is surjective. Moreover the following diagram is cartesian

C(F1) xm C(F) C(F)

C(F~1) xaq C(EY) —— C(E~1) x g C(E®) — C(EY)

h(E*®)

CF) C(E™)

(the upper square is cartesian because C(F?) = C(F™1) x¢(g-1) C(E?)). It follows that
h(v) is an isomorphism. 0O

2.2.4. Proposition. Let ﬁ[*l’o}(Coh(Mlis_ét)) be the derived category of complexes
(E®,dg) of coherent sheaves in the topos My ¢ such that kerd% is locally free and
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hY(E®,dg) = 0 for i # —1,0. Let Ho(ACS/M) be the homotopy category associated to
(ACS/m). The functor h induces a functor of categories

op.

DY Con(Myis.e)) ™" — Ho(ACS/m).

PROOF. We need to prove the following two facts: (1) if ¢: E®* — F*® is a quasi-
isomorphism then ﬁ(w) is an isomorphism; (2) if ¢, p: E®* — F* are morphisms of
complexes and &: k() — h(yp) is an Al-equivariant 2-isomorphism then there exists a
unique homotopy s: ¢ — ¢ such that £ = ﬁ(%) We can assume E® = [E~! N EY)
and F* = [F~! ar, F°] with E° and F° locally free.

For the second statement, we define a morphism C(3): C(F~!) — C(E°) as fol-
lows. Let T be an M-scheme and let f: T — C(F~!) be a morphism. Then f de-
fines an element (P = T x  C(F°), fp) in h(F*)(T). The images h(¢))(T)(P, fp) and
h()(T)(P, fp) are trivial, hence £(T)(P, fp) corresponds to a morphism g: T — C/(E°).
We define C(5)(T)(f) = g. Then C(s) induces a homomorphism s: E° — F~1. More-
over & = h(>) and ¢ is unique by construction.

Let us now prove the first statement. We have the following commutative diagram

with exact rows

d
0—— b YE®*) — E~1 —— E0 —— hO(E*) —— 0

| wj d M’O |

0 — b Y(F*) — -1 —— [0 — pO(F*) —— 0

It follows that E~! = E° x zo F~!. Moreover we have an exact sequence

—1 0_
0— gt B ), g0 g pot Y0, g0

which induces an exact sequence of cones

(C(¥°),~C(dr)) C(dp)+C[H~)

0 — C(FY) C(E°) xpm C(F71) C(E™Y —o.

Hence the induced diagram of cones

C(d
c(e9) S o

is cartesian and the statement follows from Lemma 2.2.3] O
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2.2.5. Lemma. Let D[*I’O](C’oh(/\/lhs_ét)) be the derived category of complexes of coher-
ent sheaves in the topos My s with cohomology sheaves concentrated in degree —1 and

0. If M admits a stratification by global quotients then the natural functor
DM Coh(Miss.ar)) — DM Coh(Myisar))
s an equivalence of categories.

PROOF. Since M can be stratified by global quotient stacks (in the sense of [20]
3.5.4), each of which has the resolution property by [31] 1.1, it is enough to prove the
statement when M has the resolution property. Notice that the functor is fully faithfull.
We want to show that every complex E® in DI=19(Coh(Myse)) is in the essential
image. We can assume E® = [E~! KL E°] because 7<oE*® is quasi-isomorphic to E® and
T—1,0/F°. Since M has the resolution property, there exists a locally free sheaf FO and

a surjective morphism ¢?: FO — E9 We form the cartesian diagram

F—l i FO

ol o

E—l i EO

then F* = [F~! ar, FO) € DY (Coh(Miyis.g)). We claim that ¢: F® — E® is a quasi-
isomorphism. Since ° is surjective, we have immediately that h%(y) is surjective and

the following sequence

-1 0_
0 pt WreT ) po g p1 ¥2de po

is exact. Using this we get that F*® is quasi-isomorphic to F* @ E®, which is quasi
isomorphic to E°. O
2.2.6. Lemma. Let D[C;;’O] (Myis-t) be the derived category of complexes of sheaves of
O pm-modules in the topos M ys.¢r with coherent cohomology sheaves concentrated in degree

—1 and 0. If M admits a stratification by global quotients then the natural functor
[~1,0] , (-1,0] _
D (COh(le_ét)) — Dcoh (Mlzs—ét)
s an equivalence of categories.

PROOF. Since M can be stratified by global quotient stacks (in the sense of [20]
3.5.4), each of which has the resolution property by [31] 1.1, it is enough to prove the
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statement when M has the resolution property. First we show that the functor is fully
faithfull. Let E®, F® € D[_I’O}(COh(Mhs_ét)), we want to show that the canonical map

HomD[*l*O](COh(Mlis_ét)) (E., F.) — HOHlD[fl,O]

coh

(Mlis—ét)(E  F )

is a bijection. We can assume E® = [E~! LEN E% and F* = [F~! ar, FY]. Recall that

Hom(e, F'*) is a cohomological functor. Using the following distinguished triangle
Bl 92 g0 pe L pripy,

we can reduce to the case where E*® is a coherent sheaf F, similarly F'* = F'. By resolution
property, there exists a locally free sheaf P? and a surjective morphism v: P% — E. Set
P71 =kert, then P* = [P~! — PY] is a complex of locally free sheaves quasi-isomorphic
to E, hence E = P*® in D[’l’O](Coh(./\/llis_ét)). Using the distinguished triangle

Pl POy pr L prifg

we can reduce to the case where E® is a locally free sheaf E. Let E' = E/o,,, then

rk ' < rk E, hence we can reeduce to E = 0. That is, we have reduce to showing that

HomD[*l’O](Coh(Mlis_ét)) (ﬁM, F[TLD — HOHlD[fl,o] ﬁM, F[n])

coh

(Mlis—ét)(
is a bijection for every coherent sheaf F' and n = —1,0. If n = —1, both groups are zero.
If n = 0 then both sides are I'(M, F').

It remains to show that every complex E*® pL o

woh (Miis¢t) is in the essential image.

We can assume E® = [E~! LN EP]. We have the following exact sequence of complexes
of sheaves
0— h YE*)[1] = E* — [imdg — E°] — 0,

which induces a distinguished triangle

hYE*)1] = E* = [imdg — E°) 5 b 1(E*)[2).

[_170]
coh

Notice that [imdg — EY] = h%(E®) in D

triangle

(Miis-¢t). Then we have a distinguished

hUE*)[A] = B* — B°(E*) T oL (EY)[2).
Since h°(E®) and h~!(E®) are coherent, the morphism h°(E*®)[—1] RN h=Y(E)[1] cor-
responds to a morphism v : h°(E®)[—1] — h~1(E)[1] in D=%(Coh(Miis.¢t)). Completing
1 to a distinguished triangle in D=?(Coh(Mis.¢t)) and mapping it to DCSO%(Mhs_ét), we

deduce that E*® is quasi-isomorphic to the mapping cone of v, hence it is in the essential

image. O
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2.2.7. If M admits a stratification by global quotients then the functor h induces a

functor

#/u0: Dl (Miswar) " — Ho(ACS/aa).

coh

2.2.8. Proposition. Let 1p: E®* — F* be a morphism in pi-tol (Myis-et). If M admits

coh

a stratification by global quotients then h'/no (1)) is an isomorphism if and only if h°(x))

and h=Y(y) are isomorphisms.

Proor. By Lemma [2.2.5| and Lemma [2.2.6] we can assume
E*=[E' > E°, F*=[F ' — F"
with E°, FY locally free and E~1, F~! coherent. Let G = E° x po F~!, then
0—-G—E'oF - F

is exact. Notice that E° @ F~! — FO is surjective if and only if h%(¢) is surjective. Let

us assume that h°(v)) is surjective, then we get an exact sequence of cones
0— C(F% = C(E% x C(F~Y = C(G) — 0.

Applying Lemma we obtain [C(F™1)/c(Fo)] =2 [C(G)/c(E)], hence the following dia-
gram

ol(e) C(E

J nt/n0 () J

Wm0 (F®) ——— h'/no(E®)

is cartesian and in particular 2'/a°(3)) is representable. If moreover h%(¢)) is an iso-

1

morphism and h~!(z) is surjective, then the morphism E~! — G is surjective, hence

C(G) — C(E™1) is a closed immersion, which implies that 4'/no(¢)) is a closed im-
mersion. If h=1(¢) is also an isomorphism then E~!
C(G) = C(E™Y); it follows that »'/h°(1)) is an isomorphism.

Viceversa, if #'/h°(1)) is representable then the induced morphism on automorphisms

— G is an isomorphism and so

of objects is injective. Hence we have that the morphism
C(h°(4)): C(A°(F*)) — C(h°(E*))

is a closed immersion, which implies that h°(1)) is surjective. If moreover »'/no(1)) is
a closed immersion then C(G) — C(E~!) is a closed immersion, hence E~! — G is
surjective. It follows that h%(1)) is injective and h~1(v)) is surjective. Finally, if 2'/no(¢))
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is an isomorphism then C(G) =2 C(E~!), hence E~! = G, from which we get that h~! (1))

is injective. O

2.2.9. Theorem. If M admits a stratification by global quotients then the functor

op.

R no: DEYY My a) ™ — Ho(ACS )

coh

is an equivalence of categories.

Proor. By Proposition it follows that »'/ne is fully faithfull. It remains to show
that every abelian cone stack € over M is in the essential image of »'/n°. By definition,
for every smooth M-scheme U, there exist a coherent sheaf E[}l and a locally free sheaf
Ep; over U such that € x g U = [C(E;")/c(Ey)]. The collection {Elj1 — Eg}U defines a

complex [E~! — E%] € Dgﬁ’o} (Miis-et)- O

2.3. Relative intrinsic normal cone

2.3.1. Theorem ([21] 17.3, [29], [22] 2.2.5). Let S be a scheme and let M, I be Artin
S-stacks. Let f: M — 9 be a quasi-compact and quasi-separated morphism of algebraic
stacks. Then there exists L} e D=L (M yis-t) such that

qcoh
(1) f is of Deligne-Mumford type if and only if L} e Dqgcgh(Mlis_ét),'
(2) for every cartesian diagram
M/ L ml
|k
f
M— M

there exists a morphism Lg*L} — L}/; if h is flat, this is an isomorphism;
(8) given two morphisms of S-stacks M i> Mm L Z with h = go f, there exists a

natural distinguished triangle
Lf*Ly — Ly — L} — Lf*Lg[1].
If moreover f is of Deligne-Mumford type, then

(1) f is smooth if and only if L% is locally free in degree 0;

(2) f is étale if and only if L =0;

(3) if f factors as M 5 M B on with i representable and a closed embedding with
ideal sheaf Z and p of Deligne-Mumford type and smooth, then

Tz_lL} 2 [I/)52 = Q| pql-
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2.3.2. Remark. If f is of Deligne-Mumford type then 7>_1L} € D([:;ﬁ’o] (Miis-ét)-
2.3.3. Definition. Let f: M — 91 be a morphism of Artin S-stacks. If f is of Deligne-
Mumford type, we define the relative intrinsic normal sheaf of f as the abelian cone
stack My = h'/no(7>_1L%).

2.3.4. Remark. Notice that, smooth locally on M and 90, the morphism f factors
as M 5 M5 M, with ¢ a closed embedding and p representable and smooth. More
explicitly, let V' be a smooth atlas for 91 and let U be an affine scheme which is an
ctale atlas for M xgp V. In particular there exists a closed embedding j: U < A%. Let
us set M = A% xgV and let fy: U — V be the morphism induced by f, then fy
factors as U — M 2 V', where i is a closed embedding and p is smooth. Moreover, by
Theorem [2.3.1], we have Ny, = [A(C)/T, ], where C; = C(#/.s2) and .# is the ideal sheaf

corresponding to 1.

2.3.5. Proposition. There exists a unique closed subcone stack € C Ny such that

(1) if f factors as p o, with i representable closed embedding and p representable
smooth, then €y = [Ci/T,|m);

(2) for every smooth morphism V-— M, let g: U =V xgn M — V be the induced
morphism, then €5 = € X\ U.

If moreover M is purely dimensional of pure dimension n, then €y is purely dimensional

of pure dimension n.

PROOF. By Remark[2.3.4] smooth locally on M, there exists a commutative diagram

7

[f;»
M-

hS]

!

where U is a scheme, ¢ is a closed embedding and the vertical arrows are smooth. Let
us set fy = poi, then My, = [AC)/T,|,]. By [7] 3.2, the action of T}y on A(C;) leaves
C; invariant, hence we can define the quotient stack [C:/T,|,] which is a subcone stack of

Ny, . First of all, we show that [Ci/T,|,| does not depend on the factorization chosen. Let

U L M’ 25 9 be an other factorization of fu and consider the following commutative
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diagram

In particular j is a closed embedding and both ¢ and 7 are smooth. Hence it is enough
to check

[Ci/Tylu] = [C3/T,)0]

as closed substacks of 9y, . By [14], Example 4.2.6, we have the following cartesian

diagram

Cj —— G

Lo

ACy) 5 A(C)

Moreover, by Remark both A(C;) and A(C}) are smooth atlases for 917, and the

following diagram

A(Cj) — me

is commutative; therefore it is enough to show that the inverse image of [Ci/T,|s] and
[Ci/T,|v] in A(C}) are the same. We have

o~ o ([O/T10))) = o7 H(Ci) = Cj = o H([Cf110)).-

It follows that [Ci/T,|,] depends only on fy, hence €y, = [Ci/T,|,] is well-defined.
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Now we want to prove that, given fy = poi and fyr = p’ o4’ as above, the cone-stacks

€y, and &y, , agree on U xp U ’. Consider the following commutative diagram

V= U(£<MU’*>U\
\ \

where 7 and ¢ are closed embeddings, the maps p, p’ and the vertacal morphisms are

M

p

m

smooth. Let N = M xgy M’, then we have the following commutative diagram

v—_LoN—"Tom

Lo

U—— M ——9m
with v, ¢ and 7 smooth and j a closed embedding. Let fir = g o j. It is enough to show
that €¢, = v*€y, . Recall that €, = [Ci/T,|,], hence
V€, = 0[O T,] = [ O,
By Example 4.2.6 in [14], there is a short exact sequence of cones over V'
0—j"T, = C; - v*C; — 0.
Since m, p and g are smooth, by Theorem [2.3.1] we have a short exact sequence
0Ty =T, = 7T, =0,

hence, pulling back via j and noticing that j*7*7T, = v*i*T),, we get the following com-

mutative diagram with exact rows

0 —— j*Tyx — j*Ty — v*i*T), — 0

Il

0 J T C;j v*C; 0

from which we obtain
&, = [0fm) = [ Cfoim) = v*[Ofim) = vy,

Finally, let us assume that 9t is purely dimensional of pure dimension n. Let U = M

be a smooth atlas such that fy = f ow factors as U RN VN I, with ¢ a closed
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embedding and p smooth (such an atlas exists by Remark [2.3.4). Then €y, = [Ci/i*T,].
We can assume that M is purely dimensional of pure dimension m and p is smooth of
relative dimension m — n. By [14], B.6.6, we have that C; is purely dimensional of pure

dimension m. Moreover, we have the following cartesian diagram

i*Tp X Cz —_— CZ

|

C; — [6fim)

from which we get that C; — [Ci/i*T,] is surjective and smooth of relative dimension

m — n. It follows that [Ci/iT,] is purely dimensional of pure dimension n. O

2.3.6. Definition. The unique closed subcone stack €y of M, is called the relative

intrinsic normal cone of f.

2.3.7. Proposition. Consider the following commutative diagram of algebraic Artin

stacks over a scheme S,

(1) a . | n
M—M
where the morphisms f and f' are of Deligne-Mumford type. Then there exists a natural
morphism a: €pr — g* €y such that
(1) if is cartesian then « is a closed immersion;

(2) if moreover the morphism h is flat then « is an isomorphism.

PROOF. Let U % M and U’ g M’ be smooth affine atlases with a morphism
gu: U — U’ such that u’ o g, = g o u. There exist closed embeddings U — A% <= U’, for
some n. Let V' — 901 be a smooth atlas and let M =V xgA%. Then fy = fowu factors as
UL M 9, with i a closed embedding and p smooth. Moreover f{;, = f’ o’ factors
as U' s M7 2 M’, where M’ = M xgn D', the morphism 4’ is a closed embedding and
p’ is smooth. We have the following commutative diagram

. /
4 D

U’ M o’

P, b

U M M
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By Theorem there is a morphism T, — ?L*Tp, which is an isomorphism if A is
flat. Moreover there exists a morphism a: Cy — ¢*C;, induced by the natural map
I ®¢, Oy — F', where 7 is the ideal sheaf of U in M and .# is the ideal sheaf of U’
in M’ ([14], Appendix B.6). Then we get a commutative diagram

Tp"U’ E— C’i'

L]

g*(Tp’U) — g"C;

from which we obtain a morphism of stacks
a:Cp = [0/ lw] = [I7C/7 (T)0)] = §"Cpy.

If is cartesian then U’ = U x); M’ and the morphism & is a closed embedding,
since the morphism .# ®g,, Oy — F' is surjective ([14], Appendix B.6). Moreover, by
Theorem we have T}y = %*Tp. It follows that « is a closed embedding. If moreover
h is flat then also h is flat and hence & is an isomorphism, because & ®g, Oy = S’

([14], Appendix B.6). Hence « is an isomorphism. O

2.4. Perfect obstruction theories

Let f: M — 9% be a morphism of Artin stacks over S. Assume that f is of Deligne-
Mumford type.

2.4.1. Definition ([7] 4.4). Let E*® € Dgﬁ’o](./\/l). A morphism ¢: E®* — 7>_1L} in
Dgﬁ’o} (M) is called a relative obstruction theory for f if h°(p) is an isomorphism and

h=Y(p) is surjective.

2.4.2. Remark. If (E® ¢) is a relative obstruction theory for f, then, by Proposi-
tion the morphism »'/r°(¢): DMy — h'/re(E®) is a closed embedding.

2.4.3. Theorem. A pair (E®, ) is a relative obstruction theory for f if and only if, for
any geometric point’s of S, for any small extension A" — A = A'/1 in (A 655) and any
commutative diagram
Spec A 9, M
)

Spec A’ x, m

the obstruction h'(¢¥)(obs(g,h')) € R ((g*E®)Y) ® I vanishes if and only if there ex-
ists a morphism g': Spec A’ — M such that ¢’ oi = g, fog = h', and moreover if
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hY(pY)(obs(g,h')) = O then the set of isomorphism classes of such morphisms g’ is a
torsor under h°((g*E®)V) @ 1.

PROOF. If (E®, ) is a relative obstruction theory for f, the statement follows im-
mediately from Proposition Viceversa, let assume that the second part of the
statement holds and let show that h%(y) is an isomorphism and h~'(yp) is surjec-
tive. Since the statement is local, we can assume that M is an affine scheme Spec R.
Then, by assumptions, for every R-algebra B and B-module N, there is a bijection
hom(ho(L}) ® B,N) — hom(h°(E®) ® B, N), which implies that h"(¢) is an isomor-
phism. We can assume that f factors as M 2 M 2 90 with i a closed embedding with
ideal sheaf .# into an affine scheme M and p smooth. We can further assume that E° is
locally free, E~! is a coherent sheaf, E* = 0 for i # 0, —1 and ¢! surjective. Then we
easily see that the complex G — i*(2,, where G is the cokernel of ker ¥ x o E~1 — E~1,
is quasi-isomorphic to E®. Therefore we can assume E? = 12, and we have to prove
that E~1 — /.2 is surjective; let F be its image. Let M = Spec A, F' C .# the inverse
image of F', and Spec A’ C M the subscheme defined by F’; let g: Spec A — M be the
identity. We can extend g to the inclusion ¢': Spec A’ — M. Let w: #/#2 — #/F’ be the
natural projection. By assumption 7 factors via E° if and only if ¢ extends to a map

1

Spec A’ — M, if and only if mop~1: E~1 — #/p factors via E°. As wo ¢~ ! is the zero

map, it certainly factors. Therefore 7 also factors. Moreover, the fact that 7 factors via

1

EY together with 7o ¢~! = 0 implies 7 = 0, hence ¢~ ': E~! — /.2 is surjective. [

2.4.4. Definition ([7] 5.1). Let (E*®, ¢) be a relative obstruction theory for f. We say
that (E°, ) is perfect (of perfect amplitude contained in [—1,0]) if, smooth locally over
M, it is isomorphic to [E~! — E°] with E~1, E° locally free sheaves over M.

2.4.5. Remark. A relative obstruction theory (E®, ¢) is perfect if and only if »'/no(E*®)

is a vector bundle stack over M.

2.5. Virtual fundamental class

Let D be a Dedekind domain and set S = Spec D. Let f: M — 91 be a morphism
of Deligne-Mumford type of Artin stacks over S. Assume that 91 is purely dimensional
of pure dimension m and that M admits a stratification by global quotients. Let (E*®, ¢)

be a perfect relative obstruction theory for f, we denote by

p: €p = hJho(E%) > M
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the associated vector bundle stack of rank r. By Remark the relative intrinsic
normal cone €y is a closed substack of &;. Moreover, by Theorem and [20] Propo-
sition 3.5.10, the flat pullback

we s Ax(MUk) = Awyr(®o/k)
is an isomorphism and we denote the inverse by 0'.

2.5.1. Definition. The virtual fundamental class of M relative to (E®, ) is the cycle

class

(M, BT = 0[] € Au(M)s).

2.5.2. Remark. The intrinsic cone €; is purely dimensional of pure dimension m,
therefore [M, E*]"™ € A,,_,(M/s) and m — r is called the virtual dimension of M.

2.5.3. Proposition. Consider the following cartesian diagram of Artin stacks over S,

!

M/L)m/

gl ; lh

M——M

where [ and f' are of Deligne-Mumford type, M and M’ are smooth and purely di-
mensional of pure dimension m, M and M’ admit stratifications by global quotients.
Let (E®, ) be a perfect relative obstruction theory for f. If h is flat or a regular local

immersion (of constant dimension) then
h! [M Eo]virt _ [MI Lg*E.]Uirt.

PROOF. Let us notice that Lg* E*® is a perfect relative obstruction theory for f’. The
statement follows by Theorem in the same way as in [7] 7.2. Let € = h'/no(Lg*E*)
and let 0" the inverse of y*, where y//: € — M. If h is flat then, by Proposition m
we have g*€; 2 €/, hence h'[€f] = [€/]. Therefore we get

WM, E*)Y" = p'o'e;] = 0"h'[ef] = 0"[ep] = M, Lg* E*)"™.
If h is a regular local immersion, let consider p: 91, — M’ and let 0: g Cr = Ny xm &y
be the zero section. Then 0' (Corepre,] = h'[€], by definition of A', and
Tloes) = 0o'les] = (€5,
Moreover, by Theorem and [7] 3.3-3.5, we have that [€ge /e ] = [p*€p]. Hence
h'[€s] = [€;] and one concludes as before. O
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2.5.4. Let us consider a cartesian diagram

M/LM

f;)jtnggf

where vertical arrow are morphisms of Deligne-Mumford type and A is a local complete
intersection morphism of S-stacks with finite unramified diagonal over S. Let E® and E'®
be perfect obstruction theories for f and f’ respectively. Then E® and E’® are compatible

over h if there exists a homomorphism of distinguished triangles

g*Eo N E/. N f/*L}ol — g*E.[l]

| l | |

g*L;Vl — L;V(/ —_ L; — g*L:Vl[l]

in D),

coh

2.5.5. Proposition. Let E® and E’® be compatible perfect obstruction theories as above.
If either h is smooth or MM and M’ are smooth over S, then

h![/\/l, Eo]virt — M, E./.]Uirt'
PrOOF. By [7] 2.7, the distinguished triangle
g'E* — E'* — "L} — g"E°*[1]
induces a short exact sequence of vector bundle stacks
gNy — Ep N g €
over M. If h is smooth, by [7] 3.14, the following diagram is cartesian

¢y — gy

Lo

hence Oiq*@f lg*Cs] = O!Gf, (€] and we have

h! [_/\/l, E']Virt = h!O!@f [fo] = O!g*fo [g*Qif] _ [M/, E/.]virt'

If 9 and M are smooth then h factors as M s o xg M L M, where T, is the

graph of h, which is a regular local immersion, and p is smooth. We have the following
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cartesian diagram

M — I xg M — M

f’J ) |7 Jf

M — M x5 M —— M

and we consider the obstruction theory Qg ®E*® for f Notice that Qg G E® is compatible
with E* over p and with E’® over I'j,. Then, by the first part, we can assume that h is a

regular local immersion. By [7] 5.9, [f™*), x s €p/] = ¢*[€4- ¢,/ ] and hence

eqVirt ! ! * !
[M/,El ] = 0|€f’ [Q:f/] = Olfl*mhval'ef’ [f/ mh XM Q:f'] = O'f’*‘ﬁthg*@f [Q:Q*Cf/g‘f]

= 0y.¢, B [€7] = WO, [€f] = h'[M, B*]"™. O
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A virtual fundamental class

Let D be a Dedekind domain and set S = SpecD. Let X be a smooth proper
tame Deligne-Mumford stack of finite presentation over S, admitting a projective coarse
moduli scheme X. We want to define a virtual fundamental class for K, (¥/s, 3,) relative

to the forgetful morphism

0: ICQJL(X/S? /877) - mstq‘,)vn/s?
following the construction of For this, we need a perfect relative obstruction theory
for 6.

3.1. The stack of morphisms

With notations as in Definition notice that 4 = C Xt Homzmgwn (C,X) is a

universal family for Hommgwn (C, X) and we have the following commutative diagram

(

4 4 - X

N

Kgn(¥/s, ﬁn) — @mg\yn (C,X)

3.1.1. Lemma. We have F* = Rf*(a*Qx/s R wz)[—1] € pCLo <Hom9ﬁ% (c, X)) and

coh
h' /o (F*®) is a vector bundle stack.

PROOF. Since X is smooth over S, the sheaf (2x/5 is a vector bundle over X. The
dualizing sheaf ws is a line bundle over €, because % is a family of curves with at most
nodal singularities (which are Gorenstein). Hence @*QX/S ® wr is a vector bundle on €.
Recall that the cohomology of the total pushforward is the higher pushforward sheaf.
Moreover, 7 is a flat projective morphism of relative dimension 1, so the i-pushforward
vanishes for ¢ > 1 by the cohomology and base-change theorem ([13] Corollary 8.3.4),
therefore

27
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Set F = J*QX/S R wz. Let Z be a m-ample line bundle then, for n big enough, # ® £"
is generated by global sections and R7,(# ® £ ") = 0. Thus we have a surjection

G=T'T(FRL")RL " = F,

and we denote by # the kernel. Notice that £ is a vector bundle because it is the

kernel of a surjection of vector bundles. Hence we get the following exact sequence
0 —» R'7,.# — R'7.9 — R'7,.7 — R'7. ¢ — R'7W.Y — R'7,.F — 0.

Since Rof*(ﬁ ® Z7™) = 0, we have that R7,.9 = 0 and thus R7,.# = 0. As
a consequence, R'7,.# and R'7,¥ are vector bundles and F* is quasi-isomorphic to
[R'7t, 4 — R'T.9). O

(_170)
coh

3.1.2. We define a morphism @: F* = 7>_1 L5 in D (Hommgwn c,x )) as follows.

By adjuction, this is equivalent to define a morphism
(¥ Qs ® wr)[—1] = L7 (LY).

Recall that if 7 is a flat proper Gorenstein morphism of relative dimension N, then
L7 = 7 ®wz[—N]. This applies in our case with N = 1 and we get LT = 7 ® wx[—1].
Hence to give the morphism p is equivalent to giving a morphism E*QX/S — 7" Lé. Notice
that Qx/s = LY /s since X is smooth over S (Theorem . We define the morphism
E*L} /s ﬁ*Lé as the composition
P LYy — Ly)s — Ly = 7L,

e Z‘f”n/s, %e = T LS follows from
the fact that 4" = C Xayw Homgpew (C,X) and the morphism C — M, is flat (Theo-

9,n/s
rem [2.3.1)).

3.1.3. Proposition. The pair (F*, %) defined above is a perfect relative obstruction
theory for 0.

where C is the universal curve of 9t the isomorphism L

PROOF. Let Speck z, Hoimgm?’vn (C, X) be a geometric point. Then Z corresponds to
a twisted pointed curve Cz over k together with a representable morphism ¢z : Cz — &,
obtained by pulling back (%,) along Z. Using Serre duality and cohomology and base
chage theorem ([13] Corollary 8.3.4), we have

H'(Ca, 5 Toys) = H' 7 (Co, T (9 Qs @ wr)) Y = WH(F0[=1))Y) = W ((LT* F*)Y).
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Now, let A’ — A = A’/1 be a small extension in (Art/és.) and consider a commutative

diagram

Spec A 2, Hoimimgyn (C,X)

| L

h/
Spec A/ ——— imf,‘fiL/S

In particular A’ corresponds to a family of twisted curves C4 over A’, obtained by
pulling back C — 9t

9,n/s

over A together with a representable morphism v 4: C4 — X, obtained by pulling back

along I/, and g corresponds to a family of twisted curves Ca

(¢,v) along g. Thus g extends to ¢’: Spec A’ — Homgpew (C, X) if and only if Py ex-
tends to ¢ 4 : Cx — X if and only if, by Proposition and Proposition
h' (") (obg(g, 1)) is zero in H'(Cz, @;TX/S) ® I. Moreover the extensions, if they ex-
ist, form a torsor under H(Cz, J;Tx/s) ® I. By Theorem (F*,p) is a relative
obstruction theory for 8 and, by Lemma F* is perfect. O

3.2. A perfect obstruction theory for K, ,(¥/s, 3,)

3.2.1. Corollary. Let E®* = Rm(¢¥"Qux/s @ wr)[—1] and let ¢: E* — 7>_1L§ be the
morphism induced by @. Then (E®,¢) is a perfect relative obstruction theory for 6.

PROOF. Since the natural inclusion j: K4, (¥/s, 8,) — Homgpew (C,X) is an open
immersion, it follows that Lj*L% = Ly, Lj*F* = E*, and ¢ = j*p. Hence, by Lemma
we have E*® € D((:;hl’o) (Kygn(¥/s,8y)). By Proposition we know that (F*,p) is a
perfect obstruction theory for @, hence h’() is an isomorphism and h~1(®) is surjec-
tive. Since the pullback j* is an exact functor, we have that h%(y) is an isomorphism

and h™1(y) is surjective, which implies the statement. O
3.2.2. Definition. We define the virtual fundamental class of K4, (¥/s, 3,) to be
Ko (X/5, B)"™ = [Kgn(¥/5, By), BT € Au(Kan(¥/5,5,)/5).

3.2.3. Remark. Consider the vector bundle stack p: &g = "'/n0(E®) — Ky n(¥/s, By).

Then, for a geometric point Z of a component K of K4, (¥/s,5,), by Riemann-Roch
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theorem ([2] 7.2.1),
rkZ* €y = dimh ™ (LZ*E®) — dim h°(LT* E®)
= dim H' (5, 5 T/s) — dim HO (5, 5 T))

= (9 — 1) rk(¥3Tx/s) — c1(V3Txys) - [65] + Z age(%;

= (g — 1) dimg X — ¢1(Tays) - ¥, [€5] + Z age(2

where age(%;) = age(y;T/s|s;) denotes the age of a locally free sheaf as defined in
[2] 7.1 (recall that the age is constant on connected components of Z,(X)). Thus the

dimension of [K]""* is

dimg MY, — rkT*€p = (dimg X — 3)(1 — g) + c1(Tx,,) - Uz Z age(®

3.3. Properties

3.3.1 ([2] 5.1). Let @™ (g1, Alg2, B) be the category fibered in groupoids over (Scb/s)
which parametrizes nodal twisted curves with a distinguished node separating the curve
in two components, one of genus g; containing the markings in a subset A C {1,...,n},
the other of genus g» containing the markings in the complementary set B. The category
DY (g1, Algo, B) is a smooth algebraic stack, locally of finite presentation over S. Let

g = g1 + g2, there is a natural representable morphism
gl: D™ (g1, Alge, B) — S)ﬁ;%
induced by gluing the two families of curves into a family of reducible curves with a

distinguished node.

3.3.2. Proposition. (1) Consider the evaluation maps és: Kgy a16(X, B1) — L,(X)
and ee: Kgy pie(X,B2) — Z,(X). There exists a natural representable mor-

phism
Koi,.aus(X, B1) X7 (x) Kgs,Bue (X, B2) = Ky, 495,408 (X, B1 + f2).

(2) Consider the evaluation morphisms & X eo: Ky_1 aue,e} (X, By) — Z,(X)? and
the diagonal A: T,(X) — I,(X)? . There ezists a natural representable

morphism

ICg—l,AU{i,o} (Xa ﬁn) Xfﬂ(;{p f,u(-)() — ’Cg,A(‘X’ 577)
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(3) We have a cartesian diagram

|_| ICg1,AL|5(X7/B].) XTH(X) ’CQQ,BI_IO(XaBQ) N ]C

JAUB XMB
Bl"l‘ﬁQ:ﬁn 91+92 - ( 77)

@tw(gh A|927 B)

tw
mgl +g2,AUB

PRrROOF. Follows in the same way as in [2] 5.2. O

3.3.3. By [2] 6.2.4, the morphism gl is finite and unramified, therefore, by [20] 4.1, it

induces a pull-back homomorphism on Chow groups
ol A(Kyn¥/5,8,) = @D AdKgrass(X.B1) x7, ) Kone(X, 52)).
B1+B2=0n
3.3.4. Proposition. Consider the diagonal A: T,(X) — Z,(X)? . We have
(1) gl! [ICQ,AHB(X7 Bﬂ)]virtzzﬂl-i-ﬁz:Bn A!([Kgl,Auil(Xv ﬂl)]virtx [KgmBu'(Xa 52)]virt);
(2) gl1Kg.a(X, B)]""" = Ay 1 augs,ey (X, B)]"".
PRrOOF. For the first part, by Proposition and Proposition [2.5.3
gll [’Cg,AuB(Xuﬁn)]Virt = Z []CghAl-ﬁ(Xvﬁl) XTH(X) ’ng,Bu-(X’/B2)]Virt-
/31+62:57]
Let us denote for simplicity L) = Kgi,408(X, B1) and K@ = Kgo.BLe (X, B2). Let E? be
the perfect obstruction theory of KU) as constructed in section then ET @ E3 is the
perfect obstruction theory of () x;, K@) Let E? 5 be the perfect obstruction theory of
KW X, (x) K@ . By considering the normalization sequence for a family of nodal curves
with a distinguished node % over K1) XZ,(X) K®), we get the following distinguished
triangle, as in [2] 5.3.1,
Bty — B @ By - B},
where ¥, can be identified with the cotangent complex of the map A in the same way
as in [2] 3.6.1. Then, by Proposition we get

A [y, a0 (X, BOI™ X [Kgy B (X, B2)]™) = [KCgy, 408 (X, B1) X7 () Ko, Be (X, B2)] ™
For the second part of the statement, we observe that, since A is a regular embedding,

A![Kgfl,Au{i,-}(XyBn)]vm = [KgflyAU{‘ﬂ}(X’/Bn) XTH(XP TM(X
and, by Proposition m the right-hand side is equal to gl' g a(X, Bn)]"irt. O

)]virt

)
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Gromov-Witten classes and invariants

4.1. Gromov-Witten classes

Let D be a Dedekind domain, set S = Spec D and denote by 7 the generic point of
S. Let X be a smooth proper tame Deligne-Mumford stack of finite presentation over S,
admitting a projective coarse moduli scheme X. Set X, = X xgn. Fix 8, € A1(X:/n)
and g,n > 0 with 29 +n > 3.

4.1.1. Remark. If S = Speck with k£ an algebraically closed field and if [ is a prime

different from the characteristic of k, we can define the [-adic étale cohomology as
HY(T(X), Z2) = lim HE (T,(X),%/172).
m
Moreover H"(Z,,(X), Q) = H"(Z,.(X),Z;) ®z, Q; and we have the cycle map

cl: A" (Tu(V)fk)g — H? (Z,u(X), Qu(r))
as described in [24] VI.9. We set H*(Z,(X)) = >, H(Z,(X),Q(T)), where T is the
integral part of 7/2.

4.1.2. Definition (Gromov-Witten classes). We define the linear operator

97 vﬁn A*( )/S)(gn - A* (my,n/S/s)Q

such that, given € A*(Z(X)/S)(%n

I;{”:BW (FYI R ® ’)/n) = ¢« (e*(l) N [K:g,n()(/s7 67])]Virt> 7

where q: Ky, (¥/s,8,) — Mg,n/s forgets the map to X, passes to the coarse curve and

stabilizes. If moreover S = Spec k with k£ an algebraically closed field, we can define

* (T n i
Ig,nﬁn H*(Z, (X)) — H* (Mg,ns)

as above, where, abusing the notation, we write [Kg,,(¥/s, Bn)]"irt instead of the corre-
sponding homology class cl <[}Cg7n(;\f/37 Bn)]virt)'

33
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4.1.3. Definition (Gromov-Witten invariants). We define

X _
(1%, 5 )(7) = /K

fory=m® --®wm€ A*(ZL(X)/S)S". If S = Speck with k an algebraically closed field
then (I, 5 )(7) is defined for every v € H* (TM(X))Q%.

) 0 Kgan(¥/s. B)]™)

(@
(¥/s,81)

g,m
91,8y
4.1.4. Notation. When S = Speck, we have X,, = X and hence we will simply write
B instead of f3,,.

4.1.5. Remark. We have that

/MM/S am.pn (Y /M )n/s 0l []Cg,n(X/SHBn)]virt)

e (9) N Ko (¥/5, B)]"™)

n (¥ /Sﬁn)(
<gnﬁn>( )

4.1.6. Definition ([2] 6.1.1). We define a locally constant function t: Z,(X) — Z by
evaluating on geometric points, t(Z,G) = r, where G is a gerbe banded by u,. We can

view t as an element of A%(Z,(X)).
4.1.7 (Alternative definition). Following the formalism of [2], we could define I;n, 3, as
a linear operator A* (j“(X)/S)Sn — A*(Z.(%)/s)q such that

n

I;\:nﬂn (71 R ® ’Yn) =T €ntlx <<|_| e:(%)) N [KQ,TL—I—I(X/S, 5n)]virt) '

With this definition,

n—1
<‘ ef(%’)) N [’Cg,n(x/swgn)]ﬁrt) N (vn)

< 71 ) g n(X/Sa Bn)]virt N é:H—lL* (7n)>
=1

n—1
_ 6 nX ’ virt 6: "
Lo (60 mttss =i

= <Ignﬁn>(
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4.1.8. Remark. Let M be a proper Artin stack over a field k. Let L be a finite algebraic
extension of k, then My = M x; L “% M is smooth and finite of degree [L : k]. By
[14] 1.7.4, pr.p7, = [L : k], therefore pj gives an isomorphism A, (M/k)q = Ax(Mr/L)q.
Let k be an algebraic closure of k and set M = M xj k, then A, (M/k) = lim A (Me/L),
where the limit is over all finite algebraic extensions L of k£ such that L C k. There
is an induced homomorphism p: A,(M/k) — A.(M/k) which gives an isomorphism
AcM/k)g = Ac(M/k)g; for all B € A(M/k) we set B = p(B). The same holds for
bivariant Chow groups A*(e),.

4.1.9. Proposition. Let X' be a smooth proper tame Deligne-Mumford stack of finite
presentation over a field k, admitting a projective coarse moduli scheme X, and set
X =X xy k. Then, for all v € A*(T“(X)/k)gn,

Ins (D) =I5, 5(0)-

PROOF. Let L be a finite algebraic extension of k and set X7, = X' x; L. Let 8, = p} .
Notice that Ky (¥2/L, L) = Ky n(¥/k, 8) X L and thus, by Proposition [2.5.3]

(g (X, O™ = [Kgn(Xe/2, B € Au(Kon (Vi B)fk) 22 Ay (Ko (V12 B1)/L) .

Then for all v € A*(T;L(X)/lc)gn, we have I;(’;JL 5, (1) = I, 3(7) and therefore, passing to

the limit, we get I:n,ﬁ(l) = I;‘fn,ﬂ(l). O

4.2. Comparison of invariants in mixed characteristic

Let D be a Dedekind domain, set B = Spec D. We denote by 1 = Spec K the generic
point of B and let by, by € B be closed points of B. Let m: Y — B be a smooth proper
tame Deligne-Mumford stack of finite presentation over B, admitting a projective coarse
moduli scheme Y and set Y, =) xpn, Y =Y xp by, for h =0, 1. By [14] 20.3, there
are specialization morphisms op,: Ay (Yn/n) — Ax(Yn/bn) for h = 0,1. Let b, = Specky,
and let k; be an algebraic closure of kj, for h = 0,1. We set b, = Specky. Recall
that the cospecialization map gives an isomorphism H*(Z,()o)) = H*(Z,(Y1)), where
Vi = Vh Xk, kp for h=0,1 ([24] V1.4.1).

4.2.1. Theorem. Let 5 € Ai(Y+/n) and set By, = on(B) for h=0,1. Then
I;iiﬁo (l) = I;;,Bl (1);

for every v € H*(ju(yo))@m = H*(Tu(yl))@m-
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PROOF. Let Ry, be the localization of D at by, for h = 0,1, then Ry is a discrete
valuation ring with generic point 1 and closed point by. Let Ry, be the completion of
Ry, then Ry, is a complete discrete valuation ring with closed point b, and generic point
N XR, Rh. Moreover Ryp ®p R; = K and hence 1 xpg, 1:20 =1 XR, Rl. We denote by
N = Specf( the generic point of Ry,. Set Y, = Yx p Ry, and )777 =Yxpn. Letip: Yy — Vh
and jp,: J% — V), be the natural inclusions. Let 3 € A;(¥,/q) be the pullback of 5. We

have the following cartesian diagram

Kyn /s B) = Ko (Onffir, B) —— K/, Bn)

]

gﬁgﬁn/ﬁ S):ng,n/[ah m!]»"/bh

Let K be an algebraic closure of K. We set 8 = p(B) € A1(Y./7), where 7 = Spec K
and YV, = Y xp 7. By [14] 20.3.5 and Theorem [B.1.2} there exists a specialization

homomorphism
o A (’Cg,n(yn/ﬁu E)/ﬁ)@ — A, (’Cg,n(yhﬁhagh)/gh)(@,

and, by the functoriality of the virtual fundamental class (Proposition [2.5.3)),

~ — —\ 7 Virt — — \qVvirt
Th([Kgn(Vo/m B ) = [Kgn(Vn/on, Bp)]
By [24] VI.4.1, there are isomorphisms H*(Z,(Y,)) = H*(Z,(Yy)) for h = 0,1, com-

patible with evaluation maps. It follows that, for h = 0,1, h (v) = o ~(v) for
gvnvﬁh gvn7ﬁ

v e H*Z,(Vn)"". O

4.2.2. Corollary. Let X be a smooth proper tame Deligne-Mumford stack of finite
presentation over a field k, admitting a projective coarse moduli scheme X. Then the

Gromov- Witten invariants <I;Yn ) are invariant under deformations of X.

4.3. Axioms

Let X be a smooth proper tame Deligne-Mumford stack of finite presentation over

an algebraically closed field &k, admitting a projective coarse moduli scheme X.

Effectivity. Let A;(X/k)_ be the set of 3 € A1(X/k) such that §-c1(Z) > 0 for

every ample line bundle .Z. Then I;fn”@ =0, for all B ¢ A1(X/k),.
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PROOF. If Ky (¥/k,8) # 0 then g = f,[C] for some stable map (C,x;, f), hence
B € A1(X/k),. It follows that Ky, (¥/k,B) = 0 for every 8 ¢ A1(X/k),, and thus
[Kgn(¥/k, B = 0. O

S,-covariance. For all v; € H™i(Z,(X)), we have

I, s ® - ®7% @741 @ @) =(—1)" MY 5(71 @@ Yip1 ® % O @ Yn).-
PROOF. The statement follows from the following ([24] VI.8)

N @Y ®Yig1® - @Y= (—1)"""H Y ® @197 ® Q@ € H(Zu(X)"). O

Grading. Let us set H}(X) = H*(Z,(X)). We consider H,(X) as a graded group
with the following grading HZ'(X) = @q H™ 22D (Q), where the sum is taken over

all connected components 2 of Z,,(X). We have
I;\jnﬁ: ® Hg?z (X) N H2m¢+2((g*1) dimy X—c1(Txy;,)-B) (ﬂg}n/k).

PrROOF. Let T = (C — X,¥q,...,%,) be a geometric point of a component K of
Kgn(X,B) then, for i = 1,...,n, we have evaluation maps e;: K — €; for connected
components {2; of T 4 (X). Since the age only depends on the connected component, we

have age(X;) = age(€;). The virtual fundamental class [K]*"™" is a cycle class of dimension

(dimg & —3)(1 = g) + c1(Twp) - B— D age(Si) + n
i=1

Notice that v; € H (X)) = H™ 222 (Q,). Tt follows that Ignﬁ 0.1 (7) has degree

2(3g—3+n)— ((durnk)( 3)(1=g)+n+eci(Txy)-B Zage >
+Z( —2age(92 Z:mZ +2((g — 1) dimp X — ¢1(Txy,) - ). O

Fundamental class. Let ¢, : M, .+ Vi ﬂg,n/k be the natural functor that for-
gets the last marked point and stabilizes. We have
I;nJrlﬁ(. ® id) QOnIg n ﬁ( )

ffu(X) %71 Uty if 5 =0

Igc,:s,ﬂ(% ® 7 ®id) =
0 otherwise.
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PROOF. Let us form the cartesian diagram

Pn  —F
Moo 1s 22 Moo

and notice that M is the algebraic stack of twisted stable maps of genus g and class
with n+ 1 gerbes which remain stable if we forget the last gerbe. In particular there is a
regular embedding i: M — ICy 1(¥/k, ) which commute with 6,1 and 6. If we define
a virtual fundamental class [M]Virt relative to  as described in section then

g (¥k B = (M.
If we define a virtual fundamental class [N]"" relative to 8 then, by Proposition m
] [ ( /k )]vlrt J-*[N]virt — [M]virt'

Let ¢: N'— My, n 11, and let m: Z,,(X)" 1 — Z,(X)" be the projection on the first n
components. Moreover we denote € = e,,y0p, € = €(,,41)0t and observe that g,10i = goj.
We have that

1500 ©1d) = gugre (€0 (r 1) 0 [Kgnia (Ve B
= Gnr1ats (€5 (y @1d) N3 [Kgni1 (Y/k, )]virt>
e (eao st
— G (16" (@ 1) N (4 )
=05 (e ) 0 Ky (¥ ™)
= tor (¢ ) 1 Ko (¥, 5 ™)

The remaining part of the proof follows from the same arguments of [2] 8.2.1. O
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Divisor. We have, for all v € H*(X),

el p(0®@7y) = (8-, 5(e).

Proor. Consider the functor

P Kgn+1(X/k, B) = Kgn(¥/k, B)

which forgets the last gerbe and stabilizes, and let
P =@ X ent1: Kgnp1(X/k, 8) = Kgn(¥/k, B) X1 Zpu(X)
. By the Kiinneth formula ([24] VI.8), we can write
PellCo 1 (X B = [y (¥/k, )™ @ B’ + 1,
where 8 € H*(Z,(X)) and a € H™(Kyn(¥/k,8)) ® H(Z,(X)), with m less than the
degree of [ICy n(¥/k, ﬁ)]"irt. The class 8’ can be calculated by restricting to what happens
over a generic point of Ky, (¥/k, 3). Representing such a point by £ = (C,31,...,%,, f),

we have the cartesian diagram

¢ T,

£

hi

Kgni1(X/k, B) = Kyn(X/ks B) x5 Tu(X) —— Ky (X/k, )

where, for £ generic, the map 4 is a regular embedding, hence

i!SO*[ g1 (X/k, B )]Virt = f*i![Kg,n+1(X/kaﬁ)]Virt = f[C] = B,

on the other hand

B g1 (5o B = i (g (X0, B ™ @ B+ ) = B



40 4. GROMOV-WITTEN CLASSES AND INVARIANTS

It follows that 3’ = 3. Then

‘P*I;Y,nJrl,B(l ® ) = Paln+1x (é(knﬂ)(l @) O [Kgmi1(X/k, ﬁ)]virt>
= GnaTrx P (W(e(n) % id)" (7 @ ) O [Kgmir (Y, B)]virt)
= QT ((e(n) X id)*(y ©7) N &*[K97n+1(x/k’ﬁ)]virt>
= gt ((eguy x 1) (3 @) 0 ([ (¥, B x 8+ )
= tne (e N Ky (¥ BT (3-7)
— (8-, 5(0)- -
Splitting. Let g1, g2,n1,n2 > 0 be integers with 2g;+n;+1 > 3, and set g = g1+ g,
n = ny + ng. Let
gl: My i+ 1k Xk M,y + gy = ﬂg,n/k,

be the natural functor that identifies the last marked points. Let v =71 ® - - - ® v, then

It X X X
gl Ig:nﬁ (1) = Z Iglvn1+1,51 ® Igz,n2+1,52 (1 ® [A])’
B1+p2=p

where A is the diagonal in Z,,(X)? (1.3.6).

PROOF. Let us notice that A;(X/k), is a commutative semigroup then, by effectivity,
the sum is finite. Denote for simplicity (%) = Kg;mj+2(¥/k, B;) for j = 1,2. Let us

consider the following commutative diagram

KB x,, Ko(B) 2 KB %z, ) K —— Ky u(¥/k, )

i q
q1,2 ‘q ‘

_ _ gl —
Mg1,n1+1/k Xk Mgz,n2+1/k ’ Mg»n/k

where the square is cartesian by Proposition Moreover, we have the following

cartesian diagram

KO xz ) K A 1) x, KB

1 helg
7

TM(X)n—i-l
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By Proposition [3.3:4]

[ gn(¥/k, B)] Vlrt Z A gl,m-I-l(XaBl)]Virt X [Kgana+1(X, Ba )]Vlrt)
B1+B2=p

Then we have

BT50(0) = gl (€2) O UCon(¥ 5))
GORICN
= G« (E*ﬂ*(l) N gl [Kgn (¥, 5)]Virt>
= Y B (T i) 1A Ky (X BT Ky 1 (X, 52)] )

= Z q1,2% (3*?(1(8 id) N ([Kygy ny+1(X, Bl)]virt % []Cg27n2+1(X,52)]Virt)>
B1+B2=p

>, @2 (6’{,2(1 @ [A]) N ([Kgy 1 (X, BOI™ X [Kgpnat1 (X, 52)]““))
B1+B2=p

= Y s 0 s (@A) 0
B1+B2=08

Genus reduction. Let gl: M, 1 .+ 2/ = mg,n/k be the natural functor that iden-
tifies the last gerbes. We have

glIgn,B( ) Ig 1n+26( ®[A])a
where A is the diagonal in Z,(X)? (1.3.6).

PROOF. Let us consider the following commutative diagram
Z —
Kg—1n+2(¥/k, B) ——— Kg—1,n+2(¥/k, B) X7, (202 Lu(X) — Kgn(¥/k, B)

qn+2

—-— gl I
Mgfl,n+2/k Mg’n/k




42 4. GROMOV-WITTEN CLASSES AND INVARIANTS

where the square is cartesian. Moreover, we have the following cartesian diagram

= A
Kg-1nt2(*/k, ) XT,(x)2 Zu(X) = Kg-1nt2(¥/k, B)

e €(n+2)

idx A

j'u(X)Tri’l jﬂ(%)nJrZ

By Proposition [3.3:4]
el [Kgn (¥, O™ = A([Kg-rns2(X, B)]™).

Then we have
&T5(1) = 8l (€l (1) N KCon (X5, B)]™)
= sl (€1 (2) 1 [y ) )
= G« (’é* “(7) N gl' [Kgn(X/k, B )]Virt)
& (y ®id) N AKg—1,n12(X, 5)]virt)
= guioe (B (1) 1 [y 1 mpa (¥, A)]™)
= Qn+2« (efnﬂ) (Y @ [A]) N [Kg—1ns2(X, B)]virt)

=17 | 2 p(y ®[A]).

/N

= Qn+2*A*



CHAPTER 5

Genus zero invariants in positive characteristic

5.1. Gromov-Witten potential

Let X be a smooth proper tame Deligne-Mumford stack of finite presentation over
an algebraically closed field & (of arbitrary characteristic), admitting a projective coarse
moduli scheme X. Fix f € A;(X/k) and n > 0. Let [ be a prime different from the

characteristic of k.

5.1.1. Remark. Recall that we defined on the group H(X) = H*(Z,,(X)) the follow-
ing grading HT(X) = @g H™ 226 (Q), where the sum is taken over all connected
components Q of Z,,(X). By [24] V.1.11, H(X) =Y., H"(Z,(X),Q,(7)) is finitely gen-
erated over Q;. Let Tp = 1,T1,...,T,, be generators for H} (X). For each i = 1,...,m,
we introduce a variable ¢; of the same degree of T;, such that the ¢; supercommute, which
means

tz‘tj — (_1)degti degtjtjti,

and t7 = 0 if ¢; has odd degree.

5.1.2. Remark. If ; € Hi"(X) then <I§n’5>(v1 ® - @) € Q is zero unless

Sy = 2(dimy X + e1(Ti) - B).
i+1

5.1.3. Notation. We denote the vector (ag,...,an) as a; we set |a] = ag + -+ + ap

and a! = ag!- - - a;y!. Moreover we set <I(;)v7n76> =0 forn < 3.

5.1.4. Definition. Let v = Y t;T; (regarding T; and t; as supercommuting variables).
We define the genus 0 Gromov- Witten potential as the formal series
Lo~
Y Y Laaeme
n>0B€A1(X/k)
where ¢? is a free variable of degree § - ¢; (Txy,) and

<Ion5>( "= ea )<Ion/3>(Ta)7

la|=n

43
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with €(a) = +1 determined by
(tOTo)aO e (tme)am — E(Q)Toao .. T,’glmtgo - tgnm.

5.1.5. Remark. By effectivity axiom, the Gromov-Witten potential is a formal series
in R = R[to, ..., tm], with R =Q[¢"; B € A1(X/r),].

2. Quantum product

By [24] V1.8, H*(Z,,(X) %, Z, (X)) = H*(Z,(X))®H*(Z,(X)). Let A be the diagonal
in Z,(X)? (1.3.6), then

A} = defTe ®Tf
6’f

5.2.1. Definition. We define

Extending this linearly gives the (big) quantum product on Hi (X, R).

5.2.2. Remark. Notice that the Gromov-Witten invariants with n < 3 do not affect

the quantum product.

5.2.3. Lemma. For all %,j, h, we have
1
8t at 875 Z Z ﬁ<—’({n+3,ﬁ>(ﬂ RT; T, ® g’
h n>0 Be A1 (X/k) :

PRrROOF. For simplicity, we will assume that H} (X, R) has only even cohomology so

that we don’t have to worry about signs. We have

PFo(y) Y Tat B_ZZI (7% q
8ti8tj8th Otzatjath o el = On,B | y

where ¢ = a—¢; —ej —ep and ¢; = (0,...,0,1,0,...,0) with 1 in the i-th position.

Moreover

Z (o) (GOT@Ther")g’ =) Y (5L T ®Th®T“)
nvﬂ TLB‘[Il -

_Z Z IOn+3,,8 Ta-i-eri-@g-i-eh)a'qﬁ' 0
n, B la|=n+3
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5.2.4. Theorem (WDVV equation). The Gromouv-Witten potential satisfies the equa-

tion

83(1) gef 83(1) _ _l)degti(degtj-‘rdegth)z 63(1) gef 63(13
" atﬁtjé)te 8tf8th8tl " 8tj8thate 8tf8tiatl ’

for all i,3,h,l.

ProOF. For simplicity, we will assume that H}, (X, R) has only even cohomology so
that we don’t have to worry about signs. If we set
R

F(ij|hl) = of O°0
I = oot ot oo

then we want to show that F'(ij|hl) = F(jhlil). Consider the following cartesian diagram

D(ij|hl) Mo,n 1y,

| i

J— — gl
Spec k = MO,{i,]’} u./k Xk Mo,{h,l} u./k — M0,4/k

where the image of gl is a boundary point of ﬂo,% = IP}C. Since the boundary points are
linearly equivalent, the same is true for the fibers of p over these points, hence D(ij|hl)
and D(jhlil) are linearly equivalent divisors in Mo, +4/. Let AU B be a partition of
{1,...,n+4} such that i, j € A and h,l € B. Let us set ﬂA’B = MO,AU./k Xkﬂo,BUo/k

and form the fiber square

D(A|B) —— D(ij|hl)

I

PR g N
MA7B e MO,n+4/k

then D(ij|hl) = | |au=11,....n+4y D(A|B). We set
i,j€EA, hleB

K(ﬁhﬁz) _ ICQAU.(X/k’Bl) Xk /C(LBUo(X//f,BQ)-
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Let us set for simplicity v, = T;®T;®y™ and v, = T, ®1;®~"2. Then, by Lemma

and splitting axiom,

.. 1
F(ijlhl) = Z W<I§,n1+3,61>(T€ ® 7n1)96f<186,n2+3,,32>(Tf ® Yng)q"

B1,62,n1,n2,¢,f

g E E 6 T ® Tn X Tf & Tn )q
| vir (1 2)( € 1 2
Bn Br1+P2= n: 7’L2 Kb ﬁQ)] t

ni1+no= n

= . A . 3
Z Z nl'n2 /]C<Bl 32)]v1rt (172)(7 1 ® [ ] ®’Y Q)q

Bn Bi+B2=p

ni+ng=n

1
:Z Z m — glIOn+4ﬁ(E®T’J®Th®ﬂ®7n)qﬁ
Bmn AUB={L,...n+4} = ‘Mas
i,jEA, h,leB

Z Z / on+4ﬁT®7}®Th®Tz®7")q5

n AUB={1,.. n+4}
1,jEA, hleB

/ I§n+475(ﬂ®1}®Th®ﬂ®'y")q5.
(ij]hl)

1

n!
,n

=

Since D(ij|hl) and D(jhl|il) are linerly equivalent, it follows that F'(ij|hl) = F'(jh|il). O

5.2.5. Proposition. The quantum product is supercommutative with identity Ty and

associative.

Proor. By Lemma and S,-covariance axiom,

1
TixT5 = Z E<I({n+3,ﬁ>(ﬂ T @ T, @) g T’
/87n7e7f )
1 .
= Z E(_l)deng deg T} <IO 3 5>(TJ RT,T. ® ’7”)96fo(]’8
ﬂ7n767f ’
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Let A: Z,(X) — Z,(X)? be the diagonal and let p;: Z,(X)? — Z,(X) be the
natural projections for ¢ = 1,2. By the fundamental class axiom,
T; = pou A (AP} (T))
= p2:(p1" (1) U [A])
=" g pau (1) ® Tp) U (Te @ Ty))
e, f

= g (T UT) © Ty)
e, f

= (1330)(To @ T, @ T)g* Ty.
e’f

Moreover, we have (I()fn+3ﬁ>(o ® Tp) = 0 unless = 0 and n = 3. Therefore

Lox
ToxTi = Z a(lo,n+3,ﬂ>(T0 ®T; @ Te @v")g* Trq”
ﬂ7n7e7f
= Z<Iéf3,o>(T0 ®T,@T.)g Ty =T,

e7f
Finally, we prove that the quantum product is associative. For simplicity, we will assume
that H} (X, R) has only even cohomology so that we don’t have to worry about signs.
We have

03P Foati PP
TT)sTh =S — o g T, «T), = °f T,
)t ;miatjateg = ) otoror.” otsonor’

and

since the quantum product is supercommutative. Therefore, associativity follows from

Theorem (.2.41 O

5.3. Reconstruction for genus zero Gromov-Witten invariants.

5.3.1. Theorem. If HY(X) is generated by HZ(X) then every genus zero Gromov-
Witten invariant can be uniquely reconstructed starting with the following system of

Gromouv- Witten invariants
{5 ®v2®73) | B+ c1(Tap) < dimp X +1, degys =2} .

PROOF. Apply the WDVV equation (Theorem [5.2.4) to 1 ® - - - ® yp41 with indeces
{i,7,h,1} ={1,2,n,n+ 1}. Let us define a partial order on pairs (8,n), with n > 3 and
B € A1(X/k), by setting (3,n) > (8',n') if and only if either § = '+ " or § = 3" and
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n > n'. Then there are four terms of higher order in the WDVV equation each of the
form
Lip = Z<IOX,3,O>('Ya ® v ® Te)gefa(/)\jn—lﬁ)(Tf ® (®s¢a,b78))a

e7f
with (a,b) € {(1,2),(n,n + 1),(2,n),(1,n + 1)}. As shown in the proof of Proposi-

tion [5.2.5[ we have

Ya Uy = Z<Iéf370>(7a ® Y ® Te)gefTﬁ
67f

hence I = <I({n—1,/3>(7a Uy ® (Rszap7s)). Let us consider <IOX,n,B>('Yl ® @) If
degvy, = 2, then we can apply divisor axiom to reduce n. Otherwise, since H} (X) is
generated by HZ(X), we can write v, = >, 8/ U d;, with degd; = 2. By linearity, we
can assume v, = 0’ Ud, with degd = 2. Apply the construction above with =, = ¢ and
Yn+1 = 6. Then, by WDVV equation, we get

(1018 (MU R R Y1 ®6 ®6) £ (I, 15 (N @ @ Yp1 ® UJ)
i<IOX,n—1,ﬁ>(% Ud @%@ Y1 ®0) + <I())(,n—1,ﬁ>(71 QYU g -1 ®F) =
= a combination of higher order terms.
By divisor axiom, the first and the fourth summands are lifted from Mo, . - 1 /i Moreover
in the third summand we have deg ¢’ < deg~,. If degd’ = 2 then, by divisor axiom, we
can reduce n, otherwise we repeat this trick and in a finite number of iterations we will

reduce n. Finally, we can apply the procedure described above to <16‘f3’ g/ (M @72 ®73)
and decrease degy3 > 2. O



APPENDIX A

Deformation theory

A.1. Formal criteria of smoothness

We recall a few results on smoothness and formal smoothness of morphisms of

schemes and algebraic stacks.

A.1.1. Definition. A morphism of schemes f: X — Y is smooth if it is flat, locally
of finite presentation and the fibers of f are geometrically regular (i.e. for every point

z € X, all the localizations of Ox . ®¢,, ,, k(f(2)) are regular, where k(f(z)) is an

)
algebraic closure of the residue field of f(z)).

A.1.2. Remark. If Y is locally Noetherian, then f is locally of finite presentation if
and only if it is locally of finite type ([17] 1.6).

A.1.3. Definition. A morphism of schemes f: X — Y is formally smooth if for every
ring A, for every nilpotent ideal I C A and for every morphism of schemes Spec A — Y,

the canonical map
Homy (Spec A, X)) — Homy (Spec 4/1, X)

is surjective.
A.1.4. Remark. Both smoothness and formal smoothness can be checked locally.

A.1.5. Remark. It is enough to verify the condition of formal smoothness only on
ideals I C A with I? = 0. Indeed, let A be a ring and I C A a nilpotent ideal. In
particular I™ = 0 for some n. Consider A; = A/r' for i = 1,...,n. Then A; 1 = 4i/J,,
where J; = I'/ri+1. Notice that JZ-2 = 0 and we have the following sequence of surjective

maps
Homy (Spec A, X)) — Homy (Spec 4/1"~*, X') — --- — Homy (Spec 4/1, X).

A.1.6. Proposition ([18] Corollary 17.5.2). Let f: X — Y be a morphism of finite
type. Then f is smooth if and only if it is formally smooth.

49
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A.1.7. Proposition ([24] Proposition 1.3.24). Let f: X — Y be a morphism of finite
type. Then f is smooth of dimension d if and only if locally it can be written in the form
Spec S — Spec R with S = Rlz1,---,2ate]/(p,,...,p,) and the matriz of partial derivatives
(9pi/5x,;) has rank r at every point of Spec S.

A.1.8. Lemma. Let f: SpecS — Spec R be a morphism of finite type. The following

are equivalent:

(1) f is smooth;

(2) for every prime ideal p C R, the induced morphism f,: Spec S®rR, — Spec Ry,
18 smooth;

(3) for every prime ideal p C R, the induced morphism fp: Spec S®RRp — Spec Rp

s smooth.

PRroOOF. Notice that S ®p Rp = (S®r Rp) ®r, IA%p. Since smoothness is stable under
base change ([18] Proposition 17.3.3) we have (1) = (2) and (2) = (3).

We want to prove (2) = (1). Assume by contradiction that f is not smooth then,
by Proposition we have S = Rlzi,-- - za]/(p,, ..., p,) and there exists a prime ideal
q C R[x1,...,x,) such that p1,...,p, € q (hence q corresponds to a prime ideal q' C S)
and -/6z; € q for all j. In particular p, € q%. Let f*: R — S be the homomorphism
induced by f and let p = fﬂ_l(q’). Notice that Spec S @r Ry = Belea--szal/(p,,... p,)
with p, € g?Rp[x1,...,2,]. Since the relative dimension of f and f, at q’ are the same,
we get that fy is not smooth, which contradicts (2). Hence f is smooth.

Finally we prove (3) = (2). We assume that R is a local ring and that the morphism
f: Spec S ®r R — SpecR is smooth, then we want to prove that f: SpecS — R is
smooth. Assume by contradiction that f is not smooth then, by Proposition
we have S = Rz, znl/(p,,...,p,) and there exists a prime ideal q C R[z1,...,Zy)
as above such that p, € g?. Notice that SpecS ®p R = Rlzy,...,z.)/(ps,...,p,) With
pr € qR[z1,. .., ). Since the relative dimension of f and f at ¢’ are the same ([6] Corol-
lary 11.19), we get that f is not smooth, which contradicts (3). Hence f is smooth. [

A.1.9. Proposition. Let f: X — Y be a morphism of finite type. Then f is smooth
if and only if for every point x € X, for every Artinian local Oy, y,-algebra A and for
every ideal I C A such that I? = 0, the canonical map

Homy (Spec A, X) — Homy (Spec 4/1, X)

18 surjective.
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PROOF. Since both conditions are local, we can assume X = Spec S and Y = Spec R.
Moreover, by Lemmal[A.T.8] we can assume that R is a local ring. If f is not smooth then,
by Proposition we have S = Rlz1,.-,2a]/(p,,...,p,) and there exists a prime ideal
q C R[z1,...,2y,] such that p1,...,p, € q (hence q corresponds to a prime ideal q' C S)
and p; € g for some i. In other words, we can write S = 7/J with SpecT — Spec R
smooth and 0 # J C g2. Notice that we can assume that q C 7' is maximal. Then there

exists 4 such that J C q* but J ¢ ¢**'. Consider the following commutative diagram

Notice that A = T/qi+! is an Artinian local R-algebra and 7/qi = A/1, where I = a'/qi+
and I? = 0. Then by assumption there exists a lifting $: S — A of . Moreover, since T
is smooth over R, there exists a lifting 1[): T — A of 9. in particular we get the following

commutative diagram

T — A= T/qz'+1

|

S=T/

which is absurd since J ¢ q**!. Hence f is smooth. n
A.1.10. Proposition. Let f: X — Y be a morphism of finite type. Then f is smooth

if and only if for every geometric point T of X, for every Artinian local ﬁy’f(f)—algebm

A and for every ideal I C A such that I? = 0, the canonical map
Homy (Spec A, X) — Homy (Spec 4/1, X)
18 surjective.

Proor. Follows from Lemma and Proposition O
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A.1.11. Definition. A morphism of Artin stacks f: X — Y is smooth if for every

commutative diagram

7
‘|
X

Ty
v
!
e

Y

where U, V are schemes, u, v are representable and smooth, and U — X xy V is smooth,

then fv is smooth.

A.1.12. Remark. If f is representable then the condition above is equivalent to require
that for every morphism V' — Y from a scheme V, the induced morphism V xy X — V

is smooth.

A.1.13. Proposition. Let f: X — Y be a representable morphism of finite type of
Artin stacks. The following are equivalent:
(1) f is smooth;
(2) for every geometric point T of X, for every Artinian local ﬁyﬂ@—algebm A and
for every ideal I C A such that I> = 0, the canonical map

Homy (Spec A, X) — Homy (Spec 4/1, X)

1S surjective;
(3) for every smooth representable morphism w: W — X from a scheme W, the

morphism [ ow is smooth.

PROOF. We prove (1) = (2) = (3) = (1). Let T be a geometric point of X and let

A and I be as in the statement. Consider a commutative diagram

Spec A/1 X x

Spec A 7,

We claim that if f is smooth then there exists a morphism g% : SpecA — X such
that ¢’y 0t = gz, fogy = g4. Set V. = Spec4/r and U = V xy X. If f is smooth
then, by definition, the induced morphism f: U — V is smooth. Notice that ¢ and gx
define a unique morphism gy : Spec4/1 — U such that fo gu =i, uo gy = gx. By
Proposition there exists a morphism gj;: Spec A — U such that g, 0 i = gy,

fo g’U = id. Then we can take 93( =uo gb-
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Let w: W — X be a smooth representable morphism from a scheme W. The mor-
phism f o w is smooth if and only if, for every morphism v: V' — Y from a scheme V,
the induced morphism V xy W — V is smooth. Set U =V xy X, Z =W Xy V, and let
]7: U —V,w: Z — U be the induced morphisms. The morphism fo w is smooth if and
only if, for every geometric point T of Z = V xy W, for every Artinian local ﬁvj—algebra

A and for every commutative diagram

Spec4/1 2.z

i l J fofﬁ
g/

Spec A v, \%4

where I C A is an ideal such that I? = 0, there exists a morphism gy Spec A — Z such
that ¢/, 0@ = gz, fo wo gy, = gy Let us fix such data. By assumptions, there exists
a morphism gf;: Spec A — U such that gj, o i = w o gz, fo gy = g, Moreover w is
smooth thus there exists a morphism g, with the required properties.

By Proposition f is smooth if and only if, for every morphism v: V — Y
from a scheme V| for every geometric point Z of U = V xy X, for every Artinian local

ﬁvyf—algebra A and for every commutative diagram

Spec A/1 U

I

Spec A v,
where I C A is and ideal such that I? = 0, there exists a morphism gyt SpecA — U
such that gj,0i = gy, fog’U = ¢} . Let us fix such data. Let w: W — X be a representable
smooth surjective morphism from a scheme W. Set Z =W xx U and let w: Z — U be
the induced morphism, which is smooth and surjective. Then T — U factors through w
and there exists a morphism gz : Spec4/r — Z such that w o gz = gy. By assumptions,
fo@ is smooth and thus there exists a morphism g7, : Spec A — Z such that ¢, 0i = gz,
fowo g = g{,. Therefore we take g;, = w o g/,. O

A.1.14. Proposition. Let f: X — Y be a morphism of finite type of Artin stacks.
Then f is smooth if and only if, for every geometric point T of X, for every Artinian

local ﬁyvf@-algebm A and for every ideal I C A such that I? =0, the canonical map
Homy (Spec A, X) — Homy (Spec 4/1, X)

18 surjective.
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PROOF. Let us assume that f is smooth and let Z, A and I as in the statement.

Consider a commutative diagram

SpecA/1 P x

Spec A Yy

We want to show that there exists a morphism ¢’ : Spec A — X such that ¢y oi = gx,
fogy =gy . Let v: V =Y be a representable smooth and surjective morphism from a
scheme V, then T — Y factors through v. By Proposition[A.1.13] there exists a morphism
gy Spec A — V such that v o g, = gy Let us form the fibre diagram

U v
ol K
X Y

- k-

Then v is smooth surjective and, by assumptions, fis smooth. Moreover there exists a

unique morphism gy : Spec4/r — U such that v o gy = ¢gx, fo gu = gy o i. Thus, by
Proposition [A.1.10, there exists a morphism g;;: Spec A — U such that g;; o1 = gy,

fogy = gy It follows that ¢’ = uo g[; has the required properties.

Now we want to prove the other implication. Let us consider a commutative diagram

U 14
ul Jv
X Y

-k

where U, V are schemes, u, v are representable and smooth, and u: U — X xy V is
smooth. By Proposition f is smooth if and only if, for every geometric point T
of U, for every Artinian local ﬁv, f(f)—algebra A, for every ideal I C A such that I? = 0,
and for every commutative diagram

SpecA/1 LN U

Lo, b

Spec A Ly

there exists a morphism gj;: Spec A — U such that fo 9y = 9> gy ot = gu. Let us
fix such data. By assumptions, there exists g’y : Spec A — X such that ¢’y oi = uo gy,
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fogy =vog. Let us form the fibre diagram

w-Lv
Xfﬂi

There exists a unique morphism gy, : Spec A — W such that wo gj;, = ¢y, fo 9w = 9y -
Since @ is smooth, by Proposition [A.1.10| there exists a morphism gj;: Spec A — U with
the desired properties. O

A.2. Deformation theory

We review some results of deformation theory (for further details see [30], [19]).
Let S be a scheme. We consider Artin stacks of finite type over S. Fix a geometric
point Speck = S of S. Let A = O and consider the category (Art/A) of local artinian
A-algebras with residue field k.

Let F — (Art/A)°PP be a category fibered in groupoids. Let us consider two morphisms

't A — Aand 7n”: A” — Ain (Art/A), with 7" surjective. We form the cartesian diagram

11

Ay A = AT

A/
then the functors
F(r')o F(¢), F(n")o F(¢"): F(A x4 A”) — F(A)
are isomorphic and we get an induced functor
U: F(A x4 A") — F(A) X F(A) F(A").

A.2.1. Definition. A deformation category over A is a category fibered in groupoids
F — (Art/A)°PP guch that, given morphisms 7': A" — A and 7”/: A” — A in (Art/A), with

7" surjective, the functor V¥ is an equivalence of categories.

A.2.2. Definition. A small extension is an exact sequence
0=I—-A A0

in (Art/A) such that Imy = 0, where my/ is the maximal ideal of A’.
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A.2.3. Definition. Let F, G be deformation categories and v: F — G a functor of
categories fibered in groupoids. Let T v and T?v be k-vector spaces. We say that v has

tangent space T v and obstruction space T?v if, for every small extension
01— A =40,
there is a functorial exact sequence
T @ I — F(A') = F(A) xga) G(A") 24 T @ 1.

A.2.4. Definition. Let F, G be deformation categories and v: F — G a functor of
categories fibered in groupoids. Let A" — A = 4’/1 be a small extension and fix objects
o'e F(A"), o€ F(A), 7 € G(A), 7" € G(A4) such that F(i)(¢') = o, v(A")(c') = 7" and
Gi)(7") =7 =v(A)(0). Let Autas(o’) be the group of authomorphisms of ¢’ in F(A’).

There is a natural homomorphism
Autar(0") = Auta(0) X A, (r) Autar(7').
An infinitesimal automorphism of o’ is an element of the kernel of this homomorphism.

A.2.5. Notation. Let 0 € F(A), 7" € G(A’) be objects such that G(i)(7") = v(A)(0).
If ob,(o,7") = 0, we denote by S, the set of isomorphism classes of ¢’ € F(A’) such
thatF(i)(o') = o, v(A") (o) = 7.

A.2.6. Let F': X — Y be a Deligne-Mumford type morphism of algebraic Artin stacks
over S. Let Speck I Xbea geometric point of X. Let A = 5"575. Consider the deforma-
tion category hx z such that, for all A € (Art/A), the objects of hyx z(A) are morphisms
fx: Spec A — X such that fX|SpecE = 7. There is a natural functor vp: hxz — hyz
given by the composition with F.

A.2.7. Lemma. Let L} be the relative cotangent complex of F'. If F' is representable
then, for every geometric point T of X and for every small extension A" — A = A'/1 in
(Art/gﬁs’l,.)’

(1) there is a functorial surjective set-theoretical map
ObF: hxj(A) thj(A) hyj(A’) — hl((Lf*L};)v) Q1

such that obr(fx, fy) = 0 if and only if there exists fi € hxz(A’) such that
fé(oi:fx andFofS(:f)//;

(2) if obp(fx, fy) =0 then the set of isomorphism classes of f € hxz(A"), such
that fi oi = fx and F o fi = fi., is a torsor under h°((Lz*L%)V) @ I;



A.2. DEFORMATION THEORY 57

(3) if obr(fx, fy) =0 and f € hxz(A') is such that Fo f = f{,, fx oi = fx,
then the group of infinitesimal authomorphisms of f% with respect to (fx, fy)

contains only the identity.

PROOF. Let v: V — Y be a smooth surjective morphism from a scheme V' and form

the fibre diagram

G
U——V

)J(LY

By Theorem Lu*L%. = Lg,. By Proposition T — X factors through v and

we know, by deformation theory of schemes, that there exists a functorial exact sequence

0 —x 170 \V / 1\ obg 1 —x 70 \V
0—=h"((LZ"Lg)" ) @I —hyz(A") = hyz(A) X hyz(A) hyz(A") —=h" ((LZ"Lg) ") @ I —0.
Let us consider a commutative diagram

Spec A L» X

Spec A/ —— Y

By Proposition there exists f{,,: Spec A’ — V' such that vof{,; = fy-. Then there
exists a unique morphism fr71: Spec A — U such that wo fir1 = fx, Go fy1 = f{/’l o1.
If fi,5: Spec A" — V is another morphism such that v o f{,, = fi- then there exists a
unique morphism fi,, 1+ Spec A" =V xy V such that v; o fi,,  y = fi,; for j = 1,2,

where v;: V Xy V — V are the projections. Let us form the fibre diagram

Uxy VAV xy v

G

‘J/w-
J v

F

)
1

Y

There exists a unique morphism fyx,v: Spec A — U xy V such that u;o fux,v = fu;
for j =1,2, and H o fux,v = fi,«, v ©i. Therefore

oba(fugs fvrj) = oba(uj o fusyv,vj © firxyv) = Obu(fusy v, fireyv)-
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Hence, if we set obp(fx, f3) = oba(fu1, f{/ 1), this gives a well-defined surjective map
obp: hxz(A) Xny_(a) hyz(A") = R (LZ*LE)Y) @ T = ' (LT* L)) @ 1.

Moreover, if obp(fx, f3-) = 0 then there exist fy € hyz(A), fi, € hvz(A’) such that
uwo fy = fx,vo fi, = f3 and obg(fu, f{,) = 0. It follows that there exists a morphism
fl; € huz(A") such that f}, 0i = fy, Go f/, = fi,, and fi = wo f{, € hxz(A’) is such
that fi oi = fx, F o fi = f{-. Therefore T, = h*((Lz*L$,)") is an obstruction space
for vp.

Let us now fix f y € hxz(A), Ty € hyz(A’), 71‘/ € hyz(A") such that Fofy = Fyoi,
vo 7;/ = 7’3/, and let f;; € hyz(A) be the unique morphism such that uo fi; = fy,
Gofy = 7"/ o 4. Assume that ObF(?X,?Iy) = 0. There is a natural map p: S¢ — Sr
such that p(f/;) = wo f/;. We know that S¢ is a torsor under h°((Lz*Lg)Y) @ I. We

claim that p is an isomorphism and thus S is a torsor under
RO((Lz* L)) @ I = hO((Lz* L)) @ 1.
Let f € Sp, then Fo fi = wvo ?/V and therefore there exists a unique morphism
I, € huz(A’) such that G o f, = ﬂ/, wo fl;, = f%. It follows that f/, € S and
I = p(ft).
Finally, let fx € hxz(A), fy € hyz(A), f}y € hyz(A") such that Fofx = fy = fj oi.
Assume that obp(fx, f},) = 0 and fix f§ € hxz(A’) such that Fo fi = f{,, fioi = fx.

We claim that the natural homomorphism

Autx (fx) = Autx (fx) X auty (fy) Auty (f3),

where Auty (f%) is the authomorphism group of f% in X, is injective. Since F is rep-
resentable, if an authomorphism « of f% induces the identity of F o f% in Y then
o =id. O

A.2.8. Proposition. Let L% be the cotangent complex of X. Then, for every geometric
point T of X and for every small extension A" — A = A'/1 in (Art/és ),

(1) there is a functorial set-theoretical map
obx: hxz(A) = b (LZ*LY)V) @ I

such that obx(fx) = 0 if and only if there exists fy € hxz(A’) such that
fxoi=fx;

(2) if obx(fx) =0 then the set of isomorphism classes of f% € hxz(A’) such that
fi oi = fx is a torsor under h°((Lz*L%)") ® I;
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(3) if obx(fx) = 0 and f% € hxz(A’) is such that f% oi = fx, then the group
of infinitesimal authomorphisms of f% with respect to fx is isomorphic to
R (Lz*L%)V) @ 1.

PROOF. Let us consider a representable smooth and surjective morphism v: U — X
from a scheme U, then the map T — X factors through u. Recall that, by Theorem [2.3.1
RY((Lz*L%)Y) = h'((Lz*L};)Y). We have the following exact sequence

0— h Y ((Lz*L%)Y) — hW°((LZ*L2)Y) — hO((LT*Ly)Y) — hO((LT*L%)Y) — 0.
Moreover, by deformation theory of schemes, we know that there is a functorial exact

sequence
0 KO((LFLY)Y) @ T — hyz(A) = hus(A) 25 B (L Ly)Y) @ T — 0.

By Proposition for every fx € hxz(A), there exists fy1 € hyz(A) such that
wo fu1 = fx. If fua € hyz(A) is another morphism such that u o fyo = fx then
there exists a unique morphism fyx v € huxvz(A) such that u; o fux v = fu; for
j = 1,2, where uj: U xx U — U are the projections. By Theorem up and ug
induces isomorphisms h'((LZ*L;, /)") = h'((LT*LY)Y). Therefore

oby (fu,j) = obu(uj o fuxxv) = obuxxu(fuxxv)-
Hence, if we set obx (fx) = oby(fy,1), this gives a well-defined surjective map
obx: hxz(A) — W ((LT*LY)Y) @ I = W' ((Lz*LY)Y) @ I.
Moreover, if obp(fx) = 0 then there exist fir € hyz(A) such that uwo fy = fx and
oby(fr) = 0. Thus there exists a morphism f{; € hyz(A’) such that f{, oi = fy
and fi = uo f{; € hxz(A4) is such that fi oi = fx. Therefore h!'((Lz*L%)") is an
obstruction space for hx z.
By Theorem we have the following commutative diagram with exact rows

PUX x U

0 — h L (LT*LY)Y) — RO(LE*L2)Y) 25 BO(LT* LYy i)Y ) —> RO((LT*L%)Y) — 0

0= hL(LF*L%)Y) — hO(La*Ly)Y) = hO((La" L)) —— hO((LZ*L%)") — 0

where we set & = wouj. Let us fix fx € hxz(A), fr € huz(A4), fuxyu € huxxuz(A)
such that wo fy; = fx, ujo fyx,v = fy- Let us assume that obx(fy) = 0 and fix
Tx €Sx, fu € Su, ?/UXXU € Sux v such that u o fur = Fx» u; of/UXXU = Fyr. There

is a natural surjective map Sy — Sx given by composition with u. We know that S
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and Sy are torsors under h((Lz*L;)Y) ® I and h((LT*L:)V) ® I, respectively. Let
ay € hO((Lz*LY)Y) ® I be such that py(ay) is the identity ex € hO((Lz*L%)Y) ® I,
then oy = py(ay) for some a, € hO((LZ*L2)Y) ® I. It follows that oy - f; = fy and
therefore ay = ey As a consequence, for every ay € h((Lz*L%)Y) ® I, we can define
ax f/X =wuo(ay ?/U) € Sy for some ay € hO((Lz*LY;)Y) ® I such that py(ay) = ax.
We claim that this defines an action of h®((Lz*L%)Y) ® I over Sy which is transitive
and free. Let fy € Sx, then there exists f{; € Sy such that uo f{, = f%. Moreover
i = au - Fy for some ay € RO((Lz*Ly)Y) ® I, therefore fi = pu(av) - Fx. Now
if ay - fx = fx then ax = py(ay) and uwo (ay - fyy) = uo fy. As a cosequence
there exists af;, € hO((LT*LY;,  1y)¥) ® I such that py, (af;, /) fu =au - fy and
Pus (O 1) TU = Y/U Hence we have that py, (auxcv) = ev, pu, (QUx ) = ay, and
ayx xu = palag). It follows that

ax = pu(av) = pu(pu (cuxxv)) = puxxv(Quxxvu) = ex,

and this proves that Sx is a torsor under h?((Lz*L%)V) @ I.

Finally, let us consider an object fx € hxz(A) such that obx(fx) = 0 and let us
fix fi € hxz(A") such that f% oi = fx. We claim that the kernel of the natural homo-
morphism Auty (f%) 2) Autx(fx) is isomorphic to h~!((Lz*L%)Y) ® I. Let consider
fu € huz(A), f{; € huz(A") such that f[;, oi = fy, uo f|; = fk. We know that we have

the following commutative diagram with exact rows

Auty (fly) — Auty (fu) X autx (£x) Aubx () —— RO((LZ*Le)V) @ I

Auty (f7;)

Auty (fu)

RO((Lz*Le)Y) @ I

where Auty (f];) = Auty(fu) = {id} since U is a scheme. Therefore

ker(i% ) = Auty (fir) X aux(rx) Autx (fx) C RO((LZ*L3)Y) @ 1.

Moreover, an element of hO((LZ*L)Y) @ I acts trivially on S, if and only if it is in the
image of w. Therefore Auty (fur) X auty () Autx (fi) = h 1 ((Lz*L%)Y) @ 1. O

A.2.9. Proposition. Let L} be the relative cotangent complex of F'. Then, for every

geometric point T of X and for every small extension A" — A = A'/1 in (Ar/6s5),
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(1) there is a functorial surjective set-theoretical map
Obpt hX@(A) XhY,E(A) hy@(A,) — hl((Lf*Lzﬂ)v) Q1

such that obp(fx, fi,) = 0 if and only if there exists f5 € hxz(A’) such that
fioi=fx and Fo f\ = f{;

(2) if obr(fx, fy;) = 0 then the set of isomorphism classes of f € hxz(A"), such
that fi oi = fx and F o fi = fi, is a torsor under h°((Lz*L$.)V) @ I;

(3) if obp(fx, fy) =0 and f5 € hxz(A’) is such that F o f\ = f}, fx ot = fx,
then the group of infinitesimal authomorphisms of f% with respect to (fx, fi,)

contains only the identity.

PROOF. Let v: V — Y be a smooth surjective morphism from a scheme V', then U is

a Deligne-Mumford stack. Let w: W — U be an étale surjective morphism from a scheme

W then, by Theorem Lu*L}, = Ly and Lw*Lg, = L, By Proposition
T — X factors through w and w o w. Moreover hyz = hyz, because w is étale ([24]

1.3.22), and, by deformation theory of schemes, we get a functorial exact sequence
0 —x 1o \V / 1\ obg 1 —x 70 \V
0—=h"((LZ"LE) ") @ I = huz(A) = huz(A) Xpy o4y hvz(A) —h ((LT°Lg) ") © I —0.
Therefore the first and the second part of the statement follows by the proof of Lemma[A.2.7]
By Theorem we have the following exact sequence
0— h ' ((LT*LY)Y) — b~ Y (LT*LY)Y) —
— WO((Lz*Ly)Y) — KO (LT L)) — WO ((Lz*LY)Y).
Let fx € hxz(A), fv € hyz(A), fi, € hyz(A") such that F o fx = fy = f}, oi. Assume

that obr(fx, fi/) = 0 and fix f§ € hxz(A") such that Fo fi = f{, fixoi = fx. By

Proposition we have the following commutative diagram with exatc rows

AUtX(f;() — Autx(fx) X Auty (fy) AUtY(fgf)

0 —— h ' ((Lz*L%)Y) ® [ —— Autx(fy) Autx (fx)
0 —— h~ ' ((LT*LY)Y) ® I —— Auty () Auty (fy)

from which we deduce that the only infinitesimal automorphism is the identity. O
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A.2.10. Let X be a smooth S-scheme and let Speck Z X be a geometric point of
X. Let C — SpecT be a flat morphism of schemes, with C separated. Let A = 5’575.
We define the deformation category Defc such that, for all A € (Art/a), the objects of
Defo(A) are flat morphisms C4 ~2 Spec A such that the following diagram is cartesian

c—2 Ca

L

SpecT — Spec A

If 7: A — A is a morphism in (Art/A), then
Defo(ﬂ): DefC(A/) — Defc(A)

sends m4s: Car — Spec A’ to C'ar Xgpec a7 Spec A — Spec A. Given a morphism of schemes
f: C — X, we define the deformation category Defc ; such that, for all A € (Art/a),
the objects of Defc f(A) are pairs of morphisms (Cy T4, Spec A, fa) where w4 is an
object of Defc and fa: Cy4 — X is such that fq o g = f. There is a natural functor
vy Defe p — Defo which forgets the morphism to X.

A.2.11. Proposition. The functor vy has tangent and obstruction spaces, for i =1,2,
T'vy = H"YC, f*Tx)s).
PRrROOF. Given a small extension
(2) 01— A - A-0,
we want to study the functor
Defc s (A’) = Defc, f(A) Xpef,, (a) Defc(A").
An object of Defc t(A) Xpe,(a) Defc(A’) is a cartesian diagram

Ca Ca

Spec A — Spec A’

togheter with a morphism fa: C4 — X. We want to know whether there exists a
morphism fa: Cxr — X such that fa|c, = fa and how unique is such a morphism.
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Assume X = SpecT and C = Spec R, then Cy = Spec R and Cy4 = Spec R4 with
Ry = Repa A" and Ry = R®) A. By assumption w4 is flat, then the tensor product

R4 ®41 @ is exact and from the sequence we get an exact sequence
0—>R®AI— Ry — Ry — 0.

Notice that (Ra @4/ I)(Rar ® o4r mys) = 0, because Imy, = 0. The morphism f4 induces
a homomorphism fg: T — Ra. We have that T = 7"/J, with 7" = B[z, ..., zy]. There
exists always a lifting gﬁ,: T — Ra of fg and the set of such liftings is a principal

homogeneous space under Homv (24 /s ROAT ). Moreover there exists a homomorphism
a: Homg(Qr/, R @a I) — Homgr (7/52, R @ I),
induced by restriction, such that ker o = lef ® I and cokerao =T 21/f ® I. Since
RoaI=(Roak)@pl = Ry,
we have
Homy ()5, R @ 1) = Hompr (v, R) @5 1 = HY(C, f*Thy/s|x)
Homy (7/s2, R @y I) = Homy (7/02, R) @z I =2 H(C, f*(7/02)").
We have an exact sequence
0= 7)1 = Qrp @0 T — Qryp — 0,
from which we deduce the following exact sequence
0= HOC, f*Tyys) = HY(C, f*Thgsslx) — HO(C, (/%)) = HY(C, f*Tys),

where H'(C, [*Tx)s) = 0, because C is affine and T/ is locally free. Hence T?vs =0
and T vy = HO(C, f*Tx/s).

In general, we consider coverings {X; = SpecT;}, {C; = Spec R;}, {Ca,; = Spec R4}
and {Ca; = SpecRy4s;} by open affine schemes of X, C, C4 and Cy, respectively,
where Ry; = R; ®p A and Ry ; = R; @) A’. We can chooce these covers in such a way
that fa(Ca;) C X;. To define far is the same as to define fu/,;: Car; — X; such that
farile, .. = fA’,j‘CA/,ijv where Cyr ;5 = Car i Xc,, Carj. By the affine case, there exist
always a collection of liftings {fas;}. We can assume that Cy;; is affine (otherwise we

)

consider an affine cover), then there exists a unique element 7;; € H°(Cjj, [ Txys) @1

such that 7;;(far;) = farj. Over Ch;; we have

nnj(farn) = 15 (ni(farn)),
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hence 1np; = nij + i and so {n;} € CY{Cy}, [*Tx/s) @ I is a cocycle. For each i,
the set of liftings {fa/;} is a principal homogeneous space under H (o [ Txys) @ 1.
Therefore, given another collection of liftings { f A’ i}, there exists a unique collection
{’I’]i S HO(CZ‘, f*TX/S) ® I} SUCh that ni({fAlji}) = {fA/7i}‘ Let ﬁij € HO(CM, f*TX/S) ® I
be such that ﬁij(fAlyi) = fA,J. Over Cj; we have
nj (i (fars)) = farg = mij(fars) = i (mi(Far )

hence 7;; = n;; + 1; — n; and the cocycle {n;;} is unique up to a coboundary. Now there
exists a collection of morphisms f4s; which coincide on C4 ;; if and only if the class of
{ni;} in H'({Ci}, f*Tx/s) @ I is zero. In this case the set of such collections is equal to

the set of {n; € H°(Cj, f*Tx/s) ® I} and the gluing condition is equivalent to 7; = 7; on
Cy;. It follows that {n;} € H°({C;}, ["Txs) @ I. Finally

H"({Ci}, f*Tx)s) = H'(C, f*Tx/s),

because C' is separated. O



APPENDIX B

Intersection theory on Artin stacks over Dedekind domains

Intersection theory for schemes of finite type over a field was developed by Fulton
and MacPherson ([14]) and was extended by Vistoli to a Q-valued intersection theory
on Deligne-Mumford stacks ([32]). In [10], Edidin and Graham define equivariant Chow
groups, which provide integer-valued Chow groups for global quotient stacks. In [20],
Kresch takes the idea of Edidin, Graham and Totaro further and develops an intersection
theory on Artin stacks over a field together with an integer-valued intersection product
on smooth Artin stacks which admit stratifications by global quotient stacks. Using an
appropriate definition of relative dimension, one can define Chow groups for schemes over
a Dedekind domain and show that they satisfy the properties expected from intersection
theory ([14] 20). It follows that the theories in [32] and [10] are valid for stacks over a
Dedekind domain ([32], [10] 6.2).

Although not mentioned in [20], one can verify that the theory can be extended
to Artin stacks over a Dedekind domain. As a consequence we get that Manolache’s
construction of the virtual pullback in [23] is valid for Deligne-Mumford type mor-
phisms of Artin stacks over a Dedekind domain. As a consequence we are able to extend
Manolache’s proof of Costello’s pushforward formula to proper morphisms of Artin stacks

with quasi-finite diagonal.

B.1. Chow groups of Artin stacks with quasi-finite diagonal

Let D be a Dedekind domain and let M be an Artin stack over S = Spec D. For an
integral closed substack Z C M, we define the relative dimension ([14] 20.1)

dimg Z = trdegy,(1)k(Z) — codimgT,
where T is the closure of the image of Z in S, and k(Z), k(T) are function fields ([32]
1.14).

B.1.1. Definition. We denote by Z,(M/s) the free abelian group on the set of integral
closed substacks of M, graded by relative dimension. Let W;(M/s) = @ ; k(Z)*, where
the sum is taken over all integral substacks Z of M of relative dimension j 4+ 1. There is
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a homomorphism 0: W;(M/s) — Z;(M/s) which locally for the smooth topology sends a

rational function to the corresponding Weil divisor. The Chow groups of M are defined
to be A;(M/s) = Zi(M/s)[ow,(M/s).

B.1.2. Theorem ([20] 3.5.7, 5.3.1). Let M be an Artin stack with quasi-finite diagonal
over a Dedekind domain D. Then A,(M/s) =2 AKresch(M/g) where AKTesch(M/s) are
Kresch’s Chow groups (]20] 2.1.11).

B.1.3. Theorem ([11] 2.7). Let M be an Artin stack with quasi-finite diagonal over
a Dedekind domain D. Then there exists a finite surjective morphism U — M from a

scheme U.

B.1.4. Remark ([11] 2.4). The morphism U — M is strongly representable.

B.2. Proper pushforward

Let m: N'— M be a proper morphism of Artin S-stacks. If M and N have quasi-
finite diagonal then it is possible to define a nonrepresentable proper pushforward =, as
follows ([11] 2.8).

B.2.1. Definition. Let u: U — M be a finite and surjective morphism from a scheme
U. We define the proper pushforward

us: Au(U/s) — A (M)53)
by u.[Z] = deg(%/u(2))[u(Z)], where deg(%/u(z)) = deg(V x~mU/v) for a smooth atlas
V —u(Z).
B.2.2. Remark. Notice that V x pmU = V X,z Z is a scheme and the degree deg(%/u(2))

is independent of the chosen atlas. Let V' — wu(Z) be another smooth atlas and set
W =V xyuz) V'. Then

deg(V ¥ U/v) = deg(W xm U/w) = deg(V" *x U/v).

B.2.3. Remark. The proper pushforward commutes with projective pushforward and

flat pullback (this follows easily from the properties of the relative degree).
B.2.4. Notation. We set A,(M/s)q = A.(M/s) ®z Q.

B.2.5. Lemma. Let u: U — M be a finite and surjective morphism from a scheme
U and let uy, us: U xp U — U be the projections. Then we have the following exact
sequence
UL 5 —U2 5 *
Aj (U Ufs) g == A;(U]s)g = Aj(M/5)g — 0.
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PROOF. For surjectivity of u,, let [Z] € A;(M/s)q. Let Z be a j-dimensional com-
ponent of Z Xy U, then [Z] € A;(U/s)q and

1

Notice that also u.: W (U/s) = W, (M/s) is surjective. Moreover, for [Z] € A;(U xm U/s),
U (U1 — u24)[Z] = ux(deg(Z/u(2))[ur(Z)] — deg(Z/us(2))[u2(Z)))
= deg(%/u(u(2)))[u(u1(2))] — deg(#/u(uz(2)))[u(ua(Z))] = 0.

So it is enough to show that every a = > 7, n;[Z;] € Z;j(U/s)q such that u,(a) = 0 in
Zj(M/s)q lies in the image of u1, — uz,. Since

u(a) =Y nideg(%/u(z))[u(Z;)] = 0,
=1

we may assume that u(Z;) = Z for i = 1,...,s. Therefore we get Y7, n;d; = 0, where
we set d; = deg(%i/z). Fori =2,...,s, let V; be a j-dimensional component of Z; x z Z;,
then

ug.[Vi] = deg(Vi/z,)[Z] = eids[Zi],
where we set e; = deg(Vi/Z: x= 7,). By properties of relative degree,
u1.[Vi] = deg(V/2,)[21] = eids[ Z1],
and it follows that

s

ng
(ul*_UQ*)Ze.dl Vi] = a. U
i=2 "

B.2.6. Remark. If p: T'— U is a finite surjective morphism from a scheme T and we

set t = u o p, then we have the following commutative diagram with exact rows

AL (T Tfs)g Dotz A(T)g b A.(M/8)g — 0

J I

A (UxnUfs)g U2 A(U]s)q N A (M) — 0

B.2.7. Let u: U — M be a finite surjective morphism from a scheme U and form the
fibre diagram

7_(_/

V—U
| L
N—M
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Then V is a scheme and v is finite surjective. Moreover, by Lemma we get the

following commutative diagram with exact rows

AV *aV/s)g T2 A(V/8)g N A (V/$)g — 0

s

A (UxnUJs)g T2 A(U]s)q N A (M) — 0

which induces a map m.: A.(NV/9)g — Ax(M/S)g-

B.2.8. Lemma. The map m, does not depend on the choice of the finite surjective

morphism u: U — M.

PROOF. Let v': U' — M be a finite surjective morphism from a scheme U’ and
consider T'= U X U’ with the natural morphism p: T'— U, which is finite surjective.

Let us form the fibre diagram

7.l_//

W—T

q p

]

N —— M
and set t = wop, w = v oq. Let us denote by 7, the pullback defined via t: T — M.
Let a € A.(N/$)g and let " € A,(W/s)q such that w.a” = a, then
T = ol o = uuperl @’ = uyrl (qud”) = T,

where the last equality follows from the fact that v, (g.o”) = t.a” = a. O

B.2.9. Definition. We call m,: A.(NV/s)g — A(M/s)q the proper pushforward for .

B.3. Costello’s pushforward formula

In [23] Manolache uses the virtual pullback to give a short proof of Costello’s push-
forward formula ([9] 5.0.1). Here we apply Manolache’s construction to prove the push-

forward formula in a more general setting.

B.3.1. Proposition. Let D be a Dedekind domain. Let us consider a cartesian diagram

Mliw\/h

nl o |m

Ny i>fmz
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where
(1) My, My are Artin stacks over D of the same pure dimension,
(2) My, Ma are Artin stacks over D with quasi-finite diagonal,
(3) g is a Deligne-Mumford type morphism of degree d,
(4) f is proper,
(5) fori=1,2, p; admits perfect obstruction theory E? such that f*E3$ = EY.
Then
f*[MhEI]virt _ d[M%EQo]virt
in each of the following cases
(a) g is projective,
(b) My, My are Deligne-Mumford stacks and g is proper,
(c) My, My have quasi-finite diagonal and g is proper.

PROOF. Since in each of the cases listed above we are able to pushforward along
g, the statement follows by the same argument of [23] 5.29, after noticing that non-
representable proper pushforward commutes with virtual pullback (this can be shown in

the same way as in [23] 4.1). O
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