ISAS - INTERNATIONAL SCHOOL
FOR ADVANCED STUDIES

Attestato di Ricerca

"Doctor Philosophiae”

‘THEORY OF THE STRUCTURE OF CHARGED LIQUIDS AND

SOME APPLICATIONS

CANDIDATO: RELATORE :
Giorgio Pastore Prof. M.P. Tosi

Anno Accademico 1984/85

TRIESTE




THEORY OF THE STRUCTURE OF CHARGED LIQUIDS
AND SOME APPLICATIONS

Thesis submitted for the degree of "Doctor Philosophiae®

at the International School for Advanced Studies, Trieste., Italy

Candidato : Giorgio Pastore
Relatore : Prof. Mario P. Tosi
Classe : Fisica

Settore : Btati Condensati della Materia
Anno Accademico 19B4/85




ACKNOWLEDGMENTS

I would 1like fto express my gratitude to Pro#. M. P.Tosi for
his supervision and assistance throughtout this research.
as well as for his help in the preparation of this

manuscript.

I acknowledge the long and fruitful collaboration with
Dr.P.Ballone during these years as well as his help in the

preparation of the ftyped version of this thesis.

I also wish to thank Dr.M Rovere and Dr. G Senatore $or

many useful discussions.




The present thesis is an inftrodection to and a critical

o

discussion of bthe following papers:

P.Ballone, @ Pastore., M FRovere, M P.Tosi "Liguid 8Structure
and Freezing of the Two-Dimensional Classical Electron

Fluid" J.Phys. O 18, 4011 (1983)

P.Ballone, ©. Pastore. . Rovera, M P. Tosi "Structure and
Crystallization of ths Z-D Classical Electron Fluid” in

Feathkoerperprobleme XXV (1783) p. 539

@. Pastore, & HSenatore, M P. . Tosi "Electric Resistivity and
Structure o f Liguid Alkalil Metals and Alloys as

Electron~Ion Plasmas” Physica 1113, 283 (1981

. Pastore, M. P.Tosi “Structure Factor of Liquid Alkali
Metals Using a Classical-Plasma Refevence EBystem” Physica

1048, 323 (19849

F.EBallone, G Fastore, P Tosid "Structurs and
Thermodinamic Froperfies of FMolten Rubidium Chilovide®

JoPhys 17, L33E (1984

FoBallone:, < FPastore, M. P. Tasi "Structure and
Thermodygnamic Propeviazs of Molten Alkali Chlorides®

JoChem. Phys., 81, 3174 (15840

G F.Malesciag, G Pastorse, F.Hallone, M F.Tosi "Evidence fov

Many--Body Interactions in  the Structfure of Molten Alkali




Chiorides" Phys, Chem. Lig. 195, 31 (1985}

G. Pastore, P.Ballone. M. P. Tosi "Htructure arnd
Thermodynamic Properties of PMolten Sitrontiuvm Chloride"

J.oPhys. © (1985) in press

5. Pastore, P.V. Giaguinta. Jo 8. Thakur, M. P. Tosi "Ionic
Fairing in Hinary Liguids of Charged Hard Spherves with

Non-&dditive Diamaters" J. Chem. Phys. (1985) in press



I

MDD E X

IMTRODUCTION

CHAPTER 1. THEORETICAL BACKGROUND

1.0 Imtroduction
1.1 The microscopic structure and

its experimental connections
1.2 The static correlation
functions of liguids

1.3 Approximate theories

CHAPTER 2. MODEL SYSTEMS FOR COULOMB LIGUIDS

2 0 Why model systems?

The three~dimensional

?L'i

Une~Component Plasma

22 The two—-dimensional
Dne—-Component Plasma
2.3 Charged hard spheres

CHAPTER 3. LIGUID METALS.

Introduction

wow
- O

Physics of the ligquid alkali
metals and their alloys

3.2 Alkali metals and their alloys

p

48
oB

1=3V]

bb



I2

as Electron-Ion Flasmas p. 70
3.3 Electric resistivity

calculations p. 72
3. 4 Beyond the RPA treatment of the

pure alkali metals p. 76

CHAPTER 4. MOLTEN 8ALTS

4.0 Introduction p. 81
4.1 Experimental data, primitive

model and refined potentials p. 81
4. 2 Theory of the structural and

thermodynamic properties of

molten alkali chlorides and

strontium chlovide p. 84
4.3 Comparison with fthe
gxperiments p. 90

APPENDICES

BIBLIGOGRAPHY



I3

IMNTRODUCTION

The study of the 1iquid state has drawn increasing
attention From both & technological and a basic viewpeint.
Orn one side : a knowledge of +the behavior of specific
systems and a general picture of the ligquid state have
widespread ucselfness for chemists. electrochemists,
astrophysicists and biclogists;: en the other, the special
conditions of this state of the matter ihigh couplings but
no simplification F#rom worder) have motivated a lot of
gxperimental and theovetical work to unravel the complexity

of such & many—-body problem,

Great effort in modern liguid state physics has gone
into the determination of liguid structure. Exactly as for
splids. a previous knowledge of the microscopic arrangement
of the atoms is at the basis of understanding the other
physical properties of the system. Far this rveason the
development of experimental techniques for structure
determinations has played an important role in the building

of the modern picture-of this state.

A& guantitative evaluation af the thermodynamic
guantities of a liquid froem the measured structure requires
the knowledge of the interparticle interactions. Since the
structure itseld is determined by the interactions. the
theory is faced with the problem of & consistent evaluation
ot thermodynamics and structure From given interatomic

forces which themselves need cafeFul independent study

Extensive studies of some model liquids, allowed by the
progress of computer simulation techniques, have been the

bootstrap for the developments of quantitative theories of
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the structure. Faor simple one-~component fluids an
impressive improvement of the theoretical methods has been
achieved in the last decade. Multicomponent charged liquids
shew a higher degres of structural complexity and the
development of guantitative theories is more demanding than

& trivial implementation of established technigues

This thesis aims to be a detailed introduction to and a
critical discussion of the work that we have done %o
develop suitable techniques for such liquids. We have
carried out guantitative calculations of thermodynamic and
structural properties of widely different charged 1liquids
imalten salts, ligquid alkali metals and their alloys, a two
dimensional layer of electrons on  the surface of liquid
helium and some related model systems like classical jJellia

and charged—-hard-spheres liquids}.

We regard as the main result of ouT work the
development of theoretical technigues of remarkable
AaCCUT&EC Y, this Dbeing & crucial prereguisite for a

meaningful gquantitative discussion of physical properties

and for contact with experiment.

Each chapter in this thesis begins with a general
introduction to set up the scenario in which the discussion
of the known results and of our original contributions are
embedded. Gur results are usually discussed in a
self-contained way but & copy of the related papers has

been put in & physically separate appendix,

Ch. 1l is mainly & summary of the theoretical tools, as
developed in the literature. from which we have started.

In chapter 2 we discuss some imporitant model systems: the



classical ysllia and the liquid of charged-havd-spheres. In
the case of the A-dimensional oneg-component plasma
(classical jellium) we summarize the fknown exact results
and ws compare the pevformances of the best available
approximate theories Ffar the structure. Beside its
intrinsic  inferest, this discussion is wseful for the
following chapter on ligquid alkali metals and fte introduce
the methods vsed fo deal with the two-dimensional
one—-component plasma L1l which models an electron layer on
the surface of liquid helium. For this system we present a
very accurate determination of the static structure which
allows wus to describe the freezing transition within the
density wave theory of freezing. Again in the context of
very idealized model systems we present +the liquid of
charged hard spheres and our own contribufion [21 to the
investigations of effects of size non—additivity. in
relation Ho  structural studies of sUme electrolyte

solutiong.

Ch. @ mainly concerns  the electron—ion plasma approach
to liguid alhali metals. Our contribution to this problem
is  twofcld: we have checked the éccuracg of the lowest
order approximation to the coupled system of electrons and
ioms through resistivity calculations (31 and successfully
implemented an extension of this RPA theory [41 to obtain
YEeTy good agreement with computer simulation and to
describe the observed structure in  terms of the basic

constituents of the liguid metal (ions and electrons).

The last chapter is about molten salts. The
technelogical interest for such systems is wvery high and

extensive gxperimental characterizations nave been
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presented in the physical and physico~-chemical literature.
Due 4o +the complex chemical-bonding behavier of these
systems, & truly microscepic description is confined to the
simplest salts i.e. those for which the ionic character of
the interaction is dominant: alkali halides and, to soame
axtent. the alkaling—earth halides. Atter the wusual
introduction %o  the subject, we shall describe auTt
treatment of the theory of structurs ([5,6,71 for these
liquids. Thisz is a suitable extension to multicomponent
charged +Fluids of the modified hypernetted chain integral

equation (MHWNC) as successfully developed for monacomponent

fluids by Lado, Rosenfeld and Ashcraoft, The comparison
hetwesn our MHNGC results and the computer simulation i35
vary sabtisfying. Hence we can use the theory to get some

insight in the observed discrepancies between experiments
and computer simulation [81 and therefore +to attempt a

microscopic picture for more complex salts L1



CH&aPTER 1. THEOSRETICAL BACKGROUND.
i.0 Introduction.

In the following sections we shall summarize the
relevant results of the theory of liquids that we shall
he wusing extensively in +fhe next chapters. The main
emphasize has been put on the connectioen with %he
measurements and on the theoretical topics closest to

hnigques we have used in our investigations. Mors
detailed discussion of +the subjgect hereswifh presentad
n £

be easily found in the literature L1071

In the part i1 we shall introduce the
“gyperimental® descripfion of the ligquid structure by
defining +the correlation #funcfions in terms of the
response of the sysiem to some extarnal probe. In the
part 1.2 we shall change viewpoint and we shall
characterize the zame functians as equilibrium
properties of the imperturbed system making connection
with +the statistical mechanics formalism. Up to this
level the theory is completely general but formal. in
the 1last part we shall illustrate the most important
approximate schemes used in  the study of the static

liguid situcture.

i.1 The microscopic structure and its experimental

connections.

Since the first experimental determinations of the
microscopic structure in condensed matter. it has been
reslized +that the structural information is essential to
underctand the phusical behavior of the dense systems.

At the extent in which the structure is determined by

o

the interparticle interactions it carries & precise

informatian on +the hamiltonian of the system. On the

1:
cther side its knowledge is essential to understand the
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thermodynamic and transport properties as well as the

electronic structure of the liguids.

The most powerful méthmés of investigetion of the
microscopic structure of the matter are the scattering
gxperiments. For detailed accounts of the experimental
techniques we rtefer to the literature L[111. Here we
simply Ty %to draw, in an approximate way, a map of the
experimental metheds with particular emphasize on twe
points: the connection between the measurements and the
thegretical language of the correlation functfions and
the possibilities and limitations of nowadays

azperiments.

& very useful and enlighting way of looking at fthe
scattering experiments is to consider them as a way of
getting +the properties of the imperturbed system through

its response to exfernal perturbations [i21.

The formal basis Ffor this aim is the so called
#iluctuation and dissipation theorem (F.D.T.) [13,143
which states that the response of a thermodynamic system
to a Tweak” external perturbation is directly connected
to the correlations between spontanecus fluctuations of
the system at the equilibrium The linear response
function XkB(K w)duFired by:

S{AY(29) = & Yy (4) i (6000 1.1
where g(ﬁ)(gaﬁ is the first order variation of the
equilibrium average of the observable A as consequence
of the external perturbation fields (bs(glw) of
wavelenght k and frequency & which couple to the
observables B. The F.D. T. connects the functions KQB
tg +the cerrelation functions between & and B: for
classical systems we have [133

T Ypa (kW) = Sag (Ew) 1.2

where
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Sl [l 2 j s [[e)- {aasy)(e)- < wm)}, 3

and for static propertiss ‘

| dw ‘ = kel | w Ton (&) . _ woT
S“ﬁm‘jﬂ' Sple ) g7 bmfanl il - % Xag (%)
X%(E) being defined as Re Xﬁé!‘c‘.wé(})

Since in discussing the thermodynamic and structural
properties we are infterested in fthe average density
fluctuation distribution, we need a2 probe which couples

to these Ffluctuations

The scattering of parficles gives us such a probe.
The snalysis of the scatfesring of a radiaftion beam by
many <centsrs of fusion  shows that the measurabls

cross ssction does co

i

‘i:
ftain informations on the average
e

n
iopns of the scatterers. The velevant connection is

i

ot

[}

po
summarized by EiSu

S =N ()b (ke v i, w0
IEZZE .Z-€~(K{J )S‘J{‘ ') 1.3

1Y
+

where #Jg) is the form factor For the center of
scattering of kind i. N the total number of them and
‘SUIEMO are the dynamic pertial structure facitors {van

Hove functions).

Since for different radiations. like electrons,
X-Tay, neuvtrons eto. s from the currently available
SOUTCES: we hawve gifferent relastions between the
trancferred momentum and the fransfsrred eneray. they
will explore different {in some cases overlapping?
regions in the (K,w )} =zpace. Hence, for example, the
nowadays X—ray techniques are net able to give
informations about the dynamic structure { w

dependence’d.

The X—-ray scattering in the original form is alsc
unable to give separately the partial structure factors

in multicomponent systems. In the case of @ n component



mizturs at least nin+li/ /2 experiments have to be
performed. wvaring the form Ffactors., to get a solvable
system of linear equaftions in the n{n+i’/ 2 wunknown

partial structure factaors.

The #first and more popular technigue used fto change

the form factors has been the isotope substitution [1&1]

in connection with n=utron experiments. I+ we have a
sufficient number of isotopes with sufficiently
different form faciors, we can rTepsaft the neutron
diffraction with chemically equivalsnt samples whose
scattering praoperties are different. Accurate data
reduction fechniques have been developed Li713 to
separa

te the partial S;i(g,u) .

Many other technigues have heen sxiplored in Tecent
yeare to change the form facters in the 1.9% 1like
cembination of X-ray and neutron isotopic substitution
£183, ¥-r=y anomalous scattering [19.203 er combinad
i-ray, neutren and electron scattering [213. This last
technigue locks particularly interesting when we realize
that +the centers of scattering are electrons for XA-ray
and electrons and nuclei for neutrons.

In principle, looking &%t a metal as & two component
system ivalence electrons and ians)d, it would be
possible to separate fthe diffracted infensitiss into
ign—ion: giectron—ion and electron—slectron components
[2217. ~ Houweavar, notwithstanding the theoretical
correctness of the argument and the claims aof partial
experimental confirms [233 we have to note that it is
not dafinitely clear if it is possible to  have
vnambiguous informations from this method whithin the

current experimental precision [24,21].

More in general if is difficult to assess the exact

accuracy of the experimental structure factors. Many
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approximate corrections. necessary to go from the rough
intensity data fto the final 8S(k), will add somea
uncartainty to the .Ffinal result: furthermore some
details like the heights of peaks of the structure

factors will be affected more *then others from the
experimental resolution of different arvangements.

Whenever it is not easy fto decide what is the most

accuyrate ezperimental result, a good pracftice would be
o look t the structure Ffactors globally without
putting too much emphacsis on single points [251. To

itlustrate this point in fig. ! we show the differencs
of
Cthe X-ray data of van der Lugt et al. [241 and that of

E-'.l

easured S{k) for liguid sodium and potassivm betwesn

Greenfield et al. [273.
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i is ses the differsences are inside the 5%

[

A il
except in the region of small k'’s and near the first
peak where probably the better resclutive power of the
van der Lugt’s geameﬁrg'is playing a crucial role [231.
In any «case the 5% can be taken a5 an extimation of the
average accuracy aé'the best available measurements of
structure factors for monccomponent fluids. In %the small

angle {low k) region. the poorer statistics and the

difficult exclusion of the msin beam contributions imply

et

arger error  bBars and it is wvery difficult to get

accurate resulte below i A of transferred momentum.

In fthe case of multicomponent systems, the
additional data veduction to separate +the measurements
into the partial sftructurs factors propagates
asimmaftrically giving risg to an increasing of
uncertainty on the numerical values up %o one order of
magnitude over the precision of fthe rough original data

Li73.

Finally we shall comment briefly on the differences
between fths solid and liquid structure factors. in the
case of the harmonic solid it is easy %o compute (for a
given lattice) the siructure fackor [281: it is simply a

2
sum of elta functions (Bragg peaks) centered on the

d
raeciprocal lattice vectors of the given structure with a
strenght modulated by the Debye-Waller factor gxp{—2W}
with aﬁﬁad a continuous contribution F?Dm the
mulftiphonon processes. Increasing the temperature the
induced disorder eventually destroys the sharp Bragg s
spots leaving out +the continuous contributions which
depends only from the module of the wavevectoar k for
symmetry veasons. Howsver in the liquid the shaps of the
structure factor is strangig reminiscent of the solid

reciprocal lattice structure at the extent that it is



possible fto give a semiguantitative description of +the
properties of the solid by wsing perturbations on the
corresponding liguid as reference system [151].

For sufficiently complex systems fthe “projscted” 3-D
structural information contained in the structure factor
is not sufficient to give an unambiguous descripition of
the local order in the system. In this cases additional
informations could be obfained from other new fechnigues
like EXAFS, X&MNES,  and velaeted methods {291 which more

carefully probe the short rangs order,

1.2 The sftatic correlation funmciions of ligquids.
1.2.1 Main concepts.

In this section we skstch fthe formal introduction of
the n-body correlation funcitions for liguids, their
formal praperties and some of fhe {(few) known ‘exact
relations.

We are intersstsd in fhe equilibrium properties of a
macroscopic system. it furns out that a gaod
simplification 1is to approximate its behavior with the
s¢ called thermodynamic limit of that sustem (volume and

number aof particles diverging with kesping constant fhe

number densityl: in %this way we g8t vid of thea
particular boundary conditions and we ars able o
cﬁaractérize sharply some behaviors like phase
transitions. However we should not forget that the

thermodynamic limit is merely an approximation and hence
in some cases its  wusefulness could have %o be checked
]

The systems we study are such that the quantum behavior

™
L

can always be confined to the choice of some effective

pair interactions {molien salts J or it can be Teported



to the properties of +the homogeneous electron gas
{liguid metals). .In particular in the following we shall
use <classical statistical mechanics without any care of

guanitum corrections [313.

We deal with a system of N particles in a2 volume V¥
(both evenftually diverging} whose dynamics is ruled by
the hamiltonian H(p,g¥. Af the equilibrium it will
induce a probability density ?(H(P,ﬂ)) in the phase

space which satisfies the Lisuville equation

{ P Hi =0 1.6
Poisson Prackell ‘
Defining the n-body density funcition as +the reduced
probability density

f( (8,1 = jf(H(PaE)) dr, - oty AP'...JPA!

we can derive from 1.4 an infinite sequence of coupled

i.7

P

infegrael equations <called +the Yvon-Born-Green {¥YBG}

hierarchy.

To evaluate the s lowest n-body density functions we
need a decoupling schems which allows %o write ?5*‘ a5
functional of ?“(n=i;...;sL

One of the simplest gdecoupling schemes is  the
syperposition approvimaiion 1BA) [3231. It is a
factorization af fs*l into lower order functions.
Despite its appealing simplicity., +the BA for the

three—body density function gives very poor results far
ligquid regime [331 when incerted into the YR egquation.
Besides the WKirkwood-Balzburg approach [341, whose
usefulness up %o now has been confined to the theory,
the most useful approaches for the practical evaluation
of correlation funciiens in liquids are the integral

squation methods and the perturbations.

Let us summarize, in the case of pair distribution




L1

functions: the main ideas behind the so called integral
equation approach f{see later far a more formail
introduction).

From the pair density function yz)me can define the
pair distribution funciion g(r .r,} = fnkg‘,ybiff(u(glk
as the conditional probability of finding a particle <2}
in the neighborood of T when we have fixed one other

Z

rarhicis L1 at v
B L

% hal?
i

cles {ideal «casae}l.

ey

& pair
correlation funciion hip, sr, ) = gfv‘,yb} - 1 gives the

deviatiaons at v respect the average densifty by having

%
Fixed 41} at Ty This deviation is dues partiy fto fhe
influence of the center of force in T and partly +to
the indirect effect induced by %the changese of the
density in the other positions. Ornstein and Zernike
L33 introduced a nmnew function cir +1, 3. the direct
correlation function, which contains only the "direct“
fect of {1¥ on {2%. by "freezing® the density of ther

g
stem in the other positions {r> at its averasge value
)
. {

.

‘TY in  absence o 1¥. In other words if we imagine
3

that we put a perticle in T, eir oy describes the

t v T
subsequent wvariation of density at r, having inhibited
the relaxation elsewhsre. A careful analysiszs of the
definitions shows that the relation between hir .7, } and

CCF,'I;} is: {(Urnstein-Zernike (07! relation:

Jote
jas}

l’l(!.n!;,) = C(fu?u) +/d%k(!’u‘.‘g)?(f;)ccfhfa.)

By using the 0Z equation as definition of c(f’,rl);
if we have an other relation betwsen h.c and the pair
potential we get a close set of equations. The main
advantage of this approach is +that in a homogeneous

fluid +the direct correlation function has a simpler



spatial structure than h{EQ’FL)’ it is more directly
connetted fo the pair pofential and +finally. like
hig‘,zbﬁ, it has & siraight relation to the measured

structure fackor.
Indeed, vecalling the dicussion of previous section, we
can define h{v‘;rb) as carrslation betwsen density

tluctuations:

phieae)= g hUt-nl)

:¢<%£)S(w~r)§f""))..f .

If we define the Fourier components of +the density

-

~L

fluctuation as
Kl‘

ple) = Z. 2"

the measurable structure factor Sik) is related to the

density correlations at k  wavevectors and then to the

Fourier transform gég} of hir) or finally, through

GZ: to the Fourier trancsform of the cird:

/\.ﬁ _ l :
S(x) = Aig(g(&)gl'k»: 1+ phte) = - PHS ' 10

The connection between the correlation funciions of the
homogeneous system and the thermodynamics is
straightforward starting from 1.9 Let wus assume that

the N—bbdg hamiltonian BF the system is written as

nb
b Ter it ZE LT V)

9' Zﬂ‘h 1) ‘l ©
i.e. we have written the potential energy as a summation
of i-body: 2—-body.,....N-body contributions; for
1)
homogeneous systems U %3‘) = 0,

The partition function is
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-BN' -3IN = FUM i iz
= A s !E—,‘fa' N T g
&S N ! QPJ N! wl Y]

{&y : configurational partiftion +function) and the free
gnergy per particle is:
-E:._ ﬂ;”‘* __F_e = T‘bm ~k5T-Q0 ZM)
N6
By
N -0 e
The s—body correlation functions are defined by:

- pUy
g(s)(f‘...rs) 2 Tl —2!:-;J JLF Oe.fs+‘_.., 'Af,\; 1,13

The internal energy per particle is

W= T&Lﬂu <UAJ> -
N

2 )
= _ijﬁm Jsu‘ o) de 4 Zﬁz/g”)(r‘f“ﬁ) PU%‘:“Z";) relel, +

i.14
"! 5% 8 a8

Ann other connection between thermodynamics and
correlation functions is given by the viriasl theorem

L3363,

M o
p_gz -2 {2 re ViU, (r)) =

:.'/(*-25/310 r()éuu%").bg,+.....

Qr 1. 15

Finally from the normalization of the pair distribution

function and from - the thermodynamic relation
PINL AT R -T° . — i N
(NS E—IND® ) /NG kel Xt { XT isothermal
compressibility) we get lim B(k) = ﬂMSFXTumatever is
k20

the potential.
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A1l the previgus fermulas can bese extended to the
cass of muiticémpangnt #luids by puitting the species
indices on the corrvelation functions and adding to sach
integration on the cpordinates of a particle a summation
aover the possible speciss.

In particular the ensrgy and fthe vivrial expression for

a pairv interacting sysiem become:

U = ?Z. X X Je{: pt),((,,(v‘)gdﬁtv) i ié

F)j = 4~ iZ. rg {v) DEUKEIUQL\‘ i.17
f g ,( 4 (()r

{the concentrations xy are defined by 942 xa‘f)}

]

To discuss the long—wavelenght behavior of +the
structure factors in & binary systsm is more useful to
introduce the Bathia-Thornton [373 structure factors:
from the corvrelations between density $#luctuations of
gach species we can build the struciture factors bhased on
the charge {(G), density (N) and concentration {cl
fluctuations [3B]:

Sntky = §n tx1 +n o
i =

Sctky = on (k) 5 (o 1,18
3 =

Saci)

L]

§nl(k) + zgn tk) {for charged systems)

I}

Spw %I <§M(‘<) 5“(‘“)} 2 ¢, S,k + Z["axc)‘/"sga(") + %, Sy le)
_ -
Sue = *-(l”)(gN (%) Sc C*k)> = X."r—[‘suf‘) =Sl +0xrx ) (%%) AS”‘M]

SCC :: Kbl<8 [K) XCCok)}: xx [X' S“(b) +X Ssz) ZCX Xz)/&. ‘Jb)]



= 6”(&)3&“)} " S“(k)+(% td )(“‘xb) Sple) £ X2, Syfk)
1. 1%

SQQ ) g(gQ &)3Q("‘)>: X3 9, LK) * 24«*:‘”‘4 xt) 7‘(‘73‘;(") b %2} Sul¥

SQC: E%i <%Q(\n)$¢(~“')> = ilxlgu(ﬁ) ¢ Gy (x, >c‘)l/a"s alk) * x&"lz-‘gll-(k)

The analysis of the long—wavelenght limit yields

. e :
e, equifd)' - S S8SR (bt 1) 1
k=0 kel K
where )4 F
‘9%
which implies:
- 2
Loraa SNN(b)z Prel X7 ¢ ] S.c.(k:0)
ko0
Qﬁ“o Spe (k) = = § See(e=0)
L S, ¢ ST [ 26 ]“ 1. 21
S Ay k) = 1 e =
k=0 ec (9 ® [rax‘z T.PA
g L ) _ 2 J;“f&
9 X‘ PI‘I%I xl Jl ® xltf‘c
and., Ffor chavrged systsms {z-f G
bm S (e) =
bor, Seq 0g 22
we stress that +the exact correlation functions do

satisfy the thermodynamic consistency requirements i.e..
starting from each of the formulas connecting +the

structure to thermedynamics the same wvalue for the




thermodynamic gquantities will be sbhtained. In general

approximate theories break the consistency and different

routes to the same gquantity will give different
Tesulis. The extent of the inconsistency gives a
partial measure of the goodness of the theory.

Notwithstanding the consistency requirtements are not
sufficient from themselves alone to fix the form of any
epproximation [3%3, the forcing of their fulfilment o
iz free parametars in approximate theories usually

induces significant improvements.

me# care has toe be
put  in dealing with the previous relations. Due to the
g range of the Coulemb potentiel some of the
ale involved can be divergent. In thece cases a
cereful exploiting of the overall neutrality of the
system allows a reordering of terms in such a wsy that
similarly diverging terms gTase exactly between
lves leaving out the physically meaningful finite
centributions.

Fer Coulomb systems the energetic gain induced by a
good screening of the bare long—-range interaction is at
the corigin of some asdditional sum Tules: the so—-called
Stillinger and Lovett {(EL) conditions [407.

The first 8L condition is simply a local restatement
aof fthe neufrality of the system (the total amount of

avara

(]

a charge araund a glven ion exactly
counterbalances the central charge q; ).

¢ i, 23

The second condition can be writizn as

2

5 tq (nede = - 3EkeT .
frq;%f;fj rg,é.()ol., 2&el 1. 24

where q:; and y\ are thes charge and the density of the
L 4



species 1 and ¢  the dislectric constant.

The exisftence of 5L conditions: which is consesquence of
the non integrable 1/v tail of +the potential, is
directly reflected in +the small &k behavior of the

charge—charges structure factor:

2
e 2 K R
‘&qo SQQ () ks 1.29

2
whars Ec: = l{ﬂ-&?
kgT

I% is possible fto show [41] that the validity of ths O

(=]

sguation and the asympitotic behavior

e (¥) > - [, i.26
! P o E ¥
imply the SL conditions.
The condition 1,24 is  the particular case of the

general asymptotic behavior of ¢
£ (T) A~ *ﬁ‘-i%"ir) 1.27

which is believed to hold for almest 211 thermodynamic
states and for almest every simple £luid suystem.
Natmiths%an&ing many Teasonable & priori arguments.
indirect evidence and formal reszults L[433 supporting the
velidity of the 1. 27 theve is no rigorous prosf of its
validity [431. In any case in the following we shall
assume that 1.27 holds for the systams we are

interested.



1.2. 2 Formal developments,

Many exact and approximate rvelations between the
correlation functions were devrived woriginally +through

cumbersome diagrammatic btechnigues applied to the wvirial

espansians of the ‘rae  energy and pair correlation
functions. For instance, one of +the more satisfying
approximate theories, the sp called hypernetted-chain

(HNCY  theory [443, wass found in an attempt fto includs in
the gi{v} the largest szt of computabls terms Ffrom the
virial sxpansion [451.

& more physically controllable and mathematically
saunid basisg for developing and interpreting
approximations is givsn by the functional theory of
correlations. In the following we shall collect some of
the rtesults for classical Fluids derived wusing this

approach.

We can racognise [44] the correlation function of an
equilibrium system as the functional derivative of zome
suitable generating functional which +furns out %o be
cannected te thermodunemic guantities

Let vs consider & liquid one-—component system whose
hamiltonian is
= 3
H;Z:i.‘.Z%-fZ‘LP(I;):Z:E—"- +UN+Z‘ (1[):
Qe ¢y L  2ma i.28
where q) iz some external Ffield. The gran partition

function = is given bg

= .2 1 j F“’”u e e

— Tw= N S 1.29
where 2{T ) e péF/A F(%\T‘ . The n—body density
functions éklir‘,...,_h:<%) in presence of the external

field are defined a=

)
B I A TRYT ol r

f ("v“m") _=_: Uam(i)-.«)f, ‘5 et & 1,30




If we consider = zs functional of z{g) it is easy to
show that

R R ()

2= - Z e (0p (e ¢)

3 #0) 1. 31

and for higher derivatives

§* =
= T 2w %(f..)f (F e,V q,)
B =R VIR PR VY
Similarly we can get the gpgeneralizations }; of the

[N

&

e

™ cerrelation fumctions hip ,r;) tUrsell functions)
wYs ol > . ,
(e)= p \(!.‘) | 3’ (r,.0,) = g;[z)“ ) - “’(l‘.)f“’l!‘z)
; At
(1, ES (-.
g&(g&"‘-.r’.): f (C‘"'[?"’«SJ‘L ( { I”"l )3 Cf.&*“. ."'W) 1 33
o ?M““'Tﬁftlom

from the leg = considered as functional of the z{r):

s —

Sz 5] 37 F ) ) ,
S4Ce) V32 1.34
By using the Gibbs vesult [471 that the gran partition
function is minimum at  the equilibrium  density 1t is
easy to prove fthat it is & unigque funciional of the
one—body density function of the sysftem (it is evideni
that we are dealing with the classical counterpart of
the well known Hohembsrg-Kohn fthearem for +ths ground
state energy of quanftum systems}). Moreover 1t is

possible to show [481 that the free enevrgy funcitional
- - (5 Fuczss 1. 35
is the generating Ffunctional of +the n-body direct

correlation functions:

i > A
C (»“ e -4}?) = S‘f‘—‘d .. Sf’c’k) 1. 36

Finally if we regard log X or AL as functionals of

ey

the pair interaction 4#{3 +T, ) we find [54 and appendix

A3 the result




et
jIx

)

The Ffunction ¢ defined by 1.3& coincides with the 02

direct correlation funchion (see appendix A).

Within the functional formalism 1%t 1is possible to
derive all the known relations between thermodynamic and
structural gquantities in & simple and straightforward
way. Moreover, since the formalism is essentiaslly the
mathematical translaetion of the physical picture of the
TESpONEE of equilibrium guantities to external
periturhations: the connection with the giperimental
viewpoint is particulariy simple.

& useful and often used procsdure for the determination
of the distribution functions hinges on the fact that in
a rclassical system at the equilibrium, the momentsz and
the posiftions are completely decoupled. Thus 1if%t is
possible to considert a n+s distribution funcition of
homogeneous liguids as the s particle Function of an
inhomogeneosus system in the extarnal field genervated by

n particles fixed at their positions [4%].

Finally we shall sketch the devivation of an exact
relation [501 #or the correlation functions which will
be extensively used in the following. Lef us start with

the free ensargy functional:

FLmin] = Figluin] + Been)] + f%mm $le,,r) e
(F:g( [wit)] = o +4,T fsbg' mir') [fA{ wir!) - ‘) )

where Ffi and amc arg the ideal and the sxcess parts of

i. 38

the Helmoltz free ensrgy of the inhomogeneocus system af
the densifty ni{r) and #(ﬁﬁ iz the external potential
(which generates +the inhomogeneify) due %o an extra
particle (esqual to the constituent of the system) put at
Ty -
At the equilibrium densitg'ﬁ{r) Fin{r¥l 1is stationary

and the Euler eguation is:
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Si: - S‘T‘J’L{“l ¢ SFWL“] - 4: (¢ f‘)
by using +the previous formulas, the 0F equation and
exploiting the mentioned equivalence batween the
homogeneous pair funcitions and the inhomogeneous

j.“péi"ﬁiC}.B functions in an external field due to ane
i

extra particle at v, we find the exac relation:
%(r) = -&XF[‘ th’“) t hit)-cle) - ’G[V)J
i. 40
where b{r}, called for histerical reasons bridgs
diagram function or elementary diagram Ffunction, is

defined as w el A =)

[ R— el‘: s49 t c r e : - r)hl! "'k g -
g L Y
To aid for the reader the diagrammatic definitions [T
t

13
which correspond to the egn.1.40 and 1.41 are reportad

in appendix B.
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1.3 Approximate theories.

The actual calculation cf structural and
thermodynamic guantitiss Ttegquites & careful usage of
approximations in the general schems. One of the
methods with the broadest spectrum o¥f possible
applications 1s the computer simulation uvsing the two
main Toutes of Meleculsr Dynamics (MDY and HMonte Carle

(MC. Very detailed descriptions of the methods can be

LN
L

found in the literaturs [5

<t

The well known limita

o)

ions of computer simulation

ot
o

come from the relatively small number of psarticles

s,

{~ Nf %'104} which is practically poscsible to use in
computations. Moreover the time consuming caelculations
necessary  to include many-—body interactions put a
further limit to the present days performances

Within these limitsz +the computer simulation is able
te give almost exact results i.e. thermodynamic
properties and pair ceorrelation functions are evaluated
with & probable error of few percents and its help in
undercstanding *the phuysics of the manu-body suystems can
not be oversstimated.

However the gristence of camputer simulation
possibility does not gxclude the rvelevance of different
approximate methods which can affer ths advantage of a
simpler implementation, smaller calculation fimes and.
in some cases: more insight in the physics of the system
at the price of a reducsd control on the accuracy.

One of +the main achievements of fthe work presented
in the next chapters is the conclusion that approximate
theories for chargsd liquids can be cast at a
guantitative level comparable with the camputer

simulation.




In the +$ollowing pages we shall briefly illustrat

i}

some of +the most important approximate theories for

classical fluids.

1.3.1 Perturbative theories and the Optimized

Random Phase Approximation.

The most important chavacteristic of & liquid is
the presence of an excluded wvolume effect due to the
harsh short-range tepulsion, This featurs appears to be
the main responsable of the high density regime ligquid
structure, the attractive part af the potentizl
providing the "glue" for the cohesion of the system.
This picture of +the liguid dates back to the van der

5

Wesls investigations on the equation of state L[E3

[]

More specifically, it has been shown [54, 353 that the
hard sphere structure factor fits well the experimental
data for many liguids L[5&61. Taking intoc account this
observation, the perturbative theory proceeds in three
steps: fFirstly the originel pair intersaction is splitted
inte the rteference and perturbation part:s next the
reference part is approximate with some suitable well
known Ttepulsive system {in most cases hard spheres) and
finally the effects of the perturbation on the structure
and thermodynamics are evaluated.

The crucial step is the fivst one: a bad choice of
the division gives poor results whereas a jJudicious
choice of the separation can improve in a substantial
way the convergence of the perturbative expansion. Good
general choices were found by Barker and Henderson L3571
and by Weeks, Chandler and Andersen [38B]1 (WACH. We
shall describe the WAC approach: rteferring to the

iiterature for an account of different methods [5F].

In the WAC theory [460-701 we can imagine an ideal




BT OCgss in which we change continuocusly the pair

potential from the hard sphere intervaction into the
al

actu repulsion. Since the potential enters in the
partition function through the Mayer’s function
Fir) = exp{—-F&{r)}~i + we can use the change of these
functions as expansion parameter.

The difference Ed = £ —f4 tblip function? is
different from zero only in & wvery thin vegion. The
sffect of switching en the true potential from the hard
sphere one is reflected in 5 change of the free energy
and of the correlation funmctionms.

:

I# we choeoze ¢ in such & way that the first order

variaticon of the free energy is zero i.e. if we take the

hard ephere suystem whose thermeodynamics is closest to
that of the rezl one. we have an equation for 4 at sach
density and temperature:

1. 42

al w has an attractive pari. we can

Jcﬂg B0 = O -

ri*

If the peir poten
slwsyse separate 1t inte & purely repulsive reference
intaraction (uy} and a perturbation glri=wird-u_(r}

cantaining the remaining part.

=

&

Approximabting the repulsive part by wusing the

300) = Yy (0 exp ( -—l’au.,(f}) s

{wheTe gdir}: g&ir)expiéQir}} is the so-called cavity

relation

distribution funcition of the hard spghere ligquid whose
diameter d, has been defined by 1.42) we have to take

into sccount sisbtematically the effects af the
-

Hy 1ﬁtveduc1na the coliective variables
giky = Z__l’—'l]'(l,k _(*) and the Fourier transform of the

perturbation B(k) = [(w~ Lg)g r we can  write  the

partition function as
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Q‘Q" {L ?'F f . Fg%“’f"‘(“) Q SCE} 1. 44
where s{k? =&4ﬁ[~@§%f)q(&)i(‘“),] is «called %the k—th
mode and f =N/V, (g5 is the reference partition function
and the prime (7} indicates +the exclusion of the k=0
value. The first bracketted term is the mean—field
contribution af +the atfractive part (van der Waals)
while +the remaining terms contain fthe effscts of the
density fluctuations and can be introduced in the theory

in y
T

a
i
[
]
e

tamatic way.

!—4
-:1

o
et

m

l

glar we can write (5:= {kg

| 5
W {3,8:) T (555,945, ><Sa?<$_)
lh > S[K)> [k i‘EL (sg:s&)] Lﬁ_!‘ & {k<$ 59(5;5945359?

whars the tirst product treats sach mode as independent

{Random Phase Approzimation {RPA}Y, the secand
introduces the correlation between two modes. the third
between three and so on.

Taking the logarvithm of 1.45 we get

-pa% o...LF;Q(" )u(a)+z, @

mol i 44

L Z [fFG.[E) ko b, (w]

'9"M=—" Z. & (7] Mz 2 1.47

VM "

B () = <S[*¢)>

B, (k)zfz%_zg_. ----- 1. 48

The expl1c1t evaluation of Bl gives [713:

F = Fapa + k:ﬁtw’ ovele Tesus

Fapa= fo - 1 fafjumg (e) e + A Z_z%)"’ja(k .

: {H&lu)so(k) - e"} ‘[‘ + fsf’a""&m]} 1. 49

&t the level of dirsct correlation function the RFA

where

and

assumes the simplest form:



‘ERM(M . co-pun«) 1.50
which implies Solk)
Saen (k) = 4« By a(w) S, (k) i. 51

The main limit of the RPA is that if P?a.(s)sozm; -\
the SRPR{k} becomes negative i.e. physically
meaningless.

More in gsneral gir) is different from zsvro inside the
excluded volume. AP

In arder to improve the RFPA results without geoing fo
highef orders in the expansion it is possible to exploil
the freedem in the choice of the potentiasl inside tha
hard core _(x?hstf):{)%(l)i-c?éﬂa'(,“"‘ f) ). 1If we expand the
correction tg(ﬂ '-'.{)‘irﬁ(@t)inta prthogonal functions we can
use the ceondition of minimum on the {approximate) free
energy 1.4% to get %n =%(v)=0 ¢ o
The Tesulting approzimastion cir) = air) +*57V) | is
czlled Optimized RFPA (ORPA)Y L7931

“Rp

The previous optimization condition is equivalent to
a resummation of the mean force petential in such a way
that t©he new optimized potential becomes weaker than the
original bare potential having included pavrt of the
screening effscts. Here we note that the essential
feature of the optimization condition is the
reintroduction of +the physically excluded volume effect
onn the g(r} by Ehanging the +form of +%he RPA direct
carrelation function at small distances. This would
suggest a more general exfension of the optimization
procedure also in the case of continuous potentials in
the same spitit of the MBA integral equation for such
potentials (see later). MWe shall go back fto this pmintA
in ths c¢h.3 when we shall discuss the application of fhe

ORPA to a coulombic reference system.



Ll
o

&s iilustration of the quality of the approximation for

neutrzl one-component - fluids in  fig. 2 we

results of the standard ORPA for 2 Lennard-Jones liguid

in the strongly coupled regime.

30 T~ T : T
L-J FLUID p%= 85
] 1°: 88
I
|
|
20 — —— HTA -
——0RPA
0000 MD
glr) o
10
) 1 1 1

£ig. 2. Radial distribution function for

LLennard—Jones fluid near the tri 1e point.
(ORPA and simulation). The HTA curve
neglects the attractive part of the poten—

tial. From ref. [621.



i1.3. 2 Integral egquations and the HModified Hypernetted

Chain approximation.

The integral equation approach to the liquid
structure is just the introduction of suitable
approximations in the exact formal relations befwesen
different correlation functions {see sections
i.2.1,1. 2 2. Many equivalent rvoutes exist to derive
the same equations [711

# partizular transparent way of derviving integral
equations is the Percus mefthod [491 which is based on
the +truncation at soms order of the functional expansion
in powsrs of the “external potential’ originated by a
fixed particle. The idea is that if ws ars able to find
a rcombination of density distributions and external
field which is sufficiently slowly wvarying with the
chosen parameter of expansion, we can approximate it
with +the few first ferms. I+ we have a slowly varying

potentizl we can expand the induced density:

Spe) = pleicp) - ple, o) = f[qm- 1] = phen
' Spis ()= - e ¥ r
:J L [_(F‘*:Jc!‘) [B‘%’ ]= ffbﬁp( ) +f /I‘\v( «L)[ F‘#( ;3?[&1‘;. 153

k("as 3 'P‘i)( )+ j“'(""[ F#Cﬁsﬂ iy 1. 54

and comparing with 0Z we get

e = -—fa‘#(r) 1. 5%

which is eguivalent to the RPA or, for charged systems.

[shy

to the Debye-Hueckel approximation.

The problemes of the RPA, as already discussed, come
in the short renge distznces where the potential wvaries
ahruptly. I1f we repeat the same expansion having ¢5 as
reference interaction {instead 4L=O Y, we shall derive
c(qzch)-@ (), where <co(r) is the direct correlation
function of the reference potential: recovering the form

of RPA discussed in the WCA approach.



We can improve the vresulfs by choosing the density
as variable since it is more smoothly varying with the
paosition. I% we racall that for non—interacting
particlies ? (r' ) 23(¢)= {?f"P? we can &ry %o expand
f(.AQ/a(?) in powers of Jp(r) up to the first arder

ty (¢:0) , ) (ucp)J < _
?(%fr)) P-e () “%"’(ZW) E’%’ET%O p(2) afef

- £ j (L2) h (2,0) o §2f

LT

and using 7 we get

(¢) = wt»(»[&:{)(n)[%{f)-f-(v‘)} 1. 57

he Percus—Yevick eguation [723 which has to
o

3
ao)—o
LS

-

d"

which is

be coupled to the OZ eguation fo get a closed set

equations

Since the logarithm wswvally “damps" the variations we
can syppose that log?ﬁhqo/éfU is also better
approximated by fthe linear term in Sf . In this way we

derive the hypernetted chain equation (HNC) L4473:
%m '“4’[ M?M + hen -cm] i. 58
Going back to 1.40 we see that HNC is eguivalent to
set bir) = 0. Exactly as in the case of the RPA we can
pand the functionals around some reference density
different Fram +the ideal oene [731. Taking fthe hard
sphere liquid as refarence sysfem we have a ‘“reference
PyY [741,a ‘“referencs HNC® [731 etc. The problem is, of
course,  the choice of a suitable reference. The
crucial importance of this choice was not fully
appreciated until the paper by Rosenfeld and Ashcroft we

shall discuss thoeroughly later on.

Finally we introduce the mean spherical
approximation (MSA) L[7&3. it can be Tegarded as a sort
of interpolation between the exact behaviors: gir=0) = 0

and 1im cl{r) == %(?‘
Cp -he0
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Ccv)z»%#(V) ry @ 1.59
where G is a distance to be fixed. it can =also be
interprated as a non-standard ORPA wheré the distance
o iz not given by some hard core reference f{(see pag
22 .

The gquality of the rmesults of FY, HNC and MSA is not
foo much different. In some cases one approximation  can
be better than the others er it can be solved in a
simpleT wsy but as far as we look at the resulting
structures we have no fundamental reason to prefer one

of them sistematically.
Far

ta

the PY egquation for hard

coupled the 07 eguation and
HoweveTr

potentizsls of the form
~dr
v:{)(r): z. A &
N Y

can be solved analytically [781.

& general potential these

closures have %o be

solved numerically [773.

spheres and the MEA for

. 60

s PY

(L s MD
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3. Radial distribution function fo

fig.
Legnard—dones £luid near the
calculated using several

integral equatiaons. From rvef

T the

triple point |
apgroxlmate
£711.



A411 these equations can he derived From &
variational oprinciple  on some approximate Ffunctional
gxpression of the TE energy L[7%1. This opportunity
alliows & careful control of the thermodynamics {fres
ENETOY . It is possible +to show that the HMNC has an
avtamatic consistency between the Tenergy® and the

tyirial® rouikes to the thermodynamics.

In Fig. 3 & Ccomparison iz shown for the
thermodynamic and ths structural results af these
theoriss for a simple one component Lennard-Jones
liguid,

In order to improve the results of these approzimate
theories many different modifications have been tried in
the past [B21. One +firm conclusion obtained in fhat
studies is that the best improvements come from the
introduction of physically motivated parametrized
corrections and fixing the parametfters by rvequiring the
fulfilment of some thermodynamic consistency. |

In this way the Generalized Mean Spherical
Approximation (GMBA. the HModified Hupernetted Chain
(MHNCY or the Thermodynamically Consistent equations

{(TCY} of Rogers and Young [B1] have besn developed in the

Tha CGMSA [821 is based an  the obserwvation that a

closure like

3(0 =0 r <
~Ar i. &1
ctn=-pPm 4 A k> 6
v
introduces two free parameters & and A which change

the MSA closure where it appears %o give the worst
results and at the same time the asymptotic behavior is
not affected. Moreover in the cases in which analytical
splutions of the MSA& have been worked out it is alsco

possible to find analytical solutions of GMEA [B31.
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The valuses of the parameters can be fized by
impesing that different routes to the thermodynamics
give the same Tesults {internal consistency) or By
requiring that Yexact® computer simulation results are
reproduced by the theory. This second alternative is
more simple %o be implemented but it requires a good
previous knowledge of the thermodynamic propertiss and,
inr saome states it can fail to give solutions at all if
the GMBEA& structure 1is not compatible with that

constraint.

The original form of the MHNC  for one-componant
fluids is a veference HNC (see p.26 ) where the choice
of +the herd sphere diameter is made in such a way that
the thermodynamic ransistency is improved. In
particular the work of HRosenfeld and Ashcroft I[B1]
showed that:

a) the bridge Ffunctions behave as & repulsive

short-range potential;

b)Y the inseriion in the formula 1.40 of the
Verlet-Weie Grundke-Henderson [B41 parametrization or
the anasluytical solutions of the FY eguation for hard
spheres are sufficient to give essentially the same
one-parameter Ffamily of Ffunctions Biria UL=§§’G3 3
the differences being usually mnegligible at first

approzimation {see fig. 3 ¥

) the important region where we have to know the
bridges is below and rather close tc the first peak of
giry f{approximately the interval (v .7y} whete g(r')wlﬂs

and gir, )~ peak)

dy the determination of g by Tteguiring that
X_:""z _‘{Q‘“' o in a simpler way. that 'X‘b‘"*'= ’XS:M‘& or
U - U iz sufficient to give the other thermodynamic
HHbsC Simeulation



{ad
ot

quanktities and . the structural functions well inside
precision of the existing simulation data.

GOT

HARD SPHERES !

r/a

Fig, 4, Bridge functions {b{p)=—E{(r3) for hard
spheres

from the Percus—Yevick {rY) approximation
and for the Verlet-Weis {(HS) parametrization of
MC data ( a =(3X4ILP)”5 y. From rtef. [B811

the
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The set of equations to be solved is:

%m 2 eq.;[-ib:fm +hio-ctr) - &3(")“1)1 1. 62,1

hiny= ctr) + fj"{/!'.' hire-x't)cort) 1. 62,2
‘Do(r"-ll)r: L'\U,[r)- CG.(Y)- &(Fsr(r) 1. 62, 3
where gér} = gxpf fi?})gér} far hard spheres of
diameter G iz obtained either from VWGH or from PY.
The diameter ') iz Fized by s ome cansistency
requirement. in Fig. 5 we rveport the result for the

Lennard~Jones liguid from the original paper.

L) T*:072, p*-085

s M-D

- HNC

~- MODIFIED HNC,
."PY‘O"‘:

/g —=

£ig. 5. Radial distribution function for the
Lennard—Jones liquid near the triple point.
The dots are Molecular Dynamics results from
Verlet. From [811.



We note here +that the twoe main elsments of the

theory, the particulaw farm of the bridge functions and
the thermodynamic consistency rtegquirements vary in  the
Tecent applications of the MHNC depending on the
simplicity of calculstions ot on the accuracy of

thermodunamic and structural preperties rtequired ov on
what consistency is improved.

411 these factors are not wuniguely Fized also

ysed as gauge of
An improved recipe for the bridge functions of
monoccomponent fluids has been done by Feiles. Asheroft
and Reabtts ([831 tha bridges as defined by 1. 62 3 go
ymptotically as ht This implies that if +the hir:}
far the actual system is significantly different from

that for the hard spherss (phase and amplitude of the

psrillations? the wusage of the hard sphere bridge
functions will give a wrong caniribution &o the long
distance correlations. For some systems near the triple
point this tegion reaches the second peak of the gir)d.

In these cases strange unphysical deformations of this
peak are the signal of some inadeguscy of the Theory.

The empirical medification proposed by the previous
suthors is a kind of interpolation betwsen the universzal
hard sphere behavior at short distance and some moTe
specific infarmastion at large distance. in particular
they show that it iz sufficient %o builld the bridge

function as

bon= 0 bylro) + (1-£m) bygq ()

&ﬂ={ r 0
0 [ B 2o
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and i%ts specific chaice is not cricial while mﬁ&

denotas the result of the formula
b = —P* + h - ¢ - log{g! when evaluated for g = %“{
The vesults show a small but definite improvement on

the original theory for one-component fluids.

Finally., it has been shown by Lado [B&1 that 1t is
possible fo derive both the MHNC equation and the choice
of the diameter 6 from a condition of minimum on some

approximate form for the free energy. Starting from the

formula .

OF (4) - FF(O) +/a{.\i drealeid) Ao (r)

By ) PEC) At drglei) A4 s
where dz0 means & rteference system in  wich the

perturbation *Aé is suitably switched en and by making
the approximation Bir, d 1=hgy T} we gets using the
formula 1. 40, ? 4
VT e [ e qipy M [ Ll R

-4y [ e Low)L}m‘g,Lr)J 1. 66
Since the equation M™MHNC is satysfied, the condition of
minimum Tespect the variations of gfr} becomes:

4 jdg [4¢n ‘30‘”] Shyir) 20 1. &7

This is an alternative equation to +#ix the hard spherse
diameter of +the reference or as many parameiars as one
has introduced in the bridge functions.

Motwithstanding the theoretical appeal of a
-minimization of tha free energy. looking =at the
published results, it seems that the possibility of &
definite Jjudgement between different alternative ways of
fixing the bridge parameters depends on the simultanecus
improvement of the acruracy of the parametrizations and
of the precision cf the computer results. The existing
spread of results is well inside the uncertainty of

nowadays simulations.
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& recently developed ftheory which follows the same
philosophy of the  MHNC is the Thermodynamically
Consistent theory of Rogers and Young . Accovrding %o an
oldar idea of Hutchinson and Conkie [811 they write the

a

claosure

4]

T by - n)#(r) =
4(r) = oxp (-peers) |4 ¢ sl “gm : tes

where Oé,gél £{01=0 and f{eed=1 and i is parasmetTized
in  suchk & way that we can find the value of the
parameters by imposing some thermodunamic consistency
requirement. The cioszure 1.68 is equivalent to & mizxing
of PY and HNC by weighting more the PY at smell T
more the HNC at large distences.
The results for one—component repulsive systems are
good. It would be interesting to check the gquality of

the Tesults Ffor more complex systems like molten salts.

Much less calculations have been carried out for
multicomponent systems. As we shall discuss in the Ch. 4
this systems seem to be more stringent tests for any
. integral equation theory . In particular our extension
of +the MHNC techniques te the molten salts has been the
firet successful attempt to go beyond the HNC or PFY
theory for mixtures.

Recently, motivated by the increasing interest on
alloys, molten salts and mixing properties of ‘two o7v

three component Flulds. some moTe wotrks on this line

have appeared [B71.
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Chapter 2. MODEL SYSTEMS FOR COULOMB LIGUIDSE.
2.0 Why model systams?

In the study of the statistical mechanics of liquids
we have no exactly solvable systems [881 1like fhe
harmonic solid or +the Ising model ({(with the only

sption of few particular cases at low dimensionality

The method of computer simulation is a way to
by—-pass this difficuliy by giving deftailed numerical
description of many model systems.

The most ezstensively studied is the hard spheres
d

liguil that is a modsl system in which only the excluded
volume sffects of a real liguid have been kepit: the pair
interaction ¢(q is
¢t w tL S
<i>£n: 5 4
0 ryv

The thermodynamics of such & model is & very crude

i

implification of a real systsm: no dependence of the
interaction effects From the temperature and no phase
transition between & liguid and gaseous behaviour.
Mevertheless +the hard sphere structures model very well
the scattering data and their usage as reference in
partuyrhative calculations for simple liguids is

extremely useful as alrsady discussed in the chapter 1.

In the study of coulomb systems. in which the
effarts of coulomb interaction are dominanit, we need
some more specialized raference system: for example the
usual hlip function expansion breaks due %o the non
intsgrable long range tail of the potential. Classical
charged liquids of fwo oppositely charged components
like molten salts or electrolytic solutions can be

modelled. at zetrocth level of approximation, by & system
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of charged hard spheras. Partly quanitum systems like

metals and their alloys are better approximated

uid of point-like ions embedded in a wuniform
c

kground of opposite charge.

In this way we have +two new model systems: the

charged hard spheres (CHE) with interaction

2. '
L1 _
RN ros
W)= r ! o o
l\ " o0 r < Q‘(}‘ P4
{a zlectronic chargs; ze . positive orv negative
valencas; ¢ minimum =approach distances}) and the
classical multicomponent plasmas (MCP) with potential
L rge
¢'(§') - Q/"li) r}O
‘) r 2 3

where the z [ have the same sign.

The CHS system can be considered asz & primitive
model of a real ionic system in which all fhe electronic
f {polarization, core deformation etc. ) are
isaving out enly the wessential short range

hard vepulsion and the long range coulomb fail.

The MCP instead can be loocked as the limit case of a
metallic alloy &t very large pressure {(infinite) when
the conduction electrons have lost  their screening
ability.

In particular. the astrophysical conditions, &t the
irmer of & giant planet [B%3}, a white dwarf L[%703 or at
the surface of & mneutron star [713 or some fusion
plasmas should be veasonably approximated by the

limiting behaviour of the model

Finzlly we note that, despite its apparently exctic
definitions the +two dimensicnal one component plasma
{interaction e i/r} has a physically faithful

representation in the monolayers of electrons at the
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surface of liquid helium as we shall discuss thorougnly

later on.
2. ve& Thres Dimenzional One Component Plasma.

The 3-D One Component Plasma (OCP)  is  prebably  the
most extensively studied ahd the best known ligquid
toghether the hard spheres

Its excess thermodynamic properties can be

cempletaly characterized by only one coupling pavameter
g

3,0
"l‘\_ 2L . (52}*1'

where =& is +%he electronic charge. k& the Bolfzmann
canstant, T the absolubs temperaturs, z the valence of
ions. and & the ion sphere vadius, is defined in fterm
o0f the numbar density as
k)
bno = A Z.5
3 f
In other words a iz the radius of +the sphere whose

valume is equal to the average volume per particle.

The main theoretical result Ffor fthe OOF are very
well discuszed in the review paper by Baus and Hansen

L7223,

\[1

)

In the Following we shall veport only part of the
tmown Tesulits to facilitate the discussion of the theory

nf the structures for such systems.

The problems connected to the existence and to the
peculiarities of the thermodynamic limit (TLY have been

solved in recent years [933. The main results are:

1 the TL of the internal energy per particle and of

the free energy per pavticle do exist.

= the free energy per particle (£} is mot a convex
£

function of +he density and hence the pressure as
o ot
defined b = =

v b %

and +the isothermal compressibility

T



are not positive definite;

3. however the mechanical stability of the system is
ensured by taking intb account the effects of the
microscopic electric field [543 The Telation betwesen
thermodynamics and correlation functions is given by the

relations 1. 1&:1.17 which can be specialized as:

L &0 n (&
proa = PL2 3T [Tundr - T j [S(e) - 1] de
() . Jo

2.4
Poxe o .

ﬁ}r 2 pj; {(virial thszor.} 2.7
Hecause the singular behavior af cilki, tha
compressibility sum rtvule has to be modifisd and it
becomes:

K?.
Urw Sce) = ~
k=0 K&i-ﬁ-kl 2.8
T
¥ z-_‘ kn%"z} d - ]
where ky .,::?ﬁ an % = ?d;? and  Xo are the
ideal g&s and the interacting system isothermal
compressibilities. Thae 2. B can bs rewritten as

oo (4- pefeeor)

X 2.9
where the function CR(K) is the Fourier +tfransform of
the regular part of ths direct correlation function:

R -
ce): e(r) ¢ L 2. 10
¥
The Debuye Huckel approximastion:
gwtf): /(-E LX‘?(— (3_]1 r
r 2011
i e 3 =
puties-[T1% 5 e [T
z / 3
becomes exact at the F — 0 1limit and gives useful

valuss for the thermodynamic quantities up tuf1~15'L

Fer & long time the computer cimulation data of
Hansernn and De Wittt I[933 have been the only reliable
source of infoormations on higher coupled sgs%ema.

Approximate theories suitable for these systems, like
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HNC or MBA., give only sesmiguantitative informaticons with
errors  larger  then the 10%4 or more on thermodynamic and
structural properties.

The spolution of HNC eguation has to he done
numerically [96.971 and i% requires a careful treatement
af the long range tails of the correlation functions
[97: 981,

The zolution of MEA is analytical L[99 but we need
some criterium to Fix the matching parameter G’ o7,
looking things in ansother way. we have to choose the

bes

t «charged hard spheres system embedded in a
background by which we approximate the OCP. The cthoice
is not unigue L1003 Probably the best from &
theoretical point of wview is that of EGillan [1013: we
fizx T 2= the value for which

Lo g0 =0 2. 12
which is eguivalent to make continuous simultanecusly
the giry and the cir?i. Morecver the previocus cholce {in
the nmext we shall refer to it as the Gillen’s choice) is
also aquivalent to axtremize the approrimate MSA
funciional for the free energy and the internal energu

per particle L1011

In the last © ys=a7Ts some new simulations data have
appeared and some improwved ftheories have filled the gap
between inftegral eguations and computer experiments.

The simulation results for the corvrelation funcitions
ars available as tabulations of the smoothed data from
the Monte Carle runs L1621 The thermodynamics can be
summarized by fthe fitting Fformula L1031 Ffor fThe ligquid

free energy per particle:
(,){'A’e.(—r)z al + l‘(hrilg _ cr*‘/q) + Ce(t?s) Qog |
-la +h(b-0) + L1514] 2.13
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Fram & comparicon of the evaluated $free energy for
T

the liouid and for  the salid:, the curtent sstimats of
the coupling &% which the OCP freszes {melbts? is L1031
o= 478
T 2 x|
We have to make two comments about this wvalue. The

iret is  that  the error  bBar iz oniy the propagated

o uncertainty due to  the Monte
Carinp method in  the determination of the liguid and
splid state therwmodynmamic gusntitiss L[1047%; it cannot
tzke intoc sccount sistematic errors due to the pericdic
boundary conditionsz uzed in  the simulation work &t

present there i1z no way to check their influence on the
melting point but we note that if the periedic boundary

randitian would have & stability sef#fect on the solid

configuration ths OCP  should have an  higher I of
freezing

The second observation is  that some indications do
exist L1053 about the socssibility of supercooled
metastable statee above the freexzing point up to values
of around S00 =~ 1000

From the available data it appear
gitrapolate the fitting formule 2. 13 to the range 178
—~ 250 in order to describe  the supercooled liguid

branch L[I1C&a1.
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While 1imn their ariaginal form integrsl ggquation
theories give . poor (PYILF7] oT semiguantitative

I
;‘2’
Ci
A
i
I

a
3y pesults, the modified closures which improve
the thermodunamic consistency reach an gxrcel

agreement with the simulation dats.

The first developsd betuween thise "second generatinn”
thearies fer the DCF was  Ihe MB8s of Chaturvedi,
Sernatore and Tosi L1073

The squations of GMB4 h2co t §55~+¢

%mao 40

c(r):-—%-é;wio(‘df') re 0 2. 1&
are solived apalitizally in  fterms of The axternal
paramstars A d, ¢ and " Far fized r. oy d, and
¢ are evaluates by imposing the continuity condifion on
gir: (egn 2. 12} and by sguiring the fifhing of %the
Maonte Carlo thermal equation of state and

=sihili ¥

rompressibilify (va* - IX A, H&

Theess last two conditions force some thermodynamic
ronsistency in  kthe fheory. Motwithstanding the problems
at small coupling. mainly due to the crude PMBA-like
cipeure For the gir: L[10BI, the theory is wery successful
as pa?amet?izatiaﬁ of the GCP  structure Factor at
intsrmediate and high couplings. &% it 3= been shown in
fig. & Tthe main differences hetween computer zimulation
and GM3A are confined near the contact distance € in
real spacs and at large wavevectors in reciprecal
space. The non analytical behavier of giT? near @ 15

reflected into & slight phase shift of the mazima and
ninims aftsr the first peak of Si(k). Some dependency of

the structural resulbts on the eiact srameters of the
p

“tx

a
fitting formulas has been detected as shown in fig. &

iready in fhe paper of Rosenfeld and Ashcroft 1t

was shown that fthe MHNC gives good Tesulfs for the QOCP.
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tig. 6. OCP 3-

1 and structure ?actor (b3

& 1
6 Ka, g

at P =160. Pair distribution function {a}

line : MSA; +full line

Black circles: MC L[i021; dashed

GMBA in connection with the most
recent egquation of state;

which an older,

po1nt= : original GMSA [1071 in

less accurate equation of state was used.
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Mow  more precise computer simulation data L[0T

43

d

been compared with the outcame of MHNC i
n

N
re taken fram the Perruse—-Yewiclk

aridas functions &
solution of hard spheres and the diameter T iz fixs
by Tequiring <that the numerical derivative of Lthe
pressuve respect the density is equal to the isothermal
compressibility evaluated from formyla 2.9, The
thermodynamic results are shown in %Hab. 2. I
tab. 2. I. From Rogers et al. [i097.
U/NkT
T HNC MC HNC bridge 7
2 —1.315 —1.320+0.000 —1.323 0.095
5 —3.732 —3.757£0.000 —3.762 0.158
10 —7.935 —7.998+0.001 —8.004 0.215
20 —16.538 —16.673+0.001 —16.677 0.278
50 —42,788 —43.102+0.001 —43.103 0.364
100 —86.974 —87.522+0.001 —87.525 0.435
150 —131.364 —132.110+0.002 —132.106 0.466 /
170 —149.152 —149.970+0.001 —149.975 0.480
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o MC, U=-14089

\ e MODIFIED HNC, =046, U=~140.96

l * MODIFIED HNC, 72043, U=~140.78
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fig. 7. OCP 3-D at [ =1&0. Pair distribution function (a}
from Rosenfeld and Ashcroft [811. (b): structure factor.
Black circles: MC; full line: MHNC.
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The carreiation | functions fgiri,Blkil are
indistinguishible from  the simulation datas inside the
gry good agreement between

v
computer simulatien imternal energy and that from the
pler

MHMNC suggests that e simpler practical recipe to get the
structure factors i3 just to £it the simulated equation
of state Seome varistions on this MHNC scheme hav haen
ezploited in  the literaturs {zes on. 1l The oversil
agreement with the simulation is in any cass  VEeTy
satizfying and to asssess the exact degves of accuracy of
these schemss will rTeguire Te go  beyond  the present
precizion of the computer simulation

We atre already able %o makes some comments on the

side of the theoretical results

1 The calculation of the virial compressibilifty by
jeriving the virial opressure vespect the density at
fixed @ is not romplately self-consistent: the
dependence of s from the density has besn neglected.
The completaly consistent calculation sheould svaluate
the full dependence GQAT fram [ (q_(P) } by solving
the implicit differential equafion for [P) implisd by
the consistency requirement X$M=a QL ¥, We do not

2. the evaluation of the hard sphere diameter by

£itting the MC eguation of state ives tesults very

uI

close {~ 1%,) to that oktained from *the self-consistent

11
-:‘
m
~ts
-t
ot
]
Ci

4. the wusage of mor bridge funciions,

like that obtained from the VWEH [B41 parametrization of
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than PY when evaluated at +he differsnt diameters
to the Potzee fig. B

b= it is pessibls o dimprove thermodynamics and
stvuchure vespect bthe problams of the previcus point 4
by using the cross—over 1,463 bestwesn hard sphere bridges
at shovi distances and some more specific  information
about the coulombic covrrelations af larger distances
[B2I but, within the present dauys compuier simulaticns

the

improvement is just a minor one:

& the  usage of ths sxdtremum criterium 1,47 to #ix

hard sphere gives poor Tesults when FY
bridges ares wused [1i31, while with the VWEH bridges the
resulting diameters ars wvary closs to fthat obiainsed in
the oither way.

7. ths TL  theoary gives results of siightly poorer
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i  Ashcroft and Rosenfel racipe

id
seems stroengly dependent on the numerical algorithm used

to salve the integral equations.
& different approsc to  MHMC has been developsd by

tomi and Ichimaruy L[1113. They start from the

b
in
(43

-4

s

zgrammatic espansion of the higher order correlation
c =

di
functions in term of & bonds {see  appendix B The
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fig. 8. Bridge functions from the PY equation at M =0. 448
(£ull curve) and from the VWHG parametrization at = =0. 500
{dashed curve). These bridges ensure_the fitting of the 3D
ggP Monte Carloc internal ener

=

gg at [* =140. The zrrow marks
position of the second peak of gmy(r).
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simplsst approximation to b which doss  noil invaolive
unphysical divergencles iz eguivalent %o express the
3-body direct correlation function as
m(.,.c; £y) = k(vn)k(r,s) h(es) 217
which implz
by = - e)—j ﬁiﬁ‘dé'"k(“:*f’i)}\(l!’z"!)l’i(li‘ﬁr“l)k(r‘)}z(r“} 218

oT. in diagrammatic notation.

by = By (0 @ z.19
Which is the lowest contribution teo the h—bond expansion
af the wridgs funciions This term showld gives %he
lgsng-range bghawvior of the bridges simnmce 1t Cantaing  Tha
mimimum Tumber of bonds L[1123. At shert and intermediate
dictances, with largs couplings., 1% is necessary 3 Take
inta asccount more contributions whose evaluation 1s more
and meTe complicated. Their global effsct Can b

3
reintroduced inm b iTF by & suitable venormalization at
t
Iystomi and Ichimaru propose bridge functions of the
T
b = Pea By v

where £{r) goes %o 1 for larges v and it iz such that

bi0) gives the ion spheve [1137 value for  the function
Mi{ty = hirt — ciry — Biv)? &t rv=0. 1% turns cut that the
precize form of #{r) deoes noi matter and & form liks

{h e (e1) e [-(e/8)*] + | 2. 21

where € is the ratia blofp,g= Do =cl - Heo) and

By lw)
i¢ the distance a%t uwhich EAN O iz sufficient to give &
good egreement with simulation results. It is evident
that +this scheme of MHMC hinges on the heavy calculation

~ 4

about 16 times

1

nf the five—+£ald integral which 1
slower than the divect evaluation of a PY bridge. For

this reason the practical usage of this scheme is not
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P =40, Full curve. MHNC: dashed curve: HNC; dots: Monte
Carlo results [1141.
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of the %i?} at the HNC level. The remaining

parameter O, is fixed by some consistency regquirement
I

[V

n particular: taking into account the discussion about
=
¢

a
, we have chosen to £Fit the MC  thermal equation

aof state. Obwvipusly more self-contained rouibesz could be
eiploTed

The results a&re shown in Fig. ¥ They clearly
indicate that feor %his kind of two—component systems, iIn

the sxcluded voi gffects arese nearly additive

anid  the comcentratisn ordering is clese To be completely
random. the simplest eztension of the original rtecipes 1z
woeTking with sufficient precision te significantly
improve on the MBA and HMNC results

We look 2%t these resulits as praliminar. & maore
careful  investigation of the thermodynamic implications
af our choice of Ithe diamsters and more extensive
simulatien daits are nececssary to completsly assese the
performances of the MHMC for this system L[1171.

2. & The two-—dimensionzl one—compoenent plasma

Orne of the most powerful tools of the nowadays
statistical mechanics is  the systematic study of the
influence of +the dimsnsicnality o the statistbical
bhehavior of the system In the case of Coulomb systems
the passags from the 3

szsume the particles o interact with the pair
1

2. . . .
:“a /v or we can uss the D-dimensional Poisson

squation to defins the D—dimensional Coulomb
interaction. In %we dimensions this is praopartional fo

Despite the theorebtical interest for €his Tlogiri¥

]

5 for example are relevant fto the

o
ot

asma. its oproperti
1o

1
ytions of the Sine-Gordon squation [1183 ov %o  the

1
]
[

)

g



description of the guantum Hall effect L1193, we are
more interested to the 1/r interaction.

For this suystem an arbitrarily ctlose physical
realization is rvepresented by the layer of electrons
trapped at the surface of quuié helium. More in general

7

the 2-D [0OCF soluticne could be useful i

the liguid-like behavier of alkali metals intercalated
in graphite planes [1203

=201 The phuysicsl system

4n eleciron approsching  the surface of the liquild

helium +rom +the wvapsor side expsrisnces a respulsive

surface barrier of about 1 e¥ which prevents ifs
penstration inside the bulk. Moreover, near the surface,
it fsels also an attractive image pobtential L[iZ11
The Tesuliing effect
- e L
gives the possibility of
He g5
trapping suitable
depositated electrons in efecheonm
a potential well &t the N
P i it a =a - =
zurface L1221
- - \ [ - E |
The elgcrostatic
potential of 2 positively . f,- it
HETAL PLATS He liquid.
bizsed metal plate located

PosiTiveLf CHRARLED
im  the liquid below the

surface is sufficient to

contine the electrons
inside & limited area

L]
e . ve. 10
L1233 (see fig. 103 {3

1t is an interesting experimental possibility that by
changing the thickness of the helium layer between the
glectrons and the plate, we can change continuvously the
electron—electron effective interaction going from the

coulombic to the dipolar L[1243 potential.



to thick layers {i/7

interaction! we can change the density between 10 - 10

e/ocm . The densities are such that the interelectronic
1 the spread of the
perpendicular to the
be considersed as two
&t the experimental
strenghts (s f; (n.%)”"
ksl

the Fermi energy. &lsso

gh couplings. we can
expect ta find Some kind af classical Wigner
sryztallization by decveasing the femperature [1251
Actually =sxperimental evidencs for a liguid—selid
bransition has bkeen found by Grimes and Adams L1261
They observed fthe suddsn appearance of resonances in the
real part of the glechromagnetic impedenca at
radio—frequency when the temperature was decreased below
0. 457 %K. The analysisz of such resul®t [I1Z71 implies the
presence af a ftriangular latfice of eleckrons on the
helivum surftace. Thes =xperimental paramefers correspond
bo & [ of 137 & 1% fgr the meliting tramsition

The coupling im this system 1is given By the
- .- . z . . . :
dimenzicnless parametsr [ é/kQTQ‘ where a is defined as

naf=l/w . The Debeys wavenumber iz k= 2 nPez and in

2 D

dimensionless units a%>= EF1; the Fourier transform of
. o o . » . I

the interaction is AN &/k. Just as  in G0 the long

Tange Coulomb intersction manifests in & ‘typical

lomg—wavelenght behavizr of Sk}
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rm for S5{k can be derived by using cstandard
1

inear response theory and taking into

potential doess met satisfy  the Felszon egualtlion the
i has an algebriz  long distance bhehaviaor This
imtToduces some difficulty  in the deriwatior of the
Tight Debye—Hueckel limit [iZ73 and alsgc in  the

The MC thermodynamitcs can be summarized by the

#0717 the intesrnal

where a = —1. 1077463, o= O, T&3VE, o o= -0 4419 We note
that in the 2-0 compufer simulaticen 1% iz possible fo
use a larger number of particles as compaved with the
-0 simulations afore we reach the aractical
limitations of storags and compuier fime. Af Consequences
of this farct the resulfs have generally a smaller errov
bar Different simuiastions L[133, 13461 give wvalues of
r; , at which %the liguid—soclid transition oceurs., in  the
rangs 1206 + 140 The situation about the order of fhe

nhservad transitien iz much less clesar.
&n expiicit comment on  the =2-D solid Gep iz

973

eneTgy LFE3:

necessary. & well known argument due to Peierls (1413



£t
fit

and ganeralizsd by Fermin Lid4zz Ffarbids the
charscterization of +the 2-0 solid phass through a
paringdic ona-particle dansity The theorsm shows that
the Fourisy components of the (supposed’ pericdic
density { whersa §f® is some rveciprocal lattice
vechor !} sabisfy EXe inegquality which, at the
thermodynsamic  1imit: implies their vanishing. The
physical mechanism r&sponsable of this bkeshavier is

ilong range translstiomsel  order The argument ca: be

applied %o the Z-D GCF too L[143] Howsver the solid as

denze phase characterized by slasti constants and  low

mpzility of particles is not forbidden By the theory
o

T nite soliids & Theory of meslting
L1447 based on the WKosterlitz and Thouless [14&67 ideas

been developed. it regquites a two-step meliing:
irstly the wesk gussi-long-range order 35 characterized

by algebrically diverging Bragg peaks iz suppressed and

the system goes ints a2 new phase in which long range
arisntational order 1= present like i & liguid
crystal. Iin & second transition the system looses alszo
thiszs kind of order and we have the uswusl liguid.

The guestian o what is the rhysical
characterization of the observed *transition is net an
assessed point of the theory [1483 and some care has to
be put in the use of the thermodynamic limit resulis to
interpretate the observed systems. Indeed the

distTuptio af +the uvsual Translationsl long range order

bos B |
[Ted]
(2
o
[ii]

approachi thermodynamic limit is & wvery silgw

P

process L1477 the rms dewviation from the periodic

eguilibrium itionsz increases as ilogib) where N is the
number of ticles?. From this vieswpoint. when we use

T
statistica mechanics theories which embody the
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thermodynamic limik, we should take them a5
ne finite size corrections  and
ations but we should not put

3

roo much emphasize on  some pathological behaviors at

limit.

o
s
ot
L

. 2.3 Theory of the structure.

“fa»
&
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0
il
i
fo
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To evaluate the static structu

T o
e MHRMC scheme a5 proposa2d by

have applied ti 4y Hosenfeld
and Ashcoroft We have used the sams numericasl scheme &s
developed by Lado L1320 znd  we dsed tne sccelervating
srocsdurTe of p £953 to improve the welgcity af
COTMYETGENTY Taking bir) from the PY  eguation  feor  the
hard disk system [1482 we choose the diameter by fitting
the simulated wvalue Ffor the internal ENETgY perT

b

A in  the 2D casze this methed improves enough on the

7]

MSA o HNC O LI32, 1333 tesulte but  the increased rtol
tinns makes more imporitant the mismatol

hetween the structures in the hard disk bridge functions

ar alresdy at ' = 90 the wroneg position
of the peak of the havd disk gir) induces an wunphysical
deformation of the cscond peak  of Socp {r3 making
sxplicit the non wuniversal behaviour of the bridges

beyond their first zgro. To improve the results we have
I

found necessary to use the same cross—overT approach
proposed by Ashcroft. Foiles,Restto [833 for *the 3D
liguids: the bridges sre written ac

h(v) = g(') k‘u{ (")0') * (l‘ @(r)) hﬂSﬁ (1) 2. 24

Poa = 4]0 dph (0]

and bﬂSB are obtained from 1. 40 hy using for

where

b ey
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.1y _ad:
at 1 =90. HNC: triangles;

§
1 curve:

1 2 -3 42/85

Radial distribution function gir) of the 2-D
MBA: circles; MC:
MHNC: dashed curve: MHNC with only PY bridges
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gir) and cir) *the corresponding ?Y and M54 {with the
Gillan‘c conditiony functions [1493. R and W are fixed
from the positions of the first peak and the second zero

in the HNC gi{r}.

The MS4& results vssd to generate the bridges are

TEw & comparison of the Tesults as presented in fig. 11
and tab. 2. I1 . 211 shows the following points:
tak. 2.1 ‘;Excess internal energy and isothermal compressibility of the 2D plasmat.
['=36 =90 =120
U../NkyT (nkyTK)™' U /NkgT (ks TK)™' . U /NkyT (nkgTK7)™
HNC 38466 —35.46 ~97.683 9374 ~130.67  —1265
MSA —38.539 —34.41 ~97.695 —91.88 —130.65 —-124.2
MHNC-PY — — (—98.262) —69.52 — —
MHNC (-38.758)  —28.79 (-98.262)  —71.36 (-131.38)  —94.11
Monte Carlo —38.758 —28.27 —08.262 -72.96 -131.38 -97.83

| § The Monte Carlo results are from a fit by Baus and Hansen (1980) to data of Gann er al (1979). Values in
parentheses have been fitted to these data.

1Y The MSA Tesulis with the Gillan‘s choice of

Fy

cf the same guelity than HMNC results

it
i
[$1]

=Y The MHMC tesults ate & significant improvement on

3) The degree of zgreement with computer simulation,
althusgh very satisfying. is not aeg excellent as that

schieved for the 3
22,4 Freezing

arted with the
1501, in 1its
ar

modern  versieon, as develeoped by Famakrishnan and Youssuf

The density wave theory of freezing st
L

pioneering work of Kirkwood and Monroe

{1511 and octhers, the theory is able to give meaningful
and guantitative predictions on the localization and

chartas

[l

terization of thas phase ftransitien in terms of fhe
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81}

he thecory uses the HMNC-like eguatien for the one
it correlation

a
lways the Fluid
1

soplution ?(t = gcanst. . and 1% oolks for thea
appearsnce  of inhomogeneous solution with some specified
pericdicity. In gesnersl. due to the highly nan linear
nehaviar of such sguations. the bifurcation is nof
cantinucus

Marasver bhe thermogynamic fransition iz localized
55  the =tats at which fthe diffarence of fthe evaluastad
frge  enevrgy beftwesn lliguid and the spiid phase
vanishes

If we express the one particle density

i) 2 “[‘ + 50 ;¢ (t4r)] 2. 25
whare & ars +the rsciprocal lattice vaciors fixed i

liguid. The egquations %o be solved, stopping ths

”‘o
[¥ 2%
43
o
-
©
3¢
[~
s
VS
4—
N
e o
=~
\...:v £
[Py
S
x
-~
=S
[F %Y
. ~
i3
Wl

§%o =5
%f: KeT -%%4»12%6(‘:‘\%\ =0 2. 27
e ) Sdﬂ “‘.[Z C(‘L)?g %(‘GE)I = =8

ralated &5 the change in chemical pofential

[

between the ftwo phases:

- )
Ap < kpl 'Q‘({‘[’ohégéo (4,0 | fal*

and c(%)(glo) - 3(63) +Ji]1 O:p[@)

The difference of entropy AS-= SS~S& is

¥
a

M
Grom
&
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praonounced first order

the simple one—order—pa

We have checked %
lattice against small
transform it into =&

K ?:T‘n 2. 31
we can note that there is a very
ween the +first thresze stars of
ckors and  the ftwo main peaks of
5 sbtructurally predisposed to
ngular lattice.
s  Ffall whers fthe Pgik} is zaro
Tivg & small ryelesvance of that
& freezing {this do not imply that
struchure; including uwp  to  the
iattice stars, we find freezing at
sluve gf Kaliz et al 13863 1iB
serimental of 137 &£ 15 [12461) wikh
& kT against the experimental
As = -1.2 kg sgainst 5= -0.3
ied that %the 2-D Hansen—~Verlsi
he freeszing iz fulfilled: we Ffound
s fachtar 2%t fthe first peak of
al® wvalus of 4.4 £ 15%
yiid  be conbvssted with a less
alitative analysis of the =0
shnan {1321 who $finds a less
character of the transiftion af
-

ramater level of approximation.

he shability of fthe ¢riangular
deformatians which tand t0
haody—centered rvectangular latbice:
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_Qs L
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ig. 12. Direct correlation function k) at T =90 in MHNC
full curve) compared with MC L1331 ¢ 1 circles?. The

ars at the tng of the figure show positions af the
eciprocal lattice stars of the perfect triangular lattice.
ith lengths proportional to their multiplicity. Dots at
he %a% indicate the relative splitting of these stars when
he lattice is distorted into = body—centered Tectangular.
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a3 sgon we vary the angle besitwesn two basis vsctoers od
the ilatftice. the veciprocal space stars will be splitted
into different substsrvs In particular the star
caorresponding fo the driving firvst pask of ol will
ed inteo one star of our vectors which goes

F
to the Ffivrst peak and another of ftwo veckors

moving far aswasy from the peak {(see fig. 12 3. Dus %o the

azymmetry aof the psak  the resuliing T is  an
increasing of AF at fived which impl an incraasing
af Pn Thus we have proven %the stability of +the
trianguiar lathice agsinst this kind of deformation

In principle we could not exzcluds fthe fransition
from fhe liguid to =2 friangular solid with vacancies
L1541 such that the unitary cell conftains & fFractional
number of particles. This would dimply %o wvary the
scaling facktor of the sftar position unitil & minimum of
the free energy is veached., We have not allowed for this
possibility. We know Ffrom ofther calcustions ({30! +that
ti sxpected change in the vesul®t is a minor ons [135]

tends to give poor esitimats of the defect

The discrepancies on  +the wvariation of woand 2 at
the freezing may bs due %o The crude sproximations
invalved by the weguations 22629 which neglect all the

il

many baody carrelation
usual guantiftative limifations of Lthe density wave

theory of the freezing in the presant form.

More detailed simulation rvesulits for the highest
ligquid siTuctures and the related
thermodunamics as compared with our MHND resultse could
T

make clearer the origin of the observed discrepa

I
118
o
v
il
,:..}La
E
m
=
o
<
m

In conclusion we would like to stre



H
H

Ly
fax

prezented 2 quantitative freatement of fhe 2T freezing
lookad az  the gnss% of a thermodynamically stable
denzity wave

Trhe fact that we do find & peripdic gne—-particle

density in 2-D is neot astonishing in an approximate
{mean—Ffield like) theory [I3&1.
Tha gquestion of alternative freezing—-melti

n
can not bs  answered within ths nowadays f

ithe ftheory. Our resulfts Teasonably agree wiith somes  of
the simulakion studies [i363 but we have no conftrol on
the erisntatisnal ovrdsr parameftars Lo axciude Lhe
relavance of Hhe Halperin and Melson’s picturs

Finally we would like fo stress fthat our ftreatment
af the struriture and of the freszing aof the 2-C OCP iz
apglicable wikh Few mopdifications to different
physically interesting telated situations like the
sdsorhed Ttare ges monclaysres on the surface of the
graphite L1573 eor alkazli metals intercalated in graphite
[Ny 3=

Z. 32 Charged hard epheres.

Iomic systems 1like electrolytic sclutions or moliaen
gzits Teguire complex: interaction potentials o e
described in & guanititative way Howsver  the main

J = .
NI YR
4)*‘; K WL vy

where £ 1z some (hidh frequency? dielectric constant.
The statistical mechanics of the CHE fas been

extensively studied in recent years but ususlly under

e
the restriction Q= Cu +T2 {additivityr [1591.
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-Li

The hypotssiz of additivify is nNOT necessary and in
SOME rasss unphysical Usually fhe excluded volume
effscts for oppositely charged lons as measured by fthe
radii of the exclusion holes are not additive.

the Coulemh couplings- are not  foo strong  buf the
multiple isnic hydration possibilifty enhances The
ralavance of non additivity effscts

In the rasa of negative non additivily (T4 Tutlzy 3

increass Lthe average tTime of paiTing batween unlike ions
amd. This gffect offers the nossibility of modelling
compound Forming elecirolytic solutions like cadmium and

ar cadmium g0

o)
oF
=}
it

0
o
i
o
i
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ot

i
mw more freedom to describe liguid

=
ot
m.‘
[
L
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-
oy
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€
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[
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Lant

iten w3lis  as waell as cnncentrated

o
1kali metsls in molten alkali halides.

in the oppoesite oaee  OF positive mnon  additivity

%QL?G\‘*ﬁ*; the neuiTal System shows & tendency To G&miiz
— 4

[1sE1 The charged system has not heen numerically
imveetigated up to now  in the litesrature bub, 2 wWe
=hsil show in  the nsxt part. it has a very rvich and
subitle behavior which can be summarized as & tendency to
ingse pairting between like 1oms

miscibie allous fby Taking squal sign or zgT0 valences
Ti4&a1Y, this model could diTectly he wsed o describe
aliall iadide—iodine sclutions [1&33. molten alhali
hyperoxides [1&641 or the observed phase separation in
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have been already

with

=

diameters

tudied in

computer simulation vesults for  the
pasitive L[1&81 deaviations from the
confined slmost complstely to  fthe
orimats inftegral sguations only the
particulariy in many attempis of
znlution faor this sysitem L1491
¥ of Mizon ef al. L1703 exfisnsive
rnas  For  the FPY  eguaftion  in the
Tivibuy 358 {for  the symmeiric
been carvied oulb.
can be summarized in the following
itivity always impliss a frivial
af the wolume available fo fhe
ing an esffesctive packing fractio
. . - Pt
o iz such thak Q'—Oid)(~ﬁ__f‘ e
¢ ER
ian of this effect on fthe properiiss
subzegquent galin in snirepy favours
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Swn (k) ( Saal®) (B

o— g 16 ka '0 , I5 ‘ 16 ka ‘
“ig. 13. Charged hard spheres. Sulk) {a) and Saggi{k) (b)
g;g ¢ =1.Qag(tma,‘/3z (/p? }.Full lines: MSA for o =0
dashed: MSA for &K =-0.5 at [=0,1 and 10. Dots and

triangles are HNC results at (=10 for =0 and &=-0. 5,

12;
101
S 'k
08+

ost

04+

02F

-04y

-086

Firg. 14. (a): partial structure factors Si+(k} and Se.-(k) at
. '=10 and 6°=1.2a. Full line: MSA; dots:HNC ate =0; broken
line: MBA; triangles: HNC at o« = -0 5. (b, HNC pair
distribution functians g.w..(r) and g, {r) at ['=10 and = 1. 23
“for X =0 (full line} an o ==0. 5 (broken line}.
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im an enhancement (A0 ! or & decresse (L0 ) af the
iong wavelsnght limit of the concentration—conceniration
structure factor.

For what concerns the additive wmixtures of charged
hatd spherss they have been studied extensively with
computer szimulation or  integral equation methods  fwe
r2call  that the MEa for such sustems iz anasliticaliy
sglwable L783) and ws vefer to the literature Ffor  the
description of this system [17Z3

= for the model s

We have studied the mon additive simmebtric system of
charaged hard spherss  {(Ow30.*0 1 3,=2~3.24  in  both
cases posifive and negaftiva from
additivity

Hince ws were intsresied more in  the gualitative
Yrends than  in  accuralbed guantitative prediciions, we
have used the MBA and fthe HNC closuyres without ftrying
ariy further improvemsnt.

Wz solwved both numerically and we  looked aft the
atructuyral properties {correlastion funchtions) snd at  fthe
like coordination numbsr as definsd by

Ny = 2np JR W =icic
o
where B iz the minimum of 84 {r).

Meogative mon sdditivity

Switching on the Couleomb interaction we Further
emhance the trends shown by  the mneutral system In
. - . . . . =
Fig., 13 we show the varietion from | = 0 tn | = 10 aof
the EN” and EQQ {for this susitem SQQ = Ecc ¥,

In fig. 14 we show the partial structure Ffactors and
the gir?

“l
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ig. 15 Sgq (k) i o s
011 curvg and1nrl"i:ff;0¥0r0'-1.éa and o =1.67 at ' =0

%a

fig 16. HNC pair distribution functions g.flr) and g.(r1)
at” P=10 and ¢ =1.2a for o =-0.5 {(broken curvel, x =0

{full curve) and o =0.9 {dots).
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£ig. 17. MSA partial structure factors for model of
2M CdSGq agueous solution at &2 C.
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Chepter 3. LIGUID METaLE.
3. 0. Int?oducﬁion.

For the majoritu of the metallic elements. many
properties., included the elecironic ones, do not change
very much with the +transition #rom +the solid to the
liguid L1753 Exzctly as in the solids, the complexity
of the electronic structure has a crucial role in the
theoretical evaluvation of the phuysical properties of the
liguid.

The simplest metzls are those for which the

glectronic structure is ¢lo

i

ezt  to  the nearly—-frae
electron model. This requirement avitomatically rules out
the transiticon metals or more complex systems in which d
or + states play a dominant role in the determination of
the scattering properties of the ions.

Therse is also an other possible meaning for “simple®
metals. I+ we loaok at the experimental structures of
many ligquid metals near the freezing. we can separate
the metals whose S{(k} shows a strong similarity with the
Tare gas structure and those which have shoulders or
other structures superposed on & simple profile. The
alkali metals are simple for both these definitions. In
recent YEATS the interest on  the thermophysical
properties of the liguid alkali metals has increased as
motivated by technolicgical application possibilifies

(like their use as refrigerators in the nuclear power

plantsi.
ligquid alloys have maybe a larger ftechnoleogical
interest than the pure liquid metals. Moreover the

compositional degress of $freedom make fheir physical
hehavior more complicated but also ftheoretically more

interesting.



301 Physics of the liguid alkali metals and their
1

From a physical viewpoint the &alkali metals are
resting for many Teasans. The relative simplicity
aof their Veiect?eﬁicWéﬁ;dét;%e;uﬁg allowing a reasonable
estimation of the effective ion—ion intsraction, makes
them the best candidates as test sustems for statistical
5. The VETY large compressibility allows
experimental investigations of the effects of very high
compressions and very high expansions. A 5 kbhar pressure
changes +the wvolume of rubidium by about the same amount
than 30 kbar changes the volume of iron. A% the melting
point fthey have the lowest density among the liquid
metals thus providing a more severe test for gxchange -
and carrelation corrections af the electron gas
theories. Furthermore the melting point is sasily
accessible wup %o large pressures. Despite the relative
simplicity of their constituents, the alkali alloys show
a series of different behaviors going from the
quasi—-ideal mixing of the K-Rb or Na-K %o the strong
tendency to demix of the MNa—-Cs at B80% of sodium
cancent?atian.
in tab. 3.1 we have collected s ome of the main -

thermophysical properties of the zlkali metals

A1l the alkalis freeze into & becc cruystalline
structure at 1| atm pressure but under high pressure the
solids wunderge structural phase transitions. The liguid
structures at the melting point scale very well with the

density as shown in fig. 18.

We observe that the parameters K and T, at the
melting peint are characteristic of a strengly coupled
ionic system and an intermediate coupled electronic

component. If we cbuld regard the ionic component as a



Metal

Li
Na
K

Rb
Cs

tés 3.1 Thermophysical properties of the alkali metals.

Atomic
number
3
i1
19
37
55

Atomic
weight
&. 94
22. 99
3%. 10
85. 47
132. 91

Density

g/cm

0. 525
0. 927
0. 827
i.437
i.854

s

meltin
temp.

180.

%C)

o 0 v om oW

2 12
F“:é;; T~lo%
212. 1 11,
210. 7 19.
i86.9  3B.
186.7 49,
181.2 &4,
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Fi%. 18. Experimental structure factors of the alkali
als just above the melting point versus the scaled
wavenumbers vok. e : Li, ©: Na, + : K, & : Rb, X :Cs.
Data from Ruppersherg, Hugiben. Copley.



pure OCP it <chould have +to he freezed (ot in  a
metastable state) at these values of ro. The presence
of a polarizable background rvedures the effective

inter—ionic coupling making the system liquid
This effective potential can be ohtained using the
usuval perturbative approach [17&61 on the homogeneous

actroen gas and the weakness of the elactron—ion

fe

e

ctattering [1771 effects makes ressonable to stop the

xpansion at fthe second oarder of £he psaudopotential.
At this level, witk local pseudopotentials, the
thermodynamics and +the structurae can be aobtained

starting from the following expression for the energy of

a given ionic configurastion {ic}:

U= NUg + G IBY  + U RY + acyd) 3.1
where Uy is indipendent on the ionic positions bhut
depends on the psevdopotential and the properties of the
uniform electron gas. The "band structurer {Upg) and the
Madelung {(U,) termz can be expressed in terms of the

Fourier components of the dencsity as

35 2\/ Z—v Xc(?“ ?S( fi f__ , Una '27140 Ah;;éz('?ﬁf-ﬁ ”)

The exp}1c1t presence of structure independent terms
iz related %o the fundamental rtole of the wvalence
electrons in the determination of the tohesive energy of
the system. Frem the structural viewpoint the Madelung
and the band structure terms are more interesting: they

are equivalent to the presence of an effective pair

potential
L 2
Y 2nt 32
where N
{ L2
— A
c‘;ﬁ(k) 2 4né (?m - l) dl's (k) 3.3
kl-

It is clear that in this potential we have aszumed &




pursly coulambic rapulsion between the bare ions
neglacting terms like Born-Mayer short-range repulsions.
Van der Waals interactions eto. As a first
approximation we can exélude an  important contribution
from these terms on the argument that under normal
pressure conditions the average minimum approach
distance as measured by the exclusion hale in the pair
distribution function is larger than the isnic core
diametear; moereover the wvan der Waals terms should be
efficiently screened by the valence electrons, Obviously
the effective vaiiditg of this approximation hinges on

1 and extensive comparisons between theory and
sxperviments [1783.

A more important comment about the pair interaction
3.2 is that, alsoc in the alkalis, the higher order +terms
L1793 «could be not negligible and, bhesides to introduce
mang-body interactions. their pressnce modyfies also the
structure independent and the pair interaction terms in
3.1, A suitable adjustment of the parameters of the
bare pseudopotential can take into account approximately
this effect [1807. ,

At the level of pair interaction. the main sources
of uncertainty are the form of the model potential and
the approximation used for the exchange and correlation
effects in +the electronic dielectric function., In the
range of the local model potentials the ampty—core

Ashcroft’s pseudopotential [i8i1
XA

0
4”’“{-%} — 3.4
despite its simplicity, appears quite satisfactory for
the study of ligquid structures.
For the local #field corvections in the dielectric
function it is important fo have built—in the maximum

number of consistency requirements. Within this



constraints, only ¢few of the'mang proposed dielesctric
functions [1B2]1 are satisfying in the range of densities
we are interested. {Une reasonable choice, also looking
for a computationally simple function, is +the WVashishia
and Singwi [1831 dielectric function which improves the
Singwi Tosi Land Sjblander [1B41 theory By forcing the
fulfiiment of the compressibility sum Tule. The
resulting  local field factor G(k) iz given by the

authors in  fabular form [1831. Moers recently Ichimaru

Lﬂ

and Utsumi £1833 have opublished an analytical fitting
formula for G{k) which embodies the known Tesults and
the Monte Carlo and variatienal rvesulits far the electron
gas [18&1.

The previous argument can he easily extended to ithe
treatment of the ionic poetentizls in  the allous. The
potentizl 3.2 will be replaced by & matrix

$p = oL j”@:_*_.$ (0 1> dk
p 9 “f

n* ket 3.5

Vi (%0 V() '
A Lty *|1 ¢ ) "
o R N oo
where 6(%) depends on the c;ncentrablan through the

average density of the system.

The interplay between +the electronic properties and
the idonic structure in 2 metal is subile: the electrons
determine the structural! arrangement of the ions but
_their transport properties are strongly affected by the

structure. In particular the eleciric resistivity has a

direct connection with +the isnic structure factor
[ig713].
A semiclassical treatment af the transport

properties of the electrons gives the Ziman’s formula
£Li8g1: \

- %23;:& e [Sew (- f‘) e 27




Many problems are telated to the determination of the
exsct limit of validity of 3.7 L[i8%1, nevertheless, it
allows & simple interpretation of the behavior of the
resistivity of 1iquid metals and their alloys as

consequence of changes in thermodynamic state.

3.2 Alkali metals and their alloys as Electron—Ion

Plasmas.

Mest of the work on the liguid metals has been done

within the frame of the pseudoatem description based on
the previocusly discussad effective potential approach.
The introduction of an effective ion—-ion potential
allows to freat the metal as a monoatomic ligquid, except
for the attention one has to pay to take inte account
the density dependence of the effective pair potential.
7 A different approach goes back to the work of Bohm
and Bfaver [1901 in +their evaluation of the speed of
sound from the ionic plasma frequency screensd by the
electron gas. In fhis wviewpoint +the essential two
components nature of tha metal, ions and electrons, is
explicitly preserved.

The system is freated as a two-+fluids system: each
of them with ifts own response propertiss. In the weaklk
electron—ion coupling vegimse, it is possible %o derive
L1213 a simple formula for the screensed ionic TEesponse
or, throwgh the fluctuation and dissipation theorem: for
the structure factor of the metal.

One cobtains for the static structure factor S(k) of
the liquid metal the expression (see appendix E}

S(k) = Sp (k)
4 ¢ F—’f ?f‘(K)S,(k) 3 @

where So(k} is the strqcture factor of the bhare ion

subsystem neutralized by a suitable wuniform background

(OCP) and V{k} is given by
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3. 3. Electric resistivity calculations.

#s it has been shown in fig. 19 the simple RPa
formula 3.8 gives good resulis for the structura
propevities and their variations provided some empirical

ad yustment is made on the parameters:

1. the coupling of the ionic bare component is
scaled in such a way as the triple point of each alksali
corresponds  to  the F; of Ffreezing of the OCP ac

determined from the computer simulation (0, = 178 »;

2. %the bare pseudopotential is the ampiy—core model

potential with +the core radius T ad justed to £it the

&
izsothermal compressibility of the liquid metal through

the long-wavelenght limit of the S{k):

k2o
3. the Vashishta Singwi dielectric funciion has been

vsed for the electron gas.

The points 1 and 2 are clearly empivical in nature.
As it will be more clear when we shall discuss the OREA
treatment, they ars related andgd they can be
simuitanecusly released by improving the statistical
mechanics treatment. Fmr the present discussion 2 can be
regarded as  the adjustment to the liquid of 2 practice
used in the solid state theory L[1771. As conssguence of
the truncation of vik) at its first mnode, the first peak
of the metal structure factor is exactly egual to the
OCF cone. This implies the necessity of the assumption 1i:
the actual ionic I' for lithium and sodium would have
too high first peaks in +the structure factors as
compared with the experimental cnes

An analysis of +the long-wavelenght 1limit for the
alloys, focused on the Na—-K and the Li-Na systems,

showed that this simple model exaggerates the tendency
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tc segregation of the components of the alloy unless
some account is faken of the electronic charge transfer

between the components.

An analysis of the wvariations of the electric
Tesistivity with the therhodgnami&u‘étatev acén;&iagw‘ég
the Ziman formula gives & detailed probe to check the
quaiity of the theoretical structure in the wavelenght
region belouw though rather «close %o, ZkF. Since the
firet node of the psevdopotential is located precisely
in  this region, the electronic resistivity calculations
are & specific test for the bare ionm {(OCPFY structure
factor and hence for the EIF model in this wavenumber

Tegion.

Te eveluste the elesciric Tesistivity. besides the

metallic S{k) we need the knowledge of the sleciron—ion

scattering matrix elements Vd . In principle they
should be related, apart different scTeening corrections
[i953, te the same potential which enters in © the
evaluation oef S{k}. SBuch & program would require a

considerable higher degree of sophistication than what
is involved in our cthoice far the structural
parameters.

For simplicity, since we are more interssted in +the
variations of the resistivity, we have used for Vgy  the
Ashcroft form screened by the electronic VS disleckric
function but we have put in this ferm core radii fitted
to the measured resistivity of the liquid at the
freszing temperature at atmospheric pressure.

The degree of internal consistency of such a choice
is shown in table 3. II where the values of 1 which

<
enfter in the S(k}) and in Veel9 are shouwn.
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fig. 20. Electric resistivity of alkali metals versus
temperature at constant density. Sguares and circles:
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fig 21. Electric resistivity of liquid sodium and potassium
versus volume at constant temperature of 220 ¢ (curves)
compared with the experimental data § (K} and I (Nal.
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3.II Radii used in the Ashcroft’s model potential.(f)

Li

Na

K

Rb Cs

re (resistivity) 0.598 0.882 1.107 1.134 1.159

re (compressibility) 0.666 0.930 1223 1.354 1.427

fhe ocbitained valuss for the linear temperature
coefficisntzs 5%t constant pressuTe. temperaturs and
volume are shown in  tabls in comparison with %he
sEpeTimental data (1943 Farticularly +the wvalues of
@Q'g WL, ")Q“&T)v are significant as test for the struciure
factor since  the only dependence on  the temperature
should come from S{k}. The variations of resitivity over
wide ranges of temperature and densities ave repertsd  in
fig. 20 and Zi

A careful analysis of the stTuctural anid
thermodynamic of the liguid alliaoys of alkali
metais  [1971 within +the EIF modsl reveasls +that the
structural model at  this stage doez not giesld a
guantitative account of the conceniration fluctuations
For this reason we have focused ourselves on resistivity
calculations for alloys which do not appear %o be far
from the idesl soluftion limit, These include the Na-K
and octher alloys in fthe middle of the aliali sariss

We have used the Faber—Ziman [i19¥8] extension of
formula 3.7 %o the case of alloys; By rewriting it in
terms of the Bathia-Thornton siructure factors (zee
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mnﬁrp the slectron—ion scatfering matrix elements are
completely determined by  those for the pure metals (v,
from table 3.II} the orily effect of the concentration

being the obvious change of the electronic density.

Since the wusage of the mulfticomponent extension of
the RPA with +this choice of parameters implies &
divergency of the structure factors at small wavenumbhers
for  many thermodynamic states, wa have further
approximate Scc(k) with its ideal value €S<C(k)xx1x‘).
In this way we have eliminated the spurious [1991 RPA
divergency by not changing too much %he physical

behavior of the system.

The isothermal dependence of on  the concentration
in the Ne-K is shown in fig. 22 where also the building
up of the final curve #rom Sep and  8,,+8,. is  shown.
The crucial Tole played by the concentration

luctuations is evident. Hence it is not surprising that
going to systems like Na-Rb, Rb-Cs, K—Rb, where the
k non—ideality is stronger. our Ttesults, based on the

o _

hypotesis S8ce = B¢ Hy %

give larger discrepancies
with the experiments [200] f?lg 23,

The main conclusion for the alleys is  that the
simple RFA level treztment is net direqﬁlg'applicable
and the apparently innocucus ansat:z S“L=SCL is a too
drastic simplification but for the nearly ideal Na-K.
Moreover an improvement of +the model may reguire the
intreoduction of different effective tharges for the
components of the alloy to sllow for the possibility of

modelling some electrenic charge transfer.



SyutSuctSce

o(Hem)

]
]

20

fig. &2, Eleciric resistivity of Ma-K alloy at 100 C
versus the concentration of potassium. Ful? CUTvVEe:
theory; dots: experiments. The progressive
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£ig. 23. Electric resistivity of K-Rb, Na-Rb and Rb-Cs at
108 C versus the concentration of the second component.
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3. 4. Beyond +the RFa& treatment of the pure alkali

metals.

Az Firstly suggested by Senatore and Tosi {2011,  the
truncation of the bare p:eudnpnﬁen+1a1 abave its Flrst
zetro in the k Space isg equxvalent to a non standard GRPA
{see p. =211}, Indeed, since the ions of the liguid metals
do not penetrate into the excluded volume arcund each of
them. we could modify the repulsive Coulaomb potential
well inside this hole. without changing the
thermodynamic properties of the system. Changes at small
T are obvipously Teflected in the shart wavelenght
reglion. In this sense we could jJustify:. more in the
spitrit of liquid state theories, the cut—off of Tk} at
its first node. #de it is  apparent in {fig. 24 the
modification of the potential outside the correlation

hole is very small.

The alternative we havé followed was to implement
the full CORPA treatment for the alkali metals. |

Since the OCP structure factor is approximated wvery
well by the GMSA of Chaturvedi et al., we have & well
defined hard cafe inside which we can change the
potential without modifying the physical properties of
the system as in the original wversion of +the HAC
theory. Thus we modify +the RPA relation 1.350 written

for the direct correlation %unction inua

Cln 2 co(¥) -Pw(r)-ma“r)[ s( - ) (l -£ z.c -Z:l)]

T Coft) = 1531') 311
where 9(,) is the Heaviside step function and B, (x} is
a Legendre polinomial. The coefficients q.85,£, arse
determined from the condition
s‘[.__ﬂf.‘ﬁ = o ¥ <& G
PG 3. 12

which is eguivalent to say that the RP& pair
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fig. 24. Potentials for liguid potassium at &5 C.
Full curve: truncated potential Ue(T?) used in the
RPA calculations within the EIP model; dashed
curve: ftrue Jelr) potentéal; dot—-dashed: Coulomh
potential (units of e* /8 ). The arrow marks the
diameter ¢ of the GMSA far the OCP com ognent. The
inset shows on an enlarged verticasl scale the total
ion—ion potential in the Tegion of its main minimum




distribution function with the potential Ty
(1 - ol
%0") = % (¢) = -L} L JA!,_ r;fu.(n) So(,k)(‘( + F’f"’(")soa‘))
ot (wm)p 3. 13
must be zero inside the core. Technical details ahout
the practical dimplementation of the calculation are

given in Appendix F.

ke have checked our ORPA procedure against the

gxisting simulation data for ligquid Rb (2021 with the

Frice &% &al. L2031 peair potential. Fig. 2% reports our
results for S{k) at 317%°% while a comparison with data
of Mountain [204] +for +the g(r) at 350° ars given in

fig. 2é&

We stress that our results for this system do not
invalve any adjustable parameter. The agreement between
the simulation and +the ORPA is extremely good; the
remaining discrepancies in the gir} and in the phase
shift at large wavenumbers are clearly rvelated to
inaccuracies of the GMS4& theory for the OCP.

On comparing these theoretical rvesults with those
for the corresponding OCP., we can assess the effects of
the electronic screening on the ligquid structure fackor.
For k=0 8y (k) vanishes as k while the effect of the
screening makes S5(k=0) finite. The position of the firsk
peak is shifted by only about 0.02 2% larger k and its
height 1is little affaected since U(k}) tends %to have a
node in  this region (see fig. 27). The comparisan
betwsen u(k) and T(k) shown in fig.27). clearly indicate
the reasons for the success of the empirical cut of the
ulk) at its first node. The optimized potential has been
reduced over the original one by abhout one order of
magnitude in the region of the first peak. This explains
also the observed similarity [205] between the OGOCP  and

the alkali metal structure factors a2t intermediate and
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fig. 25. Structure factors of a model for Rb at
31% K. Full curve: ORPA. Dots: Molecular dynamics
results of Rahman [202].
2_
o
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fig. 2&. Pair distribution function of a model #fgr 1i i
Rb at 350 K from ORPA (full curve) and Monte Carlo da%gl
of R.D. Mountain (dets) [2041].
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fig. 27. Comparison between the optimize otential \
g G(k) (broken curve) and the true B@ (k) (Ffull \
curve) for the model of liquid Rb shown in fig 25. \
The double arrow denotes the position of the main \
peak of B5(k) and the single arrow marks the first }
node in [ u{k).
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large wavenumbers.

Having checked the statistical mechanics theory., we
have calculated +the S(k} for the alkali metals at their
freezing point to make connection with the experimentg;mr
diffraction data. Fa%wwéhémreiéétfoﬁ?ianrWpetéﬂtiéi we
have used the Ashcrofi’s empty core pssudopotential with
two different dielectric functions: the Vashishta Singuwi
(V5) and the Singwi Syolander Tosi Land (SSTL} choice.
With the latter we have wused the core  vadii T
determined by Price et al. by fitting the =solid phonon
spectrum [20&1, while in connection with the former we

have adjusted v, to fift the measured E(0}.

The results for the alkalis at their melting point
are shown in fig.28 as compared with the best available
experimental measurements [26,271. The quality +for the
Rb can be judged +from the compavison between the
Rahman’s results and the experiment (fig. 29

Lesides the Lithiuvm for which the worsening when we
try te f£it the compressibility can be reported to the
strong scattering ability of this ion, the overall
agreement is goa& providing an Ya posteriori®
Justification for the chosen pseudopotential.

We can contrast our results with +the mere standard
ORPA  calculations within the pseudoaton approach: which
employ the hard spheres as reference system It is well
known that a direct implementation of the original
scheme does not give completely satysfying results [2071
for the alkali metals. In particular the existing
implementations of the ORPA with the hard sphere
reference system look unable to aveid an unphysical bump
at small k without releasing the excluded volume

condition girdzs O L[2081.

The moere specific informations about the effective
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fig. 29. Comparison between the experimental and the
simulated EE%E] S(k) for Rb (from Copley and Rowe.
Phys. Rev. A%, 14690 (1974)).
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fig. 30. Btructure factors of liquid Na.K,Rb and Cs
in the small-—angle region (0.08 A', 1 Al). The
experimental data are from Waseda (broken curve),
Hujiben and van der Lugt (dots) and Greenfield et
al. (circles). Full curve: ORPA results (with r
adjusted to fit the experimental S{0)).
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pair potential in the rsal systems are hidden in the
region below the first peak and particularly below 1 &
L2097, & ccmparison cf our results and the experiments
in this small k region is shown in fig 30 It is
apparent that besides the HNa, some discrepancies exist
between different measurements f{see discussion in the
section 1.1). The Wasedas’'s [210] measurements should be

morTe precise than the others in this region.

i

cme interest has beesn raised in recent ysars about
the presence of & linear term in the small angle region
as convincingly demonstrated by lkaseda [2103 and
previously suggested by Matithei and March E£2113. O
this point we can only comment that no such term appares
in our simple freatment of the electron—ien coupling
[zi21.

Finally we  would 1like to add something more about
the theoretical determination of the structure +From the
viewpoint of the pseudoatom model. The recent
developments of the modified integral equation methods
have raised the possibility of an extensives study of the
structural and thermodynamic implications of +the many
effective potentials proposed for liguid metals., Since
‘these approsches are move efficient from the side of the
computer time reguirements {(about one order of magnitude
faster than the usual ORFA on the hard sphere rteference?
and more flexible &bout the systems they can manage,
their usage for the liguid metals and alloys looks wvery
promising.

We have done & *rial run for the case of the
simulated rubidium, The PY bridge functions have been
fized by requiring the fitting of SHD(O). The agreement
is remarkable (fig. 313 however an extensive and
selfcontained application of %the MHNC theory to the

ligquid metals needs a careful analysis of the




|
e 7T 1
e L
kY
3 l_
E.- )
o
! 2
"
i
X}
1L x 1o
i
i
[ 1 '
! Ty (X-') 3 4

fig. 31. Structure factor for the same model for liquid
Rb at 319 K shown in fig 25. Full curve: MHNC; dots:
Molecular dynamics resugts of Rahaman L[2021].
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thermodynamic consistency regquitvements within the
ps&udopﬂtentialy based appraach to the effective
potentials L2131’
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CHAPTER 4. MOLTEN SALTS. .
4.0 fntfodﬁcfiaﬁ!

Molten salts are a very imporitant subject for their
technological relevance and for +the vrichness of fheir
physical—-chemical behavior.

The thermudqnamic properties of these compounds are
dominated by the ﬁreseace af the long vange Coulomb
interactions. A more subtle rvole is played by this

interaction in the structural properties.

In the huge variety of molten salts. we shall focus
sur attention an the simplest: alkali halides and some
alkaline—earth halides for which & simple ionic model is

su%Ficientlg‘reliabla

4. % Experimental data. primitive model and refined

potentials.

Typical structure factors arve shown in fig. 32,  They
are compared with data for an alley in which the unlike
interaction is similar to the like anes. '

' The more striking difference is in the shape of the
unlike structure factors: we can say that the 5,_(k) has
developed & strong negative peak while the positive has
been rveduced to a brpad shoulder above the minimum. This
qualitative behavior reflects the tendency to a stronger
than random mixing. It is not exclusive of thé Coulomb
interaction [2141 but its presence in our charged system
and *the sitrong correlation between the negative peak of
S4. and the }asitive of B4y and S.. has a gimplé
physical <consegquence. I+ we construct the NN, NG GG
structure factors MaCl (cfr. p. 12} we get the result
shown in fig.33. It is evident that the main negative
peak of Se_ hasAbgen combined with the positive ones of

SH and 8S.. to give the dominant peak in the,Ekq.
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This implies the presence of a well defined charge
periodicity in the real space which means that in the
molten salt we. have a spatial ordering strongly

“veminiscent of the solid state ordering: if we $fix an

ion we Flnd .verg well de#lned shells of alternatively

Wtharged ne1ghb0urs Inatnad the NN orderlng is much
less 1mpcvtant and the EMQ is not very much different
from zero. This indicate an almost complete decoupling
between charge and density fluctuations.

In the case of the more asymmetric divalent
chlorides the dominance of the charge ordering remains

but there is no approximate NG decoupling.

A crude "primitive model®™ for the molten salts is
Tepresented by the ctharged hard spheres already
discussed in Chepter & The description of the alkali
halides using the MBEA analytical solutions for charged
hard spheres has provided a #first insight in the
microsceopic structure of these melts [2151. More
detailed informations rvequire a more refined modelling

of the interactions.

Whithin the semiempirical pair potentials the Tosi
Fumi [2161 potentials give the best description of the
properties of the solid alkali halides  with the NaCl
structure [2171].

The functional form 1is of +the Born Mayer Huggins
Mayer %type: < disy

z},.m = ¥ ?’) g . B" v Cy . 2‘,‘} 4.1
where thg dxpole'd1pnle aner ther dipole—gquadrupole
coefficients C;i and D;i were obtained by Mayer [2181]
from optical data in the crystals. A& factor 4 of
variation is within the present uncerﬁaihtg of these

coefficients, however we rTecall that the wvan der Waals

interaction contributes only Ffor few percents to the
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cohesive energy of the solid

More important is the determination of the repulsive

term B;j . -Toesi and Fumi got their wvalues by
exploiting the requirements of portability of the
potential  from a salt %o another and fitting the =

equation of state and the compressibility of the solid

at room temperature

The properties of the solid are quite well
reproduced by the potential 4. 1. Obviously:. dealing with
a rTigid ion pair potential., the Lyddane~Sachs and Teller

[2179] relations for the phonon spectrum are violated and

the opti;al branches are not well accounted for.
Moreover the Chauchy relations between the elastic
constants of the solid (Cyy = Cu,y ) are satisfied
while in the real systems they are violated by +the 10%
about.  This last drawback is & clear indication of the
presence of many—body forces in the ion—ion

interaction.

Computer simulation studies [220]1 have demonétrated
the overall reliability of the Tosi Fumi potential‘ also
in the liguid state. The calculated thermodynamic
quantities- are compared with the experimental ones  in
tab. 4. 1. |

Taking into account the large sensitivity of the
pressure to the details of +fhe repulsive part of the
potential, and recalling that the coefficients for the
repulsive part come from a fit of properties of the
solid. it is not difficult %o wunderstand the larger
pressures found Ffor +the liguid. On the comparison
between the theoretical and experimental structures we

shall return later on.
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4.2 Theory of the structural and thermodynamic
properties of molten alkali chlorides and

strontium chloride.

Untill we remain at the primitive model level of

description, = we can expect only a semiquantitative

connection with the expefimental data. At this level the
accuracy of the wvwsual integral equation is not crucial
and the practical advantages of the analytical solutions
of the MEA for additive charged hard spheres put this
theory in a particularly interesting position.

If we improve the model potential, since we lose any
possibility of analytical solution, we also need an
improved statistical theory. The HNC theory has been
used successfully in the study of electreolytic
solutions. It deals better with the softer repulsion of
the rmealistic potentials. Moreover there is a strong
theoretical evidence [501 that it is particularly
suitable for the leong tz2il coulomb potentials.

The study of the molten alkali halides, described by
the Tosi Fumi paﬁentials using the HMC eguations [2211,
gives the results shown in ta§.4.11 and fig.34. The
theory appears of semiguantitative wvalidity, the main
structural +features are Treproduced. However important
flows are the large penetration of the gq(ri, directly
connected +fto the peoor thermodynamic results:, and the
large underestimatiqn of the secondary siructure of the
first peak of the like gu{?}. Moreover the  usuval
thermodynamic inconsistency is clearly apparent in the
values of the compressibility. Going to the reciprocal
space. the smaller k region directly reflects the larger
HNC  fluctuation compressibility, while the remaining
discrepancies are cdnnected‘ to the  heights of the

peaks.




tab 4.1

From D. J. Adams,

Thermodynamic properties of alkali halides at zero pressure and temperature near the experimental melting points

I.R. McDonald J.Phys.C 7.2761 (1974)

Viem* mol™ ')

- U(10* Jmol™ Y

Salt crystal liquid crystal liquid

TI(K) expt MC-HM MC-P expt MC-HM MC-P expt MC-HM MC-P expt MC-HM MC P
LiF 1120 111 —- 1202 143 - 1718 990-2 e 10250 9634 - 10089
KF 1130 260 2791 28-04 304 3609 3747 76883 7753 768-9 7406 7583 7438
C!F . 976 31-8 — 38-90 41-6 - 51-04 701-6 — 692-1 6798 - 06689
LiCl 883 22:4 2278 t 282 30-35 3589 8149 819-0 + 7950 80t-1 820:3
NaCl 1073 300 31:37 3294 376 3972 46-37 739-0 7442 73649 ~ 7110 7173 7182
KCl 1045 416 4252 46-29 48-8 5310 61-19 669-7 6763 6551 6431 049-5 634-6
RbCl 995 472 4791 51-29 539 5866 66-69 6457 658-4 6314 6273 6299 6103
KBr 1007 48-0 4912 5315 560 60-26 70:92 639-9 6483 626-3 614-4 622:0 6067
RbBr 953 536 54-68 - 60-9 — 618-6 629-8 — 603-1 6N1.9 -

65-85

expt = experimental results: MC-HM = results of Monte Carlo computations based on the Huggins- Mayer potential : MC-

based on the Pauling potential. tSpontancous fusion occurred for LiCl.

Internal energy, pressure and compri-~ibility for alkali chlorides.  Values caleulated
from HNC theory compared with those of rigid-ion molecular
simulation (experiment in the ca~e of compressibility).

dynamies

Tempera-  Internal energy

Molar ture

thd mel™h

Pressure

Com pressihility

(khar) (1072 em? dyn™y

volume (K)

Salt (cm?) HNC MD HXNC MD HXNC Expr.
LiCl 29-60 1050 —THHS -7711 77 1-8 590-8 240
Na(l 37-51 1073 3 -~ 6642 33 1-2 fi3-1 28-7
K(l 50-21 1043 — 6264 53 14 =0-3 36-2
RbCl 5411 978 —810-4 60 20 sU-3 40-0
C:Cl 61-09 973 —380-5 47 10 101-3 42-9

tab 4. II From G.M.Abernethy, M. Dixon, M. J.Gillan, Phil. Mag.
B43, 1113 (1981).

P = results of Monte Carlo computations
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In extending +the MHMNC to molten salts we found that
the bridge functions required to improve the HNC results

have two main tasks:

1. they have to behave like a TEPU;?EYE,F?????i?¥d§tw_w

fhé distanées of the rising part of the gq(r) to reduce
the penetration of the particles and, consequently to

improve the thermodynamics;

2. they have to provide the right intermediate range
information o the effects of the higher order
correlations [2221 present in the system as reflected by

the modulation of the peak of the g“(r).

While #for the $first issue we can Tely on a suitable
parameiTization of the hard sphere bridge functions as
for the TCP {(see p.47), for the second one we need some
more appropriate information. Moreaver the sitructural
information contained in the MBA-like bridgea; as used
for the 2-D OCP, is clearly insufficient because we are
not looking for the right periodicity only. We are also
trying to put some averaged r_inFarmation on the
correlations due to more than twe particles {due to the
strong coulomb attraction between wunlike charges. the
correlation between like idons always invo}ves a third
opposite charged iond. Following the work of Ichimaru
[11131, Pandharipande [1121 and Bacquet and Rossky [2231,

we model our bridge functions as

Eqp(ﬂ & ‘*H‘ '2/5.‘4@) L“fF(f) ¢ (4- (- "1/5;;)) lgzp(u x 4.2
Where the choice of a gaussian -to interpolate betuween
the short and the iarge distance behavior is
particularly simple but in no way crucial. B:f(r) in the
spirit of the Rosenfeld and Ashcroft should be the
bridge functions for & two—component system of neutral

non—additive hard spheres and I%:(r) are the simplest



h~bonds bridge diagrams neglected in HNC and evaluated

using the h xr} functions (see appendlx G }

e(,.) o@ --J,Zfrfsﬂircb k{rﬂ'\s{ }L((f'f‘l)l\g" 'I)MU' ) -

(&)
.The de

E?

at large distances. The cross—over dlstances Eﬂe should
be in between the position of the first and the second
zatvo of hx:(r). The hard sphere diameters (&P in the
bﬁ%(r} functions in principle should be determined by
Teguiring the fulfilment of three independent
cansistency relatioﬁs (or in an approximate way by
minimizing an approximate formula for the free energy).

The computational effort can be veduced by fixing in a
G-z
¥

-

reasonable way the vatios ?ﬁ and and then fixing
0y~ by requiring the thermeodynamic consistency betwsen
the compressibility from the Ffluctuation formula 121
and the derivative of +the virial pressure respect the
density. B
y We found that an aptimal choice for the parametfers
g«r, and V‘% is to take the positions of the first peaks
of h P(T} and Forﬁéi and E&i the "ratios between these
pesitions.

A final comment is necessary about the hard sphere
bridges. Following Rosenfeld and Ashcroft we should use
a parametrization of the pair functions for the non
additive hard sphere system. However nao such
‘parametrization is available in the liferature . The
usage of the numerical solutions of the PY equations for
the mnon additive mixture is possible and we have tried
to use it but it seems that it does not improve
sufficiently +%he thermodynamics. & careful analysis of
the gquality of the PY thermodynamics as contrasted with
the computer simulation data points %o a poorer

performance of the PY when the negative non—additivity

~should -give the asymptotic-behavior -of Byg(r} — -




is switched on.
For these reasons we have further modelled our
b:;(r) by wusing . the br((r;ﬂde) Functiqﬁs from the

analytical solutions of the PY ~equétinns“ for 'tﬁfeé

enne—component hard sphere sgstems.

We have compared our MHNC results for tﬁe%mddghémic
and structural properties of the alkali chlorides with
the results of computer simulation reported by Dixen and
Gillan and Lewis et al. L2201,

The parameters of the interionic potential are from
the Tosi and Fumi work for LiCl, NaCl. WC1l and RbCI. The
parameters for CsCl are from the work of Casanova 2t al.
L2241,

Temperature and densities are the same than in  the
simulation. In table 4. 111 we have given the
thermodynamic parameters "and the bridge parameteré
determined as previously discussed.

“In table 4.1V we have the results for the
thermodynamic properties of these molten salts compared
with HNC, computer simulatien and. whenever possible

with the experimental data.

In #ig. 3% we show +the structural results. The
agreement hetmeen our Tesults and simulation is very
satisfactory, although for the more asymmetric salts we
get & decrease of accuracy. »

~ In the «calculations we have presented for the alkali
cthlorides we have assumed the same D‘P(F} for the
density n of the «calculation and for the nearby
densities ann. This is not rigorously true and by
taking into account the variation of Wp {r) through its
explicit dependence from the density (factor n* in
front of b%é(r) and factor n in the hard sphere packing

fractio 4 ) we can improve the Tesults for  the




TABLE I, 1|

THERMODYNAMIC STATE, PACKING FRACTIONS AND CROSS-OVER PARAMETERS *)

T(X) n (ion pairs/i3) r n,_ N, n__ +_/a £++/a _/a
Licl 1050 0.02035 88.21 0.161 0.h20 o0.b20 1.20 2.08 2.08
NaCl 1073 0.01606 79.77 0.295 0.543 0.543 1.34 2.07 2.07
KC1 10kL3 0.01199 74.46 0.239 0.437 0.437 1.35 2.08 2.08
RbC1 978 0.0111 77.45 .0.313 0.502 0.502 1.h1 2.08 2.08
CsCl 973 0.00986 Th.76 ~0.258 0.k17 o0.435 1.ko  2.07 2.10

®)

2
The paremeter I = e /(ak,T)

B

interactions, with a = (8m/3)"

1/3

specifies the coupling strength fer Coulombic




TARLE &IV

TEERMODYNAMIC PROFERTIFS OF MOLTEN ALKALI CHLORIDES

virial fluct.
F B Ueke B Utour 8 Ugr (10—12 cmz/dyn) ~12 cmz/dyn)
(k bar)
HNC T -45.38 -53.10 T.72 20 60
LiCl | Present 3 | -b45.58 | -52.64 | T7.06 18.6 18.6
Simulation 1.8 -45.65 - - - -
HNC .2 | -39.95 | -k5.25 | 5.30 22 66
RaCl Present -40.28 -45.10 .82 18.1 18.1
Sirmulation ~L0.40 - _ - _
HNC .3 -3721 -L1i.70 L. ko 31 90
ol Present 1.4 | -37.55 | -k1.65 | k.10 26 26
Simulation 1. -37.61 - - - -
HIEC 6.0 -38.5h -L2 LY 3.90 27.6 80.5
BbCl Present .0 -38.95 “42.45 3.50 25.1 25.1
Simuletion 2.0 -30.02 - - - -
i LT -37.50 -L1.0k 3.5h 32 101
=71 Frecent 1.5 -37.92 -ki.12 3.19 27 27
Simulation 1.0 -37.99 - - - -
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compressibility sligh%ly changing the other structural
and thermodynamic properties {(see [83). We have strong
indications that the remaining inconsistency {(dependence
of Uy and of b%QQAffPrcﬁ 'nY play & negligeable Ttole

ngéﬁhin’thE”pTESent level of accuracy. =

& more severe test 6F the per#sfmance of the thecfg
is the charge asymmetric case of the Brll,. This system
has a sufficiently ionic behavier %o be Tteasonably
spproximate by & potential of the
Born—Mager—-Huggins—Mayer kind:

- \‘r

ARl 1 i)
\?,,(_n: L LRy 2
i v )

We have evaluated the MHNC structures with the same

- C:)‘/v‘ 4 4

potential parameters [225]1 used by Des Leeuvw L2261 in
its simulation work.

The temperature was taken 1150°K and the molar
volume V¥ = &1.94 ca®/mole, which is the volume
determined by +the De Leeuvw’s Monte Carlo simulation at

the same temperature and zero pressurTe.

Table 4.V gives our results for thermodynamic

properties of the model, némelg the pressure P
{evaluated from the virial theorem) the excess internal
eniergy per mole, separated into the Coulombic and short
Tange contributions and the isothermal compressibility
[2271.
) The comparison is with the De Leeuw’s data and our
simple HNC results. &es in the rcase of alkali chlorides,
a wvery good agreement with the simulation numbers is got
with the MHNC.

The structural results are shown in +fig. 36 as
compared with the simulation and esperimental results.
Leaving apart the latters th the moment, we note that

the agreement with the simulation is gquite good. Some




tab 4.V 8rCly thermodynamic results.

Thermoydnamic properties of molten strontiuwm chloride near freezing

P(kbar) Ugyo (B7) Ungyq (57) Usf(kJ) KT.(lo'12 em”/dyn)
Hwe 9.5 -2062 -2237 175 8.6, 37.6 (®)
e (¢ 0.05 ~207h -2226 151 12
Simulation 0 -2078 -2228 150 11
Experiment(d) 0 ~204L - - 13
(a) The first three rows refer to the liquid at 1150K and VM = 61.94 cm3/mole,

(c)

against Vy = 58.16 cm3/mole from experiment.

The two values for KT in the HNC correspond to the use of the virial

theorem and of thermodynamic fluctuation &heory, respectively,

o
The values of the parameters in the bridge function are o,_ = 2.72 A,

o] o] [o} o] o]
o__=3.51 A, 0, = k.69 4, E,_=2.82 4, € =3.TA and £, = hoa.

The experimental value of Uexc is estimated from the crystal lattice energy
at 298K reported by Busing (1970) on adding the measured enthalpy of the
liguid at 1150K relative to the crystal at 298K. This enthalpy difference,
as well as the compressibility of the liquid, are given by de Leeuw (1978a).
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discrepancies in +the heights of the peaks of these

functions are evident. This is in the same region where

the cross—over between the hard sphere part and b“’(r)

Ry

isbtakiﬁg ﬁlate,

" In contlusion we <claim thatuurap proach " to the

 estimation of the bridge diégréms iét of rtather general

applicability te liguids where a strong degree of
etherocoordination between the component species is
induced, i e. ionic liguids and presumably also

"grdered" liguid alloys {like LiPb etc.)
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4.3 Comparison with the experiments.

Having assessed ths quality of our MHNDO results
against the . computer simulation results, we have used

the theory to get more insight in the real systems.

“The ccﬁbérfEEH'Eé%&ééﬁw&fhé'Wégﬁeﬁiméhféi kEQEEi ‘and
the simulated thermmdgnéﬁiéu data  for the alkali
chlorides, using the rigid ion Tosi—-Fumi potential shows
a remarkable degree of agreement.

Taking into acecount that the repulsive parameters of
the potential have been Fitted to data for the so0lid,
this is & significant test of the correctness of the

involved physics.

We have checked in the case of MaCl and KCl that a
change of the repulsive parameter f=é in the 4.1 hg
about 1% is sufficient te reduce the evaluated pressure
to zero. On censidering the effects of such uncertainty
in = the ”hodel par&metersd and of the residuél
discrepancies between calculated and observed liguid
structure as shown in fig. 37 we estimate an uncertainty
of rtoughly # 10 KJ/mole in  the internal energy as
consequence of the uncertainty in the determination of
the coefficients in the potential.

The calculated pair correlation Ffunctions for NaCl
show a good agreement wiih the experimental. The main
discrepancies are confined on the g*-(r) in the region
immediately above the first peak: in the experiments the
position of the peak 1is shifted to a somewhat larger
interionic distance (2.78 instead 262 & ), it is
somewhat wider and it shows a deeper minimum. This
region.: between 3 and 4 & , corresponds  to  the Tegion
outside the minimum in the ;atian - anion potential.

The information contained in the shape of the first

peak of g*-(r) points to an effective pair poteﬁtial
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which 1is broader bBut more confining the counter—ions
inside the first neighbours shell. & direct evidence
that the observed differences are not artifact of the
experimental Vsépéfa%iaﬁ;“iﬁ%;gyﬁérfialV”Factors can be
-obtained . by vebuilding - -the ~fotal - X-ray diffraction
paftern from the theoretitélyﬁsi;(k) and compariﬁg it
with the diffraction intensity data. As shown in fig. 37

clear differences are evident in the region of the peak
To get some physical insight in the discrepancy
bstwwen the ‘Tigid ion potential and the Teal

interactions in the system, we have to collect pieces of

information from many related fiels.

Guantum mechanical ab initiec calculations +for the
alkali halides molecules £2293 and solids [2301 have
shown +that in this region of interionic distances.
highly noﬁ' Iinéar deformations of the electronic shells

take place.

It is well known thet in the solid many body
interactions do exist which are rTesponsible of the
violation of the Cauchy relations. Their presence was
demonstrated theoretically by the Hartree—-Fock
calculations of Lowdin [2311.

The lattice dynamics of the solid, and in particular
the optical branches. cannect be suttes#uilq regroduced
by & rigid ion potential. Foer this particular problem
some af fthe many variations on the phenomenological
shell model [232, 2331 can achieve vérg close
guantiftative agreement with the measured phonon spectrum
by allowing suitable deformations of fthe shells. This
provides a many body interaction which is also able to

explain the Cavuchy relation violations.




In the case of molten alkali halides only the
simplest shell model has been introduced in the computer
simulation [2341. " The resulting madifications of the
g;i(r};"respect the"rigid ion aituation; are minor as
_compared with the discrepancies with the experiments.

In particular no chénge,has been seen in the rTegion

above the first peak of gy..

While new simulations with more sophisticated shell
model could assess Ethe possibility of a consistent
modelling of bdth the solid and the liquid, it is
important fo try to extract more informations as

possible from the existing experimental data.

Eince the pionestring work of Johnson and HMavch
L2351, many attempts have been done ta get directly an
effective  pair  pctentia1 from the experimental
structural data by inverting the statistical mechanical
(appraximaté) Trelations between the pair potential and

the structure.

Many authors have claimed about rTeliable approximate
schemes of *inversion® and have applied them <to
experimental structure factors for monocomponent systems
[2361. Much less has been done for muliticomponent
systems and for molten salts we are aware of only one
attempt in the past L[E371.

) We have to note that any inversion scheme has to
face with some important practical and theoretical

problems:

L

1. With the integral equation theories the
matematical dependence of the pair potential from the
(k) is not well conditioned. This means that small
errors on the input dats are magnified on the oubput.

In ofther words: wvery precise expefimental data are




regquired particularly at small angles.

2. The experimental data are given only inside a
finite interval of wavenumbers; hence some extrapolation

scheme is rvequired *to perform the necessary Fourier

T transforms.

3. In general the obtained pair petential can have
only the meaning of an “effective" pair potential which
iz able to rteproduce the starting structure but whose
connection with thermodynamics is inconsistent with the

formulas [1.14,1.171 wvalid for a true pair potential.

Most of the existing works on the inversion problem
have dealt with the problem of finding an efficient and
stable algorithm. An ghvious criterium of reliability is
that the obtained pair potential, when used fto calculate
the structure factor, reproduces it at a reasonable
extent. It is clear that the fulfilment of this request
does not eliminate the problems related to the points
1-3. For these reasons it seems well beyond the preéent
possibilities to carﬁg put an inversion of the molten
salts structures with quan%itative>conFidenca

Nevertheless we have explored the potentialities of
our HMHNC scheme respect a less ambitious program of
correlating some specific observed features of the short
range order in the melts with gross features of the
effective pair potentials. 4 _

We have used the consideration of point 3 as a
gqualitative gauge of the many body effects contained in
the extracted potentials.

The reliability of the MHNC results and the observed
weak sensitivity of the brjdge functions b&@(r) to
reasonable changes in the pair potentials give us some
confidence +thet our approximate MHNC equation with thé

same bridges evaluated for the MHNC solution with the
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Fumi Tosi potentxa} can be uced tc gazn some qualltavae

1n?5fmat10n on the pmtentlal in the Nall abuve 3 A

bie have therefore supplied te +the incompletness of
the experimental dats at emall and large wavenumbers by
making use of the theoretical ones. In practice we have
dene & double cross-over from the MHMNC Egpik) to the

exﬁerimental ories and thern back to  the MHNC esmoothly

interpolating with functicne centered aroungd {

0 . . .
and 7 A Thern we have Fourier inverited thecse
vwindowed® structure Factors fo get  the gaﬁ (r} and
ch {r}.

We have checked ths stability of +this procedure fo
reproduce +the main details of the exparimental ¢ {(r} by
changing the positions, +the shape and the functional

form of these crossing functions. Whithin large limits

we get +%he results shown in Fig. 38 for the
{T1%. The stracted fpair potentials" are shoun in
Fig. 3% where +he ftrivial Coulomb fterm has besn

subtracted.

We stress +that these rvesulfs can be viewed only as
semigquantitative. Howewver the oscillations above 3 %
seem +to have correlaticn with the previously discussed
features of the gzperTimental pair distribution
functions.

In particular the cation—anion effective interaction
shows an attractive part in the outer region of the
first neighbour shell. It turne out to be larger by &
factor 5 than the van der Waals attractive terms in’ the
petential 4.1 These features, as compared with the
previous discussion, strongly suggest that the effective
pair  potential reflects the many-body interactions
eriginatéd from large electronic shell distortions.

We can have a partial check of the many body origin
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of +the obtained potential by reating it as a true
two—body inferaction and evaluating the internal energy
through +the formula 1.146.  We find a shift of U by

about 30 kJ/mol which is pdeéblgiééQSnd the rTeasonable

~uncertainty _fthat may be induced on-this quantity Ffrom -

the uncertainty on tﬁe coefficient of 4. 1.

A4 similar analysis on other systems for which
experimental liguid siructure of comparable quality is
available (RbCl, CsCl) bhecomes more difficult since
these ~sgstems are composed of more polarizable ions and
& static—crystal-potential approach to the liguid
structure yields progressively worse results. In any
case the guaslitative trends of the effective potentizls
seem to parallel those illustrated for Nall.

The quantitative indication we get from this
analysis is that in the liguid +the main effects of
many—body interactions are displayed in %the range
betwéen 2 and 4 & . It seems worth to try to properly
take inte account such indications in any attempf to
improve the rigid—ion potentials introducing electronic

polarization effects.

Finally we shall comment on cur understanding of the
structura properties of more complex salts as the
divalent-cation dihalides. For many of them accurated
neuvutron scattering experiments have been carried out
{BaCl, L[2381, 1InCl, L[2391, CaCl, [2401, 8Brll, [2411,
MgCly » Mnll, [2421). These systems have interesting
physical bhehaviors below the melting point: BaCl, and
8rCly show a fast—ion conduction phase, the ZInCl, has a
glassy state.

Looking at the experimental structure factors shown
in fig. 32 the most evident differences are in the

relative shape of the cation-cation and anion—anion
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structure factors. In particular BaClg and srCl,
display the strongest correlations in the cationic
component as reflected in the dominance of the main peak

of its partial structure factor. MThé%é» éfe “ét?ong

indications that the rsiative disorder of the anions dis . . .

connected with the super—ionic behavior observed in the
solid L2431

The comparison of the experimental and the simulated
correlation functions For Er-&r and the quite large
distance of the first peak suggest +their coulombic
grigin. In +ig. 40, we have compared the simulated and
(ki with an

the gxperimental () and

9 sese Tsese
oversimplified model in which the anionic component has
been reduced into & rvigid mneutralizing background. By
using +the MHNC theory for the OCP we have evaluated the
gir) and B{k) for ' =200 (as determined directly  ¥from
the temperature T=1150°, the density n and the double
valence of 5% ) and for {'=73 which is the wvalue
obtained by screening the direct §§~ ~5f¥ ideraction
with the electronic (high frequency) dielectric constant
(g =2. 72 L[244].

The comparTison . is strongly suggesting that
dielectric screening of the Sr-5r coulombic repulsion is
cccurring in  the molten STClz. 0f course, while it is
reasonable to use a dieleciric constant &t the large
interionic separatins of the peak of Ogegy a more
detailed account of the spatizl dependence of the
screening properties required to deal with the real

system.

The progressive qualitative changes going %o CaCl,
and inCl,. MgCl, . MnCl, and in particular the
modifications of the relative strenghts af the
cation—cation and anion-anion correlations point to an

increased importance of strong pelarization effects or,
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$ig. 40. Pair distribution function gi{r} and
structure factor 8{(k) of a OCP at coupling

" =200 (full curve) and [! =73 (dashed).
Dots: simulation data {Deleevw);: circles:
experiment [228]1 for the Sr—-8r correlations.
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in chemical language: of a less ionic character of the
bond. The modelling of the real interactiens in these
systems appears a formidable task but some gualitative

insight in the structural implications of effective pair

potentials can be gained by using simg}e“HNC tﬁgnrguandr_

reascnable simple model interactions. . In particular .

madel potentials which embody non—additivity affects of
the excluded volumes would allow +the modelling of the

particular coordination properties of these systems.
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AFPENDIX &, Functional derivative relations.

[ .
It dq is tha EXC25S free energy functional

connected to the ‘gran partifion function = +through B

A A A™ . . Cop = +/44‘ut:>f(z) !

S
Sf(s)
€2} = SC")(U
cM(n2) s L THY L Sr-v)
&) EE(;) P(l)
S&p0) - L §lr-p) - V(LY
(v fﬂ) ‘)

From the identity

Sem (') ® 2(3) o 3{ = SCL"—'-'L
j 2 %p3(3) % ' /

and using 1.34 we have

[ 2oead = €O p0 Semy) Spf g« 5nox,)

from which

%zé‘c‘zz!) _tn €'y -f?,_(:.’:)c"’(a,z) -0

i.e. at n(/=O ¢+ having 3-& =sz_(r)», c = ccr ‘ F(f) e.f::&vf

we gek

and using in

hence

hin) = ctn + f{d@‘ h(ie-e1) cley
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In arder %o maks more clear the terminology we use
and thne  connection with  the diagra

smmatic methods we
1

arisfly introduce some definitions [3E8

n U
thermodynamic and sftrucitural propertiss of & £1

COoWeTs gf  the densit

19

Yirial expressions, Wit 108 arTe integrals af some
functions: can be  2zsocisted  to sams greghs This
slliows & complete claszsification of the intsgrals in

af thelir compliegsity s mezsured by the topolooical

connsctivivy propertizs of  the corresponding  graphs
Maoregowver 1Y is possible  tpo develop methods of formal
manipulation of series of graphs which simplify the
rezummation procRss

& graph G of ordesr p comnsizts of & Finite non smbty
set ViGF oFf p points together with & specifisd set X of
a wunordered paivs of distinct points inc locp which
connecks & point to itszelfi. It can ne rvepresented by a
diggram in  which poeints  ars  tveoresented by points or
cirolies and the os orids beiween points

& civcé@{&Dr: will represent the funchion i}iy;}s &
gand Fe is the graphical represenistion of s
two—argument function ;“{feﬁf’}' & diasgram which 1is

-

composed  of white civcles {fo | g“C)r B black circles
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APPENDIX C. Long wavelenght behavior of the siructure
factor of the 2-I 0OCP.

Let us study the response "'of +the system to an

= -
external Field Eﬁ {pl: taking into account the

‘polarization field induced. the _equilibrium condition. — -

~is:

where g is the electric charge and S}» the shift of

aelﬁs?

? is & number density and A the surface area) we get:
?VQP—:V(\/M.-(- a 5‘)): -9 Vac‘{> |
since c}xn:“ —L‘IB"‘H“ Se(v'/ = 5&9[*.'1) s@') 4;(; 320)2 in S‘S‘D(‘)

te-r)

the chemical potential. From 1 and wusing gu*

and ll becomes
KPie) 2 2n L S"'(m S guf‘ 2 -
qrgle) 2 Ing kopillar = (v + 5?)748()0&)
and solving for S?ﬂﬁ . ‘ |
-~ ex
5?’(&) 2 = K Vo (k)

gt + %lf;k

Then the long-wavelenght limit of the response function

is

g
K ne: ap!r

k
and. through the fluctuation-dissipation theorem we
have
Stey = X2, ‘
P R+ pe %
k opltae

where kP iz the Debye wavelenght.
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APPENDIX D. Numerical solutions of &he integral

equations.

We illustraté in details the methods used to solve

numerically the integral equations of the theory of

liquids i.e. the coupled system of the Ornstein-Zernike

equation

k;’-(rhcxjm + ‘g‘?&j”{d hie(v') Cej(lt‘!'l) -
and the «closure which gives an other {approximabe)
relation between h{-and c

In the following we shall discuss +the HNC closure
explicitily but many of the chbservations will hold also
for other usual closures (MBA,PY etc): in particular
the extension to the MHNC closure is frivial because the
parametrized bridge functions enter as an extra pair

interaction which is added to the true potential

The system we have to solve is then the DIl coupled
with .
harr) = exp ( —F{nr:« *hyp(r) = e tey 0= -1 D2

‘|

This system is highly non llnéar as it is evident by

introducing the functions X'u= h:f—cef and rewriting the

X‘.(r} Z &]o{r [m‘-( t(')*h{‘) ][zlf(fwﬁﬂc v()r(ye (te-2) %(‘ ’/j

The existing numerical methods to solve D1,B2 can bhe

collected in three main groups:

i. minimization
2. serial solution
3. iterative solution

The method 1 [2431 is based on the existence of a
derivation of the integral 'equations from an extremum

condition from some suitable functional. For this method
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the convergency difficulties often encountered in the
nther methods are not crucial but its main drawbacks can

be summarized as folliows:

al it is not clear what is +the characterization of

the set of +functions in  which ~ the minimum has to be -

~found; the problem is - far from being academic “since
these functionals can have deep wunphysical minima in
correspondence with wunphysical carrelation functions

{for exemple gr(r) oT Su(k) negativel;

b) as wswal 'in variational methods it is difficult to
estimate sharply the distance from +the minimum of an
appraximats solution:

£} good minimization voutines are required but in any
case already B/10 parameters make fthe calculation heavy:;

d} it is not easg‘to find a set gf +frial functions of
simple ‘evaluation and which give physical solutions also

on the smallest subsets.

The method 2 [24&1 is based on a rewriting of DI and
D2 such that the solution can be found as a seriés of
functions. Motwithstanding the claims of the auvthors
about +the stability properties 5# the algorithm. it has
not been used in +the literature but in +the original

papers.

The method 3 is by far the most wused in the
literature. Due to the almost wunavoidable degree of
instability of any algorithm of this kind, it is
difficult to design a sufficiently efficient and rvobust
implementation which does net require a careful control
of the performances and results.

The main advantages of this methads are the
availability of wvery fast and flexible algorithms and
the possibility of getting’an arbitrary large degrese of

aCCcuUTacy. The possibility of fast algorithms hinges an
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the acknowledgment that the the convolution integrals in
b1 can be evaluated in a time  which increases
proportionally to Nlog N (where N is the number of mesh

pointsl, instead N &5 in the simplest implementation,

by using %he fast fourier t$rasform (FFT) ftechniques =

£2471. The iteration scheme is then

=)
[TiAL Gsss TR X (te) , w20

l CLOSURS
Cc?’} (%)
FFT Hu? .
6'“.'? ("8) SAUSRIED

In the <case of hard core potentials %the c,dr} are
discontinuous (but not £the y?/ﬂ? and some care has to be
put in the +fourier transform from C§{?} to ?U{k). In
these cases i1t is sufficient to add a sftep Ffunction to
eliminate the disceontinuity in the numerical integrand
and next the analytical %transform of the step Ffunction

from the numerical transform.

An other delicate point is the presence of long tail
“in the potential {(as in the coulemb case). In this case
alsao a suitable adding and subtracting of the asymptotic
long-range tail allows & Tteasonable accuracy of the
cé&culatian. - |
The simplest and more accurate way is to use the
functions f{iﬁ;u@@c)and their fourier transferms with a
careful choice of &

In the practical wuse fthe previous scheme does not

. 0
converge untill the input guess Ffunctions X;f {r,} are

not wvery <close to the final solution. The usual way fo
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cope with this instability is a "mixing"” of ©ld and new
estimations for +the functiens 3’ to ke put as input in

the new iteration. The simplest one-step mixing is

fe (=) °
t'm((vw)f = (- “) ¥ ('u,;-uf +d f:‘ﬁ‘h

mith704'*(1,,kUsuallg,”verg ~small  wvalues ,i10f§}unaremw,um4xm£rm;

required at the first iterations and after  can be
slowly increased. Avtomatic ways o  f£ix  the cptimal
choice of A do exist. For exemple the Ng’s method is
based on the requirement that the "distance" between

the mired input and the result of the iteration is
minimum relatively to A . The method is simple to he
implemented and very efficient But  in some difficult
cases {(like for molten salts) it involved an  extremely
large number cof iteratiens {up to DOOO!) which can give
inacceptable computer times and, more important, can

introduce important round-off errors.

The best available algorithm has been developed by
Gillan L2487, It is mainly a
finite-element-weighted-residual method £24931 in Qﬁich
the determination of the finite elements is done through
the MNewton-Raphson solufion o?—fhe invalved noen-linear
equations while the solution is refined through the
iterative Picard methad only on the (small} orthogonal
complement to the elemant-projected part. The main idea
is %o project +the functions xqff)an a set of simple
functions like the “"rough® (or "hat®) functions in such

& wag'to decompose X’ 55
Yip0= Z di B+ 4 e

At this point +the Di,D2 system of equation for the a
at fixed A%?f is solved using the Newton—Raphson method

fwhose convergency is quadratic) %o get new éZ' The

result DFI the Picard iteration an the function

' ;
dry =0alp (r) +AYy., is decomposed again into a
Xl'l = o oL oJ




projected part and a rest
u 5 ¢ !
RO &{i b Tt + 4y (x)

new bQTare obtained from the equations Di,D2 “at - fixed

ﬁ;x{,and the oprocedure is continuej»wgpwmggygerggpggww,N_M,«

respect'bbth”fﬁéki?ﬁjéiiéﬁubart and the rest.

The method has an impressive stability which
implies also a small (up to two order of magnitude)
number of total iterations to get convergency and a
small dependency on the quality of the initial guess for

Xafr). The main drawback is in the lmﬁger man—time
reguired for the practical implementation of the

algorithm.

We add some comments on the typical wvalues of the
numerical parameters used in this kind of calculation.
The number of mesh points is between 512 and 4096  the
lowest limit being suggested by precision Tequirements
and”the upper one being connected o the storage and
computer time limitations. With these numbers af points
2 typical range for the direct space Tange is 104100a
where @& is the ion sphere radius(“2§>= %) . Thg usage
of the FFT implies that the k-space mesh is fixed by N

and 5} : Sk = EBS}/N.

Finally we further stress that +the occasional
tonvergency of the iterstions o unphysical situations
{negative 5§ (k) TequitTes a constant control of the

results.
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APPENDIX E. Ianic structure factor in the EIP
model.

At the simplest ' level of _approximation _ the
electron—ion interaction k is described ‘bq  a

- model-potential Vul!{r) ~that —is supposed sufficiently

weak %o be treated at the lowest order in the
perturbations. An ionic fluctuation of density
?:{k;u>) is wiewed by the electrons as the source of
an external perturbation. The induced density is
P CE@) = X (5ew) Voo (€)%, (ki) !
where X£(hw)is the electronic linear response function.
It iz related to the dielectric function through
Ao 14+ hne X(k.w)
ffk'w) PR 4
The adiabatic approximastion is eguivalent to take for

X‘(k‘w)its static value ?(ék).

I# the ionic fluctuation of density is induced by an
external potential Vﬁdkgnd} toupled to the ions. we can

describe the response of the electronic and ionic
. e ¥t
.componerxt as: ?: (6,) = x“ (k'w) v g [k,w)

Pelee) = 4, (k) V()

and comparing with 1 we find

Hor (ki) = 4L i) K (o)

HWe can also consider fthe ionic density $fluctuation as
tha response of a bare ionic plasma to an internal
potential due ¢to the external Y ?kt and to same

polarization term due to the electrons:
[}
Ax w) = e,w ¢
‘ ?'( W) X‘.(: )[V;Z“:"’) + \let\ (e) f&(t'w):(

from which we obtain '
X (K:“) R Xo" (%
. 2
L= Vel Yo N lew)
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or from the fluctuation and dissipation theorem
S(k) a Salk)
(e d
where . ( "‘Pflf(“) SD(J&)

Sl - Velty o |

*
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SPPENDIX F. Numerical implementation of the UORPA.

We have worked directly with +the minimization of
the functional F . respect the parametevs qrs.c . We have

used a standard >11brarq rou+1ne for ths search of the

minimum (MINUIT £2501y. S

Some care has to béqpbt in the evaluation of the
analytical fourier transform af the optimization
function particularly at small wavenumbers, due to the

large cancellations between large térms. Let us write

s e A {2 3 )

where the parameters q and s collect all <the
discontinuity at of the function and of its first

deTivative. We have

r 13
Aﬁ(&) 2 l.‘_‘lf Dufr) ot kv dar =_‘L’sz{ﬂ3l(kf).. SE(M') + Z Ca Q“(.m);

i
D
mirr‘wvere Z'(B'). M(,‘:r';: ° ““r [@") e ‘(“""' [“") ‘:;}.]
s 9.“0()-- " {M'wihaf,‘.({) + M-%-" Lwn o C")} A
iy {
L@ I (55t ))& us 1

from which;”aFter some ‘tedious algebra we get the

explicit formulas:

(o) e (r3)(mr)(met) B, i (a) -
Lo, oot $) (Tmrior) (zus)(z.. 1)

o L M (X b (mr) sl o sl ]6 (e
[(2«-{)(&!5)(2«1-() P(?'wi)[z«“)" (it ) T (21 o aec (™) &

541{»; (’\) ¢

(A+U 3
G ity ,(Ml) As @ fre o)
[ (20«3}(2»!) (2«#')(2"”)] )12“3)(?—’**‘) *22“”)1[2“‘) Ge #0093 ) zaﬂ](.“‘{‘!)-r
#l~=1)

B

"'L(K) + ,4.,(4» ‘l)(M‘Z)
(24¢)aast)(20-3)

(2 ¢1)(2441) Enz ()

and
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From 4 we can derive the small k gxpansion of {AU(R):
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U and yUn are exact while in U‘ the contributions up the
é&—th Legendre polynomial have been included.

For the gquadrature. an optimized gaussian infegration
[2511 has been use to have a constant precision in the
evaluation of the functional.

We have looked for the minimum of Fapa inside a
relative pfecision of 10-§ increasing progressively the
numbar of coefficients untill the maximum deviation from
zero inside the core is few percent of the height of the
peak of g{r} and the variation of the ﬁeight of the peak
of 8(k) is smaller than the 1% Up to six parameters are

sufficient to garantee this precision.

A problem which is often encountered in every ORPA
calculation, also with the hard sphere reference system,
is related %o the presence of values of the coefficients
g.s.c, for whlch the structure assumes unphysical values

(i‘fc(k)<t)) and the RPA functional is not defined. The
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problem is important because the same RPA {g=s=c, =0}
corresponds te such catastrophic situation for some

thermodynamic state. Moreover., also starting from a

“physical pointﬁ, it can happen that the search for the

minimum goes thfuugh the wunphysical Tegion. To avoid

this problem we have introduced ”é"mpehéifgﬂf?4ﬁ5i16n m'M‘L';

method: the integrand has been redefined as
By () Soie) - Q’é gs'a(h) (4 - gim)} o A-pEle) > 0
10¢ g -fecm<o

in such & way that unphysical points have %o pay an
extremely high contribution +to the integral. The
method. extremely simple and very efficient, has woarked

well for all the calculations we have done.
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APPENDIX & Evaluastion of BA(TL

We have used the Legendre polynomial expansion
method employed by Bacquet and Rossky [2211 ar Iyetomi
and Ichimaru [1111: ‘three of the five pair correlation
”F¢n€tions which appear in the integrand have been
':Ekﬁaﬁééd'asi“waf”i?oo NMJ' o | . e
T b (2y) = bZa AL ) Po(es%0s)
and using the orthenormality atf the Legendre

polynomials we end with

2 o e .
l“«‘,’ ("-z) : % “ ;&Xn’(b!éul‘l "‘J"“« fia G: “:’k(';‘)L"Lm‘JA L[ "}aﬂ;)A‘(Vu,‘LJ A b( 31 Tua)

€0
v 3

The integrals are numerically evaluated using the
Simpson’s rule and up to 400 points and checking the
sensitivity to the upper limit truncation. We evaluated
the contributions wp b=6& but b=4 is already sufficient

to give a reasonable precision.

Typical computer times on the GOULD 33/97 computer
of the GSISSA/ICTP Computer Centre are about i hour of
CPU for the full bgy{r}.
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