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Abstract

In this thesis we discuss some topics about topology and superstring backgrounds with
D-branes. We start with a mathematical review about generalized homology and cohomol-
ogy theories and the Atiyah-Hirzebruch spectral sequence, in order to provide an explicit
link between such a spectral sequence and the Gysin map. Then we review the basic facts
about line bundles and gerbes with connection. In the second part of the thesis we apply
the previous material to study the geometry of type II superstring backgrounds. We first
present the cohomological discussion about D-brane charges in analogy with classical electro-
magnetism, then we use the geometry of gerbes to discuss the nature of A-field and B-field
as follows from Freed-Witten anomaly, finally we discuss the K-theoretical approaches to
classify D-brane charges. In the last part we discuss some topics about spinors and pinors
with particular attention to non-orientable manifolds.
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Introduction

In this thesis we discuss some topics about topology and superstring backgrounds with D-
branes. The idea is not to solve one single problem, but to deal with the topological and
geometrical nature of some “protagonists” of superstring backgrounds, mainly for type II
theories, solving the problems that appear while describing them. Actually, it happens that
some topological statements can be generalized in a more abstract context, so that we are led
to deal with purely mathematical topics, independently of their physical meaning. That’s
why the first two parts are dedicated to algebraic topology, beyond the physical usefulness
of the subject, while in the third part we specialize to the string theory context. The forth
part deals with pinors and spinors.

Although it may not be evident reading this work, we used Freed-Witten anomaly as
a “guide” (see [31], [20]). In fact, one of the main physical topics is the use of K-theory
to study D-brane charges (see [51], [52], [66]), which is strongly motivated by Freed-Witten
anomaly (see [47] and [24]), since, as we will see, one advantage of K-theory with respect
to ordinary cohomology is that we can use the Atiyah-Hirzebruch spectral sequence to cut
anomalous world-volumes. There are two main approaches in the literature, i.e. the Gysin
map and the Atiyah-Hirzebruch spectral sequence, and we solved the problem of linking these
two classifications of the same objects. Since Atiyah-Hirzebruch spectral sequence works for
any cohomology theory (not only K-theory), we extended the result to the axiomatic setting.
That’s why in the first part we start with a description of homology and cohomology theories
in general (see [23], [65], [35]). Moreover, the Freed-Witten anomaly is a world-sheet anomaly
which can be seen from the superstring action, and to state and study it we are forced to
consider the geometrical nature of the terms of this action, in particular of the A-field and
the B-field. So the Freed-Witten anomaly is at the origin of the other physical topic, the
geometrical classification of A-field and B-field configurations which are anomaly-free, using
the geometry of gerbes. That’s also the reason why in the second part of the thesis we give
a description of line bundles and gerbes with the language of Cech hypercohomology (see
[14]). Finally we discuss some topics about pinors and spinors, considering in particular
the problem of linking pinors on a non-orientable manifold and spinors on its orientable
double-covering.

The work is organized as follows:

e in part I we deal with the foundations of algebraic topology, discussing generalized
homology and cohomology theories and presenting Borel-Moore homology, which we
will need to deal with D-brane charges; moreover, we give a complete presentation of
the topic of spectral sequences, in order to describe the Atiyah-Hirzebruch one, since



it will be useful for physical applications; as we already said, the setting of this part is
much more general than the one needed in string theory;

e in part II we review the theory of line bundles and gerbes, describing in particular the
holonomy of connections on them;

e in part III we apply part of the topological preliminaries to study superstring back-
grounds with D-branes; the main topics are the cohomological description of D-brane
charges in analogy with classical electromagnetism, the K-theoretical classification of
D-brane charges, and the description and classification of A-field and B-field configu-
rations that are anomaly-free;

e in part IV we discuss pinors and spinors, with particular attention to non-orientable
manifolds.

The main results of the thesis are:

e an explicit link between Gysin map and Atiyah-Hirzebruch spectral sequence for any
cohomology theory, which, for the particular case of K-theory, shows how to link the
two main K-theoretical classifications of D-brane charges;

e the use of a suitable Cech hypercohomology group to classify allowed configurations of
A-field and B-field, showing in particular the different nature of the gauge theories on
a D-brane;

e showing the appropriate version of Borel-Moore homology in order to describe D-brane
charges from a cohomological point of view, considering then the analogous discussion
within the K-theoretical viewpoint;

e the explicit link between pinors on a non-orientable manifold and spinors on its ori-
entable double-covering which are invariant by sheet-exchange.

The presentation of all the topics involved is just partial and should be completed in different
directions. One relevant example is the fact that in describing D-brane charges via K-theory
and cohomology, we always consider the case of vanishing H-flux, both as a form (i.e. as a
gerbe curvature) and as an integral cohomology class (i.e. as the first Chern class of a gerbe).
We consider the full generality only describing the nature of A-field and B-field. When the
H-flux is turned on, K-theory and de-Rahm cohomology must be replaced by their twisted
version (see [42], [66]). We will consider in future works these more general situations.
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Chapter 1

Foundations

1.1 Preliminaries

1.1.1 Singular homology and cohomology

We assume the reader is familiar with the basic properties of singular homology and coho-
mology, which can be found in detail in [35]. We briefly recall the definition. We denote
by A" = {z e R"" . 2y + -+ 2,1 = 1, 7; > 0Vi} the n-dimensional simplex with the
euclidean topology. For 0 < k < n, we denote by (A™)* the k-th face of A™ obtained “re-
moving” the k-vertex, i.e. (A™)* = A" N {x: 2,,; = 0}. Given a topological space X, we
consider its set of n-chains defined as the free abelian group generated by continuous maps

from A™ to X:
C.(Xz)= P z
{om:A"—X}
and we define a boundary operator 0, : C,(X,Z) — C,_1(X,Z) given by:

n

0u(0™) == 3 (1) (0" 0 i)

k=0

where z'z_l : A" — (A™)* is the standard linear immersion. One can prove that 9,00, =
0, so that one can define the singular homology groups of X as:

H,(X,Z) :=Ker0d, /Imd,; .
Moreover we define the set of n-cochains of X as:

C"(X,Z):=Hom(Co(X,2),Z)~ ][] Z
{om: AP — X}

and we define a coboundary operator 6" : C"(X,Z) — C""(X,Z) given by:
(0"p)(x) := @(Onx) .
We thus define the singular cohomology groups of X as:
H"(X,7Z) = Ker 6" /Imdé™ " .

15
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Given a pair of topological spaces (X, A) with A C X we define the relative n-chains of
(X, A) as:
Ch(X,A) :=Ch(X)/CL(A)

and, since 0, (C,,(A)) C C,,_1(A), we can project the boundary operator to Ce(X, A). In this
way we define the relative singular homology groups H,(X,A) = Kerd,, /Im0,,;. Analo-
gously we define relative cohomology groups.

The main properties of singular homology and cohomology are homotopy invariance, the
exact sequence of the couple and the excision property: we will deal with these topics
discussing generalized homology and cohomology theories. For a proof in the case of singular
theory the reader can see [35].

We call {x} a fixed space with one point, unique up to isomorphism. Given a space X
we consider the unique map fy : X — {*}. We then define the reduced homology groups as
H,(X) = Ker((fo)u)n : Ho(X) — H,{x}. Since Ho{*} = Z and H,{*} = 0 for n # 0, it
follows that H, (X) is different from H,,(X) only for n = 0, and, in this case, a map {*} — X
(inducing Ho{*} — Hy(X)) determines a non-canonical splitting Ho(X) ~ Hy(X) @ Z.
Similarly, we define reduced cohomology groups as H™(X) := Coker(fz), : H*{*} — H™(X),
and we have an analogous non-canononical splitting H%(X) ~ H°(X)&Z. Both the splittings
become canonical in the category of pathwise connceted spaces, since in this case all the maps
{*¥} — X are homotopic so that they induce the same map in homology and cohomology.*

For S™ the n-dimensional shpere with the euclidean topology, we recall that f[n(S") ~
H™(S") ~ Z for every n > 0 and H,(S*) = H"(S*) = 0 for k # n. Thus, given a map
f 8" — S™ it induces a map in homology (f.), : Z — Z (choosing the same isomorphism
ﬁn(S") ~ 7 for both domain and codomain, i.e. the same orientation, otherwise it should
be defined only up to a sign). We define:

Definition 1.1.1 The degree of a continuous map f : S™ — S™ is the integer number

(fe)n(1).

For a fixed abelian group G we can define singular homology with coefficients in G con-
sidering C,,(X, G) := C,(X) ®z G and defining the boundary in the same way on the gener-
ators. For cohomology we define C"(X, G) := Hom(C,,(X), G) which is equivalent to define
C™"(X,G) := Hom(C,(X,G),G). For the relative case the same construction applies.

1.1.2 Borel-Moore homology and cohomology with compact sup-
port

In the ordinary singular homology any chain, thus any cycle, must have compact support.
However, there is a suitable notion of homology, called Borel-Moore homology (see [11]),
which takes into account also non-compact cycles, and, as we now show, it naturally appears
on manifolds if we start from cohomology and we want to define the Poincaré duals of non

1 As we will see, if we consider the category of topological spaces with marked point we can define reduced
homology and cohomology in such a way that the splitting is always canonical, simply considering the map
{*} — X sending * in the marked point instead of fo.
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compactly-supported classes. It is usually treated in the literature in the sheaf-theoretic or
simplicial version, thus we give a description analogous to the one of singular homology.

Definition of Borel-Moore homology

Given an n-chain ) _, kon, we define its support as the union of the images of the n-simplices
with non-zero coefficient, i.e. | . | kgm0 o"(A™). The fact that only finitely many coefficients
are non-zero implies that the support of any chain is compact. In particular, the support of a
cycle is compact without boundary.? Thus, for example in R?, the circle S* is the support of
some homology cycles (for example, the one obtained triangulating S* with two half-circles),
but an infinite line, e.g. one of the two coordinate-axes, is not.

There is a different version of homology, called Borel-Moore homology, which takes into
account also non-compact cycles. To define it, one might think that the right solution is to
define chains using direct product instead of direct sum (the difference between direct sum
and direct product is briefly recalled in appendix A.1), but in this way we would have no
control on the geometry of their support: for example, any subset A C X, also very irregular,
should be the support of a 0-chain, e.g. the one defined giving the coefficient 1 to the points
of A and 0 to the points of X \ A (actually, any subset should be the support of an n-chain
for any n, since one can always consider n-simplices whose image is one point). Moreover,
in this case we could not define the boundary operator: in fact, let us suppose in R? to give
coefficeint 1 to the 1-simplices made by the rays of the disc D* (or to infinitely many of
them, not necessarily all) oriented from the origin to the boundary, and 0 to all the others.
In this case, applying the boundary operator the origin should have infinite coefficient, thus
the boundary is not well-defiend. We thus need some conditions. We give the following
definitions:

Definition 1.1.2

e A generalized n-chain on a topological space X is an element of the direct product:

cxz= J] z.

{om:A"— X}

e The support of a generalized n-chain [, kon is Uyn 4,20 0" (A").

o A generalized n-chain [[, . kon is called locally finite if for every x € X there exists
a neighborhood U C X of x such that there exist only finitely many simplices o™ with
non-zero coefficient whose image has non-empty intersection with U.

On locally finite chains we can correctly define the boundary operator. In fact, let us consider
such a chain [, k,» and let us fix an (n — 1)-simplex "' which lie in the boundary of
some ¢” with non-zero coefficient: we show that it must lie in the boundary of only finitely
many of them. In fact, for every p in the image of 6" ! we choose a neighborhood realizing
the definition of local finiteness, and, being the image compact, we extract a finite subcover.

2In general the support is not a manifold, it can have singularities. Actually, it can happen that there are
homology classes in a smooth manifold which have no representatives made by smooth submanifolds (see

[8])-
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We have thus found a neighborhood of the image of 6"~ which intersects only finitely many
simplices ¢” with non-zero coefficient: since any simplex intersects its own boundary, only
finitely many o™-s can have 6"~ ! as boundary, so that we have no obstructions in extending
the boundary operator also to infinite sums of this kind. We can now define Borel-Moore
singular homology.

Definition 1.1.3

e A Borel-Moore n-chain is a generalized n-chain which is locally finite and has closed
support.

e Calling O™ the boundary operator extended to locally finite generalized n-chains and
restricted to Borel-Moore ones, we define the Borel-Moore singular homology groups
as:

HPM(X,7) := Ker0?™ /ITm Pl .

Let us consider R? and a Borel-Moore cycle whose support is a line, e.g the x-axes with
a suitable triangulation. Of course it is not a cycle in ordinary homology, but if we add
a point at infinity, i.e. we compactify R? to S2, the line becomes a circle in S?, thus a
cycle in ordinary homology. This is a general fact, actually one can prove that, for X the
one-point compactification of a space X, there is a canonical isomorphism HZM (X 7Z) ~
H,((X*,{00}),Z). Under suitable hypotesis of regularity (i.e. that {oo} is closed and a
deformation retract of one of its neighborhoods, which always happens if X * is a manifold),

H,((X*,{0}),Z) ~ H,(X",Z). Thanks to this isomorphism we can compute more easily
the Borel-Moore homology groups.

We now see some examples, comparing Borel-Moore homology with the ordinary one. For
R™:
HPMR"7Z)=7  HPMR"Z)=0Vk#n .
This immediately follows from that fact that (R”)* ~ S™ so that HPM(R", Z) ~ H,(S", Z).
We know that for ordinary homology the only non-zero group is Ho(R",7Z) = Z. The non-
trivial cycle in HBM(R™ Z) is the whole R" itself: if we consider an infinite triangulation of it
and we give coefficient 1 to each simplex of the triangulation we describe it as a Borel-Moore
cycle, and one can show that it is not a boundary. For ordinary homology it is not a cycle
since it is non-compact. Moreover, the origin (or any other point) is a non-trivial cycle in
ordinary homology, that’s why Hy(R",Z) = Z. This cycle becomes trivial in Borel-Moore
homology: in fact, a half-line from the origin to infinity is a 1-chain whose boundary is
exactly the origin,® that’s why HFM(R", Z) = 0.
As another example we compute Borel-Moore homology of R™\ {0}. For this we use an-
other isomorphism, since the one-point compactification is not a good space: if X is any com-
pactification of X, under suitable hypoteses there is a canonical isomorphism H?M (X 7Z) ~

30ne may wonder why the origin becomes trivial in the Borel-Moore homology while, even in the one-point
compactification, it remains a non-trivial cycle. The point is that to realize the isomorphism HPM (R Z) ~
Ho((R™)",Z) a cycle in the Borel-Moore homology of R™ becomes a cycle in (R™)* adding the point at
infinty, as for the x-axes we considered in the previous example. Thus, to the origin of R™ we must also add
the infinity point: we thus obtain a couple of points in S™, which is the boundary of the segment linking
them, and such a segment is exactly the completion of the half-line trivializing the origin in R".
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H,((X,X\X),Z). We thus consider X = R"\ {0} and X = S" and we call X\ X = {N, S}
thinking to north and south poles. We thus have to compute Hy((S™,S™\ {N,S}),Z). We
consider the long exact sequence:

- —— Hy({N, 5}) — Hy(S") — Hp (5" AN, S}) — H—1({N, S}) — -~
We suppose n > 2. Then, for k > 2 the sequence becomes:
4>04>]'_[k(Sn)4>]'_Ik(}5m,{A]\[’S})4>04>

so that HPM(R" \ {0},Z) ~ Hy(S"), i.e. Z for k = n and 0 for 2 < k < n — 1. This
is different from ordinary homology in which, being R™ \ {0} homotopic to S"~!, we have
Hy(R*\ {0},Z) = Z for k = n — 1 and 0 otherwise (we are still in the case k > 2). The
reason of the difference for k = n is still that the whole R™ \ {0} is a cycle only in Borel-
Moore homology, and it turns out that it is non-trivial. For £ = n — 1, a non-trivial cycle
for ordinary homology is the sphere S"~! embedded in R™ \ {0}, but it becomes trivial in
Borel-Moore homology since it is the boundary of the chain made by the disk without the
origin D™\ {0}, which is closed in R™\ {0} but it is not compact, thus it is a chain only in
Borel-Moore homology.
We remain with the cases K =1 and k = 0. For £ = 1 the sequence becomes:

0—0— H,(S" {N,S}) —*>ZaZ ">z —

where the map 3 is given by 3(n,m) = n—m. Thus, HPM(R"\{0},Z) ~ Ima = Ker 3 ~ Z.
In ordinary homology H;(R™\{0},Z) = 0: the non-trivial Borel-Moore cycle is an open half-
line from the origin to infinity. Finally, for £ = 0 the sequence is:

"4>Z@ZLZ—V>HO(S”,{N,S})—>04>"'

so that HEM(R™ \ {0},Z) = Im~, but Kery = Im 3 = Z so that v = 0 thus HFM(R" \
{0},Z) = 0. In ordinary homology Hy(R™\{0},Z) = Z: the difference is due to the fact that
a point, which is non-trivial in ordinary homology, becomes the boundary of the Borel-Moore
cycle made by half a line from it to infinity or from it to the origin.

We now make an important remark. As one can see from the previous examples, Borel-
Moore homology is not invariant under homotopy, thus it is not an homology theory in the
sense of Eilenberg and Steenrod (see [23]), as we will see. It is invariant under homeomor-
phism, as one can see from the definition, thus it is a well-defined invariant of a topological
space, but not up to homotopy. That’s why it is less studied in the mathematical literature;
however, as we will see soon, it naturally arises from Poincaré duality on manifolds.

Borel-Moore cohomology

We can define Borel-Moore cohomology with the same procedure of the ordinary one, i.e.
considering Hom(CPM(X|7Z),Z) and defining the coboundary operator. The cohomology
we obtain, under suitable hypotesis that we now state, is the well-known cohomology with
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compact support, i.e. the cohomology obtained restricting the boundary operator to cochains
¢ such that there exists a compact subset K, C X such that ¢ is zero an all chains with
image in X \ K,. We call the associated cohomology groups H[(X,Z). The hypoteses
we need are that X is Hausdorff and that there exists a countable family of compact sets
{I }nen such that K, C Int(K,41) and |, oy Kn = X. They are always satisfied if X is a
manifold.

To prove that compactly-supported cohomology coincides with Borel-Moore cohomology,
let us consider a Borel-Moore chain [] . ks and a cochain ¢ with compact support K.
Then, for every point of K, we choose a neighborhood realizing the definiton of local finteness
and, by compactness, we exctract a finite subcover of K,,: in this way we find a neighborhood
of K, intersecting finitely many simplices 0" with non-zero coefficient, thus gp(HGn kgn) is
well-defined. Viceversa, let us suppose that a cochain ¢ is well-defined on every Borel-
Moore chain and has not compact support. Let us consider a countable family of compact
sets { Ky fnen such that K, C Int(K,1,) and |J,, .y K = X. Then, we fix an n-simplex of
such that p(o}) # 0: up to change its sign, we can suppose that ¢(o}") > 0. There exists n;
such that Imo} C K,,,. Then, since ¢ has not compact support, we can fined another simplex
ol whose image is contained in X \ K, such that ¢(c}) > 0. Keeping on in this way, we find
infinitely many disjoint simplices {0} }ren such that ¢(o}) > 0 and Ime(o}) C (K, \ Kn,_,)-
Being them disjoint [ ], o} is locally finite; we now prove that it is closed. Let us fix z in the
complement of the support: there exists k such that x € Int(K,,) \ K,,_,, and the latter
is open. In Int(K,,) \ K,,_, there are two simplices, so that their image is closed (since
it is compact and X is Hausdorff), so there exists a neighborhood of z contained in the
complement. Hence the complement is open so that the support is closed. Therefore [[, o}
is a Borel-Moore cycle, but ¢ has infinite value on it. That’s why ¢ must have compact
support.

For a generic manifold, Poincaré duality links ordinary homology (whose chains have
compact support) with cohomology with compact support, and Borel-Moore homology with
ordinary cohomology: we can say that Poincaré duality respects the support. Thus, the
Poincaré dual of a generic cohomology class is naturally a Borel-Moore homology class.
That’s why Borel-Moore homology naturally appears on manifolds.

Modified versions of Borel-Moore homology and cohomology

We can introduce a suitable variation of Borel-Moore homology and compactly supported
cohomology, which can be useful to describe D-brane charges. Let us consider a triple
(X,Y,r) where X is a manifold, ¥ C X a submanifold and r : X — Y a retraction (i.e. a
surjective continuous map such that r(y) = yVy € Y). We want to define a homology whose
cycles are “compact along Y via r”. We thus give the following definition:

Definition 1.1.4

e A (X,Y,r)-Borel-Moore n-chain is a generalized n-chain on X which is locally finite,
has closed support and is such that the image of its support via r has compact closure
mnY.
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e Clalling OPMIT) yhe boundary operator extended to locally finite generalized n-chains
and restricted to (X,Y,r)-Borel-Moore ones, we define the (X,Y,r)-Borel-Moore sin-
gular homology groups as:

HIM(X. Y1, Z) = Ker o100 /1 020

One particular case, which will be the interesting one for D-branes, is the one in which there
exists a manifold Z such that X = Z x Y and r(z,y) = y, i.e. r is the natural projection.
In this case, since we consider cycles which are compact on Y, they can go at infinity only
along 7, that’s why we have a canonical isomorphism:

HPM(Z XY, Y, my, L) ~ H((Z" x Y, {00} x Y), Z)

or, for a generic compactification Z of Z, we have HEM(Z x Y, Y, 7y, Z) ~ H,((Z x Y, (Z x
Y)\(Z xY)),Z).

Let us consider the example of R® = R™ x R"™™. In this case we have HPM(R" R"™™,
Tnem, Z) ~ H,((8™ x R*™ {N} x R*™), Z) ~ H,((5™ x R*™)/({N} x R*™),Z), but
since the latter space retracts on S™ we obtain Z for k = m and 0 otherwise. For ordinary
homology we would have Z for £k = 0 and 0 otherwise, while for Borel-Moore homology we
would have Z for k = n and 0 otherwise. The reason is that, for K = n, the whole R" is a
non-trivial Borel-Moore cycle, but it is not a cycle in the modified version (for m < n) since
it is non-compact also in the last (n — m)-directions. For & = m, one non-trivial cycle in
the modified Borel-Moore homology is R™ x {0}, which is not a cycle in ordinary homology
since it is non-compact, and which is trivial in standard Borel-Moore homology since it is
the boundary of {(v,w) € R™ x R"™™ :v; > 0Vi = 1,...,m}; the latter is not a chain in
modified Borel-Moore homology since it non-compact also in the last (n — m) directions,
thus it does not make the cycle R™ x {0} trivial in this case. For k = 0, the origin, which is
a non trivial cycle in ordinary homology, becomes trivial also in the modified Borel-Moore
homology: it is enough to take a half-line going to infinity along the first k directions, e.g.
on the first k£ coordinate half-axes.

Remark: We must ask that the projection has compact closure since in general is not
closed. For example in R x R the graph of the function y = tan(z) for z € (-7, %) has
open projection on the first factor. However, since the closure of a set contains its boundary
points, that fact of having compact closure is the right translation of the idea of not to go

to infinity along Y.

The cohomological version of this modified theory is defined analogously and it coincides
with the cohomology which compact support along Y via r. The proof is the same considered
for the general case. In particular, Poincaré duality gives an isomorphism between modified
Borel-Moore homology and cohomology.
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Borel-Moore homology and currents

Since Borel-Moore homology is isomorphic to ordinary cohomology via Poincaré duality, it
is also isomorphic to the cohomology of currents, and the same for the modified version. We
analyze this isomorphism in more detail. We recall (see [33]) that, for X an n-dimensional
manifold, there are two isomorphisms:

P1 - HCIICR(X) = Hfrn(X)
w] — [10)]

P2 - Hn—k(X7 R) i H?rn,cpt(X)
[[] — [o(I")]

where T,,(¢) == [y (w A @) and 6(I')(p) := [, ¢ for ¢ compactly-supported (n — k)-form. It
is easy to verify that @) ' o @y 1 H, (X, R) — Hjp . (X) is exactly Poincaré duality. The
previous isomorphisms means that currents encodes both homology and cohomology: for
example, a d-current supported over a cycle can be identified both with its support, which
is a homology cycle, or with an approximating sequence of bump forms picked over such a
supports, which are all cohomologous and determine the Poincaré dual of the support.

Of course a d-current can be picked also over a non-compact cycle, since, beiing the test
form ¢ compactly-supported by definition, the integral is well-defined. That’s why currents
are more naturally associated to Borel-Moore cycle, i.e. we can extend 5 to:

ey HPN(X,R) — HE, (X)
] — [6(1)]

and the fact that this is an isomorphism means that every current is cohomologus to a o-
current over a Borel-Moore cycle. The isomorphism o can be defined without problems
for the modified versions, assuming in both the L.h.s. and the r.h.s. the suitable compactness
hypotesis.

1.1.3 CW-complexes
We denote by D" = {x € R"™ : ||z|| < 1} the n-dimensional unit disc with the euclidean
topology.

Definition 1.1.5 A CW-complex is a topological space X obtained inductively from a se-
quence of sets {Ag, Ay, ...} in the following way:

o we declare X° = Ay with the discrete topology;

e given inductively X", for a € A,, and D" = D" x {a} we give a map o, : OD" —
X" 1 and we declare:

Xn_l |—|a€An DZ

Xn: .
x ~ pu(x)Vr € IDVa € A,
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e cither A; = 0 for i > n, so that we declare X = X", or we consider X = J, X" and
declare A C X open if and only if AN X" is open in X™ for every n.

Given a CW complex, we can define its cellular homology. In particular we consider:

CGX)=@Pz  o(1x{a})= Y (DiDF")(1x{}

a€cAy, ﬁeAn—l
for (D2, Dg_1> defined in the following way:
e we consider S”~! = 9D" and the map ¢, : S"71 — X" 1;

e we consider the quotient X"~ / (X"~ \ Int Dj~"), which is homeomorphic to a sphere
Sl n—1,
B )

e we thus consider the composite map 1,5 : ST+ — Slﬁn’lz we define (D7, D) as the
degree of Y,g.

Thus we define the n-th cellular homology group as H,(X) = Kerd, /Imd,_;. Dualizing
C,(X) and defining the coboundary as in the singular case we can define cellular cohomology.
For A C X asub-CW-complex, i.e., a subspace defined from subsets A, C A; using the same
attaching maps of X, we can define realtive cellular (co)homology groups as in the singular
case. Moreover, for an abelian group G we can define cellular (co)homology with coefficients
in G as in the singular case.

1.1.4 Simplicial complexes

We denote by A" = {x € R"" 1 2y + -+ + 2,41 = 1, 7, > 0Vi} the n-dimensional simplex
with the euclidean topology. For 0 < k < n, we denote by (A™)* the k-th face of A™ obtained
“removing” the k-vertex, i.e. (A")* = A" N {z : 441 = 0}.

Definition 1.1.6 A simplicial complex is a topological space X which can be expressed as
a union X = U, en Uiea, Xi'5 such that:

o X is the image via an embedding ¢! : A" — X of the interior Int(A"); we call
Al =i (A");

e for every m-dimensional face (A" C AP, there exists j € A, such that oP(A]") =
ING
] )

o ATNAT is empty or a face of both; for j =i, if A} WA # 0 then it is a proper face
of both.

We define its simplicial chains by:
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For fixed A we denote (A = o?((A™)¥) as an (n—1)-simplex, and we denote by f3,(i) the
corresponding element of A,,_;. We thus define a boundary operator 0, : C,(X) — Cy—1(X)
by:
n+1
Oi = 3 (—1) (i)
k=1
We thus define the simplicial n-homology group by H,(X) = Kerd, /Im0,.;. A simplicial
complex is a CW-complex since A" is homeomorphic to D™: one can prove that cellular
homology and simplicial homology coincide on simplicial complexes, since the two boundaries
coincide.
With the same procedure used in the singular and cellular case, we can define simpli-
cial cohomology groups, relative simplicial (co)homology groups and simplicial (co)homology
groups with coefficients in G for a fixed abelian group G.

For finite simplicial complexes we can define cohomology groups in a more direct way.
If we apply the boundary operator to a simplex A? we obtain the alternated sum of the
(n — 1)-simplicies making the boundary of Al: we can analogously define a coboundary
operator in C,(X) that to a simplex A? assigns the alternated sum of the (n + 1)-simpicies
containing Al in their boundary. For ¢ € A,, we define An 41 as the subset of A, made by
simplicies containing ¢ in their boundary, and, for j € An 11, we defined p(j) as the vertex to
be removed to obtain 4, i.e. f;)(j) = i. Then we define:

Sui= > (=1)j. (1.1)

(%)
An+l

Let us show that this coboundary operator is not different from the usual one. For finite
simplicial complexes we have a canonical isomorphism:

n: Ch(X) = C™"(X)

(1.2)

where ;(j) = 8;;. This isomorphism is due to the fact that Hom(Z", Z) ~ ZF for k, =
|An|. We now prove that 6"(p;) = @sn; where in the Lh.s. we use the usual coboundary
operator while in the r.h.s. we use (1.1). In fact, for i € A,:

2)0) = ei0nd) = i VD) = { (e gt £

k=1

thus §"(p;) = ZJEA@) (—=1)?@y; which corresponds to (1.1) via (1.2).
n+1

For infinite simplicial complexes, we do not have the isomorphism (1.2) but we have the

analogous version 7' : [, 7Z — C™(X). We can use (1.1) also on [14, Z and with the same
proof we see that it coincides with the usual coboundary.* One can ask what happens if we

4In this case the single simplicies and the morphisms ¢; are not generators since the product is infinite,
but 4, is by definition extended linearly also to infinite sums, so it is enough to consider them.
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use the boundary on the direct product and the coboundary on the direct sum: we obtain
Borel-Moore simplicial homology and compactly-supported simplicial cohomology. In fact,
in the simplicial context, the conditions of local finiteness and closure are automathic, so
that the Borel-Moore n-chains are simply the elements of [[, Z.

1.1.5 Categories of topological spaces

We define the following categories:

e Top (also denoted by Top,) is the category whose objects are topological spaces and
whose morphisms are continuous maps;

e Top™ (also denoted by Top]) is the category whose objects are topological spaces
with a marked point (X, {zo}) and whose morphisms f : (X,{zo}) — (Y,{yo}) are
continuous maps f : X — Y such that f(x¢) = yo;

e Top, is the category of n-uples of topological spaces, i.e., the category whose objects
are n-uples of topological spaces (X, Ay,..., A,_1) such that A, ; C --- C A C X,
and whose morphisms f: (X, Ay,..., A1) — (Y, By, ..., B,_1) are continuous maps
f: X — Y such that f(A;) C B;

e Top, is the category of n-uples of topological spaces with base-point, i.e., the category
whose objects are (n + 1)-uples of topological spaces (X, Ay, ..., A,_1,{x0}) such that
rg € Apqy C -+ C A; C X, and whose morphisms f : (X, Ay,..., A1, {x0}) —
(Y,By,...,By_1,{y0}) are continuous maps f : X — Y such that f(A;) C B; and
f(xo) = yo.

There are natural fully faithful embeddings of categories:
Top, — Top; < Top, — Topy — - - - (1.3)

where the embeddings Top,” < Top,,.; are obtained simply considering the marked point as
a subspace, while the embeddings Top,, < Top,” can be defined sending (X, Ay,..., A, 1)
to (XU{oo}, AjU{oo}, ..., A1 U{oo}, {oco}) and asking that the image of every morphism
sends oo to c0.” In this way, we define by composition embeddings Top, < Top,,,;: the
latter could also be defined via (X, Ay,..., A1) — (X, A,...,A,_1,0), and these two
families of embeddings are equivalent for what follows; however, we always think to the one
derived from (1.3).
We consider the following functors for n > 2:

I1,, : Top,, — Top,, 4 (1.4)

given by 11, (X, Ay,..., An1) = (A1, ..., Apy) and TL,(f - (X, Ay, .., Any) — (Y, By, .o
Bn—l)) = (f|A1 . (Al, e aAn—l) — (Bl, ce 7Bn—1))-
5We remark that we consider always X Ll {oo} and not the one-point compactification X T, even if X is

non-compact (otherwise they coincide). That’s because we get H,(X) ~ H,(X U {oc}, {oo}) while this is
not true for X+. For example, H;(R) ~ H; (R U {oo}, {oo}) = 0 while H, (S, {N}) = H,(S') = Z.
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Definition 1.1.7 The lattice of a pair (X, A) € Ob(Top,) is the following diagram:

(X, 0)

N

(0,0) — (A, 0) (X, A) — (X, X)

~ 7

(A, A)
where all the maps are the natural inclusions.

We now consider the categories TopCW, which are defined as Top, asking that the n-
uple (X, Ay, ..., A,_1) is homotopically equivalent to a CW-n-uple and that X is compactly
generated. We put no constraints on the maps, since every map is homotopic to a cellular
map. If we ask that the spaces involved are homotopically equivalent to a finite CW-complex,
we obtain the categories TopFCW,. We thus have a diagram with fully faithful embeddings:

Top————— Top™*¢ Top,© Topy ——— -~

J

TopCW———— TopCW & TopCW,&—— TopCW; - - -

TopFCW——— TopFCW & TopFCW,—— TOPFCW;(—> ce

1.1.6 Basic operations on topological spaces

Definition 1.1.8 Given a topological space X we define (endowing each real interval with
the euclidean topology):

e the cone of X as CX =X x [0,1]/ X x {1};
e the unreduced suspension of X as SX = (X x [0,1] /X x {1}) /X x {0};
e the cylinder of X as Cyl(X) = X x [0, 1].

For a space with marked point (X, x¢) we define the reduced suspension as SX = SX [ {xo} %
[0,1].

Given a couple of spaces with marked point (X, {zo}) and (Y, {yo}), we define:
XVY =X x {yo}UYX {ZL‘O}
and of course X VY C X x Y. We then define:

XAY =XXxY/XVY.
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It is easy to prove that A is associative and commutative up to homeomorphism. If we
consider the sphere S™ = 9D™ with marked point {N} = (0,...,0,1) (thus, we do not embed
S™ from Top to Top' but we mark one of its points), it is easy to verify the homeomorphisms:

SPA- NSt ST STAX = SMX
(where S"X = S---SX iterated n times).

We have thus defined the following functors (in all cases the maps are trivially extended
on X x [0,1] and projected to the quotient):

e C : Top, — Top, considering as marked point the vertex;
o S: Top,, — Top,,;

e Cyl: Top, — Top,;

V : Top, x Top;! — Top,' considering as marked point the cross product of the two
marked points;

A : Top;” x Top,” — Top," considering as marked point X VY/X VY

S™ : Top," — Top,'.

1.2 Eilenberg-Steenrod axioms

We review the axioms of homology and cohomology, following mainly [23], [35] and [13].
Homology and cohomology theories are defined for appropriate subcategories of Top,, as the
following definition states:

Definition 1.2.1 A subcategory A C Top, is called admissible for homology and cohomol-
ogy theories if the following conditions are satisfied:

1. if (X, A) € Ob(A), then all the pairs and maps of the lattice® of (X, A) belong to A;

2. if (X, A) € Ob(A) and I = [0, 1] with the euclidean topology, then (X x [, A x I) €
Ob(A) and the maps go, g1 : (X, A) — (X x I, A x I) given by go(x) = (z,0) and
g1(x) = (x,1) belongs to the morphisms of A;

3. there is in A at least one space {x} made by a single point, and for any such space
P € Ob(A) and any X € Ob(A) all the maps f: P — X are morphisms in A.

Definition 1.2.2

o Let A be an admissible category and f, g : (X, A) — (Y, B) two morphisms. Then f and
g are called homotopic (f ~ g) if there exists a morphism F : (X x [,AxI) — (Y, B)
in A such that” F(x,0) = f(z) and F(x,1) = g(z).

6See definition 1.1.7.
"The map F(z,0) is surely in A since it is F o go (see axiom 2 of admissible category). The same for
F(z,1).
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o Two couples (X, A) and (Y, B) are called homotopically equivalent if there exist two
morphisms f: (X, A) — (Y,B) and g : (Y,B) — (X, A) in A such that go f ~ 1(x a)
and f o0g X~ 1(Y,B)-

o Amap f: (X, A) — (Y, B) induces a homotopy equivalence if there exists g : (Y, B) —
(X, A) such that f and g verify the definition of homotopy equivalence.

We now state the axioms for homology. We call AbGrp the category of abelian groups
and ExSAbGrp the cateogy of exact sequences of abelian groups.

Definition 1.2.3 A homology theory on an admissible category A is a sequence of functors
hy : A — AbGrp and morphisms of functors 3, : hy, — h,—1 o lly satisfying the following
azrioms:

1. (Homotpy axiom) if f,g: (X, A) — (Y, B) are homotopic in A, then h,(f) = hn(g);

2. (Excision axiom) if (X, A) € Ob(A) and U C A is open and such that U C Int(A), and
if the inclusion i : (X \U,A\U) — (X, A) is a morphism in A, then i, : h.(X, A) —
ho (X \U, A\ U) is a (canonical) isomorphism;

3. (Exactness axiom) the sequences hy, and (3, induce a functor:
h, : A — ExSAbGrp
assigning to each pair (X, A) the exact sequence:

e b (A) x0T A) L (A)

where (i), and (m.), are the image via h, of the inclusions® i : (A,0) — (X,0) and

m:(X,0) — (X, A).

Reversing the arrows of the exact sequence, we have the corresponding axioms for coho-
mology:

Definition 1.2.4 A cohomology theory on an admissible category A is a sequence of con-
travariant functors h® : A — AbGrp and morphisms of functors ™ : h™ o Il — h"H!
satisfying the following axioms:

1. (Homotpy axiom) if f,g: (X, A) — (Y, B) are homotopic in A, then h™*(f) = h™(g);
2. (Excision axiom) if (X, A) € Ob(A) and U C A is open and such that U C Int(A), and

if the inclusion i : (X \U,A\U) — (X, A) is a morphism in A, then i* : h*(X, A) —
R (X \U,A\U) is a (canonical) isomorphism;

8Such inclusions are morphisms in A by the axiom 1 of adimissible categories.
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3. (Exactness axiom) the sequences h" and (" induce a functor:
h* : A — ExSAbGrp
assigning to each pair (X, A) the eract sequence:

o (X, A) T () S ey (X A)
where (i*)™ and (7*)" are the image via h™ of the inclusions i : (A,0) — (X,0) and
7 (X,0) — (X, A).

For both homology and cohomology one usually gives the following definition:

Definition 1.2.5 The group ho{*} or h®{x} is called the coefficient group of the (co)homology
theory.

1.2.1 Reduced homology and cohomology

Given a homology theory h, on A, we consider a space {*} of one point® and, for X € ObA,
we consider the unique map p : X — {x}: if such map belongs to A, the space X is called
collapsablel®. We call A¢ the full subcategory of collapsable spaces. For X € ObA¢, we
define the reduced homology groups of X as:

hin(X) 1= Ker (hn(X) 225 b, {x}) |

For a couple (X, A) € A with X, A € A there is an exact sequence, called reduced homology
exact sequence:

. (i)n = () .

e P (A) S (X R (X A) L (A) ——

A)

In fact, if we restrict the map (i,), to h,(A) its image lies in h,(X), since pX) 07 = p) so

that i*(KerpiA)) C KerpgkX). It remains to prove that the image of 3, lies in ﬁn_l(A), ie.
that the kernel of (i,),_; is contained in h,_;(A). This is true since, being p*X) 0§ = p(4) | if
ix(a) = 0 then piA)(oz) = 0.

A map i : {*} — X induces a non-canonical splitting:
hn(X) 2 o (X) @ D {*} (1.5)

since, by definition of kernel, we have an exact sequence 0 — h,(X) — hy(X) (P-)y hon{*},
moverover, being p, o i, = idy, (+}, we see that (p.), is surjective and the sequence splits.

9Such space exists in .4 by axiom 3 in definition 1.2.1.

10This definition does not depend on the chosen one-point space {x}: in fact, if {*'} is another one-
point space, the unique map {x} — {*'} belongs to A by axiom 3 of definition 1.2.1, thus the composition
p': X — {+'} is also in A.
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Remark: £, satisfies the three axioms of homology™! if we consider A° as made by couples
(X, 0) with X collapsable, but A is not an admissible category, since the pair (X, X), which
belongs to the lattice of X, is not in A°. If we extend A° with these pairs we obtain an
admissible category A¢ on which h, is a homology theory, but this is not meaningful since
we have just trivial pairs. We cannot extend A to arbitrary pairs, since in the exact sequence
we have h,, (X, A) not reduced, but for A = () we have an inconsistency.

We define reduced cohomology similarly:
R"(X) := Coker (h"{x} ©X mn(X)) .

For a couple (X, A) € Awith X, A € A° there is an exact sequence, called reduced cohomology
exact sequence:

o (X, A) T 0 S )~ e (X, A) —
The proof is similar the one for homology. Also in this case we have a non-canonical splitting:
(X)) ~ h"(X) @ h"{*} (1.6)

which can be proven in the same way.

We can define in a different way reduced homology and cohomology for spaces with a
marked point, in such a way that under the embedding Top « Top™ they coindice in
Top with non-reduced homology and cohomology, while, if the marked point belongs to the
space, they coincide up to isomorphism with the previous definition. We consider the full
subcategory At of Top™ whose objects are couples (X, zq) with X € Ob(A°). Then, for
(X, z0) € A" we consider the map i,, : {*} — (X, {x0}) such that i, {*x} = xo. We then
define the reduced cohomology groups of X with respect to zq as:

P (X )y = Coker(hn(X) (o) " h{*})
(X )y = Ker(h™(X) ) h”{*}) :

With these definitions the splittings (1.5) and (1.6) become canonical. Actually, these groups
depend only on the pathwise connected component of 2y, not on the point itself: in fact, if zq
and x; are connectible by an arc ¢ : [0, 1] — X, then the maps i,, and i,, are homotopic, thus
they define the same maps in homology and cohomology by the homotopy axiom. Hence,
this version of reduced homology and cohomology is well-defined for pathwise connected
spaces with no need of marked points.

Remark: A°" is not an admissible category, since it contains the pairs (X, {z¢}) and not
the pairs (X, (), but if we consider the subcategory A" of A N Top made by connected
spaces and we complete it to A" as before, then h, or h* is a (co)homology theory on An,
but this is not meaningful since we have just trivial pairs.

HThis is not true if we include the so-called dimension aziom.
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1.2.2 First properties

We now state some basic consequences of the axioms. The following lemma is an immediate
consequence of the homotopy axiom:

Lemma 1.2.1 If (X, A) and (Y, B) are homotopically equivalent, then h.(X, A) ~ h.(Y, B)
and h*(X, A) ~ h*(Y, B) for any homology and cohomology theory. If f : (X, A) — (Y, B)
imduces a homotopy equivalence, then f, and f* are isomorphisms. [

Actually, we can refine the previous lemma. In fact, let us consider the couple (D™, dD™)
and the couple (D", D™\ {0}). The immersion i : D" — D™ induces of course a homotopy
equivalence of D" with itself, and the same holds for the restriction i|gp» : 9D™ — D"\ {0}
and the retraction r : D" \ {0} — 9D™: however, the two couples are not homotopically
equivalent, since r cannot be continuously extented to D™, and any map sending D"\ {0} to
0D,, cannot be extended at 0. However, also in this case we have equivalence in homology
and cohomology:

Lemma 1.2.2 [f there exists a morphism f : (X, A) — (Y, B) in A such that f : X — Y
and fla : A — B induce homotopy equivalences, then h.(X,A) ~ h.(Y,B) and h*(X, A) ~
h*(Y, B) via f. and f* for any homology and cohomology theory.

Proof: By the exactness axiom f induces a morphism of exact sequences:
o —hp(A) —=hp (X)) —=h, (X, A) —=hp 1 (A) —=hy 1 (X)) ——- -

le* le* lf* Nif* le*
v (B) == (V) ——= b (Y, B) —— hp i (B) —— it (V) —— -

where the isomorphisms in the diagram follow from lemma (1.2.1). By the five lemma (see
[35]) also the central map is an isomorphism. [J

We now state a simple lemma which will be useful sometimes in the future.

Lemma 1.2.3 Let (X,{xo}) € A". Then o (X )y ~ h.(X,{z0}) and D (X)ay ~ B*(X, {20})
canonically, so that also h.(X) =~ h.(X,{zo}) and h*(X) ~ h*(X, {z0}).1?

Proof: It follows immediately from the exact sequence:
s hp{zo} =0 — hp( X))y — B X, {20}) — hn1{z0} =0 — ---

and the same for cohomology. [

One natural question is the relation between the (co)homology of a couple (X, A) and the
one of the quotient X/A. We stated the result, the proof can be found in [23]

Definition 1.2.6 A pair (X, A) is called good pair if A is a non-empty closed subspace and
it is a deformation retract of some neighborhood in X .

Lemma 1.2.4 If (X, A) is a good pair, then the projection m : (X, A) — (X/A, A/A) induces
an isomorphism h.(X, A) ~ h.(X/A, AJA) = h.(X/A). The same for cohomology. O

12The latter are non-canonical since the r.h.s. depends on zg; actually the Lh.s. and the r.h.s. are functors
with different categories as domain, so canonicity has no meaning.



32 CHAPTER 1. FOUNDATIONS

We refer to [23] for Majer-Vietories sequence, which is an important tool to concretely
compute (co)homology groups.

Theorem 1.2.5 Let X = X; U --- U X,, where each X; is both open and closed, and let
A; C X such that (X;, A;) is a good pair. Then:

h(X,A) = @D ha(Xi, A)
where the isomorphism is induced by the inclusions. The same holds for cohomology.

The degree of a map has been defined using singular homology. Actually, we can define it
using any (co)homology theory h with coefficient group Z, and the result does not depend
on h. This is a consequence of the following more general theorem, whose proof can be found
in [13]:

Theorem 1.2.6 Let f : S™ — S™ be a map of degree k and let h, be any homology theory.
Then (fu)n = hn(S™) — hyp(S™) s (fi)n(a) = k- a. The same holds for cohomology theories.
O

1.2.3 Borel-Moore homology and cohomology with compact sup-
port

One can generalize to any (co)homology theory the notions of Borel-Moore homology and
cohomology with compact support. We denote by X the one-point compatification of X.
For X non compact, it is different from X LI{oco} and it must not be confused with it; instead,
for X compact they coincide. We define cohomology with compact support as:

hEM(X) o= hao(XT) Wl (X) = h"(XT).
For X compact we have A7, (X) = h"(X). In fact, X* = X U {oo} with {oo} isolated

point, thus, by theorem 1.2.5, we have that h"(X*) = h"(X) @ h"{oo}: if we consider the
map i : {*} — X sending * to oo, we clearly have that h"(X*) = Ker((i*,)") = h"(X).
For X non compact, instead, they are in general different, as we have seen for singular
(co)homology.

1.2.4 Multiplicative cohomology theories

We now introduce the notion of product in cohomology, which naturally appears as cup
product for singular cohomology, as wedge product for de-Rham cohomology or as tensor
product for K-theory.

Definition 1.2.7 A cohomology theory h* on an admissible category A is called multiplica-
tive if there exists an exterior product, i.e., a natural map:

X WYX, A) x B (Y,B) — W (X x Y, X x BUAXY) (1.7)

satisfying the following axioms:
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e it is bilinear with respect to the sum in h*;
e it is associative and, for (X, A) = (Y, B), graded-commutative,
e it admits a unit 1 € hO{x};

e it is compatible with the Bockstein homomorphisms, i.e., the following diagram com-

mutes:
X

h'(A) x W (Y, B) hti(AxY,A x B)

\L exc

Bix1 R (X x BUAXY,X x B)

\L/@Prj

RHY(X, A) x W (Y, B) —=ht+ (X x YV, X x BUAXY).
In this case, we define the interior product:
1 hY(X,A) x W(X,A) — hT(X A)

as o+ = A"(a x ) for A: X — X x X the diagonal map.

Remarks:
e The interior product makes h*(X, A) a ring with unit.

e Naturality of the exterior product means that it is a morphisms of functors A x A —
AbGrp; thus, given a morphism in A x A, i.e. a couple of maps f : (X, A4) — (Y, B)
and g : (X', A') — (Y', B'), and two classes « € h'(X, A) and 8 € WY (Y, B) it satisfies:

fi(a) x g5 (B) = (f x g)iy;(a x B) . (1.8)

o Let (X, {z0}), (Y,{yo}) € AT be spaces with marked point which are also good pairs
and such that (X x Y, X VY) is a good pair. Then the exterior product induces a
map:

B (X )y X W (Y)yy — BHI(X AY) . (1.9)

In fact, by (1.7) we have h'(X, {zo}) x h'(Y,{yo}) — (X x Y, X VY) which is
exactly (1.9) by lemmas 1.2.3 and 1.2.4.

Lemma 1.2.7 If h* is a multiplicative cohomology theory the coefficient group h°{x} is a
commutative ring with unit.

Proof: By definition we have a product h°{x} x h°{x} — h°{x} which is associative.
Moreover, skew-commutativity in this case coincides with commutativity, and 1 is a unit
also for this product. [J
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Given a path-wise connected space X, we consider any map p : {*} — X: by the path-wise
connectedness of X two such maps are homotopic, thus the pull-back p* : h*(X) — h*{x} is
well defined.

Definition 1.2.8 For X a path-connected space we call rank of a cohomology class o €
h"(X) the class rk(c) := (p*)"(a) € h™{*} for any map p: {x} — X.

Let us consider the unique map P : X — {x}.

Definition 1.2.9 We call a cohomology class o € h™(X) trivial if there exists 3 € h"{x}
such that o = (P*)"(3). We denote by 1 the class (P*)°(1).

Lemma 1.2.8 For X a path-wise connected space, a trivial chomology class o € h™"(X) is
the pull-back of its rank.

Proof: Let a € h"(X) be trivial. Then a = (P*)"(8) so that rk(a) = (p*)"(P*)"(6) =
(Pop)™(B) =3, thus a = (P*)"(rk(«)). O

1.3 Thom isomorphism and Gysin map

1.3.1 Fiber bundles and module structure

Let m : E — B be a fiber bundle with fiber F' and let h* be a multiplicative cohomology
theory. Then h*(E) has a natural structure of h*(B)-module given by:

-+ h(B) x W (E) — h'™(E)

a-a:= (1%a) - «a.

(1.10)

In general this is not an algebra structure since, because of skew-commutativity, one has
((m*a)a)p = La((7*a)pB).

We have an analogous module structure for realtive fiber bundles, i.e., for pairs (E, E’)
with E' a sub-bundle of E with fiber F/ C F. In fact, we have a natural diagonal map
A:(E,E') — (Ex E,E x E') given by A(e) = (e, e), so that we can define the following
module structure:

h(B) x W (E, E") ™3 h(E) x h(E,E') =5 h(E x E,E x E') 111)
A pit(E, B '

Similarly, we can consider the map A, : (E, E') — (Bx E, Bx E') given by A, (e) = (w(e), e)
and define the module structure:

Wi(B) x (B, E') =% hi*(B x B, B x E') =5 hi*i(E, E) . (1.12)



1.3. THOM ISOMORPHISM AND GYSIN MAP 35

To see that these two definitions are equivalent, we consider the following diagram:

W(E) x B (E, E') — > hi*i(E x E,E x E')
)

(1) () hiti(E, E')
(6)

1 (B) x W (E, E') — % hi*i(B x E, B x E)

in which the structure (1.11) is given by (1)-(2)-(5) and the structure (1.12) by (3)-(6).
The commutativity of the square, i.e. (1)-(2) = (3)-(4), follows from the naturality of the
product, while the commutativity of the triangle, i.e. (6) = (4)-(5), follows from the fact

that (4) = (1 x 1), (5) = A%, (6) = A%, and A, = (1 x 1) 0 A,

Lemma 1.3.1 The module structure (1.11) or (1.12) is unitary, i.e. 1-a = « for 1 defined
by 1.2.9. More generally, for a trivial class t = P*(n), with n € h*{x}, one hast-a =n- .

Proof: We prove for (1.12). The thesis follows from the commutativity of the following
diagram:

hi(B) x hi(E, E') — >~ hi*i(B x E, B x E')~— h#i(E, E')

| e

hi{s} x W (E, E') —= hiti({x} x E, {*} x E')

where the commutativity of the square follows directly from the naturality of the product
while the commutativity of triangle follows from the fact that (P x 1) o A, is exactly the
natural map (E, E') — ({*} x E,{*} x E’) inducing the isomorphism ~. [J

Let us consider a real vector bundle 7 : ' — B with fiber R”. In this case 7* is an
isomorphism, since E retracts on B, thus the module structure (1.10) is just the product
in h*(B) up to isomorphism. Let us instead consider the zero section By ~ B and its
complement Fy = E \ By: then (1.11) or (1.12) gives a non-trivial module structure on
h*(E, Ey). Defining the cohomology with compact support h7, (X) := h*(X*) for X+ the
one-point compactification of X, we have:

h*(E, Eo) ~ h*

cpt

(E) -

In fact, let us put a metric on £ and consider the fiber bundles Dy and Sg obatined taking
respectively the unit disc and the unit sphere in each fiber. Then we have:

. a @ ® 5,
(B, Bo) = h*(Dyp, (Dg)o) = h*(Dp,dDg) = i* (Dy/dDg) L
QB =k

cpt

(E)
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where (1) follows by excision on the open set U = E'\ Dg, (3) from the fact that (Dg, 0Dp)
is a good pair and (4) from the homeomorphism sending Int(Dg) to £ and 0Dg to co.
We can also describe a natural module structure:

hi

cpt

(B) x h!

cpt

(B) — heii (E)

cpt

which, for B compact, coincides with the previous under the isomorphism (1.13). In fact,
we consider:

. . L Ty
hi(B*, {oo}) x hi(ET, {o0}) =5 hitI(B* x B+, Bt v EY) &% piti(B* {co})  (1.14)
for AT . (ET,{o00}) — (Bt x E*,B" v E™) defined by Af(e) = (w(e),e) and Af(o0) =
{0} x {o0}. For B compact, the module structure (1.14) becomes:
. . L Ty L
hi(B) x hi(E*, {oo}) =5 hiti(B x E*, B x {o0}) 22 hiti(E*, {00}) . (1.15)

We now see that (1.15) coincides with (1.12) under the isomorphism (1.13). In fact, we
consider the following diagram (the arrows with —1 are inversions of natural isomorphisms):

«
A7\'

h¥(B) x hi(E, Eg) htI(B x E, B x Eg) nti(E, Eg)

) ) x o AL "
h*(B) x kM (Dg,(Dg)g) —————————————> hHrJ(B X Dg,B x (Dg)g) ——> h“LJ(DE7 (Dg)o)

) ) x L AL L
h*(B) x W (Dg,0Dp) ———————> h'TI(B x Dg, B x 8Dgy) ——————— > h'1TI(Dg,8Dg)

—1 —1 -1

) . X L A% L
hi(B) x hi(Dg /9D, dDg/dDg) —>= hiti (B x (Dg/dDg), B x (0Dg/dDg)) ——————> hiti (D, 8Dg)

L (ad)* "
R*TI(B x (Dg/8Dg), B x (9Dg/8Dg)) —= h*TI(Dg/0Dg,8DE/0Dg)

where the first line is (1.12) and the sequence made by the last element of each column is
(1.15).

We remark for completness that there is a homeomorphism BT A ET ~ (B x E)": in fact,
BT ANET = (BU{oo}) x (EU{o0})/ ({00} x E)U (B x {o0}) and, at the quotient, B x E
remains unchanged while the denominator B™ V E* becomes a point which is the {oo} of
(B x E)*. Thus the homeomorphism is ¢(b,e) = (b,e) and ¢(oo,e) = p(b,00) = co. We
then consider the map Al : ET — (B x E)7T given by Af(e) = (n(e),e) and Af(c0) = 0.
Thus, under the hypoteses that (B™,{oc}) and (BT x E*, BtV E™) are good pairs'3, (1.14)
can also be written as:

~. ~ . ~. ~. Tyx o~
Ri(BY) x B(EY) L Rit(BY A EY) ~ BiY(B x E)Y) B4 Rt (1.16)

where (1) is given by formula (1.9).

13These hypoteses are surely satisfied when B is compact, since {co} is a neighborhood of itself
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1.3.2 Orientability and Thom isomorphism

We now define orientable vector bundles with respect to a fixed multiplicative cohomology
theory. By hypotesis, there exists a unit 1 € h%{*} = h9(S°). Since S” is homeomorphic to
the n-th suspension of S°, such homeomorphism defines (by the suspension isomorphism) an
element 4" € h"(S™) such that v* = S™(1) (clearly 4" is not the unit class since the latter
does not belong to h™(S™)). Moreover, given a vector bundle E — B with fiber R*, we have
the canonical isomorphism (1.13) which, in each fiber F, = 7~!(z), restricts to:

h*(F,, (F,)o) =~ h*(D¥ 0Dy ~ h*(D¥ /oD% 0Dk JoD?) ~ h*(S* N) (1.17)

where the last isomorphism is non-canonical since it depends on the local chart (N is the
north pole of the sphere). However, since the homotopy type of a map from S* to S* is
uniquely determined by its degree (see [35]) and a homeomorphism must have degree +1, it
follows that the last isomorphism of (1.17) is canonical up to an overall sign, i.e., up to a
multiplication by —1 in h*(S*, N).

Definition 1.3.1 Let # : E — B be a vector bundle of rank k and h* a multiplicative
cohomology theory in an admissible category A containing m. The bundle E is called h-
orientable if there ewists a class uw € h*(E, Ey) such that for each fiber F, = 7 '(x) it
satisfies u|p, ~ +v* under the isomorphism (1.17). The class u is called orientation.

We now discuss some properties of h-orientations. The following lemma is very intuitive
and can be probably deduced by a continuity argument; however, since we have not discussed
topological properties of the cohomology groups, we give a proof not involving such problems.
For a rank-k vector bundle 7 : E — B, let (U,, ¢,) be a contractible local chart for £, with
Yo : T H(Uy) — Uy X RE. Let us consider the compactification ¢} : 77 1(U,)* — (U, x R¥)*,
restricting, for x € Uy, to (¢a)f : Ef — S*. Then we can consider the map:

Paw = ((pa)d ) * L HE(ES) — hE(SY) . (1.18)

Lemma 1.3.2 Let u be an h-orietation of a rank-n vector bundle m : E — B, let (Uy, ¢,) be
a contractible local chart for E and let $, be defined by (1.18). Then Go,.(u|g+) is constant
in x with value ¥* or —~*.

Proof: Let us consider the map (¢ ' )** : W¥(x2(U,)*) — h*((U, x R*)*) and let
call € := (¢f H)**(ulr-1)+). Since (Uy x R¥)T ~ U, x S* /U, x {N} canonically, we
can consider the projection 7, : Uy X S¥ — Uy x 8% /Uy x {N}. Then o (ulg:) =
Elayxrmy+ =~ Ta(§)|gmyxse. But, since U, is contractible, the projection 7 : Uy, x Sk — Sk
induces an isomorphism in cohomology, so that 7/ (&) = n*(n) for n € h¥(S*), so that
To(E)liwyxst = T ()| {a3xsr = 1, i.e., it is constant in x. By definition of orientation, its
value must be ++*. [

Theorem 1.3.3 If a vector bundle w : E — B of rank k is h-orientable, then given trivializ-
ing contractible charts {Uy }acr it is always possible to choose trivializations o, = 71 (U,) —
Uas x R* such that (p2):¥(v*) = u|g+. In particular, for x € U,p the homeomorphism

(pppa)f : (R S% — (RE)T o SF satisfies ((pppn")T)*(7F) = .
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Proof: Choosen any local trivialization ¢, : 7=1(U,) — U, x R¥, it verifies (p)¥(+*) =
Fu|p+ by lemma 1.3.2. If the minus sign holds, it is enough compose ¢, to the pointwise
reflection by an axes in R¥, so that the compactified map has degree —1. [J

Definition 1.3.2 An atlas satisfying the conditions of theorem 1.3.3 is called h-oriented
atlas.

Remark: the classical definition of orientability, i.e., the existence of an atlas with tran-
sition functions of pointwise positive determinant, coincides with H-orientability for H the
singular cohomology with Z-coefficients, as stated in [21]. Similarly, an oriented atlas is an
H-oriented atlas.

Lemma 1.3.4 Let 7 : E — B be a rank-k vector bundle which is orientable both for H*
and for a multiplicative cohomology theory h*, and let u be an orientation with respect to h*.
Then an H-oriented atlas is h-oriented with respect to u or —u.

Proof: by lemma 1.3.2 the value of u is constant in z for each chart, and it is £v*. Moreover,
the compactified transition functions of an H-oriented atlas must have degree 1, thus they
send +* in «* for every cohomology theory. Hence, the value of u must be v* or —~* for each
chart. The thesis immediately follows. [

We now state Thom isomorphism following [21].

Theorem 1.3.5 Let (E,E') — B be a relative fiber bundle with fiber (F,F"). Suppose
that there exist aq,...,a, € h*(E,E') such that, for every x € B, their restrictions to
F, =77 Y(x) form a base of h*(F,, F.) as a h*{x}-module under the module structure (1.12).
Then ay, ..., a, form a base of h*(E, E') as a h*(B)-module. OJ

For the proof see [21] page 7.

Theorem 1.3.6 (Thom isomorphism) Let 7 : E — B be a h-orientable vector bundle
of rank k, and let u € h*(E, Ey) be an orientation. Then, the map induced by the module
structure (1.12):

T h*(B) — h*(E, Ey)
T(a):=a-u

is an isomorphism of abelian groups.

Proof: The map T : h*{*} — h*(S™)x given by T(a) = - 4" is an isomorphism since,
up to the suspension isomorphism, it coincides with 7" : h*{x} — h*{x} given by T"(a) =
1-a = a. Thus, 7" is a base of h*(S™, N) as a h*{*}-module. By definition of h-orientability
and theorem 1.3.5, it follows that u is a base of h*(E, Ey) as a h*(B)-module, i.e., T is an
isomorphism. [J
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1.3.3 Gysin map

Let X be a compact smooth n-manifold and Y C X a compact embedded r-dimensional
submanifold such that the normal bundle N(Y) = (TX |y)/TY is h-orientable. Then,
since Y is compact, there exists a tubular neighborhood U of Y in X, i.e., there exists an
homeomorphism ¢y : U — N(Y).

Ifi:Y — X is the embedding, from this data we can naturally define an homomorphism,
called Gysin map:

i h (YY) — h*(X) .

In fact:

e we first apply the Thom isomorphism T': h*(Y) — h*  (N(Y)) = h*(N(Y));

cpt

e then we naturally extend ¢y to ¢ : Ut — N(Y)T and apply (¢f)* : b, (N(Y)) —

h:pt(U)’
e there is a natural map ¢ : X — U™ given by:
x ifxelU
M‘”‘{ 0o ifze X\U

hence we apply ¢* : h*(U+) — h*(X).
Summarizing;:

ir(a) =¢* o (pf) o T (). (1.19)

Remark: One could try to use the immersion i : Ut — X and the retraction r : X+ —
U™ to have a splitting h(X) = h(U) @ h(X,U) = h(Y) ® K(X,U). But this is false, since
the immersion i : U™ — X is not continuous: since X is compact, {oo} C X7 is open, but
i1 ({oo}) = {o0}, and {co} is not open in U™ since U is non-compact.

One can extend Gysin map to more general maps than embeddings, in particular it can
be defined for proper maps. For details the reader can see [44].

1.4 Homology and cohomology for finite CW-complexes

1.4.1 Whitehead axioms

In this version of the axioms (see [65]) we consider the category TopFCW,. Since it is an
admissible category, we will be able to compare this version with the previous.

Definition 1.4.1 A homology theory on TopFCW,, is a sequence of functors h,, : TopFCW, —
AbGrp and morphisms of functors s, : h, — h,1 0 .S satisfying the following axioms:

1. (Homotpy axiom) if f,g: (X, A) — (Y, B) are homotopic, then h,(f) = h,(g);

2. (Suspension axiom) the morphisms of functors s, are isomorphisms;
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3. (Exactness axiom) the sequence of functors h, induces a sequence of functors:
h!, : A — ExSAbGrp
assigning to each pair (X, A) the exact sequence:

i A) < b (X) <72 (X A)
where (iy), and (), are the image via h, of the inclusions i : (A,0) — (X,0) and

7 (X,0)— (X, A).

Reversing the arrows of the exact sequence, we have the corresponding axioms for coho-
mology:

Definition 1.4.2 A cohomology theory on TopFCW, is a sequence of contravariant func-
tors h™ : TopFCW, — AbGrp and morphisms of functors s™ : k"""t o S — h™ satisfying the
following azxioms:

1. (Homotpy axiom) if f,g: (X, A) — (Y, B) are homotopic, then h"(f) = h"(g),
2. (Suspension axiom) the morphisms of functors s, are isomorphisms;

3. (Exactness axiom) the sequence of functors h™ induces a sequence of functors:
(R")" : A — ExSAbGrp

assigning to each pair (X, A) the eract sequence:
n (ﬂ.*)n n (i*)” n
h(X/A)—— h"(X) —— h"(A)

where (i*)™ and (7*)" are the image via h, of the inclusions i : (A,0) — (X,0) and
7 (X,0) — (X, A).

One can prove (see [65]) that these axioms are equivalent to the Eilenberg and Steenrod
ones for the category of finite CW-pairs. We will use these axioms to define K-theory as a
cohomology theory.

1.4.2 S-Duality

We now study how homology theories are related to cohomology ones and viceversa. It
turns out that on the category of pairs having the homotopy type of finite CW-pairs there
is a duality between homology and cohomology theories, such that for compact manifolds
orientable with respect to the theory considered Poincaré duality holds. One natural way to
express this duality is to use the theory of spectra, which we do not review here. Otherwise
one can use Alexander duality: a finte CW-complex can be embedded in a sphere 5™, and,
given a cohomology theory h*, one can define h,(X, A) = A" P(S™\ A, 5™\ X) or viceversa.
The problem of this construction is that it is not intrinsec, since it requires the embedding
in S™ for some n which is in general difficult to imagine. We prefer instead to recall the
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geometric construction of the homology theory dual to a given cohomology one which is
described in [41]. The idea of the construction is the following: if we consider singular
homology, one could ask if, for any class A € H,(X,Z), there exist a smooth compact
orientable n-manifold M and a map f : M — X such that A = f,[M], where [M] is the
foundamental class of M. This is actually not true, but Steenrod proved that there always
exists a triple (M, «, f) where M has dimension n + ¢, « € HY(M,Z) and A = f.(a N [M]),
or equivalently A = f,(PDys«). This construction can be generalized.

We work on the category HCW; of spaces having the same homotopy type of a finite
CW-complex, and we suppose to have fixed a cohomology theory h*. For a couple of spaces
(X,A) in HCW; we define the group of n-pre-cycles as the free abelian group hpc, (X, A)
generated by triples (M, «, f) where:

e M is a smooth compact connected h*-orientable manifold of dimension n + ¢ in general
with boundary;

e ac hi(M);
e f: M — X is a continuous map such that f(OM) C A.

We define the group of cycles h¢, (X, A) as the quotient of hpc,(X, A) by the subgroup
generated by:

e clements of the form (M, a+ 3, f)— (M, «, f)— (M, 3, f), so that we impose additivity
with respect to the cohomology class in the middle;

e clements of the form (M, a, f) — (E*,T(a), for) where 7 : E — M is a vector bundle
and T : K*(M) — K**"(E™) is the Thom isomorphism.

Thus a generic n-cycle is an equivalence class [(M, «, f)]. We define the subgroup of n-
boundaries hp (X, A) as the subgroup of he,, (X, A) generated by the elements [(M, a, f)]
such that there exists a precycle (W, 3, g) € hpc (X, X) such that M = 0W, a = |y and
f = glnm- We then define the groups:

hn(X, A) = hC,n(Xa A)/hB’n(X7 A) .

Remark: we cannot define chains as for singular homology, since the cohomology class «
in the triple can be non-trivial only if M is in general a non-trivial manifold, not necessarily
a simplex which is contractible. Thus we define cycles and boundaries but we do not build
a graded complex of chains whose homology is isomorphic to the one we are defining.

In this picture we can naturally define cap product if A* is multiplicative. In fact, for
B e h*(X) and [(M,a, f)] € h(X) we define:

BNIM, a, f)] = [(M, e f*53, )] -
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1.4.3 Extension

As shown in [3], given a cohomology theory on the category of finite CW-pairs we can extend
it and associate a group to any pair of spaces, but we do not obtain in general a cohomology
theory. In particular, for any pair of topological spaces (X, A) we define h*(X, A) as the
group whose generic element is a functor'® ¢ which, given a finite CW-pair (Y, B) and a map
f:(Y,B) — (X, A), assigns a class f'(£) € h*(X, A), satisfying the following hypoteses:

o f'(¢) depends only on the homotopy class of f;

e given a couple of maps (Z,C) -2 (Y, B) 7, (X,A) with (Z,C) and (Y, B) finite
CW-pairs, it satisfies (f o g)'(&) = ¢'f'(€).

With this definition the group h*(X, A) is homotopy-invariant for any couple of spaces, but
actually it is not a generalized cohomology theory since the exactness of the cohomology
sequence may fail. Actually, there is not a good way to extend the theory to any couple of
spaces. However, at least we obtain the result that for couples having the homotopy type of
finite CW-pairs we obtain a cohomology theory, which coincides with the previous for finite
CW-paris.

If (X, A) is a CW-pair, not necessarily finite, there is a canonical isomorphism:

h* (X, A) ~ lim h*(X,, Aq) (1.20)

«

where {X,} is the set of finite sub-complexes of X and A, = X, N A. This groups is in
general different from h*(X, A) defined in the ordinary way. If (X, A) is a finite CW-pair,
then there is a canonical isomorphism h*(X, A) ~ h*(X, A) since X is a maximum in the
family {X,}.

If we consider singular cohomology restricted to finite CW-pairs and we extend it in

this way we do not obtain again singular cohomology, actually we get a surjective map
H*(X,A) — H*(X,A) but non injective in general.

4The domain of this functor is the category Mx,4) whose objects are maps f : (Y, B) — (X, A) with
(Y, B) a finite CW-pair, and whose morphisms from f : (Y,B) — (X, A) to g : (Z,C) — (X, A) are maps
h:(Y,B) — (Z,C) such that g o h = f; the codomain of the functor is the category of abelian groups.
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Spectral sequences

2.1 General setting

We consider an abelian group K provided with a filtration, i.e., with a sequence of nested
subgroups {FPK },cz such that:

o DFPFIK S FPK D FPrK S ..

o« UF'K =K.

PEZL

We can define F"*°K = K and F**K = (. It is not necessary that the intersection of the
groups FPK is 0. It often happens that FPK = K for p < 0, and in this case the filtration
can be written in the form K = F'K D> F'K O ---.

Given a group with a filtration, we can construct the groups:

EPK = FPK/FPH K

whose direct sum @ EJ K is called the associated graded group of the filtration {FPK },ez.
PEL
We start considering spectral sequences without grading, thus, in this context, the laguages

of homology and cohomology are complitely equivalent. We use the cohomological one.

Let d : K — K be a coboundary, i.e., a morphism such that d? = 0. In this case we can
define a cohomology H(K) = Kerd /Imd. Let us also suppose that d preserves the filtration,
ie, d(FPK) C FPK: in this case we have a cohomology H(FPK) for every p. We also put:

ZK =Kerd BK =Imd Z°K =Ker(d|prg)  BPK =Im(d|per) -
The inclusion ¢, : FPK — K induces a morphism in cohomology:
i HFPK) — H(K)

whose image is given by equivalence classes of cocycles in FPK up to coboundaries coming
from elements of all K. In particular, for a € ZPK:

43



44 CHAPTER 2. SPECTRAL SEQUENCES
e [a]={a+d(z)|z € FPK} € H(FPK);

o i*la]={a+d(z)|z e K} € HK).

That’s why in general z'ff is not injective: a cocycle a € FPK can be equal to d(z) for
z € K\ FPK, and, in this case, [a] # 0 in H(F?K) but i [a] = [0].

We present the situation in a diagram, in which between the first two columns we declare
when a becomes zero at the quotient (it must be a coboundary) and between the second and
the third column we declare the condition that a must satisfy to be a cocycle (da = 0):

K—"%i(a) € K K i#la] € H(K)
Frol e 0= popm g Fre1fe H(FPK)
F\f’KﬂiaEVFpK%F\ﬁK [a] € H(FPK)
FriiK Friig FriiK H(FPHLK)

The cocycle [a] is mapped in H(K), hence quotiented out by coboundaries from all K. The
image of z';f is thus:

Im (i) = (i,Z’K,BK ) | BK . (2.1)

We define FPH(K) = Im(i#). In this way, we obtain a filtration of H(K) given by
- D FP'H(K) D FPH(K) D FPH H(K) D ---, whose associated graded group is the
direct sum of:

EPH(K) = FPH(K) ) FP' H(K) .

The spectral sequence is a sequence of groups which approximates, in a sense still to esta-

bilish, the graded group @ E{H (K).

PEL

Remark: the spectral sequence can be built using two very similar viewpoints, which differ
by a certain isomorphism in the groups involved. We develop both of them.
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Notation: We previously defined the immersions 7, : FPK — K. We also define the
immersions:
cFPK — FPTK .

tpp—r

When the index p is clear from the context, we denote i,, 1 with ¢, and 4, ,_, with ¢".

2.2 Finite filtrations

2.2.1 Preliminaries

We consider the case of a finite filtration, i.e., such that FPK = K for p < 0 and FPK =0
for p > [, for [ a fixed integer. The filtration is then:

K=F'K>---DFK=0
with the corresponding filtration in cohomology:
H(K)=F'HK)>---D>F'H(K)=0.

Definition 2.2.1 Given a finite filtration of an abelian group with coboundary (K,d), a
spectral sequence is a p-graded sequence of groups and coboundaries { EPK, dP},en, pez, with
d? : EPK — EITK, such that, for E.K = @, E'K and d, == @, dV, it satisfies the
following conditions:

e EVK is the associated graded group of the filtration of K;

o £V K ~ Kerdl /Imdl™" canonically, so that E, 1K ~ H(E,K, d.) canonically for
every r;

o the sequence stabilizes, i.e., for r > rq it is d¥ = 0 and EPK = EF K; we call EL, K
the limit of the sequence;

e F? K ~ EyH(K) canonically.
In this case, it is clear in what sense the spectral sequence {@E?K }TGN approximates the

PEL

associated graded group @ E{ H(K): the sequence stabilizes becoming equal to such group.
PEL

In the following we will use this simple lemma:

Lemma 2.2.1 Let G be an abelian group and Ay, As, B < G, with Ay < Ay. Then:

(A1, B) Ay

~

(A,B) ~ (A3, A,NDBY"
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2.2.2 First viewpoint
Image at level p

As we have seen, ily[a] = {a +d(v) |z € K} € H(K), hence in the diagram we think %, [a]
as living at the level —oo, i.e., for finite filtrations, at level 0. There is another way to think
to Im (ii), thinking to it at level p. In particular, it is isomorphic to the group of cocycles
in FPK up to coboundaries d(z) such that x € K but d(z) € FPK:

i la] —{a+d(z)|z € K,d(x) € FPK} .
With respect to (2.1), this viewpoint is:
FPH(K) ~ Z°K/ (BK N Z°K) (2.2)

and the isomorphism follows from lemma 2.2.1 for A} = ZPK, Ay = {0}, B = BK. In the
diagram we can represent (2.2) as follows:

K—"%a) e K K H(K)
Y e Y FriK H(FP'K)
Fr —2=% e =0 i [a] € H(FPK); ii[a]é%
FriiK FriiK FrK H(FP+K)
The isomorphism
¢: (?Z°K,BK )/ BK — ZPK/(BK N Z’K) (2.3)

is given by ¢[a]| = [a] N FPK, with inverse ¢~ '[b] = [b] + BK.

First attempt with FPH(K)

One can ask why we do not search an approximation of the complete groups FPH(K),
which should be of course more useful since, in particular, FYH(K) = H(K). The problem
is that, in this way, although we can construct a sequence of groups with coboundaries using
the same tecnique, it is not true in general that the group at a certain step is canonically
isomorphic to the cohomology of the previous, as we now show.
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We construct a natural approximatiom of F?H(K), thought at the level p, i.e., FPH(K) =
ZPK/(BK N ZPK). In particular, since the filtration has lenght [, for 0 < p <[ —1 it is
FPHEK =0 and FP7'""'K = K. Hence, we can think:

ZPK ={a € FPK |d(a) € FPY'K} (2.4

BKNZPK ={a € FPK |a =d(z), v € FF" K} '
Remark: the fact of considering p — [ + 1 instead of p — [ is very important, and the
meaning of the +1 will become clear later.

In the diagram, as before, between the first two columns we declare when a becomes zero
at the quotient and between the second and the third we declare the condition that a must
satisfy to be a cocycle:

(p . l + 1) \K a=dx \K \K
(p—1) Frolg =0 pom g Frlf
(p) PR %, e 2 PP
(p+1) 0 0 da € {0}

For this reason we use the following notations:

e we denote ZPK also by ZK, meaning that the boundary of an element must live
steps under p;

e we denote BK N ZPK also by BY K, meaning that we consider boundaries of elements
living [ — 1 steps over p.

In this way:
FPH(K)=Z'K | B'K.
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Now we can give the following generalizations for r > 1:

ZP(K) = {a € FPK |d(a) € FPF""K}
BY(K)={a € FP’K |a=d(z), x € F"""" K} (2.5)
FPH(K) = Z’K | B'K.

(
We can also consider ZJ(K), and we trivially find that ZJ(K) = FPK. Thus, we also put
BE(K) =0, so that FPH(K) = FPK.

Remark: For coboundaries we still consider p — r + 1 instead of p — r, as anticipated in
the remark at page 47.

In this way we obtain two filtrations and a sequence:
BPK = BY(K)C---C BY(K)=BKNZK
CZ’K =Z)K C--- C Z{K = F"K
FPH(K), - FPH(K) = FPH(K)

In particular, for r increasing in FPH(K), we ask the coboundary of a generalized cocycle
to live in smaller and smaller groups FP*" K, and we allow the coboundaries to come from
bigger and bigger groups FP~"t1 K. At the end, for r = [, we ask the coboundary of a cocycle
to be zero and we allow the coboundaries to come from all K, hence we obtain FPH(K).
On the diagram 2.1 (page 49), one can see the first step FYH(K) and the general step.
In particular, in passing from r to r 4+ 1, the reader should imagine the arrow of cocycles
(between the second and the third column) increasing by one step down, and the arrow of
coboundaries (between the first two columns) coming from one step more up.

We put:
F,H(K) =P FPH(K).
pEZ
Now we construct a boundary d? : FPH(K) — FFt"H(K):

e by construction, the boundary d induces well-defined maps d2 : FPH(K) — FPHK,
as one can see in the diagram 2.1 (page 49);

e since d> = 0, in particular it is d? : FPH(K) — ZPTK;

e but ZP"K C ZP'K for every s, hence, for s = r, we can think d? : FPH(K) —
Z,I,H_TK;

e composing with the projection, we obtain d? : FPH(K) — FPT"H(K).

In this way, we obtain a coboundary d, : F.H(K) — F,H(K). Here we see the importance of
the +1 shift in the coboundary index, as discussed in the remarks at pages 47 and 48: without
that shift, the imagine of dP would be 0, since the boundary d? of an element by definition
lives at the level p+ r and comes from the level p, so, quotienting out by coboundaries from
r step above p + r, we would trivially obtain 0. With the shift, we quotient out by r — 1
steps above p + r, hence we obtain in general a non-trivial cohomology class.



2.2. FINITE FILTRATIONS

First step:

General step:

(p—1)

(p+1)

(p—r+1)

(p—1)

(p+7)

PPl FPLE PPl
PR % e % K
PP Jaasy e da € FPHK
Fp—\?—i-lK a=dg Fp—\?—HK Fp—\-’;‘—i—lK
FpilK a;dm> Fp\ilK FPZIK
PP —= TR —% L FPE
Frir PP da € TP K

Figure 2.1: Diagram

49
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We would like now to show that F, i H(K) is isomorphic to H(F,.H(K),d,), but in this
setting it is not true in general. Let us see the exact meaning of this isomorphism. Since
FPH(K)=ZYK/BPK and F} H(K) = Z? K/BY K, and since BPK C Z¥ K, B} K C
ZP K, the fact that F,.,1H(K) ~ H(F,H(K),d,) should be naturally implied by the following
conditions:

e Kerd? = 7', K/B'K C Z°’K/BrK;

2

o Imd’ " < B?, K/B'K C ZPK/BPK.

The second equality is trivially true, but the first one is false: let us consider [a]| € FPH(K)
with @ € Z%, K. Then by construction it is d2(a) € ZP*"K, but the fact that a € Z%, | K
implies d?(a) € Z'TT' K C ZP*"K. However, there is no reason why its equivalence class
in ZP*"K/BPTTK is zero. For such class to be zero, we must quotient out by elements of
fo{HK, i.e., by cocycles living one step under the image of cif,’ Thus, instead of considering
ZPT" K /BPTTK | we must consider ZPT K/ (BP*T K, i(ZPTTT K)). Hence, for generic level p,
we must consider the groups Z?K/ (BPK,i(ZP*] K)), which, for r = [, becomes Z? K/ (BK N
ZPK,i(ZPTK)). But this is exactly FPH(K)/FPT H(K), since, using lemma 2.2.1:

FPH(K)  (Z°K,BK)/BK  (Z°K,BK) ZPK
FrilH(K) (ZrPH K BK)/BK — (Zrt'K,BK) (Zr*'K BK N ZPK) '

First correction

Thus, we search an approximation not of FPH(K), but of EYH(K) = FPH(K) /FPTH(K).
For FPH(K) thought at the level p, i.e., FPH(K) = ZPK/(BK N ZPK), we have that:

EPH(K) = Z°K/ (BK N Z°K,i(Z" ' K)). (2.6)

As one can see in the diagram 2.2 (page 51), there is a new vertical arrow for ZPT1 K. We
could give the following definitions:

BPK = (BPK,i(ZP'K)) c ZPK

. (2.7)
EPK = ZPK/B'K

which, for r = [, become:

B'K = (BK N ZPK,i(Z"*'K))
EYH(K) = Z'K/ B'K.

The problem is that, in this way, we do not have a filtration BYK C --- C BK, since
the groups foll K are decreasing in r. Thus we introduce a correction on cocycles and
cobondaries which does not affect the quotient.
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(p—1+1)

(p—1)

\K a=dzx \}4( \K
Frot g S e g Frlf
PR — %, e Y PR
0 0 da €0

Figure 2.2: Correction

o1
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The right sequence
There is also another way to think to Ef H(K) (cfr equation (2.6)):

EPH(K) ~ (ZPK,i(FP'K)) / (BK N ZPK,i(FP*K)). (2.8)

This equality follows from lemma 2.2.1 for A, = ZPK, Ay = BK N ZPK, B = i(FFT'K).
In other words, we consider all the elements of FP*1 K, not only the cocycles. We use this
point of view during the construction of the spectral sequence. We thus give the definitions
for r > 1:

Z,K = (ZPK,i(F'T K))
B'K = (BPK,i(FP*'K)) (2.9)
EPK =7'K | B K

which, for r = [, become:

N

=

Z)(K) = (ZPK,i(F""' K))
P(K) = (BK N Z°K, i(F"*' K))
EYH(K)=Z)K | B/K

In this way we obtain two filtrations and a sequence:

(BPK,F'7'K) = BY(K) C --- C B)(K) = (BK N Z°K,i(FP*'K))

C (ZPK,i(FPP'K)) = Z,K C --- C ZyK = FPK

BYH(K), - EPH(K) = ELH(K).
On the diagram 2.3 (page 53), one can see the first step EV K, which is exactly H(FPK/FPTK),
and the general step. Since the first step is H(FPK / F p“K ), we can define as before

B’K = {0} and Z'K = FPK: in this way, Z,K = FPK and ByK = FPY'K, so that
Ep K =FPK/F pHK as previously defined.

We put:
E.K =P EK.
PEZL

Now we build the map d? : EPK — EPT"K. Let [a] € EPK. Then:
e a=z+ux, with z € ZPK and z € FFTK;

e d(z) € ZM"K and d(z) € B"™' K

hence d(a) € FPT K, in particular d(a) € (i""Y(ZP™"K), BPT'K);

hence we have also d(a) € (" Y(ZPT"K), " (FPT 1) BPFHIK);

e we consider:

(i 1(ZP+TK) (Fp+r+1) B”“K}_
( BPHLK ir (Fpirtl)) '

[d(a)] €
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First step:

General step:

(p—1)

(p+1)

(p—r+1)

(p—1)

(p+7)

PPl FPLE

PR =%, K

P FrH e

a=dzx

Fr-r1 S ppr e

FPYT R Frtr e

Figure 2.3: Diagram

PPl
da

FPK

da € FPHEK

PP

da € FP" K

93
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e there is an isomorphism, obtained from lemma 2.2.1 for A} = ( ZPT" §(FPT 1)) Ay =
i(Frer+1), B = BrK:

A2 K) (), BYUK)
v ( BPHLK qr(Frir+l))
~ (ZPK i (F7))
((BPHK N ZPTK),ir (Friret))

given by ¢[z] = [z] N FPT" K, and the second member is exactly EP*"K;
e hence, we put d[a] = ¢([d(a)]) € EPT"K.

In this setting, we can see that £, K = H(E,K,d,), ie., E} K = Kerd? /Imd?™".
In fact, since E?’K = Z,K/B,K and EY,\K = Z. K/ B, K, the fact that E, ;K =
H(E,K,d,) naturally follows from:

o Kerd? =7, K/B/K C Z,K/ B, K;
e Imd» " =B, K/B.K C Z,K/B,K.
Let us prove this (the reader should look at the diagram while following the proof):

o Kernel:

D) Let [a] € Z0,,K/ BK. Hence:
e a=z+zxforxeZl K and x € FPFHK;
e d(a) = d(z) + d(z), with d(z) € FP*"T' K and d(z) € BP"'K;
e hence [d(a)] =[0].
C) Let [d(a)] =[0], i.e., d(a) € (BPT K, i"(FPTTIK)).
e a=z+xforz e ZPK and x € FPK;
e d(a) =d(z) + d(z), with d(z) € FP*"K and d(z) € BP"' K;

e hence, by the hypotesis on d(a), it is d(z) € (B*"'K,i"(FPF7 1K), ie.,
d(z) = d(fp+1) +gp+r+17 with fp+1 c FerlK and gp+r+1 c Fp+r+1K;

o thus z = (z — fP*') + fP! with z — fP* € ZF | K and fr*' € FPTK;
e hence a € (7% | K,i(FP'K)) = 7, | K.

e [mage: follows directly from the definitions.

2.2.3 Second viewpoint

In this viewpoint we do not use isomorphism (2.3), hence we still think FPH(K) at level
—o00, which coincides, for finite filtrations, with level 0.
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First attempt with FPH(K)

As before, we first consider a natural approximatiom of FPH(K) = (i?ZPK, BK)/BK. The
following digram represents what we are going to explain:

(p—1+1) K—C% 0K K
(p—1) Frot g S e g Frlf
(p) FPR —=%, o % o Fri
(p+1) 0 0 da €0

In particular, since the filtration has lenght I, for 0 < p < 1 — 1 it is FP*'K = 0 and
Fr~#1K — K. Hence, we can think:

ZPK = {a € FPK |d(a) € FF'K}

BK = B""'K. (210)

We shift by +1 the coboundary index for the same reason as in the first viewpoint. For this
reason we use the following notations:

e we denote ZPK also by Z' K, meaning that the boundary of an element must live !
steps under p;

e we denote BK also by 87K, meaning that we consider boundaries living I — 1 steps
over p.

In this way:
FPH(K) = ("' ZP K, BV K) /BYK .
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Now we can give the following generalizations for r > 1:

ZPK = {a € FPK |d(a) € FPF"K}
BPK = BP K

ZBPK = (i" ' ZPK,BPK) C FPH K
FPH(K) = ZB2/BPK .

(2.11)

As before, we can extend the definition of ZPK for r = 0. In this way we obtain two
filtrations (for Z? and B%, not for ZB% !) and a sequence:

BPK = BY{(K) C--- C B}(K) = BK
Z’K =Z/K C--- C ZyK = FPK
FYH(K), - FPH(K) = FPH(K) .

In particular, for r increasing in FPH(K), we ask the boundary of a generalized cocycle to
live in smaller and smaller groups F?™" K, and we quotient by coboundaries living in bigger
and bigger groups FP~"T1K. At the end, for r = [, we ask the boundary of a cocycle to be
zero and we quotient by coboundaries from all K, hence we obtain FPH(K).

We remark that this viewpoint is less natural than the previous, since, although the
cocycles ZPK decrease in r, they are embedded in ZBP K which are not decreasing in r any
more. However, the coboundaries added in ZBPK are quotiented out in FPH(K), so that,
at the quotient, we still obtain the same approximation as before by lemma 2.2.1. Instead,
the construction of the boundary will be more natural in this viewpoint.

Remark: we point out that F?H (K) must be thought at the level p—r+1 of the filtration.
On the diagram 2.4, one can see the first step F H(K) and the general step.

We put:
F,H(K) =P FPH(K).

PEZ

By construction, the boundary d induces well-defined maps d? : F?H(K) — FP*"K | as one
can see in the diagram. Since d®> = 0, in particular it is d? : FPH(K) — ZPT" K, hence,
composing with i"~! and considering the class up to coboundaries in BP™'K, we obtain
d?: FPH(K) — FPT"H(K). In this way, we obtain a cohomology d, : F, H(K) — F,H(K).
As in the first viewpoint, the +1 shift in the coboundary index allows us to obtain a non-
trivial cohomology class.

We would like now to show that F,.;H(K) is isomorphic to H(F,H(K),d,), but in this
setting it is not true for the same reason discussed in the first viewpoint.
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First step:

General step:

(p—1)

(p+1)

(p—r+1)

(p—1)

(p+7)

PPl FPLE PPl
PR % e % K
PP Jaasy e da € FPHK
Fp—\?—i-lK a=dg Fp—\?—HK Fp—\-’;‘—i—lK
FpilK a;dr> Fp\ilK FpilK
PP —= TR —% o FPE
Frir PP da € TP K

Figure 2.4: Diagram
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The right sequence

Thus, we search an approximation not of FPH(K), but of E§H(K) = FPH(K) /FPFT H(K).
We think to Ey H(K) as:

EPH(K) ~ (?ZPK, BK, " FFT'K) / (BK, i" "' FPT ). (2.12)

This reduces to (2.8) using lemma 2.2.1 for A; = (i*ZPK, BK), Ay = BK, B = *"'FPT K.
We thus use the definitions:

BLK = (BPK,i" FPHK) = (BP "MK " FPHUK)
ZB'K = (ZBPK,i" FPTK) = ("' ZP K, BP K " FPTLK) (2.13)
EPK = 7B K/ B'K
which for r = [ become:
B, K = (BK, "' FPrHK)
7%, K = (i"ZP K, BK, "' FPFTK)
E'K = EPH(K).

On diagram 2.5, one can see the first step EYK, which is exactly H(FPK/FPTK), and
the general step. As before, we can extend the definition of ZP?K for r = 0, obtaining
ZPK = FPK. Then, we define 89K = {0} and ZBLK = FPK, hence ZB,K = FPK and
By = FP* K, so that EVK = FPK/FPHK.

We put:
E.K =P EK.

PEZ

We have a natural boundary d? : EPK — EPT"K. In fact, let [a] € EPK. Then:
ea=z+b+x withze ZPK, be BP "MK and z € FP"'K, and [a] = [z] in EPK;
o d(z) € ZPK C 20K C ZB. 'K, d(b) =0 and d(z) € B"'K c B K;
e hence [d(a)] = [""1(d(2))] € EPT"K, so that we can define dP[a] = [d(a)].

It is well defined, since if [z1] = [zs], then 2z — 20 = = + dy with * € FPY'K, hence
dzy — dze = dx and [dzx] =0 in EPTTK.

In this setting, we can see that F, 1K = H(FE,K,d,). In fact, we prove that:
e Ker(d)) = (i 22, K, BIK) | BK C ZBLK | BLK:
o Im(d?") = (BLK,i" (B""K NFPK)) /B.K C ZB.K | B.K.
Let us prove this (the reader should look at the diagram while following the proof):

o Kernel:
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First step:

General step:

(p—1)

(p+1)

(p—r+1)

(p—1)

(p+7)

PPl FPLE

PR =%, K

P FrH e

a=dzx

Fr-r1 S ppr e

FPYT R Frtr e

Figure 2.5: Diagram

PPl
da

FPK

da € FPHEK

PP

da € FP" K

29
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D) If a = z+ f + b corresponding to the decomposition in the statement, then
d(a) = d(z) +d(f), with d(z) € FP*" T K and d(f) € BP"'K, hence [d(a)] = 0 in
EPfrK.

C) For a = z+ f + b as in the construction of d?, if [d(a)] = 0 then [d(z2)] = 0, i.e.
d(z) = d(y) +w with y € FP"'K and w € FPFF" K. But then z = (2 —y) +y,
with 2z —y € Z°, | K and y € FP*'K. Hence a € (i "' Z", | K, B. K).

e [mage:
C) Since %ffrl( = (ZP"K, B 21K FP"TK) then, for a = z+b+ f, we obtain
dP="[a] = [d(2)] + [d(f)], with d(z) € BP""K N FPK and d(f) € BP" " K.
S) Tt is (BUK, i (BP K NFPK)) = (BP LK, i FPHE i (B K N FPK)). Let
a=d(f)+ g+ d(h): then [a] = [d(h)] with rispect to B. K, hence [a] = d?~"[h].
Hence: —
Ke(d) (T Z0,KBK)
Im(d2™")  (B'K, i~ (B—"K N FPK))’

Let A; and As be the numerator and the denominator of the previous formula, and let
B =%, K. Then:

o (A, B) = (i""'Z} K, B, K)=7%,,,K;
e since B C As, it follows that:

o (4, B)=B-% K
o Al NB C AQ.

Then, applying lemma 2.2.1, we obtain that Ker(d?) /Im(d?~") = E¥ | K.

2.3 Grading and double complexes

2.3.1 Grading and regular filtrations
We now suppose that K is a graded group, i.e.:
K=K", d:K"— K"
nez
such that d = @,,., d* (equivalently, K*® is a complex). Also the filtration is graded, i.e.:
F’K = @ FK™
nez

such that K" = FOK™ D F'K" D> ... D FIK™ = 0. For the associated graded group, we
shift the indices in the following way, which will be motivated studying double complexes:

ERIK = FPEPT )PP gee
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Remark: in the following, we will denote by n the gradation index, and by ¢ the shifted
gradation index, i.e., n = p + q.

We have a cohomology H"(K*®) = Kerd™ /Imd"~!. We still suppose that d preserves the
filtration, i.e. d"(FPK™) C FPK™": in this case we have a cohomology H"(FPK®) for every
p. We also put:

ZK" =Kerd" BK" =Imd"! ZPK" = Ker(d|FpKn) BPK" = Im(d|FpKn—l) )
The inclusions i, , : FPK"™ < K™ induces morphisms in cohomology:
i, H(FP°K) — H"(K*)

whose image is given by equivalence classes of cocycles in FP K™ up to coboundaries coming
from elements of all K.

We present the situation in a diagram: it is the same as before, but with the gradation
included.

K1 == () € Kn Kl i*la] € H(K*)
Fp—i/Kn—laﬂ prlKn Fp—i/Kn-i—l H”(FP*L ‘K)

Fpkn—l ﬂxa c \”FpKn @) ij(n—i—l [CL] c Hn(Fp1.K>
Fotipen—1 Fr¥lgn FotT prn+ H?(FPLeK)

The image of i, is thus:

~ ZPK" | BK" N ZPK™ . '

We define FPH"(K*®) = Im(i#,). In this way, we obtain a filtration of H"(K*) given by

<D FP'HY(K®) D FPH"(K'> D FPHH™(K®) D ---, whose associated graded group is
the direct sum of:
EPUH(K) = FPHPM(K)/FPH HPR(E)
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Notation: We previously defined the immersions i, , : FPK" — K". We also define the
immersions:

tpprn P FPK"™ — FPTT K",

When the index p is clear from the context, we denote iy, 1, with 4,, and i, , with 7.

First viewpoint

We now give the same definitions as before for » > 1, taking into account the grading:

vaqK — {a c FPKPta | d(a) c Fp+er+q+1}
BPIK = {a € FPKP"|a =d(x),z € FP~"H gPHe1y
FPYH(K®) = ZP9K/BP YK
(2.15)

q

K = (Zf’qK, Z'(Fp+1Kp+q)>
T — (BPIK, Z'<Fp+1Kp+q)>
K = 70K/ BY K

)
)

5 SN

which, for » = [, become:

Z(K) = (279K i(FPT )
BYY(K) = (BKPY1 0 ZP 9K i( FPH KPH))
EPH(K*)=Z'K/ B} 'K

thus the sequence stabilizes to E2YK = EV'H(K) = FPHPT(K)/FPT HPY(K). In this
way we obtain two filtrations and a sequence:

(BPE, FPHURPTa) — sz’q(K) C- C E?’q(K) = (BKPYI N ZP 9K i(FPHKPHT))
C(ZPIKi(FPH R = ZV 'K € - € Zy 'K = FPKPT
BYUH(K®), -, EPYH(K®) = B VH(K).
On the diagram 2.6 (page 63), one can see the first step E"?K, which is exactly H?*4(FPK*/
FPYIK®), and the general step. Since the first step is HPT4(FPK®/FPT1K*®), we can define

Bg’qf_( = {0}, and, as previously remarked, Z"YK = FPKP"?: in this way, 7‘8’qK = [PKPHa
and By 'K = FPHUKPHa so that EP 9K = FPKPH ) FPHUKPH ag previously defined.

Let us now consider the boundary, in particular its behaviour with respect to the grading.
We know that df : EPK — EPT"K | i.e., sends p to p’ = p+r; moreover, a boundary sends n
inn'=n+1 Beingn=p+gq,itis¢ =n"—p=(p+q+1)—(p+7)=q—r+1. Hence:

dr9: EPYK — BRI

We can show in a picture the behaviour of d?9:
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First step:

(p—1)

General step:

(p—r+1)

N
Fr—1 [p+q-1

N

FrRprel = g o Frrta

d

)
Fp+1 Kerqfl

Y a=dz

Fp—r+l gp+e-1 —=

(% —
Fpr-1pta-1 M)

a=dzx

L\
FPKPJFQ*l e N

%
Fpotr [p+a-1

a

Figure 2.6:

Fr-T[cpta

Fr+T pta

Fr—rF1 fpta

Fr-Tp+a

a e FJprJFQ

FP+T fpta

Diagram

Fr—1Jptatl

da Fpptatl

|

da € Fpile+€I+1

Fr—r+T foptatl

Fp—1Jcpta+l

“
da Fp ptatl

da € Fr+r gpta+l
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—e ° °
P>q
E
° ° ° dsd
° ° ° °

p

As before, E, 1K = H(E,K,d,), i.e., EfflK = Kerd??/Im dfj—r,q+r—1_ Since EPI1K =
70K/ BY'K and EPAK = 7, \K/ B !\K, the fact that E, 1K = H(E,K,d,) naturally
follows from:

o Kerdtt = EfflK/Ef’qK cZV'K)BVK:;

<

e Imd» " =B K/B 'K cZ, 'K/B, K.

This can been proven as for the ungraded case.

Second viewpoint
We define for » > 1:
Zf’qK — {a c FPKPHe ‘ d(a) c Fp+er+q+1}
BPIK = Bp—r+1Kp+q
JBPIK — <Z~rflzp,qK7 ’Bp’qK> C Fprlgrta
FPiH(K®) = ZBPIK/BYIK
(2.16)
B — <%p7qK7 Z'TFp+1Kp+q> _ <Bp—7"—i-1[(p—i-q7 Z‘TFp+1Kp+q>
ZBUIK = (ZBP K, i FPHUKPTY) = (7 g a | BrorHL e g el ey
EPIK =78 'K/ B 'K
which, for r = [, become:
%f’qK = (BKP*4, Z'p+1Fp+1Kp+q>
Z%pl’qK = (iPZP 1K, BKPY o el gpea)
EPK = Epy'H(K).

thus the sequence stabilizes to F21K = EVTH(K) = FPHPT(K)/FPH HPT(K). For the
boundary, the same considerations of the first viewpoint apply.
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Regular filtrations

Up to now we considered only finite filtrations. When grading is introduced, there is an
important kind of filtrations, intermediate between finite and infinite filtrations.

Definition 2.3.1 Let (K*,d) be a complex and {FPK*®},en be a filtration. The filtration is
called regular if, for any n fived, the filtration {FPK"},en is finite.

For regular filtrations all the theory developed works in the same way, with the exception
that, only for a fixed n = p+¢, we have that eventually E?"9K becomes stationary and equal
to ER9K.

2.3.2 Double complexes
Basic definitions

Definition 2.3.2 Given an additive category A, a double complex is a set of objects { K™}, ez
of A with two morphisms 671 : KP1 — KP*h4 aqnd 659 . KP4 — KP 9% such that:

65i=0 05=0 50+ 066=0.

[ ] [
6?7‘1
2 T 61’7(1
1
[ ] [ ]

— e

p

Definition 2.3.3 Let { K"}, ,en be a double complex. The associated total complex is the
complex (T™,d") ez such that:

™=@ K" d'= P (7 + b

ptq=n ptqg=n

The conditions 8,05 + d29; = 0 in the definition of double complex ensures that d? = 0.
We now construct a filtration of (7™, d™) and the corresponding spectral sequence.

We put:
PP = P KM

i>p
i+q=n
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i.e., the p-th group of the filtration at degree n is made by the direct sum of the groups K4,
for i + ¢ = n, with ¢ > p. We can also define:

FP'T=HK"  FT"=F'TNT"
i>p
qEZ

Since the role of the two indexes p, ¢ is symmetric, we can also consider the filtration:

s
T = P KT
i2p
p' +i=n

Definition 2.3.4 Let (K**,61,d2) and (L**,8],95) be two double complexes in an additive
category A. A morphism of double complexes is a set of morphisms fP?: KP% — LP9 such
that:

fp+1,q o 511)41 — 5/?‘1 o fP4 fp7q+1 o 5129761 — 5/129#1 o fP1,

In this way we define the category of double complexes in A denoted by Kom®**(A). In
particular, we can define the subcategory Kom™*(A) made by double complexes K** such
that K»7 =0 for i <0 or 57 <O.

Definition 2.3.5 Let (K**®,01,02) and (L**,07,05) be two double complexes in an additive
category A and f*°*,g>°*: K** — L** two morphisms. An homotopy between f and g is a
set of morphisms:
h’f’q - KPa _, [p-La hg,q CKPa el
such that:
g—f=(01+02)(h1 + ha) + (h1 + h2)(01 + 62).

We can thus define the category K**(A) obtained from Kom®*(A) quotienting out by mor-
phisms homotopic to zero. Similarly we define K1 (A).

Spectral sequences of double complexes

Let us consider K** € Ob(Kom™*"(A)), whose associated total complex we denote by
(T*,d*). With the filtration {FPT"}, ez, which is regular since K9 = 0 for negative
p or ¢, we build the corresponding spectral sequence. In particular, we have:

Eg,q — FPTPta / Fptlyeta — e

and this justifies the shift in the indices for the associated graded group. The first boundary
is d?: ERY — ERTT e P9 KP9 — K79t We now prove that df? = 65
o let [a] € EY? = FpTPTe | ppHITPTe = KP4,

(2 — 0.
i2p7i+j:p+qK ,l.e., a =@ a";

e [a] =[aP1], since the other components a*/ are quotiented out (in fact, E5? = KP»9);
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o [da] = [d(aP?)] = [§)aP9 + 65 TaP?] € E(I)WH - Fpr+q+1/Fp+1Tp+q+1;
o O lgPt € FPHITPTatl thus it is quotiented out;
e hence [da] = [05%aP1].

Thus:
EP9 ~ HIY(KP* 0,).
In fact, we have seen that, in general, E}"? ~ HPYI(FPT®/FPYIT®) which, in this case,

becomes exactly the previous formula.

We now discuss the second boundary d?*? : EP? — EP*h9: we prove that it is exactly
induced by 67" acting on EP"?. In fact:

o let [a] € BT = HI(KP*,0,), so that a € Ker(6h?) C KP4,

e then [da] = [67% + 65 %]; but 65% € K791 is zero in HITH(KP*, 8,) = EP 7
e hence [da] = [0]%a].
Thus:

By = (B, 00).

This spectral sequence converges, by construction, to the cohomology of the total complex
with respect to the given filtration FPT™. Let us see how the various steps of the spectral
sequence are done. Since an element of 7™ is made by sum of elements with total index n,
then FPH™(T*) is given by cocycles whose direct summands have first index at least p, up
to any coboundary. In the following diagram, the points linked by a double continuous line
form a cocylce in FPT™, while the ones linked by a double dotted line form an element of
FPT-1 K whose boundary is an element of BPTK. The group FPH"(T*) is made by such
cocycles up to such coboundaries. If we were considering H"(T*), of the points linked by
dotted line just the lowest one would have remained, since we are considering the p-step,
i.e., the first index must be at least p. When we build the spectral sequence, in EPH(K)
we consider generalized cocycles whose boudary is non-zero only for horizontal index bigger
or equal to p 4+ r, and we allow coboundaries of elements which are non-zero for horizontal
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index at lest p —r + 1.

N
N

p

The limit of the sequence is E2IK = EVIYH(K®) = FPHPT(K®)/FPT HPTI(K®).

If we consider the filtration 'FPT", we obtain a spectral sequence {'E?'?},cy such that:

TERT = kP T = g
EPT = HY(K*9,5)) D0~ 6]
B} = HO(E]*,5))

and 'EPIK =' FPHPHI(K*) )/ FPUHPHa(K?),

2.4 Generalization

2.4.1 Cohomology of the quotients

We can interpret cocycles and coboundaries in another way (v. [17] chap. XV). We still
consider regular filtrations (in particular, they can be finite), i.e., FPK™ = K™ for n < 0
and for any fixed n there exists [ € N such that F?K"™ = 0 for p > [. Using the convention
F~°K"™= K" and F*>*K" = 0, we define, for —oo < p <t < +00:

H"(p,t) = H"(FPK*/F'K*)

H"(p) = H"(p, +o0) = H"(FPK?*).

Forp<t<wu,a,b>0,p+a<t+0b, we define two maps:

U™ H"(p+a,t+b) — H"(p,t)

2.17
A" H"(p,t) — H" " (t,u) (217)

where:

e U"isinduced in cohomology by the natural map FP K /F'""*K — FPK/F'K,induced
by inclusions of the numerators and the denominators;
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(p _ 1) Fp—TKn—l FprlKn F;D—T'Kn—i-l
(p) PR e Fr g — Y ppfnt
(p+r) Frtr -1 ¥ en da € FPtrRn+l

Figure 2.7: Quotient cohomology

e A" is the composition of the bockstein map 3 : H"(p,t) — H""(t) and the map
induced in cohomology by 7 : F'K — F'K/F"K.

Let us consider HP™4(p,p+r): it is given by cocycles in FPKPT1/FPtr Pt je. ZP1K/
FPTKP*4 up to (BPKPT1 " (FPT"KPt9)), as shown in the diagram 2.7 at page 69. Applying
lemma 2.2.1 we get:

HP 9 (p,p+ 1) = ZP9K | (BPKV9, 07 (FP7KPH)) (2.18)

We remark that FP*"KPT4 C ZP 1K (so we do not need the explicit intersection) since every
x € FPT"KPT2 ig such that d(x) € FPT"KPHe,

We can now reintepret spectral sequences only using such groups and maps, and this is
more natural in the second viewpoint, since we now prove that for r > 1:

Im (H"*(p,p+ 1) Y HP (4 1,p+ 1)) =798 'K/®, 'K = E"K (2.19)
as shown in the diagram 2.8. In fact, considering 2.18, the image of (PP*)P:P1 | can be

described as:

Im( ZPAK [ (BPRPT T (FPH KPTe) AN
Zp7r+1,q+r71K/ <Bpfr+1Kp+q’ ir(FerleJrq» )
which is:

<Z'T—1 Zf’qK, Bp—r—s-ll(p—s-q7 Z-r(Fp—s-le—s-q» / <Bp—r+1Kp+q7 iT(Fp+1Kp+q)>
ie. ZB'K/BK.
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(p —r 4+ 1) Fp—r—i-JlKn—l ‘ﬂ) FrrHlgm Fp—r—T—)lKn-i-l

(p) print == g e FrRn 2 ppfnil
(p+7) [T e prir da € Frr K+
Figure 2.8: Image
We have a commutative diagram:
\Ilzl)-'rq
HP*(p,p+7) HP*(p—r+1,p+1) (2.20)

We have that:

+ +
\I,P+11+1

HPY 4 (p+r,p 4 2r) ——= HPT 9 (p+ 1,p+ 7 +1) .

o Im(V?™) = EPIK and Im(V5™9) = EPHIK;

p,q — APTa
* dT o AQ |Im

. —r+1
qrtay + EPIK — EPTOTTL

We have already proven the first part. For the boundary, let us consider [a] € EP9K with
a =z+b+ax e (i"1ZPIK, BT KPP T (FPTLKPE)) . Then we know that dP9[a] =
[d(2)] € Ertma K. Let us compute Ab™([a]): first we compute the Bockstein map to
HP™4(p + 1), which consist of applying the boundary to get d(z) + d(x) and considering
the class [d(z)] € HPT""(p + 1); then we compose with the map in cohomology induced

by m : Fp+1 gp+atl

— FPHIRPratl  prtrtl pratl st get [d(2)] € HPT P (p+ 1,p+ 71 +

1) = zrtha /(Brrigpratl yr(prrl pratl))  But, being d(z) a boundary, we have d(z) €

BpKptatln Z:qul,q7
T
p+r, q—r+1
Er .

thus d(z) € i" 1 ZP*797"+1 50 that we can consider [d(2)] € Im(U5*?) =
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This approach works for » > 1, since, for r = 0, we get 0 in (2.18), so that the lhs of
(2.19) is zero and not equal E{’?. Thus, we start from r = 1. The limit of the sequence can
be obtain putting r = +o00 in (2.19):

EIK = EFUH(K) = Tm(HP(p, +00) 25 HPM9(0,p+ 1)), (2.21)

In fact, since HP™9(p, +00) = HPTI(FPK*®) and HP*?(0, +o0) = HPT9(K*) we have that:

FPHPY(K®) = Im (HP(p, +00) 28 HPY(0, +00)) . (2.22)

Let us see that the associated graded group of this filtration of HP4(K*®) = HP*9(0, +00) is
given by (2.21). In fact, by (2.18) we have H?*9(0, +00) = Zﬂngq/BKW = ZKPT1/BKPT1 =
HPH(K*) and HPT(0,p + 1) = nglﬂ (BKPta (Pl gpta)) = HPHa([ PP
then (2.21) is obtained by (2.22) via the immersion Z K?T7 — ngfrq, so that we get (ZKPT9,

P FPAURPa)) [ (BKPH o+l (FrH e+ which is exactly FPHPH(K®)/FPH HPra(Ke).

Using this new language, we never referred to the groups FPK"™ but only to H"(p,q):
thus, we can give the groups H"(p, q) axiomatically, without referring to the filtered groups
K". The main advantage of this axiomatization is the possibility to build a spectral sequence
for a generic cohomology theory, not necessarily induced by a coboundary.

Description of the isomorphisms

We now explicitely describe, in this language of cohomology of quotients, the canonical iso-
morphisms involved in the definition of a spectral sequence, i.e. EPY) K ~ Kerd?? /Tmd?~"4+"~1,
Considering (2.20), from the two diagrams:

p+q

HPr Y (p —p p) ——2L HPH L (p—2r + 1, p—r +1) (2.23)
lAPtq Ag-&-ql
p+q
HP*(p,p+7) = H"(p—r+1p+1)
\LAI{MJ Ag-‘—ql

\I,P+q+1

HPH 4 (p+r,p 4 2r) ——= HPY  (p+ Lp+7+1)

p+q

H M (p,p+r+1) ———=H"(p—rp+1).

we have that:
o Im(UHY) = BRI

D, q p"r‘Z‘ . D, q p+r, g—r+1 p—r,q+r—1 __ P-HJ‘
[ d,’, = A2 Im(\IIZIH_q) : E,,, K — E,,, K and dT = AU Im(\I/g-HZ

Ermatr-lg — EPaf;

)

o Im(V,™) = EPYK.
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To find the isomorphism E?% K ~ Kerd?? / Imd?~" 7"~ we thus need a map ¢4 : HP*4(p—
r+1,p+1) — HP™(p—r, p+1) which is naturally given by the immersion i : FP~" 1 kP /ppHl grta
FP=r KP4/ FPTLKPHe. We claim that this map induces a surjection:

P Ker(AY™ [ gotay) — ImPE™ (2.24)
In fact:
° Imqﬂi”rq = <i7"_1 ZP K, Z'TFZH‘lKZH‘q’ Bp—r+1Kp+q> / <Z'TFP+1KP+117 Bp—r+1Kp+q>;
° Ker(AZ;_q |Im(\1ﬂf+q)) — <Z'rilsz1K, Z'TFP+1K;D+<17 Bpfr+1Kp+q> / <ier+1Kp+q7 Bpfr+1Kp+q>;

° Im\Ingrq — <Z’TZf_’~_qlK, Z'r-&-le-I—le-i—q’ Bp—TKp+q> / <Z'r+1Fp+1Kp+q, Bp—er+q>.

The map ¢ ? is induced by the immersion of the numerators, and it is surjective since the
only elements in the numerator of Im¥% ™ which can not to be in the image are the elements

of BP7"K which are quotiented out. Moreover, the kernel of ¢?? is made by classes of

elements in "' Z"% K which, after the immersion, belongs to BP"K, i.e.:

Kergpf’q — <Zr71(Zfl~_qlK) N Bpererq’ Z-erJrleJrq, BpfrJrleJr(I) /
7 p+l ep+q pp—r+1 [ptq
(i" FP P grorHl pta)
— ;71 pp prpta p—r 77p+q v pptl poptq pp—r+1 roptq
(i"Y(FPKPTY) 0 BPT P T pPTLRPra grrrl gpEa)
r o+l rop+q pp—r+1 opt+g
(i" FPHUcpta) ol eetay

(2.25)

but the latter is exactly Im(AL™ |Im(\Pg+q)), thus ¢29 induces the isomorphism E% K ~
Kerd?? / Tmdb—" 971,

Let us consider EPY = HP(p,p 4+ 1). Some elements will lie in Kerd}'?, and they are
mapped to HP™(p — 1,p + 1) by ¢7? which is induced by 4, : FPKPTe ) FPHIKPTa —
Fr=iKPta ) pPrlPTa We iterate the procedure: some elements will lie in Ker dy'? and are
mapped to HP™(p — 2,p + 1) by ©5%, which is induced by iy : FPLKPTe [ FPHIKPTe
FP=2Kpta ) pprlPT4 Thus, in the original group EP? = HP™(p, p+1) we can consider the
elements that survives to both these steps and maps them directly to H**9(p — 2,p + 1) via
i1 : FPKPTe ) pPPHIKPre — pro2Kpta | pprl KP4 This procedure stops after [ steps where
[ is the lenght of the filtration. In particular, we obtain a subset A»% C E¥? of surviving
elements, and a map:

QP9 AP C EPY s fP (2.26)

assigning to each surviving element its class in the last step. The map is simply induced by
iy FPKPTe ) PPALKPra o [Kpra [ PP CPTa We now prove that the surviving elements
are classes in HPTI(FPK*®/FPTLK*®) represented by elements which are in FPTLKP*4 or by
elements whose boundary is 0 (not in FPTKPT4H) or more generally that the elements
surving for r steps (thus from 1 to 7 + 1) are represented by elements of FPT1 KP4 or
by elements whose boundary is in FPH L KPHatl  In fact, the first boundary is given by
A9 HPH(p p+ 1) — HPY(p+1,p+ 2) so that the elements in its kernel are classes in
HP"4(p,p + 1) represented by elements of FP*KP* or by elements whose boundary lives
in FPT2 KP4 Then the isomorphism (2.24) sends such elements to H**(p — 1,p + 1) by
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immersion and the second boundary is given by A??: H**9(p—1,p+1) — H(p—1,p+ 3)
restricted to the image, thus the elements in its kernel must have boundary in FP+3KPT4,
and so on. Thus we have that:

AP — Im(Hp+q(p, +00) — Hp+q(p,p+ 1))

and we have a commutative diagram:

HP4(p, +00) u HPT4(0,p+ 1) (2.27)

with AP9 = Im7* and i*| .+ = ¢ %

2.4.2 Axiomatization

Let us consider the following assignements, for p,t,u € Z U {—o00, +00}:

e for —oo < p <t < ooandn € Z an abelian group h™(p,t), such that h™(p,t) = h™(0,t)
for p < 0 and there exists [ € N such that h™(p,t) = h"(p, +00) for t > I;

o for p <t <wu,ab>0, two maps:

U™ h(p+a,t+0b) — h"(p,t)
A" : ™ (p,t) — h"T(t,u)

satisfying the following axioms:
L. U™ : h"(p,t) — h"(p,t) is the identity;

2. the following diagram, when defined, commutes:

R (p”,t") L h™(p, 1)
K y

h’n(p/’ t/)

3. the following diagram, when defined, commutes:

h”(p',t/) A" hn'H(t/,u')
\Ijni \I,n+1

0" (p,t) —=— b (E )
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4. the following triangle, when defined, is exact:

he(t, ) L h*(p, w)

m%

h*(p,t).
Then we define for r» > 1:

EPt = Im (R 9(p, p+1) 25 W (p — 1+ 1,p+ 1)

D, q p+q\p—r+1,p+1l,p+r+l . D4 p+r,g—r+1
dP 9 = (APTT) \Im(( : EPYK — EF K

Pt
\Pp+q)§fr4:1,p+1)

(2.28)

FPRPHa = T (hPH9(p, +00) —— hPH9(0, +00)).

In this way:

e the groups FPh" are a filtration of h™(0, +00);

o for B, = @pvq EP% and d, = @pﬂdﬁ”q one has F, | = h(E,,, d,,);

e for every n = p + ¢ fixed, the sequence { E9},cy stabilizes to FPhPTe/FPHppTa,
The canonical isomorphisms EPY K ~ Kerd?? /Imd?~"7""~1 are induced by the W-map
el WP (p—r+1,p+ 1) — h?T(p — r,p + 1), which induces a surjection in the diagram
(2.23):

P9 : Ker(Ab™ |t (ur+ey) — Im®5+

Moreover, we have the commutative diagram (2.27), with ¢?? sending the surviving elements,
ie. Im7*, to EPY, ie., to ImW.

As we have seen, the case of a graded abelian group K*® with a finite filtration {FPK*},cz
and a filtration-preserving boundary operator d®, can be considered as a particular case of
this axiomatization putting:

e h'(p,t) = H(FPK"/F'K");
e U and A asin (2.17)

and the axioms are satisfied. In particular, axiom 4 follows from the short exact sequence
0— F'K/F'K — FPK/F'K — FPK/F'K — 0.
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2.4.3 Generic cohomology theory

Given a topological space X with a finite filtration:
P=X'cX'c--.cX"=X

we can consider a cohomology theory h®, not necessarily induced by a coboundary operator.
In this case we define:

o h"(p,t) = hn(X*1, XL,

o U":h"(p+a,t+b) — h"(p,t) is induced (by the axioms of cohomology) by the map
of couples i : (X!, XP~1) — (XtHb-1 xpto-1).

o A" : h"(p,t) — h™(t,u) is the composition of the map 7* : A*(X'1 XP~1) —
h"(X*1) induced by 7 : (X1, 0) — (X1, XP7!), and the Bockstein map 3 :
hn(Xt—l) hn+1(Xu_1,Xt_1).

In this case one can verify that the previous axioms are satisfied, so that we obtain a spectral
sequence called Atiyah-Hirzebruch spectral sequence, which we now study in detail.

Remark: the shift by —1 in the definition of A"(p,t) is necessary to have h™(0,+o0) =
h™(X). Tt would not be necessary if we decleared X° = () instead of X' = (), but it is
better to use a notation coherent with the case of a finite simplicial complex filtered by its
skeletons (in that case X° denotes the O-skeleton, not the empty set).
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Chapter 3

Atiyah-Hirzebruch spectral sequence

3.1 Description of the spectral sequence

The Atiyah-Hirzebruch spectral sequence relates the cellular cohomology of a finite CW-
complex (or any space homotopic to it) to a generic cohomological theory. In particular, let
h® be a cohomology theory defined on a admissible category A containing TopFCW,. We
start from finite simplicial complexes and then we will extend the sequence to all TopFCW.
For a finite simplicial complex X we consider the natural filtration:

f=X'cX’c...cXm"=X

where X is the i-th skeleton of X. Under these hypoteses, we can build a spectral sequence
EP9(X) such that:

o ENY(X) ~ HP(X,hi{+}) canonically, where H® denotes the simplicial cohomology and
{p} the space made by one point;

e the sequence converges to h*(X).

Such a sequence is called Atiyah-Hirzebruch spectral sequence.

As anticipated in the previous section, we can define the following groups and maps:
e h(p,t) = A" (XL XPhy;

o U":h"(p+a,t+b) — h"(p,t) is induced (by the axioms of cohomology) by the map
of couples i : (X*~1, XP~1) — (XtHb-1 Xpta—l),

o A" : h"(p,t) — h™(t,u) is the composition of the map 7* : A*(X'1 XP~1) —
h"(X*1) induced by 7 : (X1, 0) — (X1, XP71), and the Bockstein map 3 :
hn<Xt—1) hn+1(Xu_1,Xt_1).

With these definitions all the axioms of section 2.4.2 are satisfied, so that we can consider
the corresponding spectral sequence EP9(X). We now analyze the first two and the last
steps of such a sequence.

7
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3.1.1 The first step
From equation (2.28) with r = 1:

EPI(X) = Im(h*(p,p + 1) %= W¥9(p,p+ 1)) = W7 (p,p+ 1)
where the last equality is due to axiom 1. We now have:

W9+ 1) = WPHI(X7, X0 o (X X0 2 @ ()
Ap

~ D) = D {p} = X (e
A, Ay
where C?(X, h?{x}) is the group of simplicial cochains with coefficients in h?{x}.

From equation (2.28) we get:

d[f’q — (Ap+q) ’Im(wﬂ) . Ef’qK . E{’H’qK
le.
APl = NPT pPH(p p 1) — WPTT (p 4+ 1 p + 2) (3.1)
which becomes:
9 OP(X, HY{x}) — OPTH(X, H1{x}) . (3.2)

It follows from (3.1) that this is exactly the cobondary of cellular cohomology, thus for
simplicial complexes it coincides with the simplicial coboundary.

We can write down functorially the canonical isomorphism (E} (X)), dy?) ~ (C*(X, hi{x}),
0°). In fact:

e we consider the index set of p-simplices A,, and we consider it as a topological space
with the discrete topology; thus, we have h?(A,) = @, Z = CP(X, h1{*});

e we consider the p-fold suspension of A}, i.e. SPAF = SP x (A4, U {oo}) /(57 x {oo} U
{N} x A,): we have the homeomorphisms S? ~ DP/ODP ~ AP/AP sending N €
SP to APJAP € AP/AP for AP the (p — 1)-skeleton of AP, thus we have a canonial
homeomorphism SPAY ~ AP x AP / AP x Ay

e we have a canonical homeomorphism ¢ : A? x A? / AP x A, — APX/AP~*X obtained
applying ¢¥ to each AP x {i};
e thus we have canonical isomorphisms h?(A,) ~ ﬁq(A;) ~ BPH(SPA;) ~ hPTI(AP X
AP [ AP x Ay) ~ hPTI(APX/APTIX).
In a diagram:

AP x AP Uk, APX
Arx A, AP—LX <33)

A i Gp A+ — =

P

ha \L;}Hq

CP(X, hi{x}) = WPHI(APX/APTIX)
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3.1.2 The second step
From equation (2.28) with r = 2:

pr+q

Ep*(X) = Im(h"*(p,p+2) = h"*(p—1,p +1))
— Im(hp”(XpH,Xp*l) ‘Ef hP+Q(XP’XP*2>)
and for what we have seen about the first coboundary we have a canonical isomorphism:

EPU(X) ~ HP(X, hi{*}) .

(3.4)

Cocycles and coboundaries

We now consider the maps:
j:XP/XPE— xPH xPl
XP/XP2
. XP/xP2 p/xypr—1 _
T XP/XPT — XP/XPT = Xo—1 /X2
i XP/XPT? s XPHL xPL

These maps induce a commutative diagram:

EP = hp+q(Xp/Xp—1) (3.5)

S

PPR(XPH X e (X XP)
where i*, j*, 7 are maps of the U-type. We have that FY? = Tmi* by (3.4).

We now prove that:
Ker d? = Tm j* Im @ = Ker 7* (3.6)

The first statement follows from (3.2) using the exact sequence:

P,q

c— }}p+q(Xp+1/prl) A ;}p+q(Xp/prl) L in+q+l(Xp+l/Xp> — ..

and the second by the exact sequence:
p—1,q
e }}p+q—1(prl/Xp72)d14> ]}p+q(Xp/prl) -, inJrq(Xp/Xpd) S
From (3.6) we get:
e cocyclesin CP(X, h{x}) correspond to classes in Im j*, i.e., to classes in hrta(XP ) XP1)
that are restriction of classes in APT9(XPT!/XP~1);

e coboundaries in C?(X, h?{*}) corresponds to classes in Ker 7*, i.e., to classes in hpta(XP ) XP1)
that are 0 when lifted to hPT9(XP?/XP~2);

e Im7* corresponds to cochains (not only cocycles) up to coboundaries and its subset
Im ¢* corresponds to cohomology classes;

e given o € Imi*, we can lift it to elements 27t9(X?/X?~1) which are the respresentative
cocycles of the class.



80 CHAPTER 3. ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

3.1.3 The last step
Notation: we denote i : X — X and n” : X — X/XP? for any p.

We recall equation (2.21):
E2T = Im (AP (p, +00) L5 hPH(0, p + 1))
which, for Atiyah-Hirzebruch spectral sequence, becomes:
B = Tm (RPF(X, XP~Y) =5 (X)) (3.7)

where W is obtained by the pull-back of i : X? — X/X?~!. Since i = m, 1 01,, the following
diagram commutes:

hrra(X /X7 Jira(X7) (3.8)

\/

hp+q

Remark: in the previous triangle we cannot say that i; o m; ; = 0 by exactness, since by
exactness i, o T, = 0 at the same level p, as follows by Xp — X — X/ XP.

Sk

By exactness of hPT9(X, XP~ 1) oy prra(X) 24 prra(XPY), we deduce that:

-k
Immy ;= Keri, ;.

Since trivially Keri; C Keri, ;, we obtain that Keri, C Imm;_,. Moreover:

p—1
* ;%
Immy, 4 Keri, 4

ImV =Im (if o :Im(i*‘ . )’1 — =
(p p 1) P lImmp_, Ker i Ker i

hence, finally:

Ker(hp+q(X) — hp+q()(p—1))
Ker(hp+q(X) - hp+q(Xp))

i.e., E% is made by (p + ¢)-classes on X which are 0 on X?~! up to classes which are 0 on

XP. In fact, the direct sum over p of (3.9) is the associated graded group of the filtration
FPhpTa = Ker(hPT9(X) — hPTI(XP71)).

EPY = (3.9)

3.1.4 From the first to the last step

We now see how to link the first and the last step of the sequence. In the diagram (2.27),
we know that an element o € EP'? survives until the last step if and only if o € Im 7* and
its class in EP? is pP9(a)). We thus define, for a € AP? = Im7* C EPY:

{a} e = ()

where the upper 1 means that we are starting from the first step.
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For AHSS this becomes:
BP9 = prra(xP XPY) BB = Tm(hPH(X, XPTY) s pPe(XP))

and:
e hp+q(X, Xp—l) _ hp+q(Xp,Xp_1).

In this case, + = i* for 7 : X?/XP~! — X/XP~!. Thus, the classes in E7’? surviving until
the last step are the ones which are restrictions of a class defined on all X/X?~1. Moreover,
U =j*for j: XP — X/XP~! and j =ionP for 7P : XP — XP/XP~1. Hence ¥ = (7P)* o4,
so that, for o € Tm: C EP":

{a}e = (7)(a) . (3.10)

Since in the following we will need to start from an element 3 € EY® which survives until
the last step, we also define in the same way:

(B}

as the class in EZ:? corresponding to 3.

Remark: one can easily find a definition of the spectral sequence which is independent
form the simplicial structure and homotopy-invariant, as explained in [4].

3.2 Gysin map and Atiyah-Hirzebruch spectral sequence

In this section we follow the same line of [28], adapting the discussion to any cohomological
theory. Let X be a compact orientable manifold a Y a compact embedded submanifold. We
choose a finite triangulation of X which restricts to a triangulation of Y (v. [54]). We use
the following notation:

e we denote the triangulation of X by A = {A"}, where m is the dimension of the
simplex and ¢ enumerates the m-simplices;

e we denote by XX the p-skeleton of X with respect to A.

We refer to [33] (chapter 0.4) for the definition of dual decomposition and the statement of
Poincaré duality in this setting.

Theorem 3.2.1 Let X be an n-dimensional compact manifold andY C X an r-dimensional
embedded compact submanifold. Let:

o A ={A"} be a triangulation of X which restricts to a triangulation A" = {A'} of Y;
o D ={D}"™} be the dual decomposition of X with respect to A;
e D C D be subset of D made by the duals of simplices in N’

Then:
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e the interior of |D] is a tubular neighborhood of Y in X;
e the interior of |D| does not intersect X5 "1, i.e.:

|ID|n X%t c oD .

Proof: The n-simplices of D are the dual of the vertices of A’. Let 7 = {7/} be the first
baricentric subdivision of A. For each vertex A% (thought as an element of A), its dual is:

Dp=UJ = (3.11)

0 n
Ai,GTk

Moreover, if 7/ = {7/} is the first baricentric subdivision of A" and D’ is the dual of A’ in
Y, then

D= |J (3.12)
A?,ETI?,
and .
DinYy =D" .

Moreover, let us consider the (n — r)-simplices in D contained in D7 (for the fixed 7' of
formula (3.11)), i.e. D™ " N DJ: it intersects Y transversally in the baricenters of each
r-simplex of A’ containing AY%: we call such baricenters {by,...,b;} and the intersecting

.....

chart (Uy, ¢y ), with Uy C R™ neighborhood of 0, such that:
e ' (Uy) is a neighborhood of DP;
e py(D'5) cUN ({0} xR"), for 0 € R™™" (v. eq. (3.12));
3 @i/([);-‘_r) CUNR"" xm(p(b)))), for m. : R* — {0} x R" the projection.

We now consider the natural foliation of U given by the intersection with the hyperplanes
R™" x {z} and its image via ¢~ ': in this way, we obain a foliation of D% transversal to
Y. If we do this for any ¢, by construction the various foliations glue on the intersections,

-----

C°-tubular neighborhood of Y.

Moreover, a (n—r —t)-cell of D, for t > 0, cannot intersect the brane since it is contained
in the boundary of a (n — r)-cell, and such cells intersect Y, which is done by r-cells, only
in their interior points b;.

g

We now consider quadruples (X,Y, D, D) satisfying the following condition:

(#) X is an n-dimensional compact manifold and ¥ C X an r-dimensional embedded
compact submanifold such that N(Y) is h-orientable. Moreover, D and D are defined
as in theorem 3.2.1.
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Lemma 3.2.2 Let (XY, D, D) be a quadruple satisfying (#), U = Int|ﬁ\ and o € h*(Y).
Then:

e there exists a neighborhood V' of X \ U such that i\(«) ‘v =0;

e in particular, (o) |X"*T*1 = 0.
D

Proof: By equation (1.19) at page 39:
@) =98 B=(pp) o T(a)€h*(UT).

Let Voo € UT be a contractible neighborhood of oo, which exists since U is a tubular
neighborhood of a smooth manifold, and let V' = ¢~'(V,.). Then h*(Vy,) ~ h*{x} = 0, thus
Blv., = 0 so that (*3) ’v = 0. By theorem 3.2.1 X7""! does not intersect the tubular

neighborhood Int|D| of Y, hence X%5"~* C V, so that (q/J*ﬁ)\Xg,H =0. 0

3.2.1 Unit class

We start by considering the case of the unit class 1 € h%(Y") (see def. 1.2.9). We first notice
that Y, being a simplicial complex, in order to be a cycle in C,.(X, R), for R = h%{x} a ring,
must be oriented if char R # 2, while it is always a cycle if char R = 2. Since X is orientable,
for char R # 2 the normal bundle is also orientable!, thus it is orientable in H?(X,Z), thus
in H?(X, R). Since for char R = 2 any bundle is orientable in H?(X, R), we conclude that
the normal bundle is always orientable in H?(X, R) for any R.

Theorem 3.2.3 Let (X,Y, D, D) be a quadruple satisfying (#) and 75" - O™ (X, hi{x}) —
RPTF(XETT X5 be the disomorphism stated in equation (3.3). Let us define the natural
projection and immersion:

n—r . n—r n—r n—r—1 n—r n—r
XY — X5/ XD X — X

and let PDA(Y') be the representative of PDxY given by the sum of the cells dual to the
p-cells of A covering Y. Then:

@) (D) = (7"77) (L " (PDa(Y))) .

Proof: Let U be the tubular neighborhood of Y in X stated in theorem (3.2.1). We
define the space (UT)7, " obtained considering the interior of the (n — r)-cells intersecting
Y transversally and compactifying to one point this space. The interior of such cells form
exactly the intersection between the (n —r)-skeleton of D and U, since in the (open) tubular
neighborhood the only (n — r)-cells are the ones intersecting Y as stated in theorem 3.2.1,
i.e. we consider X}7" |p. If we close this space in X we obtain the closed cells intersecting Y’
transversally, whose boundary lies entirely in X}~""'. Thus the one-point compatification
of the interior is:

X
Xn—’f’ ‘U

U+ n—r _ D

( )D ngrfl ‘8[]

n fact, w (TX|y) = wi(TY) + wi(NY) and w; is a 2-torsion class.
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so that (UT)%" C U* sending the denominator to oo (the numerator is exactly D" of
theorem 3.2.1). We also define:

W = | s X5 — (U5

Y™~ " is well-defined since the (n — r)-simplices outside U and all the (n — r — 1)-simplices
are sent to oo by 1. Moreover:

O S ESAVAS
i€l

— X
We denote by {S77"} e, with J C I, the set of (n—r)-spheres corresponding to 7" ~" (Xg’r |U )

We define:
P \/ S — \/ ST

iel jet
as the projection, i.e., p is the identity of S™" for every j € J and sends all the spheres in
{577 }iens to the attachment point. We have that:

wnfr — p o 7_[_77,71".

In fact, the boundary of the (n — r)-cells intersecting U is contained in 0U, hence it is sent
to oo by "7, and also all the (n — r)-cells outside U are sent to oco: hence, the image of
Y™~ is homeomorphic to \/ jes ;" sending oo to the attachment point. Thus:
(wn—r)* — (ﬂ_n—r)* O/)*.
We put N = N(Y) and @y = (¢f;)*(uxn). By lemma 1.3.1 and equation (1.19) at page 39, it
is i1(1) = ¢* o (¢;)*(un). Then:
("7 (1) = () ) = () (@ [y r)
and
P (i | oy o) = BT (PDA(Y))
since:

e PDA(Y) is the sum of the (n — r)-cells intersecting U, oriented as the normal bundle;

e hence 7" (PDA(Y')) gives a 4" " factor to each sphere S}~ for j € J and 0 otherwise,
orienting the sphere orthogonally to Y;

e but this is exactly p*(uy |(U+)E—r) since by definition of orientability the restriction of

An must be £7" for each fiber of N*. We must show that the sign ambiguity is fixed:
this follows from lemma 1.3.4 since the normal bundle is H-orientable and the atlas
naturally arising from the tubular neighborhood as in theorem 3.2.1 is H-oriented. For
the spheres outside U, that p sends to co, we have that:

P (i ‘(UJF)%‘T)

VieI\J S?_T - p* (ﬂN |P(\/ie1\(] S?7T)>

=y (ﬁN |{oo}> =p*(0) =0.
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Hence:
in(1) ‘XB‘T - (wnir)*(f‘N ’(U+);5—T)
= (7"")" 0 p" (iy |(U+);5—T>
= (") @ " (PDA(Y)) -
U

Let us now consider any trivial class P*n € h9(Y). By lemma 1.3.1 at page 35, we have
that P*n-uy =7 - uy, hence theorem 3.2.3 becomes:

(@) (@(Pn)) = (7" 77)" (@ "(PDa(Y © 1)) -

In fact, the same proof apply considering that n-uy gives a factor of n-+"~" instead of ="
for each spere of N, with n € h9{*} ~ h9(S57).

The following theorem encodes the link between Gysin map and AHSS: since the groups
EP1 for r > 2 and the filtration Ker(h?T7(X) — hPT9(X"P)) of h?T7(X) does not depend
on the particular simplicial structure chosen (v. [4]), we can drop the dependence on D. We
recall all the hypoteses in order to state the complete result:

Theorem 3.2.4 Let us consider the following data:

e an n-dimensional orientable compact manifold X and an r-dimensional embedded com-
pact submanifold Y C X;

e o multiplicative cohomology theory h* such that N(Y') is h-orientable;

o for {(EP 1, dl1)} be the Atiyah-Hirzebruch spectral sequence relative to h, the canonical

isomorphism ®"~" . C" (X, ht{x}) — E} "(X);

e a representative 1313(1/) of PD(Y') as a cochain in the cellular complez relative to any
finite CW-complex structure of X.

For n € hi{x}, if ®""PD(Y ®1n) is contained in the kernel of all the boundaries d™"4 for
r > 2, we can define a class:

{(I)nfr ﬁ‘ﬁ(Y ® ) (1) c Ker(hn—r+q(X) BN hn—r—i—q(Xn_?«_l))
n E&fnq Ker(hn—'l’—l—q(X) SN h”—T-l-q(Xn—r))

Then: . "
{o""PD(Y ®n) = [4(P*n) | gnroa -

BT
Proof: We use the cellular decomposition D considered in the previous theorems. By
equations (3.7) and (3.8) we have:

Bt = Tm (A= (X X BTH(XET) (3.13)
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and, given a representative a € Ker(h""+9(X) — A" "+4(X7" 1)) = Im 7} .|, we have
that [a]gn-ra =i, _.(a) = a \XB_T. Moreover, from (2.27) we have the diagram:
Erm = Im (R H(X ) XY x prra(XET)) (3.14)

(,L'n—r)* M)*

;Ln—r—i-q (Xg—r/Xg—r—l) '

(Note that we used lower indices for the maps in (3.13) and upper indices for (3.14)). We
have that:

e by formula (3.10) the class {®’ " PDA(Y ® n)}gi,p,q is given in diagram (3.14) by
(7"77)7 (@ " PDA(Y @n));

e by lemma 3.2.2 it is i,(1) € Ker(h""+9(X) — h""T9(X7 ")), hence [i,(P*n) Jgn-ra
is well-defined, and, by exactness, i) (P*n) € Im7}_,_;;

e by theorem 3.2.3, it is i*_ (i(P*n)) = (7"~")*(®%5 " (PDA(Y @ n)));

o hence {® " PDA(Y @n)} .., = [4(P™) ] gnra.

E;;ﬁq

g

Corollary 3.2.5 Assuming the same data of the previous theorem, the fact that Y has
orientable normal bundle with respect to h* is a sufficient condition for PD(Y') to survive
until the last step of the spectral sequence. Thus, any cohomology class [Y'] € E;_T’O having
a smooth representative with h-orientable normal bundle survives until the last step.

Proof: Let us put together the diagrams (3.13) and (3.14):

*
Tn—r—1

(X)X s (X)) (3.15)

l(in—’“)*\ iz‘:;_r

(nfr*

W (X X = (X

so that the diagram commutes being 7" " 0¢"~" = 4,,_,om,_,_1. Under the hypoteses stated,
we have that 4, (1) € Im7*_,_;, so that 4(1) = 7%_,_;(«). Then (i"")*(a) € A" so that
it survives until the last step giving a class (i"~")*(7"")*(«) in the last step. O

3.2.2 Generic cohomology class

If we consider a generic class a over Y of rank rk(«), we can prove that 4,(F) and i,(P*rk(«))
have the same restriction to X3, : in fact, the Thom isomorphism gives T'(a) = - uy and,
if we restrict a - uy to a finite family of fibers, which are transversal to Y, the contribution
of a becomes trivial, so it has the same effect of the trivial class P*rk(«). We now prove
this.
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Lemma 3.2.6 Let (X,Y, D, D) be a quadruple satisfying (#) and o € h*(Y) a class of rank
rk(a). Then:
(@) (ha) = G")(0(Prka)) .

Proof: Since X5 intersects the tubular neighborhood in a finite number of cells corre-
sponding under ¢}; to a finite number of fibers of the normal bundle N attached to one
point, it is sufficient to prove that, for any y € Y, (- un) [y+ = Prk(a) - un |y+. Let us
consider the following diagram for y € B:

hi(Y') x h"(Ny, Nj) —=—= h"(Y x N,Y x N')
l(i*)ix(z’*)“ l(ixi)mn
h{y} x h*(Ny, N)) — SR ({y} x N, {¥} x N}) .
The diagram commutes by naturality of the product, thus (a-uy) |N; = |y 'UN|NJ- Thus,

we just have to prove that alry = (P*rk(a)) |, i.e. that i*a = *P*p*a = (po P oi)*a.
This immediately follows from the fact that po Po¢ =14. [J
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Chapter 4

K-theory

4.1 Basic notions of K-theory

4.1.1 General definitions

We recall the basic definitions and theorems of K-theory, referring mainly to [2], and also to
[43], [46] and [57].

Definition 4.1.1 Let X be a compact topological space and (Vect(X),®) the semigroup
of vector bundles (up to isomorphism) on X. The K-theory group of X is the associated
Grothendieck group K(X).

It is easy to prove that in K (X) it is [E] = [F] if and only if there exists G such that
E® G ~ F @& G, and this happens if and only if there exists a trivial bundle n such that
E®n~ F&n. In particular, it is necessary that rk £ = rk F'. Moreover, every K-theory
class [E] — [F] can be represented in the form [E']| — [n] trivializing F' with an appropriate
direct summand.

Definition 4.1.2 Let (X, xy) be a compact topological space with a marked point. Let i :
{zo} — X the immersion. We define:

K(X) = Ker(i* : K(X) — K()).

In other words, K (X) is made by the K-theory classes [E]—[F] such that rk,, (F) = rk,, (F).
If X is connected, the condition becomes simply rk £ = rk F', so that any class can be
represented in the form [E] —[rk £]. In this case, K (X) doesn’t depend on the marked point
Zo.

The relation between K (X) and K (X) is:

KX)~K(X)®Z

and the isomorphism is given by o — (o — (tka),,) ® (tka)y,, where (tka),, is the
bundle which is trivial with rank rk o on the connected component of zy, and 0 on the other
components.

89



90 CHAPTER 4. K-THEORY

Let (X,Y) be a couple of compact topological spaces (i.e. Y C X). The projection map
m: X — X/Y induces a pull-back 7* : Vect(X/Y) — Vect(X). For E bundle on X/Y,
7*E is a bundle on X such that E|y is trivial. However, this map is not injective: given a
bundle £ on X which is trivial on Y, there is always a way to build from E a bundle E’ on
X/Y such that 7*E’ = E, but E’ in general is not unique. To build such bundle, we must
consider a trivialization « : Fly — Y x C", and consider the following equivalence relation:

o let ey, ey, € E, with mg(e,,) = v;, for y1,y2 € Y;
e let’s consider af(e,,) = (y1,21) and a(ey,) = (Yo, 22);

o we declare e, ~q €y, if 21 = 2.

Then E/ ~, is a bundle on X/Y. One can prove that the isomorphism class of E/ ~,
only depends on the homotopy class of a (v. [2]). However, in general, choosing two non-
homotopic trivializations one obtaines non-isomorphic bundles: that’s why 7* is not injective.

There is a remarkable exception: when Y is contractible, then 7 is a bijection: in fact,
it’s injective since two trivializations a, 3 : E|y — Y x C™ are necessarily homotopic (the
codomain is contractible, hence they are both homotopic to a constant function), and it’s
surjective since on a contractible space every bundle is trivial (hence, for every £ in X, E|y
is necessarily trivial).

Definition 4.1.3 Let (X,Y) be a couple of compact topological spaces. We define:
K(X,Y)=K(X/Y)
considering Y/Y as the marked point of X/Y .

If m: X — X/Y is the projection, let’s consider the pull-back 7 : K(X/]Y) - K(X):
its image is given by classes [E] — [F] € K(X) such that [E|y| — [F|y] =0 € K(Y). In fact:

o if [F'] — [F'] € K(X/Y), then E = m*E’ and F = 7*F’ are trivial when restricted to
Y’; since Y/Y is the marked point of X/Y, they also have the same rank on Y, hence
[Ely] = [Fly] =0€ K(Y);

e if [E] - [n] € K(X) and [E|y] — [n|ly] =0 € K(Y), then (E @ m)|y ~ (n ®m)|y. Let
a: (E®m)ly — Y x C"™™ be a trivialization: then E' = (E @& m)/ ~, is a bundle on
X/Y, and 7*([E'] — [n @ m]) = [E] — [n].

However, since 7* is in general not injective, the subgroup of K (X) made by such classes
is not isomorphic to K(X,Y’). There are two remarkable exceptions:

e when Y is a retract of X, we'll prove that 7* is injective (theorem 4.1.2);
e when Y is contractible, as we have seen, 7* is bijective.
What we said up to now can be summarized by the following exact sequence:
K(X,Y) = K(X) 5 K@) (4.1)
(¢* is the restriction) from which we trivially deduce the exactness of:
K(X,Y) 5 K(X) -5 K(Y)
since the Z-factor of K(X) is sent by i* to the Z-factor of K(Y).
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If Y is a retract of X, we have a split short exact sequence:

5k ~

0— K(X,Y) 25 K(X) 5 K(Y) — 0

and the same for K.

Let (X, x) and (Y, 10) be topological spaces with marked points. We define:
e X VY = (X x{y})U({zo} xY);
e XAY =XxY/XVY.

Equivalently, X AY = (X X Y/X)/Y, where the embeddings i1 : X — X xY and iy : Y —
(X x Y/X) are defined via marked points.

Definition 4.1.4 Let (X, ) be a space with marked point, and (S™,{*}) be the n-sphere.
Then we define the n-th reduced suspension:

S"X =S"AX=S'A...AS'AX.

We can also define the unreduced suspension of X as the double cone over X:

X x[-1,1]

XS R uE <))

Then S'X = SlX/({xo} x [—=1,1]), and, since the denominator is contractible, we have
K(S'X) = K(5'X).

Definition 4.1.5 We define:
o K(X) = R(S"(X*));

o K(X)=K(5"X);

e K(X,Y)=K"™X/Y)=K(S*(X/Y)).

The following relations hold (v. [56]):
K2X)=K*X)eoZ K»YX)=K2YX). (4.2)

which can be summurized by K~"(X) = K~"(X) @ K~"({p}). Table 4.1 recalls K-theory
groups for spheres.
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even | even 7 YRASYA
even | odd 0 Z
odd | even 0 0
odd | odd Z Z

Table 4.1: K-theory groups of spheres

4.1.2 Products in K-theory
K(X) has a natural ring structure given by tensor product: [E] ® [F] := [E ® F]. Such
product restricts to K (X). In general, we can define a product:

KX)® K(Y) 25 K(X xY) (4.3)

where, if 1 : X XY — X and my : X X Y — Y are the projections, EX F' = 7 ® 73 F.
The fiber of EX F at (z,y) is F, ® E,*. We now prove that, fixing a marked point for X
and Y, this restricts to (v. [57]):

K(X)® K(Y) - K(X AY). (4.4)

For this, we first state that?:

KXxY)~KXAY)e K(Y)® K(X). (4.5)
In fact:

e since X is a retract of X X Y via the projection, we have that KX xY)=K(X x
Y X)e K(X)=K(X xY/X)® K(X);

e since Y is a retract X x Y/ X via the projection, we also have K(XxY/X)=K(X x
Y/X, V)& K(Y)=KXAY)a® K(Y).

Combining, we obtain (4.5). The explicit isomorphism in (4.5) is given, for a = [E] — [F] €

K(X xY), by:

a— (a—7falx —maly) ® T aly & 71 olx.
Let o € K(X) and 3 € K(Y): then a ¥ §|x =0 and o X S|y = 0. In fact:
alflx =a® (mf)|lx =a®@ijm 8 = a® (mi)" 6.

But mei; : X — Y is the constant map with value g, and the pull-back of a bundle by a
constant map is trivial. Hence (mai1)* 3 = 0. Similarly for Y. Hence, by (4.5), we obtain
aXpe K(XAY).

M X=Yand A: X — X x X is the diagonal embedding, then £ ® F' = A" (EX F).
2(4.5) is actually true for K~"(X x Y) for any n, with the same proof.
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4.1.3 Bott periodicity
Let’s consider on S? the bundle = Og2(1). Then, since K~2(X) = K(S*> A X), by (4.4) we

obtain a map:

B:K(X)— K2(X)
a— (n—1)Xa.

The following fundamental theorem holds (v. [2], [46] and [57]):

Theorem 4.1.1 (Bott periodicity) For any compact space X, the map B is an isomor-
phism.

Similarly, replacing X by S™X in theorem 4.1.1, we have:

K™(X)~ K" %X)

then, by (4.2), we have:
K"(X)~ K" ?X)

and, finally, replacing X with X/Y, we have:
K™X,Y)~ K" ?*X,)Y).

For this reason, we extend the definition of K”(X), K™(X) and K*(X,Y) ton > 0, declaring
that K*"(X) = K(X) and K*""(X) = K~1(X), and similarly for the other cases.

4.1.4 K-theory as a cohomology theory

Given a space X, we define its cone as:

X x [0,1]
CX:Xx—{l}‘

Moreover, when we need another cone not intersecting C' X, we consider:

, X x [-1,0]
CX =

We consider two useful isomorphisms in K-theory:

e since a cone is contractible (cfr. page 90) and since X/Y = X U CY/CY, by the
previous discussion we obtain that K(X/Y) = K(XUCY/CY) ~ K(XUCY), hence
K(X,Y)~ K(XUCY);

e since S'Y = X UCY/X = ("X UCY/C'X, for the same reason K(S'Y)=K(C'X U
CY/C'X)~ K(C'XUCY), hence K"}(Y) ~ K(C'X UCY).
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From the three sequences of topological spaces:
Yy -5 X 5 XY
XLXUCYLXUCY/X:Sl
XUCY S C'XUCYy = (C'XUCY)/(XUCY) =5'X
we obtain three exact sequences in K-theory:
K(X,Y) = K(X) 5 K@)
KE'Y) ™ K(X,Y) 25 K(X)
E'(X) 25 K4Y) 5 K(X,Y).

One can prove that " ~ 7* and i"* ~ 7" under the isomorphisms considered in K-theory
(v. [2]), so that we obtain a five-term exact sequence:

K1X) 25 KYY) -5 K(X,Y) 2 K(X) -5 K(Y).
Since K(S"X/S"Y) ~ K(S™(X/Y)),? replacing X and Y with S"X and S™Y we obtain a

five-term exact sequence:
B X)) 55 B i(y) 2 K (X, Y) =5 K (X) -5 K ()
and, glueing such sequences, we obtain a long exact sequence:
CETNY) S KY(XLY) S KX S K(Y) — -
S KHY) -5 K(X,Y) 55 K(X) -5 K(Y).

Similarly, we obtain the corresponding sequence for K-groups.

By the previous discussion, it follows that K-theory is a cohomological theory associating
to a pair of topological spaces (X, A) the cohomology groups K™ (X, A).

We can now consider the case of (X,Y) for Y retract of X:

Theorem 4.1.2 Let Y be a retract of X. Then, for any n, there is a short split exact
sequence:

i*

0— K "(X,Y) 5 K (X) 5 K(Y) — 0.

Hence K™"(X)~ K "(X,Y)® K "(Y).

Proof: we have already proven the exactness in the middle (eq. (4.1)). The retraction
r: X — Y gives a map r* : K "(Y) — K "(X), and since by definition r o ¢ = id, it is
i* or* = id", hence i* is surjective. Moreover, i* is surjective also at the level —n — 1, hence,
by exactness, we obtain Kerd = K" }Y) = Imd = 0 = Kern* = 0. The splitting is
induced by r*. [J

3n fact, S'X/S'Y = §'(X/Y), thus, by induction, we obtain the thesis for any n.
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In particular, the isomorphism K~"(X) ~ K "(X,Y) & K~"(Y) is obtained by:

a— (a—r*(aly)) ®r*(alsmy).

4.1.5 Non-compact case

Up to now we considered compact topological spaces. For a generic space X, we use K-theory
with compact support, which we now define. We denote by X the one-point compactifica-
tion of X. In particular, if X is compact, X* = X LI{oco}. We also consider {oco} as marked
point of X*. For X compact we trivially have that K (X*) = K(X): we assume this as the
general definition.

Definition 4.1.6 Let X be a generic topological space (also non-compact). We define:

K(X)=K(XT").
One can easily prove that X A YT = (X x Y)*. Hence, product (4.4) exactly becomes:

KX)o K(Y) -2 K(X xY) (4.6)

also for the non-compact case.

4.1.6 Thom isomorphism

Let X be a compact topological space and £ = X a fiber bundle (not necessarily complex).
We now show that K (F) has a natural structure of K (X )-module.

We don’t have a natural pull-back 7* : K(X) — K(FE) since we consider the compactifi-
cation Et, and there are no possibilities to extend continuously 7 to E*. Hence, we use the
product (4.6): considering the embedding i : E — X X E given by i(e) = (w(e),e),* which
trivially extends to ¢ : ET — (X x E)T by i(0c0) = oo, we can define a product:

K(X)® K(E) — K(E)
a®f — i*"(aX ).

This product defines a structure of K (X )-module on K(FE).

(4.7)

Lemma 4.1.3 K(F) is unitary as K(X)-module.

Proof: Let’s consider the following maps:

T XTx ET — XT
T XTx ET — ET
i: Bt — (X x E)*
7 XTxE"T—X"ANE"=(XxE)*"
(X x E)" — E*

4For such an embedding it’s not necessary to have a marked point on X.
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where i(e) = (7(e),e) and the others are defined in the obvious way. By theorem 4.1.2,
T f(((X x E)t) — K(X* x E*) is injective, by the retraction:

i Xt x BN — (XF x {oo}) U ({oc} x EY)

given by 7(x,e) = (x,00) and r(co,e) = (c0,e).” Then, by the definition of the module
structure, for a € K(X) = K(XT) and 3 € K(F) = K(E™) we reformulate (4.7) as®:

a-f=7) N aRpP) =i (7) " (ra @ m50).

For o =1, it is a|x = X x C and oy = 0. Hence it is:

(1 &ﬁ) |X><EJr = WSB ’X><EJr
(1X3) |{oo}xE+ =0.
But:
e since Ty ‘X”ﬁ = (Tp01) |XXE+, it is w30 ‘XXE+ = 750 ‘XXEHL;

e since 7y 0 7 ({oo} x ET) = {oo} and B € K(E"), it is (7*7%0 =0.

) }{oo}xEJr
Hence 1 X g = 7*7; 3, so that:
1B =771 =i"0 = (fy0i)*3 =id*B = S.

4

Let’s consider a vector space R** as a fiber bundle on a point {z}. Then we have:
o K(x)=17;
o K(R™) = K((R™)*) = K(5™) =Z.

Hence K (z) ~ K(R?*"). The idea of Thom isomorphism is to extend this to a generic bundle
E — X with fiber R?". To achieve this, we try to write such isomorphism in a way that
extends to a generic bundle. Actually, this generalization works for £ Spin®-bundle of even
dimension.

In fact, for the trivial bundle {z} x R?", we have ST(R*") ~ C¥""" as Spin®(2n)-module,
with Spin“(2n) = Spin(2n) ®g C. Moreover, S (R?") are submodules of Sg(R*") = C*"
as Cl(2n)-module, and, for v € R** C Cl(2n), we have v - S¢(R**) = Sz (R?"). We thus
consider the following complex:

0 — R* x SE(R™) - R*™ x S5 (R*™) — 0

5The map r is continuous because X is compact, so that its co-point is disjoint from it.
SWith respect to (4.7) we think a X 8 € K(X* x ET) and we write explicitly (7*)~1.
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where ¢ is the Clifford multiplication by the first component: ¢(v,z) = (v,v - 2z). Such
sequence of trivial bundles on R?" is exact when restricted to R?"\ {0}, hence the alternated
sum:

Arze = [R* x S (R*™)] — [R*" x SE(R*™)]

naturally gives a class in K (R*",R?" \ {0}) (v. [2]). The sequence is exact in particular in
R?™ \ B;(0), hence it defines a class:

Apzn € K (R R*™\ B,(0)) = K(B,(0)/S"(0)) = K(S*).

One can prove that:
Ao = (—1)" - (n — 1" (4.8)

i.e., it is a generator of K (S?") ~ Z.

For a generic Spin®-bundle 7 : E — X of dimension 2n, let SZ(E) be the bundle of
complex spinors associated to E, i.e., we consider the spin®lift of the orthogonal frame bundle
SO(E) to Spin°(E), and we call S¢(E) the vector bundle with fiber C*" associated to the
representation Spin‘(2n) C Cl(2n) — C*": this bundle splits into Sc(E) = S¢(E) & Sz (E).
Such bundle is naturally a CI(£)-module.

We can lift SZ(F) to E by 7*. Then we consider the complex:

0 — 7*SE(E) - 7*Sz (F) — 0
where ¢ is the Clifford multiplication given by the structure of Cl(E)-module: for e € E
and s, € (7*SE(E)),, we define ¢(s.) = e - s.. Such sequence is exact when restricted to

E\ Bi(E), where, for any fixed metric on F, By(F) is the union of open balls of radius 1 on
each fiber. Hence we naturally obtain:

As = [7°S2(B)] - [1°S2(B)]

as a class in K(E, E\ Bi(E)) = K(B:(E)/Si(E)) = K(E*) = K(E). The following
foundamental theorem holds (v. [46], [43] and, only for the complex case, [2] and [57]):

Theorem 4.1.4 (Thom isomorphism) Let X be a compact topological space and 7w : E —
X an even dimensional spin®-bundle. For

Ap = [7°55(B)] - [7°SE(B)) € K(B)
the map:

T:K(X) — K(E)

o — - Ag

1S a group isomorphism.
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We can now see that the construction for a generic 2n-dimensional spin®-bundle £ — X
is a generalization of the construction of R?". In fact, for z € X:

o (T"SE(E))|, = Exx (SE(E)), ~R™ x SE(R™);

5.

e Clifford multiplication restricts on each fiber E, to Clifford multiplication in R?*" x
Sc(R?).
Hence:
M|, = Aren. (4.9)

In particular, we see that, for i : E — E*, the restriction i* : K(FE) — K(F,) ~ Z is
surjective.

4.1.7 Gysin map

Let X be a compact smooth n-manifold and Y € X a compact embedded p-submanifold
such that n — p is even and the normal bundle N(Y) = (TX |y)/TY is spin®. Then,
since Y is compact, there exists a tubular neighborhood U of Y in X, i.e., there exists an
homeomorphism ¢ : U — N(Y).
Ifi:Y — X is the embedding, from this data we can naturally define an homomorphism,
called Gysin map:
i K(Y) — K(X).

In fact:
e we first apply the Thom isomorphism 7' : K(Y) — K(N(Y)) = K(N(Y)");
e then we naturally extend ¢y to ¢y : Ut — N(Y)* and apply (o) : K(N(Y)) —
K(U);
e there is a natural map ¢ : X — U™ given by:
v ={ % %0
hence we apply ¢* : K(U) — K(X).
Summarizing;:

it (@) = 4" o ()" o T (a). (4.10)

Remark: One could try to use the immersion i : Ut — X and the retraction r : X* —
U™ to have a splitting K(X) = K(U)® K(X,U) = K(Y)® K(X,U). But this is false, since
the immersion i : UT — X is not continuous: since X is compact, {oo} C X7 is open, but
i1 ({oo}) = {oc}, and {oco} is not open in U™ since U is non-compact.

4.2 Atiyah-Hirzebruch spectral sequence

We briefly recall the main notions about Atiyah-Hirzebruch spectral sequence in the context
of K-theory.
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4.2.1 K-theory and simplicial cohomology

Lemma 4.2.1 For ke N and 0 <i <k, let:

Proof: For n = 0, let us construct the isomorphism ¢ : K(X) — @ K(X;): it is simply
given by ¢(a); = alx,. To build ¢, let us consider {[E;] — [n;]} € @ K(X;). By adding
and subtracting a trivial bundle we can suppose n; = n; for every i, j, so that we consider
{[E;]—[n]}. Since the intersection of the X is a point and the bundles E; have the same rank,
we can glue them to a bundle F on X (v. [2] pp. 20-21): then we declare o' ({[E;]—[n]} ) =

([E] = [n]).
For n = 1, we first note that, for S*X the unreduced suspension of X’ IN((S'l (X1UX,)) =

K (S’ X, U8 1X5), since quotienting by a contractible space (the linking between vertices of
the cones and the joining point) we obtain the same space. Hence K (X, U X,) = K'(X;) ®
K'(X5). Then, by induction, the thesis extends to finite families. [J

Remark: we stress the fact that the previous lemma holds only for the one-point union of
a finite number of spaces.

Theorem 4.2.2 Let X be a n-dimensional simplicial complex, XP be the p-skeleton of X
for 0 < p <n and CP(X,Z) be the group of simplicial p-cochains. Then, for any p such that
0<2p<nor0<2p+1<n, there are isomorphisms:

¥ O(X,Z) — K(X%, X%
(D2p+1 . 02p+1(X’ Z) SN KI(XQZH—I,XQP)

which can be summarized by:
WP CP(X,7) — KP(XP, XP7H).

Moreover:
Kl(XQ‘”,XQP*l) = K(sz“,sz) = 0.

"We remind that K (S'X) = K(S'X).
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Proof: We denote the simplicial structure of X by A = {A"}, where m is the dimension
k

of the simplex and ¢ enumerates the m-simplices, so that X% = U A?p . Then the quotient
i=0
by X%~ is given by k spheres of dimension 2p attached to a point:

X2p/X2p—l _ U S'Qp.

)

By lemma (4.2.1) we obtain K (X% /X?~1) = @K (S%), and, by Bott periodicity, K (S%) =

K(S°) = Z. Hence:
KE(X» X7 ") =Pz=C"X,12).

h
For the odd case, let X?T1 = U A?pﬂ. We have by lemma 4.2.1:
5=0

K (X, XY = | (U szp+1> _ @f@ (szpﬂ)
j J

J
=P rsP?) =Pz=Ccr(X 7).
; .

J

_ 1 a2 0 Q2pH s
In the same way, K'(X*, X*~1) = @. K'(S;") = @, K(S;""") = 0, and similarly for
K(X2p+1,X2p).

U

The explicit isomorphisms ®? and ®?**! are given by:

sy [V S
oW (AP) =
0 EK(S?p) for j #1

and:
(=1 = DEeD e K (s
P21 (Azpﬂ) _ ‘
0 e KY(SFHY) forj#i

where we put the overall factors (—1)? and (—1)P*! for coherence with (4.8).

Remark: such isomorphisms are canonical, since every simplex is supposed to be oriented
and 1 — 1 is distinguishable from 1 — 5 also up to automorphisms of X (in the first case the
trivial bundle has negative coefficient, in the second case the non-trivial one, so that, for
example, they have opposite first Chern class).
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4.2.2 The spectral sequence

We now recall the groups involved in the spectral sequence. We use the groups:

H(p,q) = P K" (X, X7,

The first step is:
EY=H(p,p+1) =P K"(X?, X7

We now consider the presence of the grading in the spectral sequence (v. [17]). Since K™ is
determined by the parity of n, we use the Zs-index o:

EP7 = KPHO(XP, XP).
By theorem 4.2.2, we have isomorphisms:

2p, 0
E1p7
Elp ’

C¥(X,7) gt =
cwH\(X,7)  EFTNY = 0.

e}

~
~

Since K (z¢) = Z and K'(xy) = 0, we can write in a compact form:
EP? ~ CP(X, K (x0)). (4.11)

As PO ~ C?(X,Z), we have that (v. [4]) EPO ~ H?(X,Z), i.e., that d”" is the simplicial
coboundary operator under the isomorphism (4.11). By the first formula of (2.19) it is
EY =Im(H(p,p+2) — H(p—1,p+1)),ic

P = Im(Kp+"(Xp+1,Xp_1) N Kp+”(Xp,Xp_2)). (4.12)
Thus, for 0 = 0, we obtain the isomorphism:
EP: HP(X,Z) — Im ¥ C KP(XP, XP~?), (4.13)
We denote i), : X — X and 7, : X — X/X? for any p. We recall equation (2.21):
EY, = Im(H(p, +00) —~ H(0,p+ 1))
which, in our case, becomes:
ER? = Im (K7 (X, X771 2 KPHo(XP)) (4.14)

where U is obtained by the pull-back of i : X? — X/XP~!. Since i = 7,1 01, the following
diagram commutes:

Ko (X/ X1 Krto(X?) (4.15)

\/

K pro(X
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Remark: in the previous triangle we cannot say that iy o7 ; = 0 by exactness, since by
exactness iy o, = 0 at the same level p, as follows by X? — X — X/XP,

By exactness of K7 (X, XP~1) 225 gp+o(X) 225 grro(XP=1), we deduce that:

* _ -3k
Imm, | =Keri, ;.

* *

Since trivially Kerd; C Ker we obtain that Keri; C Imm;_;. Moreover:

p—1 P
Im 7* Ker*
B . N o - ~ p—1 p—1
Im ¥ =Tm (ij o7, ;) = Im (’p Imﬂ*_1> Kerit — Keri
hence, finally:
on0 _ Ker(Kp(X> SN Kp(Xpﬂ))
* = TKer(Kr(X) — Kr(X7)) (4.16)
ERY =0

i.e., EY is made by p-classes on X which are 0 on X7~ up to classes which are 0 on XP?.

From the first to the last step

We now see how to link the first and the last step of the sequence. In general, as we have
seen, it is:
EP = H(p,p+1)  EL =Im(H(p,+00) — H(0,p+1)).
There is a natural ¥-map:
v H(p,+00) — H(p,p+1)

so that an element o € EY survives up to the last step if and only if @ € Im¢ and its
class in EP_ is W o (+7')(), which is well-defined since Ker: C Ker U. We thus define, for
a€Ime C EY:

{a}\) == To (i )(a).

where the upper 1 means that we are starting from the first step.

For AHSS, considering p even and ¢ = 0, this becomes:
EPO = K(X7, X7 B2 =Tm(K(X, XP7') = K(X7))
and:
v K(X, XPh — K(XP, XP7).
In this case, ¢ = ¢* for ¢ : XP/XP~!1 — X/XP~1 Thus, the classes in Ef’o surviving up to
the last step are the ones which are restrictions of a class defined on all X/X?~'. Moreover,

U = j*for j: XP — X/XP1 and j =ionP for 7P : XP — XP/XP~1. Hence ¥ = (7P)* o,
so that, for a € Im. c EP:

{a}h.0 = () (@). (4.17)
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Since in the following we will need to start from an element 3 € ES’O, which survives up
to the last step, we also define:

{BY.0

as the class in E2° corresponding to 3.

4.2.3 Rational K-theory and cohomology

We now consider Atiyah-Hirzebruch spectral sequence in the rational case. In particular, we
consider the groups:

H(p,q) = P Kg(x', x)

where Kg(X,Y) := K"(X,Y) ® Q. In this case the sequence is made by the groups Q27 =
E??® Q. In particular:

Q5° ~ H*(X,Q) Q=0

o Ker(KR(X) — KB(x™Y) (4.18)
Qoo n Ker(K(S(X) —>K(6<Xp)) Qoo =0.

Such sequence collapses at the second step (v. [4]), hence Q0 ~ @Q%°. Since:
o P, Q%" is the graded group associated to the chosen filtration of K(X)® K*(X);

e in particular, by (4.18), @,, Q%° is the graded group of K(X) and P,,,,; Q%" is
the graded group of K'(X);

o Q0 ~ HP (X, Q), thus has no torsion;

it follows that:
Eo(X)=a®°* Kyx)=per°

2p 2p+1

hence:

Ko(X)~ HY(X,Q)  K§(X)~ HX,Q).
In particular, the isomorphisms of the last equation are given by Chern character:

ch: Ko(X) — H(X,Q)
ch: K§(X) — HY(5'X,Q) ~ HY(X,Q)

are isomorphisms of rings.
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4.3 Gysin map and AHSS

4.3.1 Even case

Trivial bundle

We start by considering the case of a trivial bundle.

Theorem 4.3.1 Let (X,Y, D) be a triple satisfying (#) and @377 : C" P(X,Z) — K(X} ",
X7 7P7Y) be the isomorphism stated in theorem 4.2.2. Let:

— - - —p—1
TP X XX

be the projection and ﬁ)(YA) be the representative of PDxY given by the sum of the cells
dual to the p-cells of A covering Y. Then:

it (Y % C) [ gy = (@"77)7 (25" (PD(Ya))).
Proof: We define:
(U+)%fp _ ngip |U
X5 v

so that (U*)},? € U™ sending the denominator to oo (the numerator is exactly D"? of
theorem 3.2.1). We also define:

PP =) \Xg,p CXEP— (UL

" P is well-defined since the (n — p)-simplices outside U and all the (n — p — 1)-simplices
are sent to oo by 1.
It is: )
T P(XTP) ~ U SiP.
icl
We denote by {S7"}je s, with J C I, the set of (n—p)-spheres corresponding to 7”7 (Xg_p }U )
We define:

p: USZ-”fp—> US;FP
iel jeJ

as the projection, i.e., p is the identity of S;-L*p for every j € J and sends all the spheres in
{S" }iens to the attachment point. We have that:

PP =pom™h.

In fact, the boundary of the (n — p)-cells intersecting U is contained in OU, hence it is sent
to oo by " P, while all the (n — p)-cells outside U are sent to co: hence, the image of )" P

is homeomorphic to |J,.; S7~" sending oo to the attachment point. Thus:

(@) = (") e g

=
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We put N = N (Y) and My = (@;)*(AN). By lemma 4.1.3 and equation (4.10) at page 98,
it is iy (Y x C) = ¢* o (¢f) " (Aw). Then:

i (Y X C) ’Xg—p = W (5\/\/) |XB—1> = ( n_p)*(S‘N ’(U+)%—p>

and ~ __
P (W L) = ¥ (PDOV))

since:

e PD(Ya) is the sum of the (n — p)-cells intersecting U;

e hence 3,7 (ﬁ)(YA)) gives a (—1)"7" (n — 1)®"2" factor to each sphere S P forjeJ
and 0 otherwise;
e but this is exactly p* (5\/\/ |(U+)%_p> since by equation (4.9) at page 98, it is, for y € Y
) s = Ao = (—1)"F (= 2
and for the spheres outside U, that p sends to oo, we have that:
TR R P
POy s =2 O g )
=0 (M| (o) = P7(0) = 0.
Hence:
i (Y X C) [y = (0"70) (XN |<U+>§3“°>
= 7" 0 " (3w | raysr
= (7" ?)* &P (PD(Ya)).
]

Corollary 4.3.2 Let (X,Y,D) be a triple satisfying (#) and =Z37" : H"? (X,Z) —
Im¥ C K(X}7P, X7772) be the isomorphism (4.13). Let:

AP X — XX
be the projection. Then:

i (Y x C) |Xg_p = (@"")(EH P (PD(Y))).

Proof: For 7 € Z"?(X,Z) and 7* the map of the diagram (3.5), it is 2}, *([7]) =
@ F(7), and (F"7P)" o w* = (7"7F)" since 7o 7P = 7P,

i
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The following theorem encodes the link among Gysin map and AHSS: since the groups
EP:° for 7 > 2 and the filtration Ker(K(X) — K(X"?)) of K(X) do not depend on the
particular simplicial structure chosen (v. [4]), we can drop the dependence on D.

Theorem 4.3.3 Let X be an n-dimensional compact manifold and Y C X a p-dimensional
embedded compact submanifold, such that n — p is even and N'(Y') is spin®. Let {(EP,dP)}
be the Atiyah-Hirzebruch spectral sequence, and let =P : H" P(X Z) =, E;L*p’o be the
isomorphism induced by ®"P. Let us suppose that =P PD(Y") is contained in the kernel of
all the boundaries d*7° for r > 2.

With this data, we define a class:

Ker(K(X) — K(X" "))
Ker(K(X) — K(X"7))

{E7PD(Y)}2) o€ BP0

Then:
{En—p PD(Y)}Si—p,O = [z'! (Y x C)]E&—p,o .

Proof: We use the cellular decomposition D considered in the previous theorems. By
equations (4.14) and (4.15) we have:

EnP0 = Im (K(X/Xg—p—l) v K(Xg—p)) (4.19)

K(X)
and, given a representative a € Ker(K(X) — K(Xg*pfl)) = Imm;_, ,, we have that
[a] gr—p.0 =iy, () = O[|Xg—p. We have that:

e the class {7 PD(Y)}ST)L,Z,,O, which by construction is equal to {®7 " PT[/)(Y) (Elr)b,p,o,

by formula (4.17) is given as an clement of K(X}, *) by (W”_p)*(@%_pf’]vD(Y)), for
™ X XX
e by lemma 3.2.2 it is i) (Y x C) € Ker(K(X) — K(X}, ")), hence [i (Y x C)]

is well-defined, and, by exactness, i/ (Y x C) € Im7;,_,_;

ENP 0

e by theorem 4.3.1, it is i _ (i (Y x C)) = (z"#)*(®}, "(PD(Y)));

e hence {@%_pﬁ)(Y) ) [ (Y x C)}E&_p,o.

Ego_p’ 0o —

g

Let us consider a generic trivial bundle [r] =Y x C". By lemma 4.1.3 at page 95, we have
that [r] - Av = A%/, hence theorem 4.3.1 becomes:

i (Y x € = (") (@} " (PD(r - Ya)))

s
and theorem 4.3.3 becomes:

{="PPD(r - Y)}(2) i (Y x C’")}Ego—p,o.

Ego—p,o -
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Generic bundle

If we consider a generic bundle E over Y of rank r, we can prove that (E) and /(Y x C")
have the same restriction to X5 7: in fact, the Thom isomorphism gives T'(E) = E- Ay and,
if we restrict F - Ay to a finite family of fibers, which are transversal to Y, the contribution
of E becomes trivial, so it has the same effect of the trivial bundle Y x C". We now prove
this.

Lemma 4.3.4 Let (X,Y, D) be a triple satisfying (#) and E =Y a bundle of rank r. Then:

i (E) | =0 (Y xC)|

n—p n—p-
XD XD

Proof: referring to the notations in the proof of lemma 4.1.3 at page 95, we have that:
E- Ay =i*(7) " (ER ) = i*(7) (1] E @ m5Ay).

Since X7 intersects the tubular neighborhood in a finite number of cells corresponding

under ¢;; to a finite number of fibers of N, it is sufficient to prove that, for any y € Y,

(E - M) |Mj =\ ‘N;‘ First of all:

o i) = (Tyh x M) T € ({wh x N)

o E-\y |Ny+ = (i \NJ)*{[(ﬁ*)_l(Wi‘E®7r§)\N)] i(N;)}'

To obtain the bundle [(7”%*)_1 (miE® ’/TS)\N’)}

L We can restrict 7 to:
iWNy)

A=7iND)] =7 () x A) 7]
= (fyh x A7) U (¥ x {oo}) U ({oo} x A7)

and consider (7~r |A*)_1 [(WTE ® W;)\N) |A} . Moreover:

° (Wi‘E@W;)\N) }{y}x/\fy* = ((CT ®7T§/\N) |{y}><./\/y+ ~ Aj‘efr N

° (WTE@W;)\/\/’) }Yx{oo} = (WIE ® O) |Y><{oo} =0;

o (TIE®miAn) }{Oo}xm = (0@ m3Ay) |{OO]’XN+ =0.

Hence, since the three components of A intersect each other at most at one point, by lemma
4.2.1 at page 99 we obtain:

(T1E @ m3An) !A = (m(Y x C") @ m3Aw) ’A.
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4.3.2 0Odd case

We now consider the case of n —p odd. We thus take into account the unreduced suspension
S'X and the natural embedding i! : Y — $*X. Let U be the tubular neighborhood of Y in
X, and let U! € S'X be the tubular neighborhood of Y in S1X obtained by removing the
vertices of the double cone to S'U. Then, since K'(X) ~ K(S'X), we consider the Gysin
map:

il K(Y) — KYX).

With the neighborhood U* considered, we have that S1(X77?|,) € U and SYX P o) C
OU', where OU! containes also the vertices of the double cone. In this way we can riformulate
the previous results in the odd case, considering S*(X}5 ) and S*(X}5?~") rather than X}, ”
and X571

We consider triples (X, Y, D) safisfying the following condition:

(#') X is an n-dimensional compact manifold and Y C X a p-dimensional embedded com-
pact submanifold, such that n — p is odd and N (Y) is spin®. Moreover, D is the dual
decomposition of A as in theorem 3.2.1.

We now reformulate the same theorems stated for the even case, which can be proved in
the same way. We remark that NV Y is spin® if and only NxY is, since Ngi Y = NxY @& 1
so that, by axioms of characteristic classes (v. [50]), W3 must be the same.

Lemma 4.3.5 Let (X,Y, D) be a triple satisfying (#') and o € K(Y'). Then:

o there exists a neighborhood V of X \ U* such that i} (a) |, = 0;

e in particular, i} () |§1(anp71) =0.
D
U

Theorem 4.3.6 Let (X,Y, D) be a triple satisfying (#') and @}, 7 : C"? (X, Z) — K(S’l
(X5, S’l(Xg*pfl)) be the isomorphism stated in theorem 4.2.2. Let:
R S — S S (X

be the projection and f’T)(YA) be the representative of PDxY given by the sum of the cells
dual to the p-cells of A covering Y. Then:

if (Y x C) ‘Sl(Xg,p) — (7" ) (BT (ﬁf)(YA))).

4

Corollary 4.3.7 Let (X,Y, D) be a triple satisfying (#') and =57 : H*? (X,Z) —
Im¥ C K(SYXE™P), SHUX]P?) be the isomorphism (4.13). Let:

A SN — SN /S ()
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be the projection. Then:

Z'l (Y X C) |§1(XE*P)

g

Theorem 4.3.8 Let X be an n-dimensional compact manifold and Y C X a p-dimensional
embedded compact submanifold, such that n — p is odd and N(Y') is spin. Let {(EP, dPF)}
be the Atiyah-Hirzebruch spectral sequence, and let =P : H" ?(X Z) — EJ}"° be the
isomorphism induced by ®"P. Let us suppose that =" P PD(Y) is contained in the kernel of
all the boundaries dj}_p’o forr > 2.

With this data, we define a class:

(=2 PD(YV)}O 0 € BP0 ~

Ego—p, 0

Ker(K(giX) — K(Sf(xn—p—l)))
Ker(K(S'X) — K(S' (X))
Then:
{Erp0 pD(y)}S,olo,p,o = [it (¥ X ©)] oo
O

4.3.3 The rational case
Even case

We now analyze the case of rational coefficients. We define:
Ko(X) := K(X) ®zQ.

We can thus classify the D-brane charge density at rational level as 4, (E)®Q. Chern character
provides an isomorphism ch : Kg(X) — H®(X,Q). Since the square root of A(T'X) is a
polyform starting with 1, it also defines an isomorphism, so that the composition:

ch : Ko(X) — HY(X,Q)

ch(a) = ch(a) A/ A(TX)

remains an isomorphism. Thus, the classifications with rational K-theory and rational co-
homology are completely equivalent.

We can also define rational Atiyah-Hirzebruch spectral sequence Q*7(X) := E?*(X) ®y
Q. Such sequence (v. [4]) collapses at the second step, i.e., at the cohomology: thus
Q*(X) ~ gk’a(X ). An explicit isomorphism is given by the appropriate component of
Chern character:

choey - KGI(KQ(X) — KQ(Xn—p_l))
e Ker(KQ(X) N KQ(X”*P))

— H"P(X,Q).
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For a bundle which is trivial on the (n — p — 1)-skeleton, the lower components of ch are
zero (v. [4]), hence Ch% = chn—p but this is not in general true for the higher components.

2
Moreover, since Q**° has no torsion:
_ 2k,0
2k

and an isomorphism can be obtained splitting o € Kg(X) as oo = ), aor where ch(agy) =
chy(a). We now link this isomorphism with the splitting principle stated at the beginning.

If we consider the brane Y with bundle F and the subbranes {g-Y}} verifying the splitting
principle, we have that:

iW(E)®zQ=> (ixh(Yi x C*) @7 Q (4.20)

since the Chern characters of the two terms above are exactly the two terms of formula
(10.3). Hence, if we look at the correspondence:

Ko(X) — P Q2°
2%
o < Doy [a2k]Q§§»0
for agg such that ch(agy) = chg(a), we have in particular that [OéQk]Qgg,o = [(ig)1(Yr X
C%*)] o.0.
Q

However, we can also consider the subbranes i,PDy (ch(E) A G(Y)), with trivial bundle.
We call such subbranes {q;, - Y/}. We have that:

i(E) @z Q «— Sop [(ir)i(Y) x Cq;“)}Qgg,o :
In fact, we saw that (ix)«(qx - Yi) = PDychy, (i(E)). Hence:

e (i) (Vi x €2)) = chy, (i )1 (Yie x C%)) = (ir) o (qu - 1)
= PDx (ir,)«(qr - Yi) = chy ir(E).

However, for the branes {q;, - Y,/} formula (4.20) does not hold.

Odd case
In this case, we have the isomorphism ch : K, (X) — H*(X, Q). Moreover, H*(X,Q) ~

H e"(g X, Q). Hence we have the correspondence among:
e il(E) € Ké(X);
o ch(i'E) € H¥(S'X,Q) ~ H°¥(X,Q):

o Do [(leﬁ)'(yk X (qu)} Q2k+10 -
As before, for the splitting principle:

i (B)®2Q = (iph(Yi x C*) 0z Q.
k
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4.4 K-homology and its non-compact versions

4.4.1 K-homology with compact support

As for any cohomology theory we can define a corresponding homology theory for K-theory,
called K-homology. We follow [41] and [59]. We work on the category HCW} of spaces
having the same homotopy type of a finite CW-complex. K-homology can be geometrically
described as follows: for a couple of spaces (X, A) in HCW; we define the group of K-
homology n-pre-cycles as the free abelian group Kpc (X, A) generated by triples (M, «, f)
where:

e M is a smooth compact connected spin® manifold of dimension n 4 ¢ in general with
boundary;

o ac K(M);
e f: M — X is a continuous map such that f(OM) C A.

We define the group of cycles K¢, (X, A) as the quotient of Kpc,,(X, A) by the subgroup
generated by:

e clements of the form (M, a+ (3, f)— (M, «, f)— (M, 3, f), so that we impose additivity
with respect to the K-theory class in the middle;

e clements of the form (M, a, f) — (E*,T(a), fom) where 7 : E — M is a vector bundle
and T : K*(M) — K**"(E™) is the Thom isomorphism.

Thus a generic n-cycle is an equivalence class [(M, «, f)]. We define the subgroup of n-
boundaries Kg,, (X, A) as the subgroup of K¢, (X, A) generated by the elements [(M, a, f)]
such that there exists a precycle (W, 3, 9) € Kpcn(X, X) such that M = 0W, o = 3|y and
f = g|y. We then define the K-homology n-group:

K,(X,A) = Kcn(X,A)/ Kp,(X,A).

These are the standard K-homology groups, which have compact support as for singular
homology.

Remark: we cannot define K-homology chains as for singular homology, since the K-theory
class « in the triple can be non-trivial only if M is in general a non-trivial manifold, not
necessarily a simplex which is contractible. Thus we define cycles and boundaries but we do
not build a graded complex of chains whose homology is isomorphic K-homology.

4.4.2 Borel-Moore K-homology and variants

We now define K-homology with generic support, which we call Borel-Moore K-homology
by analogy with singular homology. The idea of course is to define it as the usual one
without assuming that M is compact in the definition of precycles. However, for generic
backgrounds, we need an hypotesis on the manifolds involved to avoid irregular behaviours:
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we assume that the space-time manifold S has a well-defined “infinity” on which we classify
Ramond-Ramond charges (see [53]), i.e. we suppose that S can be embedded as the interior
of a manifold with boundary S, so that infinity is 9S. We assume for simplicity the manifold
to be smooth, although what we are going to say holds also if there are some singularities.
Under this assumption S and S are homotopic: in fact, by the collar neighborhood theorem
(see [36]) there is a collar neighborhood of 4S in S, which is by definition a neighborhood
U diffeomorphic to 9S x [0,1). Now we can retract both S and S to the same compact
submanifold obtained retracting U to the image of 95 x [%, 1) under the diffeomorphism,
thus S and S are homotopic. This will have some important consequences.

We can show that this assumption does not hold for any manifold. In fact, if it holds, we
have shown that S is homotopic to S, thus, being S compact, it is homotopic to a finite CW-
complex. There are manifold not homotopic to a finite CW-complex: one counterexample is
given by a surface with infinite genus. In this case H(S,Z) = Z* where Ry is the cardinality
of countable infinite sets as N or Z, in particular H;(S,Z) is not finitely generated, hence S
cannot be homotopic to a finite CW-complex.

If there is an embedding of S in S such that S = S\ 05 it is unique, as we prove
in appendix A.2. We call manifolds with collar at infinity the manifolds satisfying this
assumption (they contain as particular case the compact ones, for which S = S). We call
couple of manifolds with collar at infinity a couple (X, A) such that both X and A are
manifolds with infinity and the closure of A is X is diffeomorphic to A. We can now define:

KBM(X) = K,(X, X\ X) .

The hypotesis can be relaxed asking that X is homotopic to a finite CW-comple and admits
any compactificaton X which is also homotopic to a CW-complex. The result is independent
on the compactification chosen. Similarly for a couple:

KBM(X A) = K,(X,(X\X)UA).

As for singular homology, if X =Y x Z we can define homology with compact support along
Y:
KBM(Y x Z;Y) = K,(Y x Z,(Y x Z)\ (Y x Z)) .

4.5 K-theory and compactness

4.5.1 Definition of K-theory

Let us consider a finite CW-complex X (see [35]); in particular X is compact. The K-theory
group of X, denoted by K(X), is the Grothendieck group associated to the semigroup of
complex vector bundles on X (see [4], [2]). For {x} a space with one point, we consider
the unique map p : X — {*} and we define K (X) := Coker(i, : K({*}) — K(X)); if X is
connected K (X) is made by the K-theory classes [E] — [F] such that E and F have the same
rank. Moreover, given a finite CW-pair (X, A), i.e. a pair of finite CW-complexes such that
A is a subcomplex of X, we define the relative K-theory group as K(X,A) := K(X/A). In
this way we define a generalized cohomology theory (see [23], [65]) on the category of finite
CW-pairs.



4.5. K-THEORY AND COMPACTNESS 113

In order to obtain a cohomology theory from these definitions (thus, in order to have the
tools we need in string theory as Gysin map and Atiyah-Hirzebruch spectral sequence) it is
important that the spaces involved are finite CW-complexes and not generic spaces. In fact,
for example, if we consider the exact sequence in cohomology K (X, A) — K(X) — K(A)
we see that all the K-theory classes on X which are trivial when restrited to A are pull-back
of a K-class on X/A: the proof of these (see [2]) requires that every bundle E is a direct
summand of a trivial bundle, which is not true for generic spaces. Moreover, defining the
relative K-theory group of a pair (X, A) as K(X/A), we need to assume that A is a closed
and sufficiently regular subset of X, since, for example, if we consider the pair (R", R™\ {0})
we have that the quotient is the same non-Hausdorff space with two points for every n, while
the correct definition of K-theory should be homotopy-invariant, thus it should coincide with
K(R",R™\ B") = K(S™). We thus should consider the extension as defined in 1.4.3.

We now consider manifolds with collar at infinity. It is easy to show that under these

hypoteses there are canonical isomorphisms K (S5) ~ K(S) ~ K(5) ~ K(S5). In fact, K(S) ~
K(S) since S and S are paracompact and this is enough to guarantee that the semigroups
of vector bundles are isomorphic (see [39]), thus also the associated Grothendieck groups
are. Moreover K (S) ~ K(S) because S is a finite CW-complex® and K(S) ~ K(S) since the
KC-groups are homotopy-invariant. Thus, we can deal with the usual K-theory group K (S)
since it gives a well-behaved cohomology theory for the manifolds we are considering.

Remarks:

e Since K-theory is a cohomology (not homology) theory the K-theory groups with any
support must be homotopy invariant, while the groups with compact support are not;
it is the opposite for homology.

e The question when K (X) ~ K(X) is not generalizable to any cohomology theory: in
fact, if we have a cohomology theory h* defined for finite CW-complexes, then the
only way to extend it is to use the generalized definition, there is no meaning for
the h-groups of other spaces; instead, for K-theory, we can define K-theory groups
independently on the fact that they define or not a cohomology theory, thus we can
compare them with the extensions of the ones defined only on CW-complexes.

4.5.2 K-theory with compact support and variants

Also for K-theory there is the analogoue of the different versions of Borel-Moore cohomology
considered in [27]. In particular, we can consider K-theory with compact support K p(S)
made by classes o € K(S) such that there exists a compact set K C S such that a|g x = 0,
and we have that K., (S) ~ K(S*) if S* is homotopic to a finite CW-complex. Moreover,
for S =Y x Z we can consider Ky (v)(S) made by classes a € K(5) such that for any slice
Y X z with z € Z the restriction a|y«x has compact support.

We described K-theory group with compact or partially compact support intrinsecally,

without referring to the compactification S. Act_ually, we have canonical isomorphisms
Kepe(S) ~ K(S,5\ 05) and Kepyvy(Y x Z) ~ K(Y x Z,(Y x Z)\ (Y x Z))

8 Any compact smooth manifold, with or without boundary, admits a CW-complex structure, as a conse-
quence of Morse theory (see [49]).
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4.5.3 K-homology and Gysin map

Let us consider K-homology cycle [(M, a, )] € Ko(S) such that M is a compact submanifold
of Sand i : M — S the embedding. Let us suppose for the moment that also S is compact.
We can consider the Gysin map 7 : K(M) — K(S).? It turns out that if we consider
i1(a), where « is the middle term of the triple, then we obtain exactly the Poincaré dual of
[(M,a,d)] in S. In fact, the idea of K-homology, as explained in [41], is the following: if we
consider singular homology, it is not true that any n-class A can be represented by a smooth
manifold, in the sense that there exists a smooth orientable n-manifold M and a continuous
map f : M — S such that A = f,([M]) for [M] the foundamental class of M. However,
there always exists a triple (M, «, f) with M an orientable (n + ¢)-manifold and « a g-class
in M such that A = f.(aw N [M]). If we consider the equivalence relations analogous to the
one we recalled defining K-homology, we obtain that the map [(M, «, f)] — f.(aN[M]) is an
isomorphism between equivalence classes of such triples and the n-homology group of S. But
for an orientable manifold M by definition PDy(a) := N [M], thus the class corresponding
to [(M,a, f)] is exactly fuPDp(a). Since Gysin map commutes with Poincaré duality, in
the sense that PDgfi(a) = f.PDy(«), we obtain exactly that fi(a) = PDgf.PDy(a) =~
PDg[(M, a, f)]. The situation is complitely analogous for any cohomology theory, so also
for K-theory, provided that we give the corresponding definition of Poicaré dual and that we
replace the orientability of M with the orientability with respect to the cohomology theory
considered, which for K-theory is equivalent for M to be spin®.

We now consider S not necessarily compact. In this case, as for singular homology, the
Poincaré dual of a K-homology class is a compactly supported K-theory class, while the
Poincaré dual of a Borel-Moore K-homology class is an ordinary K-theory class. Similarly,
for the variants with partially compact support Poincaré duality respects the directions in
which we assume compactness.

9 Actually it is not necessary to consider embeddings, it is enough to suppose that the map f : M — S
is proper, i.e. that the counter-image of a compact subset is compact. However, we will need to deal only
with the embeddings of the D-brane world-volumes in space-time.
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Chapter 5

Topological preliminaries

5.1 Triangulations

Let us fix a topological manifold X equipped with a good cover 4 = {U;};c;. We now
construct, starting from i, a natural open cover for the space of maps from a curve or a
surface to X.

5.1.1 Two-dimensional case

While for curves we had only one type of closed curves, i.e. S!, and one type of open curves,
ie. [0,1], for surfaces the situation is different, so we consider different kind of spaces
depending on the surface we start from. We assume that our surfaces are compact.

Definition 5.1.1 Given a topological space X and a closed compact surface 32, the space of
maps from X to X, called XX, is the set of continuous maps:

r:-»—Xx
equipped with the compact-open topology.

We now describe a natural open covering for the space of maps. In particular:
e let us fix a triangulation 7 of ¥, i.e.:

— a set of vertices 0¥,... 00 € %;

— a subset E C {1,...,(}* determining a set of oriented edges {J(la » C Zhaner
suclll that do(,, = oy — op; if (a,b) € E then (b,a) ¢ E and we declare o, ) =
" (ab)

— a subset T C {1,...,1}3, determining a set of oriented triangles {afmb’c) C
Y} apeyer such that 80(2“76) = a(lmb) + 0(1b7c) + a(lcya); given a, b, c only one per-

mutation of them belongs to 7" and for a permutaion p we declare ag(a) p(b)p(c) =

(_ 1>p0-(2a,b,c) )

satisfying the following conditions:

117
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— every point P € ¥ belongs to at least a triangle, and if it belongs to more than

one triangle then it belongs to the boundary of each of them:;

every edge o, lies in the boundary of exactly two triangles o, , ., and o{, , 4,

inducing on it opposite orientations, and o, , 4 N 07, , 5 = 0,4 if a point p €
> belongs to an edge a(la ) and it is not a vertex, than the only two triangles
containing it are the ones having 0(1a p) &S common boundary; thus, there exists a
function b : E — T2 such that a(la’b) C dopy (o) a0 —a(la,b) C 8022(&6);

0 . . . 2 2
for every vertex o7 there exists a finite set of triangles {of;, ... ,0(i7aki7a1)}
2

. N o2 = o} we use the
(ia5,a;+1) (6,a541,5+2) (

having o? as vertex, such that o T (ia511)
notation k;+1 = 1), these triangles are the only one containing ¢? and their union
is a neighborhood of it; thus, there exists a function B : {1,...,l} — Hizl Tk,

such that B(i) € T and B(i) = {0, 4)» -1 0¢ };

(4,ak,;,a1)

e we consider the following set of indices:

o7 = {0?, - ,UIO(T), E,T} is a trinagulation of X
e 0 :T — [ is a function

1={ro:

and a covering {V(;.0)}(r0)es of XX is given by:

Virng ={l € XX : r(a§a7b70)) C Up(apo }-

One can prove that these sets are open in the compact-open topology and that they cover

X

Definition 5.1.2 Given a topological space X and a compact surface with boundary X, the
space of maps from ¥ to X, called XX, is the set of continuous maps:

I':»Y» —X

equipped with the compact-open topology.

We now describe an anlogous open covering for the space of maps. In particular:

e let us fix a triangulation 7 of ¥, i.e.:

— a set of vertices 0¥,... 00 € %;

— a subset E C {1,...,(}? determining a set of oriented edges {U(la,b) C Y} ap)eE

such that do(, ;) = o) — og; if (a,b) € E then (b,a) ¢ E and we declare o, ,, :=

a’
1

“O(ap)

— a subset T C {1,...,1}3, determining a set of oriented triangles {a?abc) C

Y} apeyer such that 80(2(1@0) = 0(1%17) + a(lbjc) + 0(16@); given a, b, c only one per-
mutation of them belongs to 7" and for a permutaion p we declare ai(a% p(b)p(c) =
(_]‘)po-(2a7b7c);
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satisfying the following conditions:

— every point P € ¥ belongs to at least a triangle, and if it belongs to more than
one triangle then it belongs to the boundary of each of them; if P € 9% and it is
not a vertex, then it belongs to just one triangle and lies on the boundary of it;

— for every edge a(la’b) there are two possibilities:

% or it containes no points of 90X except possibly the vertices; in this case it
lies in the boundary of exactly two trlangles J(a bo) and a(2b7a7 d) inducing on
it opposite orientations, and a (abe) O'(bad) = a(a by’ if a point p € ¥ belongs
to such an edge O'(lab and it is not a vertex, than the only two triangles
containing it are the ones having 0(1a7b) as common boundary;

x or it is entirely contained in 9%; in this case it lies in the boundary of just
one triangle a(Qa be) if a point p € ¥ belongs to such an edge O'(la b) and it is
not a vertex, than the only triangle containing it is the one containing a(la’b)
in its boundary;

thus, there exists a partition £ = BE UIFE in boundary edges and internal edges,
and two functions:

x b:IE — T? such that 0(1 e 8ofl(a7b) and —U(1a7b) - 8052(%&));

a,

+ b: BE — T such that o(, ;) C o3, ;

— there exists a partition {0,...,l} = BV UIV in boundary vertices and internal
vertices, such that:
* for i € IV, there exists a finite set of triangles {0(21.7%@), o a (b, 1) )} having

0 2 2 _ 1
o; as vertex; Oliaj.a; H)ﬂa(i’aﬁl’%“) = Oliaj
the notation k; + 1 = 1); these triangles are the only one containing o) and
their union is a neighborhood of it; thus, there exists a function B : IV —

[T;cv T%, such that B(i) € T" and B(i) = {0(2i,a1,a2)’ . ,0(21.7%_@1)}.

+ for i € BV, there exists a finite set of triangles {07, ..+ 200, 4}

) with a cyclic order (i.e., we use

(without o, ) having o} as vertex; o,

1,05,0511) n a(2i7aj+17aj+2) - O-(liva]'-!—l
1 <1<k, these triangles are the only one containing ¢ and their union is
a neighborhood of it; thus there exists a function B : BV — ]_L cpy TR
such that B(i) € T%~! and B(i) = {00 an)r -2 0

(4,ak;—1,0%;)

i,ak,;,a1) )fOI'

e we consider the following set of indices:

o7 = {0(1), e ,UIO(T), E, T} is a trinagulation of X
e 0 :T — [ is a function

1={ro:

and a covering {V(;) }(r,0)cs of XX is given by:
Virg) ={T € BX ¢ T(00,40)) C Upfapo)}-

One can prove that these sets are open in the compact-open topology and that they cover
¥ X.
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5.2 De-Rham theorem

We construct a canonical isomorphism between Cech cohomology of the constant sheaf R and
De-Rham cohomology. We give as an example the construction for a 2-form, since the general
case is complitely analogous. Let us consider a closed 2-form w?: to find the corresponding
Cech class, we use iteratively Poincare lemma. Given a good cover 4 = {U,}aes of X, we
consider the restrictions w? = w?|y,, so that, being U, contractible, we have that w? = dw].
Thus, considering the restriction to Uy, we have dw! — dwé = wiﬁ — w}y = 0, thus, being
U, 03 contractible we have w;, —wj = dwy 5. Moreover, d(wl; + wg, +w3,) = ws —wh +wp —
w + w — wl = 0. Now, since we started from a 2-form, we have that w? ap are functions,
SO that the last expression becomes w9 4wy, +w), = cagy € R. One can prove that this
correspondence sends cohomologus cocycles in cohomologus forms, thus the isomorphism we

are searching is [w?] € H2,(X) — [{cap,}] € H?*(4,R).

Viceversa, given {cas,} € Z2(4, R), we consider the sheaves immersion R C R, and we
know that R is fine, thus {cap,} = 0" ({wos}). But (51({dwaﬁ}) = {dcnp,} = 0, thus, since
also Q1 is fine, we obtain dwls; = w) — wh. Thus °(dw!}) = {d?wls} = 0, thus {dw}}
defines a form w € HO(U, Q2) = T(X, 02) = Q*(X,R).

Given a de-Rham 1-class [w' ], let us consider its corresponding Cech class [{cas}]. Let us
fix a curve v : S' — X. There exists (7, ) € J such that i € V(,,,). Thus, since |y, = dw?,

one has:
!

1
1 0 0 0 0 0
/Ww = Z/l dw iy = Z [ww(i)(aiﬂ) — ww(i)(ai)} )
i=1 7%

=1

The last sum can be written as:

/ i[ We(i-1) so(z g; } thp(z V(i) (07) (5.1)

=1

so that the integral of a 1-form corresponds to the sum of the Cech representatives on the
vertices of a triangulation of the curve. In particular, we see that f7 w! € Z for every v if

and only if c,3 € Z for every «, 3, thus integer de-Rham classes corresponds to integer Cech
classes.

For a de-Rham 2-class [w?] corresponding to [{cas,}], given a closed surface ¥ C X, we
consider it as an immersion ¢ : 3 — X, thus there exists (7,¢) € J such that i € V{, .
Thus, since w?|y, = dw!, one has:

/ > / dwyape = D /80 plabo)

(a,b,c)€Ty ¥ P(ab,c) (a,b,c)eTr (a,b,c)
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For every edge a(lmb) we thus obtain:

1 1 _ 0
/ ) (%(bl(a,b» —%(bQ(a,b») = / Ao ) et @)

7 (a,b) 7 (a,b)

_ 0 _, 0 0
= /6 e @) eltR(ad) = Povt @) o2 (B) T Do pezamn(@) -

(a,b)
Thus we reduce the integral to the contribution of the vertices. For a vertex a, we obtain:

ki
0
Z Wola,as,ai41),(a,ai11,ai+2) (a)
=1
but:
0 0
W (a,ai,ai11),0(a,ai11,ai12) + Weo(a,ait1,ai+2),0(a,ai+2,ai+3)

=’ +c
= Wo(a,ai,ai41),0(a,0i42,0i43) ©0(a,ai,0i11),0(a,ai41,0i12),0(a,ai12,ai13)

thus, after the cycle, we remains just with the c-terms. In particular, fz F € Z for every X
if and only if ¢,p, € Z for every (a, 3,7).

We also add the following lemma for future reference.

Lemma 5.2.1 A I-form w € QL(X) represents an integral cohomology class if and only
there exists a nowhere vanishing function f such that w = %mf_ldf.

Proof: If w = ﬁ —1df, then w, = ﬁdlog flu., thus c,p is the difference between two
logarithms of f|y, , divided by %m., which is integral. Viceversa, if w is integral, then w, =
ﬁdgpa and CaB = %(gpa — ¢p) € Z, thus the local functions f, = e glue to a global
one f being e*™¢s = 1. But w, = dp, = dlog f, = f;'df, and, since f is global, we get
w=fldf. O
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Chapter 6

Line bundles

6.1 Cohomology and line bundles

6.1.1 Bundles and Cech cohomology

For X a paracompact space, let us consider a complex line bundle . — X and let us fix a
good cover b = {U,}aer of X. By definition of line bundle, L is isomorphic to a bundle of
the form:

(L(Tax©))/~  (@2)a~ (2. gapl(x) - 2)s, for o € Ug . (6.1)

The transition functions {g.s} € C* (4, C*) satisfy cocycle condition, which exactly means
that 6'{gas} = 0, so that they determine a cohomology class [{gas}] € H' (8, C*).

If (LB(X),®) is the group of isomorphism classes of line bundles over X, we obtain
in this way a group isomorphism (LB(X),®) ~ (H'(4,C*), ). In fact, let us suppose
that L € LB(X) is isomorphic to two bundles L, and Lj, of the form (6.1), with transition
functions respectively {gns} and {hns}. Then there exists an isomorphism ¢ : L, — L,
which must be of the form p(z, 2)y4 = (2, fa(2) - 2)h,4. Thus:

(2, 2)ga = (7, fa(T) - 2)ha = (T, hap(®) - fol®) - 2)np
(T, Gap () - 2)g,5 = (2, [3(2) - Gap(T) - 2)np

thus haﬁ-g;ﬁl = f 1 fa, so that [{has}] = [{gas}]. Viceversa, given a class [{gas} ], formula
(6.1) gives a bundle associated to such class. In particular, a bundle is trivial if and only
if it is represented by the zero-class, since X x C is a representative and all the transition
functions are 1.

If we give a line bundle L with a fixed set of local sections {s, : U, — L}, it is canonically
isomorphic to a line bundle of the form (6.1) by ¢(sa)s = (2,1),. This isomorphism can
be applied to any bundle isomorphic to L using the pull-back of the sections {s,} via the
isomorphism. In this case we have g3 = s, / $3, since, for x € U,g, one has (s,), = (2,1), =
(2, 9ap(x))s = Gap(x)(ss)x (of course the sections {s,} does not make {g.s} a coboundary
since they are not functions, they are sections of a bundle).
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Summarizing;:

e when we give a cohomology class o = [{gap}] € H'(U,C*), we associate to it an
equivalence class up to isomorphism of line bundles represented by (6.1);

e when we give a cocycle {gas} € Z'(U,C*), we associate to it the equivalence class of
a line bundle with a fized set of local sections {s, : X — L} up to isomorphism with
relative pull-back of the sections. In this case we have dependence on the covering i,
but this is obvious since the local sections themselves determines the covering by their
domains. We have a canonical representative for each of these classes given by (6.1).

Let us consider g = {gag}, h = {has} € Z' (44, C*) and the representative bundles L, and
Ly. As we have seen, if [g] = [h], an isomorphism ¢ : L, — Ly, is given by ¢(z,2),4 =
(2, fa(2) - 2)po with f 1 f5 = hag-g;ﬁl, i.e., by {fa} € C°(4,C*) such that 6°{f,} = h-g~".
By an active point of view, we can see Ly, = Ly ® Lgo, where Ljo, is the trivialized bundle
X x C with sections {f,} fixed, considering the tensor product of the sections. Thus, we
have Iso(Lg, L) =~ (0°)~*(hg™").

Similarly, an automorphism of L, is given by {f.} € Z°(,C*), i.e., by a function
f X — C* it is of the form ¢(x,2), = (z, f(x) - 2)o. Cleary, Iso(L,, Ly) and Aut(L,)
are in bijection but not canonically, since any isomoprhism can be written as a fixed one
composed with an automorphism; in fact, any {f,} whose coboundary is h - ¢! can be
written as a fixed one multiplied by a cocycle.

The isomorphism class of trivial line bundles correspond to the zero class? 1 € H LU, C),
which is represented by coboundaries. One preferred coboundary is {1} € B'(4, C*), which
represents the class of a trivial bundle with a global section. We define a trivialization of a
trivial bundle as an isomorphism from it to X x C.

The coboundary {1} determines the bundle L; = | | (U, xC) / ~, with (z, 2)s ~ (2,2)3
for x € U,p, which is canonically isomorphic to X x C by ¢(z,2), = (z,2), so that, for
a coboundary b = {g.s} € B'(4,C*), we can see a trivialization of L; as an isomorphism
¢ : Ly, — L. Hence, a trivialization ¢ : L, — L; corresponds to a cochain {g,} €
CO(4, C*) such that 0°{ga} = b1, i.e., for {gag} = 0°{ga}, a trivialization of L, is given by
o(2,2)a = (7,2 - go(x)). In particular it is p(x, go(x)™!)s = (x,1), and the sections (z, 1),
glue to a global one in X x C, thus ¢! determines in L; the local expression of a global
section, that’s why it is a trivialization. Summarizing, the group of trivializations of L, is
(1Y) ¢ C%4U,C*). In particular, the trivializations of Ly, i.e., its automorphisms,
are given by H(U,C*) = Z°4,C*): for a function f : X — C* the automorphism is
p(r,2)a = (z,2/f(x)).

Clearly, Iso(Lg, L) is in canonical bijection with the trivializations of Lj,,-1, and Aut(L,)
is canonically isomorphic to the trivializations of Ly, i.e., with Aut(L;). By an active point
of view, we can see a trivialization of L, as a tensor product by L,-1, i.e., the trivialized
bundle X x C with sections {g;'}, for 8% = b.

!This equivalence class is much larger than the class made by the bundles of the form (6.1) for the various
representatives {gag} of a, since there are all the bundles which are not of the form (6.1) but only isomorphic
to one of them.

2We use multiplicative notation since the group is C*, hence the zero-class is 1 and not 0.
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At the end we have the following picture:

e isomorphism classes of line bundles are in bijection (actually, it is a group isomorphism)
with H'(4, C*); the class of trivial bundles corresponds to the zero-class;

e an clement of ¢ € Z'(4,C*) determines a class of a line bundle with local sections,
canonically represented by Ly;

e if g,h € Z'(4,C*) are cohomologous, then Iso(L,, Ly,) ~ (6°)~'(hg™);

e if ¢ is a coboundary, the trivializations of L, L.e., the isomorphisms ¢ : L — X x C,
are in natural bijection with (6°)7'(¢™!) € C°(U, C*); in particular, the trivializations
of L; are in natural bijection with Z°(U,C*) = H°(4,C*), which are the functions
f: X —=C

This picture will be analogue raising by 1 the degree in cohomology: a gerbe will be an
element of H?({,C"), a trivialization of the trivial gerbe G and element of H'(4,C") and
a trivializaiton of a trivial gerbe G} will be an element of (6')~*(b~1) C C' (U, C*).

Hermitian metrics

If we put an hermitian metric on a bundle, we can locally find a section of unit norm,
thus it is isomorphic to a bundle of the form (6.1) such that ||(x,1),] = 1 for every a.
Thus 1= (2, Dall = 1@ gus(@))sl = lgas(@)]| - |, 1)l = lgas(@)]; 0 that the transition
functions have unit modulus. Since every line bundle has an hermitian metric, every bundle
is isomorphic to a bundle determined by a cocycle in Z L(4, S1). Viceversa, given a cocycle
in Z'(U,S") we determine an hermitian metric by ((x,2)a, (z,w)a) = z - w. It is well
defined since g,5 = €*™ o5 thus oz = g;ﬁl, so that ((2,gas - 2)8, (T, 003 - W)3) = Jas * Gap -
< (:U7 Z)ﬁ? (Ia ’LU)g) =z W.

Actually, if we put two hermitian metrics (-,-); and (-,-)2 on the same line bundle,
there exists an automorphism ¢ such that ¢*(-,-)o = (-,-);: in fact, if, for fixed non-
Zer0 Uy, w, € Ly, we put f(x) = (vy,wy)1/ (U, ws)e, we have a well defined function
f: X — R" C C* independent by the various v, and w, chosen, since for v, = X - v,
and w, = pu - w, we get a factor A -7 both at the numerator and denominator. If we put
o(x,z) = (z,4/f(x) - z) we obtain the desired automorphism, since (¢*(-,")2)(vs, w;) =
(p(v2), p(we))e = f(x)(vg, ws)2 = (vg,wy)1. Thus, once we fix an equivalence class of
bundles there is only one metric up to equivalence, thus the isomorphism classes of line
bundles are the same as equivalence classes of line bundles with hermitian metric, hence
HY(84, S ~ H' (4, C*). In fact, we have a splitting exact sequece:

O—>§1—>@*—>K+—>O

avnd R ~ R via the logz}rithm, thus it is acyclic. Since the sequence splits, we have
H™(4,C*) ~ H™(U,S") @ H™(Y4,R") for every n and, for n > 1, the R-factor is zero®.

5 31t seems that, at degree 1, the map in cohomology from S' to C* is not injective because
HO(U,C>(-,RT)) # 0, but the Bockstein map is zero. In fact, its kernel is the image of H°(,C*) —
HO(4,R™) which is surjective.
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First Chern class

We fix a good cover 4 of X and consider [L] = [{gas}] € H*(4,C*) or [L] = [{gus}] €
H2(U, S"). We can write gn5 = €2™*5 50 that pas + gy + Pra = Capy € O (Unpy, Z) = Z.
We thus obtain a class C = [{cag,} | € H?(8,Z), called first Chern class of L. This operation
is exactly the Bockstein homomorphism of the exact sequence of sheaves:

627ri~ %
or of the exact sequence of sheaves:
0—Z—R ﬂ ﬁl — 0,

inducing the same result by the inclusion of the second sequence into the first, which is the
indentity on Z.

Torsion line bundles

A torsion line bundle is a line bundle L such that ¢;(L) € H?(U,7Z) is a torsion class. Let
us consider the following exact sequences of sheaves:

0 7, RS- gl 0 (6.2)

R <7 g 0

and the corresponding degree-1 Bockstein homomorphisms 3, and ;. For L € H'(i, S*),
one has (1(L) = ¢;(L) € H?*U,Z), and B is an isomorphism. Considering the second
sequence, ¢1(L) is torsion if and only if its image in H? (L R) is zero, thus, by exactness, if
and only is if can be lifted to L € H' (4, S') such that 8y(L) = ¢;(L). Moreover, L is unique
up to o € H'(U,R). By commutativity, the possible L are all sent to L by the inclusion
St < St We will discuss the meaning of this liftings dealing with holonomy.

This means that a line bundle is torsion if and only if it can be realized by constant
transition functions. Of course, not all the representatives of L € H* (4, ") will be constant,
since we are free to add any coboundary, but there exists a constant representative in the
class if and only if L is torsion. This is not a surprise: for a trivial bundle, we can realize
it by transition functions all equal to 1, and, if L®" is trivial, we can realize L by transition
functions which are n-rooth on unity, thus, since the set of n-rooth of unity is discrete,
they are constant. The non trivial fact is the opposite: if there exists a representative with
constant trasition functions, they must be root of unity up to o € H LU, R), i.e., there is a
representative made by root of unity and the bundle is torsion.

6.1.2 Connection and field strength

Given a line bundle L — X, we choose local sections {s, }acr, with s, : U, — L and define:

iAa(X) = VxSa

Sa
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obtaining a well-defined function since it is the ratio of two sections, so that A, € Q&(U,).
In this way:

Vx(f . Sa) = axf'8a+f'VXSa = (axf—i-fZAa(X)) *Sa -

If we put an hermitian metric and choose unitary sections and a compatible connection, A,
becomes real since:

0x (Sa, Sa) = (Vx5a,:5a) + (Sas Vx5a)
0= <VX804750¢> + <VXSCM7 Sa>
0=R(VxSa,Sa) =R [z’Aa(X) . <5a75a>] =RiA.(X)

thus A, € Q(U,).

We now study the transition functions for the connection. On U,s there are two sections
So and sg such that s, = gap - Sp, and [L] ~ [{gas}] since L is isomorphic to (6.1) via
So(2) ~ (2,1),. Then:

« a af af * _ .
iAa(X) = Vxsa _ Ox9as 55+ Gap - VXSp = g2} Oxgas +iAs(X) (6.3)
Sa Gas * 83 o

so that we obtain the transition function for the local connection:
iAo =145+ 9o - dgap - (6.4)

Since Y is a good cover U,z is contractible, thus we can write g;é ~dgap = dlog gus, i.e., for
Gop = €*™"Pas one gets g;é “dgap = 271 - dpag, so that A, = Ag+ 27 - dpas. Thus dA,|u,, =
dAgly,,. We define F, = dA,, so that the local forms Fy, glue to a global form F' € Qf(X)
called curvature or field strength. Clearly dF = 0, thus we can consider [F'] € H2,(X).
In this way we have described a connection on a fixed bundle as {A,} € CO(4, QL) or, if
compatible with an hermitian metric, as {A,} € CO(4, k), such that 0°{dA,} = 0.

First Chern class and field strenght: link

We now prove that:
[% ’ F:|H3R(X) = [CI(L> ®Z R}H2(LLR) (65)

under the standard canonical isomorphism between de-Rham and Cech cohomology. In fact,
let us consider F: to find the corresponding Cech class, we consider the restrictions F, = F|y,
so that, being U, contractible, we have F,, = dA,, and, by deinition, A, is exactly the local
expression of a connection with curvature F'. Thus, dA, —dAg = Fo3— F,3 = 0, thus, being
Uap contractible, we have A, — Ag = dx,s. We know that dz.s = 27 - dp.s. Now, since
we started from a 2-form, we have that p,s are functions. Moreover, d(pas + pPgy + Pya) =
Ay —Ag+As— A, + A, — A, =0, thus 27(pag + pgy + Pya) = 27 Capy € R constant. By
construction we arrived exactly to the first Chern class multiplied by 2.
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Viceversa, given {27 c,p,} € Z2(U, R), we consider the sheaves immersion R C R, and we
know that R is fine, thus {cas,} = 0'({pas}). But 8'({dpas}) = {dcas,} = 0, thus, since
also Qf is fine, we obtain 27 dpas = Aq — Ag. Thus °({dA,}) = {27 d?pas} = 0, thus
{dA,} defines a global form F € H(4U, Q%) = I'(X, Q%) = Q2(X). One can prove that this
correspondence sends cohomologus cocycles in cohomologus forms. From (6.5) and formula
(5.1), it follows that the fact that [c;(L)] is an integral class is equivalent to the fact that
[5= - F] is, thus in the case of a line bundle we have to start from {c.s,} € Z2(U, Z) (we will

2m
discuss in the followig the meaning of non-integral Chern classes).

Affine structure on connections

Let us now consider two different connections V and V' on the same line bundle L: then, as
it is easy to verify, their difference V — V' is, for a fixed X, an endomorphism of L, thus it is
a l-form, i.e., (V—=V')xs = w(X)-s. In fact, if {A,} and {A} are the local expressions of V
and V' with respect to a fixed set of sections {s, }, we have that A, —Ag = A}, — Al = 27 dpapg,
thus A, — A, = Ag— A}, so that w := A, — A, € Qp(X), and (V — V') x5 = w(X)- 54, thus
(V=V')xs = w(X)-s for every local section s. Hence the set of connections on a fized budle L
is an affine space whose underlying vector space is Qg (X ). Moreover, if we fix the curvature,
the difference of two connection is a closed global 1-form, since 0 = dA, — dA., = dw, thus
the set of connections on a fived budle L with a fized curvature F is an affine space whose
underlying vector space is Z%(X ). However, these are single connections and it is natural to
ask when they are equivalent, i.e., when one is the pull-back by an automorphism of another.

6.1.3 Group of bundles with connections

The equivalence classes of line bundles with connection form an abelian group (LBV(X),
®). In fact, given two bundles with compatible connections (L,V) and (L', V'), we can
consider the product (L ® L',V ® V') for:

(VR V' )x(5a ®58.,) == Vxsa @8, + 84 @ Vs, .

The zero-element of this group is [ (X x C,0x)], as it is easy to verify. If we express the
connection with respect to sections {s,} and {s/,} we have that the expression of V@ V'
with respect to {s, ® s} is exactly the sum:
(Ve V)x(sa ®s,)  Vxsa® s, + 85,8 Vs,
Sqa ® S, B Sq ® s,
1A(X) - Sa ® 8, + 50 ®TAL(X) - 5, (6.6)
Sq ® s,
= 1A, (X) + 1AL (X) .

There is a natural forgetful morphism ¢ : LBV(X) — LB(X). There are important
sugroups of LBV (X):

e the classes of trivial bundles with connection are a subgroup (TrLBV (X),®), in fact,
TrLBV(X) = Ker ¢; the classes of a fixed class of bundles with any connection are
cosets of this subgroup;
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e the classes of trivial bundles with flat connection are a subgroup (TrFLBV(X),®)
of the previous; the classes of trivial bundles with connection of a fixed curvature are
cosets of this group in the previous;

e the classes of torsion bundles with connection are a subgroup (TLBV(X),®), in fact,
this group is ¢ (T LB(X));

e the classes of torsion bundles with flat connection are a subgroup (T’FLBV(X),®)
of the previous; the classes of torsion bundles with connection of a fixed curvature are
cosets of this group in the previous.

Summarizing, we have the following scheme for subgroups of LBV (X):

TrLBV(X)—>TLBV(X)— LBV(X) (6.7)

TrFLBV(X)—=TFLBV(X) .

Since a flat connection can exist only on a torsion bundle, the classes made by bundles with
connection of a fixed curvature are cosets of (TTFLBV(X),®), thus, denoting by Z2(X) the
set of integral real 2-forms on X, there exist an exact sequence:

0 — TFLBV(X) — LBV(X) — Z3(X) — 0. (6.8)

Instead, classes made by a fixed class of bundles with connection of a fixed curvature are
cosets of (T'rFLBV(X),®). Moreover, since on a flat bundle the curvature is cohomologus
to 0, so that the connection can be globally defined, (6.8) restricts to:

0 — TFLBV(X) — TLBV(X) — dQ(X) — 0 (6.9)

and also to:
0 — TrFLBV(X) — TrLBV(X) — dQ]}Q(X) — 0. (6.10)

Local description and equivalence

Since two connections are equivalent when one is the pull-back of the other by a bundle
isomorphism, we now want to see how to read this from the local expression A, € Q'(U,, R).
If we have an isomorphism ¢ : L — L'| let us fix section {s/,} and a connection V' on L'
Let us now define s, = p~!(s.,) and V = ¢©*V’. Then we obtain the same local forms:

xSo _ p(Vxe T (sh)) _ ¢(Vxsa) _ Visa
S/Oé S/oc QO(Sa) Sa

where the last equality is due to the fact that, if s, = f(x)-t,, then p(s), = f(z)-p(t)., thus
the ratio of two sections remains constant under line bundle maps. Thus, any connection
equivalent to V on a bundle L’ can be realized by the same local forms A, of V with respect
to certain local sections of L. Hence, the only freedom left is the choice of the local sections
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Sq of L to define A,. If we choose another section t,, then, if t, = f, - s4, by the same
computation of (6.3) we obtain:

iAD =AW 1 foLaf,

so that AY = A —. dlog fo. Thus, the local forms change by ezact forms, or, equivalently,
by closed forms since U, is Contractlble Viceversa, if we con81der A = A, s + dp,, we
consider the section t, = e - s, and we have that A, = Al (o) " This means that, if we
consider the connection up to isomorphism, then A, € QL(U,)/dQ%(U,), where Q%(U,) =
C>(Uy,, R). Then we have the condition that 6°{dA,} = 0, but, since the intersections U,z
are contractible, this exactly means that A, — Ag € dQ%(U,s). This means that we obtain a
section of the sheaf (Q / dQ%)* = Qk / Z1 in the sense of sheaf quotient (so the sheafification
is part of the definition). This result is not so interesting: the exterior differential d induces
a sheaf isomorphism d : Qf / Z4 — Z2 and this is exactly the first step of the isomorphism
between de-Rham and Cech cohomology. We obtain the only possible class of forms A, up
to closed ones, such that dA, = F|y,. Thus, the class we obatin is exactly the curvature, so
the local description of the connection itself contains information only about the curvature.
This mean that there is no possibility to complitely recover the class of the connection from
the local expression of the connection, actually neither the complete information about the
topology of the bundle, since we recover only the curvature, so that we miss flat connection.
In fact, a connection is flat if and only if there exist local parallel sections {s, }: with respect
to these sections, 1A, (X) = (Vx5Sa)/Sa = 0, thus a flat connection can be realized by {0},
that’s why its equivalence class does not contribute at all. Thus, to recover the complete
information about a bundle with connection we must consider both the transition function
and the local representation of the connection: this what we do using hypercohomology of
an appropriate complex.

Cohomological description

Let us consider the complex of sheaves S* tdoloe Qﬂg and the relative Cech double complex
C** (U, S' — QF), with associated total complex T°*( ). We have that:

T'(sl) = CY(8l,8Y) @ CO(4l, Q)

thus, given a line bundle with sections and the relative connection, we can consider (g, —A) =
({gap}, {—Aa}) € TH(U): we claim that it is a cocycle. In fact, we have that:

T(8l) = C*(8L,8") @ C' (4, Q)

and 0'(g, —A) = (6'g,idlog g—0°A): but 0'g = 0 since it is a line bundle, and i dlog g = §°A
by (6.4).

We now claim that (g, —A) € T'(4) is a coboundary if and only if it represents the
trivial class [ (X x C,dx)]. In fact, TO(4) = C°(4, S*) and 6°({ga}) = (6°{ga}, {i dlog ga})
= ({9;'95}, {idlog ga}), so that A, = —idlog g, with respect to the local sections (x,1),
in L, 95" We now express the connection with respect to the global sections (z, gq ) Which
glue to a global one: in this case, A, = A, +idlogg, = 0, so that we obtain the local
representation (1,0). Viceversa, we can represent [ (X x C,0x)] as (1,0) and, if we consider

a different set of local sections {g,}, we exactly obtain ({g,'gs}, {i dlog ga}).
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We call Z2(4) and B(4) cocycles and coboundaries of T™(4): a cocycle (g, —A) €
Z}(ﬂ) represent a bundle with local sections and the relative local expression, denoted by
L, 4, while the cohomology class represents the class up to isomorphism and pull-back of the
connection (not of the sections, although the pull-back connection is expressed with respect
to the pull-back of the sections). We consider automorphisms for (g, —A) € ZL(U) fixed:

e automoprhisms ¢ : L, — L, with pull-back of the connection correspond to H(X,SY,
as for simple bundles, acting as ¢(x, z), = (z, f(x) - 2), and A, = A, + dlog f|u.;

e automorphisms ¢ : L, — L, fixing the representation {A,} of the connection corre-
spond to H(X, S1), i.e., to constant functions, since we must have dlog f = 0: this is
not surprising, since such automorphism can be seen by an active point of view as a
tensor product by a flat trivialized bundle with sections.

Similarly for g and h cohomologous:

e isomorphisms ¢ : L, — L, with pull-back of connections correspond to (6°)~'(h -
g ') € C°%X,S"), as for simple bundles, acting as p(z,2),0 = (7, fa(¥) - 2)n.a and
Al = A, +idlog f,; by an active point of view we can see Ly, = Ly s ® Ly ;diog f,
so that an isomorphism can be seen as the tensor product by a trivialized flat bundle
with sections;

e isomorphisms ¢ : Ly — Ly, sending the representation {A,} in the representation { A}
corresponds to (6')"'(h-g~") N (idlog)~'(A’ — A) C C°(X,S"): this set is actually
a coset of H°(X,S') in C°(X,S"), since the transition functions are determined up

to constants; by an active point of view we can see L;, = Ly 4 ® Ly, so that an
isomorphism can be seen as the tensor product by a trivialized flat bundle with parallel
sections.

We now consider trivial line bundles. We have two kinds of trivialization, correspondingly
to generic isomorphisms:

e a trivialization ¢ : Ly, — Ly with pull-back of connection corresponds, as for simple
bunldes, to a cocycle {g,'} € CO(4, S*) such that 6°{g,'} = b7", ie., for {gap} =
0°{ga}, a trivialization of Ly is given by ¢(z, 2)a = (7, 2/ga(x)) and A, = A, —d10g ga;

e a trivialization ¢ : L, — L; sending the representation {A,} in the representation
{A} corresponds to (6")~'(b™") N (dlog) (A" — A) € C°(X, S"): this set is actually
a coset of H(X,S') in C°(X,S").

In particular, the trivializations of Ly, i.e., its automorphisms, are given by H o, S 1) and
the one fixing a representation by H°(4, S').

Connections on torsion line bundles

From (6.5), it follows that L is torsion if and only if [F] = 0 € H?(4,R), in particular, a flat
line bundle is torsion, but not vice-versa, since a bundle is flat when F = 0 as a single form,
not as an equivalence class in cohomology (also a trivial bundle can be non-flat). When a
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bundle is torsion, since [ F'| = 0 there exists a global 1-form A on X such that F' = dA. In
fact, let us consider (6.4). If we realize the bundle by constant transition functions (thus, we
are dealing with a bundle with a fixed set of sections), we have that dg,s = 0, so that (6.4)
becomes A, = Ag, and viceversa. This means that we can define the connection as a global
1-form A if and only if the line bundle is torsion, coherently with the fact that [F'] = 0.
However, this does not mean that in any realization of the bundle the connection is globally
defined, since, if we add a generic coboundary, we still have a non trivial expression for (6.4).

We can see that flat connections can exist only on torsion line bundles also from the
local forms: since dA, = 0 for every o, we have A, = da,; since da, — dag = dp.g, we
have d(pas — (aa — ag)) = 0, thus p,s = aq — ag + cap With cop constant, thus g.g =
(")~ (e%) - e%s thus g,s is constant up to a coboundary.

Let us consider a torsion non-trivial line bundle with local sections, with a globally defined
connection A: it is impossible to distinguish it from a globally defined connection on any
other topologically different torsion line bundle, since we have however a globally defined
form. We have seen that flat connections (up to equivalence) are not classified by the local
description, since can be realized locally by {0}: now we know that flat connections can
exists only on torsion line bundles, and they can be globally defined if we realize the bundle
by constant transition functions. Viceversa, if we consider a set of parallel local sections
{S4}, so that the corresponding representative is {0}, then the corresponding transition
functions are constant. In fact, if s3 = gop - S and Vxs, = Vxsg = 0, then one has
0= Vx(gusSa) = OxGap - Sa, thus Oxgas = 0. Thus, if we give a cocycle {gos} € Z* (4, S?)
we determine a flat connection on the corresponding bunlde L, represented by {0}, and all
the flat connections can be obtained in this way. For a fixed ¢;(L) € Tor H?({,Z) we thus
have a map:

(Flat connections on L) — £ Y(ey(L)) € HY (U, SY) .

We now prove that the equivalence classes of flat connections on [ L] is given by 37! (¢ (L)) C
H'(44, 81, so that we have a group isomorphism:

TFLBV(X) ~ H'(U4,S") . (6.11)

In fact, as we have seen, describing locally a push-forward of a connection V on L by any
isomorphism (or automorphism) is equivalent to consider V with respect to other sections.
Thus, having two realization of [V] by parallel sections, is equivalent to realize V with
respect to two different set of parallel sections {s,} and {s}. Then s, = f, - s, and
0= Vxs!, = Oxf-5sa, thus f is constant. Hence, the possible realizations of a flat connection
with respect to parallel sections correspond to its realization with respect to multiples of a
fixed set of sections {s,}. But, for s/, = A, - s,, we obtain:

«

85 = Jog " So. = M358 = Jap " Aa " Sa = gaﬂz)\ﬁ Iop

thus we obtain another representative of [{g.s}] € H'(U, S') and viceversa.
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Thanks to (6.11) we have a cohomological description of TFLBV(X). The quotient
LBV (X)/TFLBV(X) is made by the possible curvatures, since two connections have a
flat quotient if and only if they have the same curvature. We will prove that the class in
H' (44, S*) actually corresponds to the holonomy of the flat connection.

Connections on trivial line bundles

Let us suppose that a connection V on a trivial bundle is realized by A € Q4 (X) with respect
to a global section s: the automorphisms of a trivial bundle correspond to multiplications
by a global section. Then, for s’ = f - s, we obtain A’ = A —if~!.df, but, since, f is global,
we cannot in general extract the logaritm. But a closed 1-form w is integral if and only if
it can be expressed in the form w = f~! - df, thus a global defined connection change under
isomorphisms by an integer form. In particular, the global connections A with [ A] integral
are equivalent to Ox by an automorphism of X x C, coherently with the fact that they have
trivial holonomy. Hence we have a group isomorphism:

TrLBV(X) ~ Q'X,R)/T'(X,R) (6.12)

for Z1(X,R) the group of integral 1-forms. For flat connections the representative form is
closed, thue we have a group isomorphism:

TrFLBV(X) ~ ZY(X,R)/T*(X,R). (6.13)
In particular, sequence (6.10) corresponds to:

0— ZYX,R)/T*(X,R) — Q"(X,R) /T'(X,R) — dQ'(X,R) — 0. (6.14)
Let us consider the exact sequence:

0—7Z -SRI 8 0.

Flat connections on trivial bundles are realized by the classes o € H 1(4, S1) such that
B(a) = 0 € H*(U,Z). By exactness, these are the classes such that there exists [A] €
H L(4,R) whose image in S' is a. We prove that these real classes corresponds exactly to
the classes of the connections globally defined on the trivial bundle, which are closed forms
by flatness. In fact, let us consider v € H* (4, S"), corresponding to parallel sections {s,} of
the trivial bundle L, so that o = [{s;' - s5}] = [{gas}] (clearly {s,} is not a trivialization
of {gap} since they are not funtions, they are sections of the bundle). Since the bundle is
trivial, there exists a global section s such that s|y, = f - So. In particular, f, - s, = f3-sg,
thus s;'-sg = fo- fﬁ_l, thus {f;'} is a trivialization of {g.s} as a cocycle for S*. We realize
the connection as a global form A with respect to s, i.e., 1A(X) = Vxs/s. Then:
o VXS‘UQ 8Xf01'5a

Aa(X) = A‘UQ(X) - 5’U = f .5 = dlogfa<X) :

Let us now realize A as a Cech class: we have A, = dlog f., thus log f, — log fa=10ggap =
pap constant, and [ Ay () = [{pap} () thus, the image in S* is {75} = {go4},
i.e., exactly a.
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Viceversa, given a closed connection A, with respect to a section s, we realize it in
Cech chomology as [{pss}]: in particular, A, = da, and a, — ag = pas. We consider
Jop = X Pap = ¥mida . (e2m0a5) =1 Then we consider the sections s, = (s|p,) / e*™ % and
these section are parallel, since:

Vxsa = Vx (72 . g)
= =270 - Ox@q - € ™% o 54 e 2™ L jday,(X) - s
= =270 - Oxay - € 2% . g 4 720 i) va, - S
=0.

Thus, A is the global realizion of a connection which is realized by 0 in the bundle whose
transition functions are the image of A, as Cech class, in S*. Given [{gas}] € H' (4, S"),
which determines the equivalence class of the flat connection, by exactness its realization as
a global form is unique up to integer classes: this coincides with (6.13).

Large gauge transformations

Since we have chosen a good cover, we worked just with contractible sets. However, it can
happen to consider non-contractible open sets of X that trivialize L however. Let us consider
two such sets W, and W, such that W, # (0, and let us consider the corresponding transition
function g.. In this case, with the same proof we obtain that A, = A, + ggbl - dgap, but we
cannot extract the logarithm any more since W, is not necessarily contractible. Of course,
g;bl - dgq still remains closed, since it is locally dlog g.,. This transition function defines
necessarily an integral class in Wy, thanks to lemma 5.2.1, i.e. large gauge transformations
are quantized. We can see this also using the notion of holonomy which we introduce in the
next paragraph. In fact, if {4,} € C°(U, QL) is such that the induced F is an integral class,
then the corresponding class in Cech hypercohomology represents a line bundle, and we have
just proven that large gauge transformations are quantized. Viceversa, let us suppose that
for two generic open sets W, and W, such that F|y, = dA, and F|y, = dA,, it happens
that A, = Ay + &, on W, with d®,, = 0 but ®,, not integral. If we consider a 1-cycle
C' C Wa such that [, @, € R\ Z, then the exponential of both [, A, and [, A, gives the
holonomy of A along C' (since we can refine the cover to a good one and on each subset of
W, we always get A,), but the two expressions differ by the exponential of [ o Pap which is
not 1. Thus the holonomy is not well-defined, so that A is not a connection on a bundle, i.e.
F' is not quantized.

Actually quantization of large gauge transformations is equivalent to quantization of the
field strength F'. One could ask what happens for F' not quantized since, as we will see, the
relations A, — Az = g;ﬁ,ldgaﬁ holds also for trivialization of flat gerbes. The point is that
the functions g.s does not glue to a unique transition function g,, on a non-contractible
intersection U,. In fact, if we write A, — Ag = dlog g, for a contractible cover refining the
given one, then g,g glue to g if and only if A, — A, is integral on Wy, by lemma 5.2.1, i.e.
if and only if large gauge transformations are quantized.
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6.2 Holonomy and Wilson loop

6.2.1 Global description

Let us consider a line bundle with connection (L, V) on X. Let us consider a closed curve
v : 8! — X and fix a point z = y(e*™*). Parallel transport along ~ gives a linear map
ty : Ly — L., which can be thought of as a number Holy(y) € S* thanks to the canonical
isomorphism LY ® L, ~ C given by ¢ ®@v =~ ¢(v). Thus, parallel transport defines a function
Holy : LX — S* called holonomy of V.

What can we say about open curves? Given a curve v : [0,1] — X let us put z = v(0)
and y = v(1): parallel transport defines a linear map t,, : L, — L,, which is not a
number any more since LY ® L, is not canonically isomorphic to C. Thus, given a curve
v € CX, holonomy is an element of a fiber CL, = LY ® L,: we now see that indeed
holonomy defines a section of a line bundle CL — C'X. In fact, let us consider the bundle
LYRL— X xX,ie., [VXL=n{L" ®niL. We have a natural map 7 : CX — X x X
given by 7(7) = (v(0),7(1)), so that we can define CL = 7*(L¥ X L). By construction
CLy, = (LY ® L)r(y) = (LY B L) () 5(1)) = va(o) ® L), so we obtain exactly the desired
fiber. Thus holonomy defines a section Holy : CX — LX. By construction ¢;(CL) =
(75 1 (L) — 7§ e (L)),

If we consider piecewise smooth curves, we can define an embedding LX — C'X since y
is closed for 4(0) = v(1): in fact, by construction C'L is canonically trivial when restricted
to C'X, since it corresponds to LY ® L ~ X x C canonically, thus we restore case of closed
curves as a particular case.

As one can see from the expression of ¢;(CL), if L is trivial so is C'L. There is more:
a trivialization of L determines canonically a trivialization of CL. In fact, is s : X — L
is a global section, then it determines canonically a global section s¥ : X — LY given by
sV (s) = X x {1}, thus a section s¥ K s: X x X — LY X L, thus, by pull-back, a global
section 7*(s¥ M s) : CX — CL. What is happening geometrically? It happens that a global
section s : X — L provides a way to identify the fibers of L, which exactly means that it
makes L isomorphic to X x C, thus L;{@Ly becomes isomorphic to C via A-s{@u-sy ~ \-p,
or, equivalently, a linear map L, — L, is the number A such that s, — X -s,. Thus, for a
trivial bundle with a global section holonomy is a well-defined function also over the space of
open curves.

In the same way, a system of local sections of L with respect to i determines a system of
local sections of C'L with respect to U: in fact, let us consider v € V|, ,): then L&O) ® L)
is isomorphic to C via s,1) and s,(r)), so that we have a local trivialization V() x C
corresponding to the local section Vi, ) x {1}. Thus, we can describe transition functions
of C'L for ¥ in terms of the ones of L for Y. In particular, the local expression of parallel
transport along v with respect to the local sections fixed is given by {p(,} such that
()41 (@5 2) 1) = (T, pir) - 2)py- Then, if v € Vi oy N V(1 ), we have, with respect to the
second chart, ty(0)(1) (7, 2)e1) = (&, P(p) * 2)ry- Then, since (2, 2)p0) = (2 gorr) o) -
2),/(1), one has:

by (1) (T, 2)p(1) = (T, Pirp) * 2)ot) = (T, 9o, () * Plrp) * 2 (1)
)41 (T, 9o1),0' (1) = 2 (1) = (X5 P 01) * Gp1),0 (1) * Z) ()
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-1
50 that go)e 1) * Plre) = Plrre') " Jp(1).e' (1) PAUS, Prg) = Pl (G gy~ Jor) (1)) Henee
the transition functions of C'L are exactly g(r) ) (7) = g;(ll) oY1)+ 91,01 1)7(0).

We can give a generalization of this construction: let us consider a line bundle L — X
and a subset Y C X: we can consider the space C'y X of open curves in X with boundary in
Y, i.e. such that v(0),v(1) € Y. In this case, we have 7 : Cy X — Y x Y and holonomy is
a section of the bundle Cy L = n*(L|y* M L|y). Thus, to have a function we only need the
triviality of L|y and one of its global sections, it is not necessary that the whole L is trivial.

6.2.2 Loop space

Definition 6.2.1 Given a topological space X, the loop space LX 1is the set of continuous
maps:
v:St— X

equipped with the compact-open topology.
We now describe a natural open cover for the loop space. In particular:

e let us fix a triangulation 7 of S, i.e., a set of vertices ¢¥,... 0" € S! and of edges
oi,...,0 C St such that 9o} = o)y, — o) for 1 <i <l and do} = o} — o};

e we consider the following set of indices:

7=l o7 = {a?,...,J?(T);a%,...,all(ﬂ} is a trinagulation of S!
1\ e p:{l,...,l(1)} — I is a function '

We obtain a covering U = {V(; )} (r,0)cs of LX by:
Virg) = {7 € LX : 7(0]) CUpi}-

One can prove that these sets are open in the compact-open topology and that they cover

LX.

Definition 6.2.2 Given a topological space X, the space of open curves C'X is the set of

continuous maps:
v:[0,1] — X

equipped with the compact-open topology.
We now describe an analogous open covering for the space of open curves. In particular:

e let us fix a triangulation 7 of [0, 1], i.e., a set of vertices of,...,07,07,, € [0,1] and of
edges oi,...,0; C[0,1] such that:

— do} =09, —o for 1 <i <I;

— o} =0 and o},, = 1; these are called boundary vertices;
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e we consider the following set of indices:

+10

o 7 ={00, 0}y, Ollr)41: O1s - -+, Oy } 18 & triangulation of [0, 1]
e p:{l,...,l(1)} — I is a function '

1={m

We obtain a covering {V(;)}(r.0)es of CX by:
Virg) = {7 € CX : v(0}) C Uysy}-

One can prove that these sets are open in the compact-open topology and that they cover
CX. Notice that in these triangulations the number of vertices is one more with respect to
the number of edges, since now [0,1] is not closed, hence op, | # o?.

6.2.3 Local description
Overview of local description

We want to define Wilson loop, which is the integral of the connection over a curve as an
R/Z-valued function, and it will turn out that its exponential is exactly the holonomy:

Hol () = exp(?wi-AA) |

As we have seen in the global description, for generic bundles with connection ({gas}, {—A4a}) €
HY(YU, ST — QL), we can define Wilson loop as an R/Z-valued function only on closed curves.
In fact, let us consider v : ST — X and, once we have fixed a good cover U = {U,}aer, let
us suppose for the moment that v(S') C U, for a fixed o € I. In this case we define:

/WA:—/WAQ.

If it happens that v(S') C U,s, we have two definitions of Wilson loop, but they coincide:

/Aa:/Aﬁ—f—Qﬂ'/dpaﬁ:/Aﬁ—f-Qﬂ'/ pag:/A@. (615)
v Y v Y oy v

In the last expression it was crucial that v was a closed curve?.

For open curves, we can give a good definition of Wilson loop only for trivial line bundles.
Actually, it seems from (6.15) that it is sufficient that the the bundle is torsion: in fact, as
we have seen, we can realize it with constant transition functions and, in this case, dp,g = 0
and A is globally defined. Actually, we will see that this is not a good definition of Wilson
loop if the bundle is non-trivial: in fact, if we assume this definition for torsion non-trivial
bundles, the exponential is not the holonomy.

4In this case we have an R-valued function, but this is due to the assumption that v is contained in only
one chart. We will see in the following that without this hypoteses we have the Z-uncertainty.
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For a trivial bundle L, = {ga3} € B'(4,S"), we fix a trivialization {g,} € C°(4, S")
so that gas = g,' - 95 In particular, for g,z = €725 and g, = e*™Po we have that
Pap = Pa — Pg + 2mi - n, with n € Z. Thus (6.4) becomes:

Ao = A + 21 d(pa — ps)
Aa — 27poa = Aﬁ — 27poﬁ

so that we obtain a global form (or gauge-invariant form) A € QL(X) such that A|y, =

Ao — 2mdp,. This is equivalent to having fixed a global section s. We thus define, for a
curve 7 : [0,1] — X with respect to the global section s:

/WA::/WA

/ /A — 27 dpa) —/Aa—27rpa(7(1))+27rpa(7(0))

which, for ([0, 1]) C U,, becomes:

(6.16)
Hola(7) = exp (2m' yl Aa) ey (1)) - ga(1(0)) -

If we started with the trivial bundle with a global section, so that g,s = 1, then p,3 = 0,
thus A = A and we recover the expression with the globally-defined connection. Actually,
A is exactly the expression of A after a local cohordinate change which makes the transition
functions equal to 1.

For torsion line bundles the definition of the global form works however, since g,3 =
gat+ gp - Cap With cog constant, so that dp.s = dp, — dps anyway. But, as we said, we have
problems in the definition of the holonomy.

What happens for generic bundles with sections? It seems natural to find a generalization
of the definition given for trivial bundles. Since we do not have the trivialization {g,} €
CO(4, 8Y), i.e., we do not have a global section, for v : [0,1] — X with v([0,1]) C U, we
can only keep the fixed sections and give the same definition as for closed curves:

LA;:lA

Of course it is not a well-defined function, but, as we have seen, it is a section of a line
bundle. In fact, let us suppose that ([0, 1]) C U,p. Then we have:

/7 Aa = / A+ / dpag = / A5+ pag(1(1)) = pas(1(0))
exp (2m / A.) = exp(2mi / A3) 800 1) - a2 (0)

To interpret this expression, let us consider the space CU, of curves contained in U, (for «
fixded), i.e., the space of maps v : [0, 1] — U, with the compact-open topology. If the fixed
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good covering of X is U = {Up}ger, we can define a covering V = {V,},e; of CU, given by
={pe CU,: 7([0,1]) C U,,}, with the notation U, = U,. Of course, V, is the whole
CU,. Thus we have an expression of the holonomy for every V,:

Hol’) () = exp (27rz' : /Ap)
Y
linked by the expression:

Hol%y(7) = Holy(Y) - hoy(7) s hon(7) = Gon(7(1)) - g (7(0)) " .

Moreover, we have:

hpn(’Y) ) hnx(’Y) hxp(’Y)
= 9m7< (1) - gpn( (0))~ ! 'gnx('Y(l)) ) gnx(ﬁY(O))il 'gxp('Y(l)) 'gxp(”Y(O))il
)

= [900 (Y1) - I (1)) - o (YD)] - [9n((0)) - gux (1(0)) - g (1(0))]
—1

thus we can think Hol,(y) as a section of a line bundle CL, over CU, with transition
functions {h,,} € H'(CU,,S"). In this way we have a clear meaning for the holonomy: the
fact that it is not well-defined as a function doesn’t mean that it is not well-defined at all,
it is just a section of a line bundle, hence it is naturally different with respect to different
charts. Under the hypoteses that v is contanined in U, we have that V,, is a global chart for
C'L,, hence the bundle is trivial: we will see that for generic curves we obtain a non-trivial
bundle, but the picture is the same.

Let us now suppose that L is trivial with sections, so that we think to is as X x C with a
trivialization {g,} € C°(4, S'). Then we have:

hon(7) = gon(7(1)) - gpn( (0 ))71

= [9o(v(1)™" - gy(v(1))] - [9p(7(0)) - g ((0)) ']

[ »(7(0 )) g (Y] [ (r(0)) 7 gy (v(1))]
hp(7) ™! (”Y)

for h,(v) = g,(7(0))7' - g,(7(1)). Thus, a trivialization of L determines canonically a trivial-
ization of C'L,: in this way, the section Hol4 becomes a function. Let us see which function:
when we have a section {s,} € C°(4, S') of a trivial bundle {g.s} € B'(4,S), so that
0°({sa}) = {gap}, and a trivialization {g,} € C°(4,S"), so that 6°({ga}) = {gas}, we
obtain a function f: X — S!' by f, = s, - g, ', since:

Sal "S5 =0ap = Ja 05 = SaJa =55°G5

or, equivalently, 6°({sa - 95'}) = {gas - 903} = 1 (this is the usual statement that the ratio
of two trivializations is a function). Thus, for C'L,, we obtain the function:

Hol(7) = Hol%(7) - (1)~ = exp ( [oni Ap) (D) - g,(+(0))

which is exactly (6.16).



140 CHAPTER 6. LINE BUNDLES

Thus we recovered the picture stated in the global description: the holonomy of a line
bundle L — X is a well-defined function over the loop space, while for open curves, it is a
section of a line bundle CL — CX; if L is trivial then C'L is trivial too, and a trivialization
of L determines canonically® a trivialization of C'L, so that for any trivial bundle we have a
canonically defined holonomy also for open curves. We now give the same picture without
assuming that the curve (closed or open) lies in only one chart: we can describe the integral
of A in two ways using local charts, or globally using the principal bundle formulation.

Local description: first way

Closed curves Closed curves are elements of the loop space of X. We start from the good
cover {U; }ier of X and we consider the open covering {V(;,}(r,0)cs of LX previously defined.
Then, for a fixed v € LX, there exists (7, ¢) € J such that v € V(, ). We define:

1)
/ A=) K/ ( 1>Aso(@-)> + 307 108 Gy (i) V(041) (6.17)
v i=1 AN

using the notation [ + 1 = 1. The logarithm can be taken since we have chosen a good
covering, so the intersections are contractible. Of course, it is defined up to an integer, so
the quantity that can be well-defined as a number is exp(27rz' f,y A).

We now prove that f7 A is well-defined in R/Z: it must be invariant under both the choice
of the open set V. to which v belongs and the choice of the open cover {U;};c; of X. We
prove it in steps:

e We consider V(, . such that ¢ differs from ¢ just on i € {1,...,l} fixed, so that
Y(0}) C Ugupiyprsy)- We suppose for simplicity 1 < ¢ < I. Then, the i-th summand
becomes (we omit the 2mi factor):

/( 1)A<p’(i) + log 9¢/(i),<p(i+1)’7(0?+1)
v(o

i

= /( ., (A@(i) + dlog gw(i),go’(z‘)> + 108 g (1), o(i+1)Y (0541)
(o,

i

(o) Ay 108 o). ()Y (T511) = 108 o). (6 V(07 ) +108 G i), p(i41) V(0711
Y o;

while the (i — 1)-th summand becomes:
/ Ap(i=1) +108 gp-1)0)1(07) -
7(0’_}71)

°In general, when we have a trivial bundle {gas} € BY(X,C°(S1)) with a section {s,} € C°(X,C°(C)),
so that 83 = gapSa, given a trivialization {g,} € C°(X, C°(S')) we obtain a function, since sz = gagglsa,

hence gsss = gaSa. However, this function depends on the trivialization: if we have p € H°(X,C%(S1)),
then also {g. - plu, } is a trivialization, and the function we obtain is p|u, - gaSa, corresponding to the fact
that p is a non-zero section of X x C, hence an automorphism of X x C giving a different trivialization of
the original bundle. Thus, to have a function is not sufficient to have a section of a trivial bundle, we must
also have a canonical trivialization.
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Now we the red terms give:
10g G (i) (1) Y (071) +108 G (i) (i+1) V(0741
= 10g(9p(),0(7(021) - 9 i) 0i41)V(0711))
=108 (i) p(i+1)V(05s1)
while the blue ones give:
108 Go(i—1),0(1)V(07) — 108 sty ()1 (07
= log(g¢(i_1)7¢/(i)7(a?) : gw’(i)vw(i)ﬂagﬂ))
= log gw(ifl),w(iﬂ(“&l)

so that the sum of is equal for ¢ and ¢’

e In general, let us consider v € V{; ,) NV, o). The first triangulation is 7 = {07, ..., 07;
o1,...,0;}. We can group the vertices of 7" as divided by the vertices of 7:
0 0 0 0. 1 1 1 1
T ={ Mas- s Mgt oo T s Mgty T s M1 oo T -5 Mg }
with the counterclockwise ordering o7 < nf; < --- < ngi,i < ofy4, still using the

notation [ + 1 = 1. (Of course it can happen that k; = 0 for some i.) We can now
consider the triangulation given by the union of the vertices of 7 and 7/, with the
correspondig edges:

I 0,0 0 0,0 0 0 .0 0 .
TUT —{‘717771,17-~->77k1,1a O9sM2s 5Ty o5 0T Mgy 05
1 .1 1 1 .1 1 1 .1 1
0-17771,17"'777k1,1’ 0-27771,27"'7771@,27 tty Uzﬂh,w--ﬂ?kl,z }

We call for simplicity o) = 70, and o = ng;, and, if 7, = 77,;, we simply rescale
the indexes from 1 to k;. We can now redefine ¢ on 7 U 7/ declaring ¢(i, j) := ¢(j).
Supposing goo = 1, thus log g, = 0, we obtain the same value of fwA considering
(T U7, ) instead of (7,¢).

We can apply the same procedure starting from (77, ¢"), obtaining (7 U 7/, ¢’). Now
we have that the two values of f7 A corresponding to Vi, ) and V() are equal to
the values corresponding to V(;ur,) and V(zup o), i.e., we use the same triangulation.
Now, appling the previuos step chart by chart we obtain that the two values are the
same.

e If we choose a different covering of X, considering a common refinement of the two
covering we can actually see that the result is the same.

Open curves For v open, we first define Wilson loop for ¢rivial line bundles with a fixed
trivialization. For a fixed v € C'X, there exists (7, ¢) € J such that v € V(). We define:

()
/A =Y {/( I)Aw(zﬁﬁ 10g go(iyV(0341) — 55 10g9w<i>7(0?)}
¥ i=1 AN

U(7)

-2 | Ao+
i—1 L/(o))

(6.18)

(o)) log g“’(i)} '
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Notice that g,; has one pedix, so it is not a transition function but an element of the
trivialization. As before, the logarithm can be taken since we have chosen a good cover and
it is defined up to 2mi Z, so that exp( f,7 A) is defined as a number.

For 1 < i < I, we have that log gyi)¥(0711) — 108 gi+1)V(00h1) = 108 (i) wit1)Y (0041 ),
so that we recover exactly the expression of the closed case for these summand, but with

a crucial difference at the extrema of and o7, ;: when the curve is open, we cannot write
108 Go(1),0(1)7(07,1), since the curve doesn’t close. Thanks to the trivialization we have the

two piecies log go1)Y(07y1) and —log g,)y(o}).

We now prove that f7 A is well-defined in C/Z: it must be invariant under both the choice
of the open set V. to which v belongs and the choice of the open cover {U;};e; of X. We
prove it in steps:

e We consider V() such that ¢’ differs from ¢ just on i € {1,...,l} fixed, so that
Y(0}) C Up(iyer(iy- Then:

/ / Agi) +d10g9@(i>so'<i>> = / Ap(i) +‘ 108 9oy (i)
(o y(o}) v(9o;)

+ ’ lo ) — ‘ lo /(i
/7 Ap) ~(801) & 9o (i) ~(801) 8 9y’ (i)

thus:

/wag) (i) T J(ool) CBIFD /7(03) (i) T Lol 0B89P

so the i-th summand doesn’t change.

e In general, let us consider v € V(7 ,yNV(; ). The first triangulation is 7 = {c},...,07, crloﬂ;
oi,...,0}}. We can group the vertices of 7" as divided by the vertices of 7:
/ 0 0 0 0 0o . 1 1 1 1
T = { M- 777k1,1> Tt 771,l7 s 777kl,l> 771,[—1—17 771,17 ce ’nkl,la ) 771,[7 te ’nkl,l }

with of <nf; <--- <) ; <oy, (Of course it can happen that k; = 0 for some i.)
We can now consider the triangulation given by the union of the vertices of 7 and 7/,
with the correspondig edges:

! 0,0 0 0o, 0 0 0o .0 0 0 .
TUT—{U17771,1>---777k1,17 Oy My oo O Tl Oty

1 .1 1 1 .1 1 1 .1 1
0-17771,1?"'7771@1,17 02’771,27"'777k2,27 tty 0-17771,1""777@,[ }

We call for simplicity of = 70, and o} = 5, and, if nJ, = 7?,, we simply rescale the
indexes from 1 to k;. We can now redefine ¢ on 7 U 7’ declaring ¢(i, j) := ¢(j). Since
the boundary terms |7(agl,1) log g,y simplifies for each group 77{1-, we obtain the same

value of fv A considering (7 U 7', ¢) instead of (7, ¢).

We can apply the same procedure starting from (77, ¢'), obtaining (7 U 7/, ¢’). Now
we have that the two values of [ A corresponding to Vire) and Vi o are equal to
the values corresponding to V(zur ) and V(zur o), 1.e., we use the same triangulation.
Now, appling the previuos step chart by chart we obtain that the two values are the
same.
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For non-trivial bundles, the only possibility is to use the same definition as for closed
curves, but without the term log g,()»1)(05y ), since this term requires the closure of the
curve. Thus we obtain:

I(r)—1
/ A=) / Api) +108 gp(i) oi+1)7(0711) | + / Apqy - (6.19)
¥ ; y(a}) ¥(o7)

=1

In this case the integral is not well-defined as a function, but we now prove that it is a section
of a line bundle. The steps of the proof of well-definedness for close curves works also in this
case, except for the extrema of v. In particular:

e it is still true that, given two charts V(;,) and V(s ., we can consider V(;y. ) and
Virur oy Obtaining the same values; in fact, the boundary vertices are the same for
7, 7 and 7 U7’ and they have no role in unifying 7 and 7’ in the integral (see previous

step);
e the sum of blue and red terms works in the same way for all the intermediate summands

1 <i<lI(r).

Thus the only difference are the terms log g..)../1y7(1) = 10g gp(1),¢7(1)(0), in particular:

(/ A) = (/ A) +10g go(1).0 ()Y (1) — 10g gpo(1),71)7(0)
v (') Y (1)

where [ is the length of 7 U 7', g,q),() is the transition function from the last chart of 7 to
the last chart of 7" and g,(),.1) is the transition function from the first chart of 7 to the
first chart of 7/. In particular:

exp (/ A) = exp (/ A)  Joo V(L) + goy ey (0) .
v (7,¢") v (1,)

Thus, we can interpret this expression thinking to have a transition function from V|, ) to
Vi) given by:

G ) (V) = 9o V(1) - Goy.eryy(0) ™ -
If we consider three charts V(; .y, V(r oy and V(z» ), these transition functions satisfy a

cocycle condition:
(9o0.0:07(1) - 9o01)7(0) ) - (9 @.er07(1) - G,y 7(0) ™)
(907,60 7(1) - gy 67(0) ™)
= (900 0Y1) - 9" Y(1) * gy (1))
(9700 7(0) * gr(1) 71V (0) * G (0))
—1.
Thus we obtain:

Theorem 6.2.1 For A connection on a bundle L — X, exp fv A 1s a section of a line bundle
OL = CX’ whose. transition fU’ﬂCtiOn fTOm ‘/(7'799) to ‘/(7"74/7’) 18 given by g(T#P%(T’,cp/)(’V) -
I Y(1) - Go(1).r)¥(0)
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From the transition functions we see that if the bundle L is trivial, then C'L is trivial too,
since, for gag = go - ggl on X, we have:

Gro) o) (V) = oY1) - gy (1) "+ g @)v(0) - gu1yy(0) ™"

= (95071 - 95010 + (g (1) - gpryy(0)7)

so that we have a trivialization:

Iy (1) = G (1) - gpyy(0) ™ (6.20)

Moreover, as we see from the previous expression, a trivialization of L determines canonically
a trivialization of C'L. Thus, when L is given with a trivialization, i.e., when A is a connection
on X x C, then C'L is canonically trivialized, i.e., exp f,y A is a section of CX x C, so it is a
function.

We now see that, under the trivialization (6.20), the function we obtain from exp va
is exactly (6.18). In fact, from the section {s,} and the trivialization {g,} we obtain the
function {g,Sa}, in this case we obtain from (6.19) and (6.20):

€xp </ A) : g(T,go) (7)
v (T%)
I(r)—1 r
= I[ ew ( / A¢(i>> 'gwu),w(mw(agﬂ)] 'eXP< /
i=1 | \/(a)) V(o

goy(1) - gpyy(0) ™!

I(r)—1 r
- H exXp </ AW‘)) 'gw(iW(U?H) '9¢(i+1)7(0?+1>_1] " €Xp (/ Aw(U)
i=1 L ’Y(U-l) ’Y(Ull)

’ 990(1)7(0?4_1) : ggo(lﬂ(a?)_l

I(7)
-1l epr/( 1 A%)> 'gso(iW(U?H)'gso(iﬂ(g?)_l]
i=1 e

i

<
b
5
~

and the last expression is exactly the exponential of (6.18).

Local description: second way

Closed curves We notice that any (complex) line bundle, restricted to a curve 7, is
trivial since H?(v,Z) = 0 for dimensional reasons. Thus we can choose a globally defined

form Ay : Ty — R and define:
/A = /AO
g gl

If we choose a different trivialization of the bundle, we obtain a globally defined connecton
Ay such that A; = Ag+ go;' - dgo1, but now, since 7 is not necessarily contractible, we cannot



6.2. HOLONOMY AND WILSON LOOP 145

say that 90_11 dgo1 = dlog go1: we can only consider it as a closed, but not necessarily exact,
1-form (it is a large gauge transformation). Hence:

/Al /A0+/901 dgor -

However, as we have seen, large gauge transformations are quantized, thus holonomy is well-
defined also in this way. One can give the analogue definition for open curves and prove that
this definition gives the same result of the previous one.

6.2.4 Torsion line bundles

We said in the first section that, for torsion non-trivial bundles, although the connection can
be globally defined, holonomy is not a well-defined function for open curves. Let us consider
the expression for closed curves (6.17), in the case of a torsion line bundle realized with
constant transition functions: in this case A is globally defined, so that the first summand
becomes exctly fv A, but the second summand is however non-trivial, thus the integral of A
is just a piece of the holonomy. The same applies for open curves in (6.19), so that we obtain
a line bundle over loop space, which is torsion since the transition functions are constant.
Thus, for L torsion line bundle, also C'L is torsion, but not trivial if L is not. This solves
the problem stated in the first section.

Let us consider the exact sequence:

0—7Z-——-REINS 0.

A torsion line bundle can be realized by [{gas}] € H'(4,S), such that B([{gas}]) =
c1(L) € H*(4,7Z), and these transition functions gives a non trivial summand in (6.17) and
(6.19). If the bundle is trivial, by exactness we find a class [{pas}] € H' (U, R) whose image
in St is [{gag}], i-e., such that g,z = e*™ 75, If the corresponding class of [{pag}] in the
de-Rham cohomology is [ A, ], we see from formula (5.1) that the second summand of (6.17)
is exactly fv A,. Thus, if a trivial bundle is realized with constant transition functions, we
have a global connection A but the holonomy is given by:

Hola(vy) = exp [ZM' /(A + Ap)} :
gl
Thus, we cannot find the connection using the exact sequence, since such sequence describes
the bundle topologically, but a connection is not determined by the topology. The global
real class we find for the trivial bundle is just the correction due to the fact that we have
not chosen the transition functions all equal to 1. If we do this, we find a connection equal
to A+ A, where A, is a certain representative of [ A,].

If we have a trivial flat bundle, we realize it with transition functions equal to 1, so that
we have a globally defined connection A. Now we have that:

e since the bundle is flat, dA = 0, thus A determines a de-Rham class [A] € H}(X);
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e since the bundle is trivial, the holonomy is exactly Hola(v) = f7 A.

Thus, Hol4 can be seen exactly as the cohomology class [ A ] as function over H;(X,R), i.e., as
element of H'(X,R). Thus, for trivial flat bundle the holonomy is a real singular cohomology
class corresponding to the de-Rham class of the globally-defined closed connection.

For non-trivial torsion flat bundles, the globally-defined connection determines a deRham
class [ A] since dA = 0, but, as we have seen, the holonomy doesn’t coincide with the integral
of A and it is not in general a real cohomology class.

6.3 Summar about connections and holonomy

Summarizing, we have that classes of line bundles with connections form a group (LBV (X)),
®) with the following important subgroups:

TrLBV(X)— TLBV(X)—> LBV(X) .

TrFLBV(X)—TFLBV(X)

We can describe cohomologically these scheme as:

Qh(X) /TE(X) = TLBV(X)— ' (g, 8 ¥ 0 ) .

Z(X) ) T (X)—= H'(U,8")
Thus the sequence (6.8) is isomorphic to:

0— AU, S — H' (U, 8" - Qf) — T*(X,R) — 0. (6.21)

We have seen that connections on a fixed line bundle are an affine space whose under-
lying vector space is Q}(X) since two connections differ by a 1-form with values in the
endomorphisms of the line bundle, the latter being the multiplication by a function. Thus

s =Vxs+w(X)s for w € QL (X). We can ask what is the quotient of this affine space
by equivalence of connection with respect to automorphisms of the bundle: the quotient is
an affine space with underlying vector space Q% (X) / Z4 (X) for ZL(X) the space of integral
1-forms. In fact, if V' is the pull-back of V by an automorphism ¢(s) — f - s for f non-zero
function, we get Vs = ¢ 'Vxp(s) = %(6Xf s+ fVxs) =Vxs+ %df(X)s and we have
seen that integral 1-forms are the one which can be expressed as f~1df.

6.4 Real Chern classes

6.4.1 Definition

Let us consider the definition of Chern class of a trivial bundle: we have a bundle [{gas}] €
HY (Y4, 8), 50 that gag - gsy - Gya = 1; if gag = €770, it i pag + Py + Pra = Papy € Z, 5O
that we obtain a class [{pas,}] € H*(U,Z) which is the first Chern class.
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Let us call T, the subgroup of S* given by the n-th rooth of unity. If we call 7 the
subgroup of R made by the fractions % for k € Z, we have that I',, = ™5l Let us suppose
we have a cochain {g.3} € C*'(4,S') such that gas - gsy - Gva = Gapy € L'n. Then, for
Gop = €*™Pas we have that Pap + PBy + Pya = Papy € %Z, so that we obtain a rational class
¢1 = [{pap}] € H*(4U, Q) such that n-c; is an integral class. We thus have a Chern class for
certain cochains (up to coboundaries), which is integral for cocycles, i.e., for line bundles.
Can we give a geometric interpretation of these classes?

A 2-cochian can be thought of as a trivialization of a gerbe, so that a line bundle is a
trivialization (or section) of a gerbe represented by transition functions equal to 1. Since
we are not dealing with gerbes yet, we need to lower by 1 the degree in cohomology. In
particular, as line bundles, which are classes in H L(y, S, are trivializations of gerbes,
similarly a section of a line bundle, represented by transition functions equal to 1, is a class
in H°(4, S1), i.e., a function f : X — S'. A cochain {f,} € C°(4, S*) is a section of a trivial
bundle represented by transition functions f, ! - fs.

Given a function f : X — S', we can naturally define a Chern class ¢;(f) € H'(U,Z),
which is the image under the Bockstein map of f = [{f,}] € H°(U,S"). We compute it as
for bundles: since f;'- fs =1, for f, = e*™ P we have ps — po = pas € Z, so that we have a
class ¢1(f) = [{pap}] € H'(4,Z). The geometric interpretation is very simple: ¢;(f) is the
pull-back under f of the generator of H'(S',Z) ~ Z. As for bundles, let us suppose we have
a cochain [{f.}] € CO(U, ") such that f;! f5 = fas € Tn. Then pg — po = pag € 1Z, so
that we obtian a class ¢; = [{pag}] € H'(U4, Q) such that n - ¢; is an integral class.

By the exact sequences point of view, the Chern class is the image of the Bockstein map
of the sequence:

0—7Z R85 —0.

In the fractionary case, since the coboundary lies in T',,, the cochain is a cocycle in S*/T,.
Thus, we consider the sequece:

0— 1z —R™>% ST, —0
and the image of the Bockstein map is exactly the fractionary Chern class. Actually, it is
not necessary to obtain a rational class. It is sufficient that p,s is constant for every «, 3 to
obtain a real Chern class. The corresponding sequence, which contains all the previous by
inclusion, is:

ﬂ'slo—€2>7ri~ §1/ Sl —0.

In other words, if the cochain is a cocycle up to constant functions, we obtain a real Chern
class. If these constant functions belongs to I',,, we obtain a rational Chern class in %Z. We
now want to give a geometric interpretation of these classes.

0—R—R

6.4.2 Geometric interpretation

If we think of the cochain as a trivialization of a bundle, we have that different trivializations
have different Chern classes, depending on the realization of the trivial bundle as Cech
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coboundary. This seems quite innatural, since the particular realization should not play any
role. Actually, if we fix a flat connection, we can distinguish some trivializations which are
parallel with respect to such a connection.

Let us consider a trivial line bundle with a global section and a flat connection V, which
we think of as X x C with a globally defined by form A, expressing V with respect to the
global section 1. We know the following facts:

e if choose parallel sections {s,}, we obtain a trivialization with a real Chern class
c1(s) € HY(X,R), and the local expression of the connection beomes {0};

e the globally defined connection A, expressed with respect to 1, is closed by flatness,
thus it determines a de-Rham cohomology class [A] € Hln(X).

We now prove that these two classes coincide under the standard isomorphism. This is
the geometric interpretation of real Chern classes: the real Chern class of a trivilization of
X xC corresponds to the cohomology class of a globally-defined flat connection, expressed with
respect to 1, for which the trivialization is parallel. If the trivial bundle is also geometrically
trivial, by definition the holonomy is 1: in fact, we can find a global parallel section, so that
there exists a cocycle {so} € Z'(X,S") trivializing the bundle, and the Chern class of a
cocycle is integral. Thus, the image in R/Z of the real Chern class of a trivialization of a
bundle is the obstruction for the bundle to be also geometrically trivial, when endowed with
the connection for which the trivialization is parallel, which is exactly the holonomy.

We will find exactly the same situation for degree 2: the real Chern class of a 2-cochain
is the class of a connection on a trivial gerbe for which this trivialization is parallel.

We now prove the statement. Given {f,} € C°(4,S") such that 6°{f,} € C°(4, S"), we
consider the connection V on X x C which is represented by 0 with respect to {f,}. If we
represent V with respect to X x {1} we obtain A, = dlog f,, and Ag— A, = dlog(f; ' fs) =
0. We thus realize the 1-form A as a Cech cocycle: we have that A, = dlog f. and log fs—
log fo =102 gap = pap which is constant, so that [A]HéR(X) >~ [{pas} | (ur)- By definition,
the first Chern class of {f,} is computed by taking logarithms so that log f3 — log f, = pas
constant and ex({f}) = [ {pas} ] Thus [Alyy ) =~ e2({o)in s



Chapter 7
Gerbes

7.1 Cohomology and gerbes

Gerbes are the concept equivalent to line bundles with hermitian metric, but increasing by
1 the degree in cohomology. We define an equivalence class of gerbes as a cohomology class
[{gap, }] € H?(U,S"). We define a gerbe with sections as a cocycle {gag,} € Z3(4, S, so
that its equivalence class is the corresponding cohomolgy class. Actually, there is not a good
notion of sections, but we use this term by analogy with vector bundles. By the Bockstein
homomorphism of the sequence:

0—>Z—>Kﬂ§l—>0

we describe an equivalence class of gerbes as an element of H? (U, Z), which we call the first
Chern class of the gerbe. It can be directly computed as for line bundles: we have gag, =
e*™Pasy 5o that 0%{pagy} = {paprs} € Z>(U,Z), and we have ¢1(G) = [{pass}] € H* (U, Z).

We now discuss connections, starting with the case of connections up to flat ones. For a line
bundle with sections, it turns out that the connections {A,} € CO(4, QL) are the first step
in the passage from the curvature ' € H2,(X) to its Cech realization [{pas,}] € H2(S,R),
which is exactly ¢;(L) ®z R. We adopt the same point of view for gerbes:

e the curvature of a connection is a form G € Q3 such that [G] mx) = (L) @z R;

e a connection with curvature G is a couple {{F,}, {Aqs}} € CO(Y, Q2) @ C' (U, Q)
such that dF, = G|y, and dA,3 = Fj3 — F,,. By the hypotesis on G, it turns out that
Aap + Apy + Aya = dpagy;

e an equivalence class of connections is an element of the hypercohomology group:
By, 5" 2oL 2.02) .

Thus a gerbe with connection, as a cocycle (equivalent to a bundle with fixed sections, thus
with fixed local representation of the connection), is represented by ({gagy}, {—Aagt: {—Fa})
c C*(U,SY) @ CHU, QL) @ CO(U, Q). Tts boundary is given by:

0=0(g,—A, F) = (bg,dlogg — 6A, Fs — Fo — dAqp)

149
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so that we recover Fjg — F, = dA.p and dlogg = 6A. In particular, dFz — dF, = 0, so that
we recover the curvature G = dF.

By definition, a trivial gerbe with trivial connection is represented by coboundaries:

0°({9ap}, {Aa}) = ({9089519+a}, {d10g gas + As — Ao}, {~dAd}) . (7.1)

Of course the curvature G is zero, so that the 2-form of the connection is locally exact. We
are instead complitely free to choose the 1-forms A,, thus when they have the form (7.1)
they are ininfluent for the gerbe geometry. Since (7.1) is a coboundary, it is equivalent to
the realization (1,0,0).

7.1.1 Torsion gerbes

A gerbe is called torsion gerbe if its first Chern class is torsion. As for bundles, using
(6.2) one can prove that a gerbe is torsion if and only if it can be realized by constant
transition functions. Let us see what happens for connections. We realize the gerbe as
({gaps } {—Aap}, {F.}) with gas, torsion. In this case, its coboundary is 0 = (dg, —6 A, Fjs —
F, — dA.p): thus A = 0 and, since Qi is acyclic, one has A,g3 = Ag — A,. We now
have F3 — F, = dAg — dA,, so that F, — dA, is globally defined: we call it F and we
try to realize the connection with it. In fact, let us consider the coboundary §(1,{A,}) =
(1,As — A,, —dA,): then we add it to the original representative of the gerbe obtaining
{Gopy b {=Aap}, {Fa}) + (1, Ag — Ay, —dAy) = ({gapy},0, F). Thus, a torsion gerbe can
always be realized in this form.

7.2 Real Chern classes and curvatures

Let us now consider a trivialization of a gerbe {gn3} € C'(X,S') such that §'{g.s} €
B*(X,T,). We can consider a connection {A,} such that Az — A, = dp,g, as for an ordinary
bundle. We have dA, = dAg so that F' = dA, is a global closed form whose class [ F'] is
exactly the fractionary Chern class of [{gas}] € 0~1(T,) / B'. We define such trivialization
with connection as an element of the hypercohomology group:

a'(y,8" /T, 2% ak) .

What happens for the holonomy of such connections? They are not well-defined as a function
on closed curves, but they are a section of a line bundle with sections which, on curves which
are boundary of open surfaces, is canonically trivial and coincides with the one determined
by the flat gerbe realized by (1,0, F) but with respect to the sections dg. In fact, the
expression of the holonomy of A on 9% conincides with the holonomy of (0g, Ag — A,, dAy)
on ¥, but 0(g,0) = (8¢, d10g gas, 0) and the sum is (1,0, dA,), thus the gerbe is (1,0, F)) but
it is realized on open surfaces with respet to dg.
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7.3 Wilson loop

7.3.1 Overview

We want to define Wilson loop, which is the integral of the connection over a surface as an
R/Z-valued function, and it will turn out that its exponential is exactly the holonomy:

Holp (%) — exp(zm-/EF> |

For generic gerbes we can define Wilson loop as an R/Z-valued function only on closed
surfaces. In fact, once we have fixed a good cover 4 = {U,}acr, let us suppose for the
moment that > C U, for a fixed a € I. In this case we define:

/EF::/EF

If it happens that ¥ C U,g, we have two definitions of Wilson loop, but they coincide:

/Fa:/Fﬂ—i—Qﬂ'/dAaﬁ:/Fg—i—Q?T/ Aaﬁz/Fﬁ. (72)
b by b)) by ox b

In the last expression it was crucial that ¥ was a closed surface’.

For open surfaces, we can give a good definition of Wilson loop only for trivial gerbes.
For a trivial gerbe G = [{gag}] € H' (s, SY), we have that gagy = Gas - gy - Gya fOr a certain
trivialization {gas} € C'(U,S*). In particular, for gus, = €223 and gn5 = €*™P4, we
have that pngy = pas + psy + pPya + 2mi - n, with n € Z. Thus:

Fs— Fy = dA,g
Aap + Apy + Aya = dpas + dppy + dpaa
0'{Aap = dpag} =0
Aaﬁ — dpag = Aa — Aﬁ
so that we obtain a global form (or gauge-invariant form) F € Q?(X,R) such that F|y, =

F, —dA, (this works also for torsion gerbes SINCe gagy = GaB " Ypy - Gya - Capy 1O Cap, constant,
thus dpasy = dpap + dpgy + dp,o anyway). We thus define, for a surface X:

L=l
which, for ¥ C U,, becomes:

/EF:/E(Fa—dAa):/EFa—/azA
Hola(y) = exp( Zzﬂﬂa—/{mzzxa) .

If we consider the trivial gerbe with global section g,3, = 1, then p,s, = 0, so that F=F
and we recover the expression with the globally-defined connection.

(7.3)

'In this case we have an R-valued function, but this is due to the assumption that 7 is contained in only
one chart. We will see in the following that, without this hypoteses, we have the Z-uncertainty.
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For generic gerbes, the situation is analogue to the case of bundles. We give the same

definition as for closed curves:
/ F = / F, .
N by

Of course it is not a well-defined function, but let us suppose that ¥ C U,. Then we have:

/Fa:/Fg—F/dAag:/Fﬁ—k Aus

) b ) b o%

exp(/ Fa> = exp(/ Fg) -exp(/ Aag) .
) 5 %

To interpret this expression, let us consider the space U, of surface diffeomorphic to X
contained in U, (for « fixed), i.e., the space of maps I' : ¥ — U, with the compact-
open topology. If the fixed good covering of X is Y = {Us}ger, we can define a covering
V = {V,},er of XU, given by V, = {p € LU, : T'(X) C U,,}, with the notation U, = U,.
Of course, V,, is the whole XU,. Thus we have an expression of the holonomy for every V,:

Hol%.(T") = exp </ Fp)
r
linked by the expression:

Hol%(I') = HolL(T') - h,,(T), hpy(I') = exp (/a Apn) )
r
Moreover, we have:

hpn(r) ’ hnx(r) ’ hxp(m

= exp (/ Apy + Ay + Axp) = exp (/ dpp,,X)
or or

=1

thus we can think Hols(I") as a section of a line bundle XL, over XU, with transition
functions {h,,} € H*(XU,,S"). In this way we have a clear meaning for the holonomy: the
fact that it is not well-defined as a function doesn’t mean that it is not well-defined at all,
it is just a section of a line bundle, hence it is naturally different with respect to different
charts. Under the hypoteses that I" is contanined in U, we have that V,, is a global chart for
Y.L, hence the bundle is trivial: we will see that for generic curves we obtain a non-trivial
bundle, but the picture is the same.

Let us now suppose that G is trivial, with a trivialization {g.3} € C*(4,S"). Then we

have:
hpn(F>:eXp / Apn)
ar

I
D
>
o}
N N N
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for h,(v) = exp([,p Ap). Thus, a trivialization of L determines canonically a trivialization
of ¥ L,: in this way, the section Hol4 becomes a function, in particular:

Hol4(T') = Hol(T) - h,(T) ™" = exp (/F F,+ /8F Ap)

which is exactly (7.3).

Thus we obtain the following picture: the holonomy of a gerbe with connection is a well-
defined function over the space of maps from a closed surface, while for open surfaces, it
is a section of a line bundle ¥L — Y X if the gerbe is trivial then XL is trivial too, and
a trivialization of the gerbes determines canonically a trivialization of XL, so that for any
trivial bundle we have a canonically defined holonomy also for open surfaces. We now give
the same picture without assuming that the curve (closed or open) lies in only one chart:
we can describe the integral of F' in two ways using local charts.

7.3.2 Local description
Closed surfaces
We can describe the integral of F' in two ways.

First way: we choose an open covering for the space of closed surfaces, starting from the
covering {U; }ier of X.

We now define the integral of the connection. For a fixed I' € ¥.X, there exists (7,¢) € J
such that I' € V{; . The function ¢ : " — I induces two functions:

e P B — 12, given by ¢¥(a,b) = (p(b'(a,h)), o(b(a,b)):

o v L. — 1., (I*)%2, such that ¢ (i) € (I*)¥2 and (gpv(i))j = (¢(B'(1)),
p(BI(i)), p(B*(i))).
We define:
/F = / ga(abc) + Z / E(avb)
r (@bo)ers T (0pe) @pyeb, “T0y) (7.4)
+ ZZ 10g g(,v (i) T'(07) -
i—1 j—1

The last term seems more artificial: we briefly discuss it. The logarithm can be taken
since we have chosen a good covering, so the intersections are contractible. Of course, it
is defined up to 2mi Z, so the quantity that can be well-defined as a number is eXp( fr F )
The sum is taken in the following way: we consider the star of triangles having o? as
common vertex (each of them associated to a chart via ¢) and, since we are considering 0-
simplices, that corresponds to 2-cochains, we consider the possible triads with first triangle
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fixed (gov(z'))j = (p(BY(i)), p(B’(1)), p(B'*!(i))) and sum over them. The fact we fixed

B(i) as first triangle has no effect, since we could consider any other possibility (oY (1))’ =

((B*(1)), ¢(BI(i)), o(B*(i))). In fact, by cocycle condition with indices (1,4,i+ 1, ) we
have that g1i11a * g140i41 = Giitla * Jlias thUS gaiiv1 = gf,ia “ O1,ii+1 * Y1,i+1,0, but in the
cyclic sum the extern terms simplify, hence the sum involving g¢,;.+1 is equal to the sum
involving ¢ ;,41. Finally, we sumed over j = 1,...,k;, but for j = 1 and j = k; we obtain
trivial terms, hence the real sum is for j =2, ... k; — 1.

We now prove that [, F' is well-defined in C/2mi Z: it must be invariant under both the
choice of the open set V|, ) to which I" belongs and the choice of the open cover {U;};c; of
X. We prove it in steps:

e We consider V|, such that ¢’ differs from ¢ just on (a,b,c) € T fixed, so that
v(a?a bc)) C Ug(ape)o'(ape)- Then, the summands involving U, becomes:

/ For(ape) + / Apr(ap) + / App(pe) + / App(c,a)
I( ) F(”(E,y},)) F(Ul )) F(Ul ))

2
U(avbyﬂ) (b,c (c,a

+ + +
(7.5)

Then we have:

/F( ) F(p’(a,b,c) = /( ) (Ftp(a,b,c) + dAgo(a,b,c)cp’(a,b,c))

J(a,b,c)) U(a,b,c))
/r<

Fcp(a,b,c) +/ AL,D((I,,(),C)LPI(GJ),(Z) .
) r((r(la,b))+F((T(ll),(:))+F(U(l(t,a))

The sum of the red terms gives, e.g. for the (a,b)-edge:

/F ( Ap(ape)p (abe) T / A ap)

F(”(l(LJ)))

2
T(ab,c)

(la,b))

) <A<p<a,b,c><p'(a,b,c> + A(«:'(bl<a,b>>,w(b2<a7b>>)

(ab)

(Asom,b,c)«p'(a,b,c) + A(w/(a,b,cx«p(b?(a,b)))

—~

% (o))

(Aso(a,b,cuo(w(a,b)) +dlog 9<p<a,b,c>eo'(a,b,cw(b?(a,b))>

The same for (b,c¢) and (c,a) edges. We now consider the green terms. We consider
the vertex a, then the same computation applies for b and c¢. In the green sum of
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(7.5) for 7 = 1,...,k,, the only two terms in which ¢’ is different from ¢ are the
terms (g1,j-1,; - g155+41)0(0q) for B’(a) = of,, . By cocycle condition applied to
(1,j —1,5,5 + 1) we have g1 -1 - g1jj+1 = Gj-1,jj+1 * 91,-1,+1, thus the only term
involved is g1, ;111 (0?). We write it g;_1 j j+1 to mean that we apply ¢’ at the j-th
position. But with the green terms of (7.6) (and of the analogous formula for (a, c)-
edge) we have 9.5 ,5—1 and 9j,5',j+1, SO that we obtain (gj,17j17j+1-gj,jgj,l-gj,j/JH)F(ag) =
gj—1j+10(0?) and the final sum is equal for ¢ and ¢'.

e In general, let us consider v € V() N V(7 ). We proceed as in the one-dimensional
case building a triangulation 7 U7’ refinining 7 and 7’ (of course it is tenchnically more
complicated than for S*, but the result is the same), such that the values of [, F' for
(tUT,p) and (1 U T/, ¢") are the same. Then we apply the previous step chart by
chart.

e One can prove that we obatin the same result if we choose a different covering of X.

Second way: we notice that any gerbe, restricted to a surface 3, is trivial since H?(3, Z) =
0. Thus, we can choose a globally defined form F{ : 7> — R and define:

/EF::/EFO.

If we choose a different trivialization of the gerbe, we obtain a globally defined connecton F}
such that Fy = Fy + go;' - dgo1, but now, since ¥ is not necessarily contractible, we cannot
say that gg;' - dgor = dlog go1: we can only consider it as a closed, but not necessarily exact,
2-form (it is a large gauge transformation). Hence:

/F1:/F0+/9011‘d901~
D 2 2

However, the last summand belongs to 27i Z: this is a general fact, since gy; a transition
function of a gerbe. We can see it in the following way: we choose a triangulation 7 =
{9, ... ,U?(T), E,T} of ¥, so that, since the triangles are contractible, it is fz 90_11 ~dgor =
Z(a,b,c)eT fgga bic) gtﬁl'dgm - Z(a,b,e)eT fa({z by dlog go = Z(a,b,c)eT (log go1(ois1)—log 901(%')),
putting for simplicity [ + 1 = 1. Since 7 is closed, the sum simplifies to 0 up to the integer

multiples of 27i depending on the logaritms choosen at every piece. Thus, Wilson loop is
well-defined also in this way.

Surfaces with boundary

For ¥ open, the previous definitions doesn’t apply. Exactly as for line bundles, we now see
that the integral of F' can be well-defined for trivial gerbes, while, in general, it defines a
line bundle over the space of maps, which is canonically trivial for trivial gerbes.
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Let us consider a trivial gerbe {gas,} € B2(H,C°(S)), and let gus, = Gup * 95y * Gra- We
have:

Fy— Fy = dAags

Aup + Ay + Ay = dlog gop + dlog gay + dlog g

(Aas — dlog gag) + (Agy — dlog gay) + (Aya — dlog gya) =0
6 {Aas — dlog gas} =0

and, since the sheaf of 1-forms is fine, hence acyclic, we obtain:

Aag —leggag = Aa —AB .

We now define the integral of the connection. For a fixed I' € XX, there exists (7,¢) € J
such that v € V(; ). We define:

=2 U

(a,b,c)eTr

Aw(a,b,c)) . (7.7)

Foape) + /
) (962, , )

0.2
(a,b,c)
As before, the logarithm can be taken since we have chosen a good cover and it is defined
up to 2mi Z, so that exp( fr F) is defined as a number. The contribution of A to the internal
edges cancel in pairs, so only the integral of A on boundary terms remains. That’s why this

expression is usually denoted by:
/ Fi ]4 A
r or

For an internal edge (a,b), let us suppose that b(a,b) = ((a,b,c),(b,a,d)). Then, from
these two triangles we have the contribution:

/1 (Acp(a,b,c) - Acp(b,a,d)) = /1 (Ago(a,b,c),go(b,a,d) - leg gtp(a,b,c),go(b,a,d))

(a,b) 7 (a.b)

- / o Appap) +log Jo(abe)o(bad) L (00) = 108 Go(ab.e)pvaa L (03) -

(a,b)

Thus the contribution of the internal edges is the same of (7.4). For the vertices, let us con-
sider a: form the previous expression we had the contribution log g@(a,b,c),@(bﬂ,d)f‘(og). Doing
the same computation for all triangles of the star containing a, {a(Qa a1,a) ,0(2a a al)}, we

obtain, exponentiating:

(gw(a7a17a2)7w(a7a27a3) " Yo(a,a2,a3),0(a,a3,04) " "Go(a,ak 1,0k, ) 0(a,01, ,01)

* Go(a,an, 7a1)790(a,a1,a2)) F(O’S) .
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Each triangle ¢(a, a;, a;41) is present twice since two of its edges contain the vertex. We now

fix as base triangle B'(a) = (a,ay, as), and we rewrite the previous expression as:

g@(a,al,a2)7@<(L,a17a2) g@(a,a17a2):¢(a7a2:a3) g@(a7a27a3)7¢(a7a170’2)
Y(a,a1,a2),0(aa2,a3) 9o(a,az,a3),0(a,a3,a4)
Yo(a,ak, —1,ak, ) p(a,a1,a2)
Jola.ar,az)p(aan, 1.0r,)  9p(a,ak, -1,k )s0(aak, a1) p(a,ak, ,a1)¢(a,a1,a2)
9o(a,a1,a2),0(a,ak,,a1) Go(a,ak, a1),p(a,a1,a2) 9e(a,ar,az2),0(a,a1,a2)

so that we obtain:

(gw(a,al7a2),50(a7al,az),eo(a,amas) " Go(a,a1,a2),¢(a,a2,a3),¢(a,a3,a4)

o g@(ava‘l:a2)’§0(ayaka71:aka)»@(a:aka:al) ’ g‘P(avalva‘Q)»Lp(a:aka70'1)’@(0‘7&1’512)) F<OG)

and, if we put (gpv(a))j = (p(a,ay,a2), p(a,aj, aj+1), p(a,aji1,aj12)) we exactly obtain:

o

1

Hg V()]F )

Jj=1

0

Thus, for internal edges and vertices, we recover the same expression as for closed surfaces.

We now prove that [, F' is well-defined in C/2mi Z: it must be invariant under both the
choice of the open set V| ) to which I" belongs and the choice of the open cover {U;};cs of

X. We prove it in steps:

e We consider V. . such that ¢ differs from ¢ just on (a,b, c) € T} fixed. Then:

/1"( ) Fga’(a,b,c) = /F( ) )(Fgo(a,b,c) + dAgp(a,b,c)cp’(a,b,c))

(a,b,c)) U(a,b,c)
:/ (Fgo(a,b,c)—'—dAga(a,bc dA abc)
F(U(Qa,b,c))
:/ ) ) +/ ) Ag(abe) _/ Ay
F(U(a,b,c)) F(aa(a,b,c)) (8U(a b c))
thus:
/ o Feaso t / . Ao = / o Teano t / .4
F(0'(a,b,c)) F(aa(a,b,c)) F(U(a,b,c)) F(ao(a,b,c))

so the (a, b, c¢)-summand doesn’t change.

'(a,b,c)

v(a,bc)

e In general, let us consider v € Vi, ,) N V(. We proceed as in the one-dimensional
case building a triangulation 7 U7’ refinining 7 and 7’ (of course it is tenchnically more
complicated than for S, but the result is the same), such that the values of fz F for
(TUT,¢) and (7 U7, ¢') are the same. Then we apply the previous step chart by

chart.
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What happens for non-trivial gerbes? In this case, the only possibility is to use the same
definition as for closed surfaces, but the boundary terms will forbid the well-definedness of
the integral as a function. We now prove that we obtain a line bundle over the space of
maps. The steps of the proof of well-definedness for close curves works also in this case,
except at the last step for vertices on 0% (there are no problems for boundary edges, since
they appear as boundary of triangles anyway). For every boundary vertex, there is a term
g1,j—1; which has not the following ¢; ; j+1, and from the green terms of (7.6) we get g; ;7 j—1.
Thus, we have:

® g1 1, with ;
® g1 j-1j - gj—1,,; with ¢ (after we reduced to ¢ for triangles and edges).

Thus the difference is:
-1 .
91,515 95-145" " 91,5-1,5 = 91,5.5 -

Moreover, the same contribution of ¢’ comes from the vertex for which there is a term ¢y ; j1+1
without the following, and from the green terms of (7.6) we get g;jl, i1+ Thus:

[ gl,j,j+1 Wlth SO,
® g1+l g]fjl, i1 With ¢ (after we reduced to ¢ for triangles and edges).

Thus the difference is:
~1 —1 —1
91315+ " 9j40 g1 " Jgg+1 = 9440 -
These terms seems to simplify, but it is false since the index 1 refers to the fixed triangle for

start around different vertices, so it is not the same. But they satisfy a cocycle condition,
since:

91,4.5" - 913'.5" 91,375 = 95.5'.5"

thus there is no index 1 any more, so that the two contribution becomes g; jr j» - g; jl, =1L

Thus:

exp(/F) = exp(/F)
I /() I/ (re)
1

’ H 9o (B (2)) (B (i)' (B (4)) 'g;(Ba(i)),go(Bki(i)),(p’(Bki(i)) :
i€BV

Thus, we can interpret this expression thinking to have a transition function from V|, ) to
V(.,-/’Lp/) given by:

~ -1 0
Iz (ren) (L) = H 9o (B (1)) ,0(B (i)' (B1(1) 'g(p(Ba(i)),w(Bki(i)),<p/(3ki(i))r(ai) :
i€BV

One can prove that independence from the triangulation.
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If we consider three charts V(;., Vi o) and V(z» o), these transition functions satisfy a
cocycle condition. Thus we obtain:

Theorem 7.3.1 For F connection on a gerbe G € H*(X,C°(S")), exp [ F is a section
of a line bundle .G — XX, whose transition function from V(. to V(z  is given by

g(T,gO),(’T’,gD’) (F)
From the transition functions we see another important fact: if the gerbe G is trivial, then
G s trivial too, since, for gagy = gas - 93y - gy O X, we have:

Jro). 00 (V) = Go (1) - gy y(D) 1 gr@y1(0) - gpayy(0) ™
_ _ —1
= (9,07 (1) - gp1yY(0) ") - (90 @(1) - gpr1yv(0) )

so that we have a trivialization:

Jre) (V) = goyv(1) - gpyy(0) 7" . (7.8)

Moreover, as we see from the previous expression, a trivialization of L determines canonically
a trivialization of C'L. Thus, when L is given with a trivialization, i.e., when A is a connection
on X x C, then C'L is canonically trivialized, i.e., exp f,y A is a section of CX x C, so it is a
function.

We now see that, under the trivialization (7.8), the function we obtain from exp va
is exactly (7.4). In fact, from the section {s,} and the trivialization {g,} we obtain the
function {g,54}, in this case we obtain from (7.4) and (7.8):

exXp (/ A) : g(‘r,tp) (7)
v (T.)
= H exp / Auiy |+ 9oty (02i) | - exp / A
i— L v(o}) ~(oh)

i l

“geyy(1) - 9¢(1)7(0>_1

= H exp / Ap(iy 'g@(iﬂ(azoﬂ)'g¢(¢+1)7(0?+1)71 " €Xp / Apy
. | \/~(e) V(o})

9oy V(021) * Goyy(o))

- H eXp [(/( . Aéo(i)) 'g<p(i)7(‘7?+1) : gso(i)'y(g?)ll
. (o

and the last expression is exactly the exponential of (7.7).
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Chapter 8

D-brane charge and Ramond-Ramond
fields

8.1 D-brane charge

We now want to discuss the D-brane charge from the homological point of view. Since this is
a generalizations of electromagnetism theory with higher-dimensional sources, we start with
a brief review of classical electromagnetism theory in four dimensions. For details the reader
can see [55].

8.1.1 Preliminaries of electromagnetism

Let us consider an empty minkowskian space-time R'3. Then Maxwell equations are:
dFF =0 dxF =0 (8.1)

whose solutions represent electric and magnetic fields without sources. In particular, in a
fixed reference frame:

0 E'  E* EB
-EY 0 B B2
-E* -B* 0 B!
—-E3 B> —-B' 0
and equations (8.1) assume their classical form V x E + %—% =0and V-B =0 for dF =0,
and V x B — %—% =0and V- E =0 for d * F = 0. Since R'? is contractible so that the
cohomology is zero, both F' and *F are exact: F' = dA, where A is the scalar potential, i.e.
A= (V,A) with £ = —% — VV and B =V x A. Similarly we can find a potential A’
such that xF' = dA’, satisfying the same equations replacing B by E and E by —B: electric
and magnetic fields are interchangable by Hodge-duality, in fact the matrix representation
of xF" can be obtained from (8.2) again replacing B by E and E by —B (the minus is due
to the fact that x « ' = —F in the minkowskian signature). Thus, up to exchange F' and
xF', electric and magnetic fields without sources are are equivalent.

We now consider an electric charge ¢, moving without accelerating, as a source for the

electric field. In this case, Maxwell equations becomes:
dFF =0 d*F =q-6(w) (8.3)

F= (8.2)

163
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where w is the world-line of the particle. This means that we interpret *xF’ not as a form
any more but as a current, which is singular in w, while in R \ w it is regular and, by
equations (8.3), closed. Instead, F is a closed current on all RY3 thus it is also exact. Since
HZ(RY \ w) ~ R being R"® \ w homotopic to S?, the form *F is in general not exact,
actually, as it follows from equations (8.3), if we consider a linking surface S? C R of w we
have that [, *F = ¢, thus [*F]4z ~ ¢ under the isomorphism HJ,(R'?\ w) ~ R. Instead
F, being exact on the whole R'?  is exact also when restricted to R'® \ w, so that it is
topologically trivial. That’s the well-known fact that the electric charge, represented by F,
is not topological, while the magnetic charge, which is the electric one for xF', is encoded
in the topology of space-time. Here we see the difference between electric and magnetic
charges. In particular, considering a charged particle moving in this background, its actions
minimally couples to a potential A of F' if we consider the field as electric, in which case
A can be globally defined, or to a potential A’ of *xF (in RY3 \ w) if we consider the field
as magnetic, in which case A is only local and we must consider gauge transformations (or
viceversa if we exchange F' and *F" up to a sign). In particular, only from magnetic fields we
can find Dirac quantization condition, i.e. ¢ € Z up to a normalization constant, not from
electric ones.

The solutions of (8.3) can all be obtained from a particular one adding the solutions of
(8.1). One particular solution of (8.3), in a reference frame in which the charge is fixed in
the origin so that w = R x {0}, is:

F=dA, A=-4dt

where 7 is the distance of a point from the origin in R?® (thus A is constant in time). Note
that the potential A is a L}, -form an all R3| thus F is an exact current in R®. In this way,
calling volg> 1= z1dxs A dxs — wadzy A dws + w3dz; A doy the 2-form restricting on S? C R3
to the volume form, we get:

F=dA= %dr Ndt = Srdr \Ndt
# I = Lvolg
For r #0: d*F = —2dr A volg: + £ 3volgs = E—Z(rvole —dr Avolg2) =0 .

‘s

Instead, as a current in the whole R3, d * F' = ¢ - 6(0), since:
1
(d* F,p) = —(xF,dp) = —q/ —volgz A dp
rR3 T

1 dy T dy
_ — —_—— 1 = — —d — . O
q/ngrdrvoRs q/o 2odr=a-¢(0)

up to a normalization constant. This soluton is static.

We now make some topological remarks. We consider the following cohomology groups
for a manifold X:

e H!-(X) is the de-Rham n-cohomology group, i.e. the group of closed n-forms up to
the exact ones;



8.1. D-BRANE CHARGE 165

e H (X) is the n-cohomology group of currents on X;

e H"(X,R) is the singular n-cohomology group with real coefficients.

These three groups are canonically isomorphic. In particular, the natural map HJn(X) —
H? (X), obtained thinking of a form as a current, is a canonical isomorphism. To realize
an isomorphism between H"(X,R) and HJ,(X) we can use iteratively the Poincaré lemma,
as explained in [9]. For all of these three groups we can consider the compactly-supported
version, which we call respectively Hjp .,(X), Hp, . (X) and H,(X,R). They are still
isomorphic via the restrictions of the previous isomorphisms.

We can define the singular cohomology groups with integral coefficients H"(X,Z), and
there is a natural map (not injective in general) H"(X,7Z) — H"(X,R) whose image is made
by quantized real cohomology classes: the latter correspond in the de-Rahm cohomology
to the forms which give an integral value when integrated over a cycle. Poincaré duality
provides on a manifold a canonical isomorphism PD : H,(X,Z) — HS;?(X)_”(X, 7Z) with
the analogous version for real coefficients.

Coming back to the electric source in R'3 if we restrict the second equation of (8.3)
to a fixed instant of time, we get [d(xF)|inxrs]epe = ¢ - 0({p}), for p = w N ({t} x R?).
Since the point p is compact (contrary to w), it defines an homology class [p] € Ho(R?,Z),
thus we can define a compactly-supported cohomology class PDgs([p]). Under the isomor-

phism H] (X,R) ~ H, .. (X) one has PDgs([p]) =~ [6(p)], hence we obtain from Maxwell
equations:
[d(*F) |y xrs)ept = ¢ - PDyy<rs([p]) - (8.4)

This identity seems meaningless because we are identifying the class of an exact form with
a cohomology class which is in general non-trivial. Actually, we are dealing with compactly
supported cohomology classes, which can be trivial when considered as generic cohomology
classes. Thus, the identity is meaningful and implies that the support of (*F)|gxrs is not
compact. In this way, we can see the electric (or magnetic) source as a homology cycle con-
served in time whose coefficient is the charge; its Poincaré dual measures the non-closureness
of the associated magnetic field strength as a current.! This viewpoint seems redundant for a
point-charge, but for an extended object as a D-brane, which can be topologically non-trivial,
it is much more natural.

The cohomological expression (8.4) is not Lorentz-invariant, since we must fix an instant
of time. If we were able to treat w as a homology cycle, we could get from Maxwell equations
a Lorentz-invariant expression:

[d* F] = q-PDgis(w)

without fixing a particular reference frame. We will develop the suitable homology theory
to do this.

'We can consider an inertial reference frame in which the charge is fixed in the origin, so that we consider
the electric field it creates in R*3 \ {(¢,0,0,0)}. In ths such a frame we can choose the solution of (8.3)
given by £ = %ug and B = 0. As it follows from (8.2), I is then of the form F' = dt A I, thus [ is time-
independent and its restriction to any space-slice is the same. In this way we can simply write d* F' = ¢-6(0)
and [d * F|sp¢ = PDgs[{0}], but this picture is not Lorentz invariant.
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We remark that since the de-Rahm cohomology and the cohomology of currents are isomor-
phic, we can also think of (xF')y as a compactly-supported form whose support is contained
in a small neighborhood of the origin. Similarly, the whole %xF' is a form whose support
is contained in a small neighborhood of ¢3. In this case, when we compute the charge as
q=/ g2 *F', we must take S? outside the neighborhood. Using currents or forms is not
important, since their cohomology are canonically isomorphic; what really counts is that
we consider compactly-supported classes, which can be non-trivial also in R3. However, it
is more natural to use currents since Maxwell equations are naturally formulated with a
o-function.

8.1.2 Charge of a D-brane

We consider type II superstring theory in a ten-dimensional space-time of the form S =
RY3 x X for X in general compact but not necessarily, such that the background metric
in RY? is the standard minkowski metric n*” and the H-fluz is zero. A Dp-brane Y), has
a (p + 1)-dimensional world-volume WY, C S, which represents a classical trajectory in
space-time. To define the charge of the D-brane, as for a particle we think that it is moving
without accelerating in the non-compact directions R>3 (so the projection on X is fixed), so
that the violated Bianchi identity becomes:

dGs p=q-6(WY,)  dGps =0 (8.5)

where ¢ is the charge, or equivalently, the number of D-branes in the stack. To compute
the charge from the background data, we consider a linking manifold* L of WY, in S with
linking number [, so that we have:
1
q = 7 / Ggfp .
L

We can always choose a linking sphere (so that [ = 1): in fact, we choose near a point
p € WY, a reference frame such that WY, corresponds to the first p + 1 coordinates, then
we take a small sphere in the transverse cohordinates. From Dirac quantization condition
(see section 8.3, [29]) we know that the charge is quantized, thus Gs_, must be an integral
form. In particular, since by (8.5) we see that Gs_, is not closed, we should say that Gs_,
restricted to the complement of WY, represents an integral cohomology class. Actually the
quantization of Ramond-Ramond field seems inconsistent with the duality relation G = *G
in the democratic formulation of supergravity. This is the so called *-problem, whose solution
can be found in [6].

We now suppose that the brane is a particle in RY3. In a fixed reference frame we call
M the space manifold M = R3 x X. We fix at an instant of time ¢ the D-brane volume
Y,: C {t} x M. We call M; := {t} x M. Then, the violated Bianchi identity becomes
du, (Gs—plar,) = q-6(Yp,) so that, if Y, is compact (which is always the case when the brane
is a particle in RY3 if X is compact), we obtain:

[dar, (Gs—plar) Jept = PDas (g Vi) - (8.6)

2A linking manifold is the boundary of a manifold intersecting WY, tranversally in isolated points of its
interior.
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As pointed out before, it is important that the space manifold M is non-compact (see [53]
and [28]), so that the Poincaré dual of the brane volume is a compactly supported cohomology
class, which can be trivial as a generic cohomology class. Thus, the identity (8.6) implies
that, for homologically non-trivial branes, the support of Ggs_p|gyxa is not compact. In
particular, PD,;(q-Y,) must live in the kernel of the natural map ¢ : pr_tp(M) — H97P(M).
We could also write the first equation as dGs_, = PDg(q-WY,), but, since WY, is in general
non-compact?® so that it does not define an homology cycle, we postpone this discussion.

We can compute the charge ¢ at any fixed instant: if we consider a linking surface L; of
Y, in M, with linking number [, we have ¢ = 7 || 1,(Gs—plar,). The charge ¢ is conserved in
time, actually all the homology class of the D-brane is conserved. In fact, let us consider two
volumes Y),;, and Y, ;,. Then we can consider the piece of the world-volume linking them,
which is (WY}) |, t)xas- If we consider the canonical identification M;, ~ M,, ~ M, we can
consider both Y, and Y}, as cycles in M. If we consider the projection 7 : [t1,t5] x M — M,
then m((WY,)lt, t)xm) is a singular chain in M which makes Y}, and Y3, homologous. Thus
they have the same Poincaré dual and they define the same charge.

As for classical electromagnetism, the solutions of (8.5) can be obtained from a fixed one
adding the solution to the equations in the empty space:

dGs =0  dGpys=0. (8.7)

We study a particular static solution, which we aspect to be similar to the one of classical
electromagnetism. Let us consider a brane that is a particle in R® and a reference frame in
which it is fixed in the origin. Thus we have a cycle Y, C {0} x X. We consider the case in
which there is a foliation of (R? x X')\ Y, made by manifolds of points at a fixed distance from
Y,, as in classical electromagnetism where the origin foliates R*\ {0} in spheres: for example,
if we imagine a torus embedded in R? in the standard way and we consider a vertical circle
as a cycle, it foliates the torus in couples of circles parallel to it at a fixed distance (with
the exception of the opposite one, in which case the two circles of the couple collapse to the
same one). We now consider for a point 2 € (R* x X) \ Y, the manifold Z, of the foliation
containing x, which has dimension 8 (independently on p), since to cover a neighborhood of
it we need the coordinates on Z, and only one parameter more, the distance from Y),. Then,
in T,(Z,), we consider the subspace V,, parallel to the D-brane, i.e., if d(z,Y,) = d(z,y), we
consider the submanifold of points in Z, dinstant r from y and we consider its orthogonal.
We call z1,..., 2, an orthonormal system of generators of V. Then we define:

_ _ q L
Gp+2—dA, A__9_p_2./r9_p_2

dzi N ... ANdzp, N dt

so that:
Gp+2 = dA = 7"Q,Lp,ld?“/\d,?,’l/\.../\de/\dt

= S rdrAdz AL Ndz, Ndt
Gg_p = %VOIZ
where Z is a submanifold of points at fixed distance with respect to Y,. In this way, as
before, dGs_, = §(Y,,). In this solution G, is exact, while Gg_, is non-trivial only on the

3If the brane is stable it exists for all the time, from —oo to +00, thus the world-volume is non compact.
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cycle given by a linking sphere of Y, with weigth ¢: all such linking spheres are homologous,
since, if they have both the same radius, they are linked by a piece of the suitable leaf Z of
the foliation. We remand to the next paragraph for a more complete discussion about this.

For what concerns the solutions of (8.7), from a Matrix representation analoguous to (8.2)
we get usual Maxwell equations. In particular, we split the Ramond-Ramond fields in the
following way:

Gp=Gy+dt NG, (8.8)

so that, calling %9 the Hodge-* in M, which is euclidean:
*G, = — *g G;_l +dt A (=1)P %9 Gy . (8.9)

In fact, all the terms of G} are of the form f - dx; A ... Adz;, and their Hodge-* is
grtp Odtesdomp f o dt Nday, N ..o Ndaj, = (=1)Pe"trotpdiedop fodt Aduy, Ao ANday, =
(=1)Pdt A *of - dx;y A ... A dxg,. Similarly, all the terms of dt A G}, are of the form
frdtNdxi, A Adx;,_, and their Hodge- is —g%/trtp-titdtior fodt Ada;, A Adx;, | =
—gttetem b0y fodt Ndg, Ao Ndwg, | = — %9 f-dt Adxy, A\... Adxg, |, the minus sign
being due to the fact that dt is negative definite (for a review of Hodge-* with minkowskian
signature see appendix C.2). Then the solutions of dG, = 0 and d *x G, = 0 becomes:

dG,=0: %2 _ 4Gt =0 oG5 = 0
d*Gp:O: — *g 8G(;;:»t,I _(_1>pd9 *9 G;:O dg *g G};—l =0

which correspond to Maxwell equations for p = 2 in dimension 3 if we identify G, = *3¢(B)
and G},_; = —¢(FE) for ¢ : T(R®) — T*(R?) the isomorphism given by the metric.

There is a difference with respect to the classical electromagnetism theory, due to the
fact that the space-time R!® x X can have non-trivial cycles in itself, even before putting
the charge source, contrary to R which is contractible. Thus, the equations dGs_, = 0 and
dGpi2 = 0 do not imply that Gs_, and G2 are exact. We briefly analyze this difference.
Since R'3 is contractible, the natural immersion i : X — R x X, defined by i(x) = (0, ),
induces an isomorphism in cohomology i* : Hip(R" x X) — H}(X) sending a class [w]
in the class [wo] for wy := w|oyxx. Thus, for any closed p-form w, we have w = wy + dp
with? wy € APT*X closed and p € AP7IT*(RY3 x X). Now, since X is compact, we can
apply Hodge decomposition theorem (see [33]) to wy so that, being it closed, we obtain
wo = hg + dpy with hg harmonic in X. We can suppose dpg already included in dp, so we
finally get:

with hg € APT*X harmonic and p € AP71T*(R" x X). The form hg is uniquely determined
by the cohomology class of w, thus, if we fix such a class, we remain with the freedom of p.
In particular, we have that:

Gp = (ho)p + dpy * Gy = x(ho)p + *dp,

4We should write w = 7wy + dp for 7 : RY® x X — X the projection, but for simplicity we idenfity a
form on X (as wg) with the corresponding form on R'3 x X which does not depend on R? (as m*wyp).
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where p, is the analogue of the potential A. We remark that x(hg), is exact being xhy =
(—=1)Pdt Adxy A dxg A dxg A *ghg = d((—l)pazl Adxo A dzs N *6h0), where in the last equality
we used the fact that xghg is closed being hg harmonic in X. Thus, the non-triviality
of the space-time topology is encoded in (hg), for the electric charge and in the possible
non-triviality of *dp, for the magnetic one. We interpret this physically by the fact the a
non-trivial cycle can be thought of as a trivial one removing a charge, so that the charge is
encoded in the background. For example, in classical electromagnetism if we consider the
background R3\ w for w the world-line of a charge, in that background Maxwell equations in
empty space are satisfied, but the topology is non-trivial and *F is not exact. The situation
is analogous.

Up to now have assumed the existence of a suitable foliation of space-time in order to
reprodce a situation analogue to the one of classical electromagnetism, but we can show that
we can solve in general Maxwell equations. We search a static solution G, = dt A G;,fl, SO
that, thanks to (8.9), we have *G), = — %9 G},_;. We use smooth forms instead of currents
for simplicity, then it will be immediate to reduce to Maxwell equations formulated with
d-functions. Let us consider a form G}, € AP"'(R"? x X), decomposed as in (8.10): we

now want to study the compactly-supported cohomology class of d g G;_l. Given a function
e : R — R such that fj;o e = 1, for any manifold A there is an isomorphism:

€ - Hc?]%,ipt(A) i HchLR,cpt(R X A)

8.11
[n] — le(z) dz An] &1

whose inverse is the pull-back 7* of the projection 7 : R x A — A (see [12]).5 Thus,

~

fixing three functions ey, eq, e3 with integral 1 we obtain an isomorphism H};*(X) —
Hjjp ot (R? x X) given by [n] — [e1(x) dzy Aey(x) dry Aes(z) dus An ). If we want to fix the
cohomology class [d G;}—1 |ept, We can choose a harmonic on X corresponding (uniquely)
to the fixed class under the latter isomorphism, and require:

dxGl_| = ei(x) dry A ex(x) duy A es(x) des A o+ déep

for any compactly-supported form &.;. In order to show how to solve this equation, we
remark that:

e considering (8.10), we have that d g hg = 0, since xghy = (—1)Pdzy A dxs A dxs A *¢hg
where x4 is the Hodge-dual on X; hence, being hy harmonic in X, d *xg hy = 0, so that
we have to consider the cohomology class [d %9 dp];

e for a closed, e(z)dz ANa =d ( fox e- a) as one can see from the Leibnitz rule or directly
from the definition of exterior differential.

Thus we obtain:

d*g dp = e1(z) dry N ex(x) dza A es(x) drs A o+ dEep

d*g dp = d(fo‘r1 ey - es(x) dry N e3(x) dag A a) + d€ep

*odp = foml ey - es(x) dwo N es(x) dos A o+ Eept + Netosed

dp = foxl €1 *9 (62(37) drs A e3(x) dzg A a) + *98ept + *9Mclosed -

SFor currents the isomorphism (8.11) can be described by [6(Y)] — [§({0} x Y)].
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Let us show that the first term of the r.h.s. is actually exact. Since *g (62 () dzg Neg(x) dxs A
a) = (—1)P~Ldxy A *ga we obtain:

Joer - #g(ea(x) dag A es(x) das A o) = (—1)P(f;" e1)dzy A xcx

0
= d((—l)p Oxl Oyl €1 *606)

where the last equality is due to the fact that *ga is closed since o has been chosen harmonic
on X. Hence we obtain:

P = (_1);0 ()m 0 61 *gQU + w + Aclosed (812)

where dy) = *9&cp + *9Mciosea- The form 1), in particular for what concers 7¢pseq, €ncodes the
freedom of Maxwell equations in empty space.

Asking [d*g G}, |epe = [e1(2) day A ex(x) dwg Aes(x) das A ey, we found no obstructions
on «a: this could seem strange, since the r.h.s. must represent a class which is exact in the
ordinary cohomology (not compactly supported), being d*gw exact. In particular, [d*gw]cpt
lies in the kernel of the natural map ¢ : Ho,P(R® x X) — H7P(R® x X). Actually there
is no contradiction, since, for manifolds of the form R x A, the map ¢ is the zero map,
i.e., every closed compactly-supported form on R x A is exact, although not necessarily
compactly-supported exact. In fact, considering the isomorphism (8.11), we see that every
class in HY (R x A) is represented by e(z) dz An for 7 closed, and, as we have already shown,

e(x)de Amp= ( fo e- 7]) We can also see that « = 0 considering the following maps:

HMA) =5 HE (R x A) = H* (R x A) - H*(A) .

cpt cpt

The composition is the zero map, since, for a fixed form 7, being ¢ the idendity on the
representative, the composition is i*(e(x) dx An) = (e(x) dx An)|go1xa, but the restriction of
e(x) dx gives 0. Since e, and ¢* are isomorphisms, the only possibility is that ¢« = 0.

This shows that, fixing the class of Y),, we can always solve (8.6). To obtain exactly (8.5)
we use modify &, with a current whose differential is the difference between §(Y,) and the
form d Gé_l obtained with the previous procedure.

8.1.3 Summary

Summarizing, for a Dp-brane with world volume WY, we have equations:
dGs_p, = q-6(WY,) dGpie =0

from which we obtain the cohomological relation:
[dar, (Gs—p|ar,) Jept = PDus, (q - Vi)

and we compute the charge as:
1
q= 1 Gs—p
L

for L a linking manifold of WY}, in S. The solutions of this system are given by one particular
solution, which under suitable hypoteses is similar to the static one for classical electromag-
netism, and a generic solution of the equations in empty space. The particular solution
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can be obtained by an exact electric field strength and a magnetic one which is non-trivial
only on the cycle obtained removing the charge, while the solutions in empty space can add
topologically non-trivial terms in any cycle. We interpret these terms as charges hidden in
the hole of the cycles which are not considered in our space-time region.

The questions we would like to improve from this picture are about the cohomogical
equations, in particular:

e we must assume that the brane volume is compact at any instant of time, thus, e.g.
for S = RY3 x X, the brane must be a particle in the non-compact directions R'3; in
the other cases we cannot describe the D-brane charge as a homology cycle conserved
in time, so that, e.g., we miss the torsion part in describing D-branes and Ramond-
Ramond fields (currents are real, so they do not contain torsion);

e the equations are not Lorentz-invariant, since the whole world-volume is non-compact
and we cannot have a global formulation.

The second question arises also in classical electromagnetism theory, since the world-line of
a particle is not compact, while the first is specific of D-brane theory. We now introduce a
suitable homology and cohomology theory in order to solve these problems.

8.2 Borel-Moore homology and D-branes

The right tool to solve these problem is Borel-Moore homology with its modified versions,
described in section 1.1.2. In fact, it allows us to deal with non-compact homology cycles, so
that we can consider branes with are not necessarily particles in the non-compact space-time
directions and also write the charge equations considering the whole world-volume.

8.2.1 Generic D-branes

We recall that the space-time manifold is S = Rx M with M = R3x X for X a 6-dimensional
compact manifold. We consider for the moment D-branes which are lines or planes in the
non-compact space direction. If Y, ; is the volume at time ¢, we call V = mgs(Y),;) (one
simple case is Y,,; =V x Y, , with Y, . C X, but this is not necessary). In this case, to
define their charge we use modified Borel-Moore homology, considering that their volume is
compact in the directions V+ x X. We thus write the charge equations as:

{ [dyGs ] = PDoaianyam (- Yoe) (8.13)
d *g 8—p = O .

We have chosen the couple (M, V=) but it is equivalent to the couple (M, V1 x X), since
X is compact. We can solve equations (8.13) in a way analogue to the particle case. We
obtain up to isomorphism HE(V+ x X) ~ HP3*%(X), the isomorphism being given by

3 — k applications of (8.11). Thus, instead of solving

dGg_, = e1(w) dzy A ex(w) dwy A ez(w) dog A o+ déep
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as in the ordinary case, we have to solve one of the two equations:
dGg_, = e1(x) dry N o+ déep dGg_, = e1(x) dzy N ea(x) drg N oo+ dEept

depending whether k£ = 2 or £ = 1. Then, the same procedure considered before applies.

As ordinary homology is homotopy-invariant, similary the modified Borel-Moore homology
of a split-manifold A x B is invariant under homotopies involving only B, i.e. under homo-
topies of the form Fi(a,b) = (a, F/(b)). In particular, the modified Borel-Moore homology of
V x V+ x X, non-compact only on V, is isomorphic to the one of V' x X since V+ retracts
to a point. Now the only non-compact directions are the one on which cycles are allowed
to be non-compact, thus we reduce to standard Borel-Moore homology. The situation is
reversed for cohomology, since the ordinary one has non-compact support in general, and
that’s the one which is homotopy-invariant. Thus, the modified Borel-Moore cohomology of
V x V+ x X, which is the cohomology with compact support on V*, is isomorphic to the
one of V+ x X. Since we remained only with compact directions, we reduce to the usual
compactly-supported cohomology.

Remarks:

e One might think that we can always use standard Borel-Moore homology, since, having
no hypoteses on the compactness of the cycles, it includes any kind of D-brane. This is
not correct. In fact, let us consider a particle brane with worldvolume R x Y}, in a fixed
reference frame. Then, if we consider it as a Borel-Moore cycle, it is the boundary of
R x H?® x Y, for H* = {(z,y,2) : x,y,z > 0}, thus it has no charge. In general, if we
want a cycle to be non-trivial, we must assume the necessary compactness hypoteses.

e We considered only lines or planes and not generic curves or surfaces. In the latter
case, if we do not assume that they go at infinity along a fixed plane of the same
dimension, we must consider only the direction at infinity of the brane itself, thus we
should consider H,((S U (WY,)*, {oo}),Z) or in general H,((SUWY,,(SUWY,)\
(SUWY,)),Z). In terms of cycles in S we must ask that their closure on S intersects
0S only on WY,. This is less natural but it works without any hypoteses.

8.2.2 D-brane charge and world-volume

Using modified Borel-Moore homology we can describe D-brane charges directly from the
world-volume, without restricting to a fixed instant of time. In particular, let us consider a
brane which is a particle in the non-compact space-time directions. In a fixed reference frame
in which it is fixed in the origin we can rewrite the charge equation (dGs_,)|m, = PDar, (q-Yp+)
as [dGs—p] = PDpp(srsx)(q - WY,). However, with Borel-Moore homology, we can write a
Lorentz-invariant expression holding for every brane, independently on the behaviour R%3.
We call V' = 7p1,s(WY,) and we get:

[ng_p] = PDBM(S,VL,W) (q . WYp) . (814)
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We do not have problems in considering always Borel-Moore homology in time-direction
since any stable world-volume is non-trivial in that direction. If we would want to define
an instanton charge, for a world-volume {t} x Y}, we could use analogue equations with
ordinary PD (i.e. from ordinary homology to compactly supported cohomology in R3 x X);
of course this is not a charge conserved in time, it is a trajectory charge but computed at a
fixed instant since the trajectory itself is at a fixed instant.

Equation (8.14) applies also to classical electromagnetism theory, since we can write
[d * F] = PDBM(R1’3,wl,7T) (q . w)

8.2.3 Space-filling D-branes

Up to now we have not considered the most common D-branes, i.e. the space-filling ones.
That’s because, in this setting, their total charge would be zero. In fact, we should consider
Borel-Moore homology which is non-compact in all R?, but in this case the Poincaré dual
gives an ordinary cohomology class, thus, if is equal to dGg_,, it is necessarily the trivial
class, so the charge equations have no solution. The physical reason is that the fluxes has
no directions at infinity where they can go, so that there is no charge, as it happens for
an electron on a compact space. For an electron, we sould put an anti-electron in another
point of the space, so that fluxes go from one to the other. For D-branes we have two main
possibilities:

e There is an anti-brane, so that the total charge is 0. In this case, we could imagine to
compute each of the two opposite charges: do to this, if Y is the brane and Y the anti-
brane, we should solve the equations for Ramond-Ramond field in (R}? x X)\ WY, for
Y, and in (R"® x X)\ WY, for the anti-brane. The result should give Ramond-Ramond
fields extendable on all (R}3 x X)) and closed, since the Poincaré dual is the zero class.

e There is an orientifold O assorbing fluxes, so that we compute Ramond-Ramond fields
in (R x X)\ O.

In any case, we must consider a manifold which is not of the form R%3? x X with X compact.
However we can use without problems equation (8.14). In fact, an orientifold or an anti-
brane is of the form O = R x O’ so we consider (R} x X \ O) and we reduce to the
previous case with the only difference that the internal manifold is non-compact. Here we
must consider the cohomology BM (S, R37* x (X \ O'), 7) and not BM (S, R*"* 1) since the
brane must be far from the orientifold in type II superstring theory.

8.3 Wess-Zumino action

8.3.1 Definition of the action

If we consider a small charge ¢ moving in an electromagnetic field, the action of the particle
minimally couples to the electromagnetic field via the potential, i.e. we add the term ¢ f,y A.
Such an integral is actually the holonomy of the line bundle over the curve 7, and in a generic
background the field strength F' can be topologically non-trivial, so A is locally defined and
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has gauge transformations. The problem is that, as explained in [9], holonomy is a well-
defined function on closed curves, while it is a section of a line bundle over the space of
open curves. However, at classical level, when we minimize the action we do it for curves
connecting two fixed points (they can be at infinity, in case the bundle extendes to the closure
S). In this case, if we fix a trivialization of the bundle near the two points we define holonomy
as a number; actually, on a connected component of curves likining x; and x5 and homotopic
one to the other, we can choose a trivialization along all the curves and this is equivalent
to fixing a potential A . In this case, if we change potential by a gauge transformation
A — A+ ®, then S'(y) = S(v) + [, ®, but the summand [ & is independent on 7 since
f7 o — fw’ o = f%y, ® = 0 being ® closed and v — ' contractible. We can have different

constants [ ® on each connected component of the space of open curves between z; and
Z9, but this has no influence on the minima or in general on stationary points. At quantum
level, since Wilson loop is an observable, on our background we have a fixed holonomy for the
connection, then we must also consider the case in which v — ' is a non-trivial cycle: in this
case the difference is the Wilson loop of a geometrically trivial connection over v —~/, which
is quantized for bundles, i.e. for F' quantized, thus the homolomy is zero at the exponential,
i.e. for the partition function. For the D-brane the same considerations hold, the minimal
coupling being the Wess-Zumino action:

Swz = Q/ Cp-i—l .
WY,

We must assume that Gp,yo is closed and quantized, i.e. that it represents an integral
cohomology class. We see it as the curvature of a p-gerbe on S, and we assume that this
gerbe is endowed with a connection C,;4, so that dC,1; = Gp12. Actually the local forms
Cpy1 are just the top forms representing the gerbe connection: a complete connection is
given by a set of local forms from the degree p + 1 to degree one, to end with transition
functions ga...q,,., as explained in appendix B.2. In particular, for Qf the sheaf of smooth
p-forms on S and S the sheaf of S'-valued smooth functions on S, the background data is
a gerbe with connection:

G, € HP*1(8,8" — O — - — )

whose curvature is G2 and whose holonomy on the corresponding world-volumes are the
Wess-Zumino actions. For a brief review about the holonomy of gerbes we refer to [9]
chap. 3 and references therein: that discussion can be immediately generalized to p-gerbes,
considering triangulations of dimension p + 1 instead of 2. In particular, in the definition of
the holonomy we must consider all the intermediate forms defining the connection, a k-form
being integrated on the k-faces of the triangulation of WY,. The top forms C,; are only a
small piece of information, so that the notation fwyp Cp+1 1s actually approximate.

Dirac quantization condition

We now see in more detail Dirac quantization condition for Y, a brane with small charge
moving in a background field G,ys. Since Cpyq is a local potential for G2, the theory
must be invariant under large gauge transformations Cp1 — Cpyq1 + Ppiq: we will see that
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this invariance requires the quantization of Gpio, so that Gpio can be seen as the field
strength of a gerbe and C,41 as a connection on such a gerbe (which enters dynamically in
the path-integral, so it is not fixed a priori). Hence we need that:

e dGp12 = 0 in a neighborhood of WY/, so that G, represents a cohomology class;
e (i, represents an integral class (from Dirac quantization condition).

For the first point, Maxwell equations for a Dp-brane Y), as a charge source give:
dGs_p, =6(q- WY,) dGpi2 =0 .

In particular we deduce that dGs_,| s\wy, = 0. The need for Gg_, to represent an integral
class outside WY, can be physically seen by the argument of Dirac quantization condition.
We consider a charged (6 — p)-brane moving in S, with charge small compared to the one
of Y}, so that its coupling is gs_p, - fWYG,p C7_p. We want the theory to be invariant under
large gauge transformations C7_, — C7_, + ®7_, with d®;_, = 0: the action has not such
an invariance, but, since we work in a quantum theory, we only need invariance of the path-
integral [ exp(iS). To obtain this, let us consider the set of world-volumes ¥ = {WY;_,}
with common boundary conditions®, and let S and S’ be the actions with respect to C7_,
and C7_, + ®7_,. Then given an element WY;_, € U:

S(WYay) = SV =g [ @y,
WYs_p

The path-integral contains the integration:

where we denote by WYs_, the embedding X : WY;_, — S. Under the gauge transformation
Cr_p — Cr_p + O7_,, we get:

/D(WY;;I,) ez‘S/(WYe—p) — /D(W}%p) eis(Wyﬁ_p) ) eiquYG—p Dr_p .

For the theory to be invariant, we require that the new factor exp(igq fWY6 ®7_,,) is an overall
—p

constant, i.e., it does not depend on WYs_,. This means that, for WYy WYGQ_p e .

6—p>
q/ Or_), — q/ ®;_, € 217
wyg wyd

q / &y, €217 .
wyg —wyd |

Let us call AW = WYGQ_p — WYﬁl_p. Since the boundary conditions of the paths are fixed,
it is 9(AW) = 0. Since, viewing ®7_, as a functional on homology, it is q [, Pr—p =

6The boundary conditions can be given at two fixed instants of time or at infinity. In the first case, in
what follows AW is a cycle in the space-time, otherwise it closes at infinity.
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(®7_p, ¢- AW), then to achieve (®7_,, ¢- AW) = 2k7 we must ensure that we are integrating
an integral class on an integral cycle, i.e., we must quantize both the transition function
®;_, and the charge ¢q. For the quantization of the charge, we consider Gs_,, as a current (v.
[33]) which is equal to a closed form in S\ WY,,. We still denote that form with Gg_,. Then,
by definition of ¢ as integral over the linking surface (which, of course, does not intersect
Y'), quantization of ¢ follows directly from the quantization of Gs_,. Similarly, for the brane
WYs_, (as a charge source, not as small moving charge) we must quantize G .

We now want to see that the quantization of the transition functions is equivalent to
the quantization of the field strength Gs_,. Let us suppose that AW is contained in the
intersection of two contractible local charts U; N Us. We consider W, C U; and Wy C Uy
such that OW; = —0Wy = AW, and put W = W; + W,. We choose the representatives
C7p on Uy and C;_, on U, and, on Uy N Uy, we put @7, = C;_, — C7_,. Then:

2km = q C7_p — Q/ (C7—p + cD?—p) — Q/ dC?—p + Q/ dC7—p
AW Wi Wa

AW
- Q/ G8—p .
w

Hence we must quantize the Ramond-Ramond field strength Gs_,. We can now see C7_, as
connection of a gerbe G on (R x M) \ W with field strength Gs_, (v. [38]).

Remark: at the classical level, the dynamics is invariant under gauge trasformation of
the form C7_, — C7_, + dA¢_,, i.e., topologically trivial transition functions for the gerbe
connection C7_,. In fact, let us consider the set of world-volumes ¥ = {WY;_,} with
common boundary conditions, and let S and S’ be the actions with respect to C7_, and
C7_p + dAg—p. Then given an element WY, € U:

S Vi) = Sy =a [ dhey=a [ A,
WYe_p OWYs_p

and, since the boundary conditions are fixed, this means that S"(WYs_,) = S(WYs_,) +
constant.

8.3.2 Holonomy and boundary conditions

As for line bundles, the holonomy of a p-gerbe is well-defined only on closed (p+1)-manifolds,
i.e. on manifolds without boundary, while WY, being the classical trajectory of the D-brane,
is in general defined for all times so that it has a boundary at the limit time-coordinates
—oo and +o00, or equivalently it has a boundary contained in the boundary of S. As for
line bundles, if we fix boundary conditions we have no problems for the partition function.
In general, the path-integral gives a section of a bundle, so the there are no problems. If
we want to define the holonomy as a number, we must give boundary conditions at infinity,
but, being the forms €)1 defined only locally and only up to gauge transformations, what
does it exactly mean to give boundary conditions for them at infinity?
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We refer to [9] chap. 4 for a discussion about Cech hypercohomology and trivializations
of gerbes. We can genearlize the discussion there to p-gerbes. In particular, we consider the
compactification S of space-time making such that S is a manifold with boundary and S its
interior, so that the infinity of S becomes the boundary 9S. For example, for R'? x X such
a compactification is D* x X for D* the 4-disc, so that the boundary is S* x X. Generalizing
what explained in [9] to p-gerbes, if we have a p-gerbe G, on S we can define its holonomy
with respect to (p + 1)-submanifolds with boundary, but it is not a function, it is a section
of a line bundle over the space of maps from open (p+ 1)-manifolds to S. In particular, if we
fix a (p + 1)-manifold ¥ and we endow the space Maps(X, S) with a suitable topology, the
holonomy of G, is a section of a line bundle over Maps(X, S). However, if we fix a subspace
T C S such that G,|r is trivial, and we consider only maps such that p(9%2) C T, then the
line bundle becomes trivial. This is not enough to have a well-defined holonomy, since we do
not have a preferred trivialization. However, a trivialization of G,|7 determines canonically
a trivialization of the line bundle, making the holonomy a well-defined function. In this case,
we consider 95 as the subset T" on which the gerbe must be trivial, since the boundary of
the compactified world-volume WY, lies in the boundary of S. Thus, the background data
must be not only a gerbe with connection G, on S which is trivial on 95, but also a fixed
trivialization of it. The Cech double-complex to consider is then:

CO(S, 08 @ CO(05, 08) = CU(S, 08y @ €108, 05) 2 C2(S, 0z @ C2(08,05) -

d J .
50 ) 51 ‘ ¢> .
d J .
CO(S, k) @ C°(9S, 5") 5 CY(S,0%) @ C(0S,8h) 8t C2(3,0L) @ C2(9S, §") R
d d p
OO(E, §1) 50 61(3 §1) 51 02(57 §1) I

and we denote by H*(S,S' — QL — --- — Q2" 9S) the hypercohomology of this complex.
Thus, if we want to give boundary conditions to field in order to make Wess-Zumino action
a well-defined number for a fixed trajectory extending in time from —oo to +00, we must
give as background data a gerbe with trivialization:

G, € HP*1(S, 8" = QL — - — QBT 99) .
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Chapter 9
A-field and B-field

9.1 The Freed-Witten anomaly

We now want to classify B-field and A-field configurations in type II superstring backgrounds
with a fixed set of D-branes. It is well known that to this end the appropriate mathematical
framework is represented by gerbes (v. [38] and [14]). As line bundles on a space X are
characterized, up to isomorphism, by the first Chern class in H*(X,Z), gerbes are classified
by the first Chern class in H3(X,Z). Analogously, as a connection on a line bundle is given
by local 1-forms up to gauge transformations, a connection on a gerbe is defined by local
2-forms and 1-forms up to gauge transformations. Definitions and details used in the sequel
are given in appendices B.1 and B.2.

Let us consider string theory on a smooth space-time X and let us consider a single
smooth D-brane with world-volume Y C X. At first sight, one would expect the background
to contain the following data:

e on X a gerbe with a connection given by the B-field, with Chern class ¢ € H3*(X,Z)
and curvature H € Q*(X,Z), so that H is a de Rham representative of , i.e., (®zR ~
[ H ]ar;

e on Y a line bundle with a connection given by the A-field.

However, as pointed out in [31], while the assignment of the gerbe on X is always given in the
background, the presence of the line bundle is actually consistent only in some speficic cases,
the most common being the one in which the gerbe restricted to Y is geometrically trivial
and wy(Y) = 0, i.e., YV is spin (wo(Y') is the second Stiefel-Withney class of the tangent
bundle of Y, v. [46]). In general, there is a different object on the brane. To understand
what, we start from the world-sheet path-integral.

In the superstring world-sheet action there are the following terms:

) (/d¢¢p¢¢> +2r - (/E¢*B+/BE¢*A) (9.1)

where ¢ : ¥ — X is the embedding of the string world-sheet in the target space. The
exponential of the first term is the Pfaffian of the Dirac operator coupled to T'Y via ¢, thus
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eiSDpfaffD¢-eXp(27ri-/¢*B) ~exp(27ri-/ QS*A)
b 0%

The Pfaffian may be problematic. In fact, evaluated in a point ¢ € Maps(X, X), it must
satisfy (pfaff Dy)? = det Dy, so we have a sign ambiguity and we need a natural definition
of the Pfaffian, up to an overall constant which is immaterial for the path-integral. The
problem is that the Pfaffian is not a function, but it is naturally a section of a line bundle
over Maps(0X,Y), called pfaffian line bundle, with natural metric and flat connection (v.
[30]). If this bundle is geometrically trivial, we can choose a flat unitary section 1 up to an
overall phase, so that we determine the Pfaffian as pfaff D,/ 1; otherwise the latter is not
well defined as a number. The first Chern class of the Pfaffian line bundle depends on W5(Y')
(where W3(Y) is the integral lift of the third Stiefel-Whitney class of the tangent bundle of
Y, i.e., the obstruction to the existence of U(1)-charged spinors on Y, v. [46] and [38]), while
the holonomy depends on ws(Y). Thus, if the brane is spin the pfaffian is a well-defined
function, otherwise the best we can do is to choose local parallel sections so that we have a
local definition of pfaff D.

It turns out that the terms exp(2mi- [, ¢* B )-exp( 2mi- [, ¢*A) can compensate exactly
the possible ambiguity of the Pfaffian, giving rise to a well-defined path-integral, if and only
if:

we write:

Wa(Y) + Cly = 0. (9.2)

The class W5(Y) + (|y € H3(Y,Z) is called Freed-Witten anomaly (see [31]). In particular,
|y must be a torsion class since W5(Y') is, so that [ H|y |ag = 0.

Taking this picture into account, we now describe the geometrical meaning of the terms
exp(27i - [, ¢*B) - exp(2mi - [, ¢*A), from which the classifying group of the B-field and
A-field configurations will naturally arise.

9.2 Holonomy and Wilson loop

The purpose of this preliminary section is to give a precise definition of the holonomy integrals
that appear in (9.1). Given the complexity of the definition for gerbes, we start with a
description of the more familiar subject of holonomy for line bundles.

9.2.1 Line bundles
Global description

Let us consider a line bundle with connection (L, V) on X and a closed curve y : ST — X
with a fixed point z = (e*™*!): parallel transport along 7 gives a linear map t, : L, — L,
which can be thought of as a number Holy(y) € S* thanks to the canonical isomorphism
LY @ L, ~ C given by ¢ ® v =~ ¢(v) (such a number is independent of the chosen point
x). Thus, denoting by LX the loop space of X, parallel transport defines a function Holy :
LX — S* called holonomy of V.

What can we say about open curves? Given a curve 7 : [0,1] — X, let us put z = ~(0)
and y = ~(1): parallel transport defines a linear map t,, : L, — L,, which is no longer
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canonically a number, since LY ® L, is not canonically isomorphic to C. Thus, given a curve
v € CX, CX being the space of open curves on X, holonomy is an element of a 1-dimensional
vector space CL., = LY ® L,: we now describe this vector space as the fiber over « of a line
bundle CL — C'X, so that holonomy defines a section of C'L. In fact, let us consider the
bundle LY XL — X x X, i.e., LY KL = 7} LY @7 L for m, 7 : X x X — X the projections
to the first and second factor, respectively. We have a natural map 7 : CX — X x X given
by 7(7) = (7(0),7(1)), so that we can define CL = 7*(L" ® L). By construction CL, =
(LR L)ty = (LR L) (30)7(1)) = L) @ L), 50 we obtain exactly the desired fiber. Thus
holonomy defines a section Holy : CL — CX. Moreover ¢,(CL) = 7n*(7} ¢1(L) — 7§ ¢1(L)).

As one can see from the expression of ¢;(CL), if L is trivial so is CL. There is more: a
trivialization of L determines a trivialization of C'L. In fact, if s : X — L is a global section,
it determines canonically a global section s¥ : X — LY given by 5V (s) = X x {1}, thus a
section s¥ Ms : X x X — LY XL, thus, by pull-back, a global section 7*(s¥' Xs) : CX — CL.
What is happening geometrically? A global section s : X — L provides a way to identify
the fibers of L, hence a linear map L, — L, becomes the number A such that s, — A - s,.
Thus, for a trivial bundle with a fized global section, holonomy is a well-defined function also
over the space of open curves.

Similarly, a system of local sections of L, with respect to a good cover $k = {U,;}icr, deter-
mianes a system of local sections of C'L, with respect to the cover U defined in the following
way:

e let us fix a triangulation 7 of S, i.e., a set of vertices 0?,... 07 € S' and of edges

oi,...,0f C St such that 9o} = o), —of for 1 <i <[ and do} = o} — o};
e we consider the following set of indices:

o7 ={0V ... ,O'ZO(T); ol, ... ,all(T)} is a triangulation of S } ‘

Jz{(f,w):

e p:{l,...,l(1)} — I is a function

e we obtain the covering U = {V(;,0)}(r.0)es of LX by:
Virg) ={v€ LX : y(a}) C Usiin } -

Let us consider v € V(; ,: then L{(o) ® L~ (1) is isomorphic to C via s,y and s, (r)), so that
we have a local trivialization V|, ,) x C, giving a local section V(. .y x {1}. Thus, we can
describe transition functions of C'L for U in terms of the ones of L for 4. In particular, the
local expression of parallel transport along « with respect to the fixed local sections is given
by {pirp} such that t)10)(2; 2)e) = (%, P(rp) - 2)py- Then, if v € Vi) 0 Vigr o), we
have, with respect to the second chart, ty(0)~1)(2, 2)er (1) = (2, Py - 2)@)- Then, since

(z, Z)so(l) = ($79<p(1),<p/(1) : Z)wf(l), one has:

by 1) (T, 2)p(1) = (2, Prp) * 2)ot) = (T, 9o, (1) * Plrp) * Z)r (1)
A (T Go1).0 (1) * 2 (1) = (T3 P 1) * Go(1)p (1) * 2) ! (1)

-1
50 that go()e'1r) * Plre) = Plrer) " Jp(1),e (1) PHUS, Prg) = Pirrigry (Gt )~ Jor). (1)) Henee

the transition functions of C'L are exactly g ) o) (7) = g;(ll) SD,(l,)v(l) “ Gp(1),'(1)7(0).
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In particular, a trivialization g;; = g; 'g; of L determines a trivialization of C'L given by
Gir) () = 9(;,1@9(7’,@0’) for gir. o) (V) = goy7(0) - go@y(1)~1, as it is easy to verify.

We can generalize a little bit this construction: let us consider a line bundle L — X and
a subset Y C X: we can consider the space C'y X of open curves in X with boundary in Y,
i.e. such that v(0),7(1) € Y. In this case, we have 7 : Cy X — Y x Y and holonomy is a
section of the bundle Cy L = 7*(L|y” ® L|y). Thus, to have a function we only need the
triviality of L|y and a global section of its, it is not necessary that the whole L is trivial;
similarly, to have a set of local sections of Cy L we just need a set of local sections of Ll|y.

Local description

We can now express the holonomy using local expression of the connection, so that we can
generalize it to gerbes. Considering the covering U of LX previously defined, for a closed
curve v € V{; ) we define':

U(r)
/A = Z [(/( 1)A<P(z')) + 557 108 Gp(i) oi41) (V(0741)) (9:3)
¥ i=1 g

and one can prove that this is a well-defined function in R/Z. Let us stress that the definition
of the holonomy depends not only on the local connetion {A,} but also on the cocycle {gas}-

For ~ open we must skip the last transition function. First of all we describe an analogous
open cover for the space of open curves CX:

e let us fix a triangulation 7 of [0, 1], i.e., a set of vertices of,...,07,07,; € [0,1] and of
edges oi,...,0; C[0,1] such that:

— o} = o) — o) for 1 <i <I;

— o} =0 and o7,, = 1; these are called boundary vertices;

e we consider the following set of indices:

o7 ={0? ... ,U?(T), O'lO(T)_H; ol,... ,O'll(T)} is a triangulation of [0,1] |
e p:{l,...,I(r)} — I is a function ’

J—{(T,w)r

e we obtain a covering {V(; ) }(r.0)cs of CX by:

Virg) = {7 € CX : 1(0}) C Upiiy} -

Thus, we define:

I(r)—1
/A = Z / Ay 108 9p(i) (i) (’Y(U?H)) +/ Agy - (9.4)
v - v(o7) v(o})

=1

We consider the index i of the triangulation as a cyclic index, thus [ +1 = 1.
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In this case the integral is not well-defined as a function, but, as we have seen, it is a sec-
tion of a line bundle CL — CX with transition functions G (.01 (%) = @)@ (1)
Go(1),(1)Y(0). If, for a submanifold Y C X, we ask that 0y C Y and we choose a trivializa-
tion of L]y given by gus(y) = g, (y)- g (y), we can express the transition functions of C'L as
I () = (9o (1) - go1y7(0) 1) - (9 y¥(1) - gr1y¥(0) 1) ™", thus we obtain a trivial-
ization of C'L given by g7, ('y) = Jo(l )7(1) - go(1yY(0). With respect to this trivialization,
holonomy becomes a function given by:

(1)
i +1 i) (i ; A
/ (Z / Apiy +108 go(i o +1)(7(0z+1))> +/7(01) 0 ©.5)

l

+ % (loggw)(v(l)) — loggw(l)(V(O))) )

Cohomology classes and cocycles

We remark the following facts, which will be useful later to better figure out by analogy the
case of gerbes. Let us fix a good cover U = {U, }er on a space X:

e when we specify a cohomology class a = [{gag}] € H' (4, C>®(-,C*)), we associate to
it an equivalence class up to isomorphism of line bundles, represented by?:

(L(Tax©))/~ (@ 2)a~ (@ gas(e) - 2)p, for s €Usgs  (96)

e when we specify a cocycle {gas} € Z' (4, C>(-,C*)), we associate to it the equivalence
class of a line bundle with a fized set of local sections {s, : X — L} up to isomorphism
with relative pull-back of the sections, such that g,z = Sa/sg. In this case we have
dependence on the covering 4, but this is obvious since the local sections themselves
determines the covering by their domains. We have a canonical representative for each
of these classes given by (9.6).

If we give a line bundle L with a fixed set of local sections {s, : U, — L}, it is canonically
isomorphic to a line bundle of the form (9.6) for g, = sa/sp (of course the sections {s,} do
not make {g,s} a coboundary since they are not functions, they are sections of a bundle).
The isomorphism is simply given by ¢(s,). = (z,1)4, and it can be applied to any bundle
isomorphic to L with the pull-back of the sections {s,}.

9.2.2 Gerbes

The situation of gerbes is analogous to the one of bundles. In particular, the holonomy of
a gerbe over a closed surface is a well defined function, while the holonomy for a surface
with boundary > is a section of a bundle over the space Maps(X, X). If we consider the
maps such that ¢(0X) C Y, then a trivialization of the gerbe on Y, if it exists, determines
a trivialization of the bundle, so that holonomy becomes a well-defined function.

2This equivalence class is much larger than the class made by the bundles of the form (6.1) for the various
representatives {gng} of a, since there are all the bundles which are not of the form (6.1) but only isomorphic
to one of them.
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Closed surfaces

Definition 9.2.1 Given a topological space X and a closed compact surface 2, the space of
maps from X to X, called XX, is the set of continuous maps:

r.-»—Xx
equipped with the compact-open topology.

We now describe a natural open covering for the space of maps. In particular:
e let us fix a triangulation 7 of X, i.e.

— a set of vertices 0¥,... 00 € %;

— a subset E C {1,...,(}? determining a set of oriented edges {U(IM) C X} ap)eE

suc_? that 80(1a7b) = oa) — 0% if (a,b) € E then (b,a) ¢ FE and we declare J(lbﬂ) =

_0' .
(a,b)’

— a subset T C {1,...,1}?, determining a set of oriented triangles {U(2a be C
Y} apeper such that 80(2a be) = U(la,b) + a(lb o T 0(16 o) given a,b, c only one per-
mutation of them belongs to T" and for a permutation p we declare Ji(a),p(b) o(e) =
(_1)pa(2a,b,c);

satisfying the following conditions:

— every point P € ¥ belongs to at least one triangle, and if it belongs to more than
one triangle then it belongs to the boundary of each of them;

— every edge a(la’b) lies in the boundary of exactly two triangles J(Za’b’c) and a(%w i)
inducing on it opposite orientations, and cr?a’b@ N 0(2b7a7 & = U(layb); if a point p €
> belongs to an edge a(la,b) and it is not a vertex, than the only two triangles
containing it are the ones having a(la’b) as common boundary; thus, there exists a
function b : E — T? such that O'(lavb) C 8021((17,)) and —J(ICL’b) C 0022((171));

_ 0 : : : 2 2
for every vertex o; there exists a finite set of triangles {a(i’alm), . 70_(i,aki,a1)}
- 0 2 2 _ 1
having o; as vertex, such that OGiasaze) ) Olasinasns) = Olisage) (we use the

notation k; +1 = 1), these triangles are the only one containing ¢ and their union
is a neighborhood of it; thus, there exists a function B : {1,...,l} — ]_[i.:l Tk,
such that B(i) € T% and B(i) = {0'(2i ara2) , 02 3=

(izaki ;a1

e we consider the following set of indices:

1={ro:

oT = {J?, e ,alO(T), E,T} is a triangulation of X
e v:T — I is a function

and a covering {V(;0) }(r,0)cs of XX is given by:

Vi ={ € 2X : r(afmb@) C Upape) }-
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One can prove that these sets are open in the compact-open topology and that they cover
¥X.

For a fixed I' € ¥.X, there exists (7,¢) € J such that I' € V|, ). The function ¢ : T — I
induces two functions:

o 0¥ E — I?, given by ¢¥(a,b) = (p(b'(a,b)), p(b*(a,b));

o O L. — ]_[2:1(]3)’”*2, such that ¢V (i) € (I3)%~2 and (gpv(i))j = (p(B(1)),
p(B(i)), p(B7(7))).

We define:

/FB:

(a,b,c) + / A E(a,b)
/F(%bc)) ( )Z . T ) :
Lk
+ YD log gy (7)) -

i=1 j=1

(a,b,c)ET

(9.7)

The last term needs some clarifications: we briefly discuss it. The logarithm can be taken
since we have chosen a good covering, so the intersections are contractible. Of course, it
is defined up to 2mi Z, so the quantity that can be well-defined as a number is exp( fr B).
The sum is taken in the following way: we consider the star of triangles having ¢? as
common vertex (each of them associated to a chart via ¢) and, since we are considering 0-
simplices, that corresponds to 2-cochains, we consider the possible triads with first triangle
fixed (¥ (i) = (p(B'(3)), ¢(B’(i)), (B*'(i))) and sum over them. The fact we fixed

Bl(i) as first triangle has no effect, since we could consider any other possibility (¢ (1))’ =
((B*(1)), ¢(BI(i)), p(B*(i))). In fact, by cocycle condition with indices (1,,i+ 1, ) we
have that g1i11,a * 91411 = Giit1a * Griaes thus gauiv1 = 91_,3,04 1441 " 9lit1,a, Dut in the
cyclic sum the extern terms simplify, hence the sum involving ¢, i1 is equal to the sum
involving ¢ ;,41. Finally, we sumed over j = 1,...,k;, but for j = 1 and j = k; we obtain
trivial terms, hence the real sum is for j =2, ... k; — 1.

Surfaces with boundary

Definition 9.2.2 Given a topological space X and a compact surface with boundary ¥, the
space of maps from ¥ to X, called XX, is the set of continuous maps:

r:-»—X
equipped with the compact-open topology.
As before:
e let us fix a triangulation 7 of X, i.e.:

— a set of vertices ¢{,...,0) € 3;
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— asubset E C {1,...,1}?% determmmg a set of oriented edges {0 ) C Z}(a b)eE
such that 30(1(1713) = o) — 0% if (a,b) € E then (b,a) ¢ E and we declare ol (ba) =
~lapy

— a subset T C {1,...,1}?, determlmng a set of oriented triangles {gabc) C
Y} apeer such that 80 (a pn a(b ot 0(
mutation of them belongs to T" and for a permutation p we declare Ui(a),p(b),p(c) =

(_ 1)pa(2a,b,c);

satisfying the usual conditions for triangulations; there exists a partition £ = BEUIFE
in boundary edges and internal edges, and two functions:

given a, b, c only one per-

(a,b,c) ca)’

— b IE — T? such that o, ;) C 003, and —o(, ;1 C 003, 4
— b: BE — T such that 0(1 b © 8Ug(a,b);

moreover, there exists a partition {0,...,l} = BV UIV in boundary vertices and
internal vertices, such that:

— for i € IV, there exists a finite set of triangles {O-(Qi,al,ag)7 . )} having o?

) 2 _ 1
as vertex; T (i,a5,0541) n Tlia41.0542) — Piaj
notation k; + 1 = 1); these triangles are the only ones containing a? and their
union is a neighborhood of it; thus, there exists a function B : IV — [[. ;1 Tk,

such that B(i) € T% and B(i) = {0, 4>+ 0 -

(Zvaki ;a1

(Z Ak; ,a1)

) with a cyclic order (1 e., we use the

— fori € BV, there exists a finite set of triangles {7, , ., 70-(2iaaki—17aki)} (without
2 : 0 2 2 _ 1 -

U(i,aki,al)) having o; as vertex; Oiazsazen) ) J(i,aj+17aj+2) = Olia;01) for 1 < i < kK,

these triangles are the only ones containing ¢¢ and their union is a neighborhood of

it; thus, there exists a function B : BV — ]_[Z cpy TF71, such that B(i) € T*~!
a‘nd B( ) {U(Z a1,a2) t 0-(21 A, —1,0k; )}

e we consider the following set of indices:

o7 = {0}, .. ,O'lO(T), E,T} is a triangulation of ¥
e o :T — I is a function

1={)

and a covering {V(;.0)}(r0)es of XX is given by:

VTSO) - {F € XX F( (abc ) - Ucp(mb,c)}'

One can prove that these sets are open in the compact-open topology and that they cover
¥X.

For the holonomy in this case, the only possibility is to use the same definition as for
closed surfaces, omitting the boundary edges and vertices in the integration. This forbids
the well-definedness of the integral as a function. We obtain a line bundle L over the space
of maps Maps(9%, V) with the following properties (we call G the gerbe):
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e ¢ (L) depends on c1(G), thus, if G is trivial then L is trivial too;

e a particular realization of G as a Cecb hypercocycle (see appendices B.1 and B.2 for
notations) determines a realization of L as Cech cocycle; in particular, if G is of the form

{9apy, 0, B} with g,s, constant, we obtain a realization of L with constant transition
functions whose class in H?(Maps(9%,Y), S') depends on [{g.s}] € H*(Y,S'). In

particular, for a realization of the form {nas,,0, B} with [14s,] = w(Y), we obtain
a realization of the L with the same class as the parallel sections of the Pfaffian line
bundle.

One can prove that the function for a specific trivialization can be obtained in the following
way. Let us consider a trivial gerbe {gas,} € B*(X,S"), and let gos, = Gap * 95y * Gra- We
have:

B, — Bz = dA,p
Aop + Ngy + Ayo = dlog gas + dlog gz, + d1og gya
(Aap — d10g gug) + (Agy — dlog gg,) + (Aya — dlog gra) =0
) {Aag — dloggag} =0
and, since the sheaf of 1-forms is fine, hence acyclic, we obtain:

Aa/g —dloggaﬁ = Aa —Ag .

We now define the integral of the connection. For a fixed I' € ¥ X, there exists (1, ¢) € J
such that v € V(; ). We define:

[2= % (L.

(a,b,c)ET- (0(ab,c))

B‘P(aﬂb’C) +/ Aga(a,b,c)) . (98)
INGEr )

(a;b,c)

As before, the logarithm can be taken since we have chosen a good cover and it is defined
up to 2mi Z, so that exp (27ri . fr B) is as well-defined number. The contribution of A to the
internal edges cancel in pairs, so only the integral of A on boundary terms remains. That is
why this expression is usually denoted by:

[B+d A
r ar

This expression is equivalent to the one obtained by changing B choosing transition functions
on the boundary corresponding to the fixed realization.

9.3 Classification by hypercohomology

We are now ready to describe the classification group for B-field and A-field configurations
in superstring theory with a single D-brane. Our background is specified in particular by a
space-time gerbe G belonging to the following hypercohomology group?:

G = [{gapy —Nag, Ba}] € H2(X, S' -5 0L -4, 02) (9.9)

3We refer to appendices B.1 and B.2 for notations.
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where d = (2mi) "' dolog, gap, are functions from triple intersections to S*, A, are 1-forms
on double intersections and B, are 2-forms on the opens sets of the cover. In (9.9), we
denote by S' the sheaf of smooth S'-valued functions on X and by Q% the sheaf of real
p-forms. On a single brane Y C X we consider the restriction of the space-time gerbe, for
which we use the same notation G |y = [{gagy, —Aag; Ba}] € H2(Y, S* — QL — Q%). To
give a meaning to the holonomy for open surfaces with boundary on Y, we must fix a specific
representative of the class G |y, i.e., a specific hypercocycle; this operation is analogous to
fixing a set of local sections on a line bundle up to pull-back by isomorphism (see section
9.2.1). To compensate for the possible non-definiteness of pfaff Dy, this hypercocycle must
take the form {1n,g,, 0, B+ F'}, with 7,4, representing the class w, € H*(Y, S'), denoting by
St the constant sheaf. Here B + F is a 2-form globally defined on Y, which we now explain
in detail. The choice of the specific cocycle 744, in the class wy turns out to be immaterial,
as we will show later.

In order to obtain the hypercocycle {143y,0, B+ F'} from any gauge representative {gas,,
—Aop, Bo} of the gerbe G |y, the brane must provide a reparametrization of G |y, which, by
an active point of view, is a hypercoboundary, i.e., a geometrically trivial gerbe. That is,
given {gagy, —Aag, Ba}, the brane must provide a coordinate change {g;&7 “Napy, Nag, dAa},
so that:

{gaﬁw _Aozﬁy Ba} ’ {9;517 *Naprys Aaﬁa dAa} = {naﬁ'ya 0, B+ F} (910)

for a globally defined B + F = B, + dA,. In order for this correction to be geometrically
trivial, it must be that:

{9 Mgy Nags dAL Y = 8 {hap, Ao (9.11)

ie. {g;&aY “Napys Nag, dAn} = {Slhag, —Jhag + Az — A,,dA,}. For this to hold one must
have:

o { 9;;%7‘770457} = {6 Yhas}: this is precisely the statement of Freed-Witten anomaly, since,
considering the Bockstein homomorphism [ in degree 2 of the sequence 0 — Z — R —
St — 0, this is equivalent to 3([gagy]) = B([Masy]); i-e., C |y = W3(Y); only under
this condition is g;ﬁlv “Napgy trivial in the S'-cohomology;

o Ay — A, = jhag + Ayp: these must be the transition relations for A, (co~herently
with [42]); this is always possible since 0" {dhas} = { d(Napy = Gapy ) } = {—dGap,} =
—6'{A,p} and Q} is acyclic.

From the transition relations of A, we obtain dAg — dA, = dA,s, thus B + F' is globally
defined. Of course B, and A, themselves depends on the gauge choices, while B + F' is
gauge-invariant.?

4We remark that, for Ws(Y') = 0, from the exact sequence 0 — Z — R — S' — 0 it follows that wy(Y),
having image 0 under the degree-2 Bockstein homomorphism, by exactness can be lifted to a real form G on
Y. Therefore, the gerbe [{7ag+,0, B+ F}] can be also represented by [{1,0, B + F' 4+ G} ]: however, this is
not the cocycle we need, since we need transition function realizing the class wo(Y"). These two cocycles are
equivalent on closed surfaces, since they represent the same gerbe, but not on open ones.
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Let us now discuss the role of the representative 1,4, of the class wy(Y) € H2(X, S*). The
choice of a different representative corresponds to changing by constant local functions the
chosen sections of the bundle over loop space, which define the holonomy for open surfaces.
This kind of ambiguity is also present for the Pfaffian, since it also defines a section of a
flat bundle with the same holonomy. If wy(Y) # 0, we have no possibility to eliminate this
non-definiteness. We can only choose the sections for the Pfaffian and for the gerbe, in such
a way that on the tensor product we have a global flat section, up to an immaterial overall
constant. Instead, if wy = 0, both the pfaffian and the gerbe are geometrically trivial, thus
we have a preferred choice, given by a global flat section for both. In this case, we fix the
canonical representative 7,4, = 1. We will see in the following the consequences of this fact
for the gauge theory of the D-brane.

How can we jointly characterize B-field and A-field taking into account the gauge trans-
formations contained in the previous description? This unifying role is played by a certain
hypercohomology group, which we would like now to introduce. Since this construction is
not very familiar in the literature, we would like for pedagogical reason to start with the
analogous group for line bundles.

9.3.1 Line bundles

Let us consider an embedding of manifolds 7 : ¥ — X: we want to describe the group of
line bundles on X which are trivial on Y, with a fixed trivialization. We recall that S* is
the sheaf of smooth functions on X: it turns out that the sheaf of smooth functions on Y
is its pull-back i*S'. We thus obtain a cochain map (i*)? : C?(X,S*) — CP(Y,S"), which
can be described as follows: we choose a good cover 4 of X restricting to a good cover i |y
of Y, such that every p-intersection Uio...ip|y comes from a unique p-intersection Uj,..;, on
X. Given a p-cochain ®j,<...<q, fig..i,,» We restrict f;..;, to U; y whenever the latter is
non-empty. In this way we obtain a double complex:

i

50 5!

(i*)OT (i*)lT (i*)2T

CO(X, 81 - (X, 8 - 02X, 81 B

We denote by H*(X,S"',Y) the hypercohomology of this double complex. We claim that
]:Il(X,ﬁl,Y) is the group we are looking for. In fact, the latter can be defined in the
following way: we choose a line bundle L on X with a fixed set of local sections {s,}, so that
the transition functions are {gas} for gag = sa/s3. We consider {s, |y} and we express the
trivialization by means of local functions { f,} on Y such that f, s, |y gives a global section
of L|y. We have that C'(X,S"Y) = C*(X,S") @ C°(Y,S"), so that we can consider the
hypercochain {ga.s, foa}. We now claim that this is a hypercocycle: to see this, we describe
the cohomology group H*(X,S",Y).

o Cocycles: since 6'{gag, fo} = {0'gap, (") gas) ™" - fafa'}, cocycles are characterized
by two conditions: d'g.s = 0, i.e., gos is a line bundle L on X, and (i*)'gas = f5f5 ",
ie., f, trivializes L|y.
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o Coboundaries: 6°{gs} = {0°¢a, (i*)%ga} thus coboundaries represents line bundles
which are trivial on X, with a trivialization on X restricting to to chosen one on
Y.

To explain the structure of the coboundaries, let us remark that if we choose different sections
{s!, = Qq - 54}, the same trivialization is expressed by f’ = pu|y' - fo. Thus the coordinate
change is given by {¢5'vs, @aly }, which can be seen, by an active point of view, as a X x C
with the trivialization Y x {1} on Y, i.e., a trivial bundle with a fixed global section on
X restricting to the chosen trivialization on Y. Hence, H Y(X,S'Y) is the group we are
looking for.

Line bundles with connection

Let us now define the analogous group for bundles with connection. The relevant complex
is the following:

COX, ) & CO(Y, 8) =2 (X, ) & C1(Y, 8') =2 (X, ) & C2(Y, 81) =
e )QT J@("*PT de i fT
sy e o) e sy

We denote by H*(X,S' — QL,Y) the hypercohomology of this double complex. We claim
that the group we are looking for is H 1(X, §f — QL.Y). The cochains are given by
CHX, 8" — QL Y)=CHX, S @ COY, QL) @ CO(Y, S1), so that we consider {gas, —Aa, fa}-

e Cocycles: since 6'{gag, —An, fo} = {0'gap, —dgas — As + Aa, (") 9ap) ™ - fafa'},
cocycles are characterized by three conditions: 4! Jap = 0, i.€., gap is a line bundle L
on X, A, — A = Jgag, i.e., A, is a connection on L, and (i*)'gas = fafa', ie., fa
trivializes Lly.

e Coboundaries: since 0°{go} = {0°9u, dgus, (i*)°ga}, coboundaries represents line bun-
dles which are geometrically trivial on X (see appendix), with a trivialization on X
restricting to the chosen one on Y.
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9.3.2 Gerbes

191

Let us now define the analogous group for gerbes with connection. The relevant complex is

the following®:

CO(X, 02) @ CO(Y, h) T2

COX, QL) ® CO(Y, 81) 22

dao (i*)°

5080

5040

50

> CYX,02) @ CY(Y, Q%) —

TEL oYX, 0L) @ CL Y, 81

do (i*)!

5lapét

Slpét

51

— C%(X, Q%) & C*(Y,Q})

S C(X,0L) @ C2(y, 8Y) T

CO(X, S

CHX,S")

52962

52@52

de (i*)2

C2(X, 8Y) &

We denote by H*(X,S" — Q& — Q2,Y) the hypercohomology of this double complex. We
claim that the group we are looking for is H?(X,S* — Q& — Q2Y). The cochains are
given by C?(X,S' — QF — Q2 V) = C*(X,S") @ CY(X, Q%) @ C(Y,S") @ C°(X,02) @
CO(Y, k), so that we consider {gasy, —Aag, Pass Bay —Aa}-

Aa} = {SQQaﬁw Jgaﬁv + 51(_Aaﬁ)7 (i*)zgaﬁw )
—(*) (= Aap) +dhas+ Aa— Ag}, cocycles are characterized
—Aup, Bo} to be a gerbe with

e Cocycles: since 52{9%37, —Aag, hag, Ba, —
6%hag, —d(—Aap)+Bs— Ba,
exactly by the condition we need in order for {g.s,,
connection and {h.s, A} to trivialize it on Y

e Coboundaries: since 0" Gass Mas ha} = {0"Gop> —dgaptAs—Aa, ((i%)'gag) " -hshy!, dAy,
(i*)°Aq —dhy }, coboundaries represent gerbes which are geometrically trivial on X (see
appendix), with a trivialization on X restricting to the chosen one on Y.

There is a last step to obtain the classifying set of B-field and A-field configurations: in
general we do not ask for a trivialization of the gerbe on Y, but for a cocycle whose transition
functions represent the class wy(Y) € H*(Y,S'). The transition functions of a coboundary
in the previous picture represent the zero class, so they are consistent only for wy(Y) = 0.
Hence, we cannot consider the hypercohomology group, but one of its cosets in the group of
cochains up to coboundaries. In fact, the condition we need is not cocycle condition, but:

52{905677 _Aaﬁa haﬁ; Ba: _Aa} = {07 07 Napy, 07 0}

thus we need the coset made by cochains satisfying (9;12) up to coboundaries. Actually, we
need anyone of these cosets for [{ 7.5, } ] = wa(Y) € H*(Y, S'). We denote their union by:

(9.12)

Y,y (X, S — Qp — OF,Y) (9.13)

and this is the set of configurations we are looking for.

5The maps denoted by matrices are supposed to multiply from the right the row vector in the domain.
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9.4 (Gauge theory on a single D-brane

We are now ready to discuss the possible geometric structures of the gauge theory on the
D-brane, arising from the previous picture. The main distinction turns out to be whether or
not the B-field is flat when restricted to the D-brane.

9.4.1 Generic B-field

We consider the coordinate change given by the D-brane:

{gaﬁw — Nag, Ba} - {ggﬁly “Tapys Nag; dA.} = {naﬂfw 0,B+ F}

-1 <1 k1 (914)

{gaﬁv . 770437, Aaﬁ, dAa} = {5 hag, —dhaﬂ + Alg — Aa, dAa} .
Since, by Freed-Witten anomaly, [{ gagy } ] = [{7as }] € H*(Y,S*) (not the constant sheaf
S, the sheaf of functions S'), we can always choose a gauge {Napy,0, B}, but we can also
consider any gauge {73y, 0, B’} with B’ — B a closed form representing an integral de Rham
class: for a bundle, this corresponds to the free choice of a global automorphism.® Given a
certain gauge of the form {7,4,,0, B}, the brane gives a correction {1,0, F'} to arrive at the
fixed gauge {nag,,0, B + F'}. In fact, (9.14) becomes:

{naﬁwoa B} ) {LovdAoa} = {naﬁ’yvo>B + F}

< ~ (9.15)

{1,0,dAL} = {0 hap, —dhas + A — An, dA,}
We thus get 6'has = 1 and —dhag + Ag — Ay = 0, 50 hyag give a gauge bundle on the brane
with connection —A, and Chern class [—F'|. However, since B and [ are arbitrary, such
bundle is defined up to large gauge transformations B — B + ® and FF — F — ® for ®
integral.”

Moreover, we have the freedom to choose a different representative 7,4, - 51)\% of wy(Y) €
H?(Y,S'). This is equivalent to consider:

{naﬁ’wov B} : {5)‘057 07 dAa} - {naﬁ’v ’ 5)‘06,@7 07 B+ F}

: ‘ ‘ (9.16)

{0Xap,0,dAy} = {0hop, —dhos + Ag — Ay, dAL} .
We thus obtain that 0has = dAag, i.¢., 0(has/Aag) = 1. So, instead of {has}, we consider the
bundle [ hos/Aag ] instead of [ has . Smce the functions A,z are constant, the real image of the
Chern class is the same. In fact if we write hog = exp(2mi - hag) and Aog = exp(27i - Aag),
we have that haﬁ + hm + hw = ha,@7 € Z defining the first Chern class, and similarly
)\aﬁ + )\ﬁ7 + )‘w = )\Oég7 € Z. However, since A op are constant, Aaﬁv is a coboundary in the
sheaf R and the real image of the Chern class of A3 is 0.

SFor gerbes, we directly see this from the fact that (1,0, ®) is a hypercoboundary for ® integral. Indeed,
we have:

Plu, =doa s —Pa=dpap  Papt Pyt Pya = Capy €L

thus ¢ — Yo = dhas for hag = exp(27i - pas) and 6'has = 1. Hence, (1,0,®) = 6 (hag, a)-
"In particular, we can always choose the gauge F' = 0, obtaining a flat line bundle.
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This means that we fix a line bundle up to the torsion part. Thus, the holonomy of —A,,
is defined also up to the torsion part: this ambiguity is compensated for by the one of the
pfaffian, due to the need of obtaining a global section of the tensor product. If wy, = 0, we
can choose the preferred representative 7,4, = 1, thus we completely fix a line bundle up to
large gauge transformation.

9.4.2 Flat B-field

If B is flat, its holonomy is a class Hol(Bly) € H*(Y, S') (constant sheaf S'). We distinguish
three cases:

e Hol(Bly) = wa(Y) = 0: as before, we can choose the gauge 1,5, = 1, but, via
an operation analogous to choosing parallel local sections for line bundles, we can
obtain {1,0,0} instead of a generic {1,0,B}. The choice B = 0 is canonical (it
fixes also large gauge transformations). Thus we get {1,0,0} - {1,0,dA.} = {1,0, F'}
with {1,0,dA,} = {0'hag, —dhas + Ay — An,dA,}. Hence we have 6'h,s3 = 1 and
Ag — Ay = dag. In this case, we obtain a line bundle L with connection —A, and
Chern class ¢1(L) such that cl(L) ®z R = [—F4g, i.e., a gauge theory in the usual
sense, canonically fixed. However, we will see in the following that, also in this case,
there is a residual freedom in the choice of the bundle.

e Hol(B|y) = wy(Y): as before, we choose {743, 0,0} instead of a generic {1n,3,,0, B}.
The choice B = 0 is canonical (it fixes also large gauge transformatlons) Thus we
get {7agy, 0,0} - {1,0,dAs} = {Napy, 0, F} with {1,0,dA,} = {6"hag, dhag + Ag —
Aa,dA,}, or, as discussed before, {nagy, 0,0} - {0"\ag, 0,dAs} = {Napy - 6'Aap, 0, F}
with {61Aa5,0 dA} = {0'hag, —dhas + Ag — An,dAL}. In this case, we obtain a
canonical line bundle with connection —A, up to the torsion part, with real image of
the Chern class [—F].

e Hol(Bly) generic: in this case, we can use the same picture as for non-flat B-fields,
obtaining a non-canonical gauge bundle, or we can use flatness to obtain a canonical
gauge theory of different nature. In the latter case, we fix a cocycle {gas,} such that
[{9apy} | = Hol(B|y) € H*(Y,S"). We thus get a preferred gauge {gas,,0,0}, so that
(9.11) becomes {g. 5. - Napy, 0,dAs} = {0'hap, —dheg + Ag — Ay, dAy}. We obtain

5 hep = gam Nogy and Ag — Ay = dhag. Since g;é7 “Napy are constant, we obtain a
“bundle with not integral Chern class”, as explained in the next section.

Remark: We have said above that only for Hol(B|y) = 0 and ws(Y) = 0 we are able to
recover the torsion of the gauge bundle. Actually, we can still recover the torsion part even if
we(Y) = 0 and B is flat. In fact, also in this case we can choose 1,4, = 1 fixing the transition
function h,g of the bundle. Let us consider a fractional bundle L such that §{h.z} = {g;ﬁlw}
for [ gagy | = Hol(Bly) € H*(Y, S'). Then, evaluating the holonomy of B over the generators
of Hy(Y,Z), we can find a discrete subgroup I' < R such that ¢;(L) € H*(Y,T), so that ¢;(L)
has a torsion part. This is more interesting if we know the fractionality of the brane (see
below): for example, if we have a %—fractional gauge theory (e.g., fractional branes from
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Zy-orbifolds), we have ¢,(L) € H*(Y, 17Z) ~ H*(Y,Z).
U

A comment is in order when Hol(Bly) = wy(Y) = 0: also in this case, the bundle
is not completely fixed, but there is a residual gauge freedom. In fact, such configura-
tion is described by [{gasys —Aap; hags Bas —Aa}] € H*(X,S' — Qf — Q2,Y) such that
[{9apy, —Nap, Ba}] is geometrically trivial on Y. As we said, we can choose on Y the pre-
ferred gauge {1, 0, hag, 0, — Ay} s0 that the cocycle condition gives exactly {1, 0, 6%hqg, 0 dhag—l—
A, —Ag} =0, ie. —A, is a connection on the bundle [h,g]. There is still a question: how
are the possible representatives {1,0, hos,0, —A,} of the same class? Can they all be ob-
tained via a reparametrization of the bundle [has, Aq] € H'(Y,S* — QF)? The possible
reparametrization are given by:

{17 0, hozﬁa 0, _Aa} ) {Slgaﬁa _Jgaﬁ + Aﬁ —Aq (('*)19046)_1 ’ hﬁh;17 dAq, (i*)OAa - dha}

={1,0,h,5,0,—A,}

thus we get the conditions:

5lga5: 1 —Jga5+A5—Aa =0 dA, =0. (917)
If we choose go3 = 1 and A, = 0 we simply get hflﬁ = hap - hghy' and Al = A, + tha,
i.e., a reparametrization of [hap, Ay] € H'(Y,S' — QF), and that is what we expected.
But what happens in general? Equations (9.17) represent any line bundle g,s on the whole
space-time X with flat connection —A,, thus they represent a residual gauge freedom in the
choice of the line bundle over Y: any flat bundle on'Y which is the restriction of a flat line
bundle over X is immaterial for the gauge theory on the D-brane. Can we give a physical
interpretation of this fact?

Let us consider a line bundle L over Y with connection —A,: it determines the holonomy
as a function from the loop space of Y to S!. Actually, we are not interested in a generic
loop: we always work with 0%, with X in general not contained in Y: thus, such loops are in
general not homologically trivial on Y, but they are so on X. Let us suppose that L extends
to L over X: in this case, we can equally consider the holonomy over % with respect to L.
If L is flat, such holonomy becomes an S*-cohomology class evaluated over a contractible
loop, thus it is 0. Hence, a bundle extending to a flat one over X gives no contribution to
the holonomy over the possible boundaries of the world-sheets. Therefore, also in the case
Hol(Bly) = we(Y) = 0, we do not have a canonically fized bundle with connection on the
brane: we rather have an equivalence class of bundles defined up to flat ones extending to
flat space-time bundles. For another important comment on this point, see the conclusions.

9.5 Real Chern classes

In the previous section we showed that for B flat we obtain a gauge theory on a generalized
bundle: while bundles are represented by cocycles {gns3} in Cech cohomology, such gener-
alized bundles are represented by cochains whose coboundary 51{ga5} is made by constant
functions (not necessarily 1), realizing a class in H?(X,S"). We now see that even in these
cases we can define connections and first Chern class, but the latter turns out to be any
closed form, not necessarily integral.
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_ Let us consider the definition of Chern class of a trivial bundle: we have a bundle [{gag}] €
HY (84, 8"), so that g - 9y " Gra = 13 if gap = e*™Pas we have pag + pgy + Pya = Papy € Z,
so that we obtain a class [{pag, }] € H*(U,Z) which is the first Chern class.

Let us call T',, the subgroup of S! given by the n-th root of unity. If we call %Z the

subgroup of R made by the fractions % for k € Z, then ', = 2" nZ Let us suppose

we have a cochain {g.3} € C'(44,S") such that 9o - 93y - Gva = Yapy € LI'n. Then, for
Jap = €¥™Pa8  we have that pag + pgy + Pya = Pagy € =7, 0 that we obtain a rational class
c1 = [{pap,}] € H*(84,Q) such that n - ¢; is an integral class. Can we give a geometric
interpretation of these classes?

A 2-cochain can be thought of as a trivialization of a trivialized gerbe, in the same way as
a 1-cochain (i.e., a set of local functions) is a trivialization of a trivialized line bundle; thus
a line bundle is a trivialization of a gerbe represented by the coboundary 1, in the same way
as a global function is a global section of X x C. We describe first the easier case of local
functions trivializing a line bundle, i.e., we lower by 1 the degree in cohomology.

9.5.1 Trivializations of line bundles
Definition

As line bundles, which are classes in H'(8, S'), are trivializations of gerbes represented by
the coboundary 1, likewise a section of a line bundle, represented by transition functions
equal to 1, is a class in H(4, S"), i.e., a function f : X — S'. A cochain {f,} € C°(4, S")
is a section of a trivial bundle represented by transition functions f;' - fs.

Given a function f : X — S', we can naturally define a Chern class ¢;(f) € H'(U,Z),
which is the image under the Bockstein map of f = [{f.}] € H°(U,S"). We directly
compute it as for bundles: since fz- f;' =1, for f, = e*™ P> we have pg — po = pas € Z, S0
that we can define a class ¢;(f) = [{pas}] € H'(,Z). The geometric interpretation is very
simple: ¢;(f) is the pull-back under f of the generator of H'(S*,Z) ~ Z. As we have done for
bundles, let us suppose we have a cochain [{f,}] € CO(4, S*) such that £, fs = fas € Ty
Then ps — pa = pap € LZ. Therefore we obtain a class ¢; = [{pag}] € H'(4,Q) such that
n - ¢ is an integral class.

From the exact sequences point of view, the Chern class is the image of the Bockstein map
of the sequence:

O—)Z—)Kﬂ§1—>0

In the fractional case, since 50 fa takes values in T',,, the cochain {f,} is a cocycle in S ! /.
Thus, we consider the sequece:

0— 1z —R™5" ST, —0

and the image of the Bockstein map is exactly the fractional Chern class. We have con-
structed in this way rational Chern classes, but this is generalizable to any real Chern class.
In fact, it is sufficient that p,s be constant for every «, 3 to apply the previous construction,
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using the constant sheaf S' instead of I',,. The corresponding sequence, which contains all
the previous ones by inclusion, is:

ﬂslojﬂ' ﬁl/ Sl —0.

In other words, if the cochain is a cocycle up to constant functions, we obtain a real Chern
class. If these constant functions belong to I',,, we obtain a rational Chern class in %Z. We
now want to give a geometric interpretation of these classes.

0—R—R

Geometric interpretation

If we think of the cochain as a trivialization of X x C, it follows that different trivializations
have different Chern classes, depending on the realization of the trivial bundle as Cech
coboundary. This seems quite unnatural from a topological point of view, since the particular
trivialization should not play any role. However, if we fix a flat connection, we can distinguish
a particular class of trivializations, which are parallel with respect to such a connection.

Let us consider a trivial line bundle with a global section and a flat connection V, which
we think of as X x C with a globally defined form A, expressing V with respect to the global
section X x {1}. We know the following facts:

o if we choose parallel sections {fa}, we obtain a trivialization with a real Chern class
c1({fa}) € H'(X,R), and the local expression of the connection becomes {0};

e the globally defined connection A, expressed with respect to 1, is closed by flatness,
thus it determines a de Rham cohomology class [A] € Hjp(X).

We now prove that these two classes coincide under the standard isomorphism between Cech
and de Rham cohomology. This is the geometric interpretation of real Chern classes: the
real Chern class of a trivialization of X x C is the cohomology class of a globally-defined flat
connection, expressed with respect to X x {1}, for which the trivialization is parallel.

If the trivial bundle has holonomy 1 (i.e., geometrically trivial), we can find a global
parallel section: thus there exists a function f € H'(X,S') trivializing the bundle, and the
Chern class of a function is integral. If we express the connection with respect to 1 we obtain
an integral class [A] = [ f~'df |, while if we express it with respect to the global section f -1
we obtain 0.

We now prove the statement. Given {f,} € C°(4, S") such that 6°{f,} € C' (4, S"), we
consider the connection V on X x C which is represented by 0 with respect to {f;'}. If we
represent V with respect to X x {1} we obtain A, = df,, and A, — Ag = d(fz- f3') = 0.
We thus realize the 1-form A as a Cech cocycle: we have that A, = (27i) 'dlog f, and
(2mi)tlog f5— (2mi) ' log fo = (2mi) 1108 gup = pap Which is constant, so that [ Al (x) =~
[{Paﬁ}]ﬁl(X,R)- By definition ¢;({fo}) = [{pas} ], thus [A]H;R(X) s Cl({foz}>H1(X,R)'

Moreover, if we consider the sequence 0 — Z — R — S — 0, for ps1 : H'(X,R) —
H'(X,S"), we have that pg1 ¢;({fa}) = pst [ pag] = [ f5f: "' ]st. Thus, for 8°{f,} € C*(X,S")
(hence, obviously, 0°{ f,} € Z'(X,S")) we have that the first Chern class is one of the possi-
ble real lifts of [6°{ f,} ]g1. Therefore, psi c1({fa}) is the holonomy of the trivial line bundle
on which the connection A, previously considered, is defined.
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Hypercohomological description

The trivialized bundle X X C with global connection A corresponds to the hypercocycle
{1,—-A} € ZY (X, 8" — QL). For A flat and {f,} parallel sections, we have [{1,—A}] =
[{0°f,,0}], thus the difference is a coboundary:

{]-7 _A} : {Sofom dfoc} = {5ofa7 0}
thus df, = A, so that, as proven before, [A] ~ c1({fa})- )
If f is globally defined, we get {1,—A} - {1,df} = {1,0} so that [A] = [df] which is
integral: this corresponds to the choice of a global parallel section f -1 in X x C.

9.5.2 Trivializations of gerbes

Let us now consider a trivialization of a gerbe {has} € C'(X,S") such that 0'{h.s} €
C?(X,S"). We can consider a connection {—A,} such that Ag — A, = dhag, as for an ordi-
nary bundle. We have dA, = dAg so that —F = —dA, is a global closed form whose de Rham
class [—F] is exactly the fractional Chern class of [{has}] € 61 (C?(X,S"))/BY(X,S").
We define such a trivialization with connection as an element of the hypercohomology group:

AY(X,.8's" -5 QL) .

We interpret the Chern class of such trivializations as before: we consider the flat gerbe
[{0'has,0,0} ], and we represent it as [{1,0, —F}]:

{1,0, = F} - {6 hog, —dhop + Ag — An, dALY = {6 heg, 0,0}

from which we obtain: .
Ag — Ay = dhyg dA, = Fly, .
From these data we can now realize F as a Cech class: we have F|y, = dA, and Ag— Ao =

dheg, thus 6'dha,s = 0, thus (27) 16! log haps is constant and expresses [ F'] as Cech class.
The latter is exactly cl({hag})

What happens for the holonomy of these connections? In general anyone of them is not
well-defined as a function on closed curves, but it is a section of a line bundle that, on
curves which are boundary of open surfaces, is canonically trivial and coincides with the one
determined by the flat gerbe realized by (1,0, F') but with respect to the sections dg. In fact,
the expression of the holonomy of A on 9% coincides with the holonomy of (8g, Ag— Ag, dA,)
on ¥, but 0(g,0) = (8¢, d10g gas, 0) and the sum is (1,0, dA,), thus the gerbe is (1,0, F)) but
it is realized on open surfaces with respect to dg.

9.6 Stack of coincident branes

Up to now we have discussed the case of a single brane. In the case of a stack of coincident
Dp-branes, we need non-abelian cohomology (see [14]). However, here we would like to
avoid a technical discussion and just state the main differences with respect to the abelian
case. We will arrive to the same conclusions as [42], taking into account the presence of the
Pfaffian.
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Let us consider again the fundamental equation (9.14):

{9apy: — Nap, Ba} - {ga_ﬁl’y “Nagys Nags dAa} = {Napy, 0, B + F'}
(9o - Naprs Nags Ao} = {0 hag, —dhag + Ag — Aq,dAs} .

Since 6'hap = 9o, - Napy, the class [g7'n] € H'(Y,S') must be trivial: this means that
Cly = W3(Y"), which is the Freed-Witten anomaly equation. Instead, in the case of a stack
of branes, hos € U(n). Then, if we think of g;éﬁ/ “Nagy as a multiple of the identity I,,, the
relation 51haﬁ = g;gﬁY “ Napy is DOt a trivialization of [¢~'n] € HY(Y,S') any more and it
does not imply that |y = W3(Y'). We thus rewrite the previous equation as:

{gaﬂ’w _Aaﬁ’ Ba} ’ {ggﬁlw *NaBrys Aaﬁ: dgla} = {7704[37’ 0, B+ F}

- - 9.18
{g;é’y . 77(1677 Aag, dAa} = %TI {51haﬁ, —h;édhag + h;lAﬁhag — Aa, dAa —f‘ Aa N Aa} ( )

where the trace is taken in all the components. We thus obtain A = %TI"A and F = %TrF .

A rank-n bundle {h,g} such that §'{h.s} realizes a class in H?(X,S") is called a twisted
bundle or non-commutative bundle. For 3 the Bockstein homomorphism in degree 2 of the
sequence 0 — Z — R — S' — 0, we define ' = 3[6'{has}] € H*(X,Z). Thus, for the
relation 51haﬁ = gojﬁl7 * Nagy to hold, one must have:

B=Ws(Y) = (ly - (9.19)

This is the Freed-Witten anomaly equation for stack of branes. We remark that, while in the
abelian case the A-field corresponds to a reparametrization of the gerbe, in the non-abelian
case it provides another non-trivial gerbe, which tensor-multiplies the gerbe of the B-field.

The classification of configurations in this case is analogous to the case of a single brane,
allowing for the possibility of a non-commutative bundle when 3’ # 0. For ' = 0, we have
the same situation as before, with irrational Chern classes for non integral bundles.

9.7 Conclusions

We have classified the allowed configurations of B-field and A-field in type II superstring
backgrounds with a fixed set of D-branes, which are free of Freed-Witten anomaly. For a
single D-brane Y C X, we distinguish the following foundamental cases:

e B geometrically trivial, wy(Y) = 0: we fix the preferred gauge (1,0, 0), so that we have
(1,0, F) = §(h,—A) with (h,—A) a line bundle, up to the residual gauge symmetry;

e B flat: we fix the preferred gauge (g,0,0) so that we have (¢7'n,0,F) = §(h,—A)
with (h, —A) a “bundle” with, in general, a non-integral Chern class; the image in S!
of such a Chern class is given by Hol(Bly) — wa(Y'); even if this bundle has integral
Chern class, i.e., if Hol(B|y) = wy(Y'), in general it is defined only up to the torsion
part; if Hol(Bly) = wa(Y) = 0 we end up with the previous case so that we recover
the torsion part up to the residual gauge;
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e B generic: we fix a gauge (n,0, B) so that we have (1,0, F') = §(h, —A) with (h,—A)
a non-canonical line bundle, where non-canonicity is related to large gauge transfor-
mations B — B+ ® and F — F — ® for ® integral.

For a stack of coincident branes the situation is analogous, except for the possibility of
non-commutative bundles.

So far we have considered the case of one brane or stack of coincident branes. One
may wonder what happens when we have more than one non-coincident branes or stacks of
branes: this case is actually already included in the previous discussion, thinking of Y as
the disconnected union of all the world-volumes. In particular, the residual gauge symmetry
becomes an ambiguity corresponding to the restriction to each brane of a unique flat space-
time bundle. In physical terms this can be seen as follows: if we choose two cycles, one for
each brane, which are homologous in space-time but not necessarily homologically trivial,
since the difference is homologically trivial we can link them by an open string loop stretching
from one brane to the other. In this way we determine the holonomy on the difference, i.e.,
the difference of the holonomies on the two loops. We thus remain with a global uncertainty,
represented by flat space-time line bundles.

Let us briefly comment on the case of fractional branes coming from orbifolds. Using
the notation of [7], let I' be the internal orbifold group, whose regular representation splits
into M irreducible representations of dimensions d; for I = 0,..., M — 1, and let C; be the
corresponding cycles in the ADE-resolution of the orbifold singularity. B is taken flat on
the internal space and satisfying the formula sz B=d; /|| for I =1,...,M — 1, while,
on the last cycle, [ abB=- > £0 ) o B. Moreover one chooses F' on a cycle representing
Cy (to be subsequently shrunk) such that fCo F' =1, while, on the chosen representatives
of the other cycles, one chooses F' = 0. What does this mean in our language? One fixes a
gauge {1,0, B} on the whole internal space (7,3, = 1 because the manifold involved is spin),
supposing that the hypercocycle fixed on the representatives of the C}’s, for I # 0, is the
restriction of the global one: one thus gets F' = 0. On the representative of C, instead, we
consider a hypercocycle corresponding to the restriction of the global one, modified by an
automorphism of the gerbe which generates F' so that fCo F' = 1. In conclusion we obtain,
on Cy, {1,0, B4+ F'}. This is not the canonical gauge choice adopted in section 9.4 that gives
rise to a fractional bundle: had we made this choice, we would have obtained a bundle with
a fractional Chern class F', whose imagine in S* is given by Hol(B|¢,) = d; / |T|.
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Chapter 10

D-branes and K-theory

10.1 Overview

K-theory provides a good tool for classifying D-brane charges. In the case of vanishing
H-flux, there are two main approaches in the literature. The first one consists of applying
the Gysin map to the gauge bundle of the D-brane, obtaining a K-theory class in space-
time. This approach is motivated by Sen’s conjecture, stating that a generic configuration of
branes and antibranes with gauge bundle is equivalent, via tachyon condensation, to a stack
of coincident space-filling brane-antibrane pairs provided with an appropriate K-theory class.
The second approach consists of applying the Atiyah-Hirzebruch spectral sequence (AHSS)
to the Poincaré dual of the homology cycle of the D-brane: such a sequence rules out some
cycles affected by global world-sheet anomalies, e.g. Freed-Witten anomaly, and quotients
out some cycles which are actually unstable, e.g. MMS-instantons. We start assuming for
simplicity that the space-time and the D-brane world-volumes are compact. As we have seen
in the first part, for a given filtration of the space-time S = S 5 S? > ... 5 S, the second
step of AHSS is the cohomology of S, i.e. ES°(S) = HY(S,Z), while the last step of AHSS
is given by:

o) = Ker(KeS) — Ku(s)

Ker(K4(S) — K9(S9))

Hence, e.g. for IIB theory, given a D-brane world-volume WY, of even codimension ¢ =
10 — (p + 1) with gauge bundle £ — WY, if the Poincaré dual of WY}, in S survives until
the last step of AHSS, it determines a class {PDg(WY,)} € E%L°(S) whose representatives
are bundles belonging to Ker(K?(S) — K?(S971)).

These two approaches give different information, in particular AHSS does not take into
account the gauge bundle. Thanks to what we have seen in the first part about the link
between Gysin map and AHSS, we have the tools to relate the two approaches, always
assuming that the H-flux is vanishing. In fact, let us consider a Dp-brane Y, with world-
volume WY, C S and gauge bundle £ — WY, and let ¢ : WY, — S be the embedding. We
know that (F) € Ker(K4(S) — K?(S?')) for ¢ = 10 — (p+ 1), and that:

{PDs(WY)} pao = [0(E)] g0 -

Thus, we must first use AHSS to detect possible anomalies, then we can use the Gysin map

201
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to get the charge of a non-anomalous brane: such a charge belongs to the equivalence class
which we have reached by AHSS, so that Gysin map gives actually more rich information.

Moreover, we can compare this picture with the case of rational coefficients: since Chern
character provides isomorphisms K (S) ®z Q ~ H®(S,Q) and K'(S) ®z Q ~ H°¥(S,Q),
and since AHSS with rational coefficients degenerates at the second step, i.e. at the level
of cohomology, we gain a complete equivalence of the two K-theory approaches, being both
equivalent to the old cohomological classification. We now describe in more detail what we
have summarized up to now.

10.2 D-brane charges and K-theory - Part I

As we already said, for simplicity we start working assuming the ten-dimensional space-
time S to be compact, so that also a D-brane world-volume WY, is compact. This seems
not physically reasonable, but it has more meaning if we suppose to have performed Wick
rotation in space-time, so that we work in a euclidean setting. In this setting we loose the
physical interpretation of the D-brane world-volume as a volume moving in time and of the
charge ¢, actually all the homology class [q - Y, ], as conserved in time. Thus, rather than
considering the homology class of the D-brane volume at every instant of time, we prefer
to consider the homology class of the entire world-volume in .S, using standard homology
with compact support. The physical definition of the charge ¢ is the one we described
in minkowskian space-time, but we now work in this setting assuming the homology class
q - WY, to be the trajectory charge in the eculidean space-time. We will come back soon to
the usual picture.

10.2.1 Classification

For a Dp-brane with (p + 1)-dimensional world-volume WY, and charge ¢ we consider the
corresponding homology cycle in S

Zp+1(57 Z)

q-WY, € Hy1(5,Z) = B,1(S.Z)
D 5

by . s
= Z +1 @Z Zplz .
For what will follow, it is convenient to consider the cohomology of S rather than homology,
defining the charge density:
Z97P(S,7)
PDs(q-WY,) € H " P(S,Z) = = = 7" &, Z ni .

sl W) € HNS.2) = oy = T 1
The identity [0(¢ - WY,)] =~ PDg(q - WY,) ®z R holds under the canonical isomorphism
between the cohomology of currents and the singular cohomology with real coefficients.

This classification encounters some problems due to the presence of quantum anomalies.
Two remarkable examples are the followings:

e a brane wrapping a cycle WY, C S is Freed-Witten anomalous if W5(1WY}) # 0, hence
not all cycles are allowed (v. [31] and [24]);
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e given a world-volume WY, with W3(WY,) # 0, the cycle PDyy, (W3(WY},)) is a cycle
in WY, called MMS-instanton (v. [47]) and the charge of these branes cannot be
conserved.

The two points above imply that:
e the numerator Z°7P(S,Z) is too large, since it contains anomalous cycles;
e the denominator B7P(S,Z) is too small, since it does not cut instanton charges.

There are other possible anomalies, although not yet completely understood, some of which
are probably related to cycles not representable by a smooth submanifold (v. [25], [8] and
[24]).

We start by considering the case of world-volumes of even codimension in X, i.e. we start
with IIB superstring theory. To solve the problems mentioned above, one possible tool seems
to be the Atiyah-Hirzebruch spectral sequence (v. [4]). Given an appropriate filtration of
the space-time manifold S = S1g D -+ D Sy, such a spectral sequence starts from even-
dimensional simplicial cochains of S and, after a finite number of steps, it stabilizes to the
graded group E%0(S) = @,, Kok (S)/Kap11(S) where K,(S) = Ker(K(S) — K(S,)). We
can start from a representative of the Poincaré dual of the brane PDg(q - WY,), which in
our hypotheses is even-dimensional, and, if it survives until the last step, we arrive to a class
{PDs(q-WY,)} € Kg_,(S)/Kg_ps1(S). The even boundaries ds,dy, ... of this sequence are
0, hence the important ones are the odd boundaries. In particular, one can prove that:

e d; coincides with the ordinary coboundary operator, hence the second step is the even
cohomology of S (v. [61] and [4]);

e the cocycles not living in the kernel of d3 are Freed-Witten anomalous, while the
cocycles contained in its image are MMS-instantons (v. [24] and [47]).

As we will say in a while, there are good reasons to use K-theory to classify D-branes charges,
hence, although the physical meaning of higher-order boundaries is not completely clear, the
behaviour of d3 and the fact that the last step is directly related to K-theory suggest that
the class {PDg(q-WY,)} € E2 7 is a good candidate to be considered as the charge of the
D-brane. Summarizing, we saw two ways to classify D-brane cycle and charge:

e the homological classification, i.e. [q- WY,] € H,1(5,Z);

e the classification via AHSS, i.e. {PDg(q-WY,)} € EZP0(S).

10.2.2 K-theory from Sen conjecture
Gauge and gravitational couplings

Up to now we only considered the cycle wrapped by the D-brane world-volume. There are
other important features: the gauge bundle and the embedding in space-time, which enter
the action via the two following couplings:
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e the gauge coupling through the Chern character of the Chan-Paton bundle;

e the gravitational coupling through the A—genus of the tangent and the normal bundle
of the world-volume.

The unique non-anomalous form of these couplings, computed by Minasian and Moore in
[51], is:

S5 / i"C A Cch(E) A es A YATUYR) (10.1)

WY, A(N(WYy))

where i : WY, — S is the embedding, T(WY,) and N(WY,) are the tangent bundle and
the normal bundle of WY, in S, and d € H?*(WY,,Z) is a class whose restriction mod 2
is wo(N(WY,)). The polyform that multiplies i*C' has O-term equal to cho(E) = rk(E),
leading to the previous action for ¢ = rk(F). Hence, (10.1) is an extension of the minimal
coupling ¢ [ Cpy1, and the charge previously defined is restored as the rank of the gauge
bundle. In the case of anti-branes, we have to allow for negative charges, hence the gauge
bundle is actually a K-theory class: a generic class 2 — F' can be interpreted as a stack
of pairs of a brane Y and an anti-brane Y with gauge bundle £ and F respectively. For
iy H*(WY,, Q) — H*(S,Q) the Gysin map in cohomology, we define the charge density:

Qwy, = iy (ch(E) A et A —VA(T(WY”) . (10.2)

A(N(WYp))

Since new terms have appeared in the charge, we should discuss also their quantization, which
is not immediate since Chern character and A—genus are intrinsecally rational cohomology
classes. Actually, the expression (10.1) has meaning if we suppose C' to be globally defined,
i.e. if we suppose G to be trivial at any degree. Otherwise we have mixed terms with a
locally defined potential multiplying a rational form defined globally on WY,. We do not
discuss here these problems (see [53]).

We put for notational convenience:

The action (10.1) is equal to:
SD / i"CNGWY,).
PDywy, (ch(E))

Let {gx - WY} be the set of branes appearing in the Poincaré dual of ch(E) in WY,: the
first one is PDyy, (cho(£)) = q - WY, so the leading term is the old action without gauge
and gravitational couplings. The other ones are lower dimensional branes. Let us consider
the first one, i.e. WY; = PDywy,(chi(E)). Then the correponding term in the action is
Sy, *C A G(WY,), which can be written as [i,,. i*C' A G(WY1) + [y, i*C A (G(WY)) —
G(WY1)). Since in the second term of the sum G(WY,)—G(WY7) has O-term equal to 0, then



10.2. D-BRANE CHARGES AND K-THEORY - PART I 205

PDwy, (G(WY,) — G(WY))) is made only by lower-dimensional subbranes, so, proceeding
inductively until we arrive at DO-branes, we can write:

/ i"'C AG(WY,) Z/ CAG(WYyy)
WYy WYlh

where, for h = 0, it is WY, o = WY). Proceeding in the same way for every WY}, we obtain
a set of subbranes {q - WY} 1}, which, using only one index, we still denote by {¢; - WY} }.

Therefore we get:
SD / i"CNGWYy) .
2 o,

From this expression we see that the brane WY, with gauge and gravitational couplings is
equivalent to the set of sub-branes WY}, with trivial gauge bundle. Moreover we now show
that:
ix((B) AGWY,)) = Y (i) 4 G(WYi) (10.3)
k
i.e. the charge density of the two configurations is the same. To prove this, we recall the
formulas:

ig(aNTB) =ig(a) NS

/WYP . /Z# (10.4)

for o € H*(WY,,Q) and 8 € H*(S,Q). Thus:

/ PC A ch(E) A GOVY,) = / 4 [i"C A ch(E) A G(WY,)]
WY, S

/C/\z# (ch(E) A G(WY,))
s

Z/WY iCNGWYy) = Z/ ir) [i:C A GWYy)]
/SO A (k)4 (GWYR))

Since the two terms are equal for every form C, we get formula (10.3). We thus get:

Splitting principle: a brane Y with gauge bundle is equivalent to a set of sub-
branes Yy with trivial gauge bundle, such that the total charge density of the two
configurations is the same.

The physical interpretation of this conjecture is the phenomenon of tachyon condensation
(v. [66] and [24]): the quantization of strings extending from a brane to an antibrane leads
to a tachyonic mode, which represents an instability and generates a process of annihilation
of brane and antibrane world-volumes via an RG-flow (v. [1]), leaving lower dimensional
branes. In particular, given a brane Y, with gauge bundle £ — WY, we can write £ =
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(E—rk E)+1k E, so that E—tk E € f((WYp): thus we see this configuration as a triple made
by a brane Y, with gauge bundle rk £/, a brane Z, with gauge bundle £ and an antibrane
7, with gauge bundle rk E. Thus, by tachyon condensation, only Y, remains (with trivial
bundle, i.e., only with its own charge), while Z, and 7p annihilate giving rise to lower
dimensional branes with trivial bundle, as stated in the splitting principle. Moreover, if we
consider a stack of pairs (Y,,Y,) with gauge bundles E and F respectively, this is equivalent
to consider gauge bundles E @ G and F & G respectively, since, viewing the factor G as a
stack of pairs (Z,, Z,) with the same gauge bundle, we have that by tachyon condensation
Zp and Zp disappear, leaving no other subbranes. This is exactly the physical interpretation
of the stable equivalence relation of K-theory. This principle, as we will see, is an inverse of
Sen conjecture, but we will actully use it to show Sen conjecture in this setting.

Remark: the splitting principle holds only at rational level, since it involves Chern char-
acters and A-genus. At integral level, we do not state such a principle.

K-theory

Since we are assuming the the H-flux vanighes, in order not to be Freed-Witten anomalous
the brane must be spin®, hence, since the whole space-time is spin®, also the normal bundle
is. Thus we can consider the K-theory Gysin map i : K(WY,) — K(S). We recall the
differentiable Riemann-Roch theorem (v. [37] and [56]):

ch(ii(E)) A A(TS) = iy (ch(E) A ez A A(T(WY,))) . (10.5)
Using (10.5) and (10.4) we obtain:

"Che e (TWYy) ch (i A
/WYP CAch(E) A A\/ivay C’/\ h(i(E)) A A(TS) .

Thus we get:
S D /C/\ch(z’g(E)) A A(TS)
S
Qwy, = ch(ilE) A/ A(TS) . (10.6)

In this way, (10.6) is another expression for Qyyy, with respect to (10.2), but with an impor-

hence:

tant difference: the A-factor does not depend on Y,, hence all Qwy, is a function only of E.
Thus, we can consider 9/ F as the K-theory analogue of the charge density, considered as an
integral K-theory class. The use of Chern characters, instead, obliges to consider rational
classes, which, although they have to come from integral ones for Dirac quantization, cannot
contain torsion.

Sen conjecture

Let us consider the two expressions found for the rational charge density:

QWy, = iz (ch(E) AG(WY,))

QP = ch(iE) A\ A(TS) .
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QE/{Q/)Y,, is exactly the charge density of a D9-brane (whose world-volume coincides with ),
whose gauge bundle is the K-theory class #/F. Hence, expressing the charge in the form
Q%,IQ,)YP for each brane in our background is equivalent to thinking that there exists only one
couple brane-antibrane of dimension 9 encoding all the dynamics. Hence we formulate the
conjecture (v. [62] and [66]):

Sen conjecture: every configuration of branes and anti-branes with any gauge
bundle is dynamically equivalent to a configuration with only a stack of coincident
pairs brane-antibrane of dimension 9 with an appropriate K-theory class on it.

To see that the dgfnamlcs is actually equivalent, we use the splitting principle stated above
since QWY = Qyyy,, the brane Y, with the charge QWY and the D9-brane with charge QWY
split into the same set of subbranes (with trivial gauge bundle). We remark that to state
Sen conjecture is necessary that the H-flux vanishes. Indeed, space-time is spin® (space-time
spinors exist), hence Freed-Witten anomaly cancellation for D9-branes requires that H = 0.
Actually, an appropriate stack of D9-branes can be consistent for H a torsion class, but we
do not consider this case in the present paper.

To formulate both the splitting principle and the Sen conjecture, we only considered the
action, hence only rational classes given by Chern characters and A-genus. Thus, we can
classify the charge density in the two following ways:

e as a rational cohomology class ix(ch(E) A G(WY,)) € HV(S,Q);
e as a rational K-theory class i/ € Kg(S5) := K(5) ®z Q.

These two classification schemes are completely equivalent due to the fact that the Chern

character:
ch(-) AA(TS) : Ko(S) — H*(S,Q)

is an isomorphism. This equivalence is lost at integral level, since the torsion part of K(S)
and H®(S,7Z) are in general different. Moreover, since at integral level we do not apply the
splitting principle, we do not really have Sen conjecture: the classification via Gysin map
and cohomology are different, and the use of Gysin map is just suggested by the equivalence
at rational level, i.e., by the equivalene of the dynamics.

Moreover, for the integral case, we saw also the classification via AHSS. In the rational
case, we can build the corresponding sequence AHSSg (v. [4]), terminating at the groups
Q%-0(S), but it stabilizes at the second step, i.e. at the cohomology level. Hence, the
class {ig(ch(E) A G(WY,))} € Q=°(S) is completely equivalent to the cohomology class
i (ch(E) A GVY,)) € H(S,Q).

10.2.3 Linking the classifications

To summarize, we are trying to classify charges of D-branes in a compact euclidean space-
time S. To achieve this, we can use cohomology or K-theory, with integer or rational
coefficients, obtaining the possibilities showed in table 10.1.
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Integer Rational

Cohomology PDg(q-WY,) € HP(S,Z) | ig(ch(E)AG(WY,)) € H(S,Q)
K-theory (Gysin map) | i/(E) € K(S) iW(F) € Ko(S)

K-theory (AHSS) {PDs(q- WY,)} € EXPO(S) | {ig(ch(E) AG(WY,))} € Q°(S)

Table 10.1: Classifications

In the rational case, as we have seen, there is a complete equivalence of the three ap-
proaches, since the three groups we consider, i.e. @,, H*(S5,Q), Kg(S) and 6, Q*-°(S)
are all canonically isomorphic. Instead, in the integral case there are not such isomorphisms
(the three groups are all different), and there is a strong asymmetry due to the fact that in
the homological and AHSS classifications the gauge bundle and the gravitational coupling are
not considered at all, while they are of course taken into account in the Gysin map approach.
Up to now we discussed the case of even-codimensional branes: that is because the Gysin
map requires an even-dimensional normal bundle to be defined. We will discuss also the
odd-dimensional case, considering the brane embedded in the suspension S*S of space-time,
and the picture will be similar.

Since the integral approaches are not equivalent, we have to investigate the relations
among them: it is clear how to link the cohomogical class and the AHSS class, since the
second step of AHSS is exactly the cohomology. Since we have seen the link between Gysin
map and Atiyah-Hirzebruch spectral sequence, we can also link these two approaches. In
fact, let us consider a Dp-brane Y, with world-volume WY, C S and gauge bundle £ — WY,
and let i : WY, — S be the embedding. We proved that i/(E) € Ker(K?(S) — K?(S77!))
for ¢ =10 — (p+ 1), and that:

{PDs(WYp)} a0 = [ir(E)] g0 -

Thus, we can use AHSS to detect possible anomalies, then we can use the Gysin map to
get the charge of a non-anomalous brane: such a charge belongs to the equivalence class
which we have reached by AHSS, so that Gysin map gives more rich information. Two
different bundles give the same information at the degree 9 — p, hence, their difference at
this degree is a coboundary for some step of AHSS and so it carries zero charge. That’s
because the E977:9(S)-class depends only on the restriction to the (9 — p)-skeleton of a CW-
decomposition. Maybe the non-triviality of the bundle and the embedding can be seen at
higher degrees: but, while for the rational case we have a complete splitting of 4,(F) in all
the degrees of Q<'°(S) or Q°44:9(S), this is not possibile at integral level, at least if the
cohomology has torsion (the only case in which integral and rational classifications are really
different). Thus, at integral level, we consider the AHSS-class {PDg(q- WY,)} € ELP°(S)
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as giving weaker information with respect to the K-theory class i/(E) € K(S), with the
linking given by the fact that the AHSS-class is exactly [ii(E)] € E%79(9).

10.3 D-brane charges and K-theory - Part II

We now rediscuss the topics of section 10.2 without assuming compactness of space-time.
We consider S = RY x X for X compact. We will consider later also the case of X non
compact. In a fixed reference frame, we call M = R? x X the space manifold. We assume
the background metric to be the classical minkowski one 7* on RY3.

10.3.1 Review of cohomological description

To calculate g, we think of the brane as a magnetic monopole, i.e., as a source for violation of
Bianchi identity of the associated magnetic Ramond-Ramond field strength. For the p-brane
Y, let us consider the corresponding magnetic field strength Gs_, and electric field strength
Gpi2 = *Gg_,. The violated Bianchi identity for the world-volume WY/, is:

dGs_, = 6(q-WY,) . (10.7)
In cohomology we get:

[dGs—p] = PDpar(s,(myss wyy))tm (€ - W) .
For every fixed instant ¢, we put M; = {t} x M and Y,; = WY, N M,;. Then:

[th(Gg—p|Mt> ]Cpt = PDMt(q ’ Y;Jat> :

We now consider a linking (8 — p)-cycle L of WY}, in S with linking number [: by definition,
there exists a (9 — p)-chain B such that #(B,Y) =1 and L = 9B. Then (v. [58]):

1 1 1
q:—/é(q-WY;):—/ng_p:—/Gg_p. (108)
L) L UL

This is the way we recover ¢ from the background data. The case ¢ < 0 corresponds to anti-
branes. The charge q is conserved in time, actually all the homology class of the D-brane
is conserved. In fact, in a fixed reference frame, let us consider two volumes Y, ; and Y, ,,.
Then we can consider the piece of the world-volume linking them, which is (WY})|, to]x M-
If we consider the canonical identification M;, ~ M;, ~ M, we can consider both Y;, and Y},
as cycles in M. If we consider the projection 7 : [t1,t5] x M — M, then 7((WY})|x, to]xm)
is a singular chain in M which makes Y;, and Y;, homologous. Thus they have the same
Poincaré dual and they define the same charge.

10.3.2 K-theoretical description

In [27], within the standard homological description of D-brane charges, we described the
D-brane charge density as a class:

((WRL?’ (WYP))Lﬂr) (

lq-WY,]em R' x X)
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leading, for a fixed reference frame, to a charge conserved in time:

s 1
(Y] & 10

R? x X) .
We can describe analogously the D-brane charge within the K-theoretical picture. In par-
ticular we define the D-brane charge density as:

((WR113 (WYP))LJT) (

(WY, E,i)] € K R x X)

and we can show that, for a fixed reference frame, it leads to a charge conserved in time:

. BM ( (73 (Yp,t)) &,
(Yo, Bniy)) € 1M 00057

R® x X) .
The fact that it is conserved in time depends on the fact that if we fix two volumes Y, ;, and
Y, +, we can consider the piece of the world-volume linking them, which is (WY,)|, to)xar- If
we consider the canonical identification M;, ~ M;, ~ M we can see both Y;, and Y;, as cycles
in M. If we consider the projection 7 : [t1,t5] x M — M, then (WY1, ta1x 0 E| [t to]x M T ©
i|t1,40)x ) makes Y3, and Y;, K-homologous in M.

We remark that K-homology is 2-periodic, thus only the parity of the gradation index is
relevant. We also remark that the class conserved in time belongs to standard K-homology
if the D-brane is a particle in the non-compact space-time directions R3.

We can now consider the corresponding cohomological version, involving in particular K-
theory. Actually the approach via Gysin map turns out to be equivalent to the one via
K-homology thanks to what we said in subsection 4.5.3. In particular, we define the charge
density simply applying the Poincaré dual, which we have seen to correspond to the Gysin
map. Thus we get the charged density:

[iWE) € K°7°

1,3
Cpt((ﬂ'RLg (WYP))lJr) (R X X>

and the charge conserved in time:

[(i)(Ey)] € K79 (R x X) .

cpt((wR;g (Yp,t))i,ﬂ)

The latter is conserved since it is the Poincaré dual of a conserved K-homology class. This
does not seem so evident if we consier directly the K-theoretical approach without referring
to K-homology. Morover, we immediately see that charges in IIB theory are classified by
K°(S) and in ITA theory by K'(S): the K-homology cycle has naturally the same dimension
of the D-brane world-volume (since the gauge bundle lives in K°(WY,), so the dimension of
the cycle is the one of WY,), thus by Poincaré duality and considering the periodicity we
get the analogous result for K-theory. We remark that the class conserved in time belong
to usual K-theory if the D-brane is space-filling, which is actually a particular case by this
point of view. For this case, the same considerations of [27] apply.
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We now consider AHSS. In this case, since to have finite convergence of the spectral
sequence we need to work with a finite CW-complex, we consider the one-point compacti-
fication in the direction of the brane in R»3 and the disc compactification in the ortogonal
directions, so that the brane becomes a non-trivial cycle with the suitable compactness
hypoteses. Thus, calling V = (713 (WY,))* we get the charge density:

[PDs(q- WY;)} € ELP0(V+ x VT x X)
and, calling W = (mgs(Y,,))*, the charge conserved in time:
{PDs(q-Y,)} € EXPO(WT x WL x X) .

The same relation between Gysin map and AHSS holds.

We can now show the analogous table of 10.1 without assuming compactness. In particular,
we get table 10.2 for the world-volume charge and table 10.3 for the charge conserved in time.
In any case the charge conserved in time is the restriction at a fixed instant of the world-
volume charge, and the link between the three charges is analogous to the one we found
assuming compactness of space-time.
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Integer
Tl D 1 _
Cohomology pp M (e a WD 5m) 1y ¢ o (S, 2)

ept (1,3 (WY3)) L)

K-theory (Gysin map)

. 9—p
i(E) € cht((WRLs(WYp))lv”) (5)

K-theory (AHSS)

{PD(g- WY,)} € E%((mans(WY;))* x (maa(WY,))7 x X)

Table 10.2: World-volume charge

Integer

Cohomology

o3 (Yp,t J‘,7r _
M (0" 7) (0 v 1y e o (M. Z)

cpt ( (g3 (Yp,t))+ ,7'(')

K-theory (Gysin map)

. 9—p
(Zt)! (Et) € cht((ﬂRs (Ypyt))l’ﬂ) (M)

K-theory (AHSS)

{PD(q- WY,)} € BP0 ((mea (Ypu))* X (s (Y0)) - x X))

Table 10.3: Charge conserved in time
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Pinors and spinors
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Chapter 11

General theory

11.1 General definitions

11.1.1 Clifford algebras

Definition 11.1.1 Given a real vector space with a bilinear form (V,(-,-)) its Clifford al-
gebra CI(V, (-,-)) is obtained from the free unit algebra generated by V' and 1 quotienting by
the relations:

{v,w} = =2(v,w) .

We denote:
e Cl(n) = CI(R", g) with the usual euclidean scalar product g;

e Cl(p,q) = CI(RPT9, nP1) with nP¢ the standard form of signature (p, ). In particular,
Cl(1,n — 1) = CI(R",n) with n the usual minkowskian metric.

Given a clifford algebra Cl(V'), we have a natural embedding V' C CI(V), and its image
generates C1(V'). Hence we have the following splitting:

CI(V) = CI°(V) @ C1Y(V) (11.1)

where C1°(V) is the subalgebra generated by products of an even number of vectors and
C1'(V) is the subspace (not subalgebra!) generated by products of an odd number of vectors.
It is easy to verify that this gives a structure of Zs-graded algebra to C1(V'). If we define the
involution:

L: Cl(V) — CI(V)

defined by «(v; - - -v,) = v, - - - v1 and extended by linearity, we have that C1°(V) and C1'(V)
are the eigenspaces of 1 and —1 of «.

Given a clifford algebra C1(V'), we can consider its complexification:
Cl(V) =ClV) g C.

215
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The complexified algebra still has a natural splitting:
Cl(V) = CI°(V) @ C1Y(V) (11.2)

defined in the same way since the vectors still generate (by products and complex linear
combinations) the algebra. Clearly C1°(V') and CI'(V) are the complexifications of C1°(V)
and C1'(V).

11.1.2 Pin and Spin

Definition 11.1.2 Let V be a real vector space and CI(V') its associated Clifford algebra.
We define a unit vector as a vector of V. C Cl(V') with square norm +1. Then:

e Pin(V) is the subgroup of (CI(V),-) whose elements are products of unit vectors and
41

e Spin(V) = Pin(V) N C1°(V) is the subgroup of (C1(V),-) whose elements are +1 and
even products of unit vectors.

We can define an action Ad of the non-null vectors of V' C CI(V) on V itself and this
action naturally extends to Pin(V') and Spin(V'). In particular, we put:

Ady(w) = —v-w-vt. (11.3)

It is easy to verify that, for non-degenerate bilinear forms, Ad, is the reflection with respect

to the hyperplane v*, so that in particular Ad,(V) = VVo € V. In fact, decomposing

w = av + Bvt and considering that v=! = —W, we have:

1 1
Ad,(w) = ol v (qv+ pvt) v = e (av® — Bv*vt) = —av + o+ .

Since reflections are generators of orthogonal transformations, we have a natural surjective
map:

m:Pin(V) - O(V) .

mis a 2 : 1 covering, since the reflection with respect to v or —v is the same operation, i.e.,
Ker(m) = £1. Since a product of an even number of reflections is a rotation and viceversa,
7 restricts to a surjection:

7 Spin(V) — SO(V)

which is still a 2 : 1 covering with kernel £1.

Remark: the groups O(V') and SO(V') are thought with respect to the fixed metric (or
pseudo-metric) (-, ).
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11.1.3 The structure of complex Clifford algebras

We start from the structure of the complexified Clifford algebras, since it is particulary
simple. First of all, it is clear that Cl(p, ¢) ~ Cl(p+q), since Cl(p, ¢) is canonically isomorphic
to the free algebra obtained from the complex vector space CP™? with the scalar product
extended by linearity! and with relations {v,w} = —2(v,w): since the extended product
depends up to isomorphism only on the rank p + ¢, we get Cl(p, q) ~ Cl(p + q).

Lemma 11.1.1 There is an isomorphism:
Cl(n + 2) ~ Cl(n) ®c CI(2)
given in the following way:
o we consider on C" the C-linear extension of the euclidean scalar product of R";

e we fir {e1,...,e,} an orthonomal basis of C", {€, eh} an orthonomal basis of C* and
{f1,- s fn, fasts faro} an orthonomal basis of C™2;

then an isomorphism is:

1 — 1

fi = el ®iele
AN

I en ® 1€} e,

H
fn-i—l - 1®€/1
fn+2 - 1®€/2 .

Proof: It is easy to prove that the images of the f;’s are linearly independent in Cl(n) ®¢
Cl(2). We now verify the behaviour with respect to the product. We first notice that
(ieheh)? = —eicheleh = (¢h)2(eh)? = (=1)(~1) = 1. Thus:

o {¢, ®ieleh, e; Rieley} = {ei e} @ (iehey)? = =, ® 1 = =5
o {I®ej, 1®ej} =1® {e], e} = —dij;
o {e; ®ieley, 1® e} = e; Ri(ejeye] + ehefey) = 0.

Thus the linear mapping in the statement can be extended to an algebra homomorphism
and, by dimensional reason, it is an isomorphism. []

Lemma 11.1.2
1. ClI(1) »Ca C;

2. C1(2) ~ M(2,C).

IThus the extension is a bilinear form, not an hermitian product.
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Proof: For the first, Cl(1) is generated by 1 and eq with e = —1. Let us consider the base
Vo = %(1 +eg) and vy = %(1 —¢€p). Then it is easy to prove that (agvy + a1v1)(Bove + F1v1) =
(cvoBo)vo + (a1 81)v1, so that Cl(1) ~ C @ C.

For the second, Cl(2) is generated by 1,eg,e; with e = —1 and {eg,e;} = 0. Let us
consider the following map Cl(2) — M(2,C):

1 10 . 1 0 . 0 1
01 7o i T |-1 0"
It is easy to prove that this map is an algebra isomorphism. []

From the two previous lemmas, we immediately deduce the following theorem:

Theorem 11.1.3
o CI(2k) ~ M(2%,C);
o CI(2k +1) ~ M(2*,C) @ M(2*,C).

4

11.1.4 The structure of real Clifford algebras
11.1.5 Spinors

Even-dimensional case

Let us start with the even-dimensional case: since Cl(2k) ~ M (2% C), it has a unique
irreducible representation ® up to isomorphism, i.e., the foundamental one acting on Cc?*
by matrix multiplication. For p + ¢ = 2k, one has Spin(p, q) C Cl(p,q) C CI(2k), thus &
restricts to a representation p : Spin(p, ¢) — GL(2F,C).

Definition 11.1.3 The elements of C¥*, thought as a Spin(p, q)-module, are called (p,q)-
Dirac spinors.

Although the representation of Cl(2k) on C2' is irreducible, its restriction of Spin(p, q)
is not. In fact, for an orthonormal basis {ej,...,ea} of RPT7 let us consider the product
e = e;---ey € Spin(p,q) C Cl(2k). It anti-commutes with every e;, since e; - --egre; =
(—1)%*~Leje; -+ - eg, (the —1 at the exponent is due to the fact that when e; encounters
itself there is no exchange to do), thus it commutes with every element of Spin(p, q), since
the latter are linear combinations of even products e;, - - - e;,,: hence, e is a Casimir of the
representation p. Moreover:

e* =ej-egper gy = (1) (1) (212 e
(2k—1)-2k

e e e

thus the only possible eigenvalues of p(e?) are +1 for k + p even and =+ for k + p odd.
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Definition 11.1.4 The chirality element of Cl(p, q), with p + q = 2k, is:
e, =" Pey e .

In this way the eigenvalues of e, are always £1. Therefore, the representation p splits into
two representations c*=5te S ~, where ST are the +1-eigenspaces of e.. It turns out
that ST and S— are irreducible.

Definition 11.1.5 The elements of St and S™, thought as Spin(p, q)-modules, are called
Weyl spinors or chiral spinors.

Since Cl(p, q¢) C Cl(2k), we can restrict the foundamental representation ® to a complex
representation ¢ : Cl(p,q) — M(2¥,C). Identifying C2" with R2*"", we can also think ¢
as a real representation g : Cl(p,q) — M(2*1 R). It can happen that ¢g is reducible in
R2"™ = Sg & iSk. If, for example, we can represent Cl(p, q) by real matrices, we can choose
Sg = R2". Since Spin(p,¢) C Cl(p, q), when we have such a decomposition we can restrict

@R to pr : Spin(p, ¢) — Endgr(Sg).

Definition 11.1.6 The elements of Sg, thought as a Spin(p, q¢)-module, are called Majorana
spinors.

When Sy exists, it may be compatible with the chirality decomposition or not, i.e, it can
happen that Sg = S @ Sy for S = Sp N S*.

Definition 11.1.7 The elements ofoRf, thought as a Spin(p, q)-module, are called Majorana-
Weyl spinors.

Odd-dimensional case

11.1.6 Lie algebra of the spin group

Since Spin(p, q) C Cl(p, q), the latter being a vector space, we have that the Lie algebra of
Spin(p, q), i.e., s0(p, ¢), can be naturally embedded in the tangent space T1Cl(p, q) ~ Cl(p, q).
We claim that, for an orthonormal basis ey, . .., e, of (RPT9 nP?) the Lie algebra is generated
as a vector space by the double products e;e; for ¢ < j. In fact, if e; and e; have both square
norm 1 or —1 we can consider, for any ¢ € R, the unit vector u(t) = — cos(t)e; + sin(t)es
and the curve in Spin(p, ¢) given by ¢(t) = ey - u(t) = cos(t) +sin(t)ejes. Then, ¢(0) = e;es.
Instead, if e; and e; have square norm with opposite sign, we consider u(t) = — cosh(t)e; +
sinh(t)es and we argue in the same way. Thus, the vector space (e;e;);<; is contained in the
Lie algebra: for dimensional reason, it coincides with it.

We now claim that an explicit isomorphism from so(p, q) thought as the Lie algebra of
SO(p,q) C GL(p + ¢,R), and so(p, q) thought as the Lie algebra of Spin(p,q) C Cl(p,q), is
given by:

MO S oo
2
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for ¢ < j. In fact, we just need to check the commutator rules of the r.h.s.:
[Beacs, beues] = Seucatnes — cutucacs)
so that we have the following two possibilities:

o if {a, 5}N{u,v} =0, then e, e, eqne5 = eqepe e, since we have to perform two exchanges
for e, and two for e,, getting (—1)* = 1; in this case the commutator is 0;

o if, for example, o = p, we have eqege e, = —n*“ege, and eye,eneg = —n*eep =
n*“ege,, so that the anticommutator gives —%n‘megeu, coherently with the fact that
(M@ M(@)] = —pee VA Similarly for the other cases.

Remark: Usually %eiej is written in the form }l[ei, e;].

11.2 Two dimensional spinors

11.2.1 Clifford algebras of dimension 1 and 2
Lemma 11.2.1

e Cl(1) =C, CI(1,0) = R® R;

o CI(2) =H, CI(1,1) = M(2,R).

Proof: CI(1) = (1,e;) with €2 = —1, hence identifying e; with ¢ we have the isomorphism
with C. Morover, CI(1,0) = (1,e;) with e} = 1. If we put eg := 1(1 £ ¢;), we have that
CI(1,0) = (e_,e,) with €2 = e and e_e; = 0. Hence the isomorphism with R @ R is
obtained by the identifications e_ ~ (1,0) and e ~ (0, 1).

We have that C1(2) = (1,e1, e, e1e2) with €3 = €3 = —1 and (e1e2)? = —1. It is easy to
verify that the identifications e; ~ i, e3 ~ j, e3 ~ k give the isomorphism with H. Finally,
Cl(2) = (1, ey, €9, e169) with e? = 1, €2 = —1 and (eje3)* = 1. The isomorphism with M (2, R)
can be given for example by the identifications:

Lo 10 0 1 0 -1
01| @ 0 1| 2~ |-1 o] @2~ |1 o]
0

Cl(1,1) is obviously a real subalgebra of M (2,C). The same is true for Cl(2), since H can
be described by the matrices of the form:

[_(% g], a,e€C.

So we have for example the identifications:

Lo i 0 0 1 0 i
01 0o —i| 27 |=1 0ol 27| o
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and Cl(2) is given by the real combinations of these matrices. Hence, we have the following
lemma:

Lemma 11.2.2
e Cl(1) =CI(1,0) =Ca C;
e Cl(2) =CI(1,1) = M(2,C).

g

Remark: The lemma is a particular case of a general fact: the complexification Cl(p, q)
depends only on p + q.

11.2.2 Pin and Spin in the euclidean case

The generic unit vector in C1(2) is given by ug = cos(6)e; + sin(#)eq, while the generic vector
is v = Aey + pes. The product of two unit vector is given by:

uy - ug = (cos(y)e + sin(v)es) - (cos(f)er + sin(f)e)
= cos(m + 1 — 0) +sin(m + ¢ — 0)eeq (11.4)
= cos(p) + sin(p)eses.

We have proven that the generic unit vector ug acts on R? as reflection along the hyperplane
uy. One can easily verify (just looking at the action on e; and ey) that the representative
—cos(20) —sin(20)
—sin(20)  cos(20)
one can verify that the composition of two reflections u,, - ug is a rotation by 2(¢» — ), i.e.,
a rotation by 2p.?

matrix of such reflection is . Multiplying the representative matrices

Now we verify these relation within the Clifford algebra C1(2). We choose representative
matrices so that the elements of the spin group (11.4) are rotations:

Lo i 0 0 i 0 —1
01l 700 —i| 27| ol 27|11 o

Hence, we have:

o = [néﬁi —n% (11.5)
cos(p) —Siﬂ(P)}

Sp = Uy - Ug = {sin(p) cos(p)

2To verify the representative matrix we can also check that the vector (cos(#),sin(6)) is sent to its opposite
and that its ortogonal (— sin(6),cos(f)) is sent into itself. Moreover, we can see that ug and —uy generate
the same reflection, since —ug = w19, but 2(7 + 0) = 26.
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where p = 741 — . In particular, we see that Spin(2) ~ SO(2), they are both isomorphic
to U(1) via s, — €. The generic vector v = ey + pesy is given by:

i
v Lﬂ —i/\] '

We can now explicitely calculate the action of Pin(2) and Spin(2) on R? starting from
Spin(2):

_[cos(p) —sin(p)| [iA dip cos(p)  sin(p)
5p(v) = {sin(p) cos(p) ] L',u —M} [— sin(p) COS(p):|
_ {)\ cos(2p) — psin(2p)  Asin(2p) + pcos(2p)

Asin(2p) + pecos(2p)  psin(2p) — Acos(2p)

corresponding to the vector:

{008(2,0) — sin(Zp)] H

sin(2p)  cos(2p) | |u]|”

Similarly:

__licos(0) isin(f) | A dp | [—icos(f) —isin(0)
up(v) = L sin(0) —i cos(@)] L’,u —i)\} [—i sin(f)  icos(6) }
. {—)\ cos(20) — pusin(20) —Asin(20) + ,ucos(QG)]

I sin(20) + pcos(26) A cos(260) + psin(26)

and the result corresponds, as aspected, to the vector:

[Zootan —sman) [a]

SO(2) is connected, while O(2) has two connected component, diffeomorphic one to the
other: one is SO(2), which is a subgroup, the other is O(2) and is given by the trasfomations
connected to —1. Similarly, Spin(2) is connected, since it is a 2:1 covering of the connectet
group SO(2) with kernel £1, and 1 and —1 are in the same connected component: in fact,
consider the path ¢(t) = cos(mt) + sin(nt)ejes. Instead, Pin(2) as two connected component
Spin(2) and Pin(2), which are connected coverings of SO(2) and O(2). As Spin(2) ~ SO(2),
similarly Pin(2) ~ O(2).

11.2.3 Two dimensional euclidean spinors

We now construct the complex spinor representation. Since Cl(2) = M(2,C), then C? is
naturally an irriducible Cl(2)-module, which we denote by S. By the embedding Spin(2) C
Cl(2) c Cl(2), we can consider S as a representation of Spin(2). By (11.5), we can see that
the generic element s, acts on S simply as a rotation by p, extended by C-linearity.

3Thus, the group manifold of O(2) is S* x S*.
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S is irreducible as Cl(2)-module, but it become reducible with rispect to Spin(2). Infact,
we have two joint eigenspaces for Spin(2)-elements:

i ][] i)
ot e | 1 = 1

Hence we have a splitting S = S~ @ ST, with S* = C as vector space, on which an element
of Spin(2) acts as a real rotation by —p and p respectively.

n O

(11.6)

(@]

Definition 11.2.1 The elements of S are called (2-dimensional) spinors or Dirac spinors,
the elements of S~ and ST are called chiral spinors or Weyl spinors.

We have seen two actions of the spin group:
e s, acts via Ad on R? C Cl(2) as a rotation by 2p;
e s, acts on S* by a rotation of +p.

The first action is actually an action of SO(2), since s, = S 4, in particular —1 = s, = 1.
The second one, instead, is an action of Spin(2) not passing to the quotient. As Spin(2) is
a 2:1 covering of SO(2), similarly we can see ST as a 2:1 covering of R?, but we have to
remove the origin. In particular, we construct a morphism of (real) representations sending
a vector r - ¢ € ST ~ C to the vector r - e*%? ¢ R? ~ C. The explicit morphisms, which
are 2:1 covering outside 0, are given by:

o S L R?
R I

We can thus imagine a Weyl spinor as a vector corresponding to its double-rotated, so
that a vector and its opposite have the same image. A Dirac spinor is simply a couple of
Weyl spinors rotating in opposite directions.

Moreover, the representative matrix of s, is real. Hence we have a decomposition of S = C?
in two real representations C? = R? @ iR?, which we denote by S = Sk @ iSk.

Definition 11.2.2 The elements of Sg and iSg are called (2-dimensional) Majorana spinors.

Looking at the action of Spin(2) on Sg and iSg, it is a usual rotation. This is due to
the fact that Spin(2) ~ SO(2) since they are both isomorphic to U(1). However, it is not
correct to reduce this action to rotations via a covering of R?, since there is not a definite
chirality.
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Remark: the fact that the components of a Majorana spinor are both real or both imagi-
nary, is a consequence of the fact that we have represented e;es by a real matrix. Otherwise,
we would however have the decomposition of S in two real representations of Spin(2), each
formed by real linear combinations of two fixed complex vectors.

We obtained two splittings of S, given by S = S~ @ ST and S = Sg @ iSg. These two
decomposition are not compatible, in the sense that the factors of the Majorana splitting
are not themselves splitted by the Weyl decomposition, i.e., Majorana- Weyl spinors does not
exist in the two-dimensional euclidean setting.

11.2.4 Pin and Spin in the minkowskian case

Let us now analyze the structure of SO(1,1) and O(1, 1). If we fix the vector e; = (1,0) € R?,
a euclidean rotation by € moves it to the unit vector ey such that 6 is the lenght of the arc
in S* between e; and eg. In the minkowskian setting, let us consider the right component of
the hyperbola H' = 22 — 4% = 1: it is the hyperbola with asympotics y = x and y = —x,
passing through (1,0). A minkowskian rotation by 6 moves e; to the vector ey such that 6
is the length of the arc in H' between e; and ey. The matrix of such rotation is:

[cosh(e) smhw)} , (11.8)

sinh(0) cosh(0)

The behaviour of e; = (0, 1) is analogous for the upper component of the hyperbola z? —y? =
—1. Any vector (v, vs) moves on the hyperbola 2 — y? = 4-a? passing through it. Actually
SO(1,1) is not connected: the transformations (11.8) are the component SO°(1, 1) connected
to the identity.

The other component is SO'(1,1), connected to the inversion ¢ : (vy,v3) — (—vy, —vs).
It is made by transformations obtained composing ¢ with anyone of (11.8). In particular,
¢ flips the two components of the hyperbola passing through a point. The matrix of such
transformations are:

{_ cosh(¢)  sinh(f) } (11.9)

sinh(f)  — cosh(#)

~O(1,1) has 4 connected components: two are SO°(1, 1) and SO'(1, 1), the other two are
0°(1,1), connected to the time inversion® 7 : (vy,v2) — (vy, —v3), and O*(1,1), connected
to the space inversion® & : (vy,vs) — (—vy,v9). Matrices for such tranformations are:

—cosh(f) sinh(0)

~0 cosh(f) —sinh(6)
0°(1,1) ~ { } —sinh(0) cosh(6)

o
sinh(6) — cosh(6) O (1 1) [
We then define in the obvious way O°(1,1) = SO°(1, 1) UO0°(1,1) and O'(1,1) = SO'(1,1)U
O'(1,1). Of course, SO°(1,1) and O°(1,1) are subgroups, while SO'(1,1) and O'(1,1) are
cosets.

4Time is the negative-definite direction.
5We could exchange the definitions of O°(1,1) and O'(1, 1), since they are not canonical.
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The generic unit vector in CI(1,1) is given by:

ui = sinh(f)e; & cosh(f)eq, |lugl> =1
-

vy = 4 cosh(f)e; + sinh(f)eq, |vg]|?> = —1 (11.10)
The product of two unit vector can be of the form:
+ _ :
:i = + C,()S}l;l(p) + smlﬁ(p)el@ (11.11)
P sinh(p) =+ cosh(p)er ez

In particular, the following relations hold:

+ 4+ - + ,F _ .+ + ., F _ -

Uy Uy = Spgg) Yy U = Sire) Vv Yo = Siyto)

vl = st utuf =t7 ut ol =t

i i +(1p—8) iz) 0 f(wfe) f f +(p+0)°
Lot o — 4 — g

Si 5p = Sf(mp) 31 Si = St(y+6) tl ty = Sf(w+9)
L = tE =17 At =

by lp =5iw-e) Sl =liw-e Splp =ligie);

Of course Spin(1,1) is not connected, since there is at least the topological subdivision
Spin(1,1) = Spin®(1,1) U Spin'(1, 1), but it turns out that neither Spin®(1,1) is connected,
since Spin(1,1) is the trivial 2:1 covering SO(1,1) x SO(1,1). In particular, Spin(1,1) has
the 4 connected components corresponding to (11.11).

We have proven that the generic unit vector ug acts on R? as reflection along the hyperplane
uy.5 We now compute the representative matrix of such a reflection 7(ug). For ug =
(£ cosh @, sinh 6), one has uy = (sinh@, 4 cosh@): in particular, uy lives on 2? — ¢y? = 1,
while uy is its reflection with respect to y = z and lives on z*> — y> = —1. Moreover,
(1,0) = £ coshf - (£ coshf,sinhf) — sinh @ - (sinh 6, & cosh §), thus it is sent by 7(ugz) to
Fcoshf - (£coshf,sinh @) — sinhé - (sinh@,+coshf) = (—cosh26,Fsinh26). Similarly,
(0,1) = —sinh @ - (£ cosh,sinh @) + cosh @ - (sinh 6, & cosh §), thus it is sent by 7(ug) to
sinh @ - (£ cosh #, sinh @) & cosh @ - (sinh @, &+ cosh §) = (£ sinh 26, cosh 26). At the end, the
representative matrix is:

—cosh(426) sinh(4-20)
{— sinh(4-26) cosh(j:QQ)}

Since vy = uy, for vy we obtain the same result reflecting with respect to the other component
of the decomposition of (1,0) and (0, 1), thus we get:

cosh(£26) — sinh(+26)
{sinh(i?@) —cosh(iZQ)} '

Multiplying the representative matrices one can verify that the composition of two reflections
Uy - ug is an element of SO(1,1) corresponding to 2(¢» — 6), which we call 2p.”

6A non-degenerate bilinear form, as the minkowskian one, defines an orthogonal space even if it is not
positive-definite.
"In particular, one can see that ug and —uy generate the same reflection.
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Now we verify these relations within the Clifford algebra C1(1,1). We choose representative
matrices so that the elements of the spin group (11.11) are rotations:

1 10 1 0 0 1 01
01 7 o 1] 27 |-1 0 7|1 0"
Hence, we have, for example:
4+ | sinh(f)  cosh(f)
Yo = | _cosh(f) —sinh(f)

+ [—COSh(p) sinh(p)] (11.12)

- _ .+ _
o = Uy U sinh(p)  — cosh(p)

where p = £(¢ — 0). The generic vector v = Aej + pey is given by:

o [—Au —MA} |

We can now explicitely calculate the action of Pin(2) and Spin(2) on R?, starting from the
Spin group action. We have:

_, _ |—cosh(p) sinh(p) A u | [—cosh(p) —sinh(p)
5 (v) = [ sinh(p) — cosh(p)] {—,u —)\} [— sinh(p) — cosh(p)}
_ [ Acosh(2p) + psinh(2p)  Asinh(2p) + pcosh(2p) }
—Asinh(2p) — pcosh(2p) —Acosh(2p) — psinh(2p)

corresponding to the vector:

e el B

If we do the same computations for the other families of (11.11), we find the following
scheme:

Spin(1,1) element Action on vectors
o+ = [cosh(p) sinh(p) N [cosh(—2p) sinh(—2p)

? |sinh(p) cosh(p) 'sinh(—2p) cosh(—2p)

_ [—cosh(p) sinh(p) N [cosh(2p) sinh(2p)
% = | sinh(p)  —cosh(p) |sinh(2p) cosh(2p) (11.13)

- [sinh(p) cosh(p)] N

[— cosh(2p) sinh(2p)]
[cosh(p) sinh(p)

| sinh(2p)  —cosh(2p)

[ sinh(p) —cosh(p)} [— cosh(—2p)  sinh(—2p) }
»~ |—cosh(p) sinh(p) | sinh(—2p)  —cosh(—2p)
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For the Pin group action, we also consider the single unit vectors, obtaining the following
scheme:

Pin(1,1) element Action on vectors

o _ [ cosh®) sinh(@)}

[— cosh(—26) sinh(—26)
| —sinh(f) — cosh(0) }

| —sinh(—20) cosh(—20)

v = — cosh(0) sinh(G)} N

[— cosh(26) sinh(26)
| —sinh(¢) cosh(0) }

| —sinh(20) cosh(260) (11.14)

+ [ sinh(f)  cosh(8) [cosh(—26) — sinh(—26)
Yo = |—cosh(f) — sinh(é’)} — sinh(—20) — COSh(—QQ)}
_ [sinh(#) — cosh(f) [cosh(26) — sinh(26)
Yo = cosh(f) — sinh(@)} — sinh(20) — cosh(ZH)]

11.2.5 Two dimensional minkowskian spinors

We now construct the complex spinor representation. Since Cl(2) = M(2,C), then C? is
naturally an irriducible Cl(2)-module, which we denote by S. By the embedding Spin(1,1) C
Cl(1,1) c Cl(2), we can consider S as a representation of Spin(1, 1). By the scheme (11.13),
we can see that the generic element s, acts on S simply as an element of O(1,1).

S is irreducible as Cl(2)-module, but it become reducible with rispect to Spin(1,1). In
fact, we have two joint eigenspaces for Spin(1, 1)-elements, generated by (1,1) and (1,—1)
respectively, with the following scheme:

sj e er
s, —e P —eP
_l’_ p—
tli ep_ —e P
tp —e™’ e’

Hence we have a splitting S = S~ @ ST, with S* = C as vector space, on which an element
of Spin(1, 1) acts as a real rotation by —p and p respectively.

Definition 11.2.3 The elements of S are called (2-dimensional) spinors or Dirac spinors,
the elements of S~ and ST are called chiral spinors or Weyl spinors.

We have seen two actions of the spin group:
e s, acts via Ad on R? C Cl(2) as a rotation by 2p;

e s, acts on ST by a rotation of +p.
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The first action is actually an action of SO(2), since s, = s,4x, in particular —1 = s, = 1.
The second one, instead, is an action of Spin(2) not passing to the quotient. As Spin(2) is
a 2:1 covering of SO(2), similarly we can see ST as a 2:1 covering of R?, but we have to
remove the origin. In particular, we construct a morphism of (real) representations sending
a vector r - € € ST ~ C to the vector r - e*%? ¢ R? ~ C. The explicit morphisms, which
are 2:1 covering outside 0, are given by:

DECESICE R

We can thus imagine a Weyl spinor as a vector corresponding to its double-rotated, so
that a vector and its opposite have the same image. A Dirac spinor is simply a couple of
Weyl spinors rotating in opposite directions.

Moreover, the representative matrices of sff and ¢ are real. Hence we have a decomposi-
tion of S = C? in two real representations C?> = R? @ iR?, which we denote by S = Sg &® i Sk.

Definition 11.2.4 The elements of Sg and iSg are called (2-dimensional) Majorana spinors.

Looking at the action of Spin(2) on Sg and iSg, it is a usual rotation. This is due to
the fact that Spin(2) ~ SO(2) since they are both isomorphic to U(1). However, it is not
correct to reducible this action to rotations via a covering of R?, since there is not a definite
chirality.

Remark: the fact that the components of a Majorana spinor are both real or both imagi-
nary, is a consequence of the fact that we have represented eje; by a real matrix. Otherwise,
we would however have the decomposition of S in two real representations of Spin(2), each
formed by real linear combinations of two fixed complex vectors.

We obtained two splittings of S, given by S = S~ @ ST and S = Sk ® iSg. These two
decomposition are not compatible, in the sense that the factors of the Majorana splitting
are not themselves splitted by the Weyl decomposition, i.e., chiral real spinors does not exist
in the two-dimensional euclidean setting.

11.3 Four dimensional minkowskian spinors

We have an analogue of lemma 11.1.1 for the real case:

Lemma 11.3.1 There is an isomorphism:

Cllp+1,q+1) ~ Cl(p, q) @ CI(1,1)
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given by, for {eq,...,e4-1,€0,-..,€p—1} an orthonomal basis of (R™,n*9), {ef,e(} an or-

thonomal basis of (R%,n) and {po, - - -, Pq—1, g fo, - -+ fo—1, o} an orthonomal basis of (R"2,
pprLatly;

1 — 1
! !
©o — &9 K Egye
! !
Pg-1 — Eq-1 @&y
/
Pq — 1®¢
! !

! !

fr1 = ep1 ®epeg
/
Ip — 1®e¢

1).

Proof: It is easy to prove that the images of the f;’s are independent in Cl(p, ¢) @r C1(
We now verify the behaviour with respect to the product. We first notice that (gpej,
evepcoen = —(e6)%(ep)* = —(1)(—1) = 1. Thus:

1,
)2

o {ci ®cpen, &5 @epep} = {€i g5} @ (4ep)” = 0 @ 1 = by
o {ei @epep, e; @ egep} = {eir €5} ® (5ep)” = =0y © 1 = —di;
o {ei @epep, €5 @ epep} = {eir e} ® (5ep)* = 0@ 1 =0;

o {ei@epen, 1 @ ept = e ® (5p€0¢0 + €pgoen) = 03

Thus the linear mapping in the statement can be extended to an algebra homomorphism
and, by dimensional reason, it is an isomorphism.

4

In particular, by the previous lemma we have that CI(1,3) ~ CI(1,1) ®g CI(0,2), i.e.,
Cl(1,3) ~ M(2,H). We thus construct the isomorphism at matrix level. We consider the
identifications for C1(0,2) ~ H and CI(1,1) ~ M (2,R):

1~ €y

~
)
| IS |
®
o
)
—
—_
=3
—_
—_ 1
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Thus we get for CI(1, 3):

10 0 O 0 0 10
01 0 0 0 0 01
Posl@c~1g gy o D=l®a~iy o g9
00 0 -1 0 -1 00
0 0 2 0 000 4
0 0 0 —¢ 00 ¢ 0
[y ~eg ® gpep ~ i 0 0 0 I's ~e; ® gep ~ 0 i 00
0 — 0 0 i 000
The chirality matrix is given by:

0 0 0 -1

0 0 1 0

F=loIs=1g 1 ¢ o

1 0 0 0



Chapter 12

Pin and Spin structures

12.1 Pinors vs Spinors

12.1.1 Preliminaries on pinors

We recall that the group SO(n) has a unique 2-covering Spin(n), while the group O(n)
has two inequivalent 2-coverings Pin®(n), obtained from the Clifford algebras with positive
and negative signature respectively, as explained in [45] (for Clifford algebras we use the
convention vw + wv = 2(v,w), without the minus sign). Let p* : Pin*(n) — O(n) be
such 2-coverings with kernel {£1}, both restricting to p : Spin(n) — SO(n). If we fix a
the canonical basis {ej,...,e,} of R™ and we denote by j; the reflection with respect to
the hyperplane e;, we have that O(n) = (SO(n),j1), and (p*)~1({1,51}) = {£1, e }: the
latter is isomorphic to Zy4 if €2 = —1 and to Zo ® Z, if €2 = 1, that’s why in general we get
non-isomorphic coverings. For details the reader can see [45].

Definition 12.1.1 Let 7 : E — M be a vector bundle of rank n with a metric and let
7o : PoE — M be the principal O(n)-bundle of orthonormal frames. A pin* structure on
E is a principal Pin™(n)-bundle mpy+ : Ppy+ B — M with a 2-covering & : Ppy+ E — PoE
such that the following diagram commutes:

Ppi,+ E x Pin*(n) ——Pp; = F

Rini

* 3 M .

e

EXp

Definition 12.1.2 Two pin® structures (mpy,+,£5) and (m), ., &F) are equivalent if there

exists a principal Pin®-bundles isomorphism o : Pp, + E — PL, + E such that £ o p = €.
Similarly to the case of spin structures, there is a simply transitive action of H'(M,Zs) on

pin® structures on a bundle £ — M. Given a good cover 4 = {U,}acs of M, the bundle E
is represented by O(n)-valued transition functions {gas}. A pin® structure is represented by

231
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Pin*(n)-valued transition functions' {s,s} such that p*(s.3) = gag; all other pin* structures
are represented by {s.s - €ap} for {ea3} a Zs-cocycle and depend up to equivalence only by
[{eus}] € HY(M,Zy). In particular, this implies that if there exist both Pin™ and Pin~
structures, their number is the same. Given a real vector bundle 7 : E — M the following
conditions hold:

e E admits a Pin*-structure if and only if wy(E) = 0;
e F admits a Pin~-structure if and only if wy(E) + wi(F) Uw(E) = 0.

For the proof the reader is referred to [43]. As for spin structures, a pin structure on a
manifold is by definition a pin structure on its tangent bundle.

Let M be a manifold of dimension 2n. Given a pin® structure £ : Pp,+ M — PoM and
an isometry ¢ : M — M, we define the pin® structure ©*¢ via the following diagram:

PpiniM
p*E Jlg

PoM =%~ PoM

|

M——M

ie. p*¢ = dp o We remark that total space of the principal bundle Pp; + M is the same
for both ¢ and ¢*¢&: what changes is the way it covers PoM. Thus, also the vector bundle
of pinors S 1= Ppy,= M x, C*, being p the standard action of Pin®™(2n) on C*" as Clifford
module, has the same total space in both cases. The only difference is the projection to
M, which can be seen ignoring the second line of the previous diagram: we simply have
Pore = @ T opg, Le. if we call ge : S¢ — M and ¢ : Sy — M the two bundle of pinors of
¢ and *¢, it follows that S¢ = Sy« as total spaces and (Sg«¢)z = (S¢)p(z), 1-6. Spre = ©*Se.
This is the well-known geometrical property that pinors, as well as spinors, are scalars under
isometries (or in general under diffeomorphisms, see [19]). The differential de does not have
any local effect on pinors (contrary to vectors), it just determines the way they must be
globally thought of as pinors, i.e. the way the corresponding principal bundle covers Po M.

We recall that two pin® structures & : Pp,+ M — PoM and & : P, +M — PoM are
equivalent if there exists a principal bundle isomorphism p : Ppy+ M — P}, .M such that
£ =& op. We say that a pin® structure ¢ is invariant under an isometry ¢ if £ ~ ©*¢, i.e.,

Tt is not true that the pin structure depends only on [{sa5}] € H*(M,Pin*(n)) for Pin*(n) the sheaf
of Pin®-valued smooth functions, because such a cohomology class determines the equivalence class of the
principal bundle without considering the projection to the tangent bundle. In particular, two spin lifts can
be isomorphic as principal pin®-bundles, but in such a way that there are no isomorphisms commuting with
the projections to PoM: in this case they determine the same class in H' (M, Pin*(n)) but they are not
equivalent as pin structures.
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if there exists a (non-canonical) lift c/igvo completing the following diagram:

Poys M % Po M (12.1)
El > lg
PoM —% -~ poM
pi lp
M—"—= M.

If such aAglfgvo exists, there are only two possibilites, linked by an exchange of the two sheets:
in fact, dy is a lifting of the map ¢*¢ to a 2 : 1 covering of the codomain (see [35] prop. 1.34
pag. 62). Calling 7 the sheet exchange, the two possible liftings are cfl\g; and c?g; o~. Then
cfl\g; oy =rxo Zigvo since, if gigvp(pz) = (y(z), then the only possibility is that (/icvp(v(p$)) = Y(qp(@))
in order to cover dy.

We now consider invariance under isometries of pinors, i.e. of sections of the associated
vector bundle. Since we just have S - = ¢*S¢ so that the total spaces are the same, also
the sections of the two bundles, as subset of their total spaces, are the same. In particular,
a section s € T'(S) becomes naturally a section of ¢*Se via the natural map:

N : I'(Sg) — T'(Sere)
s —=0p(5) 1 Np(8)e = Sp-1(a) -
This is the scalar behaviour of a pinor field. If £ ~ ¢*¢, from diagram (12.1) we have the
isomorphism glgvo : PspinM — Pspin M, unique up to sheet exchange, so we have a vector
bundle map cflgvo 0 Spre — S¢i the ambiguity of (/1?0 corresponds via p to a sign ambiguity on
the action on S¢. Thus we have a map:

id +dg
Se = Spee —> S

whose behaviour with respect to the base point is:

+dp

(Se)e —% (Se)e = (Spre)o-1(a) —% (Se)a

(note that cfkvp commutes with projections since it is a bundle map, while the identity is not)
inducing the natural map of sections:

M ia/v
(Se) —=T(Syre) == T(S¢)
so that the invariance condition reads:

s = %dp o n,(s)

ie. s, = icfi:p(swq(x)). We remain with a sign ambiguity, contrary to the case of vectors, in
which case we can completely define invariance of a section by requiring that dp(v) = v. As
explained in [19], for pinors (as well as for spinors) we have just a projective action of ¢. So
also the notion of invariance is affected by this.
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12.1.2 Double covering of a non-orientable manifold

As is well-known, every non-orientable manifold X has an orientable double-cover X with
an orientation-reversing involution 7 such that X ~ X /7. It can be constructed as follows:
we choose an atlas {(Uy, ¥a) taer of X with corresponding transition functions g,.s, and we
consider the Zy-bundle with charts U, x Z, and transition functions e,3 equal to the sign
of the Jacobian J(g,3). The involution 7 is the exchange of the two sheets. If we consider
the projection 7 : X — X, then X as a manifold has an atlas given by couples of charts
{(7r7 Uy, 4 © T) }aer so that the transition functions are still g, for both the components
of 771 (Upug). We now want to study the behaviour of 7, : Hy(X,Zy) — Hy(X,Z,) and con-
sequentely of 7 : H'(X, Zy) — H'(X,Z,). We recall the following canonical isomorphisms
(see [35]):

Hl(X, Z) ~ Ab’ﬂ'l(X)
H1<X, Zg) >~ Hl(X, Z) X7z, ZQ (122)
HY(X,Zs) ~ Hom(H,(X,7Z),Zs) ~ Hom(H,(X, Zy), Zs) .

Let us show that, for m, : Hy(X,Zy) — Hy(X,Z,), the image Im 7, has always index two
in H,(X,Z,), or equivalently that Ker 7* ~ Z, in H'(X,Z,). This can be seen in two ways.
One is the following simple algebraic lemma:

Lemma 12.1.1 Let G be a group and H a subgroup such that [G : H] = 2. Then the natural
map Ab H — Ab G has image of index 2.

Proof: For g € GG, g and ¢! lie in the same H-coset. Thus, considering a commutator
919297 - g5+ we have that an even number of factors can lie in the coset G'\ H, thus the product
lives in H; hence G’ < H. Let us prove that the image of the natural map v : H/H' —
G/G' has index 2. If ¢ = gh for g,¢' € G and h € H, then [¢'|¢/er = [9lc/ar[Pla/ar =
(9] ([Pl mymr). Thus the number of cosets of Imy) in G/G" is less than 2. Moreover, if g €
G\ H it cannot happen that [g]q/er = ¥([h]m/a’), because otherwise g € h-G' C h-H = H.
O

The previous lemma for G = 7 (X) and H = 7 (X) implies that [H, (X, Z) : 7, Hy(X,Z)] =
2. The other way to prove the latter result is by means of the following exact sequence in
cohomology, which can be found in [50]:

Vw1 (X)

"HHi_l(szz)HHi(X7Z2)L)Hi(X,Z2)4>Hi(Xaz2)4>"' :

For i = 1, since H°(X,Zy) = Zy we have that Im(Uw; (X)) = w;(X), thus by exactness
Ker * = {0, w,(X)} ~ Zy. This is what we expected: since the double covering is orientable,
the pull-back 7* must kill w; (X).

Since Zs is a field, H 1()2' ,Zs) is a vector space, thus every subspace can be complemented.
Hence we have: )
HY(X,Zy) =75 @ Im " (12.3)
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where 7 : H' (X, Zy) — Im 7* is a surjection with kernel Z,. Since H'(X,Z,) = HY(X,Z)®z,
Zs, its dimension is equal to the Betti number b (X) plus the number of Zyr-components of
HY(X,Z): we call this number b\ (X). The dimension of Im7* is thus b\ (X) —1 so, in
(12.3), we have k = bt (X) — bt (X) + 1. Thus we get the following general picture:

(2) _ (2 xy_p(2)
Z?(bl (X)-1) @(ZZB(% (X)=b7 (X)+1) ~ Coker 7*)

W*TE

@) x)_
Z;B(bl -1 g (Zy = Ker ™) .

In the sequel we will also need another general result: we compare the tangent bundle
of X and the tangent bundle of X. We recall that if f : X — Y is a continuous map and
p: E — Y afiber bundle, the pull-back w5 : f*E — X is defined as the fiber product £ xy X
via m and f, thus its elements are of the form (e, x) with p(e) = f(x). The projection is
(e, x) = x.

Lemma 12.1.2 Forn: X — X the projection and p : TX — X, p: TX — X the tangent
bundles, there is the canonical bundle isomorphism:

0 :TX = 'TX
p(v) = (dr(v), p(v)) -

Sumalarly for the orthogonal frame bundles with respect to a metric g on X and its pull-back
m*g on X there is the canonical isomorphism:

Po :}%j)? —E% ﬂ*}%))(
vo(r) = (dr(z),p(z)) .

Proof: It is easy to verify that ¢ is a well-defined bundle map. It also follows from the
definition of pull-back:

dm
~ /‘——\
TX - TX ——=TX (12.4)
P WQl ip
~ id ~ ™
XX =X

By construction the map ¢ lifts the identity of X and it must satisfy m¢(v) = dr(v), thus
o(v) = (dm(v),p(v)). We have to verify that it is an isomorphism on each fiber, i.e. that
dm, is an isomorphism for each x: this is true since 7 is a local diffeomorphism. The same
considerations apply for frame bundles. [

12.1.3 Pinors on the double covering

We now want to compare pinors on a non-orientable manifold X and pinors on its double
covering X which are 7-invariant. We start with the following simple lemma:
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Lemma 12.1.3 If X admits a Pin*-structure or a Pin™-structure then X is spin.

Proof: by lemma 12.1.2 we have that wo(X) = m*ws(X). Since wy(X) € Ker ¥, we obtain
T wy(X) = 7 (wo (X)) +wy (X) Uw; (X)), thus if there is a pin® structure we get wy(X) = 0.
U

Let us suppose that a pin® structure on X is 7-invariant. Thus we have two possible
liftings of dr:

. drdroy .
pPiIliX PpiniX
- a3 N
5J{ / ié
PoX & PoX
| £
X . X.

—~ —~ —~ —~2
Since dr o~y = yodr, it follows that (dr 07)? = dr , and the latter can be only id or ~, since
it is an auto-equivalence of ¢ which covers dr? = id.

We would like to show that the pull-back of a pin® structure on X is a pin® structure on

~ —~2 ~
X which is 7-invariant and such that dr = id. Then, X being orientable, we will be able
to reduce the structure group to Spin. Let us consider the following diagram:

where 5 defines the pull-back on X of the spin structure & of X, for ¢ defined in lemma
12.1.2. Thus we consider as total space of the bundle exactly 7* Pp;,+ X. We now see that ¢
is 7-invariant. We recall that 7°¢ is defined by:

m*Pint X
s
3
~ dT ~
Py Po X
ﬁi iﬁ
X X
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and we claim that 7% ~ £ via the two possible equivalences:

(1,7),(v:7)

W*PpiniX W*Ppinﬂ:X
- T*E -
PoX ar PoX

7| |7

~ T ~

X X

where 7 is the exchange of sheets of Pp; + X with respect to Pp X, while 7 is the exchange

of sheets of X with respect to X. In fact, by diagram (12.5) we have {’(p T) = ¢ lo

(&,id)(p, %) = o~ X(p, &) = dr; ' (p) where m; is 7 restricted to a neighborhood of # on which
it is a diffeomorphism. Therefore, for e = 1,~:

dr 0 £, &) = dr(dm; (p)) = d(7 o m5")(p) = d(m: L) (p)
Eo (e, )W, 7) = EE(), 7(7)) = d(r7L)(p)

so that the diagram commutes. In particular, we see that the two possible isomorphisms

—~ —~2
dr = (1,7), (7, 7) have the property that dr = 1. We have thus constructed a function:

- —~2
® : {pin* structures on X} — {pin® structures on X 7-invariant with dr =1} .

We now show that ® is surjective, i.e., that a 7-invariant pin* structure é on X satisfying

—~2
dr =1 is the pull-back of a pin® structure on X. The latter is:
€1 Po e X /dr — PoX /dr ~ PoX .

In more detail:

PpiniX / &‘7-:
[é}l \
PpX | dr —— PoX
[ﬂ2]l J{P
- []
X/m——= X

—~2
where v([p]) = dr(p). From dr = 1 we get that the quotient is a 2-covering of PpX,

—~2
otherwise we would obtain a 1-covering, i.e. a bundle isomorphism, since v = dr  would
identify also the two points of the same fiber. To see that ¢ ~ 7*¢, we use the equivalence:

Ppype X (P s X / d7) (12.6)
X %ld
PoX
for u(pz) = ([Pz], Z). The inverse of p is given by ,u Y[pz),7) = pz or equivalently u=([pz], 7(Z)) =
d7(pz). The diagram is commutative: ¢! o (¢,id) o u(pz) = o (&,1d)([pz],7) = ¢ (v o

[€)([B2)), 2) = o~ (dn(E(a)), &) = &(s)-
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It is easy to show that ® commutes via 7* with the actions of H'(X,Z,) and H'(X,Zj).
In fact, for £ : Ppy,+ X — PopX a pin® structure, up to isomorphism we can view ®(§) as
7€ Ppyx X — m*PpX. We fix a Cech class [w] € H' (4, Z,) for a good cover U = {Uy Yaer
of X. If the transition function of Pp;,+ X are s,3 and we fix a representative w, then the new
transition functions are s,g-wqg. On the two components of 7 U,p, the transition functions
were both s,3 and they become both s,3 - wag, i.e., w acts on the transition functions of 7*¢
exactly as m*w. Since [7*w] = 7*[w], we get the claim. Thus we have a diagram:

. ~2
{Pin*-structures on X} 2, {Pin*-structures on X 7-invariant with dr = 1}

O O

*

Hl(XaZQ) ﬂ-_) Hl(XaZQ)'

This implies in particular that ®1 (5 ) is made by two inequivalent pin® structures, obtainable
from each other via the action of w(X) € Ker 7*. We will now show that the two inequivalent
counterimages can be recovered as Ppy = X / dr and Py X/ (dT 07), by proving that these
two quotients are inequivalent. In fact, let us suppose that there exists an equivalence:

PplniX / dr PplniX/ dT o)

\/

then it lifts to an equivalence of the pull-backs:

/\

(PPmiX / dT (PPlniX/ (dT © ’7))
PpmiX / dr PpmiX / (dT o)

\/

but, being both the pull-backs equivalent to Pp;+ X via (12.6), the only two possibilities for
p are the following:

~ ld,"}’ ~
Ppin:t X Ppin:l: X

T T

% (Ppiye X / dr) — 7" (Ppyue X / (d7 0 7).

Let us show that none of the two can be a lift of p. In fact, if it were so, they would be of
the form:

p([pl, %) = (plpl, 7) (12.7)
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while:

([ 95]7‘%) . Pz m Pz . ([p'i]?j)

-1 . /

([pa), 7(&)) = dr (ps) — dr(pz) — ([d7(ps)], 7(2))

and in the codomain [pz]| # [Zi;(px)] since the class is taken with respect to d7 o+, thus (12.7)
is inconsistent. The same would happen choosing v instead of the identity. Thus p lifts only
the autoequivalences of each of the two quotients, not an equivalence between them.

Now that we have seen the relationship between pin® structures on X and the corre-
sponding ones on X, we analyze such a relationship at the level of pinors (i.e. sections of
the associated vector bundles). Let us start from X and pull-back a pin® structure as in the
following diagram:

Y
W*PpiniX *1> PPiniX

g lg

PoX —" > PpX.

For the associated bundles of pinors, we have that (7* Ppy,+ X) x, C¥" ~ 7*(Pp,= X x, C*")
canonically. Thus, given on X a pinor s € I'(Pp,+ X x, C*"), we can naturally consider on
X its pull-back 7*s € T((7* Ppy= X ) X , C?"). The natural equivalence between ¢ and 7€ is
given by Zl;(p, z) = (p,7(%)), and, if we extend it to the associated vector bundles, we have
that a section s’ € I'((7* Pyt X) %, C?") is the pull-back of a section on X if and only if
Zl;(s’ ) =5

Viceversa, let us start from X. We fix a pin® structure é such that é o~ T*é with &;2 =1.
Then there are two natural vector space isomorphisms:

. Zl;—invarianiz sections of the associated bundle correspond to sections of the pin® struc-
ture Pp;,+ X /dr on X

. (Zl; o y)-invariant sections of the associated bundle correspond to sections of the pin®
structure Ppy,+ X /(dT0o7v) on X.

In particular, s = dr o n-(s) means that s, = &;(ST(I)), while s = dr oy o n-(s) means that
Sp = —077/'(37(1)), since the action of v corresponds to the multiplication by —1 € Pin®(n).
We remark that if we want to describe invariance of pinors under general isometries, we
must take into account the sign ambiguity discussed in the first section. In the present case,
since we distinguish d7 and d7 oy on the basis of the associated quotient on X, we fix this
ambiguity.

12.1.4 Spinors and orientation-reversing isometries

The discussion of the first paragraph about pin® structures and isometries holds also for spin
structures and orientation-preserving isometries, but it must be modified in order to deal
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with orientation-reversing isometries. In fact, in the previous definition of invariance, if ¢
does not preserve the orientation, the differential dy does not have the same SO-bundle for
domain and codomain.? Thus in this case it does not make sense to speak about invariant
spin structures. Let us consider what happens on the associated vector bundle of spinors:
we have seen that the vector bundles of spinors ¢ : S — M and ¢’ : S — M corresponding to
¢ and ¢*¢ satisfy S, = S,-1(,). If we split the bundles into chiral sub-bundles S = S* @ S~
and S’ = S"7@®S'", we have that for ¢ orientation-reversing S’} = S;_l ., and viceversa, i.e.,
the chiralities are reversed. The reason for this is that the chirality element of the Clifford
algebra of T'M, which is the product of elements of an oriented orthonormal basis, becomes
pointwise its own opposite if we change orientation (it is enough to multiply by —1 one of
the vectors). So for £ and ¢*¢ the chirality elements are opposite. Thus, to define invariance,
we must consider the case of different spin structures for the two chiralities, i.e. we must
deal with ordered couples of spin structures.

Definition 12.1.3 The bundle of spinors associated to an ordered couple of spin structures
(€,&') is the vector bundle S¢ g := Sgr ® S, where Sg is the bundle of positive-chiral spinors
with structure § and S, is the bundle of negative-chiral spinors with structure £

Definition 12.1.4 An ordered couple of spin structures (§,') is oriented if both spin struc-
tures lift the bundle of frames relative to the same orientation.

We can now consider the pull-back of couples of spin structures.

Definition 12.1.5 For ¢ : M — M an isometry and (£,£') an ordered couple of spin
structures, we define:

e for ¢ orientation-preserving, ©*(&,£') = (p*€, p*€');
e for ¢ orientation-reversing, ¢*(&,&') == (p*¢, ¢*&).

We say that (£,&') is invariant under ¢ if ¢*(&, &) ~ (£,£'), where ~ means that they are
componentwise equivalent.

Let us now see that for ¢ orientation-preserving, if £ is invariant then the couple (£, &) is
invariant. If ¢ is orientation-reversing, when the two components are equal the couple is
never invariant; in order for a couple to be invariant in the latter case it must satisfy £ ~ ¢*¢
and & ~ ¢*¢’. Denoting by u and u’ the two possible orientations, diagram (12.1) (page 233)
becomes now:

de
PSpinM """"" > PSPIHM

gl ©*¢ lg,

Pso, M %+ Pyo M

pl l”'

M

2The two bundles could be isomorphic but not canonically, so we cannot think of dy as an automorphism
anyway.
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and it gives the equivalence ¢*¢ ~ ¢’. We have also the analogous diagram reversing & and &'.
Then we have a canonical representative (£, p*¢), satisfying (p*)%¢ ~ &: then, the previous
diagram becomes:

where v is the sheet exchange. However, we can canonically choose the identity as equiva-

—~—

lence. The ambiguity is left in the choice of d(y?) for the equivalence (¢*)%¢ ~ ¢. However,
when ¢ is an involution, every couple of the form (&, ¢*¢) is p-invariant, and no ambiguity
is left in the choice of equivalences.

We now consider the invariance of spinors for (p-invariant couples of spin structures. In
the orientation-preserving case, since the two elements of a couple are independent, the same
considerations of the first paragraph about pinors apply separately for both elements of the
couple. For the orientation-reversing case, we have the same ambiguity for couples (&,¢’)
with ¢ ~ ¢*¢ and & ~ p*¢. If, as discussed before, ¢ is an involution and we choose the
canonical representative (£, p*¢), we do not have any ambiguity left, and we have a good
notion of yp-invariant spinor. We call the involution 7 instead of . In this case, the invariance
acts as follows: let us consider a section s € I'(Sg r+¢), i.e. a section (s7,s7) € T'(SF @S-
Then:

3;:_ € (Sg_)x 5, € (ST_*g)x = (SZ)T(Z)

and we have the identity (S;), — (SZ )a = (S7¢)r(z) inducing on sections the map 7, :
[(S) — T(Sne). Thus we can ask s~ = 5,(s"), i.e. s, = n:(s7), = sj(x). An invariant
couple is thus of the form (s*,7n.(sT)), which corresponds to (s, s:f(x)).

We remark that given a generic couple (s*,s7) we can write it as:

(s~ —n(s7)))

N |—=

(3t +n(s7) + 357 =nls7)), 5(s™ +n(sT)) +
so that we can project it to an invariant couple by considering;:
(3(sT+n(s7)), 3(s7 +n(sT)) ) -

This is coherent with closed unoriented superstring theory, where the quantum states sur-
viving the projection are of the form (¢, + 1,,)|0).

12.1.5 Spinors on the double covering

For any spin structure & on X the couple (&, 7€) is T-invariant. Thus, the requirement
of invariance does not entail any relationship with pin® structures on X. Let us suppose
that & is a 7-invariant pin®™ structure: then, if we restrict it to spin structures &, and &,
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corresponding to the two orientations u and u', we get isomorphisms &, ~ 7%&,, and &, ~ 7%,
because the diagram:

PPlni X PPlni X

is Tt lé
dr ~

PoX PoX
restricts to:
Papin, X P spin, X Pspin,, X Ry spin, X
Nz 7
Pso, X —~ Py, X Pso,, X —> Pgo. X.
In particular, we get an isomorphism of couples dr (us T €u) (&, Ewr)-

We can thus find a correspondence between pin® structures on X and suitable couples of
spin structures on X. Given ., we extend it to a pin®t structure ¢ via PpiniX = Pspinf( X
Pin®(n) / ~gpin, where (p,t) ~gpin (ps, s~'t) for s € Spin(n). Then, reducing ¢ with respect
to the other orientation we get &,/, and in order to implement this correspondence we require
that there is an isomorphism of couples:

(gu;T gu) (T gu 7§u’) (128)

satisfying ZZ;Q = 1. Then we can easily see that dr gives an equivalence of pin®* structures
between ¢ and 7%¢, so that € is the pull-back of a pin® structure on X. Summarizing, there
are two ways to relate Spin structures relative to the two different orientations. The first one
is the map &, — &, obtained via the corresponding pin® structure as we have just explained,
the second one is via 7. We require that, for fixed £,, these two maps give the same value
up to equivalence, and we also require that the equivalence squares to 1.

Remark: This requirement depends upon whether we pass through Pin™ or Pin~ exten-
sions. One may wonder whether the two ways lead to the same result. Actually it is true
that, starting from c,, we obtain the same structure a, in both cases (we obtain the same re-
sult we would get reversing the orientation as described in [45], without referring to pinors),

—~3
but, as we will explicitely see for surfaces, the fact that dr = 1 depends on the kind of
Pin-structure we consider.

We now analyze the behaviour of spinors as sections of the associated bundle. Fixing a
pin® structure £ such that ¢ ~ 7*¢ with &;2 = 1, we can consider the couple of sections (s, s)
relative to the couple of pin* structures (&, *5 ~ £). The section s is supposed to satisfy
s=dro n-(s), where the sign of dr is fixed by requiring that Pp,,« gX / dr is isomorphic to
the pin® structure on X we started from. Then we restrict to the oriented couple of spin
structures (&,,7*¢.), so that the bundle of spinors is split in chiralities. Then we restrict
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s to S and S obtaining (s*,s7). Then s~ = dr o n.(sT), ied s, = &;(sj(x)), SO
that we have a natural bijection between invariant pinors and couple of invariant spinors.
If we consider dr o ~y, we get s~ = dT oy on.(st) = —dr on,(s7). Hence, as dr-invariant

couples are of the form (s¥, dr o n:(s1)), similarly (ZZ; o 7)-invariant couples are of the form
(st —dr o n-(s1)). In particular, for a given couple (s*,¢7), we have the two projectors
(A(s* +dr o, (), 1(t +dr one(s))) and (3(s* — dr o, (), 3t~ — dr o e (s7))).

Had we chosen the other orientation u’, we would have considered the couple (7&,, &),
but since the sections of & and 7°¢ are the same as subset of the total space, we had the
same result. This is a consequence of the fact that for the couples (&,, 7%¢,) and (&u, 7°Ew)
we have a canonical notion of 7-invariant spinor.

Summarizing;:
1. an equivalence of couples (&,,7*E,) ~ (7%&y, &) Via 21\7/';
2. two T-invariant couples (§,, 7*&,) and (&, 7*&,) with a good notion of invariant spinor;

3. two oriented couples (&,, 7*&y) and (&, 7E,).

What we have done is fixing an orientation u of X and consider the oriented couple (&uy T Ewr)
of point 3: its components are the first members of the two couples in point 1, so that such
components are equivalent via dr and we have a good notion of dr-invariant couple of
sections. These are the spinors we consider. Had we fixed the other orientation u’, we
should consider the ordered couple (&, 7*&,), but thanks to point 2 we have a canonical
bijection between the sections of this couple and the ones of the previous, thus the choice of
the orientation is immaterial.

12.2 Surfaces

All non-orientable surfaces can be obtained via connected sum of tori from the real projective
plane or the Klein bottle. We use the following notations:

e >, is the connected sum of g tori;
e N, is the conntected sum of ¥, and the real projective plane RP?;

e N, is the conntected sum of ¥, and the Klein bottle K2

12.2.1 One cross-cap

We first consider the case of surfaces with one cross-cap, starting from the real projective
plane RP?. Its orientable double covering is the 2-sphere S? with involution 7 given by the
reflection with respect to the center. In this case we have the following situation:

H(S*,Z)=0  H\(RP*Z) =127,

3We remark that 7, reverses the chiralities with respect to & and 7*¢, but here s is positive-chiral with

respect to &, so n-(sf) = sj(m), as it is obvious from the fact that 7, is the identity on the total space.
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so that the projection 7 : S — RP? induces a trivial immersion in homology, which is not
surjective since there is a cycle in RP? which does not lift to a cycle in S?. Passing to Z,
coefficients we thus get:

H(S?,7:) =0  H(RP? Zy) = Zy
HY(S%Zy) =0  HYRP? Zy) = Zy

so that the induced maps are the zero maps:
Ty : 0 — Zy 7 ly — 0

and, in particular, the only non-trivial cohomology class, which corresponds to the element
of Hom(H1(X,Z),7Zs) assigning 1 to the class that does not lift, lies in the kernel of 7*.

All other surfaces N, with one number of cross-cap can be obtained adding ¢ tori to
RP? via connected sum. The double of Ng.1 is 3gg, namely the connected sum of 2g-tori. In
this case the situation is the following:

H (Yo, Z) = Z%% H\(N,1,Z) =75 7, .

If we fix a canonical basis {ay, b1, ..., as,, boy} of Hi(Xs4,Z), the involution 7 acts in such a
way that 7.(a;) = a4y and 7.(b;) = b4y for i = 1,...,g. There is a trivial cycle ¢ of which
7 exchanges antipodal points: half of it is the lift of a representative of the Zs-generator of
N,

g1 via 71 Yoy — N, 1. Passing to Zs-coefficients we have:
H\(X9,,2) = Z3Y  H\(Nyy,Z) = 239"

The push-forward 7, sends a; and a;;4 to the same class, similarly for b; and b;;,. Instead
of considering the Zs-reduction of the canonical basis, we consider the basis {aj, by, ...,
ag,bg, g1 + a1, bg11 + b1,y ... a9y + ag,boy + by} It is still a basis since it can be obtained
from the canonical one via the invertible (4g x 4¢g)-matrix:

[29 029

Ly Iyy| -~
In this way we split Z§B4g = Z?QQ @ Kerm,, so that m, is injective on the first summand.
Moreover, its image has index 2 in Hy(Ny1,Z), since the only generator not lying in the

image is the Zs-reduction of the 2-torsion integral one. Thus we have the following picture
for homology:

2.9% @ (29* = Kerm,)

7.9% @ (Zy ~ Coker m,)

which becomes in cohomology:

797 @ (2% ~ Coker %)

W*TN

7.9% @ (Zy = Ker ) .
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12.2.2 Two cross-caps

We now consider the case of surfaces with two cross-caps, starting from the Klein bottle
K? = Ny,. Its orientable double cover is the torus 7% = 3; with involution 7 defined in the
following way: if we represent the torus as C/(27Z + 2miZ), then we define

T(2) =Z+m

or equivalently in real coordinates 7(z,y) = (z + 7, —y). We represent the torus as the
square [0, 27| x [0,27] with (0,y) ~ (2m,y) and (z,0) ~ (z,27), and the Klein bottle as
[0, 27] % [0, 27| with (0,y) ~ (27, y) and (x,0) ~ (27 — 2, 27). We call a the loop [0, 27] x {0}
and b the loop {0} x [0,27]. We have that:

m(T?) = (a,b|aba~'b~' = 1)

i (K?) = (a,b] abab™" = 1) (12.9)

The involution 7 is the antipodal map of the G-generator, thus (7.), [a] = [a], while it reflects
the b-generator with respect to y = % and apply the antipodal map, thus (7.).,[0] = [b] 7 .

The injective map induced by the projection is:
(), = 1 (T?) = i (K?)
(T)m (@) =% (m)m (D) =a.

In homology, the abelianizations of (12.9) are:

(12.10)

H(T*2)=Z&Z={(ab) H(K*Z)=7Z&ZL = (bald®=1)

(where ((-)) denotes the abelian group with specified generators and relations) thus the map
(12.10) becomes:

T  LDL — LD Ly

m(1,0) = (2,0);  7.(0,1) = (0,1) . (12.11)

Contrary to (12.10), the map (12.11) is not injetive any more, but its image has still index
2 in the codomain, even if in this case the generator in Hy(K?,Z) not lifting to H,(T?,7Z)
is the non-torsion one (i.e., the lifting of its representatives are now half of a non-trivial
cycle of the covering, while for one-cross cap they were half of a trivial cycle). Passing to Zs
coefficients we get:

H\(T* Zs) = Zy ® Zs H{(K% Zy) = Lo ® Lo
HYT? Zy) =7y ® 7o  HYK? Zy) =Ly ® Zsy

so that the induced map in homology is:

7, Hi(T? Zy) — H(K?, Zy)
(1,00 =0  m(0,1) = (0,1)

For cohomology, we identify (

1,0) € H'(K?,Zy) with the functional ¢ : Hy(K?, Zy) — Zs
such that ¢(1,0) = 1 and ¢(0,1

,1) = 0, and similarly for (0,1) € H'(K?,Zy) with the
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functional 1. Then 7*(¢) = ¢ o 7. so that 7*(¢)(1,0) = 0 and 7*(¢)(0,1) = 0, while
7™ (¢)(1,0) = 0 and 7*(¢)(0,1) = 1. Hence:
7 HY(K? Zy) — HY(T? Zs)
™(1,00=0  7*(0,1) = (0,1).
and, in particular, the cohomology class which corresponds to the element of Hom(H; (X, Z), Zs)
assigning 1 to the class that does not lift, lies in the kernel of 7*.
All other surfaces N,» with two cross-caps can be obtained adding g tori to K? via

connected sum. The double of Ny, is g1 1, namely the connected sum of 2g-tori. In this
case the situation is the following:

Hi($241,2) =Z*Y ®@Z®Z  H\(Ny2,Z)=Z°* ®ZDZ, .
If we fix a canonical basis {ai, b1, ..., a1, bag+1} of Hi(Xag41,Z), the involution 7 acts in
such a way that:

o 7.(a;) =y and 7. (b;) = b, fori=1,...,¢;

o T.(aggy1) = aggq1 and Tu(bogi1) = —bogia

and 7 acts on two representatives a of ag,q1 and b of bag+1 as in the case of the Klein
bottle. Thus, half of a is the lift of a representative of the last Z-generator of H YT?% Z) via
7 1 Yog — N1, while b is the lift of the Zy-generator. Passing to Zs-coefficients we have:

H1(229+1)ZQ) = Z?“g @ Zo © Zo Hl(Ng,Qa Zy) = Z§2g DLy ® 2Ly .

The push-forward 7, sends a; and a;;4 to the same class, similarly for b; and b4 As
before, instead of considering the Zs-reduction of the canonical basis, we consider the basis
{a1,b1,...,a4,by, gr1+a1,bgi1 +b1,... a5+ ay,bag + by, azgt1, bags1}. In this way we split
Z;Mg BLy®Zy = Z;‘m P Zo ® Ker m,,, so that 7, is injective on the first summand. Moreover,
its image has index 2 in Hy(N,2,Z), since the only generator not lying in the image is the
Zo-reduction of the Z-factor of K2. Thus we have the following picture:

23 ® 7y @ (25* @ Z, = Kerm,)
2.9% @® Ly @ (Zy ~ Coker 1)
which becomes in cohomology:
75% @ Ty ® (2% @ 7y ~ Coker 1)

ﬂ*TN

Z9% @ 7y @ (Zy = Ker7*) .

12.2.3 Invariant structures on the sphere

We think of the sphere S? as the Riemann sphere CP', with two charts Uy = CP*\ {N} and
U; = CP'\ {S} and transition function go1(z) = —1. The antipodal involution 7 is specified
each of the two charts? by 7(z) = —%. We compute its Jacobian to find the action d7 on the

4Note that 7 commutes with g1, that’s why the expression is the same in both charts.
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tangent bundle. In real cohordinates:

rw,y) = (s s

x2+y2’x2+y2

so that the Jacobian becomes:

1 22—y 2ay
Jr(x,y) = m [ 2y y? — a2

which, on the equator |z| = 1 becomes the orthogonal matrix:

JT1(cosf,sinf) = [COS 20 sin20 ]

sin20 — cos 26 (12.12)

We now consider the sphere as the union of the two halves glued on the equator, so that we
restrict both the charts Uy and U to the disc |z| < 1, and we glue them via go;. Now we
consider the trivial spin structure for each of the two discs and we glue via a lift of dgp; on
|z| = 1. On the equator of both charts the transformation (12.12) is a reflection with respect
to the real line generated by (cos®,sin@), i.e. by (—sinf,cos@)L. Thus, if we consider the
point (cos#,sinf) € C ~ Uy, we get 7(cosf,sinf) = —(cosf,sinf) and drcososing) acts on
the tangent bundle as a rotation of 7w along the equator composed with a reflection of the
orthogonal direction. Hence its possible lifts to a Pin®-principal bundle are:

Zi;(@,p) = (m+0,+(—sinfe; + cosbesy) - p) .

~2

Then dr is given by (—sin(6 4+ 7)e; + cos(f + m)ey)(—sinfle; + cosfey) = (sinfe; —
cos fey)(— sin fey + cosfey) = —sin? #e? — cos? fe2. Thus we see that dr =1 if and only if
e? = €2 = —1, namely if the structure is Pin": this shows that RP? ~ 52 /7 has two pin~
structures, lifting to the one of the sphere, but no pin™ structures (compare with [45]).

12.2.4 Invariant structures on the torus

The torus has trivial tangent bundle 72 x R? ~ S' x S! x R2. The four inequivalent Spin
or pin® structures can be all obtained from the trivial principal bundle S* x S* x Spin(2) or
S' x S' x Pin*(2) in the following way:

0,0,0) (0,0, 0,0,0) (0,0,0)
e e e e
(079071)) (97907R9 p) (97(,0,R@ p) (9, P, chR@ p)

where R, is the rotation by the angle x. To see that, e.g., the first two are not equivalent,
we notice that we would need a map:

6, ¢,7) £ (0,0, R_op')
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for R_g a lift of R_y to Spin or Pin®. But in this way p is not well defined, since for # and
0 + 27 we get two lifts differing by —1.

We now see that all these pin® structures are 7-invariant, where 7 is the involution giving
the Klein bottle, namely 7(0, ¢) = (0 + m,—p). On the tangent frame bundle we have the
action d7 (0, p,p) = (0 + 7, —p, jop) where jo is the reflection along ey, i.e. (z,y) — (z,—y).
The equivalence between & and 7%, is given by the following diagram:

(97 QO,I)/) i) (0 + T, =P, €z p,)

. *€o -
&)l ifo

(0, 0,p) —T> (0 + 7, —p, jop)

or equivalently by dr o ~ which can be obtained by choosing —es. Here we see that for the

) —
Pin"-structure, since 2 = 1, we get dr = 1, while for the Pin™-structure we get dr = —1.
Thus, only the Pin*-structure is the pull-back of a Pin™-structure of K?. For &;:

(67 90,]?/) L (9 + ™, —Q, R—G—W62é9p/)

- T*£~1 -
Sll / ‘Lgl
dr

(9, ¢, Rop) (0 4+ 7, —p, j2Rop)

and dr is well-defined smce with the shift § — 6 4+ 27 we get a minus sign in both liftings
of the rotations. Then dT = R_ (6+7) 7T€2R9+7|-R 0— ﬂ-egR@ = R_2ﬂ-€2 = —e2, thus we get
opposite results with respect to §0 For 52

0, 0,0) = (0 + 7, —p, RyesRyp)

- T*Es N
fZl léz

(97 ®, Rsop) ar (9 + T, _907j2R50p)

and dr is well-defined since with the shift § — 0 + 27 we get a minus sign in both liftings of

the rotations. Then dT =R_ ¢62R R 62]%@ = €3, thus we get the same results of . Tt is
clear that 53 behaves as 51

If we consider pinors and spinors as sections of the associated vector bundles, for éo the
condition on pinors is s, #) = €2 S(0+m,—¢); while for spinors we consider the couple (s, s7)
with structure ((€o)u, 74 (€0)w)) where sT is free and s, (6.p) = €2 3( . Similar conditions

for the other spin structures.

O0+m,—¢)"

12.3 Manifolds with boundary

We now want to give the analogous description in the case of unorientable manifolds with
boundary. We start with a brief recall of the well-known case of spinors on orientable mani-
folds with boundary, in order to extend it to pinors and discuss the non-orientable case.
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12.3.1 Orientable manifolds with boundary

Let X be an orientable manifold of dimension 2n with boundary 90X, and let us consider its
double X% obtained considering two disjoint copies of X and identifying the corresponding
boundary points. We mark one of the two copies considering an embedding i : X — X¢. In
this way, an orienation of X% induces an orientation of X and the opposite one on the other
copy. We have a natural orientation-reversing involution 7 identifying corresponding points
of the two copies, which is not a double covering since the boundary points are fixed.

Remark: We have a natural projection 7 : X — X ~ X9 /7, but it is in general not
smooth, since on a local curve orthogonal to a boundary point the behaviour of 7 and 7 is of
the form 7(z) = —z and 7(z) = |z|. This is why in the open case it is more natural to deal
with the immersion 7 : X — X% which has no analogue in the closed non-orientable case.

We consider on X couples of spin structure (£, &) with an isomorphism 6 : {|ox — &'|ox,
where the restriction is obtained in the following way: we consider the immersion P (0X) C
Po X sending a basis {ey, ... e9,-1} of T,(0X) to the basis {e1, ...ea,—1,u} of T, X where u is
the outward orthogonal unit vector. We consider two triples (£, ¢, 6) and (n, 7/, ¢) equivalent
if there exist equivalences p; : € — n and py : £ — 1 such that ps|55 0o pi|ax = 6. On each
connected component Y C 0X, there are two possibilities for 0]y linked by . An overall
change from 6 to o~y is irrelevant since (£, &', 0) ~ (£,£',0ov) via p; = id and py = +; instead,
the separate restrictions determined by 6 are meaningful, thus we must fix all of them except
one. Let us show that equivalence classes of such triples (§,&’,6) correspond bijectively to
equivalence classes of spin structures é on X% associated only to positive chirality.

From X to X% given (£,¢,0) we define £|x := € and §|Xd\1nt(x) = ¢, and we glue them
on 0X via the isomorphism 6. We call such a spin structure £ Uy £’. We can always restrict
ourselves to the case § = id by considering ((§ Up &)|x, 7*((€ Up &)| xa\tme(x))- 1d).

From X? to X: given £ we define £ := é\X and ' :=7* (E\Xd\lnt(x)). The isomorphism 6 is
the identity on &|yy.

A few comments are in order. When we define ¢’ := 7* (€|Xd\1nt(X)), the set X7\ Int(X)
is a copy of X oriented in the opposite way, but 7 recovers the original orientation, thus it
reverses the chirality. In particular, considering spinors as sections of the associated vector
bundles, we have a section 5% on X% and a couple (s*,s7) on X, with the condition 5} = s
forz € X\0X and 5] = s, forz € X4\ Int(X), while on the boundary we consider s;” on
one copy, s, on the other and we glue them on X via 6 : S — S, extended to the vector
bundles. Of course we could also choose negative chirality on the double, by exchanging the
roles of £ and &'.

When we double a manifold, we can create new cycles. Let us think of the case of a
cylinder whose double is a torus. Two structures & and & on the double can differ by
the holonomy of the spin connection along one of those cycles: the corresponding couples
(&1,&1,01) and (&2, &5, 02) will verify & ~ & and & ~ &, but the difference can be read in 6,
and 6,: if we fix the same representative bundles for (&1, &) and (£],&5), then 6, and 6, will
differ by a —1 in one of the two boundary components intersecting the involved half-cycle
(which of the two boundary components depends on the overall sign).
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In this section we have not referred so far to pinors, since an orientation was fixed both
for X and X% and there was no reason to relate it to the other orientation. For later use
we need however to consider a pin® structure on X, forgetting the orientation. In this case
we do not consider a couple of pin® structures since we have no chirality, but we consider
couples (&, 60) where 0 : £|ogx — &|ax is an automorphism. Then we can glue two copies of &
on X% to £ Uy €. For every connected component Y C 90X, since 8|y lifts the identity of the
tangent bundle of Y, it must be the identity or v. Viceversa, if we have a pin® structure
€ on X9 then ¢ is equivalent to & |x Uia Tx (é |xa\mt(x))- If there exists an isomorphism

dr : flx — T*(€|Xd\1nt(x)), we restrict the latter to Zl\ﬂax - €lox — Elox and if we apply

—~_1 ~ ~ —~ —~
dT  to the second component, we obtain £|x Uiz &¢|x (we can freely choose dr or dr o~y
o0X

—~_1 —~
since they differ by an overall sign, thus we can suppose dr = dr). On sections, we just
ask s, = dT(S-,-(I)). Thus we have an equivalence of categories:

0: &lox — Elox Jdr : €|x = 7 (€] xatme(x))

{ (£,0) : & pin® structure on X } o { £ : & pin® structure on X¢ s.t. }

Here are some remarks about this picture. The condition of the existence of dr é |x ~
T*é | xa\me(x) has no analogue for spin structures since for that case we considered only the
positive chirality on X¢. Should we consider also the negative chirality, the couple of spin
structures should satisfy this condition. The same for sections. In particular, with spinors we
have on X the freedom of choosing positive and negative chiralities, with the condition that
they must be isomorphic at the boundary. With pinors, which are extendable to the non-
orientable case, there are no distinction between chiralites: this is the analogue of considering
the same chirality for positive and negative spinors. In this case, for spin structures we should
consider triples (&, €,0), corresponding to the couples (&, ) for pinors. If we start from the
double, in the spin case we can freely choose € for positive-chiral spinors, then on X we have
3 |x for positive and (€ | xa\me(x)) for negative ones: they are not in general isomorphic, but
they coincide on the boundary since 7|gx is the identity. For pinors (or spinors considering
both chiralities) we recover the fact not to have only positive chirality by asking that there is
an isomorphism dr between 7 (€] Xd\Int(x)) and €|x, but we do not ask that such isomorphism
restricts to the identity on the boundary. Thus, if we glue the two pieces with the identity we
have an isomorphism which is not in general a restriction of a global one as dr: applying Zi\;_l
to both members we obtain dr ' itself as gluing isomorphism, but now both the members
are equal and the identity between them still does not restrict to ZZ;_I. Thus, we have a
generic isomorphism at the boundary, not necessarily the restriction of a global one.
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12.3.2 Unorientable manifolds with boundary

Let X be an unorientable manifold with boundary. Then we can consider the diagram:

(X,7) (12.13)
™ N
(Xd7 73, T4)
s T4
(de 7_2)

We remark that we have immersions X € X? and X C X 4 while m; and m, are double
coverings. In particular 7 and 73 have fixed points while 7, and 74 do not. By the definition
of X and X? with the relevant involutions we easily get the following properties:

® T O T3 = Tg O Ty,
o myly =m and Ty = T;
® 73074 = Ty OT3.

As for the open oriented case, we must fix a couple (£, #) with £ a pin® structure on X and
0 : &lox — &|lax an automorphism. To estabilish a correspondence with pin® structures on
X4 we can follow the upper or the lower paths of diagram (12.13). If we follow the lower
path, we consider €49 := £Uy¢& on X%, then we pull it back to 75 (£%®). Otherwise, following
the upper path, we first pull back £ to 7€ as in the closed case, so that £|gx pulls-back to
(m76)|9x and the morphism ¢ pulls back to a morphism 770 : (77§)|55 — (77§)]55. Then
we double 7€ on X9 putting it on both copies of X and using 776 as the isomorphism on
0X, i.e. we consider 7€ U, =10 T1§, which we call (77§ )49 The two results are the same, in
fact (75 (£49))| 5 = (4| 5)* (€49 x) = 75 (€) = (m7€)? ”fe |X7 and the same for the other half
of X4 and for the isomorphism . Considering sections of the associated vector bundles of
pinors, since under pull-back of pin® structures we pull-back also sections and under doubling
we ask invariance of the sections, we obtain sections s € I'(Py, + . g)d(ﬂ-lﬁ)( X4) x,C?"), such

that s, = Sr;u) = Sryx) = Smmn(x)- Here we do not have dT3 and d7'4 since we are working
with explicit pull-backs.

Viceversa, if we are given a pin® structure & on X?, such that there exists dTg €y ~
(73)+ (€' xa\mi(x)) Testricting to the boundary, and dry & = (74)+&" with du = 1, then
we can find a pin* structure on X such that & ~ (776)*?. We can find it using the two
paths of the diagram. If we follow the upper path, we consider the couple (¢'|¢,id) where

id : &5 — £’|a)~( is the restriction of drs. Then, since 7'4|X = 7, if follows that &'|¢ is
-invariant with dr; = 1, thus we can consider r &= (g)/ dr as in the closed case. For
sections on X?, we must ask Sy = du(sm(x ) = dTg(S-,—B (@))- If we follow the lower path of the

diagram, we ﬁrst quotient by d7'4 and then we use the projection of dT3 to X? by m4.
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Given the invariant structure &', we can consider the couple of spin structures (&), (74).£.,)

—~

and the relative spinors (s*,s7): in this way the conditions become s, = d7'4(sj_;(x)) and

s, = 627\?3(5;’(30)). Thus, s~ is completely determined by s, and we have one condition
—_ - — 9 —_ — —_ -
sy =drodn(s] ) (necessarily dry =1 and drs o d7y = drq 0 dr3).

If we follow the upper path starting from & on X, instead of 77¢ we can directly consider

e —~2
a pint structure ¢ with an isomorphism dry : ¢ — (71).&, such that dr, = 1, and the
corresponding couple (&, (71)+£w). If we double such a couple to a spin structure on X< via

0 = dri|sx, we obtain exactly the structure of positive-chiral spinors obtained from & which
is the double of &.

We can also consider the orientation-preserving involution 734 = 73 0 74 on X4 We now
show that X’ = X? /73, is an oriented and closed manifold with an orientation-reversing
involution 7/ such that X’ / 7/ ~ X. In fact, 734 has no fixed points: 734(z) = z is equivalent
to m3(z) = 74(z), but if ¢ X C X%, then 73 maps it to a point of the other copy of X,
while 7, exchanges the sheets of the covering of the same copy of X; instead, if z € 9X C X<,
then 75(x) = = while 74 has no fixed points. Therefore 73(z) = 74(x) is impossible. Hence
X' = X4 / T34 is a smooth closed orientable manifolds double-covered by X4 Then 73 and
T, projects at the quotient to the same involution 7/. We can thus complete the diagram:

XaTl)

T X
T2 /

The previous picture is analogous to considering a pin® structure & on X’ which is 7'

—~

—~ 2 -
invariant with d7/ = 1. Via w34 we pull-back it to a structure on X¢ satisfying the previous
requirements.

12.3.3 Moebius strip

We now study as an example pinors on the Moebius strip. In this case diagram (12.13)
becomes (calling Cyl the finite cylinder or annulus and M? the Moebius strip):

(Cy17 Tl)
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with the involutions we now describe. We represent all the four surfaces involved as the
square [0, 27] x [0,27] with suitable identifications on the edges. In particular, for M?* we
identify (0,y) ~ (27,27 — y), for Cyl (0,y) ~ (27, y), for T? (0,y) ~ (27,y) and (z,0) ~
(z,2m), and for K2 (0,y) ~ (27,y) and (x,0) ~ (27 — z,27). When two edges are identified
with the same direction (and only in this case), we think of the orthogonal coordinate as a
2m-periodical coordinate R /27Z. With these conventions a possible choiche of involutions
is:

n(zy) = (@+m2r—y) 7y =y -y

Tg([L’,y) :(—Jf7y) T4($,y) :(ﬂ—_xvy—i_ﬂ-) :
We now analyze pin® structures on T2. We can prove as before that they are all 74-invariant.
In the (6, ¢)-coordinates 74 becomes 74(0, ¢) = (—0 + 7, + 7). Then:

(9790ap/) & (_9 + ™ + T, €1 p/)

_ \L (T4)*&0 i~
o o

dr. .
- <_0+7T780+7T7‘71p)

(97 Qﬁ,p/) I (_9 + URRY + T, R@—ﬂ' c €1 é@ ' p/)

- \L (Ta)*& \L~
&1 &1

(ev(pyR@'p) s (_9+7f,§0+7r,j1'R9'p)

dr. ~ ~
(‘97 Qoap/) : (_Q + ™, + T, R—Lp—ﬂ' se1- ch : pl>
. l (T2)*&2 l~
&2 &2

dT. .
(0,0,R, - p) > (=0+m o+ j1- Ry p)

~2
so that dry becomes respectively:
o ¢} for &;

° R—e “€1 - R—H—Hr : Re—w S€1 - ﬁio = 6% for &;;

° ngonﬂ' “€1 - Rgo+7r : R@*ﬂ' “e1 - Re = —e% for &s.

The structures & and & have opposite behaviour with respect to the involution previously
considered, since in this case the varible changing sign is x and not y.

We now analyze the situation for 73. First of all we can show that all the four structures
satisfy &yt 2 (73)«(&ilr2\me(cyn)) exactly in the same way as for 74, and in this case we do
not have to require that the isomorphism squares to 1. Actually, we will now prove that &,
and & (and similarly & and &3) restrict to equivalent structures on Cyl, but they differ by
the isomorphism 6 at the boundary. In fact, the equivalence:

(0,97 g (0, 0, R_gp') (12.14)

(0,%,p)
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is not well defined on 72 since ]:29 = —]359+27T, but if we restrict 6 to the interval [0, 7],
corresponding to the cylinder, there is no ambiguity left. This reasoning does not work
between &, and &, since the interval of ¢ is not halved. For &, we have the diagram:

(07 Spyp/) @Q (_05 Pp,€1 - p/)
_ \L (3)*&0 i~
&o o
drs

(07 907]7) - (_97 P, jlp)

while for &;:

(d73)1

(97@;[)/) (_07¢7R961R9pl>

!
&1 &1

drs

(0,0, Rop) —— (=0, ¢, j1Rop)

and we can show that the two couples (&, (%)0’3}() and (&1, (%)1 lax ) are not equivalent. In
fact, they are equivalent to the triples (&, (73)«&o,1d) and (&1, (73).&1,1d) via the equivalences
p of diagram (12.14) and (73).p of the following diagram:

(73)«p

(=0, ¢, e1p) (—6, ¢, Ryer ) (12.15)
(0. ¢,p).

Comparing (12.14) and (12.15) we can see that the diagram:

(73)p
(73)+&0]ox PPox (73)&1lox
idT idT
\
olox rox &1lox

does not commute or anti-commute. In fact, for § = 0 we get p(0,¢,q¢') = (73).p(0, ¢, ")
while for 0 = 7 we get p(m, v, ¢") = —(73).p(7, ¢, ¢') since R_. = —R,. The diagram would
not commute either by choosing p o« or (73).p o7 or both.

Some comments about the behaviour of &y, &1, (73).&o, (73)«&o at the boundary are needed
in order to avoid possible confusion. If we embed Pso(0Cyl) C Pso(T?) via the outward
orthogonal normal unit vector, it follows that {(e;, es} the only orthonomal oriented basis®
at a boundary point (0,¢) with e; outward, while for (7, ¢) the only embedded basis is
{—e1, —es}. Thus, since the principal bundle is Pso(7?) is the bundle of isomorphisms from
the trivial bundle 7% x R? to the tangent bundle T(7?), which is also trivial, it follows
that the embedded basis for § = 0 corresponds to (0,¢,id) € ST x S x SO(2), while the
embedded basis for § = 7 corresponds to (, ¢, —id) € S* x S* x SO(2). Thus, is we consider

5Since the boundary has dimension 1 there is only one oriented orthonormal basis.
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the Spin-bundles Pspin (OCyl) C Pspin(T?) we have that the lifts of the embedded basis are:

=0 0=m

&o-lift: (O,QO,ﬂ:l) (7, @, Leies)

& -lift: ( (m,p,+1)
(73)*§io—lift: (O,gp j:el) (7,0, +(e1)%e)
(73)"&i-lift: | ( (7, p, +e1)

It may seem strange that at the boundary, whose tangent space is generated only by e,
also the outward vector e; is involved, but that’s due to the fact that on 7 there is a —1
to lift due to the orientation and for all the structures different from &, there is a twist in
the projection of the third factor Spin(2) — SO(2) which makes e; enter in the lifting. The
isomorphisms of spin structures we dealt with until now are then at the boundary:

P(Oa%il) (07907:&1) p(ﬂ- s i€1€2> (7T7907:|:1)
(dT3> ( y P j:l) = (O’ 2 iel) <d7_3) (ﬂ-’ 2 iele?) = (ﬂ-’ ¥, i(61)262)
(dTg) (0,0, £1) = (0, p, £e1) (dTg) (m, 0, £1) = (m, 0, Leq) .

We know that é(] Uiq (73)* 50 &) @) 50 and the same for 51. Some representatives of the
two equivalence classes are then:

Class inducing & on T2%: & U () &1 ~ & Uig (13)*

§o Uia go .

12

Class inducing & on T?: & U @ & ~ & Uia (13)* éi ~ & U &
&1

It is easy to find the invariance conditions for pinors and spinors as sections of the associated
vector bundles. Moreover, all this picture is equivalent to considering (72, 7'); we leave the
details to the reader.



256 CHAPTER 12. PIN AND SPIN STRUCTURES



Appendix A

Appendices of Part I

A.1 Direct sum and direct product

We consider abelian groups, but all the discussion applies equally to the case of rings, vector
spaces, or in general objects of a fixed abelian category. Given a family of abelian groups

{G4}aer, we define the direct sum:
De.

acl

as the group whose elements are families made by one element for each group G,, such
that only finitely many of them are non-zero; the sum is defined componentwise. Thus, an
element of G is a collection {g, }taes for g, € G, Vo € I and such that there exists a finite
set J C I such that g, = 0Va € I'\ J. Instead, we define the direct product:

L.

ael

as the group whose elements are families made by one element for each group G, without
any restriction. The direct sum is naturally a subgroup of the direct product; when the
family is finite they coincide (in particular, the direct sum and the direct product of two
groups coincide).

For G* := Hom(G, Z) the following realtions hold:

(EBGQ)*:EG; (EGQ>*D@GZ.

ael

In fact, in order to give a homomorphism ¢ from @ ., G, to Z it is enough to specify its
restriction on each single group G, since such groups generates their direct sum; thus, the
homomorphism ¢ is specified by a collection {@, }acr for ¢, € G Va € I. We do not have to
impose a finitness condition, since, even if there are infinitely many non-zero homomorphisms
in the family, when we apply them to an element of the direct sum they can assume a non-
zero value only on the non-zero elements, which are a finite set. That’s why every element
of [[,e; Ge, gives a well-defined homomorphism from @ .; G, to Z. Instead, for the direct
product, given a family {@, }acr for ¢, € G Va € I, it gives a well-defined homomorphism
from [],.; Go to Z if and only ¢, # 0 only for finitely many elements. In fact, let us define
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J C I as the set such that ¢, # 0 if and only if o € J and let us suppose that J is infinite.
Then, for each a € J, there exists g, € G, such ¢,(ga) = no > 0. If we choose any element
ga for a € I'\ J, we obtain that {¢,}({gs}) is an infinite sum, thus it is not well-defined.
That’s why only the elements of @ ., G, give a well-defined homomorphism from [] ., G,
to Z. In this case we have just an inclusion, since it is not true that the single groups G,
generate the direct product: actually, the subgroup of the direct product generated by the
single groups is exactly the direct sum, since in a group we allow only finite sums.

A.2 Compactifications

We briefly discuss the notion of compactification of a topological space. Given a topological
space X, a compactification of X is a couple (X, f) where X is a compact topological space
and f: X — X is a continuous map with two properties:

e f is a homeomorphism between its domain and its image;
e the image of f is dense in X, i.e. its closure if the whole X.

Thus, a compactification is an embedding of a topological space in a compact one such
that the complement is small with respect to the space itself. A topological space has in
general much different compactifications. For example, if X = R™ we can compactify it in
at least three natural ways: we can add one point at infinity considering X = S™ and f the
embedding of R” in S™ whose image does not contain the north pole; we can add one point
for each half-line going from the origin to infinity, obtaining X = D™ and f the embedding
of R as the interior of D™; we can add one point for each line passing through the origin,
obtaining the real projective plane X = RP" and f the natural embedding of R” in RP"
excluding the “projective hyperplane at infinity”.

While uniqueness definitely fails, existence is instead guaranteed. In fact, for every space
X there exists its one-point compactification X', also called Alexzandrov compactification,
which consists in adding one point at infinity, as in the first example considered for R".
It is defined as follows: we consider as as set the disjoint union of X with a point, i.e.
X := X U{oo}, as we give X the topology such that A C X is open if and only if one of the
two following conditions is satisfied:

e AC X and A is open in X;
e A=Y U{oo} for Y C X and X \ Y compact.

If X is locally compact, as any finite-dimensional manifold, then X is a Hausdorff space.
We consider as f the immersion. This is a well-defined compactification, but, for example,
if the space-time is R™® we prefer to consider one point at infinity for each direction, so it
seems more natural to consider D* instead of S* as a compactification.

If we analyze the three examples considered for R™, we see that D" is in a certains sense
bigger than S™ and RP": more precisely, both S™ and RP" can be obtained as a quotient of
D™ by an equivalence relation on the infinity part. For example, S™ ~ D" /D" and 0D" is
exactly the infinity with respect to the embedding considered; similarly RP" ~ D" / ~ where
~ identifies antipodal points of dD™. Thus one might suspect that D™ is maximal in the
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family of compactifications of R"™, in the sense that it adds the biggest set of points in order
for X to be dense in X, and that this maximal compactification is the one we can consider
to definte infinity for a generic space-time. Actually the situation is different: in particular,
such a maximal compactification, called Stone-Cech compactification, exists for any space,
but it is more complicated than one might think; in particular, the maximal compactification
of R™ is much bigger than D", so it is not physically reasonable at all. We just sketch the
reason, for details the reader can see [22]. To define a maximal compactification of a space
X we ask that any continuous function ¢ : X — Y can be extended to @ : X — Y such that
p = f o, so that the maximally compactified space containes one point for each possible
direction at infinity of any continuous function. That’s why, if we consider for example
X = (0, 1], its maximal compactification cannot be [0, 1] as we naively expect: the function
¢ : (0,1] — R given by ¢(t) = sin{ cannot be extended to [0, 1], thus on X we need one
point also for such irregular functions. Instead, if we compactify R™ to D", we add a point
at infinity only for lines or functions going to infinity as lines, which are surely not the most
generic continuous functions.

We are thus forced to avoid maximal compactification of a generic space, so we consider
the specific case of manifolds and search a compactification which is still a manifold (with
boundary). If we compactify R™ to D™ we obtain a manifold with boundary such that
R™ = D™\ 0D™ We search for a generic situation like this. For a manifold X without
boundary we define the collar compactification of X as a manifold with boundary X with
a diffeomorphism ¢ : X — X \ 0X. Under this assumption X and X are homotopic: in
fact, by the collar neighborhood theorem (see [36]) there is a collar neighborhood of 90X
in X, which is by definition a neighborhood U diffeomorphic to dX x [0,1). Now we can
retract both X and X to the same compact submanifold obtained retracting U to the image
of 0X x [%, 1) under the diffeomorphism, thus X and X are homotopic. Not every open
manifold admits a collar compactification. In fact, if it exists, we have shown that X is
homotopic to X, thus, being X compact, it is homotopic to a finite CW-complex. There are
manifold not homotopic to a finite CW-complex: one counterexample is given by a surface
with infinite genus. In this case Hi(X,Z) = Z*, where X is the cardinality of countable
infinite sets as N or Z, in particular H;(X,Z) is not finitely generated, hence X cannot be
homotopic to a finite CW-complex.

Although existence is not guarnteed, so that we must assume it as an hypoteses for our
background manifolds, we can actually prove uniqueness, so that, if the hypoteses holds,
infinity is intrinsecally determined by the space-time itself, it is not an additional data.
In fact, let us consider a manifold X and a collar compactification X. We call U a collar
neighborhood of 9X in X and ¢ : X x[0,1) — U the diffeomorphism realizing the definition.
We call X := ¢(0X x (3,1)). Then X is a sumbanifold with boundary and X = )N(Ugo(ay X

(0, %]) and X = X U @(87 x [0, %]) Let us consider another collar compactification X'

Then its boundary X’ is made by the limit points of the segments o({p} x (0, %]) near 0,
so that X' = X U ¢(9X x (0,1]) UOX'. Thus it is enough to prove that:
(6K x [0, 1]) = (9 x (0, 1]) UOX" . (A1)

The r.h.s., which we call Y, is a cyclinder with lower base X and upper base X’ which is a
disjoint union of manifolds with boundary (one component for each end of X'). We consider
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the function f : Y — [0, 1] given by f(¢(p,t)) =t for p € 0X and f(q) = % for g € 0X'. Tt
is smooth since it extends naturally the function f((p,t)) =t to the compactification (one
can see in local charts near the upper boundary that it is smooth), thus it is a Morse function
for Y (see [48]). It has no critical points since along the vertical direction of the cylinder
it has derivative 1: then, as proven in [48], Y must be the trivial cobordism, i.e. it must
be diffeomorphicm to (67 x [0, %]) which is the Lh.s. of (A.1). ! That’s why the infinity
manifold, if we suppose it exists, is intrisecally determined by the space-time manifold itself.

'We remark that in order to find the collar compactification of a manifold it is not always correct to
embed it as subset of R™ for some n and consider its closure in D™. In fact, for example, if we consider the
unit ball with one hole B} \ {0}, it is naturally embedded in R™ by the immersion, but its closure becomes
D7 and D\ 0D} = BT which is not diffeomorphic to B\ {0}: that’s because the origin becomes an interior
point of the closure. Instead, if we embed B} \ {0} in R™ as B} \ D’%ﬂ then we obtain the right closure.
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Appendices of Part 11

B.1 Cech Hypercohomology

We refer to [14] for a comprehensive treatment of hypercohomology. Given a sheaf F on
a topological space X with a good cover 4 = {U, }ier, we construct the complex of Cech
cochains:

cost, F) 2 ey, F) 2 o, F) s
whose cohomology is by definition Cech cohomology of F. We recall, in particular, that

o 1 CP(U, F) — CPH(8L, F) is defined by (0°9)ag-aps = D oto (= 1) Gag-aiay.r - 1f; instead
of a single sheaf, we have a complex of sheaves:

di72 . di71 . di . di+1
RN 1—>fz—>P+1—>~'-

we can still associate to it a cohomology, called hypercohomology of the complex. To define
it, we consider the double complex made by the Cech complexes of each sheaf:

da+1 da+1 da+1
- 50 - 51 “ 52
CO(, Fatl) = O (U, Frtl) = C2 (g, FrHl) = -
d1 dq d4
> 50 51 52

CO(U, F1) ——= CH (U, F1) ——= C*(U, F1) —— -
da=1 dat da=t
CO(sl, oty s Gy, oty s G2y, Fol) s

da—2 da—2 da—2
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We now consider the associated total complex!:

™= (Y, FY) d"= P (& + (-1)rd?)

p+g=n pt+g=n

By definition, the Cech hypercohomology of the complex of sheaves is the cohomology of the
total complex H*(T",d"). It is denoted by:

> di—1

A4, - S o e i)

Using hypercohomology we can describe the group of line bundles with connection, up
to isomorphism and pull-back of the connection, on a space X. We recall that a bundle
with connection is specified by a couple ({hag}, {Aa}) Where 6{hos} = 1 and A, — Az =
(27i)~'dlog hap. The bundle is trivial if there exists a 0-cochain {f,} such that §°{f,} =
{has}. Let us consider the complex of sheaves on X:

where S! is the sheaf of smooth S'-valued functions, QL the sheaf of 1-forms and d =
(V27m')*1 d olog. (The complex is trivially extended on left and right by 0.) The associated
Cech double complex is given by:

GO, QL) 2 (s, L) 2 25, QL) — s

50

d
CO( 7§1) - él(ﬂa §1) - CQ(ﬂ? ﬁl) —

=

Thus we have that C*(4, S — QF) = C'(U, S*) @ CO(4, Q). Given a line bundle L — X
we fix a set of local sections, with respect to i, determining transition functions {gas}
and local representation of the connection {A,}. We claim that (gas, —Aa) € C*(U, ST —
QL) is a cocycle. In fact, by definition, 0'(gag, —Aa) = (0'gas, —dgas + 0°(—Ay)), thus
cocycle condition gives 51%5 = 0, i.e., gop must be transition functions of a line bundle,
and A, — Ag = (2mi)"'dlog g, the latter being exactly the gauge transformation of a
connection. Moreover, coboundaries are of the form 6°(go) = (0°¢a, dga) and it is easy to
prove that these are exactly the possible local representations of the trivial connection dx on
the trivial bundle X x C, i.e., the unit element of the group of line bundles with connection.
Thus, such group is isomorphic to:

'y, st -5 ab).

'We use notation of [14], in which the two boundaries of the double complex commute, so that the
boundary of the total complex has a factor (—1)?. In the most common notation the two boundaries
anticommute.
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B.2 Gerbes

We refer to [38] for a clear introduction to gerbes. A gerbe with connection is defined
by a triple ({gas}, {Aas}, {Ba}) where 6{gus,} = 1, 61{Aus} = {(27) d10g gos,} and
B, — Bg = dA,p3. The gerbe is trivial if there exists a 1-cochain { f,3} such that 0{f.s} =
{gapy}. We use the approach of [14]. As the group of isomorphism classes of line bundles on
X is isomorphic to H'(X, S'), the group of gerbes on X up to isomorphism can be identified
with H?(X,S"). In this paper we consider this as the definition of gerbe.

We consider the complex of sheaves:
st 402
where S! is the sheaf of smooth S'-valued functions, QF the sheaf of p-forms and d =
(2mi)~'d olog. (The complex is trivially extended on left and right by 0.) In analogy with
the case of line bundles, we define the equivalence classes of gerbes with connection as the
elements of the group:

H*(X,S8' - Qf — Q2) .

The Cech double complex is given by:

CO(, 02) = (g, 02) > Oy, 02) -

| | |
CO(4t, )~ C (8L, Q) = C3(WL, ) —> -+
q q q
C'O(ﬂ, §1) LO) C«l(u’ §1) L) OQ(ﬂ, §1) i) ce
Thus we have that C*(8, 5" — Qf — OF) = C*(U,S") & C'(4, Q) & CO(4,0F). By
definition, 0! (gagy, —Aag, Ba) = (0Gapy, A9apy +0' (—Aap), —d(—Aap) +0°B,). Thus cocycle
condition gives 0%g,g, = 0, 1.€., gap, must be transition functions of a gerbe, and:
B, — Bg = d\,p
Aag + Ag,y + A7a = (27Ti)_1d10g Jaby -

Coboundaries are of the form 6! (hag, —Aq) = (0" hap, —dhas+0°(—Ay), d(—Ay)), thus gerbes
of this form are geometrically trivial.
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Appendix C

Appendices of Part III

C.1 p-Gerbes

We refer to appendix B of [9] and references therein for an introduction to gerbes. Here
we just generalize the discussion to p-gerbes. In particular, we recall that a gerbe with
connection is given by an element of the Cech hypercohomology group:

H*(X,S' — Qf — Q2) .
We thus define a p-gerbe with connection as an element of the Cech hypercohomology group:
Hp+1(X7§l —>Q]§—> _}Qﬁ?&) .

The Cech double complex with respect to a good cover i is given by:

CO(sl, Q%rl) 0 C(yl, Qﬁ’{rl) o C2(4l, Q%Jrl) e
d d d
d d d
CO(8L, Q) — = CH el ) — S (g, L)
d d d
50 51

< 5 -~ 52
Co(y, ") (4, S") C? (Y, 8") —
so that CPT1(U, S' — Qf — -+ — Q&) = CPHi(g, SN @ CP(, QL) @ --- @ CO(U, Q5.
Thus, a representative hypercocycle of a gerbe with connection is a sequence (gag.-aps:
(C1)ag-aps - - » (Cps1)ap)s While summing an hypercoboundary represents a gauge transfor-
mation. It is easy to verify that for hypercocycles the local forms dC,.; glue to a global
one (G2 which is the curvature of the gerbe. Thus, the data of the superstring background
must be an equivalence class like this one, not only Cp, .

Given a p-gerbe with connection [(gag--ays1s (C1)ag--ap: - - - > (Cpt1)ao)], We can forget the

connection and consider just the p-gerbe G = [gag.a,,] € HP1(X, S"). Then we can define
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the first Chern class ¢1(G) € HP*?(X,Z): we write the transition functions as gag..a,,, =
o2mPo0-api1 g that 5{pa0"'apt1} = {Capapsiapir ; With Cageappiaps € Z. We then consider
¢1(G) = {cagapriaps:}] € HPT*(X,Z). One can see that the de-Rham cohomology class
of the curvature G2 corresponds to ¢1(G) ®z R under the canonical isomorphism between
de-Rham cohomology and Cech cohomology of the constant sheaf R.

C.2 Hodge-x with minkowskian signature

Let V be an oriented vector space of dimension n with a fixed euclidean metric. We recall
that Hodge-* operation is defined on the exterior algebra A*V* by:

a6 ={a, ) - vol (C.1)

where vol is the unit oriented volume form, given by vol = ej A ... A€} for {ey,...,e,} an
oriented orthonormal basis. In particular, for a =ej A... A e; , equation (C.1) with =«
gives xq = gt ip1dn- el N Ne

If the metric is mlnkowsklan definition of Hodge-* via (C.1) still holds. Moreover, the

volume form is the same, i.e. vol = e{A...Ae}_, for {eo,...,e,—_1} an oriented orthonormal
basis, although it has square-norm —1 (to correct this we should multiply it by ¢, but we
are on a real vector space). We use the convention ||eg]|? = —1. In this case, there is

sometimes, but not always, a sign change with respect to the euclidean case. For example,
x(ef A ... ANei_y) = (—1)"lef, exactly as in the euclidean case, since (C.1) becomes, for
azﬁz(el/\.../\e* ):

n—1

(efn...ne DA (=D)"es ={(efA...nel ), (efA...ANel ) -vol
which is true since both the L.h.s. and the r.h.s. are equal to the volume form. Instead,
x(ef) = —ef A ... Ael_y, while in the euclidean case there is no minus sign. In fact, (C.1)
becomes, for o = 6 = e

eg N (—ej Ao Nepn_y) = (e, eq)vol

and this is true because (e, e) = —1 in the minkoskian case. Thus, given a summand
z-ej A...NAe; , its Hodge duals in the euclidean and minkowskian cases are equal if 0 is not
one of the indices i1, ...,1,, and they are opposite otherwise. In particular, since applying
x2 to any summand of this form we get the index 0 one of the two times, it follows that *2
in the minkowskian and euclidean cases are always opposite (we recall that in the eulidean
case *2|ppy = (—1)P("7P) as it is easy to verify).
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