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Introduction

Bak Tang and Wiesenfeld (BTW)[1] introduced the concept of self-organized
criticality (SOC) as an explanation of the widespread occurrence in nature
of power law correlations in space and in time. Relatively simple automata
models, inspired by the physics of real sand piles [2], were shown by BTW
to possess the remarkable property of evolving stochastically into a critical,
stationary state, independent from initial conditions. In many cases, earth-
quakes, biological evolution, stock exchange oscillations, the behaviour of
these phenomena can be explained introducing a suitable model with the
basic ingredients of the SOC. ' ‘

From the point of view of statistical mechanics the study of the SOC
in one system presents some interesting aspects. In this case, in spite of
the “normal” critical phenomena, one deals with systems that spontaneously
evolve towards a critical state. Such a critical state is an attractor for the
dynamics of the model considered. In other words to observe long-range
space and time correlations one needs not to tune any physical quantity.

In this work we inquire on the equivalence between SOC and critical
phenomena. A comparison with the response on the boundary of a ferro-
magnetic medium in the presence of a magnetic field has brought to discover
the presence of boundary effects also in SOC systems. These boundary ef-
fects have been proved either by computer simulations or by a mean field
approach that allows to predict how' the response of the system changes near
the boundaries.

Unfortunately not in all models it is easy and clear to compare the phys-.
ical quantities in both cases. For this reason it is very important to get
a better knowledge of the similarity between critical phenomena and SOC
systems. ; »

Beside these aspects, we also investigate the presence of memory in some




models that show SOC. This study is devoted to explain how and when the
dynamics of a physical system is driven by its past history. The result is
that the presence of memory in a system can bring to SOC. The study is
composed by a theoretical part and a part of computer simulations.

The entire work is (self)organized as follows:

e in the first part a review of some models with SOC properties is pre-
sented. This allows to understand the peculiarity of these processes
and to introduce the models used in next sections;

o the second part is devoted to the study of the boundary effects in the
sand pile models;

e in the third part the results of the study on the memory effects are
presented.



Chapter 1

S.0.C. Models

1.1 Some sand pile models

There are several examples of simple automata models showing SOC prop-
erties. Most of them and all those presented here have a common structure.

They are defined over a finite box A in the d-dimensional hypercubic
lattice; for any site i an integer variable z; = 1,2, 3... is assigned, representing
the height of the sand present. Selecting randomly a site, one grain of sand
is added, that is the variable z; is increased by one. A function of this height
z; is then defined: for example the height itself, the difference of height
between nearest neighbours (the first discrete derivative of the height), or
the discrete laplacian. operator of height (the second discrete derivative) and
so on. Until such function on the site 7 is under a certain threshold value the
configuration is stable. As soon as this condition is not verified, the column
of sand “topples” on the nearest neighbours, that is

Z; — Z; — Aki o (1.1)
where, '
2d k=1
- Ay =<{ —1 k nearest neighbour of 1 ' (1.2)

0 otherwise. .

" This process is called toppling.
The particle number is preserved for toppling within the lattice. For
“topplings on the boundary sites (¢ € JA) some grains fall outside from the




box and never come back. After along time, the rate of input (grain addition)
and of output (drop through the boundary) are equal on the average and the
system reaches a critical state. In this state the average sand height fluctuates
randomly around a fixed value.

A site can increase its height either by external addition or by toppling
of a nearest neighbour. In this last process one site can reach the threshold
for toppling. It becomes “critical” and topples again, making “critical” the
sites around. Due to the loss of particles from system, this process will stop
after a certain time and can be repeated adding sand from exterior. All the
toppling processes between two sand additions are said to form an avalanche.

One can define both a size and a characteristic time for an avalanche.
- The size of an avalanche can be evaluated, for instance, as the total number
of toppling sites (one site can topple more than once) or the total number
of topplings (it is clear that these two definitions give results more and more
similar as the dimension of space which the box is embedded in increases)!.

Regarding as a unit time the two following steps:’

e list of critical sites;

e toppling process for every site of the list, and adjournment of neigh-

bours height,

the lifetime of an avalanche is the number of unit step between two sand
additions.
The size s and the lifetime ¢ of avalanches obey power law distributions -

Ps) ~ s~ O 3)

P(t) ~ 17 (1.4)

The quantities P(s) and P(t) are directly accessible by computer simulations.
P(s), for example, is the total number of avalanches of size s as the number
of grain additions goes to infinity. Of course the smaller the number of
‘simulations the larger is the statistical noise in the data.

To reduce noise these distributions are integrated over exponentially in-
creasing bin lengths of s and ¢. In this way one deals with the two integrated

In the following section a special case will be shown in which the two definitions are
equivalent, that is one site can topple only once during an avalanche.



distributions:

P@:fﬂ@MNwT (1)

P@:[mmWNWA»- (1.6)

The meaning of P’(s) is now the number of avalanches between (for example)
25 and 20t1), Plotting these over logarithmic scales one can easily find the
values of exponents. A

Of course finite size effects are present, that is the finite size of lattice
affects the result. To avoid them one can use either a finite size scaling
analysis over the results on different lattice sizes or a less sophisticated direct
evaluation of the fluctuation in the values. In the first case one considers for
the size distribution P’(s) in a box of linear size L, the behaviour:

P'(s,L) = L™"g(s/L") (1.7)

B and v are critical indices and g is a scaling function.
Note that in the limit s/L” — 0, one requires that P'(s,L) does not
depend on L, that is

~ P'(s,L) — P'(s). S (1.8)
Moreover, in this limit the expected behaviour is
P'(s,L) x s'77. (1.9)

This means that even ¢ should be a power law and one easily finds the scaling
relation
p

T—1
Clearly these considerations apply also to the lifetime distribution P'(t, L).
The second way to.compute the exponent is to compare the different values
obtained in boxes of different linear size and to extrapolate these values for
L — oo. ‘

The main advantage of this method is to allow in many cases a more
precise measure of the physical quantities. In the following chapters all the
results are obtained averaging the exponent determination done with these
two methods. » k

VvV =

(1.10)

To give a brief review of the state of art about the various models we
list them with their most significant properties. A summary of the exponent
values is made in Table 1.1.




1.1.1 Critical Height Model (CHM)

In this model the stability of a sand column depends on a preassigned value
of the sand height itself k.. The instability condition is then

z >z (usually 2, = 2d). (1.11)

In the steady state each site has an equal height on the average except from
the boundaries where this value is lower. This is a particular case of the
general Abelian Sandpile Model (ASM), that is the steady state does not
depend from the sequence in which the toppling processes happen (in the
following we refer to this model as ASM). In fact, introducing a state function
for the state of the system, the grain addition can be viewed as the action
of site operators (whose matrix elements are expressed in eq.(1.2)) on this
function. These operators follow a commutative operator algebra allowing
to determine exactly some of the properties of the model [3, 4]. Besides this
theoretical approach, the ASM has been studied also by a Renormalization
Group approach[5]. Furthermore the computer simulations [6, 7, 8], are the
largest realized for all the sand pile models and give these exponent values:
7 =1.22 and y = 1.32. ‘

1.1.2 Critical Slope Model (CSM)

In this model a sand column topples when the local slope in any of the four
direction reaches a preassigned value. That is

zi—zj > Az, V7 n.n. 1. (1.12)

It is now necessary to fix a value for the height at the boundary external the
box. They are kept at zero height. 4

This model is not an Abelian one, in fact, now the stability condition
(1.12) of two column depends one from each other and so the toppling of one
of them can destroy the instability of the other. The average height depends
on the value of critical slope, in any case the shape of sand in the box is not
uniform on the average, but like a pyramid. Is to be noticed that if the value
of local slope is chosen lesser or equal to three the steady state is composed
by columns with negative height. That is some avalanches dig a hole in the
box throwing grains outside from the boundaries. This behaviour disappears

6



by increasing Az, Even if this model (for high values of Az.) resembles in
a clear way the behaviour of real sand piles, it is not extensively studied.
This is due to the absence of an evident scaling behaviour in the distribution
function. Only by changing the rules of toppling (for example, the sand in
the toppling process can be distributed randomly to nearest neighbours) one
finds again the previous scaling relations, at the price of losing the immediate
physical meaning. :

1.1.3 Critical Laplacian Model (CLM)

In this model a sand column topples when the local laplacian operator, de-
fined in d dimension as |
li=(2d)zi — ) 2 (1.13)
<i'yi>
is greater than or equal to a fixed (threshold) value [.

There are some similarities with the CSM shown above. There is a satis-
fying analogy with real sand piles; in fact, the laplacian operator is directly
related to the loss of gravitational energy in a toppling process (considering
the grain mass and the force strength equal to unity). Furthermore, the
model is not Abelian, since the stability of a column depends on the others.
Finally, as in CSM, holes are present if the condition I, < 8 is verified.

Contrary to the case of CSM one can see a clear scaling behaviour with
7 = 1.30 and y = 1.57. This regime becomes more clear if one studies a
“restricted ” version of model in which the toppling happens when [; > [
and z; > z.. Note that in this case it is not possible to dig holes in a toppling
process: the average height is always positive. \

This restricted model is believed to belong to the same universality class
of the CLM and it is introduced in order to simulate very large systems
(computer simulations converge more rapidly to steady state). Moreover, as
previously noted, the power law behaviour of this restricted CLM enables
a more precise extimate of the exponents than in CLM case. One finds
7 =1.288 and y = 1.508. - |




CHM | CLM | Restricted CLM
(ze=4) | (1. =9)| (l.=8, 2. =4)
T 1.22 1.30 1.288
v 132 | 157 1.508

- Table 1.1: Values of the exponents 7 and y for the models described.

1.2 A biological model

The SOC properties are present not only in sand piles real or modelized
but also in processes like biological evolution. The evolution of an ecology
of interacting species consists in intermittent bursts of activity separating
relatively long periods of quiescence, rather than gradual mutations. It has
been demonstrated [9] that the Game of Life (a cellular automaton simulating
a community of living organisms) when driven by random mutations operates

"~ at the critical state.

A model that attemps in explaining these properties of biological evo-
lution, even with great simplifications with respect to real life, is the Bak
Sneppen Model (BSM)[10, 11]. ' ' '

It is defined by the four following steps:

o N species are arranged on a one dimensional line with periodic bound-
ary conditions.

o A random barrier is assigned to each species (it consists of a random
variable 7; equally distributed between 0 and 1).

e the site with the lowest barrier is adjburned and another random value
1s extracted

e The same replacement is done for the sites nearest neighbours.

The basic i1dea is to link the height of barrier with the genetic code of
species. The higher is the barrier the longer is the time between two mod-
ifications of the genetic code. If the barrier is low, the species can mutate
and evolve. The adjournment of nearest neighbours takes into account that



species are linked together (for example, they can be in the same food chain).
If this requirement is not asked the trivial evolution of the system is toward
an ensemble of highest barriers that corresponds to a “dead state” of in-
ert material. In this way, instead, the system self-organizes to a critical
“steady state” in which almost all the barrier are over a certain threshold
value . = 0.67. The avalanche in this model are defined as the sequence
of mutations of barriers below a certain fixed value. In this way the size
of avalanche is uniquely defined as the number of these mutations. For a
threshold close below the global self organized threshold 7. the avalanche
distribution displays a power law with an exponent 7 = 0.9.

Apart from these biological aspects showing that SOC generally arises in
different real systems, there is another aspect that makes the BSM important
for this work. Indeed BSM is the simplest model dealing with a quenched
disorder and showing SOC properties. This will make possible to use it to
investigate the presence of memory effects in models of this kind. These
aspects are studied in the third chapter. ’

1.3 Comparison with usual critical phenom-=
ena |

To better understand SOC phenomena we have been guided by the analogy
that one can settle with a class of more extensively studied phenomena. The
models presented above show long range space (and time) correlations, as
the usual critical phenomena. One can make a close comparison between
(for example) ferromagnetic systems and SOC models. In sand pile models
the external grain addition can be viewed as the action of an external field
over the system. In this case it is clear that all the avalanche processes are
the response of the system to the field.

In order to define, as in the theory of magnetism, critical e\cponents one
has to identify the order parameter [12]. If the height § = (z) of the system
is kept, somehow, larger than the critical height 6, there will be a continuous
“spontaneous flow” j of sand , on the other hand if § is below his critical
value , there will be a flow j only when an “external field” is applied by our
addition of particles. In this way one can consider:

e the flow j as the order parameter or “magnetization”;




e the current of incom‘ing particles as the “magnetic field” A;

e the cutoff in linear cluster size L as the “correlation length” ¢ below
criticality. It is related to the cutoff in cluster size s., through fractal
dimension D of avalanches (s, ~ ¢P).

The deviation (6 — 6.) from the critical slope plays the role of reduced
temperature and one can also define the susceptibility, as the response of
the system to the external field. Under 6, the susceptibility y is simply the
average size of cluster:

v = / " sP(s)ds ~ [P~ (1.14)
1 R

For the average quantities one can now introduce the critical exponents:

jo~ (06 (1.15)
x ~ (6-6.)7 , (1.16)
¢~ (0-6)7" (1.17)
S0 A (0—00)7% (1.18)

Using eq.(1.14),(1.16) and eq.(1.18) one can determine the susceptibility
exponent ' '

vy=vD(2—1). (1.19)
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Chapter 2

Self organized critical scaling
at surfaces

An essential requirement of any sandpile model is the capability of dissipa-
tion at the borders, which allows the system to reach the critical state by
elimination of the “sand” injécted at random in the system. So far, in spite
of the clear importance played by boundary conditions in SOC, very little at-
tention has been paid to the possible consequences of the borders on critical
behavior. In the context of standard critical phenomena, inhomogeneities, of
which a boundary surface is a typical example, are well known to produce ex-
ponents different from those describing bulk singularities[13]. The boundary .
magnetization of a semi-infinite spin system, for example, responds to the
bulk field with a susceptibility x; ~ |(—T:7,—CTC2|‘“'1 for T' — T, with v, different
from the bulk susceptibility exponent of the bulk field.

In this work evidence is provided that one can clearly distinguish between
bulk and surface scaling exponents in SOC systems, in the same way as in
equilibrium spin models. In spite of the considerable recent activity on SOC,
the general possibility of peculiar scalings at the boundary has not been
appreciated. As shown below, it is indeed in avalanche distributions that
novel boundary scaling behavior is revealed.

Consider a generic sandpile model, defined, as usual, on a finite box, A.
For j € OA, the boundary of A, the standard condition, allowing sand grains
elimination, is of the Dirichlet form: Aj; = 2d for j € dA. Of course, nothing
prevents us from considering closed, Neumann boundary conditions (bc), i.
e. Aj; =2d —1 for j belonging to a subset of A, e. g. one side or face. For

11




such j’s the stability condition becomes then éj < 2d — 2. Closed bc alone
do not allow sand elimination, which takes place through the other Dirichlet
faces.

So far, the determinations of 7, v and D in the literature were all based
on sampling avalanches starting anywhere in the whole system, and thus
essentially in the bulk, but, as shown below, including surface contributions.

We propose to define the analogue of a boundary magnetic susceptibility
by sampling only avalanches which start at the border JA. In analogy with
standard critical phenomena, we expect for these avalanches a Pay(s, L),

with 7oy and geur possibly different from 7 and g, respectively, and the same
D and v.

2.1 The Mean Field Approach

One can gain analytical insight into this issue through a mean field (MF)
approach to ASM in semi-infinite geometry, which extends and generalizes a
recently proposed “reaction rate” method for bulk quantities[14]. MF allows
us to treat inhomogeneity in the simplest, 1d setting. The integer index
i = 1,2, .. numbers sites starting from the origin of a semi-infinite chain, and
Py, (k=0,1,2,3,..) represents the probability that z; = k. v

The probability that z; — 2z; + 1 as consequence of grain injection from
the exterior is denoted by A. .

Reaction rate equations can then be written expressing the stationary
state condition, i. e. the fact that, at each site, the rate of transitions out
of a given height state exactly balances the rate into the same state. Since
téppling occurs only for z > 2, it turns out that the critical state is the
one in which Py, = P, = 1/2, P, = 0 for ¢+ > 2 and all n. In this state
(z) = 6. =1/2. Py, is in fact the local order parameter.

To leading order in Ps, one can put Py, >~ 1/2 + ag, Pan, k = 0,1, where
a’s are suitable coefficients, and P3, = O(PZ,). So, the following equations
can be obtained eventually

1 -1 h
Po= gh+(0-5-2R)P+h0-2R) - P (2.1)

12



“and for n > 2,

1 h |
P, = ~~§Pn_1Pn+1“~ 'Q'(Pn-—l + Pog1) + (0 = 2P5)(Paoa + Prgr) +

1 : h
ZPTL(Pn-—2 + P‘n+2) + h(0 - 2Pn) + Z(Pn—-Q + 2Pn + -Pn-}—?)’ (22)

where for simplicity P; stays for P,; everywhere, and the o’s have been
eliminated by use of ag, + a1, + 1 ~ 0 (probability conservation), and 6 =~
1/2 + a1, Pon + 2Pa,. Eqgs.(2.2),(2.1) are valid in the case of Dirichlet be.

By disregarding eq.(2.1), and turning to our standard notations, a trans-
lationally invariant solution of eq.(2.2) (true deeper inside in the bulk), with
Py, = P,, satisfies

4P} + (1 —20+2R)P, —h8 =0
which is easily seen to imply

_PQN(]./Z)(O—"HC)_17 GZéc‘:?ﬁ-_—'l, ) (23)

X=0P)0h~ (100 -0 = y=1. (24)
Inhomogeneous solutions of egs.(2.1),(2.2) are most easily discussed in -
terms of x, = 0Py [Oh|,_y- One finds a solution of the form

Xn =X+ 6exp[—(n—1)q] . (29
with ¢ ~ |0 — 0.2 and x1 ~ |0 — 6|7/, Thus 1 = 1/2 # v in MF, while
the behavior of the reciprocal “penetration length” g, reveals directly the -
expected v = 1/2[14].

Since D = 4 in MF [14], we conclude that

Tewr =2 — 1 /vD =T[4, (2.6)

to be compared with the bulk 7 = 3/2.

A similar calculation gives ; with Neumann bc at site 1. In this case Py
replaces Py; everywhere and eq.(2.1) is suitably modified. Again a solution of
the form (2.5) is found, this time with x; = 0Py1/0h|,_y ~ |0 — 0.|~*. Thus,
in MF closed conditions give v; = v = 1. MF calculations can of course be
carried on also in higher d, yielding the same v;’s. What is evident from this
approach is that also for dimension lesser than 4 the avalanche distributions

on surface obey a power law with exponents greater than the respective in
the bulk. -
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Figure 2.1: Data collapse for the 2d ASM. P! (3) is scaled by LP(7=1) = [1.04,
corresponding to 7 = 1.52 and D = 2. o

2.2 Numerical simulations

We performed extensive numerical investigations of s and ¢ distributions
for avalanches starting at both Dirichlet and Neumann boundaries. We have
analyzed two different automata models, the Abelian Sandpile Model (ASM),
and the restricted Critical Laplacian Model (CLM) previously defined.

For the first we have carried simulations in 2d (16 < L < 256) and 3d
(16 < L < 40); for the second it was done only a 2d analysis.

In the simulations the piles were kept critical by injecting grains over the
whole system, thus making it unusually difficult to obtain good statistics on
boundary events.

Figure 2.1 and Figure 2.2 show data for P. (s) and P’'(s) With_Dirichlet
bc in 2d. In this and the other cases also time distribution data and radii of
gyration of avalanches were recorded. Direct and data collapse fits allow to
estimate consistently 7eur = 1.52 & .05 and D = 1.97 & .06, to be compared
with 7 = 1.21£0.01 and D = 1.96, as obtained from our analysis in the bulk.
Our bulk results agree rather well with determinations in the literature[6, 7,
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Flgure 2.2: Collapse plots, with rescaling corresponding to bulk 7 and D
values: note that surface data-do not collapse. This identify a drfferent
universality class. ‘

8]. The time distribution exponent of border avalanches can be estimated as
Your = 1.81 4 0.02, to be compared with the bulk y = 1.32 + 0.04.
On the basis of scaling arguments normally applied to the bulk, we expect
' Zowr = D(Tour — 1)/ (Ysur — 1) = 1.26 £ 0.08, where zq: is the exponent relating
the duration of border avalanches with their linear range. Our determination
of zeu i consistent with the estimated (/D = 0.607 & 0.040[6, 7, 8]) and
conjectured (z = 5/4[3]) bulk values. This consistency can be understood.
Indeed, in 2d the bulk z is expected to coincide with the fractal dimension
of red bonds[lS] in the O-state Potts spanning clusters[4]. Such dimension
could remain unaltered whether or not the cluster backbone is supposed to
connect points on the boundary[16].

For d = 3 we find 7oy = 1.70£0.05, D = 2.940. 1 and Ysur = 2.24 £ 0.08.
Tour 18 thus more close than 7 to its MF value. All these results are presented
in Table 2.1 ' ,

Avalanches starting on the border of ASM with Dirichlet bc give extra
simplifications compared to the bulk ones. One can indeed argue that, if

15




[ Abelian Sandpile Model d=2 |
l T Yy D
Bulk values 1.21 +£0.01 | 1.32+0.04 | 1.96 £ 0.03
Surface values | Neumann be | 1.27 £ 0.05 | 1.41 +0.05 | 1.97 & 0.03
Dirichlet be | 1.524+0.05 | 1.81 £0.02 | 1.96 £ 0.06

|  Abelian Sandpile Model d=3 |

T Yy D
Bulk values _ 1.41 +0.03 | 1.62+0.02| 2.940.1
Surface values 1.70 £0.05 | 2.24 +0.08 | 2.9+0.1

Table 2.1: Determination of avalanche exponent via direct estimate and col-
lapse fit ‘ k

toppling first starts on'JA, no sites of the avalanche will undergo multiple
topplings'. Thus, in this case there is no distinction between s and m dis-
tributions. This corroborates the expectation that in general 7 = 7,,, in the
bulk too, as suggested by numerical results6, 7, 8]. '

Within our accuracy, we verified that at a face or side satisfying Neumann
conditions 7g, could coincide with the bulk 7. For example, an accurate
determination in 2d gave 7o = 1.27 & 0.05 and ¥eur = 1.41 & 0.05 with
this be. This result suggests that, for ASM models, the two types of bc
considered do not determine universal exponents, and the MF result v, = 7,
Tewr = 7 for Neumann bc could hold also in finite d. This last possibility
is rather intriguing, because it would imply that the presence of the closed
border does not alter avalanche scaling. Of course further and more extensive
numerical work will be needed to possibly corroborate this conjecture.

As an example of non-abelian sandpile on which to study boundary crit-
ical scaling, we chose the restricted critical Laplacian model (CLM), which
has been clearly established to belong to a universality class different from

that of ASM[17].

1Sites not belonging to A can not be the first to topple twice. Indeed, for them a
second toppling would require that a least one of their 2d neighbours has already toppled
at least twice. On the other hand, also a site on JA can not be the first one to topple
twice, since it has only 2d — 1 neighbours which have toppled at most once before.

16
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Figure 2.3: Data collapse for the 2d restricted CLM. P/ (s) is scaled by
LP=1) = [120 corresponding t0 oy = 1.6 and D = 2.

In 2d we found clear evidence of surface scaling distinct from bulk scaling.
We assumed Dirichlet be and the convention that the Laplacian at boundary
sites is computed by assuming a fictitious nearest neighbour site with z = 0
outside the system. As illustrated also in Figure (2.3)and Figure (2.4), we got
Tour = 1.624.06 and yeur = 1.97£.03, to be compared with with 7 = 1.31+.04
and y = 1.48 & .03 in the bulk; All the final results are indicated in Table
2.2.

[ Restrictred Critical Laplacian Model d=3 ]
T Y D

Bulk values 1.314+0.04 | 1.48 £0.03 | 1.97 £ 0.03
Surface values | 1.62 £0.06 | 1.97 £ 0.03 | 1.97 0.03

Table 2.2: Determination of avalanche exponent via direct estimate and col-
lapse fit ’
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Figure 2.4: Collapse plots, with rescaling corresponding to bulk 7 and D

values: surface data do not collapse also in this case.

Summarizing, we have provided analytical and numerical evidence that
SOC models, with dissipative bec, display peculiar surface scaling in their
avalanche distributions. This shows that the SOC state mimics the struc-
ture of the ordinary critical state in a more complete way than has generally
been realized. The existence of boundary scaling, which amounts to a sort
of scaling correction for bulk behavior, should be taken into account, espe-
cially when analyzing results for relatively small samples. It should also be
reminded that, for SOC, the fully periodic bc often used in spin problems
to get rid of boundary effects, would not make sense. The same applies to
the Neumann condition which, in the abelian case, was found here to induce
surface exponents very close, if not identical, to the bulk ones. Similar con-
siderations can be made concerning the phenomenological analysis of SOC,
e.g. in earthquakes. For example, taking into account the possible presence
of geologically relevant boundaries in the selection of seismic events could re-
veal important for the discussion of Gutenberg Richter law exponents. The
existence of a well defined surface scaling also provides an unexpected ex-
pansion of the field on which theory and experiments should be compared.
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Thinking of the recent advances in the context of 2d equilibrium statistical
models[18], for example, we can only foresee accelerated progress and deeper
understanding from such an expansion. By simultaneously focusing on both
bulk and surface scalings many universality issues have a better chance to be
settled, already at numerical level. '

19




20



Chapter 3
Mémory and self organization

Much interest has focused on recently proposed models that involve quenched
disorder[10, 11, 19] and whose dynamics leads spontaneously to a SOC state.
Criticality is related to the presence of memory in these systems. This means
that the dynamic of local variables is sensible to a long period of the past
history of the process. ‘ ‘ ' :

We want inquire on the relation between dynamic§ in quenched disorder,
memory effects and SOC. First we discuss how memory arises in models
that evolve in a random environment. Then we show that a SOC behavior
does not necessarily imply the presence of memory. We suggest that instead
the converse is true: Memory, i.e. the dependence of local dynamics on the
whole history of the process, implies a self organized critical behavior. This
issue is analyzed with the introduction of a model that contains the effects of
memory explicitly. In this model there is no reference to quenched random
variables. For a particular value of the exponent that tunes the effects of the
past history on the evolution, we reproduce the result of the corresponding
dynamics in quenched disorder. The occurrence of SOC behaviour for a
whole range of this exponent suggests that criticality is not a peculiarity of
dynamics in quenched disorder but rather it arises as a result of memory
effects. ’
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3.1 Presence of memolry- effects in BSM

As previously shown (see §1.2), the simplest model of dynamics in quenched
disorder is probably the Bak and Sneppen model (BSM) originally devised to -
model biological evolution. The steady state is characterized by long range
correlations, both in space and in time, that have been studied by different
techn1ques[90 21].

Now we want to show the memory effects present in th1s model. To do
that, imagine to assign to each site of the lattice a counter variable k;. At
time ¢ the variable k; is set to zero if the variable 7; is updated and it is
increased by one otherwise. This means that the random variable (RV) n;
that represent the barrier between different species is changed. In this way
ki(t) is the time elapsed since the last update on site 1.

It is natural to think that the evolution will take place more often on
recently updated regions than in older ones. This is because a site whose
RV has been checked a large k; > 1 number of times in the search for the
minimum RV will probably have a large RV. It still has a probability of
being the smallest in the future but this probability gets smaller and smaller
as time goes on. This implies that the probability that a site with a counter
equal to k is selected decreases with k.

It is possible[22], keeping track of the evolution of the statistics of the RV
~on each site, to pursue this argument further and to evaluate the probability
of each selection event, that is the probabﬂity that a random variable n;, that
has a counter k;(t), is the smallest one. This in principle provides a stochastic
formulation of the process, that is deterministic for each realization of the
randomness. We will not enter the details of this (the interested reader is
referred to[22]) but just note that the probability that site  is the smallest
can be labeled by k; and evaluated for others models of growth as invasion
percolation. Under approximations of mean field type, with the result[22],
one has: »

Prob{n; = minn;; Vj]} = pu.e ~ k7° (31

fort > &k > 1 with o = 2.

It is worth to stress here that px: is not a function of & a,lone in models
- like invasion percolation. In a single realization it actually depends on finer
details of the past history. However, on average, it displays a fairly stable
power law dependence on k.
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_ The distribution pg; is a directly accessible quantity in a computer sim-
~ ulations. Indeed the fraction of times selection occur on a site with k; = k
will be ny pik:, where ngs is the number of sites with counter ki(t) = k at
time . ‘ '

We shall be concerned mainly with the stationary state of a system of
linear size L with periodic boundary condition. In the steady state the
above distributions attain a constant value pi(L) and ng(L). These satisfy
the normalization conditions > ; pk(L)nk(L) =1and ¥y nx(L) = L? for a
system of linear size L.

A measure of the effect of memory is given by the first moment of the
distribution ng(L)

T.(L) = ’}E > kng(L) ~ raa+a ' (3.2)

LY = ‘
The exponent ( is a measure of the presence of memory effects. On the
average the local dynamic of the variable on site i is sensible to a period
of the past history of the process. If the length of this period, measured in
units of L? individual events, increases with L, i.e. if { > 0, the state of the
infinite system will depend on the whole history. If { = 0 we can say that no
memory effect is present. :

Consider next the ASM: sand is added on randomly chosen sites. After a
toppling a site is empty, before it will topple again it needs to store enough
sand. Thus the probability that it will topple after k toppling events grows
with k and on the average it will topple once every L? toppling events. Then
¢ = 0 in this case. This result is consistent with the abelian nature of this
model[4]. , ,

The BSM has instead a non-abelian evolution and figure 3.1 indeed shows
that the situation is different in this case. px(L) actually decays as a power
law with k with an exponent apsyr = 1.30 £ 0.02 and ni(L) satisfies the
scaling behavior F

nu(L) = kP f (/L) for k>0 (3.3)

with Bgsy = 0.58 4 0.01. A

The scaling function f(z) drops quickly to zero for large arguments and
tends to a constant f(0) = ny(L) for z — 0. The assumption of a single time
scale To(L) for a given size is implicit in 3.3. If 8 < 1, the normalization
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Figure 3.1: The distributions ny(L) and pi(L) for the BSM.

condition on ni(L) easily yields the exponent relation

__8
(=1=5 (3.4)

This yields (psar o~ 1.44 in fair agreement with the direct measure (gsy =
1.46 4 0.03 using eq.3.2. . ' _ _
If ¢ is the indicator of the relevance of memory, the self organized nature
is usually related to the occurrence of avalanche events. An avalanche event
is made of a spatially and causally connected series of events. In the BSM the
selection and update of one site at time ¢ may generate RV’s that are smaller
than the one that has just been selected. The evolution will naturally select
. these RV at time ¢t + 1. The same may happen for a certain period and as a
result selection events will be localized in a small region. At each time one
avalanche starts so a number of nested avalanches are active at each time.
The definition of an avalanche is particularly simple in terms of the vari-
ables k;. Consider the avalanche started at time to. This will be active at
time to + s if all sites (¢) selected at times ¢ty < t < to + s had a counter
ki) (t) < t—to, L.e. all these sites where generated after the avalanche began.
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On the other hand the selection of a site with a counter k at time ¢ termi- |
nates all avalanches that started after time t — k. The size of an avalanche
that lasts for s time steps is simply evaluated as the size of the region with
counters smaller than %; < s.

The key points we have reached up to now with the introduction of
counter variables are:

e dynamics in quenched disorder leads to memory effects and is charac-
terized by power law behavior in both p4(L) and ni(L);

e the mechanism of self organization is not the same in sandpile models,
that display no memory effects, and in the BSM;

e one can describe both memory effects and avalanche events in terms of
counter variables alone.

These observations motivates the introduction of a new model defined in
terms of counter variables alone to study the interplay between the effects of
memory and self organization. '

3.2 The Marsili Model

The model we are going to discuss is defined as follows: assign a counter
variable k; to each site t = 1,..., L of a 1 dimensional lattice. At each time
step one site is selected, with a probability s, that depends on the value of
the counter ‘

e = po(k + 1) (3.5)

When a site is selected its counter variables and that of its neighbor sites are
set to zero. All other variables are increased by one:

kis(t+1) =0 for §=0,41  (3.6)
ki(t4+1) =k;i(t)+1 else. (3.7)
The dependence of the selection probability on & is devised to generalize the
situation occurring when the dynamics is driven by the extreme statistics of

a random field. The larger the time a region has been tested for selection
the smallest the probability it will be selected. This is the simplest way to
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account for a dependence of the local dynamics on the history of the process
and the rules of the model may apply also to situations where no disorder is
present.

For a finite L the system gets to a steady state that is characterized by
~a distribution of counters ny(L) for which we shall assume the scaling form
eq.3.3. Of course no(L) = 3 since three counters are updated at each time
step. The normalization of the selection probablhty Yreonk(L)ux(L) = L
fixes the value of po(L):

1
3+ Lizink(L)(k+ 1)

Let us start the discussion of the model from the different values of a.

o a=0.
Clearly po(L) = 1/L at all times. The ni(L) instead decays exponentially.
A simple explanation of this comes from the relation between the number of
sites with k;i(t +1) = k+ 1 and k;(t) = k. In the steady state this reads
ngs1(L) = ng(L)(1 — 3/L). This immediately yields ng(L) & 3exp(3k/L)
and

po(L) =

(3.8)

((a=0)=pFa=0)=0. : (3.9)
Of course the probability of a connected event of s steps also goes to zero
exponentially with s, i.e. 7(a@ = 0) = 0. In conclusion neither memory nor
avalanches are present in the model for @ = 0. The same behavior is expected
to persist for small values of «. ‘

o a#0. : ’

Let us focus on a site with k; = &k and consider the probability Py(s) that
it will not be selected in the next s steps, under the condition that in this
period it will not be updated because of its neighbors. Clearly Pi(s) =
Hf:,jﬂ(l — pog~%). It is not difficult to check that, if & < 1, Pi(s) — 0 as
s — oo while it tends to a constant if @ > 1. So this site, if it is not updated
by its neighbors, will surely be selected sooner or later. This suggests that
for @ < 1 the average time T, (L) between two updates of the same site stays
finite and ((a < 1) = B(a < 1) = 0 (see eq.3.4). The occurrence of SOC can
be excluded as well for @ < 1. The probability of local, causally connected
events (the avalanches) depends on po(L). The existence of such events on
all length and time scale requires this probability to stay finite independent
of L. Supposing the scaling form 3.3 for ni(L) in eq.3.8, it is easy to see that
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fa+pB>1,as L — oo, po(L) — po(oco) > 0, while in the opposite case
po(o0) = 0. |
e o= oco. : ‘

In this case pur = 0 V& > 0 and po = 1/3. The model describes a random walk
on ad = 1 lattice. It is not difficult to find {(co) = 1 and a distribution ng(L)
that follows eq.3.3 with B(co) = 1/2. With respect to SOC, the evolution
is a single connected event: every avalanche lasts for an infinite time. For
a finite o > 1 it is convenient to generalize the avalanche distribution to
account for infinite avalanches: ‘ '

N, is the fraction of avalanches that never stop. The lack of characteristic
lengths in the model suggests that the distribution of finite avalanches IV #(s)
will in general follow a power law distribution. An avalanche of duration s
is terminated when a site with k; > s is selected. If kpax(t) = max[k;(t), ¢ =
1,..., L], all the avalanches that began before time ¢ — kmax(t) will never be
terminated. The probability that an avalanche is still active after s events is

Paai(s) = H [1 - an(L)#k(L)} - | (3.11)

t=1 k>t

Supposing again eq.3.3 for ng(L), the sum in eq.3.11 goes as k'==P so that
Poi(s) = 0if e+ B(a) < 2. For large a a finite fraction of avalanche events
~ will never stop while we expect a finite interval a € [1, o] where Neo(ar) =0
and the usual scenario of SOC applies.

3.3 Numerical simulations

This picture was checked by computer simulation of the model. For a <1, as
expected, po(L) ~ L™ vanishes with w(a) = 1—a. Table 3.3 lists the values
obtained for the exponents # and ( by numerical simulations of the model
for sizes up to L = 256 and o > 1. The statistical uncertainty gets large
as a = 1 is approached from above. The relation 3.4 is satisfied fairly well.
o + B(a) gets bigger than 1 for @ = 1.4. Correspondingly, as expected, Ne
becomes positive. This is shown in fig.3.2 where we report also the estimate
of the exponent T obtained for L = 128 and 256. The distribution Ny(s) was
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[ o | B | ¢ ]
"[1.10] 03+£01. ] 05402
1.20 | 0.48 +£0.01 | 0.90 & 0.04
1.30 | 0.58 £ 0.01 | 1.40 & 0.06
1.40 | 0.619 + 0.005 | 1.53 % 0.03
1.50 | 0.613 & 0.005 | 1.47 + 0.03
1.75 | 0.571 + 0.005 | 1.31 & 0.03
2.00 | 0.545 4+ 0.005 | 1.17 4+ 0.02 |
2.50 | 0.510 & 0.005 | 1.06 + 0.02 -

found to decay as a power law for more than two decades but the value of
the exponent actually decreases as L increases. For small o the statistics of
avalanches gets scarcer and scarcer and a reliable estimate was not possible.
Even though of a qualitative nature, the behavior of 7(a) is quite evident
from figure 3.2. 7 reaches a minimum approximately in the same region
where a + 8 = 1 and N, starts to increase.

The last occurrence would naturally arises as a result of the dlvergence of
the normalization integral of N(s) that occurs for 7 = 1. This would imply a
systematic error in our 7 data of approximately +0.3. With this proviso we
find that, for a = apsy = 1.30; the exponent should be 7gspr & 1.1 in good
agreement with numerical results for the BSM[10, 11, 21]. With respect to
the BSM, it is to note that the values of # and ( agree with those obtained
for @ = 1.30. We confirmed numerically that Ne,(L) ~ L7%% goes to zero
for the BSM.
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