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Abstract

The present thesis is devoted to the study of some models of quasistatic evolutions for materials,
in the presence of unidirectional phenomena, such as damage and fracture. In particular, these
models concern the coupling between damage and plasticity, and the growth of brittle and
cohesive fractures in antiplane linearized elasticity.

As for the coupling between damage and plasticity, we consider:

1. an evolution based on global minimization, that combines a gradient damage model
similar to the one by Mielke and Roubi¢ek (Math. Models Methods Appl. Sci., 2006)
and the model of perfect plasticity studied by Dal Maso, DeSimone and Mora (Arch.
Ration. Mech. Anal., 2006);

2. an evolution based on local minimization, that employs the technique of vanishing
viscosity, as done by Knees, Rossi, and Zanini (Math. Models Methods Appl. Sci.,
2013) in a damage model, in a modeling framework similar to that of model 1;

3. an evolution based on global minimization for gradient plasticity coupled with damage,
where gradient plasticity follows the model by Gurtin and Anand (J. Mech. Phys.
Solids, 2005), see also Giacomini and Lussardi (STAM J. Math. Anal., 2008).

In these three models, the internal variable which describes the damage affects both the elastic
tensor and the plastic yield surface (namely the region where the internal stresses are constrained
to lie). The coupling between damage and plasticity allows for describing a fatigue phenomenon.
Indeed, it is possible to require that the history of plastic strain up to the current state influences
the future evolution of damage, in such a way that it is easier to damage zones interested by
plastic cycles. This issue is discussed in models 1 and 2. The model 3 accounts in particular for
the interplay between dislocation density and damage growth; the behavior considered complies
with the mechanism of microcrack formation and coalescence by dislocation pile-up, investigated
for long time by the mechanical community.

The work on brittle fracture concerns the viscous approximation of quasistatic crack growth,
where the crack is not prescribed a priori, but chosen in a class of admissible curves. In this
framework, the results by Lazzaroni and Toader (Math. Models Methods Appl. Sci., 2011), in
which the admissible cracks are suitable C™! curves, are extended to a larger class S of cracks,
introduced by Racca (Asymptot. Anal., 2014). The cracks in & may have many connected
components, each of them being the union of a certain number of branches that are regular
curves of the type considered by Lazzaroni and Toader. Moreover, some geometric restrictions
are imposed in order to guarantee that S is closed with respect to the Hausdorff convergence,
that the number of connected components and of branches is uniformly bounded in S, and that
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the uncracked part of the body is always a connected set. These conditions allow for cracks
displaying branching and kinking.

In the work on cohesive fracture, the crack is contained in a prescribed surface. In our model,
both the density of the energy dissipated in the fracture process and the maximal surface tension
between the two sides of the crack depend on the total variation of the amplitude of the jump.
Thus, any change in the crack opening entails a loss of energy and a decrease in the maximal
tensile stress, until the crack is complete: then the energy is no longer dissipated and there
is no surface stress on the fracture set. In particular this implies a fatigue phenomenon, i.e.,
a complete fracture may be produced by oscillation of small jumps. The decrease in time of
the maximal tensile stress corresponds to unidirectionality. The main result in this context is
the existence of a globally stable quasistatic evolution. The original feature of our approach is
that the limit evolution is formulated only in terms of functions, even if it is obtained passing
through a very weak notion of solution, that involves Young measures. Indeed, since the energy
dissipated in the fracture process is bounded, there is a lack of controls on the variations of
the jump of the approximate evolutions, so that one cannot employ the Helly Theorem for

functions.
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Introduction

The present thesis is devoted to the study of quasistatic evolutions for systems characterized
by the presence of unidirectional phenomena.

In solid mechanics, the term quasistatic refers to evolutions that happen slowly enough for
the system to remain in internal equilibrium. They are idealizations and are admissible only if
the relevant processes of the system take place on a much slower time scale than the internal
relaxation. In particular, in these evolutions the inertial effects are negligible. Every quasistatic
evolution is rate independent, namely it is invariant under time rescaling. More precisely,
consider a process that associates to a given time dependent input function ¢ 3 [0,7] — £(t)
a time dependent output ¢ > [0,7] — ¢(¢). This process is said rate independent if, given a
sufficiently smooth time reparametrization s: [0,7] +— [0,7], the reparametrized input £ o s
corresponds to the reparametrized output g¢ o s. Then the time dependent mapping ¢ — ¢
may be illustrated by curves lying on the (¢, ¢)-plane, which are followed during the evolution,
independently of the rate at which the input changes.

Friction, damage, crack propagation, plasticity, delamination, solid-solid phase change, fer-
romagnetism, ferroelectricity, are just a few examples of rate independent phenomena (under
the assumption of slow external loading). Because of their relevance in applications, the analysis
of these systems has attracted much attention by the mathematical community, since the 1970s.
In these years, J.J. Moreau |83, 84| studied the so-called sweeping processes, with particular
focus on elastoplasticity, B. Halphen and Q.C. Nguyen [53| introduced the notion of gener-
alized standard materials to consider also phase transformations, magnetization, piezoelectric
effects, damage, and fracture, while M.A. Krasnosel’skii and A.V. Pokrovskii [65] developed a
mathematical theory for the hysteresis operators.

In recent years, the mathematical theory of rate independent systems has been enriched
by two different abstract approaches, introduced by Mielke, Theil, and Levitas in [81, 80| (see
also [74] and references therein), and by Efendiev and Mielke in [40] (refined by Mielke, Rossi,
and Savaré e.g. in [75, 76, 77]|), respectively. Either approach gives rise to a different notion
of solution.

In order to describe them one may consider a very simple example of rate independent
system: a heavy block sliding on a rough surface, subject to friction. Assume that the block is
pulled by means of a linearly elastic rope, in such a way that, for a fixed one-dimensional frame,
the input of the system is the position £(t) of the free end of the rope, while ¢(t) is the position
of the block, or more precisely the insertion point of the rope. The roughness of the surface
is such that the block may begin to move only when the force exerted by the rope reaches
(in modulus) some critical activation threshold 7 > 0. Above this threshold, the block slides
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rigidly, in the sense that £ — ¢ is constant. In particular, no inertial effects are to be considered.
By assuming that the tension of the rope equals k(¢ — ¢) (with & > 0), the evolution of this
system can be described by the system of relations

k(l—q)| <71, ¢(f—k(£—q) <0 forevery f€|[—T,7]. (0.0.1)

The first condition states that the tension of the rope is always below the threshold 7. The
second one asserts that if the tension is (in modulus) strictly less than 7 then the block does
not move. If the tension is exactly at the threshold, then ¢ — ¢ is constant. It is immediate
to check that the latter system is rate independent: by doubling the speed at which ¢ moves,
the effect on ¢ is doubled in speed. Indeed, as soon as the tension of the rope goes below the
threshold, the block stops by the dry friction between itself and the rough surface, as far as all
motions are so slow that inertia can be neglected. Notice the occurence of a so-called hysteresis
phenomenon, namely the output depends both on present and on past inputs: ¢(t) follows £(t)
with some delay, due to the fact that when the direction of ¢ changes some time is needed to
reach again the threshold (e.g. when the tension passes from 7 to —7 the block is steady).

It is easily seen that, defined Q := R, £(t,q) := k:% — ke(t)q, and R(q) := 7|q| for every
g € Q, (0.0.1) is equivalent to the conditions

0,E(t,q(t)) w+ R(w) >0 for every we Q,t>0, (0.0.2a)
0gE(t,q(t)) 4(t) + R(4(t)) =0 for every t >0, (0.0.2b)

which can be rewritten in a compact form as
OR(4(t)) + 0,E(t,q(t)) 20 for every t > 0. (0.0.3)

In the above equation JR is the (convex analysis) subdifferential of the convex function R, a
set defined by

C €I0R(n) < R(w) —R(n) > {(w—mn) forevery w e Q.

The abstract formulation (0.0.3) is very general and it appears naturally in a wide range of
applications, both in the finite-dimensional and in the infinite-dimensional setting. Notice that
the rate independence corresponds to the positive one-homogeneity of R. Indeed, the differential
problem (0.0.3) is the reference for rate independent systems. However, given a certain vector
space @, an energy &, and a dissipation R, the problem is in general non-smooth and very
often fails to admit strong solutions.

This calls for a weak notion of solution. The approach by Mielke, Theil, and Levitas is
based on the notion of the so-called energetic solutions, which are characterized by the two
principles of global energy minimization and conservation of energy. The main feature of such
a formulation is that it is derivative-free; moreover, it coincides with (0.0.3) when ¢ — £(t, q)
is convex and the evolution is sufficiently regular in time. More precisely, assuming £ convex
in the second variable, from (0.0.2a) one deduces the global stability condition

E(t,q(t)) <E(t,q) + R(q—q(t)) forevery g€ Q, (0.0.4a)
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while integrating (0.0.2b) and by the chain rule one obtain the energy-dissipation balance

E(tq(t)) + / R(i(s)) ds = £(0, ¢(0)) + / A€ (s, q(s)) ds.

which may be rewritten as

E(t,q(t)) + Dissgr(q, [0,t]) = £(0,4(0)) + /0 0€(s,q(s))ds, (0.0.4b)
where
N
Dissr (g, [0,]) :=sup ¢ > Rlq(t;) — q(t;-1)): N €N, 0 < tg <ty <--- <ty <t
j=1

is the energy dissipated in [0,¢]. The global stability condition states that no competitor state
g can be preferred to the current state ¢(¢) in terms of energy gain versus dissipation. The
energy balance reflects the fact that the energy at time ¢ plus the energy dissipated in the time
interval [0,¢] (the sum in the left-hand side of (0.0.4b)) equals the initial energy plus the work
supplied by external actions (the right-hand side of (0.0.4b)). Notice that the dissipated energy
is the variation of ¢ in [0, ¢] with respect to the seminorm R.
The differential inclusion (0.0.3) may be generalized to the case when R depends also on
q(t), by
O4R(q(t),q(t)) + 04E(t,q(t)) 20 fort >0, (0.0.5)

where 0y is the subdifferential with respect to the second variable of R. (Notice that the nota-
tion is consistent with 9,&, since for a differentiable function the subdifferential contains only
the differential. Moreover, rate independence corresponds to R positively one-homogeneous in
Q)

When R depends on two variables, in order to simplify the setting one may assume that
there exists a dissipation potential, namely a function D such that

R(v,2) = 9,D(v)[2]. (0.0.6)
In this situation, provided that
F(t,q) == E(t,q) + D(q) (0.0.7)
is convex, (0.0.5) is equivalent to
F(t,qt)) < F(t,q) foreveryqe Q, (0.0.8a)
Ft,q(t)) = F(0,4(0)) + /0 "€ (5. a(s)) ds. (0.0.8b)

Both (0.0.4) and (0.0.8) may be rewritten in terms of a dissipation distance A(q1,q2), for which

Et,q(t)) <E(t,q) + Aq(t),q) forevery e Q, (ST)
and

E(t,q(t)) + Dissa(q, [0,t]) = £(0,¢(0)) —|—/0 0E(s,q(s))ds, (EB)
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where

N
Dissa (g, [0,]) :=sup 4 > A(q(tj-1),q(t;)): N €N, 0<tg <ty <--- <ty <t
j=1

Since it does not contain derivatives, the energetic formulation is more general (in the case of
a nonconvex energy) than the differential inclusion (0.0.3). Indeed, it is directly adapted to the
case of non-smooth potentials, and could be modified in order to encompass evolutions ¢ — ¢(t)
discontinuous in time. Hence, the formulation (ST)+ (EB) is considered the reference for the
energetic solutions. The main advantage of such an abstract formulation is the possibility to
provide general mathematical methods for a large class of applications. In [79] the existence
and approximation theory for energetic solutions is carefully described: this is based on time
discretization and incremental minimum problems, and it is effective from the viewpoint of
Numerical Analysis.

Despite its interesting features, the concept of energetic solution seems nowadays not com-
pletely satisfactory out of the realm of convex energies. The crucial point is that global stability
turns out to be a too strong constraint for evolution. In particular, it is not difficult to show
examples of double well energies for which the request of global minimization causes unphysi-
cal jumps in time of the evolution, which may overtake energy barriers (see, for instance, |73,
Ex. 6.1] and [79, Ex. 1.8.1]). In such cases the jumps of the system happen also earlier than
the jumps really observed.

The reasons above motivate the research of notions of solutions based on local minimization.
However, in recent years various types of local stability concepts have been proposed, and
it is still unclear which of them should be preferred. A fruitful idea in order to go beyond
energetic solutions has been to see rate independent evolutions as limits of solutions to some rate
dependent systems containing a viscous dissipation that tends to zero, following the approach
by Efendiev and Mielke [40]. Namely, the e -viscous solutions q. satisfy the differential inclusion
(compare with (0.0.5))

0; [R(qg(t), de(t)) + %V(qe(t)) +0,E(tqe(8)) 20 fort>0), (0.0.9)

where V is a quadratic, coercive, and continuous viscosity potential. This is called vanishing-
viscosity approach.

Solutions to (0.0.9) usually behave better than those of (0.0.5); in [75, 76, 77| the authors
investigated the hypoteses that permit to determine and approximate limit evolutions as ¢ — 0.
The general strategy relies on the fact that (under suitable regularity assumptions) the solutions
to (0.0.9) are regular in time and satisfy an energy-dissipation balance. The limit evolutions
strongly depend on the choice of the quadratic viscous dissipation V', as observed in [68] and
[100]. Assuming for simplicity that Q is a reflexive Banach space, and that V(q) = ||q||%, the
balance reads

E(t,qg(t))+/0 (R(g=(5), 4e(s)) +¢llde(s)l @) ds = £(0,90) + /at $,qe(s))ds,  (0.0.10)

where ¢-(0) equals the initial datum qo. Hence ¢. € H'(0,T; Q) C C([0,T]; Q). However, the
H! estimate is not uniform in ¢. Then the approach is to consider the graphs {(t,q-(t)): t €
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[0,T]} and possibly find a uniform bound for their arc-lengths, with respect to the viscous norm,
namely the arc-lengths 5.(t ) =t+ fo llgs(7)||od7. In the positive case, one reparametrizes
using the inverse functions f. := 51, obtaining a family of contractions. The limit of the 3.
gives a time scale, which is slower than ¢, in which is described the limit evolution. The limit
evolution may still exhibit jumps in time, but due to the viscous approximation jumps happen
later and energy barriers are not overtaken.

The limit solution is called parametrized BV solution (see [76]) or also rescaled quasistatic
viscosity evolution. The main characteristics of this evolution may be pointed out by assuming
that there exists a dissipation potential D for R, namely (0.0.6) holds. In this simplified
setting, in [86] it is proved that the parametrized BV solution is a Lipschitz function [0, S] >
s — (t(s),q(s)), with #(s) > 0, ¥(s) + [|¢(s)|| < 1, satisfying the following:

10, F(t(5),q(s))|or =0 for s s.t. ¥'(s) >0, (STv)

S
F(#(5),a(5)) Zf(O,(Jo)/O 18, F (£(s), d(s)) I o d8+/ O F (t(s),q(s) ¥ (s)ds, (EBv)
where F is as in (0.0.7). Notice that the evolution is defined by means of a parametrization
of the “extended graph”; with this choice, a jump in the original time scale is represented by
“vertical parts” of the extendend graph, where #(s) =t for s € [v—,71] and q(v7) # g(r).
The path between the two states g(77) and g(71) satisfies a suitable equation obtained by
(EBv), which keeps track of the viscous approximation. Outside the jumps, where ?(s) > 0, the
process is rate independent since, by (STv), 0, F (t(s), d(s)) = 0 (then up to a reparametrization
one obtains (EB), plus a first order stability condition).

This is a sketch of the general approach to vanishing viscosity solutions. A comparative
analysis for different notions of local solutions may be found in [79, Section 1.8].

The abstract approaches described above are a powerful tool to understand the features
of rate independence, and provide a reference framework for several different behaviors. Nev-
ertheless, it is non always trivial to adapt the general schemes to particular rate independent
evolutions. Some models have required the development of new mathematical tools. In this
context, a very large class of processes that has been investigated in recent years is that of uni-
directional phenomena, such as damage and fracture (see e.g. |78, 11, 106, 41, 105, 61, 60|
and (36, 18, 44, 31, 33, 59, 62, 67|, respectively). In such phenomena there is an order
parameter (e.g. the damage internal variable, or the fracture length) that may only increase
(or may only decrease) in time. Notice that in mechanics their are often referred to also as
irreversible phenomena. (For this reason we adopt this terminology in the following chapters of
the thesis.) However, the adjective “irreversible” is ambiguous. Indeed, in thermodynamics, it
has a different, wider meaning indicating dissipation of energy implying irreversibility of time.
Thus, nonunidirectional processes are still irreversible in this sense. Perfect plasticity (without
damage) is an example of this ambiguity.

This thesis presents some results on unidirectional evolutions, in particular on the coupling
between plasticity and damage, and on fractures, both of brittle and of cohesive type. The
remaining part of this introduction is devoted to a brief description of the problems studied
and of the results obtained.
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Elastoplasticity and damage

Plasticity and damage describe the inelastic behavior of materials in response to applied
forces, respectively accounting for permanent deformations and for discontinuities on microscales,
both of surface type (microcracks) and of volume type (microvoids). Damage affects the elas-
tic response of the material with respect to loading and unloading, whilst plasticity produces
residual deformations that persist after complete unloading. It is natural to consider the cou-
pling between this two phenomena since, in spite of their different macroscopical implications,
their initial causes are identical, in particular in metals they are originated by movement and
accumulation of dislocations (cf. [69, Chapter 7]). Moreover, the combination of damage and
plasticity provides a better description of e.g. cyclic loading, see for instance [58, Section 3.6]
or [69, Section 7.5]. For these reasons such interaction is the subject of many engineering and
numerical papers. Nevertheless, there are few analytical papers on the evolution of damage and
plasticity together (see e.g. [97, Chapter 9|, [2], [93], and the references in |79, Section 4.3.2|),
even if in literature there are several works on evolution of plasticity without damage (cf. e.g.
[28], (98], [43], [52], [48], [71]), and damage models that refer to purely elastic materials (cf.
e.g. [78], [106], [61]).

The result presented here are obtained in the context of small strain elastoplasticity, namely
assuming that the displacement is a small perturbation of the equilibrium configuration. The
models considered here are:

1. an evolution based on global minimization, that combines a gradient damage model as
in [78] and the model of perfect plasticity in [28];

2. an evolution based on [ocal minimization, that employs the technique of vanishing
viscosity (as done by Knees, Rossi, and Zanini in the damage model [61]) in a modeling
framework similar to that of model 1;

3. an evolution based on global minimization for gradient plasticity coupled with damage
(where gradient plasticity is formulated as in [52], see also [48]).

In the formulations of plasticity (without damage), the unknowns are the vector field u
of the displacement with respect to the equilibrium configuration and the matrix fields of the

Vu+Vul .
2

elastic and plastic strains, denoted respectively by e and p. The total strain Eu = is

decomposed as
Eu=e+p.

Such functions are defined on [0,7] x ©, with [0,7] the time interval where the process is
observed, and 2 C R" is the reference configuration of the material. The additive decomposition
of the total strain is a linear approximation of the multiplicative decomposition in finite strain
plasticity; accordingly, the usual condition that plasticity is volume preserving consists, in small
strain plasticity, in requiring that p(x,t) € M}, where M) is the space of deviatoric (i.e.,
trace free) matrices. The data are a prescribed displacement w(¢) on the Dirichlet part of the
boundary dp§) C 99, surface forces g(t) (on INQ := 90\ 9pf?), and volume forces f(t).
Moreover an initial condition is assigned. The common fundamental ideas are the following:
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e clasticity corresponds to the restorative (internal) forces, expressed by the Cauchy
stress matrix o, that depends linearly on the elastic strain according to Hooke’s Law,
ie.,

o :=Ce;

e the evolution of the plastic strain (and of the plastic strain gradient, in model 3) is
governed by a threshold criterion; specifically some part of the Cauchy stress tensor
(and some higher-order stress tensors, in model 3) lies into a constraint set K, and,
when it reaches the boundary of this set, plasticity may evolve.

The fourth-order linearized elasticity tensor C and the set K are constitutive parameters for
the material considered.

Due to wear, any body undergoes a degradation: microscopically, this may be interpreted
in terms of broken interatomic bonds. It is natural that both elastic and plastic stiffness are
smaller when the number of broken bonds is higher (softening behavior). Thus a further internal
variable « is introduced, accounting for the percentage of unbroken bonds in a neighborhood
of any point (thus «(t,z) € [0,1], where 1 corresponds to a perfectly sound material). Both
C and K depend on the damage variable o, increasingly. Accounting for this dependence, the
strong formulation of perfect plasticity reads

Eu(t,x) = e(t,z) + p(t, x)

(sfl)

u(t,z) = w(t,x) for z € 0pQ2,

o(t,x) := Cla(t,x))e(t,x), (sf2)
—div o(t,z) = f(t, z) (513)
o(t)v = g(t) for xz € ONQ?,
op(t,z) € K(a(t,x)), (sf4)

p(tv .I) € NK(a(t,a:)) (JD(t7 $)) : (Sf5)

Above, op is the deviatoric part of o (the projection onto the space of null trace matrices) and
Ng (o) is the (convex analysis) normal cone to the set K at o. The tensor C is nondecreasing
in a with respect to the Lowner order of tensors, whilst the constraint set K is nondecreasing
with respect to the inclusion of sets. Both C and K are bounded from below with respect
to the damage variable, so that some stiffness remains even when « is null: this corresponds
to consider incomplete damage. For the complete set of hypotheses on C and K we refer the
reader to Section 2.1 (and to the first part of Chapter 3).

In gradient damage models some energetic terms, depending only on a and Va, are in-
troduced. In particular, the term in Va has not only a mechanical interpretation (see for
instance [106, Section 1]), but also regularizing effects for the damage variable. The damage
regularization considered here (and in the approach by vanishing viscosity) is strongly enough
to guarantee that the damage variable is continuous in €2. Due to this choice, the strong formu-
lation for the damage evolution has a nontrivial expression. For this reason, in the exposition
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a weaker criterion is employed. This is the following:
&(t) < 01n Q,
(0aE(a(t),e(t),B) >0 for every B < 0s.t. £(B,n) < oo for any n € L?(€; M), (sf6)
(Ol (a(t),e(t)),a(t)) 20,

where the total energy £ is introduced below. Notice that the expression above has a form
similar to (0.0.3). Indeed, as it will be seen later, it can be recast in terms of a dissipation R,
which is unbounded: this entails the expected entropy condition, i.e., that « in nonincreasing
in time. Moreover, R admits an associated dissipation potential. Following [2], we choose to
include the potential for R in the energy (similarly to (0.0.7)), and to write separately the
unidirectionality condition.

For technical reasons, in the approaches by global and local minimization two different
damage regularization are employed. Thus, for the reader’s convenience, two notations £ and
EL are used for global and local minimization models, respectively. We will see below that
these energies could be generalized to account for a fatigue phenomenon.

The total internal energy for our global minimization model

E%a,e) = Qa,e) + D(a) + |Val i, ~>n, (0.0.12)
is the sum of the stored elastic energy Q (a,e) = 5 fQ Je-edx, now depending also on
damage, of a continuous functional D(« fQ a)dx, and of a regularizing gradient term.

When £¢ is finite, it turns out that o € Wl"V(Q) and in particular o € C(Q). Then the
duality in (sf6) is rigorously written as a duality between W17(Q) and its dual space. The
W7 damage regularization (with v > n) is employed also in [78] and more recently in [60],
for example.

The work of the external loading is

(L(t),u) ::/Qf(t)-udx+/a Qg(t)-ud";’-["_l.

We now introduce in more detail the terms related to the plastic dissipation. The starting
point is considering for any « (and ¢ € M}*™) the support function of K ()
H(a,§):= sup o-&.

ceK(a)
This function is convex and positively one-homogeneous in ¢. If p € L1(Q;M7"), the plastic
potential is H(a,p) = [ H (x)) dx. Due to the one-homogeneity of H(a, &) and to the
lack of compactness of Ll(Q,M%X"), the plastic strain p is set in the space of My*"-valued
Borel measures M;(2 U dpQ; M™). Employing this space for p the incremental minimization
procedure admits solutions. Therefore, since H is also convex in &, the plastic potential is
defined as a convex function of a measure, by

d
H(a,p) == / H(a(x), dp(w)> d|p|(z), for every p € Mp(Q2UpQME ™), (0.0.13)
QUOpP2 ’p‘

where p/|p| is the Radon-Nikodym derivative of the measure p with respect to its variation
Ip|. Given a: [0,T] = C(Q) and p: [0,T] — M,(QU dp; ML), the plastic dissipation in a
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time interval [s,t] is defined as

N
Vu(a,p;s,t) = sup{ZH(a(tj),p(tj) —p(tj—1)): s=to<ti<---<tn=t, N€ N} .
j=1
(0.0.14)
It is proven in Section 1.2 that

VH(a,p;s,t):/ H(a(r),p(T))dr (0.0.15)

whenever « is nondecreasing in time, a(t) is uniformly bounded in W17 (Q), and p is absolutely
continuous from [0, 7] into My(2U dpQ; M7™).

To ease the reading, when o € C(£2;[0,1]) does not depend on time, the symbol Vi is used
instead of Vyr, hence

t
Dr(aupi s, ) = / H(a, p(r)) dr (0.0.16)

Finally, the “generalized energy” is defined by
Sf(a, e;p,t) = E%a,e) + Aﬁy(ajp; 0,t), (0.0.17)

where A € [0, 1] is a parameter of the model. Then (sf6) is replaced by

9a X (

( a(t),e(t);p,t),8) >0 for every B € W(Q), 3<0, (sf6”)
(0aES (a

t),
t),e(t);p,t),&(t)) = 0.

The mechanical meaning of 5? is discussed below. Notice that when A = 0 the generalized
energy reduces to £9.

Given A € [0,1], external forces f(t), g(t), a prescribed boundary displacement w(t), and
an initial condition (o, ug, €, po), with suitable regularity assumptions, a quasistatic evolution
for the energetic formulation is a function ¢ — («a(t),u(t),e(t),p(t)) fulfilling the following
conditions:

(qs0)© unidirectionality : for every x €
t €[0,T] = a(t,x) is nonincreasing;

(gs1)€ global stability: the function ¢ + p(t) from [0,7] into M,(QUIpQ; M%) has
bounded variation, (u(t),e(t),p(t)) € A(w(t)) for every t € [0,T], and

S (alt), elt); pt) — (L(), u(t)) < EV(B,m5p,t) — (L(1),v) +H(B,q — (1))
for every 8 < «(t) and (v,n,q) € A(w(t)), where
Aw) := {(u,e,p): Bu=e+pin Q, p=(w—u)OvH" ! on 9N}

is the set of admissible displacements with respect to a boundary datum w;
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(qs2)C energy balance: for every t € [0,T]
S (a(t), e(t); pyt) — (L(8), ult)) + (1 = A\)Vu(a, p; 0,t) =

£(a(0), e(0)) — (£(0), u(0)) + / (0(s), Btb(s)) 12 ds
- / (£(5), uls)) 2 ds — / (L(5),t(5)) 12 ds
0 0

where o(s) := C(a(s))e(s).

The functions f, g, and w are assumed absolutely continuous in time, with respect to their
target spaces (chosen such that the duality products make sense). The initial condition satisfies
the global stability. The set of admissible displacements is introduced as a relaxation for the
set of triples (u, e, p) satisfying (sfl), in order to perform the incremental minimization scheme.
(The same motivation leads to set p into the space of Radon measures.) The existence of
quasistatic evolutions for the energetic formulation is proven in Theorem 2.3.3.

We now discuss the mechanical meaning of the generalized energy. As mentioned above,
the case of positive A\ accounts for a fatigue phenomenon. Since the present approach is based
on energy minimization, it is important to detect under which condition the term with A in SAG
is minimized.

To fix the ideas, consider the simplified case when p is absolutely continuous from [0, 7] into
LY(Q;ME™) and the constraint sets are balls with radius V(«), so that H(a,&) = V(a)|¢].
By (0.0.15) and (0.0.16), it follows that (recall that «(t) = @)

Pu@:0.0 = [ Vian( [l ds) a.

that is a space integral of the product between a nondecreasing function of &@ and the cumulated
plastic strain T — fot |p(s, )| ds. This shows that it is easier to damage portions of the material
where the cumulated plastic strain is larger, i.e., parts more affected by plastic evolution until
t. The typical example of a fatigue phenomenon is cycling loading: even if the plastic strain
remains small, the material may break by effect of plastic cycles. Tuning A between zero and
one, different effects of the plasticity on the damage process are described; setting A = 0 leads
to an energy balance analogous to the one of [29], while the choice A = 1 was instead prescribed
in |2, 3|.

Notice that the coupling between linearized perfect plasticity and damage fits into the
abstract scheme of rate independent systems described above. Indeed, consider as Q the
ambient space for the triples of damage, displacement, and plastic strain (53, v,q), and

(t0.a i plon) = 5 | CONEv—a)- (Bo =)o+ [ Bla)de + VBT,
+ AV (8,93 0,1) = (L(1),v),

R(B,8,4) = H(B,§) + R B,8), R'D,2) = Jo —d'(B(x)z(z)dz, if 2 <0 ae. in

400, otherwise .
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Recalling that, if ¢ is a function, H(3, ¢) fQ (8,q) dz, the strong formulation reads

BuEx =0,
OpR+8p5,\ >0,
OaR + 0, 0.

In particular, the differential inclusions above correspond to (sf3), (sf4)-(sf5), and (sf6’), re-
spectively. The fact that R = oo when /3 is somewhere positive enforces the unidirectionality
for the damage variable. Moreover, in the finiteness domain of R!, D is the corresponding
dissipation potential (see (0.0.6)). This justifies the choice of including it in the energy (see
also (0.0.7)), that is also done in [2].

As a technical note, observe that the monotonicity in time of a and the softening property of
‘H are essential to prove that V;_[D(oz, p;0,t) is indeed nondecreasing with respect to refinements
of the partition P of [0,¢]. In other plasticity models with an internal variable, e.g. Cam-Clay
plasticity [29], this property (which is fundamental in our approach to energetic solutions) does

not hold since a may increase in time.

Since the functional appearing in the global stability property (qs1)¢ is not globally convex,
the energetic solution is in general not smooth in time but one can only say that it has bounded
variation. In the case where it is sufficiently regular, it is proven that the weak formulation
complies with the strong formulation. However, due to lack of convexity, the approach by
vanishing viscosity is useful in this case. This is the subject of a work in collaboration with
Giuliano Lazzaroni, that is presented below.

The total internal (generalized) energy for our local minimization model is

&l (e eip.t) i= Qlae) + D) + 5 [al2  + AWi(e ps0,1),

with
2= Y ID%l}, m=|Z]+1.
|8]=m

The only difference with respect to the energy for the globally stable evolution (see (0.0.12)
and (0.0.17)) is the damage regularization, which is now of Hilbert type. Thus the target space
of a is now H™ (). The choice of m still gives the embedding into the space of continuous
functions. The plastic potential is the same as before and all the remaining notations are the
same. Under regularity assumptions, the quasistatic evolution has to satisfy the conditions
(sf1)—(st5), plus the Kuhn-Tucker conditions

a(t) <0in Q,
(OalL(alt), e(t);p,t), ) >0 for every B € WH(Q), 8<0, (s6”)
(D&l (a(t),e(t)ip,t),a(t)) = 0.

As mentioned above, the functional in the global stability property (gqs1)© is not convex.
This is due to the presence of damage. In contrast, in perfect plasticity the evolution is regular.
For these reasons, the viscosity involves only the damage variable. The choice of the viscous
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dissipation is a delicate point: too strong regularizations might lead to trivial viscous approx-
imate evolutions. For this reason it has not been considered a quadratic dissipation for « in
its reference space H™(Q), but in L%(Q)). The same viscous penalization is adopted also in
vanishing viscosity for damage without plasticity [61]. We refer also below to this paper.

As in the approach by global minimization, the starting point is discretizing the time interval
into k + 1 subintervals and solving k incremental minimum problems (with a fixed viscous
penalization). In this way, for every vanishing viscosity parameter £ > 0, one obtains a family
of piecewise affine approximate evolutions. The major difficulty is to find suitable a priori
estimates for these approximate evolutions, in order to pass to the limit first as k tends to oo
and then as ¢ tends to 0. In [61] the following estimates are proven for the piecewise affine
interpolations a :

T T
| Vs iy < 0 and [ laalllmey < - (0.018)

As seen in page 4, the estimates above would be trivial with an H™ regularization. In contrast,
with the L2-viscosity one obtains easily only the estimates with L? norm. The proof of (0.0.18)
is based on a discrete Gronwall lemma.

In order to follow an approach similar to the one in [61] also in the presence of plasticity,
the idea is to control the time discrete derivatives of the strain by the time discrete derivatives
of the damage and of the boundary datum. This is motivated by the fact that, in the framework
of perfect plasticity, one can prove an analogous control. By the improved “perfect plasticity
estimate”, obtained in Lemma 3.1.6, not only (0.0.18) follows, but also that all the approximate
viscous evolutions are uniformly H' in time, independently of the time discretization, and
uniformly W1 in time with respect to € > 0.

Basing on the estimates in (0.0.18), one can argue as in the abstract scheme. In particular,
the existence of rescaled quasistatic viscosity evolutions is proven by means of an arc-length
reparametrization (see Theorem 3.3.6).

A rescaled quasistatic viscosity evolution in the time interval [0,S] is a 5-tuple of Lip-
schitz functions (a®,u®, e p°,t°) from [0,S] into H™(Q;[0,1]) x BD(Q) x L*(Q;Mzxm) x
My(QU Op;ME™) x [0, T] such that, setting for every s € [0,.5]

d°(s) :=C(a’(s))e’(s), w’(s):=w(t°(s)), L°(s):=L(t°(s)), and
U°:={s€]0,5]: t°is constant in a neighbourhood of s},
the following conditions are satisfied:
(as0)© unidirectionality: t° is nondecreasing and surjective, and for every = € Q
[0,5] 5 s+ a’(s,z) is nonincreasing;

(asla)® global minimality for fived damage: for every s € [0,5], (u°(s),e°(s),p°(s)) solves

min . {Q(a(s),m) — (L°(s),v) + H(a®(s),q — p°(s))} ;

(v,n,q)€A(we (s
(qs1b) L Kuhn-Tucker inequality in [0, 5]\ U°: for every s € [0,5]\ U°
(0aEE(a°(5),e°(s);p°, 5),8) >0 for every B € H™(Q), 3 <0;
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(qs2) % energy balance: for every s € [0, S]
EX(a°(s),€°(s):p°, 8) — (L7(5),u(s)) + (1 = A) /OSH(QO(T%PO(T))dT
# o I8,  ) d

= (a0, c0) = (£O)ua) + [ [(0°() B ()0 = (2w (r)n = (£°(7) ()2
where the convention 0 - oo = 0 is adopted and

V(a®(s),e(s);p°% 5) = sup (—0aEx(a(5), €°(5); 1% 5), B) -

BeH™(Q),[|Bll2<1
The jumps are described in the slow time scale by the set U°. The global minimality (qs1)© is
replaced by a global minimality with respect to plasticity plus a first order stability condition
with respect to the damage that holds outside the jumps, where the evolution is rate indepen-
dent. The term ¥, corresponding to jumps in time, involves indeed the L? norm of the damage
variable derivative, so that it keeps track of the L?-viscous approximation. In fact, ¥ is a sort
of unilateral slope in L? of the energy with respect to admissible variations of damage. It is
the analogue of the term in (STv), with the restrictions that viscosity norm L? is considered
instead of the H™ norm, and that there is a condition on the sign of 3, that comes from the
unidirectionality of damage. In Lemma 3.2.5 it is proven that W indeed represents how far the
current configuration is from satisfying the first order stability condition. Precisely, it holds
that

U(a®(s),e’(s);p°,s) = min{||g||r2: (Daér(a’(s),e°(s);p°% s)+g,8) >0VB € H™(Q)}.

Thus VU is the L? distance of the partial derivative with respect to a evaluated in the current
configuration (this belongs to the dual of H™(Q)) from the set of the elements in (H™())
for which (qs1b)? holds. See also Remark 3.2.6 for further comments about .

The main motivation for the study of strain gradient plasticity is that of some features of
plastic materials that are not well described by the theory of perfect plasticity.

For instance, perfect plasticity allows for displacement fields that jump on (n—1)-dimensional
surfaces of the domain §2. These are not observed in reality, where the thickness of the sharp
transitions between two zones with different displacements cannot be smaller than a certain
quantity, usually in the range 500 nm—50 pm. Such transition regions are called plastic shear
bands. In strain gradient plasticity, some controls for the gradient of plastic strain are assumed:
this gives more regularity for the total strain, and prevents displacement from displaying jump
surfaces.

There are several papers devoted to strain gradient plasticity, and many different ways to
deal with the gradient of the plastic strain. (See for instance |1, 17, 46, 56, 51, 52|.)

Another advantage of strain gradient plasticity theories is the possibility to account more
directly for dislocations. Dislocations are line defects within a crystal structure that are char-
acterized by two vectors: the Burgers vector, b, that measures the slip displacement associated
with the line defect, and a unit vector ¢, that points in the direction of the dislocation line.
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There are two main types of dislocations: edge dislocations, where b and t are perpendicular,
and screw dislocations, where the two vectors are parallel. In the most general case the dislo-
cation line lies at an arbitrary angle to its Burgers vector and the dislocation has a mixed edge
and screw character.

As mentioned in page 6, dislocations are the microscopical responsible for plasticity. From
the mathematical point of view, these objects can be characterized by means of a first order
differential operator applied to the plastic strain. Since strain gradient plasticity deals with the
first order derivatives of the plastic strain, it is useful in order to describe the interaction among
dislocations, and to capture size effects, such as strengthening and strain hardening, caused by
these defects.

In particular, the strict relation among dislocations and damage motivates the study of
the coupling between gradient plasticity and damage. Since the early works on damage and
dislocations in the 1950s (see e.g. [110, 101, 21, 96]|), it has been pointed out as the pile-up of
these defects is responsible for microcrack formation and coalescence, that is for creation and
evolution of damage.

The gradient plasticity model employed here for the coupling between plasticity and damage
is the one proposed by Gurtin and Anand [52]. This model shares some common characteristics
with perfect plasticity, and it has been studied in the framework of energetic solutions by
Giacomini and Lussardi in [48] and [47].

The strong formulation is now introduced. For clarity of notation, the label “GA” indicates
that the corresponding objects or properties refer to the gradient plasticity model coupled with
damage. Moreover, to shorten the notation, the dependence on z in the strong formulation is
no longer written explicitely.

The additive decomposition of the total strain and the condition on the prescribed boundary
displacement do not change with respect to the cases above. Then we require:

Eu(t) = e(t) + p(t)

u(t) = w(t) on OpQ2. (BHGAL)

The starting point, as in the approach of Gurtin and Anand [52], is to consider é(t), p(t),
and Vp(t) as independent rate-like kinematical descriptors with conjugated internal forces given
by some tensors o(t), oP(t), and KP(¢) such that the (internal) power expenditure within a
subdomain B C 2 at a time t is expressed by

Wint (B, t) = / o(t)-é(t) + oP(t)-p(t) + KP(¢) - Vp(t) dz . (0.0.19)
B
Then the stress configuration of the system is described by o(t), which is the usual Cauchy

” we denote

stress, by a second order tensor o”(t), and by a third order tensor KP(t). (By * -
the scalar product between tensors of the same order, independently of the order.)
The elastic tensor C depends on « and it is expressed in terms of the shear and the bulk
moduli p and k:
Cla)e :=2u(a)ep + k(a)(tr e)I .

By the softening character of damage, p and k& are assumed nondecreasing with respect to «.
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The total energy density for our model is

1 L2 2
¥ = p(a)lep|* + 5k(a)| tr el + 7u(a)! curl p|* + g\Vozl2 +d(a),

where d is a continuous nonnegative function, and L, ¢ are length scales. The first three
terms of 1 correspond to the free energy density assumed by Gurtin and Anand, where the
elastic moduli depends on the damage. Notice that the dependence on the damage gradient is
quadratic. The part of energy density depending only on « is denoted by d, as in the cases
above.

The term %Q,M(aﬂ curl p|? is the density of energy stored by the geometrically necessary
dislocations. Indeed, the energy stored per unit length by a dislocation is proportional to
ulb|?, see e.g. in [57, Section 4.4] and [69, Section 1]. The macroscopic Burgers tensor curl p
measures the incompatibility of the field p and, for every unit vector m, (curl p)m is the
Burgers vector, measured per unit area, associated with small loops orthogonal to m, namely
with those dislocation whose lines pierce the plane with normal m (see [52, Section 3]); then
curl p provides a measure of the dislocation density.

As in [52], we define an energetic higher-order stress K=&, , associated to dislocations, as the
symmetric-deviatoric part in the first two components (cf. (1.1.1)) of the partial derivative of
1 with respect to curl p, and the dissipative higher order stress Kﬁiss is the remaining part
of K?. Considering also that ¢ depends on e as in perfect plasticity, the consitutive relations

become:

a(t) == Cla(t))e(t),
K&, (t) - VA := p(a(t)) L2curl p(t) - curl A for every M7y -valued function A,  (sfGA2)
KB =KP-KE, .

diss

The equilibrium conditions are derived by imposing a balance between the power of the internal
forces (0.0.19) and the one of the external forces usually considered in gradient plasticity. They
are the following:

—divo(t)=f(t) inQ, o(t)r=g(t) ondyQ,
oP(t) = op(t) +div KP(t) in ), (stGA3)
KP(t)y =0 on 09Q.

Above, v is the outward normal to 2. For every subbody B with outward normal v, the
deviatoric matrix KPv represents the surface density of microtractions associated to the plastic
strain. We refer to [51, Sections 9 and 11| for the connection between microtractions and
thermodynamic force between dislocations. As in [52, Section 8] we assume that the microscopic
power expenditure at the boundary is null.

As for the flow rule for plasticity, also the microscopic dissipative force KP. = associated to

diss

Vp has to be considered. Then the constraint set K («(t,x)) is an ellipsoid in the product space
between the deviatoric matrices and the third order tensors that are symmetric-deviatoric in
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the first two components. It holds:

2 2
(0"(t,2), K", _(t,2)) € K(a(t,z)) == {(A,IB%) : Sl(iﬁ’ ot 1252(!;33(’t,x))2 < 1} . (sfGA4)

(B(t,x), VP(t, %)) € Ng(agta) ((67(t, ), KE (t,2))) - (SfGA5)

Notice that one can deal with two different softening-type behaviors corresponding to different

directions of the generalized constraint sets.
The energy is the space integral of ¥, so

Y2
gGA(a7 €, curl p) = Ql(av 6) + QZ(aa curl p) + §||VO‘”%2 + D(a) ’

with
2

Qi(aye) = ;/QC(oz)e-edx, Qo (v, curlp) = l;/ﬂu(a)\curlp\de, D(a) :—/Qd(oz) dz.

As in perfect plasticity with damage, some Kuhn-Tucker conditions are required for the evolu-
tion of damage:

a(t) <0in Q,
(054 (a(t), e(t), curl p(t)), ) > 0 for every B € H'(Q), <0, (stGA6)
(D€ (1), e(t), curl p(t)), a(t)) > 0.

Notice that in order to minimize p(a)|curl p|? (namely to minimize Qs) it is convenient to
damage portions of the material with high dislocation density. (Recall that p is nondecreasing.)
This type of interplay between damage and dislocations complies with the models of microcrack
formation and coalescence by dislocation pile-up. Moreover, the H! damage regularization
employed here is natural from a mechanical point of view (see for instance [2] and [70]). This
is an improvement with respect to the elastoplastic-damage models presented above.

In order to write the energetic formulation for the Gurtin-Anand model coupled with dam-
age, the expression of the plastic dissipation is needed.

The plastic potential is defined similarly to the one in perfect plasticity with damage,
starting from the support function of the constraint set. Now, Vp is a measure, so p €
BV (Q; M)™). Therefore, for any o € H'(Q) and p € BV(Q; M}"), we define

HO (a, p) = /Q V51 oP + PSa(a)? Vol da + 1 /Q Sy(@) d[D*p)

Here, Vp and D?®p are the absolutely continuous and the singular part of Dp with respect to

the Lebesgue measure L™, and « is the precise representative of a, which is well defined at

H* 1 -a.e. x € Q. Observe that when [ = 0 H% reduces to a particular case of the potential

in (0.0.13). The variation V§*(a,p;s,t) is defined as in (0.0.14), starting from H%(a, p).
The main result in this framework (see Theorem 4.1.5) is the existence of a quasistatic

evolution for the Gurtin-Anand model coupled with damage, namely of a function

(0,715t (o), u(t), e(t), p(t))e H' ([0, 1]) x W57 (Q R™) x L2(€; MIX™) x B (€ MI5™)

sym
that satisfies the following conditions:

(qs0) G4 unidirectionality : for every x € Q the function [0,7] > t + a(t,z) is nonincreasing;
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(qs1) G4 global stability: (u(t),e(t),p(t)) is admissible for the boundary condition w(t) (i.e., its
energy is finite and (sfGA1) hold) for every ¢ € [0,7] and

EF4 (a(t), e(t), curl p(t)) — (L(1), u(t)) < E94(B,m, curl q) — (L(t),v) + HEA(B,q — p(t))

for every 8 < a(t) and every triple (v,n,q) admissible for w(t).
(qs2) 4 energy balance: the function t — p(t) from [0,7] into BV (€;M7}™) has bounded

variation and for every t € [0, 7]

E9% a(t), e(t), curl p(t)) — (L(8), u(t)) + Vi (. p; 0,1)

= £9(a(0), e(0), curl p(0)) — (£(0), u(0)) +/O (o(s),Ew(s))ds

_/0 <£(s),u(s)>d5—/0 (L(s),w(s))ds.

An important issue in the existence proof is to obtain the lower semicontinuity of the plastic
potential with respect to both variables. Indeed, now « is no longer continuous and then
Reshetnyak’s Theorem does not apply.

Moreover, in Chapter 4 the limit evolution as the length scales [ and L tend to zero is
studied, following the anlaysis in [48] for the case without damage. Here, we require a stronger
regularization, specifically a W17 regularization (v > n). In the limit we obtain quasistatic
evolution for perfect plasticity coupled with damage (see Theorem 4.5.1). In fact, the gradient
plasticity formally reduces to perfect plasticity when L =1=0.

The last part of Chapter 4, which is unpublished, contains the proofs of a new Reshetnak-
type lower semicontinuity theorem (Theorem 4.6.1) and of a result (Theorem 4.6.6), that in
our opinion is an important step toward the existence of globally stable quasistatic evolutions
for elastoplasticity coupled with damage, where an H'-regularization for damage replaces the

W7 regularization, v > n, in the energy (0.0.12).

Brittle and cohesive fractures

Fracture is a typical example of unidirectional phenomenon. The fracture process is the
result of the competition between the energy of the unfractured body and the work needed to
create a new crack or to extend an existing one. (This work corresponds to a dissipated energy.)

The choice of the dissipation due to the crack growth determines whether the fracture model
is brittle or cohesive. In brittle fracture, the energy spent to produce a crack only depends on the
geometry of the crack itself, the simplest case being a surface energy proportional to the measure
of the crack set (Mumford-Shah energy). In contrast, cohesive dissipations, introduced in [9],
also depend on the crack opening, i.e., on the difference between the traces of the displacement
on the two sides of the crack. From this point of view, fracture is regarded as a gradual process,
where the material is considered completely cracked at a point only when the amplitude of the
jump of the displacement is sufficiently large.

Fracture models are examples of quasistatic free discontinuity problems, where the unknown
is a pair (u,I"), with T" a closed set and w a (sufficiently) smooth function on Q\ I'. Fracture

models are closely related to damage models. Indeed, many materials undergo a damage process
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before a crack is formed or grows. Moreover, Ambrosio and Tortorelli |7] proved that the
Mumford-Shah energy can be obtained as the limit of functionals describing the energy of a
damage model; the fracture set is then replaced by a damage variable, which continuously
interpolates between sound and cracked material. In the passage to the limit from damage to
fracture, the damaged regions concentrate in narrow strips along manifolds of codimension one.

The first to develop a theory for fractures based on an energetic approach was Griffith, in
[50]. Griffith criterion is based on the notion of energy release rate, that is the opposite of the
derivative of the energy associated with the solution when the crack length varies. It states
that:

e the crack growth is unidirectional, i.e., the crack is nondecreasing in time;
e the energy release rate never exceeds the toughness;
e the fracture can grow only if the energy release rate equals the toughness.

This criterion gives the Kuhn-Tucker condition for brittle fracture, analogous to the ones for
damage.

In the following, two models on brittle and cohesive fracture are presented. The two results
are obtained in the framework of antiplane linearized elasticity. In the antiplane setting the
configuration of the body is an infinite cylinder QxR, with Q C R™ (n = 2 being the phys-
ically relevant case), and the deformation v: QxR — QxR takes the form v(zy,...,2p41) =
(1, T, Tne1 +u(zr,...,2,)), where u: Q — R is the vertical displacement. Outside the

cracked region, the material is assumed to be linearly elastic. Then the energy of the uncracked

1
5 /Q |Vul|? dzz .

In particular, we are considering quasistatic fractures, thus neglecting the dynamical effects in

body is

the uncracked region. The material may present cracks of the form fo, where T is contained
in €.

The first model, studied in Chapter 5, is based on local minimization. The cohesive model,
analyzed in Chapter 6, is based on global minimization.

The viscous approximation of quasistatic crack growth has been studied in the literature only
for n = 2, thus the deformations are functions of two variables and the cracks are represented
as one-dimensional sets. Moreover, the crack must be sufficiently regular. More precisely, in
[59, 62| the crack evolves on a given, smooth, prescribed curve, while in [66, 67| the crack is
not prescribed a priori, but chosen in a class of admissible curves of class C1:!.

In the present work, obtained in collaboration with Giuliano Lazzaroni, the previous results
by Lazzaroni and Toader [67] are extended to a larger class S of cracks, introduced by Racca
[90]. The cracks in & may have many connected components, each of them being the union of
a certain number of branches that are regular curves of the type considered in [67]. Moreover,
some geometric restrictions are imposed in order to guarantee that S is closed with respect
to the Hausdorff convergence, that the number of connected components and of branches is
uniformly bounded in &, and that the uncracked part of the body is always a connected set.
These conditions allow for cracks displaying branching and kinking.
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The viscous regularization employed here is a quadratic penalization of the elongation of
any connected component. The passage to the limit as the time discretization step tends to zero
was already studied in [90] in order to prove the existence of viscously regularized evolutions
satisfying an energy inequality. Here the work initiated there is completed by showing the
energy-dissipation balance at viscous level and by passing to the limit as the viscous parameter
tends to zero.

We now briefly describe the main properties of the limit evolution, referring the reader to
Theorem 5.4.4 for the existence result and for more details. As one expects from the general
properties of evolutions obtained by viscous approximation (see page 5), in the reparametrized
time scale there is an at most countable number of intervals each corresponding to a jump. In the
continuity set, where the process is quasistatic, the Griffith principle is satisfied for any branch
with the following limitation: the second law of Griffith holds only when the branch tip does
not meet a certain set of exceptional points. Such exceptional points are of two types: either
they are points of branching or kinking, or they are points where the evolution stops because
of the geometric restrictions on the cracks; moreover, also the limits of exceptional points of
the approximating viscous evolutions have to be included among the exceptional points of the
quasistatic evolution. Because of the restrictions on the class of admissible cracks, it turns out
that the exceptional points are in a finite number.

A full understanding of the Griffith principle at singular points would require to characterize
the limit of the energy release rates of a sequence of irregular cracks converging in the sense of
Hausdorff. However, the characterizations of the energy release rate of a crack at an irregular

point given in 85, 19, 20, 8] do not provide the desired continuity properties.

The remaining part of the introduction is devoted to the description of the results about
cohesive fracture, obtained in collaboration with Giuliano Lazzaroni and Gianluca Orlando. We
point out this interesting and original feature: the limit evolution is formulated only in terms
of functions, even if it is obtained passing through a very weak notion of solution, that involves
Young measures.

As mentioned before, in cohesive fracture the energy dissipated during the fracture process
depends on the evolution of the jump, denoted by [u(t)]: ' — R, Moreover, there are very
different models prescribing various behaviors of the body when the size of the jump decreases.
In the model presented here, some energy is dissipated also when the size of the jump decreases
(until a maximal dissipation is reached), because of the contact between the two sides of the
crack. In this respect, the behavior of our system differs from those considered in the mathemat-
ical literature on quasistatic cohesive fracture. For instance, when the crack opening decreases
one may assume that no energy is dissipated [37] or that some dissipated energy is recovered
[15, 4]. To describe the response of the system to loading, first consider the situation where
[u(0)] = 0 on I' and ¢ +— [u(t)] is nondecreasing on I' in a time interval [0,%1]. In this case,
the energy dissipated in [0,¢1] is

/ g(|fu(t)]]) aH™
T



20 INTRODUCTION

where g: [0, 4+00) — [0,+00) is a concave (thus nondecreasing) function satisfying: ¢(0) = 0;
¢'(0) exists, finite; and g(§) — k € (0,00) as & — oco. If, afterwards, ¢t — [u(t)] is nonincreasing
in the interval [t,t2], there is still some dissipated energy in [t1,¢2], which amounts to

[ a(lte)| + ffute2) =l arent = [ g(|futen)]) aret.
I

r

As a consequence, a complete fracture (corresponding to ¢ = k) may occur not only after a
large crack opening, but even after oscillations of small jumps (e.g. by a cyclic loading).

In fact, on the contact area between the two parts of the material, the repeated relative
surface motion can induce damage by a fatigue process. In applications, this wear phenomenon
is known as fretting [22| and occurs as a result of relative sliding motion of the order from
nanometres to millimetres.

The motivation for the study of this type of cohesive fracture comes indeed from the fatigue
phenomenon observed in the coupling between perfect plasticity and damage (see above in this
introduction, and Chapters 2 and 3). The limit of the energy of such a model, when damage
is forced to concentrate on hypersurfaces, has been studied by Dal Maso, Orlando, and Toader
[34] and gives rise to cohesive surface energies, which inspired the incremental minimum scheme
below.

Given an initial condition u(0) = u¢ and a time-dependent Dirichlet datum w(t) on 9pf?,
for every k, u% and Vki are defined recursively by

ul, € argmin {;/ |Vul? dz + / g(V/,;“_1 + |[u] - [uz_l]‘) dH" ! u=w(iLi) on ODQ} ,
Q r
V= o) - )

where u) := up and V) = HuOH The function V;' describes the cumulated jump of the

approximate evolutions at each point of I". The piecewise constant interpolations of uﬁg and Vki
in time are denoted by wuy(t) and Vj(t), respectively.

The main difficulty in the passage to limit as k¥ — oo is the lack of controls on Vi (¢). In
fact, by the usual a priori estimates, it can be only inferred that [ g(Vi(t)) dH™ ! is uniformly
bounded, but this gives no information on the equi-integrability of Vj(t), since g is bounded.
(This would not be the case if g had e.g. linear growth as in a model for perfect plasticity
constrained on I'.) In the first instance, in order to pass to the limit as k& — oo, the only
chance is to employ compactness properties of the wider class of Young measures (as already
done in [15]). Indeed, because of the monotonicity of Vi(t), a Helly-type selection principle
[15, Theorem 3.20| guarantees that Vj(¢) converges to a Young measure v(t) = (v*(t))zer for
every t, up to a subsequence independent of ¢.

As for the displacements, from the uniform a priori bounds it follows that there is a sub-
sequence ug, (t) weakly converging to a function wu(t). Yet the subsequence k; = k;(t) may
depend on t. Despite this technical inconvenience, one might employ the methods of [32] to
derive the energy balance. However, a different approach is followed here; this allows for obtain
the convergence on a subsequence independent of the time instant. In order to keep track of
the relation between Vi (t) and [ug(t)], the idea is to pass to the limit in the unidirectionality
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relation
Vie(t) = Vi(s) + | [un(t)] — [ur(s)]| for any s <t. (0.0.20)

However u(t) and ug(s) may converge along different subsequences! This difficulty is solved

by rewriting the previous inequality as a system of two inequalities

Vie(t) + [uk(t)] > Vi(s) + [ux(s)] for any s <t, (0.0.21)
Vie(t) — [uk(t)] > Vi(s) — [ur(s)] for any s <t. (0.0.22)

In fact, it is now possible to pass to the limit in these relations by means of the Helly-type
theorem in [15, Theorem 3.20|, extracting a further subsequence (not relabeled) independent of
t and exploiting the monotonicity of Vi (¢) £ [ug(t)]. Thus (0.0.20) holds for v and w instead
of Vi and wug, namely

v(t) = v(s) ® |[u(t)] — [u(s)]| for every s <t. (0.0.23)

(In the equation above @ is a suitable notion of sum between Young measure that generalizes
the sum between functions.) Moreover, thanks to this trick it turns out that the limit jump
[u(t)] is identified without extracting further subsequences. Ultimately, also the displacement
u(t) is the limit of the whole sequence ug(t), since u(t) is the solution of a minimum problem
among functions with prescribed jump [u(t)]. This property is relevant for the approximation
of the solutions.

At this point of the analysis, one can pass to the limit in the global stability and in the
energy balance, obtaining that (u(t),v(t)) complies with a weak notion of quasistatic evolution.
Specifically, the variation of the jump on T' is replaced by the Young measure v(t).

The last step of the existence proof is to improve the properties of the limit quasistatic
evolution: we obtain that it is charachterized by the two conditions of global stability and
energy balance, that do not involve Young measures, but only w and the function V,(t), that
is the (pointwise) variation of the jump of u(t) (see Theorem 6.1.9). By (0.0.23), it follows
immediately that v(t) is “greater” than the Young measure concentrated on V,(¢). On the
other hand, the concavity of the dissipation energy density ¢ allows for proving the global
stability also for V,,(¢). From these two facts the energy balance with V,,(¢) can be derived,
and then (by comparing the two energy balances) it turns out that the limit measure v(t) is
concentrated on the limit function V,,(t) in the interval where g is strictly increasing (namely
until V,,(t) reaches the complete fracture threshold). More precisely, for H" !-a.e. € ' either
the limit measure v*(t) is concentrated on V,(¢;x), or it is supported where ¢ is constant, i.e.,
where the energy is no longer dissipated. So also the limit of the discrete variations Vi (t) is
characterized.

This introduction is concluded by a remark on the unidirectionality of this cohesive model.

Differently from the other problems presented above, in the discussion about this cohesive
fracture model we did not start with the strong formulation, but with energetic considerations.
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Nevertheless, under regularity assumptions, the strong formulation is derived (see Proposi-
tions 6.1.7 and 6.1.8). This requires that for any ¢ € [0,7] the following hold:

Au(t) =0 in Q\T",

u(t) =w(t) ondp, foranyte[0,T], (stC1)
dyu(t) =0 on dn§2,
Boult) < ¢ (V) onT, (s£C2)
dyu(t) € ¢'(Vu(t)) Sign([a(t)]) onT, (sfC3)
where we denote by Sign the multifunction given by

1 if¢&€>0,

Sign(§) := ¢ [-1,1] if&é=0,

-1 it£<O0.

In particular, for any x € T' the surface tension at x lies in the set [—¢' (Vi (¢;2)), ¢’ (Vu(t; 2))],
and the jump may vary only when the surface tension reaches the boundary of this set. Therefore
(sfC2) and (sfC3) are the Kuhn-Tucker conditions for the growth of cohesive fracture.

The variation of the jumps V,,(¢) is thus the relevant memory variable describing the fracture
process. Since V,,(t) is nondecreasing, this type of cohesive fracture is unidirectional (recall that
g is concave). Indeed, consider a subinterval [t1,?2] C [0,7] where the jump ¢ +— [u(t)] is not
constant in a part of I': even if u(t1) = u(t2), the variation V,, increases, so that the constraint
set shrinks, namely maximal tensile stress decreases. In this respect our model differs from those
studied in [37, 15|, where, in general, cyclic loadings result into reversible evolutions. For these

reasons, also the present model is unidirectional, like the ones discussed in this introduction.

The structure of the thesis is the following: in Chapter 1 the notation is fixed and some pre-
liminary results are stated; Chapter 2 and Chapter 3 concern the study of the coupling between
linearized perfect plasticity and damage, by a global and a local minimization approach, re-
spectively; in Chapter 4 the Gurtin-Anand plasticity with damage is considered; Chapter 5 and
Chapter 6 are devoted to the study of fracture models, of brittle and cohesive type, respectively.

Every chapter corresponds to a bibliographical reference (except for Chapter 1): the works
related to Chapters 2, 3, 4, 5, and 6 are [23], [26], [24], [25], and [27], respectively.



CHAPTER 1

Preliminary results

In this chapter we fix some notation and we collect some abstract results which will be

useful in the sequel.

1.1. Notation and general preliminaries

Matrices. We denote by M"*" (respectively by M"™*"*™) the space of n x n real matrices
(resp. third order tensors) endowed with the Euclidean scalar product & -7 := ZZ 5 igMij (resp.
A-B:=3",  AijrBijr) and with the corresponding Euclidean norm [¢] := (§- £)Y/2. Moreover
M7 denotes the subspace of symmetrix matrices and M*" the subspace of trace free matrices
in MgZih. Given § € M7, its orthogonal projection on M is the deviator &p = & —
Ltr o)1.

The symmetrized gradient of an R"-valued function u(z) is the M, /'-valued function
Eu(z) with components E;ju := %(Dju; + Dyu;), where D; denotes the derivative 8%1_ for
1<i<n.

The gradient, the divergence, and the curl of a M"*"-valued function {(z) = (&;;(z)) are

defined as
(VE)ijh := D&y, (div €)=Y Dj&yy, (curl £)ij:= > cipgDp&jq,
J P,q

where €;,, is the standard permutation symbol.
We say that a third order tensor A = (aj;;) is symmetric deviatoric in its first two compo-

nents, and we write A € Mp™*" if

aijk = @i and Zappk =0. (1.1.1)
p
The divergence of a M"™*™*"-valued function A(z) = (a;jx(z)) is the M™*"-valued function

given by
(diV A>U = Z Dk Qiji -
k

By “ -7 we denote the scalar product between tensors of the same order, independently of the
order.

Measures and function spaces. We denote by L™ the Lebesgue measure on R™ and by
‘H?® the s-dimensional Hausdorff measure, for every s > 0. Given a locally compact subset B
of R™ and a finite dimensional Hilbert space X, we use the symbol M;(B; X) for the space of
bounded X -valued Radon measures on B, the indication of X being omitted when X=R. This
space is endowed with the norm |||, := |u|(B), where |u| € M;(B) is the total variation of the

23
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measure . For every p € My(B;X) we denote by u® and p® the absolutely continuous and
the singular part of p with respect to £™. By the Riesz Representation Theorem, M;(B; X)
can be regarded as the dual of Cy(B; X), the space of continuous functions ¢: B — X such
that {|¢| > ¢} is compact for every € > 0 (see, e.g., [95, Theorem 6.19]). The weak™ topology
of My(B; X) is defined using this duality. Moreover we say that a sequence (ug)r C Mp(B; X)
converges strictly to a bounded Radon measure p if and only if it converges in the weak*
topology and |pux|(B) — |u|(B). We use the symbol || - ||, for the LP norm and || - [/1,4 for
the norm of the Sobolev spaces W14, Notice that if L'(B;X) is identified with the space of
bounded measures p with p® = 0 (considering the density of u® with respect to £™), then
| - |l coincides with the induced norm, so that the notation is consistent. Throughout the
thesis we adopt the brackets (-,-) to denote the product between dual spaces, the arrows —,
—, and = for the strong, weak, and weak* convergences, respectively, and — for the strict
convergence of measures.

Given an open subset U of R” the space BV (U; X) is the set of the functions v € L*(U; X)
whose distributional derivative Du is a vector-valued bounded Radon measure. This is a Banach
space with respect to the norm

[ull By = [lully + [[Dully -

A sequence (uy); converges to u weakly* in BV if and only if up — u in L' and Duy X Duin
My. We recall that if U is bounded and has Lipschitz boundary then every bounded sequence
in BV (U; X) has a weakly* convergent subsequence and BV (U; X) is continuously embedded
into LY(U; X) for every 1 < ¢ < "5, the embedding being compact for 1 < ¢ < "5 . For the
general theory of BV functions we refer to [6].

For every u € L'(U;R"™), with U open in R", let Eu be the Mg/, -valued distribution on
U whose components are defined by Ejju = 3(Dju; + D;uj). The space BD(U) of functions
with bounded deformation is the space of all u € L*(U;R™) such that Eu € My(U; Mgn). Tt

is easy to see that BD(U) is a Banach space with respect to the norm
[l + ([ Eull -

It is possible to prove that BD(U) is the dual of a normed space (see [104] and [72]), and this
defines the weak™* topology of BD(U). A sequence uy converges to u weakly* in BD(U) if
and only if uj — u strongly in L'(U;R") and Euy — Eu weakly* in My(U; Mg ). I U is a
bounded open set with Lipschitz boundary, for every function u € BD(U) the trace of u on OU
belongs to L'(OU;R™). It will always be denoted by the same symbol u. If uy, u € BD(U),
u, — u strongly in LY(U;R"), and ||Eug|l1 — ||Eull1, then u; — u strongly in L'(0U;R")
(see |103, Chapter II, Theorem 3.1]). Moreover (see [103, Proposition 2.4 and Remark 2.5]),
there exists a constant C' > 0, depending on U, such that

ullo < Cllullvev + CllEull1o, (1.1.2)

| - ||, being the LP norm of a function with domain a Borel set B. For the general properties
of BD(U) we refer to [103].
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Hausdorff distance. The Hausdorff distance djr is defined for two compact sets K7, Ko
by

dy (K1, K2) = max{ sup dist (z, Ks), sup dist (x,Kl)} ,
reKq ze€Ko

with the conventions dyz(z, @) = diam (2) and sup@ = 0. A sequence 'y of compact subsets
of Q converges to T in the Hausdorff metric if dg(Tg;T) — 0. In this case we write T'y T,

Capacity. We recall some facts about the theory of capacity, referring to [54] for a complete
treatment of the subject. Given an open subset U of R™ and 1 < ¢ < +o0, for every £ C U
the g-capacity of F in U is defined by

Cy(E,U) :=inf {/ |[Vul?dz: u e VVol’q(U)7 u > 1 a.e. in a neighbourhood of E} .
U

We shall use the shorter notation Cy(E) when there is no ambiguity on the domain. The
q-capacity is indeed a Carathéodory outer measure such that if 1 < ¢ < n and Cy(E) = 0,
then the Hausdorff dimension of E is at most n — ¢q. We say that a real valued function w is
Cy-quasicontinuous in U if for every € > 0 there is an open set G such that Cy(G) < € and
the restriction of u to U \ G is continuous. A sequence of real valued functions u converges
Cy-quasiuniformly in U to w if for every € > 0 there is an open set G such that Cy(G) < ¢
and wup — u uniformly in U \ G. For every (ug)r C C(U) N W19(U) that is a Cauchy
sequence in Wh4(U), there exist a function u € W4(U) and a subsequence converging locally
Cy-quasiuniformly (namely, quasiuniformly in the compact subsets of U) to u. It follows
that such a limit uw is Cj-quasicontinuous, that u; — wu pointwise Cj-quasieverywhere in
U (that is, pointwise except on a set of Cj-capacity zero), and that every We function
admits a quasicontinuous representative uniquely defined up to a Cy-negligible set. For every
u € WH4(U) its precise representative , that is defined as the approximate limit of u in the
Lebesgue points and takes value zero elsewhere, is a Cj-quasicontinuous representative of w.
When ug — u in WH9(U) there exists a subsequence (u;); such that @; — @ in p-measure,
for every p nonnegative bounded Radon measure that vanishes on all C,-negligible Borel sets
(cf. [16, Proposition 3.5 and Remark 3.4]). These results hold also for vector-valued functions,

as one can see considering each component.

1.2. Some auxiliary results

In this section we provide some abstract lemmas, which are used in Chapters 2, 3, and 4.
In particular, we analyse the particular variation used to define the plastic dissipation both for
perfect plasticity and gradient plasticity, when coupled with damage, and we show a property
of monotone functions with values in LP spaces. Moreover, we prove a compactness result for
functions from a time interval into a space with separable predual, such that their first time
derivative is not strongly measurable. The section is concluded with a generalization of the
Riesz Representation Theorem for bounded linear functionals acting on the space of continuous

functions.
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A “weighted" variation. Let X be a Banach space, F aset, and G: F' x X — RTU{0}.

Given a: [0,T] — F, p: [0,T] — X, a,b € [0,7] with @ < b, and P := {t;}o<i<ny with
a=ty <t <--- <ty =>, we define

N

VG (a,pia,b) =y Gla(t), p(ti) — plti-1)).-

i=1

and the G-variation of p with respect to o on |a,b] as

N
Vg (o, p;a,b) :=sup { Zg(a(ti),p(ti) —p(tic1)):a=tg<t1 <---<ty=b, N¢€ N}
i=1

=sup {Vg(oz,p; a,b): P partition of [a, b]} .
(1.2.1)

When «a(t) =@ € F for every ¢t we use the symbols 9g and 175 instead of Vg and V7, so that

ﬁg(avp; a,b) :=Vg(a,p;a, b)|o¢(t):a> ]75(&7]7; a,b) == Vg(OHZ a, b)|o¢(t):a :

Let us assume that

g(a(t2)7f) < g(a(tl)a f)a for every 0<t; <t < Ta f € X7 (122&)
G(8,0) =0, for every B e F, (1.2.2b)
g(ﬁafl"’f?)Sg(ﬁ7f1)+g(ﬁ,f2)7 for everyﬁEF, flanEX- (1220)

LEMMA 1.2.1. With the notations and assumptions above, it follows that:
(1) If P1, Py are partitions of |a,b], with Py C P2, then
V7 (e, p;a,b) < V2 (a,p;a,b).

(2) For every p: [a,b] — X piecewise constant and continuous from the right, with discon-

tinuities at the points s1,...,sy with a < s1 < sy < --- < sy < b,

N
Vo(a,p;a,b) =Y G(alsi),p(si) — p(si-1)),
i=1

where s 1= a.
(3) For every a <t; <te <t3<b,
Vo(a,p;t1,t3) = Vg(a,p;t1, ta) + Vg(a,p;ta, t3) .

(4) Assume in addition that F' is a measurable topological space, X is the dual of a separa-
ble Banach space Y, p € AC([a,b]; X), a: [a,b] — F is continuous for a.e. t € [a,b],
and

G(B,tf) =tG(B, f) for every B F, f € X, andt >0, (1.2.3a)
f—=G(B, f) is weakly* lower semicontinuous in X for every 8 € F, (1.2.3b)
G(Br, f) =GB, f) forevery f — B in F and f € X . (1.2.3¢c)
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Then t — G(a(t),p(t)) is measurable and

b
Velapab) = [ Glalt)p(e) . (1.2.4)
a
PROOF. Proof of (1) It is enough to see that for every a <t; <t <t3<b

G(ats), p(ts) — p(t1)) < G(alts), p(ts) — p(ta2)) + G(alta), p(t2) — p(t1)) -
This is true because, by (1.2.2¢), G(a(t3),p(t3)—p(t1)) < G(a(ts), p(ts)—p(t2))+G(al(ts), p(ta)—
p(t1)); apply then (1.2.2a) to the second term in the right-hand side.

Proof of (2) Observe firstly that given a partition P := {t;}o<i<p of [a,d] it is possible to
choose a set of indices 1 < i1 <i9 < -++ < i < N such that

k
V (o, p;a,b) < Z a(si; ), p(si;) — p(si;—1)) - (1.2.5)

In fact, if s; <t; <tj41 < siy1, then

G(a(tj+1),p(tj+1) — p(ty)) = Glaltj+1),p(si) — p(si)) =0,

while if s; <1t; < si41 <+ < 8540 < tjp1 < Siq41 it follows that

G(altjr1), p(tj+1) —p(t;)) = Glaltjrr), p(sivt) — p(si)) < Glalsin), p(sivt) — p(si)) ,
by (1.2.2b) and (1.2.2a). From (1) and (1.2.5), for every P partition of [a,b] the inequalities

N
Vg(aap; a, b) < Zg(a(sl)ap(sl) _p(si—l)) < Vg(aap; a, b)
=1

hold. The conclusion follows by taking the supremum over the partitions of [a, b].

Proof of (3) It is always true that Vg(«, p;ti,t3) > Vg(a,p;ti1,ta) + Vg(a, p;ta, ts) because
for every partitions P; and Py of [t1,to] and [ta,t3], P := P1UPs is a partition of [t1,t3]. On
the other hand, for every P partition of [t1, 3], P:=PU {t2} is the union of two partitions of
[t1,t2] and [te,t3] respectively; since, by (1),

VE (o p;a,b) < VE (o pia,b).
the latter inequality holds.

Proof of (4) From (1.2.2c), (1.2.3a), and (1.2.3b), we have that for every 5 € F' the function
f =GB, f) is weakly* lower semicontinuous, convex and positively one-homogeneous. Then,
by [55, Theorem 5|, for every 5 € F there exists a bounded closed convex set g C Y such
that

G(B,f) = sup (y, [),

yelCﬁ
where (-,-) denotes the duality pairing between X and Y. Being Y separable, we get G(3, f) =
SUPyecy (y, f), where IC% is a countable dense subset of Kg.
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Since p € AC([a,b]; X), the weak*-limit

exists for a.e. t € [a,b], and then the function t — (y,p(t)) is measurable for every y € Y.
Therefore t — G(B,p(t)) is measurable for every € F. Moreover, from [28, Theorem 7.1],

~ t2

t1
for every a <t; <ty <b and every g € F.
Let us fix € > 0. There exist points tg,...,tx, with a =ty <t1 <ty <--- <ty < b, such
that

N
Vg(a,p;0,t) — ¢ < Z G(a(ti), p(ti) = p(ti-1)) - (1.2.7)

. ‘b—a\k N . Gk k K :
For every k € N we consider the set (a +i%3%);_, U (tj)jo1 =2 sg < 87 < -+- < Sy, With

sk = a, and we define oy, as

ag(t) := a(sj+1) when t € (sj,5541]

and ag(a) = a(a). In other words «y is the left-continuous piecewise constant interpolation of
a with nodes (s;);. By construction

ar(t;) = aftj) for every j € {1,...,N} (1.2.8)
and by (1.2.2a) and (1.2.3¢) we get that for every f € X

Gan(s), f) < Glags1(s), f) < G(als), f) (1.2.9)
for every s € [a,b], and

G(ar(s), f) = G(a(s), f) (1.2.10)

for every s continuity point of «.
Since the functions «y, are piecewise constant, from the point (3) and (1.2.6) we have that

M(k)
Vg(akup;a b Z Vg AL, P; S ] 155 ] Z Vg O[k p7 ] 155 k)
7j=1
1.2.11
o b (1.2.11)
zz/gm@wwﬁ/wmmwt
j=1 vSi-1 a
Moreover the fact that « is continuous for a.e. t € [a,b] and (1.2.10) imply that
t— G(a(t),p(t)) is measurable,
as well as
b b
| statim)at= jim [ gante). i) ar, (1.2.12)

using the Monotone Convergence Theorem.
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By (1.2.7), (1.2.8), and (1.2.9) we obtain

N
Vg(a,pia,b) —e <> Gla(ts), p(t:) — p(ti-1)) < Vg(ak, p;a,b) < Vg(a,p;a,b),
=1

and using (1.2.11) and (1.2.12) we can pass to the limit as k — oo and get
b
Voapab) — = < [ Gla(t). i) dt < Volapia.b).
a
We therefore conclude since ¢ is arbitrary. U

A remark about monotone functions from time into L? spaces.

LEMMA 1.2.2. Let (X, p) a measure space with u(X) < oo, and «: [0,T] — L*°(X, u) such
that [|a(t)|lec < M for every t € [0,T] and

a(ty) < alty) p-a.e.in X for every t1 < to . (1.2.13)

Then there exists a countable set E C [0,T] such that for every 1 < p < oo the function a is
continuous in every t € [0,T]\ E with respect to the LP(X, u) norm.

PROOF. For every s € (0,7] and ¢ € [0,7) we define

a (s):= inf a(t;), ot (t):=supa(t)),
neN neN

where ¢, < s and t <t} are sequences in [0,7] convergent to s and ¢, and
a”(0) == a(0), o™ (T):=a(T).

By (1.2.13) these definitions are well posed. Indeed, let for instance ¢t < s} be a sequence
that converges to ¢, and a(t™) := sup,cya(s;)). For every m € N, there exists n,, such
that ¢ < s <t for every n > ny,: therefore a(tt) > a(s}) > a(t}) for every m, and
a(tt) > a(t™), taking the supremum over m. The opposite inequality follows by interchanging
the two sequences. Moreover for every t € [0, 7]

ath)y = at(t), a(t;)— a (t) strongly in LP(X,p), (1.2.14)
by Monotone Convergence Theorem and (1.2.13) again, and
a(t) z at) = a"(t),

for every t € [0,T]. Let us consider now the function

g(t) = /X(oz(t) —at(t))dp.

It takes values in RT U {0} and for every t; < --- < ¢, € E := {t € [0,T]|g(t) > 0} we get,
using in particular (1.2.13), that

k
) o —at '
;g(tz) < /X( (t1) — o™ (t)) du < 2M pu(X)

By a standard argument, we deduce that E is a countable set. By definition of E, a™(t) =
a~ (t) = a(t) p-a.e. for every ¢t € [0,T]\ E and we conclude by (1.2.14). O
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A compactness result. If X is a reflexive space it is well known that L2?(0,7;X) is
isomorphic to the dual space of L?(0,T;X’), where X’ is the dual space of X. We now
consider the case when X is only the dual of a separable Banach space Y: every function in
L?(0,T; X) is in the dual of L?(0,7T;Y) but the limit (in the sense of the dual of L?(0,T;Y)) of
a converging sequence in L?(0,T; X) could be weakly* measurable but not strongly measurable.

A function f: (0,7) — X is said weakly* measurable if (0,7) > ¢t — (f(t), g) is measurable
for every g € Y. Let us denote

L2(0,T; X) := {p: [0,T] — X weakly* measurable : t+— ||p(t)|| € L*(0,T)}.
Adapting the proof of [109, Theorem IV.1.8] we can see that there is an algebraic isomorphism

T between the dual space of L?(0,T;Y) and L2(0,T; X) given, for every p € L2(0,T; X) and
p € L*(0,TY), by

T T
Z(p)(p) :2/0 (p(t), ¢(t)) dt, with HZ(p)HQ:/O lp()| dt.

This defines the weak* convergence in L2,(0,7;X). In the following we study the space of
functions with distributional time derivative in L2 (0,7; X). In Section 3.2 the lemma below
is applied to the case of X = M,(QU Ip;ME ™) and Y = Co(QU dpQ; M "). Notice that
Y can be identified with the space of functions in C(Q;M7") vanishing on dnQ.

LEMMA 1.2.3. Let X be the dual space of a separable Banach space Y and let
H(0,T;X) := {p € L2(0,T;X): 3pe L2(0,T; X) s.t. for every p € CH((0,T);Y)

T T
| w0, a@yac= - [ ). wwyar}.
0 0
(1.2.15)

Then every p € HL(0,T; X) admits a unique representative absolutely continuous into X , its

distributional derivative p is characterized by

p(t) = w*—lim}M =:p(t) for a.e. t € (0,T), (1.2.16)

s—t  s—t
and
Ipllco1rzqo,r1x) < C POz + 11H()l2) | (1.2.17)
with C independent of p € HL(0,T; X).
Moreover, for every sequence {py}r C HL(0,T; X) with ||px(-)||2+|pe(-)]|2 < C for every k,
there exists a function p € HL(0,T; X) such that, up to a subsequence,

pr(t) = p(t) weakly* in X for every t € [0,T], pr — p weakly* in L2(0,T;X) .

PROOF. Let p be the standard mollifier in R and py(t) := k p(§). For every t; < t3 € [0,T],
Y €Y, we take in (1.2.15) @g(t) = Y wi(t), where wy is the convolution product between py
and the indicator function of [¢1,t2], and let k tend to +oo. Then we get that for every
p € Hy(0,T; X)
to
(t2) = o), v) = [ (5s) 0} ds. (1218)

t1
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Since fttf (p(s),¥)ds < fttf |D(s)]| ds for every ||¢|| <1, it follows that

Ip(t2) — p(t1)]] S/tQ\Iﬁ(S)!dSa (1.2.19)

and then p is absolutely continuous, s + ||p(s)|| being in L2. Then [28, Lemma 7.1] implies
that for a.e. t € (0,7") the weak™ limit p(¢) defined in (1.2.16) exists. Let us now consider the
function h(t) :=||p(t)]|: we have

[A(t) = his)] < llp(t) = p(s)Il
and therefore, by (1.2.19) and the Hélder inequality, h € H*(0,T) and |A(t)| < ||p(t)|| for a.e.
t € (0,7). From the Sobolev embedding theorem for real valued functions (1.2.17) follows.

By (1.2.18) and a standard argument that uses the separability of Y, we obtain that for

a.e. t € (0,7T) it holds
lim <M,w> = (p(t), ) for every » € Y,
s—t s—t

and then (1.2.16) follows.

By (1.2.17), every sequence {py}, as in the statement is equibounded in C%'/2([0,T]; X),
and in particular ||pg(t)|| < M for every k and t. It is now well known that, since Y is
separable, there exists a distance dj; on Bjs, the ball of X with radius M centered in the
origin, inducing the weak* convergence, and the metric space (Bys, djs) is complete. Then
the Arzela-Ascoli Theorem implies that there exists p € C%'/2([0,T]; X) such that, up to a
subsequence,

pr(t) = p(t) in X, for every t € [0,T] .
Since ||pr(+)|l2 < C, there exists ¢ € L2,(0,T; X) such that, up to a subsequence,
pr — q weakly* in L2 (0,7T;X) .

This implies that for every ¢ € C°((0,7);Y)

T T
| . e ar == [ ote). oupte ar
and therefore ¢ = p. This concludes the proof. OJ

A generalization of the Riesz Representation Theorem. The following lemma is a
generalization of the Riesz Representation Theorem for bounded linear functionals acting on
the space of continuous functions. It is employed in Lemma (3.2.5).

LEMMA 1.2.4. Let B be an open bounded subset of R™, and let S be a distribution on B
such that

(S,8) <C|Bllp for every p e C(B), (1.2.20)

with C >0 and p € [1,00). Then there exists a unique pair (g, ) such that g € LV (B), with

; +% =1,9>0, p€ MT(B) (namely p is a nonnegative measure on B), gdx and p are

mutually singular, and

(S,8) = /Bgﬁd$ — /B,Bd,u for every g € C°(B) . (1.2.21)
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PROOF. In the following we will use the notation C; (B) := {8 € Co(B) : 8 > 0}, and the
analogous for C (B).

Recall that every 8 € Cy (B) can be approximated uniformly (and thus in LP-norm) from
below in C°(B) N Cy (B). We define
(ST,8):= sup (S,¢) forevery B CJ(B), (1.2.22)

p€C(B)
0<p<p

which satisfies
0< (57, 8) <ClBlp
for every 8 € Cy (B) by (1.2.20). Following [94, Proposition 24|, we extend ST by setting
(S*,8) = —(S*,~B) for every A € C5 (B)
and we see that the functional S* is linear and positive on Cy(B). Moreover
(ST, B) = (ST, 87) — (ST, B7) < 2C||Bll, for every B € Co(B),
and thus there exists g € L” (B) such that

(ST,B) = / gpfdx for every 8 € Cy(B) . (1.2.23)
B
Since (ST,8) € R for every 3, the distribution
(S7,B) == (ST,B) — (S,B) for every B € C°(B) (1.2.24)

is well defined and by (1.2.22) we obtain
(S7,8) >0 for every C°(B)NC{ (B).

It is well known from the theory of distributions that there exists a nonnegative measure pu €
M™(B) such that

(S7,8) = / Bdu  for every C°(B) . (1.2.25)
B
Collecting (1.2.23), (1.2.24), and (1.2.25) we find that g and p satisfy the properties as in the

statement. Since every measure is uniquely decomposed into a nonnegative and a nonpositive

part, the uniqueness of g and p follows. Thus the proof is concluded. O



CHAPTER 2

Globally stable evolution for perfect plasticity coupled with

damage

Overview of the chapter

In this chapter we study a model for the interplay between linearized perfect plasticity
[28] and damage [78], based on global stability. As already discussed in the Introduction, to
which we refer in this overwiew, the main result is the existence of a quasistatic evolution
for the model, in the framework of energetic solutions. The evolution is characterized by the
conditions (qs0)%, (qs1)%, (qs2)“ (that throughout the chapter are denoted without “G™),
and under regularity assumptions it satisfies (sfl),... ,(sf5), (sf6’). Notice that in this chapter
we assume for simplicity that the external forces are null, namely that the evolution is driven
only by the prescribed displacement on the Dirichlet boundary. The issue of dealing with a
general external loading is usually addressed by imposing some conditions on the forces, called
safe load conditions; the techniques are well-established and are employed in Chapter 4. The
results of this chapter are published in [23].

The chapter contains four sections: firstly, the main objects employed in the coupling
between perfect plasticity and damage are introduced; the second section includes the results
needed to solve the incremental minimum problems and to assure convergence of the stability
properties in the continuous time limit; the third one is devoted to prove the existence result;

in the last section we show qualitative properties of the evolution.

2.1. Mechanical assumptions for perfect plasticity coupled with damage

The object introduced below and the corresponding properties are useful not only in this
chapter, but also in Chapter 3. In this introductive section, only the common features will be
described. Actually, the hypoteses in the two models are slightly different, so that in Section 2.2
the additional hypoteses for the approach based on global minimization are considered, whilst
in Chapter 3 the additional assumptions (with respect to those one introduced here) for the
vanishing viscosity approach will be specified in the introductory section.

The body and its displacement. We consider an elastoplastic body whose reference
configuration is a bounded, connected, open set @ C R™, n > 2, with Lipschitz boundary
00 = 0pQUINQ U N. We assume that dpQ and Iy are relatively open, dpQ2NINQ = O,
H"1(N) =0, and

Q£ Q. (2.1.1)

33
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We assume that the Kohn-Temam condition is satisfied (topological notions refer here to the

relative topology of 0f2):
2(0pQ) = 9(OnQ) s a (n — 2)-dimensional C? manifold,

.. . B (2.1.2)
0 is C” in a neighborhood of 9(9pf2) = O(ONS?) .

The only role of this condition is to assure (2.1.21) below; another sufficient condition for
(2.1.21) is for instance the one considered in [43, Theorem 6.6].

The displacement of the body is represented by a function w € BD(Q2), so Eu is the
corresponding linearized strain.

We study the evolution of the body under time-dependent external loading. Here we con-
sider only Dirichlet boundary conditions on 9dp€2: such a choice notably simplifies the expo-
sition. For including forces in a related model we refer to e.g. [29] and [99]. The prescribed
boundary displacement is extended into the domain 2; at every time it is thus a function in
H'(R™;R"), whose trace on dp2 is the prescribed boundary value. For the time regularity of
the boundary condition, see (2.1.27).

The elastic and the plastic strain. Given a displacement v € BD()) and a boundary
datum w € H'(R";R"), the elastic and the plastic strain, denoted by e € L*(;M7x") and

p € My(QQUIpQME ™), respectively, are assumed to satisfy the following weak kinematic

compatibility conditions
Eu=e+pin Q, (2.1.3a)
p=(w—u)OvH" ! on dpQ. (2.1.3b)

The set of admissible displacements and strains for a given boundary datum w € H'(R";R")
on Ipfl is

A(w) = {(u,e,p) € BD(Q) x L*(; M%) x My(QU dpQ; MB*™): (2.1.3) holds} .

sym
The space of admissible plastic strains is defined by
Q) := {p € Mp(QU LMY ™): I (u,w,e) € BD(Q) x H'(R™;R™) x L*(Q; M%)

sym
s.t. (u,e,p) € A(w)}.
(2.1.4)

The damage variable and the associated dissipation. Following Frémond’s concept [45],
the damage state of the body is represented by an internal variable o: Q — [0, 1], where o =1
marks the sound material and o = 0 the most damaged state. Due to the regularizing term
in Chapters 2 and 3, the damage will be uniformly continuous on ) at each time instant.

Therefore, from now on we define all energy terms for a € C(12).

Given ag € C(f2), we denote the admissible damage states by
D(ap) :={a € C(Q):0<a<apin Q},

so that
D(az2) C D(ay) for every as € D(ay) .
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Irreversibility is formulated in the following way: if «q is the current damage state, then all
future damage states are in D(ayp). The total energy includes the energy dissipated by the
body during the damage process. As we have seen in the Introduction, this can be related to a

positive one-homogeneous dissipation R. Then, for « € C(Q2), we define

D(a) ::/Qd(a(a:))d:c, (2.1.5)

The hypotheses on d will be such that the damage will be constrained to assume positive values
(cf. (2.2.3) and (3.0.19)).

The stored elastic energy. For (a,e) € C(Q;[0,1]) x L*(Q,M2X") the stored elastic

sym

enerqy 1is

sym )

Q(a,e) i= % /Q Cla(@))e(z) - e(@)dr = HC(@)e,€) poquumen - (2.1.6)
Following [28], [43], and [99], we assume that
C(a)€ :==Cp(a)ép +<(a)(tré)I, (2.1.7)
where Cp € L([0, 1]; Sym(M™: M™)) | ¢ € L([0,1]), and

C: [0,1] = Lin(Mg,,;'; Mg7") is Lipschitz, (2.1.8a)
o C(a)¢ - € is nondecreasing for every £ € Mg m (2.1.8b)
1lef* < Ca)g - & < lél” for everya € [0,1],€ € MY, (2.1.8¢)

where 71, 72 are positive constants independent of o and Sym(MpP"; M7*") is the set of

symmetric endomorphisms on M4*™. In particular, this implies

C()E] < 272l (2.1.9)

Assumption (2.1.8b) reflects the fact that the stiffness decreases as the material passes from
the sound to the fully damaged state; at this last stage there is still elastic elastic response, by

(2.1.8¢c), and thus the material is not completely damaged. Given a € C(2;]0,1]), it is well

nXTL) .

known that the function e — Q(a, e) is weakly lower semicontinuous on L?(; Mg

In fact, (2.1.7) is not needed to prove existence results in plasticity, see e.g. [102]. Never-
theless, (2.1.7) is assumed for mechanical reasons, since purely volumetric deformations do not

affect plastic behavior.

The constraint sets and their support functions. The dissipation related to plasticity
is defined through the so-called constraint sets, which are subsets of M,*" containing the
admissible stresses. The coupling between damage and plasticity is reflected in the dependence
of such sets on the damage variable. In a softening framework, we require the constraint sets
(K ())ago,1) to fulfill the following conditions:

K(a) ¢ M" is closed and convex for every a € [0,1], (2.1.10a)
B#(0) C K(a1) C K(ag) C B(0) for every 0 <oy < ap <1, (2.1.10b)

UcCMy™open = {a€[0,1]|K(a)NU # O} and {a € [0,1]| K () C U} relatively open
(2.1.10¢)
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with 0 <r < R.
Let us consider the function H: [0,1] x M — R U {0} defined by

H(a,&) := sup o-& for every a € [0,1],
ceK(a)

namely £ — H(a, &) is the support function of K(«). Arguing as in [98, Proposition 2.4|, we
can show that (2.1.10c) implies that

o — H(a,&) is continuous for every & € Mp*" . (2.1.11)

Then we get, from (2.1.10), that the four conditions below are simultaneously satisfied:

H is continuous, (2.1.12a)

a — H(w, ) is nondecreasing for every & € M™ (2.1.12Db)

¢ — H(a,§)is convex and positively one-homogeneous for every a € [0,1], (2.1.12¢)
rl¢] < H(a, &) < R|¢|for every a € [0,1] and every £ € My . (2.1.12d)

Indeed, by [55, Theorem 5|, we have that (2.1.10a) and (2.1.10b) are equivalent to (2.1.12b),
(2.1.12c), and (2.1.12d). Since the functions £ — H(«, &) are convex with respect to £ for every
a and locally equi-bounded with respect to « by (2.1.12d), condition (2.1.10) is equivalent to
(2.1.12a).

The plastic potential. The plastic potential H: C(Q;[0,1]) x Mp(QUIpLME™) — R
is defined by

H(a,p) = /MDQ H(a(a:), jﬁ@)) (), (2.1.13)

where u € My(Q U dpQ)™ is a measure such that p < p and g—ﬁ is the Radon-Nikodym
derivative of p with respect to u; since H(a(x),-) is one-homogeneous, the definition is actually
independent of p. We refer to [49] for the theory of convex functions of measures. By |6,
Proposition 2.37|

p = H(a,p) is convex and positively one-homogeneous for every a € C(;1[0,1]).

In particular,

H(a,p1 +p2) < H(a, p1) + H(e, p2) (2.1.14)
for every a € C(€;(0,1]) and p1,p2 € Mp(Q U IpQ; ME™). Since
dp
‘d]p\(x> =1 for|pl-a.e.x € QUIPQ, (2.1.15)
by (2.1.12d) we have
rllplly < H(a, p) < Rllpllx - (2.1.16)

Moreover, by continuity of H, there exists a modulus of continuity w, namely an increasing
function defined on Rt U {0} which vanishes at 0, such that

[H (a1(x),€) — H(az(z), )] < w(lar(z) — az(z)]), (2.1.17)
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for every ay, az € C(Q), x € Q, and £ € ME™ with [¢] = 1. Then, from (2.1.15) we obtain

[H(az,p) — H(ar,p)| < w(llar — azlleo)[lpll (2.1.18)

for every a1, as € C(Q).

LEMMA 2.1.1. Let oy and pi be sequences in C(R) and My(Q2UOpQME™) such that
ap — a uniformly and py, — p weakly* in My(QUOpQ;MYE ™). Then

H(a,p) < liminf H(ag, pr) - (2.1.19)
k—o0
PROOF. From (2.1.18) we obtain

H (o, pr) > Hia, pr) — w(llar — allso)|lprllr -

The lower semicontinuity result follows now from the weak ™ convergence of p; and Reshetnyak’s
Lower Semicontinuity Theorem (see [91, Theorem 2]). O

Stress-strain duality. We now recall the notion of stress-strain duality, basing on [64],
[28], and the more recent extension to Lipschitz boundaries [43], to which we refer for the
properties mentioned below. We define

Q) :={c € LQ(Q;M”X"): div o € L*(Q;R™), op € L®(Q; M)}

sym

and, for o € £(Q2) and p € TI(Q2),

{[op : pl, @) = —/Qg00~(e—Ew)dx—/ga-[(u—w)@Vgo] dx—/gcp(div 0)-(u—w)dz (2.1.20)

for every ¢ € C°(R™), where u and e are such that (u,e,p) € A(w). (The definition is indeed

nxXn
sym

u € Lﬁ(Q;R”), and [op : p] is a bounded Radon measure such that ||[op : p]||1 < [loplleollPllt

independent of u and e.) Under the previous assumptions o € L"(Q2; MZx") for every r < oo,

in R™. Using the restriction to QU dp), we also define
(op|p) :=[op : p|(2UIDQ).
For o € L?(Q;M™2") and div o € L?(€;R"), we denote by [ov] the normal trace on 99, in

sym
general defined as a distribution. When o € C(Q; Mgy ') we have [ov] = ov where the right-
hand side is the pointwise product between the matrix o(z) and the normal vector v(x) at
each x € 02. By (2.1.20), if [ov] € L™ (On;R™) and (2.1.2) holds, we obtain the integration-

by-parts formula

(op|p) = —(0,e—Ew)—(div o,u—w)+([ov],u—w)gyq for every o € £(Q2) and (u,e,p) € A(w).
(2.1.21)
For a € C(Q) let
Ka(Q) == {o € L*(; M) div o € L*(;R"), op(z) € K(a(z)) for ae. x € Q}.
Since the multifunction o € [0,1] — K(«) is continuous, from [43, Proposition 3.9] (which
holds also if div o is not identically 0) it follows that for every o € Ko (€2)

d
H(a, dp|> |p| > [op : p] as measures on QU IpS, (2.1.22)
p
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and, arguing as in [98, Theorem 3.6 and Corollary 3.8|, we deduce that, for every p € II(Q2)

H(a,p)= sup (oplp). (2.1.23)
€K ()

The plastic dissipation. We are now in a position to define the dissipation related to
plasticity. A function p: [0,T] — M,(QU 0p;ME") will be regarded as a function defined
on the time interval [0, 7] with values in the dual of the space Co(QUdpQ;M,*"). This space
can be identified with the space of functions in C(Q;M7") vanishing on dn§Q. For every
s,t € ]0,T) with s <t the total variation of p on [s,t] is

N

V(p;s,t) = sup{z Ip(t;) —ptji—)lh: s=to<ti<---<ty=t, N€ N} . (2.1.24)
j=1

Let a: [0,T] — C(Q;[0,1]). The plastic dissipation in the time interval [s, ] is defined by

N
Vi (o, p;s,t) = sup{Z?—[(a(tj),p(tj) —p(tj—1)): s=to<ti<---<tn=t, N€ N} )

j=1
(2.1.25)
To ease the reading, when a € C(Q;[0,1]) does not depend on time we use the following
notation:
N
?H(a,p;s,t) = sup{ZH(a,p(tj)—p(tj_l)) Ps=tg<ti<---<ty=t, N¢€ N} . (2.1.26)
j=1

The prescribed boundary displacement. The external loading will consist only in Dirichlet
boundary conditions on dpf). However, similar results to those showed here hold also in the
presence of external forces, under suitable regularity assumptions on 92 and uniform safe load
conditions, like the ones in [29, Section 2|. This task is addressed in Chapter 4 (see Section
4.1).

We assume that the prescribed boundary displacement w depends on time and satisfies the

regularity assumption
w e AC([0,T]; HY(R™;R")), (2.1.27)

so that the time derivative t + 1(t) belongs to L'(0,T; H'(R";R")) and its strain ¢ > E(t)
belongs to L(0, T; L?(R™; M) . For the main properties of absolutely continuous functions

with values in reflexive Banach spaces we refer to |13, Appendix].

2.2. The minimization problem

The mechanical assumptions employed in this chapter have been introduced in Section 2.1.
The total energy and the generalized energy account for the damage regularization and for the
fatigue term. They have been already mentioned in the introduction, and called by £ and Ef;
since in this chapter these are the unique energy considered, in the following they are referred
toas £ and &,.
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In this section we study the minimization problem employed in the incremental formulation
of the quasistatic evolution corresponding to a given parameter A € [0,1]. Therefore we deal
with a problem of the type

argmin {&x(a, e;q,t) + H(a,p —D): (o, (u,e,p)) € D(a) x A(w)}, (2.2.1)

where

Exa,e7,t) == Qo e) + D(a) + Va2 + AWy (a,g;0, ). (2.2.2)
The data are the current values @ € W7 (Q) and p € II(Q2) of the damage variable and the
plastic strain, and the updated value w € H'(R";R") of the boundary displacement; if A\ > 0
we consider as an additional datum a function g: [0,t] — M;(Q U dp&; M5*™) with bounded
variation, which represents the evolution of the plastic strain up to the current time ¢. Solving
this problem, we get the updated values «, u, e, and p of damage, displacement, elastic and
plastic strain.

First we show the existence and the main properties of the solutions to (2.2.1). The second
part of the section is devoted to prove a stability property with respect to variations of the
data.

Throughout this section, we suppose that (2.1.8), (2.1.10), and (2.1.27) hold when A = 0.
We assume that C(a) and K («) are defined also in (—o0,0) and that there they take constant
values C(0) and K (0), respectively. Furthermore, we consider d in (2.1.5) such that

d € C(R;RT U{0}), d(s) > d(0) for s < 0. (2.2.3)
When A > 0 we make the following additional assumption on H:
& H(ag,&) — H(a, &) is convex, for every a; < ao . (2.2.4)

Notice that, if we consider a multiplicative setting for the constraint sets, then (2.2.4) holds.
In other words, (2.2.4) holds if we set

K(a) =V(a)K(1), (2.2.5)
where B, (0) C K(1) C Bgr(0), K(1) is closed and convex, and
V:R — [m, M] is Lipschitz, nondecreasing, and constant in (—oo, 0] and [1,+o00)

with r, R, m, M positive constants.

Let us prove the existence of a solution to (2.2.1).

THEOREM 2.2.1 (Existence of solutions to the incremental problem). Let w € H*(R™;R"),
ae W (Q), pell(Q), and g: [0,t] — My(QU IpQ; ME™) with bounded variation. Then
(2.2.1) has a solution. Moreover, if @ € W7 (Q;[0,1]), then for every (a, (u,e,p)) solution of
(2.2.1) we have that o € W17(;10,1]).

PROOF. Let (ag, (uk, er, pr)) € D(@) x A(w) be a minimizing sequence for problem (2.2.1).
By (2.1.8¢) and (2.1.16) the sequences ay, ey, and py are bounded in W17 (), L2(Q; M%),

sym
and My(Q U OpQ; M "), respectively. Since Eup = e + pr in Q, it follows that Fuy is
bounded in My(;M2X"). Since (w — uy) ®vH" ! = p; is bounded in M, (9 ME*"™), the

sym

traces of uy are bounded in L'(9Q;R™). Therefore uy is bounded in BD(Q2) by (1.1.2).
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Up to extracting a subsequence, we may assume that u; — u weakly™ in BD(Q), e — ¢
weakly in L?(;M2%™) and p, — p weakly* in M,(QUdpiME™). By [28, Lemma 2.1],

sym
we have (u,e,p) € A(w).

The existence of solutions to (2.2.1) now follows from the lower semicontinuity of H (see
(2.1.19)), which in turns imply the lower semicontinuity of €. Notice that if a # ot :=a V0
then

Ex(a’,e;7,t) = E(aT, €) + AWV(ah,7;0,) < Ex(e, €34, ) = E(ov,€) + AV (0, 3; 0, 1),
and this is enough to conclude that « takes values in [0,1] if @ € W17 (Q;[0,1]). O

The following lemma is not only useful in Lemma 2.2.3 below, but also in the proof of the
stability for the approximate solutions in Theorem 2.3.3, when A = 0.

LEMMA 2.2.2. If (o, (u,e,p)) solves (2.2.1) then
EX(O[’ €;q, t) < gk(a’ 87 q, t) + H(a7ﬁ_ p) ) (226)
for every (a, (u,€,p)) € D(a) x A(w).

PRrROOF. Let (@, (u,e,p)) € D(a) x A(w). Then, since o < @, this quadruple belongs to
D(@) x A(w) too. From our hypotesis, Ex(a, e;q,t) < Ex(a,e;q,t) + H(a,p—Dp) — H(a,p—D),
and by (2.1.14) and (2.1.12b), H(a,p—p) < H(a,p—p)+H(a,p—p) < H(a,p—p)+H(a,p—D).
Thus we conclude. 0

We now derive some differential conditions for a triple (u, e, p) such that («a, (u,e,p)) solves
(2.2.1), from a characterization of the solutions to (2.2.6).

LEMMA 2.2.3. Let w € HYR%R"), g:[0,t] - My(QUIpKEME™), a € W (Q),
(u,e,p) € A(w) satisfy (2.2.6), ¢ having bounded variation. Then

—H(a, q) < (Cla)e,n) < H(a,—q)
for every (v,n,q) € A(0), and
Cla)e € Ka(92), div (C(a)e) =0 in Q.
PROOF. Let us assume fix (v,7,q) € A(0). Since for every ¢ € R
(o, (u+ev,e+en,p+eq)) € D(a) x A(w),
we have
Q(a,e+en) + H(a,eq) > Q(a,e) for every e € R .
The positive homogeneity of H implies
O(a,eten) +eH(a,£q) > Qa, e) for every e > 0.

Dividing by ¢ and passing to the limit as ¢ — 0, we recover the former condition.
In order to get the latter one we can argue as in the first part of [28, Proposition 3.5], using
the integration by parts formula (2.1.21). O
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The following lemma shows, for pairs (a, (u,e,p)) that satisfy (2.2.6), the Holder depen-

dence of u and e on «, p, and w.

LEMMA 2.2.4. For i = 1,2 let w; € H'(R™,R"). Suppose that (o, (u;,e;, p;)) satisfies
(2.2.6) with boundary datum w = w;, and let

1/2
wiz = [lag — a1lloo + P2 — P12 + | Ews — Ewyfy .

Then
le2 —e1]l2 < Cuwa, (2.2.7)

where C' is a positive constant depending on |le1ll2, R, 1, 72, and ).

PRrROOF. We modify the proof of [28, Theorem 3.8], considering that here C depends on «.
Let

v = (ug —wa) — (u1 —wr),
n = (e2 — Ews) — (e1 — Ewy),
q:=p2—Dr-
Since (v,n,q) € A(0), by Lemma 2.2.3 it follows that
—H(an, p2 — p1) <(Cen)er, n),
(Claz)ez,n) < H(az, p1 —p2)-

Adding term by term and using (2.1.12d), we obtain

(Claz)(e2 — e1),m)) < ([C(a1) — Caz)ler,n) + 2R|p2 — p1l1 -

Observe that above we have put an extra term —(C(az)eq,n) on both sides. From the definition
of n,

(C(az)(e2 —e1),e2 —e1)) <(C(az)(e2 — €1), Ewy — Ewy) + {([C(aq) — C(ag)]er, e2 — e1)
+ ([C(aa) — Caz)ler, Bwr — Ewg) + 2R|[p2 — pafl1 -

By (2.1.8), this implies
271]le2 — e13 < 272lle2 — enlla]| Bwz — Buwi |2
+lerllalla — ag” ll  (llez — erlly + [|Bwp™ — Ewill,) + 2Rz — p1]; .
which yields (2.2.7) by the Cauchy inequality. O

REMARK 2.2.5. We can also deduce the continuous dependence on «, p, and w of u,
expressed (with the same notation as above) by

| Eug — Euplly < C (w12 + [lp2 — p1lly)
|ug — w1}y < C (w12 + [[p2 — p1ll; + [Jw2 —will2),

arguing as in the final part of [28, Theorem 3.8].
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We now show some stability results for the solutions of problems of the type (2.2.1) with
respect to the weak convergence of the data. To ease the reading we first consider, in Theo-
rem 2.2.6, the case A = 0, and then we study, in Lemma 2.2.7, the additional term that appears
when A > 0. The result for the case A > 0 (Theorem 2.2.8) follows from this lemma, arguing

as in Theorem 2.2.6.

THEOREM 2.2.6 (Stability, case A =0). Let wy, € HY(R"%;R"), oy, € W (Q), and
(uk, e, k) € A(wy) for every k. Assume that ap — qso weakly in W (Q), up — U weakly*
in BD(Q), e — eso weakly in L2(M2S7), pp — poo weakly® in My(Q U OpQ;ME™),

sym

Wy — Woo weakly in HYR™;R™). Then (Uso, €oo, Po) € A(Weo) . If, in addition,

E(ag, er) < E(ag, ex) + H(ak, Dk — k) (2.2.9)
for every k and every (ay, (u, €k, pr)) € D(ag) x A(wyg), then

E(oo, €00) < E(aye) + H(a, p — Poo) (2.2.10)
for every (a, (u,e,p)) € D(aoo) X A(Wso) -

PRrROOF. The fact that (e, €oos Poo) € A(wso) follows by [28, Lemma 2.1].
We fix a € D(as) and (u,e,p) € A(ws), and test (2.2.9) by

ag = a N\ o,

Uk = U — Upo + U,
€L =€ — €+ €L,
Pk =P — Poo + Pk -

Then @ — a and aV ap — as weakly in W (Q), U, — u weakly* in BD(Q), &, — e
weakly in L?(Q; M2X") | pp — p weakly* in My(QU dpQ; M7™).

sym
Since for every o € W17 (Q) and every e1,es € LZ(Q;MQyXJ;) we have
1
Qa,e1) — Qa, e2) = 5(@(0[)(81 +e2),e1 — e2) (2.2.11)

and for every «, 8 € W17(Q)
IV(a VB + IV(anB)Iy = [Val] + IV,
(2.2.9) can be rewritten, adding to both sides the term —Q(ax,ex), as

e =Q(ak, ex) — Qak, ex) + D(ax) + [V Vap)|y — [[Vally
1, . ~ ~
< S{C(ar)(e — eoo + 2ek), € — eco) + D(@k) + H (A, P — Poc) =t 1k -

From (2.1.8a), for every ai,as € C(Q) and e € L?(Q; M%)

sym

Q(a1,€) — Q(az, )] < Lip(C)lar — azll]e]3-
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Therefore,
liminf Q(ag, ex) — Q(Ak, ex) = liminf Q(aeo, er) — Q(a, k)
k—ro00 k—ro00

— liminf %q@(am) _ Ca)en ex) -

k—o0

Since @ € D(aso), by (2.1.8b) we have that e € L2(Q; M23") i [C(ano) —C(a)]e-e is a positive

sym

semidefinite quadratic form. Hence, by lower semicontinuity,
liminf v, > Q(aios, €oo) = Qe €o0) + Dlans) + [[V(aco )5 — [[Vall3 -
On the other hand,
Jim i = H{C(@)(e + euc), e~ eoc) + D(0) + Hle,p — poc)
= Q(a,e) — Qa, ) + D(a) + H(et,p — poc) -
This concludes the proof. (|
From now on we treat the case A > 0.

LEMMA 2.2.7. In addition to (2.1.5), (2.2.3), (2.1.8), (2.1.10), and (2.1.27), let us assume
also (2.2.4). Let B and B\k be two sequences in C(Q) such that B, — Poo and Bk - f
uniformly in Q, and B\k € D(B) for every k. Moreover let qx, q be functions from |0,t]
into My(QU IpQME™) such that qi(s) — q(s) weakly* in My(QUIpQ;ME™) for every
s €[0,t]. Then

Vi(Boor 4;0,8) — Vi (B, ¢;0,1) < liknigf[%(ﬁk, ak; 0,t) — Vi (Bry ax; 0,1)] - (2.2.12)

PROOF. Let us consider the functionals #j, and H from M,(Q U dpQ; M) into RTU{0}
defined, for every p € M(QU dpQ; MY "), by

H(p) := H(Bso,p) — H(B, D),
Hi(p) := H(Br,p) — H(Br,p) -

By (2.2.4), H and Hj, are convex, positively one-homogeneous (and consequently subadditive),
and weakly* lower semicontinuous, thanks to Reshetnyak’s Lower Semicontinuity Theorem. We

now show that

Vi (Boo, 40, 1) — Vi(B,¢;0,t) = V(g5 0,¢), (2.2.13)

for every k. Indeed, let us fix € > 0 and let Py, P2, P3 be three partitions of [0,¢] such that
VI (Bsor @:0.1) > Viy(Booy 4:0,1) — ¢,
~ ~ €
V’Z—?(ﬁanoat) > V’H(Bvq707t> - 57
€

P3 . (- _
V;q (anat) > V’H(Q707t) 2 .
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It follows that

Vi(q;0,t) > V};l (4:0,) = VI (Boo, 4;0,8) = VI (8, 4;0,) > Vi(Boo, 65 0,1) — € — Vi (B, ¢;0,1) .
On the other hand, we get

e e & e 3
VH(BOO? q; 07 t) - V’H(/Ba q; Oa t) > V’EQUPB (ﬁoov q; 07 t) - V’ZQ (ﬁa q; O’ t) - 5
Z 9’,52UP3 (/6007 q; 07 t) - 9’}7-?2U,P3 (/87 q; 07 t) - %

_ VP2UPs /. _ E S _
- V;.’_z (Q707t) 2 > V’H(Qa Ovt) g,
where the second inequality follows from Lemma 1.2.1(1) and the last one comes from the sub-

additivity of . This concludes the verification of (2.2.13). The proof of (2.2.14) is analogous.
Arguing as in Lemma 2.1.1 we have that

H(p) < liminf Hy(pr) ,
k—o00
for every py, — p weakly* in M,(QU dpQ; My"). Hence
Vi(a:0,1) < liminfVy (g3 0,1),
and we conclude by (2.2.13) and (2.2.14). O

THEOREM 2.2.8 (Stability, case A > 0). Besides (2.1.5), (2.2.3), (2.1.8), (2.1.10), and
(2.1.27), assume also (2.2.4). Let wy € H'(R™RY), ap € WY(Q), (ug,er,pr) € A(wy),
and qi be functions from [0,t] into My(QLU IpME™) of bounded variation, for every k.
Suppose that ay — aeo weakly in W (Q), ug, — use weakly* in BD(Q), ex — es weakly in
LQ(Q;MgLyﬁ), Pk — Poo weakly* in My(QQUIpQ;MY"), wy — weo weakly in H'(R™;R™),
and qp(s) — q(s) weakly* in My(QUOpQME™) for every s € [0,t]. Then (uss, €sos Poc) €
A(wso) - If, in addition,

E(ak, ex) + AVr(ak, @3 0,1) < E(@r, &) + AV (@, qx; 0,1) + H(Gk, Pk — Pr)
for every k and every (Q, (U, €k, pr)) € D(ag) x A(wyg), then
(oo, €00) + AVn(0is0, ; 0,8) < E(ar, €) + AVy(a, q;0,8) + H(a, p — pso) s
for every (a, (u,e,p)) € D(aoo) X A(Weo) -

PROOF. We can argue as in the proof of Theorem 2.2.6, choosing the same test functions,
and adding to 7, the term A(Vy(ak, qk; 0,t) — Vi (@, qx; 0,t)). The sequence of these terms is
lower semicontinuous by Lemma 2.2.7 and this is enough to conclude. t

2.3. Quasistatic evolution

Fixed A € [0,1], we now consider the problem of existence of globally stable quasistatic
evolutions, where the time-dependent data are (only) Dirichlet boundary conditions w €
AC([0,T); HY(R™;R"™)). The functions a, u, e, p will be then functions from [0, 7] into the
functional spaces W17(Q;[0,1]), BD(Q), L*( M), My(QU dp; M™), respectively.

The parameter A accounts for the interplay between damage growth and cumulation of
plastic strain. When A = 1 it is more convenient to damage material parts more affected by
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plastic evolution up to the current time. The physical meaning of A will be explained in detail
in Section 5, where we will study the properties of the evolutions. The case A = 1 corresponds
to the model of [2] and [3], with a different gradient damage regularization.

The existence of quasistatic evolutions is shown in Theorem 2.3.3, the main result of the
chapter.

DEFINITION 2.3.1. Let A € [0,1]. A quasistatic evolution (corresponding to \) is a function
t e (aft),u(t),e(t), p(t)) from [0, 7] into W7 (€2; [0, 1]) x BD(Q) x L (£; M%) x M, U Op; ME™)

sym
that satisfies the following conditions:
(qs0) irreversibility : for every x € Q
t €[0,7] — «(t,z) is nonincreasing; (2.3.1)

(gsl) global stability: the function ¢ — p(t) from [0,7] into My(QUIpQ;MY") has
bounded variation, (u(t),e(t),p(t)) € A(w(t)) for every t € [0,T], and

E(a(t), e(t)) + AVu(a(t), p; 0,1) < E(B,m) + AV (B,p;0, 1) + H(B, q — p(t)) (2.3.2)

for every (8, (v,1,q)) € D(a(t)) x A(w(t));
(qs2) energy balance: for every t € [0,T]

E(a(t), e(t)) + AVr(a(t), p; 0,1) + (1 = \)Va(a,p; 0,t)

t (2.3.3)
— £(a(0), €(0)) + /0 (o(s), Bii(s)) ds,

where o(s) := C(a(s))e(s) and Vy, Vy are defined in (2.1.25) and (2.1.26), respec-
tively.

REMARK 2.3.2. The integral in (2.3.3) is well defined.
Indeed, from (2.3.2) it follows that ¢ — («(t),u(t),e(t),p(t)) is a solution to the problem

argmin {E (5, 7;p,t) + H(B,q = p(t)): (B, (v;n,9)) € D(a(t)) x A(w(t))},

for every t € [0,T], where &, is defined in (2.2.2). In view of Lemma 2.2.4, choosing ez = e(t)
for every ¢t € [0,T] and e; = ¢(0), we can observe that
sup |le(t)[2 < C, (2.3.4)
t€[0,T]
where C' is independent of time.

Let us now verify the measurability of ¢ + e(t). This follows from Lemma 2.2.4 if we show
that t — «a(t) is continuous for a.e. ¢ with respect to the uniform convergence in 2, since
t — p(t) is strongly continuous into M (U dpQ; M ™) for a.e. t, having bounded variation.
Now, by the irreversibility condition and the fact that for every ¢ € [0,7] the function «(t)
takes values in [0, 1] we have, using Lemma 1.2.2, that there exists a countable set £ C [0, 7]
such that « is continuous in every t € [0,7]\ E with respect to the LP norm, with 1 < p < oo.
In other words, for every ¢t € [0,7]\ E

a(s) = a(t) in LP(Q) as s = ¢.
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From the stability condition, choosing f =0 and (v,7,q) = (u(t),e(t),p(t)), and using (2.3.4),
it follows that

sup | Va(t)[|] < C
te[0,T

with C' independent of ¢ € [0,7]. Then, by the Urysohn Property, « is continuous in every
t € [0, 7]\ E with respect to the weak convergence in W17 i.e., for every ¢t € [0,T]\ E
afs) — a(t) weakly in W'7(Q) as s — ¢t .

The above convergence is uniform in Q by the compact Sobolev embedding.
Then e and o belong to L>(0,T; L?(£; Mg ). Finally, by (2.1.27), it follows that w €
LY0,T; HY(R™;R"™)), and we conclude.

THEOREM 2.3.3 (Existence of quasistatic evolutions). Let A\ € [0,1] and assume (2.1.5),
(2.2.3), (2.1.8), (2.1.10), and (2.1.27). If X > 0 assume also (2.2.4). Let (o, (uo,€e0,p0)) €
W (Q;10,1]) x A(w(0)) satisfy the stability condition

E(ao, e0) < E(B,m) +H(B,q — po) (2.3.5)

for every (B, (v,n,q)) € D(apg) x A(w(0)). Then there exists a quasistatic evolution t —»
(a(t),u(t),e(t),p(t)) corresponding to A such that «(0) = o, u(0) = up, €(0) = eg, p(0) = po.

PROOF. The proof is based on discrete time approximation and is split into several steps.

Approximate solutions. Let us fix a sequence of subdivisions (})o<i<x of the interval [0, T,
with
0=t)<tl<- - <tfit<th=T,

lim max (t; — ') =0.
k—o0 1<i<k

For every k we define the approximate solutions ay, ug, e, and pr by induction as follows.
We set (af), (u, ek,pk)) (v, (ug, €0, po)) € WHY(£;]0,1]) x A(w(0)) and for i = 1,...,k we
define (af, (ul, ek, pl)) as a solution to the incremental problem

argmin {Ex(B, m; ity )+ H(B,q —p) ): (B, (v,m,9)) € D(a ') x A(wp)},  (2.3.6)
where wi := w(t}) and, according to (2.2.2) and using Lemma 1.2.1(2),
‘ i—1 ' '
ExBmirty ) = EBm) + XY HBpL L ),
j=1
with pg(t) := pz, h being the largest integer such that tZ < t. The existence of a solution to
this problem and the fact that i € W17(Q;[0,1]) for every k € N and 0 < i < k follow from
Theorem 2.2.1.
For every t € [0,T] we define the piecewise constant interpolations

ag(t) = a};, ug(t) := u};, er(t) = e};, or(t) :== C(a};)e};, w(t) == w};, (2.3.7)
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where i is the largest integer such that ti < t¢. By definition ¢ — ay(t) is nonincreasing, oy (t) €
WH(Q;[0,1]) and (uk(t), ex(t), pr(t)) € A(wi(t)) for every t € [0,T]. By Lemma 1.2.1(2) it
follows that

Ex(ahy b o th) = Ex(d, el pr, to ) + NH (o, pl — pi ). (2.3.8)
Then (2.3.6) implies that
8)\(042, 62;pk,t;€) + (1 - /\)H(a%mp;c - pZ_l) = 5)\(0[2, e};;pkjt;‘g—l) + H(apr’i: _pi—l)
<a(Bompr ty )+ H(Ba—p)
for every k, 1 <i <k, and (5, (v,n,q)) € D(a}) x A(w}). Since
H(B,q—py ') < HBpi —p )+ H(B.a— pi)
< NH(B.pi =P )+ (1= NH(og pi — 1)) + H(B,q — k),
from (2.3.9) we get the discrete formulation of global stability
Ex(ok(t), ex(t); pr: t) < Ex(B, 13 prs t) + H (B, q — pi(t)) (2.3.10)

for every k, t € [0,T], and (8, (v,n,q)) € D(ag(t)) x A(wi(t)). Notice that if X = 0 the
equation (2.3.10) follows directly from Lemma 2.2.2.

(2.3.9)

The discrete energy inequality. We now derive an energy estimate for the solutions of the
incremental problems. Let us fix i € {1,...,k} and for a given integer h with 1 < h < let
v = uZ_l — wZ_l + w,’; and n = 62_1 — Ew,};_1 + Ew,’;.

Since (™1, (v,1,pp™ 1)) € D(al 1) x A(w}), by the minimality condition (2.3.6) we obtain

Ex(al, el pr, i) + H(al, pt — pp7h) < Ex(af el pr, thh)

(2.3.11)
+Q(af ™!, Bup — Ewl ™) + (Clal el ™ Bw) — Buw™t),

where we have used the identity

A, e1 +e2) = Qa, e1) + Q(a, e2) + (C(a)er, ez)
for every a € W17(Q) and ey, ey € LQ(Q;ngﬁ,’}). From the absolute continuity of w with
respect to ¢ we obtain

k

wh — wZ_l = /t w(t)dt,

h—1
k

where we use a Bochner integral of a function with values in H!(R™;R"™). This implies that
th
h h—1 o
Ewy, — Bw,™" = Ew(t)dt, (2.3.12)

h—1
tk

where the integral is again in the sense of Bochner and the target space is L?(R"; M) . By
(2.1.8¢) and (2.3.12) we get

th

k 2
Qap ™, Ewp — Bwl™t) < 72(/#1—1 | Ew(t)||2 dt) i
k
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From (2.3.8), (2.3.11), and (2.3.12) it follows that

Ex(a, el P ) + (1= N H(a pf = p ") < Exlag ™ ep i 67

6o i (2.3.13)
—i—/hl(C(ak )t () dt + /hl | Bi(t)]l2 e
tk tk
where
th
oni= [, 1001 dt =0

by the absolute continuity of the integral. Iterating now inequality (2.3.13) for 1 < h < i, we

have
. t
Ex(af, ki prs L) (1) Zﬁak,pk —pi 1) < E(ag, )+ / (ok(s), Eair(s)) ds+3, (2.3.14)
0

with 5k = Wk fO HEw(t)HQ dt — 0.

A priori estimates. Using the hypoteses (2.1.8c) and (2.1.12d) in the left-hand side, as well
as (2.1.9) and the fact that the function ¢ — ||Ew(t)||2 is integrable on [0,77] in the right-hand
side, we find

Yiler@3 + D(an(®) + [Var()| +r(1 — Z lpk = pi "l

T
Sﬂ%mw+%2prMMb/\WM@M®+&
te[0,7) 0

for every k and t € [t},T)], where i is the largest integer such that i <t¢.
Thus, by the Cauchy inequality,
sup |lex(t)]]e < C'. (2.3.15)
t€[0,T]
Henceforth, C' denotes a suitable constant depending only on 71, 72, r, and on the functions
o, €, and w. We immediately deduce that

sup [[Vag(t)[[7 < C, (2.3.16)
te[0,7)

and, from the fact that ¢ — pg(t) is constant on the intervals [tZ_l, th[, that

V(pr;0,7T) Z Ik =i Ml < C. (2.3.17)

Passage to the limit. Since the functions ayj are nonincreasing in time and take values in
[0, 1], by virtue of (2.3.16) we can apply the generalized version of the classical Helly Theorem
given in [39, Helly Theorem]| to conclude that there exist a subsequence, still denoted ay, and
a function «: [0,7] — W17(£2;[0,1]) nonincreasing in time such that ay(t) — a(t) strongly in
LY(Q) for every t € [0,T]. By (2.3.16) and the Urysohn Property we have weak convergence
in W7() and thus uniform convergence in Q. In particular (qs0) holds.
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In the same way, using now (2.3.17) and |28, Lemma 7.2|, we can assume that there exists
p: [0,T] = My(QUOIpQ;MY™) with bounded variation on [0,7] such that pg(t) — p(t)
weakly* in M;,(Q U IpQ;ME™), for every t € [0,T].

Following the same argument used in the proof of Theorem 2.2.1, by (2.3.15) and (2.3.17)
we can deduce that

sup |ux(t) o) < C. (2.3.18)
te[0,7]
Let us fix ¢t € [0,7]. From (2.3.15) and (2.3.18) it follows that there exist an increasing sequence
k;j (possibly depending on ¢) and two functions % € BD(Q2) and € € L?(; M%) such that

ug;(t) — u weakly* in BD(Q) and ey, (t) — € weakly in LQ(Q;M?an?). By (2.3.10) we can

apply Theorem 2.2.8 (or Theorem 2.2.6 if A = 0) and find that («(t), (u, e, p(t))) is a solution
to the problem

argmin {Ex(8,n; p,t) + H(B,q — p(t)): (B, (v,n,q)) € D(a(t)) x A(w(t))} -

In particular (u,e) minimizes the functional (v,n) — Q(a(t),n), which is strictly convex in 7,
on the convex set K := {(v,n): (v,n,p(t)) € A(w(t))}. Then (u,€) is uniquely determined,
using also Korn’s inequality; defining (u(t), e(t)) := (u, €), we have that ug(t) — u(t) in BD(Q)
and eg(t) — e(t) in L%Q;M?Jrg). Therefore (gs1) holds.

To prove that t — («a(t),u(t),e(t),p(t)) is a quasistatic evolution it remains to show the
energy balance (qs2).

Energy balance. We consider now the asymptotics of the discrete energy inequality (2.3.14).
Later we will show that also the equality holds in the limit.

Since pj is piecewise constant and continuous from the right, a4 is nonincreasing, and
(2.1.12b) holds, by Lemma 1.2.1(2) we have

i
Vi (o, pi 0,1) = Y H(agd, i — 1) s (2.3.19)
h=1

where ¢ is the largest integer such that t};, < t. From the lower semicontinuity of H (Lemma 2.1.1)
and the definition of plastic dissipation (2.1.25) it follows that

Va(a, p; 0,1) < lim inf Va(an, pr; 0,¢), and Vy(a(t), p; 0,1) < lim inf Va(c(t), pi; 0,1) .
—00 —00
(2.3.20)
Moreover, since ag(t) — a(t) uniformly in € and ej(t) — e(t) weakly in L*(Q; Mz ") for
every t € [0,77], by (2.1.8), (2.1.27), (2.3.15), and the Dominated Convergence Theorem we get
t ti
/ (o(s), Bir(s)) ds = Tim | (on(s), Bui(s)) ds, (2.3.21)
0

k—oo Jo
where o(s) := C(a(s))e(s) for every s € [0,T].
Collecting (2.3.19)—(2.3.21), from (2.3.14) and the lower semicontinuity of the remaining
terms the inequality

Exla(t),e(t);p,t) + (1 = \)Vu(a, p; 0,1) < £(a(0),e(0)) + /Ot (o(s), Bu(s)) ds

follows, for every t € [0,T].
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Conversely, let us fix ¢ € [0,7] and let (si)o<;<x be a sequence of subdivisions of the
interval [0,t] satisfying

0:‘92<3,1€<~-<s]/,§_1 <s§:t,
. i i1y
o5 2Rk o) =0
For every i =1,...,k let v :=u(s}) — w(si) + w(si ') and 1 :=e(s}) — Bw(si) + Ew(ss ).
Since (a(sh), (v,7,p(s%))) € D(a(si 1)) x A(w(si 1)), by the global stability (2.3.2) we have

Exla(sih) elsy )iy s70) < Exlalsh), e(sp)ip, sy ) + Qlalsy), Bw(s ) — Bu(sy))

— (o(s}), Bw(sk) — Bw(siY)) + H(alsh), p(sh) — p(si™h).
(2.3.22)

By definition of ﬁH it follows that
Vi(a(sh), p; 0, s;7") + Ha(sh), p(s) — p(sy ) < V(alsy), pi0,54)
and then, recalling the definition of &, (2.3.22) implies that

Ex(alsih) elsi )i, s70) < Exlalsy), e(sk)sp, si) + Qalsy), Bw(s ™) — Bw(st))
—(o(sk), Bw(si,) — Bw(sy ") + (1= NH(alsy), p(st) — p(si ).

Now, following the same argument used in (2.3.13), we find that there exists a sequence wy — 0T
such that

Ex(osih), elsi)iposiY) < Ex(alsh).e(sh)ip. sh) + (L= NH(alsh). plsh) — plsi )

7

s, ) Sk
= [ ot Band v [ 1 1EGO]ade.
s s;;l
On [0, t] we define the piecewise constant function 7 (s) := o(s%), where 7 is the smallest index
such that s < s};.
Since 3, H(a(sh), p(si)—p(si 1)) < Vy(a,p;0,t), iterating the last inequality for 1 <i < k

we obtain
E(a(0),e(0)) < Ex(a(t),e(t);pt) + (1 — A)Vu(a,p; 0,1) — /0 (@k(s), E(s))ds + b,

where 0 = wy f(;f |Ew(s)||2ds. By Remark 2.3.2 the set of discontinuity points of s
a(s) and s +— e(s) is at most countable, and ||a(s)|/co, ||€(s)]|2 are uniformly bounded in s.
Therefore 7 (s) — o(s) in L2(;M2X") for a.e. s, so that

/0(0(3),Ew(s)>ds: lim [ (ok(s), Ew(s))ds,

k—o0 0

by Dominated Convergence Theorem. This concludes the proof. O
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2.4. Qualitative properties of quasistatic evolutions

In this section we show some qualitative properties of quasistatic evolutions, whose existence
is proved in Theorem 2.3.3.

First, in Proposition 2.4.1, we deduce that ¢ — u(t), t — e(t), and ¢t — p(t) are continuous,
with respect to the norms of their spaces, at the continuity points for ¢t — «(t) with respect
to the uniform convergence in 2. Then the time discontinuities of the quasistatic evolutions
are at most countable, by Remark 2.3.2. This regularity in time of « also permits to say that
H(a(t), p(t)) represents the rate of plastic dissipation at ¢, and then to understand the physical
meaning of the term in A in (gsl) (cf. Remark 2.4.2).

In Corollary 2.4.3 we derive from (gsl) Euler conditions with respect to the variation of
u, e, and p, corresponding to equilibrium and stress constraint properties. In the last part of
the section we assume suitable regularity properties on C, D and H, and absolute continuity
of the evolutions. In Proposition 2.4.4 is shown an Euler condition for o and the differential
counterpart of the energy balance (qs2): together with the irreversibility, these are Kuhn-Tucker
conditions (see e.g. [89] for this terminology) governing the evolution of the damage variable «.
Moreover, it is deduced the Hill’s maximum plastic work principle that, if p is regular enough,
implies the Prandtl-Reuss flow rule with damage.

Throughout this section, we suppose that (2.1.5), (2.2.3), (2.1.8), (2.1.10), and (2.1.27) hold
when A = 0; when A > 0 we will assume also (2.2.4).

Except for countable many instants, every quasistatic evolution is continuous in time, as

shown in the following result.

PROPOSITION 2.4.1. Every quasistatic evolution t — (a(t),u(t),e(t),p(t)) is strongly con-
tinuous from [0,T) into C(€2;]0,1]) x BD(2)x L2(Q; M%) x My(Q U OpSs ME<™) except for

sym

a countable subset of [0,T], which is the set of discontinuity points of o with respect to the
uniform convergence in Q.

PROOF. From the energy balance condition (qs2), written for a time interval [s,t], we

deduce

Qa(t), e(t)) — Qlals), e(s)) + H(a(t), p(t) — p(s))
< / (o(7), B (r)) dr + D(a(s)) — D(a(t)) + [[V(a(s)[5 = [V(a@)I7

using also (1) of Lemma 1.2.1 both for (1 — A\)Vy(«, p;s,t) and for A)?H(a(t),p; 8, ).
Notice now that

D(a(s)) = D(a(t)) + [[V(a(s)] = [IV(a(®)[F <0.
Indeed, if the term above were strictly positive, from (2.1.12b) and (2.1.8b) we would have
E(a(t),e(s)) + )xljﬁ(a(t),p; 0,t) < E(a(s),e(s)) + )\9’)—[(@(8),]); 0,t),

which contradicts (gsl) since (a(t), (u(s),e(s),p(s))) € D(a(s)) x A(w(s)).
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Then

Qa(t), e(t)) — Q(als), e(s)) + H(a(t), p(t) — p(s)) < /: (o(7), En(T)) dr (2.4.1)
Now, by Lemma 2.2.3 it follows that
—(a(s), e(t) — e(s) = (Bw(t) — Ew(s))) < H(a(s),p(t) —p(s)), (2.4.2)
because (u(t) —u(s) - (w(t) —w(s)), e(t) —e(s) — (Bw(t) — Ew(s)), p(t) —p(s)) € A(0). Summing
(2.4.1) and (2.4.2) we get

Q(a(s), e(t) — e(s)) < 5{[C(a(s)) — Cla(t)]e(t), et)) — (o (s), Bw(t) — Ew(s))

t

(o(7), B(r)) dr + H(a(s), p(t) — p(s)) = H(a(t), p(t) = p(s))

N |

_l’_

T~

which implies

le(t) — e(s)II3 < C(Ha(t) —a(s)]leo +wllla(t) = als)llo) + [[Bw(t) — Ew(S)Hz) ;o (243)

where w was introduced in (2.1.17) and C depends on Lip(C), 71, 72, and sup, ||e(t)||2 (recall
that, from (qs2), the variation of p is bounded by such a C').
By (2.4.1), (2.1.16), and (2.4.3), we obtain

Ip(t) = p(s)lx < 5(\\@(?5) — a(s)loo +wllla(t) = als)lloo) + [Ew(t) — Ew(S)Hz) :

C depending on C, r, and sup, ||[Ew(t)|2. An analogous estimate holds for u, arguing as in
[28, Theorem 3.8]. Then we conclude by Remark 2.3.2, where it is stated that the discontinuity
points of ¢+ «(t) with respect to the uniform convergence in Q are countable many. O

In order to establish the differential formulation of the energy balance the following remark
turns to be useful. Moreover it allows us to explain the role of A in the model.

REMARK 2.4.2. If in addition p € AC([0,T; Mp(Q2U Op&; ME*™)) then

Vi (a,p;0,t) / H(w ))ds (2.4.4)

for every t € [0,T].

Indeed this follows from Lemma 1.2.1(4), since a: [0,7] — C(£2;]0,1]) has at most count-
able many discontinuity points.

In the light of (2.4.4), we point out that the term in )\177.[ in (gsl) makes it easier to damage,
at a given instant ¢, a part of the material more affected by plastic evolution until ¢: indeed,
if pe AC([O,T];LQ(Q M7™)) and 8 € C(Q;[0,1]), we get that

1(B,p;0,t) = //H s,x))dsdx.

To fix the ideas, let us consider the simplest case of a multiplicative setting (see (2.2.5)) where
K (1) = B(1), the unit ball of M[5*". Here the above formula reads as

w000 = [ V@) [ 1e.las) ar.
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By the monotonicity property of V, in order to minimize Vy (8,p;0,t) in (gsl) it is convenient
to take [ smaller when the cumulated plastic strain fot |p(s, )| ds is greater. Therefore the
parameter A is related to a fatigue phenomenon; when A increases the cumulated plastic strain

affects more seriously the damage growth.

The stability condition (gqsl) and Lemma 2.2.3 imply the following result, which states Euler
conditions with respect to variations of u, e, and p: (2.4.5a) is the equilibrium condition, while
(2.4.5b) gives a constraint for the elastic stress.

COROLLARY 2.4.3. Let t € [0,T] — (a(t),u(t),e(t),p(t)) be a quasistatic evolution corre-
sponding to A € [0,1]. Then we have that for every t € [0,T]:

div (o(t)) =0 in Q, (2.4.5a)

o(t) € Kaw(82). (2.4.5b)

Let us now assume the multiplicative setting, namely (2.2.5) holds, C! regularity for C,

D, V, and absolute continuity for the quasistatic evolution. Then we can obtain a differential
condition also for the damage variable o and a differential formulation of the energy balance.

PROPOSITION 2.4.4. Besides the assumptions (2.1.5), (2.2.3), (2.1.8), and (2.1.10), let us
assume that

de C'(R), (2.4.6a)
C € CH(R; Lin(Mj e M2 ) (2.4.6b)

K(a) =V (a)K (1), with K(1) closed and convez, B,(0) € K(1) C Br(0), V € C*(R).
(2.4.6¢)

Let t € [0,T] — (a(t),u(t),e(t),p(t)) be a quasistatic evolution corresponding to X € [0,1] ab-
solutely continuous into W17(€2;10,1]) x BD(Q) x LQ(Q;M?anZ”) X My(QUOpQ; MY ™). Then

for every t the functional B8 — ]A/y(ﬁ,p;O,t) belongs to CH(C(Q)) and W' (Q) > B
Ex(B,e(t);p,t) is differentiable at a(t) with Gateauzr derivative in the direction B € W17 ()

(Oalr(a(t), e(t); p; 1), B) = %(C'(a(t))ﬁe(t), e(t)) +(D'(e(t)), B)

~ (2.4.7)
+ 7/9 Va(t)|"2Va(t) - VBdz + X <8aVH(oz(t),p; 0,t), 6> )
Moreover the following hold:
(Oalr(a(t), e(t);p,t), B) > 0 (2.4.8)
for every t € [0,T] and B € W1(Q), <0 in €,
(Oa&x(a(t),e(t);p,t),c(t)) =0, (2.4.9)
and
H(a(t),p(t) = ((c(®)p: p(t)) (2.4.10)

for a.e. t € (0,T), with o(t) := C(a(t))e(t).
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ProoF. By Dominated Convergence Theorem and (2.4.6) it follows that 5 +— Vu (B,p;0,t) €
CH(C()) and that W17 (Q) 3 B+ Ex(B,e(t); p,t) is differentiable at a(t) with Gateaux de-
rivative given by (2.4.7).

Let t € [0,T] and 8 € W (Q), with 8 <0 in Q. Using (a(t) + hB, (u(t),e(t),p(t))) as a
test pair in (gsl) for every h > 0, we get

g)\(a(t) + hﬂa e(t);pv t) - (‘:/\(Oé(t), E(t),p, t) >0
h — )
and taking the limit as h — 0 we deduce (2.4.8).
By [28, Lemma 5.5] we have that for a.e. ¢ € (0,7

(u(t),é(t),p(t)) € A(w(t)). (2.4.11)
Thus, by (2.4.5a), (2.4.11), and the integration by parts formula (2.1.21) we get
((e@)p (1)) = (o (1), Bw(t) - é(t)) (2.4.12)
and by (qgs2), recalling (2.4.4), it follows that for a.e. t € (0,T")
(o(t),€(t)) + H(a(t), pt) + (Galr(alt), e(t); p, 1), a(t)) = (o (L), Er(t)). (2.4.13)
From (2.4.12) and (2.4.13) we obtain that
H(a(t),p(t) = ((a(t))p [B()) + (Daér(alt), e(t);p, 1), &(t)) = 0 (2.4.14)
for a.e. t € (0,T). Since by (2.4.5b) and (2.1.22) it follows that
H(a(t),p(t)) = ((o(t))p D)) = 0,
we conclude (2.4.9) and (2.4.10) by (2.4.14) and (2.4.8). O

We can now use the maximal dissipation property (2.4.10) (also called Hill’s maximum
plastic work principle) to show the validity of the elastoplastic flow rule £"—a.e. on the support
{Ip(t)| > 0} of the measure p(t). The following remark is useful to prove Proposition 2.4.6.

REMARK 2.4.5. From (2.4.5b), (2.1.22), and (2.4.10) we deduce that for a.e. t € (0,7)

dp(t) ) = |o TP as measures on
(a0, 358 )30 = (o) 5] QU (2.4.15)

where the measure denoted by square brackets is defined in (2.1.20).

PROPOSITION 2.4.6 (Flow rule). In the hypoteses of Proposition 2.4.4, for a.e. t € (0,T)
dp(t)
dlp(t)]

where ap(t,z) denotes the value of op(t) at the point x and Nk (o e))(0p(t, 7)) is the normal
cone to the closed conver set K(a(t,z)) at op(t,z). In particular, if p(t) € L' (Q) for a.e.
t € (0,T), we have that

p(t,7) € Ng(a@tw))(op(t,z)) for L"-a.e. x. (2.4.17)

(7) € Ng(ata)(op(t,x)) for L"-a.e. v € {|p(t)] > 0}, (2.4.16)

PROOF. It is enough to argue as in the proof of [43, Theorem 3.13]. O



CHAPTER 3

Vanishing viscosity approach for perfect plasticity coupled with

damage

Overview of the chapter

The study of the interplay between linearized perfect plasticity [28| and damage 78], started
in Chapter 2, is extended now by a vanishing viscosity approach to the existence of a quasistatic
evolution satisfying, under regularity assumptions, the conditions (sfl),... ,(sf5), and (sf6”) in
the Introduction.

Some further regularity hypoteses on the elastoplastic parameters are assumed with respect
to the presentation in Section 2.1. Beside these comments, the chapter is divided into four
sections, respectively concerning the discrete time approximation, the existence of viscous ap-
proximation for the evolutions, the existence of a limit evolutions as the viscosity parameter
vanishes, and the properties of this limit evolution.

The results of this chapter, obtained in collaboration with Giuliano Lazzaroni, are published
in [26].

Mechanical assumptions. Throughout the chapter, we refer to Section 2.1 for the me-
chanical preliminaries. We now specify the additional hypoteses required, in particular the
stronger regularity of the elastoplastic parameters. Notice that the energy considered here dif-

fers from the one employed in Chapter 2 only for the damage regularization.

Given a damage state a € C(Q;[0,1]) and an elastic strain e € L?(Q; M%), the total

sym

energy of the configuration is

O(a, e) + D(a) + £lal? if « € H™(Q;1]0,1]),

o) o { Q0000 £ D)+ 510 (©5[0.1) 508
400 otherwise.

where D and Q are defined in (2.1.5) and (2.1.6), respectively. For the density d of the integral

functional D, we assume that

d € C%((0,400);RT) N C([0, +00); RT U {+00}), (3.0.19a)
s2"d(s) — 400 as s — 07 . (3.0.19b)

As for C in (2.1.6), beside (2.1.7) and (2.1.8), we require the additional condition that
C: [0,1] — Lin(Mg,,; Mg ) is of class cht. (3.0.20)

In other words, (2.1.8a) is strenghtened by requiring that C is not only Lipschitz, but of class
cht,

55
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The regularization for the damage variable is proportional, through the positive constant
K, to the seminorm
2 2
o2 5= > |D%aly, m:=[%]+1, (3.0.21)
|8]=m
where [] denotes the integer part. The corresponding scalar product is

(a1, a2)m2 = Z (DPay, DPag)s .
|Bl=m

We recall that |- |, 2 is a seminorm on the space H™(2) and that the norm

Wz =1 Mo+ 1 L2

is equivalent to the usual norm in H™ () defined by |allgm ) = > |5<m |DPal,. In par-
ticular, if a state has finite energy, the corresponding damage variable is in H™(2), which is
compactly embedded in C(9).

The previous assumptions imply that £ is lower semicontinuous with respect to the uniform
convergence of the damage variable and the Weak*-Lz(Q;M?yXW’;”) convergence of the elastic
strain. Moreover, for every e € L2(Q;M7"%") the functional H™(2;[0,1]) > a + E(a,e) is

sym
differentiable and

(Oal(ae), B) = 5(C'(a)Be, e) + (9D(a), B) + Kla, Bm,2 (3.0.22)

for every 5 € H™(2), where 0D(«) € M(S?) is the differential of D at «, given by (0D(«), 8) =
Jord(a(2))B(z) da.

Now, we state some conditions that allows us to differentiate also the plastic potential H
with respect to . The constraint sets (K (a))qe(o,1] are required to satisfy (2.1.10). Moreover,
the condition (2.1.10c) is replaced by the following one, which is stronger:

dw(K(a1), K(a2)) < Cgla; — as] for every ay, as € [0,1], (3.0.23)

where Ci is a positive constant and dy is the Hausdorff distance.
Therefore, for the support functions H(«,§) := supscg(q) 0 : §, not only (2.1.12) hold, but
also that

0 < H(a,§) — H(on,§) < Ck(ag —ar)for 0<a; <ap<1land e My™,|¢|=1, (3.0.24)
as proved in lemma below.

LEMMA 3.0.7. If K satisfies (2.1.10) and (3.0.23), then (3.0.24) holds for H .

PROOF. Let us fix 0 < a3 < ap < 1, & € MP" with || = 1, and let (ElEN>

N = % — 1, be an orthonormal basis of M7*" with { = E;. Hence, for every o

H(a, Ey) = Urgn}g(};)ol ,

where o is the i-th component of ¢ in the choosen basis. Since the constraint sets are closed we
have that K (az) is contained in the tubular neighbourhood U, ¢k (ay) B(o,dy(K(a1), K(az)))
of K(a1). Then for all 0 € K(ag) we have o' < H(ay, F1) + dyp(K(a1), K(a2)); assuming
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the opposite would imply o ¢ UaeK(al)E(U’ dy (K (o), K(ag))). Taking the supremum for
o€ K(az) we get

H(ag,§) — H(on,§) < dy(K(o), K(az2)) for every [¢] =1,
and together with (2.1.10b) and (3.0.23) we get (3.0.24). O
For some of the results (case A € (0, 1] in the following Sections) we will make the additional
assumptions that
& H(ag,&) — H(ag,§) is convex for every 0 < oy < ag <1, (3.0.25a)
o H(a,€) € CY([0,1]) and |0, H (a9, &) — 0o H (a1, €)| < Cklar — as| for |€] =1,
(3.0.25b)

with C'g uniform with respect to o and &.
All the previous assumptions are satisfied in the usual multiplicative example: K(«a) :=
V(a)K(1), for V € CHL([0,1]; [m, M]) nondecreasing, 0 < m < M, so H(a, &) = V(a)H(1,§).
The plastic potential H(c, p), introduced in (2.1.13), now has also the property that

0 < H(az,p) — H(o,p) < Ckllar — azl|ollpli for 0 <ag <ap <1. (3.0.26)

Furthermore, under the additional hypothesis (3.0.25), the functional C(;[0,1]) > a
N .

H(c,p) is differentiable, 0, H is convex in the second variable, and O,H(c,p) € Mp(Q) is

given by

@) 5) = |

QUOPQ

dp =
8aH(a(x), m(x))ﬂ(m) dlp|(z) for every g€ C(Q); (3.0.27)
thus by (3.0.25Db)
10aH (c; p)ll < Rlpll1,

for a suitable R depending only on H, and
10aH (a1, p) — daH(az,p)ll1 < Ckllar — azllsolpll - (3.0.28)

Consider now the plastic dissipation Vy(«,p;s,t) in the time interval [s,t], defined in
(2.1.25). By Lemma 1.2.1, if p € AC([s, t]; Mp(QQU Op; ME*™)) and « is strongly continuous

(with respect to the strong topology of C(2)) at a.e. 7 € [s,t], then

t
W@m&QZ/H®@@MNW

Notice that the condition on « is satisfied if o € L*°(0,T; H™(€2)) and it is increasing in time,
using Lemma 1.2.2 and the compact embedding of H™({) into C(Q). Moreover, under the
additional assumption (3.0.25), the functional C(Q;[0,1]) > a 17;[(@, p; s, t) is differentiable

and
t
(aPutapis.0).8) = [ (oMl (). 5)dr (3.0.20)
for every B € C(Q). (See also (3.0.27) for the expression of 9, H (a, p(7)).)

Consequently, we can deduce some properties for the generalized energy

Exa,e;p,t) == E(a,e) + Ay, p; 0,1) (3.0.30)
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where A € [0,1] (recall that, when the parameter A\ varies between zero and one, we account
for different possible couplings between damage and plasticity). We notice here that, assum-
ing p € AC([0,t]; Mp(QUOpQ;M™)) and (3.0.25), by (3.0.22) and (3.0.29) the functional
H™(Q;[0,1]) > a — Ex(a, e;p, t) is differentiable and

t
(Balr(a,e;p,t), B) = 3(C'(a)Be, e) + (0D(a), B) + k{at, BYm,2 + /\/ <8a7-[(a,p(s)), ﬁ> ds
" (3.0.31)
for every € H™(Q).
Eventually, we state some conditions for the initial values «g, ug, eg, po for damage,
displacement, elastic, and plastic strain, respectively. Precisely, we require that

ap € H*™(Q (e, 1)), eo € LX), (uo,e0,p0) € A(w(0)), 00 € Kap(Q), divog =0in Q,
(3.0.32)
with ¢ > 0 and op := C(ag)eg. Then the differential 0,€(av, ep) given according to (3.0.22)
by

(0a€ (a0, €0), B) = 5(C'(a0) Beo, €0)2 + (0D(w), B) + K{ao, B)m.2

for every 8 € C(RQ), is represented by an L? function.

3.1. Discrete-time viscous approximation

To show the existence of quasistatic evolutions, we adopt the well-known method of van-
ishing viscosity, thus we study an approximate problem containing a viscous term driven
by a (small) parameter € > 0. The existence of viscous approximations is proved by time-
discretization through an incremental scheme. Therefore, we divide the time interval intro-
ducing k equispaced nodes, solve a unilateral minimum problem (3.1.1) including the viscous
dissipation, and take a piecewise affine interpolant of the resulting approximants; this is con-
tained in the present section, together with some a-priori estimates on the approximants, which
allow the passage to the limit as K — co and as ¢ — 0, performed respectively in Section 3.2
and 3.3.

In particular, for the piecewise affine interpolants we show, using an argument developed
in [99], that the time derivatives of the strains are bounded by the time derivatives of the
damage and of the external loading, up to a multiplicative constant independent of k£ and ¢
(see Lemma 3.1.6). Combining this estimate with arguments similar to [61] allows us to prove
that the approximate evolutions are H' in time uniformly with respect to k for ¢ fixed and
that they are absolutely continuous in time, uniformly with respect to ¢, too.

Henceforth, we always assume that (3.0.19), (2.1.8), (2.1.10) hold and that w and (g, uo, €o, po)
satisfy (2.1.27) and (3.0.32), respectively. For some of the results (case A € (0, 1]) we will require
also (3.0.25).

The incremental scheme. We set a sequence of subdivisions of the interval [0,7] by
fixing equispaced nodes (t%)o<i<k
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For every k, we set (af,(u?,e?,p?)) = (o, (uo,e0,po)) and for i = 1,...,k we define
al, (ui, el pt)) as a solution to the incremental problem
W (Ufs €, ) 1 h 1 probl

min {Ex(B, M pr. ty 1)+ H(B,q— Py )+ &8 —al 5 (B, (w,n.q)) € D(ag ) xA(wp)}

(3.1.1)
where 7 = 1, 1= % and we have used the following interpolants:
wh = w(t}) foreveryi=0,...,k,
pr(t) = pl + =2 —pl) fort €[t t)") and j =0,... k1. (3.1.2)

We remark that, according to (3.0.30) and using (2.1.14) to evaluate the dissipation of a piece-
wise affine function,

i
Ex(Bresprth) = E(Be) + XY H(B,pl—pl, 1) fori=1,... k. (3.1.3)
j=1
The existence of solutions to problem (3.1.1) can be proved as in Theorem 2.2.1 with straight-
forward modifications to account for the viscous term. In the following Lemma we collect some

properties of discrete solutions which follow from Lemmas 2.2.2 and 2.2.3, [28, Theorem 3.6],
and [99, Lemma 3.2].

LEMMA 3.1.1. If (ab, (u}, ek, pl)) is a solution to problem (3.1.1), then the following equiv-

alent conditions hold:

(0) ~Hlo},p) < (C(af)ele) < Hlaf, ~p) for cvery (u,c,p) € A(0),

(b) C(ai)el € K, (Q), div (C(al)e Z) =0in Q, [(C(al)el)v] =0 on ONQ.
Moreover,

Ex(a, oty ) + =llaf — a3 < EBompw )+ H(B, g — ph) + 52118 — a3
for every (B, (u,n,q)) € D(a};) X A(wi), and
Q(a}‘m e;c) + Q(Ogmn - e7i€) < Q(O/;cﬂ?) + H(azv q _p%c) (314)

for every (u,n,q) € A(w}).

Notice that we shall employ in the sequel only the latter of the equivalent conditions (a)

and (b) above. We define the following piecewise constant and piecewise affine interpolants:

ag(t) == O‘kv ug(t) == u%‘m e(t) = e?m
o , i (3.1.5a)

P, (1) = phs ox(t) = Clab)el, wy(t) = wj, for t € [t ),
ar(t) = g, w(t) = uj,, ex(t) = e,
B i1 (3.1.5b)
Pi(t) == pj., Uk( ) = C(a})ey,, Wi(t) == for t € (¢, 1],
ag(t) := Tk (apt—a}), w(t) = 2 St ), en(t) = e+ (b )
on(t) = Clan()ex(t) . wilt) = wh + TE (Wi —wf)  for t € [fh, ).

(3.1.5¢)
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(Recall also the definition of pj from (3.1.2).) Definitions (3.1.5a) and (3.1.5¢) are given for
i =0...k—1, and (3.1.5b) for i = 1...k instead. We define a,(T) = ay(T) := of and
ai(0) := agp, and the same for the other interpolants. By definition a4, @i, and o are non-
increasing in time; moreover, (uy(t),ex(t),p, (1)) € A(wy(t)), (Uk(t),ex(t),Pr(t)) € A(wi (1)),
and (ug(t),ex(t), pr(t)) € A(wi(t)) for every t € [0,T]. We shall also use the notation

() ==t if € [t 6, F(t) = if ¢ e (¢, 6.

The discrete energy inequality. We now derive an energy estimate for the solutions of

the incremental problems. Let us fix i € {1,...,k} and for a given integer h with 1 < h <1
let u = w™ —wpT 4w and = e — Buy™ + Buwjl. Since (o™ (u,n,p70) €

D(o/khl) x A(wl), by the minimality condition (3.1.1) we obtain

h _h h—1 h _h h—1 h h—1/2
5/\(0%,%;]91@,75;9 ) +’H(ak,pk — Dy ) + %Hak - 15 (3.1.6)
<& el o Y + (o Bup — Bup ) + Qo) Ewy — Ewl Y,

where we have used the identity
Qa,e1 + e2) = Qa, e1) + (Cla)er, e2) + Qe €2)

which holds for every o € H™(€;[0,1]) and eg, es € L?(2;M2X"). From the absolute conti-

sym

nuity of w with respect to t we obtain

k
wp — wzfl = / w(t)dt,
th=1
using the notion of Bochner integral for functions with values in H'(R™;R™). This implies that
th
Bul — Bw = [ But)d 1
wy, wy = w(t)dt, (3.1.7)
.

k

where the integral is again in the sense of Bochner and the target space is L?(R™; Mg7n). By
the continuity of Q and (3.1.7) we get

t 2
Q(a’;—%EwZ — EwZ—l) < 72(/ » | Ew(t)]|2 dt) .

h
tlc

Since
AVr(ag, p, 0,171+ Hag, ol — pi ™) = Ao, pi, 0,81) + (1= NH (o, ph —p 1), (3.1.8)
from (3.1.3), (3.1.6), and (3.1.7) it follows that
Ex(afs el pis 1) + (L= NH(af =P + o=l — a3

th th

k k
< EA(aZ_l,eZ_l;pk,tZ_l) + /thl(az_l,Ew(t»dt—i-wk /thl
k k

[Ew(t)]2dt,

where
th

k
= Ew(t)||lodt — 0
5= 2 . / |0,
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by the absolute continuity of the integral. Iterating now the latter inequality for 1 < A < i

amounts to the following property.

ProPOSITION 3.1.2. For every 1 =1,...,k

% %
Ex(@l e prs 1) + (1= X)) H(akpf =i )+ EHQZ‘ — a3
= h=1 (3.1.9)

< E(ap, e9) + /0 k(gk(s),Ew(s)) ds + 0y,

where O := wy, fOT |Ew(t)||2dt — 0.

A priori estimates. Using (2.1.8¢c) and (2.1.12d) in the left-hand side of (3.1.9), as well
as (2.1.9) and the fact that the function ¢ — ||Ew(¢)||2 is integrable on [0, 7] in the right-hand
side, we find that for every k € N and t € (¢} ', ]

K _ e [t
71||§k(t)||§+D(Qk(t))+§|gk( N2+ =X lepk 1||1+2/0 léue (s)113 ds

T
< E(ap.c0) + 292 sup [lex(t)]2 / | B (s) 2 ds + 6.
te[0,T 0

Thus, by the Cauchy inequality,

sup |lep(t)]]2 < C. (3.1.10)
te[0,T

Henceforth, C' denotes a suitable constant depending only on 1,79, 7, and on the functions

g, €9, and w. We immediately deduce that

sup D(ay(t)) < C, (3.1.11a)
te[0,7]
sup ||y (t)[lmz2 < C, (3.1.11b)
t€[0,T]
T
- [laas<c. (3.1.110)
0

and, from the definitions of the interpolants, that

V(p,;0,T) = V(p;;0,T) = V(ps; 0, T) = Zupk pith<C. (3.1.12)

Notice that analogous estimates to (3.1.10), (3.1.11a), (3.1.11b) also hold for the other inter-
polants from (3.1.5b) and (3.1.5¢).
Next we show a bound from below on the damage variable, thanks to assumption (3.0.19).

LEMMA 3.1.3. There exists mg > 0 independent of €, k, t, such that

ai(t) >mo, @g(t) >moe, ar(t)>me inQ (3.1.13)

for every k € N and t € [0,T].
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PROOF. By (3.1.11b) and the continuous immersion H™(Q) c C%'/2(Q), cf. (3.0.21), there
exists C independent of €, k, t, with

g (t, @) — ay(t,y)| < Clz —y|'/?  for every z,y € Q.

Let M > 0; by (3.0.19b), there exists § > 0 such that d(§) > M§=2" for every 0 < § < 6.
Assume now that (3.1.13) does not hold, so we can find k¥ € N, ¢ € [0,7], and T € Q such
that a(t,7) < g Then ay(t,z) < 0 for every z € B(T, (3/(25’))2) Therefore, D(ay(t)) >
Mw,/ (26)%, where w, is the measure of the unit ball in R™. Since M is arbitrary, this
contradicts (3.1.11a) and proves the thesis for a;. The other statements are analogous. O

By minimality, we get some differential conditions on the damage variable, which correspond
to a discrete approximation of the Kuhn-Tucker conditions appearing in the following sections
(cf. Definitions 3.2.1 and 3.3.1, and Propositions 3.2.3 and 3.3.5). We recall that we assume
(3.0.25) when A # 0; in that case we obtain the Kuhn-Tucker conditions (3.1.15). If A =0,
we would still be able to deduce (3.1.15) assuming (3.0.25); however, without that hypothesis,
we can obtain the weaker version (3.1.14), which is sufficient for the subsequent applications of

the lemma.

LEMMA 3.1.4. Let e >0, k€N, and t € (0,T)\ {t},...,.t} '}
Case A\ = 0. We have

(0a&(ai(t),ex(t)), B) + e{cu(t), B)2 > 0 (3.1.14a)
for every f € H™(Q) :=={5€ H™(): B <0 in Q}, and
(Oa(@r(t), en(t), @k (t)) + ellan(®)3 < Cr 7l aw(t) oo llbr ()1 (3.1.14b)

with Cr introduced in (3.0.23).
Case \ € (0,1]. Under the additional assumption (3.0.25) we have
(0ax (@i (), € (t); pr, (1)), B) + T (DM (@r(t), Pr(t)), B) + el (t), B2 > 0 (3.1.15a)
for every € H™(Q), and

(Oalr @k (), 21 (t); rs Tk (1)), k(1)) + el (1) 13 = —T(DaH (@ (t), k(1)) k(t)) . (3.1.15b)
. i el
PROOF. Let us denote & := “:—"t—. By (3.1.13), for every 8 € H™(() there exists
0 € (0,1) such that ai + 8 >0 in Q for every k, i, and 0 < ¢ < §, which implies o} + 3 €
D(e!”!). By minimality of o},
0 < Ex(ag + 08, eksprs ty ) + Hag + 0B, —pi ) + 5 llag + 08 — a3
— (&l chspr i) + Hlodo vk — 2 + £ ok — al'3)

If A =0, dividing by § and letting & tend to 0, we get (3.1.14a), since H(al + 68, pt —pzfl) <

H(al,pl — p};—l) by (3.0.26) (recall also the regularity assumptions on C and D). If A > 0,
exploiting (3.0.25) and its consequences (3.0.27) and (3.0.28), we deduce (3.1.15a) using also
(2.1.12¢).
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Moreover, o — &} € D(aj ) for § < 7, s0
0 < Exla), — ddg, ehspr,ty )+ Hlag = ddg,pf —pi 1) + 5-llag — o) + 0 g3
— (Ex(ah eipn, 571 + Hlafph — P + llad — of 1B
If A=0 we get

(Oal (@n(t), ex(t)), k(1)) + ellan(t)]13 — (0 H(an (), pr(t)), —aw(t)) <0,

where
ay(t) — 0a(t), pr(t)) — H(aw(t), pr(t
§—0t )
and then (3.1.14b) follows by (3.0.26). If A € (0, 1], since we have already proved (3.1.15a) we
get (3.1.15b) using again (3.0.25). O

The next remark will turn out to be useful in the sequel.

REMARK 3.1.5. Differentiating (3.1.8) with respect to the damage variable, we get that for
every A € (0,1] and g € H™(Q)

MOa Vi (@(1), pi; 0, 74 (1)), B) + T(OaH (@i (), pi(t)), B)
= MOaVn(@k(t), pi; 0,71 (1)), B) + (1 = N7 {(DaH(@(t), pr(1)), B) ,
and then
(Oalx(ai(t), ex(t); P, Ti(t)), B) + T(aH(ak(t), Pi(t)), B)
= (0a&x(@k(t), €, (1); Pr, Tk (1)), B) + (1 = A)T(DaH (i (1), Pr(t)), B) -

The following lemma permits to bound the norm of uy, éx, and pi by the norm of d}; and

(3.1.16)

w}C times a constant independent of k and e; this will be very useful to get the estimates in
Propositions 3.1.7 and 3.1.8. In the proof we adapt an argument developed in [99, Lemma 3.3].

LEMMA 3.1.6. For every k € N and 0 <i<k—1 let
@, = lajtt = agllo + | Bwpt! — Ewglls .

Then there exists a positive constant C' independent of €, k, and i such that

et —eill2 <C @ (3.1.17a)
I = pilly <C @ (3.1.17b)
1Eu™ = Buj |y <C & (3.1.17¢)
lup™ = uillsp < C@j, + wi™ — will2). (3.1.17d)

In particular, dividing by T, we have that for every t € (0,T)\ {t1,... ,tzfl}
lex@ll2 + [1Px @)l + [ B @)l < 3C([Jcw ()]l + (| Bk (t)]|2) -
Finally, for every t € (0,T)\ {t},...,ti '}

H(aw(t), ox(t)) < (@) plpe(t) + O (lax(®)ll3 + [ Ewr@®)]3) - (3.1.18)
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| PROOF. By Lemma 3.1.1 we obtain of := C(a})el € KQQ(Q)’ div of = 0 in ©Q, and
[orv] =0 on OnS for every k and i. One can easily see that
(o™ (- wy ™ — i e + B(wi™ —wp),pp) € Dleg) x A(w™),
and then by minimality
Q(Oé;jl z+1)_|_fH( z+17p;€+1 _pk) < Q( i+1 ek+E( i+1 w;{)) (3.1.19)

Since for every a € H™(£2;[0,1]) and every ey, ea € L2(£; M)

Q(a,e1) — Qa,e9) = %(C(a)(el +e39),e1 — ea), (3.1.20)

recalling the integration-by-parts formula (2.1.21) and condition (b) of Lemma 3.1.1, by (3.1.19)

we infer that
(o =) < (o, Bl —u)) — (e b)) + Qaf™, B ~u}))

—{(Caj ) (e —ep), Blwi™ —wp)) + Qg™ ey —ej)

. . (3.1.21)
=@ o 19" —pk) + Qg™ Blwit —wy))
= (Cai ) (e —er), E(wi" —wh)) + Q(ai ™ e —e}) .
By (3.1.21), using (2.1.16) and the Cauchy inequality we have
Pl =kl < Cr{l B —wi)llz + e —ekl2) (3.1.22)

where € depends on 72 introduced in (2.1.8c) and on the constant in (3.1.10).
Testing (3.1.4) by (ult! — (wi™ — wi),ei™ — E(wi™ — wi), pit) € A(w)), by simple
algebraic manipulations we obtain
Olafeh) + Qo e — ) + {of Bl — wh)) < Qof, i) + Hlof. pj™ ).
Using (3.1.19), it follows that
Qa, e —ei) < Qlag, i) — Qlaj, i) + Qaj ) — Qaj ™, )
+([Claf™) = Clap)] e, Blwp™ —w})) + Qg™ E(wi™ —wy)) (3.1.23)
+H(ak7 l+1_pk) H( Z+17p2+1 pi)'
Notice now that, employing again (3.1.20),
Q(ag, )= Qlak, ei)+Qag ™€)~ Q(aj ™, €)= 3([Clag) — Clag™)] (ex+ei™), (e —ek)) -
(3.1.24)
By (3.1.23), (3.1.24), (2.1.8¢), (3.0.26), and the Cauchy inequality, we deduce

el —ekl3 < e —eill3 + g lIpk ™ —phI3

C i+1 2 Fl(wi T —wi)||2 (3.1.25)
+ Co(lagH —ap 1%, + |1 E(wi™ —wp) I3 )

with Cy depending on the constant in (3.1.10), w, Lip(C), Ck, r, 71, 72, . Thus (3.1.17a)
and (3.1.17b) follow from (3.1.22) and (3.1.25). Arguing as in [28, Theorem 3.8], we obtain
also (3.1.17¢) and (3.1.17d). Finally, using (3.1.17) and the Cauchy inequality, we get (3.1.18)
from (3.1.21). O
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Combining Lemma 3.1.6 and some arguments from [61, Proposition 4.1], we prove that for
e fixed the functions oy, are bounded in H'(0,7; H™(Q)), uniformly in k.

ProposITION 3.1.7. There exists a positive constant C independent of €, k, and t such
that for every e >0, k€ N, t € (0,T)\ {t,... ,t’,z_l}

ellén(®)|2 < CesT® (3.1.26a)
T (1) _
c / ln(s)][2, ds < eSO (3.1.26b)
0
. i_ i1 . i_ i—1 . i, i—1
PR(')OFt }Ne start from (3.1.14), denoting d;j, := %k Ta’“ , € = %k :’“ , Py = P f’“ , and
w}cfw17

w}c = 7’“ for every k € N and 1 <¢ < k. Let now fix k and ¢. First we consider the case
2 < i < k; the case i = 1 needs a slightly different treatment and will be considered below.
We take (3.1.14b) in the case A = 0, respectively (3.1.15b) in the case A € (0, 1], evaluated
at t € (71, t8), thus a(t) = af, and dy(t) = &i. Then we subtract (3.1.14a) (vesp. (3.1.15a))
evaluated at t € (¢} 2 ¢ "), (thus @x(t) = af ' and cx(t) = &l '), and tested by B = di.
Recall that the differentiability of (-, e;p,t) follows from (3.0.25), which is assumed if A €
(0, 1], while for A = 0 the energy reduces to £(a, e) and some terms disappear, see also above.

We obtain that for every 2 < ¢ <k and every A € [0, 1]

elaf — a7t ak) + r{af — ! dhme < — [ H(C (ah)dkel eh) — H(C (ol akel ! 67|
— (0D(a}) - OD(af ), a4) + Crc i locllih
i—1
— A (OaH(ah,ph —pi") = OuM (e Pk — oY) )
h=1

When A € (0,1] the inequality stated above follows from (3.0.31) and (3.1.16) by neglecting
the term (1 — A)(@a’H(a?l,pﬁfl — p?z),d@, which is negative by the softening assumption
(2.1.10b) and by the monotonicity in time of «y. Therefore

s{af — ai 7 ah) + wlak — af7 abme < (T (a}) — C'(af ldkeks b
+ 3[(€ i ket eh) — (€0 Daker e )
+ Ol 1% (1 + V(Bki 0, 24(1))) + Cc Tkl 1

taking into account the regularity assumptions on C, D, H (see (2.1.8), (3.0.20), (3.0.19),
(2.1.12), (3.0.24) (3.0.25)). Using the fact that 2a(a — b) > a? — b? for every a,b, we get

.q cim1 . 3 .q Li—1
slak — a7 ak) = 5 (1113 — llai13)
and then, using (3.1.12), we obtain that

= (I16k13 = 16571 13) + 7rld /2, > < O (lakIZ + laklioc ekl + 16k o541 ) .

< or(lakli% + I BoL13)
for every 2 < i < k, where C depends on the C%! norm of C, D, H (if A € (0,1]), and on
the constants r, 71, v2. Notice that in the last inequality we have used Lemma 3.1.6.
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Since 9,& (v, e0) € L?(£2), using (3.1.14b) we get
ellé 13 < (=0a€(ao, e0), i) — [%((C’(ai)dieiveb — {(C'(aw0)dgeo, eo) 2)
+{0D(ad) ~ 9D(00), ) + o} — a0, abma + Crcrltlloble] (3029
< 52 10aE (a0, co)lB + SIaHIE — eIk, + Cr(lad I + I EGLIR)
arguing as before, since (ag, (uo, €0, po)) satisfies (3.0.32). We can read (3.1.28) as
ah8 + 7ol a < € (Z + r(lakZ + 1EaLI3)) (3.1.20)

Since H™() is compactly embedded into L>(£2), for every 6 > 0 there exists a constant
Cs > 0 such that

1113 < 8] [72 + Csll - 113 (3.1.30)
For every 2 < h < k, summing (3.1.27) for 2 < ¢ < h and (3.1.29) and taking into account
(3.1.30) for § = 5, we get

h h h
€ . TK . 1 » »
SNk + 5D 6kl < c(s + (X ekl + Y ||szu%)) . (3.1.31)
i=1 i=1 i=1

Adding TF Z?:l || &k ||3 to both sides of (3.1.31), it follows that for every ¢ € (0, T)\{t},...,tF '},

Tr(t)

€. 9o K [T ) 9 1 Te(t) ) T (t) . ,
@B+ 5 [ s <o 2+ [T IalBas+ [T 1Bl ds

1 Tr(t) )
<C 5+1+/ llak(s)||5ds |,
0

where we have used (2.1.27) in the last inequality. Now Gronwall’s Inequality implies that

(3.1.32)

: 1 o~
cllan®)f < O (2 +1)es™0,

for every t € (0,7)\ {t},... ,ti_l}. We recover (3.1.26a) multiplying with £ and taking the
square root. Now (3.1.26b) follows from (3.1.26a) and (3.1.32). O

Arguing as in [61, Proposition 4.3] we improve the estimate of Proposition 3.1.7 and show
that the functions aj, are bounded in AC(]0,T], H™(2)) by a constant independent of ¢ and
k.

PROPOSITION 3.1.8. There exists a positive constant C independent of €, k, and t such
that for every 0 < e <1 and k € N, with k > (4e)7!,

t
/ 16(8) [l ds < C.
0

. i i—1 . i i—1
PROOF. Let &} := “2="t— and W} = “5—%— for every k € N and 1 < i < k. From the
inequality

lekllz(llekllz = lag12) < {6k — a5~ ake
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arguing as done for (3.1.27), we get that for every 2 <i <k
ellallz 1k Iz — g l2) + 7rlak/2 2 < Cr (lakI% + I Bf)3) (3.1.33)

By the compact embedding of H™ () into L*°(2), for every 6 > 0 there exists a constant
C(9) > 0 such that

- 13 < 81 o + Csll - 15 < 61 [+ Csll - 1] - 2 (3.1.34)

since © is bounded. Adding a term 7x|¢}||3 to both sides of (3.1.33) and using (3.1.34) with
6= %, we obtain that

llllz (ke = lafllz) + SléklZ, 2 < Cr(laklliaklls + 11 El3)

for 2 <4 < k. Multiplying the inequality above by 2/e and taking into account that ||a%|[2, 5 >

&% |13, we have that

. i il TR, .. TR, .. 27C
2N ll2(llakllz = llaf2) + = ekl + = laklZ, < == (lakllaklz + |1 B0i3) (3.1.35)
for 2 <7 < k. We now set,
» TEN\/2 27C 7C .. TK
ai= ol b= (20) Padtme = (20) P Baile die=Chagl ¢= 0

for 2 <4 < k. This definition allows us to recast (3.1.35) in the form
2a;(a; — a;—1) + 2Cai + b7 < ¢ + 2a;d;

and so to follow the proof performed in [61]. Indeed, by a discrete Gronwall-type inequality
with weights (see [61, Lemma 4.1], to which we refer for all details), we conclude that

h h
K i—h)—1)| i —2h | - i—h)— 2
5 2 T+ O TG, < 200+ O 6k |3 +16CC Y (1 + QXM Bagl3
=2 =2
£ac?( 3T+ 0 aklh)
=2

(3.1.36)

for 2 < h < k. We bound the right hand side of (3.1.36) with

i 2
Va(L+ O Mokl + (14 160¢ 301+ 2P B 3) +2cz (14 Qi 1|ra2||1] ,
i=2
using the fact that for every a, b, ¢ > 0
A2+ + < (a+b+e)? <(a+ 1+ +c).
In order to estimate from below the left hand side of (3.1.36), we appeal to the Holder inequality,

h L : . .
% ZT(1+C)2(i7h)*1”0‘l;’ch72 < (% ;T 1+¢)% h)*l) 2 (% ZT(1+€)2(i7h)71”d}'€”%n72) 2

= =2
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Evaluating the geometric sum and using the fact that 5= < 2¢ < 2k, we deduce that

h
1
2527 +¢)? T k1.
=2

Therefore from (3.1.36) we obtain

h

h
1 e . R =11l i
EZT 1+ ¢)% 1H%Hm,230<1+(1+4) Mkl + ¢ (142N By 13
=2

1=2

h
£ a0 e ).

i=2
(3.1.37)
Now we multiply both sides of (3.1.37) by 7 and sum over h = 2,..., k. Recalling the formula
of the geometric sum we get for every k € N and po, p3,...,pr >0
L ‘ 2 + 14¢
LT T Zm (1+¢)H2), (3.1.38)
= 1=

where we have changed the order of the sums; this identity will be used to rewrite the left
hand side of (3.1.37) setting p; = ||&%|/m,2 and the third term in the right hand side setting
pi = ||Ewi||3. Moreover, for the second and the fourth summand in the right hand side of
(3.1.37) we have

k
Sor1+ O ekl < gl (3.1.39)
h=2
and
k h - 4 k A
ZTZE 1+ Yad|, < HZTHa;nl. (3.1.40)
h=2 1= 1=2
Collecting (3.1.37)—(3.1.40) we obtain that
D 7lldgllme < C(T +ellaill + Y T B3 + ZTH%!M) + > 1+ O I 2
i=2 i=2 i=2 i=2
The last term in the equation above is estimated with (3.1.37), so we get
> Tl flme < C’(T +elldgllz + > Tl B3 + ZT||az\|1> . (3.1.41)
i=2 i=2 i=2

We are now left to estimate the term with ¢ = 1. From (3.1.29) and (3.1.34) it follows that
. 1 . .
rledfa < € (2 + el + rEadlg )
Multiplying by 7, since 5= < 2 we get

. . . . . 2
ke < C (14 [kl + 72 Bugl3) < C (1 + rlldlls + 7l Bwgll2)”
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and then

Tllégllme < C (1 Tllégll + Tl Ew]2) + 7llakllz < O (1+ Tlagll + 7l Bkl + ellél2) -
(3.1.42)
Summing up (3.1.41) and (3.1.42) gives

k k k
S 7l < G(T+euakug > B +Zr||azu1)

i=1 i=1 i=1
T
< C(l —|—/ | By (5) |3 —|—/ ag(z) — o () dx) ,
0 Q

where in the last inequality we have used the fact that o, < a;;_l and (3.1.26a) for ¢ € (0,t}) =
(0,7), taking into account that Z < 4. Thus we conclude, recalling (2.1.27), (3.1.11b), and the
fact that C is independent of ¢, k, and ¢. U

REMARK 3.1.9. Using Lemma 3.1.6, by Proposition 3.1.7 we get that

T T T
: / lex(s)|3ds < C, e / l()Zds < C, < / lin()Bpds <O, (3.1.43)
0 0 0
while by Proposition 3.1.8 it follows that
T T T
/ léx(s)2ds < C, / lBe(s)ll1 ds < C, / ()l p ds < C (3.1.44)
0 0 0

for 4ke > 1, where C is a constant independent of ¢, k, and t.

REMARK 3.1.10. We conclude this section with a short discussion on the choice of the
regularizing term in (3.0.18). Let us consider the general case of a damage regularization in a
Banach space X, namely, whenever the energy is finite, the damage variable belongs to X . In
order to differentiate the energy with respect to time, a priori estimates for «j in the space
WH(0,T; X) should be derived, in such a way that ¢ is in duality with 9,€ € X', cf. (3.0.22).
In the present context, following [61], we exploit the Hilbert structure of the space X = H™(),
see Lemma 3.1.8. Instead, the choice X = W17(Q) (v > n) considered in [60] (for damage
without plasticity) provides only a uniform estimate for oz in WH1(0,7; H'(Q)). For this

reason in [60] the evolution fulfills only an energy inequality, see also Remark 3.4 therein.

3.2. Viscous evolutions

In this section we pass to the limit in the discrete-time problems as the time step converges
to zero. For every fixed € > 0 we then find a quadruple (a,ue,ee,p:) satisfying for every
te[0,7T):

e admissibility and equilibrium conditions, with «. nonincreasing in time;

e a first order stability condition in the damage, referred to as Kuhn-Tucker inequality;

e an energy balance including viscous dissipation.
Such quadruples are called e-approximate viscous evolutions (see Definition 3.2.1 and The-
orem 3.2.8). We also prove some crucial estimates for the passage to the limit as viscosity
vanishes, which will be studied in Section 3.3.
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We start introducing the notion of e-approximate viscous evolution. Notice that when X

is the dual space of a Banach space Y we denote
L2(0,T; X) :={p: [0,T] — X weakly* measurable : ¢+ |[p(t)|| € L*(0,T)},

with f: (0,7) — X weakly* measurable if and only if (0,7") > ¢+ (f(¢),g) is measurable for
every g € Y, and

HL(0,T; X) = {p € L2(0,T; X): 3p € L2 (0,T; X) s.t. for every o € C2((0,T);Y)

T T
/0 (1), Duplt)) dt = — /0 (B0). o0 dt } .

DEFINITION 3.2.1. Let (3.0.19), (2.1.8), (2.1.10) hold, and let w be as in (2.1.27). We
say that a function (ae,ue,ee,pe) from [0,7] into H™(£2;[0,1]) x BD(Q) x L?(£;M2X") x

sym

My(QQUOpQ;ME™) is an e -approzimate viscous evolution if

a: € HY(0,T; H™(Q)), e. € HY(0,T; L2(Q; M"Y,

sym

3.2.1
u. € Hy(0,T; BD(Q)), pe € Hy(0,T; My(QU OpQ; M), (3:2:1)

and, setting o.(t) := C(ae(t))es(t) for every t € [0,T], the following conditions are satisfied:

(ev0). irreversibility: for every x € Q
[0,7] > ¢ — ae(t,z) is nonincreasing;
(evl)e kinematic condition and equilibrium: for every t € [0, T

(ue(t), e=(t), p=(t)) € A(w(t)), divo(t)=0in Q, [ov] =0 on INQ;

(ev2). stress constraint: for every t € [0, T
0e(t) € Koty (€1) 5
(ev3)e Kuhn-Tucker inequality: for a.e. t € (0,T")
(OnEx(ac(t), cclt): pert). B) +e(da(t). B) > 0 for every § € H™Q) = {8 € H™(R): < 0in 0} :

(evd). energy balance: for every t € [0,T]
t t
Ex(ae(t),ec(t);pe,t) + (1 — /\)/ H(ae(s),p(s))ds + 5/ e (5)]13 ds
0 0

= E(ap, o) —i—/o (oc(s), Ew(s))ds.

REMARK 3.2.2. By [98, Theorem 3.10|, conditions (evl). and (ev2). are equivalent to
the following global minimality condition for fixed damage variable: for every t € [0,7],

(ue(t),ec(t),pe(t)) € A(w(t)) and
Qlac(t),e-(t)) < Qlac(t),n) + H(ae(t),q — pe(t)) for every (v,n,q) € A(w(t))

Two characterizations of the approximate viscous evolutions are given below: the first en-
sures in particular that the damage variable satisfies the Kuhn-Tucker conditions, while the
second will be useful in the proof of Theorem 3.2.8.
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PROPOSITION 3.2.3. Let (e, ue, €, p:) be a function satisfying the conditions (3.2.1), (ev0) . —
(ev3) ., with a.(t) € H™(8;]0,1]). Then (ce,ue, €e,pe) i an €-approximate viscous evolution,

i.e. it satisfies the energy balance (ev4)., if and only if any of the conditions below holds true:

(evd’) . for a.e. t € (0,T) the following hold:
— Kuhn-Tucker equality:

(Oabr(ac(t), e<(t); pe, 1), é(1)) + llde(t)]5 = 0; (3.2.2)

— Hill’s maximum plastic work principle:

H(ax(t), p=(t)) = (0=(t))p| (1)) -

(evd”). energy inequality: for every t € [0,T]
T T
ENOL(D), e ipeT) + (1= ) [ Hac(t) pele) de e [ au(o) B
0 0

T
§5(a0,eo)+/0 (0. (t), B (t)) dt.

PrROOF. Ad (ev4). <= (ev4’).: From the absolute continuity of a., e, and p., we
obtain that the function t — Ex(ae(t), e<(t); pe,t) is absolutely continuous and

L (el ec0):pert) = (ar (1), ext)s pos ), 62 (8)) + NH((8), (1)) + {02(0), é-(0)

dt
(3.2.3)
for a.e. t € (0,T). Property (evl). and [28, Lemma 5.5| imply that

(Us(t), éc(t), pe(t)) € A(w(t)) for a.e. t € (0,T),
so that, from the integration by parts formula (2.1.21),
(o=(t), (1)) = (o=(t), Enir(t)) — ((0=(t)) p| P<(t)) (3.2.4)

for a.e. t € (0,7"). Then (ev4). is equivalent to

—(1 = NH(ae(t), p=(t)) — SHda(t)Hg + (0e(t), Ei(t)) = %5)\(015@), ee(t); pe,t)

for a.e. t € (0,7"), which is also equivalent to

(Oalx(ae(t), ec(t); pe,t), e (t)) + ella=(t) 13 + Hae(t), pe(t)) — {(oe(t))p] P=(1)) = 0 (3.2.5)

for a.e. t € (0,7). Now, from (ev2). and (2.1.23) it follows that

<(Ue(t)>D‘pe(t)> < ,H(O‘e(t)aﬁe(t)) ) (3.2.6)

since p.(t) € II(Q2) for a.e. t € [0,7]. Then, using (ev3). with § = d., we get that (3.2.5) is
equivalent to (ev4’)..

Ad (ev4). <= (ev4”).: Let us prove that (ev4”). implies (ev4)., the converse being trivial.
Gathering (ev3). with § = a.(t), (3.2.3), (3.2.4), and (3.2.6), we deduce that

%g)\(aa(t)a ec(t);pe,t) > —(1 = N H(ae(t), pe(t)) — 5”@5@)”% + (oe(t), Ei(t))
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for a.e. t € (0,T). Integrating, we get for every 0 < t; <ty < T the inequality

to

2
Exlae(ta), ec(t2)ipe, t2) + (1 = A) t H(as(S),ﬁs(S))dSJre/t Iéve ()13 ds

> Ey(ac(tn)ex(t)spetn) + [ (0u(s). Bl ds,

t1

which implies the energy balance (ev4). in view of (ev4”).. This concludes the proof. O

Using the Kuhn-Tucker conditions, we can rewrite the energy balance as in the following

Remark.

REMARK 3.2.4. Let (ae,ue,e:,p:) be an e-approximate viscous evolution. From (ev3).
and (3.2.2) it follows that

ella®l2 = Egg—@a&(aa(t%ee(t);ps,t)7ﬁ> (Oaalac(t), ec(t);pe,t), ) (3.2.7)

-~
for a.e. t € (0,T"), where
Fi={pec H'(Q): [|All2 < 1}.
Indeed, by (ev3).
e(de(t), B) = (=0a€x(ac(t), e<(t); p=, 1), B) ,
for every 8 € H™(2), while (3.2.2) implies that the supremum in (3.2.7) is a maximum, attained

for B = 2= if [|ac(t)]2 > 0.

Then, by (3.2.7), (ev4). reads as
T T
Ex(ae(T), e<(T);pe, T) + (1 — /\)/0 Hae(t), pe(t)) dt +/0 [[ée () |l2W (e (£), €<(t); pe, t) di

T
= &(ayp, €p) +/0 (oe(t), Ew(t))dt,

(3.2.8)
where
U(a,e;p,t) = P(0aEx(c, €5p,1)), (3.2.9)
for every o € H™(Q;(0,1]), e € L*(Q; M), p € AC([0,T]; My(QU dpSi ME™)), t € 0,77,
with
O(f) :=sup(—f,[) forevery fe (H™Q)) . (3.2.10)

BeEF
Notice that ¥(a,e;p,t) € [0, 4+00].

In the following lemma we characterize the operator ® introduced above.
LEMMA 3.2.5. Let ® be the operator defined in (3.2.10), and let
G:={he (H™()): (h,8) >0 for every f € H™(Q)}
and

dao(f,G) := min{|lgll2: g € L*(Q), f+g € G} for every f € (H™(Q))', (3.2.11)
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which is well defined for every f. Then

O(f) =da(f,G)  for every f € (H™(Q)) . (3.2.12)

PROOF. Let us fix f € (H™(Q)) .

Proof of ®(f) < da(f,G). Let do(f,G) < +oo and g € L?(2) such that f+¢g € G: we
have that

(—f,8) < /Qgﬁdx <|lglla for every B € F
and we conclude by definition of ®(f) and da(f,G).
Proof of do(f,G) < ®(f). We can assume ®(f) < 400; then
(f,B) < @(f)|IBll2 for every B € H'(Q2) ={f € H™(2): B> 0in Q} . (3.2.13)
Let B C R" be an open set such that Q2 C B and
(S.8) = (f,Bla) for every 5 € H'(B) ; (3.2.14)

by (3.2.13)
(S, 8) < (f)IBllL2(m) for every B € Hy'(B) .

By Lemma 1.2.4 we get that there exists a unique pair (g,u) with ¢ € L?(B), g > 0 and
p € MT(B) (namely p is a nonnegative measure on B) such that gdz and p are mutually
singular and

<S,ﬂ>:/3gﬁd:v—/3ﬂd,u for every 5 € Hy'(B) ;

in particular the former property implies that [pgdu® = 0. Using (3.2.14) we have that
g€ L?() and p € M+(Q). Therefore

(f.8) = /Qgﬁdx—/ﬂﬂdu for every 8 € H™() ;
then —(g,-)2 + f € G, and this gives
d2o(f, G) < |lgll2- (3.2.15)

Let us fix £ > 0. We claim that there exists 5 € C°(Q2) N F such that

/gﬁdx>\|g\|25 and /ﬁd,u“<5, (3.2.16)
Q Q

where = p® + p® is the decomposition of p € M™(Q) into its absolutely continuous and its
singular part (with respect to £™). Indeed, we can first consider h € L*°(€2) with compact
support such that —m <h <0 and

—/ ghdx > gl — 5, (3.2.17)
Q
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for instance h = (— 1ka) (— k‘) for Q) compact such that Q C Q4 + B(0, 1) and k € N

large enough. Then we set hy := for a suitable k € N (here pi(t) := kp(£), with p

1V||h*9k||
the standard mollifier in R), so that hy € F, ||hgllcoc < ||h]|eo for every k, and
hm hk dp® = / hdu® =0, (3.2.18)
k—o0 (¢}

where the first equality follows by Dominated Convergence Theorem and the second from

Hgll <h<0and [,gdu®=0. Since hy — h in L*(Q), for k large [|h — hi|2 <
then we get (3.2.16) by (3.2.17) and (3.2.18).

Let us now consider p* € M (Q); let E be the set on which p* is concentrated, and K be

and
2||g||2

a compact subset of F such that

p(EN\ K) (3.2.19)

< =
Since L™(E) = 0, for every n > 0 we can find an open set U such that K C U and £L"(U) < n.
Let us take ¢ € C2°(£;[0,1]) such that ¢ =0 in K and ¢ =1 in Q\ U, and let 8 := B¢.
Then 3 € F and we can assume that (3 satisfies (3.2.16), choosing 7 sufficiently small: then

Mﬁz%ﬁmzjéww[fmwigﬂmw>mm—%Z@mw—%,

by (3.2.15), (3.2.16), and (3.2.19). The proof is concluded since ¢ is arbitrary. O

REMARK 3.2.6. The identity (3.2.12) can be used to connect the notions of solutions pro-
vided in [61] and in [87], in the context of damage (without plasticity). The energy balance
has the same structure for the two evolutions; the term related to the energy dissipated during
jumps in the energy balance of [61] is given in terms of da(-,G), while the one in [87] is given

in terms of ®.

The following Lemma states some semicontinuity properties that will be useful for the
proof of Theorem 3.2.8. For the reader’s convenience we give the proof following the lines of
[29, Lemmas 6.1 and 6.2], to which we refer for full details.

LEMMA 3.2.7. Let B, B € C([0,T];C(Q;0,1])) such that

B = B in C(0,T); C() (3:2.20)
and qg, ¢ € H(0,T; My(2U OpQ; M™)) such that
ar(t) = q(t) in My(QUIpQ;ME™) (3.2.21)
for every t € [0,T] and
T T
| aoliae+ [ <c (32.22)

for C independent of k. Then for every t € [0,T]

/ H(B ))ds <hm1nf/ H(Br(s), dr(s)) ds (3.2.23)

and
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for every 81 € C(;]0,1]) and B2 € C(Q;]0,00)).

PROOF. Let us fix t € [0,7] and define py, p € My((0,t)x(QUIpQ); ML") by setting
t t
(o) = [ ol )} ds and (o) = [ (ol () ds
for every ¢ € Cp((0,)x(QUAIPN); ME*™). Using (3.2.21) and (3.2.22) it is possible to see that

i — o weakly ™ in My((0,¢)x (U dp§2); M™) (3.2.25)

by uniform approximation, cf. [29, Lemma 6.1].
Since s + |¢(s)| is weakly* measurable from (0,t) into M;,(QUdpQ; MY ™), we define
Vi, v € Mp((0,2)x(Q2U 0pQ2)) by

(&, vk) :—/0 (#(s,°), lgr(s)]) ds and (p,v) :—/0 (p(s,-), lg(s)l) ds

for every ¢ € Co((0,t)x(Q2U IpQR)). As in |29, Lemma 6.1]|, we have that pp < vg, p < v
and

d
/ H(5().du()ds = [ 1 (B(s.x), L (s, )) dv(s.) .
(0,£) % (P Q) dug
dp
H(B ds—/ H\(B(s,x), —(s,x)) dv(s,x).
/ (0,6) % (QUAPQ) ( (s7) dl/( )) (52)
By Reshetnyak’s Lower Semicontinuity Theorem and (3.2.25), we have
t t
/ H(B(s),q(s))ds <liminf | H(B(s),qk(s))ds. (3.2.26)
0 k—o00 0
In order to get (3.2.23), it is enough to observe that (3.0.26) gives
t t
[ #6036 au(o) 5| < o s 1106) ) [ s
0 0 s€l0

and the same holds replacing ¢ with ¢. Then we get (3.2.23) by (3.2.20), (3.2.22), and (3.2.26).
We can argue similarly to prove (3.2.24), noticing that

~ d
<8av7'l(/81,qk;0at)?ﬁ2> :/(Ot) (B 8QH(B1(-’L'),dLVZ(S,CL’))ﬁQ(l’)de(S,CU),

(@uPu(Br.0:0.0).32) = | 0uH (Ba(a), (s, ) Bolir) s, ),

(0,6) % (QIHQ)

and applying Reshetnyak’s Lower Semicontinuity Theorem, since (z,£&) — 9o H (B1(x),&)B2(x)
is a nonnegative continuous function positively 1-homogeneous and convex in the second vari-

able. This allows us to conclude. O

We prove now the existence of a family of absolutely continuous e-approximate viscous
evolutions according to Definition 3.2.1, satisfying in addition a uniform bound on the L!-

norm of the time derivative.
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THEOREM 3.2.8. Assume (3.0.19), (2.1.8), (2.1.10), (2.1.27), (3.0.32) for given ayg,uo, €9, Po
and, if A € (0,1], also (3.0.25). There ezists a family {(ce,ue, €c,pe)tes0 of €-approzimate
viscous evolutions such that (a:(0),us(0),e:(0),p:(0)) = (o, uo, €0, po) and

T T
/ e () s dt+/ leo®)]|2dt < C (3.2.27)
0 0
with C independent of €.

PROOF. The proof is divided in subsequent steps.

Time-discretization and time-continuous limit. Let us fix ¢ > 0. Starting with the
given initial condition («g,ug,ep,po) we consider the incremental problems (3.1.1) in corre-
spondence with the parameter € > 0, thus obtaining a sequence of approximate solutions

Oke = Ay, Uke =Ug €ke =€k Pke = Pk -

We use the same notation of Section 3.1 for their piecewise constant interpolants.

From (3.1.26b) we have
@ — all oo omm(a)) < T2 l60l| 20, 15mm @) < Cem/?,

and the same holds for ug, e, and pg, by Remark 3.1.9. By standard compactness results and
Helly’s Theorem, there exist a. € H*(0,T; H™(S2)) and e. € H'(0,T; L?(£; M7%X")) such that

(up to subsequences) o
ap = ac in H'(0,T;H™(Q)), ex — e in H(0,T; L*(Q; ML) (3.2.28)
ap(t) = ae(t)in H™(Q), er(t) — e(t) in LQ(Q;M’;;ZZ) for every t € [0,7], (3.2.29)
and
ar — az in C([0,T];C(Q)), (3.2.30)

since H™(Q) is compactly embedded into C'(£2).
In particular, since &y — d. in L'(0,7; H™(2)) and ¢, — é. in L'(0,T; LQ(Q;MQJJJ)),

by Proposition 3.1.8 and (3.1.44) there exists a constant C' independent of ¢ > 0 such that

T T
/ 16 (6) oz dt + / lex(t)]l2dt < C
0 0

for every € > 0.
Taking into account (3.1.43) and the fact that pg(0) = pp and wug(0) = ugp for every
k, from Lemma 1.2.3 it follows that there exist p. € H](0,T; My(QUIPpEME™)), ue €
HY(0,T; LY R™), with 1 < ¢ < 724, and E. € H,(0,T; My(Q; MZ57)) such that, for a
suitable subsequence,
pr — p in L2(0,T; My(Q U OpQ; ME™)),
ay, = e in L2(0,T; LY R™)), - By = B. in L3, (0, T My(€; M)

and
pr(t) = pe(t) in My(QUOpQ; ME™), (3.2.31)

up(t) = ue(t) in LY R™Y),  Bug(t) = E.(t) in My(€; MY

sym
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for every ¢ € [0, T]. This implies that Eu.(t) = E-(t) for every ¢ € [0,T], hence
u. € HL(0,T; BD(Q)), up(t) = uc(t) in BD(Q) for every t € [0,T]. (3.2.32)

Let us now prove that (a.,ue,es,p:) is an e-approximate viscous evolution. The irre-
versibility condition (ev0). holds by (3.2.29) and the monotonicity in time of the aj. We can
assume that (3.2.29), (3.2.31), and (3.2.32) hold for the same subsequence and thus (evl).
follows by [28, Lemma 2.1] and by the fact that wg(t) — w(t) in H'(R™;R") for every t (w
being continuous into H!(R™;R")).

We now prove (ev2).. Let us fix ¢t € [0,7]. For

or(t,z) == Mg (a2 okt 7)),
Uk (a.(t,2)) Deing the projection onto K (ac(t,r)), we have by (3.0.23) that
|0k (t, x) — ok(t,x)| < Cklak(t,z) — as(t, z)|
for every = such that 7 (t,x) € K(ay(t,z)), and then

[T (t) = x(t)llc0 < Crl[ar(t) — = (t)]loo -

We now recall that o4(t) € Kg,)(€), ar(t) = oc(t) in L*(ML), and ag(t) — ac(t)
uniformly in € for every ¢ € [0,T]. Therefore Ko 1)(Q) 3 Gx(t) = 02(t) in L*(Q;MZ<") and
o:(t) € Ka.1)(2), by convexity of the sets K(a).

By Proposition 3.2.3, it is enough to prove the energy inequality (ev4”). and the Kuhn-

Tucker inequality (ev3)..

Proof of the energy inequality (ev4”).. From the absolute continuity of oy, ey, and
pr, we get that t — Ey(ax(t), ex(t); pr,t) is absolutely continuous and for every k € N, t €

O, )\ {t}, ..., i1},

%SA(ak(t>7 er(t); Pis ) = (Oalr(ak(l), ex(t); pr, t), cu(t)) + AH(ar (1), Pr(t)) + (ok(t), éx(1)) -
We first consider the case A € (0,1]. By (3.1.15b) and (3.1.16)

d

M n(), en(t); pr,t) = —ellanr(®)13 + NH (1), pr(t) + (ok(t), éx(t) + du(t),  (3-2.33)

where
Sk (t) := — (1 = N7 (D H (@ (t), pr(t)), ar(t)) — 5([C'(@x(t)) — C'(cg(t))] ak(t)ex (), ex(t))
— L[ @r®)ar(ten(t), 8(0)) — (C @y(t)n(tex(t), ex(t))]
— (OD(@k(t)) — ID(ak(1)), an(8)) — K(@K(E) — (), an(E))m,
)\[@ V(@ (), prs; 0,1), é(t)) — <8a97-t(0‘k(t)>pk§Oat)adk(t»} -
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Let us estimate 0 (). First remark that

/ 3T @(8)) — C (an(t)]an(B)er(t), ex(t))] + [(OD@x(E)) — DD(ax(t)), én(t))
+ A{Oa Vi (@ (£), pi; 0, 1), e (£)) — <aaVH(Oék(t)7pk;O,f),dk(t»’
+ I€|<ak(t) — Oék(t), dk(t»mg‘ de¢

< Cllag — akHLOO(O,T;Hm(Q))/O Nl (E) || zrm (02 5

where C depends on D, Ck, r, sup; |lex(t)|l2, Vu(pr;0,T), and on the C*! norm of C.
Moreover,

(OaH (i (t), pr(1)), c (1)) < C(llar(®)]Z, + lpe()]7)

and

T
| (€ @i en) - (© @) e a

< Ol = = o xangiey | 10l

Therefore, by Lemma 3.1.6 we get

T T
| awar<c( sup fa-anlma+ s fec—enletr) [ IO + BB
0 0

te[0,T] te[0,T]
(3.2.34)

In the case A = 0 we obtain, using (3.1.14b),

%5(%( t),ex(t)) < —ellan()]|3 + (on(t), éx(t)) + 02, (3.2.35)
with

0, (t) == Cllén(t)lloolPr (£ 1 — (OD(@k(t)) — OD(an(t)), 6 (t)) — ki (@ (t) — k(t), &n(t))m.2
— S [ @), 8(1) — (C (artir(Den(t), ex)]

so that

T T
| a0 <c( s @ -aulmat s fec—eulatr) [ 160 B+ | Eino) .
0 0

t€[0,T] te[0,T
(3.2.36)
The rest of the proof is common for both cases A =0 and A € (0, 1].
Now, we have that
(ok(t), en(t)) = (@r(t), er(t)) + ([Clan(t)) — Clar(t)]er(t), éx(t)) (3.2.3)
+ (C(ar(t))(ex(t) — ex(t)), €x(t)) -
with
T
| (e ten) - C@nenen®.ext) + (€@ ent) - eno). )]
0 (3.2.38)

T
< Csup (Jault) = @lt) o + leat) =) [ exto)loar.
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Since, by definition of interpolants and Lemma 3.1.1, div o(¢) = 0 and (d(t), éx(t), px(t)) €
A(wy(t)) for every ¢ € [0,T1], it follows from the integration by parts formula (2.1.21) that

@k (1), éx(t)) = (or(t), By (t)) — ((@x(t)) plPr(t)) - (3.2.39)
By (3.1.18) (recall also (3.0.26)), for a.e. t € (0,T")
(@) plpr(t)) < = Hlaw(t), (1)) + C7 (|lcn (B + | Ein(t)]3)

+ Cicsup () = @ (8) |l (0) 1 (3:240)
Gathering (3.2.37), (3.2.38), (3.2.39), and (3.2.40), it follows that
T T T
/ (o(t), éx(t)) d < / (@4(1), B (1)) dt — / H(au (1), (1)) dt
0 0 0
T
+ C'Sltlp (llok () — @)l oo + llex(t) — Ex(t)l2) /0 [éx(t) |2 dt
T T
+Cr / (6% + [ Ear()IZ) dt + Cic sup [l (t) — @(t)lloc / k(0] .
’ t ’ (3.2.41)

Integrating (3.2.33) (resp. (3.2.35)) between 0 and 7', by (3.2.34) (resp. (3.2.36)) and
(3.2.41) we get that

T T
Ex(an(T), ex(T)ipi T) + (1 N) / Hlw(t), pr(t)) dt + ¢ / EROIERT
(3.2.42)

T
< E(ag,e0) + / @u(t), i (1)) dt + 7.
0
with

T

we=C( s = onlma + s (74— el +) [ hau(Olfa + 1B,
te0,T 0

taking into account Lemma 3.1.6. By (3.2.30), (3.2.31), and (3.1.43) we can apply Lemma 3.2.7

obtaining that

T
/ H(ae(T), pe(t)) dt <hm1nf/ H(ag(T), pr(t)) dt, (3.2.43a)
0
T
/ H(ae(t), pe(t)) dt <h}£nmf/ H(ak(t), pr(t)) dt. (3.2.43b)
0 — 00

Since &1 (t) — o-(t) for every t € [0,T] and Etg(t) — Ew(t) in L?(Q) for a.e. t € (0,7T), by
(2.1.27), we have that

T T
/ (@ (1), B (t)) dt —> / (0.(t), Bi(t)) dt  as k — oo (3.2.44)
0 0

by the Dominated Convergence Theorem.
Convergence (3.2.28) gives

T T
/|m@ﬁ&§mm/uwwﬁw (3.2.45)
0 k—o0 0
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By (3.2.42), (3.2.43), (3.2.44), (3.2.45), and the semicontinuity of £, we get the inequality
(evd)e.

Proof of the Kuhn-Tucker inequality (ev3).. Let us consider 5 € L*°(0,T; H™(Q))
such that B(t) € H™(Q) for a.e. t € (0,7). We can say that for every A € [0,1] and a.e.
te(0,7T).

0 < 3(C(e(t))B(t)ex(t), er(t)) + (OD(ar(1), B(1)) + i (@n(t), B(t))m.2 + eld(t), B(1))2

+ Moo Vi (ac(t), pi; 0,8), B(1)) + ([T (@(t)) — C'(ae(t))]en(t), en(t))
+ MO Vi @k (t), i3 0, ) — Oa V(e (t), pi; 0,1), B(1)) ,
(3.2.46)

using (3.1.14a) in the case A =0 and (3.1.15a) when A € (0,1]. By (3.1.43), (3.2.31), and by
choice of 3, Lemma 3.2.7 gives

—(0aVr(ac(t), pe;0,1), B(1)) < liminf | —(9a Vi (e (t), pi; 0, 1), B(1))] - (3.2.47)

k—o0

for a.e. t € (0,7).
In addition, by weak lower semicontinuity of positive semidefinite quadratic forms, we get
that for a.e. t € (0,7)

~(C(ac()B(t)ec(t), ec(t)) < liminf |~ (C/(ae(t) Bt)er (1), e(t)) ] (3.2.48)

k—o0

By (3.2.47), (3.2.48), and Fatou’s Lemma, we have that

T ~
_ / [%<C’(a5(t))ﬁ(t)ee(t), e<(t)) + AMOa Vi (0c(t), pe; O,t),ﬁ(t»} d
0 (3.2.49)

T
< liminf/o —[%(C’(ozg(t))ﬁ(t)ék(t),Ek(t))+A(aa%{(as(t),]?k;O,t)ﬁ(t))] de.

k—o0

The fact that ap — ae in H([0,T]; L?(Q?)) implies that ¢y — & in L2([0,T]; L?(Q2)) and
then

T T
/ (G (2), B(D)) dt —» / (G=(t), B(1)) dt (3.2.50)
0 0

Since a(t) — a-(t) weakly in H™(Q) for every t, it follows that

(0D(a(t)), B(t)) — (0D(ae(t)), B(t)) and (@ (1), B(t))m2 — (ae(t), B(E))m,2

for every t, thus by the Dominated Convergence Theorem

T T
| oD@ 0). 80145 @0 80))2] e — [ [@D(e(0). 5O} 45 (0e(0) B0} o]
(3.2.51)
Notice now that
[([€/@(8) = (s (6))] BEVE(E), (1)) + MOaVse@(8), P 0,8) = BuVae(er(8), s 0.1). B(1))|

< CHak‘(t) - O‘s(t)HooHB(t)”oo )
(3.2.52)
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where C' depends on an upper bound for the C*!' norm of C and Ck (if A € (0,1]),
supy |[ex(t)|l2, and Vi (pr;0,t). Integrating (3.2.46) from 0 and 7 and passing to the limit
as k — oo, we deduce from (3.2.49), (3.2.50), (3.2.51), and (3.2.52) that

T
0< [ 5[Ee®)Bt)ec(0).cc(0) + 0D(0x(0). BO) +  (0:(0) A1) 2

=N T
+ A0 Tn(0:(0).2:50.0). B0 at + < [ (o). 5o .

We now fix f € H™(Q2) and set 5(t) := 14(t)5 where A is a measurable subset of [0,7]. Since
A is arbitrary, we find

3(C'(ac(t))Be(t), e (1)) + (9D (ace(t)), B) + # {a=(t), Bym,2
+ )‘<8aﬁ7-l(a8(t)7p€; 07 t)v ﬁ> + E<d€(t)7 /6> > 0 ’
for t € [0,T]\ Eg, where Eg is a negligible set depending on 3. Thanks to the separability

of H™(Q), it is easily seen that the inequality holds for every t € [0,T]\ E, where E is a
negligible set independent of 3. Then the Kuhn-Tucker inequality (ev3). is proved. O

REMARK 3.2.9. By (3.1.10) and (3.2.29), there exists C independent of e such that for
every €

sup [lo=(t)]l2 < C.
te[0,7]

Then, the energy balance (ev4). and (2.1.16) imply that

T
| ipolar<c (3.2.53)

for every € > 0, C being independent of €.

3.3. Rescaled quasistatic viscosity evolutions

In this section we study the asymptotic behavior of e-approximate viscous evolutions as
¢ tends to 0 using the rescaling technique of |40, 76, 29]. Thanks to estimates (3.2.27) and
(3.2.53) in Theorem 3.2.8 and Remark 3.2.9, the total arclength of the graphs of the functions
t = (ae(t), ec(t), pe(t)) € H™(Q) x L2(MZX") x My(Q U dpQ; MF") is uniformly bounded
in €. Then the inverse functions of the arclength reparametrizations converge uniformly to a
map t°, up to subsequences.

Using to the “slow” time scale s = (t°)~1(¢) and passing to the limit as ¢ — 0, we obtain
a rescaled quasistatic viscosity evolution. In the intervals where the original time ¢ = t°(s)
increases, such an evolution behaves as a “O-approximate viscous evolution”, namely conditions

(ev0)e,..., (evd). hold with € = 0.

DEFINITION 3.3.1. Let us assume (3.0.19), (2.1.8), (2.1.10), and let w be as in (2.1.27).
We say that a 5-tuple of Lipschitz functions (a°,u®,e°, p°, t°) from [0, S] into H™(£;[0,1]) x
BD(Q) x L*(Q; M) x My(Q U 0pQ; M) x [0, T is a rescaled quasistatic viscosity evolution

in the time interval [0, S] with datum w if, setting for every s € [0, 5]
°(s) :=C(a’(s))e’(s), w°(s):=w(t°(s)), and
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U°:={s €[0,S5]: t° is constant in a neighbourhood of s},
the following conditions are satisfied:
(ev0) irreversibility: t° is nondecreasing and surjective, and for every x € Q
[0,5] 5 s+ a’(s,z) is nonincreasing;
(evl) kinematic condition and equilibrium: for every s € [0, 5]

(u°(s),e’(s),p°(s)) € A(w°(s)), dive’(s)=0inQ, [0°(s)v] =0 on INQ;

(ev2) stress constraint: for every s € [0, S]
0°(5) € Kao(5)(Q);
(ev3) Kuhn-Tucker inequality in [0,S]\ U°: for every s € [0,5]\ U°
(0abr(a®(s),e(s);p% s),8) > 0 for every B € H™(Q);

(ev4) energy balance: for every s € [0, ]

Ex(a®(s),e’(s);p%s) + (1 — A / Ha (T))dT—I—/OS||dO(T)||2\I’(()éO(T),eO(T);pO,T)dT
E(ao,eo)—i-/( °(1), Ew°(T))dr,

0

where ¥ is defined in (3.2.9) and we use the convention 0 - oo = 0.

REMARK 3.3.2. By [29, Remark 4.2] the integrals in (ev4) make sense. Moreover, by
definition of ¥ (see also Remark 3.2.4 and Lemma 3.2.5) and (ev3) we have that

W(a®(s),e*(s);p°, 5) = da(Balr(a®(s),€"(5); 0%, 8), G) = 21612<_8a5)\(ao(8)7 e’(s);p%,s),8) =0
(3.3.1)
for every s € [0,5]\ U°.

REMARK 3.3.3. By [98, Theorem 3.10|, conditions (evl) and (ev2) are equivalent to the
following global minimality condition for fixed damage variable: for every s € [0, 5],

(u®(s),€°(s),p°(s)) € A(w(s))

and

Q(a®(s),e%(s)) < Q(a’(s),n) + H(a(s),q —p°(s)) for every (v,71,q) € A(w®(s))

REMARK 3.3.4. The energy balance (ev4) shows the role of the parameter A € [0,1]. In
fact, notice that the damage variable acts differently in the second and in the third summand of
the left-hand side, since it is computed at the final point of the interval in the former case, whilst
it is variable in the latter. Therefore, if we derive in s and take into account the cancellation,
from the two dissipative integrals we obtain

H(a®(s),0°(s)) + A (BaH(a"(5),P°(5)), &°(s)) ,
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the first term being the dissipation potential related to plasticity, the second one giving a
contribution to the dissipation potential related to the damage variable: the latter is damped
by the parameter A. Tuning A between zero and one, we account for different effects of the
plasticity on the damage process; indeed, the bigger is A, the easier it is to damage a portion of
the material affected by plastic strain’s changes. Thus the parameter A is related to a fatigue
phenomenon. Setting A = 0 leads to an energy balance analogous to the one of [29]; the choice
A =1 was instead prescribed in |2, 3.

Below we give two characterizations of the notion of rescaled quasistatic viscosity evolution:
the first will be employed to derive a condition of Kuhn-Tucker type for the damage variable
and a weak formulation of the Prandtl-Reuss flow rule; the second will be useful in the proof

of Theorem 3.3.6.

PROPOSITION 3.3.5. Let (a°,u®e° p°,t°) be a 5-tuple of Lipschitz functions from [0, S]
into H™(€;[0,1]) x BD(Q) x L*(; M%) x My(QU dpME™) x [0,T] satisfying (ev0) -
(ev3). Then (a°,u°,e°,p° t°) is a rescaled quasistatic viscosity evolution, i.e. it satisfies the

energy balance (ev4), if and only if any of the two following conditions holds true:

(evd’) for a.e. s € (0,5) the following hold:
— generalized Kuhn-Tucker equality:

(—0aEx(a°(5),€"(5); 0%, 8),d%(s)) = [[&°(s)[l2¥ (a®(s), €°(s); °, 5) ; (3.3.2a)
— Hill’s maximum plastic work principle:
H(a®(s),p°(s)) = ((6°(s)) D, p°(s)) - (3.3.2b)

(ev4”) energy inequality:
S S
Ex(ao(s)aeo(s);poﬁ)+(1—/\)/0 H(QO(S)yﬁO(S))dSJr/O [6°(s)ll2¥(a”(s), €°(s); p°, 5) ds
S

< E(ayp, €p) +/O (0°(s), Ew°(s)) ds.

PROOF. Ad (ev4)<= (ev4’): Since a°, €°, p° are Lipschitz, s — E\(a°(s),e(s);p°, s)
is absolutely continuous and for a.e. s € (0,.5)

iEA(O/’(S), e(5);p%8) = (Galn(@®(s),€°(s);p%, 8),&°(s)) + (0°(s),€°(s)) + AH(a®(s),p°(5)) -

ds
(3.3.3)
Moreover, property (evl) and [28, Lemma 5.5] give that
(u°(s),€°(s),p°(s)) € A(w°(s)) forae. s€(0,9),
and then the integration by parts formula (2.1.21) implies

((0°(5))p [P°(5)) = (0°(s), Ew(s)) = (0°(s),€"(s)) (3.3.4)
for a.e. s € (0,5). Then (ev4) holds if and only if

ié’x(a"(S)? e’(s);p%,8) = — (L = A H(a®(s),p"(s)) + (0°(s), Ew°(s))

ds
= [[6°(s)ll2¥ (a®(s), €°(s); p°, 5) ,
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which in turn is equivalent to
(aér(a”(s), €(5);p", 8), 6°(s)) = [[a°(s)ll2 nf (a€x(0”(s), €*(5); p", 5), )

+ H(a®(s),p°(s)) = ((0°(s))p [9°(s)) = 0,
see (3.2.9) for the definition of ¥. Now, by (ev2) and (2.1.23), and since p°(s) € I1(2) for a.e.
s, we can say that

(3.3.5)

((@®(s))p [P°(s)) < H(a®(s),p°(s)) (3.3.6)
for a.e. s € (0,5). Then (3.3.5) is equivalent to (ev4’).

Ad (ev4) < (ev4”): It is obvious that (ev4) implies (ev4”); let us prove the converse. By

(3.3.3), (3.3.4), and (3.3.6) we deduce that

d o o o o .0 [3e) . o o (¢}

L M@(9),€%()ip”, 5) 2 — (1= H(a”(s), °(5)) + [|6°(s)ll2 Inf (Dalr(a”(5), €*(5); %, 5), B)
+(0°(s), B’ (s))

for a.e. s € (0,5). Integrating, we get for every 0 < s1 < s9 < S the inequality

S1

(@ (sa), e (s2):8752) + (1= 3) [ (). 75D as+ [ 167900 (5). ()57, 9) ds

> £x(a°(s1), €°(51); 7°, 1) + / (0°(5), Fir (s)) ds

S1

which implies the energy balance (ev4) thanks to (ev4”). This concludes the proof. O

The following theorem is the main result of the chapter.

THEOREM 3.3.6. Assume (3.0.19), (2.1.8), (3.0.20), (2.1.10), (3.0.23), and let w and ap,
ug, €0, po satisfy (2.1.27) and (3.0.32) respectively. If X € (0,1], assume also (3.0.25). Then
there exist S > 0 and a rescaled quasistatic viscosity evolution in the time interval [0,S] ac-
cording to Definition 3.3.1 such that («g,uo, €, po,0) = (a°(0),u°(0),e°(0),p°(0),t°(0)).

PROOF. The proof is divided in subsequent steps.

Viscous approximation. Let {(ae,u., e, p:)}e>0 be a family of e-approximate viscous
evolutions satisfying (3.2.27), whose existence follows from Theorem 3.2.8. For every € > 0 and
t € [0,7T] let us define the function

t t t
£0) =+ [ aclmads+ [ ecls)lads+ [ (o)l ds.
0 0 0

It is easy to see that s is absolutely continuous, increasing, bijective on its domain, and
sg(te) — s2(t1) > ta —t1 forevery 0 <t; <ty < S.:=s2(T).

Let t2: [0,S:] — [0,T] be the inverse of s2. By (3.2.27) and (3.2.53), it follows that sup, S. <
+oo and then, up to a subsequence, S; — S as ¢ — 0, with S > T, since S.(T') > T. For
every ¢ > 0, define the rescaled functions on [0,S:] by

az(s) = ac(t(s)),  uc(s) = ue(te(s)), ex(s) = ee(t

: 3.3.7
pe(s) = pe(t(s)),  02(s) = 0e(to(s)),  w(s) = w(t(s)). 330



3.3. RESCALED QUASISTATIC VISCOSITY EVOLUTIONS 85

Up to assuming that the rescaled functions and ¢2 take their value at S. also in (S, S], with
S = sup,~S:, we may consider them to be defined on the fixed time interval [0, S].

By compactness we may assume that t° converges weakly* in W1*°((0,5);[0,7]) to a
function ¢° such that ¢°(0) = 0 and

0<t°sg) —t%(s1) <sg—s1 forevery 0<s3 <s9<S.
By the uniform convergence of t2 to t° we immediately get that for every s € [0, 5]
wl(s) — w°(s) in H'(R™;R"),
where we recall that w°(s) = w(t°(s)). From the definitions of s2 and t2 we obtain that
log(s2) — ag(s1)llm,2 + llec(s2) — e2(s1)ll2 + [[pe(s2) —pe(s1)lly < s2 — 1 (3.3.8)

for every 0 < s; < s3 < S. Arguing as in [29, proof of (5.29)—(5.32)| and using (3.3.8) we see
that there exist a quadruple of functions (a°,u®, e p°) from [0,S] into H™(§2) x BD(2) x
L2 M) x My(QU dp; MS*™), such that, up to a (not relabeled) subsequence of o2, ug,

eg, pg, it holds

ag(s:) = a°(s) weakly in H™(Q), (3.3.9a)
ug(se) — u’(s) weakly™ in BD(2), (3.3.9b)
e2(se) — €°(s) weakly in LQ(Q;M;‘;"’Z) , (3.3.9¢)
pe(ss) — p°(s) weakly™ in My(Q U opQ; ML), (3.3.9d)

for every s € [0, 5] and s — s. Moreover (u°(s),e°(s),p°(s)) € A(w°(s)), div o°(s) =0, and
al — a° in C([0,S5];C(Q)) . (3.3.10)
In particular (ev0) and (evl) follow. By lower semicontinuity we obtain from (3.3.8) that
la®(s2) = a®(s1)[lm,2 + [|€°(s2) = € (s1)ll2 + [Ip° (s2) = p°(s1)[l1 < 52 — 51 (3.3.11)
for every 0 < s1 < s9 < S, hence
6°($)lma + 16°(s)l2 + I°(s)s <1 for ace. s € [0, 5]
We now define
s2 (t) :==sup{s € [0,5]: t°(s) <t} forte (0,77,
s3.(t) :=1inf{s € [0,5]: t°(s) >t} forte[0,T),
and s° (0) := 0, s3(T) := S. Then

52 (t) < liminf s2(t) < limsup s2(t) < s5.(t) and t°(s2(t)) =t =t°(s%.(t))

e—0 e—0

for every ¢ € 0,71,

for every s € [0, 5], the set

S° = {t € [0,T]: s° (1) < s°.(£)} (3.3.12)
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is at most countable, and

U° = (s2(8),53(1)) (3.3.13)
teS°e
where U® is defined in (3.3.1). Moreover, for every t € [0,7]\ S°,
ue(t) — u°(s° (t)) weakly” in BD(Q),
ec(t) — e°(s° (t)) weakly in L?(€; M?yﬁg),
pe(t) — p°(s2(t)) weakly™ in M (QQU Op&; ME ™),
ag(t) —

(s2
a®(s° (t)) strongly in C(Q).
These convergences will be used at the end of the proof.
From (ev2). and (3.3.7) we have

3.3.14a
3.3.14b
3.3.14c
3.3.14d

~—_— — ~—

—

02(8) € Kao(sy for every s € [0, 5],

thus the convexity of K(«) for every a € [0,1], (3.0.23) and (3.3.9) imply (ev2). By Proposi-
tion 3.3.5, in order to show that (a°,u® e p° t°) is a rescaled quasistatic viscosity evolution
it remains to prove only (ev3) and inequality (ev4”).

Proof of (ev3). Setting

A° = {5 €[0,5]: ¥(a®(s),e’(s);p°,s) > O}, (3.3.15)

in order to get (ev3) it is enough to show that A° C U°.

Arguing as in the proof of the energy inequality (ev4”). in Theorem 3.2.8 and using (3.3.9¢),
(3.3.9d), (3.3.10), we see that for every s € [0,S] and 5 € H™(Q)

(—0a&x(a’(s),€°(s); 0%, ), B) < ligl_j(glf<—8a5x(a§(8), e2(s)ipg,8), B)

thus
U(a’(s),e’(s);p°%, s) < lim iélf U(al(s),ex(s);pe,s) . (3.3.16)
E—

Moreover, for every g € H™() s — (8a177.[(a°(s),p°;0, s), ) is continuous, being an inte-
gral function. Together with (3.3.11), this implies that s — (—0,Ex(a°(s),€°(s);p°, s),B) is
continuous for every f € H™(2), and consequently that

s+ U(a’(s),e°(s);p° s) is lower semicontinuous . (3.3.17)

Thus, A° is open.
We now set D° := {s € (0,5): £°(s) = 0} and prove that
limsup £2(s) > 0 for a.e. s € (0,5)\ D°. (3.3.18)
e—0

Indeed, assuming the opposite, we could find a measurable set A C (0,5) \ D° with positive
measure such that

lim2(s) =0 for every s € A,

e—0
t2 being nondecreasing. Since the functions ¢7 are 1-Lipschitz, the Dominated Convergence
Theorem implies that

lim [ #2(s)ds=0.

e—0 A €
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On the other hand,
lim [ 2(s)ds = / °(s)ds,
A A

e—0

because t2 — t° weakly* in W1 But

/io(s)ds >0,
A

since £°(s) > 0 for a.e. s € (0,.9)\ D°. Then (3.3.18) is proved.
Since H is 1-homogeneous in the second variable, the reparametrization ¢ = t2(s) gives

t2(S) S
[ Hactoniawyat = [ Hass) i) ds. (33.19)
0 0
By (3.0.29), for every s € [0,5] and 3 € C(f)
(O Vi (ac(t2(s)), p; 0,£2(5)), B) = (aVi(al(s), p2; 0, 5), B) , (3.3.20)
thus
(0a&x(a=(t2(s)), €< (t2(5))i pes t2(5)), B) = (Oabn(aZ(s), €2(s); P2, 8), B) - (3.3.21)
By (3.3.16)
0 < W(0°(s), (9" 5) < liminf W(aS(s), e2(s):pf. ) = liminf - (12(5))
_ la2(s)llz
hgi:élfgW =0

for a.e. s € (0,5)\ D°, where the first equality follows from (3.2.7), (3.2.9), and (3.3.21) and
the last from (3.3.8) and (3.3.18). Therefore for a.e. s € A° we have °(s) = 0. Since A° is
open by (3.3.17), every s € A° has an open neighborhood where ° = 0; then A° C U° since
t° is Lipschitz and hence absolutely continuous.

Proof of the energy inequality (ev4”). Using the change of variable ¢ = ¢2(s) in the
left-hand side of (3.2.8), we get by (3.3.19), (3.3.20), and (3.3.21)

S
Ex(02(S), €2();p2, §) + (1 — A / H(al(s), p2(s)) ds + / 162(5) 22 (a2(s), €2(5); p2, ) dis

2(5)
:5(a0,60)+/0 (0.(t), Bir(t)) dt.

(3.3.22)
By (3.3.9d), (3.3.10), (3.3.11), and using Lemma 3.2.7 we deduce that
S
/ H(w °(s))ds < hm%lf H(aZ(s),pe(s))ds, (3.3.23a)
0
S
/ H(o °(s))ds < lim %lf H(aZ(S),pe(s))ds. (3.3.23b)
E— 0

Let us now prove that

/ Hdo(s)Hg\If(ao(s),eo(s);po,s)ds§limiélf/ lla2(s)ll2 W(ag(s),e2(s);pe,s)ds. (3.3.24)
Ao° E— A°
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For every compact set C' C A° and every continuous function ¢: C' — [0, +00) such that
U(a(s),e’(s);p°,s) > (s) forevery s e C,

by the compactness of C' and (3.3.16), for ¢ sufficiently small we get
U(al(s),el(s);pe,s) > P(s) forevery se€ C .

We now claim that
16 @)l w(s) s < timint [ 629l v(s) ds

for every compact C' C A° and every continuous function ¢: C — [0,+00). This can be
proved as in |29, Lemma 6.4] using (3.3.8) and (3.3.9a) and noticing that for every ¢ € C.()
with [|¢|l2 = 1 the functions s — (p,a2(s)) are equi-Lipschitz on [0, S] and converge to
s = (p,a°(s)) for every s. By (3.3.17) and a standard approximation argument, (3.3.24)
follows.

Let us now consider the left-hand side of (3.3.22): by (3.3.9), (3.3.23), and (3.3.24) we have

S S
EA(Of(S),eO(S);pO,S)Jr(1—>\)/0 H(a°(8)7ﬁ°(8))d8+/0 1% (s)ll2W(a®(s), e°(s); p°, 5) ds

S
Ex(a2(S), e2(S): 52, 5) + (1 — A) /0 H(a2(s), 72(s)) ds

< lim inf
e—0

S
+/0 a2 (s)llaW (a2 (s), ec(s); P2, 8) dS]-

(3.3.25)
As for the right-hand side, by (3.3.14) and the Dominated Convergence Theorem,
T t2(S)

/ (0°(s2.(t)), Ew(t))dt = li_1>r(1) (o:(t), Bw(t)) dt. (3.3.26)

0 € 0
Since t° is nondecreasing and Lipschitz, by (2.1.27) the function w® is absolutely continuous
and

Ei’(s) = Ew(t°(s))t°(s) for a.e. s €0,5].
Hence
T S . S
| ooy pimar= [ o @), Bae ) ) ds = [ o). Bt () ds.

(3.3.27)

The last equality holds since °(s) = 0 for a.e. s € U° and s°(t°(s)) = s for ae. s €
[0,S] \ U°. (The only exceptions are the points of the form s = s (t) for t € 5°.) From
(3.3.22), (3.3.25), (3.3.26), and (3.3.27) we get finally the energy inequality (ev4”). Thus the
proof is completed. ]

REMARK 3.3.7. From (3.3.2a) and (3.3.15) we immediately get the classical Kuhn-Tucker
conditions in [0, 5]\ A°:
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e For every s € [0,5]\ A°
(0aEx(a°(s),€°(s);p°,s),8) >0 for every B € H™(Q).
e For a.e. s€0,5]\ A°

(0alr(a®(s),€°(s);p°,5),a°(s)) = 0.

3.4. Properties of rescaled quasistatic viscosity evolutions

In the following we highlight some properties of rescaled viscosity evolutions, whose existence
has been proved in Section 3.3 by time rescaling [40, 76, 29|.

In the first part of this section we study what happens when the original time scale ¢ = t°(s)
is constant, i.e., in the jumping regime. In Lemma 3.4.1 we observe that if the damage variable
is constant in a subinterval of U°, then also the other variables are constant. On the other
hand, if &° > 0 in an interval then, up to a further time rescaling, the evolution is governed
formally by (ev0)e,..., (ev4). with ¢ =1 (see Proposition 3.4.3 and Remark 3.4.4).

Moreover, exploiting the results [28, 43, 98] in Proposition 3.4.5 we recover a weak for-
mulation of the Prandtl-Reuss flow rule, in the presence of damage. Together with conditions
(evl) and (ev2), this flow rule characterizes the perfect plasticity.

Finally, following [30], we come back to the original time variable ¢ and correspondingly
we define the notion of quasistatic viscosity evolution. Such an evolution satisfies an energy
balance with terms depending only on t; the energy dissipated during the jumping regime is
thus concentrated on the jump instants. The state after a jump is known through the slow time
scale description, which allows then evaluating the dissipation.

Henceforth we assume that (a°,u®,e® p° t°) is a rescaled viscosity evolution in the time
interval [0, S] with datum w, and we use the notation of Section 3.3.

LEMMA 3.4.1. If &°(s) =0 in Q for every s in an interval (s1,s2) C U, then
u?(s) =u(s1), €°(s)=e€(s1), p°(s)=p°(s1), t°(s)=1"(s1) for every s € (s1,52) .

In other words, the evolution is trivial in (s1,s2). Moreover, it cannot happen that (s1,s2) is
a connected component of the set A° defined in (3.3.15).

PROOF. Let (s1,s2) C U° be such that &°(s) =0 in 2 for every s € (s1,s2); by definition

of U° we have that
t°(s) =t°(s1), w°(s)=w°(sy) for every s € (s1,s2), (3.4.1)

and by assumption
a’(s) =a’(sy) for every s € (s1,$2) (3.4.2)
in the interval (si,s2). By |98, Theorem 3.10], (evl) and (ev2) are equivalent to the fact that

the triple (u°(s),e°(s),p°(s)) solves the minimum problem

min - {Q("(s1).0) + H(a”(s1).p = 1°(3))}

(u,e,p)€A(w°(s1
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for every s € (s1,s2). Moreover, in view of (3.4.1) and (3.4.2), we can write the energy balance

in the time interval (sj,s2) as
89
E(a®(s1),€e°(s2)) + / H(a(s1),p°(7))dr = E(aw, €p) -
51

Thus (u°,e®, p°) is a quasistatic evolution in perfect plasticity (for heterogeneous materials)
according to [98, Definition 3.13] with C = C(a°(s1)), K = K(a°(s1)) and constant external
loading in (s1,s2). Then by [98, Theorem 3.14] we deduce

u’(s) =u’(s1), €°(s)=e%(s1), p°(s)=p°(s1) forevery s € (s1,s2).

In order to prove the final statement, assume that @°(s) = 0 in € for every s in a connected
component (si,s2) of A°. This implies 0,Ex(a°(s),€°(5);p°, s) = Jaér(a®(s1),€°(s1);D°, 51)
for every s € [s1, s2], which is impossible by definition of A°: indeed, ¥(a°(s;),e°(s;); p°, si) =
0 for i = 1,2 and ¥(a°(s),e°(s);p°% s) >0 for s € (s1,$2). O

We now show a variational inequality describing the jumping regime and further reparametrize
it.
PROPOSITION 3.4.2. For a.e. s € (0,5)

16°(s)l|2{0a&x(a”(5), €7 (5);p% ), B — &°(s)) + W(a®(s),e"(5);p", s)(@°(s), 8 — &°(s))2 > 0
(3.4.3)
for every g € H™(Q).
In particular, if a°(s) < —C <0 in Q, then
16°(s)ll2{=0a€x(a®(s), €°(s); p°; 5), B) = W(a®(s), €°(s); p°, $)(A°(s), B)2
for every € H™(Q).
PROOF. In this proof it is convenient to use the characterization (3.2.12) of ¥ in terms of ds.
Let us consider the nontrivial case when &°(s) is not identically zero. Assume that g € L2(Q)
realizes the distance da(0,€x(a°(s),€°(s);p°%, s),G), i.e., g+ 0.Ex1(a°(s),€°(s);p°, s) € G and
9ll2 = d2(0a&x(a®(s),€°(s); %, 5), G) = W(a®(s),€(s); p°, 5) -

By (3.3.2a) we get

lgll2 l&”(s)ll2 = (=daér(a®(s), e(s); p, 5), &7(s)) < /dio(S) dz <llgll2 [&°(s)ll2,

where the first inequality above follows from (3.2.11) and the fact that &°(s) € H™(2). Hence,
by the Cauchy inequality ¢ is proportional to &°(s), and so

a°(s)
16°(s)ll2 -
Therefore (3.4.3) follows from (3.2.11) and (3.3.2a). The last assertion follows by substituting
B with 68 + &°(s) in (3.4.3) for suitable § > 0. O

g=Y(a’(s),e’(s);p° s)
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PROPOSITION 3.4.3. Let (s1,s2) be an interval in A° (defined in (3.3.15)) containing no

subintervals where ||a°(s)||2 =0 for a.e. s. Setting
o(s) = W(a’(s),e°(s);p°, ), (3.4.4)

and

ri(s) = /:“2 ’OZEZ))HQdU for s € (s1,52) ,

2

it turns out that r is locally Lipschitz and strictly monotone, and we call st its inverse function.
Then

aﬁ(r) = ao(sﬁ(r)) for re 'I"ﬁ((Sl,SQ))

has bounded variation and is continuous into H™ (), and
16° (5% () I3[ (OuE(0 (1), 4 (1)s 1), B = GH(r)) 4+ (64(r), B — 6¥(r))e] 20 (345)
for a.e. v € r¥((s1,52)).

ProOF. By (3.3.15), (3.3.17) and (3.4.4) it follows that for every compact set K C A°
there exists dx > 0 such that o(s) > 6x for s € K. Thus r¥ is locally Lipschitz on (s1, s2)
and in particular £"(rf(E)) = 0 for every E C (s1,s) such that £"(E) = 0. Moreover r# is
strictly increasing, because by assumption every subinterval in (s1, s2) has a subset of positive
measure where ||a°(s)||2 > 0. This implies that s* is continuous and strictly increasing, and
a? is continuous and has bounded variation, a° being Lipschitz.

Therefore, using the change of variables s = s*(r) in (3.4.3) and the analogous of (3.3.21),
we obtain that for a.e. 7 € (r1,79) := 1((s1, 52))

16°(s* () |2(0ar (¥ (r), € (r); pF, ), B — 6°(s5(r))) + o(s*(r){(@°(s*(r)), B — &°(s*(r) )2 = 0
(3.4.6)
for every B € H™(Q). Since of has bounded variation in H™(Q), it is H™(Q)-weakly differ-
entiable at a.e. r € (r1,72), and the chain rule
al(r) = a°(st(r) st (r) = a°(st(r 7g(sﬁ(r))
(1) = G (EH)H0) = () L
holds for a.e. r such that ||¢°(s%(r))||2 > 0. Thus for a.e. r € (r1,72)
6° (s (1) |2 &F (1) = &°(s*(r))o(s*(r)) a.e.in Q. (3.4.7)
By (3.4.7), the inequality (3.4.6) reads as
62 (s (1) ll2 | {Babn (0 (r), € (r); pF, ), B — &°(sH(r))) + (6F(r), B — &°(s*(r)))2| 2 0

for every B € H™(S); so by using again (3.4.7) we get (3.4.5), since o(s*(r)) > 0 for a.e.
r € (r1,r2). This concludes the proof. O

a.e. in O

REMARK 3.4.4. In addition to the hypoteses above, let us assume that [|[&°(s)||2 > 0 for
every s € (s1,s2) and that for every K compact set in (s1, s2) there exists dx > 0 such that
[a°(s)|l2 > 6x for s € K. Then rf is locally bi-Lipschitz, of is locally Lipschitz, and

<8a€>\(aﬁ(r),eﬁ(r);pﬁ,r),ﬁ — o'zﬁ(r)> + (o'zﬁ(r),ﬁ — dﬁ(r))g >0 forae rc 'rﬁ((sl, s9)) .
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In particular, this variational inequality is equivalent to

(0aEx(at (1), et (r); b, ), B) 4 (&(r), B)2 > 0 for a.e. € r((s1, s9)),

(3.4.8)
(O (a(r), et (r); ph 7), a4 (r)) + [la* (r))]|5 = 0.

Thus, in those intervals of A°, (aof,uf,ef, pf ) := (a°,u°,e° p°,t°) o st is a 1-approzimate
viscous evolution, in the sense that the evolution satisfies the same properties (evl).—(ev4’) . of
an e-approximate viscous evolution, with ¢ = 1. In particular, (3.4.8) is the analogous of the
Kuhn-Tucker conditions (ev3). and (3.2.2).

We now prove a weak formulation of the Prandtl-Reuss flow rule: together with conditions
(evl) and (ev2) in Definition 3.3.1, this corresponds to the formulation of quasistatic evolution

for perfect plasticity in the presence of damage.

PROPOSITION 3.4.5 (Maximum plastic work principle and flow rule). From (3.3.2b), (ev2),
and (2.1.22) we easily deduce the maximum plastic work principle:

° dp7(s) 5o =[(c°(s :p°(8)]  as measures on
(0o 32 = [0 () QU0

for a.e. s € (0,5), where the measure denoted by square brackets has been introduced in (2.1.20).
Moreover, defining p(s) := L™ + |p°(s)| for every s € [0,5], there exists 3,(s) € LZ‘ES)(Q U
IpQ; M) for a.e. s € (0,5) such that

op(s)=op(s) L"-a.e. on 2,

03(s) 1 5°(s)] = <3f)(s) . dﬁizgi‘)msn on QU DN,
dp°(s . o
d‘zoES; (2) € Ni(ao(s,2))([@p(s,2))  for [p°(s)|-a.e. z € QUIPQ,

where Gy (s,x) denotes the value of 0p(s) at the point x and N (ao(s2))(0p(s,x)) is the
normal cone to the closed convex set K(a°(s,x)) at o)(s,x).

PROOF. It is enough to repeat the same construction of the precise representative of the
stress as in [28, Theorem 6.4], using [98, Lemma 3.16]. To this end, notice that in [43,
Theorem 6.2| it is proved that the density of the £™—absolutely continuous part of [op : p] is
OD: Pa, Where p, is the density of the L£"—absolutely continuous part of a plastic strain p and

o is an elastic stress, and that [98, Lemma 3.16| does not use the regularity of (2. u
From now on we study the evolutions in terms of the original variable ¢.

DEFINITION 3.4.6. Let us assume (3.0.19), (2.1.8), (3.0.18), (2.1.10), and (2.1.27) for a given
w. We say that («,u,e,p) is a quasistatic viscosity evolution with datum w if there exists a
rescaled viscosity evolution (a®,u®,e®, p°, t°) with the same datum such that ¢°: [0, S] — [0, T]
and for every ¢ € [0, 7]
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where we recall that s° (t) := sup{s € [0, 5]: t°(s) < t}. Moreover, we denote

By continuity with respect to time of rescaled viscosity evolutions and by left continuity of
s° , the functions introduced above are left-continuous in the norm topologies of their target

spaces. Since

li °(t+h)=s(t
lim s° (¢ + h) = 53 (1

for every t € [0,7], the right limits a(t1), u(t™), e(t"), and p(t*) in their norm topologies
satisfy
a(th) =a’(s5(t), u(t™) =u’(s5(t), e(tT)=e(s5(t), p(t")=p°(s5(t). (3.4.10)

Notice that p: [0,7] — M,(QU dp;ME™) has bounded variation, since p° is Lipschitz and

s® is nondecreasing. Then we define p as the unique Radon measure on [0,77] such that

u([0,t]) =V(p; 0,1) ,

for every continuity point ¢ of ¢ — V(p;0,t), with V(p;0,t) the total variation of p on [0, 7]
introduced in (2.1.24). By the continuity properties of p, we have that pu({t}) = 0 for every
t ¢ S° (recall (3.3.12)), and then the diffuse part pg of u satisfies

pa=pn— > nw{t})d,,

TES®

where ¢, is the unit mass at 7.

By [30, Theorem 7.1|, there is a unique (up to p-equivalence) function v,: [0,7] —
My(QUOpQ; M ™) such that for every ¢ € Co(Q U IpSMpy*") the function ¢ — (v,(t), )
is p-integrable and

b)) = [ 0301 0 2utt)
for every a, b € [0,T], with a < b, such that p({a}) = pu({b}) = 0. Moreover,
lrp(®)]lr <1

for p-a.e. t €[0,7].

PROPOSITION 3.4.7. Let (o, u,e,p) be a quasistatic viscosity evolution with datum w. Then

E(a(r),e(1)) — E(a(rT),e(r1)) >0 (3.4.11)
for every 7 € S°N[0,T), and
(), e(1) + 3 [ ()10 a4 (1= ) [ H(ale) 1) )

(3.4.12)
Y (5<a<7>,e<r>>—e<a<7+>7e<f+>>)—s<ao,eo>+ / (o(t), Bu(t)) dt.

T€S°N[0,T) 0



94 3. VANISHING VISCOSITY APPROACH FOR PERFECT PLASTICITY COUPLED WITH DAMAGE

PrOOF. For every 7 € S°N[0,T) evaluating the energy balance (ev4) in (s°(7),s5.(7)) C
U° gives, since ° =0 in U°,
s9(7)
/ o, (YHLQ(2 (D). 57(5) + (1= APH(a(5),5°(5)) + 6% (0) (0™ (o), ()i, ) s
= E(a”(s2(7)), €°(s2.(7))) — E(a”(s5.(7)), €°(s3.(7))) -
(3.4.13)

By definition of quasistatic viscosity evolutions and (3.4.10), we get immediately (3.4.11). More-
over, arguing as in [30, Lemma 5.5 we deduce

/ (WH(@® (2 (1)), 5°() + (1 = AYH(a®(s).5°(5)) ) ds
2 TN? (3.4.14)
T
= [ (Wam)n ) + (= WHa0).5,(0)) duatt).

The energy balance (ev4) in (0,s° (7)) reads
(1) °(T)

E(a®(s2(T)),e°(s2(T))) + )\/OS H(a®(s2(T)),p°(s))ds + (1 — A) /08_ H(a®(s),p°(s))ds

52 (T)
+/ [a°(s)[[2¥(a®(s), e°(s); p°, ) ds = E(ao, €) + / (0°(s), Ew°(s)) ds,
(0,5° (T))NU® 0

hence we deduce (3.4.12) from (3.4.13) and (3.4.14), recalling (3.3.13) and the definition of

quasistatic viscosity evolution. O

REMARK 3.4.8. Neglecting the positive viscous terms in (3.4.12) an energy inequality can
be written in every subinterval [¢1,t2] of [0,7]. This inequality holds as an equality, also with
fd = fv, in every subinterval [t1, 2] such that [¢1,t2] N S° = @, with S° introduced in (3.3.12).



CHAPTER 4

Globally stable evolution for strain gradient plasticity coupled

with damage

Overview of the chapter

In this chapter we consider the coupling between the strain gradient plasticity model pro-
posed by Gurtin and Anand [52] and a damage model as in [78].

We prove the existence of a quasistatic evolution satisfying the conditions (qs0) %4, (qs1)¢4,
(qs2) G4 (see the Introduction). Moreover, we show the connection between the present evolu-
tion and the one whose existence is proven in Chapter 2, and we proof of a new Reshetnak-type
lower semicontinuity theorem that may be useful for perfect plasticity with damage.

The notation of this chapter is independent of that of Chapters 2 and 3. In particular, in the
last section we refer by the symbol “pp” to the energy, the plastic potential, and the admissible
configurations for perfect plasticity with damage. However, since the strong formulation is
presented in the Introduction, the label for its conditions are used also throghout the chapter.

The structure of the chapter is the following: in Section 4.1 we introduce the model starting
from the mathematical formulation of the classical Gurtin-Anand model provided in [47], we
give the definition of quasistatic evolutions, and state the existence result, which is proved in
Sections 4.2 and 4.3. The relation between strong and energetic formulation of the evolution
is studied in Section 4.4, while Section 4.5 is devoted to the asymptotic analysis for vanishing
strain gradient terms. The last part (Section 4.6) contains the proof of a new Reshetnak-type
lower semicontinuity theorem (Theorem 4.6.1) and of a result (Theorem 4.6.6), that in our
opinion is an important step toward the existence of globally stable quasistatic evolutions for
elastoplasticity coupled with damage, where the damage regularization is H'.

4.1. Quasistatic evolutions for the Gurtin-Anand model coupled with damage

In this section we introduce the weak formulation of our model, corresponding to the strong

formulation described in the Introduction, and we specify the mathematical framework adopted.

The reference configuration. The reference configuration of the elasto-plastic body con-
sidered is a bounded, open, and Lipschitz set 2 C R™, n > 2, whose boundary is decomposed
as

0 =0pQUINSQ, IpQNINQY=0, (H1.1)
0p§2 being the part of 002 where the displacement is prescribed, while traction forces are applied
on ON€). Here OpQ) and 9n€) are open (in the relative topology), with the same boundary T’

95
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such that
H"3(T) < +o00. (H1.2)

The external loading. We consider an evolution up to a time 7" > 0, driven by an
absolutely continuous loading: this is given by an imposed boundary displacement (in the sense
of trace on 9pf?)

w e AC(0,T; H' (9 R™)), (H2.1)
and by volume and surface forces (on Ony€2) with densites
feAC,T; L"(;R™)), ge AC(0,T; L"(On;R™)) . (H2.2)

For every t € [0,T] we define £(t): Wha1((;R") — R as
(L(t),u) == / f(t)-udx —|—/ g(t)-udH" .
Q ON§2

It is easily seen that L£(¢) is linear and continuous on Wl’%((l; R™).
Admissible configurations. As usual in linarized plasticity, the variables

w: [0, 7] x Q@ =R, e:[0,T]xQ— M, p:[0,T] x Q— My™,

sym

denoting the displacement and the elastic and plastic strains respectively, satisfy for every

t € [0,T] the additive strain decomposition

Eu(t) =e(t) +p(t) inQ,

— YutVuT
Eu = 5

that corresponds to small strain assumptions ( is the linearized strain). Given

w € H'(Q;R"), an admissible configuration relative to w is a triple (u, e, p) such that

ue WhET(R"), e LA(;MPT),  pe BV(Q;ME™), (4.1.1a)
Eu=e+p inQ, u=w ondpf, curlpe L%Q;MZJJZ) , (4.1.1b)

the second equality in (4.1.1b) being in the sense of traces. The set of admissible configurations

is then
A(w) := {(u,e,p): (4.1.1) hold} .
Notice that if u: @ — R" measurable, e € L2(Q;M2<"), p € BV (;ME™) satisfy (4.1.1b),

sym

then u € Wl’%(ﬁ; R™) by properties of BV functions and Korn’s inequality.

The damage variable. The damage state of the body is described by a scalar internal
variable

a: [0,T]xQ—R.
We shall see that during the evolution a(t) € H*(£;[0,1]) for every ¢ € [0,T], by the expression

of our total energy. At a given x € , as a(-,x) decreases from 1 to 0, the material point =

passes from a sound state to a fully damaged one.
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The elastic energy. In our formulation the elastic shear and bulk moduli of the body,
denoted respectively by p and k, depend on the damage state . We assume that they are
Lipschitz and nondecreasing functions defined on R and constant in R~ with

pla) >c¢>0, 2u(a)+k(a) >c forevery a € [0,1]. (H3)

This corresponds to say that the stiffness decreases as the damage grows and that an elastic
response is present even in the most damaged state. Defining for every a € R the elastic tensor
C(a) by

Cla)e :==2u(a)ep + k(a)(tr e)I, (H4)

the assumptions above imply that

C: R — Lin(Mg,,; Mg ") is Lipschitz and C(R™) = {C(0)}, (H5.1)
a > C(a)&-§  is nondecreasing for every & € MgZh | (H5.2)
NIEP < Cla) &€ < 7léf for everya € R, & € My (H5.3)
for suitable positive constants v; and . The elastic energy is
1
Qi(a,e) := 2/ Cla)e-edx. (H6)
Q

The energy stored by the dislocations. As explained in [52, Section 3|, the macroscopic
Burgers tensor curl p measures the incompatibility of the field p and it provides a measure of
the dislocation density. Following the approach of Gurtin-Anand, the energy stored by the

dislocations is given by
2

L

Quacurlp) =3 [ p(a)jeurlpl da, (H7)
Q

with L > 0 a length scale and g the shear modulus. Notice that, since p is nondecreasing, in

order to minimize p(a)|curl p|? it is convenient to damage portions of the material with high

dislocation density.

REMARK 4.1.1. Let us consider the functionals Q7 and OQy: their densities are the func-
tions (@, &) — 3C(a) ¢ ¢ and (o, &) — %Zu(a)|§|2, convex in & and continuous. Then the
Ioffe-Olach Semicontinuity Theorem (cf. [14, Theorem 2.3.1|) gives that Q; and Qy are lower
semicontinuous with respect to the strong convergence of the first variable in L!(Q) and the

weak convergence of the second variable in L?(€; M), namely for i € {1,2}

Qi(a,m) < lilggf Qi(a,mi) for every ap — a in LY(Q), m — 7 in LQ(Q;M?yfg) . (41.2)
The total energy. The total energy of a quadruple (a,u,e,p) such that o € H'(2) and
(u,e,p) € A(w) for some w is given by:

£2
E(a,e,curl p) i= Qi) + Qaa curl p) + o [Valf + D(a),

where ¢ > 0 is an internal length and

D(a) ::/Qd(a)dx, (H8.1)
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with
d: R — RTU{0} continuous and d(x) > d(0) for z < 0. (H8.2)

We include in the total energy the function D and a quadratic gradient damage term. This
choice is motivated by [88], where an analogous expression of (elastic) strain work is derived
for an isotropic material in absence of prestress, under the assumption that the strain work
depends also on Va, by an expansion up to the second order in the strain and in Va. The

term D(«) is related to the energy dissipated during the damage growth up to «.

The plastic dissipation. We now introduce a term which accounts for the energy dis-
sipated in the evolution of plasticity. Let us first define the plastic potential H for every
(o, p) € HY(Q) x BV(Q; M") as

H(a,p) ::/Q\/Sl(a)2]p|2+1252(04)2|Vp]2d:r—i—l/QSg(&)d]DSp\, (HO)

with & the precise representative of o, which is well defined at H" !-a.e. x € Q (indeed it is
the Cy-quasicontinuous representative of «), and Vp and D*p the absolutely continuous and
the singular part of Dp with respect to the Lebesgue measure £". We recall that

/Sz(&)d\Dspl =/ Sy (@) \p+—p\dH”1+/Sg(a)d|Dcp],
Q Jp Q

where J, is the jump set of p, the functions p* and p~ are the approximate upper and lower
limit of p, respectively, and D is the Cantor part of Dp (see |6, Section 3.9]). We assume for
ie{1,2}

S;: R — R bounded, Lipschitz and nondecreasing, S;(«) = S;(0) >0 for « <0. (H10)

This definition of H is a generalization of the one in [48], where Si(a) = Sa(a) = S¥ > 0.
Notice that for every o in H'(2) and p1, po in BV (Q;M}™")

H(o, p1 + p2) < H(a, p1) + H(e, p2)
and H is positively 1-homogeneous in p. Moreover, for every a in H(2) and p € BV (€; M5")
rllpllsv < H(e, p) < Rllpllsv (4.1.3)

where 7 := 51(0) A (152(0)) and R := supgr S1 V (I supr S2).

Given a: [s,t] — H' () and p: [s,t] = BV (Q;M}*") evolutions of damage and plastic
strain in a time interval [s, t], the plastic dissipation corresponding is defined as the H -variation
of p with respect to « on [s,t], namely

N
Vy (o, p;s,t) == sup{ZH(a(tj),p(tj) —p(tj—1)):s=to<ti<---<tn=t,N € N} .
j=1
(4.1.4)

We denote the variation of p on [s,t] by

N
V(p;s,t) = sup{z Ip(t;) —p(tj_1)|lpv:s=ty <t <---<ty=t,N¢€ N} :
j=1
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The safe load conditions. Besides the assumptions (H2), we require that the forces satisfy
the following strong safe load condition: for every t € [0,7] there exists o(t) € L™ (€ Mg/)
such that

—div o(t) = f(t) in

(H11.1)
o(t)yv = g(t) on Onf
and there exists ¢y > 0 such that for every A € M%X" with |A| < ¢p we have
|A+ op(t)] < S1(0) AS2(0) a.e. in Q. (H11.2)

We also assume that the functions ¢ — o(t) and t — pp(t) are absolutely continuous from
[0,T] into L*(; M%) and L*(Q; M,*") respectively. Notice that the second equality in
(H11.1) is well defined in the dual of the space of traces on Oy of Whn=1(€; R™) since o(t)
and div o(t) are in L™ for every t, and that for every (u,e,p) € A(w) the representation

formula
(L(t),u) = _<Q(t)V7w>6DQ+/Qg(t)’€d$+/QQD(t)’pd$ (4.1.5)

holds, where (-,-) denotes the pairing between H~'/2(0pQ; R™) and HY?(0p;R") (here we
use H" (') < o0).

REMARK 4.1.2. The conditions (H11) are standard assumptions in the study of evolutions
in perfect plasticity and strain gradient plasticity, when there are not null external forces (see
e.g. |28, Equations (2.17) and (2.18)| and [48, Equations (4.13) and (4.14)]). However, as
observed in [43, Remark 2.9|, it is not a trivial issue the feasibility, for a given pair (f(¢),g(t))
of loads, of finding a stress tensor o(t) satisfying (H11). The safe load conditions are important
in order to provide the following coercivity estimate for the plastic dissipation:

H(a,p) — /Q op(t) -pdz > L|lpll1 + min{l%, 152(0)}|Dplx (4.1.6)

for every ¢t € [0,7], a € H'(Q2), and p € BV (Q;M}"). This can be obtained adapting the
proof of [48, Lemma 4.3], and it is based on the fact that pp(t) belongs to the ball centered in
the origin of My with radius (S1(0) A S2(0)) — ¢o. From (4.1.6), it is immediate to deduce
that

H(ep) - [ op(t):pds = Clan.l,52(0) ooy (4.17)

Quasistatic evolutions. We are now ready to give the definition of quasistatic evolution
for the present model. We define, for given o € H*(Q) and w € H'({;R"),

Ao, w) == {(B,u,e,p): B € H(Q), < o, and (u,e,p) € A(w)}. (4.1.8)

DEFINITION 4.1.3. A quasistatic evolution for the Gurtin-Anand model coupled with damage

is a function

(0,715 ¢ (at), u(t), e(t), p(t))e H' (€ [0, 1]) x W7 (Q R™) x L2(Q; M) x BV (€; MIS™)

sym
that satisfies the following conditions:

(gs0) drreversibility : for every z €  the function [0,7] 5 t — «(t,z) is nonincreasing;
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(gsl) global stability: for every t € [0,T] we have (u(t),e(t),p(t)) € A(w(t)) and
E(a(t),e(t),curl p(t)) — (L(t),u(t)) < E(B,n,curl q) — (L(t),v) + H(B,q — p(t))

for every (8,v,n,q) € Ala(t), w(t));
(gs2) energy balance: the function ¢ — p(t) from [0,7] into BV (;M}") has bounded

variation and for every ¢ € [0, T]

E(a(t), e(t), curl p(t)) — (L(t), u(t)) + Vu(a, p; 0,1)

= &(a(0),e(0), curl p(0)) — (L£(0),u(0)) —I—/O (o(s), Ew(s))ds

t t
- / (£(s),u(s)) ds — / (L(s), i (s)) ds
0 0
where o(s) := C(a(s))e(s).

REMARK 4.1.4. We shall prove in Lemma 4.3.1 that such an evolution is measurable and
the integrals in (qs2) are well defined.

We now state the main result of the chapter, that will be proved in Sections 4.2 and 4.3.

THEOREM 4.1.5 (Existence of quasistatic evolutions). Assume (H1), (H2), (H3)—(H6),
(H8)-(H10) and (H11), and let (o, (ug,eo,po)) € H(Q;[0,1]) x A(w(0)) satisfy the stabil-

ity condition
£(a07 €o, curl pO) - <£(O)7 U[)> < 6(187 m, curl Q) - <£(O)7 /U> + H(B? q— pO)

for every (B,v,1n,q) € A(ap,w(0)). Then there exists a quasistatic evolution for the Gurtin-
Anand model coupled with damage t — (a(t),u(t),e(t),p(t)) such that a(0) = ap, u(0) = ug,

e(0) = eo, p(0) = po.
4.2. The minimization problem

This section is focused on the minimization problem employed in the construction of time
discrete approximations for a quasistatic evolution. If @ € H'(;[0,1]) and p € BV (Q; M}™)
are the current values of the damage variable and of the plastic strain, and w € H'(;R"),
fe LR, g e L"(OnQ;R™) are the updated values of the boundary displacement and of
the body and surface loads, the updated values of the internal variables o, u,e,p are obtained

by solving the problem
argmin {€(a, e, curl p) — (L, u) + H(a,p — D) : (a,u,e,p) € A(@,w)}, (4.2.1)

where
(L,u) == / f-ud:c+/ g-udH™ . (4.2.2)
Q INQ

First we show the existence of solutions to this problem and their main properties, and after-
wards a stability property of the solutions with respect to variations of the data.

The following semicontinuity theorem will be used several times in the following, for instance
to prove the existence of solutions to (4.2.1). Notice that in the case when the energy includes
a gradient damage term ||Val|3, with v > n the result follows easily from Reshetnyak’s Lower
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Semicontinuity Theorem (see Lemma 2.1.1). Instead, for the current regularization ||[Val3, the
proof relies on the specific form of H; in particular we use the fact that Dp is the gradient of
a BV function and then it vanishes on sets with dimension lower than n — 1.

THEOREM 4.2.1. The plastic potential H defined in (H9) is lower semicontinuous with
respect to the weak-H'(Q) convergence of ay and the weak* ~BV (;ME™) convergence of

P, namely

H(a,p) < lign inf H(ag, pk) (4.2.3)
— 00
for every ay — a in HY () and py Xpin BV (Q; M7™).

PROOF. Let (ay)r and (pg)r be two sequences in H'(Q) and BV (Q;M}*™) such that
ap — a in HY(Q) and py, Xpin BV (§; M™). We divide the proof into two steps, starting
from the case when the functions py are uniformly bounded, that is ||pk|lcc < M, for a suitable
M > 0.

Step 1 (px uniformly bounded). Notice that for § € H'(Q)NL*(Q2) and g € BV (;M}")N
LOO(Q;M%Xn) we have that Sq € BV(Q;M%Xn) and

D(Bq) =Dg+q@ VB  in My(QMy""), (4.2.4)

where B is the precise representative of 8. Indeed it is well-known that this formula holds
for B € C1(2); thus we can argue by approximation, considering a sequence (8;), C C1(Q)
uniformly bounded in L*(Q) such that £, — S in H'(2). Therefore the total variations
IID(Bk q)||1 are uniformly bounded and then up to a subsequence

D(Brq) = D(Bq) in My(QME™™).

Moreover, up to a further subsequence, S — 8 pointwise C-quasieverywhere (see Section 2.1),
which implies i (z) — B(z) for |Dg|-a.c. # € Q; then we recover (4.2.4) by using the fact that
g € L*(Q;M}") and the Dominated Convergence Theorem for the convergence of the right-
hand side.

We now take ¢ = pr, S = Si(ax), and recall that S; are bounded and Lipschitz maps
(cf. (H10)). Since S;(ax) — Si(a) in L?(2) and the sequences (S;(ay))x are equibounded
in L*°(Q) and in HY(Q), we get that S;(ay) — Si(a) in L"(Q) for every r € [1,+00) and
Si(ag) = Si(a) in HY(Q), for i = 1,2. In particular

Si(ak)pk — Si(a)p in Ll(Q;M%Xn) . (4.2.5)
Evaluating (4.2.4) with ¢ = p and 8 = Sa(ay) we get
D(S2(ax)pr) = S2(ak)Dpr + pr @ V(S2(a))  in My(Q; M ™)

Hence the measures D(S2(ay)px) have uniformly bounded total variations, and (4.2.5) implies
that

D(S2(o)pi) = D(S2(e)p)  in My(Q; ME<"™™) .
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On the other hand, since pp — p in LY(Q;M}™) and we are assuming the p; uniformly
bounded, then py — p in L"(Q;M}") for every r € [1,4+00) and

pr @ VSa(ag) — p® VS (a) in L'(Q; M=y
By difference (and (4.2.4) with ¢ = p and = «) we obtain that
SQ(&k)Dpk A SQ(&)DP in Mb(Q;M%ann) . (4.2.6)

In order to prove (4.2.3), we observe that by definition H is the total variation of a convex
function of a measure, defined in the sense of [49]; precisely for every 8 € H'(Q2) and ¢ €
BV (Q;M}y™")

H(B,q) = IIF((S1(B)a, S2(8)Da)) |11, (4.2.7)
where

FEA) == IE]2+ I2|A]?  for every (£,A) € M x M™™
and (S1(8)q, S2(3)Dq) € My (S M x M ™) is the product measure of Si(8)g and
S5(3)Dq. From (4.2.5) and (4.2.6) it follows that
(Sl(ak)pk, SQ(&;)DP}C) N (Sl(a)p, SQ(&)Dp) n Mb(Q;ngn X ngnxn) .

In view of (4.2.7), by Reshetnyak’s Lower Semicontinuity Theorem (cf. [6, Theorem 2.38|)

applied to the convex function f and to the measures above, we get (4.2.3).

Step 2 (General case). We now approximate the functions p; with bounded functions,
without increasing the total variation of the gradient. For every = € Q, ¢ € BV (Q;M}"),
and R > 1 we define

vr(q)(x) = wr(lg(x)])q(z)
where wr € C1(R* U {0};[0,1]) is a nonincreasing map such that
wilo) =1 for every 0 < R,
wr(e) =0 for every o > ﬁ,
wr(0) + 0*(Wr(0))* < 1 for every 9 > 0.

and E(R) is some radius bigger than R. We can take for instance

(e=R)*
1— 4(QR+1)2 for p € [R, R+ 1], .
+ —
wr(0) =\ 1= gz — sy R wfy = gr(e)  for g€ [R+ 1 (R+1)e @0,
4(R+1)%2-1
0 for p € [([R+1)e 2@ 400).

+1)2-1
The resulting function wr has a C! discontinuity at (R + 1)e” 2®+D | where gp vanishes;
however we can modify it near the corner to obtain a C' function by using a smooth cut-off
hg such that [Rg(0)] < |9 (e)| and hr(e) + ¢*(h(0))* < 1.
By construction |¢r(q)] < R a.e. in Q, and we can see that ¢r(q) € BV (;Mp") with

Der(q)| < [Dq| in My(Q; My "*"). (4.2.8)
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FIGURE 1. The cut-off function wg.

Let us prove (4.2.8) first in the case ¢ € C1(; M5*"). Here we see every matrix £ as a vector
in R”Q; then
q-Dig

lq|

Di(¢r(q);) = wr(|g)Dig; + wi(lq]) g; in Q, forevery i €[l,n],je [1,n2]

which gives

n n

ID(or()* = (nlla) PIDal + (wh(la))? S_(a- Dia) + 222 tya) Y- (a- Diay?
=1 =1

< (wr(la1))*|Dgl* + (wr(la])*lal|Dgl* < |Dg|* in €,

by the Cauchy inequality and the fact that wp is nonnegative and nondecreasing. Therefore the
inequality (4.2.8) is proved when ¢ € C*(Q; M7*™). We now show the general case: since these
measures are regular, it is sufficient to prove (4.2.8) on open sets. Given ¢ € BV (Q; M7")
and U an open subset of €, by the Anzellotti-Giaquinta Approximation Theorem (cf. [6,
Theorem 3.9]) there exists (gx)r € CL(U; M%™) such that g, — gl in BV (U; M}™) and

|IDg|l1,v = lim ||Vgi|1,v = lim / V| dz;
k—o0 k—oo Jur
by regularity of wr we get that

D(¢r(qr)) = D(pr(q)) in My(U; ME ™" (4.2.9)

as k — oo. By semicontinuity of the total variation with respect to weak® convergence the
inequality (4.2.8) is proved for open sets, and this concludes the proof of (4.2.8).

By (4.2.9) we have that ¢r(pr) = @r(p) in BV(Q;ME5") as k — oo; then from the Step 1
(recall that |@g(py)| < R ae. in Q) it follows that

H(a, pr(p)) < likminf’H(ak,ch(pk)) for every R > 1,
—00
and we want to pass to the limit as R — oo. First we prove that for every k

H(ar, pr(pr)) < Hlok, i) - (4.2.10)
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To this end it is useful to rewrite H as

H(B,q) = /Q S3(8) | (51(8)S2(8) 4,1 Dq)

where ‘(Sl (B)S2(8)"1q,1 Dq)‘ is the variation of the product measure

(S1(8)S2(8)""q,1Dg) = (S1(8)S2(8) " 'a, 1 V)L™ + (0,1D%) + (0,1 (¢" —¢7) @ vgH" [ ) -

Since by construction |¢r(q)| < |g| a.e. in Q for every ¢ € BV (Q;ME") we get by (4.2.8)
that

|(S1(8)S2(8) " ¢r(a), I D(¢r(a))] < |(S1(8)S2(8)""q,1Dq)| in My(Q)

for every 8 € H'(Q), ¢ € BV(;ME"), and R > 1. Taking 8 = aj, ¢ = p, and integrating
the positive function Sa(ay), we obtain (4.2.10).
Therefore the proof is completed if we show that

H(a,p) = lim H(a, or(p)). (4.2.11)
R—oo
The chain rule for BV functions proved in [108] gives in our case

Dyr(p) = Vor(p)Vp L™ + Vor(p) D+ (pr(p") — or(p7)) @ {7,

where p(z) is the approximate limit of p at any Lebesgue point z, and then

H(, pr(p)) =/Q\/Sl(a)Qlwzz(p)IQ+l252(a)2|V(<pR(p))l2div
+z/wp $5(@)

It is known from the theory of BV functions that p*(z), p~(z) € R for H* '-a.e. z € Q and
hence H" 1-a.e. © € 2\ J, is a Lebesgue point for p. Since wg(|z|) =1 if |z| < R, it follows
that

dD%p . N T
V@R(@dmcm'd\D p!+l/J Sa(@)|er(p*) — wr(p™)| dH" .

(4.2.12)

lim @r(p*(z)) =p(z) for H" 1 ae z€J,,
R—o00

and

lim [V@R(ﬁ) for |Dp|-a.e. z € Q\ J,.

R—o00

By (4.2.8) we have that

dDp | dD%
d[Depl| — d|Dep|

dD¢ _ _
Vor)] < Vol |[Ver@gp il <10 lon) -~ ont)] <o -0

Then we can pass to the limit in (4.2.12) using the Dominated Convergence Theorem and obtain
(4.2.11). Therefore the proof is concluded. O

Using Theorem 4.2.1, we can prove the existence of solutions to the minimization problem
(4.2.1) by applying the direct method of the Calculus of Variations.

LEMMA 4.2.2. Problem (4.2.1) admits a solution, and for every (a,u,e,p) solution of
(4.2.1) it holds that o € H'(€2;[0,1]).
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PROOF. Let
(g, ug, ek, pi) € A, w)
be a minimizing sequence for (4.2.1); by (H8.2), (H5.1), and (H10) we can assume oy €
H(Q;[0,1]) for every k. Since (0,w,Ew,0) € A(a,w) and
E(0,Ew,0) — (L,w) + H(0,p) =:C € R

we get that &(ag, e, curl pg) — (L, ug) + H(ag, pr — P) is uniformly bounded in & and

E(a, eg, curl py) —/

o(t) - e dz + H(cp i — ) — / on(t) - (pi — p) do
[9] Q

<C+ /Q op(t) -pdx — (o(t)v, w)s 0
by the representation formula (4.1.5). By definition of £ and (4.1.7) we obtain that

IV a3 + llexl3 + lleurlpgll3 + [lpx — Bllv < Ch,

and hence there exist a € H'(Q;[0,1]), e € L*(;M2%"), p € BV(Q; M5") such that up to

sym

a subsequence

ap—~a in H(Q), e —e in LM, p—p in BV(QMp™).

sym

Moreover curl p € L?(€;M?%*") and

sym

sym )

curl p, — curl p in L?(;M

Using the embedding BV (£; M7)") — L%(Q; M7*") and Korn’s inequality it follows easily
from (uy, eg, pr) € A(w) that uy are uniformly bounded in Wﬁ(ﬂ; R™): then up to a further

subsequence

up — u in Wﬁ(Q;R”)
for a suitable u such that (u,e,p) € A(w). Collecting the semicontinuity properties (4.1.2) and
(4.2.3) we get that (o, u,e,p) is a minimizer, and the proof is completed. O

In the very same way of Lemma 2.2.2, we deduce the remark below from the properties of

H.
REMARK 4.2.3. If (a,u,e,p) solves (4.2.1) then
E(aye,curlp) — (L u) < E(a, e, curlp) — (L, u) + H(a,p —p), (4.2.13)
for every (a,u,e,p) € A(a,w).

The following lemma states some differential conditions for a triple (u,e,p) such that
(o, u,e,p) satisfies (4.2.13). We shall make use of these conditions to recover the classical

formulation of the model.
LEMMA 4.2.4. Let (o, u,e,p) satisfy (4.2.13). Then

(o,1) + (L?u(a) curl p, curl ¢) — (£, v)| < H(a, q) (4.2.14)



106 4. GLOBALLY STABLE EVOLUTION FOR STRAIN GRADIENT PLASTICITY WITH DAMAGE

for every (v,n,q) € A(0), where 0 := C(a)e. Moreover

—diveo=f in 2,

(4.2.15)
ov=g on OnS2.

PROOF. Let us fix (v,n,q) € A(0). Since for every e € R
(a,u+ev,e+en,p+eq) € Ala,w),
from the remark above we have
Q1(a,e+en) + Qa(a,curl (p+2q)) + H(a,eq) > Qi(a,e) + Qa(a, curlp) for every e € R.
Then the positive homogeneity of H gives that
Q1(a,e £en) + Qa(aycurl (p £ eq)) + eH (e, £¢q) > Qi(a, e) + Qa(ar,curlp) for every e € R.

Dividing by € and passing to the limit as € — 0, we recover (4.2.14).

Choosing in (4.2.14) (v, Ev,0) for every v € C®(Q;R") with v = 0 on dpf, we get
(4.2.15). Notice that the normal trace of o on 99 is well defined in H~'/2(9Q;R™) since
o € L*(Q; M) with divergence in L2(Q;R"). O

sym

The lemma below will permit us to say that when both « and p are continuous at a given
time then all the evolution is continuous there. In contrast with Lemma 2.2.4, here it is not
useful to write wig in terms of |[a; — a2/ ; indeed we will consider the case when a sequence
of functions «; tends to a function as weakly in H'(Q), and this does not provide uniform

convergence in €.

LEMMA 4.2.5. For i = 1,2 let w; € HY(R™R"), fi € L™(;R"), ¢g; € L¥(OnQ;R"),
and let L; be defined by (4.2.2) with f = f; and g = g;. Suppose that (o, u;, e;,p;) satisfies
(4.2.13) with data w = w;, L= L;, and let

1/2
wiz = |[[Claz) — Clan)er]], + || (1laz) — plar))eurlpy ||, + [lp2 — pall
+ lp2 = p1ll1 + [ f2 = filln + 1lg2 — 91llcc,0n0 + [|[Ews — Ew 2.
Then there exists a positive constant C' depending on L, u(0), v1, v2, R, Q, ONQ such that
llea — e1ll2 + [[curl p2 — curlpi|lo < C w2,
(4.2.16)

[ug — ually, . < Clwiz + [lwa —will2) .
PROOF. Let
vi= (ug —wa) — (u1 —w1), n:=(e2—Ews)—(e1 —Ewi1), q:=p2—p1.
Since (v,7,q) € A(0), by (4.2.14) we have that

—H(a1,p2 — p1) <(Clau)er, n) + L? (o) curl py, curl (pa — p1)) — (L1, 0)
(C(az)ez, n) + L* (pu(az) curl pa, curl (py — p1)) — (L2,v) < H(oz, p2 —p1) -
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Gathering the inequalities above and using (4.1.3) we obtain that

(Ca)(es — 1), ) + L2 /Q () |curl (ps — p1)|2 da

< ([Car) = Claz)ler, n) + L? {[p(cn) — p(az)]curl pr, curl (p2 — p1)) + (L2 — L1,)
+2R|p2 — p1llBV ,
and then, by the definition of 7,

(Clag)(ea — €1),ea — e1) + L? /Q ) |curl (po — p1)|? dz
< {(C(az)(e2 — €1), Ewy — Ewq) + ([C(a1) — C(ag)er, ea — e1 + (Ewy — Ews)) (4.2.17)
+ L? () — p(aw)]eurl pr, curl (po — p1)) + (L2 — L1,v) + 2R||p2 — p1llv

Arguing as in the proof of [28, Theorem 3.8] we see that there exists a constant C depending
only on Q and dn€2 such that

(Lo — L1,0)| < C(If2 = filln + 92 — g1llscone) (lle2 — erll2 + [[Ews — Ewillz + [lp2 — pil1) -

Since
Yillea—ex]|3+L* p(0)[|curl (pa—p1) |3 < <C(a2)(€2—€1)782—61>+L2/ p(as)|eurl (po—p1) > de,
Q

we conclude the former of (4.2.16) from (4.2.17) using the Cauchy inequality. The latter estimate
is easily shown using the compatibility conditions (4.1.1b) and Korn’s Inequality. O

We now prove a stability result for the solutions of (4.2.13) with respect to the weak
convergence of the data.

THEOREM 4.2.6 (Stability of solutions to (4.2.13)). Let wy, € H'(R™;R"), Ly € (W1 (Q;R™))’,
ap € HY(Q;[0,1]), and (uk, ex,pr) € A(wy) for every k. Assume that these sequences of func-
tions converge weakly* (weakly for reflexive spaces) in their target spaces to functions wee, L,

oo, Uso;s oo, ANd Do, respectively. Then (oo, s, Poo) € A(Weo) . If, in addition,

E(ayg, e, curl pr) — (Li, u) < E(ag, ek, curl pg) — (L, Ug) + H(Qk, Pk — Pk) (4.2.18)
for every k and every (ay, Uk, ek, px) € Aok, wy), then
E (oo, €oos CUTl Poo) — (L, Uno) < E(av, €, curlp) — (L, u) + H(o, p — poo) (4.2.19)
for every (a,u,e,p) € A(Qoo, Weo) -

PROOF. The fact that (tso, €oosPoc) € A(Wso) is immediate by the definition of admissible
triple and the weak convergences assumed.
Let us now fix (a,u,e,p) € A(Qoo, Woo) and test (4.2.18) by

Qp=aNag, Up:=U~—Usx+Uy, €k =€—ex+ter, Dk =p— Poo+ Pk-
Indeed by assumption (g, ug, ek, pr) € A(ag,wy), and moreover o — « and oV ap — ao

in HY(Q), U — u in Wl’#(Q;R"), er — e in L2(Q; MM, P, — p in BV(Q;ME™).

sym
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Since for every a € H'(Q2) and every ny,nm9 € L?(£; M) we have that
Qi (a,m) — Qi m2) = 2(C(a) (1 + m2),m — 12) , (4.2.20)
Qs(ar,m1) — Qala,m2) = L (@) (m + 1), — m2) (4.2.21)
and for every «, 8 € H*(Q)
IV(a V)3 + IV(aA B3 =IVal3 + VA3,

then the inequality (4.2.18) can be rewritten, adding to both sides — Q1 (g, ex) — Qa2 (a, curl py),
thus obtaining

Vi = Qulo, ex) — Qi(ay, ex) + Qaau, curl py) — Qo (@, curl py) + D(cw)
2

l , 12 9
+ 51V o) - 5 [Val3

< HC(@R) (e = eoo + 261), € — 00) + L (@) curl (p — poo + 2p1), curl (p — poo))
+ D(ax) + H(Qk,p — Poo) — (Liytu — Uso) =: O .

Notice that for every n € L?(£2; M7X")

sym
Qi(a,n) — Q1(ak,n) = 5{[Caxr) — C(ax)]n,n)
Qs (e, m) — Q2(Gr, 1) = & ((ulaw) — (@), m) -

Moreover (z,8,§) = [C(8) — C(B A a())-€ and (,5,8) — (u(B) — p(B A a(x)))I¢]* are

measurable functions from © x R x Mgx" into R* U {0}, continuous in the variable 3 and

convex in §. Therefore the Ioffe-Olach Semicontinuity Theorem (cf. [14, Theorem 2.3.1]) implies
that

Qi(ato0; Mo0) = Qi@ 7oc) < lim inf [ Qi v, i) — Qi(Cks )|

for every i € {1,2} and 7;, — s in L2(;M7Z3"). Then it follows that

sym
5 9 e
E(oo, €nos CUrl po) — Q1 (ay en0) — Q2 (e, curl pog) — 5||Voz||2 < thllnf YV - (4.2.22)
—00

On the other hand

. 22
k_li)m 5](? = 5(0&, ¢, Curlp) - Ql(Oé, eOO) - QQ(OK, Curlpoo) - EHVQH% +7—[(a,p—poo) - <[’7 U —UOO> .
(o0}
(4.2.23)
Indeed, since @ — a in H'(Q), up to a subsequence k; we have that @y, (z) — a(x) for
ID(p — poo)|—a.e. & € Q; therefore, by the Dominated Convergence Theorem
hm %(ak]7p - pOO) - 'H(O&,p _pOO> )

J]—00

and, since the limit is independent of the subsequence, the convergence above holds for the
whole sequence. The convergence of D(ay) to D(«) follows easily from (HS8). Let us consider
the first term in d0y: the simmetry of C(f) for every § € R gives that

%(C(ak)(e — e +2¢ek),6 — eno) = %(e — €oo + 2¢p, C(ag) (e — exo)) -
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Since C(83) is bounded uniformly with respect to 8 € R and @, — a in H'(Q), by the
Dominated Convergence Theorem we get that

C(ag)(e — es) = Cla)(e — eso)  in LA(Q;MZXT)

sym

From the fact that e, — es in L2(€; M%X") we conclude that

sym

lim 2(C(ax)(e — eco + 2€x), € — eo) = Qi (a,e) — Q1 (v, ex0)

k—o00
recalling (4.2.20). In the same way we get that
Jim B (u(@) ewrl (p — poo + 2p1), curl (p — pic)) = Qa(a, curlp) — Qa(a, curl pic)
and then we conclude (4.2.23). Gathering (4.2.22) and (4.2.23) we get (4.2.19) and the proof is

completed. 0

4.3. Existence of quasistatic evolutions

This section is devoted to the proof of Theorem 4.1.5, basing on discrete time approximation.
First we construct a sequence of approximate evolutions by solving, for the k-th approximant,
k incremental problems of the type (4.2.1) which we have studied in Section 4.2; then we
show that this sequence converges in a suitable sense to a quasistatic evolution for the Gurtin-
Anand model coupled with damage. Henceforth we assume the hypotheses of Theorem 4.1.5,
in particular the stability condition on the initial datum (a,ug, eg, po)-

Before starting the proof of the existence result, we prove that the integrals in the energy
balance (qs2) of Definition 4.1.3 are well defined. This follows immediately by the following

lemma.

LEMMA 4.3.1. Let (o, u,e,p) be a quasistatic evolution and o(t) := C(a(t))e(t), according
to Definition 4.1.3. Let r € [1,00). Then the functions t — «(t) € L"(R), t — u(t) €
Wl (Q; R"), t — e(t) € L*(Q;MIx"), and t — o(t) € L*(Q; M5 are strongly continuous

except at most for a countable subset of [0,T], and

(c,u, e,p) € L0, T; HY () x W1 (Q; R™) x L2(Q; M) x BV (€ MI*™)) .

sym

PrOOF. By the irreversibility condition and Lemma 1.2.2 it follows that there exists a
countable set Fy C [0,T] such that « is continuous at every t € [0,7]\ E; with respect to the
L" norm, for every r € [1,00). The condition (gs2) gives that p € L>(0,T; BV (Q; M}*"));
then by (gsl), taking (5,v,m,q) = (0,w(t), Ew(t),0) for every ¢, we deduce that «(t), u(t),
e(t) are uniformly bounded in H'(£2), Wl’#(Q;R”), L2(; M2, respectively. Thus for
every t € [0,T]\ Ey

als) = at) in HY(Q), a(s) = a(t) in L'(Q) ass—t. (4.3.1)

Since p has bounded variation into the space BV (Q;M7"), the set Ey of its discontinuity
points is at most countable. Moreover, by the uniform bound for p(a) and C(«), (4.3.1), and
the Dominated Convergence Theorem it follows that for every t € [0,7]\ E;

C(a(s))e(t) = Cla(t))e(t), p(al(s))curlp(t) — p(a(t))curlp(t) in LQ(Q;M;‘;JL‘) as s > t.
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Then, using Lemma 4.2.5 (recall that the loading is continuous in time) we obtain that e and
u are strongly continuous in L*(Q; MZ") and Wha=T (Q:R") at every t € [0,T]\ E, with
E=FUE,.

Hence, by (4.3.1), o(s) = o(t) in L'(Q;MZ<") as s — ¢ for every t € [0,T]\ E. Since
C(w) is uniformly bounded, and then |o(s)| < Cle(s)| in ©, we deduce that this convergence
is indeed strong in LQ(Q;ngXTZL‘), applying the Dominated Convergence Theorem. Finally, «

is measurable into H'(Q2) by the former of (4.3.1) and the fact that H'(f2) is separable. This
concludes the proof. O

For every k € N we define approximate evolutions (ag, ug, eg,pr) by induction. Let us set
tf€ ::T% for ¢ =0,...,k and

(o up, €3, pR) = (o, uo, €0, po) € A(L, w(0)).
For i=1,...,k let (a};, u};, e};, p}c) be a solution to the incremental problem
argmin {&(a, e, curl p) — (L5, u) +H(a,p —pi ) : (a,u,e,p) € A(a} ,wi)}, (4.3.2)
where w! = w(t!) and L := L(t}). Notice that Lemma 4.2.2 ensures the existence of
solutions. Then we define for i =0,...,k —1 and t € [ti, tﬁjl)

ap(t) == ok, up(t) :==ul, en(t) :=ek, pr(t) =, 133
or(t) :== (C(oz?c)ei, w(t) := w,i, Lr(t) = LL, (4.3.3)

while (o (T), ex(T), up(T), pr(T)) == (af, ul, ek pk).
The proposition below gives that these piecewise constant approximants satisfy a discretized
version of the stability condition (gsl), a discretized energy inequality, and some a-priori esti-
mates. The proof follows the line of [48, Proposition 6.2|, with some modifications due to the

presence of the damage variable.

PROPOSITION 4.3.2. For every k € N the evolution (o, uy, e, pr) defined in (4.3.3) satis-
fies the following conditions:

(gs0) g for every x € Q the function t € [0,T] — ay(t,z) is nonincreasing;
(gsl)g for every t € [0,T] we have (ug(t),ex(t), pr(t)) € A(wi(t)) and

o (t), ex(t), curl py(t)) — (Li(t), ue(t)) < E(B,m, cwrl q) — (Ly(t), v) + H(B,q — pi(t))

for every (,v,1m.q) € Alow(t), we(t);
(as2) i for every t € [ti, t}’jl)

E(ag(t), er(t), curl pr(t)) — (Lr(t), ur(t)) + Vu(ak, pr; 0,t) < E(ap, eo, curl pg) — (L£(0), up)

—i—/o <Jk(8),Ew(s)>ds—/O <£(s),uk(s)>ds—/0 (Lr(s),w(s))ds + 0,

where 0, — 0 as k — 00.

Moreover there exists a positive constant C' independent of k and t € [0,T] such that

lew ()12 + llur(®)ll, 2y + ller(®)ll2 + [ eurl pr(@)]l2 + V(p; 0,8) < C. (4.3.4)
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PROOF. The condition (gs0)j holds since af < ai'. Moreover (u(t),ex(t),px(t)) €

A(wg(t)) for every t € [0,7], by definition of the approximate evolutions. By (4.3.2) and
Remark 4.2.3 we get

Elal, et curl pi) — (L4, ub) < E(B, e, curl p) — (LL,u) +H(B,p — ph)
for every k, i = .k, and (B,u,e,p) € A(al,wl), which gives (gsl).

In order to prove (qs2)k let us fix i € {1,...,k}, t € [tﬁ;l,tﬁg), U = uZ 1 wk, Ly wk,
and e := ek EwZ Ly Ew for a given integer h with 1 < h <i. Testing (4.3.2) for i = h
by (o "=l (u,e pz Y e A(a? ol wh) we get

g(akaekvcurl pk) - (EhaU@ + H(al}clupk pZ 1)
< E(oy h=1 eZ ! curl phil) + Ql(ozkfl,Ewk - Ew’kﬁffl) + <(C(ozz De Zﬁl,EwZ - Ew,};71>
— (LR up ™+ wp —wp )

th

k
— (e ewt o)+ [ (ol Bl ds - (£l

k
th

_/th1(/3(3),1“1?(3))ds—/thkl(ﬁk(s),u')(s)>ds—|-5k’h7

k k

(4.3.5)
where
O.h i= Ql(ozzfl, Ew,if — Ew’kﬁffl) — <£Z — Ezfl, wﬁ — wZ .
Iterating for 1 < h < i we deduce (qs2), with 0, = 22:1 Ok.n - Indeed, since py is piecewise
constant and continuous from the right, and «; is nonincreasing, the supremum in the definition
of Vy is attained by the subdivision (¢?), namely (cf. Lemma 1.2.1)

Vi (o, pi; 0,1) = Z’H ap,pi =P ).

Moreover, the absolute continuity of the loadlng (H2) implies that 6y — 0 as k — 0.
Let us now prove (4.3.4). By (4.1.5) we can rewrite the inequality in (4.3.5) as

o elcurl ) = [ olth)-efde — [ op(th)-plde+ (oo~}
< E(oy h=1 ez L curl pZ_l) + Ql(az_l, Ewl — sz_l) + (C(az De Z_I,sz - EwZ_1>
- /Q Q(tZ) . (6271 + Ew,@ — EwZﬁl) dx — /Q QD(tZ) 'pzfl dz.
By the absolute continuity of w and p

E(af, el curl pf) — /Q o(th) - el + Mol — ph ) — / op(th)- (o — pi~Y) da

Sg(az_l,ez ! curlph b — /Q (th ! 1d:l;—/h 1/ s)dxds
th

B /th_1<g(t2),Eu')(s)> ds + /th_1<0k(5)7Ew(S)> ds + wgn

k
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with wyp = Ql(alg_l,EwZ - EwZ_l) — 0 as k — oco. Let t € [t};,t?jl); summing up for
h=1,...,i we get

S(Qk(t),ek(t),curlpk(t))—/ (tk ep(t d:c—i—Z[ ak,pk h 1) /QD(tZ)'(pZ pZ 1)da:

th
< &(ayp, ep, curl pg) — / cegdr — / / s)dxds — / k(@(s),Ezb(s)) ds
0
i

—i—/o (ok(s), Ew(s))ds + wy

with gp(s) = Q(ti) if s e (t{;l,t{c] and wy = 22:1 wgp — 0 as k — oco. By (4.1.7) we obtain
the estimate

i
> [”H(ai’,pk P — /QQD(tZ) (p— i) dz| > Cleo, 1, S2(0))V(pr; 0, 8) -
h=1
Therefore |leg(t)]|2 is uniformly bounded in k& and ¢ by the hypoteses on Q; and the regularity
assumptions on the external loading; hence ai(t), V(pk;0,t), and curl pg(t) are bounded as
well. Finally, also ux(t) is bounded by Korn’s inequality. This concludes the proof. O

The following lemma shows (in the spirit of 28, Theorem 4.7]) that in order to prove that
an evolution satisfies Definition 4.1.3, it is sufficient to verify the irreversibility and the global

stability condition (qs0), (gsl), and (gs2) as an inequality.

LEMMA 4.33. Let (a,u,e,p): [0,7] — HY(2[0,1]) x Wha=T (;R?) x L2(Q; MIS?) x
BV (S M™) be such that the conditions (¢s0) and (gsl) of Definition 4.1.3 hold. Moreover
assume that p is a function with bounded variation from [0,T] into BV (§;Mp™) and that for
every t € [0,T]

E(a(t), e(t), curl p(t)) — (L(1),u(t)) + Vi (e, p; 0,1)

t
< E(a(0),€(0), curl p(0)) — (L£(0),u(0)) +/0 (o(s), Ew(s))ds (4.3.6)
- /O (£(s), u(s)) ds — /0 (L(5), b (s)) ds,

where o(s) := C(a(s))e(s). Then (a,u,e,p) is a quasistatic evolution for the Gurtin-Anand
model coupled with damage.

PROOF. Let us fix ¢ € [0, 7] and let us define s} := it for every k € N and i =0,1,...,k.
For given k and i we set u = u(si) — w(si) + w(s, 1) and e := e(s}) — Ew(s}) + Ew(si ');
from the fact that (a(si),u,e,p(s})) € A(a(si ), w(s} ")), the global stability condition (gs1)

implies

E(als;h), e(sy ), curlp(si)) — (Lsi ), ulsy ) <
+ Qi(a(sy), Bw(s; ") — Ew(sy)) — (o(s), Bu(s,

(s ) e(st), curl p(sy)) — (L(sy "), u)

E(a
) = Buw(si7h) + H(alsy) p(s) = plsi )
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This inequality can be rewritten as

5(04(52_1), e(sz_l),curlp(sz_l)) - <£(s§€_1),u(sz_1)> + / (Tk(s), Fw(s))ds

7

_ / " ((s), Tuls))ds — /  (Zls), is)ds +

< E(a(sh), e(si), curlp(sh)) — (L(s}), u(sh)) + Hlalsh), p(sk) = p(si7).

where for s € (s} !, st] we define

and
Ori = —Qi(a(sy), Ew(s; ") = Buw(sy)) — (L(s},) — L(s ), w(sy) — w(sy )

Since ZiH(a(s};),p(sz)—p(sgl)) < Vy(a,p;0,t), iterating the last inequality for 1 <i < k
we obtain

E(a(0),e(0), curl p(O))—<E(0)>u(0)>+/O (Uk(3)7Ew(3)>d3_/o (L(s),k(s))ds
(4.3.7)

t
- /0 (Li(s),w(s))ds + ok < E(alt), e(t), curl p(t)) — (L(t), u(t)) + Vi (o, p;0,1),

where &, = Zle 0i— 0 as k — co. Lemma 4.3.1 implies that 7y (s) — o(s) in L?(£; Mgw)
and Tg(s) = u(s) in Wl’#(Q;R”) for a.e. s € (0,t). Taking into account the continuity in
time of the external loading and using the Dominated Convergence Theorem, the inequality

(4.3.7) passes to the limit as k — oo and we deduce that

E(a(0),e(0),curl p(0)) — (L£(0),u(0)) +/0 (o(s), Ew(s))ds — /0 (L(s),u(s))ds
- /0 <[’(3)7 w(3)> ds < E(a(t), e(t)7 curl p(t)) - <£(t), u(t)> + VH(O‘7p; 0, t) :
Then the energy balance (qs2) is proved. O

In the following theorem we prove that the piecewise constant interpolants defined in (4.3.3)
converge in a suitable sense, up to subsequences, to a quasistatic evolution for the Gurtin-Anand
model coupled with damage.

THEOREM 4.3.4. In the hypoteses of Theorem 4.1.5, for every k € N let (o, uk, ek, px) be
the evolution defined in (4.3.3). Then there exist a subsequence (not relabeled) and a quasistatic
evolution (av, u, e, p) for the Gurtin-Anand model coupled with damage such that («(0),u(0),e(0),p(0)) =
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(g, uo, €0, po) and for every t € [0, T

a(t) = aft) in HY(Q), (4.3.8a)
wp(t) — u(t) in WhaT (Q;R™) (4.3.8D)
ex(t) = e(t) in L*(Q;M20) (4.3.8¢)
pr(t) — p(t) in BV (;Mp™"), (4.3.8d)
curl py,(t) — curlp(t) in L*(Q; M) . (4.3.8e)

PROOF. Since the functions ay are nonincreasing in time and ag(t,z) € [0,1], we get
that the aj are uniformly bounded in BV (0,T; L'(2)). Moreover, by the a priori estimates
(4.3.4), [Jag(t)]l12 < C for every k and t. Therefore we can apply the generalized version
of the classical Helly Theorem given in [39, Helly Theorem| to conclude that there exist a
subsequence (not relabeled) and a function «: [0,7] — H'(Q; [0, 1]) nonincreasing in time such
that ax(t) — a(t) in H(Q) for every ¢ € [0,T]. By (4.3.4) it also follows that V(p;0,7T) < C
for every k; then [28, Lemma 7.2| implies the existence of p € BV (0,T; BV (€; M}™)) such
that the convergence (4.3.8d) holds up to a subsequence. The uniform bound in L?(; M)
for the curlpy gives also that curl py(t) — curl p(t) in L*(Q; MZx").

Let us fix t € [0,7]. The a priori estimates on wu; and e imply that there exist two
functions u € Wl’%(Q; R") and € € L?(£; M), and an increasing sequence (k;); (possibly
depending on t) such that wu,(t) — U in Wl’%(Q;R") and ey, (t) — € in L?(Q;MZ<").
By Theorem 4.2.6, the global stability condition (qsl)j proved in Proposition 4.3.2 for the
approximate evolutions passes to the limit, so the quadruple («(t),u,e,p(t)) is a solution to

the minimization problem

argmin {&(53,n, curl q) — (L(t),v) +H(B,q —p(t)) : (B,v,1,9) € Ala(t),w(t))} -

In particular (u,€) minimizes the functional (u,e) — Qi («(t),e) — (L(t),u), which is strictly
convex in e, on the convex set K := {(u,e): (u,e,p(t)) € A(w(t))}. Then (u,e) is uniquely

determined, using also Korn’s inequality; if we define (u(t),e(t)) := (u,e), we obtain that
(4.3.8b) holds and that ey (t) — e(t) in L*(Q;MZX"), without passing to further subsequences.

By construction, the quadruple («,u,e,p) satisfies the conditions (qs0), (qsl) in Defini-
tion 4.1.3, and p € BV (0,T; BV(;M}")). By Lemma 4.3.3, it is enough to show the in-
equality (4.3.6) for every ¢ € [0, 7] in order to conclude that («, u, e, p) is a quasistatic evolution
for the Gurtin-Anand model coupled with damage.

Let us then fix ¢ € [0,7] and consider the discrete inequality (qs2)j in Proposition 4.3.2
given by

E(ag(t), er(t), curl pr(t)) — (Lr(t), ur(t)) + Vu(ak, pr; 0,t) < E(ap, eo, curl po) — (L£(0), up)
+ /Ot’“ (ok(s), Brir(s)) ds — /Otk</j(s),uk(s)>ds _ /Otk(ﬁk(s),u')(s»ds e

By the approximation properties already shown, the fact that Lx(t) — L(t) strongly in
(Wl’%(Q;Rn))’ , and the Dominated Convergence Theorem, the right-hand side converges
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to the right-hand side of (qs2) and
(Lr(t), ur(t)) — (L(1), u(t)) (4.3.9)

as k — oo. On the other hand, from the lower semicontinuity of H proved in Lemma 4.2.3 and
the definition of plastic dissipation (4.1.4) it follows that

Vy (e, p; 0,t) < liminf Vg (ag, px; 0,1) . (4.3.10)
k—o0
Moreover the weak lower semicontinuity of the energetic terms implies that
E(a(t),e(t),curl p(t)) < lign inf E(ay(t), ex(t), curl pg(t)) . (4.3.11)
—00

By (4.3.9), (4.3.10), and (4.3.11), we can pass to the limit in (qs2)j and deduce (4.3.6) and the
existence result. Furthermore, we obtain the convergence of the total energy and thus, again

by lower semicontinuity,

a(®)]l12 = lim [lag(t)]|12,
k—o0

Qu(a(t), e(t)) = lim Oy (ax(t), ex(?)),
Qs(a(t), curlp(1)) = lim Qa(e(t), curlpi)).
and then (4.3.8a), (4.3.8¢), (4.3.8¢), by strict convexity. This concludes the proof. O

The main existence result, Theorem 4.1.5, is now a consequence of the previous theorem.

4.4. Properties of quasistatic evolutions and classical formulation

In this section we study the connection between the energetic formulation for the Gurtin-
Anand model coupled with damage, given in Definition 4.1.3, and the strong formulation of
the model, described in the Introduction (to which we refer for the notation for the strong
formulation). We shall prove that, without any further regularity assumption with respect to
the hypotheses of Theorem 4.1.5, the classical balance equations (sfGA3) and the constraint
condition (sfGA4) are satisfied during every evolution. Moreover, under additional regularity
assumptions, also the flow rule (sfGA5) holds almost everywhere in space and time, and the
evolution of damage is governed by the Kuhn-Tucker type conditions (sfGA6). Notice the
improved regularity is required in order to differentiate the energy balance condition, while
the classical balance equations (sfGA3) and the constraint condition are obtained without any
differentiation.

In the following we assume that (o, u,e,p) is a quasistatic evolution for the Gurtin-Anand
model coupled with damage, according to Definition 4.1.3. For every ¢ € [0,7T] let K&, (¢) €
Mp™*™ be given by

KP (t) - VA = p(a(t))L?curl p(t) - curl A for every M™<"-valued function A , (4.4.1)

sym

and let o(t) := C(a(t))e(t).
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As in perfect plasticity [28], the balance equations for the Cauchy stress o easily follow
from the global stability condition (gsl), computing the corresponding Euler equation. By
Lemma 4.2.4 we get that for every ¢ € [0,T] and every (v,n,q) € A(0)

(o(t),n) + (L2u(a(t)) curl p(t), curl ¢) — (L(t),v)| < H(a(t),q), (4.4.2)
and then
—div o(t) = f(t) in Q,
o(t)v = g(t) on OnNS).

Following [48], we now characterize the plastic potential H as the supremum of certain duality
products. A similar type of characterization for the plastic potential is given also in perfect
plasticity (cf. [98, Corollary 3.8] and (2.1.23)). In view of the dependence of H on the damage
«, we have to introduce the closed space of measures that vanishes on sets with 2-capacity zero,

which was not useful in [48].
LEMMA 4.4.1. Let us define the closed linear subspace of My(Q; MpE™*™)
ME(Q; M) = {1 € My(Q5 M) u(B) =0 if Co(E) = 0},
where we recall that Co(E) is the 2-capacity of the set E, and let us set for every a € H*(Q)

Ka(@) i= {(A,B,L) € L0 ME™) x L(0; M5™") x (M7 (%M *))'

A)]” [B(2)[? ‘ N (4.4.3)
St T ESyla@)E =L e O < 5/052(04)dlu| Vu}-
Then for every a € H' () and p € BV (Q; M)
H(e,p)=  sup  ((A,B,L),(p,Vp,Dp)), (4.4.4)

(ABL)EKa ()

where ((A,B,L), (p, Vp,D*p)) = (A,p) + (B, Vp) + (L,D*p) is the duality pairing between
LY ME™) x LY M ™) x ME(Q;ME ™ ™) and its dual space.

PROOF. Let us fix « € H(Q) and consider the function
Flage,-,-): LN MIE™) x LM M ™ ™) x Mg (9 M) — [0, 400

defined by

Flos A B, L) = / VS AP + PSR de +z/ Sy(@) d[L]
Q Q
This definition is well posed because & € L®(%;L) for every L € MZ(Q; M} ™), and
H(e, p) = F(a;p, Vp,D*p)

for every p € BV (; My*").
Since F(«;-,-,-) is strongly continuous and convex we have F(a;-,+,-) = F(a;- -, )™,

* is the symbol for the Fenchel transformation. Moreover, using the fact that

&b+ G=(&,0) (& ) < Ve2lal?+82G2Ve 262 + 622 (4.4.5)

where
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for every €,8 > 0, &1, & € R, (1, (o € R™, with the equality if and only if & = C6%& and

(1 = Ce2(y for any C > 0, it is not difficult to show that F*(a;-,-,-) is the indicator function
of the set K (€2). Therefore we deduce that F(c;-, -, -) is the Fenchel transform of the indicator
of Ko(€2), that gives (4.4.4). O

We now derive the existence of three higher order stresses conjugated to p(t), Vp(t), D*p(t)
for every t, and prove that they satisfy the constitutive relations and the constraint condition

(sfGA4) in the classical formulation.

PROPOSITION 4.4.2. For every t € [0,T| there exists a triple (oP(t), KL  (t),SP(t)) €
Ka@)() such that, setting KP(t) := Ken (t) + K5, (t), it holds the following

(o(t),m)+(0”(t), ) +({KP(t), Vg) +(SP(t), D°q) = (L(t),v) for every (v,7,q) € A(0), (4.4.6)

which implies the balance equations

oP(t) = op(t) + div KP(t) in Q,

(4.4.7)
KP(t)v =0 on 082 .

PROOF. Let us fix t € [0,7]. From the inequality (4.4.2) we can deduce that the linear

functional

A(0) 3 (v,1m,9) = (a(t),m) + (L?u(a(t)) curlp(t), curl g) — (L(t), v),
depends only on ¢. Indeed, since A(0) is a linear space, if both (v1,71,¢q) and (vg, 712, q) belong
to A(0) we have (v —ve,m1 —12,0) € A(0) and then (o (t),m — n2) — (L(t),v1 —v2) = 0. We
can thus consider the linear functional
(g, Vg, D°q) := (o (t),n) + (Lp(a(t)) curl p(t), curl q) — (L(t), v) (4.4.8)
defined on the linear subspace of L(€2; M™) x LY(€; ML ™ ™) x MZ(€; M ™*™)

X ={(q,Vg,D%): (v,1,q) € A(0) for some v € W1 (4 R"), 7 € L*(Q; ML)} .

sym

By the Hahn-Banach Theorem for seminorms (see [42, Theorem 5.7]), we can extend in a
continuous way ¢ to the whole L!(€; ME*™) x L1 (Q; M5 ™*™) x MZ(Q; M ™*™) keeping the
constraint condition in (4.4.2):

(A, B, L), </ /S @OVIAR + 255 ()’ B\2dx+z/52 ) d|L| (4.4.9)

for every (A,B,L) € LY(Q;M}") x LYH(Q;ME™ ™) x MZ(Q; ML ™ ™). Since ¢ is linear
and bounded there exist o?(t) € LMY, Ki () € L®(Q;MYE™*"), and SP(t) €
(MZ(Q; M ™*™)) such that

P(A,B,L) = —(o"(t), A) — (K, (1), B) — (8°(2), L) .
Therefore, choosing (A4,B,0) and (0,0,L) in (4.4.9) we get that (oP(t),K  (¢),SP(t)) €
Ka)(€2) (recall (4.4.5) and the definition (4.4.3)). Moreover, by (4.4.8) it follows that

{o(t),n) + (L?u(a(t)) curl p(t), curlg) — (L(1),v) = (0P (t), q) — (Kfi, (), Va) — (SP(1), D*q)
(4.4.10)
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for every (v,7,q) € A(0). Hence (4.4.6) follows recalling the definition of K&, (¢).

In order to show (4.4.7) let us consider ¢ € C*°(Q; M}*") and choose (0,—¢,¢q) € A(0) in
(4.4.6). We obtain that

—(o(t),q) + (dP(t),q) + (KP(t),Vq) = 0.

Since ¢(z) € M" for every x, we can replace o(t) by op(t) and rewrite the inequality above
as

(oP(t) —op(t),q) + (KP(t),Vq) =0. (4.4.11)
The former equation in (4.4.7) follows immediately; as for the latter, it is enough to integrate
by parts, taking into account that the normal trace of KP(t) on 9Q is in H~Y/2(90Q; R™*™)
since KP(¢) € L(Q; M™*™) with divergence in L?(€; M5™) by (4.4.1), (4.4.11), and the fact
that (o (t), Kl (£), SP(t)) € Ko ) (). Hence (4.4.7) is proved and the proof is concluded. [

diss

The classical flow rule (sfGA5) and the Kuhn-Tucker condition for the evolution of the
damage can be derived by differentiating the energy balance equation (qs2); therefore some

regularity assumptions are needed both on the constitutive coefficients and on the evolution.

For instance, if a and p are absolutely continuous from [0,7] respectively into C(€2) and
BV (; M7™), then, adapting the argument of Lemma 1.2.1, we have that for every ¢ € [0, 7]

Vy(a,p,0,t) = /Ot?—[(a(s),p(s)) ds. (4.4.12)

PROPOSITION 4.4.3 (Kuhn-Tucker conditions and maximum plastic work principle). As-
sume that the elastic moduli (v, k in (H4), and the constitutive functions d, Sv, So are of
class C1. Moreover let o, u, e, p be absolutely continuous from [0,T] into C(Q) N HY(Q),
WL (R, L2(Q; MXn), BV (Q; M), respectively. Then for every t € [0,T] the func-

sym

tional C(Q)NHY(Q) > B+ E(B, e(t), curl p(t)) is differentiable at a(t) with Gateaur derivative
in the direction B € C(Q)N HY(Q) given by

(Oa€(a(t), e(t), curl p(t)), B) = $(C'(a(t) Be(t), e(t)) + & (' (a(t)) Beurl p(t), curl p(t))
+ /Qd’(a(t))ﬁdxM?/Qva(t) -Vpdz.
Moreover
(0aE(a(t),e(t),curl p(t)),8) >0 (4.4.13)
for every t € [0,T] and every B € C(Q)NHY(Q), B<0 in Q,
(0 (a(t), e(t), curl p(t)), &(t)) =0 (4.4.14)
for a.e. t € (0,T). Finally, for a.e. t € (0,T)
H(a(t), p(t) = ((0"(t), Ky (), 87(1)), (B(£), VI(t), D*p(t)))
= (0”(1), p(t)) + (Kfs (), VB(?)) + (SP(2), D*p(t)) ,
where (oP(t), K5, (t),SP(t)) € Kqo)() is given by Proposition 4.4.2.

diss

(4.4.15)
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ProOF. The differentiability of 8 +— E£(5, e(t), curl p(t)) and the expression of its derivative
follow from the regularity assumptions on the constitutive functions and on the evolution. Let
t € [0,7T] and B € C(Q) NHYQ), B < 0 in Q. For every h > 0, considering (a(t) +
hiB,u(t),e(t),p(t)) € A(a(t),w(t)) as a test pair in (gsl), we get

E(a(t) + hB,e(t),curl p(t)) — E(alt), e(t), curl p(t))

>0.
5 >0

Letting h — 0 we obtain (4.4.13).
Since the evolution is assumed to be absolutely continuous, we can differentiate with respect
to t the energy balance (qs2). Recalling (4.4.12) we get that for a.e. ¢

(D€ (a(t), e(t), curl p(t)), &(t)) + (a(t), é(t)) + L*(u(a(t)) curl p(t), curl p(t))
— (L(t),u(t)) + H(a(t), p(t)) = (o(t), Ew(t)) — (L(t),w(t)) -
It is easy to see that (u(t) —w(t),é(t) — Ew(t),p(t)) € A(0), when it exists; thus, using (4.4.6)
(cf. also (4.4.10)), the previous inequality gives that for a.e. t
0= H(a(t),p(t)) — (("(t), p(t)) + (K, (), VB(?)) + (SP(t), D*p(t)))
+ (0a€(a(t), e(t), curl p(t)), a(t)) .
Since (0P(t), K (1),SP(t)) € Ko@) (), by (4.4.4) and (4.4.13) (recall that ¢(t) <0 in Q) the

diss

equality (4.4.16) implies (4.4.14) and (4.4.15) for a.e. t. O

(4.4.16)

REMARK 4.4.4. Notice that we can interpret the equalities (4.4.14) and (4.4.15) as two
threshold criteria. Indeed, by (4.4.13) and (4.4.4), we have that &(t) minimizes the duality
product (9,&(a(t),e(t), curl p(t)), B) among every S € C(Q) N HY(Q), B <0 in Q, while the
supremum in (4.4.4) is attained on (0P (t), K, (¢),SP(¢)). In other words, (4.4.14) and (4.4.15)
may be regarded as a principle of minimal loss of elastic stiffness and a maximum plastic
work principle, respectively. The two conditions (4.4.13) and (4.4.14) are called Kuhn-Tucker

conditions.
By (4.4.15) we deduce a weak form of the flow rule, expressed by the following conditions.
COROLLARY 4.4.5. Gathering (4.4.4) and (4.4.15) we get that

(o"(t) — A, p(t)) + (Kg

diss

(t) =B, Vp(t)) >0 (4.4.17a)

)2 2|2 .
for every (A,B) € L°(;ME™) x L®(Q;ME"*™) with SJ(Ii((t,)L))Q + lQSLI%&()tLE))Q <1 ae. in
Q, and

(SP(t) — L,D*p(t)) > 0 (4.4.17D)

for every L € (ME(R: MG "))’ such that |(L, )] < 1 i, Sa(@(t)) dlul for j € MM ™).
Indeed both (4.4.4) and (4.4.15) hold if and only if

(o"(t) — A, p(t)) + (K§

diss

(t) — B, Vp(t)) + (S°(t) — L, D(t)) > 0
for every (A,B,LL) € Kq)(2).

We are now ready to prove that the classical flow rule (sfGA5) holds for a.e. (¢,x).
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PROPOSITION 4.4.6 (Flow rule). In the hypoteses of Proposition 4.4.3, let t € [0,T] such
that p(t) and Vp(t) exist and let © € Q be a Lebesque point for oP(t), KE,_ (t), p(t) and
Vp(t). Then the condition

’Up(t’x)|2 ‘Kdlss( ) )’2

Sialt,2)? T ESy(ata)? <
implies that
(p(tv JJ), Vﬁ(t, x)) = (07 0) )
while if
’O‘p(t,I‘)P ‘Kdlss( ) )’2 _
Sialt,2)? | PSyatta)f
we have
) B oP(t,x) . _ |Kpiss (t,z)|
P =X gy VD = A pg o 2
with

= /Si(a(t, 2))2[p(t, )| + 2Sa(alt,x))2[Vi(t, ).

PROOF. Let us fix ¢t and z satisfying the assumption in the statement, and let us define
the convex set

Ciz =1 (Fo,Go) € MP"™ x M= ol + Col* <1ly.
’ ’ Si(a(t,2))?  2S(a(t, z))? ~

(aft, z))
By assumption (o?(t,x), K (¢, z)) € Ct . Given (Fy, Go) € Cyp we set
2((t, 2))

_ (51t 2)) (t, z)

(F66) = (Fglar T} S Sato)

Since a(t) € C(Q) we get (F,G) € C(Q; ML) xC(Q; M} "*™); by construction (F(x),G(z)) =
b

(Fo,Gy) and |(F((Z)|2))2 + 1252(35(35'1))2 <1 in Q. We now fix 7 > 0 and test (4.4.17a)

> for every z € Q).

P(t) + F K () + G)  inBr(2)

(Ar, Gy) = 3(0
(oP(t), Kl (1)) outside B, (x)

which is an admissible test function by convexity of the constraint set. Hence we obtain that

for every r >0

. ) P oy .
n [/Br(x)(ap(t)—F)~p(t)d:z+/BT(m)(Kdlss() G)-Vp(t)dz| > 0.

As r — 0 we get (recall that z is a Lebesgue point for the functions involved)
(Fo —oP(t,x)) - p(t,x) + (Go — Kl (t,2)) - Vp(t,z) < 0.

Since (Fp,Go) is arbitrary in Cy, it follows that (p(t,x), Vp(t,x)) is in the normal cone to
Ciaz at (oP(t, ), KY, (t,2)) and this proves the result. O
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4.5. Asymptotic analysis for vanishing strain gradient effects

In this section we study the relation between the Gurtin-Anand model coupled with damage
and the coupled elastoplastic damage model proposed in [23] and presented in Chapter 2.

In [48] it is proven that quasistatic evolutions for the Gurtin-Anand model converge in a
suitable sense, as the strain gradient terms vanish, to evolutions for perfectly plastic bodies in
the formulation of [28]. Then we expect, when [, L tend to zero, the convergence of quasistatic
evolutions in Definition 4.1.3 to evolutions for perfectly plastic bodies with damage studied
in Chapter 2. Indeed the latter model corresponds, when the damage is constant in time, to
the perfect plasticity model for heterogeneous materials in [98|. However, while the classical
Gurtin-Anand formulation reduces to von Mises perfect plasticity model by setting [ and L
equal to zero (recall that [ is related to the thickness of the plastic shear bands and L to
the energy stored by the geometrically necessary dislocations), in the presence of damage the
models have two different gradient damage regularizations, because in Chapter 2 and Chapter 3
the space continuity of « is needed. Thus we start from a coupled gradient plasticity-damage
model with a regularizing term ||[Val||3, v > n, instead of ||[Va||3. Moreover, in the model in
Chapter 2 there is a term related to a fatigue phenomenon, which depends on a parameter .
For simplicity, we do not consider here the fatigue and thus we take A = 0.

For technical reasons (see Remark 4.5.2) we also require that the only loading is the dis-
placement field w applied to the whole of 0.

Under this assumptions, Theorem 4.5.1 shows that evolutions for the Gurtin-Anand model
coupled with damage converge weakly for every time to evolutions in Chapter 2.

For [, — 0 and Li — 0, let

Ex(Bom,curl g) = Qu(Bm) + 4 /Q p(B)leurl g2 dz + |[VBIT + D(B)

Hel8o)i= [ /51610 + 22(8VaP da+ 1 [ Sa(F)aD

be the total energy and the plastic dissipation of the Gurtin-Anand model coupled with damage
for the length scales | =1, L = Ly, £ = /2. Moreover let

t s (ag(t), u(t), en(t), pr(t)) € W (Q; [0, 1])><W1»%(Q;R”)xL%Q;M“X”)xBV(Q;MgX”)

sym

be a corresponding quasistatic evolution with the prescribed displacement w. Namely the
following conditions hold:

(gs0) drreversibility : for every = € Q the function [0,7] 5 t — ay(t,x) is nonincreasing;
(gsl) global stability: for every t € [0,T] we have (ug(t),er(t),pr(t)) € A(w(t)) and

Er(ar(t), exr(t), curl pi(t)) < Ex(B,n, curl q) + Hi(B,q — pr(t))

for every (8,v,m,q) € A(a(t),w(t));
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(gs2) energy balance: the function t — pg(t) from [0,T] into BV (Q;M7}*™) has bounded

variation and for every t € [0, T]

Er(au(t), ex(t), curl pg(t)) + Vay, (ok, pi; 0, 1)

— £4(ar(0), ex(0), curl pi(0)) + /0 (0% (5), Buv(s)) ds,

where oy (s) := C(ax(s))ex(s).
We now recall the notion of globally stable evolution for the coupled elastoplastic-damage
model considered in Chapter 2, when the parameter A therein is zero.
The class of admissible configurations for a given boundary datum w € H'(£2;R") in perfect
plasticity is the set
App(w) := {(u,e,p) € BD(Q) x L*(Q; M) x My(Q; M*"):

o ) (4.5.1)
Eu=e+pinQ p=(w—u)OvH" " on dN},

and we define in analogy to (4.1.8)
App(er,w) = {(B,u,,p): € WI(Q), B < a, and (u,e,p) € App(w)} .

Here
BD(Q) := {u € L' (% R™): Eu € M,(Q; ML)},
endowed with the norm
lullap = llully + [[Eul1,
is the Banach space of functions with bounded deformation on £2; for its general properties

¢

we refer to [103]. Notice that we use the subscripts “pp” (perfect plasticity with damage)
to distinguish objects with analogous meaning in the two models, and that the term w — u
appearing in the definition of A, is intended in the sense of traces on 0f2.

For every 8 € C(2) and q € M,(Q; M") we set

Hyp(B,9) = /Q $1(8)dlal, (15.2)

in analogy to H. Here we adopt a multiplicative formulation for the constraint sets (indeed we
are in von Mises setting). The plastic dissipation Vi, (53, ¢q) is defined in the same way of Vs,
starting from Hp;,, and the total energy is

Epp(B:m) == Qu(B,n) + D(B) + IVBI3,

with Q; and D as in (H6) and (HS8.1).
A quasistatic evolution for the coupled perfect plasticity-damage model is a function

[0,7] 5t — (at), ut), e(t), p(t)) € WE(€; [0, 1) x BD() x L2(€2; M) x My, (0 MIL™)

sym
satisfying the following conditions:

(gs0) pp trreversibility : for every x € Q the function [0,7] 3 ¢ — «(t, ) is nonincreasing;
(asl)pp global stability: for every t € [0,T] we have (u(t),e(t),p(t)) € App(w(t)) and

Eppla(t),e(t)) < Ep(B,n) + Hpp(B,q — p(t))
for every (8,v,n,q) € App(a(t), w(?));
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(as2)pp energy balance: the function ¢ — p(t) from [0,T] into My(Q;M7") has bounded
variation and for every t € [0, T]

Epplaf(t),e(t)) + Vpr(a,p; 0,t) = Ep(a(0),e(0)) + /0 (o(s),Ew(s))ds,

where a(s) := C(a(s))e(s).
Assuming 2 Lipschitz and (H2.1), (H3), (H5), (H8.2), and (H10), it is proven in Theorem 2.3.3
that for every initial data (o, uo, eo,po) € App(1,w(0)) such that

5pp(a0> 60) S gpp(/ga 7]) + pr(67q _pO)

for every (5,v,7,q) € App(ag, w(0)), there exists a quasistatic evolution for the coupled perfect
plasticity-damage model (a,u, e, p) such that (a(0),u(0),e(0),p(0)) = (ao,uo, €0, Po)-
Now we consider the limit as k — oo, assuming for the initial conditions that

ar(0) = ag in WH(Q), ug(0) = uy  in BD(Q),
. - (4.5.3a)
ex(0) = eo in L(; M), pr(0) = po in My(Q; ME")
for suitable «g, eg, ug, po, and
Ek(ak(0), ex(0), curl pr(0)) = Epp(o, €0) - (4.5.3b)

Under this assumption, we can prove the convergence result below.

THEOREM 4.5.1. Let Q@ C R™ be open, bounded, and Lipschitz; if n > 3, let Q be also
star-shaped. Assume OpQ = 092, (H2.1), (H3), (H5), (H8.2), and (H10). Moreover, for I, — 0
and Ly — 0, let (o, uk, ek, pr) be a quasistatic evolution for the Gurtin-Anand model coupled
with damage associated with I, and Ly such that the conditions (4.5.3) hold. Then there exists
a quasistatic evolution for the perfect plasticity model coupled with damage (o, u,e,p) with

a(0) = ag, u(0) =wug, e(0) =ep, p(0) = po such that, up to a subsequence,

ar(t) — alt) in W (Q), (4.5.4a)
up(t) = u(t) in BD(Q), (4.5.4b)
ex(t) = e(t) in L*( Mg, (4.5.4c)

(t) )

(t)
Sop(t) in My(Q; My<™) (4.5.4d

for every t € [0,T7].

REMARK 4.5.2. An important difference with respect to the analysis in [48] relies on the
fact that we cannot still characterize the global stability in the limit evolution by the equilibrium
conditions for the Cauchy stress and the plastic constraint (see |28, Theorem 3.6]). This calls
for the approximation in a strong sense of admissible triples for perfect plasticity with ones that
are admissible for the Gurtin-Anand model. We show this relaxation result in the lemmas below
both in the case of dimension two, and in dimension three under the additional assumption that
the domain is star shaped. Actually, in the paper [82], M.G. Mora proves the approximation
property for every Lipschitz domain; then Theorem 4.5.1 can be proved for this domains.
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LEMMA 4.5.3 (Approximation, n > 3). Let Q@ C R™, n > 3, be open, bounded, star-shaped
and Lipschitz. Then for every (u,e,p) € App(0) there exists a sequence of triples (uy, ek, pr) €
A(0) such that

up —u in L'(Q;R™), ex — e in L2(Q;M2X™), P> p in My(Q;ME™) .

sym

Proor. Without loss of generality we can assume that {2 is star-shaped with respect to 0.
For an open set 2 such that  C Q let us define

R U in N e in R P in Q
ui= e:= =

~ ? ~ ) p ~ — )
0 in 2\ Q 0 in 2\ Q 0 in Q\Q
For k large enough we set
I - 1\—-1 1 ~ o 1 R
Up(z) =1+ ) u((Q+p)z), ewl@):=e((1+4)z) forevery z € .—Q+B% ,

and
pp = Eup — €, in Q.
Then it is not difficult to see that

up(z) =0 for every x € O\ [(1 + %)—19] 7

Pk|(0€2) =0, (4.5.5)
and that, taking the restriction of 7y, €, Pr to Q, we have
U — u in Ll(Q;]R”), er — e in LQ(Q; M;‘;,,’;) , Pk > p in My (9 M) .

Moreover, if we regularize by convolution for every k with the sequence of mollifiers (01 )nsp>k
— h
we get (taking the restrictions to €2) a sequence of functions

(W, ex, D) € A(0) NC® (R x MZST x M)

sym
such that

ap — Uy in LY(R™), e — e, in LAQ;MZM) . S pr in My(Q;ME™)

sym

as h — oo. Indeed, by (4.5.5) it is enough to show that ﬁz 5 pr in My(Q; M), and
this holds again by (4.5.5) since the regularization by convolution of a measure entails strict
convergence on open subsets whose boundaries are not charged by the measure itself (see |6,
Theorem 2.2).

By a diagonal argument we obtain (ug,eg,pr) as (aZ’“,é\Z’“,ﬁZ’“) with h = hy sufficiently
large. O

We now show the relaxation property for perfect plasticity triples in a bidimensional domain.
The construction of the approximants is similar to the one made in [43, Theorem 6.2, Step 1].

LEMMA 4.5.4 (Approximation, n = 2). Let 2 C R? be open, bounded, and Lipschitz. Then
for every (u,e,p) € App(0) there exists a sequence of triples (uy, ek, px) € A(0) such that

up —u in L'(Q;R™), ex — e in L*(Q;M2X™), P> p i My(Q;ME™) .

sym



4.5. ASYMPTOTIC ANALYSIS FOR VANISHING STRAIN GRADIENT EFFECTS 125

PROOF. Let us define
R U in 2 e in D in Q
u:= ) e:= ) p= =
0 inR%2\Q 0 inR%\Q 0 inR%\Q
Since (u,e,p) € App(0), we get that
Ei=¢+p inR2.

Let {Qu, (xk, k) }rer be a finite covering of 02 made of open cubes with centers zj, € 02, side
2ry,, with 7, > 0, and a face orthogonal to v € R? such that QN Q,, (wk,7%) is a Lipschitz
subgraph in the direction vy. Let {¢k}rer be an associated partition of unity of 9€2. Then

U= ot + (1—2@) u,

kel kel

and the last term has a support compactly contained in 2. Set

er = ¢re+Vor ©0u and pp = D, (4.5.6)
so that e, € L*(R?;M2x2) (indeed 4 € BD(R?) C L*(R%R?)) and py, € M,(R%; MH?) with

E(¢ptl) = €+ pr  in R%.

For h € N so large that the support of the functions ggk(x) = ¢ (a:—i— %’“) is compactly
contained in Q,, (x, i) for every k € I, let us define

Wi,h (%) = P (w + %) u (rc + %) ;
we also define ey, p,, py i following (4.5.6). Set

wim St (1-Ta )i oYt (1-Ta)e- T vaon

kel kel kel kel kel

Ph= Y Prnt (1 - Z¢k> p

kel kel
Notice that
(un, e, pn) € BD(R?) x L*(R*; M2)2) x My(R* M)
with
Fup =ep+pp in R2,
and that wuy, e, pp vanish outside a compact subset of €2. This last condition and fact that

we have only used local translations imply that restricting to

up —u in L*(R?), e —e in LA(QME2), py>p in My(Q;ME?).

sym

Moreover, if we regularize (up,ep,pp) by convolution with a sequence of mollifiers (01 ), we
get for m sufficiently large that

(i, e, pi) € O (4 R? x Mg x M) N A(0),

sym
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using again that up, ep, pp have compact support in 2. Recalling that the regularization by
convolution of a measure entails strict convergence on open subsets whose boundaries are not

charged by the measure itself, and that py = 0 on 92, we have

uf — up  in L2(Q;R?), e — e, in L2(;M22), pi* 5 py in My (Q; MQDXQ) ,

sym

and then we conclude by a diagonal argument. ([l
We are now ready to prove Theorem 4.5.1.
PROOF OF THEOREM 4.5.1. The proof is divided into two steps.

Step 1: Compactness and global stability. By definition of H; we have that for every
BeW(Q), g€ BV(Q;M}™"), and k € N

and then

Vi, (g, p; 0,1) > S1(0)Vi(px; 0, )
with Vi (py;0,t) the variation of pj, with respect to L'(;ME*") in (0,¢). Then, by (4.5.3),
the fact that Q7 is quadratic, and Korn’s inequality, we get that there exists a constant C'
independent of k£ and ¢ such that

lok ()15 + llue ()l D + llex()ll2 + Vi(pr; 0,8) < C. (4.5.7)

Let 2 be a smooth open set such that Q C ﬁ, and let us define for every k and t the functions

(1) € WHasT (R, 8,(t) € LX(Q; M25), and Pi(t) € BV (Q;ME") as

T S 1P N TOFER S
w(t) nQ\Q Ew(t) inQ\Q 0 in 2\ Q
The aj, are nonincreasing in time and ay(t, z) € [0, 1] with [|ag(t)]]1,y < C and the functions py
from [0,7] to L*(€; M',™) have uniformly bounded variations; therefore, taking into account
(4.5.3) we get the existence of two functions a: [0,7] — W17(£;]0,1]) nonincreasing in time
and p: [0,T] — Mb(ﬁ;M%X”) with bounded variation such that up to a subsequence (not
relabeled)
ap(t) = a(t) in WY(Q),  Dr(t) 2pt) in My(Q;ME™)

for every t € [0,T]. Notice that we have applied [28, Theorem 7.2] considering M;(%; M7*")
as a subspace of L!({; MX™).

Let us fix t € [0,T]. By the a priori estimate (4.5.7) we deduce that there exist an increasing
sequence (k;); (that could depend on t) and two functions u € BD() and ¢ € L%(Q; M)
such that

Uy, >0 inBD(Q), &, —¢ in L*(QMLD).

As in [48, Lemma 9.1] (that holds in our assumptions on 2), we obtain that

(4.5.8)
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and
(av é\ap(t)) S App(w(t)) ’
where p(t) denotes the restriction of p(t) to Q and we have not relabeled the restrictions of ,

€ to 2. We claim that the quadruple (a(t),u, e, p(t)) satisfies the stability condition (gsl)pp,
namely

Epp(a(t), @) < Epp(B,m) + Hpp(6, ¢ — p(1)) (4.5.9)

for every (8, (v,n,q)) € App(a(t),w(t)). Then, since (u,e) minimizes the functional (v,n) —
Epp(B,1m) on the convex set {(v,e): (v,e,p(t)) € App(w(t))}, we have that (u,e) = (u(t),e(t))
and

up(t) = w(t) in BD(Q), ex(t) = e(t) in L*(Q;M%X"), (4.5.10a)

sym

for the whole subsequence. We have already shown that
ap(t) = a(t) in WH(Q),  pp(t) > p(t) in My(Q;ME"). (4.5.10b)

Let us now prove the claim (4.5.9); since we work with a given ¢, we can neglect the dependence

on j in (4.5.8). By assumption, for every k we have the stability condition:
Ex(ak(t), ex(t), curl pr(t)) < E(B8,m, curl q) + Hy (8,9 — pk(t)) (4.5.11)

for every (8,v,7,q) € Alar(t), wa(t)).
Let us fix (8, v0,1M0,90) € A(a(t),0), and test (4.5.11) by

(Qks Ok, s Qi) = (BN (1), un(t) + vo, ex(t) +no, p(t) + qo) € Ak (t), wi(t)) -
Arguing as in Theorem 4.2.6 we deduce that
Ve := Qulax(t), ex(t)) — Quak, ex(t)) + D(a(t)) + [[V(BV ar ()3 — VS]]
< $(C(@x) (o + 2ex(t)), mo) + %%W(ak) curl (qo + 2px(t)), curl qo) + D(a) (4.5.12)

- Hop (@ 0) + Lt /Q S5(Gx) d[Dago| =: G

To get the above inequality we have also used that
I

2 Jo

and that for every a € W7(Q) and p € BV (; M)

((an(t)) — u(@r))| curl pp(t)* dz > 0

Hi(cp) < Hyp(cvsp) + Iy /Q Sa(a)d|Dp]

By (4.5.3) and the energy balance for (ay, ug, ex, pr) we get

L2
2 [ ntore)lent p(o)P s < €

for C' independent of k; by the Holder inequality and the monotonicity of wu it follows that

N[

1
L3 {p(ay,) curl pg(t), curl go) < Ly, </Q L2 (o (1)) curl pg(t))? dx) ? </Q (@) curl go|? dm)
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Thus, letting £ — 0 in (4.5.12) we obtain as in Theorem 4.2.6 the inequality
Eppla(t),€) — Qi(B,2) — VBT < 5(C(B)(no + 2€),m0) + D(B) + Hpp(Brq0) . (4.5.13)

Let us consider a triple (v,7n,q) € App(w(t)); then (v —u,n —e,q — p(t)) € Ayp(0). By
Lemmas 4.5.3 and 4.5.4 there exist triples (vg, 7k, qx) € A(0) such that

v = v—1a in LY R™), m —n—¢€ in L2(Q;MZX),

sym

ar ¢ —p(t) in My(ME").
In particular Reshetnyak’s Continuity Theorem (cf. |6, Theorem 2.39]) implies that

pr(/Bv Q) — pr(ﬂ’q —p(t)).

Therefore, considering (v, Nk, qx) in place of (vo,no,qo) in (4.5.13) and taking the limit of the
right-hand side as k — oo we deduce (4.5.9).

Step 2: Energy balance. From (4.5.10b) it follows that
Vi (@, p;0,T) < liminf Vyy, (g, pi; 0, T) - (4.5.14)

Indeed, for every By — B8 in W17 (Q2) and (g)r, C BV (Q; M}") with gy, Xogin My(Q; ML),
it holds

Hpp(B,q) < liminf/Sl(ﬁk)dQH =1iminf/ S1(Br())lgr(x)| dz < lim inf Hi(Br, qr) ,
k—o0 Q k—o0 Q k—o00

and then we get (4.5.14) by the definition of V3, and Vi, . By lower semicontinuity and the
fact that Qa(ay(t), curl pg(t)) is nonnegative it follows that

Epplaf(t),e(t)) < likrrig;f Er(ay(t), ex(t), curl pi(t)) . (4.5.15)

Collecting (4.5.3), (4.5.14), and (4.5.15) we deduce that

T
Eop (T, e(T)) + Vi, (@, 030, T) < Epp((0), €(0)) +/0 (0(s), Enr(s)) ds .

From the stability condition (qsl)pp, with arguments similar to those in Lemma 4.3.3 (cf. |28,
Theorem 4.7]), we can prove that the opposite energy imbalance holds and then (a,u,e,p) is
a quasistatic evolution for the coupled perfect plasticity-damage model. By (4.5.3), (4.5.14),
(4.5.15), and the energy balance (evaluated in [0,¢]) it follows that for every t € [0, 7]

Epp(a(t), e(t)) = lim E(ar(t), ex(t), curl pi(t)),
which implies
Qu(ak(t), er(t)) = Qula(t)e(t)), [IVar(®)lly = [Va(t)ll,, Q5(ax(t),curl pi(t)) — 0,

and then (4.5.4a) and (4.5.4c). This concludes the proof. O
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4.6. A further lower semicontinuity theorem of Reshetnyak-type

In the asymptotic analysis for vanishing strain gradient effects, performed in the previous
section, we started from a coupled gradient plasticity-damage model with a regularizing term
IVal|ly, v > n, instead of ||[Val3. This choice is motivated since in the model in Chapter 2
the space continuity of the damage variable « is needed. In particular, in that model of perfect
plasticity with damage, the difficulty is to generalize Lemma 2.1.1 in order to get the lower
semicontinuity (2.1.19) even when the sequences of damage variables and platic strains oy and
pi are, respectively, in H*(£;[0,1]) and in TI(Q2) (introduced in (2.1.4)), and such that oy, — «
in H'(Q) and py = p in M(QU IpQ; ML),

Employing such a generalization it would be possible to prove the existence of globally stable
quasistatic evolutions for a model similar to the one in Chapter 2, where the only difference is the
use of the weaker H'!-regularization for the damage variable (instead of the W17 regularization,
v > n), as done for the model of Gurtin-Anand plasticity coupled with damage. Indeed, also
in this chapter, the crucial point in order to consider the H!'-regularization for the damage
variable is Theorem 4.2.1.

The present section is devoted to the proofs of a new Reshetnak-type lower semicontinuity
theorem (Theorem 4.6.1) and of a result (Theorem 4.6.6), that in our opinion is an important
step toward the existence of globally stable quasistatic evolutions for elastoplasticity coupled
with damage, where the damage regularization is H'. Indeed, by Theorem 4.6.6, we get the
semicontinuity of the plastic potential of Chapter 2 (see (2.1.13) and (4.5.2)), in the case when
the damage variables aj, converge weakly in H'(€2), the elastic strains 7, converge strongly in
LQ(Q;MQJ”Q‘), and the displacements vy (such that (vg,nk,qx) € App(w) for a certain w, see
(4.5.1)) converge weakly* in BD(2).

In the proof of existence of globally stable evolutions for perfect plasticity with damage,
the lower semicontinuity of the plastic potential applies to sequences (o, (vg, Nk, k) such that
Nk is bounded in LQ(Q;M?anIZ). Then, being C(a) equicoercive with respect to a € [0,1],
the strong convergence for n would follow for instance by an uniform bound for the stresses
o = Clag)n, in Hy, (Q;M2X"). Actually, this stress regularity is reasonable, since it holds in
the framework of perfect plasticity, without damage. (See the paper by Demyanov [38], and
also e.g. [10].) With such a priori bound on the stresses, we would able to employ the lower
semicontinuity theorem and to show the existence of quasistatic evolutions.

We first prove our Reshetnak-type lower semicontinuity theorem, that is in some sense a
BD version of Theorem 4.2.1, obtained in a BV setting (see Remark 4.6.2).

Let © be an open, bounded, connected, and Lipschitz subset of R™, n > 2. We define the

functional H: H'(€;[0,1]) x BD(Q) — R* U {0} as

~

F(a,v) = /Q V(@) d[Ev] (4.6.1)

where (as usual in this thesis) |-| denotes the Euclidean norm (or Frobenius norm) of a ma-
trix, V': [0,1] — [m, M] is continuous and nondecreasing with m positive, and & is the Cs-
quasicontinuous representative of . Notice that the definition of H is well posed, since « is
defined at H" '-a.e. z € Q and the measure Ev does not charge sets of dimension less than
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n — 1. (See also the comments to the definition (H9) at page 98.) The main result of this
section is the following.

THEOREM 4.6.1. The functional H defined in (4.6.1) is lower semicontinuous with respect
to the weak-H' () convergence of oy, and the weak* ~-BD(Q) convergence of vy, namely

H (v, v) < liminf H (o, vg) (4.6.2)
k—o0
for every oy, — o in H'(Q) and vy, = v in BD(Q).
The remark below concerns the relation between Theorem 4.6.1 and Theorem 4.2.1.

REMARK 4.6.2. If in definition (H9) at page 98 the function S; is null, then
H(a, p) = 5/ Sy(@) d|Dp|, for o € H'(Q) and p € BV (Q;ME™).
Q

Arguing as in Theorem 4.2.1, one proves easily the lower semicontinuity of the (analogous)
functional
H'(@300,1) x BV(R") 5 (a,p) > [ V(@) Dy, (4.63)
Q

with respect to the weak- H*()) convergence of oy and the weak*—BV (Q;R") convergence
of pj. The functional in (4.6.3) is reminiscent of #, since one considers the Frobenius norm
either of the total gradient (in (4.6.3)) or of the symmetric gradient (in (4.6.1)). However, the
semicontinuity property is obtained with very different techniques. Indeed, in a BD framework
it is not possible to use the truncation argument of Theorem 4.2.1. The proof of Theorem 4.6.1

is based instead on a slicing argument.

We give now some notation and recall some preliminary results about slicing. For more
details, we refer the reader to [5]. For every £ € S" ! := {z € R": |z| = 1} and for every set
B C R™, we define

¢ :={2€R": z-£=0} and Bg::{tER:y—i—tﬁEB} for every y € TI¢ .

For any scalar function «:: {2 — R and any vector function v: 2 — R™ their slices ai: Qg —-R
and 05: Q% — R are defined by

05(t) = aly+ 1) and = v(y+10)-€,
respectively. If vy, is a sequence in L' (€; R") and v € LY(Q; R") such that vy, — v in L}(Q;R"),

then for every & € S*~! there exists a subsequence vk, such that

(17;;])5 — ﬁg in LI(QS) for H" t-ae. y € ¢, (4.6.4)

by Fubini Theorem. Let u, be a bounded measure in QS for every y € II¢, such that for every
Borel set B C Q2 the map y — uy(Bg) is Borel measurable and H"!-integrable on II¢. Then
the set function

A(B) = / ,uy(Bg) dH"(y) for all B C Q Borel (4.6.5)
G

is a measure, and we write

A= / py dH" 1 (y)  in My(Q).
11¢
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It can be seen that its total variation |A| is given by
A= [ ) in M), (1.6.6)
A function v € L*(Q;R") belongs to BD(Q) if and only if for every direction ¢ € S*~*
5 € BV(Q5) for H" '-ae. y €TI°  and /Hg IDTS|(Q5) dH™ ! (y) < +o0.
Moreover, if v € BD(Q) then for every & € S"! it holds that
Evé- € = /m DS dH" (y)  in My(9Q).
In particular, by (4.6.6), we have that
|EvE- €| = /m DT AH" " (y)  in My(R). (4.6.7)
Let B3 € L'(Q), and q € [1,00). Then B € W4(Q) if and only if for every & € S*~!

,85 € Wl’q(Qg) for H" t-ae. y € II*  and / (/ ]VBg(t)]q dt) dH" ! (y) < 400,
2

11é

and if B € W19(Q) then for every ¢ € S"~! it holds that

Jws-r= [ ([ wssora)orp. (1.6

Moreover, @5 = Vﬁg for H" l-ae. y € II¢, and Bf, (the slice of the Cj-quasicontinuous
representative of ) is the continuous representative in the equivalence class of ﬁg for any
y € TI¢ such that 85 € Wh1(Q5).

The proof of Theorem 4.6.1 employs some techniques developed for the proof of |35, The-
orem 4.1]. In particular, we will use the following facts, that correspond to Proposition 2.1,
Remark 2.2, and Lemma 2.3 in [35] (see therein for the proof of Proposition 4.6.3 and [12,
Lemma 15.2] for the proof of Lemma 4.6.4).

PROPOSITION 4.6.3. For every A € M2X" we have

sym
n 1/2
|Al = sup (Z |Ag- 5Z|2> ,
£l..6m \G—1
where the supremum is taken over all orthonormal bases €', ..., " of R™, or equivalently over

the columns of all rotations R € O(n).
We recall also the following localization lemma.

LEMMA 4.6.4. Let A be a function defined on the family of open subsets of 0, which is
superadditive on open sets with disjoint compact closure. Let X be a positive measure on €,
and let @;, j € N, be nonnegative Borel functions such that

| ear<am
K
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for every open set A C 2, for every compact set K C A, and for every j € N. Then
T
/ sup ; dA = sup { Z/ wjdA: (K;)i_; disjoint compact subsets of K,r € N} < A(A)
K j 1 JK;
J=17""

for every open set A C Q2 and for every compact set K C A.

Let us consider the following functionals, defined for every direction ¢ € S*~!: for every
a € HY(Q;]0,1]), v € BD(Q), and A C Q open,

Fe(aw, A) ::/AV(a)cuEvg-g|dx:/HE (/Ag V@§ADE) dH (). (469)

Notice that the second equality in the formula above follows from (4.6.7).
We first prove the lower semicontinuity of these functionals, and then we deduce Theo-
rem 4.6.1 using Proposition 4.6.3 and Lemma 4.6.4.

PROPOSITION 4.6.5. Let £ € S"™! and let ay, o € HY(2;]0,1]), vg, v € BD(S) such that
o — o in HY(Q) and v, = v in BD(Q). Then

Fe(a,v,A) < lign inf Fe (o, vi, A) (4.6.10)
—00
for every open set A C ).

PROOF. Let £ € S 1, A C Q open, ap — a in H'(Q) and v, = v in BD(Q), and let
us fix € > 0. By (4.6.4), up to extract a subsequence (not relabeled), we can say that, for
H lae. y e II¢,

@5 = &, (G0~ in L), (4611)

and that the liminf in (4.6.10) (that we may assume finite) is actually a limit.
We claim that for H" !-a.e. y € II¢

/A5 V(a%) d|D%5| < lim inf

k—o0

[ vi@san@give [ v@sor dt] o (4612)
A A

Y Yy Yy

Indeed, for any y € II¢ there exists a subsequence k;, depending on y, such that the liminf in
the above formula is a limit, which is not restrictive to assume to be finite. Since the function V'
is bounded and ¢ is fixed, for a fixed y the sequences (&E)g and (17;;)5 are bounded in H 1(Qg)
and BV(Q%), respectively. This implies that, for those y € II¢ such that (4.6.11) holds, we

have

@;)g N @g in Hl(Qg) , (@)g N afy in BV(Qg) )

In particular, by the properties of slices of H! functions, for H" '-a.e. y € II¢ we have that
(@;)g A &5 uniformly and then, by Lemma 2.1.1, it follows that

[ vi@§)ames| < timint | Vi@ aipe);
Yy

— 00
7 J

< lim inf
k—o0

[ V@R ap@ +< [ v@sor dt] .

Y
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Thus (4.6.12) is proven. Integrating in IT¢ and recalling (4.6.9) and (4.6.8), we deduce by Fatou
Lemma that

Fe(a,v,A) < ligllinffg(ak,vk,A) —|—€limsup/ Vay, - €% da.
— 00 A

k—o0

Since the sequence ay, is bounded in H'(2) and ¢ is arbitrary, the proof is concluded. O
We are now ready to prove the main result.

PROOF OF THEOREM 4.6.1. Let &1, ..., £&" be an orthonormal basis of R™, and let us prove
first that, for every o € H'(Q;[0,1]), v € BD(f2), and A C  open, it holds

1/2

(;fg(a,v,AV) g/AV(a)dyEm. (4.6.13)

Indeed
2
dEv . .
i A)? L dIE
Feia,v, (/V d]Ev|§ '\ d| ”’)
dE ?
/U . .
< V(a &£ dlEv /V&dEv7
J Vi@ e €] aml | [ v
by the Holder inequality with respect to the measure |Eu|. Summing for ¢ = 1,...,n, we
obtain that
. 1/2 1/2 1/2
2 dEv % % ~ ~
> Felav, AP < AV(a)Z I d\Ev| | V@dEv|) < [ V@d]E,
i=1

and thus (4.6.13) is proven. Notice that in the last inequality above we have used (4.6.3) and
the fact that

=1

dEv
d|Ev|

()| =1 for |[Ev|-ae. z €. (4.6.14)

Let ap, o € H'(Q;[0,1]), vy, v € BD(Q) such that ap, — o in HY(Q) and v, — v in
BD(). Thus we have to prove (4.6.2) for these sequences. Let A be the function defined on
every open set A C by

A(A) = liminf/ V(ar) d/Euvy|.
A

k—oo
Moreover, let R; be a sequence dense in O(n) and let fjl», . ,5? be the column vectors of R;.

Let us define the vector functions ¢/ = (go{, ...,¢h) by putting

dEv

cpz(x) = V(a(z)) d\Ev]( )5] §j forevery jeN,i=1,...,n,and z € Q. (4.6.15)

Recalling (4.6.9), it holds that for every j € N and A C Q open

" 1/2
I d|Ev|| = Fri(o,v, A)? . 4.6.16
‘/Aso ol (Z o >> (46.16)
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By Proposition 4.6.5, for every j € N, i=1,...,n, and A C £ open, we have that
Fei(a,v, A) < liminf F (ag, vg, A)
J k—o0 J
and then, by the superadditivity of the liminf, it follows that

n 1/2 n 1/2
§ ]:i.(avvaA)Q < liminf f?(akvvkvA)Q )
— & k—o0 — &

1=

By the previous inequality, (4.6.13), and (4.6.16) we obtain that (recall also the definition of

A)
/cpj d|Ev|
A

Using the superadditivity of A, we have that

/ ¢’ d|Ev|
Kh

< sup {Z A(A"): (AM)r_, disjoint compact subsets of A, r € N} < A(A)
h=1

< A(A). (4.6.17)

r

/;\wﬂ<uEv|=:mn>{§{j

h=1

. (K™)y_, disjoint compact subsets of K, r € N}

for every compact set K and for every open set A such that K C A C 2. Lemma 4.6.4 gives
that

/sup|<pjd|Ev|§A(A), (4.6.18)
K j

and by Proposition 4.6.3 (recall (4.6.14) and (4.6.15)) we deduce that

| vi@aieel < a0,
K

for every compact set K such that K C A. Therefore we conclude the proof by the arbitrariness
of K and by recalling the definition of A. O

The remaining part of the section concerns the relation between the semicontinuity result
proved above and the lower semicontinuity of the plastic potential in the framework of perfect
plasticity with damage, denoted in this chapter by H,,. In particular, arguing as in the proof

of Theorem 4.6.1, we can deduce the following result.

THEOREM 4.6.6. Let oy, o € HY(Q;[0,1]) and (v, mk,qx), (v,n,q) € App(w) such that
o — o in HY(Q), vy, = v in BD(Q) and n, — 1 strongly in L%Q;M?Jrg). Then
Hpp(av, q) < liminf Hpp (o, gr)
k—ro0
where App(w) and Hyy, are defined in (4.5.1) and (4.5.2), respectively.

PROOF. Let us fix ax, o and (vg,mk, qr), (v,m,q) satisfying the assumptions of the the-
orem. Let us see first that it is not restrictive to consider the case when ¢ and ¢ does not

charge 0f), namely to prove the lower semicontinuity property of the theorem for the functional

/&wmm-
Q
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Indeed, let Q be a smooth open set such that Q C (NZ, and let us define for every k (and for
(v,n,9))
B v in Q B Nk in _ g in
’Uk = ) - s 77k = ) ~ s qk = ) — . (4619)
w  inQ\Q Ew inQ\Q 0 inQ)\

Then Evy, = 7, + g, and Ev = 7 + G as measures in M(Q;M5"), T — 7 in BD(f) and
7, — 7 strongly in L2(Q; M%) and

sym
/ﬁsmak) A[4] = Hpp (0 1)

where @ is the H! extension of a to €2. (Notice that the same holds for o and ¢ and that
the formula above makes sense for the precise representative of @, but we did not write it
explicitely.)

Since 7y, converge strongly to 7, for every € € S"~! there exists a subsequence Mk, such
that

(r;€ - 5)2 — (n¢- f)g in Ll(Qi) for H" la.e. y € II¢, (4.6.20)
by Fubini Theorem. Indeed for every 7, every & € S*~! and every Borel set B C ()

Jpecar= [ ([ we-gimar) ).

Let us define, for every direction & € S*~1, every 8 € H'(;0,1]), every g such that (v,7,q) €
App(w), and every A C Q open,

Ge(5., A) = /A V(B)dige -l de = /A V(B)d|E5 - 7)€, (4.6.21)

In view of (4.6.20), we can use a slicing argument as in Proposition 4.6.5 and deduce that for
every £ and A C ) open,

Ge(o, q, A) < liminf Ge (o, g, A) . (4.6.22)
k—o0
Now the result follows from (4.6.22), Proposition 4.6.3 and Lemma 4.6.4, arguing as in the proof

of Theorem 4.6.1 with small changes. (Now cpg = V(a))ﬁ 5; : 5]’ and we use the fact that

%(wﬂ =1 for |¢|-a.e. x € Q, instead of (4.6.14).) 0

REMARK 4.6.7. It is easy to see that the lower semicontinuity result of Theorem 4.6.6 also
holds when the Dirichlet boundary dp{2 does not coincide with the whole 0f2, and thus the
plastic potential has the form in (2.1.13).

REMARK 4.6.8. In order to prove the existence of a globally stable quasistatic evolution for
a model of perfect plasticity and damage similar to that in Chapter 2 but having an H'-damage
regularization, it would be enough to prove the lower semicontinuity of H,, when vy Xpin
BD(Q) and 1, — 1 in L*(; M) (only weakly). The main difficulty in this case is that it is

not true that for every ¢ € S*~! there exists a subsequence nk; such that (4.6.20) holds. To have
an idea of a counterexample, consider the functions vy : R?> — R given by 1 (z,y) := sin(ky),
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and their slices with respect to the direction & = (1,0): the sequence k; such that (1/chj)§ — 0
depends on y € R.

Therefore a possible strategy for the existence proof is to find an a priori bound on 7
that guarantees the strong convergence in L%Q;MQJJ{). Since the elasticity tensor C(«) is
equicoercive with respect to « € [0, 1], the strong convergence for 7 would follow for instance
by an uniform bound for the stresses o = C(ag)n in Hyp (Q;MZ<"). In the framework of

perfect plasticity, without damage, an a priori bound of this type for the stresses is proven in
[10] and [38].



CHAPTER 5

Quasistatic crack growth based on viscous approximation: a

model with branching and kinking

Overview of the chapter

This chapter is devoted to the viscous approximation of quasistatic crack growth, where the
crack path is not prescribed a priori. In this framework, the previous results of Lazzaroni and
Toader [67] are extended to a larger class S of cracks, introduced by Racca [90]. The cracks
in § may have many connected components, each of them being the union of a certain number
of branches that are regular curves of the type considered in [67].

The structure of the chapter is the following. In Section 5.1 we give the definition of the class
of admissible cracks basing on the one introduced in [90]; we prove some properties that come
useful in the rest of the chapter, in particular an estimate on the energy release rate. Section
5.2 contains the definition of the time-incremental problems and the statements of some results
borrowed from [90]. In Section 5.3 we pass to the time-continuous limit as k& — oo, obtaining
a family of viscous evolutions; in particular we prove the viscous energy balance and further
properties of the viscous solutions that are needed to pass to the limit as the viscous parameter
¢ tends to zero. The latter passage to the limit is the subject of Section 5.4, where we study
rescaled evolutions.

The results of this chapter, obtained in collaboration with Giuliano Lazzaroni, are contained
in [25].

5.1. The admissible cracks

In the setting of antiplane elasticity, we consider a brittle body whose reference configuration
is a cylinder Q@ x R C R3, with Q C R? an open, bounded, connected, Lipschitz set. The
deformations of the body are of the type

(1,22, 23) = (21, 22, 23 + u(T1,22)) ,

where u:  — R is the corresponding displacement. We assume that the body can be frac-
tured, that it has a perfectly elastic behaviour outside the cracked region, and that no force
is transmitted across the crack. We now define the class of admissible cracks, denoted by S,
basing on the one introduced in [90]: this allows us to consider cracks with branching and
kinking.

Starting from an initial fracture I'g € S, we study the evolution of cracks under the re-
quirement that the displacement u(t) is equal to a prescribed function w(¢) on the Dirichlet
part of the boundary dpQ), where w € AC([0,T]; H'(Q)). Given t € [0,T] and T € S,
u(t): @\ T — R is the unique minimum point u(w(t);T') of the elastic energy +|/Vul|3 under

137
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the condition u = w(t) on dpQ. The corresponding elastic energy associated to the crack T’

and to the boundary displacement w(t) is
1 1
E(w(t);T') := min {2||VUH§ u € Hl(Q \I'), u=w(t) on 8DQ} = §|]Vu(w(t),F)||%

In the framework of Griffith’s theory [50], the energy dissipated to open a crack is proportional
to the crack length. Normalizing the proportionality constant to 1, we define the total energy
corresponding to I' and w(t),

F(w(t);T) := E(w(t);T) + HY(T). (5.1.1)

We now describe the class of admissible cracks S and its main properties, basing on [90].
Every admissible crack is the union of curves in the class R, , introduced in [66, 67|, and here
slightly modified.

DEFINITION 5.1.1. Let 7 > 0. Let I' C R? be a simple curve of class C*! such that Q\ T’
is open and connected. Given an arc-length parametrization of T', ~: [0,L] — R?, we call
p1 :=7(0) and py := (L) the endpoints of I'. We say that I € R, if and only if

(a) HYT) >0 and ' CC Q;
(b) for every x € I' there exist two open balls By, By of radius 7, such that

(B1UBz)ﬂ(FU8Q):® and El QEQZ{SL’};
(c) we have that I' N (By(g1) U By(g2)) = @, where

Qi:pi+n7(pi) fori=1,2.
19 (pi)

In order to account for branching and kinking, it is convenient to introduce two types of
neighborhoods of a curve I' € R,,. They depend on two parameters

g€ (0,n/3) and 6 € (0,7/4)

fixed throughout the chapter.
Let I' € R,, 7: [0,L] — R? be its arc-length parametrization, and %(s)* be normal to
4(s) with |§(s)*| = 1. We define

PuL.p) = {7(s) + 23(s)*: 0 < s < L, || < min{stand, §}}
ULy(L) + (s — L)F(L) + 24(L)*: L < s < L+ B, |2| < min{stan®, /B2 — (s — L)2}},
where p = 4(0), and
Po(T) == {7(s) + 27(s)": 0 < s < L, |2| < min{stan®, 8, (L — s)tanf}} .

Notice that Pi(I',p) and Py(I") are neighborhoods of ~((0,L]) and ~((0,L)), respectively.
We refer to them as the 1-sided and the 2-sided pencil-like neighborhoods of I', respectively.
Moreover, two curves I't, I's € R,, may intersect at most in the endpoints of I'y if Po(I'1)NIy =
@, and at most in p if P1(T'1,p) Ty = 0.

We introduce a class S of connected sets, that are union of elements of R,,.
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Py(T2)
Pi(l1,p)

I's

Iy

F1GURE 1. The pencil-like neighborhoods

DEFINITION 5.1.2. The class S is given by the connected sets K C R? such that Q\ K is
open and connected,
(5.1.2)
with m € N, and K has the form n
=K
j=1
where the following hold:
(1) I?j € R, for every j;
(2) if K;N I? # @ for i # j, then they intersect in one of their endpoints
(3) if K, UK € R, then there exists K, I # 1, j, such that K, ﬂK N K, <0,
(4) let po, p1 be the endpoints of KJ if pg € K N Klo for some Iy # j and p; ¢ Kl for
any [ # j, then

Pr( J,po)ﬂKz 0] for every 1 # j ;

(5) let pg, p1 be the endpoints of Kj; if pg € [?j N I?lo and p; € IN(j N I?ll for some
lo, l1 # j, then
Po(K)NK =@  forevery | #j;
We call any I~(j a branch of K, and we define I;(K) and I»(K) as the sets of branches of K

satisfying the assumptions in (4) and (5), respectively.

REMARK 5.1.3. It is possible to see that there exists a modulus of continuity w (i.e.,
a continuous nondecreasing function w: [0,4+00) — [0,4+00) with w(0) = 0) such that the
following holds: given I' € R,, and its arc-length parametrization 7: [0, L] — R?

Bw(s)(’}/(s)) - ,Pl(rafY(O)) and Bw(s)/\w(Lfs) (’7(5)) - PQ(F) for every s € (07 L) :

For future convenience, without loss of generality we assume that w(s) < s for s > 0.

Every admissible crack is the union of sets K as in Definition 5.1.2, with some geometric

restrictions.

DEFINITION 5.1.4. Let T" be a set of the form
N
r=JK (5.1.3)
i=1

with K € S and N € N, and let us define
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e the set of the special points of T’
Sr:={xel: Jv, v € R? unit vectors tangent to I' at @ s.t.vy - vy # £1};
e the set of the crack tip points of T’

Tr:={zel:3r >0 st.I'NB.(x) € R, and z is an endpoint of I' N B,.(z)} ;

e the set of the regular points of T’

Rr:=T\(TruSr)={z €I':3r >0 st.I'nB,(x) € R, with x in the relative interior of I'} .
We say that I' € § if
(1) for every j € {1,...,N},
if K; € Ry, then d(Kj, K,y,) > 8 for m # j;
if K € I (K;) and pg is its endpoint s.t. pg € Sp, then 731(I~(,p0) NKpy =0 form=#j,

if K € I>(Kj), then 732(}?) N Ky =0 form#j;
(5.1.4)

(2) for every z1 # 2 in Sr,

2
]acl — :c2| >0 (tane + 1> . (515)

FIGURE 2. A crack I' € S with two connected components K1 and Ko, with K; = Uj I?f
The pencil-like neighborhoods are delimited by dashed lines. Due to the kinked shape of the
2-sided (resp., 1-sided) pencil-like neighborhoods around both (resp., one of) the endpoints,
the branching phenomenon is allowed, but there is a restriction on the number of branches.
Moreover, the conditions (2) and (3) in Definition 5.1.2 describe a sort of “maximality" of each
branch in the class R, with respect to inclusion. Indeed, K 2y K 3 e Ry, but we have two
different branches K 2 and K 2 due to the presence of K 1
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It turns out that the sets K as in (5.1.3) are the connected components of I'. We further
underline that, if Kel (Kj), then one of its endpoints belongs to Sr and the other one to
Tr. Indeed, Tr consists of the endpoints of the type just described and of all the endpoints of
the connected components of I' that belong to R,,.

Notice that, for every I' € S, Q\ I' is connected. Indeed, Q \ K is connected for every
connected component Kj; of I', by Definition 5.1.2, and the sets K are pairwise disjoint, by
conditions (5.1.4) and (5.1.5). On the other hand, if Q\TI" is connected, then Q\ K is connected
for every connected component K of T.

Our definition of § is slightly different with respect to the one in [90]: indeed, we have
prescribed that Q\ I' is connected, for every I' € S. We then have to check that this further
condition is preserved under Hausdorff convergence of curves in §. See [90, Lemma 4.1] for

similar properties.

DEFINITION 5.1.5. Given two compact subsets I',I” C Q, their Hausdorff distance is given
by
dg(T’;T) := max { sup dist(z, "), sup dist(z, F')} ,
zel” zel
with the conventions dist(z, @) = diam ) and sup @ = 0. A sequence 'y of compact subsets
of Q converges to T' in the Hausdorff metric if dg(Tg;T) — 0. In this case we write I'y, Hor.

PROPOSITION 5.1.6. Let I'y, € S be such that Ty, T, Then Q \ T is connected.

PROOF. We first observe that, by Definition 5.1.1 and [66, Proposition 2.9], the class R,
is closed. Therefore if I'y € R, for every k, then Q\T' is connected. Moreover, by [90,
Lemma 3.9, the total number of branches of T'y is equibounded in k (see Definition 5.1.2 for
the definition of branches).

By contradiction, assume that there exists an open connected set Q' CC € such that
0Q C T". Then there exist z € 9¢, IN(,%, IN(,f different branches of I'y, and z}, € IN(,i, zi € IN(,f,
such that

Th,TE T (5.1.6)
and 7—[1(}?,1) > (Cy, ’HI(IN(,%) > (O, for a positive constant Cjy independent of k. Since € is
open and connected, we may assume that there exists C; > 0, independent of k, such that

d(z, K{ NK}) > O (5.1.7)
Notice that either IN(% N IN(z is empty, or it contains only one point, which belongs to Sp, . In

particular a:,lg #+ :1;%
We claim that, up to subsequences, there exists a positive constant Cy such that

d(zt,Sr, NK}) > Cy or d(a?,Sp, NKZ) > Cy. (5.1.8)
Indeed, by Contradictiog, let d(x};,Spk N Iw(}g) — 0 for 7 = 1,2, and let yi € Spﬁ N IN(N,Z with
|zt —yi| = d(z%,Sr, N KL). Notice that y},y? — z. If y} = y? =: yi, then y;, € K} NK}? and
yr — x, in contradiction with (5.1.7). On the other hand, if y} # y?, we have that (5.1.5) is
contradicted, since |yi — y2| — 0. Then (5.1.8) is proved.
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Assume that z} and K 1 satisfy (5.1.8), and let 7} be an arc-length parametrization of K L
By Remark 5.1.3, we have that d(z}, K}) > w(Cs) for any branch K, of I' different from K} .
In particular,

|2k — 2} > w(C)

for every k, in contradiction with (5.1.6). Therefore the result is proved. O

In the following proposition we collect the most important properties of the class of admis-
sible cracks. These can be proved following the same arguments as in [90]. The property of
compactness of § with respect to the Hausdorff convergence employs Proposition 5.1.6.

PROPOSITION 5.1.7. The class S introduced in Definition 5.1.4 is compact with respect to
the Hausdorff convergence, and the length of the admissible cracks is uniformly bounded, as well
as the number of the branches, of the singular points and of the tip points. In particular, for
every I' € S, Q\T is the union of a uniformly bounded number of Lipschitz sets that intersect
Opfl.

Moreover, if I'y, € S are such that Ty, A, T', then

(i) H'(Ty) — HND);
(i1) for every p € Tr there exists a sequence (pg)r with py € T, such that pr — p;
(iii) if pt, p2 € Tr,, pL # pi and (pi)k, (p2)k are converging to p € Tr, then there exists
a sequence (yk)r, with yi € Sr, , converging to p.

We can follow the arguments of [66] in order to define the notion of energy release rate
relative to a crack tip. First, let us introduce the extensions of a crack near a tip. In the
following discussion, we fix I' € §, p € Tr, and r > 0 as in the definition of crack tip.

DEFINITION 5.1.8. We call extension of I' at p any [ €S such that T - ﬁ

I'\I'cc B.(p) and I'NB,(p) € R, for some r.

REMARK 5.1.9. In the general case, there could exist points p such that there are not
extensions of I' at p. We denote

Gr := {p € Tr: there are extensions of I" at p}. (5.1.9)

If T is an extension of T at p, let L :=HY(I'\T') and let Ap: [0, L] = Q be the arc-length
parametrization of (I'\ T') U {p} such that p(0) = p. Then

(0,L] 3 s = T2 :=T UA,((0, s])
is a family of extensions of I' in p such that H1(IT2\T) = s.

We also use the following notation:

Iyr:=T'NB.(p)eR, with T'p,NIB.(p) =:{q}. (5.1.10)

Let p € Gr and let [ be an extension of T in p. It holds that

T,,:=TNB.(p) €R, with T,,NdB.(p)={q}.

)
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Let vp,r: [O,Z(fpm)] —  be the arc-length parametrization of fp,r such that 7, ,.(0) = q. As
showed in [66], the function

l— E(w(t); T U5p-([0,1])

is differentiable at [ = H!(T,,) and the value of the derivative is independent of the choice
of the extension I'. In order to see these properties, one employs the Poincaré inequality in
Q\ (Tu fp,r), which holds since for every I' € §, Q@ \ I' is the union of a fixed number of
Lipschitz sets that intersect dp€2. Then the following definition is well posed.

DEFINITION 5.1.10. Let p € Gp. The energy release rate relative to w(t), p, and T' is
G(w(t); T, p) == =0E(w(t); T UNpr ([0, 1) 191 (T, ) -
Notation. In the Sections 3, 4, 5 we will use for every t € [0,7] the notation £(¢;T),
F(t;T), and G(t; T, p) respectively for E(w(t);T), F(w(t);T), and G(w(t);T,p).
The following integral representation was proven in [66, Propositions 2.2 and 2.4].

PROPOSITION 5.1.11. Let ' € S, p € Gr and r > 0 such that

I'NB(p) €ER,.

Let v be the arc-length parametrization of T N B,(p) € R,y with p=~(L), L =H T N B,(p)).
Then

G(g;T,p) =/

O\l

(D1VY — DoV?) + Dyu Dou (DoVY + Dy V) da, (5.1.11)

[(Dlu)2 — (Dau)?
2

where Vs any vector field of class C%' with compact support in Q such that V(y(s)) = 4(s)
for s in a neighborhood of L, and u = u(g;T") is the unique minimum point of the elastic energy
with boundary condition g on Opfl.

The integral representation allows us to deduce the fundamental continuity properties of
the energy release rate with respect to the convergence of the curves, of the tips, and of the

boundary displacements, provided that condition (5.1.10) holds uniformly.

PROPOSITION 5.1.12. Let I'g, I'y, I' € S with I'o C 'y, I'g C I'. Moreover, let g, — g in
HI(Q\F()) and py € ka, p e Gr.
Assume that T, LN I', pr — p, and that there exists r > 0 such that

TN B, (p) € Ry . (5.1.12)

Then
G(gx;Trspr) = G(g: T, p)

and there exists a positive constant C(n,r), where n and r are as in (5.1.12), such that

G(gx; Tk, pr) < C(n,7) sup Vg3 (5.1.13)
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PROOF. Since T’y M, I and the class Ry, is closed with respect to Hausdorff convergence,
we get that I'y N By(p) rn B,(p) and I'N B,.(p) € R,.

Following the lines of [66, Theorem 2.12] and [90, Lemma 8.2], we extend T’y N B, (p), for
every k, and I' N B,(p) with a segment following the tangent direction to the curve at the

tips pr and p. By the Implicit Function Theorem, there exist a neighborhood U C B;(p) of
p and two suitable coordinate axes such that the extended curves are parametrized in U by
(z1,0k(21)) and (z1,¢(z1)), with ¢k, ¢ of class C1'1. Notice that, by definition of R, we
can take U = Bpn,r(p). Indeed, if K € R, and B is a ball of radius 7, there are at most two
points of K such that the tangent vectors to K at these points are orthogonal.

We now set
Vi(z) == C(2)(1, p(x1)), V() = ((@)(L,¢(z1)),
with ¢ a cutoff function supported in U. Thus, by (5.1.11)

|:(D1Uk)2 — (Dauy)?
2

g(gk; Fk,pk) = / (D1Vk,1 — D2Vk2) + Dyug Douy, (DQVkI + DlV,f) dz,

O\l
with wuy := u(gx; T'x), and an analogous identity holds for G(g; T, p).
Since I'y, N By (p) rn B, (p) and these are elements of R, , we get that

VVi, 2 VV in L%(Q;R?*?).
Notice that there exists a positive constant C', depending only on 7 and 7, such that
Vi < C, (5.1.14)

because (s) is bounded by % and V(¢ is controlled in terms of 7 and 7, since U = By (p).

By [36, Theorem 5.1] and the Poincaré inequality, Vuy, — Vu in L*(Q;R?). Therefore we
can pass to the limit in the identity above as k — co. The inequality (5.1.13) follows from
(5.1.14). O

5.2. The time-incremental problems

In this section we recall the construction of discrete-time approximated evolutions of viscous
type, already presented in [90]. We fix a subdivision of the time interval in k + 1 equispaced
nodes and a viscosity parameter € > 0, and we solve incremental minimum problems on the
class S, thus allowing for new branches and kinks. The results in [90, Section 4| provide some
a priori estimates, useful in order to pass to the limit as k¥ — oo to continuous-time viscous
evolutions, and a discrete Griffith principle. In Section 5.3 we show new results on the viscous
solutions, which permit to pass to the limit as € — 0 in Section 5.4.

We fix a sequence of subdivisions of the interval [0,7] consisting of equispaced nodes
(th)Jo<i<k

L= 1T. (5.2.1)

We put 7 := % and we define

Fg,k =IpeSs, Ug,k = u(w(0);T0) = uop,
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and (T ke ué ) as a solution to the minimum problem

min {fHVuHQ—I—H Z’H . TeS, ToOT) ue H(Q\T), u=w(t) on aDQ} ,
cGC(FZ )

(5.2.2)

where C(I'1,T'2) is the set of the connected components of I's\I'; for I'y C T's € S. Equivalently

one can define I'} , as a solution to
b

mel {5( )+ HY( Z?—[ } (5.2.3a)
ek ceC(r;,j,r)
and
ugy = u(w(ty); L)
By [90, Lemma 4.1 and Proposition 4.2] (recall also Proposition 5.1.7), problem (5.2.3) has a
solution. Let us define the piecewise constant interpolations

ue(t) = uly, Tep(t) =Tly, Lg(t):=H' (L) fortelt, 67,
and the piecewise affine interpolation

t—t

le(t) == H'(TL,) + HTHINTL)  fort e [t 61,

with u. ,(T') := uf,k, L. x(T) = F];,k, and I x(T) = 4 (T) :== H (L i (T)). Let us set also

T&k(t) = Tps,k(t) , S&k(t) = Spg’k(t) , Ré"k(t) = Rps,k(t) , Gég’k(t) = GFs,k(t) .

As usual, a priori bounds are derived by comparing the minimum value of the functional
in (5.2.2) with the one assumed for the admissible pair (I';! o UL Sl wt) - w(ts ). By
standard computations, and recalling that the number of connected components of curves in S

is uniformly bounded, one gets the following estimates.
PROPOSITION 5.2.1. For every e, k, and t € [t};,t}jl),

£( ;;;re,k@))wl(re,k(t)w;Z[ > w(c)z]
1)

J=t Leec(rl ' 1l ,

th
< E&(0;Tg) + o+ / (Vuei(s), Vi(s)) ds 4+ 0(k),
0
where

£ T
d(k) = sup (/k HV’LD(S)HQdS)/ |[Vi(s)||l2ds =0 ask — oo.
i1 0

1<i<k

Moreover, there exists a constant C > 0, independent of €, k, and t, such that

e ekl gprior < T, (5.24)

E(BTo (b)) +H (Do) < T, ii [ S H (o)
ceC

Jj=1 (J—1.3)

where C(j —1,7) = C(Fg,k ’Fé,k)’
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We now introduce the notion of discrete velocity, for those tips in T, k(%) such that the
corresponding connected component of I' cr\ F’ ' does not contain elements of S ().

DEFINITION 5.2.2. Let ¢ € [th, 7)), p € Top(t) = Tep(th). If p € Tep(th) N Tex(ty ),

we set
Ua,k(tap) =0.
Otherwise let cgk € C(F; kl,I" ) be such that p € cgk [ &\ F } NSer(th) =0, we set

H (L)
ve(tip) 1= ——=

The following result is the discrete version of the Griffith principle.

PROPOSITION 5.2.3. Let t and p € G, j(t) be such that v. ;(t,p) is defined as in Definition
5.2.2. Then

Ve k(t,p) >0 (5.2.5a)

Gty TLyop) < 1+ v k(t,p) (5.2.5b)

(=Gt T2 o p) + 1+ eve(t, )] vep(t,p) = 0. (5.2.5¢)

PROOF. Property (5.2.5a) is trivial. By (5.2.3)
E(ti;TL ) +H( > HY
cEC(F;,j,F;k)
o . (5.2.6)
< E(HTP) + HL(IP) + o > HY(0)?
ceC(r; +ID)
where I is an extension of Fé,k in p (recall Definition 5.1.8) such that

HY(TPA\TL,) =s. (5.2.7)

Dividing (5.2.6) by s and letting s — 0, by definition of energy release rate at p and by (5.2.7)
we obtain (5.2.5b).
As for (5.2.5¢), we can assume that v, x(t,p) > 0, and then that H*(cZ,) > 0, for ¢, as
in Definition 5.2.2. Let us consider 0 < s < H!(¢? ) and let I be such that
Tip\ed, cIPcri, and H'(TL,\T?) =s

This is a competitor for the minimum problem (5.2.3a), and then

i1 i €
5( ks 5,k)+H1( a,kz)+7 Z HI(C)Q

2T
ceca“; ,j,rz )
< E(th:TP) + HY( > HY(

cGC(F;,j,rP)
Dividing by s and letting s — 0 we get (5.2.5¢). Notice that G(ti; T, p) is well defined since
[ek\F }msek(ﬁ)—@. 0
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5.3. Viscous evolutions

In this section we pass to the limit in the discrete-time problems as the time step converges
to zero, for fixed € > 0. We prove that there exists a continuous (with respect to the Hausdorff
convergence) curve . such that the corresponding total energy is absolutely continuous and
satisfies a suitable energy balance (which was not observed in [90]). Moreover, we prove a
Griffith criterion for almost every time when the tips of the crack are not contained in a certain
set constituted by a finite number of points, which are either limits of the singular points of
the interpolations, or limit of points of the interpolations where the energy release rate is not
defined.

DEFINITION 5.3.1. Fixed € > 0, a set function [0,7] >t — I'.(t) € S is a viscous solution
in S if there exist time discretizations {ti}¥ ; as in (5.2.1) and a sequence of set functions
0,T] >t = I'.p(t) € S such that I'. ;,(0) = T'g, T'. is constant in every time interval
[ttt ), Tep(th) = ngk solves (5.2.3) for ¢ > 1, and

H
Lo i(t) = Te(t)
for every t € [0,T].

REMARK 5.3.2. Let [0,T] 3 t — I'.(t) € S be a viscous solution in S. Then, by [36,
Theorem 5.1, for every ¢ € [0, T

Vue, (t) — Vue(t)  in L*(Q;R?),
where wu.(t) := u(t; Tc(t)). Moreover, since, for every I' € §, Q\ I is the union of a uniformly
bounded number of Lipschitz sets that intersect dp€2, we have that for every ¢ € [0,T]
Ug, (1) = uc(t) in HY(Q).

We recall from [90, Proposition 5.1 and Corollary 5.2| the existence of viscous solutions and

their continuity in time. We give a sketch of the proof, for the reader’s convenience.

THEOREM 5.3.3. Fized € > 0, there exists a viscous solution [0,T] >t — I'.(t). Moreover,
such a solution is continuous with respect to the Hausdorff convergence, its length 1.(t) :=
HI(T(t)) belongs to HY(0,T), and there exists a positive constant C, independent of t, such
that

|ue@ 1 @\rery) < C- (5.3.1)

PROOF. The existence follows from the Helly Theorem, applied to the sequence of nonde-
creasing set functions I'c ;. Since, for € fixed, ||lc x|l are uniformly bounded by (5.2.4), we
have that

ley, = 1. in H'(0,T).

On the other hand, by (i) in Proposition 5.1.7 we get [, — [. pointwise, and for ¢ € | ' t}jl)

1
T2,

o[ Q)

b, 1 1
0< Lalt) — L o(t) = / op(s)ds < 7 el <

by

where C is the constant in (5.2.4). Then [, = [..
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The continuity of ¢ — T'c(t) follows from the continuity of I (see [90, Corollary 5.2]).
The functions ue, (t) are bounded in H'(Q\ I', (¢)), uniformly in k¥ and ¢, by (5.2.4) and the
regularity of the boundary datum w. Thus, in the limit we get (5.3.1). O

In the following we prove some properties of the viscous solutions. Let us set

T.(t) := TFa(t) , Ss(t> = SFS(t) ,  Re (t) = RFg(t) , Ge(t) = GFS(t) .

Up to considering a subsequence (depending on ¢), we may assume that the number of
singular points of I'; ;(T") is constant, so that

Sen(T) = {xips - alk}

and $g P xg, as k — oo. Let us define the set of limit of singular points

F. = {xé asg = h};n‘rg,k} . (5.3.2)

Notice that S.(7") C F¢, since the curvature of every branch of any curve in S is less than %,

and
card (F.) < M = card (S, (7)) .

(In fact, it might happen that mé = 22 for some J, so the inequality may be strict.) Fix now
gl e{l,...,M}, j#1: since by (5.1.5) |z, —al,| > B (25 + 1) for every k, we have that
2l — 2l > B (25 +1) for every e > 0.

Arguing as in |90, Lemma 6.1], we can find a partition of [0, 7]

0=td<tl<...<tletl=1
such that for every ¢ <t' € [0,T]

Se(t) =Sc(t') and card (T.(t)) = card (Tc(¢')) if t,¢' € (¢7,¢0F1],
Se(t) #Sc(t) or  card (T:(t)) < card (T-(¢)) ift <tP <t'.

We define the time intervals

I = (e, 0.

In I™ we can find exactly k,, = ky(¢) := card (T.(¢21)) branches parametrized by 42/ : I —
Q with 727 (t) € To(t), for j =1,...,k,. Notice that, if a connected component I';(t) belongs
to Ry, it has two tips. To simplify the notation, we see such a curve as the union of two
branches, so the number of branches in I'c(¢) equals the total number of tips. Recall that the
length of any connected component is bounded from below by (5.1.2).

Extending by continuity ~2 7 to 17 we get

VI (I7) € Ry.

Let us define
TF 5t s 129(t) = HL (2 (12, 1)) (5.3.3)
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REMARK 5.3.4. From now on we will not specify the dependence on n of 4™ and 127,
More precisely, we set

V(L) := ™I (t)  where t € T".

Notice that for every ¢ € [0,7] there exists only one index n such that t € I,

Since in I?' there are exactly k, branches, for every (sq,s2) C IZ

kn
le(52) — l(s1) = H'(Te(s2) \Te(s1)) = Y _ [H(s2) — H(s1)] ,
j=1
which gives I € H(I!) for every j € {1,...,k,} and
. k/"/ ..
le = Zlg a.e. in I". (5.3.4)
j=1

Let us define for every t € [0,7] the set

B.(t) := [Ts(t)\GE(t)]U{p € T.(t): there exist k € N, pr, = p, pr € Te () \ Geg(t) for k > E} .
(5.3.5)

REMARK 5.3.5. If the approximating sequence (pg)i in the definition above is not unique,
the limit point belongs to F.. Specifically, if there are py,q; € T.x(t) with pyp # g, and
Pk — D, qx — P, then by Proposition 5.1.7 p is limit of elements in S, (t), so p € F-.

REMARK 5.3.6. If x € B.(t) \ Fe, then = € T.(s) for every s € [t,T], in particular
x € B(T). Indeed, assume x € B.(t) and = ¢ T.(s) for some s > t. If z € T.(¢)\ Ge(¢)
then z € S.(T') C F,, since the tip in = cannot be extended smoothly (see the definition of Gr
(5.1.8)). If € G.(t), by Remark 5.3.5 we can assume that there exists only one approximating
sequence (pg)r as in (5.3.5); then for the same arguments as in the case x € T(t) \ G(t) we
have p, € Sc x(T), thus z € F,.

Let us define the set of exceptional points
E. . =F.UB.(T). (5.3.6)

Notice that E. is a finite set. Moreover, by Remark 5.3.6, we have

We now present the main theorem of this section, providing an energy-dissipation balance for
viscous solutions. The proof will be given in the final part of the section, after some preliminary

results.

THEOREM 5.3.7. Let t — T'c(t) € S be a viscous solution as in Definition 5.3.1. Then the

total energy

[0,T] 5 t = F(t;Te(t)) := E(t; Te(t)) + H' (T(t))
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is absolutely continuous and for every t € [0,T]

t kn

E(t;l“g(t))+7-l1(l“g(t))+azn: /Ihi(z'g(s))zds +€/ > (id(9) as
h=0 i

¢ j=1 ¢ j=1 (5.3.7)
=E&(0;T0) + lo + /0 (Vue(s), Vu(s))ds,

where n is such that t € I'. Moreover, the following hold:

(1) for every x € E. ( see (5.3.6) for the definition of E. ), there exists J C [0,T] closed
interval (which can also reduce to a singleton and contains T if v € B(T) ) such that

x € T(t) if and only if te J;

(ii) for a.e. t € I" such that v.(t) ¢ B

() >0, (5.3.8a)
G(t;T(t),72(t)) < 1+eli(t), (5.3.8b)
[—G(&: T (), (1) + L+ el(t)]i(t) = 0. (5.3.8¢)

REMARK 5.3.8. The theorem above implies that, if fyg does not satisfy (5.3.8) in an interval
J C I, then 4 is constant in J and it lies on a point of the finite set E..

The first step in order to establish a viscous energy balance is the following chain rule (which

was not proved in [90]).

PROPOSITION 5.3.9. For every n € {0,...,N.} the elastic energy t — E(t;T-(t)) belongs
to ACioc(I2) and for a.e. t € I?

kn,
CE(T(1) = — D0 G Ta(0), (1) (1) + (Vue(t), Vob(1) (5.3.9)
j=1

with the convention G(t; T-(t), v2 (1)) i2(t) = 0 if ¥L(t) ¢ G(t). Moreover, if w € H' ([0, T]; H*(2\
o)), E(3T:()) is Hy (I2).

PROOF. Let us fix the interval I” and let v!(I%),...,~75(I7) be the branches that end
with a tip. In I7 we can rewrite the elastic energy as

~

Et;T(t)) = E(t;1L(1), ..., 1k (1)), (5.3.10)

~

being £(t; A1,...,A,) the elastic energy corresponding to a boundary datum w(t) and to a
curve f"()\l, e AR, = T(t2) U U?gl C;, where C; is the unique curve contained in ~Z(I7)
with 7Z(¢%) 3 C; and length );. In fact, notice that T'(I1(¢),..., 15 (¢)) = T.(¢).

By the properties of S (see Remark 5.1.3), for every s € I there exists an open neighbor-
hood U of 7;(s), depending on s and j, such that

I.(s)NU eR,.
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Therefore, for every tip in G.(t), where the energy release rate is well defined, & has partial

derivatives

0

8733(“ [2(t),.. (1)) = =Gt T(I2(2), ... 1" (£),72(1)) = —G(&:T=(t), 7L (1)) -

On the other hand, if 47 (¢) ¢ G.(t), then the tip does not elongate, namely ~Z(s) = ~Z(t) for
s € [t,t71], and i(s) = 0 for a.e. s € (£, 7). Indeed, by definition of G(t), there is not an
extension (see Definition 5.1.8) of T'.(t) at 4Z(t); since we are in the interval I" a kinking is
not created at ~Z(t).

By (5.3.10) and Proposition 5.1.12, the functions ¢ — G(t; I'(t), 2 (t)) are bounded in 7.

Recalling that

a .
5 ETe() = (Vue(t), Vi (1),

the result follows by the chain rule. O

The following proposition refines the results of [90, Lemmas 5.3, 5.5, and 5.6]. We give an
independent and simplified proof for the reader’s convenience. In order to simplify the notation,
we omit the dependence on ¢ for the objects that depend also on k.

PROPOSITION 5.3.10. Let t € I" and let j € {1,... ,kn} be such that vL(t) ¢ F.. Define

Vi,

' 2
ri(t) == w(d((t),F)) An and 35;(t) == [t - <T]4(28>

where w is the modulus of continuity introduced in Remark 5.1.3, and C is the constant in
(5.2.4). Then there exists k € N such that for every k > k and s € (5;(t),t] the following
holds:

Tk(s) N By (+2(t)) contains one and only one element, called pi(s), (5.3.11a)
Sk(s) N By (y(L(t) =0, (5.3.11D)
Ti(s) N By, ((t) € Ry . (5.3.11c)

PRrROOF. For simplicity, in the proof r and 5 stand for r;(t) and 5;(t), respectively. First,
let us prove (5.3.11) for s = ¢t. By contradiction, assume that there exist kj, — oo such that at
least one condition in (5.3.11) does not hold, for s =t and k = kj,.

Consider first the case where (5.3.11b) does not hold, namely for every h there exists
qn € Sk, (t) N BT(fyg(t)). Then there esists ¢ such that, up to a subsequence, g, — ¢, so that
q € F.N B, (7(t)), in contradiction with the definition of r.

If (5.3.11a) does not hold (for s = ¢t and k = kj), we may assume that there exist two
sequences (pp)n and (gp)n such that

Phy @n € T, ()N Be(V2(1), pn = 22(8),  an — g #2L(1). (5.3.12)
Indeed, by (ii) of Proposition 5.1.7, ~Z(t) € T.(t) is approximated by elements p;, € Ty, ().
Since (5.3.11a) does not hold, for every h there exists g, € Ty, (t) N Br(yg(t)), gn # pn. Up to

a subsequence, ¢, — q. If ¢ = fyg (t), then 7Z(t) € F., by (iii) of Proposition 5.1.7. This proves
(5.3.12) in the case (5.3.11a) is not satisfied.
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Notice that pp and ¢; belong to different branches K}l and K,Ql of I', (t), respectively. We
have that H!(K}) > C, for a positive C, since otherwise 7Z(t) is approximated by singular
points and then v (¢) € F.. Thus, let us distinguish the two cases:

HYK?) =0 or HYK?) >C. (5.3.13)

In the first case, ¢ € F. N B,(72(t)), in contradiction with the definition of . In the second
case, passing to the limit, it is easy to see that two different branches of I'c(t) have nonempty

intersection with B,(yZ(t)), in contradiction with the fact that

r < w(d(7(t),F.)) < w(d((t),Sr.(r)) -

(Recall Remark 5.1.3.) Then (5.3.11a) holds. Finally assume that (5.3.11c) does not hold,
namely Iy, (t) N B,(7(t)) ¢ R, for every h. Then B,.(~L(t)) intersects at least two different
branches of I'y, (t). (Notice that we have used the hypotesis r < 7, which implies that for every
branch K of I', (t), KN B,(7.(t)) is a connected component of Ty, (t)N B,(7(t)).) Therefore
we can argue as in the previous case: on the one hand, there exists a branch converging to the
branch of ’yg(t); on the other hand there exists a different branch, either converging to a point
q € F. N By(+L(t)), or with length bounded from below, cf. (5.3.13). This concludes the proof
of (5.3.11) for s =t. Notice that we have proved also that pfc(t) — ().
We are now ready to prove (5.3.11) for s € (5,t). For k large

d(p (). 22(1) < 5.
and then
H'(Tu(t) N Br(H (1) 2 5 -
Let us introduce
sp = min{s € [t",¢): Ty(s) N By (12(t)) # O} (5.3.14)

Notice that the set in the last definition is not empty for k£ sufficiently large. Indeed, let h € N
such that t € [tZ,tZH). Ifte (tZ,tZH), then tg is a competitor for s, since I'y is piecewise
constant. On the other hand, if ¢t = tZ, then

0 0o o
HM(Tr(tf) \ Tr(ty 1)) < /tz_lws)dssj%( /t lk<s)\2 ds) <2 (5.3.15)

with C the constant in (5.2.4); for k sufficiently large this implies that tZ_l is a competitor for
sk. Moreover, the minimum in (5.3.14) is attained at a node t’,;, since I'y is piecewise constant

and continuous from the right, and

Z < HY Tr(t) \ Tr(sk)),

for k large, by (5.3.15).
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By the monotonicity of I'y and (5.3.11) for s = ¢, we obtain that for every s € (s, t]

Ti(s) N B (1 (1)) = {p}(s)}
Sk(s) N Br (A (1)) = O,
Lii(s) N Br(1(t) € Ry

Therefore, the proof is completed if we show that s <5.
Let t € (tkg,thﬁl) and s = tzl. Necessarily h; < ha, because otherwise I'y(t) = 'y (sk).
By (5.2.4), we have that

1

hat | ho — h hat | . 2 2 Val

f S Hl(l“k(t) \Fk(sk)) = / lk(S) ds § M </ lk(s)‘ d8> § g t— Sk -

4 hi7 k hiT €
Then

(i)
S}C S t - fp— 5
4C

and this concludes the proof, since s; > t7. O

REMARK 5.3.11. In Proposition 5.3.10 we chose the notation r;(t) and 5;(t) since these
quantities depend on t and on the branch that we consider, which corresponds to a certain
jeA{l,... ky}. Moreover

pL(t) = A2 () (5.3.16)
for every t € I such that V(t) ¢ F..

Let us fix n € {0,...,Nc}, j € {1,...,k,}, and ¢t € I such that ~L () ¢ F.. With the
notation of Proposition 5.3.10, for k sufficiently large and s € (5;(t),t], we have that

Ty(s) N By, (1(1) € Ry

Let us consider the functions

5 € (55(), ] = ) (5) = H (T(s) 0 BW (1)),
s € (55(t).1) = () = HA(T <> 0 (L(1)
+ I (rk<s+r )\ Tx(s)] mBTj(tmg(t))) ,

s € (35(1),t] > E(s) = "HI(F(S) N By (h1(1)) = i(s) = H' (GL([tL, 1)\ Bry iy (41(1)))
where 7,(s) := t} if s € [th,tIT1). Since I'y(s) LN I'(s) for every s € [0,T], we get that
ﬁi(s) — (s) for every s € (3,(t),1].
Arguing as in the proof of Theorem 5.3.3 we have that
1)1 2215, 60y < €
with C' depending only on the data of the problem and on ¢, and that

G(s) — #(s) in (5;(t),1], =0 in H'(5(1),1). (5.3.17)
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Notice that
G(s) = vr(s,pl(s)),  H(s) = 1L(s).

We employ the following result, proved in [90, Lemma 7.3|, which holds since 5;(t) < t.

LEMMA 5.3.12. Let us consider (s1,s3) C I" such that vL(t) ¢ F. for every t € (s, s2).
Then, for every t € (s1,s2) there ewists a set Aj(t) C (s1,s2), at most countable, such that
(3j(t1),t1] and (3(t2),ta] are disjoint for t1 # ta € A;(t) and

(s1.81= |J G501
teA; (1)
Employing the above lemma, we deduce the following convergence result.
LEMMA 5.3.13. For every (t1,t2) CC (s1, $2)
vk (ool () = B in LA (11, %) . (5.3.18)
PROOF. Let f € L?(t1,%2). We have that
to )
/ vk(s,pi;(s Z /Uk s Pk ) f(s)ds,
7
1 R CHORIIGE)
and, by (5.3.17),
ue(pp () =B in L2(55(1), 1)
for every t € Aj(t1). Lemma 5.3.12 ensures that A;(#;) is at most countable, so the countable
additivity of the integral allows us to obtain (5.3.18). O

We are now in the position to prove a Griffith criterion for viscous solutions.

PROPOSITION 5.3.14. Let n € {0,...,N:}, j € {1,...,kn}, and (s1,s2) C I such that
YL(t) ¢ B for every t € (s1,s9). Then

(51,82) Dt G(t;T(t),¥1(t)) is continuous (5.3.19)

and for a.e. t € (s1,s2) the following conditions hold:

i£(t) >0, (5.3.20a)
G(t;T(t),72(1) < 1+eil(t), (5.3.20b)
[—G(t:T (1), 72(1) + 1+ @®)]i(t) = 0. (5.3.20¢)

PROOF. For every I' € § and p € Gr, we denote
Gr(t;T,p) := G(wi(t); T, p) .

Recalling the definition of E. (5.3.6), we employ Proposition 5.1.12 and (5.3.16) to deduce
(5.3.19) and the convergence

Gr(t; Fk(t),pi(t)) — G(t:T(t),~L(t)) for every t € (s1,59). (5.3.21)



5.3. VISCOUS EVOLUTIONS 155

By (5.2.5), we have that for every t € (s1, s2)

u(t, pL(t) >0, (5.3.22a)
Gr(t; Tx(1), ph (1)) < 1+ cvg(t, pl(t)), (5.3.22b)
(=G (t; Tw(t), pL(1) + 1 + e vg(t, pl.(1)) |k (t, pl() = 0, (5.3.22¢)

Since Qk(t;f‘k(t),pi(t)) >0, by (5.3.18) and (5.3.22b) the functions

(t1,12) 3 5 — Gi(s; T(s), pL(s))

are equibounded in L2(#1,%s), for every (f1,%2) CC (s1,s2). By the pointwise convergence
(5.3.21) we get that

Gi(sTh(), P() = G(T(), A2 () in L0, Ta) (5.3.23)

Integrating (5.3.22b) in every (t1,t2), and passing to the limit using (5.3.18) and (5.3.26), we

obtain that

) 12

Q(S;F(s),'yg(s))dsg/ 1+¢eli(s)ds.

t1 t1

Therefore we deduce inequality (5.3.20b) in the Lebesgue points of 2 in (s1,82)-
Again by (5.3.23),

% " Gi(s Ta(s), P (5)) ds f " G(s:T(s), 74 (s)) s
and, since Gy (t; Fk(t),pi(t)) >0, we get
Gr(Th().ph()) = GG T()2()) in L (i ). (5.3.24)

Moreover, the continous function s — d(7Z(s), F.) has positive minimum in [f;,7,]. Then there

exists a positive constant Cj such that, using the notation of Proposition 5.3.10,
rj(s) > Cy for every s € [t1,12]. (5.3.25)

Let us now fix a subinterval (5;(t),?] C (s1,s2). By Proposition 5.3.10, there exists k such that
(5.3.11) holds for k > k and s € (5;(t),?]. Thanks to (5.3.11) and to the fact that (5.1.12) holds
with a radius r = Cj independent of s by (5.3.25), we are allowed to use Proposition 5.1.12.
Therefore, by (5.1.13) and (5.3.1), we get that there exists a positive constant C' independent
of k >k and s € (5;(t),t] such that

gk(s;Fk(s),pi:(s)) < C forevery k >k and s € (5;(t),t].
Using also (5.3.24), it follows that
Gl Th(), 7)) = G T(), 7)) in LA(s;(),8), for every g € [1,4+00).  (5.3.20)
Let us now prove (5.3.20c). It follows immediately from (5.3.20a) and (5.3.20b) that

—G(L;T(1),72(8) + L+ el(t) | E£(t) 2 0.
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By (5.3.18), (5.3.22c), and (5.3.24) we deduce that

os/s:(t)[ G(s;T(s),72(s)) + 1 +eli(s )} I2(s)ds

t

. . t )
< lim [—gk(s; Li(s),pl(s)) + 1} vk (s, pl(s))ds + ¢ likm inf/ v (s, ph(s))* ds
o0 J55(t)

k—o00

< nmmf/'(t) [fgk(s;f‘k(s) 7 (s)) + 1+ cvg(s, ph(s ))] (s, ph(s)) ds = 0.

Then (5.3.20c) holds in the Lebesgue points of iZ in (s1,s2), and the proof is completed. [
We are now ready to prove Theorem 5.3.7.

PROOF OF THEOREM 5.3.7. Let us fix n € {0,...,N.} and j € {1,...,k,}, and let us
consider the intersections of vg with the set F. defined in (5.3.2): since I'; is nondecreasing and
the curves of S have no self-intersections, if 7 € F, N~Z (I, then there are t* < #; <ty < 01
such that

vi(s) =7 if and only if 5 € [y, %s]. (5.3.27)
By Remark 5.3.6, if € B.(T"), we have that the tip stops in z until the final time 7", and we
deduce in particular (5.3.27) for fo = t7+1.

Therefore (i) holds and (#7,#7*!) is the union of a finite number of open intervals where
Y(t) ¢ E., and of a finite number of closed intervals in each of which ~Z(t) is constant and
belongs to E.. Combining this observation with Proposition 5.3.14 gives the Griffith conditions
(5.3.8).

When ¢ < t9 in (5.3.27), we can say that

I(s)=0 forse (t,la).
By (5.3.20c), we have that for every n, j, and for a.e. t € I
—G(ET(W).AL(0) + 1+ e 0] ) = 0.
Therefore, recalling (5.3.4) and (5.3.9), F(-;T'<(+)) defined in (5.1.1) is absolutely continuous in

every (s1,s2) C I and

%f(t;l“s(t)) =D [FGHT(0), A1) + 1 iL(1) + (Vus(t), Veirt)

- —az (H ) (Ve (t), Vio(t)) .
with the convention G(¢;T=(t),7Z(t)) () = 0 if 42 (t) ¢ G.(t). Integrating,

F(s2;T(s2)) — F(s1;T(s1)) = / [—EZ <lﬂ ) (Vuc(s), Vw(s))| ds.

We can now pass to the limit as s; — t? and s — t271 | in view of the continuity of F(-;T(+))

N2
and of the fact that [—5 Z?;l <l§(t)) + <Vug(t),Vu')(t)>] € LY(IM), obtaining the energy
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balance in every II'. Since the number of such intervals is finite and F(-;T'c()) is continuous

n [0,7], summing up we obtain (5.3.7). This concludes the proof. O

5.4. The vanishing viscosity limit

In this section we pass to the limit in the viscous solutions as the viscosity parameter &
tends to zero. The limit evolution may display jumps in time. In order to provide a better
description of the system during jumps we reparametrize by arc-length the viscous solutions,
in such a way that we get a family of Lipschitz evolutions. In the limit, we obtain an evolution
parametrized by arc-length, where jumps are described by means of a slow time scale. This
technique was already employed in [40, 59, 29, 67, 76|.

Given a family of viscous solutions (I'c)e~¢ as in Definition 5.3.1, for ¢ € [0,T] we set

s2(t) ==t +H (To(t) \To) = t + (I(t) — lo) . (5.4.1)
Being [. increasing, we get that s; is strictly increasing and absolutely continuous and that
so(te) — s2(ty) > ta —t1 forevery 0 <t <tg < S.:=s2(T).

Let ¢2:]0,S:] — [0,7] be the inverse of s2; then ¢2 is strictly increasing. By the uniform
bound on the length of the elements of S, it follows that S := sup. S: < +o0o and then, for a
sequence e, S;, — S, with § > T. By setting t2(t) = t2(S:) on (S:, S], we may assume that
t2 is defined on the fixed time interval [0,S]. For s € [0, S] we set

[(s) = 1(t2(s)),  T2(s) :=Te(t2(s)), uils) := ue(t(s)). (5.4.2)

DEFINITION 5.4.1. A rescaled approzimable quasistatic evolution is a function s — (I'°(s),t°(s)),
defined in [0, S], with values in S x [0, T, such that there is a sequence I';, of viscous solutions
in §, with ¢, — 0, for which the following hold:

2 (s) N I'°(s) for every s € [0, 5], (5.4.3a)
tg St in Wh>([0, 9]), (5.4.3b)

where I'? and t2 are as above, see (5.4.1)—(5.4.2).

Employing the Helly Theorem for families of nondecreasing set functions, in the following

proposition we prove the existence of rescaled approximable quasistatic evolutions.

PROPOSITION 5.4.2. There exists a rescaled approrimable quasistatic evolution. Moreover,
for every rescaled approzimable quasistatic evolution s+ (I'°(s),t°(s)) the following hold (with

the notation as above): the set function s+ I'°(s) is nondecreasing,

220 i Whe([0,9]),

and

() (s) + (1°)(s) =1 for a.e. s € (0,9), (5.4.4)
where 1°(s) = HY(T°(s)) for every s € [0,S] and the symbol ' denotes the derivative with
respect to s. Furthermore, setting u°(s) := u(t°(s),I'°(s)), we have that for every s

Vug (s) = Vu(s) in L*(Q;R?). (5.4.5)
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PRrROOF. By (5.4.1) we get s =t2(s) + (I2(s) — lp), and taking the derivative we obtain the
identity
(t2) (s) + (12)'(s) =1 for every € and s. (5.4.6)

Therefore t2 and [2 are families of contractions on [0,S5]. There are a subsequence ¢ and
functions t°,1 € WH*°([0, S]) such that

o * 4o o ¥ : 1,00
t o, g, =1 in W>([0,85]). (5.4.7)

€k
Moreover, the Helly Theorem applies to the family of nondecreasing set functions s — I'2(s),
so there exists s — I'°(s) € S nondecreasing and a further subsequence of ¢ (not relabeled)
such that

e, (s) L I'°(s) for every s € [0,5],
namely (5.4.3a) holds. By the properties of S, this implies that H*(I'2, (s)) — H!(I'°(s)) for
every s. Recalling (5.4.7), we get | = [° and (5.4.4). Finally, (5.4.5) follows by (5.4.3a) and
[36, Theorem 5.1]. This concludes the proof. O

In the following part of this section, we derive important properties of rescaled approximable

quasistatic evolutions. We define
s2 (t) :==sup{s € [0, 5]: t°(s) <t} forte (0,77,
s3.(t) :==1inf{s € [0,5]: t°(s) >t} forte0,T),
and s° (0) :=0, s3(7) := S. By standard arguments, we have that

s (t) < liminf s2(t) < limsup sZ(t) < s5(t) and t°(s2(t)) =t =1t°(s3.(t)), forte[0,T7],
e—0 e—0
52 (t°(s)) < s < s3.(t°(s)) for s €[0,5],
S°:={te[0,T]: s> (t) <s3(t)} is at most countable,

U° :={s €[0,5]: t° is constant in a neighborhood of s} = U (s2.(t),s3.(1)) - (5.4.8)

tesSe
As in the previous section, we now divide [0, 7] in subintervals where the number of branches
of I'° is constant. Such branches are in turn limits of branches of viscous solutions. Once these

approximation properties are ready, we will adapt the arguments of [59] and [67]. Let us set

T°(s) := Tro(sy, S°(s) == Sro(s), R(s) := Rpo(sy, G°(s) := Broy) -

Up to extracting a further subsequence, we may assume that the sets F. introduced in
(5.3.2) are such that
F.={z},...,2M},
with M independent of ¢, and xé — xj as € — 0. Recall that S.(7') C F.. We define the set
of limit points
F:= {xj: xl = lignxg} . (5.4.9)

We have that card (F) < M and |27 — 2!| > B (25 + 1) for every 27 # 2! € F. Moreover, we

can find a partition of [0, 5]

0=s"<sl<...<sNfl=g
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such that for every s < s’ € [0, 9]
S°(s) = S°(s’) and card (T°(s)) = card (T°(s")) if s,s" € (s, s"T!],
S°(s) #S°(s") or card(T°(s)) < card (T°(s")) ifs<s" <.
As in the previous section, in the time intervals
IS = (s", 5"

we can find exactly hy, branches parametrized by v, ;: In — Q, with ~; ;(s) € T°(s), and

Y j (I5) € Ry

If we introduce the functions I3 > s lh(s) = Hl(sz([s”,s])), we have that for every
(s1,82) C I
hn
(Y (s)=>_ ()" (s) inIy.
j=1

!/
Thus 15 € W°(I2) for every j € {1,...,hn}, with (%) (s) < 1. In order to simplify the
notation, in the following we omit the dependence on n of 7y ; and I} ; (see Remark 5.3.4).
As in Section 5.3 we define for every s € [0, S] the set

B°(s) := [T°(s)\G°(s)]U{p € T°(s): there exist g > 0, p- = p, pe € T2(s) \ GZ(s) for € < g¢}
and the set of exceptional points
E°:=FUB°(T). (5.4.10)

REMARK 5.4.3. As in Remark 5.3.6, we can see that if z € B°(s) \ F, then = € T°(r) for
every T € [s,S], namely z € B°(S). In particular,

E°=Fu (] Bs).
s€[0,5]

The main result of this section states the properties of rescaled approximable quasistatic
evolutions and will be proved at the end of this section, after a few technical steps.

THEOREM 5.4.4. Let (I'°,t°) be a rescaled approximable quasistatic evolution as in Defini-
tion 5.4.1. Then, with the notation as above, the following hold:

(i) for every x € E° (see (5.4.10) for the definition of E° ), there exists J C [0,S] closed
interval (which can also reduce to a singleton and contains S if x € B°(S) ) such that

x € Ts) if and only if s € J;

(i) if n € {0,...,N}, j € {1,...,hn}, and (s1,s2) C I are such that v;(s) ¢ E° for
every s € (s1,s2), then

(51,52) 2 5> G(t°(5);T°(s),7;(s)) is continuous (5.4.11)
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and for a.e. s € (s1, $2)

(1) (s) > (5.4.12a)
If (t )'(5) 0, then G(t°(s); T°(s),75(s)) < 1; (5.4.12b)
If G(t°(s); T°(s),75(s)) < 1, then I is constant in a neighborhood of s. (5.4.12¢)

(iii) for every s € [0,T] it holds the energy-dissipation balance

E(t°(s);T°(s)) +1°(s) = E(0;T0) + lo + /:(Vuo(T), Vw® (7)) dr

+ £) (1) [9(w () To(r), 35 () — 1] dr

;{)/mm;( ) @Ol K ] (5.4.13)
hw .

" /(Sn}swo > () () [0 )T 55() = 1]

/
where m is such that s € I, and we adopt the convention (l;’) (1) G(w°(7); T°(7), 75 (7)) =

0 if ¥7(7) & Gro(s); see (5.1.9) for the definition of Gro(y).

REMARK 5.4.5. Assume that 7 belongs to the interior part of I, so that vj(r) ¢ F.
If 7 (7) ¢ Gro(s), then, by Remark 5.4.3, we have 77(r) € B°(S). So the energy release
rate is not defined at ~7(7), since there are no extensions of I'°(7) at 77(7) (see Defini-
tion 5.1.8), but the tip stops at V5 (1), and then the velocity is null. This justifies the convention

(l}?)’(T) G(w°(7); I°(7),75 (7)) = 0 for 77 () & Gro(r).

REMARK 5.4.6. Let us fix (s1,s2) C I such that 77(s) ¢ E° for every s € (s1,52).
Assuming (5.4.12a) and (5.4.12b), the condition (5.4.12c) implies that for a.e. s € (s1,s2) the
following hold:

If (t°)'(s) > 0 and (13) >0, then G(t°(s); [°(s),75(s)) = 1
If (#°)(s) = 0 and (i3)' > 0, then G(t°(s); [°(s),3(s)) > 1
In particular, in view of (5.4.11),
if G(t°(s),I°(s),73(s)) > 1, then s € U°. (5.4.14)

(See (5.4.8) for the definition of U°.)

In order to prove Theorem 5.4.4, we employ the result below, which follows the lines of
Proposition 5.3.10. There a crucial point was to use the fact that the discrete lengths [, ; were
equi- H! for ¢ fixed. In the current setting, the lengths 12 are equi-Lipschitz with respect to ¢.

PROPOSITION 5.4.7. Let s € I, such that 7 (s) ¢ ¥, and let

rj(s) = w(d(7j(5),F)) An and 55(s) := [g_ ij)] v



5.4. THE VANISHING VISCOSITY LIMIT 161

where w is the modulus of continuity introduced in Remark 5.1.3. Then there exists g > 0
such that for every e € (0,e9) and s € (53(5), 3] the following hold:

T2 (s) N Bos) (v5(8)) contains one and only one element, called pl(s), (5.4.15a)
S2(s) N Byez)(75(5)) = 9, (5.4.15D)
[2(s) N Byo(5)(75(5)) € Ry - (5.4.15¢)

PROOF. Arguing as in the proof of Proposition 5.3.10 it is possible to prove that (5.4.15)
holds for s =5 and that there exists €9 > 0 such that for ¢ € (0,¢q)

H(T2(3) N Bren (12G) ;N) .

In order to see the corresponding properties for general s, it is enough to show that, for
Se == min{s € [s",5): T'2(s) N B,A;(g)(’y]‘-’(g)) # 0},
it holds s. <37(5) for € € (0,e0). This is implied by (5.4.6), which gives

5 < e\ T = | (12)'(s) ds < 5 s

and concludes the proof. O

PrROOF OF THEOREM 5.4.4. Arguing as done in Theorem 5.3.7, we can prove the statement

(i) and the fact that (s", s"*!) is the union of a finite number of open intervals where v;(s) ¢ E°,

and of a finite number of closed intervals in each of which 7 (s) is constant and belongs to E°.

In order to show (ii), let us fix n € {0,...,N},j € {1,...,h,}, and (s1,s2) C I such

that ;7 (s) ¢ E° for s € (s1,2). As in Proposition 5.3.14, by Propositions 5.1.12 and 5.4.7 we
deduce (5.4.11) and the convergence

G(t2(s);T2(s),pl(s)) — G(t°(s); [°(s),7j(s)) for every s € (s1,52). (5.4.16)

By (5.4.6), the functions

s € (33(3).3] > (92)7 (5) = HAT2(s) N Brog (15(5)))

are 1-Lipschitz and, by (5.4.3a),
(92); = (g°); i WH((55(3),3]),
where

s € (55(3),3] = () (s) := HU(L°(5) N By (45 (3))) = 15(s) = HM (5 ([8", 81) \ Bro3)(75(3))) -

o

° s, and on pl(s). Thus we define

Notice that the time derivative of (g2); depends only on I'

ve(s,pL(s)) = (92); () -

We also observe that the time interval I7 may be approximated e.g. by two different intervals
I I72: this is due to the fact that a branch of I'.(7") may disappear in the limit as ¢ — 0.
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For this reason we will have p‘g(S) = 4i(IL(t2(s))) for some i possibly depending on ¢ and s.
(See (5.3.3) for the definition of I2). In particular,

02 (5, p(5)) = EL(£2(5)) (£2)'(5) . (5.4.17)
As in the previous section (see (5.3.18)), for (51,52) CC I, such that v7(s) ¢ F for every

s € (51,52), we have that

v2(pI()) 2 (I5) in (51, 5,). (5.4.18)

By (5.4.17) and the fact that 0 < (2)(s), we can rewrite (5.3.20) in the new variables as
v2(s,pL(s)) > 0, (5.4.19a)
(12)' () — G(t2(5); T2(s), pL(5)) (82)'(5) + € v2(s,pL(5)) = 0, (5.4.19b)
[(12)'(s) = G(t2(5); T2(s), L(s)) (12)'(5) + e w2 (s, pL(s))] v2(s,pL(s)) = 0, (5.4.19¢)
for a.e. s € (s1,52).

As in Lemma 5.3.12, for every s € (s1,s2) there exists a set A7(s) C (s1,52), at most
countable, such that (57(t1),%1] and (57(t2),t2] are disjoint for t; # t2 € Aj(s) and

(sl = | (53(5).3].
FeAS(s)

Let us fix a subinterval (E;(E), S] C (s1,s2). By Proposition 5.4.7, there exists €y such that
(5.4.15) holds for € > 9 and s € (57(3), s]. Arguing as in the proof of Proposition 5.3.14, we
get that there exists a positive constant C' independent of € > g9 and s € (55(s), s] such that

G(t2(s);T2(s),pl(s)) < C  for every e > gp and s € (35(5), 5] .
Employing the fact that G(t2(s); T2(s), pl(s)) > 0, and (5.4.16), we have that
G(t2()T2(),p()) = G ()i T°(),75() i L(55(5),3), for every q € [1,+00). (5.4.20)
Let ¢ € LZ(EE(S’),E) such that ¢ > 0. By (5.4.19b)
/°(“) p(s) [(82)'(s) = G(t2(5); T2(s), pL(5)) (£2)'(5) + € v(5,pL(5))] ds > 0.
Sj S
By (5.4.3b), (5.4.18), and (5.4.20) we can pass to the limit obtaining that
| 0) 1= 6 (5 192561 (1) (5) ds = 0,
55(5)
and then (5.4.12b) follows by the arbitrariness of ¢ and s.
Let us prove (5.4.12c). First we show that, if G(t°(s);I°(s),7;7(s)) < 1, then there exists
6 > 0, depending only on s, such that
G2 (T (), () <1 in(s—6,s+0) (5.4.21)

for k sufficiently large. Otherwise, assume that there exist a sequence t; — s such that

G(t2, (te); T2, (tr), P, (tr)) > 1. (5.4.22)
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Since [t2(tx) —t2(s)| < |[tr — s| and |I2(tx) —2(s)| < |tx — s| for every € > 0, we are allowed to
apply Proposition 5.1.12. It follows that G(t°(s);I"°(s),7;(s)) > 1, which contradicts (5.4.22).
Now, by (5.4.19¢) and (5.4.21), we get that pl, is constant in (s — 4, s + ) and so is [7. Then
(ii) is proved.

Let us now show (iii). Arguing as in Proposition 5.3.9 we have that the total energy
F(t°(-);T°(+)) is ACie(I2) for every n € {0,..., N} and that for a.e. s € IS = (s", "]

hn
%f(t"(S); To(s)) = > [1=G(t°();T°(5),%5 ()] (1) () + (Vu(5), Vir© (s)) ,
j=1

!/
with the convention G(t°(s); I'°(s), 7} (s)) (l;) (s) =0 if v (s) & Gro(r)-
Integrating in (s1,s2) CC 12,
hn

F(t°(s2); T%(s2)) = F(°(s1); 1% (51)) = /52 Yo [1=GE ()T s ()] (1) (7) dr

s1 =1

+ / (Ve (r), Vi© (7)) dr

S1

*1 since the positive part of

Notice that we can pass to the limit as s; — s™ and so — s"
Z?zl [1 — G(t°(7); FO<T),’)/;?(T)):| (l“;)l (7) is less than one and we can use Monotone Conver-
gence Theorem for the negative part. Since F(¢°(-);T°(+)) is continuous, we can then sum up
over the intervals I, whose number is finite.
We are left to prove that in the last two lines of (5.4.13) there is no contribution for

7 ¢ U°. As observed before, (s",s""1) is the union of a finite number of open intervals such
that 77(s) ¢ E° for every s in these subintervals, and of a finite number of closed intervals in
each of which fy; is constant and belongs to E°. If we are in an interval of the first type, by
(5.4.12c) and (5.4.14),

hn

D [1=G(E()T ()25 ()] (5) (5) =0 fors ¢ U°.

j=1
On the other hand, if we are in an interval [s1,32] such that 'y;(s) =7 € E°, then (l;)l(s) =0.
(Recall also the convention adopted for the points T ¢ Gro(y).) Threfore we conclude (5.4.13)
and the proof is completed. g

REMARK 5.4.8. Arguing as in [67, Theorem 8.7] we have that for every n € {0,..., N},
J€{1,....hn}, and (s1,s2) C I, such that 77(s) ¢ E° for every s € (s1,s2), there exists a
continuous function A: (s1,s2) — [0,400), independent of j, such that for a.e. s and every j

o\/ o o o + o
A(s) (15) (s) = (G(t°(s); T°(5),75(5)) = 1) and  A(s)(t°)'(s) = 0.
Therefore, the rescaled evolution is governed by a viscous law in U°. This gives insight on the
unstable propagations, which correspond to jumps regime in the original time scale.






CHAPTER 6

Cohesive fracture with irreversibility and fatigue

Overview of the charapter

The present chapter considers the problem of quasistatic evolutions for a cohesive fracture
on a prescribed crack surface, in small-strain antiplane elasticity. Precisely, we study a cohesive
model where the density of the energy dissipated in the fracture process depends on the total
variation of the amplitude of the jump. Thus, any change in the crack opening entails a loss
of energy, until the crack is complete. For this reason it may happen that oscillations of small
jumps produce a complete fracture, displaying a fatigue phenomenon. As pointed out in the
Introduction, the main mathematical difficulty is related to the lack of good controls on the
approximate evolutions obtained by incremental minimization: this leads to pass through a
weak notion of quasistatic evolution, that involves Young measures. The results of this chapter,
proven in collaboration with Giuliano Lazzaroni and Gianluca Orlando, are contained in [27].

The notion of quasistatic evolution and the main existence result are presented in Section
6.1, which contains also some results on a strong formulation that is satisfied by the weak
solutions under suitable regularity assumptions. The final part of Section 6.1 contains a short
presentation of the existence proof, which is given in more detail in the remaining part of the
chapter. After recalling some preliminary results on Young measures (Section 6.2), we introduce
the discrete-time problems in Section 6.3 and we pass to the continuous-time limit in Section
6.4, obtaining the formulation based on Young measures. Finally, in Section 6.5 we prove the
existence of quasistatic evolutions according to the notion based on functions.

In the sequel, we will often consider time-dependent functions t +— v(t), where v(t) is a
function depending on a space variable z. We will write v(¢;z) to refer to the value of v(t) in
x.

6.1. Assumptions on the model and statement of the main result

Reference configuration and boundary conditions. Throughout the chapter, Q is
a bounded, Lipschitz, open set in R" representing the cross-section of a cylindrical body in
the reference configuration (in the setting of antiplane shear). The cracks of the body will be
contained in a prescribed crack surface I', where I" is a (n—1)-dimensional Lipschitz manifold
in R with 0 < H"1(I' N Q) < oo. Moreover, we assume that Q\T' = Qt UQ~, where QF
and Q~ are disjoint open connected sets with Lipschitz boundary. The normal v(x) = vp(z)
to the surface I' is chosen in such a way that it coincides with the outer normal to 9~ .

We consider evolutions driven by a time-dependent boundary condition assigned on the
Dirichlet part of the boundary dp€). We assume that 0p€? is a relatively open set of 02 and

165
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that H"~1(0pQ N ONT) > 0, in order to apply the Poincaré Inequality separately in O+ and
Q7. We denote by Oy the remaining part of the boundary, i.e., Iy := 9Q \ IpQ2.
For every w € H'(Q), we define the set of admissible displacements corresponding to w by

Alw) :={u € H(Q\T): u=w on dpN}. (6.1.1)
We assign a function t +— w(t) defined on [0, 7] with values in H!(Q2) and we assume that

t w(t) belongs to AC([0,T); H()). (6.1.2)

Variation of jumps and initial data. In order to give the notion of quasistatic evolution,
we introduce a function V,,(¢) describing the variation of the jumps on I' of an evolution ¢ +— u(t)
in a time interval [0,¢].

Before defining V,(t), we recall the definition of the essential supremum of a family of
measurable functions, that is the least upper bound in the sense of a.e. inequality. We give this
definition in the case of functions defined on the measure space (I'; H"~!). Indeed, this will be
the relevant setting for our model.

DEFINITION 6.1.1. Let (v;)ier be a family of measurable functions from I' to [—o0, 00].
Let v: I' — [—o00, 0] be a measurable function such that
(i) v >wv; H" l-ae.on T, for every i € I;
(ii) if v: I' — [~00,00] is a measurable function such that v > v; H" '-a.e. on T, for
every i € I, then v >v H" '-a.e.on I,

We say that v an essential supremum of the family (v;);er.

REMARK 6.1.2. Given a family of measurable functions (v;);er, there exists a unique (up to
H"~!-a.e. equivalence) essential supremum @ of the family (v;);c;. We denote it by esssup v; :=
el
.
We now define the essential variation, namely the variation for a time-dependent family of
measurable functions, in the sense of a.e. inequality. As done for the essential supremum, we
give this definition in the case of functions defined on the measure space (I'; H"1).

DEFINITION 6.1.3. Let us consider a function t — v(t), with v(¢): I' = R measurable for
every t € [0,T]. For every 0 < t; < to < T, the essential variation of v in [t1,t2] is the
function ess Var(v;t1,t2): I' = [0, 00] defined by

J
ess Var(y; t1, t2) := esssup { Z |v(si)=v(si—1)|: €N, t1 =50 <51 <+ <551 <85 = tz} .
i=1

REMARK 6.1.4. The essential variation satisfies the usual property that
ess Var(7; t1,t3) = ess Var(v; ty, ta) + ess Var(y; to, t3) H" '-ae. onT,

forany0§t1<t2<t3§t.



6.1. ASSUMPTIONS ON THE MODEL AND STATEMENT OF THE MAIN RESULT 167

Given a function t +— u(t) defined on [0, T'] with values in H'(Q\T'), we define the variation
Vu(t): T' = [0, 00] of its jumps on I' with initial condition Vj by

Vu(t) := ess Var([u]; 0,t) + Vp , (6.1.3)

for every t € [0,T], where Vp: I' — [0, 00] is an assigned measurable function.

Initial data. We fix an initial displacement
up € A(w(0)) (6.1.4)

and a function Vp: I' — [0, 00| accounting for the variation of previous jumps until the initial
time ¢ = 0. Indeed we assume that

Vo(z) > |[uo(z)]| for H" '-ae. z€T. (6.1.5)

If Vo= Huo] ’ , a monotone crack opening has occurred before the initial time t = 0. In general,
the crack opening may have oscillated before the initial time in such a way that its variation
in time equals V. The set I'y(0) := {Vj > 6(x)} represents the part of I" which is already
completely broken at the beginning of the process.

The surface energy density. We assume that the surface energy density g depends on
the point on T'" and on the history of the jump. More precisely, g: I'x[0,00) — [0, 00) satisfies
the following assumptions:

(g1) g is a Carathéodory integrand, i.e., g(w,-) is continuous for H" '-a.e. z € I and

g(+,€) is H" t-measurable for every ¢ € [0,00);
(92) g(z,0) =0 and g(x,-) is concave for H" t-ae. z €T
(93) 5lim g(x,€) = k(x) € [k, ko) for H* t-ae. 2 € T, where k1, kg € (0,00);
— 00
(g4) the limit
i 98
g=0t €

exists for H" 1-a.e. z €T and ¢/'(+,0) € L>=(T).

=1 4'(z,0)

In particular, for H"!-a.e. z € T it turns out that g(z,-) is nondecreasing and can be extended
to a function in Cy([0, 00]) by setting g(x,00) := k(x).
It will be convenient to introduce a measurable function 6: I' — [0, oo] that represents the

threshold after which the function g(z,-) becomes constant, i.e.,
O(z) :=1inf{€ > 0: g(z,&) = r(x)} € (0, 00]. (6.1.6)

The function g(x,-) is strictly increasing if and only if 6(x) = oco.

As already discussed in the Introduction, it is convenient to write the energy dissipated by
a crack opening (cf. Figure 1) as a function of the variation of the jump V,,(¢) defined in (6.1.3)
(cf. Figure 2):

/g(a:, Vo (t)) dH™ L.

r
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energy dissipated

\ 4

[uo)] [u(t2)]  [u(t)]  [u(ta)] [u(ts)]
FIGURE 1. Energy dissipated by a jump ¢ +— [u(¢)] with a non-monotone history in a time
interval [to,ta]: ¢+ [u(t)] increases in [to,t1] and in [te,t3], whereas it decreases in [t1, 2]

and in [ts,t4].

energy dissipated

>

Vau(to) Vu(t1) Vau(t2) Vau(ts) Vu(ts)

FIGURE 2. Energy dissipated as a function of the variation of the jumps V,(t) corresponding
to a jump history as in Figure 1. Notice that the variation V,(t) is nondecreasing in time.

REMARK 6.1.5. In the cohesive models studied in [37] and [15], the variable used to describe
the energy dissipated is the supremum of the jumps reached during the evolution. This is the
main point where our cohesive model differs from those considered in [37] and [15].

Cohesive models shares also some similarities with problems of delamination and adhesive
contact, see e.g. [63, 92| for the energetic formulation of quasistatic evolutions. However, in
such models the surface energy density depends on an internal variable and not on the previous

history of the jump of the displacement.

Definition of quasistatic evolution and strong formulation. We are now in a position

to give the definition of quasistatic evolution.

DEFINITION 6.1.6. Let w, ug, and Vj be as in (6.1.2)—(6.1.5). Let t — u(¢) be a function
defined on [0,T] with values in H'(Q\ T) and let V,(t) be the variation of its jumps on T,
defined in (6.1.3). We say that ¢t — u(t) is a quasistatic evolution with initial conditions (ug, Vp)
and boundary datum w if u satisfies u(0) = ug and the following conditions:

(GS) Global stability: For every t € [0,T] we have u(t) € A(w(t)) and

;/]Vu(t)]2dx+/g(a:,vu(t)) aHr! < % /yvm2dx+/g(x, Va(t) + |l —[u(t)]]) i
o\r r O\ r

for every u € A(w(t)).
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(EB) Energy-dissipation balance: For every t € [0, T

;/|Vu(t)|2da:+/g(:c,Vu(t)) dH™ 1

o\r r .

= % / ]Vu()’? dr + /g(:n, Vo) dum1 + /(Vu(s),vw(3)>L2 ds.

O\ r 0

In order to give an insight into the strong formulation of the model studied in the chapter,
we state two results regarding necessary conditions satisfied by a quasistatic evolution. For
simplicity, we derive these differential conditions under the assumption that g(x,-) is of class
C'. We denote by ¢'(z,&) the derivative of g(z,¢) with respect to €.

PROPOSITION 6.1.7. Assume that g(x,-) is of class C* for H" '-a.e. x € T'. Let t — u(t)

be a function defined on [0,T) with values in H*(Q\T) and satisfying (GS). Then for every
t €10,T) the following hold:

(i) The function u(t) is a weak solution to the problem
Au(t) =0 in Q\ T,
u(t) =w(t) on dp,
dyu(t) =0 in H™2(0n0).
(i) Let u(t)™ :=u(t)|q+ and u(t)” := u(t)|q- . Then dyu(t)™ = d,u(t)” in H_%(F).
(iii) Let dyu(t) :== dyu(t)™ = dyu(t)”. Then dyu(t) € L=(T) and
0,u(t;z)| < ¢ (x,Vu(t;z))  for H" '-a.e. 2 €T, (6.1.7)
To keep the presentation clear, the proof of Proposition 6.1.7 is given in Section 6.5.
Condition (iii) in Proposition 6.1.7 expresses the fact that the surface tension on I' due to
the displacement is constrained to stay below a suitable threshold. This threshold decreases
in time, since ¢'(z,-) is nonincreasing and V,(-;x) is nondecreasing in time. However, this
condition is static and is not enough to characterise an evolution.
d,u(t)yh

g'(0)

g’ (Vu(ta)
4

A\

[u(to)]

-9’ (Vu(t1))

FiGURE 3. Crack opening versus surface tension corresponding to a jump history as in Figure 1.
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Nonetheless, in the following proposition we employ the energy-dissipation balance to show
that the evolution satisfies a flow rule: in the points where a crack opening grows, the surface
tension actually must reach the maximal threshold. (See Figure 3 for a possible evolution of the
surface tension.) The result is proved under regularity assumptions on the evolution ¢ — u(t).

To make the statement concise, we denote by Sign the multifunction given by

1 if&>0,
Sign(¢) == { [-1,1] if¢=0,
-1 if £ <0,

PROPOSITION 6.1.8. Assume that g(x,-) is of class C* for H" '-a.e. x € T'. Let t — u(t)
be a quasistatic evolution in the sense of Definition 6.1.6 and assume that u € AC([0,T]; H'(2\
I')). Then

du(t;z) € ¢'(z, Vau(t; ) Sign([u(t; z)])  for H' '-ae. z €T and a.e. t € [0,T],
where [1(t)] is the derivative in time of [u(t)] with respect to the strong topology in L*(T).
Proposition 6.1.8 is proved in Section 6.5.

Statement of the main result. We now introduce the tools needed to state our main
result, which concern the existence of a quasistatic evolution and the approximation by means
of discrete-time evolutions.

As usual in the proof of existence of quasistatic evolutions for rate-independent systems, we
construct discrete-time evolutions by solving incremental minimum problems. For every k € N,
let us consider a subdivision of the time interval [0, 7] given by k+1 nodes

0=t) <tl<.c.<th V1 <#b =T lim max [t — ¢t =0
k k k ) kﬁoolgigk‘k k | )

and let us define w}, := w(t}).

We assume that the initial condition (ug, Vp) is globally stable, namely

1/\Vu0]2dx+/g(:c,vo) dH" ! < % /]Vﬁ\zdm—i—/g(x, Vo + |[@]—[uo]|) dH" ", (6.1.8)

2
O\ r O\ r
for every u € A(w(0)).

As the first step of the incremental process, we set ug = wup and Vko = V. Let i €
{1,...,k} and assume that we know u}' and V}* for h=0,...,i — 1. Then we define u} as a
solution to the problem

muin {; / |Vu|* dz + /g(:c, Vith+ Hu]f[u;;l]’) dH" 1 u e A(wlk,)} , (6.1.9)
O\l r
and we set ‘
K3
Vi= Vit g = ey | = Vo + > [fud]—[ul 1] (6.1.10)
j=1

The existence of a solution to (6.1.9) is obtained by employing the direct method of the Calculus

of Variations.
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The discrete-time evolutions are then defined as piecewise constant interpolations of the

solutions to the incremental problems. Namely, we set
up(t) == up, Vi(t) =V, wi(t) :==w) for t), <t < tit! (6.1.11)

and uy(T) := uf, Vi(T) := V¥, wi(T) == w(T).

Passing to the limit as k — oo, we prove that u; converges to a quasistatic evolution w.
A major point of our result is that the convergence holds for a subsequence independent of ¢.
We also provide a convergence result for the variations of the jumps. Specifically, the truncated
functions Vj(t) A6 converge to V,(t) A, where 6 is as in (6.1.6), and A denotes the minimum
between two functions. We remark that when V,(¢; ) overcomes the threshold 6(z), we have
no control on V,(¢;x), which may increase without further dissipation of energy. Moreover, we
obtain that ¢ — u(t) and t — V,(¢) are continuous (in a suitable sense), except for countably
many times.

These results are stated in the following theorem, whose proof is given in Section 6.5.

THEOREM 6.1.9 (Existence and approximation of quasistatic evolutions). Assume that g
satisfies (gl)—(g4). Let w, up, and Vp be as in (6.1.2)~(6.1.5) and assume that (ug, Vp) is
globally stable in the sense of (6.1.8). Consider the piecewise constant evolutions t — ug(t) and
the piecewise constant variations t — Vi(t) defined in (6.1.11). Then there exist a subsequence
(independent of t and not relabelled) and a quasistatic evolution t — wu(t) with initial conditions

(uo, Vo) and boundary datum w such that, for every t € [0,T],
up(t) — u(t) strongly in HY(Q\T), (6.1.12)
Vi(t) NO — V,(t) A0 in measure, (6.1.13)

where V,(t) is the function defined in (6.1.3) and 6 is given in (6.1.6).
Moreover, there exists a set E C [0,T], at most countable, such that, for every t € [0,T]\ E
and every s — t,

u(s) — u(t) strongly in H'(Q\T). (6.1.14)
Vu(s) N0 — Vi (t) N in measure. (6.1.15)

We underline that, if 6(x) is finite and V,,(¢;x) > 6(x), the material is completely broken
at x. Therefore V,(t) A 0, appearing in the theorem above, is the relevant state variable for
the system.

REMARK 6.1.10. If 8 € L>°(I"), then the convergence in (6.1.13) and (6.1.15) is also strong
in LP(T") for every p € [1,00). In contrast, if § = co (that is g(x,-) is strictly increasing for
H" tae x €T), then Vi(t) — Vi (t) in measure as k — oo and Vi, (s) — V,,(t) in measure as
s — 1.

Guidelines for the proof of the main result. The main difficulty in the passage to the
continuous-time limit as k& — oo is that we lack of controls on Vj(t). In fact, by (6.1.9), we
can only infer that [ g(z, Vi (¢)) dH" ! is uniformly bounded, but this gives no information on
Vi(t), since g is bounded. For this reason we resort to a weaker notion of quasistatic evolution,
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where the variation of jumps on I' is replaced by a Young measure. Notwithstanding, after
establishing the properties of such an evolution, we are able to show that the Young measure
found in the limit is concentrated on a function. Eventually, we obtain a quasistatic evolution
in the sense of Definition 6.1.6. We describe here the strategy followed to prove Theorem 6.1.9.

Following the scheme of the proof of existence of energetic solutions to rate-independent
systems [79], the starting point of our analysis is to obtain a global stability and an energy-
dissipation inequality for the discrete-time evolutions ¢ — wuy(t) (Proposition 6.3.1). As usual,
the energy-dissipation inequality provides a priori bounds in H!(Q\T) for the functions wuy(t),
independently of k£ and ¢. In order to study the limit of the functions Vi(t), it is convenient
to introduce the Young measures concentrated on the graph of Vi (t), namely

v(t) == dy, 1) € Y(I';]0,00]) for every t € [0,T]. (6.1.16)

We refer to Section 6.2 for the notation and the basic properties of Young measures. Since
the functions Vi (t) are nondecreasing with respect to t, we can apply a Helly-type selection
principle (proved in [15]) to infer that the Young measures vj(t) converge narrowly to a Young
measure v(t) € Y(I';[0,00]) on a subsequence independent of ¢. Thanks to the a priori bounds
on ug(t), it is possible to extract a subsequence k;(t) (depending on t) such that wuy, ) (?)
converges to u(t) weakly in H'(Q2\T'). These convergences allow us to pass to the limit in the
global stability of the discrete-time evolutions (Proposition 6.3.4), and thus to deduce that ¢ —
(u(t),v(t)) satisfies a suitable notion of global stability (condition (GSY) in Definition 6.4.1).

Afterwards, we show that the evolution t +— (u(t),r(t)) satisfies an energy-dissipation
balance (condition (EBY) in Definition 6.4.1). One inequality in this balance is a consequence
of the energy-dissipation inequality of the discrete-time evolutions t — ug(t). On the contrary,
the proof of the opposite inequality requires a thorough analysis. The main reason is that
the Helly Selection Principle adopted before does not give any information about the relation
between the Young measure v(t) and V,(¢). This relation is though encoded in a property
satisfied by ¢ — v(t) (the irreversibility condition (IRY) in Definition 6.4.1), that we derive
from the analogous condition (IRY), for the approximating Young measures t — v (t). This
property relates v(t) to [u(t)] and allows us to conclude the proof of the other inequality in
the energy-dissipation balance by employing the global stability.

In addition, we prove that ug(t) actually converges to u(t) strongly in H*(Q\T) on a
subsequence independent of ¢. This convergence result is proved in Section 6.4 by showing
that the jump ~(¢) := [u(t)] is determined de facto independently of ¢ (cf. equation (6.4.9)).
Indeed this implies that the function u(t) is the unique solution of a minimum problem among
functions with a prescribed jump ~(¢) (Proposition 6.4.6). With similar arguments, we prove
that ¢ — w(t) is continuous in ¢ except for a countable set E C [0,T].

Finally, in Section 6.5 we prove that u is actually a quasistatic evolution in the sense of
Definition 6.1.6. Notice that for this step we need the assumption on the concavity of g(z,-).
Moreover, this allows us to prove that the Young measure v(t) (suitably truncated with 6) is
concentrated on the function V,,(¢). As a consequence of this fact, we are able to deduce also
the convergences in (6.1.13) and (6.1.15) in Theorem 6.1.9.
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6.2. Preliminary results about Young measures

—_
—

Probability measures. Let = be a metric space. We denote by M b+ (2) the set of positive
bounded measures, and by P(Z) the set of probability measures on =. The space M, (Z) can

be put in duality with the space of bounded continuous functions Cy(Z) by defining

(fop) = / F(€)u(de) = / £(6) du(e), (6.2.1)

for every p € M, (Z) and f € Cy(2).
If = is a separable metric space and p € Mlj (2), the support of u is the smallest closed

subset of = where the measure p is concentrated, i.e.,

supp(p) = ] C.
C' closed
w(E\C)=0

Let =1 and Z5 be two metric spaces, let ¢ : = — Z2 be a Borel map, and let p €
M;(El). The push-forward of p through the map ¢ is the measure pup € M;_(Eg) defined
by puu(A) = u(p=t(A)) for every A € B(Z,).

We will later deal with measures in the space M, ([—0o, oc]), where [—o0,00] is endowed

with the metric induced by an increasing homeomorphism
¢: [—o00,00] = [—1,1], (6.2.2)

e.g. ¢(§) := Zarctan(¢). Measures in M,"([—00,00]) are in duality with bounded continuous
functions f € Cp(|—o00,0]), i.e., continuous functions with a finite limit at +oo.

We also recall that for every probability measure p € P([—o0, 00]) we can define the cumu-
lative distribution function F): [—o0o,00] — [0,1] by

Flu(§) := p([—o00,¢&]) for every £ € [—o0, 0] (6.2.3)
By the right continuity of F),, it is possible to define its pseudo-inverse Fl[t_l] : [0,1] — [—o0, o]
by

FU(m) = min{€ € R: F,(€) > m}. (6.2.4)

Young measures. For an introduction to the general theory of Young measures we refer,
e.g., to [107]. Here we recall some basic notions and properties. Let us fix a metric space Z.

DEFINITION 6.2.1. The collection of Young measures on I'x= with respect to the measure
H"~ 1 is the set

Y(IE) i={v € M7 (I'xE) : whyv = H"'LT},

where 71 : 'xZE — T is the projection on T'.

REMARK 6.2.2. We recall that a family (v*),cr of probability measures v* € P(Z) parametrised
on I' is said to be measurable if the function z +— v%(A) is H" '-measurable for every
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A € A(=). By the Disintegration Theorem (see [6, Theorem 2.28]), it is always possible to asso-
ciate a measurable family of probability measures (v*);er with a Young measure v € Y(I'; X)
in such a way that

/f(z:,ﬁ) dv = //f(x,g)zﬂ(dg) dH™ 1 for every f € LL(TxX). (6.2.5)
= r =

Moreover, the family (v%)er is unique up to H" !-negligible sets, i.e., if (0%),cr is any other
measurable family of probability functions satisfying (6.2.5), then % = v* for H" !-a.e. x € T.
If v=")ger € Y(;5), for every f € Cp(I'xE) the duality between v and f reads

/fxgdyxg //fx§ (dé)dH™ ! = /(f( S, vy dH L

EXAMPLE 6.2.3. The simplest example of a Young measure is obtained by fixing a measur-
able function v: I' = = and by considering the Young measure concentrated on the graph of
the function v, identified by the measurable family of probability measures 6, := (0y(z))zer -

We will consider the space Y(I';E) endowed with the narrow topology.

DEFINITION 6.2.4. We say that v; converges narrowly to v (and denote v; — v) if and
only if

/(f( DRZAX L 1—>/ dH" 1, (6.2.6)

r
for every f € Cp(I'x2).

REMARK 6.2.5. If = is a compact metric space, by [107, Theorem 2| the convergence in
(6.2.6) also holds for every Carathéodory integrand f, i.e., a measurable function such that
f(z,-) € Cy(E) for H* '-a.e. z € I' and such that x ~ || f(z,")|l« belongs to LY(T).

The narrow convergence for concentrated Young measures is characterised in the following
proposition. For the proof, we refer to [107, Proposition 6].

PROPOSITION 6.2.6. Assume that Z is a compact metric space. Let vj,v: ' — Z be mea-

surable functions. Then 6,; — 6, if and only if v; — v in measure.

REMARK 6.2.7. In the case where = is [—00, 00| endowed with the metric induced by ¢ in
(6.2.2), then v; — v in measure if and only if H" 1 ({|¢(vj) — ¢(v)| > €}) — 0 for every € > 0.

The following compactness result holds (cf. {107, Theorem 2]).

THEOREM 6.2.8. Assume that = is a compact metric space. Then Y(I';E), endowed with
the narrow topology, is sequentially compact.

REMARK 6.2.9. The assumption on the compactness of the space = is crucial to guarantee
the compactness of Y(I'; Z) with respect to the narrow convergence. For instance, if & =R, it
may happen that a sequence v; € Y(I'; R) has some mass escaping to infinity.

We will later need to infer the compactness of sequences v; € Y(I';R) with no tightness
assumptions. Thus, we will consider a compactification of R, i.e., we will regard v; as Young
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measures in Y(I'; [—00,00]). In this way, we can conclude that a subsequence of v; € Y(I';R)
(not relabelled) converges narrowly to a Young measure v € Y(I'; [—o0, o0]).
To deal with these Young measures, it is convenient to introduce the map

O: I'x[—o0,00] = I'x[-1,1], @(x,&) := (x,d(x)), (6.2.7)

where ¢ is the homeomorphism defined in (6.2.2). In this way, for every v € Y(I'; [—o0, 00])
we have ®4v € Y(I';[-1,1]). The elements of Y(I';[—o00,00]) are in duality with functions
f € Cyp(I'x[~00,¢]), i.e., such that fo®~! e Cy(I'x[-1,1]).

Translation. We now recall how to shift real-valued Young measures. For every measur-
able function v: I' — R we define the translation map S7: I'x[—o00,00] — I'x[—00,00] by
SV(z,€) := (x,& + v(x)), with the usual convention that a + co = +oo for every a € R. For
every v € Y(I'; [—o0, x0]) we set

vy = S;V e Y(I'; [—o0, 0], (6.2.8)
v Oy =8y v e V(I [—00,00)). (6.2.9)

REMARK 6.2.10. Let v;,v € Y(I'; [—00,00]) be such that v; = v and let v: I' = R be a
measurable function. By Remark 6.2.5 we have v; @y — v @ ~.

Moreover, if 7,v;: I' = R are such that v; — 7 in measure, then it is easy to see that
vidy; —~vody.

Truncation. We now introduce the notion of truncation of Young measures. This will be
employed in Section 6.5. Given a Young measure v € Y(I'; [-00, 00]) and a measurable function
0: T — [—00,00], we consider the map T?: I'x[—oc0, 00] — I'x[—00, 0c] given by

T(x,6) := (2,6 NO(z)) (6.2.10)
and we say that quu is the truncation of v by 6.

REMARK 6.2.11. In this case, the cumulative distribution function of the measure (Tﬁy)w
is given by
Fel€) €< 0(),
| if ¢ > (),
for H"1-a.e. x € T'. Moreover, if v; — v in Y(I';[—00,00]), then by Remark 6.2.5 we have
’T?Zyj — 7;;‘21/ in Y(I'; [—o00, 00]).

Ei7g,)2(§) =

Partial order. Following [15, Definition 3.10], we introduce a partial order in the space of
Young measures on I'xR. We recall here the definition of this order and its main properties.

DEFINITION 6.2.12. Let v1 = (V])ger, v2 = (V3)zer € Y(I';R). We say that v1 < vy if
one of the following equivalent conditions is satisfied:

(i) for every Carathéodory integrand f: I'xR — R nondecreasing with respect to the
second variable we have

‘ﬂﬂ%%ﬁﬂmml</ﬁwﬁwﬁﬁﬂ*;

r r
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(ii) Foe(§) > Fug(€) for H" t-ae. z € I and for every £ € R.

REMARK 6.2.13. If 11 and v, are concentrated on some measurable functions vy; and s,

respectively, then
vy < 19 if and only if v1(x) < yo(x) for H' lae xel.

The partial order < is naturally extended to Young measures ) (I'; [—00, 00]) by employing
the homeomorphism ¢ defined in (6.2.7). Namely, for every vy, vp € Y(I'; [—00, o0]) we have
v1 2 vo if and only if Oy < Pyurs.

In the following we recall the definition of supremum of a family of Young measures. (See

[15, Proposition 3.16] for the existence of such a Young measure.)

DEFINITION 6.2.14. Let (v;)ier be a family of Young measures in Y(I'; [—00, 00]). We say
that 7 € Y(I'; [—00, 00]) is the supremum over i € I of the family (v;)ier, and we write

UV =supvy;,
i€l
if the following two conditions hold:

(i) 7 = v; for every i € [;
(ii) if v € Y(I';[—00,00]) such that v = v; for every ¢ € I, then v = 7.

REMARK 6.2.15. In the case where v; are concentrated on measurable functions v;: I' —
[—00,00], ¢ € I, we have
sup 51)1' - 55 )
il
where 7 = esssupv; (cf. [15, Remark 3.17]).
el
REMARK 6.2.16. If a map ¢ — v(t) from [0,7] to Y(I';[—00,o0]) is nondecreasing with
respect to <, then there exists a countable set E' C [0,7] such that ¢t — v(¢) is continuous in
[0,7]\ E. The proof of this fact is an easy consequence of [15, Lemma 3.19].

We conclude this section by recalling the Helly Selection Principle for Young measures [15,
Theorem 3.20], a key tool for the proof of our result. Notice that [15, Theorem 3.20] is stated
for Young measures with values in R instead of [—o0, 00].

THEOREM 6.2.17. Let t — vi(t) be a sequence of maps from [0,T] to Y(I';[—o0,00]) that
are nondecreasing with respect to <. Then there exists a subsequence vy, , independent of t,
and a nondecreasing map t +— v(t) from [0,T] to Y(I';[~oc,00]) such that vy, (t) — v(t), as
Jj — oo, for every t € [0,T].

PROOF. The result follows from a straightforward application of [15, Theorem 3.20] to the
sequence of nondecreasing maps ®4vy(t) € Y(I';[—1,1]), where @ is the homeomorphism &
defined in (6.2.7). O
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6.3. Discrete-time evolutions

We study here the discrete-time evolutions already introduced in Section 6.1.

Let ug(t), Vi(t), and wy(t) be the piecewise constant interpolations given in (6.1.11). Let
vi(t) € Y(I';[0,00]) be the Young measures concentrated on Vi (t) defined in (6.1.16). In the
following proposition we state the main properties satisfied by such approximate evolutions and

we provide a priori bounds for wg(t).
PROPOSITION 6.3.1. The discrete evolutions t — uy(t) defined in (6.1.11) satisfy the fol-
lowing conditions:

(GS),, Global stability: For every t € [0,T] we have uy(t) € A(wi(t)) and

;/|Vuk(t)]2dx+/g(a;,vk(t))d?—l”1 < % /\vay2dx+/g(a;, Vi(t) + | @) —[ux (1)]]) 42",

o\l T o\l T
for every u € A(wg(t)).

(EI), Energy-dissipation inequality: There exists a sequence ny with n — 0 as k — oo such
that for every t € [0,T] we have

% /|Vuk(t)2dx+/g(m,vk(t)) d’Hnil

1
< 5 / |Vug|? dz + /g(w, Vo) dH™ 1 + /(Vuk(s),vw(s))Lz ds + n,
o\r r 0

where i € {0,...,k} is the largest integer such that ti <t.

Moreover, there exists a constant C > 0 independent of k and t such that

ur ()| 1@y < C for every k € N and t € [0,T7. (6.3.1)

PROOF. In order to prove the global stability (GS), , we notice that if 4 is the largest integer
such that ¢} <, then by (6.1.10) we get that

Vie() + [[a] = fun@)]| = Vi + [[a] = [ug]] = Vi + [fug] = [ ']+ [ [@] = [ui |
> Vit |l = [w ]

Then we infer (GS),, by the fact that uy(¢) = ul is a solution to (6.1.9) and by the monotonicity
of g(z,-).

Let us prove the energy-dissipation inequality (EI),. Let us fix t € [0,T], k € N, and
i € {1,...,k} as in the statement (the case i = 0 being trivial). For 1 < h < i, the function

uz_l — wz_l + wl is an admissible competitor for the minimum problem (6.1.9) solved by uf.
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Hence
1
/]Vuk dx—l—/ (z, V) dH" ! < 5 /|Vu2_1|2dx+/g(x,th_l)dH"1
Q\F O\l r

/Vu (Vo -Vuwl ) da + - /|Vwk ~Vul =2 dz

O\l Q\F
< / V' dz +/ (z, V1) ant
Q\F
th
+ /(Vuk(s)7Vw( r2ds+ - < / |Vw(s)l 12 ds> )
!
(6.3.2)
where we used our assumption (6.1.2) on w to deduce that
Vuwp — Vit = / Vi (s) ds
as a Bochner integral in L2. Summing up the inequalities given by (6.3.2) for h = 1,...,i, we

get (EI), with

th T
1 . .
wo= g (s, [ 190 e as) ([Ivaeeas).
th=1 0

In particular, from (EI), we readily deduce that there exists a constant C' > 0 independent
of k and t such that ||Vug(t)||,2 < C. Then, by the Poincaré¢ inequality, we get (6.3.1) (up to
changing the name of the constant). O

REMARK 6.3.2. It is convenient to express the properties satisfied by uy(t) also in terms of
the Young measures vy (t) € Y(I';[0,00]) defined in (6.1.16). In Section 6.4, we will pass to the
limit in these conditions.

(IRY),, Irreversibility: vy (t) = vi(s) @ |[u(t)] — [uk(s)]| for every s,t € [0,T] with s <.
(GSY), Global stability: For every t € [0,T] we have u(t) € A(wy(t)) and

1 1 o~ =T n—
5 [1vuoPd+ [l )z anet <5 [1vapae s [ig.), a0,
Q\r r O\l r

for every @ € A(wy(t)), where Dy, := v (t) & |[a] — [ug(t)]] € V(T3 [0, oc]).
(EIY), Energy-dissipation inequality: For every t € [0,T]

5 [ 1vuoF ot [tgtw, ) vite) dier

O\ r ¢

1
<5 [ IVuP ot [ole. ) a7+ [(0un(s). Vis) sz ds + .

O\l r 0
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where i € {0,...,k} is the largest integer such that t}; <t.
Notice that (GSY), trivially implies that

5 [1vuoP s+ [l iy ant <5 [1vaPdes [l ae,

o\r r o\r r

for every @ € A(wy(t)) and for every v € Y(T';[0,00]) with ¥ = v (t) @ |[a] — [uk(t)]].

REMARK 6.3.3. By passing to the limit as K — oo in (IRY),, we may formally obtain the
irreversibility condition for the continuous-time quasistatic evolution. (See Definition 6.4.1 in
Section 6.4 below.) Unfortunately, it is not immediate to rigorously pass to the limit in (IRY), :
as we shall see below, in the construction of the continuous-time evolution the jumps [ug(t)]
converge to [u(t)] on subsequences possibly depending on ¢, thus precluding the possibility
to have convergence on the same subsequence for both [ug(t)] and [ug(s)] in (IRY),. For
this reason, we reformulate (IRY), in a more convenient way. We start by noticing that the

condition
Vie(t) = Vie(s) + |[u(t)] — [u(s)]| for every s,t € [0,T] with s < ¢,
is equivalent to the system of inequalities
Vie(t) + [ug(t)] > Vi(s) + [ur(s)] for every s,t € [0,T] with s < ¢,
Vie(t) — [ur(t)] = Vi(s) — [ug(s)] for every s,t € [0,T] with s <.

(6.3.3)
(6.3.4)
Let us notice that since Vo > |[u]| by (6.1.5), we have Vi (£)+[ux(t)] > 0 and Vi(t)— [ug(t)] > 0
for every t € [0,7T]. In terms of the Young measures vy, the inequalities (6.3.3) and (6.3.4) are

equivalent to stating that the functions
t vp(t) @ [up(t)] = AL (t) € Y(I;[0,00]), (6.3.5)
t vp(t) © [u(t)] =: A7 (t) € V(I3 0, oc)) (6.3.6)
are nondecreasing with respect to ¢t. Thanks to the Helly Selection Principle for Young measures

(Theorem 6.2.17), (6.3.5) and (6.3.6) are easier to handle than (IRY),, as we shall see later in
Section 6.4.

We conclude this section with the following proposition, which shall be used to pass to the
limit in (GSY), as k — oo.

PROPOSITION 6.3.4. Let wy — w weakly in H'(Q). Let vy € A(wy,) and v € HY(Q\T) be
such that vy — v weakly in H*(Q\T) and let py, p € Y(T';[0,00]) be such that jy — u. Let
us assume that that for every k € N

1 1 5 ~ _
5 [1vuldes [t mant <) [[waPdes [ anan, 63
o\r r o\r T
for every O € A(wy,), where [ig := py @ |[0] — [vg]| € V(T';[0,00]). Then v € A(w) and
1 1 N _
3 [1wePdot [ wyant <5 [1992ae+ [l et ©03)

2
o\r r O\l r
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for every v € A(w), where 11 := pu & |[®\] - [UH e Y(I; [0, 00]).

PROOF. By the continuity of the trace operator on 0p€) with respect to the weak con-
vergence in H'(Q \ T') we have v € A(w). To prove (6.3.8), fix ¥ € A(w). Define i :=
1@ |[6] — ]| € V(I3 [0,00]) and

Up i =vp+0V—v€E A(’U)k) , (6.3.9)
i = @ [[0] = []] = s @ |[O0] — [wn]] -

Since vy, — v and pp — p, by Remark 6.2.10 we have

O — 0 weakly in H'(Q\T), (6.3.10)
fr — & narrowly. (6.3.11)

From (6.3.7) we get that

1 1 - - _
5 [1vuldes [gteomant <3 [ 9Pt [oo).anan . (©6312)
o\l T o\l T

We now use a classical quadratic trick. By (6.3.9), we infer that

1 1 1
3 /\Vvk|2d:r—2 /\vadex_Q /(Vvk—Vﬁk)-(Vvk—i-V@k)dw

O\ O\I" O\
\ \ 1 ' (6.3.13)
=5 [0 vV + Vo - Vo).
o\r
Thanks to (6.3.11) we deduce that
Jiotwmmanet = [igte a7 ame (63.14)
r r

Since vy — v and pur — p, by (6.3.12)-(6.3.14) we have

% /(Vv —V0) - (Vv + Vo) dz + /(g(a:, D, u®y dH < /<g(:c, Y, A% dHM L
O\l r r

from which we easily conclude that (6.3.8) holds. O

6.4. Quasistatic evolution in the setting of Young measures

In this section we study the continuous-time limit of the discrete evolutions wg(t) con-
structed in Section 6.3. The limit of the sequence of (Young measures concentrated on) func-
tions vy(t) defined in (6.1.16) can only be found in the space of Young measures Y (I'; [0, 0o]).

For this reason we require a definition of quasistatic evolution in a generalised sense.

DEFINITION 6.4.1. Let w, wup, and Vp be as in (6.1.2)—(6.1.5). A quasistatic evolution
in the sense of Young measures with initial conditions (ug,Vp) and boundary datum w is a
function t — (u(t),v(t)) defined in [0, 7] with values in H*(Q\T) x Y(T';[0,00]) that satisfies
u(0) = ug, v(0) = dy;,, and the following conditions:
(IRY) Irreversibility: v(t) = v(s) @ |[u(t)] — [u(s)]| for every s,t € [0,T] with s <t.
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(GSY) Global stability: For every t € [0,T], u(t) € A(w(t)) and

5 [IvuOP st [ @yanet <o [V [, an

O\l r O\l r

for every u € A(w(t)), where v :=v(t) & |[ﬂ] — [u(t)” e Y(I'; [0, oc]).
(EBY) Energy-dissipation balance: For every t € [0, T

;/|vu(t)\2dx+/<g(a;,.),ﬂ(t>>dﬂn1

o\T X T ¢
- /!Vu0|2da?—|—/g(a:,vo)d7-[”1+/(Vu(s),vw(s)>Lz ds.
o\T r 0

REMARK 6.4.2. In order to recognise the connection with the classical notion of quasistatic
evolution, we notice that ¢t — wu(t) is a quasistatic evolution (Definition 6.1.6) if and only if
t = (u(t), v, () is a quasistatic evolution in the sense of Young measures (Definition 6.4.1),
where V() is the function defined in (6.1.3). Indeed, the irreversibility condition (IRY) of
Definition 6.4.1 automatically holds for ¢ +— dy, ;) by definition of essential variation. Moreover,
(GS) and (EB) correspond to (GSY) and (EBY), since the Young measure considered in this
case is concentrated on V,,(t).

REMARK 6.4.3. Notice that (GSY) trivially implies that

5 [IvuOP st [ @yanet <o [V [, ane

Q\I r O\l r

for every u € A(w(t)) and for every v € Y(I'; [0, 00]) with U > v(t) & Hil] - [u(t)]‘
Moreover we underline that (IRY) is a stronger condition than the monotonicity of ¢ — v(t)
and dictates a relationship between v and [u].

In the following theorem we prove the existence of a quasistatic evolution in the sense of of
Young measures. As explained in Section 6.1, this result will be then improved in Section 6.5 by
showing that the truncated Young measures T#u(t) are concentrated on the function V,,(¢) A6

which represents the cumulation of the jumps on I'.

THEOREM 6.4.4 (Existence of quasistatic evolutions in the sense of Young measures). As-
sume that g satisfies (gl)—(g4) and let w, ug, and Vp be as in (6.1.2), (6.1.4), and (6.1.5).
Assume that the pair (uo,dv,) is globally stable, i.e., (6.1.8) holds. Then there exists a qua-
sistatic evolution in the sense of Young measures t — (u(t),v(t)) with initial conditions (ug, Vp)
and boundary datum w.

In the rest of this section, we give a proof of Theorem 6.4.4.

Construction of the evolution. Let us consider the Young measures vg(t) defined
in (6.1.16). The starting point of the proof is the construction of a limit of vg(t) as k — oo.
Since the functions ¢ +— v(t) € Y(I';[0,00]) are increasing with respect to the order =<, we
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can apply Theorem 6.2.17 to deduce that there exists a subsequence (independent of ¢ and still
denoted by v ) and an increasing function t — v(t) from [0,7] to Y(I';[0,00]) such that

vi(t) — v(t) narrowly for every ¢t € [0,7]. (6.4.1)

Unfortunately, the convergence in (6.4.1) is not enough to guarantee that the irreversibility
condition (IRY) holds for v(t). In other words, it is nontrivial to pass to the limit in the discrete
version of the irreversibility condition (IRY),. Nonetheless, by Remark 6.3.3, we know that the
functions t — A7 (t) and ¢ — A7 (t) are increasing. Hence we can apply again Theorem 6.2.17
and deduce that there exists a subsequence independent of ¢ (not relabelled) and two increasing
functions t — Ag(t) € Y(I';[0,00]) and ¢t — Ag(t) € Y(I'; [0, o0]) such that

AP(t) = Ag(t) narrowly for every t € [0,7], (6.4.2)
A (t) = Ao(t) narrowly for every t € [0,7]. (6.4.3)

The monotonicity of both the functions Ag and Ag encodes the irreversibility of the process
in the continuous-time evolution.

We are now in a position to construct a limit of the sequence uy(¢). Thanks to (6.3.1), we
have [lug(t)|| g1(o\ry < C, where the constant C' is independent of k and ¢. Let ¢ € [0,T] and
let k;(t) be a subsequence of k such that

up,1)(t) = u(t) weakly in HY(Q\T), (6.4.4)

for some function u(t) € HY(Q\T).
A priori, the function u(t) depends on the subsequence k;(t) such that (6.4.4) holds. Nev-
ertheless, we will prove below the following result.

REMARK 6.4.5. Actually, we shall prove that
up(t) — u(t) strongly in H'(Q\T) (6.4.5)

on the whole sequence (independent of t) found by the Helly Selection Principle (cf. (6.4.1)—
(6.4.3)).

We remark that also the topology of the convergence is improved. The convergence in
(6.4.5) will be proved later in this section by showing that the function u(¢) is characterised as
the unique solution to a minimum problem (Proposition 6.4.6). The convergence with respect
to the strong topology of H'(2\ ') will be a consequence of the energy-dissipation balance
(EBY).

Proof of irreversibility. We can now infer (IRY) from the monotonicity of the functions
A and Ag obtained in (6.4.2) and (6.4.3). Indeed, from (6.4.4) we deduce that [uy, ;)] — [u(?)]
strongly in L?(T"). By (6.4.1) and by Remark 6.2.10 this implies that )‘?j(t) (t) = v (1) &
[ug, (1) ()] = v(t) @ [u(t)]. Thus, from (6.4.2) we deduce that

Ao (t) = v(t) @ [u(t)], (6.4.6)

and therefore that the function ¢ — v(t) @ [u(t)] is increasing. Similarly one can prove that
Ae(t) = v(t) © [u(t)] and that ¢t — v(t) © [u(t)] is increasing. Therefore, for every s,t € [0,T]
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with s < ¢ we have

It is immediate to see that the previous inequalities imply (IRY).

In order to prove (6.4.5), it is convenient to make the following key observations:

e the Young measures Ag(t) and v(t) are obtained as limits of a sequence independent
of t¢;
e the jump [u(?)] can be recovered just from Ag(¢) and v(t) thanks to (6.4.6).

We now make precise the previous statements. We start by observing that if x € I is such that
MG (1) = v*(t) = boo, then [u(t;x)] is not uniquely determined by (6.4.6). For this reason we
introduce the set

Cn(t) :i={z € T: v"(t) = dg(a) } (6.4.7)

which corresponds to the subset of I' where the material is completely fractured. For H"!-

a.e. x € I'\ I'y(¢) there exists a mass m, € (0,1] such that Fl;(lt])(mx) € [0,6(x)), where

Fi;(lt]) is the pseudo-inverse of the cumulative distribution function Fy«() of v*(t) (cf. (6.2.3)
and (6.2.4)). In particular, we have that Fi;(lt}) (myg) is finite. By (6.4.6) and by the definition
of pseudo-inverse, it is easy to see that

1]

®) (my) = [u(t;z)] for H" -ae. 2 € T\ Tn(t). (6.4.8)

-1
F/\%(
(We remark that, if instead « € I'y(¢), it may happen that v*(t) = o, and thus Fi;(lt]) (m) = o0

for every m € (0,1]. This does not allow us to infer (6.4.8).) Therefore, we can define a
measurable function v(¢): T'\ T'nx(¢t) = R by

V() = F Q]t) (mg) — Fl;(lﬂ)(mw) : (6.4.9)

for H" t-a.e. z € T\ T'ny(t). We stress that the function 7(t) is obtained independently of the
subsequence k;(t). The proof of (6.4.5) will be continued after the proof of (GSY) and (EBY).

Proof of global stability. The global stability (GSY) directly follows from Proposi-
tion 6.3.4, since uy, 1) (t) and vy, (4)(t) satisfy condition (GSY), and by (6.4.4) and (6.4.1).

In general, the function u(t) is not uniquely determined by (GSY), because u(t) appears
both in the left-hand side and in the right-hand side of (GSY); specifically, 7 depends on u(t).
However, we have shown that the jump of w(t) is given by the function ~y(¢) defined in (6.4.9)

independently of the subsequence k;(t). This allows us to prove the following result.

PROPOSITION 6.4.6. The function u(t) obtained in (6.4.4) is the unique solution to the

minimum problem

min {% / |Va|* dz: 4 € A(w(t)) such that [(z)] = y(t; ) for H" -a.e. z €T\ I‘N(t)} ,

Q\r
(6.4.10)
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where I'n(t) is the set defined in (6.4.7) and (t) is the function defined in (6.4.9).
REMARK 6.4.7. Notice that Proposition 6.4.6 holds true also when H"~}(I'\I'y(¢)) = 0, i.e.,

when the material is completely fractured on the whole surface I'. In this case, the competitors

in (6.4.10) are all functions u € A(w(t)) (without any constraint on the jump).

PROOF OF PROPOSITION 6.4.6. We have already observed (see (6.4.8)) that [u(t)] = (t)
H" tae. on T'\ Tn(t). Let us fix u € A(w(t)) such that [4] = y(t) = [u(t)] H" l-a.e. on
I\ Tn(t). Setting U := v(t) @ |[a] — [u(t)]|, by (GSY) we have

1 1
5 /|Vu(t)|2d:1:—|—/(g(x,-),um(t))d?—["‘l <3 /|va|2dx+/<g(a;,.),aw>dw—1. (6.4.11)
O\r T O\r r
Since v* = v*(t) = gy for H' l-ae. x € Tn(t) and since g(x,&) = w(z) for every & €
[0(x), 0], we deduce that

/ (g(z, ), 17 () A = / (g(z, ), %) A = / () dH L (z).
T'n(t) I'n(t) Tn(t)

Therefore (6.4.11) is equivalent to

% /|Vu(t)\2dx + / (g, ), v (1)) ML < % /\V@Fdx + / (g, ), %) dHPL.
o\T I\Fx () O\T I\Fx ()
Since (4] = [u(t)] H" '-a.e. on '\ T'x(t), we have 7% = 1%(t) for H" t-ae. z € T\ I'n(t),
hence the previous inequality reads
;/|Vu(t)]2dx§; /|Vﬁ|2dx.
o\r O\T
This proves that u(t) is a solution to (6.4.10).

The argument to prove uniqueness is standard: if w; and us were two different solutions
to (6.4.10), then U := $(uy + up) would be an admissible competitor; by strict convexity,

L fportar=d [TV 1 oupaas ] [ wupan] v
5 /]Vu| dz = 5 /‘ 5 ) dac<4 /|Vu1| da:—l—4 |Vus| dx—2 |Vuy|*de .
o\r o\r o\r o\r o\r

This contradicts the minimality. O

REMARK 6.4.8. The minimum problem (6.4.10) is independent of the subsequence k;(t).
As a consequence, we have shown that if k;(t) is such that wuy, ) — u(t), then u(t) is the
unique solution to (6.4.10). Thus u(t) does not depend on k;(t), and this implies that

up(t) — u(t) weakly in HY(Q\T) for every t € [0, 7] (6.4.12)

on the whole sequence (independent of t) found by the Helly Selection Principle (cf. (6.4.1)—
(6.4.3)). In particular, by (6.3.1) we have

[w®) g @\r) < C- (6.4.13)

After proving the energy-dissipation balance, it will turn out that the convergence is strong in

HY(Q\T).
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Proof of energy-dissipation balance. Before proving (EBY), we show that the function
t — wu(t) is continuous with respect to the weak topology for almost every time. This result

allows for a simple proof of the energy-dissipation balance.

LEMMA 6.4.9. There exists a countable set E C [0,T] such that for every t € [0,T]\ E

u(s) — u(t) weakly in H'(Q\T), (6.4.14)
v(s) = v(t) narrowly in Y(I';[0,00]). (6.4.15)

as s — t.

PROOF. Since the functions ¢ — Ag(t) and ¢ — v(t) are nondecreasing, we can find a
countable set E C [0,7] such that both Ag and v are continuous (with respect to the narrow
topology) in t for every ¢t € [0,7]\ E. (See Remark 6.2.16.) Thus, given ¢ € [0,7]\ E and a

sequence s — t, we have
Aa(sp) = Aa(t), visp) —rv(t). (6.4.16)

Thanks to (6.4.13), we can extract a subsequence (not relabelled) such that
u(sy) — u*  weakly in H'(Q\T) (6.4.17)

for some u* € HY(Q\ T'). By Proposition 6.3.4, we infer that u* € A(w(t)) and

5 [Iveracs [ oyaet <3 [waras [,

2
o\r r O\l r

for every 4 € A(w(t)), where U = v(t) @ |[a] — [u*]].

On the other hand, by (6.4.6), we have Ag(sx) = v(sk) @ [u(sk)]. By (6.4.16), (6.4.17), and
Remark 6.2.10 we deduce that \g(t) = v(t) @ [u*]. Hence, by (6.4.9), we obtain that [u*(z)] =
y(t;z) for H" t-ae. 2 € T \T'y(t). Therefore, arguing as in the proof of Proposition 6.4.6, we
infer that «* is a solution to the minimum problem (6.4.10). By uniqueness of the solution we

get u* = u(t), which concludes the proof. O

REMARK 6.4.10. Lemma 6.4.9 will be improved in Proposition 6.4.12 below by showing
that the continuity actually holds with respect to the strong topology.

Let us now prove (EBY). We start with proving the inequality

;/]Vu(t)]2d$+/<g(x, Y, U5 (t)) dH

A g ! (6.4.18)
< 5 /\Vu()]Qdac + /g(ac,Vg)d”H”_l + /(Vu(s),vw(s))p ds.
O\r r 0
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By (6.4.1), (6.4.12), and by (EIY),, for every ¢ € [0,7] we have

;/|Vu(t)]2dx+/<g(a:,~),u5”(t)>d7-l”_1

O\l r

.. 1 2 x n—1

< hkrglogf [2 / [Vug(t)]” do + /(g(xa ), v (8)) dH :| (6.4.19)
O\l U i

k

1
< 3 / |Vu0\2d:c + /g(a:,Vo) dH™ ! —i—limsup/(Vuk(s),Vu')(s»Lg ds,

k—o0
O\T T

where i € {0,...,k} is the largest integer such that i < ¢. Thanks to (6.4.12) we know that
(Vug(s), Vi (s)) 2 = (Vu(s), Vio(s)) 2 for every s € [0,1].

Moreover, from (6.3.1) we deduce that
(Vup(s), Vi (s)) 12 < [[Vug(s)l 2|V (s)[ 12 < C[[Viir(s)]| 2 ,

for every s € [0,T]. By our assumption (6.1.2) on w, the function t + Vi (t) is L*([0, T]; L?(2\
I')), so we can apply the Dominated Convergence Theorem to infer that

t, ¢ ¢
lim sup /(Vuk(s), Vu(s))r2ds = lim [ (Vug(s), V(s))2ds = / (s))r2ds.
k—o00 k—o0
0 0
(6.4.20)
Together with (6.4.19), the previous inequality yields (6.4.18).

We now exploit the global stability to prove, for a fixed ¢t € [0,7], the opposite inequality

;/\Vu(t)\de—i—/(g(ac,-),l/x(t))d?-["_l

M . ! (6.4.21)
> 5 /]Vuo\zdx—l—/g(x,%)d?-[”_l+/(Vu(s),V1b(s)>Lz ds.

o\ r 0

For every k € N, let us consider the subdivision of the time interval [0,¢] given by the k41

equispaced nodes

SZ ::%t for h=0,...,k.
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Let h € {1,...,k}. By the irreversibility condition (IRY), we have v(s}) = V(SZ_l)EBHu(sZ)] -
[u(sz_l)” =: D). Since u(s}) — w(sf) +w(sp™) € A(w(sp™)), by (GSY) we obtain

/ V(s da + /<g< ), (s 1)) dmn!

Q\F r
1
<5 [ IVulshP e+ figw )50 ant
O\l T
1
- /VU(SZ) A(Vu(sh) = Vu(si~h)) dz + 3 / IVw(sp) — Vw(si™) [ do
o ol (6.4.22)
1 _
<5 [ IVulshP o+ flgta, ). (sl e
o\l T
Sh
k
- /(Vuk(s),vw( ods 4o ( / V2 (s)]| 2 ds> ,
sh—l
k
where

T (s) == u(s}) for every s € (s}, s}].

Summing up the inequalities given by (6.4.22) for h = 1,...,k, we get

;/|Vu(t)|2dm+/<g(:v, S, 5 () AR

O\ r t

1
> 5 /Vuo|2dx+/g(a:%)d%“—1+/<vuk(s),vw(s)>L2 ds — 7, ,

O\ r 0

7 = (mhxk /nw ||des)( /nw upds)

In order to infer (6.4.21), we notice that by Lemma 6.4.9 we have @*(s) — u(s) for almost

where

every s € [0,t], and therefore

Tim[(V34(s), Vi(s) 12 ds = /<vu(s),vw(s)>L2 ds,
0 0

by the Dominated Convergence Theorem. This concludes the proof of (EBY) and of Theo-
rem 6.4.4.

Approximation of the evolution and continuity for almost every time. Thanks
o (EBY), we prove the convergence of the approximating evolutions (6.4.5) and we improve
Lemma 6.4.9.
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PRrROPOSITION 6.4.11. We have
ug(t) — u(t) strongly in H*(Q\T)
on the whole sequence (independent of t) such that (6.4.1)—(6.4.3) hold.

PRrROOF. By (6.4.1) and (6.4.12), for every t € [0,T] we have

- / V()| d + /<g<x, )0 (0) A < o [; / V() de + /<g<x,->,ufs<t>>dw1 .
Q

O\l r r
(6.4.23)
On the other hand, by (6.4.20), (EBY), and (EIY), we get
1
imsup |5 [[9uOPds+ [l ).z o) aw
k—o0 2
Q r ;
1 2 n—1 .
< 3 /|Vu0\ dx+/g(x,V0) dH"™ + /(Vu(s),Vw(s)}Lz ds (6.4.24)
o\r r 0
1
=5 [ IVu®Pde+ [l ane.
o\r r
Thus all inequalities in (6.4.23) and (6.4.24) are equalities. Since
Jiota i@y an - [0 ane,
r r
we have ||Vug(t)|| 2 — ||Vu(t)| 2. Thanks to (6.4.12), this concludes the proof. O

PROPOSITION 6.4.12. There exists a countable set E C [0,T] such that for every t €
0, T]\ E

u(s) — u(t) strongly in H(Q\T), (6.4.25)
v(s) = v(t) mnarrowly in Y(I';]0,00]) . (6.4.26)

as s —t.

Proor. By (EBY) we have for every s,t € [0, 7]

;/|Vu(t)|2dx+/(g(x,-),l/x(t»d?-ln_l
o\r ) r ¢
=5 /|Vu(s)|2d:v—|—/<g(x, -),1/“”(8)>d7-[”_1+/<Vu(7"),Vu')(7")>L2 dr.
O\ T s

Thus, if ¢ is a continuity point for the nondecreasing function s +— v(s), we have [|Vu(s)||z2 —
[Vu(t)| 2 as s — t, since r — (Vu(r), Vw(r)) 2 is in L1([0,T]) by (6.1.2) and (6.4.13). By
Lemma 6.4.9, this gives the desired convergence. ([l
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6.5. Proof of the main result

This section is devoted to the proof of Theorem 6.1.9. Besides, we also give a proof of
Proposition 6.1.7 and of Proposition 6.1.8 regarding the strong formulation of the quasistatic
evolution.

In Section 6.4 we have shown the existence of a quasistatic evolution (u(t),v(t)) in the
sense of Young measures. We will now exploit the concavity of g(x,-) to prove that the very
same displacement ¢ — u(t) found in Section 6.4 is also a quasistatic evolution in the sense of
Definition 6.1.6. We recall that g(z,-) is strictly increasing in the interval [0, 6(z)], 6(x) is the
threshold defined in (6.1.6). This allows us to prove that the Young measure v(t) truncated
by 6 (see (6.2.10) for the definition) is actually concentrated on V,(¢) A8, i.e., V,,(t) A6 is the
limit of Vi (t) A 6.

PROOF OF THEOREM 6.1.9. By Theorem 6.4.4 and Proposition 6.4.11, we know that there
exists a quasistatic evolution in the sense of Young measures ¢ +— (u(t),v(t)) such that, for
every t € [0,T], we have (6.1.12) and

5Vk(t) = Vk(t) — l/(t) in y(F; [O, OO]) R (6.5.1)

up to a subsequence independent of ¢ (not relabelled).
In order to prove (GS), we first prove that

v(t) = by, foreveryte[0,T]. (6.5.2)

By definition of V,,(¢t) and Remark 6.2.15, it is enough to show that for any partition P of
0,t], P={0=s0 <81 <---<sj_1 <8 =t}, we have

v(t) = dyryy (6.5.3)
where ;
V() = Vo + Z |[u(si)] = [u(si-1)]]-
The irreversibility condition (IRY) satisﬁeczizl})y s+ v(s) yields
v(si) = v(si—1) @ |[u(s;)] — [u(si—1)]| fori=1,...,5. (6.5.4)

Employing (6.5.4) inductively, we obtain the chain of inequalities

v(t) = v(s;) = v(sj—1) ® |[u(s;)] — [u(sj—1)]|

and thus (6.5.2) holds true.
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Recalling the definition of cumulative distribution function (6.2.3), we have F, , (£) =0
for £ < V,,(¢t;x). Thus, by (ii) in Definition 6.2.12, we deduce that

supp v (t) C [Vu(t; ), 0] (6.5.5)

for every t € [0,T] and for H" 1-ae. x €T.
We are now in a position to prove that t — wu(t) satisfies the global stability condition
(GS). We start by fixing ¢t € [0,7] and u € A(w(t)), and by setting

~

U= v(t) @ |[a] — [u®)]|. (6.5.6)
Condition (GSY) for ¢ — (u(t),v(t)) gives
/|Vu 2dx—i—/< (2, ), v (1)) dHL < % /\va|2dx+/<g(x, 3, D) dH L,
Q\F O\r r
and thus (GS) follows if we show that
/ (49(e,),7%) = (gl ), w7 (1) ) am"" < / (9o, valt) + [~ [u(®)]]) = g, Val®)) ) ar" .

I T
(6.5.7)

In order to prove (6.5.7), notice that by (6.5.5) and (6.5.6) we have

(962,77 = (gl ) (O) = [ (gl €+ ] @) luti2)]) - 9(,) )7 (1))

[0,00]

= [ (oo ¢+ @) -lutts)]) - 9(2.9) v (0)9).

[Vu(t;7),00]

(6.5.8)

for " 1-a.e. z € I'. Since g(z,-) is a concave function, for every & > V,(t;z) it holds

9(z, &+[[a(@)]~[u(t; 2)]]) —g(=, &) < g(2, Vults ) +|[[@(2)] - [u(t; 2)]]) —g (2, Vult;2)) . (6.5.9)

Let us observe that the right hand side in the inequality above does not depend on £. Therefore,
by (6.5.8), (6.5.9), and recalling that ©®(t) is a probability measure for H" !-a.e. z € ', we
deduce (6.5.7). This completes the proof of (GS).

Let us now prove that t — u(t) satisfies (EB). Arguing as in the proof of (6.4.21), us-
ing (GS) it is possible to see that

% /\Vu(t)]de + /g(:c,Vu(t)) dH™ 1
O\l r t
> % / |Vug|? dz + /g(w,%) dH™ ! + /(Vu(s),Vu’;(s)}Lz ds.
Q\r r 0
On the other hand, the opposite inequality follows immediately from (EBY) since by (6.5.2)
we have
[owvio)an < [igte. )@y are
r r
Therefore, t — u(t) is a quasistatic evolution in the sense of Definition 6.1.6.
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We now claim that the truncation qul/(t) (see (6.2.10) for the definition) is concentrated
on V,,(t) A@. To this end, we compare (EB) and (EBY), and deduce that for every ¢ € [0, 7]

/g(x,Vu(t)) dH™ 1 = /(g(:c, Y, v (t)) dH™ L (6.5.10)
r r

Since by (6.5.2) and Definition 6.2.12 we have g(z, Vi, (t;2)) < (g(z,-),v*(t)), equality (6.5.10)
implies that

g(xavu(tS iL')) - <g(x,-)7yx(t)> (6'5'11)

for H"1-a.e. z € I'. Let us now fix ¢ and let @ be such that (6.5.5) holds. To prove the claim,
we need to show that if V,(¢;2) < 6(z), then v*(t)((Vu(t;z),00]) = 0. Let us assume, on the
contrary, that v*(¢t)((V,(t;2),00]) = ¢ € (0,1]. By (6.5.5) we know that

(g(x,), v (1)) = g(a, Vu(t; 2))(1 — ) + / g(, &) v ()(dg) ,

(Vu(t;),00]

and thus

(90,7 0) - gl Vi) = [ (90.6) - oo Valtiz)) (0. (6512)

(Vu(t5) ,00]

Since g(x,-) is strictly increasing in [0,6(z)] and v*(t) (Vu(t;z),00]) > 0, we get that the
right-hand side in (6.5.12) is strictly positive. This contradicts (6.5.11), and therefore we have
proved that T#l/(t) is concentrated on V() A 6.

Eventually, using also (6.5.1) and Remark 6.2.11, we deduce that

Sviyne = Tove(t) = TLv(t) = Sv,ine in Y(T;[0,00)). (6.5.13)

By Proposition 6.2.6, (6.5.13) is equivalent to (6.1.13).

As for the proof of (6.1.14) and (6.1.15), we notice that by Proposition 6.4.12 there exists
a set F, at most countable, such that we have (6.1.14) and v(s) — v(t) in Y(I';[0,0]), for
t€[0,7]\ E and s — t. The convergence in (6.1.15) then follows with an argument analogous
to the one used to show (6.1.13).

This concludes the proof. O

REMARK 6.5.1. In the proof of Theorem 6.1.9, we have shown that T#‘Zl/(t) =y, (Hne- In
particular, this allows us to rewrite the set I'y(¢) introduced in (6.4.7) (corresponding to the

part of I' where the material is completely fractured) in terms of the variation of the jumps
V. (t) and the threshold #. Namely, we have

In(t) ={zel: V,(t;x) >0(x)}.

We now give the proof of the results concerning the strong formulation of the quasistatic
evolution discussed in Section 6.1. The derivation of the Euler-Lagrange conditions follows by
standard arguments illustrated below.
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PROOF OF PROPOSITION 6.1.7. Let consider the set I'n(t) = {x € I': V,(t;2) > 0(x)}.
Let ¢ € HY(Q\T) with ¢y =0 on dpQ and let ¢ € R. Since

/ g(z, Vu(t)) dH" ™ = / f(x)dH" ! = / g(z, Vau(t) + [e[w]]) an™ !
In(t) In(t) In(t)
and u(t) + e € A(w(t)), by (GS) we have

/Vu (t)]? dz + / g(z, Vu(t)) dH"

Q\F T\T y (£)
1

<3 /\vu(t) + V|2 da + / g(z, Vu(t) + |elw]|) dH™ .
O\l M\I'n(t)

Since g is of class C', deriving the previous inequality with respect to € for € > 0 and € < 0,

we get
- / g (z, Vu(t))| [ \d%"1</vu Vipda < / g’ (z, Vu(t)) | ] dH" 1.
My () o\r NIy ()
Using the fact that ¢/(z,£) =0 for £ > 6(z), we also get
—/ M@, V()| [ dH" T < /vu V¢dx</ "(z,Vu(®)) 0] dH" 1. (6.5.14)
r O\ r

By (6.5.14) for arbitrary v € H(2) with ¢» = 0 on dpQ and ¢ = 0 in Q~, we infer that
Au(t) =0 in QF and d,u(t) =0 in Hfé(aNQ N ONT). With similar arguments, we obtain
analogous properties in 2~ and we eventually deduce (i).

Let us prove (ii). Since vr is chosen in such a way that it coincides with the outer normal
to 9Q~, by definition of normal derivative of the function u(t)* = u(t)|q+ on I' we have that
du(t)t e Hfé(F) is given by

@uult) ") = [Vu(t)- Vu* d,
for every v+ € HY(QF) with ¥t = 0 on 9pQ2 N IN*T. Similarly, the normal derivative
du(t)” € H_%(F) is given by
(Opu(t)” ¢ /Vu -V~ dz,
for every ¢~ € HY (™) with ¥y~ =0 on dpQ2NIN~. Hence, by testing (6.5.14) with functions
Y € HY(Q\T) with v =0 on dpQ and [1)] = 0 on T, we infer

_<8Vu(t)+7 ¢> + <8,/u(t)7, ¢> =0,

which implies (ii) by the arbitrariness of .
In order to prove (iii), we note that since ¢'(z,&) < ¢'(x,0) for H" t-a.e. 2 € ' and for
every ¢ € [0, 00], by inequality (6.5.14) we get

[(Ovu(t), [¥1)] < 9" C,0) = [l 1,
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for every ¢ € HY(Q\T) with ¢ =0 on dpQ. Thus d,u(t) is a linear and continuous operator
on the space X := {[¢)]: ¥ € H*(Q\ I') such that ¢ = 0 on dpQ}. By density of X in LY(T),
this implies that d,u(t) can be extended to a linear and continuous operator on L!(T'), and
hence dyu(t) € L>*(T"). From (6.5.14) we deduce that

—/g’(a:,Vu(t))|z|dH"1 < —/(%u(t)zd?-["l < /g’(x,Vu(t))|z|dH"1,
r r r
for every z € L'(T"). This concludes the proof of (iii). O

In order to give a proof of Proposition 6.1.8, we need to prove the following lemma regarding
the differentiability in time of the essential variation of a function that is absolutely continuous
in time with values in L?(T).

LEMMA 6.5.2. Let v € AC([0,T]; L*(T")). Then ess Var(v;0,-) € AC([0,T]; L*(T)) and
8, ¢t
i ess\/jr_(ys,s,)@) = |5(t;z)| for H" '-a.e. x €T and for a.e. t € [0,T], (6.5.15)

where the limit and the derivative 4 are defined with respect to the strong topology in L*(T).

ProoF. We fix s,t € [0,7] with s < ¢t and we consider a partition of the interval [s, ],
namely s = sg < --- < s; =t. By the absolute continuity of v, for every ¢ =1,...,j we have

S

< /H(T;x)}dT for H" lae z €T,
si-1

Sq

Jatmorar

Si—1

v(si57) — y(si-1;7)| =

i—

where the integrals are Bochner integrals and 4(7) is the derivative in L*(T) of (7). Summing

up the previous inequalities for ¢ = 1,...,7, we obtain
j t
Z |v(si52) —y(si—1;2)] < /|f'y(7'; z)|dr for H" tae z€T. (6.5.16)
i=1 p

By Definition 6.1.3, (6.5.16) implies that
t

ess Var(y; s, t)(z) < /\"y(r;x)\ dr for H" '-ae 2€T. (6.5.17)
S

In particular, choosing s = 0 in (6.5.17) we deduce that ess Var(;0,t) belongs to L*(T"), for
every t € [0,7]. By taking the L? norm in (6.5.17) we infer

t
J ess Var(y: s, 0)l| 2 < / 142 dr

Since the function 7 +~ [|4(7)| ;2 belongs to L'([0,T];R), we conclude that ess Var(v;0,-) €
AC([0,T]; IA(T))
1

We now compute the derivative of ess Var(v;0,-). Since ;= fst |¥(T)|dT — |§(t)| strongly

in L2(T') as s — t, dividing all terms in (6.5.17) by ¢ — s and letting s — ¢ we deduce that

i &8 Var(v; s, t)

st tf— s () < |A(t; )]
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for H""!-a.e. € T'. On the other hand, since {s,t} is a particular partition of the interval

[s,t], by definition of essential variation we have
[7(&2) = y(s;2)] < ess Var(y; s, t) (),

for H"1-a.e. x € I'. Dividing by ¢ — s and letting s — ¢ in the inequality above, we obtain
(6.5.15). O

We are now in a position to prove Proposition 6.1.8.

PROOF OF PROPOSITION 6.1.8. Since by assumption u € AC([0,T]; H}(2\ T')), we have

G [vuoPas= [ u)-vig) . (6.5.18)
O\l o\r
Moreover we claim that
d
G [oe v et = [g( v awe. (6.5.19)
I I

Let us prove (6.5.19). The absolute continuity of u implies that [u] € AC([0,T]; L*(T")).
Let us consider the set I'y(0) = {x € T': Vo(x) > 6(z)}. Thanks to Lemma 6.5.2 and by the
definition (6.1.3) of V,,(t), for every t € [0, 7] we have V,,(t;z) < oo for H" !-a.e. x € T\I'x(0).
Then, since g(z,{) = k(x) for £ € [#(x),o0], since g(z,-) is monotone, and since V() is
monotone in t,

/g(az, Vu(t + h)) - g(:c, Vu(t)) d'anl _ g(a:, Vu(t + h)) - Q(SUa Vu(t))

h h
r I\['x(0)

Since Vi (t + h;x) — Vy(t;z) = essVar([ul;t,t + h)(x) for H" t-ae. 2 € T\ T'n(0) and
g (x,Vy(t;z)) = 0 for H*" t-a.e. » € T'n(0), by taking the limit as A — 0T in the previ-
ous equality, by Lemma 6.5.2, and since g is of class C!, we eventually deduce (6.5.19).

The equalities (6.5.18) and (6.5.19) combined with (EB) imply that

/Vu(t) -V(u(t) —w(t)) de + /g'(:v, V() |[a(t)]| dH" " = 0.
o\r T
Since 4(t) — w(t) =0 on Apf?, by definition of J,u(t) we obtain

/ Byu(t)[a(t)] M = / ¢, Vi (1) |[i()]| AL,

r r

dH™ 1,

and thus
(/ (. Va(1)) Sign([a(t)]) — D,u() [a(t)] dH" " = 0.

{la()]#0}
By (iii) in Proposition 6.1.7, this proves the claim. O
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