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Introduction

In this thesis I will discuss the possibility of removing
unexpected features which arise when comparing theoretical
predictions of standard stellar evolution with observational
data, assuming that convection in stellar interiors is to be
treated in a more consistent way. In standard model computations
the determination of the sole acceleration field is performed,
while several theoretical and observational aspects suggest that
this may lead to a severe underestimate of the true convective
field.

For this purpose several criteria have been recently developed,
which account for a velocity field and thus provide a more
physical description of convection, but none of them is free from
arbitrary parameters.

The determination of the parameter in my non local treatment of
convection, through an extensive comparison of model predictions
and observed features in the whole HR diagram, will be performed
in this thesis along the following seguence.

In chapter I after a brief discussion of the standard criterion
for determining the extension of the central convective region, I
will introduce a new criterion which accounts for the velocity
field and, consequently, for the penetration of convective
motions inside surrounding stable layers ( overshooting). In

chapter II the results of the comparison of a set of new models



computed with the above prescriptions, with the observational
scenario in the domain of massive stars, will be presented.

In chapter 1III the same convective criterion will be tested in
the range of intermediate mass stars and it will be shown that a
new panorama emerges from these models that better agrees with
several observational facts among which I recall the width of the
main sequence band of galactic clusters, the morphology of
populous vyoung clusters in LMC (NGC1866 as a prototype) and the
absence, there, of luminous Asymptotic Giant Branch stars (a
problem which is related ﬁo the determination of MUP) and finally
the disagreement between evolutionary and pulsational mass of
Cepheid stars.

In chapter IV the same analysis will be performed for low mass
stars and it will be shown that models computed with the' new
criterion better reproduce the observational <transition mass
between low and intermediate mass stars.

In chapter V, I will enter the domain of globular clusters
through the comparison of a theoretical lifetime ratio, provided
by a new set of models of Horizontal Branch stars, and an
observed number ratio, which is particularly sensitive to the
interior mixing in a star. This last investigation provide one
with the most reliable value of the above parameter which turns
out +to be about equal to the one used in previous chapters of
this thesis. On the contrary I will show that other convective

criteria (like semiconvection plus breathing convection} which



may alleviate same discrepancies in a different area of the HR
diagram ( but not other discrepances )}, are unlikely to be
correct in this domain of stellar evolution.

Finally chapter VI contains the conclusions, from which one sees
that non local convective overshooting is the most suitable
model for treats stellar convective cores. as it turns cut that
with the same parameter a variety of different and independent

aspects of observed stellar evolution may be explained.



CHAPTER I

1.1 Convection inside stellar cores

The standard treatment of convection in stellar interiors rests
upon the simple analysis which leads to the so-called
Schwarzschild's criterion. For a chemically homogeneocus medium
simple considerations {Cox and Giuli 1968 p. 262) show that the
sufficient condition for stability against convection may be

expressed in terms of the temperature gradient as follows:

T T . \
9 /armatter > 8 /aradzabatlc

which may alsoc be written as
“radiative © ‘adiabatic

where v = 3ln T7/8ln P : T,P are the local values of the
temperature and pressure of the medium and r is 1its radial
coordinate in the usual approximation of spherical symmetry.

It is important to realize that this criterion defines the =zones
that are convectively stable or unstable; but it cannot say
anything about the nature of the convective medium. This requires
the solution of the full system of fluidodynamic equations which,
by itself, is one of the greatest task of physics. To avoid the

excessive complexity , a number of approximations are introduced




which lead to very simple models of convection and the one which
is mostly employed in stellar evolution is that of the Mixing
Length Theorv {Bohm-Vitsnse 1938). In this approximation
convection is described by means of eddies that maintain their
own identity along a mean free path 1 ,before dissolving and
mixing with the surrounding matter. 1 is a free parameter in the
theory and wusually it is expressed as a fraction of a
characteristic scale height, say the pressure scale height Hp
-1 -1

H = P apP/3
{ D ) /3r

1 = )\'Hp ;
)\is the so called mixing length parameter. W®When this theory is
applied to the convective cores of stellar models it, turans out
that the efficiency of convection {(defined as the ratio between
the excess heat content of the eddies when they dissolve and the
energy thev lose during the motion )}, is so high that convective
elements may be treated as adiabatic ( Cox and Giuli 1968).
Moreover convective velocities are high enough to ensure complete
mixing during the main evolutionary phases. Therefore standard
evolutionary computations adopt tﬁe following scheme to deal with

the convective cores:

i} first the extension of the unstable region is determined by
means of the Schwarzschild criterion.
ii} then one assumes that convection extends and instantaneously

mixes over the whole unstable region.




iii} the run of the temperature is determined by the adiabatic
temperature gradient.

This description 1is said to be a local one because only local
gquantities ({ temperature, pressure and their derivatives with
respect to the radial coordinate) enter the determination of
extension of the convective region; the inertia of motions which
require a non-local description is completely neglected. In other
words only the acceleration field is considered { the unstable
region } and nothing is said about the velocity field inside
convective cores. Thus it is implicitly assumed that the
extension of convective motions inside stable regions, which in
advance we will c¢all ‘T“overshooting”, is negligibly small.
However, as we will see, to neglect this phenomenon may lead to

important consegqguences in stellar evolution.

1.2 Non-local treatment of convection.

In the 1last few vears non-local approaches in the treatment of
convective cores aimed to the determination of the extension of
the velocity field, have been the subject of a great amount of
theoretical work. First attempts to evaluate the extension of the
overshooting region lead to the conclusion that overshooting was
negligibly small. (Roxburgh 19653, Saslow and Schwarzschild 1965).
Contrary to what believed, recent studies about this phenomenon
show that the scale length of the overshooting region is a non

negligible fraction of the mixing length itself (Shaviv and




Salpeter 1973 , Maeder 1975 , Maeder and Mermilliod 1981, Xiong
1983). Most of the recent studies rest upon some parameters that
introduce a degree of arbitrariness which may be eliminated only
through a careful comparison between model predictions and
observations. Although based on rather arbitrary assumptions
about this parameterization, some works clearly illustrate the
model response to a variation of the mass size of the mixed
region (Massevitch et al. 1979, Doom 1982 a,b) More realistic
treatments rest upon some extension of the Mixing Length Theory
(Maeder 1975, Bressan et al. 1981, Matraka et al. 1882) thus
having as a free parameter the mixing length itself. Further
investigations describe convection in terms of turbulence,
introducing the characteristic scale length of turbulence as a
free parameter. However, Roxburghh (1975) has derived a
particular formulation to treat convective overshooting which is
intended to improve upon other previous descriptions of this
physical phenomenon ,mainly because its final formulation does
not contain arbitrary free parameters.

However this formulation has been questioned by Eggleton (1983)
on the basis of general arguments such that of the case of a
completely convective star. Recently Doom {1984) revisited
Roxburgh's criterion and gave it a physical interpretation in
terms of kinetic energy flux.

Owing to the relevance of the Roxburgh's criterion for

determining the extension of the convective region, due to its




independence of any parameter, Bressan (1984) performed a
careful reexamination of the whole problem (see appendix 1},
showing that Roxburgh' relation rests upon an incorrect
approximation in the averaged equation of fluidodynamics. That
analysis has been independently performed by Baker and Kuhfuss
{1986) who arrived to the same conclusions.

It is important to stress here the need of some arbitrary
parameter for a non local description of convection; moreover, as
we are dealing with something which., by itself is not directly
"observable" from outside, we are left with the hard task of
evaluating this paramefer from the effects it produces as the
models evolve. Then a series of evolutionary sequences has to be
computed varying such a parameter, and model predictions have to
be compared with observations. This requires a lot of
computational effort, even if convection is treated locally; when
a non local criterion is introduced the situation gets much
worse. In fact one of the most serious difficulties in dealing
wit gvershooting is that iterative procedures are usually
required which enormously increase the computing time ( 20 time
longer using Maeder's algorithm ). Therefore when evolutionary
sequences were calculated ,the amount of overshooting was tested
only in some models and then fixed during subsequent evolution.
However recently, Bressan et al.{1981) have developed a new
method which, in the framework of the mixing length theory,

enables one to calculate overshooting from convective cores in a




simple way and with a reasonablie amount of computational effart.
New investigations on stellar evolution described in the

following sections will mainly rest upon this criterion.

1.3 The overshooting model of Bressan, Bertelli and Chiosi (1981)

The method proposed for evaluating the layer reached by
convective elements which overshoot from the unstable core rests
on the following scheme. It seems reasonable (Shaviv and Salpeter
1973, Maeder 1975) that, independently from the theory adopted to
followrconvective motions, the temperature distribution in deep
interiors of the stars can be the one characterized by the
adiabatic gradient wup to the region where velocities of
convective elements vanish. To determine the border of the
convective region one may proceed in the following way. In the
framework of the mixing length theory the acceleration given to a

rising convective element is expressed by:

e - 0 "

where g,r,v are the gravitational acceleration,density and

velocity. Dp is the density defect and it is given by:
4

sy = | [35 - 35 4

§

(2)

where ry is the starting level ,asterisk refers to convective




elements and other guantities to the surrounding matter. By means

of equation of state eg. {2} may be written as:

R n
(9 % (T T oo [r 2 2 Ay

R
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here T and m are the temperature and molecular weight and

o = M

Yo T p(/u
NN
Xt [T, M

>
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S

The convective flux Fc at a level r carried by elements

originating at level r,  is given by:

1

r
* N
k= KCPPME rﬁl ~.Ll]4f (4)
Q[ LDQ( )/2(

where Cp is the specific heat at constant pressure and the factor
K takes into account some average between rising and falling
elements. From equation (3} and eguation (4) one can see that it
is possible to express the quantity Dr in egquation {2} if some
average values <?/T;XT/X?> and <?ﬁn,%P/X?> over the distance r-

r are assumed, by means of the convective flux F_ and the
o

-
-~




molecular weight m. Then eguation {(2) becomes:

<XT f\ E“, _ <ﬁ</‘* p\/_B/M
-—-’ X T KCP?’V /7 Xp /A
where Qp&=/u(r) —/Uarl).
The convective flux Fc can be derived from the equaiity
Fiot™fr * B¢ (8)

where Ftot is the total available energy flux (generated by
nuclear sources). It has to be stressed that this treatment holds
only in convective cores, where the real gradient is known to be
approximately given by the adiabatic one; in this way the
radiative flux FR is known and then from equation (8} one gets
the convective flux FC. This does not hold in outer convective
layers in which the real gradient strongly depends on the
convective flux itself or even in the deep interiors if the real
gradient significantly deviates from the adiabatic one. All
quantities being known, integration of eguation (5} is carried
out from an initial level TS out to the level ri+1 {where 1 is
the mixing length)}, or out to the level at which velocity
vanishes {inside the stable region). Integration is repeated in
such a way that ri scans the whole wunstable region and the
highest 1level at which velocity is not zero is chosen to be the
horder of the convective core. Some comments are needed about
equation (5)}. Viscosity has been neglected at all; this is
because of the high Revnolds number characterizing stellar

interiors (due to large dimensions of eddies = 1), which is a




dimensionless measure of the ratio between inertial and viscosity
terms in the momentum conservation equation of fluidodynamics.
However, viscosity may be introduced in equation (3} through a
term proportional to some power of the velocity. The average
quantities in equation (35) may also be substituted by local ones
without affecting significantly the results {numerical
experiments have been performed). With all these simplifications
equation (5) is easily adapted to numerical computation on a
Henyey scheme; the required time is only a factor of two or less
greater than the one of standard models and comparable or even
less with respect to models that account for semiconvection.

As far as the term involving the molecular weight difference Dm
is concerned, order of magnitude estimates show that when Dm = ¢
the convective motions abruptly steps. In fact, the negative
contribution given by this term is by several orders of magnitude
greater than that of the temperature excess. However if the
mixing process is assumed to be very efficient {the timescales of
convective motions 1/v are much smaller than nuclear timescales),
then arguments invoked by Castellani et al (1971), indicate that
in a very short time, barriers of molecular weight might be
eroded. Therefore the term containing the molecular weight can be
treated a part from the main equation, for instance by comparing
the characteristic time scale of the erosion with the nuclear
time scale. The influence of the molecular weight barrier turns

out to be important only at the end of central Helium burning,

Vel



where the models undergo periodic variations of the convective
region {breathing pulses of convection Castellani et al 1985} in

a time scale comparable and even shorter than that of the mixing

of the fresh fuel itself.
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Chapter 11

2.1 Massive stars

In this chapter I summarize the results of the study of the
effect of convective overshooting on the evolution of luminous
massive stars during both the Hydrogen and Helium burning phases.
However as there are other important phencmena which strongly
affact the evolution of massive stars and their appearance in the
HR diagram, like mass loss or enhanced outer layers opacity, it
will be difficult to constraint the amount of overshooting from
the statistics of luminous stars only.

First 1 will describe some general features of models with
overshooting and compare them with standard models or with models
with overshooting computed with other algorithms. Then after a
brief description of the evolution of massive stars with constant
mass {(conservative case) I will consider the more plausible case
of evolution with mass loss and overshooting. Finally the amount
of observational data available for luminous stars will be
analysed in order to get a consistent comparison with the

panorama proposed by the new models.

2.2 The initial homogeneous model
Some results of the application of the new criterion for

gonvective cores described in the ©previous chapter, to

i1




homogeneous models are shown in Figure (2.1} and they are
compared with a model of different steliar mass obtained by
Maeder{1975) who emploved a different non local c¢riterion -
Figure {2.2a). The mixing length inside the convective core in
all the following models is chosen to be one pressure scale
height; that is the overshooting parameter is chosen to be A = 1,
If other values are used they are explicitly given in the text.

I stress here that standard models do not require any
specification of the mixing length in deep interiors, because
there the convecticon is treated locally. In Figure (2.1} the
velocity curves for three homogeneous models of mass 10C, 60, 20
M; and chemical composition X,Y,Z =0.7,3.28,0.02 are shown.
Vertical dashed 1lines indicate +the point where the usual
Schwarschild's c¢riterion holds, showing that the overshooting
region extends far beyond this point. The percentage amount in
mass of overshooting region for the above models is respectively
6%, 14% and 38%; that is the percentage amount of overshooting
increases as the mass decreases and, as we will see, it reaches
100% or wmore in the domain of low mass stars. Ne¢ important
differences in the internal structure between models with and
without overshooting exist, as can be seen from Figure {2.2b}
{Maeder 1975). The only main difference when overshooting is
accounted for is in the size of the mixed region. This however

will have important effects in the subsequent evolution.




2.3 Overshooting in massive stars

Massive stars are defined to be those stars that never experience
a condition of degeneracy in the core and then undergo quiescent
ignition of all nuclear fuels . In the standard theory the
minimum mass for this range is of about 10-12 Mo. A number of
evolutionary tracks for this range of masses may be found in the
literature (Chiosi and Summa 1871; Chiosi et al. 1978; Maeder
1982 a,b; Doom 1982a,b Doom 1985; Doom et al. 1986; Sybesma
1985,1986) and a very recent review of massive star evolution in
Chiosi and Maeder 198€; the results presented here rest on the
work of Bressan, Bertelli and Chiosi (1981) and Bertelli, Bressan
and Chiosi {1884 a). Tables (2.1) and (2.2} show ~ some
characteristic quantities of the models of 20, 60, 100 Mo
{chemical composition X,Z=0.7,0.02) during the phase of central H
burning on the Zero Age Main Sequence (ZAMS) -peoint a)- and at
the minimum effective tempe?ature -point b)-. Also models with
mass Jloss are inciuded as it will be discussed in the following
section.

i} Evolution at constant mass.

There are only sliight differences in the luminosity and effective
temperature (Teff} between models with overshooting (A=1} and
standard ones on the ZAMS (set A and A' vrespectively}. As
evolution proceeds the effects of an enlarged size of the

convective core cause the models with overshooting tc be cooler

i3




and more luminous. The 100 Mo model reaches the red zone in the
H-R diagram while burning Hydrogen in the center. The larger
luminosity is more than compensated by the extended convective
region so that these models have a Hydrogen burning lifetime
which is longer than that of the standard ones -about 30%,15%,11%
for 20,60,100 MO models. For more massive stars this fraction is
lqwgr because they are already characterized by a very large
convective core. Because of the strong evidence of mass loss from
massive stars we keep the discussicn of this case very sheort; I
only notice that the widening of the higher main seguence band
is strongly at variance with the observations, so that
overshooting alone does not reproduce even the morphology of the
HR diagram of massive stars.

ii) Evolution with mass loss.

Recently a variety of formulations have been proposed to acgount
for mass loss during the evolution of the more massive stars (see
Chiosi and Maeder 1986 for an exhaustive review on the subject).
All of them contain some free parameters to be adjusted in order
to represent the increasing amount of observational data:; up to
date the only model in which a consistent picture between the
external atmosphere and the internal structure of the star has
been approached is that by Calvani Nobili and Turclla (1986} but
it only applies to extreme cases in which a super Eddington
luminosity appears. In the models I present here mass loss has

been  included according to the formalism of Castor,Abbot and
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Klein {19738):

(1-al/a 1/a
)

dM/dt = { L/Cvth ye{a/T)- (1-a}/(1-T » {KT')

where ¢ = light velocity; Vth = thermal velocity; [ = ratio of
luminosity L to the Eddington luminosity; « & parameters chosen
to be 0.83 and ¢.01 respectively { Chiosi et al. 1978).

Under the effects of mass loss and overshooting the main seguence
band widens at lower masses more than in the case of overshooting
alone. On the contrary, for more massive stars (about 100 Mo) the
main sequence hand shrinks toward the ZAMS. This behaviour can be
attributed +to the pealing off of the envelope which ,in the case
of overshooting, is very efficient due to the increased lifetime.
The 100 Mo and 80 Mo models show at their surfaces. during
Hydrogen Dburning, highly CNO processed material (the Hydrogen
abundance by mass at the surface is Xs = 0.380 and 0.504
respectively) as the pealing has already reached the molecular
weight profile generated by the receding convective core.

Figure (2.3} show how the main seguence band is affected by
different prescriptions in model computations.

iji) He burning phase

As far as central Helium burning is concerned, all models with
overshocting alone spend this part of their life near the Hayashi
line in the H-R diagram. For the models having both overshooting
and mass loss the behaviour depends critically on their initial
mass and on the rate of mass loss in the red. More massive stars

have already a low Hydrogen content at their surfaces so that

15




they stay on the Helium main sequence from the beginning of the
Helium burning; less massive stars start burning Helium as red
giants and only if mass loss is able to peal off the Hydrogen
rich envelope they will spend the last phase of He burning in the
blue region.

All models burn helium with a considerably higher luminosity, due
to the enlarged inert Helium core left out after Hydrogen
burning, and overshooting during this phase does not compensate
for this effect, so that lifetimes are shorter than that of the

standard case.

2.4 Comparison with observations.

A great effort has been recently made to infer some constraints
on evolution of massive stars from observational data. A fairly
complete set of luminous stars with Mb < -7 and within 2.5 Kpc
around the Sun, is now available from the works of
Humphreys{1973}. Humphrevys and Davidson{1979}, Garmany et
al.(1982). The E-R diagram for supergiant stars in young clusters
and associations in the solar vicinity shows the following mean
features, Figure (2.4}:

i} a group of very luminous O and B stars with Mbol < =19

ii) an envelope of decreasing temperature with declining
luminosity for the hottest stars, with an upper limit for M

supergiants at about -10 <} <-9.5

ol

iii} A continuous distribution of stars in the luminosity range

16




-9.3 < < -7, up to spectral type A0 with a remarkable

Yoot
crowding in the range BO-B2, a gap for spectral types F,G,K and a
clump of M type stars.

The standard theory of massive star evolution predicts a zone in
the H-R diagram in which models evolve in a Kelvin time scale
after the end of Hydrogen burning and the beginning of Heliunm
pburning. However no gap of this type exists among stars more
massive than about 13 Mo. The inclusion of mass loss ’somewhat
relaxes this discrepancy for stars more massive than about 40-50
Mo, but the problem =still remains for less massive stars. As can
be seen from Figure (2.3) this situation may not be improved by
models with overshooting alone because they predict too many
bright stars in the region of more luminous supergiants {(morsover
mass 1oss is an "observed" phencomenon)}. This discrepancy between
theory and observations has been also noticed by HMeylan and
Maeder{1982). They have performed a comparative analysis of the
colour-magnitude diagrams of 23 young clusters (age < 2*107
years) in the Galaxy, Large and Small Magellanic Clouds. The
cbservations of galactic clusters (11} were compared with
theoretical evolutionary tracks accounting for a moderate mass
loss rate but not for overshcocoting {(Maeder 1981a,b). In Table
{2.3) the lifetime ratios over the total one are compared with
observed fregquencies for each spectral type. The inescapable
conclusion is that about 30% more stars are observed out of the

predicted main sequence. Models with overshooting and mass loss,
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on the contrary, greatly improve upon the agreement between
theory and cbservations. In the highest part of the H-R diagram
they opredict a narrow main seguence band {as it is observed),
while in the lowest part they predict a widening up o
LogTeff=4.3 with a lifetime in this extended region comparable
with that of the Helium burning. Furthermore Bertelli, Bressan
and Chiosi{1984} isolated among the Humphreys catalogue a2 strip

at limiting magnitudes -7 <1 < -9 and improved this set with

cl
the help of the Garmany et al. {1982) catalogue of bright 0 stars
and with the Van der Hutcht et al. {1981) catalogue of Wolf Rayet
stars {which current scenario explains as post red supergiant
stars). Table (2.4) shows observed absclute numbers N and number
ratios N/Nt for three different groupings. Each of these folliow a
scenaric proposed by the theoretical evoliution which rests upon
the previous models; standard evolution, standard plus mass loss,
overshooting plus mass loss. These scenarios predict a main
sequence widening, respectively, up to the spectral types 09.3,
B0.53, Bi. If a continuous star formation is assumed, then the
number ratioc inside the main sequence band has to match the
lifetime ratic of the corresponding phase. The last is giveﬂ'
approximately by the Q values involved in the Hydrogen and Helium
nuclear reaction energy release {slightly modified by the core
mass extent); one may guess that the Helium burning lifetime is

at most 10% of the total lifetime {our models give about &%).

This is the number of stars one expects to escape the observed
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main sequence band. It is soon evident that a great discrepancy
exists between theory and observation, as suggested from the
number ratios of Table (2.4). For the most favourable case still
a 20% of stars are out of the main sequence band which
corresponds at more than two times the Helium burning lifetime.
Moreover this case was obtained with an intermediate mass loss
rate while current observations indicate that in the domain of
this comparison a much lower mass is lost (Garmany et al.1981).
This means that an overshooting parameter is required higher than
A& = 1 used for those computations, as shown by Figure (2.4}
(Bertelli, Bressan and Chiosi 1984). However other effects might
be responsible for the main sequence widening. The above authors
investigated on the role played by radiative opacities and on
that of non hydrostatic atmospheres. They came to the
conclusion that opacities with features like those proposed by
Carson(1976} could lead to theoretical results in good agreement
with the observed scenario. These opacities, having a relative
maximum around CNO ionization regions, provide more extended
envelopes for stars which leave the ZAMS; however these features
have been shown to be physically unrealistic by more recent
calculations {Carson et al.1984). Stothers and Chin (1984) have
provided further evidence of a main segquence widening. They have
compared theoretical isochrones which rest upon a rough
parameterization of the overshooting, with very vyoung star

cluster  turnups (the observed vertical part of the main
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sequence). The outcoming suggestion is that a substantial amount
of overshooting {or ancther form of mixing) occurs in cores of
massive stars; the gquoted value of A corresponds to about 1.5. In
conclusion different investigations based on a wvariety of
observatiocnal material, agree in stating that standard
evelutionary models, even with mass loss, cannot explain some
basic features of the H-R diagram for the most luminous stars. In
particular star counts for different spectral types coupled with
observed turnup morphologies, indicate a wmuch wider main
seguence band than that suggested by standard model computations.
A more extended internal mixing and eventually new enhanced
opacities can bring theory and observation, in the domain of

massive stars, into agreement.
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TABLE 2.1

Hass 20 & 160 20 40 100

Hodel s Set A

t(10%s8} o, 0. 0. 9.813 3.899 2.999

I“:’”‘b k611 5,702 €£.101 5.07T 6.029 6.376

g T, 8,537 5.680 L.717  5.368 h.265 3.61h

;: 0.558 0.779 0.850  0.373 0.522 2.s67

- 0.700 0.700 0.700  0.017 0.00% 0.019
Bet a'

¥odel a b

t(20%s) o 0. 0. T.459 3.378 2.69
Lg L/L, %640 5.720 6.119  b.935 5.964 €.307
Lg T k.sh2 4,683 h.721 4. kbk h.sod 4,507
;c ® 0.438 0.684 0.813 0.2kt 0.403 o0.kSS

5N 0.700 0.700 0.700 0.032 0.017 0.012

% in solar units
9 fracticnary mase of the comvective core
le: tentral by sass abundance of hydrogen

TABLE 2.2
20 60 100 20 60 100
Set B
a -]
t{10%s) o. o. 9. 10.758 5,015  2.862
Lg I./x.e 5,59k 5.967 6.098 8.97T7 5.945 6.235
ig T &.535  k.§79  k.718 5,295 k462 & 865
2.3(-7) 3.1(~6} 8.5(-5) 8.5(-7) 9.7(-6) 1.5(-5)
- 19.74 59.82 99.32 76.00  40.83  67.8%
a, 0.558  0.7T72  9.852 0.412  0.662  o.799
X 0.700 © 0.70¢  9.700 0.011 0.0  o.120
z: 0.706  0.700  0.700 0.700  0.50k  4.360
Set BY
2 »
t(10%58) o, 2. 9. 8.020 3.386 2.760
lg L/L, k625  5.T17  §.120 k.798  5.339  §.220
g T bosho 4,883 k.72 B4 L.k33  b,u82
| 2(-7} 3.3(-6) 1.(-5} k.5(~7) 6.3(-6) 1.5(-5)
] 19.90 59.7h 99.80 18.20 k5,27 68,
q 0.427  0.680  0.806 0.237  o.kk1 0,574
X 0.700  0.700  90.700 0.027  0.011 0,033
xi 0.700 0.700 o0.700 0.700  0.700  0.566

e

: rate of ‘mess loss im units of ¥ Vi

i current iotal mass of the model

: fractionary mass of the canvective core
¢ central by mass abundance of hydrogen -
! surface by mass sbundance of hydrogen

QHﬂ“ﬂ‘,




TABLE 2.3

-, Results of models and of counts for four “track-shaped™ bands centered around the evolutionary tracks of
9,15, 30, and 60 .#4,. The values of the ratios of the different lifetimes (respectively different number of stars) to the
total lifetime (respectively total number of stars) are given

ttot‘tOB'tA'tFG’tKM Models Observations
Neot™Nos ™ Na*Nre Nkm A 3 c 6C | GAC |Galaxie| LMC | sMc
ten 0.015 | 0.007 | 0.002 | Ny 0.00 Jo.00 | o0.00 J{o0.00 fo.00
tee 0.029 | o0.001 | o0.000 | N, 0.00 Jo.00 | o.00 {o0.00 [o.00
60 ng A 0.022 | 0.000 | 0.000 | N, 0.00 fo.00 | o0.00 Jo.00 }o.00
topa {ftot Jo.9s5 | o.046 | 0.929 Noga{ 'Ntot |1.00 {100 | 1.00 |1.00 |1.00
tos 0.954 | 0.946 | 0.929 | Ny, 1.00 fr.00 | 1.00 J1.00 |1.00
tys 0.927 | 0.929 | 0.923 | N 0.50 f1.00 | 0.73 J1.00 }1.00
e 0.002 § 0.026 § 0.013 | N, 0.00 fo.00 | o0.00 {o0.00 }o0.00
tec 0.000 | 0.027 | 0.002 | N, 0.00 f0.17 | o.08 }o.03 |oa.00
30 Mg ta 0.000 | 0.018 { 0.001 | N, 0.06 f0.17 | 0.11 §o0.00 }o0.00
topa {Ttor f0.998 lo.0s0 | 0.930 | Ny ("Neor [1.00 fo.83 | 0.9z |o.98 f1.00
top 0.998 | 0.931 | 0.920 | N 0.94 fo.67 | 0.82 fo.s8 |1.00
thys 0.921 }o0.928 | 0.921 | N,o. 0.59 J0.33 | 0.47 |o.0a 0.68
en 0.014 | 0.036 | 0.098 | N, 0.0z 10.08 | o0.05 Jo.08 {o.12
tee 0.001 {0.002 | 0.001 | N, 0.02 f0.0¢ | 0.03 }0.03 jo.12
15 ug A ‘ 0.001 | 0.00s | 0.000 | N, 0.02 fo.06 | 0.04 fo.01 {o0.03
tops (' Ttot |o.98s | 0.961 | 0.804 Nogaf Vot 10.96 fo.as | o0.92 |o.3s |o.76
top 0.984 | 0.958 | 0.894 NAB 0.95 fo.81 | o0.8s |o.88 |o.73
tus 0.895 | 0.89¢ | 0.893 | n¢ 0.70 f0.35 | o0.54 }o.75 [o.54
tem 0.085 | 0.124 - New 0.07 {o.08 | 0.07 |o.08 {o.z0
tee 0.010 | 0.032 - Neg 0.03 |o.06 | o0.04 Jo.17 {o.40
o ug 0.013 | 0.000 - N, 0.00 {0.05 | 0.0z |o.06 |o.c0
toBa /* ot 0.905 ] 0.844 - NOBA>/Ntot 0.90 j0.86 | o0.88 lo.75 |o.40
top 0.893 | 0.843 - Nog 0.90 J0.81 | 0.36 {0.68 fo.40
tys 0.843 | 0.835 - Nygs 0.82 fo.s5 | o0.70 }o.50 Jo.z0




TABLE 2.4

Star counts in different spectral types for stars with luminosity in the range -72 M,> -9
a
Sp o :] A H e X | WR
N 138 201 10 4 1 1 29 20
N/N 0.342 0.498 0.025 0.010 0.002 0.002 0.072 0.050
b
Sp 0 - 80.5| B1 - B9 A F G K M WR
N 259 80 10 A 1 1 29 20
N/Nt 0.640 0.198 0.025 0.010 0.002 0.002 0.072 0.050
<
Sp 0-381 | 82 - B9 A F G K M WR
N 290 49 10 4 1 1 29 20
N/Nt 0.718 0.121 0.025 0.010 0.002 0.002 0.072 0.050
a1
Sp ] B A F d X M WR
N 280 201 10 4 1 1 29 20
N/Nt 0.513 0.368 0.018 0.007 0.002 0.002 0.053 0.037
bl
Sp 0 - 80.5| B1 - B9 A F e X u WR
N 401 80 10 4 1 1 29 20
N/NE 0.734 0.147 0.018 0.007 0.002 0.002 0.053 0.037
:l
Sp 0 - B1 | B2 -89 A F e 4 it WR
N 432 49 10 4 1 1 29 20
N/Nt 0.791 0.09 0.018 0.007 0.002 0.002 0.053 0.037




Figure 2.1) Curves of maximum velocity for the Z.A.M.S. models
of 20,60,100 Mo ; vertical dashed lines indicate the point where

the Schwarzschild criterion holds v = v (Bressan et al.
1981) ' aD RAD

Figure 2.2a) Values of the various function v {velocity),
f= Fr/(Fr+Fc) , and excess temperature T inside a 2 Mo model
(Maeder 1975).

Figure 2.2b) Changes between the structure of a homogeneocus model
computed with the Schwarzschild's criterion and with overshooting
(Maeder 1975)

Figure 2.3) Theoretical H-R diagram for the sets of models of
tables 1) and 2) (Bressan et. al 1981):
Al standard

A with overshooting
B' whit mass loss
B with mass loss and overshooting

Figure 2.4) The "theoretical" H-R diagram for the most 1umihous
stars in the solar vicinity (Humphreys 1978)

Figure 2.3) Theoretical widening for the main sequence band with
various overshooting parameters without mass loss (Bertelli et
al. 1984).
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Chapter III

3.1 Intermediate mass stars.

Intermediate mass stars are those that ignite Helium non
degenerately, but develop a highly electron-degenerate gcarbon-
oxygen core after central Helium exhaustion. In standard models
these stars are confined in the range 2.2/8-9 Mo for the chemical
composition characteristic of the Population I, while those
limits are slight lower if one considers the Population 1II
chemical composition. The lower limit (thereafter called MHEF )
is set by the maximum mass which experiences central Helium flash
and the upper limit ( thereafter MUP } corresponds to the stars
in which carbon ignition starts off center in a miidly degenerate
core with an energy release that is high enough to remove
degeneracy. This nominal definition is however very dependent on
details of stellar model computations and, ultimately, it is the
critical core mass for non degenerate ignition that defines this
class of. models. The critical mass is about 0.31 Mo for non
degenerate Helium ignition and 1.06 Mo for non degenerate Carbon
ignition. All stars that develop a Helium core of about 0.31 Mo
before undergoing high degeneracy, and that wundergo high
degeneracy before developing a carbon-oxygen core of 1.06 Mo,
belong to this class. As far as the lower limit is concerned, we

will see in the next chapter that it is cocupled with the
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stability of an isothermal non-degenerate Helium core, while the
relation between the higher critical mass and the initial mass of
the star Mi depends on a variety of inputs in model computations,
like mass loss ,size of convective core , neutrine loss rates,
etc.. . Then it is not surprising that changing one of the above
conditions will primarily change the nominal definition of
intermediate mass stars ,and of course of other mass ranges.

In this chapter I will be mainly concerned with the effect of
overshooting during almost the entire evolution of these stars.
They will be followed from the phase of Hydrogen burning, through
Helium burning up to the Asymptotic Giant Branch (A.G.B.). Each
phase will be treated separately and the major qualitative
results of both the standard and non standard models will be
outlined with the purpose of locking for observable effects which
possibiy may discriminate between the two proposed scenarios. The
properties of intermediate mass stars from the standpoint of
classical evolution have been extensively reviewed by Iben {1974)
and Iben and Renzini (1983,1984); among the several models
already existing in the literature only a few 6f them account for
overshooting and mainly during Hydrogen burning phase ( Maeder
1876 ; Maeder and Mermilliod 1981 : Matraka et al. 19382 : Huang
and Weigert 1983).

Recently Bertelli, Bressan and Chiosi (1985} and Bertelli,
Bressan, Chiosi and Angerer (1986) have computed a complete set

of evolutionary tracks for intermediate mass stars tacking into
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account overshooting from convective core, mass loss and other
updated input physics. ‘With the help of this new set of models I
will show that several important discrepancies, that arise when
comparing classical models predictions with the observations,
disappear, so that a more extended convective mixing seems
effectively to take place inside real stars. Moreover it will be
interesting to show that, even if other theoretical approach are
possible which partly alleviate the discrepancies encountered in
the domain of intermediate mass stars, only a full npon local
overshooting, as that used by the above authors, can match
observations in different domains of the HR diagram.

In the following I will first report on the physical details of
models construction; then I will discuss the main nuclear burning
phases together with the constraints imposed by the observations
and subseguently I will describe the Asymptotic Giant Branch
Phase where several important differences afise between these

models and classical ones.

3.2 The input Physics

Evolutionary tracks for intermediate mass sitars are displayed in
Figures (3.1a,b) and have been computed for the following set of
initial parameters:
Z=0.02, X=0.700, ¥Y=0.280C

* *

%
M=98.0, 7.0, 6.0, 5.0, 4.5, 4.0, 3.0, 2.6 , 1.7 , 1.6 M

Z=0.001, X=0.700, Y=0.299
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® * ® %
M=29.0, 70, 8.0, 5.0, 4.0, 3.0, 2.0, 1.7, 1.6, 1.5 , 1.4 M

)
Asterisked models belong to the domain of low mass stars in
standard eveolution, but behave as intermediate mass stars if
overshooting 1is accounted for; they will be discussed in the
chapter of low mass stars.
The models are calculated under the following physical
assumptions ( Bertelli et al. 1988)
1) Overshooting from the convective core as described at the
beginning and for a value of A = 1 (other values are explicitly
given in the text)
2) Models have been evolved at constant mass; however for
investigating on the effects of mass loss in this domain of
masses some tracks have been repeated with mass loss introduced
according to the formalism of Reimers {(1975):

dm/dt = 4 10‘3 nL/gR

where the rate is expressed in Mc yrhl and L,g,R are respectively
surface luminosity, gravity and radius of the star: the parameter
7 is uncertain by a factor of ten - from 0.3 to 2.0 - but
according to Fusi-Pecci and Renzini (1976) and Renzini {1981},
the morphology of the H-R diagram of globular clusters put
stringent limits on it -7=0.4 * 0.05-. This same value led to an
underestimate of the rate for the more luminous red giants and
supergiants ( de Jong 1983, Bertelli et al. 1984 ) so that a
relation with a slightly higher dependence on the luminosity may

be more appropriate for these stars (Bertelli et al. 1985)

24




3) The radiative opacities are taken from Cox & Stewart {1970}
interpolated by bicubic splines, whereas the conductive opacities
are from Hubbard & Lampe (1969} and Canutc {1370).

4} The nuclear energy generation rates are derived from Fowler
et al (1975). The abundances of CNO elements are the same as in
the mixture used for the opacity and equilibrium is assumed only
for the CN cycle. The abundances of 14N, 160, 170 are followed
and modified according to the importance of the ON cycle.
Finally, the brate of the 12C(a,7’)160 reaction is according
to the new measurement of the cross section by Kettner et al
{1882) or equivalently the reduced width of the « particle (Qaz)
is in the range 3 to 4 times the classical value (0.078).

3) The neutrino energy losses by Beaudet et al (1967) for
plasma, photo and pair production are adopted.

5} The mixing length in the outer layers is chosen to be 1.5
time the pressure scale height.

8} Particular care is devoted to the mass spacing in order to
define the border of the convective core as accurately as
possible. In the vicinity of this border the mass interval is
less than Am/mt0t= 0.001i. The number of mesh points range from

about 500 during the central Hydrogen and Helium burning phases

to about 900 in the double shell phase.

3.3 Core Hydrogen burning phase.
As for the massive stars, the zero age main sequence (Z.A.M.S.)

is only slightly affected by convective overshooting. The effect
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of wvarying the free parameter A on the extension of the mixed
region is shown in Figure (3.2), where are also displayed the
results of Matraka et al. (1982) for A = 0.25 and 0.5 but for a
different chemical composition (¥X,Z =0.802, 0.044) and a
different computational procedure. From the computations of
Bressan et al.(1981) and Bertelli et al.{1985) it appears that
the same overshooting parameter implies a relative growth of the
size of the convective core which increases as the model mass
decreases. The relative increase of the fractionary mass Ag/g

61 = Mr/Mtot) of the convective core ranges from about 0.30 for a
9 MG, to 0.75 for a 5 Mo and reaches about 1.8 for the 1.8 Mo
model for the metal abundance Z = 0.02 and has about the same
vaives for Z = 0.001. Furthermore an inspection of the above
models and of the results obtained by Matraka et al. shows that
with decreasing metallicity, both the standard and overshooting
cores get larger : 19% for A = 0.5 and Mi= 3 Mc , while 15% for A
= 0 and the same mass. The more extended convective core makes
the models to evolve at higher luminosities during Hydrogen
burning., this effect Dbeing growing during evolution , and at
lower effective temperatures, causing the widening of the wmain
sequence band. The lifetime of the phase is controlled by both
the higher luminosity and the fact that more fuel is available,
but the last effect largely overwhelms the first, so that the

lifetime increases consistently.

During this phase the main characteristic of the models directly

26




comparable with observational data is the widening of the main
sequence band as for massive stars. A composite Mv-(U-B)o diagram
of galactic clusters (from Maeder and Mermilliod 1981) is shown
in Figure (3.3} together with the main sequence band obtained
from the models described above for Z = 0.02. The transformation
from Log L - Log Te to Mv-{U-B)o plane is based on the
relationships given by Buser and Kurucz (1878). This diagram
shows, only qualitatively, that standard models cannot account
for the widening of the main sequence band even in the case of
intermediate mass stars. One may speculate about uncertainty in
experimental data when constructing composite diagrams; in fact a
more rigorous analysis has to be based on systematic comparisons
between observed and synthetic star clusters. However here it is
worth mentioning that when a comparison is made as in Figure
(3.3} one has to keep in mind that about 50% of the H burning
lifetime is spent in a very narrow region along the Z.A.M.S. and
this clearly stresses the discrepancy obtained from standard

evolution.

3.4 Core Helium burning.

Following central Hydrogen exhaustion the stars move to the red
region of the H-R diagram in a Kelvin-Helmoltz time scale and
then, c¢limb along the Hayashi line, while central Helium core
heats due to the gravitational contraction and Hydrogen burning

proceeds in a shell. At the same time the external convective




envelope moves inward and eventually reaches layers left out by
the receding H burning core, thus starting the so called "first

"

dredge up" of nuclear processed material. When central density
and temperature reach the critical value for Helium ignition
this proceeds quiescentely because the core is not degenerate.
Central convection is initiated, driven by the high temperature
dependence of Helium burning. During subsequent evolution the
Helium inert core continucusly grows in mass, because of the
Hydrogen shell burning, and this makes the convective core to
become greater and greater. The model luminosity decreases
slightly down to a minimum after that a blue loop is started in
the H-R diagram. In this phase standard models face with the so
called problem of semiconvection. Due to the growth of the
convective core a steep discontinuity in molecular weight appears
at its border , where opacity is very dependent on the Helium,
Carbon and Oxygen content. Helium rich regions slightly outside
the convective core are strongly unstable with respect to
perturbation in molecular weight: if for some reason (penetration
of convective elements, shear, diffusion) these regions are
partially mixed with the core, their opacity considerably
increases owing o the injection of carbon and oxygen vrich
material. The radiative gradient thus overcomes the adiabatic one
and the region becomes completely convective. This process
propagates outward giving rise to a series of gradient profiles

like those shown in Figure (3.4), so that the question arises of
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where the convective border actually is.

The difficulty is overcome by assuming that in those regions
mixing is only partially efficient (semiconvection) and so well
regulated to give rise to a zone of varying molecular weight in
which the neutrality condition against convection exactly holds.
This has been the subject of a great deal of theoretical work
aimed to determine the true process of mixing and the consequent
neutrality condition. The problem is not yet solved and both the
Scwarzschild and Ledoux criteria for convective neutrality are
found in the literature. It is worth mentioning that some authors
refer to this mixing process as to "overshooting and
semiconvection during Helium burning”, (Renzini 1977} because, in
reality, the inner full convective region moves slightly outward:
it is however a "local overshooting”, because no full penetration
of convective motions in radiatively stable regions is
considered. On the contrary, models with overshooting parameter A
= 1 never experience this phenomenon while, for A = 0.5 it is
marginally present at the end of Helium burning phase only. This
reflects the fact that when A - 0 one expects to recover the
standard results.

Turning now to the H-R diagram morphology it is well known that
when the loop crosses the Cepheid instability strip the . star
Starts pulsating with a well known relation between fhe period
and the average density. Although one of the major goals of the

stellar evolution theory is the prediction of the existence of
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these very typical objects still some problems exist, as we will

see in the following.

3.5 Overshooting and the Cepheid stars

As noticed by Matraka et al. (1982} and by Huang and Weigert{1983)
overshooting strongly affects the morphology of the H-R diagram
during Helium burning. The models evolve at a higher luminosity,
with a ALogL/La which is about 0.5 for M = SMO and 0.3 for M =
QMG and A = 1. Furthermore the extension of the biue loop is
reduced as the size of the overshooting region increases. Matraka
et al.(1982) argued that this would constitute a strong
difficulty for models with overshooting and in fact, their
calculations showed that only stars more massive than about 6 Mo
would be able to cross the instability strip. This in turn would
mean that no Cepheids with periods shorter than about 8 days
could be explained by theory. They were also able tgo show that
the morphology of the loops is greatly affected by other agents,
amcong which one of the most important is the treatment of the
external convective envelope. If the mixing length ratic
decreases, the Hayashi line gets rgdder but the hottest point of
the loop moves to the blue. A later work of Huang and Weigert
(1983) confirmed this finding as may be seen in Figure - (3.5},
where their case for M = SHG and A = 0.5 is shown. Against such a
decrease of the external mixing length parameter {down to 0.5} I

report that recently Vandenberg and Bridges{1984) claimed that
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the standard value of a = 1.5 should be preferred. Furthermore
other important inputs in the model computations are known %o
modifv the appearance of the locps in the H-R diagram. Apart from
the effect of metal content (the lower the value of Z, the more
extended the loop), or of mass loss (which has been discussed by
Lauterborn et al. 1971), alsc the nuclear energy rates for Helium
burning have a great impact on the H-R diagram morphology. In
particular the parameter Bza(7.12 Mev) of the reaction
EZC(a,zEIGO is determined with an uncertainty of about one order
of magnitude and its effect on the occurrence of loops has béen
reviewed by Iben (1972) and it is illustrated in Figure (3.6}.
The probable values of this parameter range from 0.045 and 0.125.
An increase of this parameter from the minimum value to the
maximum ( which would primarily affect the chemical composition
of the final Carbon-Oxygen core changing the 126/160 ratio from
about one to zerao) produces more extended loops in the H-R
diagram in the region of less massive intermediate mass stars,
while the luminosity of the models is not affected. Standard
models, +the ones of Matraka et al. and of Huang and Weigert
were obtained assuming the value given by Flower(1975) of 6 =
0.078. Recently however, new accurate measurements o¢f cross
section have increased its value of about three to five times
{Kettner et al. 1982). The models computed with this new value
(Bertelli et al 1984} confirm the finding of Iben (1972); the

loops have about the same luminosity as in previous computations
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but they are more extended. In such a way models with
gvershooting and the new value of the a particle reduced width,
as proposed by Kettner et al.(1982), do not face the problem of

the absence of blue loops for stars in the mass range 4 to § MQ.

3.6 The mass-luminosity relation for cepheid stars.
Another important problem arises when comparing theoretical
predictions with observations in this phase. In the last few
years it becomes evident that the mass of cepheids predicted by
stellar evolution theory were larger than those inferred by
pulsation theory by a non negligible factor. This so called
"cepheidﬂ mass anomaly" appears more or less stressed in the
different ways in which the comparison is made. The linear
pulsation theory predicts relation between the period and the
mean density of a cepheid, which may be written in terms of its
mass and radius (or equivalently luminosity and effective
temperature}

Q=10 . ( M/ R3 }1/2
where Q is the pulsation comstant, 1 is the period, M the total
mass and R the radius.
Cogan (1970) studied the 13 cepheid stars employed by Sandage and
Tamman (1969} for calibrating the period-luminosity-coloer
relation. From the well known mean luminosity and effective
temperature he was able to show that the masses inferred from

pulsation theory (with the help of the ahove relation) were too
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low ,by a factor of 30%-40%, with respect to the masses inferred
by evolutionary tracks crossing the instability strip at the same
luminesity. Furthermors since the Ffirst application of
hydrodynamic calculations to the cepheid pulsations, Christy
{1868,1974), Stobie (1969,a,b,c), it was evident that the so
called "bump cepheids"” could not be modelled unless the masses
usad in the calculations were about 30% or 40% less than the
evolutionary masses of the same luminosity. Since then a great
amount of theoretical work has been performed to clarify if this
mass anomaly is only apparent. A number of different agents was
invoked to lower the evolutionary mass, like mass loss (the
required amount however also modifies the extension of the loop
and turns out to be too high ) or increased envelope opacities
(1ike those suggested by Carson 1976) whose effect is mainly
directed to lower the luminosity of the loop (Carson and Sthoters
1984). On the other hand improved hydrodynamical calculations
(Fricke et al. 1971,1972; Adams et al.1980) have demonstrated.
that é "bump cepheid" mass anomaly of about 40% exists,
independently of numerical codes employed in the caliculations.

As far as the "pulsational masses" are concerned, the discrepancy
is displayed in Figure (3.7) (from Iben and Tuggle 1972). In that
Figure the dots indicate the pulsational masses obtained for
sixteen galactic cepheids and the shaded region represents the
ﬁass-luminosity relation of the blue loop for stars with chemical

composition X,Z = 0.7,0.02 . The fitting line for cepheids has a
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slope (LoglL = 3.6 LogM) different from that drawn for the
evolutionary models (LogL = 4 Log¥ }. For a given luminosity the
discrepancy ALog M is about 15%. It was noticed by 1Iben and
Tuggle (1872 a,b ) that an underestimate of the intrinsic
luminosity of the cepheid stars by a factor of Alog L = 0.1 and a
slightly different slope of the P-L-C relation from that of
Sandage and Tamman (used for the plot in Figure 13 ), would
remove the discrepancy. This is not at variance with observations
as the luminosity depends on the distance scale and for the
sixteen cepheids of Figure (3.7) the last rests mainly on the
Hyades distance modulus. An increase of ALog L = 0.1 implies an
increase of A(M-m) = 0.3 mag.; 1in the last few years the Hyades
distance modulus has grown from about 3.00 mag. to 3.18 mag
(Flower 1879) and recently to about 3.4 (Hanson 1880). This
possible overcoming of the pulsational mass anomaly { see also
Cox 1980}, has been recently guestioned by Schmidt {1984) on the
basis of a recent redetermination of the distance moduli of
several open clusters containing cepheid stars. Schmidt derived a
zero point for the period luminosity color relation which gives
absolute magnitudes that are fainter by about 0.4 - 0.6 mag than
those based on the above Hyades distance modulus. Moreover a
significantly lower estimate of the luminosity of two cepheids -
U Sgr and S Nor - is given in the revision made by Peel {1984).
In Figure (3.8}, which shows a plot of Log L/L0 vs. Mpul

(pu}éatienal masses) calculated with the new distance for the
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Hyades (Hanson 1979) by Cox{1979), the effect of the revision by
Peel is indicated by an arrow. If one applies the revision made
by Schmidt, all other points shift almost of an equal quantity.
As can be seen by the Figure, when distances are based on the new
Hyades modulus, cepheid stars fall in between the relations Log
L/LO~Log M/MO defined by standard models and by models with
overshooting, while if the corrections suggested by Schmidt and
Peel are adopted, the stars shift over and even behind the
relation defined by models with overshooting for A = 1.

Thus the higher luminosity the new models have during central
Helium burning - ALog L/L0 = 0.5 - may offer an immediate
explanation to the pulsational mass discrepancy.

From the standpoint of classical evolution, the bump mass
anomaly may be eliminated postulating an overabundance of He -
¥=0.75 Cox (1980)- in a Very narrow region of mass inside the
ionization region. This is not implausible but strongly conflicts
with +the immediate mixing that an outward decreasing molecular
weight would imply. Even in this case models with overshooting
offer an elegant possibility to overcome the difficulties
encountered, because they fruitfully obey the requirement of
providing the same luminous envelopes with a total mass about
30%-40% lower than in standard models.

To conclude this section dealing with Helium burning phase a
remark on lifetimes is needed. Standard models predict that the

Helium burning lifetime is about 30% 40% of Hydrogen burning
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time. This is due primarily to the growth of the inert Helium
core as the Hydrogen shell advances during evolution. On the
contrary, in the new models, evolution at higher luminosity
exactly balances the effects of an enlarged size of the core.
Therefore they predict a Helium burning lifetime which is about
6% for A = 1 or 15% for A = 0.5 of the Hydrogen burning lifetime.
This has a very clear observational counterpart in the number
ratio between evolved and unevolved stars, and may be compared
with theory, if one disposes of a good encugh photometry for well

populated young clusters.
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3.7 The Asymptotic Giant Branch phase.

Following central Helium exhaustion the Carbon Oxygen core
undergoes gravitational contraction while central density and
temperature grow. In the H-R diagram the model is now c¢limbing
again along the Havashi line which, for intermediate mass stars,
asymptotically approaches the prolongation of the red giant
branch of low mass stars, from which the name given to this
phase. The convective envelope expands, cools and penetrates
inward in mass. At the beginning both Hydrogen and Helium
shells are active, but the first immediately guenches out owing
to the cooling of the envelope. During this phase the luminosity
is mostly provided by the gravitational core contraction and by
the shell Helium burning. However when temperature and density
enter the range in which neutrino losses become important, the
core reaches an equilibrium configuration with neutrino losses
exactlv balancing gravitational energy input. Therefore the
central temperature stops rising while density continucusly grows
up, driving the model toward central electron degeneracy. In the
outer Carbon Oxygen core regions neutrinc losses are much less
efficient and there the temperature continuously increases.
However the point where neutrino losses Just balance
gravitational heating progressively shifts outward, thus
producing an off center maximum temperature. On the other hand,
nuclear energy sources provided by carbon burning are not vyet

sufficient to overcome neutrino losses but grow with temperature
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and experience the same off center shifting. Here the mcdel faces
with two different fates. If maximum temperature grows faster
than it is pushed outward by neutrino cooling ( this happens when
enough Carbon Oxygen material is outside the maximum to
significantly contribute in gravitational heating )}, then carbon
burning starts off-center with a power that immediately
overwhelms neutrino losses and forces the core to leave
degeneracy. The limiting mass for a mildly degenerate C-0 core to
undergo this carbon ignition is about 1.06 Mo. On the other hand
if there is not enough heating from the gravitational pocl,
neutrinc losses make the temperature to drop, after a stage in
which a maximum off center was reached; the central core becomes
highly electron degenerate and only when the Carbon Oxygen mass
reaches the critical value of 1.4 MQ, carbon ignitiom may occur,
however with a destroying power. Subsequent evolution of models
that ignite Carbon in a mild or non-degenerate material was
investigated in a series of papers by Nomoto et al. {1984 and
references therein). Briefly, after quiescent central Carbon
burning, the star develops an highly degenerate Oxygen-Neon-
Magnesium core and in a short time scale reaches the stage in
which electron capture by 2GN«e and 24Mg is dominant. The star
then implodes giving rise to a deflagration type 11/2 supernova.
Stars belonging to the second class (properly intermediate mass
stars) follow a different evolution and, what is important,

survive for a time significant to produce cobservable effects in
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the H-R diagram. While the Carbon Oxygen core is contracting,
the luminosity input and the effect of cooling force the
radiative gradient in the envelope to overcome the adiabatic one
in brogressively more internal regions. Thus convection deeply
bPenetrates inward and eventually shifts the Helium—Hydrogen
discontinuity toward the Helium shell, as it ray be seen in
Figure (3.8} from Becker and Iben(1979). During this phase CNO
brocessed material is brought to the surface and the star
undergoes the so called second dredge up episode. As the
location in mass of the Hydrogen-Helium discontinuity ( MH}
approaches the location of the Helium shell, heating forces the
Hydrogen to reignite in a thin shell.

This determines the end of the Early’Asymptotic Giant Branch
(EAGB) phase and the star enters the double shell phase which isg
characterized by a series of thermal pulses of the Helium shell
{TPAGR}. During this phase the Carbon-Oxygen core is highly
degenerate and its mass increases due to the effect of the
burning shells which, alternatively, brocess Hydrogen into Helium
and Helium intg Carbon and Oxygen (Neon is present in a very
small quantity). Helium burning in the shell does not proceed
regularly, but on the contrary, is characterized by subsequent
periodic flashes of growing amplitude, soon followed by the
appearance of con§ection and by the expansion of the surrounding
layers. The expansion is so quick and mixing so efficient that

Helium nuclear reactions cannot reach equilibrium and the mainp
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product is 120. Expansion bropagates outward like a wave

quenching out the Helium shell first and subsequently the
Hydrogen shell, and forcing the external convective envelope to

. . 12 . . ' .
advance in regions ~“C enriched by previous internal mixing.

Through this mechanism newly made 12&‘: is brought to the surface
during a series of flash episodes which constitute the so called
third dredge up phase. When and, eventually if, surface Carbon
abundance overwhelnms Oxygen abundance, the star shows up as a
carbon star, so called to distinguish it from normal stars in
which Oxygen is more abundant.

The luminosity of the models along the A.G.B. is quite well
Fepresented by a relation involving the mass inside the Hydrogen
burning shell {Paczynski 1970 }

L = 5.925 104 (MH - 0.495)

and it is mostly provided by Hydrogen burning. If gravitational
energy release is important {as it is the case for more massive

intermediate mass stars) the relation is slightly different,

involving also the total mass M (Iben 1977}
L =6.34 104 { MH - D.44)(M/?)0'19

This luminosity refers to the interpulse phase which has a

characteristic time duration given by
Log At (Yr} = 3.05 - 4.50 (MH - 1.00)
and grows until Log At is about 25 % greater than the above
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value. The number of pulses experienced bv a model is an
increasing function of the initial mass starting from 13 at Log
M. = 0, to about 840 at Log Mi = 0.6 and ending at about 9000 for
Log Mi > 0.7 . Comparing the number of §u}ses with the interpulse
time one can see that a considerable amount of time is spent
during the thermal pulsing phase. The situation is summarized in
Figure (3.9) (from 1Iben 1980). 1In that Figure several mass-
luminosity properties are shown for a set of evolutionary models
{including low mass stars) with chemical composition X,¥,2 =
0.7,0.28,0.02. The models begin the thermal pulsing phase along
the line marked "begin", and end up in three different ways on
the lines marked "end". For initial masses smaller than about
1.23 Me, the models lose their envelope by stellar wind before
developing a core mass of 1.4 Me. Stars in the range 1.38 Mg < M
< 5 Me eject a planetary nebula and become white dwarfs. Stars
more massive than 5 Mo develop a degenerate Carbon-0xygen core of
Mc=1.4 Ma before losing their envelopes, therefore presumably
undergoing supernova explosion. Following a dredge-up law
inferred by model computaticns, lines of constant ratio 126f150 =
I, 2, 4 are drawn in Figure (3.9). As can be seen from that
Figure, stars in the range 4 to 9 Ma must appear as bright C
stars with bolometric magnitudes in the range -6 < Mbel < =7.2.
In addition, more detailed calculations (Iben 1980 } show that
using a birthrate derived from Salpeter’'s mass function, one may

obtain a theoretical distribution for C and M stars, as




summarized in Figure (15 b). C stars are normalized to a total
number of 100. The number of C stars versus magnitude indicator
M(0.81), defined by a study of Blanco et al. {1980) for
Magellanic Clouds. is also shown for comparison.

It is evident that theory is at variance with observations. The
theoretical distribution of carbon stars, which ranges from

M =-5 to Mbol=—7,5 and has a maximum at about M -6.3, is

bol™ > bol™
completely "off center" with respect to the observed distribution
which has a maximum at about Mbol = -4.7 and extends from Mbol =
-3.5 to Mbol = -8. This means that where theory predicts that ¢
star stage may be easily reached ( Mi > 5 M@), there are not real
C stars, and where theory predicts that dredge-up mechanisms are
not able to produce C stars, they actually exist !. Even if the
dredge-up mechanism is supposed toc be more efficient for low mass
stars (Iben and Renzini 1982a,b and Renzini 1983y, the
theoretical distribution of C stars fails to predict the true
one, giving too many stars above Mbol = -5.5. In conclusion if,
on one hand, it is fairly well established that the € star
phenomenon occurs along the A.G.B., above a certain luminesity,
on the other hand, the observed distribution vs. magnitude is
completely at variance with theoretical predictions. Surveys of
selected fields in the Magellanic Clouds confirmed that C stars
are confined within the magnitude range —4<Mb01<-6,and none is

found brighter than this limit. Recently Frogel and Blanco (1983)

claimed that vyoung clusters in the Magellanic Clouds which
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contain Cepheids ( age less than 138 vears}, do not have C
stars; on the contrary, stars in the range 4-6 Mo are expected to
easily expose C rich material at their surfaces.

Several arguments have been invoked to explain such a paucity of
bright C stars, among which the most convincing is the so cailed
"envelope burning" {(Renzini and Voli 1981). It is suggested that
if the base of the convective envelope is sufficiently hot, then
the fresh dredged-up 12C may be directly converted into 14N via
the reaction 12C(p,r)13N{8,u}lsc(p,y)14N. If this is the case,
then the star should appear as a M giant star. This however
conflicts with the more surprising cobservational result that not
only C stars are absent, but also M stars brighter than about
Mb01=~6 are lacking (Frogel and Blanco 1983: Aaronson and Mould
1984, Renzini 1983). Therefore on the basis of observational
evidences one is forced to conclude that a real luminous A.G.B.
star leaves A.G.B. considerably before the critical mass of 1.4
Ma is reached.

Mass loss has been invoked to get out from this intriguing
discrepancy but, as discussed by Renzini {1885}, that mechanism
seems to be rather ad hoc, because it requires rates two orders
of magnitude greater for massive intermediate mass stars than for
those of lower mass but of similar luminosity and temperature.
The most promising explanation (Chiosi et al. 1984: Bressan 13984;

Bertelli, Bressan and Chiosi 1985; Renzini et al. 1985:

Castellani et al. 1985) is related to the interior of the star
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and in particular it concerns the correct treatment of the

convective core.

3.8 GOvershooting and MUP

A number of evelutionary computations accounting for overshooting
have been provided by Bertelli et al.(1985) and Bertelli et al.
(1986) which span the entire domain of intermediate mass stars
for two different metallicities. In those models the thermal
pulsing phase is not followed as it reguires considerable amount
of computing time and very detailed grids of models. However a
number of interesting results have been obtained concerning, in
particular, the initial mass (MUP) of those models that undergo
C ignition before the beginning of the thermal pulsing phase.
The main results may be better understood by looking at Figures
(3.10) and (3.11) (Bertelli et al. 1985). 1In Figure {(3.10) the
size of convective core during Helium burning is plotted against
central Helium content for two different values of the
overshooting parameter (A = 0 :standard case: and A = 1}. The
core mass is much greater in models with overshooting owing to
its effects during both the Hydrogen and Helium burning phases.
Because of the continuous growth of the convective core, the
region is completely mixed until Yc is as low as 10—3; then the
core starts receding and leaves a very flat Y profile {y = 10—3)
which extends outward up where the maximum size of convective

core  generated the steep Carbon-Oxygen Helium discontinuity
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(this maximum extension is shown in the right side of Figure
(3.10) for different initial masses and for Z = ¢.02).

After central Helium exhaustion, the core contracts and Helium
starts burning in a shell which covers the whole flat profile and
has its maximum efficiency around the discontinuity. For initial
masses greater than about 6 Mg for Z=0.02 and 5 Me for Z=0.001
the mass size inside this discontinuity already overwhelms the
critical wvalue of 1.06 Me' The central temperature and density
runs for some of the computed models and for Z=0.02, are shown in
Figure (8.11) for this contracting phase, corresponding to the
early A.G.B. phase. All models down to 6 Me ignite carbon in a
non degenerate core (for the 8 Me model the ignition is off
center and in a mildly degenerate core as can be seen in Figure
{3.13 a,b,c,d}). Thus when overshooting is taken into account
(with A = 1}, models of initial mass greater than about 53-6 Ms do
not experience thermal pulses in a phase of degenerate Carbon
Oxygen core and they climb along the A.G.B. in a characteristic
time which is about a factor of ten less than that predicted by
standard models.

The direct consequence of the overshooting is thus the lowering
of the initial star mass for which Carbon starts burning quietly
or, as otherwise said, the lowering of MUP' In such a way stars
more massive than say 5 or 6 Me will not contribute +to the
luminous tail of the AGR luminosity function. Therefore the new

models predict quite straightforwardly that young clusters with

45




tu;ncff masse at about say 5-8 &8 may contain cepheid stars but
not € or M stars above Mhol = -8. However the problem of luminous
AGB stars is far from being solved by overshooting alone. It
suffices to remember that, while on the A.G.B., the luminosity is
strictly related to the mass inside the Hydrogen Helium
discontinuity MHE" Thus one expects less massive stars to
continuously populate the bright part of the A.G.B. even with
overshooting. For such stars the accompanying mechanism may be
the mass loss, as suggested by Chiosi et al.{1986). The abaove
authors computed different theoretical AGB luminesity functioﬁs
based on the new models and on the usual parameterization of the
mass loss rate ( Reimers 1975) and were able to show that only a
modest increase in the mass loss rate, compatible with the
observational errors, is needed in order to reproduce the
observations.

Non local overshooting of the kind I just described, is not the
only way of getting a lower value of MUP' Castellani et al.
{1985) have investigated this problem focusing on the effects of
local overshooting and semiconvection during central Helium
burning. The difference between local and non local overshooting
is that in the first the matter that surrounds an unstable region
is locally perturbed in composition and then tested for stability
while, as we have already seen, the second looks for the correct
definition of the velocity field. During central Helium burning

it happens that radiative surrounding regions become convective
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when mixed with the Carbon and Oxygen rich matter which, for
several reasons (Renzini 1977), overshoot from the convective
core. However no investigation is made on the velocity field and
on the pcssibility that mixing effectively takes place apart from
timescale arguments. The main characteristic of this convective
treatment 1is that it concerns central Helium burning only,
because intermediate mass stars never present favorable internal
conditions during Hydrogen burning. Moreover Helium burning
lifetime is about twice that of standard models and finally,
pulses of convection appear toward the end of Helium burning
which again contribute to an enlarged Helium exhausted core. This
argument will be touched again in the session of low mass stars,
where it was noticed first.

For what concerns the problem of M it is clear that a more

o’
sized Helium exhausted core goes in the same direction of models
with non local overshooting and indeed Castellani et al. have
obtained a wvalue for MUP as low as § Mg for a metallicity of
Z=0.001.

Apart from the observational evidences presented in the next
chapter, which strongly contradict the occurrence of convective
pulses inside real low mass stars, I remember here that doubling
the Helium lifetime while letting unchanged the Hydrogen one isb
strongly at wvariance with the observed number of evoived to

unevolved stars in several clusters of the Magellanic Clouds.

NGC1866 is a well studied prototype for which Becker and Mathews
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{1983) have found the following ratios Nevolved/Nunevalved’
resting upon standard models and the Salpeter initial mass
function:
Observed = 1/2 Theoretical = 2

Thus standard models already overestimate Helium burning lifetime
with respect to the Hydrogen one at least of a factor of four. If
local overshooting, semiconvection and breathing pulses are
introduced the overestimate may easily reach one order of
magnitude. Moreover incompleteness of the observations may only
make worse the comparison as unevolved stars are the best missing
candidates.

On the contrary non local overshooting reduces considerably the

above theoretical ratio, so that it fully reproduces a variety of

observational constraints and not only the tip of the iceberg.
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Figure 3.1la) HR diagram for models with overshooting for the
following parameters X = 0.700, V = 0.28 Z = 0.02 A = 1 and
initial mass {MOE indicated on the Main sequence

Figure 3.1b) The same of a) but for ¥ = 0.700, ¥ = 0,299 and
Z = 0.001

Figure 3.2) Size of convective core {(Mc/M) vs. model mass for
several models on the Z.A.M.S. from Bertelli et al. (continuous
line) and Matraka et al. 1982 {dashed lines)

Figure 3.3) Composite Mv-(B-V)o diagram for galactic star
clusters. Shaded line corresponds to points b of the models with
overshooting parameter A = 0.5 (Maeder and Mermilliod 1981)

Figure 3.4) Temperature gradient profiles caused by mixing
during He-burning.

Figure 3.5) Evolutionary tracks for a 5 Mo model with A= 0.3
in the red giant region of the H-R diagram for different values
of the mixing length in the outer convective zone (Huang et al.
1883).

Figure 3.8) Blue limits during He burning f?g diffeﬁgnt valuss
of the parameter 4 of the nuclear reaction Cla, 7Y 70 .

. a

(Iben 1972}

Figure 3.7) Mass-luminosity relationships from standard
evolutionary tracks and from observed Cepheids (Iben and Tuggle
1972)

Figure 3.8) Luminosity versus mass relationship for Cepheid stars
The full dots show the luminosities and pulsational masses of Cox
{1980). The arrows indicate the revision made by Pel {1884} .
Standard models of Becker et al. (1977) and those of Bertelli et
al. (1984) are shown.

Figure 3.9) The variation with time of the location of the Dbase
of the convective envelope and the center of the Helium burning
shell during the second dredge up phase { model of 5 MO,Y=O.28
2=0.00! from Becker and Iben 1979)

Figure 3.10a) Mass-luminosity properties during A.G.B thermal
pulsing phase.{from Becker and Iben 1979

Figure 3.10b) Distribution in number versus bolometric magnitude
for thermally pulsating M and C stars. Also shown is the Blanco
and al.1980 observed distribution of C stars in the Magellianic
Clouds (from Becker and Iben 1980)




Figure 3.11} Mass size of the convective core during He burning
with overshooting parameters A = 0 and 1 (models of 9 and 35
Mo and X = 0.700, Y = 0.28 Z = 0.001 Bertelli et al. 1984).

Figure 3.12} Log pc-dog T diagram for models with overshooting
parameter A = 1. (Bértelli et al. 1984)

Figure 3.13) Run of temperature, density, gravitational energy
release,nuclear energy release from the He shell. neutrino energy
losses for different models along the early A.G.B. phase of a 6
Mo model and X = 0.700, Y = 0.28, Z = 0.001 and A = 1.

Also shown are the chemical profiles of Hydrogen, Helium, Carbon
{Bertelli et al. 1984}
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CHAPTER IV

4.1 Low mass stars

The stars that after the Main Segquence phase ignite Helium in a
highly electron degenerate core undergoing the Helium flash
phenomenon, belong to the low mass stars category.

The appropriate mass range is defined on the side of the upper
limit, by the ability of the models of building up an inert He
core which encompasses the 1limit of Schonberg-Chandrasekhar
before the degeneracy sets in and, on the side of the lower limit
by their ability of ignite Helium.

The Schonberg-Chandrasekhar theory on the stability of an
isothermal core is useful for understanding how the upper limit

{

HHEF)’ which separates intermediate mass stars from low mass
stars, depends on the assumed input physics. In this mass range
the inert Helium core left out after central Hydrogen sxhaustion,
may reach an isothermal stable configuration because its mass is
less than the Schonberg-Chandrasekhar limit: however owing to the
continuous advancement of the Hydrogen burning shell its mass
steadily ZTOWS and, when it encompasses the Schonberg-
Chandrasekhar limit two different situations may arise, depending
on the degree of the internal electron degeneracy.

For sufficient low degeneracy the core becomes unstable and

enters a phase of rapid gravitational contraction so that heating

49




of the central regions drives the model toward quite He-ignition
in a non-degenerate material.

On the contrary if degeneracy is already considerable, the core
remains isothermal while being greater than the Schonberg-
Chandrasekhar limit and the model enters a phase of slow growth
of the degenerate core which is driven by the input of Helium
provided by the Hydrogen burning shell. Contrary to the previous
alternative where the characteristic lifetime of the phase was
that of gravitational contraction, here the lifetime is defined
by the velocity of the outward displacement of the Hydrogen shell
and in turn by the luminosity of the model.

Ultimately +the central temperature and density reach the Helium
purning locus but, because of the strong electron degeneracy,
jgnition is violent and give rise to the so called Helium flash
phenomenon.

These two alternatives generate two very different morphologies
in the HR diagram. In both cases the model climbs along the
Havyashi line but, both the time duration and the extension of the
Red Giant phase is much shorter in the first case than in the
second, so that only clusters with turnoff masses below MHEF have
very well populated and extended Read Giant Branches {(RGB), which
constitute one of the main characteristics of their HR diagrams.
Existing models in the literature (Iben 1967, Sweigart and Gross
1978) have shown that MHEF is a sensitive function of the initial

chemical composition, being around 2.2 Me for a value typical of
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the Pop. I , while being around 1.8 Me for the Pop. II.

Both these values are well above the minimum mass which possesses
a convective core during central Hydrogen burning ( around 1.2 -
1.1 MG) so that it is straightforward to foresee the impact of
the overshooting even in this range of masses. In particular the
greater inert Helium core left out at the end of central Hydrogen
burning, by a more extended convective region, immediately
suggests a lower value of MHEF'
Several observaticnal implications would consequently follow and,
among others, we vrecall that if the transition mass between
intermediate and low mass stars shifts toward a lower value, the
appearance of a well developed Red Giant Branch in star clusters
shifts toward older ages.

Once the Helium flash had occurred the subsequent evolution of
low mass stars is very similar to that of intermediate mass
stars. Central Helium burning proceeds in a convective core so
that here again overshooting mav play a significant role.

To investigate on the effects of overshooting in the range of low
mass stars [ have computed evolutionary tracks which span the
main sequence phase and the entire Red Giant phase, till to the
violent Helium ignition; furthermore to complete the evolution of
these stars I have constructed Zero Age Horizontal Branch models
with suitable wvalues of initial parameters {(like Helium core
mass, total mass ....) and I have evolved these models up to the

appearance of the first major thermal pulse during the double
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shell phase.

To better understand the result obtained with this new class of
models and to facilitate the comparison with the observational
counterpart it is useful to separate low mass stars in two
different groups.

Stars in the range Mcon <M< MHEF suffer overshooting during
both central Hydrogen and Helium burning phases and observations
of the oldest open clusters in the Galaxy and of their coeval in
the Magellanic Clouds are very powerful in assessing the
relevance of this phenomenon. Evolution of the stars in the range
MLGW % M < Mcon’ which possess radiative cores during central
Hydrogen burning and for which overshooting is active only during
central Helium Dburning, will be presented in the next chapter
where, looking to the information collected in the domain of the
Globular Clusters, we will be able to fix the mixing length scale

with some confidence. Table 4.1 below resumes our computed

sequences for the Hydrogen burning phase.

Table 4.1 Hydrogen burning
Z=0.02Y =0.280 £ = s
Mi = 0.7,0.8,0.9,1.0,1.1,1.2,1. 3,1.4,1.5,1.6 ,1.7 ,2.0
Z=0001Y=0.209 . _
Ms = 0,7,0.8,0.9,1‘0,1.1,1.2,1.3,1.4 ,1.5-,1.6 ,1.7 ,2.0
Z =0.001Y = (0.200
Mi = 0.7,0.8,0.9
M., = total mass in solar units

asterlsxed models does not undergo the Helium flash
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As can be seen from table 4.1 the major result concerning this
class of stars is the strong dependence of MHEF on the assumed
amount of extramixing during the main sequence phase.

For a Pop. I chemical composition this value changes from about
2.2 M@ in the classical case, to about 1.5-1.8 Me when
overshooting is considered ( with A=1 }; similarly for a Pop. I1I
chemical composition MHEF changes from about 1.8 M‘3 to about 1.3-
1.4 Ma {A=1}.

As for the other mass ranges this result confirms the finding
that overshooting during the main sequence phase makes the model
to behave like a more massive standard one.

From the observational standpoint the very different morphology
of the red giant region in the HR diagrams of clusters with
turnoff masses above and below MHEF renders the analysis of their
luminosity functions a powerful tool for investigating about the
precise determination of the transition mass.

Recently Barbaro and Pigatto (1984} have analysed 38 among the
cidest open clusters performing both a comparison of the HR
diagram with isochrones and a statistical check of the fit
between observed and theoretical luminosity functions of the red
giant stars. Figure 4.1 (from Barbaro and Pigatto 1984) shows a
set of luminosity functions constructed for a metallicity Z=0.01
and for the shown ages; the underlying evolutionary tracks are

from Mengel (1979) and Sweigart and Gross (1976,1978) and are
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based on the standard input physics, in particular without
overshooting from convective core.

One clearly sees that the base of the red giant branch is well
defined because a relative maximunm of stars ig €Xpected there,
and that the luminosity function has a bimodal character, because
4 second relative maximum is expected, some magnitudes brighter,
in the region of helium burning stars. From the comparison of the
theoretical and observed luminosity functions and from the
analysis of other relevant barameters (like ap independent
estimate of the metal abundance, the absolute magnitude and the
intrinsic color of the turnoff point and the position of the Red
Giant Branch on the HR diagram) a consistent picture of the age
and of the meta] abundance should emerge for each cluster, with
the accuracy permitted by the errors in the assumed distance
modulus and reddening, and by the quality of the HR diagram
itself.

Barbaro and Pigatto Wwere able to show that their sample
dichotomizes into two groups, that they called older and younger
depending op the intrinsic color of the turnocff point. While
older clusters - (B—V)o > 0.35 - strictly fulfil] standard
theoretical eéxpectations, for the group of younger clusters it is
impossible to accept any of the theoretical luminosity functions
Constructed on the basis of the age (and chemical composition)
suggested by other barameters of the HR diagram [(B~V)O and Mv at

the turnoff]. In particular observed red giant luminosity



function shows up as a narrow clump of red stars, much brighter
than the expected base of the Red Giant Branch.

This is illustrated in fig. 4.2 in which the magnitude of the
faintest red star is plotted against the {B—V)o of the turnoff of
the parent cluster. Continucus lines in the Figure are the

theoretical relations between the {B-V) and the magnitude of

o,t
the base of the Red Giant Branch (where one expects a maximum of
stars 1} for different metallicities. The sample of clusters

clearly dichotomizes at a (B—V)O of about 0.35, below which all

, €
clusters are well above the theoretical lines. A metallicity
effect would produce an inverse tendency as can be seen from the
relative positions of the theoretical lines.

Instead all happens as if younger clusters have missed the sfrong
electron degenerate Helium core building phase, and have
proceeded to a non violent Helium ignition: therefofe no extended
Red Giant Branch would be observed and the clump of stars would
be in the central Helium burning phase, at a higher luminosity,
In that case we would be looking at the transition mass between
non degenerate and degenerate Helium ignition or between
intermediate and low mass stars. However such a behaviour is
expected to occur at a much lower (B~V)0't in the standard
theory, than that showed by Figure 4.2 and indeed the suggested
turnoff mass at the transition (for a solar composition) is of

only 1.4 - 1.5 MO against the value of 2.2 MO indicated by the

theory. It is unlikely that errors in the observations of single
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clusters combine in such a way to give the well defined trend in
Figure 4.2, so that putting together alsoc the information
provided by the statistics on the luminosity functions, it seems
natural to conclude that the trouble must lie in the theory.

With the help of the Schonberg-Chandrasekhar theory we have
concluded at the beginning, that the branching between
intermediate and low mass stars must come socon after central
Hydrogen burning, when the subsequent fate of the star relies on
the stability of its isothermal core.

Among those mechanisms which, at given initial mass, may result
in an enlarged inert Helium core after the main sequence phase we
recall mixing of whatever kind: overshooting, diffusion,
meridional. As far as the last mechanism is concerned, one may
object that it would require a significant rotation component,
while for what concerns diffusion it suffices to remember that
its efficiency increases with decreasing mass, in that contrary
to what is suggesied by the above observations.

As far as other possibilities are concerned that, beside mixing,
may resolve the above discrepancy, we stress that observations
put stringent limits to the space of parameters into which we
may investigate.

First the physics underlying the formation of the Red Giant
Branch is quite simple and the observation of Galactic Globular
Clusters indicates that this phase is quite well understood.

Second a relatively early phase of evolution is incriminate,
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where incertitudes related to those phenomena like mass loss,
neutrine emission, Helium burning reaction rates and conduction,
which certainly enter more advanced phases, are completely
excluded here.

Among the “known" phencmena, rotation may affect the future
evolution of an inert Helium core, but one wonders if it can be
so important that a significant range of masses ( from 2.2 to
about 1.5 M@) avoid degeneracy.

Models with overshooting of table 4.1 have a better chance for
explaining the discrepancy observed by Barbaro and Pigatto.
Indeed with the calibrations obtained by Pigatto(1986), based on
the new models, the discrepancy vanishes almost completely as can
be seen from Figure 4.3 (Pigatto 1986) in which the same data of
Figure 4.2 are displayed together with relations Mb,RG - (B—V}o,t
obtained from models in table 4.1.

Looking now to the new models in more detail we see from Figures
4.4 and 4.5 the behaviour of the convective core during the
evolution (indicated by the central Hydrogen abundance} for
different initial masses and for the chemical compositions of
Z=0.02 and Z=0.001 respectively. We first notice that the
limiting mass for deep convection toc be significant (Mcon) is
about 1.2 M@ and about 1.0 Me for the above compositions.
Therefore these are also the initial masses above which we expect

overshooting during central Hydrogen burning to be an important

phenomenon.

(%)}
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If 1lifetimes are considered instead of masses, we get that
clusters older than about 2 and 4 billions years are unaffected
by overshooting during Hydrogen burning depending on the above
metallicities; this fact holds independently from the mixing
length parameter -A- because it is the unstable region itself
which disappears at lower masses as can be seen from Figure 4.5
for the 9 Me model.

Cf particular interest is the behaviour of the convective core
for initial masses slightly above Mcon; the rapid growth in mass,
which causes for some models an increase of the central Hydrogen
abundance, can be interpreted as due to the transition from the
PP to the CNO Hydrogen burning cycles during the evolution. While
for lower masses this happens only when Hydrogen starts burning
in the shell (Renzini 1977), here the transition comes early,
during central Hydrogen burning.

At the beginning the convective core shrinks because of the
effect that the increasing central temperature has on the
opacity; however when the model enters the region where the CNO
cycle is dominant the term Lr/Mr makes the radiative gradient to
encompass the adiabatic one in more and more external regions, so
that a relatively rapid growth of the convective core follows.
The characteristic timescale of growth is however much longer
than the scale of mixing so that the convective core may be
treated as chemically homogeneous; for the same reason this rapid

variation has not the characteristic of a pulse of convection
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which I will describe later.

Differences in the HR diagram with respect to models without
overshooting are the same as for other mass ranges, however as
anticipated in the discussion of massive stars, they are enhanced
by the large effects of the overshooting for decreasing masses.
The following table gives the percentage of the overshooting
region with respect to the unstable region on the ZAMS and at

maximum core extension, {conv-cuns)/cuns

M/Me PZAMS PMax M/Ma PZAMS PMax
Z =0.02 Z = 0.001

1.0 - - 1.0 1.36 1.54
1.1 1.38 2.16 1.1 1.49 1.73
1.2 1.38 2.21 1.2 1.34 1.90
1.8 1.57 2.17 1.3 1.44 1.64
1.4 1.68 2.09 1.4

1.5 1.82 2.14 1.5 1.38 1.41

A comparison of the values given for massive and intermediate
mass stars, Dbearing in mind that the same algorithm was used
together with the same mixing scale, shows how this phenomenon
depends on the initial star mass.

The main characteristic guantities of the models during evolution
are contained in Table 4.2, where the symbols have the fellowing
meanings:

AGE the age of the models in vyears; L/Le logarithm of the
luminosity in solar wunits; T logarithm of the effective

eff

temperature; Mcon mass of the convective core in solar units;
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MSch mass of the unstable region in solar units; Xcen central
Hydrogen abundance by mass; TC logarithm of the central
temperature; pc logarithm of the central density; LX logarithm of
the luminosity of the Hydrogen shell in solar units. M, Z, Y give
the total mass in solar units and the abundance by mass of the
metals and Helium respectively. Te-m, Te-M, L-m indicate where a
minimum or maximum in temperature and luminosity are found.

Figures 4.6 and 4.7 contain the HR diagram of the computed models

for the metal abundance by mass Z = 0.92 and Z = 0.001

respectively.
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Legend to table 4.2
AGE the age of the models in vears; L/L logarithm of the

(o]

luminosity in solar units: logarithm of the effective

Ters
temperature; Mcon mass of the convective core in solar units and
when central Hydrogen is zero, the mass of Helium-Hydrogen
discontinuity; HSch mass of the unstable region in solar units
and when central Hydrogen is zero, the mass of the maximum

mperature; Xcen central Hydrogen abundance by mass and for the
last model, the logarithm of the Helium luminosity in solar
units; TC logarithm of the central temperature; pc logarithm of
the central density; Lx logarithm of the luminosity of the
Hydrogen shell in solar units. M, Z, VY give the total mass in
solar units and the abundance by mass of the metals and Helium

respectively. Te-m, Te-M, L-m indicate where a minimum or maximum

in femperature and luminosity are found.




TABLE 4.2

M=0.7 Z=0.001 ¥=0.299

AGE }
{‘/Le Teft “con MSch xcen Tc pc Lx

0.00CCCE+C0 ~-0.468 3.760
0.19818E+10 —-0.430 3.755
0.38548E+10 -0.330 3.769

0.000 0©.006 0.700 7.0855 2.0304 —0.468
0.000 C.000 O©.800 7.1008 2.0931 -0.430
0.000 0.000 0.500 7.1168 2.1618 -0.390
0.56864E+10 ~-0.347 3.774 0.000 0.000 0.400 7.1351 2.2390 -0.347
0.74986E+10 -0.299 3.778 0©.000 0.000 0.300 7.1559 2.3288 -0.299
0.94373E+10 -0.240 3.783 0.000 0.000 0.200 7.1808 2.4451 -0.240
0.000 ©.000 0.100 7.2188 2.6478 -0.134
0.000 0.00C 0.050 7.2608 2.8427 -0.027
0.000 0.00C 0.010 7.3C08S 2.9767 0.054
C.000 0.000 0.001 7.3149 3.0756 0.098
0.17183E+11 0.299 3.790 0.372 0.000 0.000 7.3440 3.6380 0.300
0.17451E+11 0.361 3.780 0.372 0.000 0.000 7.3643 3.8637 0.361
0.17597E+11 0.404 3.770 0.372 0.000 0.000 7.3861 4.0435 0.405
0.17700E+11 0.441 3.760 0.372 0.000 0.000 7.4087 4.2014 0.442
0.17792E+11 0.483 3.750 0.372 0.000 0.000 7.4313 4.3576 0.484
0.17944E+11 0.600 3.736 0.372 0.000 0.000 7.4609 4.6091 0.599
0.18033E+11 0.700 3.731 0.372 0.000 0.000 7.4730 4.7406 0.699
0.18106E+11 0.800 3.727 0.372 0.000 O0.000 7.4827 4.8412 0.799
0.18168E+11 0.900 3.723 0.357 0.000 0.000 7.4923 4.9229 0.899
0.1821G%E+11 1.000 3.720 0.331 0.000 7.5030 4.9920 0©.999
0.18261E+11 1.100 3.716 0.318 7.5150 5.0528 1.099
0.18296E+11 1.200 3.713 0.306 0.000 7.5281 5.1082 1.198

0.120686E+11 -0.134 3.790
0.13960E+11 -0.027 3.796
0.15137E+11 0.084 3.799
0.15667E+11 0.098 3.799

OO0
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0.18325E+11 1.300 3.709 0.301 0.000 0.000 7.5422 5.1599 1.298
0.18349E+11 1.400 3.705 0.301 0.000 0.000 7.5568 5.2082 1.398
0.18369%E+11 1.500 3.702 0.301 0.000 0.000 7.5716 5.2534 1.498
0.18385E+11 1.600 3.697 0.301 0.000 0.000 7.5869 5.2968 1.598
0.1839GE+11 1.700 3.693 0©.301 0.000 0.000 7.6027 5.3385 1.698
0.1841CE+11 1.800 3.689 0.301 0.000 0.000 7.618% 5.3791 1.798
0.18419E+11 1.900 3.684 0.301 0.000 0.000 7.6357 5.4191 1.898
0.1842GE+11 2.000 3.680 0.302 0.000 0.000 7.6581 5.4701 1.998
0.18438E+11 2.100 3.675 0.311 0.005 0.000 7.6731 5.5048 2.098
0.18440E+11 2.200 3.670 0.320 0.017 0.000 7.6883 5.5394 2.198

0.18444E+11 2.300 3.685 0.331 0.042 0.00C 7.7041 5.5742 2.298
0.18447E+11 2.400 3.6680 0.342 0.067 0.000 7.7207 5.6093 2.398
0.18450E+11 2.500 3.654 0.353 0.094 C©.000 7.7379 5.6451 2.497
0.18453E+11 2.600 3.649 0.365 0.120 0.000 7.7558 5.6815 2.597
0.18455E+11 2.700 3.843 0.378 0.142 0.000 7.7743 5.7190 2.697
0.18456E+11 2.800 3.638 0.392 0.160 0.000 7.7932 5.7577 2.797
0.18458E+11 2.900 3.632 0.407 0.182 0.000 7.8125 5.7978 2.897
0.1845%E+11 3.000 3.627 0.423 0.202 0.000 7.8322 5.83397 2.997
0.18460E+11 3.100 3.621 0©0.440 0.223 0.000 7.8523 5.8838 3.096
0.18481E+11 3.200 3.616 0.458 0.242 0.000 7.8725 5.9306 3.196
0.18462E+11 3.264 3.613 0.472 0.150 2.694 7.8810 5.9559 3,260




M=0.8 Z=0.001

AGE

0. 00COCE+00
0.147228+10
0.26474E+10
0.36765E+10
0.47156E+190
0.59018E+10
0.74942E+10
0.83088E+10
0.88802E+10
0.92582E+10
0.93924E+10
0.10031E+11
0.1042CE+11
0.1C575E+11
0.1068%E+11
0.10734E+11
0.10786E+11
0.10832E+11
0.10880CE+11
0.10997E+11
0.11054E+11
0.11101E+11
0.11140E+11
0.11172E+11
0.11199E+11
0.11221FE+11
0.11238E+11
0.11254E+11
0.11267E+11
0.11277E+11
0.11286E+11
0.11293E+11
0.11303E+11
0.11308E+11
0.11312E+11
0.11315E+11
0.11318E+11
0.11321E+11
0.11323E+11
0.11324E+11
0.11328E+11
0.11327E+11
0.11328E+11
C.11329E+11

-0.180
-0.1486
-0.108
-0.067
-0.023
0.037
0.140
0.207
0.258
0.299
0.316
0.412
0.499
0.548
0.579
0.805
0.624
0.842
0.666
0.800
0.900
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3.798
3.799
3.802
3.808
3.808
3.812
3.819
3.821
3.823
3.823
3.823
3.820
3.810
3.800
3.790
3.780
3.770
3.780
3.750
3.734
3.729
3.724
3.721
3.717
3.713
3.709
3.708
3.701
3.697
3.693
3.688
3.883
3.879
3.674
3.669
3.663
3.658
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3.642
3.636
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3.625
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0.004 0.8C0C
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0.000 0.100
2.000 0.050
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0 0.001
0 0.000
0. 0.000
0 0.000
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0 0.000
0 0.000
0 0.000

0.000

GOGOOOPOPO?O

38388858588553853838858588888
8888888883588888385888838

OOOOOOO&QOO‘DGOOPOPO‘OOO

C

0.

0

0.

¢

o.

o

. 0.

116 0O

0.144 0.

0.168 0.

0.185 0.
0.214 0.000

0.230 -0.803

7.1279 2.0400C -0.1%80

7.1471
7.1845
7.1818
7.2008
7.2240
7.2638
7.2989
7.3283
7.3298
7.3309
7.3412
7.3586
7.3738
7.3905
7.4093
7.4301
7.4517
7.4735
7.5043
7.5130
7.5217
7.5316
7.5428
7.5552
7.5686
7.5828
7.5977
7.8131
7.6292
7.56460
7.86837
7.6944
7.7084
7.7213
7.7387
7.75812
7.7675
7.7845
7.8021
7.8204
7.8381
7.8583
7.8768

2.1048
2.1717
2.2443
2.3314
2.4519
2.65840
2.7743
2.8765
2.9750
3.0149
3.2722
3.5507
3.7351
3.8888
4.0249
4.1535
4.2800
4.4170
4.7054
4.8219
4.9117
4.9862
5.0807
5.1079
5.1602
5.2089
5.2548
5.2986
5.3410
5.3824
5.4241
5.4956
5.5309
5.5674
5.6032
5.6396
5.6768
5.7147
5.17537
5.7942
5.8364
5.8808
5.92587

-0.148
-0.105
-0.067
-0.023
0.037
0.140
0.207
0.258
0.298
0.318
0.413
0.499
0.547
0.580
0.606
0.628
0.643
0.668
0.799
0.899
0.999
1.088
l1.1¢8
1.298
1.398
1.498
1.598
1.698
1.798
1.898
1.9¢98
2.098
2.198
2.298
2.397
2.4897
2.5897
2.697
2.797
2.897
2.996
3.096
3.193
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M=0.9 Z=0.001 Y¥=0.299

AGE L/Le Teff ﬁcan‘ MSch Xcen Tc pc LX
0.0CO0CE+00 0.080 3.825 0.050 0.023 0.700 7.1667 2.0468 0.050
0.11335E+10 0.101 3.829 0.043 0.018 0.600 7.1890 2.1102 0.101
0.20959E+10 0.149 3.833 0.034 0.014 0.500 7.2118 2.1782 0.149
C.28692E+10 0.194 3.836 0.008 ©.003 0.400 7.2333 2.2568 O0.195
0.34510E+10 0©.235 3.839 0.000 0.000 0.300 7.2497 2.3434 0.235
0.41051E+10 0.287 3.843 0.000 0.000 0.200 7.2705 2.4689 0.287
0.48330E+10 0.356 3.847 0.000 0.000 0.10C 7.3035 2.6185 0.356
0.51718E+10 0.390 3.848 0.000 0.000 0.050 7.3245 2.6945 0.390
0.55217E+10 0.430 3.851 0.000 0.000 0.010 7.3382 2.7934 0.431
C.58185E+10 0.471 3.852 0.000 0.000 0.001 7.3408 2.8945 0.471
0.60238E+10 0.504 3.852 0.000 0.000 0.000 7.3427 2.9747 0.504
0.63972E+10 0.575 3.850 0.546 0.000 0.000 7.3504 3.1656 0.576
0.66S51E+10 0.654 3.840 0.546 0.000 0.000 7.3642 3.4145 0.654
0.68104E+10 0.694 3.830 0.546 0.000 0.000 7.3748 3.5682 0.695
0.68825E+10 0.724 3.820 0.546 0.000 0.000 7.3861 3.6987 0.725
0.69334E+10 0.748 3.810 0.546 0.000 0.000 7.3990 3.8165 0.749
0.69723E+10 0.768 3.800 0.539 0.000 0.000 7.4142 3.9273 0.769
0.70036E+10 ©0.783 3.790 0.539 0.000 0.000 7.4315 4.0325 0.785
0.70306E+10 0.795 3.780 0.539 0.000 O0.000 7.4506 4.1356 0.797
0.70552E+10 0.802 3.770 0.539 0.000 0.000 7.4708 4.2383 0.805
0.70794E+10 0.807 3.760 0.539 0.000 O0.000 7.4916 4.3441 0.810
0.71076E+10 0.817 3.750 0.539 0.000 0.000 7.5125 4.4552 0.819
0.71701E+10 0.900 3.736 0.539 0.000 0.000 7.5370 4.6923 0.900
0.72149E+10 1.000 3.730 0.514 0.000 0.000 7.5445 4.8225 0.999
0.72511E+10 1.100 3.725 0.435 0.000 0.000 7.5514 4.9178 1.099
0.72814E+10 1.200 3.721 0.38¢ 0.000 O0.000 7.5597 4.9957 1.198
0.73065E+10 1.300 3.717 0©0.351 0.000 0.000 7.5698 5.0618 1.298
0.73274E+10 1.400 3.713 0.333 0.000 0.000 7.5814 5.1206 1.398
0.73447E+10 1.500 3.709 0.322 0.000 0.000 7.5940 5.1737 1.498
0.73591E+10 1.800 3.705 0.316 0.000 0.000 7.8078 5.2233 1.598
0.73711E+10 1.700 3.701 0.316 0.000 0.000 7.6225 5.2702 1.698
0.73810FE+10 1.8C0C 3.886 0.31 0.0C0 0.0C0 7.6379 5.3150 1.798
0.73893E+10 1.900 3.892 0.316 0.000 0.000 7.6541 5.3584 1.898
0.73963E+10 2.000 3.887 0.316 0.000 0.000 7.6709 5.4008 1.998
0.74023E+10 2.100 3.682 0.316 0.000 0.000 7.6888 5.4439 2.008
0.74115E+10 2.200 3.677 0.322 0.003 0.000 7.7212 5.5222 2.198
0.74154E+10 2.300 3.672 0.332 0.004 0.000 7.7350 5.5590 2.298
0.74187E+10 2.400 3.667 0.342 0.015 0.000 7.7484 5.5957 2.397
0.74215E+10 2.500 3.662 0.354 0.039 0.000 7.7627 5.6326 2.497
C.7423%E+10 2.800 3.656 0.366 0.072 0.000 7.7778 5.6701 2.597
0.74259E+10 2.700 3.651 0.379 0.102 0.000 7.7939 5.7085 2.697
0.74275E+10 2.800 3.645 (.392 0.128 0.000 7.8106 5.7478 2.797
0.74230E+10 2.900 3.639 0.407 0.157 0.000 7.8280 5.7835 2.897
0.74302E+10 3.000 3.634 0.423 0.181 0.000 7.8480 5.8310 2.997
0.74313E+10 3.100 3.8628 0.440 0.207 0.000 7.8644 5.8754 3.096
0.74322E+10 3.200 3.623 0.458 0.218 0.000 7.8830 5.9223 3.196
0.74325E+10 3.232 3.621 0.465 0.169 0.511 7.8875 5.9357 3.228




M=1.0 Z=0.001 ¥=0.299

G / ) ;
AGE L. Le Teff MCen MSf:,h kcen Tc ‘Oc

0.0000CE+00 0.260 3.855 0.085 0.036 0.700 7.2011 2,0492
0.88664E+09 0.314 3.861 0.083 0.035 0.600 7.2251 2.1095
0.18409E+10 0.368 3.866 0.071 0.031 0.500 7.2504 2.1766
0.22218E+10 0.419 3.871 0.028 0.012 0.400 7.2752 2.2601
0.26338E+10 0.461 3.876 0.007 0.002 0.300 7.2970 2.3542
0.29933E+10 0.502 3.881 0.007 0.002 0.200 7.3209 2.4551
0.32746E+10 0.535 3.882 0.023 0.009 0.135 7.3489 2.5209
0.43871E+10 0.665 3.858 0.155 0.061 0.100 7.4085 2.4623
0.45827E+10 0.695 3.849 0.146 0.059 G.050 7.4275 2.5128
0.46575E+10 0.710 3.848 0.140 0.057 0.030 7.4413 2.5509
0.47244E+10 0.733 3.854 0.133 0.054 0.010 7.4671 2.6294
0.47529E+10 0.781 3.881 0.118 0.044 0.001 7.5147 2.8101
0.47567E+10 0.843 3.900 0.614 0.000 0.000 7.5354 3.2396
0.47568E+10 0.844 3.900 0.614 0.000 0.000 7.5344 3.2588
0.47578E+10 0.859 3.890 0.614 0.000 0.000 7.5293 3.4703
0.47588E+10 0.876 3.880 0.614 0.000 0.000 7.5253 3.5672
0.47599E+10 0.8%0 3.870 0.614 0.000 .000 7.5225 3.6495
0.47613E+10 0.900 3.860 0.614 0.000 7.5191 3.7228
0.47632E+10 0.907 3.850 0.614 0.000 7.5157 3.7917
0.47656E+10 0.913 3.840 0.614 0.000 7.5127 3.8596
0.47688E+10 0.918 3.830 0.614 0.000 7.5101 3.9289
0.47736E+10 0.924 3.820 0.614 0.000 7.5089 4.0030
0.47801E+10 0.929 3.810 0.614 7.51068 4.0845
0.47882E+10 0.933 3.800 0.614 7.5161 4.1670
. 0.47972E+10 0.936 3.790 0.614 7.5239 4.2473
C.48074E+10 0.935 3.780 0.514 7.5318 4.3254
0.48196E+10 0.829 3.770 0.614 7.5377 4.4043
0.48360E+10 0.321 3.760 0.614 7.5419 4.4920
0.48542E+10 0.918 3.752 0.614 7.5469 4.5769
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0.48603E+10 0.913 3.750 0.614 0.000 0.000 7.5485 4.6031
0.49266E+10 1.000 3.735 0.614 0.000 0.000 7.5519 4.8258
0.49698E+10 1.100 3.729 0.532 0.000 0.000 7.5517 4.9353
0.50031E+10 1.200 3.725 0.447 0.000 0.000 7.5566 5.013%
0.50297E+10 1.300 3.721 0.395 0.000 0.000 7.5648 5.0778
0.50515E+10 1.400 3.716 0.359 0.000 0.000 7.5752 5.1340
0.50694E+10 1.500 3.712 0.340 0.000 0.000 7.5878 5.1848
0.5084CE+10 1.800 3.708 0.329 0.000 0.000 7.8017 5.2322
0.50860E+10 1.70C 3.704 0.323 0.000 0.000 7.6165 5.2768
0.51089E+10 1.800 3.699 0.323 0.000 0.000 7.6322 5.3197
0.51141E+10 1.900 3.695 0.323 0.000 0.000 7.6485 5.3613
0.51209E+10 2.000 3.690 0.323 0.000 0.000 7.6654 5.4019
0.51266E+10 2.100 3.685 0.323 0.000 0.000 7.6830 5.4424
0.51317E+10 2.200 3.680 0.323 0.001 0.000 7.7022 5.4855
0.51392E+10 2.300 3.676 0.332 0.013 0.000 7.7337 5.5575
0.51424E+10 2.400 3.671 0.342 0.023 0.000 7.7484 5.5939
0.51452E+10 2.500 3.665 0.354 0.044 0.000 7.7633 5.8309
0.51476E+10 2.600 3.660 0.366 0.069 0.000 7.7787 5.6685
0.51496E+10 2.700 3.654 0.378 0.099 0.000 7.7948 5.7069
0.51513E+10 2.800 3.649 0.392 0.124 0.000 7.8116 5.7464
0.51527E+10 2.900 3.643 0.407 0.155 0.000 7.8289 5.7874
0.5153%E+10 3.000 3.637 0.422 0.183 0.000 7.8468 5,8239
0.5155CE+10 3.100 3.632 0.439 0.206 0.000 7.8652 5.8745
0.51359E+10 3.200 3.626 0.458 0.220 0.000 7.8836 5.9213
0.51562E+10 3.236 3.624 0.466 0.142 1.014 7.8879 5.9354




M=1.1 2Z=0.001

AGE

0. 000CCE+00
0.71424E+09
0.13005E+10
0.17510E+10
0.22157E+10
C.23137E+10
0.29294E+10
0.32685E+10
0.34182E+10
0.34750E+10
0.35204E+10
0.35409E+10
0.35436E+10
0.35438E+10
0.35444E+10
0.35443E+10
0.35455E+10
0.35463E+10
0.35472E+10
0.35483E+10
0.35496E+10
0.35511E+10
0.35527E+10
0.35546E+10
0.35568E+10
0.35593E+10
0.35623E+10
0.35657E+10
0.35695E+10
0.35739%E+10
0.35791E+10
0.35860E+10
0.35894E+10
0.36384E+10
0.36084E+10
0.36360CE+10
0.36589E+10
0.36785E+10
0.36950E+10
0.37088E+10
0.37203E+10
0.37298E+10
0.37377E+10
0.37443E+10
0.37499E+10
0.37546E+10
0.37621E+10
0.37653E+10
0.37681E+10
0.37704E+10
0.37724E+10
0.37740E+10
0.37755E+10
0.37767E+10
0.37777E+10
0.37786E+10
0.37788E+10

0.443
0.501
0.588
G.812
0.870
0.882
0.781
0.840
0.870
0.888
0.908
0.851
1.020
1.018
1.019
1.035
1.082
1.083
1.072
1.079
1.084
1.089
1.093
1.096
1.089
1.102
1.108
1.105
1.103
1.0986
i.082
1.085
1.083
1.078
1.100
1.200
1.300
1.400
1.500
1.800
1.700
1.800
1.860
2.000
2.100
2.200
2.300
2.400
2.500
2.600
2.700
2.800
2.900
3.0C00
3.100
3.200
3.219

3.833
3.80C0
3.9086
3.912
3.815
3.815
3.804
3.884
3.874
3.872
3.879
3.808
3.934
3.930
3.920
3.810
3.900
3.890
3.880
3.870
3.880
3.850
3.840
3.830
3.820
3.810
3.800
3.790
3.780C
3.770
3.780
3.750
3.747
3.740
3.738
3.729
3.724
3.720
3.718
3.712
3.707
3.703
3.698
3.683
3.688
3.683
3.8679
3.874
3.668
3.683
3.657
3.652
3.646
3.640
3.8635
3.629
3.628

0.127
0.125
0.0%8
0.075
0.113
0.127
0.194
0.179
0.168
0.150
0.152
C.140
0.715
0.715
0.718
0.715
0.715
0.715
0.715
0.715
0.715
0.707
0.707
0.707
0.707
0.707
0.707
0.707
0.707
0.707
0.707
c.707
0.707
0.707
0.707
C.595
G.483
0.410
0.373
0.348
0.337
0.331
C.330
0.330
0.33¢
0.330
0.333
0.343
0.3584
0.368
0.379
0.392
0.407
0.423
0.440
0.458
0.483

0.0561
0.051
0.043
0.030
0.041
0.045
0.071
0.072
0.08683
0.087
0.064
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7.2314
7.2583
7.2827
7.3104
7.3454
7.3517
7.3895
7.4195
7.4408
7.4557
7.4808
7.5311
7.5621
7.5600
7.5565
7.5549
7.5538
7.5529
7.5523
7.5521
7.5527
7.5540
7.5566
7.5607
7.56686
7.575C
7.5883
7.5899
7.6147
7.6297
7.6429
7.8528
7.6542
7.8829
7.8483
7.8334
7.6227
7.61%4
7.6220
7.6288
7.86387
7.68507
7.6643
7.68792
7.6951
7.7120
7.7465
7.7605
7.7746
7.7891
7.8042
7.8200
7.8365
7.8536
7.8712

'7.8886

7.8894

2.0481
2.1082
2.1732
2.2531
2.3285
2.3344
2.3498
2.4040
2.45486
2.4949
2.5702
2.7458
3.2121
3.3354
3.4372
3.5193
3.5951
3.6840
3.7283
3.7895
3.8482
3.29043
3.9584
4.0123
4.0684
4.1287
4.1961
4.2689
4.3450
4.4257
4.5071
4.5975
4.86343
4.7218
4.7853
4.9302
5.0214
5.0927
5.1528
5.2059
5.2548
5.3005
§.3442
5.3866
5.4280
5.4698
5.5515
5.5884
5.6253
5.6840
5.7028
5.7426
5.7837
5.82658
5.8714
5.9180
5.9236

0.443
0.501
0.559
0.612
0.670
0.682
0.782
0.840
0.871
0.886
0.904
0.921
0.926
1.038
1.068
1.077
1.084
1.089
1.092
1.094
1.097
1.099
1.101
1.103
1.105
1.108
1.110
i.111
1.110
1.108
1.091
1.073
1.089
1.077
1.100
1.199
1.298
1.398
1.498
1.598
1.698
1.798
1.898
1.968
2.098
2.198
2.297
2.397
2.497
2.597
2.697
2.797
2.897
2.997
3.098
3.196
3.215
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M=1.2 Z=0.001

AGE

0. Q0CCCE+C0
0.537185E+09
0.10338E+10
0.14377E+10
0.16491E+10
0. 13605E+10
0.22823E+10
0.25373E+10
0.26456E+10
0.289C0E+10
0.272178+10
0.27368E+10
0.27387E+10
0.2738CE+10
0.27393E+10
0.27396E+10
0.2739%E+10
0.27404F+10
0.27408E+10
0.27414E+10
0.27419E+10
0.27426E+10
0.27433E+10
0.27440FE+10
0.27448E+10
0.27458E+10
0.27465E+10
0.27475E+10
0.27486E+10
0.27500E+10
0.275818E+10
Q.27533E+10
0.27554E+10
0.27579E+10
0.27534E+10
0.27621E+10
0.27740E+10
0.27852E+10
0.279€1E+10
0.28C62E+10
0.28188E+10
0.28238E+10
0.28309E+10
0.2837CE+10
0.28422F+10
0.28487E+10
C.28504E+10
0.28B5678+10
0.28593E+10
0.28B81B8E+10
0.28635E+10
0.28651E+10
0.28665E+10
0.2867T7E+10
0.28¢€88E+10
0.28685E+10

0.607 3.929
0.668 3.936
0.727 3.942
0.785 3.946
0.822 3.946
0.884 3.943
0.948 3.929
1.008 3.906
1.038 3.895
1.054 3.893
1.073 3.900
1.116 3.930
1.184 3.959
1.164 3.950
1.162 3.940
1.182 3.930
1.201 3.920
1.214 3.910
1.223 3.900
1.230 3.890
1.236 3.880
1.241 3.870
1.244 3.860
1.247 3.850
1.249 3.840
1.251 3.830
1.253 3.820
1.253 3.810
1.253 3.800
1.251 3.790
1.246 3.780
1.237 3.770
1.221 3.760
1.203 3.750
1.199 3.746
1.208 3.740
1.300 3.730
1.400 3.724
1.500 3.719
1.600 3.715
1.700 3.710
1.800 3.706
1.900 3.701
2.000 3.696
2.100 3.691
2.200 3.686
2.300 3.681
2.40C 3.676
2.500 3.671
2.600 3.666
2.700 3.660
2.800 3.655
2.900 3.649
3.000 3.643
3.100 3.638
3.173 3.633
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. 700
. 800
.500
.400
.360
-300
. 200
.100
.080
.027
.010

7.2581
7.2835
7.3108
7.34086
7.3569
7.3790
7.4040
7.4322
7.4532
7.4689
7.4938
7.5457
7.5838
7.57861
7.5739
7.5736
7.5735
7.5736
7.5740
7.8750
7.5765
7.5785
7.5811
7.5843
7.5882
7.5926
7.5%881
7.8048
7.6133
7.6245
7.6382
7.6540
7.6722
7.6922
7.7029
7.7185
7.7531
7.7829
7.7417
7.7308
7.7242
7.7222
7.7246
7.7304
7.7390
7.7499
7.7626
7.7908
7.8022
7.8141
7.8287
7.8402
7.8544
7.8694
7.8852
7.8930

2.0448
2.1000
2.1647
2.2291
2.2475
2.2621
2.2964
2.3491
2.3997
2.4423
2.5135
2.8870
3.1500
3.3024
3.3739
3.4464
3.5148
3.5760
3.6328
3.6866
3.7374
3.7861
3.8323
3.8762
3.9183
3.9584
3.9996
4.0433
4.0919
4.1488
4.2111
4.2793
4.3589
4.4412
4.4894
4.5681
4.8208
4.9653
5.0627
5.1373
5.2011
5.2575
5.3087
5.3865
5.4020
5.4461
5.4897
5.5768
5.6154
5.6547
5.6946
5.73563
5.7713
5.8208
5.8663
5.8982

0.607
0.668
0.728
0.788
c.822
C.885
0.948
1.009
1.038
1.054
1.071
1.082
1.082
1.232
1.231
1.238
1.247
1.2581
1.254
1.256
1.258
1.260
1.261
1.262
1.263
1.264
1.264
1.264
1.265
1.283
1.260
1.252
1.237
1.218
1.21C
1.212
1.295
1.397
1.488
1.598
1.698
1.798
1.8s8
1.988
2.098
2.197
2.297
2.397
2.497
2.587
2.697
2.797
2.897
2.997
3.096
3.169




M=1.3 Z=0.001

AGE

0. 00C00E+00
0.46500E+09
O.85468E+09
0.11818E+10
0.1262BE+10
0.15864E+10
0.18338E+10
0.20287E+10
0.21141E+10
0.21444E+10
0.21729E+10
0.21844E+10
0.21859E+10
0.21861E+10
0.21863E+10
0.21865E+10
0.21867E+10
0.21869E+10
0.21872E+10
0.21875E+10
C.21878E+10
0.21882E+10
0.21886E+10
0.21889E+10
0.21893E+10
0.21897E+10
0.21301E+10
0.21905E+10
0.21309E+10
0.21914E+10
0.21919E+10
0.21925E+10
C.21932E+10
0.21940E+10
0.21949E+10
0.2196CE+10
0.21968E+10
0.22C02E+10
0.22032E+10
0.22065E+10
0.221285E+10
0.22220E+10
0.22274E+10
0.22322E+10
0.22364E+10
0.22402E+10
0.22438E+10
0.22465E+10
0.22492E+10
0.22534E+10
0.22552E+10
0.22568E+10
0.22582E+10
0.225%4E+10
0.22595E+10

3.962
3.868
3.973
3.975
3.974
3.9867
3.951
3.927
3.914
3.912
3.918
3.950
3.981
3.970
3.960
3.950
3.840
3.930
3.820
3.91C
3.900
3.890
3.880
3.870
3.860
3.850
3.840
3.830
3.820
3.810
3.8C0
3.790C
3.780
3.770
3.760
3.750
3.744
3.730
3.723
3.718
3.714
3.7C%
3.704
3.639
3.694
3.6839
3.684
3.679
3.674
3.668
3.683
3.658
3.652
3.646
3.646

0.210
G.198
0.208
0.256
0.268
0.275
0.257
0.226
0.208
0.188
0.189
C.181
0.s02
0.902
0.902
0.902
0.902
0.902
0.802
0.902
0.902
0.902
0.902
0.902
0.s02
0.302
0.902
0.802
0.802
0.302
0.902
¢.902
0.s802
0.902
0.s02
0.902
0.902
G.836
¢.838
0.510
0.435
0.411
.385
. 369
.363
.361
.361
.361
.361
.374
.385
0.398
0.412
0.428
0.43C
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7.2819
7.3072
7.3344
7.3604
7.3688
7.3926
7.4161
7.4432
7.4839
7.4772
7.5047
7.5879
7.68018
7.5923
7.5908
7.5913
7.8921
7.8931
7.5945
7.5862
7.5984
7.6009
7.6038
7.8072
7.6108
7.6148
7.6191
7.6237
7.6286
7.6342
7.6408
7.6493
7.8602
7.6731
7.8883
7.7083
7.7181
7.7577
7.7828
7.80580
7.83587
7.8492
7.8437
7.8386
7.8357
7.8357
7.83886
7.8440
7.8523
7.8884
7.8738
7.8824
7.8921
7.9069
7.9205

2.0397
2.0919
2.1481
2.1800
2.1863
2.2154
2.2478
2.2981
2.3478
2.3842
2.4644
2.6348
3.0749
3.2518
3.3154
3.3807
3.4449
3.5027
3.5557
3.6058
3.6526
3.6969
3.7391
3.7792
3.8171
3.8531
3.8871
3.91%6
3.9511
3.9839
4.019%
4.0822
4.1118
4.1873
4.2289
4.2958
4.3467
4.5225
4.6485
4.7681
4.9470
5.1470
5.2258
5.2902
5.3466
5.3990
5.4488
5.4970
5.5474
5.6337
5.6762
5.7192
5.7632
5.8064
5.8068

#

.754
.817
0.878
0.942
0.959
1.084
1.088
1.160
1.180
1.204
1.223
1.231
1.178
1.387
1.381
1.387
1.396
1.401
1.408
1.407
1.4C9
1.410
1.412
1.412
1.413
1.413
1.414
1.414
1.41i3
1.413
1.412
1.410
1.4086
1.399
1.386
1.368
1.353
1.400
1.495
1.593
1.692
1.7%6
1.897
1.997
2.097
2.197
2.297
2.397
2.497
2.597
2.897
2.797
2.897
2.996
3.009

QO

Te-M

Te-m

Te-M

L-m




M=1.5 2=0.001 ¥=0.299

AGE LLy  Tepe Meon  Ysen  fcen Te Pe L
0.0000CE+D0 1.012 4.019 0.288 .120 0.70C 7.3231 2.0289 012
0.34166E+09 1.076 4.022 0.331 .120 0.800 7.3464 2.06C0 077
O.68534E+09 1.151 4.024 ©.368 .128 0.8500 7.3718 2.0889 151
0.67473E+09 1.153 4.024 0.369 128 0.497 7.3727 2.0898 .153
0.92519E+09 1.223 4.020 0.387 140 0.400 7.3%43 2.1122 . 224
0.11326E+10 1.295 4.009 0.347 .142 360 7.4151 2.1340 . 295
0.1294%E+10 1.384 3,981 90.313 . 138 .200 7.43861 2.16086 .364
0.14228E+10 1.427 3.964 0.273 .120 100 7.4821 2.2082 .428
0.14766E+10 1.459 3.9850 0.248 .113 080 7.4827 2.2597 L4589
0.14993E+10 1.475 23.947 0.236 .1CS .026 7.43888 2.3085 .475 Te-m
0.15138E+10 1.493 3.953 0.229% ,104 010 7.5241 2.3742 490
0.15212E+10 1.532 3.984 0.21i8 .098 001 7.5785 2.5460 .485

0.15221E+10 1.588 4.016 1.077
0.15222E+10 1.574 4.010 1.077
0.15222E+10 1.551 4.000 1.077
0.15223E+10 1.547 3.9%0 1.077
0.15224E+10 1.564 3.980 1.077
0.15225E+10 1.585 3.970 1.077
0.15227E+1C 1.601 3.960 1.077
0.15228E+10 1.612 3.950 1.077
0.15229E+10 1.620 3.940 1.077
0.15231E+10 1.627 3.930 1.077
0.15232E+10 1.633 3.920 1.077
0.15233E+10 1.8637 3.910 1.077
0.15235E+10 1.641 3.900 1.077
0.15236E+10 1.643 3.8%0 1.077
0.15238E+10 1.645 3.880 1.077
0.15240E+10 1.847 3.87C 1.077
0.15241E+10 1.648 3.860 1.077
0.15243E+10 1.848 3.850 1.077
0.15244E+10 1.648 3.840 1.077
C.15245E+10 1.647 3.830 1.077
0.15247E+10 1.846 3.820 1.077
0.15248E+10 1.645 3.810 1.077

7.6265 3.0032
7.6187 3.1108
7.8153 3.1736
7.6153 3.2286
7.6166 3.2858
7.8183 3.3412
7.6202 3.3923
7.6224 3.43%91
7.6250 3.4828
7.6278 3.5241
7.8308 3.5634
7.6340 3.6001
7.6373 3.6349
7.6408 3.6675
7.6444 3.86985
7.6482 3.7279
7.8520 3.7557
7.5558 3.7821
7.6596 3.8069
7.8635 3.8307
7.66874 3.8533
7.8714 3.87585

.498 Te-M
.658
.653
.648
.654
.662
.668
.672
.674
.676
.B78
.680
.681
.681
.682
.682
.682
.682
.681
.681
.680
.679

.
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0.15250E+10 1.643 3.800 1.077 Gco 7.6752 3.8991 677
0.15252E+10 1.84C 3.790 1.077 000 . 7.6811 3.9256 .8675
0.15254E+10 1.635 3.780 1.077 ocC 7.5878 3.9578 .672
0.15257E+10 1.627 3.770 1.077 00C 7.8965% 3.9984 .867
0.15260E+10 1.612 3.760 1.077 000 7.7081 4.0458 .657
0.15264E+10 1.58% 3.750 1.077 000 . 7.7226 4.1030 .643
0.15269E+10 1.572 3.740 1.077 000 7.7404 4.1696 .625 L-m
0.15274E+10 1.8600 3.731 1.077 000 7.7599 4.2420 .€28
0.15284E+10 1.70C 3.722 0.888 000 7.7901 4.359% . 700
0.15294E+10 1.800 3.716 0.702 .00C 7.81539 4.4638 .794
0.15308E+1C 1.900 3.71%1 0.576 .000 7.8406 4.5620 .892
0.15315E+10 2.000 3.706 0.501 .000 7.8657 4.658%9 .592
0.15326E+10 2.100 3.700 0.455 0Co 7.8916 4,7547 .0e1
0.15338E+10 2.200 3.635 0.426 .000 000 7.9181 4.8534 .192
0.15351E+10 2.300 3.630 0.411 0C0 000 7.8502 4.9570 .292 ‘
0.15361E+10 2.364 3.686 0.404 .000 000 8.0129 5.0007 .356 L-M
0.17247E+10 2.400 3.690 0.565 .081 00C 8.1534 5.4810 L7786




=0.7 ¥=0.2

AGE L/Le Teff Ncon MSch Xcen Tc pc Lx

0.00000E+00 -0.712 3.710 0.000 0.009 0.799 7.0363 1.9576 —-0.712
0.30835FE+10 -0.680 3.715 0.000 0.000 0.700 7.0485 2.0139 -0.€80
0.60572E+10 -0.645 3.720 0.000 0.000 0.600 7.0607 2.0758 -0.645
0.90688F+10 ~0.608 3.725 0.000 0.000 0.500 7.0764 2.1468 -0.608
0.12105E+11 -0.565 3.730 0.000 0.000 0.400 7.0830 2.2272 -0.5865
0.15188E+11 -0.517 3.735 C.C00 0.000 0.300 7.1144 2.3223 -0.517
0.18410E+11 -0.459 3.742 0.000 0.000 0.200 7.1398 2.4404 -0.459
0.22487F+11 -0.2366 3.750 O0.000 0.000 0.100 7.1759 2.6308 -0.386
0.25836E+11 —0.264 3.758 0.000 0.000 0.050 7.2138 2.8407 -0.264
0.29017E+11 -0.127 3.765 0.000 0.000 0.010 7.2906 3.0963 -0.127
0.29740E+11 ~-0.088 3.766 0.000 0.000 0.001 7.2993 3.1869 -0.088
0.31037F+11 0.000 3.765 0.313 0.000 0.000 7.3080 3.4423 0.000
0.32023E+11 ©0.100 3.758 0.313 0.000 0.000 7.3318 3.8027 0.100
0.32597E+11 0.200 3.742 0.313 0.000 0.000 7.3733 4.1954 0.201
0.32901E+11 0.300 3.729 0.313 0.000 0.000 7.4037 4.4679 0.300
0.33104FE+11 ©$.400 3.723 0.313 0.000 0.000 7.4184 4.6411 0.399
0.33277E+11 06.500 3.720 0.313 0.000 0.000 7.4272 4.7693 0.499
0.33427E+11 0.600 3.718 0.313 0.000 0.000 7.4362 4.8697 0.599
0.33556E+11 0.700 3.716 0.313 0.000 0.000 7.4467 4.9519 0.699
0.33663E+11 0.800 3.713 0.313 0.000 0.000 7.4586 5.0223 0.799
0.33749E+11 0.900 3.711 0.308 0.000 0.000 7.4709 5.0835 0.899
0.33810E+11 1.000 3.709 0.299 0.000 0.000 7.4838 5.1381 0.999
0.33876E+11 1.100 3.706 0.285 0.000 0.000 7.4%69 5.1875 1.099
0.33921F+11 1.200 3.703 0.295 0.000 0.000 7.5107 5.2335 1.199
0.339588E+11 1.300 3.700 0.2985 ©.000 0.000 7.5248 5.2769 1.299
0.33988E+11 1.400 3.697 0.295 0.000 0.000 7.5390 5.3175 1.399
0.34012E+11 1.500 3.893 0.295 0.000 0.000 7.5539 5.3566 1.498
0.34032F+11 1.600 3.689 0.295 0.000 0.000 7.5689 5.3839% 1.588
0.34048E+11 1.700 3.685 0.295 0.000 0.000 7.5845 5.4306 1.698
0.34062F+11 1.800 3.881 0.284 0.006 0.000 7.6019 5.4697 1.798
0.34073E+11 1.900 3.677 0.302 0.020 0.000 7.6173 5.5037 1.898
0.34081F+11 2.000 3.672 0.311 0.044 0.000 7.6327 5.5368 1.998
0.34088E+11 2.100 3.668 0.321 ©.064 0.000 7.6486 5.5698 2.098
0.34094E+11 2.200 3.863 0.331 0.087 0.000 7.6653 5.6031 2.198
0.340099E+11 2.3C0 3.658 0.341 0©.113 0.000 7.6826 5.6370 2.298
0.34103FE+11 2.400 3.653 0.352 0.131 0.000 7.7004 5.6714 2.398
0.34106E+11 2.500 2.648 0.364 0.150 0.000 7.7186 5.7067 2.498
0.34109E+11 2.600 3.842 0.377 0.170 0.000 7.7372 5.7427 2.587
0.34111E+11 2.700 3.837 0.3%0 ©.186 0.000 7.7562 5.779% 2.697
0.34113E+11 2.800 3.632 0.404 0.207 0.000 7.7754 5.8185 2.797
0.34115E+11 2.900 3.826 0.419 ©.226 0.000 7.7949 5.8587 2.897
0.34116E+11 3.000 3.621 0.435 0.240 0.000 7.8147 5.3006 2.997
0.34117E+11 3.100 3.616 0.453 0.263 0.000 7.8348 5.9452 3.097
0.34119F+11 3.200 3.611 0.472 0.283 0.000 7.8547 5.9926 3.196
0.34119E+11 3.300 3.606 0.493 0.235 0.000 7.8731 6.0415 3.296
0.34119F+11 3.302 3.606 0.4%94 0.216 0.000 7.8726 6.0416 3.298




M=0.8 ¥=0,2

AGE L/L T i M X T 0 L

@ eff con Sch cen c c X
0.000COE+00 -0.435 3.75C 0.000 0.005 0.799 7.0724 1.96582 -0.438
0.20501E+10 -0.401 3.754 0.000 0.000 0.700 7.0858 2.0219 -0.401
0.40126E+10 -0.365 3.758 0.000 0.000 0.600 7.1002 2.0843 -0.365
0.58353E+10 -0.327 3.762 0.000 0.000 0.500 7.1165 2.1835 -0.327
0.78163E+10 -0.285 3.766 0.000 0.000 0.400 7.12345 2.2313 -0.285
0.96745E+10 -0.239 3.770 0.000 0.000 0.300 7.1553 2.3218 -0.23¢9
0.11654E+11 -0.182 3.774 0.000 0.000 0.200 7.1799 2.4386 -0.182
0.14321E+11 -0.084 3.780 0.000 0.000 0.100 7.2174 2.6413 -0.084
0.16301E+11 0.015 3.785 0.000 0.000 0.050 7.2588 2.8404 0.0158
0.17545E+11 0.091 3.787 0.000 0.000 0.010 7.3078 2.9805 0.091
0.18065E+11 ©.128 3.787 0.000 0.0C0 0.001 7.3134 3.0761 0.128
0.19451E+11 0.269 3.780 0.2389 0.000 0.000 7.3334 3.5284 0.269
0.19847E+11 0.332 3.770 0.389 0.000 0.000 7.3550 3.8064 0.332
0.20033E+11 0.369 3.760 0.389 0.000 0.000 7.3767 4.0069 0.370
0.20378E+11 0.500 3.731 0.389 0.000 0.000 7.4418 4.5125 0.500
0.20500E+11 0.8600 3.725 0.389 0.000 0.000 7.4568 4.6791 0.599
0.20598E+11 0.700 3.721 0.383 0.000 0.000 7.45658 4.7985 0.699
0.20682E+11 0.800 3.718 0.381 0.00C 0.000 7.4750 4.8924 0.79S
0.20752E+11 0.900 3.715 0.347 0.000 0.000 7.4852 4.9702 0.899
0.20811E+11 1.000 3.713 0.326 0.000 0.000 7.4967 5.0372 0.999
0.20859E+11 1.100 3.710 0.311 0.000 0.000 7.5093 5.0970 1.099
0.20899E+11 1.200 3.707 0.300 0.000 0.000 7.5224 5.1512 1.199
0.20933E+11 1.300 3.703 0.297 0.000 0.000 7.5368 5.2033 1.298
0.20961E+11 1.400 3.700 0.297 0.000 0.000 7.5518 5.2524 1.398
0.20984E+11 1.500 3.696 0.297 0.000 0.000 7.5887 5.2991 1.498
0.21003E+11 1.600 3.883 0.297 0.00C 0.000 7.5821 5.3437 1.598
0.21019E+11 1.700 3.688 0.297 0.000 0.000 7.5980 5.3868 1.698
0.21033E+11 1.80C 3.684 0.297 0.000 0.000 7.6154 5.4319 1.798
0.21080E+11 1.900 3.680 0.302 0.000 0.000 7.6389 5.4937 1.898
0.21088E+11 2.000 3.676 0.311 0.000 0.000 7.86509 5.5287 1.998
0.21065E+11 2.100 3.671 0.321 0.010 0.000 7.8836 5.5628 2.0%8
0.21071E+11 2.200 3.686 0.331 0.042 0.000 7.6777 5.597C 2.198
0.21076E+11 2.300 3.662 0.341 0.075 0.000 7.6930 5.8317 2.298
0.2108CE+11 2.400 3.856 0.352 0.107 0.000 7.7092 5.6666 2.398
0.21083E+11 2.500 3.651 0.364 0.133 0.000 7.7261 5.7021 2.498
0.21086E+11 2.600 3.646 0.376 0.152 0.000 7.7438 5.7387 2.597
0.21088E+11 2.700 3.641 0.330 0.176 0.000 7.7619 5.7761 2.6397
0.21090E+11 2.800 3.835 0.404 0.198 0.000 7.7804 5.8148 2.797
0.21092E+11 2.900 3.830 0.419 0.218 0.000 7.7993 5.8851 2.897
0.210893E+11 3.000 3.624 0.435 0.241 0.000 7.8185 5.8%874 2.897
0.21094E+11 3.100 3.619 0.452 0.258 0.000 7.8380 5.9419 3.097
0.21095E+11 3.200 3.614 0.471 0.279 0.000 7.8576 5.9894 3,197
0.21086E+11 3.294 3.609 0.491 0.231 0.000 7.8744 6.0352 3.291




M=0.8 V¥=0.200

AGE L/La ?ef f Mcou “Sch Xcen Tc’ & c Lx

C.00CQCE+00 -0.131 3.782 0.021 0.009 0.7939 7.1088 1.89741 -0.191
0.15341E+10 -0.152 3.785 0.001 0.000 0.700 7.1245 2.0324 ~0.152
C.28194E+10 -0.117 3.788 0.000 0.000 0©.800 7.1395 2.0931 -0.117
¢.40435E+10 -0.080 - 3.791 0.00C 0.000 0.500 7.1558 2.1592 -0.080
C.52177E+10 -0.041 3.794 0.000 C.000 D.400 7.1736 2.2331 -0.041
C.83839F+10 0.002 3.797 0.000 0.000 0.300 7.1934 2.3210 0.002
0.76991E+10 0.059 3.800 0.000 0.000 0.200 7.2170 2.4405 0.059
0.94848E+10 0.158 3.805 0.000 0.000 0.100 7.2568 2.6476 0.159
0.10454F+11 0.227 3.808 0.000 0.000 0O.080 7.2937 2.7824 0.227
C.1109CE+11 0.276 3.808 0.000 0.000 0.010 7.3231 2.8878 0.277
C.11493E+11 0.314 3.808 0.000 0.000 0.001 7.3281 2.9883 0.314
0.12493E+11 0.443 3.800 0.479 0.000 0.000 7.23459 3.3984 0.442
0.12784E+11 0.498 3.790 0.479 0.000 0.000 7.3824 3.6423 0.492
0.12926E+11 0.531 23.780 0.479 0.000 0.000 7.3793 3.8272 0.532
C.13018E+11 0.553 3.770 0.479 0.0C0 0.000 7.3988 3.9879 0.555
0.13087E+11 0.569 3.760 0.47% 0.00C O0.000 7.4205 4.1349 0.571
C.13147E+11 0.584 3.750 0.479 0.000 0©.00C 7.4430 4.2785 0.537
0.13188E+11 0.600 3.743 0.479 0.000 0.000 7.4577 4.3773 0.602
0.13307E+11 0.700 3.728 0.479 0.000 0©.000 7.4885 4.6405 0.700
0.13384E+11 0.800 3.723 0.479 0.000 0.000C 7.4962 4.7790 0.799
0.13447E+11 0.900 3.720 0.426 0.000 0.000 7.5042 4.8821 0.899
0.1350CE+11 1.0CC 3.717 0.378 0.000 O0.000 7.5132 4.8655 0.999
0.13548E+11 1.100 3.714 C.342 0.000 0.000 7.5236 5.0365 1.000
0.138818+11 1.200 3.710 0.324 0.000 0.000 7.5329 5.0874 1.199
0.13612E+11 1.300 3.707 0.311 0.000 0.000 7.5456 5.1533 1.299
0.13638E+11 1.400 3.704 0.305 0.000 ©0.000 7.58593 5.2047 1.398
0.136598+11 1.500 3.700 0.3C5 0.000 0.000 7.5739 5.2532 1.498
0.138785+11 1.600 3.856 0.303 0.000 0.000 7.58%91 5.2993 1.598
0.13681E+11 1.700 3.892 0.303 0.000 0.000 7.6043 5.3435 1.698
0.13703E+11 1.80C 3.688 0.303 0.000 0.000 7.8211 5.3888 1.798
0.13713E+11 1.800 3.884 0.303 0.000 0.000 7.838% 5.4316 1.893
0.13731E+11 2.000 3.880 0.312 0.000 0.000 7.8706 5.5176 1.998
0.13738E+11 2.10C 3.875 0.321 0.000 90.000 7.6811 5.5537 2.098
0.13744E+11 2.200 3.870 0.331 0.008 0.000 7.8928 5.5835 2,198
0.13748E+11 2.300 3.685 0.341 0.041 0.000 7.7057 5.6245 2.298
0.13782E+11 2.400 3.880 0.352 0.072 0.000 7.7200 5.6806 2.392
0.137568E+11 2.500 3.855 0.364 0.106 0.000 7.7354 5.8967 2.498
0.137888+11 2.800 3.850 0.376 0.135 0.000 7.7517 5.73368 2.597
0.13761E+11 2.700 3.644 0.389 0.161 0.000 7.7687 5.7715 2.697
0.13763E+11 2.800C 3.639 0$.403 0.182 0.000 7.7383 5.8108 2.797
0.13754E+11 2.900 3.633 0.418 0.212 0.000 7.8044 5.8511 2.897
0.13766E+11 3.000 3.628 0.434 0.227 0.000C 7.8228 5.8035 2.997
0.13767E+11 3.100 3.622 0.452 0.252 0.000 7.8416 5.9384 3.097
0.13788E+11 3.200 3.617 0.471 0.274 0.000 7.8606 5.985% 3.196
C.13769E+11 3.291 3.812 0.491 0.201 1.790 7.8748 6.0280 3.288




M=1.0 Z=0.02 v¥=0.28

G 3
AGE L/Ls Teff ‘con MSch xcen Tc pc Lx

0.00COCE+00 -0.010 3.780
0.96072E+09 0.023 3.782
0.18389E+10 0.058 3.783
0.26602E+10 0.088 3.784
0.34351E+10 0.122 3.785

&
o
8

7.1573 2.0025 -0.010
0.600 7.1720 2.0613 0.023
0.500 7.1872 2.1238 0.055
0.400 7.2032 2.1923 0.088
0.30C 7.2201 2.2715 0.122

OO0 OO0

o .

c .000

0 .00

0 .00C

0 .000
0.42468E+10 0.159 3.786 0.000 0.000 0.200 7.2400 2.3653 0.159
0.48892E+10 0.189 3.785 0.000 0.000 0.100 7.2654 2.4528 0.189
0.51432E+10 0.200 3.784 0.0C0 0.000 0.050 7.2761 2.4870 0.200
0.54913E+10 0.218 3.784 0.000 0.0CC 0.010 7.2784 2.5704 0.218
0.58890E+10 0.243 3.783 0.000 0.000 0.001 7.2768 2.6483 0.243
0.68455E+10 0.315 3.780 0.532 0.000 0.000 7.2803 2.8674 0.315
0.77402E+10 0.398 3.770 0.532 0.000 0.000 7.2932 3.2424 0.398
0.80554E+10 0.424 3,760 0.532 0.000 0.000 7.3067 3.5142 0.425
0.82209E+10 0.428 3.750 0.532 0.000 0.000 7.3264 3.7476 0.431
0.86235E+10 0.500 3.710 0.532 0.000 0.000 7.4187 4.5208 0.500
0.87352E+10 0.600 3.705 0.437 0.000 0.000 7.4251 4.6694 0.600
0.88194E+10 0.700 3.701 0.359 0.000 0.000 7.4321 4.7682 0.699
0.88870E+10 0.800 3.698 0.308 0.000 C.000 7.4420 4.8469 0.799
0.89409E+10 0.900 3.695 0.279 0.000 0.000 7.4527 4.9121 0.899
0.89841E+10 1.000 3.892 0.263 0.000 0.000 7.4643 4.9682 0.999
0.90195E+10 1.100 3.688 0.255 0.000 0.000 7.4771 5.0184 1.099
0.90482E+10 1.200 3.684 0.251 0.000 0.00C 7.4910 5.0682 1.199
0.90716E+10 1.300 3.679 0.251 0.000 G.0C0 7.5085 5.1099 1.299
0.S0910E+10 1.4C0 3.674 0.251 0.000 0.000 7.5208 5.1516 1.398
0.91072E+10 1.50C 3.669 0.251 0.000 0.000 7.5369 5.1925 1.498
0.91232E+10 1.800 3.6632 0.251 0.000 0.000C 7.5571 5.2401 1.598
0.91495E+10 1.700 3.658 0.260 0.000 0.00C 7.5883 5.3242 1.698
0.91588E+10 1.800 3.652 0.268 0.000 0.000 7.5983 5.3567 1.798
0.91660E+10 1.300 3.645 0.275 0.00C 0.000 7.8096 5.3885 1.898
0.91723E+10 2.000 3.638 0.283 0.000 0.000 7.6225 5.4197 1.998
0.91775E+10 2.10C 3.632 0.292 0.000 0.000 7.6368 5.4509 2.098
0.91818E+10 2.200 3.625 0.301 0.002 0.00C 7.6522 5.4820 2.198
0.91854E+10 2.300 3.618 0.310 0.028 0.000 7.6686 5.5135 2,298
0.S1885E+10 2.400 3.511 0.320 0.056 0.00C 7.6858 5.5454 2.398
0.91910E+10 2.500 3.603 0.330 0.078 0.000 7.7037 5.5776 2.498
0.91831E+10 2.800 3.595 0.341 0.101 0.000 7.7223 5.6107 2.597
0.91948E+10 2.700 3.588 0.353 0.124 0.000 7.7415 5.6445 2.897
0.91964E+10 2.80C 3.580 0.365 0.142 0.000 7.7614 5.6794 2.797
0.91977E+10 2.900 3.572 0.378 0.159 0.000 7.7822 5.7162 2.897
0.91988E+10 3.000 3.565 0.393 0.183 0.000 7.8035 5.7546 2.997
0.91998E+10 3.10C 3.558 0.409 0.196 0.000 7.8257 5.7953 3.096
0.92005E+10 3.174 3.552 0.421 0.208 0.000 7.8425 5.8268 3.170



M=1.1 Z=0.02 Y¥=0.28

AGE L/ La Teff E"le:c;n MSt:h xcen Tt: e c Lx

0.0000CE+00 0©.188 3.800 0.026 0.011 0.700 7.1902 2.0059 0.188
0.80809E+09 0.226 3.801 0.025 0.011 0.600 7.2082 2.0633 0.226
0.15802E+10 0.263 3.802 0.030 0.012 0.500 7.2275 2.1239 C.263
0.21100E+10 0.283 3.802 0.031 0.013 0.417 7.2445 2.1786 0.293 Te-M
0.22268E+10 0.299 3.802 0.032 0.013 0.400 7.2485 2.1303 0.29¢

0.39860E+10 0.383 3.792 0.151 0.048 0.300 7.2043 2.2128 0.383
0.48247E+10 0.412 3.781 0.161 0.051 0.200 7.3145 2.2374 0.412
0.54611E+10 0.424 3.770 0.141 0.049 0.100 7.3380 2.2828 0.425

0.57488E+10 0.432 3.764 0.128
0.58806E+10 0.443 3.763 0.122
0.59677E+10 0.463 3.764 0.118
0.60114E+10 0.536 3.773 0.112
0.60164E+10 0.833 3.782 0.627
0.60171E+10 0.607 3.780 0.8627

o
8
o

0.050 7.3535 2.3456 0.432
0.025 7.3698 2.3951 0.443 Te-m
0.010 7.3903 2.4578 0.461
0.001 7.4402 2.6211 0.503
0.0C0 7.4672 3.0844 0.543 Te-M
0.000 7.4556 3.2174 0.675

coooo
SEERE

0.60191E+10 0.581 3.770 0.627 0.000 G.000 7.4452 3.4060 0.651
0.60232E+10 0.587 3.760 0.627 0.000 0.000 7.4390 3.5826 0.622
0.60326E+10 0.573 3.750 0.627 0.000 0.000 7.4372 3.7775 0.589
0.B60499E+10 0.553 3.740 0.827 0.000 0.000 7.4532 3.9814 0.563
0.60755E+10 0.541 3.728 0.627 0.000 0.000 7.4901 4.2090 0.847 L-m
0.61453E+10 ©.600 3.714 0.627 0.000 0.000 7.5264 4.5944 0.600
0.62143E+10 0.700 3.707 0.463 0.000 0.000 7.4931 4.75383 0.700
0.62792E+10 0.800 3.703 0.370 0.000 0.000 7.4710 4.8573 0.799
0.63344E+10 0.300 3.700 0.312 0.000 0.000 7.4659 4.9291 0.899
0.63794E+10 1.000 3.696 0.282 0.000 0.000 7.4695 4.9866 0.9389
0.64162E+10 1.100 3.692 0.266 0.000 0.000 7.4782 5.0369 1.098
0.64459E+10 1.200 3.888 0.260 0.000 0.000 7.4897 5.0824 i.199
0.647C0E+10 1.300 3.683 0.257 0.000 0.000 7.5027 5.1244 1.299
0.64896E+10 1.400 3.8679 0.257 0.000 0.000 7.5170 5.1642 1.399
0.65057E+10 1.500 3.673 0.257 0.000 0.000 7.5322 5.2025 1.498
0.65193E+10 1.6800 3.668 0.257 0.000 0.000 7.5485 5.2405 1.598
0.85426E+10 1.700 3.663 0.260 0.000 0.000 7.5848 5.3205 1.598
0.65521E+10 1.800 3.656 0.267 0.000 0.000 7.5979 5.3547 1.798
0.85596E+10 1.300 3.850 0.275 0.000 0.000 7.6100 5.3864 1.898

- 0.65659E+10 2.000 3.843 0.283 0©.000 0.000 7.8232 5.4173 1.3998
0.65711E+10 2.100 3.837 0.292 0.000 0.000 7.6375 5.4491 2.098
0.65754E+10 2.200 3.630 0.300 0.001 0.000 7.6529 5.4806 2.198
0.65791E+10 2.300 3.622 0.310 0.023 0.000 7.6693 5.5123 2.298
0.65821E+10 2.400 3.615 0.320 0.050 0.000 7.6866 5.5444 2.3¢98
0.65846E+10 2.500 3.608 0.330 0.076 0.000 7.7046 5.5759 2.498
0.65868E+10 2.60C 3.600 0.341 0.102 0.000 7.7231 5.86099 2.587
0.65885E+10 2.700 3.592 0.352 0.120 0.000 7.7423 5.6439 2.897
0.65801E+10 2.800 3.584 0.365 0.142 0.000 7.7622 5.6792 2.797
0.65914E+10 2.800 3.577 0.378 0.165 0.000 7.7827 5.7158 2.897
0.65925E+10 3.000 3.569 0.393 0.177 0.000 7.8041 5.7542 2.997
0.65934E+10 3.100 3.562 0.408 0.197 0.000 7.82863 5.7949 3.097
0.65943E+10 3.200 3.554 0.426 0.217 0.000 7.8483 5.8385 3.197
0.65951E+10 3.300 3.547 0.445 0.230 0.000 7.8728 5.8851 3.2986

3. 3.

0.65956E+10

[0
9]
w3

3.543 0.481 0.149

o
>
]

7.8820 5.9080 3.361



M=1.2 Z=0.02 V¥=0.28

AGE LiLe Teff Mcon MSch xcen Tc pc Lx
0.000COE+00 0.367 3.820 0.062 0.029 0.700 T7.2197 2.0033 0.367
0.7265CE+09 0.409 3.820 0.088 0.035 0.800 7.2403 2.0849 0.410
0.15112E+10 0.457 3.819 0O 120 0.048 0.500 7.2644 2.1041 0.457
C.24199E+10 0.512 3.812 0.178 0.058 0.400 7.2903 2.1303 0.513
0.31576E+10 0.553 3.800 0.202 0.063 0.300 7.3093 2.1438 0.554
0.37346E+10 0.576 3.787 0.185 0.063 0.200 7.3257 2.1765 0.57%6
0.42070E+10 0.586 3.774 0.158 0.056 0.100 7.3464 2.2341 0.587
0.44204E+10 0.592 3.768 0.142 0.052 0.050 7.3637 2.2892 0.593
0.45363E+10 0.605 3.766 0.134 0.050 0.022 7.3833 2.3497 0.605
0.45817E+10 0.623 3.767 0.131 0.049 0.010 7.4010 2.4033 0.621
0.46147E+10 0.698 3.777 0.126 0.047 0.001 7.4525 2.5631 0.6864
0.46183E+10 0.798 3.786 0.728 0.000 0.000 7.4847 3.0076 0.697
0.46192E+10 0.719 3.780 0.728 0.000 0.000 7.4640 3.2192 0.830
0.46204E+10 0.719 3.770 0.728 0.000 0.000 7.4808 3.3592 0.809
0.46225E+10 0.721 3.760 0.728 0.000 0.000 7.4504 3.5057 0©.779
0.46263E+10 0.705 3.750 0.728 0.000 0.000 7.4646 3.6640 0.742
0.46442E+10 0.666 3.728 0.728 0.000 0.000 7.5075 4.0454 0.683
0.46576E+10 0.700 3.717 0.719 0.000 0.000 7.5431 4.2394 0.709
0.46745E+10 0.800 3.709 0.499 0.000 0.000 7.5730 4.4272 0.801
0.46897E+10 0.900 3.704 0.388 0.000 0.000 7.5915 4.5635 0.898
0.47082E+10 1.000 3.700 0.318 0.000 0.000 7.6067 4.7008 0,997
0.47533E+10 1.100 3.697 0.300 0.000 0.000 7.6129 4.9437 1.097
0.47765E+10 1.200 3.692 0.282 0.000 0.000 7.5978 5.0217 1.199
0.47968E+10 1.300 3.688 0.271 0.000 0.000 7.5877 5.0820 1.208
0.48143E+10 1.400 3.683 0.267 0.000 0.000 7.5844 5.1333 1.398
C.48288E+10 1.500 3.677 0.267 0.000 0.000 7.5863 5.1779 1.498
0.48411E+10 1.600 3.672 0.267 0.00C 0.000 7.5921 5.2192 1.598
0.48515E+10 1.700 3.668 0.267 0.000 0.000 7.68012 5.2590 1.698
0.48698E+10 1.800 3.661 0.270 0.000 0.000 7.6274 5.3416 1.798
0.48773E+10° 1.800 3.654 0.277 0.000 0.000 7.6376 5.3782 1.898
0.48836E+10 2.000 3.847 0.285 0.000 0.000 7.8483 5.4099 1.998
0.48887E+10 2.100 3.641 0.293 0.000 0.000 7.6589 5.4424 2.098
0.4893CE+10 2.200 3.634 0.302 0.000 0.C00 7.6729 5.4748 2.198
0.48966E+10 2.300 3.626 0.311 0.000 0.000 7.6872 5.5072 2.298
0.48986E+10 2.400 3.8619 0.321 0.013 0.000 7.7027 5.5398 2,398
0.49021E+10 2.50C 3.612 0.331 0.043 0.000 7.7191 5.5729 2.497
0.49043E+10 2.6800 3.504 0.2342 0.068 0.000 7.7364 5.5084 2.597
0.49060E+10 2.700 3.596 0.353 0.097 0.000 7.7543 5.6405 2.697
0.43076E+10 2.800 3.58% 0.366 0.119 0.000 7.7731 5.6760 2.797
0.49089E+10 2.800 3.581 0.379 0.142 0.000 7.7928 5.7129 2.897
0.49100E+10 3.000 3.573 0.393 0.165 0.000 7.8133 5.7517 2.997
0.4910SE+10 3.100 3.566 0.409 0.183 0.000 7.8345 5.7926 3,098
0.49118E+10 3.200 3.559 0.426 0.207 0.000 7.8566 5.8362 3.196
0.49120E+10 3.228 3.558 0.432 0.207 0.000 7.8628 5.8486 3.225




M=1.3 Z=0.02 v=0.28

AGE L;La 1’efx‘;’ aicmn g"Sc!x xcen Tc pc Lx

O0.0COO0E+0C 0.524 3.842 0.126 0.049 0.700 7.2449 1.9938 0.524
0.66793E+08 0.570 3.841 0.159 0.060 0.800 7.2659 2.0351 0.570
0.13547E+10 0.620 3.836 0.207 0.071 0.500 7.2871 2.0613 0.620
0.2C018E+10 0.665 3.824 0.238 0.075 0.400 7.3048 2.0725 0.666
0.25506E+10 0.700 3.810 0.231 0.075 0©.300 7.3198 2.0913 0.701
0.29997E+10 0.724 3.735 0.206 0.071 0.200 7.3354 2.1242 0.725
0.33685E+10 0.735 3.779 0.173 0.063 0.100 7.3588 2.1839 0.736
0.35350E+10 ©.739 3.771 0.156 0.058 0.050 7.3730 2.2396 0.740
0.36312E+10 0.754 3.770 0.147 0.055 0.019 7.3956 2.3092 0.753
0.36584E+10 0.769 3.771 0.144 0.054 0.010 7.4107 2.3540 0.767
0.36837E+10 0.847 3.781 0.140 0.053 0.001 7.4631 2.5127 0.811
0.36864E+10 0.946 3.792 0.834 0.000 0.000 7.4978 2.9450 0.839
0.36868E+10 0.904 3.790 0.834 0.000 0.000 7.4807 3.0850 1.002

0.36874E+10 0.842 3.780 0.834 0.000 0.000 7.4750 3.2194 0.971
0.36883E+10 0.852 3.770 0.834 0.000 0.000 7.4749 3.3414 0.950
0.36897E+10 0.847 3.760 0.834 0.000 0.000 7.4781 3.4700 0.920
0.36918E+10 0.827 3.750 0.834 0.000 0.000 7.4857 3.6056 0.884
0.37000E+10 0.786 3.730 0.834 0.000 0.000 7.5211 3.9152 0.815
0.37149E+10 0.900 3.711 0.593 0.000 0.000 7.5840 4.2593 0.906
0.37220E+10 1.000 3.706 0.442 0.000 9.000 7.68074 4.3833 1.001
0.37288E+10 1.100 3.701 0©.359 0.000 0.000 7.6270 4.48%0 1.098
0.37356E+10 1.200 3.696 0.312 0.000 0.000 7.6458 4.5859 1.197
0.37426E+10 1.300 3.892 0.287 0.000 0.000 7.6837 4.6788 1.297
0.37500E+10 1.400 3.687 0.272 0.000 0.000 7.6822 4.7732 1.396
0.37600E+10 1.500 3.681 0.267 0.000 0.000 7.7046 4.8938 1.496
0.37926E+10 1.600 3.676 0.267 0.000 0.000 7.7118 5.1667 1.598
0.38029E+10 1.700 3.871 0.267 0.000 0.000 7.7051 5.2288 1.698
0.38178E+10 1.800 3.665 0.274 0.000 0.000 7.6990 5.3146 1.798
0.38247E+10 1.900 3.659 0.281 0.00C 0.000 7.6981 5.3539 1.898
0.38305E+10 2.000 3.852 0.288 0.000 0.000 7.7006 5.3909 1.998
0.38354E+10 2.100 3.845 0.296 0.000 0.000 7.7060 5.4260 2.098
0.38396E+10 2.200 3.838 0.304 0.000 0.000 7.7140 5.4604 2.198
0.38431E+10 2.300 3.631 0.313 0.000 0.000 7.7241 5.4945 2.298
0.38460E+1C 2.4C0 3.823 0.323 0.000 0.000 7.7359 5.5286 2.398
0.38485E+10 2.500 3.616 0.333 0.000 0.000 7.7491 5.5626 2.498
0.38506E+10 2.600 3.808 0.344 0.018 0.000 7.7638 5.5972 2.597
0.38523E+10 2.700 3.5801 0.355 0.045 0.000 7.7794 5.8323 2.897
0.38538E+10 2.800 3.593 0.367 0.081 0.000 7.7959 5.8681 2.797
0.38551E+10 2.900 3.585 0.381 0.106 0.000 7.8137 5.7088 2.897
0.38562E+10 3.000 3.577 0.395 0.135 0.000 7.8323 5.7451 2.997
0.38572E+10 3.100 3.570 0.411 0.156 0.000 7.8518 5.7866 3.096
0.3858CE+10 3.200 3.562 0.428 0.183 0.000 7.8721 5.8307 3.196
0.38587E+10 3.283 3.556 0.443 0.187 -0.416 7.8892 5.8691 3.280




M=1.5 2Z=0.02 ¥=0.280

; ) L
AGE L’E’e T £f Mcon ‘Sch xcen Tf: fc X

O.0CCCCE+C0 ©.790 3.897 0.262 0.093
0.53270E+09 0.836 3.880 0.309 0.102
0.10463E+10 0.886 3.877 0.332 0.106
0.14735E+10 0.932 3.85% 0.318 0.108
0.18241E+10 0.972 3.836 0.287 0.100
0.21070E+10 1.001 3.811 0.249 0.091
0.23392E+10 1.014 3.788 0.208 0.079
0.24413E+10 1.017 3.778 0.186 0.072
0.24992E+10 1.030 3.775 0.173 0.069
0.25185E+10 1.047 3.776 0.170 0.067
0.25341E+10 1.123 3.790 0.168 0.066
0.25358E+10 1.217 3.805 0.995 0.000
0.25360E+10 1.161 3.800 0.995 0.000
0.25362E+10 1.100 3.790 0.995 0.000
0.25365E+10 1.095 3.780 0.995 0.000
0.25369E+10 1.099 3.770 0.995 0.000
0.25375E+10 1.088 3.760 0.995 0.000
0.25383E+10 1.066 3.750 0.995 0.000
0.25408E+10 1.028 3.731 0.995 0.000
0.25451E+10 1.100 3.715 0.826 0.000
0.25484E+10 1.200 3.708 0.619 0.000
0.25513E+10 1.300 3.702 0.491 0.000
0.25541E+10 1.400 3.697 0.415 0.000
0.25567E+10 1.500 3.691 0.375 0.000
0.25593E+10 3.685 0.350 0.000
0.25619E+10 3.679 0.331 0.000

-700 7.2835 1.9572 0.790

.600 7.2988 1.8670 0.836

.500 7.3123 1.9675 0.887

-400 7.3250 1.9778 0.933

.300 7.3383 1.9964 0.973

.200 7.3533 2.0295 1.002

-1060 7.3736 2.089%6 1.015

080 7.3901 2.1452 1.018

-021 7.4108 2.2106 1.030 Te-m
.010 7.4281 2.2609 1.045
7.4817 2.4195 1.087

000 7.5172 2.8649 1.185 Te-M
000 7.5003 2.9914 1.278

000 7.4970 3.0853 1.255

000 7.4976 3.1725 1.241

000 7.5002 3.2633 1.223

.000 7.5058 3.3639 1.197

000 7.5151 3.4726 1.164

CCO 7.5462 3.7115 1.092 L-m
C00 7.5920 3.9797 1.117

.000 7.6261 4.1410 1.205

.000 7.6551 4.2652 1.301

-000 7.6817 4.3746 1.398

.000 7.7065 4.4730 1.496

CCO 7.7293 4.5640 1.596

000 7.7540 4.6544 1.695

000 7.7776 4.7404 1.795
cco
0ce

OOOOOOOPOOOOOOOOOOOOO
g

588888888888

0.25644E+10 3.872 0.318 0.000

0.25687E+10 3.666 0.311 0.000 . 7.7999 4.8203 1.895
0.25690E+10 3.859 0.310 0.000 O, 7.8215 4.8%66 1.995
0.25712E+10 3.852 0.310 0.0CC 7.8432 4.8725 2.095

OJOOOOOODPOOOQOOOO
3
Q

0.25736E+10 3.645 0.310 0.000 -000 7.8675 5.0561 2.195
0.25892E+10 . 3.638 0.331 0.0CC CCC 7.8947 5.4146 2.297
0.25916E+10 3.631 0.33%9 0.000 000 7.8929 5.4588 2.397
0.253937E+10 3.624 0.348 0.000 -00C 7.8934 5.5013 2.497
0.25955E+10 . 3.616 0.357 0.000 .000 7.8962 5.5427 2.597
0.25971E+10 . 3.608 0.387 0.000 0CC 7.3010 5.5836 2.637
0.25985E+10 2.800 3.8601 0.379 0.000 .0C0 7.9136 5.6235 2.797
0.25991E+10 2.848 3.597 0.385 0.000 286 8.0445 5.6084 2.836




Figure 4.1) The relevant RGB luminosity distribution for Z = 0.01
Each histogram is labelled with age in billion vyears { from
Barbaro and Pigatto 1984)

Figure 4.2) The magnitude of the faintest red stars against
the colour index of the MS turnoff point. Lines show theoretical
relations for the base of the RGB for standard models (from
Barbaro and Pigatto 1984)

Figure 4.3) The same of Figure 4.2 but with theoretical relations
from VandenBerg 1983, without overshooting {(dashed 1lines) and
from models with overshooting. ( From Pigatto 1986)

Figure 4.4) Size of the convective core versus central Hydrogen
abundance by mass for the following models (set 1):

X =0.700, Y = 0.28, Z = 0.02A = 1 and mass of

1.5, 1.4, 1.3, 1.1 Mo

Figure 4.5) Same of Figure 4.4 but for (set 2):
X =10.700, Y = 0.299, Z = 0.001, A =1 and mass of
1.5, 1.3, 1.2, 1.2, 1.1, 1.0, 0.9 Mo

Figure 4.6} HR diagram for the models of set 1 above and mass of
1.5, 1.4, 1.3, 1.1, 1.0 MO

Figure 4.7) HR diagram for the models of set 2 above and mass of
1.5, 1.3, 1.2, 1.1, 1.0, 0.9, 0.8, 0.7.
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CHAPTER V

5.1 Horizontal branch stars

In recent years a great deal of theoretical work has been carried
out in stellar evolution theory, thanks to many recent
developments in the basic stellar physics and observational
information on star clusters.

Among others, convective mixing during major phases of nuclear
burning has been found to be perhaps the most uncertain and
important physical process in the theory of stellar evolution;
The inclusion of ‘“overshooting and induced semiconvection"
(Castellani et al 1971a,b) in models of core Helium burning
horizontal branch stars, and of "non local overshooting” in main
sequence stars (Maeder 1975, Roxburgh 1978; Bressan et al 1981)
are, among others, important attempts to interpret observational
data by means of a more consistent physical treatment of
convection.

In the preceding chapters I have analysed the effects of
overshooting on the stellar structure over different ranges of
mass, and pointed out that a substantial mixing beyond the
standard convective core, as defined by the Schwarzschild
criterion, ought to occur in model stars in order to account for
several observational facts. Among others I recall:

1) The width of the main sequence band, which appears larger than

predicted by standard models, and the number ratio of evolved to
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unevolved stars in galactic clusters (Maeder & Mermilliod 1981)
and in populous young globular clusters, like NGC1866 in LMC (cf.
Becker & Mathews 1983).

2) The long lasting discrepancy between evolutionary and
pulsational mass of Cepheid stars {¢f. the recent study by
Schmidt 1984).

3) The lack of very luminous asymptotic giant branch (AGB) stars
in several clusters of the Magellanic Clouds, where they are
expected to occur on the basis of the cluster turn-off mass (see
the populous young cluster NGC1866 as prototype). This fact
strongly indicates that Mup (upper mass limit for non degenerate
carbon ignition} is much lower than the classical value.

4) The discrepancy between ages derived from the observed
terminal AGB luminosity (Mould & Aaronson 1982 a,b; Mould 1983)
and those derived from the turn-off and/or main sequence
termination luminosity (Hodge 1983) for clusters of the
Magellanic Clouds. |

5) The "anomalous" behaviour of several old open clusters which,
in spite of a turn-off mass of about 1.5 MD, seem not to develop
an extended red giant branch (RGB) and in turn to miss the stage
of core Helium flash (Barbaro & Pigatto 1984; Pigatto 1986).
However, in spite of the much better agreement between theory and
cbservations nowadays possible with models incorporating
convective overshooting (Bressan et al. 1981: Bertelli et al

1984, 1985, 1986a,b; Chiosi et al 1986), still there are some
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aspects of those evolutionary models that are not fully
clarified.

Firstly, the scheme devised to describe convective overshooting
rests on the mixing length theory of convection and contains the
ratio A of the mean free path of convective elements to fhe
pressure scale height as a free parameter.

Secondly, part of the above discrepancies can be also cured by
other, completely different, mixing mechanisms. In fact, as I
have anticipated in Chapter III, Castellani et al {1983a) were
able to show that a lower value of MUP can be obtained as a
result of the so-called "breathing pulses of convection" which
seem to be the natural consegquence of the local treatment of
convection during central Helium burning.

Fortunately, the above schemes rely on very different basic
physical assumptions, and perhaps we may decide which of those
schemes ought to be preferred looking at model predictions on a
wider context, and not limited to the probiem of MUP alone.

In particular, induced semiconvection and breathing pulses of
convection are driven by local mixing. The former occurs during
central Helium burning because of the increase in the opacity of
the carbon-oxygen rich mixture, whereas the latter develops in
the very late stages of the same phase, because of the enhanced
energy generation.

On the contrary, the non-local description of overshooting 1

have discussed at the beginning leads to the onset of "full
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convection" outside the unstable core, as a consaquence of
inertia of motiens. In this case, the major task of the theory is
the determination of the velocity field. in that contrary to
local treatments which consider only the acceleration field. As
a consequence of this, overshooting have turned out to be more
efficient than in the acceleration schemes.

Differences in the final evolutionary results may arise not only
because of the different prescriptions used in model
construction, but also because of the fact that non local
overshooting is efficient starting from central Hydrogen burning,
if the star mass is large enough for a convective core to
develop. We have already seen that these stars terminate the core
Hydrogen burning phase having much larger Hydrogen exhausted
cores.

In the case of central convection being present already starting
from the core Hydrogen burning phase, the compariscn of the two
methods in question is somewhat difficult, even though
observaticnal constraints such as (1) and (2), which are related
to core Hydrogen burning models (see also (4) and (3)), cannot be
easily reproduced by models based on local theories of
convection.

Stars 1in old globular clusters are a better laboratory, since
core Hydrogen burning is known to occur in a radiative core, and
central convection is present only during the Helium burning

phasé in horizontal branches. Furthermore, globular clusters are

64




normally well populated, so that star counts there possess
statistical significance and the comparison with their
thecoretical counterparts, lifetimes, is meaningful. 1In addition
to this, stars in globular cluster are confined in a rather
narrow range of basic parameters, such as the turn-off mass, the
mass at thé tip of RGB and in the horizontal branch. Finally,
star counts in different areas of C-M diagrams of several
globular clusters led Buzzoni et al (1883) and Buonanno et al
(1985) to assess that "semiconvection" has to be fully efficient
during Helium burning: in particular the above authors stressed
the high sensitivity of the ratio of AGB stars to horizontal
branch (HB) stars ({ R2 = NAGB/NHB) to the adopted mixing
criterion.

In this Chapter I present evoiutionary computations for HB stars
followed from core Helium ignition till the start of the
thermally pulsing AGB phase (TP-AGB). Overshooting by the non-
local scheme is taken into account in all phases with convective
cores, and beside the value A = 1 used in the previous chapters a
slightly larger one, A = 1.25, 1is also used in order to get a
precise indication from observations. The results of these
calculations are compared with similar models based on the
classical scheme ({semiconvection and accompanving breathing
convection) followed by many authors (cf. Castellani et al 1985
and references therein), and tested against star counts by

Buzzoni et al (1983) to cast light on which kind of mixing better
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reproduces the observational data. The following table 5.1

contains the initial parameters which characterize the models

computed.
Table 5.1
Helium burning

Z =0.02 MC = 0.475 Y = 0.280
A =1 Mi=06’0 7,0.8,6.9,1.0,1.1,1.2,1.3,1.4

Z = 0.001 MC = 0.475 Y = 0.299
A=1 Mi =0.6,0.85,0.7,0.8,0.9,1.0,1.1,1.2,1.3,1.4
A= 1.25 Mi = 0.6,0.65,0.7,0.8

Z = 0.001 MC = 0.500 Y = 0.200
A= 1.25 %i = 0.6,0.65,0.7,0.8

M = initial Helium core mass in solar masses
M. = total mass in solar units

As can be seen from the table an additional set of models with 2
= 0.001, Y = 0.200, MC= 0.500 and A = 1.25 has been computed to
test the dependence of the gquantity R2 - discussed below - on the
He content in the envelope. All other details of the input

physics are as in previous Chapters.

5.2 The effects of a gradient in molecular weight (g ).

As the evolution proceeds, the kinetic energy of motions grows
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and elements enter the region of discontinuity in molecular
weight surrounding the Helium core. As shown by Bressan et al
(1981), the effect of gradients of molecular weight must be
treated separately from the equation of motion because the
deceleration imparted to convective elements mav be several
orders of magnitude greater than the contribution given by the
temperature term. Therefore, an extreme fine mass and time grid
{(cf. Renzini 1977 for some characteristic dimensions), would be
required to follow the mixing, which would imply an enormous
computational effort far beyond the scope of the present study.
Following Castellani et al (1971a) and Renzini (1977), I
evaluate the characteristic scale of penetration of convective
motion inside a molecular barrier, as given by the velocity of

propagation of convection

2 -
vp =v / [2g {Au/p)] * (vmaxfl} (3.1}
into the time step of the model
AR = At *V_ . (5.2)
c P

The maximum increase of the convective core at each time step is
chosen to be the minimum value between &RC and the amount of
penetration determined by the velocity field neglecting the

molecular term.
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The quantities that define relation (5.1) are the molecular
weight and size of its discontinuity, z and du respectively, the
acceleration of gravity, g, the maximum value of the velocity
field, Vmax’ the distance 1 over which the molecular weight has
to be smeared ocut (corresponding to the linear size of the
convective core}, and finally the local value, v, of the velocity
field in the region undergoing mixing. Relation (5.1) provides
only an indicative estimate of the effect of mclecular weight.

The wvalidity of the above expression has been criticized by
Renzini (1977), in the sense that, owing to the finite dimensions
of the elements or effects of ionic diffusion, the true velocity
Vp may be greater by several orders of magnitude. However, I

think that the relation in question is indeed fairly appropriate

ing

[

owing to the very different physical conditions we are dea
with. In fact, relation (5.1) is not applied to regions near
which the maximum of the velocity field is located, and
velocities are almost radially directed, nor near the pcint where

v at which effects by ionic diffusion are expected to be

R T Vs
important. On the contrary, relation (5.1} is applied to external
stable { VR < vA ) regions, in which the velocity is dropping to
zero and mixing 1is likely driven by tangential shear, and
controlled by a relation almost identical to relation (5.1).

Finally I anticipate that relation (5.1) has no effect in

constraining the size of the convective core during all but the

very end of Helium burning, when the time scale for penetrative
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convection overwhelms that of nuclear burning.

5.3 The evolutionary results

The main results obtained here can be summarized as follows:

1} Overshooting versus semiconvection

in models of low mass stars with non-local treatment of
convective overshooting, semiconvection at the border of the
convective core never develops. This confirms the similar result
found long ago in massive stars (Cloutmann & Whitaker 1980;
Bressan et al 1981}.

Figures (5.1) and (5.2) show the run as a function of the
interior mass of the adiabatic and radiative temperature
gradients together with the velocity field and the Helium
content, inside +the core of the 0.7 M0 model at different
evolutionary stages. The convective core steady increases
during evolution as a natural consequence of the growth of the
unstable region { which is about half sized) and extension of the
velocity field beyond the chemical discontinuity. However,
contrary to standard models, the region above the convective core
is definitely stable in all models.

2) Overshooting versus breathing convection

A second result concerns the occurrence of the so called
breathing pulses of convection known to take place at the end of
central Helium burning. As extensively described by Castellani et
al (1985a,b) when the central helium abundance gets very low ( <

0.1 ) further mixing of fresh helium through the growth of the
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convective core may give rise to an excess of nuclear energy
release, which in turn enhances convective instability and
induces further mixing. The net result is a convective pulse that
considerably increases the size of the mixed region and
consequently the 1lifetime of the Helium burning phase. Other
important implications of this phenomenon are described by
Castellani et al (1985a,b). Here I notice that, toward the end
of central Helium burning the unstable region starts growing at a
larger rate (cf. Figure (5.3)), but not as a consequence of the
sole increase in opacity as suggested by Castellani et al
{1985a,b}. In fact, the linear perturbation of the radiative
transport equation, at fixed mass coordinate around the unstable

core, gives the following relation
avR/vR = S{L/M}/{L/M} + (8k/k) + 68/({1-8) (5.3}

where all symbols have their usual meaning and variations are
taken with respect of time. An inspection of the models shows
that the opacity term balances the luminosity term of opposite
sign. On the contrary, since 8 is verv close toc unity, the factor
1/(1-8} gets very large and a small increase in the gas pressure
{partly because of the incipient electron degeneracy) is
responsible of the starting of a breathing pulse. Once more,
another important difference between local and non local
treatments of convection can be seen. In standard models, in

which the steep Helium profile is located where VR = VA , once
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the above mechanism has started , enough fresh helium is mixed
into the core to produce the breathing pulse. On the contrary,
in wmodels with non local overshooting the above mechanism is no
longer sufficient, as mixing is driven by the velocity field
through relation (5.1). The low velocities { - 0 ) existing at
the border of the core delay mixing for a time sufficient to the
core to adjust itself without undergoing an enhanced energy
production and thus to proceed toward a quiet exhaustion of
helium. To carefully delineate the space of parameters in which
this phenomenon may occur, test models were arbitrarily perturbed
by allowing for enhanced mixing. The result was that the sharp
discontinuity in molecular weight always dumps any breathing
pulse of convection that may tend to develop.

One may conclude therefore that breathing convection is a mere
consequence of the local treatment of convection {Castsllani et
al 1985a,b), and it disappears when a more physical approach is

undertaken.

5.4 The HR diagram

Figures (5.4a}, (5.4b) and (5.4c) show the HR diagram for a few
HB models wup to the starting of the TP phase with A = 1., VY =
0.299 and Z = 0.001; A = 1.25, Z = 0.001 and two values for the
helium abundance, ¥ = 0.299 and Y = 0.200 respectively. For

purposes of completeness, in the same figures we also show a few
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evolutionary tracks, whose initial masses are compatible with
the mass in the horizontal branch. These tracks are evolved from
the zero age main sequence till the tip of the red giant branch.
The models with Z = 6.02 will not be discussed hers. The value
of the initial mass, horizontal branch mass and He core mass are
indicated in the figures. Fron Figures (5.4a), (5.4b) and (53.4c)
one sees that convective overshooting does not appreciably change
the overall morphology of the HR diagram for Helium burning low
mass stars. Minor differences with respect to other evolutionary
models in literature (cf. Sweigart & Gross 1976) are mainly due
to differences in the treatment of the outer envelope: grey
atmospheres instead of the T-r relation used by Sweigart & Gross
(1976), a mixing length of 1.5 in outer layers, and finally
different opacities and their interpolations.

Table 5.2 contains sonme characteristic quantities of the HB
models shown in the above Figures as a function of the
evolutionary stage. Lastly, we would like to comment on the

i2 . . . . o
abundance of € that is built up in the core at the end of the

4
Helium burning phase. With the new rate for the ‘zc{a,y 150
reaction (here assumed to be from 2 to 3 times the old value)

carbon is much less abundant than oxygen, its final value being

about 0.18 - 0.19 (by mass}.

5.5 The ratioc R2

Since the major goal in this chapter is to investisate on the
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effects given by different kinds of mixing, I will not address
here the problem of how well these models reproduce the HR
diagrams of real globular clusters. On the contrary, 1 will

concentrate on the ratio R = = N /

7t . .
2 “acs’ tus ace’Vyg+ Which

according to Buonannc et al (1985) is particularly sensitive to
the kind of mixing taking place in central regions during core
Helium burning. It 1is worth recalling here that tHB is the
lifetime spent in the HB up to the relative maximum in the
luminosity, whereas tAGB is the lifetime elapsed from the
relative maximum luminosity up to 2.5 magnitudes above the RR
Lyrae luminosity (cf. Caputo et al 1978).

Figure (5.5) shows the luminosity versus age relationship for the
0.7 MG model {MHe = 0.475, VY= 0.299) with two different values
of the overshooting parameter A = 1 and A= 1.25. The figure
clearly illustrates the effects by the adopted type of mixing.

In fact, while the total lifetime does not change with A, the

lifetime tBB increases while the lifetime tAGB decreases with
increasing A: thus the ratio R2 turns out to be a very sensitive
function of the mixing parameter. Table 5.3 contains the
lifetimes tug - tAGB and the ratio R2 derived from our models.
An inspection of Table 5.3 shows that in addition to mixing, for
Y = 0.299 these quantities are sensitive functions of the total
mass MHB’ On the contrary, for ¥ = 0.200 only the BB lifetime
shows such a dependence, whereas the AGB lifetime and the ratio

R9 are almost constant over the range of masses considered here.
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Furthermore, the data of Table 5.3 indicate that if consistency
with the previous RGB phase 1is imposed - by assuming the
appropriate initial He core mass MHe - then Rz turns out to be
almost independent of the He abundance in the envelope. In this
way once the range of masses pertinent to the horizontal branches
of globular clusters is known, observations of the parameter R2

vield a straightforward indication of the extension of mixing

during core Helium burning, at least for the metal content under

consideration.
Table 5.3 {a)
A =1 (b) A=1.25 (b) L =1.25 (c)
“s2'Mo  twp tags Re Yus taez R ‘ug tags Ro

(a} ages in units of 10° yrs

(b} models with ¥

1l

1
]
1=
-3
(9]
<

G.299 and‘ MHe

(c} models with Y = 6.200 and MHe = 0.500 M
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5.8 Comparison with the observations

Table 5.4 presents a list of values R2 obtained by different
authors together with our theoretical predictions and compares
them with the more recent data derived by Buzzoni et al {1983)
fur.a sample of 15 well observed globular clusters.

For the purposes of this study, we assume MHB = 0.83 MO, as a
value in between 0.8 and 0.7 Mo is indicated by the overall
morphology of globular clusters (Renzini 1977) and it has been
adopted in previous studies.

The value of R2 = 0.12 given by Gingold (1976) deserves a short
discussion as it is often taken as representative of the AGB
lifetime of low mass stars. This particular value refers to an

evoiutionary track with MHB = 0.8 M_, MHE=0.466 M Y= 0.300,

o 0’
Z=0.001, and computed with the canonical prescription for local
overshooting and semiconvection (Gingold 1976}. Due +to the
dependence of R2 on total mass MHB and He core mass, the

normalization of these parameters to 0.65 MD and 0.475 MS
respectively, would lower the gquoted value below 0.10, in closer
agreement with the estimates given by other authors under the
same physical assumptions ( e.g. Caputo et al 1978). Furthermore,
models by Gingold (1976) f the same set encounter sooner or

later the problem of breathing convection {e.g. MHB=0.6 MO and

¥=0.200 in Gingold 1976) in analogy with most updated



computations which show that this phenomenon constitutes g
constant characteristic of the so-called "canonical"
prescription for the treatment of core convection (Sweigart &

Gross 1976; Castellani et al 1985a,b; Iben 1986; Lattanzio

13863 .
Table 5.4 (a)

Theoretical and observational ratios Rz
R Lo lhe g ModelR,  Reference
0.3 0.001 0.475 0.625 11 0.65 Iben & Rood (1970)
0.3 0.001 0.475 0.800 1I2 ¢.71 Iben & Rood {1970)
0.3 0.001 0.466 0.600 G 0.12 Gingold (1976)
0.3 0.061 0.475 0.680 C1 0.05 Caputo et al (1978)
0.2 0.001 0.498 0.860 (2 0.086 Caputo et al {1978}
0.2 0.001 0.500 0.850 (3 0.08 Castellani et al (1985b)

0.299 0.001 0.475 0.850 B1 g.21 Bressan et al (1988)

3.299 0.001 0.475 0.650 B2 .16 Bressan et al (1988}

3.200 0.001 0.500 0.850 B3 0.17 This thesis
Observed value A 0.15 Buzzoni et al {13983
Legend: Model without overshooting and/or semiconvection

11
Model 1I2: without overshooting and/or semiconvection
Model G local overshooting and semiconvection
Model C1: local overshooting and semiconvection
Model C2: local overshooting and semiconvection
Model C3: local overshooting, semiconvection and
breathing pulses of convection
Model B1: non local overshooting, A = 1

Model B2: non local overshooting, A = 1.25
Model B3: non local overshooting, A = 1.25
Notes (a) : masses in solar units
A ¢ average value of 15 clusters (0.15 + 0.03)



The last entry of Table 5.4 (Rz = 0.15) is the mean value from
the data for 15 globular clusters given by Buzzoni et al (1983).
Considering the error of each observational ratio to be 0.07
(Buonaﬂnd et al 1985), the error on the mean value is about 0.03,
The data of Buzzoni et al (1983) are shown in the histogram of
Figure (5.6) (number of clusters versus Rz) together with the
theoretical values of Table 5.4. The dispersion in these latter
is by far larger than in the observed ones, thus emphasizing once
more the high sensitivity of the ratio R2 with respect to the
mixing prescription adopted during central Helium burning. 1t is
scon evident that models which strictly follow the standard

criterion for convection (vR < v Iben and Rood 1870) predict

A’
too large a ratio { >0.8). Indeed, the observations seen to
suggest that mixing outside the formal boundary effectively takes
place vat full efficiency. However medels that, instead of the
simple Schwarzschild condition, consider local overshooting and
semiconvection, pradict on the contrary too low a value, as
indicated by cases G, C1, (2 of Table 5.4 Or even lower when
breathing convection is considered {case C3). Therefore,
observations seem to indicate that mixing ought not to be as
efficient as imposed by these local prescriptions. On the other
hand, since the above schemes neglect any detailed description of
ctonvective motions, the suggestion arises that only by knowing

the velocity field one may adequately reproduce the effects of

internal convection. This is evident in our models with non loeal
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overshooting, which not only eliminate the problem of breathing
Convection but also provide a good agreement with observations.
The best result is obtained for A about 1.25 independently from
the helium abundance of the envelope: 0.16 or 0.17 versus the
observational wvalue of 0.15. The value of A =1 was invoked by
Bertelli et a3} (1984, 1985) and Chiosi et al {1988) to bring
theory and observations into agreement in other afeas of the HR
diagram (cf. points 1 to 5 above). A value slightly greater than
1 will not change the main conclusions reached in the previous
chapters. Indeed an even lower Mup would result as perhaps
indicated by recent data on the AGR star luminosity function in

LMC ( Mould & Aaronson 1988} .
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Legend to Table 3.2,

AGE: age in units of 106 years; L/Le: the logarithm of
luminosity in seolar units; Teff: logarithm of the effective
temperature; Mcon: mass of the convective core i Msch: mass of
the unstable region 7 Mhe: mass of the helium core. All masses
are in solar units. Ycen: central abundance by mass of helium
Lx and Ly: logarithm of the luminosity of the H and He-burning
shells in solar units.

Te-m: minimum effective temperature; Te-M: maximum effective
temperature: L-M: relative maximum luminosity at the end of core
He-burning; L-m: minimum luminosity in AGB; Lx-m: minimum
luminosity by the H-burning shell in AGB; 2.5m indicates the
model along the AGB 2.5 bolometric magnitudes brighter than itg
Zero age horizontal branch luminosity; Lx=y: stage at which the
luminosity of the H-burning shell equals that of He-burning
sheil; sTpP: starting of the thermally pulsing regime of the He-

burning shell
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Tere

.723
.720
721
L7124
.728
.732
.735
.739
741
.741
.741
.7386
.729
.T14
.701
. 687
.699
.6868
.851
.835
.619

o Lo O LD OO GO0 WWWWWWWWWww

MCOD

.191
.185
.198
.199
.203
.207
.208
.211
.212
.218
L2113
.213
.211
.209
.182
.000
.000
.000
.000
.000
.000

OO0OO0O00D0CO0O00O0OLOLOODLOOOOO

=

con

.189
.194
.197
.198
.204
.2086
.209
.213
.214
.2186
.215
L2117
.215
.214
.188
.000
.000
. 000
.000
.000
.0060

OO0 000OO0O0O0OOLOOLOLODOOOO

Msch

.090
.091
.093
.098
.101
.104
.108
.109
L1111
.114
.116
.118
.121
.121
.089
.000
.060
.0060
.000
.0060
.000

OO00OO0OO0DOO0O0O0ODOLOOLOLOOLOOLOO

Msch

.08t
.092
.093
.099
.101
.107
.108
.108
.110
L1111
.118
.120
.124
.122
.0380
. 000
.000
.000
.000
.000
.000

OO0 O0OOLOLOOLOLODOOOO

OO0OO0O0O0CODOOLDOOOLOOODLOLOO

OCO0O0000OO0OO0OOODOOOLDOOOOOR

.475
.475
.473
.478
.481
.486
.490
.493
.495
L4986
.498
.500
.502
.504
.505
.507
.510
.518
.520
.526
.535

.475
.475
.475
.478
.485
.490
.495
.499
.503
.508
.506
.510
.512
.515
.516
.518
.522
.528
.530
.536
.5486

G

CODO0OOCDODOOOODOOODOLOODOOOOO

g

OO OO0 OLOoO0ODOoOLOOLOOOO

.999
.938
.900
.800
.700
.800
.500
.400
.300
.262
.200
.100
.050
.010
.001
.000
.000
.000
.000
.000
.000

.9989
.92%
.800
.800
.700
.600
.500
.400
.300
.242
.200
.100
.050
.010
.001
. 000
.G00
.000
.000
.000
.000

o]
[

OO0 COOO0OO0OLOOLOLOROOLOOCO

24
o

COoOO00O0OODOOOOO0OLOOOLOO0OO0

.0co
.059
.093
.175
.243
.303
.348
.380 .
.395
.394
. 387
.342
.291
.204
.179
.1786
.176
.176
.176
.176
.176

.000
.068
.093
L1735
.245
.304
.349
.381
.397
.396
.390
.345
.295
.196
L1171
.168
.1868
.168
.168
.168
.168

£
o

ey

.599
.623
.818
.5384
.543
.493
.434
. 367
.303
.278
.250
.285
.352
.597
.840
.053
.480
.530
.612
.649
.904

DS B jud O beb DD bbb b b bbb ok b ek b b b e b

Lx

1.659
1.682
1.678
1.858
1.833
1.802
1.585
1.529
1.475
1.449
1.435
1.438
1.495
1.681
1.891
2.096
1.454
0.297
1.330
2.707
3.175

L
Satf

GO DO 0O DO b kb pob bbb bbb b bbb i b et bbb b

[
«

GRS DO DD b b b b ek bbb b e b b b e e e b e

.170
.201
.224
.289
.348
.403
.454
.503
.547
.564
.588
.623
.634
.614
.436
.745
.933
. 487
.696
.644
.005

.169
.2086
.225
.294
.358
.416
.470
.524
.572
.599
. 617
.855
. 667
.652
477
.630
.994
.533
.754
.T12
.142

Te-M

L-M
L-m
Lx-m
2.5m
Lx=vy
STP

Te-M

L-M
L-m
LX-m
2.5m
Lx=y
STP



M=0.6 V¥=0.299

AGE

14,
27.
40.
51
62.
87.
73.
83.
93.
103.
109.
114.
116.
i18.
118.
133.
137.
138.
139.

M=0.

AGE

14.
aT.
39.
50.
81
71
78
81
S0.
89.
105.
110.
111
112.
113.
i27.
130.
131.
132.

. 000
.922

180
369
015

.877

853
814
390
529
485
691
284
6380
262
782
512
558
393
605
695

65

.000
.528

087
3686
731
996

.884
.691
.511
.394

566
945
1086
112

.555

050
308
328
487
508
406

L/L
o

W NN DO DN DO b b et b bbb pd b ped b b ped et ped ek

¥=0.299

.820
.640
.644
.618
.5383
.575
.568
.565
.5686
.578
.598
.835
.873
.7886
.949
.208
.028
.3586
.626
.835
.049

L/L
o

oD DS DD B DO b b bbb b pod b ok b b ek jush b e

.899
.723
.727
.714
.699
.638
.875
.870
.871
.873
.688
.721
.781
. 867
.001
.233
.087
.434
.702
.914
.128

CO GO O W W W W W W b b Wb b e i B e B WD W W

.958
-850
.959
.006
.040
.058
. 067
.068
. 087
.0861
.050
.034
.021
.957
.760
.695
.724
.682
.6681
. 847
.634

A

Teff

O W W W W WUWIWIWWWowaowowaowweeowweewowow

.764
.7586
.762
.822
.877
.915
.940
.383
.856
.855
. 947
.925
.898
.782
.719
.8680
.709
.874
.655
.841
.827

OO OOOOOOVOOOLOLOLODOLOOOOLDOOD LD

.215
.217
.218
.219
.223
.224
.224
.225
.226
.224
.224
.222
.221
.221
.196
.000
.000
.000
.000
.000
.060

.25

M
con

COO0OOQOOOOOO0OLDOLLOLDOLOLOOOLO

.215
.215
.217
.221
.228
.228
.229
.228
.231
.230
.226
.228
.228
.226
.201
.000
.000
.000
.000
.000
. 0G0

DO0OO0OO0O0OO0O0OO0OOLOLOOOODOLOODLOOD

.083
.083
.084
.088
.081
.093
.0%6
.086
.097
.098
.100
.102
.104
.105
.078
.000
.000
.Go0
.G00
.000
.000

Msch

OCOOOODO0OOOOOLLOUODOLDOLDODOO

.083
.083
.0835
.¢8s8
.91
.095
.087
.100
.100
.101
.103
.105
L 107
.108
.081
.000
.000
.000
.000
.000
.600

QLOLOO0OOOOOOLOUOLOLOUODLODLDODOO

o

COOOLOLOOLOOOLOLDOLLODDODOO

.475
.475
.475
.475
.476
.478
.480
.481
.482
.483
.433
.484
.485
.436
.488
.48%
.493
.500
.504
.508
.518

E

.475
.475
.475
.4786
.481
.485
.488
.430
.492
.492
.494
.485
.496
.498
.500
.301
.505
.511
.514
.519
.530

COO0OO0OOO0DOODOOLLOODOLOOODOO OO

vl

COO0COO0OOO0ODOLODLOOOODOLDOOOO

.998
.945
.900
.800
.700
.600
.500
.453
.400
.300
.200
.100
.350
.010
.001
.000
.000
.000
.0g00
.000
.000

.989
.948
.900
.800
.700
.600
.500
.400
.331
.300
. 200
.100
.050
.010
.001
.000
.000
.000
.000
.000
. 000

QO OO0 O0OOOOLOOLOOODOLDOLOLO

o]
(o]

COO0O0COLOLOLCOOOOOOOLDOOLDOO

.000
.052
.093
.175
.244
.302
.348
.363
.377
.391
.382
.335
.284
.207
.182
.173
L1738
.179
179
.179
.179

.060
.050
.093
.175
.244
.302
. 347
.379
.391
.383
.388
.340
.289
.212
.187
.184
.184
.184
.184
.184
.184

.430
.433
.445
.360
.256
.144
.024
.968
.8086
.798
.728
L7711
.931
.359
L7129
.084
.374
.9638
779
.327
.855

PO DO b D et DN b b D O OO O hed beb peb pob fud b ok

1.549
1.877
1.568
1.514
1.450
1.372
1.285
1.191
1.128
1.099
1.03¢
1.054
1.172
1.485
1.787
2.087
1.422
0.731
1.738
2.604
2.947

WD N DD bt b ek b b b ek b ek ek ek b b fed ek e ek

ol

[ e R A R O T e O S o I T o T T o T o Y Sy Wy

.176
.189
.212
.273
.327
.376
.421
.440
.462
.501
.537
.570
.583
.562
.391
.262
.917
.334
.549
.524
.030

.173
.185
.215
.282
.343
.400
.451

.498
.528
.541

.581

.615
.628
.608
.441

.653
.956
.421

.640
.602

.094

Te-m

Te-M

L-m
Lx-m
2.5m
Lx=y
STP

Te-m

Te-M

L-M
L-m
Lx-m
2.5m
Lx=y
STP




M=0.7 VY=0.299

AGE

102
107

109

127

.0G0
.922
.276
.451
.414
.842
.113
.012
.101
.232
.070
.927
.841
.548
108.
.368
110.
123.
126.

913

446
612
3083

.390
128.

198

L/L0

L7137
.762
.7686
L7863
.759
.752
.7486
.743
.744
.746
.155
.786
.823
.918
.037
.256
.095
.483
.738
.969
.349

O 0O DO D PO DO R kb b b heb bk b b et bbb b b b b

M=0.3 ¥=0.299

AGE

G.
8.
14.
27.

39

69

000
954
059
297

.078
43.
60.
.621

8.

83.

87.

95.

99.
104.
105.
1906.
107.
119.
121.
122.
123.

757
375

178
264
633
407
923
374
644
040
270
188
282
416
042

L/L
)

.781
. 807
.811
.818
.822
.825
.827
.829
.833
.837
.843
.868
.900
.980
.083
.282
.134
.554
.182
.042
.244

0 00 B IO BRI IO RO b kb bl b bbb kb s b e b e b

Ters

.736
.732
.734
.743
.7586
.781
.814
.837
. 847
. 847
.842
.814
775
.732
.710
.687
.702
.670
.653
. 637
.813

wmwmwwwwwwwwwmwwwmwww

=

con

OOOOOOOOOOOOOOOOOOO@Q

.25

.215
.217
.217
.223
.225
.229
.231
.231
.233
.234
.232
.230
.231
.229
.203
.000
.000
.Q00
.000
.000
. 000

M
con

OOOGOOOODOOOOOOOOOOOQ

.212
.213
.215
.224
L2235
.227
.234
.234
.235
.236
.237
.235
.232
.238
.209
.000
.000
.000
.00¢C
.000
.000

=

sch

.082
.082
.084
.088
.092
.095
.098
.099
.101
.102
.105
.107
.109
L1111
.084
.000
.000
.000
.000
.000
. 000

OQOC’DQQOOOOQOQOGOOOOQO

%sch

.083
.084
.086
. 088
.093
.097
. 097
.099
.101
.102
.105
.109
.112
.113
.086
.000
. 000
.000
. 000
.000
.0C0

OOOOOOOOOQ@OQCOOOOGOO

OQOOOOOOGOOOOOOOOOOOO

O@OOOOOOOOOOOOOOOQOOCJ

.475
.475
.475
.478
.484
.489
.493
.496
.499
.499
.501
.503
.505
.507
.508
.510
.513
.519
.522
.528
.539

L4753
L4735
.475
.481
.488
.494
.499
.503
.507
.508
.510
.514
.516
.518
.520
.521
.525
.530
.531
.53¢
.548

CC 0000000000000 0

g

OCOQOOOOOOOOOOOOOQQOO

g

. 999
.946
.900
.800
.700
.600
.500
.400
.300
.278
.200
.100
.050
.010
.001
.000
.000
.000
.000
.000
.000

.999
.938
.900
.800
.700
.600
.500
.400
. 300
.242
.200
.100
.050
.010
.001
.000
.000
.000
. 000
.000
.000

]
©

OOOOQOOOQOOOOOOOOOCOQ

4
(]

OOOOOOGCOQOCOQQQQO@QQ

. 000
.082
.083
.175
.245
.302
.348
.380
.395
.395
.388
.343
.292
.215
.190
.187
. 187
.187
.187
.187
.187

. 000
.059
.0983
.175
.245
.304
.348
.381
.398
.397
.388
.348
.295
.218
.i82
.189
.189
.189
.189
.189
.189

WNHOHNHHMHHHHHMMHHHMH

OB b D b DN b b b b ko b bbb ek e b bbb e b

. 604
.631
.623
.588
.544
.489
L425
.351
L2717
.261
.216
.225
.316
.571
.825
.106
.451
.548
.554
.658
.307

.8683
.688
.883
.685
.63
.605
.564
.5158
.463
.434
.416
.412
.470
.861
L8717
.136
.408
.310
.215
.729
.082

O DD IO DO b bbb b bk kb b b b b ek b s bbb

[

00 0O DO IO DD bab bt bbb bbb bbb b e b e b el e

.168
.183
.217
.287
.352
.412
.467
.519
.565
.575
.609
.646
.658
.840
.475
.683
.985
.473
.695
.658
.028

«

.166
.180
.219
.292
.362
.426
.487
.542
.383
.621
.641
.681
.695
.879
.517
.494
.044
.546
.759
.730
.187

Te-m

Te-M

L-M

Lx-m
2.5m
Lx=y
STP

Te-m

Te-M

L-m
Lx-m
2.5m
Lx=v
STP




M=0.8 V¥=0.2 A = 1.25

AGE LfLO Teff Mcon Msch ﬁHE Y XC Lx Ly
0.000 1.423 4.054 0.230 0.087 0.499 0.998 0.000 0.895 1.272
9.031 1.434 4.048 0.229 0.090 0.49% 0.924 0.072 0.863 1.301
11.833 1.435 4.046 0.229 0.090 0.499 0.900 0.094 0.843 1.310
23.087 1.440 4.041 0.230 0.092 0.499 0.800 0.176 0.746 1.345
34.138 1.449 4.032 0.229 0.093 0.4%9 0.700 0.247 0.633 1.380
44.757 1.462 4.019 0.230 0.094 0.499 0.600 0.305 0.510 1.413
55.135 1.480 4.001 0.228 0.097 0.499 0.500 0.351 0.379 1.447
65.160 1.502 3.980 0.228 0.098 0.499 0.400 0.382 0.2350 1.480
74.468 1.527 3.957 0.225 0.099 0.499 0.306 0.395 0.138 1.511
75.072 1.529 3.955 0.225 0.099 0.499 0.300 0.395 0.131 1.513
84.814 1.558 3.927 0.224 0.100 0.499 0.200 0.386 0.045 1.546
94.881 1.593 3.901 0.221 0.102 0.499 0.100 0.338 0.064 1.579
100.383 1.614 3.894 0.223 0.104 0.499 0.050 0.287 0.224 1.592
105.752 1.666 3.881 0.223 0.106 0.499 0.010 0.209 0.785 1.582
107.259 1.782 3.764 0.199 0.080 0.499 0.001 0.183 1.349 1.419
107.763 2.043 3.700 0.000 0.000 0.499 0.000 0.180 1.832 1.384 L-M
108.494 1.931 3.713 0.000 0.000 0.499 0.000 0.180 1.097 1.872 L-m
121.689 2.240 3.681 0.000 0.000 0.499 0.000 0.180 0.538 2.228 Lx-m
125.529 2.428 3.667 0.000 0.000 0.500 0.000 0.180 0.752 2.413 2.5m
129.210 2.811 3.641 0.000 0.000 0.508 0.000 0.180 2.503 2.499 Lx=y
130.050 2.983 3.631 0.000 0.000 0.514 0.000 0.180 2.826 2.962 STP
M=0.65 ¥=0.2 A =1.25
AGE L/Lo Teff Mcon Msch MHE ¥ XC Lx Ly
0.000 1.540 3.859 0.229 0.087 0.500 0.99% 0.000 1.209 1.258
11.867 1.549 3.854 0.229 0.090 0.500 0.900 0.094 1.181 1.310
13.468 1.550 3.854 0.229 0.091 0.500 0.886 0.106 1.174 1.317 Te-m
23.084 1.551 3.857 0.231 0.092 0.50C 0.800 0.176 1.123 1.350
34.023 1.548 3.882 0.230 0.094 0.3500 0.700 ©0.247 1.037 1.392
43.414 1.548 3.863 0.232 0.095 0.500 0.609 0.301 0.942 1.427 Te-M
44.435 1.548 3.862 0.232 0.096 0.500 0.600 0.306 0.930 1.431
54.426 1.552 3.855 0.230 0.098 0.300 0.500 0.352 0.806 1.469
64.062 1.562 3.839 0.231 0.099 0.3500 0.400 0.383 0.674 1.504
73.499 1.579 3.812 0.229 0.100 0.300 0.300 0.398 0.542 1.539
82.759 1.602 3.780 0.225 0.102 0.500 0.200 0.389 0.437 1.573
92.345 1.634 3.759 0.226 0.103 0.500 0.100 0.342 0.444 1.604
97.592 1.660 3.751 0.224 0.106 0.50¢ 0.050 0.290 0.590 1.517
102.682 1.727 3.736 0.227 0.107 0.500 0.010 ©0.213 1.054 1.603
104.139 1.841 3.7i16 0.201 0.081 0.500 0.001 0.188 1.479 1.438
104.854 2.090 3.690 0.000 0.000 0.500 0.000 0.185 1.871 1.695 L-M
119.189 2.331 3.671 0.000 0.000 0.505 0.000 0.185 0.483 2.322 Lx-m
122.448 2.538 3.658 0.000 0.000 0.506 0.000 0.185 0.968 2.519 2.5m
124.889 2.854 3.637 0.000 0.000 0.513 0.000 0.185 2.542 2.543 Lx=y
125.618 2.941 3.632 0.000 0.000 0.519 0.000 0.185 2.655 2.832 STP




M=0.7 y=0.2 A

AGE L/Lo
0.000 1.534
11.839 1.808
13.468 1.609
23.186 1.s811
33.963 1.807
44.333 1.602
54.097 1.601
54.505 1.600
63.671 1.605
72.733 1.616
81.805 1.634
91.069 1.664
96.135 1.690
101.042 1.758
102.459 1.885
102.860 2.105
103.547 1.985
116.727 2.343
120.427 2.597
122.394 2.885
123.110 3.081

M=0.8 ¥=0.2

AGE L/L

0
0.000 1.851
11.954 1.668
14.377 1.870
23.105 1.871
33.593 1.688
44.009 1.6864
53.617 1.883
60.050 1.663
62.638 1.664
71.411 1.6869
80.223 1.682
89.128 1.707
93.973 1.733
98.751 1.799
100.114 1.899
100.574 2.128
101.348 2.010
114.053 2.393
117.383 2.6352
119.054 2.924
119.834 3.298

A

= 1.25

Tors

.751
.747
.747
.749
.752
.756
.157
. 757
.755
.749
.743
.735
.731
.721
.708
. 687
.696
.670
.654
.835
.623

€O LW W0 WWWIWIWWOwWwEiweoweeewwwew

I

1.25

eff

3.727
3.725
3.725
3.726
3.728
3.730
3.731
3.731
3.731
3.730
3.727
3.723
3.719
3.712
3.702
3.684
3.893
3.6867
3.651
3.634
3.611

o

con

.228
.229
.229
.231
.232
.232
.233
.234
.232
.230
.230
.226
.227
.226
.200
.000
. 000
.000
.0G0
.000
.000

OCOO0OO0O0OO0CO0O0O0O0ODOCOODORLOODS

M
con

.228
.230
.229
.228
.230
.235
.233
.231
.231
.234
.233
.229
.227
.230
.205
. 060
.060
.000
.000
. 000
.000

OO0 OVDOOLOODODOODODODODOODOO

COO0O0O0OOOLOLOOOLOODOLOLOOO

Msch

.087
.090
. 090
.091
.094
.097
.098
.098
.099
.102
.103
.105
.106
.109
.083
.060
.000

.000
.000
.000

k-

&8

sch

.087
.088
.091
.093
.096
.097
.096
.099
.100
.100
.105
.107
. 109
L1190
.083
.000
.000
.000
.000
.000
.000

OO0 OOCLDOOCODODOLODOOODOLS

.000 -

™

CO0O0O0O0OOOLOLOODLOLOOOOO D

OCOO0OO0OOCOOOOOLOLOLOOOLDOOO O

E

.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.501
.502
.503
.504
.508
.510
.518
.524

.500
.500
.500
.500
.500
.500
.501
.502
.502
.503
.504
.505
.506
.507
.508
.509
.510
.514
.518
.523
.533

.998
0.900
0.8886
0.800
0.700
0.800
0.500
0.496
0.400
0.300
0.200
0.100
0.050
0.010
0.001
0.000
0.000
4.000
0.000
0.000
0.000

0.999
0.300
G.877
0.800
0.700
0.800
0.500
0.429
G.400
0.300
0.200
0.100
0.050
¢.010
0.001
¢.000
0.000
0.000
$.000
0.000
0.000

o)
(9}

.000
.084
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Figure 5.1} Radiative, v and adiabatic, v,. temperature
gradients, convective velocity, v, and He profile as a function
of interior mass for the nodel with ¥ =0.7M_, M =0.475 M_,
and A = 1 at the age of 22x10 yr. %ge veioci?y is”in units af
104 cm/sec

Figur 5.2) The same as in Fig. 1 but for the medel with age of
99x10° yr

Figure 5.3} The mass of the convective core MC and of the
unstable region Ms as a function of time during ge central He-
burning phase of %Be model with MH =0.7M,, Y =20.299, M =

o B c
0.475 Mﬂ and A = 1

Figure 5.4a) The HR diagram of HB stars with mass 6.80, 0.65,
0.70, 0.80 M_,, core mass M = 0.475 M, Y =0.299, 7 = 0.001,
and A = 1.  For purposes of completeness also shown are the
evolutionary tracks of initial mass 0.7 and 0.8 M@ from the zero
age main sequence up to the RGB tip

Figure 5.4b) The HR diagram of HB stars with mass 0.60, 0.65,
0.70, 0.80 M_, core mass =0.475 M., Y =0.299, 7 = 0.001,
and A = 1.25. For purposes of completeness also shown are the
evolutionary tracks of initial mass 0.7 and 0.8 Mg from the zero
age main sequence up to the RGB tip

Figure 3.4¢) The same as in Figure 4a, but for V = 0.200 and M

= 0.300 M, for the HB models. Evolutionary tracks for H—burnin§
models of ﬁ =0.7, 0.8, 9.9 M@ are also shown
Figure 5.5} The luminosity of the models with 3 = (.70 Mg,

MHe = 0.475 M@’ ¥ =0.299, and A = 1 and 1.25 as & function of
time

Figure 5.8) The number of clusters as a function of R from
Buzzoni et al (1983). 1, B2, B3 C1, C2, C3, G, Ii 5nd 1I2
indicate the theoretical predictions for Ro contained in Table 4.
Finally, A gives the average observational“value for RQ estimated
by Buzzoni et al (1983) -
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Chapter VI

Conclusions.

In this thesis I have investigated on the effects of the
overshooting from convective stellar cores all across the HR
diagram. Making use of a new criterion which can be easily
applied to stellar model computations, some relevant results have
been obtained, demonstrating that, if overshooting exists, then
it strongly affects the evolution of the stars and produces a
series of consequences which allow the comparison with
experimental data. On the other hand observations show some
features that might be explained only invoking a more extended
internal mixing.

Several independent evidences have been illustrated among which I
recall the widening of the main sequence band for massive and
intermediate mass stars; the peculiar morphology the HR diagram
of galactic clusterskin the age range of Pleiades to Hyades and
of populous vyoung globular clusters in LMC; the discrepancy
between the masses of the Cepheid stars inferred from pulsational
and from evolutionary properties: the absence of luminous
asymptotic giant branch stars brighter than Mbol = -8 in the
Magellanic Clouds; the discrepancy between turnoff and red giant
populations in old open clusters.

To reconcile theory with observations various ways out have been

proposed, but none of them are equally efficient in the different
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areas described above.

Non-local overshooting only shows the remarkable property of
alleviating all those independent discrepancies with about the
same value of the mixing length parameter.

To compare non local overshooting with other models of convection
(semiconvection, breathing convection) and to hetter estimate the
free parameter A, I have calculated evolutionary tracks of
horizontal branch stars up to the start of the thermally pulsing
phase. The new models turned out to be similar to the classical
ones, however with some important differences.

No semiconvection is found to develop at the border of the core,
but mixing is complete up to where the convective velocities get
Zero. However the total amount of matter mixed during central
Helium burning turned out to be less than that given by models
with semiconvection.

Furthermore, by following the velocity field and requiring that
velocities are actually sufficient to mix matter, in a consistent
way one may rule cut the occurrence of breathing convection at
the end of central Helium exhaustion. Major attention has been
paid by Castellani et al (1985a) to breathing convection {found
to occur in all the previous studies of the subject) as a
possible méchanism improving the agreement between thecry and
observations in LMC intermediate age clusters. On the contrary,
the analysis of observational data and, in particular, the ratio
R suggest that this mechanism likely does not occur in real

2
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stars, otherwise the expected number of AGB stars should be
approximately lower than the observed cne by a factor of two.
Thus one may conclude that both semiconvection and breathing
convection aré merely a consequence of the local treatment of
convective instability and that they do not occur when a more
physically sound description is assumed. Models with overshooting
contain the parameter A to be determined by the comparison with
the observational data. The comparison of theoretical versus
observational R2 ratios indicates that the value of A=1.25 ought
to be preferred. The wuncertainty is mainly due to the
observational data, as the ratio in guestion is very sensitive to
A, and almost independent of the He abundance of the models and
the initial mass MHB in the narrow range pertinent to globular
clusters. This optimal value of 1.25 is siightly larger than the
one adopted for interpret the previously recalled discrepancies.
However, none of the above observational constraints is able to
contrive the amocunt of overshooting by as much as observations
in old globular clusters. The estimate of A inferred from those
constraints ought to be taken as a lower limit, so that slightly
larger values could be even more appropriate.

Finally it is worth mentioning that in a very recent work on
massive stars, in which the dynamic behaviour of turbulent fields
is studied in detail, Xiong (1986} confirms all the above
conclusions and in particular the extension of the stable region

which is mixed by convective overshooting.
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APPENDIX

Al The Roxburgh criterion.

Roxburgh's criterion rests upon the averaged form of the
thermal energy conservation equation of fluidodynamics:and its
derivation proceeds as follows. The mass,momentum and total
energy conservation equations in which gravity, nuclear energy
sources,radiative flux are accounted for, while
viscosity,conductive flux and composition changes are neglected

can be written in cartesian coordinates ({Ledoux and Walraven

1958)

dp/at + a/ai(pvi) =0 (A1)
/3 = - - )

a/at(pvi) + a/cj(pvivjj ap/axi og, {A2)

2, ol - - /3 _
a/atp(e+v /2} + a/ai{ pvi(W.v /2)1 = ¢gp aFi;oxi pgivi {A3)

where summation is intended on repeated indices,and symbols have

the following meaning:

W=2ec + p/p = enthalpy per unit mass
e =internal energy per unit mass
& =rate of nuclear energy production per unit mass
B, T,p =pressure,density, temperature
Fi’gi’vi = i-component of radiative flux,gravitational

acceleration and velocity.
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Multiplying eq. (a2} by v. one cbtains the mechanical energy

conservation eguation

2 ((.@:2% ) (f}’(/?_‘bf?‘):-fl)? ML f’%%i (A4)

St 2 }xé 3 DX !
Subtracting eq. (A4) from eq. (A3) and using the thermodynamic
identity

0[,u7: 7~0L S+ Q%;i

(A5)

one obtains the thermal energy conservation equation(Ledoux and

Walraven 1958)
el A
T

o LR a
(185 5= 7 S

T
Following Roxburgh(1978) I now specify the above equation for the

-

(48)

case of a turbulent medium. If the characteristic scales of

turbulence are much shorter than the characteristic scales of the

convective medium ,it is possible to separatse thermodynamic

guantities f{xi,t} in a mean part independent of time fo(xi) and

a fluctuating time dependent part fiixi,t} in such a way that
f{xi,t} = fc{xi) + flixi,t)

f1 / fo « 1

[}

f(xi;t) foixi) (A7)
where the bar denctes an average process over fluctuations. In

particular note that conservation of mass requires {no net

transport of mass):

e ——

F Q/? = 0

(A9)

A2




and then for any thermodynamic quantity f
P N g = fﬁ& 5?0 + (4j?£f4 z ?45.;1
Furthermore from eq. {Al) one gets
Y ¥ -
IXC DX

With the aid of the above equations the Roxburgh condition can be

easily derived. Equation (A5) writes in the averaged form

({g)Jr_ ((q};-ﬂ: Ao AT,

R /T, To (A10)

and neglecting the first and last term

3 TofweS - [ViS 2L _p- ). &,

. (A11)
X XL OXe
Integrating eq. (A11) in spherical symmetry from r, to ry {the
borders of the convective zZone) one has
, oM Ry g3
2
]l‘ltof/u—s‘ - P”y—g) (j,’z - 0 + cf ‘{
R R I T A
Now v(r, }=v{r;}=0 by definition and
? 1
i z Z
Ly — [ |
NIRSR N T2t h| - L
g"ﬁ’)z°:xz 4T A/’Q - Y
{

because outside the convective region energy is supposed to be

carried out by radiation alone. Then the Roxburgh condition is:

et —

4 T QQ /9QI’S! .213_ Oi‘Q o)
R

A3




This condition is integrable if one knows the temperature
gradient,the run of s ,v and across the convective region.
Since these quantities are not known a priori, the difficulty is
overcome by Roxburgh defining the convective flux to be

Fc: To FUS’

Thus equation (A12) becomes
2

47t R M At = o (A13)
7, To 7
and because BTG/ar < 0, inside stars Fc has to change sign

(this corresponds to cvershooting). Condition (A13) may easily be
integrated if one estimates Fc and aTo/ar (the adiabatic one ) in
the convective region{Roxburgh 1978). The nature of the integrand
in equation (A12) has been however recently questioned by
Eggleton(1983) who mainly arose doubts about its physical nature.
Doom (1984) has identified this term with the divergence of the
turbulent kinetic energy flux Ft and has reobtained the same
condition. However both conditions(A12) and (A13) may be
subjected to some criticism,as it will be discussed in the
following ,which invalidate their correctness.

First I 1like to clarify the role of pressure fluctuations that
explicitly are said to be accounted for in obtaining condition
(A12) and (A13) in Roxburgh (1978). If pressure fluctuations are
not negligible , then from egquation (A3) one sees that the

convective flux is given by

Foos PUewW/ = fUC W= Tof0eS + ViR

A4




and not simply Fc = T053;§; as in Roxburgh. The contributien to
Fc by the turbulent kinetic energy flux is not contained in the
above expression, as it is accounted for separately in the basic
equations. The presence of the term vipl obviously invalidates
the Roxburgh criterion because now the a priori knowledge of the
structure variables vi and pl is necessary to proceed further. Cn
the other hand ,pressure fluctuations are negligibly small when
turbulent velocities are much less than the sound velocity (Cox
and Giuli 1968). As a consequence of this, the average kinetic
energy flux is negligible with respect to the thermal convective
flux as it may be seen on the basis of the following estimates.

The turbulent kinetic energy flux Fk is

(oqﬁ/zfd v /;F;

{
Fo= =
K; 2

while the convective flux is (i-component)

Fc. = CFfT'UZ it CPTO fa Vo o /00 %:upo v

cp = specific heat at constant pressure

(note that v is a very small quantity as long as p1 /p0 is << 1}

so that
472 1=
R Y o & A TF U Uiy,
Vs ouwn
Therefore |, if pressure fluctuations are negligibly small the

averaged form of the total energy conservation equation (A3)

becomes

A5



{Aa14)

This equation is about equal to the average form of the thermal
energy equation (Al1) since mechanical terms in it turn out to be
negligibly small (note that I refer to averaged quantities).
Equations (A11) and (A14) must differ within the order of
approximation we have been using in the derivation procedure. In
fact , subtracting eg. (A11) from eq. {(Al4) one gets (neglecting

time derivatives)

pues, i’% - _@%_T«__ (a15)
(o]

which explicitly shows that Roxburgh's criterion follows from a
second order approximation term, while other of the same order
have been neglected. Turning now to the interpretation given by
Doom (1984} according to which the term of relation (A15)
identifies with the divergence of the turbulent kinetic energy
flux it can be argued as follows.

Averaging eq (A5) one gets

Y Ve Ut e P
. ~ L (A18)
DXL 2 :)X;

which may be written using the thermodynamic relation (AS)

) UV ) o X T, pens - f0S e o (VN 5
:_)_)25 R dX¢ O dX¢ dX,

inserting the following relations for the fluctuations




one gets
3.., ipmgz:-;_ «’L{-{{_f&f;&& + VT 230 (A17)
X Z X DX OX ¢

This equation first shows that the divergence of Fk is not simply

. e F/U", S, AP
given by .~ _ but further terms have to be
NS Sk
considered. Second, if ocne integrates equation (A17) from rl to
r2 (borders of convective region) the condition below is derived
Ql RQM
! ﬁ{ ;
RS, )T, 2oz | 2 puT, JS.  da
R IR
n, R,

which clearly contradicts Roxburgh's condition since the two term

are independent and thus cannot be set equal to zero separately.

A2 Conclusions
The Roxburgh criterion for determining the extension of stellar
convective cores resulf from arbitrarily retaining in first order

approximation of thermal energy conservation equation,the term

F Qf} gl il;[é
X

which in reality turns out to belong to the second order

aporoximation of the same equation (involvin also time

A7




derivatives of the fluctuations) so that further terms should be
included for the sake of internal consistence. Consequently the
identification of the above term with the divergence of the
turbulent kinetic energy flux suggested by Doom({1984) is not
correct. Therefore , despite of their simplicity and lack of any

free parameter those criteria are not physically consistent.
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