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Chapter 1

Introduction

Optimal control problems have attracted an increasing attention in the last decades and
have been proved to be wide-ranging enough to cover many classical, but also new fields
of mathematics. We are thinking in particular to the powerful approach that they have
given to the study of Riemannian and sub-Riemannian geometry (|4, 40} [5]), which can
be described through the properties of an optimal control problem, that is linear in the
controls and with a quadratic cost. In this thesis we are interested in the contribution that
this theory can offer to the study of the heat kernel of hypoelliptic operators and to the
analysis of the variation of a volume form under the projection of the Hamiltonian flow.

The results obtained on the fundamental solution of the heat equation, the so called
heat kernel, on a Riemannian manifold have inspired new interest in the study of the heat
kernel for hypoelliptic second order operators. It is worth observing at this point that
already from the daily experience, one could guess that there exists a relation between
heat and geometry. At a more accurate level, it has indeed been observed a deep interaction
between the small time asymptotics of the heat kernel with geometric quantities such as
distance [48], cut and conjugate locus [38| 4], and curvature invariants [19].

However, the extension of these results to non-Riemannian situations (from the geo-
metric viewpoint) or to non-elliptic operators (from the viewpoint of PDE) is non trivial:
some results have been obtained in the sub-Riemannian context, relating the hypoelliptic
heat kernel with its associated Carnot-Carathéodory distance [33, B4] and its cut locus
[7, 18], but much less is known concerning the relation with curvature or the generalization
to non sub-Riemannian situations.

One of the most celebrated results in the Riemannian setting, which is by now classical,
reads as follows. Denote by p(t, z,y) the heat kernel associated with the Laplace-Beltrami
operator Ay on an n-dimensional Riemannian manifold (M, g). Then the coefficients
appearing in the small time heat kernel expansion on the diagonal

1=0

p(t, z0, 20) = t"% (Z ai(zo)t’ + O(tm)> (1.1)

contain information about the curvature of the manifold at the point xy, namely all a;(z¢)
can be written as universal polynomials of the Riemann tensor and its covariant derivatives
computed at the point g (see for instance [19, [44]).
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4 Introduction

On the other hand, let us consider a smooth second order elliptic operator L, possibly
with drift, on the n-dimensional Euclidean space. Then one can extract from the principal
symbol of the operator L a good Riemannian metric g, such that the associated heat
kernel contains geometric information. Namely it is possible to choose g so that the
first coefficients of the on-the-diagonal heat kernel expansion depend on the curvature
associated to the metric g and the local structure of the drift at the point. For instance,
in [2I], Bismut proved that for the operator L = A, + X associated to a Riemannian
manifold (M, g) the corresponding heat kernel satisfies

) (1_<div(2Xo)_|_HXO(;'O)HQ_5(g0)>t+0(t2))a (12

for t — 0, where S is the scalar curvature of the Riemannian metric g.

p(t, o, x0) = (art)y 2

However, as soon as the ellipticity assumption on the operator is removed, even the
structure of the asymptotic expansion of the fundamental solution is much less understood,
and the drift field plays a central role in the velocity of decay of the asymptotics.

Let us consider for instance the second order Hérmander-type operator on a closed
submanifold M of R"

k
1
L=2§fi+f0, (1.3)
where fo, f1,..., fr are smooth bounded vector fields, with bounded derivatives of any

order. We assume that the vector fields in (L3]) satisfy the Hormander condition
Lie{(adfo)’ fili=1,...,k, jEN}_ =T.M, VaxeM. (wHC)

Here (adX)Y = [X,Y] and Lie F denotes the smallest Lie algebra containing a family of
vector fields F. As proved by Hérmander [29], this hypothesis implies the hypoellipticity
of the operator L and the existence of a smooth fundamental solution p(t, x,y).

A first step in the study of the asymptotic expansion of the heat kernel in the hy-
poelliptic setting has been done by Ben Arous and Léandre ([33], 34] [13] 15 [14]), and by
Barilari, Boscain and Neel ([8]). These results concern hypoelliptic operators without drift
field or such that the fields f1, ..., fi satisfy the strong Hormander condition

Lie{fi|i=1,...,k}| =T.M, Ve M. (sHC)

In this condition, it is not necessary to include fy in the bracket generating process. This
is the reason why, in contrast, condition (wHC) is also referred to as weak Hdérmander
condition.

Under hypothesis (SHC) it is possible to endow M with a structure of sub-Riemannian
manifold. This determines a metric on the distribution D, spanned by the fields f1,..., f.
Then it is well defined on M the sub-Riemannian distance function d(z,y), also called
CC-distance, determined by the length of curves whose tangent vector lies in D. Using
probabilistic techniques, Ben Arous and Léandre were able to relate the small time be-
havior of the heat kernel to the sub-Riemannian distance function (|33}, 34]), generalizing
the result by Varadhan [48] in the elliptic case; they also proved that for points x # vy,
such that y is not in the cut locus of z, the asymptotics of p(t, z,y) has still a polynomial
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decay analogous to the elliptic case. This has been then extended in [§] to points = and y
that are not conjugate along any minimal geodesic.

However, considering the expansion on the diagonal, they experienced rather new
behaviors, that make clear why even the structure of the hypoelliptic heat kernel is not
yet well-understood. When = = y the asymptotic expansion depends strongly on the
interaction between the drift field and the diffusion generated by the second order term of
L. Let

D, =span{fi,..., fr}tz) and D; = Di_l + span{[D,Di_I]}x Vi > 1,

i.e., D is the subspace of T, M generated by all the Lie brackets of f1,..., fx up to length
i. Ben Arous showed in [I5] (see also [14]) that if the drift is a smooth section of D2,
the heat kernel on the diagonal has still a polynomial decay, but of different degree, and
precisely

_C+0W)
p(t,x,x) - Wﬂ

where Q is the Hausdorfl dimension of the manifold and C' > 0 is a constant depending
on .

On the other hand, if fo(z) ¢ D2, then Ben Arous and Léandre showed in [17, 18] that
p(t,x, z) decays to zero exponentially fast, as exp (_t%)’ for a positive « depending on x
and bounded above by 1.

A heuristic interpretation of this behavior is that when fy points outside D?, its action
is so strong that it cannot be compensated by the diffusion of the fields fi,..., fr and
it moves the concentration of heat far from the initial concentration point x. The break
in the behavior is given by the second order Lie brackets. This can be explained since
the second order part of the operator reproduces a Brownian motion, which moves as v/¢,
while the drift field has velocity t. Then if fy points outside D?, the diffusion generated
by the second order part is too slow.

Concerning the generalization of (II]) about the geometric meaning of the coefficients
of the asymptotic expansion, few results are available and again only under the stronger
Hormander condition, in particular when the drift field is either zero or horizontal. In [6] it
is computed the first term of the asymptotics for 3D contact structures, where an invariant
k of the sub-Riemannian structure playing the role of the curvature appears. Concerning
higher dimensional structures, to our best knowledge, the only known results are [46] for
the case of a Sasakian manifold (where the trace of the Tanaka Webster curvature appears)
and the case of the two higher dimensional model spaces: CR spheres [I1] and quaternionic
Hopf fibrations [12].

The research presented in the first part of this thesis wants to be an initial step to
understand the behavior of the heat kernel when the operator fails to satisfy the strong
Hormander condition, and only its weak version (wHC]) holds.

In Chapter [l we study the order of the asymptotics at the diagonal. Let zg be a point
where the drift field lies in Dgo. Then we prove that the asymptotic expansion depends
on the structure of the Lie algebra generated by the fields and on the controllability of an
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approximating system. More precisely, we say that the control problem

k

&= fo(z)+ Y wi(t)fi(x) for u = (ui,...,u;) € L°(R;RF) (1.4)
i=1

is small time locally controllable at xg, if for every time ¢ it is possible to reach every point
of an open neighborhood of zy with curves described by (LL4) starting from z in time not
greater than t. Then we show that only the following cases can appear.

If (T4) is not small time locally controllable at x, then p(t, g, z¢) = 0 for every t > 0.

If (T4) is controllable, then we consider an appropriate nilpotent approximation of the
fields. This nilpotent approximation is chosen so that it keeps just the necessary informa-
tion on fo, f1,..., fr, in order to generate still an hypoelliptic operator. If the associated
control problem is small time locally controllable at xg, then the original fundamental so-
lution p(t, zg, z) has again a polynomial decay (as in the sub-Riemannian setting) and we
find the exact order A of this polynomial decay, generalizing the already known results for
the case when (SHC) holds. The number N is a generalization of the Hausdorff dimension
of sub-Riemannian manifolds and depends on the Lie algebra generated by fo, f1,- .., fx-

If instead the approximating system is not controllable, then we show that the decay is
faster then ¢~V Indeed in this case, already Ben Arous and Léandre have shown examples
of exponentially fast decay.

In Chapter M we perform the first step in the characterization from a geometric view-
point of the coefficients of the asymptotics on the diagonal. In particular we focus on
the model class of linear Hérmander operators in R™ with constant second order part.
These operators are the simplest class of hypoelliptic, but not elliptic, operators satisfying
(wHC) and are classical in the literature, starting from the pioneering work of Hérmander
[29] (see also [32] for a detailed discussion on this class of operators).

For any point in the kernel of the drift field, we show that p(¢,z,x) has a polynomial
decay, and we characterize all the coefficients in the asymptotitc expansion through the
trace of the drift field and some geometric-like operators defined in [2], and related to the
minimal cost of geodesics of the associated optimal control problem. This is a result in
the spirit of (ITI).

For points that are not in the kernel of the drift field, we show that the decay depends on
the value of the drift. More precisely, if the drift is in the space generated by the constant
fields of the second order term, fi,..., fr, then the asymptotics is still polynomial and
we find an expansion like (I2). If the drift points outside this space, then the decay is
exponentially fast, even faster than what was found in the sub-Riemannian case. This
difference reflects the heuristic opinion that if the drift points outside the space generated
by the second order part, then it drifts apart the heat from the initial point, and the fields
fi,..., fr cannot compensate this strong effect.

The generalization of this geometric result to general hypoelliptic operators has been
proved to be much more complicated. As an example, in Appendix [A] we consider a
slightly more general operator, the Kolmogorov operator in dimension 2. Here the second
order part is constant, while the drift field has no restrictions. Then we compute the first
terms of the asymptotic expansion of the fundamental solution at the equilibrium points,
xg, of the drift. We determine also the curvature operator Ry of an associated geodesic
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fixed in zg. By a comparison between the asymptotic expansion and the curvature, we
conclude that the first coeflicients in the asymptotics do not depend on Ry. For this
reason, we suppose that they could be determined by some other invariants depending, in
this case, only by the drift field. Even if we have not found explicitly what is the correct
geometric interpretation, we hope that this further example can cast a new light on the
characterization of the coefficients.

The second part of the thesis concerns the variation of a smooth volume on a manifold,
under the projection of the Hamiltonian flow, for a quadratic Hamiltonian. In particular,
this class of dynamics contains the sub-Riemannian manifolds.

This study was inspired by the fact that one of the possible ways of introducing cur-
vature in Riemannian geometry is by looking for the variation of a smooth volume under
the geodesic flow. Indeed, given a point x on a Riemannian manifold (M, g) and a tangent
unit vector v € T, M, it is well-known that the asymptotic expansion of the Riemannian
volume vol, in the direction of v depends on the Ricci curvature at . More precisely, the
volume element, that is written in coordinates centered in x as voly, = y/det g;jdx1 ... dx,,
satisfies the expansion for ¢ — 0

\/det gij(exp(tv)) =1 — %Ric(v,v)t2 +0(t?),

where exp(tv) denotes the exponential map in the direction v and Ric is the Ricci curvature
tensor.

In the sub-Riemannian setting this asymptotic cannot be directly generalized. Indeed,
the exponential map is not a diffeomorphism and to compute the volume of small balls
one should have a precise knowledge of the structure of the cut locus, which is not easy.
Nevertheless the geodesic flow on the Riemannian manifold can be seen as a Hamiltonian
flow on the cotangent bundle, associated to a non-degenerate quadratic Hamiltonian. On a
sub-Riemannian manifold, and more in general even for structures deriving from an affine
control, the Hamiltonian flow is defined in a similar way. In particular, if the structure
is sub-Riemannian, the restriction of the Hamiltonian to any fiber is a degenerate non-
negative quadratic form. The projection on the manifold, M, of its integral curves are
geodesics, but, contrary to the Riemannian case, in general not all the geodesics can
be obtained in this way. These projected geodesics are then parametrized by the initial
covector in the cotangent bundle and if they are sufficiently regular (ample and equiregular
geodesics), it is possible to compute the variation of the volume in a “smooth” way by
looking at the measure as an n-form in the cotangent space T*M, which has dimension
2n, restricted to the fiber T M.

To give some insight on this procedure, let us come back to a Riemannian manifold
(M, g), endowed with a smooth volume y = e¥vol,. In the Hamiltonian language, the ex-
ponential map on M can be seen as the projection of its Hamiltonian flow in the cotangent
bundle. Indeed let exp,(t,v) denote the point reached by a curve at time ¢ starting from x
with velocity v, i.e., exp,(t,v) = exp,(tv). The metric g induces a canonical identification
between T, M and the cotangent space T M. So the exponential map can be seen as a
Hamiltonian flow

exp,(tv) = exp,(t,v) =7 <etﬁ)\) ,
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where in the last expression A denotes the element in 7y M corresponding to v. Then
the variation of u is obtained as its pull-back through the map = o eth . T*M 5 M.
Observe that the pull-back (7 o e/)*; defines an n-form on the cotangent bundle 7% M,
that has dimension 2n. The quantity that we compute is the restriction of this form to the
n-dimensional fiber 7y M. Moreover, the volume p, defines naturally a volume p) on the
fiber T M. With this Hamiltonian interpretation, the classical Riemannian asymptotics
can be read as the variation of (7o etﬁ)*,u restricted to the fiber Ty M, with respect to the
volume py, i.e.,

7 / 1
(moey e tn eJo v/ ()T <1 - éRicg(v,v)t2 + O(t3)> A (1.5)

Figure (.3] illustrates this variation from the metric measure view point. Indeed let Q C
T#M be a small neighborhood of A and let 2, ; := 7 o () be its image on M with
respect to the Hamiltonian flow. For every ¢ it is a neighborhood of (t). Then

(@) = [ (e,

and (LH) represents the variation of the volume element along .

T M

Figure 1.1: Variation of volume

Eq. (LX) underlines geometric properties of the variation of the volume, as well as
its measure properties, separated in distinct parts. Indeed, we see that the order term ¢"
depends only on the dimension of the manifold. The asymptotics in the brackets contains
only geometric information, that depend on the metric g on M. The constant term e?¥(®)
depending on p at the initial point is contained in the associated volume py. Finally, the
measure information is encoded in the exponential term. Indeed it represents the variation
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of u along the geodesic and is equal to the exponential of fg Y (T)dr = f[f(gradw, A(T))dT.
In particular, it defines a measure invariant function p at every initial cotangent vector A:

d
PNy = =

£ (o et)* NeTIM. 1.
(rm moeyub],, ). e (1.6

t=0

In Chapter [}l we generalize the asymptotics (LH) to a sub-Riemannian structure, and
more in general to any structure arising from a non-negative quadratic Hamiltonian. Let
M be a smooth manifold and let H denote a quadratic, possibly degenerate, Hamiltonian.
A special class of dynamics is given by the Hamiltonian, whose restriction to a fiber T,y M
is a degenerate homogeneous quadratic form (i.e., without linear or constant terms). Then
this case recovers the sub-Riemannian structures on the manifold M.

Fix A € T M and let y(t) = 7(e*f \) be the associated geodesic on M. The asymptotics
that we obtain is expressed as in ([.5]) and we interpret every component as a generalization
of the corresponding Riemannian element. In particular, the Hamiltonian at A generates
a constant leading term ¢y and influences the order of the asymptotic. Indeed, we observe
that the order of the asymptotics is not constant, but depends on the particular geodesic.
Moreover, the asymptotics depends on two geometric invariants, that are rational functions
in the initial covector A. The first one is a modification of the Ricci tensor, that is
substituted now by the trace of a curvature operator in the direction of A. This curvature
operator, R, is a generalization of the sectional curvature and is defined in [3] for the wide
class of geometric structures arising from affine control systems. The second invariant is the
generalization of p(\), introduced in (LL6]). It is a measure metric invariant and represents
how the volume changes along the curve with respect to a reference n-dimensional form
given by the Hamiltonian.

The structure of the thesis is as follows. In Chapter [2] we give a brief introduction on
classical results in stochastic differential equations and on the Hormander theorem, since
they play an important role in the understanding of the heat kernel. Chapter[Blis based on
[43] and shows the proofs about the order of the heat kernel asymptotic expansion on the
diagonal. Chapter M contains the results on the model class of the Hérmander operators
with linear drift and constant second order term, which can be found in [9]. Chapter
concerns the asymptotic expansion of the volume under the Hamiltonian flow, which is
the content of [I]. Finally in Appendix[A]we give a further example of the on-the-diagonal
asymptotics of the heat kernel for Kolmogorov hypoelliptic operators in dimension 2.

Aknowledgements. I would like to thank my supervisor Andrei Agrachev for having
suggested these problems and for having introduced me to the research. His dedication and
enthusiasm for mathematics have fascinated me since the beginning. I'm also grateful to
Davide Barilari, that has followed this project with contagious interest and shared with me
many parts of this work.






Chapter 2

On stochastic differential
equations and Hormander’s
theorem

In this chapter we give a brief survey on stochastic differential equations and on the
hypoellipticity of operators, proved by Hormander’s theorem. In particular we exploit
the relation between the probability density of a stochastic process with the fundamental
solution of certain PDEs, which is based on Kolmogorov backward equation. These are
classical theorems that we want to recall since their relation is useful for the understanding
of the results of the next chapters. We refer to [30] and [42] for a complete presentation
of stochastic processes and differential equations and to [29, 35l 27, 28] for what concerns
Hoérmander’s theorem and the existence of the fundamental solution.

In this chapter we give a presentation in the Euclidean setting R", but everything is
valid also on a closed submanifold M of R". Details can be found in [30], Chapter 5.

2.1 Stochastic differential equations

Let R™ be the n-dimensional Euclidean space and fy, f1,. .., fr be smooth vector fields on
R™. In coordinates (z1,...,2n), we denote by f; the i-th component of the vector field f;,
i J— n i_0
ie, fi=>1", B

Consider the time independent stochastic differential equation in Stratonovich form
for an n-dimensional stochastic process &

k

dgj = fi(&) + Y f(&) o duy (1), (2.1)
j=1
where w(t) = (wi(t),...,wk(t)) is a Brownian motion. This equation can be written

equivalently in It6 differential form, by a modification of the field fy. Indeed (21)) is
equivalent to

k
gl = f3(&) + > fi&)dw; (1), (2.2)

J=1

11



12 On stochastic differential equations and Hérmander’s theorem

where

L b, Of
fo= it s ok

j=1h=1 O
We recall the definition of solution of the stochastic differential equation.

Definition 2.1. By a solution of equation (22) we mean an n-dimensional continuous
stochastic process &, t > 0, defined on a probability space (Q, F, P) such that

(1) there exists an increasing, right-continuous family (Fi)i>0 of sub-c-algebras of F;
(ii) there exists a k-dimensional (F;)-Brownian motion w(t), with w(0) =0 a.s.;

(713) (&)e>0 is an n-dimensional continuous process adapted to (Fi)i>o, i-e., &(w) is con-
tinuous in t for every w € ), and it is F; measurable for every t;

(iv) the processes fij(&(w)) for j = 1,...,k and fo(&(w)) are a.s. L _([0,T]) and
L1 ([0,T)) integrable respectively, for every T > 0;

loc

(v) with probability one, & and wy satisfy
S t_ ko pt
& —&o :/0 fé(ﬁs)ds+2/0 fi&)dwi(s)  V1<i<n.
j=1

Solutions to equation (2.2)) with Lipschitz continuous fields and starting condition
& = x are also called (time-homogeneous) Ité diffusions. In particular, Ito6 diffusions
satisfy the Markov property, i.e., for any bounded Borel function ¢ from R"™ to R and any
t,s > 0 it holds

Elp(&+5)[ 7] = Elp(&45)1&t]s

where E denotes the expectation value. In other words, the probability of the process at
future steps depends only on the process at the moment & and not on the previous times.

We recall classical existence and uniqueness theorems for the solution to (2.2)), with
the sufficient assumptions for this thesis. For less restrictive conditions and the proofs we
refer to [30]. In particular, by admitting that solutions can explode, it is possible to prove
an existence theorem also for only continuous fields.

Theorem 2.2 (Existence theorem). If the fields fo, f1,..., fx are bounded with bounded
first order derivatives, then for any given probability measure p on R™ with compact sup-
port, there exists a solution (§,w) of [Z2)) such that the law of & coincides with p, i.e.,
P[& € A] = plA] for any Borel set A € R™.

Definition 2.3 (Pathwise uniqueness). We say that the solution of Eq. 22) is path-
wise unique if whenever & and &' are two solutions defined on the same probability space
(Q, F, P) with the same reference family (Fi)i>0 and the same k-dimensional Brownian
motion w(t), such that {y = & a.s., then & = & for allt > 0 a.s.

Theorem 2.4 (Uniqueness theorem). Suppose fo, f1,..., fr are locally Lipschitz contin-
uous, then equation (Z2) has a pathwise unique solution.



2.2 Fundamental solution and Kolmogorov backward equation 13

We end this section by recalling It6’s differential formula for stochastic processes. For
a proof we refer to [42] Chapter 4.

Theorem 2.5 (It formula). Let & be a stochastic process solution of (2.2) and let ¥(t,x)
be a function of class C?(R* x R™;R) (by RT we mean the strictly positive real line). Then
it holds

n n k
dy(t, &) = Ot gy > Wgﬁdfz + % > Zf;(gt)f;l(@)wdt‘
i=1 ¢

2
ot i1 j=1 8m,8xh

2.2 Fundamental solution and Kolmogorov backward equa-
tion

In this section we recall the relation between second order operators and solutions to
equation (2.I)). Let us consider the operator

e TOREDWAC IR It P 2:3)

and denote by L the operator fy + %Z?Zl f2.

Definition 2.6. The fundamental solution of an operator % — L over RxR" is a function
p(t,x,y) € C®°(RT x R™ x R™) such that

e for every fized y € R™, it holds %p(t,x,y) = L,p(t,x,y), where the operator L acts
on the x variable;

e for any po € L*(R™), we have

}{% . p(t, z,y)e0(y)dy = ¢o(z).

In other words, if we want to solve the partial differential equation %—f = Ly with initial
condition ¢(0,x) = po(x), the fundamental solution allows to reconstruct ¢ by convolution

Of ®0 with p(tax7y)

The Kolmogorov backward equation relates the fundamental solution of (23] to the
stochastic process solution of (2:2)) (see also Corollary 2.8 below).

Theorem 2.7 (Kolmogorov backward equation). Let ¢ € C°(R™) and & be the stochastic
process solution of (22). Then the function

u(t,x) = Elp(&r)|& = ] T>t>0,zeR"

satisfies

ou(t,x .
{ % + Lu(t,x) =0 (2.4)

limy ~r u(t, z) = ¢(z).
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Proof. Let us fix the function ¢ € C2°(R™). The limit condition is easily true.

For the differential equation, notice that the function wu(¢,x) has the following prop-
erties: BElu(t,&)|& = x] = u(t,x) and E[u(T,&r)|§ = 2] = u(t,z). Then by It6 formula
and since the Brownian motion has zero expectation value, we have the following series of
identities

T
0=HMﬂ6ﬂ—uw&W&=ﬂ=E[l du(s, &)
T Ou(s, & LI u(s, &
/2505 penps

+fZZf’§sfh§s Puls.&o) gl e, — o

Ox;0xp,
i,h=1j=1

g [ ous8)
=E [/t 5 + Lu(s,&s)

Since this equation holds for every ¢ < T' and = € R, also the punctual equation (24)) is
satisfied. O

ft:&“]

=k

Et:$:|.

Let us assume for a moment that the process & admits a smooth density function,
that means that there exists a smooth function p(7T,y;t,x) for 0 <t < T and z,y € R"
such that for all Borel sets A C R™

H&GM&—M—AMﬂmey

where P denotes the probability. Then the function u defined in Theorem 27 is

u(t,x) = /n o(T,y)p(T, y; t,x)dy.

Since the theorem holds for any function ¢ with compact support, the probability density
itself satisfies (24]). More precisely

{ WYL 4 Lop(T, yst,w) = 0
hmt/‘Tp(Ta yit, .ZE) = 5y(x)v

where 9, is the Dirac delta centered in y and L, denotes that the operator is acting on
the x variable. Let p(t,x,y) denote the density of £ with initial condition {, = x. By the
Markov property of & we know that p(T,y;t,x) = p(T — t,x,y). With a change of the
time variable we have then proved the following corollary.

Corollary 2.8. Let & be the solution of [210), with initial condition & = x and assume
that it admits a smooth density function

p(t, z,y)dy := P[§ € dy|& = z].

Then p(t,x,y) is the fundamental solution of the operator in (2.3)), i.e.,

{ ap(g;l:,y) = pr(ta Zz, y)
limp o p(t, 2, y) = dy(x).
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2.2.1 Fundamental solution of the adjoint operator

Let p(t,z,y) be the fundamental solution of the operator % — L and define the heat

operator
o) = [ ptayeldy Ve LR
Let L* be the adjoint operator to L.

Lemma 2.9. The fundamental solution, p*(t,z,y), associated to the adjoint operator L*
can be obtain from the fundamental solution of L as

p*(t7$7y) :p(tvya l‘) (25)

Proof. Let ¢, € L?>(R") then by definition of adjoint operator we have
[ et ity = [ i@etotos
= [ @) | ptaeidds
= [ ([ v@wte.sp)as) ol

Since this identity holds for any ¢, € L*(R"), Eq. (23] follows. O

2.3 Hormander Theorem

In the previous section we have seen how to find the fundamental solution for the operator
23)), provided that (2.]) admits a smooth probability density. This condition is satisfied
if the operator is elliptic, namely if the vector fields fi,..., fr span R™. However many
interesting operators do not satisfy this property and one would like to have a criterion
to admit the existence of a fundamental solution also for only hypoelliptic operators, i.e.,
for operators that have the following smoothing property.

Definition 2.10. The operator (0 — L) is said to be hypoelliptic if for every function u
and every open set A € R x R™ such that (0 — L)u € C*°(A), then u € C*(A).
Here we use the shorthand 0y to denote the partial derivative in the time variable.

We say that the operator (2.3)) satisfies Hormander condition if the Lie algebra gener-
ated by the vector fields 0; — fo, f1,--., fx is equal to R x R™ at every point, i.e., if

Lie(t7x){8t — f(), fl, - ,fk} =R xR" Vr € R™. (26)

By the Lie algebra spanned by the vector fields {Xi}fzo we mean the space generated by
all the vector fields obtained with the Lie brackets of any order of Xj,..., X. Since the
vector fields 0y and f; are completely independent condition (2] is equivalent to require
that

span,{ fi, [fi, f;], [fo. fil, [fis [f5s full, oo i1 <4, j,h <k} =R"  VzeR",
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where in the generating set we take the fields fi,..., fx (not fp) and all the Lie brackets
of any order of all the vector fields fy,..., fr. In other words, fy is not in the set, it is
there only inside a Lie bracket with other vector fields.

Hormander proved in [29] that this hypothesis is sufficient to imply that the operator
23) is hypoelliptic. Moreover if we assume also the boundedness of the vector fields
fo, -, fr and of their derivatives of any order, it is possible to prove that (2:3]) admits
a fundamental solution. This conclusion was first proved by Hoérmander in [29] with
analytical tecnics and subsequently by Malliavin [35] with a probabilistic approach, using
Malliavin calculus. Here we refer to Hairer’s version in [28] and [27].

Theorem 2.11. Assume that all vector fields in (Z1)) are bounded with bounded derivatives
of any order. If moreover they satisfy Hormander condition (2.6), then the solution of (2.1))
admits a smooth density with respect to Lebesque measure.

Proof. The proof of this deep theorem can be found in [28] and [27], where the Malliavin
calculus is used.

Here we want to stress that under the hypothesis of the theorem, there exists a fun-
damental solution of (23]) and it is determined in Corollary 2.8 O

Remark 2.12. The hypothesis on the boundedness of the fields in Theorem [Z11 can be
partially weaken. For the interested reader we refer to [28] Section 4. Here we write the
main ideas.

Let ®4(x) be the solution map of 1)) with initial condition x. For a given initial
condition xo we denote by Jo; the deriwative of ®; evaluated at xo. Moreover let & =
Dy (z0). A differentiation of (Z1I), yields that Jo+ is a solution of

k
dJos = Dfo(&) Jordt + > Dfi&) Jos o dwi(t), Jo,o = 1dn
i=1

where 1d,, is the n X n identity matrixz. Higher order derivatives Jéﬁ) with respect to the

initial condition can be defined in a similar way. Moreover let J(;tl be the inverse of the
Jacobian matrixz, which also solves an analogous differential equation.

Then in Theorem[Z11l it is enough to require that the fields fo, f1, ..., fx are C*°, with
all their derivatives that grow at most polynomially at infinity. Furthermore, we assume

that they are such that the processes &, JD(T? and Jo_,tl satisfy

E[sup |§|P] < oo, E[sup |Jéf?|p] < 00 E[sup |J&t1|p] < 00
t<T t<T i<T
for every initial condition xg € R™, every terminal time T > 0, every k > 0 and every
p > 0.

Notice that the boundedness of the vector fields and of all their derivatives, in particular
implies this weaker hypothesis.

2.4 Example: linear operators

The simplest example of hypoelliptic operator is the linear partial differential operator with
constant second order coefficients and affine drift field, that satisfy Hérmander condition.
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Since this is the subject of chapter @ for the reader’s convenience we derive here explicitly
its fundamental solution.
Let us consider the partial differential equation

0p oo 1 L 0%
— - + Ax); =2 — = 3 (BBY), = ©(RxR"), (2.
ot ;(a ); 9z, 2 j%z:l( )ih D0 0, VYpeCPRxR"), (2.7)

where « is a constant column vector of dimension n, A is an n X n real matrix, which
represents the linear part of a drift field, and B is an n x k real matrix, with 1 < k < n,
that generates the diffusion coefficients.

We will further assume Hormander condition (2.6]), which in this context becomes a
condition on the matrices A and B, called Kalman condition, namely

rk[B,AB, A’B,..., A" 'B] = n. (2.8)

We have seen in Corollary 2.8 that the fundamental solution, p(¢, z,y), of ([277) is given by
the probability density of the solution & of the associated stochastic differential equation

dé = (o + A&)dt + Bdw(t)
€0 =z (2.9)
where w(t) = (wy(t),...,wg(t)) is a k-dimensional Brownian motion. (Notice that since

B is constant, the It6 and the Stratonovich equations coincide.) In other words, p(t,z,y)
is the C°(R™ x R"™ x R™) function such that for every Borel set U € R"™ the probability
of & to be in U at time t is given by

Pl € Uléo = 1] = /U plt, 2. y)dy.

By RT we denote, here and in the following, the strictly positive real line. The stochastic
process solution of (2.9)) is equal to

t t
& =gy + etA/O e Adsa + etA/O e *A Bdw(s),

as it can be readily verified with a derivation. In particular, if the initial value &y is
Gaussian distributed, then &; is a Gaussian process, since by definition of solution &y and
w(t) are independent. The initial condition is a Dirac delta centered in z, so it is a
degenerate Gaussian with mean z and vanishing covariance matrix, therefore to find the
distribution of & it is enough to determine its mean value and covariance matrix. To this
end we use Itd’s differential formula of Theorem applied to some auxiliary functions
.

To find the mean value of & let us fix ¥ := x; for 1 < j < n, then

t t k
&(1) — £(0) = /0 (o + AE(r))dr + /0 S Bjidun(7).
=1

1=
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Let m;(t) be the j-th component of the mean value of §. By the previous formula, since
the integral of the Brownian motion has zero mean value, we find that m(t) satisfies the
differential equation 7;(t) = (oo + Am(t)); with initial condition m(0) = . Therefore

E[& &) =€ (m + /Ot e_SAdsoz> . (2.10)

To compute the covariance matrix let us choose 1 = (z; — m;(t))(zr, — my(t)), then by
Ito differential formula it holds

P(t, (1) —¥(0,£(0)) = /0 =10 (1) (En(7) — min (7)) — 1 () (&5 (T) — m(7))dr

+ [ o 4 60(r) = (1) + (@ A& () = my (1) + (BB
; ok
+ [ Baten(r) — mn(r) + Bui(& () — my () (7).
0 ;1

1=

Let us take the expectation value and denote by pjp(t) the jh-component of the covariance
matrix. Recall that E[(§;(t) —m;(t))|£(0)] = 0. To evaluate

E[(A&(7));(&n — ma(7))I£(0)]

we rewrite it as
E[(A&(T) = m(7)));(&n — mn(7)) + (Am(7));(&n — mn(7))|€(0)] = (Ap(7))jn + 0.

Then p(t) satisfies the differential equation p;;(t) = (Ap(t))jn + (Ap(t))n; + (BB*);n with
vanishing initial value, whose solution is

Dy :=E[(§ —m;j(t)) (& — mp(t))[£(0)] = etA/O e TABB*e ™A drett”.

By Kalman’s condition (2.8)), the matrix D, is invertible for every ¢t > 0. Therefore we
can conclude that the C*° fundamental solution of equation (Z7) is given by the non-
degenerate Gaussian

e(t,z,y)

t =

where

1 t * t
o(t,x,y) = -5 <y — et <az +/ e_SAdsoz)> D! <y — et <x +/ e_SAdsa>>
0 0

and it is determined by the mean value (2.I0)) and the covariance matrix D;. In the case
when « = 0 the formula for p(¢, z,y) reduces to

e~ 3 y—¢""2)" Dt (y—e'a)

t =
p( ,.’L',y) (27(')”/2 /det Dt

fort >0, z,y € R". (2.11)




Chapter 3

Order of the asymptotic expansion
of the heat kernel on the diagonal

This chapter is based on the results of [43] and contains the proofs about the order of the
heat kernel asymptotic expansion on the diagonal.

3.1 Overview of the Chapter

Let M be a closed n-dimensional submanifold of the Euclidean space and let p be a volume
form on M. Given fy, fi1,..., fr smooth vector fields on M we consider the following partial
differential operator:

k
(?9?— o(w)—%fo(sO) Vo € CF(R x M). (3.1)
=1

We assume that the fields fo, f1, ..., fr are bounded with bounded derivatives of any
order and that they satisfy the Hormander condition

Lie(t,x) {3875 — fo, fl,fk} =R xT,M Ve e M,t >0, (32)

where Lie denotes the Lie algebra generated by the fields. As explained in Chapter [2]
under these conditions the operator is hypoelliptic and admits a fundamental solution,
p(t,z,y).

As soon as the ellipticity assumptions on the operator is removed, even the structure
of the asymptotic expansion of the fundamental solution is not well understood, and the
drift field plays a central role in the velocity of decay of the asymptotics. Already the order
of the small time asymptotic expansion of p on the diagonal is not completely known and
some results exist only under the assumption of the strong Hérmander condition (SHC]).
Let

D, =span{fi,..., fk}z and D! =D + span{[D, D" 1]}, Vi > 1,

i.e., DL is the subspace of T, M generated by all the Lie brackets of f1,..., fx up to length
i. Ben Arous showed in [I5] (see also [14]) that if the drift is a smooth section of D?, the

19
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heat kernel on the diagonal has a polynomial decay, but the degree in different from the
elliptic case, and precisely

p(t,l’,l’) = C’—;QO/(Q\/%)a (33)
where Q is the Hausdorff dimension of the manifold and C' > 0 is a constant depending
on x.

Conversely, if fo(z) ¢ D?, then Ben Arous and Léandre showed in [I7, 18] that p(¢, =, )
decays to zero exponentially fast, as exp (—t%), for a positive a depending on x and
bounded above by 1.

In this chapter we study the order of the asymptotics at the diagonal, when only the
weak Hormander condition (3.2]) holds. Our results apply to any point, 2y, where the drift
field fo lies in D%O. We underline that this is a property at the point xg, it is not necessary
that the drift is a section of D2.

However, if fy is even a section of D?, then the weak Hormander condition implies
also the strong one, and indeed we recover the small time asymptotics presented in (B.3),
which depends on the Hausdorff dimension Q of the sub-Riemannian manifold.

In the general case, when fo(zo) € DZ, only at the point zy, then the decay can
be either polynomially fast, as in the sub-Riemannian case, or exponential, depending
on the principal part of the fields fy, fi..., fx, that we will soon introduce. Moreover,
in the polynomial case we show the exact order of decay. This is given by a number
N that depends on the Lie algebra generated by the fields. This number generalizes the
Hausdorff dimension, which in this case could actually even not be defined, since the strong
Hormander condition is not guaranteed. However, if Q exists, then we show that NV < Q,
that means that the drift field produces a slower decay of the heat at its equilibrium points.

To present the details of these results, let us introduce some notation. The proof relies
on a homogeneity property of the operator in (B.I) under dilation and it is suggested by
the following observation. The fundamental solution, p(¢,z,y), is characterized as the
probability density of the stochastic process &, starting from the point z, and solution of
the stochastic differential equation written in Stratonovich form

k
d& = fo(&)dt + ) fil&) o dwy(t), (3.4)
i=1
where w = (wy, ..., wy) denotes a k-dimensional Brownian motion. Heuristically the flow

of the drift field has order ¢, while a Brownian motion moves as v/t. Therefore the idea
is to introduce weights of the fields and to assign to fy a double weight with respect to
the other fields. Accordingly, we then define a new filtration of the tangent space at x,
G = {Gi(x0)}, which involves fy as follows: every layer G; is spanned by the Lie brackets
of fo,..., fr up to length ¢, where fy is counted twice. For example the first 4 layers are

Go = {0},

G1 =span{fi,..., fx},

Go = span{ f;, [fi, fil. fo: 4,5 =1,...,k},

Gs = span{fi, [fi, fjl, fo, [fi, [f5, full, [fo, fil 14,5, h = 1,... K}

Let k; := dim G;(z¢). By condition (wHC]) there exists a smallest integer m such that
Gm(z9) = TyoM. The integer N that determines the order of the polynomial decay is

(3.5)
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defined as
N = Zz (ki — ki1 :Zz (dim G;(zg) — dim G;_1(zy)),
=1

i.e. it is the dimension of the manifold, where each coordinate in the i — th layer, that is
not in the (i — 1) — th layer, is counted i times. Notice that, if the drift field is identically
zero, we recover the sub-Riemannian case, where every layer GG; of the filtration coincides
with D! and N = Q.

Analogously to the procedure usually done in the sub-Rimannian contest, we take
nilpotent approximations of the fields fo, f1,..., fr with respect to the filtration G,,.
Namely, let (x1,...,x,) be coordinates, in a neighborhood of z(, adapted to the filtration
(see Definition B.9) and for € > 0 define a dilation, which multiplies every coordinate of
the i-th layer of a factor €, for 1 <4 < m. Then let fl, ey fk be the principal parts of the
fields f; homogeneous of order 1, with respect to the dilations, and let fo be the principal
part of the drift field, homogeneous of order 2.

This construction produces a split in the operator L as follows: let Ly be the operator
defined by the principal parts of the fields

k
Lo = fo+ %fo- (3.6)
i=1

Then the operator L can be seen as a sum of two parts, Ly and L — Lg. The careful choice
of the filtration G, guaranties that the principal operator Lg preserves the weak Hérmander
condition in the equilibrium points of the drift field, therefore it is still hypoelliptic and it
admits a smooth fundamental solution ¢o(¢,x,y) on R"™. Moreover, gy behaves well under
a rescaling, indeed for every t > 0 we have the homogeneity property

1
Q(](t,flf,y> = WQO(L(Sl/\/E:E761/\/Ey> vay e R™

Finally we can state our main results. We prove that the asymptotics of the funda-
mental solution depends on the controllability of some control problems, associated to the
stochastic equation (3.4]). Consider the control problem

k
(1) = fo(x(t) + ) uilt) fila(t)) (3.7)
i=1

where u = (u1,...,u;) € L®°(R;R¥) are the controls. If the control problem (@) is
not small time locally controllable around the point zg, i.e. from xy we can not reach a
neighborhood of xg using curves described by the control problem, then

p(t, o, z0) =0 Yt > 0.

We consider also the control problem induced by the approximating system

k

A~ A~

() = fole(t)) + D uit) fiz(t). (3-8)

=1
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If this control problem is small time locally controllable, then so is also the original one
B0 and we can prove that the small time asymptotics of the fundamental solution is

polynomial, precisely

qo(1, xg, o) + O(t
p(t, o, z0) = o Otj\/[/); ( ) (3.9)

In particular, if the operator arises from a sub-Rimemannian manifold with no drift field,
the approximating control problem is always controllable. Moreover, the integer N is equal
to the homogeneous dimension Q of the manifold and we recover Ben Arous result (3.3)).
On the other hand, if the drift field is not identically zero, but still the fields fi,..., f&
satisfy the strong Hormander condition, then we prove the inequality V' < Q.

In the intermediate case in which the approximating control problem (B3.8]) is not small
time locally controllable in xg, but the original control problem (B.7)) is still small time
locally controllable, then the behavior of the asymptotics can be more general. It blows
up faster than t~V/2, and possibly even exponentially fast, as it was already pointed out
in some examples by Ben Arous and Léandre in [I8].

These conclusions are obtained by a careful generalization of Stroock and Varadhan’s
support theorem for diffusion operators, that allows to characterize when the leading term
qo(1, g, zp) in (B3] is strictly positive.

The structure of the chapter is as follows. We begin by describing in details in Section
B2l the homogeneity properties of the operator ([B.I]). In particular we derive the conditions
that the dilations have to satisfy in order to produce the right split of the operator, into
a hypoelliptic principal part plus a perturbation. We also give a brief introduction into
Duhamel’s formula in Subsection B.2.1], since it is an important tool to study the perturbed
operator. In Section [B.3] we introduce the coordinates that give the right dilations of the
space. These coordinates are defined from a filtration of the tangent space to xy determined
by the fields fo, f1,-.., fr and give rise to a graded structure around z(, which defines an
anisotropic dilation. In Section [3.4lwe define the nilpotent approximation, that determines
the principal operator ([3.6]). We compute also the integer A/ appearing in the asymptotics
339), that comes from the change of the volume form under the dilations. In Section
we prove the asymptotics ([3.9]), by using the tools introduced in the previous sections. In
the following Section we focus our study on the operator derived from the nilpotent
approximating system and its associated control problem. By proving a modification of
Stroock and Varadhan’s support theorem, we give a necessary and sufficient condition
for the positivity of the fundamental solution of the principal operator, that is based on
the controllability of the approximating control system. Finally we end the chapter with
Section B.7] where we show a series of examples, illustrating how this formula recovers in
particular the known results recalled in the introduction.

3.2 The fundamental solution and its behavior under the
action of a dilation

Let us consider the operator in ([BI]). We will call fy the drift field and we will denote by
L the operator fy + %Zle f?. Let us recall the definition of fundamental solution.

Definition 3.1. The fundamental solution of an operator % — L over R x M with respect
to the volume u is a function p(t,z,y) € C°(RT x M x M) such that
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o for every fized y € M, it holds %p(tw,y) = L.p(t,z,y), where the operator L acts
on the x variable;

e for any po € L*(M), we have

}g}é Mp(tva,y)soo(y)u(y) = po(z).

In other words, if we want to solve the partial differential equation %—f = Ly with initial
condition ¢(0,x) = ¢o(x), the fundamental solution allows to reconstruct ¢ by convolution

of o with p(t,z,y).

Remark 3.2. The choice of the volume form u, that defines the fundamental solution, is
not relevant in our study. Indeed the order of the asymptotics of p(t,z,y) on the diagonal
does not depend on the fizred smooth volume form. This can be proved by noting that the
fundamental solution changes with respect to the given volume p in the following way: let
w and v be two volume forms on M, and let g be a smooth function such that v = e9u. Let
pu and p, denote the fundamental solutions of % — L with respect to p and v respectively.
Then for every initial condition @o € C§°(M), the solution ¢(t,x) of

{ %2 = folp) + 3 I F2(9)
©(0,z) = po(x)

s given by
o(t, ) = /M Pult, z,y)e0(y)(y)

=/ pu(t,%y)@o(yﬁ/(y):/ pu(t, 2, y)p0(y)e? @ uly),
M M

where the equalities follow since the solution is unique for smooth vector fields. Since g
1s arbitrary, we have
pult,z,y) = eg(y)py(t,x,y) vVt > 0,Vr,y € M.

From the point of view of the asymptotics of the fundamental solution on the diagonal,
it follows that the two asymptotics are the same for both volume forms up to a multiplicative
constant €90 £ 0 depending on the relation between the two volumes and on the point
where we compute the asymptotics.

For the study of the small time asymptotics on the diagonal, we will then suppose
without loss of generality that p = dx1 A ... N\ dxy, near the point xg.

Let zo be a point where the drift field lies in DZ . In the rest of this section we explain
the perturbative method, that we use for the proof of our results on the order of the
asymptotic of p(t, xg, xo).

Definition 3.3. Let (U,z) be a coordinate neighborhood of xq, i.e. U C M is an open
set, xg € U and x = (z1,...,zpn) : U — R" is such that x(zg) = 0. Let (wy,...,wy,) be
positive integers, called weights of the coordinates (x1,...,xy).
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For 0 < € < 1 we define the dilation, d¢, of order € and weights (w, ..., wy) around
xg, as the function 6. : U — U, such that

Oc(X1y. .oy xp) = (€ a1, €% mg, ..., e ay) Ve = (z1,...,2,) € U.

For € > 1 we define the dilation in the same way, but only from the smaller domain §1U.

Under the action of the dilations d,, the coordinate functions and the coordinate vector
fields behave as
0 1 0

A 7

Here 6y, X denotes the pushforward of a vector field X under the action of d.. Let the
volume g be represented in the coordinate neighborhood (U,x) by u = dxy A ... A dzp,.
By Remark this assumption is not restrictive for the study of the asymptotics along
the diagonal. Then the volume p changes under the action of the dilation d. as

S¥(dxy A ... Adxy) = =1 Yiday AL A day, (3.11)

where §F denotes the pull-back.

When we apply a dilation to the space around zg and we rescale the time variable,
also the fundamental solution is changed accordingly, as it is proved in the following
proposition.

Proposition 3.4. Let (U, x) be a coordinate neighborhood around the point xo and let p
be a volume form on M such that p = dxy A ... ANdx, in U. For weights (w1,...,wy,)
and 0 < € < 1 consider the dilation 6. : U — U. Let « be any real positive number. Let
p(t,x,y) be the fundamental solution of the operator in [B.1]) with respect to the volume p.
Then the fundamental solution on U of the operator

9 1 2
a — e <6l/e*f0 + 5 Z (6l/e*fz) ) (312>

i=1
1s the function

qe(t, ,y) = €= i p(e%t,6¢(7), 0e(y)) Vr,y € U.
Remark 3.5. The coefficient of normalization e>=i=1"i that we have used to define q., is
necessary in order to reconstruct all the solutions of the differential operator, by convolution
with q.. This coefficient appears as soon as we make a change of coordinates in the integral
of the convolution. Moreover, we will see that this coefficient defines the order of the
asymptotics of the fundamental solution for small time.

Proof. First of all notice that the dilation §; /. : 0¢(U) — U can be defined only on the
smaller neighborhood §.(U) of U. Then the fields d; Jex fi are vector fields just on the
coordinate neighborhood U.

Next let us prove the first property of the fundamental solution, i.e. that the function
ge is a solution of the operator in ([BI2]). For convenience, we call ¢ the dilation from
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R* x 61,.U to RT x U defined by v(t,z) := (e*t,dc(x)). Then the function g can be
written as qe(t, z,y) = p(¥(t,z),0.(y)) and the operator in (B.12]) is

0 1< 2
-1 -1 —1
vl - fo—2;(¢* fi)"s
where we are using a little abuse of notation, by considering %, fo,..., fr as vector fields

defined on the product space R™ x U. Recall the definition of the pushforward of a
vector field X under the action of a diffeomorphism : for every function g we have

Xa((g0v)|,) = ¥Yae(X)(9)]y(z)- Then we compute for fixed y € U
(p(4(t, %), dey))

0 n 0
-1 — i1 Wi -1
(QZ)* at> qe (t, xu y) € <1/]* 8t> (t’ry)

n 0
i Wi -1

— 62?:1 w; g
Ot | (yt,2).500)

L|('¢}(t7x)766y) p| (1/)('5@)7561/) ’

) Pl (t.2) bev)

(t,zy)

p| (w(tvx)véey)

e 62?:1 w;

where the last equality follows since p is the fundamental solution of the operator % — L.
Applying the same computations to the fields v ' f; for i = 0,...,k, we find that ¢,

satisfies
k

10 _ 1 102
@ZJ* la(k(t,x,y) = ¢>k lfO(QE(tvxay)) + 5 Z (,(/}* lfl) (QE(t’x’y))
i=1
and hence ¢, is a solution for the operator in (3:12).
Let us prove the second property of a fundamental solution. Here it becomes clear that
the constant of normalization e2-i=1%i in the definition of ge is exactly the parameter that
we need in order to construct the other solutions of the partial differential equation by

convolution with the fundamental solution. Indeed let us prove that for any ¢o € L?(U),
it holds

%{% . qe(t; 2, y)po(y)u(y) = wo(x).

This follows by a change of variable and the same property valid for the fundamental
solution p(t, z,y):

lim, qu(m,y)wo(y)u(y):}i\n(l) Uezgl“’ip(e“t,5ex756y)wo(y)ﬂ(y)

=lim [ eXi= Yip(e*t, dex, 6cy)po(y) p(y).
t\O Jps
Here we integrate on M, by considering (g as a function on M that is zero outside U.
Now let us do a change of variable with z = d.y. As computed in (B.I1]), the volume is
transformed as p(z) = e2i=1%iy(y). Then

. . nwi a p(2)
i | ae(t @, y)poly)dy = lim MGZM p(e%t, de, 2)(00 0 1) (2) =0

= (0 0 61/¢)(6ex) = o (),
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where the second equality follows because p is a fundamental solution. O

Let us investigate better the behavior of the fields f; under the action of the dilations.
We write every component fi(J ) of the fields fi in a Taylor expansion centered in xg = 0
for x in the coordinate neighborhood U

n ()
D 0 _ )y 2 of;’(0) 9
@)= = £70) 57—+ > “Za— +o(|z|).
90) 5 = 10O + 3 S +olla)

By the properties of a dilation acting on the coordinate functions and on the coordinate
vector fields, (BI0), when we apply a dilation to the vector fields f;, every component has
a different degree with respect to €. Depending on the value of the weights (w1, ..., wy)
and on the coefficients of the Taylor expansion of the fields f;, for every i =0, ...k, there
exist an integer a; and a principal vector field f; such that

1 . 1
5%*f1 = i fl +o (é’“) )

where fl contains the components of every fl-(j ) % that is homogeneous of degree —a; with

respect to the dilations. Applying this formula to the dilated operator in ([B.12), we find
that the operator L rescales as

1 2 1 1en 1 1
£ )
bt - 33 0l = o 3 o (1)

i=1 i=1
where « := max{ag, 2a1, ..., 2a}.

The main task in our study is to find suitable coordinates and good weights w;, so that
all the principal parts of the vector field fo and of fZ,..., f? rescale with the same degree
« under the dilations, but they keep "enough" information from the original vector fields.
Let Ly be the operator defined by the principal vector fields fg, fl, ey fl. as

k
.1 )
Lo := f0+2§;ff.
1=

Notice that by definition Lg is homogeneous under the dilation, and in particular
at — Ea(sl/E*Lo = 6t — Lo.

(Here and in what follows 0, is a shorthand to denote the derivation in the time vari-
able). Let us assume for a moment that 9; — Ly admits a fundamental solution gy. By
Proposition 3.4} for every ¢ > 0 the fundamental solution of 0y — €0 /¢, Lo is

Qe(t; .f, y) = 62?:1 wi CIO(fat’ 6€x7 6€y) = qO (ta .’IJ, y)7 (313>

where the last identity follows since the dilated operator is again 9/9; — L.
Let us split the operator L as

%*L:%*LojL(LO*L), (3.14)
where we have underlined the principal part Lg plus a modification Lg— L. To an operator
like this we can apply Duhamel’s formula, that gives the asymptotics of the fundamental
solution as a perturbation of the asymptotics of the fundamental solution of the principal

operator.
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3.2.1 Duhamel’s formula

In this section we recall briefly a famous formula, called Duhamel’s formula, which allows
to find the asymptotics of the fundamental solution of a perturbed operator, once we have
the explicit fundamental solution of its principal part. This method, also called parametriz
technique, is a perturbative method that has been already introduced in Chapter 3 of [44],
in [6] and more in general in [36]. There exist also powerful tools to have two-sided
pointwise estimates on the fundamental solution. For the non degenerate case we refer to
the monograph by [25], while there are some recent results for the hypoelliptic case of the
Kolmogorov operators in [23] and [24].

Let £ be an operator on a Hilbert space with fundamental solution p(¢,z,y) (in our
setting £ = 0y — L) and let us define the following operator on the Hilbert space

efp(r) = /p(t7w7y)s0(y)dy.

By the properties of the fundamental solution this is an heat operator e**

such that

, i.e. an operator

Detr
5 L4 = Le'*p  and %gr(l) e = .
Suppose that £ can be decomposed in a sum,

£:£0+X,

of a principal part, Ly, and a perturbation, X', and assume that £y has a well defined heat
operator e/“0. Then Duhamel’s formula allows to reconstruct the heat operator of £ by a
perturbation of the heat operator of Ly (see Chapter 3 of [44] for a proof), namely

t
etf = etho 4 / et=9)L xesLods = etho 4 et 5 xetbo, (3.15)
0

where with * we denote the convolution operator between two operators, A(t) and B(t),
on the Hilbert space:

(A B)(t) = /0 A(t — 5)B(s)ds.

Let a(t,z,y) and b(t,z,y) be the heat kernels of A(t) and B(t) respectively and let X be
an operator. Then the heat kernel of (A x XB)(¢) is

t
(a* Xb)(t,x,y) = / / a(s,x, 2)X,b(t — s, z,y)dzds.
0o Jum

Indeed, for any function ¢ in the Hilbert space, we have

(2Bl (0) = | [ 4t - 861 o] @

- UtA(t — ) [X /M b(s,wy)so(y)dy] ds] (z)
/Ot/M“t_“"ZX (/ b(s, z,y)¢ ()dy>dzds
/M (/Ot Mat—s , 2)X:b(s, 2 y))dzds> o(y)dy.
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From (BI5]) we can now derive an approximation of the heat kernel p(¢,z,y) of the per-
turbed operator £, by means of the heat kernel py(t,x,y) of the principal operator:

p(t,l’,y) :po(t,m,y)—l—(p*)c'po)(t,l‘,y). (316)

3.2.2 The perturbative method

We can apply Duhamel’s formula to the operator in ([B.I4]). Indeed it is the sum of a
principal operator

k
o 1 A
L0:f0+2§1fi2
1=

perturbed by X := Ly — L. If we find good coordinates and weights, so that % — Lo admits
a fundamental solution qo(¢,z,y), then by Duhamel’s formula (BI6]) the asymptotics of
the fundamental solution p(¢, z,y) is

p(taxay) ZQO(twrvy)_'_(p*XQO)(tvxay)‘ (317)

Recall the homogeneity property of the function gy written in equation (B.13]) and choose
e =t/ then

Qo(t, z,y) =qo(e 1, z,y) = e=i=1 Vigy(t, ., bey)

1
ZW(JO(L 81 /10, 61 /10Y).-

Let us choose x = y = x¢ in Eq. (8I7), and let ¢ go to zero. Then

p(t, zo, x0) = qo(t, zo, x0) + (p* Xqo)(1, zo, o)

1 no
= m (CIO(L Zo, $0) + = wl/a(p * XCIO)(t, o, 96‘0)) .

Provided we can control the error term t2-i=1%i/®(px X qo)(t, z,y), we have then found the
desired asymptotics.

In conclusion, in the choice of the coordinates (U, x) and the weights (w1, ..., wy) it will
be important that the principal parts, fo, fl, ceey fk, of the vector fields make homogeneous
the principal part Lg of the dilated operator and, moreover, that they satisfy Hérmander
condition, so that it is guaranteed the existence of a fundamental solution g of the principal
operator. Finally we will need to check that the remainder term in the asymptotics of p
goes to zero, as t goes to zero.

3.3 Graded structure induced by a filtration

In this section we introduce some notation and recall the definition of local graded structure
of a manifold, induced by a filtration. This terminology is essential in order to find the
right coordinates to rescale the differential operator L and to compute the order of the
asymptotics of the fundamental solution. We constantly refer to Bianchini and Stefani’s
paper [20].
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3.3.1 Chart adapted to a filtration

Let M be an n-dimensional smooth manifold, let fo, f1,..., fx be smooth vector fields on
M, that satisfy the Hérmander condition (3.2)), and consider the hypoelliptic operator on

R x M defined as
P k
_ _§ 2

(In this part of the chapter the boundedness assumption on the fields is not necessary).
The role played by the drift field fy and the other vector fields, fi,..., fx, in the sum
of squares, is different, and in particular the fields fi,..., fr are applied twice as many
times as the drift field is. For this reason we want to treat differently the two kinds of
fields, by giving to them two different weights.
Let LieX be the Lie algebra generated by a set { Xy, X1,..., X} of noncommutative
indeterminates.

Definition 3.6. For every bracket A in LieX we denote by |A|; the number of times that
the indeterminate X; appears in the definition of A. We will call this number the length
of A with respect to X;.

For example, the bracket A = [ Xy, [X2, Xo]] has lengths [A|g = 2, [A|; =0and |Al]2 =1,
and it has zero length with respect to any other indeterminate.

By fixing a weight, [;, to every indeterminate Xy, ..., X we can define the weight of
a bracket A.

Definition 3.7. Given a set of integers (lo,l1,...,lx), we define the weight of a bracket
A € LieX as

k
A=) LAl fA#0
i=0

and we set ||0]| = 0.

In order to give different importance to the drift field, with respect to the other vector
fields, in the following we fix the integers to be

10:2 and l1:=lk:1

This means that the indeterminate Xy will have weight 2, while the other indeterminates
will have weight 1. For more complex Lie brackets, we have for example that the weight
of the bracket considered before A = [Xj, [X2, Xo]] is

Al =2-[Ao+1-|A]2 =5.

By means of the weight of the indeterminates we introduce now a filtration of the Lie
algebra spanned by fo, f1,..., fr in the following way. For every bracket A in LieX we
denote by Ay the vector field on M obtained by replacing every indeterminate X; with the
corresponding field f; for 0 < < k. Then we define an increasing filtration G = {G;}i>o0
of Vec(M) by

G; =span{Ay : A € LieX, ||A]| < i} (3.18)
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In other words G; is the subalgebra of Vec(M) that contains all the vector fields obtained
from a bracket of weight less then or equal to i. In particular, following our choice of
weights, the first subspaces of the filtration are

Go = {0}

G1 =span{fi,..., fx}

Go =span{f;, [fi, f5], fo: i, =1,...,k}

Gs = span{fs, [fi, fjl; fo, [fi; [fy, full: [fo, fil 14,0, h=1,... K}

Notice moreover that for every 4,7 > 0, the following properties hold
o G; CGip
e [Gi,Gj] C Giy,

° Ui20 G; = Lie{fo, f1,..., fr} and Uizo Gi(x) = T, M, for every x € M, since by
assumption the family {fo,..., fx} satisfies the weak Hormander condition (B:2]).

When we evaluate G at the stationary point zg we get a stratification of the tangent space
TyyM at xg. Let
ki := dim GZ(CL'()) W) Z 0.

In particular, kg = 0 and k1 < k. Moreover, by Hormander condition (B.2]), there exists
a smallest integer m such that Gy, (xo) = Ty, M. We call this number the step of the
filtration G at xg.

The filtration G induces a particular choice of coordinates centered at xg, as proved by
the following proposition.

Proposition 3.8 (Bianchini, Stefani [20]). There exists a chart (U, x) centered at x¢ such
that for every 1 < j <m

. o) 0
(1) Gj(zo) = span{a—ml, o Ba

(ii) Dxp(z0) = 0 for every differential operator D € AV := {Zy--- Z; with Zs € G;, and
ivn+---+1 < j} and for every h > k;j.

Definition 3.9. We call a chart that satisfies the properties of Proposition[3.8 an adapted
chart to the filtration G at zg.

Since this kind of coordinates will reveal to be very important in our study, we give
here the proof of the proposition, which relies upon the following Lemma:

Lemma 3.10. Let m be the step of the filtration G at xg and let j < m be an integer. Let
p € C®(M) be such that dy, # 0 and Zp(zg) =0 for all Z € Gj. Then there exists an
open neighborhood U of xo and a function ¢ € C*°(U) such that

o dyyp =dzp
e Dp(wg) =0, for every D e AV ={Z1---Z;: Zs€ Gy ir+--+i < j}.
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Proof. Let Yi,...,Y, be vector fields on M such that they form a basis of T),, M at z¢
and such that

o {Y1,....Y},} are in G; and form a basis of G; at x¢, for every i < j,
o Yip(xg) =0 for every i <n —1,

o Yy p(xo) =1

We choose the chart y = (y1,...,yn) as the local inverse of the map
(Y1 -y Yn) > €Y Yig

Then the function ¢ := y, is such that d,,¢ = dy,p.

Let D = Z;---Z; € AY with Z, € G;, and i1 + --- 4+ 4; < j and let us prove the
second property required for the function ¢, by induction on [. Since d,¢ = d,,» and
Zp(xg) = 0 for all Z € G by hypothesis, the property is satisfied for [ = 1. For [ > 1,

since Z; € G, we can write Zj(zo) = ),y a;Y;(xo) for some a; so
ki,

D@(wo) =Y ai(ZiyYi- Zig- - Z1v+ Vi, Zia) - Zia -+ Z1) p(0)
=1

The second component on the left side vanishes because, by the definition of the filtration,
[Gi, Gh] € Gitn, so we can apply on this component the induction hypothesis. By applying
again the same commutation we have

i,
Dg(xg) = Zaizl—l -+ Z1Yip(x0).
i—1

Iterating the same procedure also to Z;_1,...,Z; we can write Dp(zg) as a linear combi-
nation of elements of the type

Yi - }/i1¢(x0)7
with 1 <), < k; < n for every h =1,...,l. Therefore we get Dp(zo) = Dyn(zo) =0. O

Proof of Proposition[3.8. Let (U, x) be any chart centered at xp. We can get a chart with
property (i) of the proposition by a linear change of coordinates. Let us still denote it by
(U,x). For every i < n let j be such that k; < ¢ < kj;1. Then the coordinate function
x; satisfies the hypothesis of the Lemma with respect to the integer j. By applying the
Lemma to each function of the chart we get the statement. O

In Section B4l we present an example of adapted chart.

3.3.2 Graded structure

For 1 < i < m we define the integers
di == ki — ki1,

which indicate the number of new coordinates achieved with every new layer i of the
filtration at zg.
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Definition 3.11. Let us denote a point x = (x1,...,x,) € U by the m-tuple (!, 2%,...,2™) €
R @R2 @ ... @R, where each component x* := (Tk; 1415 ---»Tk;) 18 a vector of length
d;. Then for every 0 < e < 1 we define the anisotropic dilations around xg of factor € as

Sc(z) = 0c(xt, ..., 2™) := (ext, 2%, ... €Ma™).
For € > 1 we define d. in the same way, but it will be defined only on 61U.

The dilations d. act on every coordinate function and on the coordinate vector fields
with a different weight, namely
b = € i) _ 0 vk <k

ZjO0e = €Ty, (e)*aixj—éaixj i-1 <J S K

For every 1 <i < n let w; be the order of expansion of the coordinate x;, that is w; :=1¢
if ki1 < j < k;. We call w; the weight of the coordinate x;. Then the dilation . is a
particular choice of dilations of Definition with respect to the coordinates induced by
the filtration G and the weights (w, ..., wy).

Accordingly we define the weight of a monomial to be

n
Wt o) = 3 ajuy,
7=1

and the weight of a polynomial to be the greatest order of its monomials. Moreover we
define the graded order, O(g), of a function g € C*°(U) to be the smallest weight of the
monomials that appear in any Taylor approximation of g at .

For example, let n = 2 and suppose that x1 has weight 1 and z9 has weight 2. Then
the polynomial zxs — M has weight 6, because the two monomials composing it
are r1xy of weight 3 and the rest of weight 6. On the other hand, sin(zix2) = z122 —
% + 0 ((z1)*(x2)?) has graded order 3.

We extend these definitions to differential operators. We say that a polynomial vector
field Z is homogeneous of weight i if

W(Zp) =W(p) —i ¥V monomial ¢ of weight W(yp).

In other words Z subtracts weight ¢ to every function. Then the weight of a polynomial
vector field is the smallest weight of its homogeneous components. We define the graded
order, O(D), of a differential operator D by saying that

O(D) <j ifandonly if O(Dy) > O(p) —j V polynomial ¢,

that is D subtracts at most weight j from the functions. For example the graded order of

a vector field like (2" --- x%n)a%h is

a1 « a -
O((% x"n)8xh> = Wh — Zo‘jwj
j=1

Coming back to the previous example, the graded order of a field like sin(:vlm)a%l is
obtained as 1 — O(sin(z122)) = —2.
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By means of the graded order we can give a generalization of the concept of Taylor
approximation of a function up to weight h. Namely, for any ¢ € C°°(U) and every integer
h > 0, there is a unique polynomial (3 of weight h such that O(¢ — ¢(,)) > h.

Definition 3.12. The polynomial ¢y, is called the graded approximation of weight i of ¢
and it is the sum of the polynomials of weight less then or equal to h in the formal Taylor
expansion of ¢ at xg.

For every vector field V' € Vec(U) and each integer h < m there is a polynomial vector
field Vi) of weight h such that O(V — V{3,)) < h — 1.

Definition 3.13. V{3 is called the graded approximation of weight h of V' and it is the
sum of the homogeneous vector fields of weight greater than or equal to h in the formal
Taylor expansion of V' at xg.

Notice that, since V(3 is a polynomial vector field, we can consider it as defined on
the whole Euclidean space R".

We will see in the next sections how to apply this graded structure in order to un-
derline the most important properties of the operator in ([BIl), concerning the small time
asymptotics of its fundamental solution.

3.4 Nilpotent approximation and the order of the dilations

In this section we apply the graded structure, that we have just developed, to define a
special class of vector fields, which approximate the original one fy, f1,..., fr and we show
an example to clarify the setting. Finally we compute how the dilations change the volume
form and we introduce the order that will appear in the asymptotics of the heat kernel.

3.4.1 Nilpotent approximation

Let (z, U, w) be the graded structure around x introduced in Section B3land fy, f1, ..., fx
be the vector fields used to define the filtration of T, M. Then as proved in [20] Theorem
3.1, for every f € G;, we have a bound on the graded order, namely O(f) < ¢, where O is
the graded order associated to the graded structure (x, U, w) defined in Section 3.3

Recall the integers l[p =2 and I; = ... = = 1 introduced in Section 3.3 to define the
filtration and denote by f; the graded approximation of weight /; of f;. In other words, f;
has weight I; and O(f; — f;) < ;.

Definition 3.14. The vector fields fo, fl, el fk are called the nilpotent approximation
0ff07f17"'7fk'

The fields fi, for 0 < i < k, are polynomials, so they can be defined on R™.
We can describe more precisely the structure of the approximating fields f;:

° fg contains the terms of weight 2; therefore every component fg of fo depends only
linearly on the coordinates of weight w;—2 and more than linearly on the coordinates
of less weight, but does not depend on the coordinates of weight greater than or equal
to w; — 1, that are xj, with h > k;_».
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° fl contains the terms of weight 1 for ¢ = 1,...,k; therefore every component fzj of
f}- depends only linearly on the coordinates of weight w; — 1 and more than linearly
on the coordinates of less weight, but do not depend on the coordinates of weight
greater than or equal to wj, that are z;, with h > k;_1.

To make the construction more clear we end this subsection with an example, in which
we present the filtration in g, the induced adapted chart and the graded structure, and
we find the related nilpotent approximation.

Example 1. Let M = R?, and let the number of controlled vector fields be k = 1. Define

the vector fields
0

= —_— + xr1—— —_—
8x1 18:1)2 81'2

and recall the choice of weights lp = 2 and I = 1. The non vanishing Lie brackets that
contribute to span the tangent space in any point are given by

and  fy := sin(x?)

fi:

0

ool = 2vcos(e) 0, [ ol) = (2eos(a) — datsin(ad)) o

8%2

Then Héormander assumption [3.2) holds in any point and the filtration defined in (BI8])
1 equal to

G1 = span{fi}

G2 = span{ f1, fo}

G3 = span{ f1, fo, [f1, fol}

G4 = span{f1, fo, [f1, fo, [f1, [f1, foll}

Let g € R? be a stationary point of the drift field, and center the coordinates so that
xzo = (0,0). The filtration in xq is given by

G1(xo) = Ga(zo) = G3(x0) = span{ail} and  Gy(xo) = R? (3.19)

and the dimensions are: k1 = ko = ks =1, kg = 2.

Let us find an adapted chart to the filtration at zo = (0,0). As one can easily see, the
coordinates (x1,x2) are not adapted, since ff(azg)‘xo =1 # 0 and the second property of
the adapted chart then fails. Following the constructive proof of Lemmal310, one can find
that the new coordinates (y1,y2) defined by

z?
Y1 =21 — 5 T T2
z?

Y2 =—5 +22

give an adapted chart at (0,0). In these coordinates the two vector fields are written as

9 - NI
fl_@yl and  fo = sin((y1 y2))<8y1+8y2>'
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For € > 0 the dilations defined in Definition [311] are

Se : (y1,y2) = (eyr, €'ya). (3.20)

Then the weights of the coordinate functions are W(y1) = 1 and W(y2) = 4, and the
weights of the coordinate vector fields are W(a%l) =1 and W(%) =4.
Finally, let us write the Taylor expansion of the two vector fields f1, fo:

0

fl — aiyl
0
fo = (y%—2y1y2+y§+0(\(y1,y2)!2)872

We can see that f1 has already weight 1, while the only part of weight 2 in fy is y%aiw. We
can therefore conclude that the nilpotent approximation of fo, f1 is given by

. 0 A 0
2
= d = .
fo=ui B an fi D

3.4.2 Order of the dilations

We analyze here the order of the dilations, that is the order of homogeneity of the volume
form under the action of the dilations. This number will be crucial to find the order of
degeneracy of the fundamental solution of the operator (B.1).

Let us consider the dilations d.. They were defined by introducing the notation x =
(x',...,2™), where each component z' is a vector of length d; = k; — k;_1. Then we
set Oc(xt, 22, ... ™) = (ex!, 22,...,e™ax™). Let N be the order of homogeneity of the
volume form dxq A dxo A ... A dx, around the point xg, that is a number such that

(6)x(dzy Adao A ... Axn) = Nday Adzg A A day,.

Then N is given by

N =) idi =) i(dimGj(xo) — dim G;_1(x0)) . (3.21)
=1 =1

Since this number is very important we give here some examples to understand its meaning.

Example 2 (Continuation of Example [ ). As a first ezample we consider the one given
in Example[d. We have already computed the filtration in Fq. [319), so we already know
that the integers d; := dim G; — dim G;_1 are

di =1 do=d3=0 and dq=1.

Therefore the order of the dilations is N =1-1+4-1 =5, as one can compute directly
from the explicit expression of the dilations in (3.20).

Example 3 (Sub-Riemannian manifold). Let us assume that the operator in (B.1) is
mnduced by a sub-Riemannian structure. In other words, we consider an operator without
drift field, and the vector fields f1, ..., fr generate a completely non-holonomic distribution,
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A, of step m. Recall that the growth vector of the distribution is defined as the vector, at
any point q of the manifold, given by

(A(q), A%(q),...,A™(q)) where AT = AT [A, AY].

Then the filtration G; = A for every i and the integers d; related to the filtration are the
same defined by the growth vector, i.e. d; = dim(A?) — dim(A*"Y). Finally the number N
1s exactly the homogeneous dimension Q of the manifold. More explicitly

=1

In particular for the 2n + 1 dimensional Heisenberg group, for which dim A = 2n and
A, A]y =TyM for every g € M, the homogeneous dimension is Q = 2n + 2.

Example 4 (Linear case). As a last example, we consider an involutive distribution D,
spanned locally by k constant vector fields, and assume that the drift field is linear in a
neighborhood of x.

The operators arising from such a structure include the Kolmogorov equations, that
appear in diffusion theory, probability and finance. Important results on this type of equa-
tions have been achieved by Lanconelli, Pascucci and Polidoro [31),[32]. See also [22] for
an analysis for continuity methods.

Without loss of generality we can assume that

0
_8@

0

V1 S 7 S k and f() = Z Aijaci
3,7=1

for some constants A;;. Under these assumptions, the only Lie brackets different from
zero are the one involving only one vector field of the distribution and the drift field. Let
us call A the n x n matriz with entries equal to A;; and B the n x k matriz that is the
identity in the first k rows and is equal to zero in the last n — k rows. Then Hérmander’s
condition of hypoellipticity (3.2)) is also called in this linear setting Kalman’s condition of
controllability for linear control systems and becomes the following condition on the rank
of Kalman’s n x (nk) matriz

rank[B, AB, A’B, ..., A" 'B] = n. (3.22)
The filtration is then completely determined and we have
Gai_1(z0) = Goi(x0) = span{A/B: 0 < j <i—1}.

Consequently the numbers koj_1 = ko; are determined by the rank of the Kalman’s matriz
in ([B:22), where we stop the series of matrices at A1 B. The numbers d; are zero if j is
even, while if j = 2i—1 they are the number of new linearly independent columns obtained
by adding the matriz A" 'B to the previous one. The step of the distribution is then an
odd number 2m — 1 and N is equal to an odd sum of integers:

N=> (2~1)dy1=1-d1+3-dg+5-ds+ -+ (2m — 1)dom1.
=1
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3.4.3 Comparison between AN and the sub-Riemannian dimension Q

Let us consider the case in which fi,..., fi satisfy the strong Hérmander condition, i.e.,
the Lie algebra doesn’t require the drift field to generate the tangent space (see (HC)).
As explained in the Introduction, in this case it is well defined a distance function, called
the sub-Riemannian or CC-distance, and the sub-Riemannian homogeneous dimension Q.
We want to compare the dimension Q and the integer N defined by the filtration G at a
stationary point zq of the drift field fj.

Let A, :=span{fi,..., fx}= be the horizontal distribution at € M and for ¢ > 2 let

Ai — Ai—l + [Ai_l,A]

be the filtration defined by the distribution, where Al = A. Let ma be the step of the
distribution A at xg, i.e. the smallest integer j such that A%, = T, M. In other words
the subspace AL C T, M is spanned by all the Lie brackets up to length i between the

fields f1,..., fi:
A" = span{[fi,, ..., [fi_,, fi,]] - forall 1 <iy,... i <k andl<i}.

At the same time we can built the filtration G at zo defined in (B18), which involves also
the drift field fp. In general it holds the inclusion

AL C Gi(zo). (3.23)

Therefore the dimensions k; of G;(x() are greater or equal than the dimensions k; of A;,O
and the step m of the filtration G is smaller or equal than the step ma of the distribution.
To gain an inequality between the integers NV and Q notice that we can rewrite the sum
m m m
S 9 DU DL
i=1 i=j j

Jj=11i=j J=1

where we recall that d; = k; —k;_1. The same identities can be written for the sum defining
Q. Therefore it always holds the inequality
m m 5 ma B
Ni=) (n—kj-) <D (n—kj1) <D (n—kj1) = Q.

j=1 j=1 7j=1
It becomes an equality if only if A;O = G(xp) for every layer i.

Remark 3.15. The identities A;O = Gy(xg) are verified in particular if fo € A?, because
fo can be written equivalently as a combination of Lie brackets between the fields fi,. .., fi
up to length 2 and then it does not play any role in the construction of the Gi(xqy). This
is the case studied by Ben Arous in [15] and recalled in ([B3)).

If fo € A"\ A? for some i > 2, then the inclusion in ([3:23) could be strict, because
the Lie brackets between fy and some other fields could generate new dimensions in the
layers of the filtration G that could be reached by the filtration of A only with longer
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w

7y 0
6 Oxo
and fo = [f1,[f1, f2]] = 3718%27 and consider the two filtrations at the origin zg. We have

combination of Lie brackets. For example, let us take on R? the fields f; = 8%1, fo=

0
1 2 3 4 2
Ay, = Az, = Ay, = span { Fr } and A =R?

while the filtration G at xg as only 3 layers, namely

0
Ga(a0) = Gataw) =span { -1 and Ga(aw) = span{f. [, fl} o = B
therefore Q is strictly bigger then N

Notice that the behavior of this last example can not happen if ma < 3, then in this
case it always holds N/ = Q.

3.5 Small time asymptotics on the diagonal

We come back now to the perturbative method explained in Section B.2l Let

k
W B3R Ve OF(Rx M)
i=1
be the differential operator ([B.I) on RT x M and assume that fo, fi,..., fx satisfy the
Hormander condition (3:2) and are bounded with bounded derivatives of any order.

The role played by the drift field fp and the other vector fields, { f1,..., fx}, in the sum
of squares, is different, and in particular the fields {f1,..., fx} are applied twice as many
times as the drift field is. Therefore we give to fy weight 2 and to fi,..., fr weight 1.
Consequently fix the corresponding graded structure, (U, z,w), around x¢, that is induced
by the filtration G introduced in Section 3.3

The fields fg, f1,--., fr can be written in terms of the nilpotent approximation as

fo = fo+ g0, fi=fi+gi 1<i<k,

where gg and g; are vector fields of order less than or equal to 1 and 0 respectively. Let
1 k
1 )
Lo -—f0+2 Elfz
1=

and write 0y — L = 0; — Lo + (Lo — L). To apply Duhamel’s formula (3.16) to this kind
of operator, we need to prove that there exists the fundamental solution of the principal
operator 0/0; — Lg. As we will prove now, this follows by the property of hypoellipticity
of the original operator, that are preserved by the nilpotent approximation, that defines
Ly. The same statement can be found also in the paper by Bianchini and Stefani [20].

Proposition 3.16. Let fo, f1,..., fi be the nilpotent approzimation of the fields fo, f1, ..., fx
defined in Definition [3.14)
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(i) For every bracket A such that ||A|| =i, then (Af — Af) € Gi—1(xg) and Af(azo) =0
whenever Af(xo) € Gi—1(x0), where ||A|| denotes the weight of the bracket A defined
in Definition 3.

(ii) Assume G, (xo) = Liego{fo, f1,.-., fr}, then

Liezo{fovfla .. 7fk‘} = Liemo{anflw . afk}

Proof. Let us prove the first statement. Let (U,z) be coordinates around z adapted to
the filtration {G;};. Then for every 1,

0

ey

oz,

i

} . (3.24)

Let A be a bracket such that ||A|| = ¢, then as proved in [20] Theorem 3.1, O(Ay) < 4,
where O is the graded order associated to the graded structure induced by the filtration.
Therefore there exist constants a; such that

0
Gi(xo) = span { pr

o

Ag(wo) =) a (;ij : (3.25)

J<k; Zo

Notice that if two vector fields hq, hs are homogeneous of graded order respectively n; and
ng, then their Lie bracket is either zero or homogeneous of order ny + ny. Then the Lie
bracket A ; is either zero or homogeneous of order [|A[| = i. Therefore by equation (3.23),

we have
0
Ajwo) = Y aj5—

ox
ki—1<j<k; J

By subtracting (3.26) to (3.23]), we find that (Ay — Af) € Gi—1(zo), because G;(zo) is
obtained as in (3.24]).
Let us prove the second statement. Let (U, z) be as before and let

(3.26)

o

V(ZL‘O) S Liexo{f07 fla SER) fk}

Then V(zg) = A (o), for some bracket A with [[A|| = j equal to the graded order of
V(xo). Then by expression ([B:24)), there exist a; such that V(zg) = Eigkj O‘ia%i' Since
G(x0) C Gom(z0) = Liegy{ fo, f1,-- -, fr}, we have that V(z¢) € Liego{fo, f1,---, fa}-

We prove the other inclusion by proving that G;(zg) = span{Af(xo) :||A|| < i}, for
every i. We prove it by induction on 1.

For i =1, Gi(zo) = span{Af(zo) : ||A|| < 1}. Let A¢(xo) € Gi(zo), then by statement
(1), (Af = Af)(wo) € Go(wo) = {0}. Then Ay(xo) = As(zo) and the statement is true for
1= 1.

Assume that the statement is true for ¢ — 1. Recall that

Gi(zo) = span{A(xo) : ||A]] < i}



40 Order of the asymptotic expansion of the heat kernel on the diagonal

and (Af—Af)(azo) € G;_1(x0). By the induction hypothesis, there exists g € span{Af(xo) :
[|A|] <i— 1} such that
Ag(zo) = Aj(zo) + 9.

And the statement is proved also for 7. o X
We conclude, since Lieg,{ fo, f1, -, fx} = Gm(x0) C Lieg,{fo, f1,---, fr}- O

Corollary 3.17. Recall that xg is a point where fo(zo) € D2, = span, {fi, [fi, fj] : 1 <
i,j < k}. Then the operator 0/0, — Lg 1is hypoelliptic on R™.

Proof. By Hormander’s condition of hypoellipticity we know that

Liemo{anflv' . 'afk} =R".

Then the hypothesis of statement (ii) of the Proposition are fulfilled and also the nilpotent
approximation is Lie bracket generating. To guarantee the hypoellipticity of 9/9; — Lo,
however, we need that the field fy gives a contribution in the generating process only if it
is applied to a Lie bracket with some other vector fields. In other words, we want that fy
alone gives no contribution.

Let us suppose first that zp is an equilibrium point for the drift. Then fo(z9) =0 =
fo(:ro) and the weak Hormander’s condition is immediately satisfied, i.e.,

9 . . X
Spanxo{a —fo, [, fx} = R (3.27)

More in general, let fo(xg) € D:%O. By point () in the previous proposition, f (zg) =
f(wo) + g1 for a vector g1 € span, {f1,..., fr} = spanxo{fl, e fk} On the other hand,
by hypothesis fo(xo) = [fi, fj]zo for some 1 <4,j < k. Then the proposition implies that
there exists go € spanm{fl, e fk} such that fo(xzo) = [fz, fj]mo + g2. In conclusion we
have proved that f (xo) = | fis fj]mo + g1 + g2, and then fo(xo) alone does not give any
contribution in the Lie bracket generating condition. So ([B.27) holds again.

Using the lower semi-continuity of the rank, we can find a small neighborhood U of zg
where the Hormander condition holds at any point.

Now by the homogeneity of the approximating system we know that

6e*f0 = 62f0 and 5e*fz = Ef@' Vl<i<k.

Therefore, since the differential operator commutes with the Lie brackets, we can extend
Hoérmander condition, which holds on a neighborhood of xg, to the whole Euclidean space
R™ and the operator 9/9; — Ly is hypoelliptic on R". O

Remark 3.18. In the proof of this corollary, the assumption on xg is important, because
it permits to say that the approximating system fo, fl, ceey fk satisfies not only the strong
Hérmander condition (that is always guarantied), but also the weak one [B.2). Indeed if it
fails, there are cases in which the approzimating fields do not satisfy condition [3.2)) and
Ly is not hypoelliptic, even if L is.

For example, on R? the fields

0

0
Jcl—aim1 fO—(l‘*‘xl)%
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satisfy the Hormander condition ([B.2), but this fails for their nilpotent approzimation
fi = 8%1 and fo = 8%2. Indeed, even if 0y — fo — %flz 1s hypoelliptic, its principal part

O — 6%2 — %88—;2 is mot and there does not exist a heat kernel of the principal operator.
1

By the corollary we can conclude that the principal operator d; — Ly admits a well
defined heat kernel, qo(t,x,y). Indeed, even if the approximating fields are not bounded
in general, all the components fzj depend only on the coordinates x1,...,z;—1 and not
on the subsequent coordinates (for example f! are just constant). This implies that the
approximating system satisfies the weaker hypothesis of Remark and then it admits
a fundamental solution. This is characterized as the density function of the solution, £(t),
of the stochastic differential equation in Stratonovich form

k
dé; = fo(&)dt+ ) fi&) o duws(t)
=1
£0) =

where w;(t) is a 1-dim Brownian motion for every 1 < i < k. The solution ¢g satisfies the
following important homogeneity property.

Lemma 3.19. For every € > 0, for every t > 0 and for all x,y € R™ it holds
ao(t,z,y) = Vo (Et,0ex,0ey) -

In particular, for € = 1/+/t we have the following identity
1 n
qo(t, z,y) = qu (1,(51/%30,51/\/5(7;) vVt > 0,2,y € R".

Proof. This lemma is indeed a corollary of Proposition[3.4] since by definition of fo, fl, ceey fk
we have

6261*140 = Lo.

O]

We can then apply the procedure introduced in Section and we conclude by giving
the asymptotics on the diagonal in xg of the fundamental solution p(¢, z,y).

Theorem 3.20. Let xqg be a point where the drift field lies in D?CO. Assume that qo(1, xg, xo)
18 strictly positive. Then the short time asymptotics on the diagonal of the fundamental

solution, p(t,x,y), of BJ) is given by

b, z0,20) = P20 1y o)), (3.29)

where N is the degree of homogeneity of the volume form dxi A ... A dx, under the action
of the dilations 0, computed in (3.21]).
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Proof. Let us write L = Lo — (Lo + L). By Duhamel’s formula (3.16) the asymptotics on
the diagonal of the fundamental solution p for small time to the perturbed operator 0; — L
is

p(t, z0, 20) = qo(t, xo, x0) + p * (Lo — L)qo(t, o, xo)
1 N
:7\/%/\/ (QO(1>$O>$O> +VE px (Lo — L)Qo(t,l‘ovxo)) ;

(3.30)

provided that the remainder term \/in « (Lo — L)qo is negligible for ¢ small.
To prove this, let us study the function (Lo — L)qo(t, z,y):

1
|(Lo — L)qo(t, =, y)| = WKLO - L)QO(L(S%%CS%Z/)N

1

= —0,(Lo— L)go(1, z,y)|

Ve

1 C

< —— |—(Lg— L 1, z,

< e [ G- D y>]

for some constant C'. The last inequality follows because L is the part of order —2 of L
and the difference Ly — L has order —1. Therefore for small ¢ the operator ¢ 2 L(Lo—1L)
t

rescales at most as %(Lo — L). Moreover (Ly — L)qo(1,z,y) is uniformly bounded in U,
because it is evalueted in ¢ = 1 where the function is C*°.
Let us use this relation to prove that (p* (Lo — L)qo)(t, xo,x9) = O (Wﬁ) Indeed

N-—1

limt Lo—L t
tl\I‘% 2 (p*( 0 )QO)( >$07$0)‘

oo [
<limt 2 / / Ip(s, z0,y)(Lo — L)qo(t — s,y,xo)|dyds
(AN 0 JU

No1 [T C
< limt2/ / s, o, y)dyds
N0 0 (t—S)NéH Up( 0 y) Y

¢
Slimtj\gl/ C(t—s)_%ds
t\0 0

—

for a constant C9 that comes from the exact value of the limit. Moreover the third
inequality is true since p is a fundamental solution and hence has integral < 1.

We have controlled the error, so we can conclude that the desired small time asymp-
totics on the diagonal is determined by the asymptotics ([8.30) and we find

b, 20,20) = UEIET0) (1y o)),

which is well defined since by hypothesis the leading term ¢o(1, o, z¢) doesn’t vanish. [J
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3.6 The principal operator and the associated control sys-
tem

In this section we are going to investigate the conditions for the positivity of the heat
kernel, qo(t, z,y), that we have introduced in the last section.

Let fo, f1,. .., fx satisfy Hormander condition (B.2]) and consider the principal operator
o 1o )
. .
Y ) 3.31
ot f°+2i:1f’ o " (3:31)

defined by the approximating system of the original vector fields. As already pointed out,
it admits a smooth fundamental solution given by the probability density, qo(t,z,y), of
the process & to be at time t in the point y starting from the point z, where & is the
solution of the stochastic differential equation

k
d& = fo(&)dt + ) fil&) o dw;(t). (3.32)
=1

In their famous work [47] Stroock and Varadhan characterized the support of go(t, z,y)
and they showed that it is the set of the reachable points from x of the following associated
control problem:

k
i = fo(z) + D uifi(x), (3.33)
i=1

where z : [0,t] — R" is a curve in R” and u = (u1,...,u;) € L°°([0,1];R*) are bounded
controls.

A short proof of Stroock and Varadhan’s theorem can be found in [37], while a recent
approach by rough paths is given in [26]. For a generalization to the C'“ norm see [16].

Unfortunately, Stroock and Varadhan’s result holds only for globally bounded vector
fields, with bounded derivatives of any order. Since our vector fields are polynomial, they
don’t satisfy such assumptions and we can not directly apply the result of the support
theorem. We will see in a moment how we can adapt their procedure to our system, but
first we introduce two simple remarks that will simplify our study.

Remark 3.21. Let qo(t,z,y) be the probability density of the solution to equation (B.32).
By Lemma we have the following equivalence

qo(1,z0,20) >0 <= qo(t,x0,20) Vt>0.

Lemma 3.22. Consider the control problem [B33) on R™. Let yi1,y2 € R™ and T > 0
be fixred and assume there exists a curve y : [0,T] — R™ that satisfies the control problem
B33) for some control function v € L* and such that y(0) = y1 and y(T') = ya.

Then for any M > 0 the curve z(t) := dpr (y (ﬁ)) is an admissible curve for the
control problem defined on [0, M*T| with control u(t) := s;u (t/M?), that connects 1 :=
S (y1) with xo == Spr(y2) in time M>T.

In particular, if the control problem ([B.33) is controllable in a neighborhood U of xq in
time T, then it is controllable in §p;(U) in time M>T.
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Proof. The boundary conditions are easily satisfied, since z(0) = da(y(0)) = onm(y1) = 21
and x(M?T) = 6y (y(T)) = 6ar(y2) = 2. Moreover, z(t) is an admissible curve for the
control problem with control ﬁul (t /M 2) , indeed by the homogeneity of the approximating
system we have

Hi) = 2o (5 (4/M7)

- Lo [fo 0 602) + 3w () o (t/M2>>]

i=1

- [M2f0 (v (t/M?)) + zk:Muz' (t/M2) fi (y (t/MQ))]

i=1

= Do l®) + 3 g (1) fi(alt).

O]

Our generalization of Stroock and Varadhan’s support theorem holds because of the
very particular structure of the approximating system. Indeed, since fo has weight 2 and
f"i has weight 1, for every 1 <1 < k, every component of these fields depends only on the
coordinates of less weight, i.e., fi(] ) does not depend on x;,2j41,...,%,. This structure is
enough to modify the proof of the support theorem in order to prove it in our case.

Definition 3.23. Consider the control problem [B33)) and let us call x,(t) the solution
corresponding to a control u. The reachable set of the control problem in time t from x is
the set,

Ai(x) == {y €R™ : Ju € L([0,t]; R*) such that 2,(0) = x and z,(t) = y} .

Proposition 3.24. Let Xg, X1,..., X be smooth vector fields on R", that satisfy the
Hormander condition, and such that every j-th component Xi(j) of X;, for 0 <i <k, does
not depend on the coordinates xj,...,x,, but only on the first coordinates x1,...,T;_1.
Let & be the solution of the stochastic differential equation in Ité form

k

d& = Xo(&)dt + Y Xi(&)dw;(t)

i=1

where by the It expression of the equatz’o, the drift field Xy is changed in X, which
stands for the vector field whose j-component is given by

» T ax\)
R S SE o o

1See Section 211
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Let p(t,x,y) be the probability density of & to be in y at time t starting from the point x
and Ai(x) be the reachable set at time t from x of the associated control problem

k
&= Xo(x) + Y ui(t)Xi(x) (3.35)
i=1
where u = (u1,...,ug) € L>([0,t];R¥) is a control function. Then

supp(p(t, €, )) = At(x)

Proof. First of all notice that also the field X, has the same particular structure as the
other fields. Indeed since Xi(j ) does not depend on zj,...,z,, then in (3.34) the sum in {
runs only from 1 to 5 — 1. Then also f(éj) depends only on z1,...,x;_1.

Stroock and Varadhan have proved this theorem under the assumption that the fields
are Lipschitz and globally bounded, together with their derivatives of first and second
order. Following their proof in [47], we have to show that for a dense set of controls u and

Ve > 0
Po([|& — ]| <€) = P([|& — 21]| < €| =2) >0, (3.36)

where z; is the solution of (8:3%) starting at z. In particular let us take ¢ € CQ(R+;_R’€),
with ¢(0) = 0, and let x; be the solution of (8.33]) starting at x with control u;(t) := ().
Then for all € > 0 we show that

Py (116 — ol | < €] [lwe — e[ <6) =1 (3.37)
as 0 N\, 0. This is enough to prove ([B.36]), since

Pr (16 — el <€) = P (1|6 — mel| < e [Jwr —the|] < 8) - P ([[wr — e[ <)

and P (||ws — || < &) > 0 for every 6 > 0.

Stroock and Varadhan proved (B.37) under the boundedness assumption that we do
not have directly, but we will recover it by iterating a conditional probability. Indeed,
notice that by our assumption the first component of every vector field, XZ-(I), does not
depend on any coordinate, so they are actually constant and they trivially satisfy Stroock
and Varadhan’s assumptions. Then the limit in (8:37)) holds for the process H{t(l) — a:gl) IE

Moreover let us assume, by induction, that the first 7 — 1 components of & live in a
bounded set. Then the components ij ) are Lipschitz and bounded, together with their
derivatives of any order, and we can apply Stroock and Varadhan’s theorem to the j-th
component of &, then

P, (1167 =2l < e | Jhwe = il < 8,11 ol < ev1 <1< j) -1

as & \ 0.
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The proof of ([B.37) now follows using an iterated conditional probability, indeed in

general for every measurable sets Ay, ..., A,, B, it holds
n n
P (4;|B| = P[()A;|BNA | P(AB)
j=1 j=2

ﬂAj BnNAiNA; P(Ag‘BﬂAl)P(AllB)
=3

Il
e

; HP(Aj ijhlAl>.

j=1 =1
Then
P([[& — zif| < e |Jwy — ]| <6) =

=17 (s =21l < e [ hwe =l < 8. 11g” =il < evi<i<j) =1
j=1

as 6 N\, 0 and we have proved (3.37) in our case. O

We are now ready to show a condition for the positivity of the fundamental solution
of the approximating differential operator.

Theorem 3.25. Let qo(t,z,y) be the fundamental solution of (B.31)). If the reachable set
Ai(zo) of the associated control problem ([B.33) is a neighborhood of xy for some t > 0,
then qO(l,Jjo,xo) > 0.

Proof. By Remark B.21] it is enough to prove that go(T, o, x¢) > 0 for some T > 0. We
will choose T' = 2t. Moreover, by Lemma B.22] if A;(z) is a neighborhood of z( for some
t > 0, it is a neighborhood for every t > 0.

Assume by contradiction that go(2t, xg,z9) = 0. By Chapman-Kolmogorov equation
we know that

0= QO(2t7x07x0) = / QO(tax(]’y)QO(tay"rO)dy = / qO(ta any)QO(tvyva)dya

A¢(zo)

n

where we can restrict the space of integration, since by Lemma 324, supp(qo(t, zo,-)) =

Ai(zg). Then for all y € Ay(xp) we have qo(t,y,29) = 0. As shown in Section 2.2.1] the
function ¢(t, z,y) := qo(t,y,x) is the fundamental solution of the adjoint operator to Ly,
that is

* £ 15
LO = _fO + 5.]022

Then G(t, z,y) is the probability density function of the stochastic process & solution of
the stochastic equation

{ Cfét = —fo(&)dt + 38, fi(&) o duws(t)

§o = .
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By contradiction we have assumed that G(2t, z¢, z¢) = 0, then again by Chapman-Kolmogorov
equation we have

0 = d(2t, 20, 0) = / it 20, y)ilt, v, 20)dy
At (zo)

where ./th(l‘()) is the reachable set in time ¢ from the point zg of the associated control

problem
k

~ ~

& =—folx) + > uit) fi(x).
i=1

It follows that qo(t,z0,y) = G(t,y,x0) = 0 for all y € A, (o). Since the point zg is a
stationary point for the control problem, then xg € flt(mo), for every t > 0. By Krener’s
theorem (see Chapter 8 in [4]), zo is in the closure of int(A; (o)), then A, (o) N.A(z0) has
non zero measure and qo(t, g, z) = 0 for all z in this intersection. This is a contradiction
to the support theorem.

We conclude that, if A;(zg) is a neighborhood of xg, then qo(t, o, x0) > 0 for all
t> 0. O

Remark 3.26. In view of Theorem[3.20 and Theorem[3.20 we can conclude the following
properties about the asymptotics of the fundamental solution p of the operator (3.1]).

(i) If the control problem associated with the original system:

k
&= folx) + D wi(t) fi(x) (3.38)
=1

is not controllable around xq, that is A(xg) is not a neighborhood of xq, then

p(t, zo,z0) =0 vt > 0.

Indeed by the support theorem supp(p(t, zo,-)) = Ai(xo), therefore xq is on the bound-
ary of the support. Since p(t,xo,-) is smooth, the conclusion follows.

(ii) If the control problem ([B38)) is controllable in xq, then we study the controllability of
its milpotent approximation, defined by the fields fo, f1,..., fr introduced in Section

B

(i.1) If the approximating control problem

k
&= fo(@)+ ) wi(t) fi(x) (3.39)

=1

1s controllable around xq, then the asymptotics is given in Theorem[3.20, where
we see that the fundamental solution on the diagonal in xg blows up for small
t as the rational polynomial tf/%, for a positive constant cy depending on the
chosen volume and on the approzimating system [B3.39). The order N is deter-
mined by the Lie algebra generated by the fields fo, f1,..., fr at xo as explained

in formula (3.21).
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(i.2) If the approximating control problem ([3.39) is not controllable, then p(t,xq, zo)
goes to infinity for small t faster than W% as shown in the following Propo-
sition. In [17] the authors show an example, where the asymptotics goes to
infinity even exponentially fast.

Proposition 3.27. Assume that the control problem [B.38) is controllable around xo, but
the approximating control problem [B39) is not. If p(t,xo,z9) > 0, then p(t, o, x0) goes
to infinity faster then &, where N is defined in (3.21]).

Proof. To show this we need to prove that all the coefficients in the asymptotics (3.29) are
zero. The asymptotics was found introducing the fundamental solution gy and by using
Duhamel’s formula ([BI6]). By iterating it we can achieve a better approximation of the
asymptotics and find the higher coeflicients. Indeed,we obtain

J
P=aq+ Y q (xXq) +p(xXq) "
=1

for every j € N, where X := Ly — L and (*X¢g)" means that we iterate the convolution
i times. We have to show that all the terms qo (*X¢qo)" vanish at the point (1, z, o) for
every i € N.

By Lemma we know that go(t, zo,y) = 0 for every y € A;(z0) and all ¢ > 0. Let
us assume by induction that for an ¢ € N

a0 (xXq0)" (t,20,9) =0 Yy € Ay(xo), VE > 0. (3.40)

Then for every y € A(xq)  we have

@0 (+Xq0)' L (¢, 70,y) = / / (s (5.70.2) Kot 5,2,
0 s(xo

where the integral can be computed just on As(zg) by the induction hypothesis. But
qo(t—s,z,y) = 0 on As(z¢) by Chapman-Kolmogorov equation, then also all its derivatives
vanish there. Then the integral is zero and we have proved (B3.40) for every i.

Since qo is smooth and zq is on the boundary of A;(zo) , then equation (340) holds
also in the point (¢,x0,x¢) for every ¢ > 0, that means that all the coefficients of the
asymptotics (3.29) are zero. O

3.7 Examples

We end this chapter with a study of some known examples, to understand better the
meaning of Theorem [3.20]

Example 5 (Continuation of Example[l). We complete the study of Example[d. We have
already computed the principal part of the operator O, — L, that is

9 10
0x9 28:16%'

9 _
ot

0

2
=
ot 1

1.
f0—§f12=
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This operator is indeed hypoelliptic since fi = 6%1 and [fl, [fl, fg]] = 28%2 span the whole
tangent space in every point. Let qo(t,x,y) be the density function of the solution &(t) of
the stochastic equation ([B.28)), that in coordinates is given by

dér = dwn, déy = 22dt.

We can see that the second coordinate is actually deterministic and has positive derivative,
so it can only increase. Consequently, if a path starts in xo = (0,0) the solution &(t) will
almost surely mever come back to xo again, indeed xo is on the boundary of the support
of qo(t,zo,-). Then the hypothesis of Theorem [3.20 that requires qo(1,zg,x0) > 0 is not
fulfilled.

Since the original control problem is controllable, this is an example of type (ii.2).

Example 6 (Sub-Riemannian manifold: continuation of Example B). The study of the
asymptotics on the diagonal of the heat kernel on 3D contact sub-Riemannian manifolds
has already been performed by Barilari in [6] and more in general by Ben Arous in [15)].
The nilpotent approximation of a sub-Riemannian manifold of dimension 8 is isometric
to the Heisenberg group. Let us represent the Heisenberg group as R3 with coordinates
(z,y,z), then the approximating system can be written as

p 9 v p_ 0 _z0
fl—afx 202 and  fa = -

As one can easily verify, the order of homogeneity of the volume form is given by N = 4,
as computed also with the general formula (B.21]).

The principal part Lo of the operator is hypoelliptic and symmetric, the associated
control problem is then controllable, so there exists a well-defined symmetric heat kernel,
that is positive for every t > 0 as seen in Theorem [T 28 The hypothesis of Theorem [3.20)
are then fulfilled and we find that the asymptotics on the diagonal of the original heat
kernel p(t,z,y) has the following order:

ap(z) + o(1)
Vi

This was the same order found by Ben Arous in [15] and by Barilari in [6].
This example is of type (ii.1).

p(t,x,z) = for a smooth function ag(x) > 0 on the manifold.

Example 7 (Ben Arous and Léandre). We consider here an example studied by Ben Arous
and Léandre in [17]. Consider the space R? with coordinates (x1,12) and let

I )
_xl&vg’ 1_8:517 2_$18x27

Jo

where a and b are positive integers. Then xoy = (0, x2) is a stationary point of the drift field
for any xo € R. The operator L = fo + %(ff + f2) satisfies even the strong Hormander
condition, i.e. the fields f1, fo alone are Lie bracket generating.

In [18], it is shown the complete behavior of the heat kernel p(t,x,y) of this operator
on the diagonal. We summarize here the most interesting properties for our study:
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Theorem 3.28. 1. Ifb < a+ 1, then there exists a constant K(a,b) > 0 such that
K(a,b)

o (3.41)

p(t7 ZQ, 330) ~

2. If b>a+1 and a is even, then the fundamental solution p(t,xo,xo) decreases with
exponential velocity.

The results found in this paper agree with the statement of the theorem. Indeed, let us
consider the filtration G given by the vector fields fo, f1,. .., fr at a point xo = (0,x2). Let
m = min{a + 2;b+ 1}. It is easy to verify that the subspaces of the filtration G are

Giom) = { By 10 15 i<

Accordingly the coordinate x1 has weight 1, while the coordinate xo has weight m and the
order of homogeneity of the volume form is given by

] <
N:1+m:{ b+2 ifb<a+1

a+3 ifb>a+1.

To determine the nilpotent approximation, it is convenient to divide the study in 8 cases,
depending on the value of a w.r.t. b.

If b < a+1, then m = b+ 1. The nilpotent approximation is obtained by taking
the Taylor expansion of the field fo of order 2 and the Taylor expansion of order 1 of fi
and fa. Then we ﬁnd that f1 = fi, f2 = fo and fo = 0. The principal part Lo of the
operator L is 2(f1 + f2), that is hypoelliptic. Then there exists a well-defined heat kernel,
qo(t,xz,y), and, since the associated control system is controllable, qo(t,xo,x09) > 0 for
every t > 0. Then the hypothesis of Theorem[3.2Q are fulfilled and we find that the small
time asymptotics of the fundamental solution of L has order N'/2 = b+72, that is exactly
the one given in (3.41).

If b = a+ 1, then m = b+ 1 and the nilpotent approximation is equal to the fields
f1, fo, fo themselves. Since f1, fo are Lie bracket generating the associated control system

T = fo+uirfi+uzfo

is still controllable, then the heat kernel qo(t,zo,x0) is positive for every t > 0, and we
obtain again the statement (B.41]).

Ifb>a+1, then fl = f1, fo = fo and fg = 0. The principal operator fo + %ff is still
hypoelliptic, but if a is even, then the heat kernel qy is zero in xo = (0,x2) for any t > 0.
This is because a.e. path starting from xg will never come back to xy again, since the
drift fo makes the first coordinate increase, if x1 becomes different from 0. Then we can
not apply Theorem and indeed Ben Arous and Léandre have shown an exponential
decrease in this case.



Chapter 4

Curvature terms in small time
heat kernel expansion for a model
class of hypoelliptic Hormander
operators

In this chapter, which is based on the results of [9], we perform the first step in the char-
acterization from a geometric viewpoint of the coefficients of the heat kernel asymptotics
on the diagonal. In particular we focus on the model case of linear hypoelliptic operators
on R” of the form

. 0 1 02

L= Ax)j— + = BB*)ijp——

Z( )J aCCj + 2 Z ( )Jhal‘jaxh7
Jj=1 J:h=1

where A = (aj3) and B = (b;;) are respectively n x n and n x k constant matrices, that

satisfy Hérmander condition of hypoellipticity. In this setting it reduces to the assumption

that

tk[B, AB, A®B,..., A" 1B] = n. (4.1)

As explained in Section [2.4], the heat equation associated to L admits a smooth fun-
damental solution p(t,z,y) € C°(R"T x R™ x R") that can be computed explicitly as
follows

o= b —eta)* Dy (y—eta)

t =
p( 7xay) (27r)n/2\/m ’

where

t

D, = ¢! </ eTABB*eTA*dT> et
0

By condition (£1), the matrix D, is invertible for every ¢t > 0.

These operators are the simplest class of hypoelliptic, but not elliptic, operators sat-
isfying (wHC) and are classical in the literature, starting from the pioneering work of
Hormander [29] (see also [32] for a detailed discussion on this class of operators). As
already pointed out by Stroock and Varadhan [47] in the study of the support of the dif-

o1
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fusion, the properties of & are strongly related with the solutions to the control problem
i(t) = Az(t) + Bu(t), =z eR"uecR: (4.2)

The relation between the solution of the heat equation and the associated control problem
is classical, see for instance [21]. In this chapter we further investigate this relation and
we show that the study of the minimizers of the cost functional

1T )
Jr(w) =5 [ Ju(s)Pds
0
reveals some geometric-like properties of the heat kernel. In other words, for every fixed

x1,22 € R™ and T > 0, one is interested in computing
Sr(x1, z9) = inf{Jr(u) : u € L2([0, T]; R¥), £,(0) = 21, 2, (T) = 22},

where x,(-) is the solution of (£2]) associated with the control u. The condition (1))
(also known as Kalman condition) ensures that the control system (4.2) is controllable,
ie., Sp(x1,x9) < 400 for all z1,z9 € R™ and T > 0.

For zy € R” fixed, let x5(t) be an optimal trajectory starting at xo, i.e., a minimizer
of the cost functional. The geodesic cost associated with xy is the family of functions

ci(z) := = Si(z, xg(t)) fort > 0,2 € R™.

From the asymptotics of the second derivative of ¢;, one can highlight some “curvature-like”
invariants of the cost, which define a family of symmetric operators

7:RF & R, QW . RF 5 RF i>0.

These operators, that are in principle associated with an optimal trajectory, in the case
of a linear-quadratic optimal control problem are constant.

The operator Z is connected to the flag generated by the brackets along the optimal
trajectory. The operators Q) play the role of curvature invariants for the optimal control
problem (see Chapter 3] and [2] for more details).

To state the main results let us introduce the filtration £ C E5y C ... C E,,, = R" as

E; =span{A’Bz|z ¢ R*, 0 < j <i—1}. (4.4)

This is the linear counterpart to the filtration G of the previous chapter (see Eq. ([3.3)),
indeed E; = Go;—1(z9) = Gai(xo). In particular, the operator Z is connected with the
order of the asymptotics, N, indeed

N = tr(Z) = i(% —1)(dim E; — dim E;_+). (4.5)
i=1

We prove the following results: when zg is an equilibrium of the drift field, we can
compute and characterize all the coefficients in the small time asymptotic expansion,
providing a characterization of the coefficients that is analogous to the one obtained on a
Riemannian manifold, see (ILI]).
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Theorem 4.1. Assume that Axg = 0. Then

_/\//2 m )
Pt w0,0) = ————— (Sat £ 0™ |, fort =0,
20" \ &

where N = tr(Z) is defined in ([{&D) and co is a positive constant. Moreover there exist
universal polynomials P; of degree i such that

a; = P(trA, tro© . ,trQ(FQ)).

In particular for i =1,2,3, we have

_ trAd  (trA)? | Q)
MTT eE Tyt

B _trQ(l) B trAtrQ® B (trA)3
BT 8 8

We stress that the explicit structure of any higher order coefficient can be a priori
computed by a simple Taylor expansion, as it follows from the proof, cf. Section (4.4l

More in general, one has an expansion of p(t, z,y), at every pair of points x, y, relating
the heat kernel with the optimal cost functional and the same geometric coefficients of
Theorem E.T1

Corollary 4.2. For any pair of points, x,y € R™,

t_N/2 s m )
—_ e (I,y) 4 m
p(t,z,y) = @n) coe ;:0 a;it" +O(t"™) |, fort — 0,

where the coefficients a; are characterized as in Theorem [{.1].

This corollary is a direct consequence of the previous theorem and is proved in Section
4.4,

Next we consider the case when g is not a zero of the drift field. In this case one can
observe different behaviors depending on the smallest level of the filtration (£.4]) to which
the vector Axg belongs. Indeed the cost of the constant trajectory xg is strictly positive
and the asymptotics depends on the exponential term appearing in Corollary

Theorem 4.3. Assume that Axg # 0. Then

(i) if Axg € E1, we have the polynomial decay

n ‘A$0|2

R [ (A
2 2

_ 2 .
p(t, z0,70) = PRENG > t+O(t )] ,  fort—0;
(ii) if Axg € E; \ E;—1 for some i > 1, then p(t,xo,x0) has exponential decay to zero.
More precisely there exists C' > 0 such that

D (-CEOW),

— . t— 0.
(27T)n/2\/%eXp $2i—3 for

p(t, xo, xo) =
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We stress that claim (i) is the analogue of the Riemannian expansion ([2)): here no
scalar curvature appears since all brackets of horizontal fields are zero. For the same
reason, in claim (ii), the condition Axy ¢ F; means that the drift field is not in D?, and
indeed we observe an exponential decay as already experienced by Ben Arous and Léandre
[17, 18] (cf. Chapter[dl). The fact that the order of decay of the exponential could be faster
then ¥ in this case is not in contrast with their result, since here the strong Hérmander

t
condition does not hold.

4.1 Linear quadratic optimal control problems

Let us consider the optimal control problem associated with the operator L

{ & = Az + Bu (4.6)

Jr(u) =L T8 Jui(s)[2ds — min

Here v € L*°([0,T]; R¥) is the control and Jr is the optimal cost to be minimized. A
curve x(t) € R™ is called admissible for the control problem () if there exists a control
function u € L>®([0, T]; R¥) such that @(t) = Az(t) + Bu(t) for a.e. t € [0, 7).

The solution of the differential equation (4.6]) corresponding to the control u will be
denoted by x,, : [0,7] — R™ and for a fixed initial point z; € R is given by:

t
zu(t) = etz + etA/ e TABu(r)dr. (4.7)
0

Among all trajectories x, starting at z; and arriving in a point xo € R™ in time T we
want to minimize the cost functional Jr: for every fixed z1,22 € R™ and 7' > 0, we define
the optimal cost

Sr(x1,z9) := inf{Jp(u)|u € L®([0,T);R*), 2,(0) = z1, 2,(T) = 2} (4.8)

A control @ that realizes the minimum in (48] is called an optimal control, and the
corresponding trajectory zg : [0,7] — R is called an optimal trajectory of the control
problem (4.6).

It is well-known (see for example [4]) that the optimal trajectories of the control prob-
lem (6] can be obtained as the projection of the extremals of an Hamiltonian flow in
T*R™. Namely, let

1
H(p,z) =p*Azx + §p*BB*p V(p,x) € T*R"

be the Hamiltonian function associated with the optimal control problem. All the opti-
mal trajectories are the projection x(t) of the solution (p(t),z(t)) € T*R™ = R?" of the
Hamiltonian system associated with H

p=—Ap
T = Ax + BB*p.
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Moreover, the control realizing the optimal trajectory is uniquely recovered by u(t) =
B*p(t). Thus the solution corresponding to the initial condition (po, o) € T, R" can be
found explicitly

p(t) = e py (4.9
z(t) = et (x() + fot e_TABB*e_TA*dTp()) . 9)
Let us denote by I'; the matrix
t *
Iy ::/ e "TABB*e A dr. (4.10)
0

By Kalman’s condition (4.1, it follows that I'; is invertible for every ¢ > 0.

Remark 4.4. Fiz x1,29 € R" and T > 0. By the explicit formulas [@3) there exists a
unique initial covector py such that the corresponding extremal x(t) satisfies x(0) = x1 and

x(T) = xo. It is equal to
po = I’;l (eiTA:cz — xl) .

Since the optimal control is given by u(t) = B*p(t), we can also write the optimal cost to
go from x1 to xo, namely
1
St(xy,x2) = ipaero-

It follows that the cost function is smooth in (T,x1,x2) € RT x R™ x R", where RT =
{(TER:T > 0}.
4.2 The flag and growth vector of an admissible curve

Let z, : [0,7] — R™ be an admissible curve such that z,(0) = z¢, associated with the
control u. Let Py; be the flow defined by u, i.e., for every y € R"

Poi(y) = zu(t;y) st z4(05y) =y.

At any point of R” we split the tangent space T,R" = R™ = D @ D, where D
is the k-dimensional subspace generated by the columns of B and D' is its orthogonal
complement, and we define the following family of subspaces of T},,R":

Fuu(t) = (Pog); ' D C Ty R™

In other words, the family F,,(¢) is obtained by translating in 7,,R™ the subspace D
along the trajectory z, using the flow Fy;.

Definition 4.5. The flag of the admissible curve z,(t) is the sequence of subspaces

; @
Fy, (t) = span { ﬁv(t)

v(t) € Fy,(t) smooth, j <i— 1} C T,,R", i>1.

By construction, this is a filtration of T R", i.e., F. (t) C Fitl(t), for all i > 1.
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Definition 4.6. Denote by k;(t) := dimF. (t). The growth vector of the admissible
curve x,(t) is the sequence of integers

e (t) = {k1(t), ko (1), ..}

Remark 4.7. For any s € [0,T] we can define the family of subspace F,, ,(t) associated
with the admissible curve x, starting at time s. Namely, let Ps; be the flow defined by u
starting at time s < t, i.e., for every y € R™

Psi(y) = zu(t;y) s.t. o (83Y) = v,

and let @y, 5(t) := x,(s+1t) be the shifted curve by time s. Then we introduce the family of
subspaces Fy, ,(t) .= (Ps s14)5 'R¥ with base point x,(s).

The relation F, ,(t) = (Po,s)«Fz, (s +t) implies that the growth vector of the original
curve at time t can be equivalently computed via the growth vector at time 0 of the shifted
curve Ty, i.e., ki(t) = dim f;u,t (0) and Gz, (t) = Ge, ,(0).

The growth vector of a curve z, at time 0 can be easily computed. Indeed, by the
explicit expression (A7) of the flow of u, the flag of the curve z,, starting from a point xg
is

f;u

(0) = span{B, AB, ..., A" 'B}.
In particular the flag at time 0 is independent on the control u and the initial point xg.

By Remark [4.7] the growth vector of any curve x, is then independent also from the time
and is equal to G, (t) = {k1, ke, ...}, where the indices k; are

k; := dimspan{B, AB,..., A" 'B}.
By Kalman’s condition (4.]) there exists a minimal integer 1 < m < n such that k,, = n.
We call such m the step of the control problem (independent of the admissible curves).
Moreover notice that k1 = k.

Lemma 4.8. Letd; :=k; — k;—1. Thendy > ds > ... > d,,.

Proof. The lincar map A : FL (t) — Fi(t)/FL (t) defined by Av = Av for every
v € F. (t) is surjective and KerA = Fi-1(t). Then

dim 77 (t) — dim F5'(t) > dim F2 T (¢) — dim 7, (¢),

which concludes the proof. ]

To any curve x, we associate a tableau with m columns of length d; for i =1,...,m.
By the previous Lemma, the height of the columns is decreasing from left to right. We
call n; the length of the j—th row, for j =1,...,k (for example n; = m, see Figure i.T]).
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# boxes = d;

Figure 4.1: Young diagram

4.3 Geodesic cost and curvature invariants

Definition 4.9. Let xyg € R™ and fix an optimal trajectory rz € R™ starting at o of
the optimal control problem ([6]). The geodesic cost associated with x is the family of
functions {ct}1>0 defined by

ce(z) == —=S(z, x5 (t)) x € R",

where Sy is the optimal cost function defined in ([AF]).

Notice that thanks to Remark 4] and the smoothness of optimal trajectories, the
geodesic cost is smooth in RT x R™,

Moreover, for any ¢t > 0 and z € R™ there exists a unique minimizer of the cost
functional among all the trajectories that connect x with x5 (t) in time ¢. By the explicit
expressions of the extremals in (£9]) and of the optimal control @, we can write the explicit
formula:

1 * * 1 * —
c(z) = —§p01“tpo + po(x — o) — 5(:1: —x0)'T, l(x —x9),

where z is a solution of the Hamiltonian system with initial data (pg,xo) and I'; is the
invertible matrix defined in (£I0]).
Then we define the following family of quadratic forms, Q(t), on R*:

d
Q(t) := B* (d3,é1) B = —gB*Ft_lB. (4.11)
This family of operators is the linear quadratic counterpart of the more general family of
operators introduced in [2, Chapter 4] for the wider class of non linear control systems
that are affine in the control.

Remark 4.10. Actually the family of operators Q(t) does not depend on the initial data
(po, xo) of the optimal trajectory and is the same for any geodesic. This is saying that it
s an intrinsic object of the pair control system and cost.

Moreover, let us stress that Q(t) is an intrinsic object of the optimal control problem,
i.e., it does not depend on the chosen coordinate on R"™.

Indeed let y = Cz, with C an n X n invertible matriz, be a linear change of coordinates
on R™. In the new coordinates the dynamical system (6) is rewritten as

y:fly—i-Bu
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where A = CAC™! and B = CB. Since the matriz C is invertible the dimensions d; re-
main unchanged, and in particular tk B = rk B = k. The matriz T, for the new coordinate
system can be easily recovered by definition @I0) and we find Ty = CTyC*. This implies
in particular that the definition of Q(t) in (LI1)) is independent on the coordinates. See
also [2] for a general discussion about the geodesic cost.

The next theorem shows the asymptotic behavior of the family Q(¢) for small ¢ > 0.
The proof of this result, in its general setting, can be found in [2, Chapter 4].

Theorem 4.11 (Theorem A in [2]). Let zg : [0,T] — R™ be an optimal trajectory for

the problem (&8). The function t — t>Q(t) defined in (EI1) can be extended to a smooth
family of symmetric operators on R™ for all t > 0. In particular, for every fized h € N,
one has the following Laurent expansion fort — 0

h
121 +) 09+ 0 (t"“) : (4.12)

t ‘
=0

Q(t) =
Moreover, the matrices T and QW for i > 0 are symmetric and

trZ = i(Q’L - 1)(]{31 - kifl), (413)
=1

where k; := dimspan{B, AB, ..., A" 1B}.

The expansion ([LI2) defines a sequence of symmetric operators (or matrices) Z and
QW for i € N. These operators are canonically associated to the optimal control problem.

4.4 Small time asymptotics at an equilibrium point

In this section we prove Theorem 1], concerning the small time asymptotics of the fun-
damental solution p(¢,z,z) at a point z € KerA. We will write this expansion in terms
only of the drift field and the invariant Q) introduced in Theorem EIT1

Remark 4.12. The exponent N giving the order of the asymptotics appearing in Theorem
[41) is computed in [43] for a wider class of hypoelliptic operators. In particular, for the
linear case the number N is determined only by the numbers k; = tk{B, AB, ..., A" !B},
for every 1 < i < m—1, and kg = 0. Indeed N coincides with the trace of I and is

computed as in [EIJ).
Recall now the expression of the fundamental solution p(¢, x,y), that we have recovered
in Section 24 Eq. ([21I1):
e~ (y—e ) D (y—e )

t7 ) = )
p(t@y) (27)/2\/det Dy

where the matrix D; is defined as

t
D, = etA/ e TABBYe ™ drett = Tt (4.14)
0
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A change of variable in the integral defining I'; gives easily that D; = —I'_;.

If a point = is an equilibrium point for the drift field (i.e., x € KerA), then the
asymptotics of p(t,z,x) on the diagonal is determined uniquely by the Taylor expansion
of \/det Dt_l, since etz = z for every t.

Let d(t) := det Dy, then d(t) satisfies

d'(t) = d(t)tr(D; 1 Dy) = d(t)(2tr(A) + tr(B*D; ' B)). (4.15)

Moreover, since d(t) has a simple pole at t = 0 of order N' we can write the determinant
as d(t) = tV f(t), for some smooth function f non-vanishing at zero. Substituting this
expression in (£.I5]) one gets
10 _N 10
ity —t  f)
Combining (@I1)) and ([@I2]) of Theorem .11l one obtains the asymptotic expansion of
—%tr(B*I‘; !B) in terms of the invariants Z and Q). Its integral is

= 2tr(A) + tr(B*D; ' B). (4.16)

—tr(B*T;'B) = - — + c+ Ztr 110 (t’”?)
for some constant ¢, coming from the integration. Recall that D; = —I"_;. Thus in Eq.
([4.16]) we have
f'(@) 1 ' h+2
= 2tr(A) + ¢+ 1)+ r(Q® +O(t"*2).
D) Z (@) 1 o)

Then we can write the determinant of D, in the following exponential form depending
on the invariants Q%)

i+2
det Dy = ¢ i‘M (e 26rA)t+ 3070 (=1) " HerQC )(z+t1)(z‘+2) +O(t"*3)

)

for some constant ¢y and the constant ¢. In particular, one can easily find the first terms
of the Taylor expansion of det D; at ¢ = 0. More precisely

(c+2trA)? ,  trQ©)

_ 2 2
St St +o(t)] (4.17)

det D; = cotV |1+ (¢ + 2trA)t +

and the asymptotic expansion is determined up to the constant c.

Remark 4.13. Notice that, in the above argument, it is crucial that the order N of det Dy
coincides with the first coefficient in the asymptotics of tr Q(t).

4.4.1 The first term in the expansion

To find the constant ¢ in Eq. (IZ:I:ZD let us compute the first terms of the expansion of
det D;. The derivative matrix I, = e t*ABB*e 4" g positive semi-definite and can be
written as

Ly = VOV ()",
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for V(t) = e " B. Let v;(t) denote the columns of V(¢) and define the filtration E; C
EyC...CE, =R"as

E; =span{v(0), 1 < j < k,0,<1<i—1}. (4.18)

Therefore E; is the subspace of R" defined by the columns of the matrices A’B for 0 <
j < i —1 and has dimension k;. Choose coordinates on R" adapted to this filtration,
i.e., associated with a basis {e1,...,e,} of R" such that span{ey,..., ey} = E;. In these
coordinates V'(t) has a peculiar structure, namely

01 ti; O(t?)
0 210y O(t3)
V(t) = : LT | : : (4.19)
tm= 15y "y o(t™+1)

where v; and w; are (k; — k;—1) x k constant matrices and every v; has maximal rank. Let
V(t) and W (t) be the first and second principal parts of V'(t), then the Taylor series of
the matrix I'; can be found as

~

I = /Ot V(n)V(r)dr = /Ot {7(7’)17(7—)* + (V(T)W(T)* n W(T)‘/}(T)*) dr 4 (t),

where r(t) is a remainder term. In components we write I'; as a m x m block matrix,
whose block I';;(t) is the (k; — ki—1) % (k; — kj—1) matrix with Taylor expansion

L. (t) = R tz-‘r]—l Sty Tty tl+] O tz+j+1
ilt) (z‘+j—1> * i+ +0( )
where X and Y are m x m block matrices implicitly defined by this formula. Moreover X

is invertible. Let J ;5 be the n x n diagonal matrix whose j-th element is equal to \/%%_1
for ki1 < j < k;, then
Iy=J; (X +tY+0%) J 4 (4.20)

The Taylor expansion of the determinant of I'; is computed in terms of X and ) as follows
det Ty =tV det (X) (1 + tr(X V)t + o(t)).

Now we are ready to find the determinant of D;. This follows from the two identities
D; = et4TetA” = —T'_;. On one hand we have
det D; = det(e"Te!") = det(e*4) det T,

= det(X)tN [1 4 (2trA + tr(X7IY)) £+ o(t)] - (4.21)

On the other hand

det Dy = det(—I'_;) = (—1)"(—t)V det(X)[1 — t tr(X 1Y) + o(t)]

= det(X)N [1—tr (X'Y) t+o(1)] (4.22)
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where in the last identity we used that n and N have the same parity, since

m
N=> (2i— 1)k =2M —n,
i=1
where M =" ik;.
N = (2i — 1)k =2M —n,
i=1
where M = " | ik;. Comparing equations (Z21) and [#22) we find tr(X~1Y) = —trA,
that means
det Dy = det(X)tV (1 + (trA)t + o(t)).

It follows that in formula (LIT) we have ¢ = —trA and ¢y = det(X) > 0. This allows us
to conclude that the asymptotics of the fundamental solution in « = y € ker A for small
time is

1
t,r,x) =
U e VN
-N/2 ) ) i
_ PP Tl (1 i 0

(2%)”/2\/% (4.23)
—N/2 h ‘
- iz (1 S +0 ).

i=1
where the coefficients a; can be explicitly computed from the expansion of the exponential.
It follows from [@23) that every a; is a polynomial in the components of trA and trQ")
for j < i — 2 of order i and does not depend on z. In particular the first coefficients are
computed as follows

A (A2 QO
m=-Ts m=
tro®  trAtrQ© 1 3
w=-——p~ 5 A

4.4.2 Proof of Corollary

The proof of Corollary is now an easy consequence of the previous analysis.
Indeed by Remark @4 the minimizer that connects x to y in time ¢ has initial covector
Py = F;l (e_tAy — CL‘), therefore
L, 4 * 1 [ —tA 1 A - A
Si(x,y) = 5 (7 y —2) T ey — o) = Sy — e2) D (y — ).

This is exactly the quantity appearing at the exponential of the heat kernel, that therefore
can be written in terms of the optimal cost as

e*St(:E,y)

t? 9 = M
p(t:z,y) (27)"/2\/det Dy

The statement is then a consequence of the Taylor expansion of v/det thl, given in (£23)).
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4.5 Small time asymptotics out of the equilibrium

In this section we prove Theorem (.3 concerning the small time asymptotics of the fun-
damental solution at a point, xg, where the drift field is not zero.

By a translation of the origin, we can assume that zg = 0. This produces a no more
linear, but affine drift field, i.e., Xo(z) = Az + a, where a := Ax is a column vector equal
to the value of the drift at xg. Then we can study the original asymptotics at xg, through
the asymptotics at the origin of the heat kernel of the linear pde, where to the drift field
we add the constant value a. As shown in Section 2.4] its fundamental solution is

eP(ta,y)

t? ) = )
p(t:zy) (27)"/2\/det Dy

where

1 t * t
o(t,z,y) = ~5 (y — et <:c +/ e‘”‘dsa)) D! (y — et (m +/ eSAdsa>>
0 0

and Dy = 4Tt is the same covariance matrix as in (@I4)). The original asymptotics
of the fundamental solution at xq is given by the asymptotics of (det Dt)_l/ 2 found in the
previous section, and the asymptotics of ¢ in z =y =0, i.e.,

1 t * t
©(t,0,0) = —=a* </ e_SAds> ;! (/ e_SAds) .
2 0 0

Let E; be the subspaces defined in (@I8). If « = Azg € E; \ E;_1, then Ala € Eij
(actually it could possibly live in the previous subspaces, but not in a bigger one). Moreover

[ye=sAds = 0, —(_i—?iAi_l—FO(tm“). Therefore in coordinates adapted to the filtration
{E;};, the column vector fg e~*Ads a can be written in m blocks of height d;, as

ton O(t?)
tas O(t?)
¢ : :
/ e *Adsa = ta; + O(t?) ,
0 241 O(t3)
tm—i-i—lam O(tm—i-i-Q)

where o is a vector of length d; for every 1 < j <m and «; is not zero. The matrix I', !
can be written as a product

Lt = Jyyi(X 7+ 0) 1
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where J; , 5 and X are the matrices introduced in (.20). Notice that

702 O(V1)
t 1' ‘1
Jl/\/f/ e_SAdsa: FO@ + O(\/?lz—l)
0 W%’H O(\/imfl)

From the last identity we see immediately that, since X! has maximal rank and is positive
definite, the scalar product

t * t
(Jl/\/{/O e_SAdsa) x! (Jl/\/z/O e_SAdsa>

has a simple pole of order —(2i — 3) at 0. Thus, if « € E; \ E;—1 with i > 1, then ¢(¢,0,0)
blows up as t~(2i73) for ¢ — 0, i.e., the heat kernel decreases with exponential rate precisely
as

N2 ¢
Cl+0()> fort — 0, Azg € E; \ E;_1,

p(t, o, x0) = W exp (_tQi—?)
for a positive constant C7. This proves the second part of Theorem )

Let us consider now the case « € spanB. With this assumption the function ¢(¢,0,0)
is smooth in t = 0 and we want to find its exact value at the first order.

With a change of variables we can assume that the matrix B is the identity matrix
in the first k& rows and zero on the last n — k rows. Moreover let y € R* be such that
Azxg = By. We claim that

|A$0|2
2

2
L o?

t —
80( 7070) 2

+o(t) =—t + o(t).

We can write the function ¢ as

1 t * t
©(t,0,0) = —§y* (/ e_SABds> r;! </ e_SABds> Yy
0 0

and we need to characterize e %4 B. Using the results of the previous section, in coordinates
adapted to the filtration we can write

toy O(t?)
t 1202 ot?
/ e *ABds = R (. ) :
0 : :
¢ om o™+

where the v; are defined in ([AI9]). They are d; x k matrices of maximal rank and v is the
k x k identity matrix. We can highlight the dependence on ¢ by multiplying on the left
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by the diagonal matrix K; with j-th entry equal to ¢, for k;_; < j < k;. Also the matrix
T, ! can be written as a product (see ([@20)), then

t
. T, B _
/06 ABdSIKt(( C>+O(t)> and T;!'= 1/\/2(?( 1+O(t))J1/\/i,

where C' is the (n — k) x k matrix composed by the last n — k rows of the principal part
of fg e *4Bds. Since K - Jii = VtI,, then

©(t,0,0) = —%y* ( HC’“ >*2(—1 < HC’“ )y+0(t2). (4.24)

Notice that [X];; = I} and [X];; = % = [X]%;, for every 2 < i < m, hence X can be
written as a block matrix

where E'is a (n — k) x (n — k) matrix.

Lemma 4.14. The inverse matriz X~ is the block matriz

e (e h)

where

(X7 =1, + C*(E - CcC*)7IC,
(X1 = —C*(E - CC*)7Y, (X )9y = (E—CC*)7L

Proof. This is the general expression of the inverse of a block matrix, provided [X]1; and
E — CC* are not singular. [X]q; is the identity matrix. Let us show that £ — CC* is
not singular. Assume x € R"* satisfies (F — CC*)x = 0. Then the column vector (of
dimension n) equal to (—(C*z)*,z*)* is in the kernel of X. Therefore z = 0, since X is
not singular. O

Applying the Lemma to Eq. ([£24]) we find that

©(t,0,0) = —%?J* ([0 a1 + (X7 120)* + [X 71120 + C*[X ™ 1220) y + O(%)

t Axg|?
= —iy* Iyy + O(t?) = —3230|t + O(t?).

—-1/2

Taking into account the asymptotics of (det Dy) found in the previous section, this

completes the proof of Theorem [4.3]



Chapter 5

Volume geodesic distorsion and
Ricci curvature for Hamiltonian
dynamics

In this chapter, based on the results of [I], we study the variation of a smooth volume
under the flow associated to a quadratic Hamiltonian. We introduce a main invariant
describing the interaction of the measure and the dynamics and we show how this invariant,
together with curvature-like invariants of the dynamics introduced in [3], appear in this
expansion. This generalizes the well-known result in Riemannian geometry and includes
all sub-Riemannian manifolds.

5.1 Introduction

One of the possible ways of introducing curvature in Riemannian geometry is by looking
for the variation of a smooth volume under the geodesic flow. Indeed, given a point x on
a Riemannian manifold (M, g) and a tangent unit vector v € T, M, it is well-known that
the asymptotic expansion of the Riemannian volume vol, in the direction of v depends on
the Ricci curvature at x.

More precisely, let us consider a geodesic v(t) = exp, (tv) with initial tangent vector v
starting at x. For a fixed orthonormal basis e1,...,¢e, in T, M let

il 1y = (diw expy)(€i), 1<i<n.

be the image of e; through the differential at tv of the Riemannian exponential map
exp, : T, M — M. Once we take a set of normal coordinates centered in z, the vector
fields 9; are the coordinate vector fields at y(¢) and the volume element, that is written
as volg = \/det g;;dx1 ... dx,, satisfies the expansion for ¢t — 0

1
\/det gij(exp,(tv)) =1 — gRicg(v, v)t2 + O(%), (5.1)
where Ric, is the Ricci curvature tensor associated with g.

65
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O (dy e () 1)
w(Qy) = e (v(t) (1 _ RiCT@tQ + O(t3)>

Figure 5.1: Volume distortion on a Riemannian manifold with volume p = ed’volg

In particular, the left hand side of (5.I)) measures the Riemannian volume of the par-
allelotope in (t) with edges 0;, more explicitly

Vol, (/_\1 Bi\v(t)> = 1/det gi; (7(t)).

In the sub-Riemannian setting this construction cannot be directly generalized. Indeed,
the sub-Riemannian exponential map is not a local diffeomorphism at zero and to compute
the volume of small balls one should have a precise knowledge of the structure of the cut
locus, which is not easy. Nevertheless the geodesic flow on the Riemannian manifold can
be seen as the projection of a Hamiltonian flow on the cotangent bundle, associated to
a non-degenerate quadratic Hamiltonian. On a sub-Riemannian manifold, and more in
general even for structures deriving from an affine control system, this approach can be
developed. Indeed the Hamiltonian flow is defined in a similar way and in particular, if the
structure is sub-Riemannian, the restriction of the Hamiltonian to any fiber is a degenerate
non-negative quadratic form. The projection on the manifold, M, of its integral curves
are geodesics, but, contrary to the Riemannian case, in general not all the geodesics can
be obtained in this way. These projected geodesics are then parametrized by the initial
covector in the cotangent bundle and if they are sufficiently regular (ample and equiregular
geodesics), it is possible to compute the variation of the volume in a “smooth” way by
looking at the measure as an n-form in the cotangent space T*M, which has dimension
2n, restricted to the fiber T M.

To generalize this analysis to a sub-Riemannian structure, let us consider again the
Riemannian case.

Let (M, g) be a Riemannian manifold, endowed with a smooth volume p and let 9 be
the smooth function such that p = ewvolg. It is convenient to express the exponential map
on M in terms of the Hamiltonian flow. Indeed, let exp,(¢,v) denote the point reached by
a curve at time ¢ starting from z with velocity v, i.e., exp,(t,v) = exp,(tv). The metric
¢ induces a canonical identification between T, M and the cotangent space 1TM. So the
exponential map can be seen as a Hamiltonian flow, indeed

exp, (tv) = exp,(t,v) =7 (etﬁv> , (5.2)
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where in the last expression V' denotes the element in 7 M corresponding to v. Then

exp, (tv + tse;) =t Ol () - (5.3)

(dvespa(t ) )= 5|

As pictorically expressed in Fig. 5.1, for ¢t N\, 0 the volume of the parallelotope, @, with
edges t0; has the following expansion deriving from (5.I]) and depending on the choice of
]
A 1. 2 3
w </\1 t8i|7(t)> = eV (r(®) <1 - éRlc(v,v)t +O(t )> . (5.4)
1=
We can interpret the last identity from the Hamiltonian point of view, see Fig.

Indeed, let X be the initial cotangent vector of 7. In other words, A is the element of T M
associated to 4(0). For every e; let E; denote the associated cotangent vector in T M.

Then by (B.3) and (52) t0; = (wo etﬁ)*Ei. So the left hand side of (5.4]) can be written
as

w(Qt) = {fyy, (t01, . .., 10p))
= <'U’7r(etﬁ(V))’ ((7T © etH)*Elv ooy (mo etH)*En)>

— (o By (B, ... Ex))y

T\(T M)

Mkl
1Ll
] A S \
7
7

y(t) = metf ) (moetf), B

Figure 5.2: Equivalent volume distortion as variation under the Hamiltonian flow

Observe that the pull-back (moe*)*1 defines an n-form on the cotangent bundle 7% M,
that has dimension 2n. The quantity that we compute is the restriction of this form to the
n-dimensional fiber 7y M. Moreover, the volume p, defines naturally a volume p) on the
fiber T M. With this Hamiltonian interpretation, the classical Riemannian asymptotics
(54)) determines the variation of (7 o etﬁ)*,u restricted to the fiber T M, with respect to
the volume py, i.e.,

—

o 1
(7T o etH)*'u et =" e.fot¢ (v(r))dr <1 _ éRng(’U,U)tQ + O(t3)> L. (5'5)

T
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Eq. (53) underlines geometric properties of the variation of the volume, as well as
its measure properties, separated in distinct parts. Indeed, we see that the order term t"
depends only on the dimension of the manifold. The asymptotics in the brackets contains
only geometric information, that depend on the metric g on M. The constant term e¥(®)
depending on u at the initial point is contained in the associated volume py. Finally, the
measure information is encoded in the exponential term. Indeed it represents the variation
of p along the geodesic and is equal to the exponential of fot P (T)dr = f(f(gradw, A(1))dr.
In particular, it defines a measure invariant function p at every initial cotangent vector A:

d

A = —
P(A)fix d

(17 (o ey

) . AETIM. (5.6)
=0 M

This function depends on the particular volume £ and on the underlying geometry g of
M. More explicitly, let v(t) = (e (X)) for A € T M and let T denote a vector field on
M that extends *(t) along the curve, then

p(A) =div,T,,

where div,, denotes the divergence with respect to the volume .

Figure illustrates the variation of the volume from the metric measure viewpoint.
Indeed let 2 C T} M be a small neighborhood of A and let ., := 7o e (Q2) be its image
on M with respect to the Hamiltonian flow. For every ¢ it is a neighborhood of ~(t). Then

—

() = /Q (o ey,

and (B5.5) represents the variation of the volume element along .

T M

Q

Figure 5.3: Variation of volume
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In this chapter we generalize the asymptotics (5.5) to a sub-Riemannian structure,
and more in general to any structure arising from a quadratic Hamiltonian. Let M be
a smooth manifold and let H denote a quadratic, possibly degenerate, Hamiltonian. A
special class of dynamics is given by the Hamiltonian, whose restriction to a fiber Ty M is
a degenerate homogeneous quadratic form (i.e., without linear or constant terms). Then
this case recovers the sub-Riemannian structures on the manifold M.

Fix A € T M and let v(t) = 7(e* \) be the associated geodesic on M. The asymptotics
that we obtain is expressed as in (0.5]) and we interpret every component as a generalization
of the corresponding Riemannian element. In particular, the Hamiltonian at A generates
a constant leading term cy and influences the order of the asymptotic. Indeed, we observe
that the order of the asymptotics is not constant, but depends on the particular geodesic.
Indeed it is equal to the geodesic dimension, N (\), of v (cf. Definition [(.6]), which for an
n-dimensional Riemannian manifold, is independent on the curve and is always equal to
n.

Moreover, the asymptotics depends on two geometric invariants, that are rational
functions in the initial covector A\. The first one is a modification of the Ricci tensor,
that is substituted now by the trace of a curvature operator in the direction of A. This
curvature operator, R, is a generalization of the sectional curvature and is defined in [3]
for the wide class of geometric structures arising from affine control systems. The second
invariant is the generalization of the measure invariant, p(\), introduced in (.6). Indeed
it is defined as

T;M) ’

where N is the geoedesic dimension of (t) = W(etﬁ (N)). It is a measure metric invariant
and represents how the volume changes along the curve with respect to a reference n-
dimensional form given by the Hamiltonian. It depends, obviously on the fixed volume
i, as in the Riemannian case, but also on the symbol of the geodesic (cf. Definition [5.7]),
that represents the microlocal nilpotent approximation of y(¢) with zero curvature. The
symbol of any curve in a Riemannian manifold is trivial, so this behaviour was not evident
in (B3). If the structure in strictly non-Riemannian, we show an explicit formula to
determine p, which involves the symbol of the curve and the variation of p along the
curve. In particular, we compute it for the special case of contact manifolds endowed with
Popp’s volume.
The precise statement of our theorem is as follows.

—

(#7209 (o eyl

t=0

Theorem 5.1. Let pu be a smooth volume on M and v an equiregular ample geodesic,
with initial covector X € Ty M. Let py be the dual volume on T; M. Then the pull back
of i with respect to the projection of the Hamiltonian flow, and restricted to T; M has the
following asymptotic expansion

(o) m| =t el s (1 iRy o<t2>> P

x

where N is the geodesic dimension associated to v (cf. Definition [5.8), Ry is the k x k
curvature matriz associated to X and p(A(t)) is a rational operator in A(t) depending on
and the symbol of the curve ~.
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5.2 The general setting

Let M be an n-dimensional connected manifold and fy, fi1 ..., fk € Vec(M) smooth vector
fields, with k£ < n. We consider the following affine control system on M

k

#(t) = folx(t) + Y _uwilt)fi(z(1)), =€ MueL®R;R"). (5.9)
=1

The essentially bounded function w is called control function. A Lipschitz curve v : [0,T] —
M is said to be admissible for the system if there exists a control u € L*([0,7],U) such
that v satisfies (B.9)) for a.e. ¢ € [0,7]. The pair (v,u) of an admissible curve v and its
control u is called admissible pair.

Remark 5.2. The affine control system can be generalized to mot globally trivializable
vector bundles. Indeed it can be defined more generally as a pair (U, f) such that U is a
smooth rank k wvector bundle with base M and fiber U,, and f : U — T M is a smooth
affine morphism of vector bundles such that wo f(u) = x, for every u € U,. Locally this
system can be written as in ([B.9), by taking a local traivialization of U, a basis in the fibers
and define the map f as f(u) = fo + Zle uif; for u € RF,

We denote by D C T'M the family of subspaces, D,, of T, M spanned by the linear
part of the control problem at z € M, i.e.

D ={D,}rcnm, where D, :=span{fi,..., fi}s-

A vector field X is called horizontal if X, € D, for every = and we denote by D the set of
sections of D. In the following we will assume that the distribution D has constant rank,
k.

Among all admissible trajectories (7, u) that join two fixed points in time 7', we want
to minimize the cost functional

T
Jr(u) = ;/0 [u(r)]? + Q(a(r))dr.

where @) is a smooth function on M.

Since the distribution has constant rank, we endow D with a scalar product such that
the fields fi,..., fr are orthonormal. Then, if fy and @ are zero, the cost functional
reduces to the definition of length of curves.

Definition 5.3. For all fived points x1,x90 € M and time T > 0, we define the value
function

St(x1,x2) := inf {Jr(u)|(y,u) admissible pair,(0) = x1,v(xr) = T2} . (5.10)

In the following we will assume that the system is controllable, i.e. for every fixed
point x1,x2 € M and time T > 0 there exists an admissible curve joining z; and z9 in
time 7. With this assumption the value function in always finite.

Important examples of affine control problems are sub-Riemannian structures. These
are a triple (M, D, g), where M is a smooth manifold, D is a smooth, completely non-
integrable vector sub-bundle of TM and ¢ is a smooth scalar product on D. The value
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function is now the sub-Riemannian distance, i.e. the infimum of the length of absolutely
continuous admissible curves joining two points. Since its tangent vector is almost ev-
erywhere in the distribution, the length can be computed via the scalar product g. The
totally non-holonomic assumption on D implies, by the Rashevskii-Chow theorem, the
controllability of the system and that the distance is finite on every connected compo-
nent of M. Moreover the metric topology coincides with the one of M. A more detailed
introduction on sub-Riemannian geometry can be found in [40], 5.

In Riemannian geometry, it is well-known that the geodesic flow can be seen as a
Hamiltonian flow on the cotangent bundle T* M, associated with the Hamiltonian

n

1

H(p7.’lj‘) = §Z<p7fl(x)>2a (p7$) ET*M)
i=1
where X7,..., X, is any local orthonormal frame for the Riemannian structure.
For an affine control system, the Hamiltonian is still defined and is a generalization of
the previous one. Namely, for a local frame fi,..., fr for D we set
1< 1
i=1

Hamilton’s equations are written as a flow on T%M
A=H()\), AXeT*M,

where H is the Hamiltonian vector field associated with H. The projection w : T*M — M
of its integral curves are geodesics, i.e. locally minimizing curves. In the general case,
some geodesics may not be recovered in this way. These are the so-called strictly abnormal
geodesics [39], and they are related with hard open problems in sub-Riemannian geometry.

In what follows, with a slight abuse of notation, the term “geodesic” refers to the not
strictly abnormal ones. .

An integral line of the Hamiltonian vector field A(t) = e ()\) € T*M, with initial
covector A is called extremal. Notice that the same geodesic may be the projection of two
different extremals.

5.3 Geodesic flag and symbol

In this section we define the flag and symbol of a geodesic, that are elements carrying
information about the germ of the distribution

Let v : [0,T7] — M be a geodesic and consider a smooth admissible extension of the
tangent vector, namely a vector field T = fy + X, with X € D, such that T(y(¢)) = (¢)
for every t € [0, T).

Definition 5.4. The flag of the geodesic «y : [0,T] — M is the sequence of subspaces
Froy =span{L(X)|yy | X €D, j <i—1} CTyyM,  Vi>1,

for any fized t € [0,T], where L1 denotes the Lie derivative in the direction of T.
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Definition 5.4 is well posed, namely does not depend on the choice of the admissible
extension T (see [3, Sec. 3.4]). By definition, the flag is a filtration of T, M, i.e. fé( pn S

.7-'28, for all ¢ > 1. Moreover, ]-"Wl(t) = D, (). The growth vector of the geodesic ~(t) is the
sequence of integer numbers

Gy = {dim Fjy, dim F2 ), .. }.
A geodesic 7(t), with growth vector G, is said
o cquireqular if dim fi(t) does not depend on ¢ for all 4 > 1,

e ample if for all ¢ there exists m > 1 such that dim ]-";’(Lt) = dim Tv(t)M .

Equiregular (resp. ample) geodesics are the microlocal counterpart of equiregular (resp.
bracket-generating) distributions. Let d; := dim ]:é —dim fé_l, for ¢ > 1, be the increment
of dimension of the flag of the geodesic at each step (with the convention dim F° = 0).

Lemma 5.5 (|3]). For an equiregular, ample geodesic, di > da > ... > dp,.

Definition 5.6. The geodesic dimension of an ample, equiregular geodesic is
m
N = (2i - 1)d;.
i=1

The generic geodesic is ample and equiregular. More precisely, the set of points x € M
such that there exists a non-empty Zariski open set A, C T M of initial covectors for
which the associated geodesic is ample and equiregular, is open and dense in M. See
[3, [49] for more details.

Fix an ample equiregular geodesic 7 : [0,7] — M and let T be an admissible extension
of its tangent vector. For X € .7-";( £’ consider a smooth extension of X along 7 such that

Xy € ‘7:'3(3) for every s € [0,T] and define
£T(X) = [T7X]’)/(t) modﬂ(t)

It is easy to see that this definition does not depend on the admissible extension T and on
the extension X under the regularity assumption. So the maps

Ly Flo/Fo = Foy/Foys 021

~(t)

are well-defined and surjective. In particular £% F ) = ]:%5 / ]:é( y) are surjective linear
maps from the distribution D) = F, .

Definition 5.7. Given a curve v which is ample and equiregular we define its symbol at
v(t), denoted by S, ), as follows

m—1 i+1 %
o &0y (F) = B0 iy /P
e the operator Lk : Doy — ]:;'J(;%/]:;(t) fori>1

where T is an horizontal extension of 7.
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Definition 5.8. Two different symbols S,y and S,y of v : [0,T] — M and~": [0,T'] —
M resp. are said to be equivalent if there exist a reparametrization o : [0,T] — [0,T"]
such that o(t) =t' and a diffeomorphism ¢ € C°(M) such that

o O(v(s)) =+ (a(s)) for every s in a neighborhood of t
e ¢, : D — D isanisometry in a neighborhood of y(t) and v/ (t') and L1ro¢s = ¢yoLT.

Remark 5.9. In Definition[5.8 the time in which the symbols are considered is not mean-
ingful, while it is important that ¢ is a diffeomorphisms between the two curves. In par-
ticular, by a reparametrization of the curve ' we can assume that the two curves, v and
v, are defined on the same interval [0,T) and that the reparametrization o is the identity.
So in the following we will avoid the choice of o in Definition and consider the two
symbols evaluated at the same time S, ;) and Sy ().

Through the surjective maps E?,- : Dy — f;@% / f;(t) the inner product on D naturally

induces an inner product on gr. ) (F) such that the norm of Y € .7:?(;; / fi(t) is

IV lpiga e = min{HXHD st. LiX = Ymodf;(t)} .
Lemma 5.10. If two symbols S,y and S,y are equivalent then they are isometric as
inner product spaces.

Proof. Let fé(t) and ff/(t) be the subspaces that define the symbols S, ;) and S,/ re-
spectively and ¢ be the diffeomorphism of Definition 5.8l Let X’ € D' and X € D such
that X’ = ¢, X. By the commutation property of ¢, with £t it holds

BX = L (6.X) = 6. (£5X)

therefore .7-";', = qb*}"; for every ¢ and the curves have the same growth vectors and the
same step m. Therefore ¢, descends to maps between every layer of the stratification in

the following way. For Y elf;(t) /f;'a let X € Dy such that ¥ = Li;lxmodf‘;(t;.
Then we define ¢! (Y) := L%rjl(gi)*(X)) € ]-';,(t)/]:;f(i). Since ¢, is an isometry on the
distribution and commutes with T, ¢% is an isometry on the quotient spaces. ]

5.4 Young diagram, canonical frame and Jacobi fields

For an ample, equiregular geodesic we can build a tableau D with m columns of length
d;, for i =1,...,m, as follows:

# boxes = d;
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The total number of boxes in D is n =dim M = Y, d;.
Consider an ample, equiregular geodesic, with Young diagram D, with k rows, of

length nq,...,ng. Indeed ny + ...+ ng = n. We are going to introduce a moving frame
on Ty)(T*M) indexed by the boxes of the Young diagram. The notation ai € D denotes
the generic box of the diagram, where a = 1,...,k is the row index, and i = 1,...,n, is
the progressive box number, starting from the left, in the specified row. We employ letters
a,b,c,... for rows, and 1, j, h,... for the position of the box in the row.
level 1 _ level 1
(a) level 1 (b) (c) level 2
level 2
level 3

Figure 5.4: Levels (shaded regions) and superboxes (delimited by bold lines) for the Young
diagram of (a) Riemannian, (b) contact, (c) a more general structure. The Young diagram
for any Riemannian geodesic has a single level and a single superbox.

We collect the rows with the same length in D, and we call them levels of the Young

diagram. In particular, a level is the union of r rows D1,..., D,, and r is called the size
of the level. The set of all the boxes ai € D that belong to the same column and the same
level of D is called superboxr. We use Greek letters o, 3, ... to denote superboxes. Notice

that two boxes ai, bj are in the same superbox if and only if ai and bj are in the same
column of D and in possibly distinct rows but with same length, i.e. if and only if ¢ = j
and n, = ny (see Fig. [0.4).

The following theorem is proved in [49].

Theorem 5.11. Assume A(t) is the lift of an ample and equiregular geodesic ~(t) with
Young diagram D. Then there exists a smooth moving frame {Eq4;, Fu;}aicp along A(t)
such that

(i) 7 Eail s = 0.

(ii) It is a Darboux basis, namely

U(Em',Ebj) = U(Fai,Fbj) = U(Eai,Fbj) = 5ab6ij7 ai,bj e D.

(iii) The frame satisfies structural equations

Fui = Eai) a=1,.. .k i=2. . ng

E = — a = 1, . .,k,

“al ol (5.11)
Fai:ijEDRa’i,bj(t)Ebj_Fa(’i+l) azl,...,k, 221, , Ng 1,

Fana = EbjED Rana,bj(t)Ebj a = 17 e -aka

for some smooth family of nxn symmetric matrices R(t), with components Re;pj(t) =
Ryj 4i(t), indexed by the boxes of the Young diagram D. The matriz R(t) is normal
in the sense of [49].
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If {E,;, ﬁai}aieq is another smooth moving frame along A(t) satisfying (i)-(iii), with some
normal matriz R(t), then for any superbox o of size r there exists an orthogonal constant
r X r matrix O% such that

Eai =Y 0% i Evj, Fui =) 0%y Fyj, ai € a.

bjea bjEa
Remark 5.12. For a = 1,...,k, we denote by E, the ng-dimensional column vector
E, = (Ea1,Ea2, ..., Eqn,)*, with analogous notation for F,. Similarly, E denotes the n-
dimensional column vector E = (Ey, ..., Ey)*, and similarly for F. Then, we rewrite the

system (5.11)) as follows
E\ [(C; -\ (E
F) \R(t) —-Ci)\F)’

where C1 = C1(D), Cy = C3(D) are n x n matrices, depending on the Young diagram D,
defined as follows: fora,b=1,... )k, i=1,...,n4, j=1,...,np:

(C1laibj = 0ab0ij—1, [Ca]ai by = Oapdi10y1-

It is convenient to see C1 and Cy as block diagonal matrices:

Ci(Dy)
Cl(D) = s 1=1,2,

the a-th block being the ng X ng matrices

0 T, 10
C1(D,) = (0 o 1) : Cy(D,) = <O 0, _1> )

where I, is the m X m identity matriz and 0,, is the m X m zero matrixz. Notice that the
matrices C1, Co satisfy the Kalman rank condition

rank{Cy, C1Cy, ...,C7 1 Cy} = n. (5.12)

Analogously, the matrices C;(Dy) satisfy (512) with n = ng.

5.4.1 The Jacobi equations

For any vector field V (¢) along an extremal A(¢) of the Hamiltonian flow, a dot denotes
the Lie derivative in the direction of H:

V(t) = 7 e;gHV(t—i—e).
e=0

A vector field J(t) along A(t) is called a Jacobi field if it satisfies

J=0. (5.13)

The space of solutions of (B.13) is a 2n-dimensional vector space. The projections J = 7.7
are vector fields on M corresponding to one-parameter variations of y(t) = m(A(¢)) through
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geodesics; in the Riemannian case (without drift field) they coincide with the classical
Jacobi fields.

We intend to write (5.13) using the natural symplectic structure o of 7*M and the
canonical frame. First, observe that on T*M there is a natural smooth sub-bundle of
Lagrangian@ spaces:

Va i=ker mi |y = Th(Tr ) M).
We call this the vertical subspace. Then, let {E;(t), F;(t)}"_; be a canonical frame along

A(t). The fields Ey,..., E, belong to the vertical subspace. In terms of this frame, J(t)
has components (p(t), z(t)) € R?":

J(t) = pi(t)Ei(t) + zi(t) Fi(t),
i=1

In turn, the Jacobi equation, written in terms of the components (p(t), z(t)), becomes

<§> B <_cc;1(g) Effﬁ?) (i) : (5.14)

This is a generalization of the classical Jacobi equation seen as first-order equation for
fields on the cotangent bundle. Its structure depends on the Young diagram of the geodesic
through the matrices C;(D), while the remaining invariants are contained in the curvature
matrix R(¢). Notice that this includes the Riemannian case, where D is the same for every
geodesic, with C7 =0 and Cy = 1.

5.4.2 Geodesic cost and curvature operator

In this section we define the geodesic cost and the curvature operator associated to a
geodesic . This operator generalizes the idea of sectional curvature.

Definition 5.13. Let xg € M and consider a ample geodesic v such that v(0) = zo. The
geodesic cost associated to vy is the family of functions

Ct(x) = _St(a:77(t))7 x€M7t>O7
where S is the value function defined in (L.10).

Given an ample curve (t) = w(etﬁ (M), the geodesic cost function is smooth in a
neighborhood of zy and for ¢ > 0 sufficiently small. Moreover the differential d,,c; = A
for every ¢ small, see [3]. Let ¢ denote the derivative in ¢ of the geodesic cost. Then ¢
has a critical point in xg and its second differential dgo ¢t Tyo M — R is defined as

d2

2 .
dxoct(v) = a2

a(y(),  7(0) ==z, (0)=v.
t=0
We restrict the second differential of ¢; to the distribution D,, and we define the following
family of symmetric operators Q(t) : Dy, — Dy, for ¢ small, associated to d2, ¢ through

the scalar product defined on D,:
2, ¢4 (v) == (QA(t)V|V) gy, t>0,v € Dy,. (5.15)

LA Lagrangian subspace L C ¥ of a symplectic vector space (X, 0) is a subspace with dim L = dim /2
and ol = 0.
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x = —Si(x,v(¢))

Figure 5.5: The geodesic cost function

The operators Q) (t) are smooth for small ¢. In Theorem A of [3] it is proved their small
time asymptotic behavior, which

Theorem 5.14. Let v : [0,T] — M be an ample geodesic with initial covector X € Ty M
and let Q\(t) : Dyy — Dy, be defined by (G.I5). Then t — t2Q,\(t) can be extended to a
smooth family of symmetric operators on Dy, for smallt > 0. Moreover

d
Ty = lim#2Q,(t) > 1> 0 — 2ot =0
A t{% Q)\( ) > 1>0, dt o Q)\( ) 5

where 1 is the k-dimensional identity matriz. In particular, there exists a symmetric
operator Ry : Dy, — Dy, such that

1 1
a\(t) = ?IA + gR,\ + O(t), t> 0. (5.16)

Definition 5.15. We call the symmetric operator Ry : Dy, — Dy, in (5.106) the curvature
at .

Let v be ample and equiregular and let E(t), F'(t) be a canonical frame along the lift
A(t). Then the curvature operator Ry can be written in terms of the smooth n-dimensional
symmetric matrix R(t), introduced in the canonical equations (5.I1)). Indeed, for i,j € N

let

Qi,5) =4 1y [1—dl=1
w1 L=
then in [3] it is proved that R depends only on the elements of R,; 41(0) corresponding
to the first column of the associated Young diagram, namely

(R)\)ab = 3Q(na, nb)Ral,bl(O)a a, be {1, ey k} (517)

5.5 The metric measure invariant p

Let ~(t) = metf )\ be ample and equiregular, and let Jy(¢) be the associated Jacobi curve.

Lemma 5.16 ([3], Lemma 8.3). Let {Eq;(t), Fui(t) }aicp be a canonical frame along the
curve Jy(t). Then the set of vector fields along (t)

Xai(t) = W*Fai(t), ait € D

is a basis for T, ;)M adapted to the flag {]:'i(t)}?ll and {Xq1(t)Ye_, is an orthonormal
basis for D) along the geodesic.
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Lemma 5.17 (3], Lemma 8.5). Fort € [0,T], the projections X4i(t) can be recovered as

Xai(t) = (=1L (X (1)) mod]—"%;, a=1,....k, i=1,...,n,.

Let {04i(t) }aicp € T3 yM be the coframe dual to X,i(t) and define a volume form w
along v as
Way(t) = 9171(75) A (91,2(75) VANAN Glmk (t) (5.18)

Given a fixed volume p on M, let gy : [0,7] — R be the smooth function such that

poey = €Dy (5.19)

Lemma 5.18. Let y(t) = retf )\ be an ample and equireqular geodesic. Then at the point
~(t) it holds

Ia(t) = gaw)(0), vt € [0,T].

Proof. Let \(t) = etfi\ € T*M be the lifted extremal and denote by v(s) :=y(t + s) the
rescaled curve. Then ;(s) = we*f \(t). Moreover, if (Ex(t+s)» Fa(t+s)) is a canonical frame
along A(t + s), it is a canonical frame also for e*¥ \(t). Then the form Wy (t4s), defined

by wedging the dual forms to m(F) 1)) is equal to w for every s where the frame is
defined. By the sequence of identities

Ve (s)

N s) = Hatrrs) = Ho(s) = €O )

it follows that gx(t + s) = g)(s) for every s. O

Definition 5.19. Let A C T*M be the set of covectors such that the corresponding geodesic
1s ample and equiregular. We define the function p: A — R as

p(A) := gx(0).

Lemma [5.18 allows to write g as a function of p, namely

9a(£) = g2 (0) + /O ia(s)ds = g(0) + /0 HN(s))ds. (5.20)

Let T be any admissible extension of 4. By the classical identity divy, X = div,X +
X (log f) for a volume p, a smooth function f and a vector field X, we have

p(A) =div, T, —div, T, for A e Tx M. (5.21)

Proposition 5.20. The quantity p(\) depends only on the symbol and p along y(t) in the
Jollowing sense: if two symbols S0y and S,y are equivalent, i.e.

o o(7(t)) =7'(t) fort >0
e ¢, : D — D isanisometry in a neighborhood of v(0) and ~'(0) and L1o¢s = ¢uoLT.
and p is invariant under ¢, i.e.

® O fiy(t) = Hry(t)s Jort >0,
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then p(A) = p(XN'), where X\ and X' are the initial covectors associated to v and ~' respec-
tively.

Proof. Let (E,F) and (E’, F') be canonical basis with respect to A and )\ resp., and
Xai(t) = mu(Fui(t)), X};(t) = ma(Fy;(t)) be the associated basis of T, )M and T M
Then

eg)\(t) = |,u7(t)(X1,1(t)7 ceey ank (t)>‘ and eg)\/(t) = |:u7’(t) (X{,l(t)a s 7Xl,cnk (t))

Recall that {X,1}*_, is an orthonormal basis for D) and the same for X7, () at v'(t).
Since ¢, is an isometry, there exists a family of orthonormal k x k matrices O(t) such that

k
ZO )i (Xp1), fora=1,...,k.
b=1

Moreover for the other vector fields we know that

X5(0) =(=1) 7LD (X, (0)mod F

=(—1)"" 1£TZ/ 1) (ZO () ap s« (Xp1(t ))> mod]:“;,_(i)

k

:(*1)i_1 Z O(t )ab["r/ (¢*(Xbl( ))) mod ]:; (i)a
b=1

where the last identity follows by the chain rule. Indeed when we derive the matrix O(t),
we obtain elements of .F";Té) Then

k
X010 =(=1)71 " 0 apde £ (X0 (1)) mod iy
b=1
d; ‘
£ O ab(ﬁ*sz )mod}"fy,_(i),
=1

where in the sum we consider only the indices b such that b7 € D. Therefore there exists
an orthogonal transformation that sends ¢, X,; in X/.. Therefore

e9x (1) ‘:UW (Xil( ), - ank)} - ‘:U"y (b*Xl 1(1), ’¢*ank)‘
=|(¢" X11() s Xieny)|
:egx(t)
and the proof is complete. O

Corollary 5.21. If the symbol is constant through a diffeomorphism ¢ and u is preserved
by ¢, then p(A(t)) = 0.

Eq. (5:20) and the last Proposition say that indeed the whole function gy (¢) depends
only on the symbol along the curve (and p).
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Lemma 5.22. Let y(t) = mo A(t) be an ample equiregular geodesic. If e'T is an isometry
of the distribution along ¥(t), then div, T,y =0 and p(A(t)) = div,T.

Proof. 1f we show that div, T, = 0, then from Eq. (2] it immediately follows that
p(A(t)) = div, T and p depends only on the variation of the volume p along the curve.

Let X,;(t) be the basis of D, induced by the canonical frame along the curve A(t).
The divergence is computed as

dinT'y(t)W'y(t) (Xn(t), N 7ank (t)) :ETW(XH, N 7ank)’y(t)
d

_ eT eT
= & Ow,y(e)(e* X11,...,e* ank)
€=

Since the flow of T is an isometry of the graded structure that defines the symbol, the last
quantity is equal to 0, which proves that div, T = 0 along the curve. 0

Lemma 5.23. The function p is rational in A.

Proof. The Hamiltonian H is fiber-wise polynomial, therefore for any vector field V(t) €
T\)(T*M), V = [H,V] is a rational function of the initial covector A. Then both £ and
F are rational in A, and so are also the projections X (t) = m,F'(t). We conclude that

egk(t) = |H’Y(t) (Xal (t), e 7ank (t))‘

is rational in A. Then all the coefficients of its Taylor expansion are rational in . O

5.6 A formula for p

In this section we give a formula for p in terms only on the volume p and the maps ﬁr- It
is then once more clear that p(A(f)) depends only on the symbol of v(t) = wA(t) and on p
along the geodesic.

Fix a smooth volume pon M and let Y7, ..., Yy be an orthonormal basis of D in a neigh-
borhood of xg. We complete it to a basis of the tangent space by choosing Yi11,...,Y,
such that u(Yy,...,Y,) = 1. We define a scalar product on the whole tangent space, by
establishing that this basis is orthonormal. Of curse this scalar product depends on the
chosen basis, but thisﬁchoice does not affect our construction.

Let v(t) = 7 o e\ be an ample equiregual curve, with initial covector \ € Ty M.
Recall that, according to the definition of g, (), it holds

ga(t) = log |u(P)], (5.22)

where P, is the parallelotope whose edges are the projections { X;(¢) }aicp of the horizontal
part of the canonical frame X,; = 7, 0 et F;(t) € T4 M, namely

P= /\ Xai(t).

aieD
By Lemma [5.17 we can write the adapted frame {Xy;}qicp in terms of the smooth linear
maps L1, and we obtain the following formula for the parallelotope

i

m d; m d
Pi= A\ A Kait) = A A L5 (K () (5.2)

i=1a;=1 i=1a;=1
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Consider the flag {}Z(t)}ﬁl and define the following sequence of subspaces of T, ;) M
we denote by Vi = fwl(t) the first layer of the flag. By the scalar product on T’,;) M it is

well-defined the space (.7-:11( )) , perpendicular to the first layer. Let V5 := F2 () N (]-"7(”)1_.

This subspace has dimension dim F2 +(t) — dim F! (1) Going on in this way, for 1 < i < m

let V; = Fé(t) N (f;(t))L It has dimension dim F? @) — dim F?

a natural isomorphism between ]:7@) /f-; ® and V;, such that every Y € F! ) /P
associated with the equivalent element of its class that lies in V;. In conclusmn for the
computation of gy () in (5.22), it is equivalent to substitute the elements Efr_l(Xail(t)) of
the parallelotope in ([523]) With the corresponding equivalent element in V.

Now recall the map L7 : Dyy) — Fi t)/]ﬂ . For every i = 1,...,m they descend to

an isomorphism ET : Dy / ker LT — ]-"fy(t) / .7-";(5 ~ V;. Then, thanks to the inner prod-

uct structure, we can consider the map (Ei{l)* o Ei{l : Dy /ker Ei{l — Dy /ker Ei{l

(_])L Therefore there exists

obtained by composing Efr_l with its adjoint (ﬁfl-_l)*. This composition is a symmetric
invertible operator and we define the smooth families of symmetric operators

Mi(t) = (L5 o L i Dy / ker L5 = Dy / er L7, i=1,...,m.
Recall in particular that for every vi,ve € D)/ ker ﬁ'r*l it holds the identity
<(£E|—_1) o EEI' '1}1,'1}2>D (6) <£f|_ lvl,ﬁzl— 17)2>V

By the expression of the parallelotope P, with elements of the subspaces V; and the
definition of u as the dual of an orthonormal basis of T, ;) M, we have

[u(P)] = [ (/\ /\ L5 (Xan )) | = | TT det Mi(t).
1=1a;=1 =1
Clearly this formula does not depend on the chosen extension Yiii,...,Y, of the

orthonormal basis of D, since the only important point is that the volume u evaluated at
this basis is 1.

Finally to determine p()), recall that it is %‘t:o ga(t) = %‘t:o log |1(P;)|. Then a
simple computation shows that

m

pN) =3 D tr (Mi(O)_lMi(0)> .

i=1

We stress once more, that this last formula is expressed uniquely in terms of the volume
w1 along the curve and the symbol of 7(¢).

5.7 Sub-Riemannian manifolds

In this section we consider a sub-Riemannian manifold and we investigate the further
properties of the invariant p.
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The problem of finding the geodesics in a sub-Riemannian manifold, corresponds locally
to the optimal control problem

{ =30 wi(t)fult)

Jr(u) = %fOT |u(7)|2dT ~» min,

that is an affine control problem, where the drift field is zero. Moreover the fields fi, ..., fx
are orthonormal and span a completely non-holonomic distribution. The Hamoltonian
function is fiber-wise quadratic in A and in coordinates it is

k

HO) =5 S0 002

i=1

5.7.1 Homogeneity properties

For all ¢ > 0, let H. := H'(c/2) be the Hamiltonian level set. In particular Hj is the
unit cotangent bundle: the set of initial covectors associated with unit-speed geodesics.
Since the Hamiltonian function is fiber-wise quadratic, we have the following property for
any ¢ >0

e (cX) = cetH (N). (5.24)

Let P.: T*M — T*M be the dilation along the fibers P.(\) = cA. Indeed o — Pea is a
one-parameter group of diffeomorphisms. Its generator is the Euler vector field ¢ € T'(V),
and is characterized by P, = e(®9)¢. We can rewrite (5.24)) as the following commutation
rule for the flows of H and e: B B

eloP.= P.oeH.

Observe that P. maps Hi diffeomorphically on H.. Let A € H; be associated with an
ample, equiregular geodesic with Young diagram D. Clearly also the geodesic associated
with A® := ¢\ € H. is ample and equiregular, with the same Young diagram. This
corresponds to a reparametrization of the same curve: in fact A°(t) = ' (c)) = c(\(ct)),
hence v¢(t) = m(A°(t)) = y(ct). The canonical frame associated to A°(¢) can be recovered
by the one associated to A(t) as shown in the following Proposition. Its proof can be found
in [10].

Proposition 5.24. Let A € Hy and {Eq4;, Fuitaicp be the associated canonical frame along
the extremal A(t). Let ¢ > 0 and define, for ai € D

1 -
Ei(t) 1= S (dyen Pe) Bailet),  Fi(t) := ¢~ (da(en Pe) Fai(ct)-

The moving frame {Eg,(t), Fi;(t) }aiep € The)(T*M) is a canonical frame associated with
the initial covector \* = c\ € H., with matriz
RN (1) = TR, (ct).

at,bj ai,bj

By this Proposition, it follows an homogeneity property of the function p.
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Corollary 5.25. For every ¢ > 0 it holds

ea(l) — — t
eder(t) — Q negx(c)’

where Q and n are respectively the homogeneous and topological dimension of the sub-
Riemannian manifold. In particular

p(cA) = ep(N) VAA.

Proof. Let X¢,;(t) and Xg;(ct) be the basis of T'e(y M = T ()M induced by the canonical
frame. Then by Proposition it holds the identity X¢,(t) = ¢*~1X,;(ct). Therefore by
the definition of gy and g.) we have

9 =|1 (XG0, .o, XE (1))

m  d;

=TI ¢ iy (Xua(et), -, X, (ct))]
i=1j=1

—cQngalct)

In particular g.x(t) = ga(ct) + (Q —n)log(c) and with a derivation in ¢ = 0 we obtain the
rescaling property
p(cA) = cp(N) Ve > 0.

5.7.2 Contact manifolds

In this section we focus on the special case of a contact sub-Riemannian manifold. For
this type of manifolds, given a geodesic v(t) = metH \, it is possible to compute explicitly

the value of the associated smooth function gy(t) and the constant ¢y of Theorem (.1

Definition 5.26. A sub-Riemannian manifold (M, D, g) of odd dimension 2n+1 is contact
if there exists a non degenerate 1-form w € AY(M), such that D, = ker w, for every x € M
and dw|p is non degenerate. In this case D is called contact distribution.

Since dw|p is not degenerate, the distribution is equiregular of step 2.

Notice moreover that, given a sub-Riemannian contact manifold, the contact form w
is not unique, indeed also aw is a contact form for any 0 # o € R. Once a contact form
w is fixed we can associate the Reeb vector field, Xo, which is the unique vector field such
that w(Xp) = 1 and dw(Xp,-) = 0. Since the Reeb vector field Xy is transversal to D, we
normalize w so that |[Xo||p2/p = 1.

The contact form w induces a fiber-wise linear map J : D — D, defined by

(JX,Y) =dw(X,Y) VX,Y €D.

Observe that the restriction J; of J to the fibers of D is a linear skew-simmetric operator
on (DQ7 ('7 >q)

Let X1,..., X9, be a local orthonormal frame of D, then Xq,..., Xo,, X¢ is a local
adapted frame to the flag of the distribution. Let v',..., 22" 1Y be the associated dual
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frame. The Popp volume g on M is then the volume obtained by wedging the forms /%,
ie.,

p=v AL AV ALY (5.25)

We compute now the value of the function gy (¢) with respect to the Popp’s volume and

a given geodesic vy = reth ). Recall the definition of gx in Eq. (5I9). It can be computed
as

ga(t) = log |u(P)], (5.26)

where P is the parallelotope, whose edges are given by the projections on 7'M of the
fields F;(t) of a canonical basis along A(t).

Let T be an horizontal extension of the tangent vector field 4(¢) and consider the map
Ly :Dyyy — Dg( n /D’y(t)' Since the manifold is contact, this map is surjective. Its kernel
is a subspace of D, of dimension 2n — 1. So let Xji,..., X2, be an orthonormal basis
of D,y such that X; € (ker £1)*. Then the other vector fields Xo, ..., Xo, € ker L.
Since they are an adapted frame to the flag of the distribution, there exists an orthogonal
map that transforms the first 2n vectors projections of the canonical basis, in this basis.
Then the definition (B.26) of g)(¢) does not change if we take the first 2n edges of the
parallelotope equal to X1,..., Xo,. Moreover, by Lemma [5.17, the last projected vector
Xqi = X2 can be written as

XLQ (t) == —ETXl (t)modD

Notice that since X is the only vector of the orthonormal basis, which is not in the kernel
of L+, this basis is indeed adapted to the Young diagram of . Since the Popp’s volume
can be written as in (.20 we find that the volume of the parallelotope is equal to the
length of the component of £1X7(t) with respect to Xp, i.e.,

(P = ([T, X1(8)], Xo)ao)

This quantity can be written equivalently in terms of the map J. Indeed
(P = [([T, X1], Xo)y (1) | = [wy (o ([T, Xa])| = Idws ) (T, X1))
= Ly T, X1)(0) |-
Since (JT,Y) = —w(L7Y) for every horizontal field Y, then ker Lt = JT+. This implies

that JT is a multiple of X1, i.e., JT =||JT||X;. Then we simplify the formula for |u(F;)|
as

(P = {Tyi) T, X1)y)| = 1T Tyl
In particular, if the manifold has dimension 3, then ker L1 has dimension 1 and
T = ||T||X2. Moreover, if we denote by cfj the structure constants such that [X;, X;] =

Zi:o ci-“jX k, then the normalization of w implies ¢y = —1 and

(u(P)| = [T, Xa], Xo)| = [T I [{[X2, X1], Xo)|
:HT’y(t)H if2n+1=3.

The norm of the tangent vector §(t) is constant. This implies that g(¢) itself is a constant
function and p(A(t)) = 0 for every t.

For the leading constant ¢y of Theorem Bl the computation of its exact value is an
easy consequence of formula (5.29]). Since the Young diagram is made of 2n rows of length

1, except the first one of length 2, the leading constant is ¢y = 1—12
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5.8 Proof of Theorem [5.1]

In this section we prove the following version of Theorem 5.1l Together with the discussion
about the function p given in the previous sections, the statement follows.

Proposition 5.27. Let v(t) = W(etﬁ)\) be an ample equiregular geodesic and let w )
be the n-form defined in (5.I8)). Given a volume p on M, define implicitly the smooth
function g : [0,T] = R by Hoy(t) = eg(t)wv(t). Then we have the following Taylor expansion

<(7T o etﬁ)* 0 E(o)>)A = otV es® <1 - tQtr?A + 0(t2)> (5.27)

where E is the n-dimensional row vector introduced in Remark[5. 19 and cy is a constant
depending only on the structure of the Young diagram. Its value can be found in (5.29]).

Proof. The left hand side of the equation can be computed as

() @), = (e ) )]

For every ai € D, the field eiﬁ E,i(0) is a Jacobi field, so in coordinates with respect
to the canonical frame we can write

e B(0) = E()M(t) + F(H)N(t)

for n x n matrices M and N, that satisfy the Jacobi equations (5.14]). More explicitly we
have the system

Nai,bj = Nai—1,pj ifi #1

s = Mo (5.28)
Maip; = —R(t)ai,cnNenpj — Maiv1p;  if i # ng

Mana,bj = _R(t)anaﬁhNCh:bj'

Moreover M(0) = Id and N(0) = 0. Clearly the left hand side of (527)) is equal to
e9) det N (t).

In the following we find the Taylor expansion of the matrix N(¢) in 0.

Let us begin with the case of a Young diagram made of a single row. For clarity we will
avoid the index a in the notation for N and M. Fix integers 1 < 4,7 < n. The elements
N;j are successive integrals of Mj;. So it is enough to find the asymptotics expansion of
M;;. Notice that

Mi;(0) = 61,

Mij = =R, Np; — Ma;(1 — 1)

Ml(]2) = _thNhj - ZthNh—lj - RllMl_j + (1 - 51n) (RQhNhj + ng(l — 52n))
h£1

In these equations the only non-vanishing component at ¢ = 0 is M;;(0) = 1, that can be
obtained only by deriving the elements M;; with ¢ < j. So, in the expansion of M;(t), the
element M is obtained for the first time with the (j —1)-th derivative. It appears for the
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second time multiplied by R11(0) at the (j 4 1)-th derivative, since in M 1(?) we have again
a component depending on M;;, while all the other components need more derivatives to
generate a non vanishing term. We can conclude that the asymptotics of My; at t =0 is

tj_l tj+1

G-~ T G

Since M;; is the i-th derivative of N;; we have also the expansion for NV:

My(t) = (1) + o).

fiti—1 fititl

Nij(t) = (=1~ CES ]

P (—1) 'Ry + oIy,

(i+i-1)

Let us now consider a general distribution of dimension k£ > 1. Now we have to study
the whole system in (5.28). Fix indeces ai,bj € D. Again, to find N it’s enough to
determine the expansion of Mg p;, since this is the i-th derivative of Ny;p;. To find this
expansion, notice that

Ma1,5j(0) = dapd1;

Mal,bj = _Ral,cthh,bj - Ma2,bj(1 - 6171,1)

h#1
+ (1 = d1n,) (Ra2,chNenbj + Maz pi(1 — d2n,))
If a = b the argument is similar to the one with & = 1, but this time with every derivative

we generate also terms like My, o5, that for ¢ # a need even more derivatives to give a
term different from zero. So we have an expansion as before:

. =1 . I+ )
M (1) = (=1 Jj—1 — (=1 j—lR it
al,a]( ) ( ) (]_1)‘ ( ) al,al(j+1)! +0( )7
$iti—1 piti+1

Naiaj(t) = (1)1 i (=1) ' Rar,a1 +o(tHH).

(i+j5—-1) (i+7+1)!

On the other hand, if a # b, then the first term different from zero of M, ;; appears at the
J —1+2 derivative, multiplied by R, 1, since we need first to generate the element My p;,
that appears only at the second derivative of M, ;. Therefore the Taylor expansions of
M;p; and of a generic element of the matrix IV can be derived as

M § 1)7—1 v 1VY-1Rr tt j+1
(t) = —1)7~ —(—1)™ t
al,bj( ) ab( ) (] — 1)' ( ) al,bl (] T 1)' + O( ),
Noipj(t) = Naipjt 71— Gy it 4 o(¢H 1),

where the matrices N and G are
Y i— dab 1 Rampn
N o= (—1) 1! a d G o= (—1)1 al, )

R 2 sV I (R R ]

Let us come back to equation (5.27)). To find the asymptotics of the left hand side, we
need only to determine the asymptotic of det N (¢). Let I vi be a diagonal matrix, whose
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jj-th element is equal to v/t st , for k;_1 < j <i. Then the Taylor expansion of N can
be written as N(t) = I 5 ( - t2G + O(t3)> I j; and its determinant is

det N(t) = det N tV (1 —tr (N*lG) 2+ 0(t2)> ;

where N is the geodesic dimension given in Definition Notice that since the matrix
N is block-wise diagonal, to find the trace of N~'G we just need the elements of G with
a = b. Recall Eq. (5.I7) that relates the curvature operator Ry with the elements of the
matrix Rq1p1. In particular for the diagonal elements it holds
Nq
Raa = 3W‘Ra1’a1 (0)

So to find the coefficient of order ¢ of the Lemma, it will be enough to show that

3 k Na _1\j—1
tr (NilG) = Z Z [N];i%aj(i(—ktlj)—kl)! Ral,al (0)

a=1 \ij=1

1o
a
= E —— R, 1 1(0).
2 al,a
o 24n2 —1
Then the proof will be completed by the following Lemma. O

Lemma 5.28. The determinat of N is

na—l gy
co := det N = H gnall (5.29)

J=na

Moreover, let N and G ben xn matrices, whose elements are Nij — i+ and G” =

1t (i+j—1)!
—1)i—
GEEsyE Then

( 1G> ;# (5.30)

The proof of this Lemma requires only computational discussions and is given in Ap-
pendix 5.9

5.9 Appendix: Proof of Lemma [5.28]

In this Section we provide the proof of Lemma [5.28] which will conclude the proof of the
main Theorem.

We have to show the value of the leading constant ¢y and the trace of N-1G for N
and G defined in Lemma

The matrix N has already been studied in [3], Section 7.3 and Appendix G, and its

inverse can be expressed as a product of two matrices Nzgl = (S _IA_1> ~, where
ij

-1 (—1)" L
A= =) P> 7,

st e () (T T
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Therefore the inverse of N is

1N (=DM nti—1\(n+h—1 (n))?
]Wf_§:@+h—Um—jﬂ<i—l )(lwﬂ )m—wxn—mr (5:31)

h=j

The trace in (5.30) is given by the following sum

tr (N_IG'> = Z Ngléﬂ =

ij=1
z+h—1 — N\ i—1 h—=1 J(n—9)!(n—"nh)!GE+75+1)
Notice that for ¢ = 1,...,n — 2 the element C’ji = Nj(i+2) therefore this sum reduces to

the sum of the components with ¢ =n — 1 and ¢« = n. In particular we prove our claim if
we show that for ¢ =n — 1 it holds

1)k—itn on—2\/n+k—1 (n!)? . on—1
ZZ n+k_2 )(n—2>( E—1 >(n—k)!(n+j)!__4(2n—1) (5-32)

j=1k=j

while for i = n

- k=gt p— 1\ (n+k—1 (n!)? on+1
leg n—i—k‘—l (k—7)! (n—l)( k—1 )(n—k)!(n+j+1)!_4(2n+1)'
(5.33)

Let us study equation (5.32]). By reordering the factors, equation (5.32]) is equivalent
to show that

ZZ n+k+‘7 2n n+k n+k—1 N
n+k—2 n+k/\n+j k—1 N

Jj=1k=j

S B () ) -

k=1 |j=1

We can solve the sum in the square brackets by a change of index ;' = n + 7 and by using
the general identity 0 = (—1 + 1)V = ijzo(—l)j (]JV), then

(i) = & v (1) = e (")

_ n+k—1
— . ’

where the last equality is justified by the following identity, that can be easily proved by

induction on 7n: z":(_l)j (” er k> = (=" (n +: ) 1)
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To prove equation (5.32) it remains to show that

z”:(—l)”““ on \ (n+k—1\> 1 (5.34)
—ntk—2\n—k k—1 2 '

Performing the same kind of transformations, we find that equation (5.33)) is equivalent to

& —1)nth 2n + 1 K> 1
3 (=1) (R 2 (5.35)
kzl(n-i-k)(n—i—k:—l) n—k/)\k—1 2
Let us study Eq. (534). Schechter studied in [45] the n x n matrices of the form
1
H;; := 5.36
J a; — b] ( )
where aq,...,ay,b1,...,b, are 2n distinct reals. In particular he performs formulas for
the inverse of H and for the sum of the coefficients on the i-th row, namely
) [T — ax)(a; —bi)
(H™)y = =
bi = a; T (a; — a) [ [ (bs — bu)
k£j I
" [1 i —ar)
S(H )y = (5.37)
st [T —be)
ki

We apply these two formulas to two different matrices: the Hilbert matrix and a modifi-
cation of it.
Let Hy := { L } be the Hilbert matrix. It has the form given in (£.36) by choosing

itj—1
a; =1 and b; := —j + 1. We compute the coefficients of the n — 1-th row of Hl_lz
T+ 2=y G- B) [ (-t 2+1-1)
—1)2 _1\nti+l SN 2
:n(n 1) (n—i—j)( 1)' 2n‘ n4'—] 1 (5.38)
2(2n - 1) n+j—2 \n—j ji—1

_ n(n—1)? ,

T~ 20— (n+7) Bjn
where we denote by 3;, the coeflicients in the sum in (5.34]).

The second matrix is Hy := [ai%byl? with a; = ¢ for ¢ < n and a, = —n, while
bj = —j + 1. We compute the coefficients of the n — 1-th row of H{l. For j < n we have
(H) 1 [Ln(-n+2=k)(-n+2+n)[[,(Gi+k-1)

n—1l,j = . . .
2 T n42— isjopn@— k) (n+ ) [Lzna(-n+2+1-1)
-1 —1)nti+1 2 i1 2
_n=) oy GO 20 ) (i (5.39)
2(2n —1) n+j—2\n—j j—1
n(n—1 )

2(2n — 1)
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For j =n we get

1 [Tizn(-n+2=k)(—n+2+n)[[,(-n+k—1)

1 _

(Hy 10 240 [, (n—k) (n+ ) [zpa (-0 +2+1-1)
- 1)
=21

Now, our goal is to compute the sum of ;,. However, from equations (5.38)) and
(5.39) we can determinate the sum of (n+j)3;, and (n— j)B;,. So by summing together
these two quantities we get the desired one.

Let ag := Z?Zl(Hl_l)n_Lj and ay = Z?:l(Hgl)n—l,ﬁ then we find

Zn:ﬁjn _ 1 {2(271— 1)0[1 N 2(2n — 1) (a2 _n’(n— 1))} .
j=1

" 2n | n(n—1)2 n(n—1) 2(2n — 1)

Now the proof of equation (5.34]) is completed once we use formula (537) to find oy =
(2n—2)! 2(2n—3)!
T (n—2)! (n—2)12 -

Equation (5.35]) can be solved with the same method. More precisely, let ;,, be the

coefficients in the sum (B.353]), and consider the same matrix Hy, while Hy is obtained by

fixing a;j = jif j <nand a, = —n — 1, and b; = —j + 1. Then

and ag =

n(n +1)2

H Y. = 1)ty

while for j <n
n(n +1)? '
2n+1)(2n — 1) "

(Hy g = (n—j)
_ 1)2
and (H; ")un = 55045,
_ —1)! _ —2)1
Let us denote by n := Z?Zl(Hl 1)n,j = E,inl)lg)z' and 7y := Z?:I(H2 1)n7j = _2((712:)?3.,
then the sum in (5.35]) is given by

- 1 [22n+1) (2n+1)(2n — 1) n(n+1)2\] 1
Z’Yj’n N [n(n + 1)2771 * n(n+1)?2 <772 + 2(2n — 1))] 2

Finally we have completed the proof of the second statement in the Lemma.

Next we find the value of the leading constant ¢y := det N. This is a block matrix,
whose only non vanishing blocks are the one on the diagonal. Moreover, every aa-block
of the diagonal is the matrix N of dimension n,. So to find the determinant of N, it is
sufficient to evaluate the determinant of the generic matrix N of dimension n. To this
end, let us recall Cramer’s rule for the evaluation of an inverse matrix N:

70
]\A]._.l — (_1)i+j det ‘N;]Z ,
" det N
where N Joi is the matrix N without the j-th row and the i-th column. So we can compute

the determinant of the matrix N(n) of dimension n through the (n,n)-entry of the matrix
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N1 and the value of the determinant of the same matrix N(n_l) of dimension n — 1,
namely we get the recursive formula:

(n —1)12
(2n —2)!(2n — 1)V

A det N(n—l)

nn

= det N(n—l)

where the last equality follows from equation (5.31). When n = 1 the determinant is equal
to 1, then we can explicitly find

-1 .
H?:1 J!
T12n—1 1"

Finally the value of the constant ¢g is then the product

det N(n) =

k k ]._[7'111;1 J'

_ \ _ J= i
CO—HdetN(na)—Hw.
a=1 a=11lj=n, J*

This concludes the proof of Lemma [5.28






Appendix A

Kolmogorov hypoelliptic operator
in dimension 2

In Chapter (] we have shown a good behavior of the small time asymptotics of the heat
kernel on the diagonal, for the class of hypoelliptic operators with constant second order
part and linear drift field. An interesting question is whether this expansion can be found
also in non-linear operators. To achieve more information on this topic, we show the
first terms in the asymptotic expansion for a slightly more general operator, that is the
Kolmogorov operator in dimension 2, and we compare it with the curvature operator
defined in [2] for the associated affine control system.

A.1 Heat equation in dimension 2 with one controlled vec-
tor field

Let fo and f; be two smooth vector fields on the two dimensional Euclidean space R? and
consider the following generalization of the heat equation in R?

0 1
S - 3Ry Vpe GRXR). (A1)
We denote by L the operator fy + % f? and we call fo the drift field. If we assume that
the fields fy, f1 are bounded with bounded derivatives of any order and that they satisfy
the condition

span{ f1, [fo, f1]} = R?, (A.2)

then the operator (A.I]) satisfies the Hormander condition and admits a fundamental
solution p(t, z,y).

Let zg be an equilibrium point for the drift field. In this section we compute the small
time asymptotic expansion of p at xg.

Let (x1,22) be coordinates on R2, centered in zg, such that f; is equal to 8%1. The
drift field fp can be written in these coordinates as

0
fo= al(ml,@)a—m + as(x1, $2)67x2,

for smooth functions «q, ag, which vanish at the origin.

93
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Condition (A.2) implies that the derivative of ay at zy doesn’t vanish. Indeed, since
in z¢ the drift vector field is zero, the bracket [fo, f1] in z¢ is just

_ 6041 0 8&2 0
[fo’ fl“l‘o B 6331 0 8x1 81)1 xo 8332’
then condition (A.2)) implies that
(90(2
742 ' A.
o] 0 (A3)

In the same spirit of Chapter B we define the following dilation of factor € > 0 around
xo = 0: for z = (x1,x2) let
(5€<I1, .1'2) = (6.%'1, 631‘2).
Notice that x( is a fixed point of d.. Under the action of the dilations the vector fields fy
and f1 are modified as

10
(62.) 7@ =55
1 Oy 0 1 1%y 50
(50) 10 =2 52| 2152+ 275 Gz | oy
8@1 8 0042 0 1 83042 3 8
9 |y "B " |, 20wy T 6 03 |, "L owy T OV

If we perform these dilations to the Kolmogorov operator in (A1), we can write it in the
following series with respect to e:

a 9 (19 day O 10%a3 5
= _ [ = — (-2 4272, 7 ) _ (222,27
o Corl=g <2 022 " 6x1$16x2> ‘ (2 922 "1 0z

8@1 a aag 6 1 83a2 8
_e(dm, 9 [ Ox O 2 3 9 2yz (A4
¢ <8w1 e 8951 8w2x28x2 + 6 895:1" 1 81’2) +0(6 ) ( )

= ﬁ —Lp—eX — Y+ 0(62)Z
ot
where % — Lg is the principal part of the operator, that is obtained by taking e = 0, X
and ) denote the operators in the backets at order € and € respectively, while Z is a
remainder term. As shown in Proposition B4 the fundamental solution, ¢“(s, x,y), of this
dilated operator can be found as a function of p, namely

¢°(s,2,y) = €'p(e’s, dex, Ocy).

Notice that if we find the asymptotic expansion of ¢¢ at the diagonal for e that goes
to zero, then we obtain the desired small time asymptotics of p. Indeed let us fix in the
previous equation s = 1, z = y = 0 and let € go to zero as v/t. Then

1
p(t 20, 20) = p(e?, 6o, 6ewo)| _ s = 554¥" (L, w0, o).

Since we have written the dilated operator as a perturbation of a principal part, the
asymptotic of ¢ with respect to € can be found using Duhamel’s formula (B.16), by means
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of the fundamental solution of Ly. The principal opeartor % — Ly is linear and hypoelliptic,
thanks to condition (A.3]), with drift matrix A and a constant matrix B of the second order

term equal to
A 0 0 < 1 >
= P B := .
8%‘? . 0 0

Its fundamental solution was computed in Section [2.4] and it is the Gaussian density

e~ 3(y—etta) Dt (y—etta)

t,x,y) =
o v) 2m+/det Dy

with covariant matrix D; = et4 fg e~ TABB*e—TA" dretA
An iteration of Duhamel’s formula for three times, leads to an approximation of ¢¢ in
terms of ggp and the perturbative operators X', ), namely

¢ = qo +eqo * Xqo + €*(go * Xqo * Xqo + qo * Vao) + o(€?),

where the remainder term is a small o of €2 as explained in the proof of Theorem B.20
Here we recall that axb denotes a convolution in time and space variables of two functions
a(t,z,y) and b(t, z,y), more precisely

t
axb(t,z,y):= / / a(s,x,z)b(t — s, z,y)dz.
0 n

To arrive to the asymptotic expansion of p(t, zg,zp) we have to find the necessary convo-
lutions of go with its derivatives at the point (1,0, 0), namely

1
p(tax(]:w(]) :t72 |:QO(17 07 0) + \/qu * XQO(L an)
+t (go * Xqo * Xq0 + *Yqo) (1,0,0) + o(t)] .

(A.5)

For the leading term ¢o(1,0,0) we just have to evaluate the determinant of D; in t = 1,

ie.,
2
t at
det t2 2%2
a5 a E}
Oan

where a := o ‘0. For the convolutions, one has to make a careful study of the integrals,

t=0

and take advantage of the classical moments of an n-dimensional Gaussian function. These
computations lead to the following results:

o qo* Xqo(t,0,0) = go x 2352 (£,0,0) = 0;

2990 , 2990 _ 1 9 ( daz
® o * TGy * A1 gy, (1,0,0) = 2my/det D; 70 \ Oz
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We have then proved the following Theorem:

Theorem A.1. Let p(t,x,y) be the fundamental solution of the operator in (Al and let
xo be an equilibrium point of the drift field fo. Then fort going to 0 we have the following

asymptotic expansion of p:
ViZ 1 div 9 <aa2 >_2<82a2 >2
0 0zt |,
-1
83042
t
) Oz 0> ol

_ - - _|_ - EE—
d 12 2 280 \ Oz
21 ‘ b ‘ 1
1 6@2
aiL'l
In this section we want to investigate the geometry behind the asymptotic expansion of
the heat kernel for the Kolmogorov operator (A.1l). Indeed, let

p(t,0,0) =

(A.6)

A.2 Relation with geodesic curvature

=1

p(t, X0, I‘o) = % (1 + Z ai(l‘o)ti + O(tm+1)> .

In the Riemannian case and in the model class of linear operators studied in Chapter [l
we have seen that the coefficients a;(xg) depend on geometric invariants. Let

¢
P=forufi T =5 [ (e
be the control problem associated to (A.Il), with cost function J,(t) and control u € R.
Here we compute the geodesic curvature Ry = %RH defined in Chapter Bl for the fixed
geodesic Y(t) = g, and we compare it with the coefficients of the asymptotic expansion.
We find that terms depending on R in the asymtptotics can appear only in a;(zg) for
i > 2. In other words, the first coefficient a;(x¢) does not derive from Ry.

Let A(t) be the extremal in 7" M such that v(¢) = w(A(t)) and fix a canonical basis
{E;(t), Fi(t)}_, of T\@)(T*M) (see Chapter[)). Recall by Eq. (G.II) that Ry = o(Fy, Fy),
so if we determlne the canonical basis, we find the curvature operator.

In the coordinates (z1,72) € R? adopted in the previous section, let h;(A) = (), 82 )

for ¢ = 1,2 be coordinates on T*M and let aihi be the associated coordinate vector fields
in T M. Then the Hamiltonian vector field is

(aihi + hi@;) + hiha

i
M)

i=1

where

- 0 Oa; O .
"= o Zax] on, 'Th*

Moreover, by the hamiltonian equations, it follows immediately that the extremal (%)
associated to y(t) = xo is identically zero, since the drift field is zero in xzy and the curve
doesn’t move. So hi(A(t)) = ha(A(t)) = 0.
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The vector fields Ey(t), Ex(t) lie in Ty(T, M) for every t, so there exist coefficients
v1(t), va(t) such that Eo(t) = vq (t)aih1 + vg(t)ai}m. By the canonical relations (5.11), E; is
the derivative of Fs, so we find

- - - 0 Oay O 0
Ei(t) = [h, E2(t)] = |a;hi + hidi + hih1,v;(t) =— | = vjm——=— — V17—

1( ) [ s 2( )] a;ing + Ny + Ny 171}]( )8h3 UJ@.’E]' Oh; Ulaxla
where we use Einstein summation convention on repeated indices. Since 7. (E7) = 0 we
find that v;(¢) = 0 for every ¢. Then

0 Oag 0

Eg(t) = Uz(t)%, FEy (t) = Ug(t) 9z, 8hz

The value of vy is found by the normalization condition 1 = o(Eq, F}) = U(El, E;). In
particular

(020
E1 = —F1 = [h,Ug(t) 8:1:Z 8hl]
82(12 8 82a2 8 80@ 80&j 8 8agi

+ hqv

~ g 0n, 0l | 0z00, oh; | 20z, 0 Ok 20w 0z1

By evaluating the normalization condition at A(¢) = 0, we find

-1
80[2

2 (t) - 6$1

zo

In the same way as in the previous computations, one can determine the derivative of Fj
and find, by the relation Ry; = o(F}, F1), that

2 2 8041 2 80&1 3042 80&2 2
Ro= "Ry = —= ) .
0= =g <<8x1> 20w on T o
Remark A.2. The coefficients that determine the curvature operator can appear in the

asymptotic expansion of the heat kernel (A6) only at order t* or greater. Indeed, let us
consider again Eq. (A4) and (A5). If we improve the approzimation of €251, L up to

order 4, we see that the coefficient g%;g%‘f in Ro derives from the part of order ¢* of the
dilated operator, while the other coefficients of the curvature appear from a multiplication
of Y with itself. Therefore in the asymptotics (A), coefficients depending on Ry can be

found only at order ﬁ4 = t2 or greater.
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