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INTRODUCTION

In this thesis we discuss some mathematical aspects of the Schrédinger operator
with zero range or point interactions, namely its connection with the theory of
quadratic forms and boundary value problems.

The Hamiltonian with a zero range potential have been introduced since 1935
by Bethe and Peierls ([1]) in the study of the system consisting of a neutron and a
proton. Then this model was employed by Fermi ([2]) to analyse scattering of
neutrons in hydrogenous substances and by Thomas ([3]) who showed how to
obtain point interactions as a limit of suitable short range interactions. A further
application in solid state physics was Krénig and Penney's model of one
dimensional crystal ([4]).

The first rigorous analysis goes back to 1961 with Berezin and Faddeev ([5])
whose technique was based on the selfadjoint extension of the laplacian suitably
restricted. By now there are several ways to define rigorously a Schrédinger
operator with finitely or infinitely many point interactions located at a discrete set
inR", n<4.

Here we simply list some of the techniques one can employ to get such a
rigorous definition:

Def. 1. The theory of selfadjoint extensions

Def. 2. Resolvent limits of approximating Schrédinger operators

Def. 3. The theory of Dirichelet forms

Def. 4. Non-standard analysis

The Hamiltonian with point interactions is a highly idealized model, nevertheless
it is interesting because it is one of the few solvable models in Quantum
Mechanics, in the sense that all the physical relevant quantities, i.e. spectrum,
eigenfunctions, scattering data, etc., can be explicitely computed. So this model
can be used to deduce properties of more general models which are close to the
solvable one in an appropriate sense (see discussion in section 1.3.).

For a comprehensive treatment of the whole subject we refer to [29],[6] and
references therein.

In this thesis we provide a new definition of the Schrodinger operator with point



interactions by means of a suitable quadratic form, which in turn can be obtained
as limit of a sequence of natural approximating forms. This procedure follows the

same line of reasoning of Def. 2, if resolvent limits of operators are replaced by

I-convergence of quadratic forms, which is a notion of convergence Iargely used
in the context of variational problems ([7] and references therein).

Moreover we will show that point interactions are releted to a boundary value
problem, as outlined in [8]. In particular we consider the laplace operator in the
domain exterior to a sphere with mixed boundary conditions on the surface of the
sphere and then we prove convergence to point interaction when the radius is
~going to zero and the scattering length is kept constant.

The exposition is organized as follows:

in chapter 1 we recall some basic facts about the Schrodinger operator with one
or finitely many point interactions.

In chapter 2 we construct the quadratic form associated to such operator and then

this form is obtained as TI'-limit of approximating forms; moreover some
extensions are presented.

Chapter 3 is devoted to the study of the connection between a mixed boundary
value problem and the Schrodinger operator with point interactions; finally some

possible developments of the material exposed in chapters 2,3 are outlined.



CHAPTER 1
SCHRODINGER OPERATOR WITH POINT INTERACTIONS

We introduce the rigorous definition of the Schrddinger operator with one or
finitely many point interactions and we recall some of its foundamental properties.
Then we show how point interactions can considered as the limit of suitable short
range potentials. There is no attempt of completeness and the proofs are only
outlined or omitted. All the material exposed in this chapter is extensively treated
in [6].

1.1 BASIC PROPERTIES
We want to give a rigorous mathematical meaning to the formal expression

H=-A + pd, (1.4.4.)

where ye R® 57 is the Dirac measure concentrated in y and M isa
coupling constant, as a selfadjoint operator in R .

Here we sketch Def. 1 (see introduction) which is very clear and direct from a
mathematical point of view; in the next section we will describe Def. 2 which
clarifies in a more transparent way how the defined operator is the rigorous
counterpart of (4.4.4.) .

Let us consider the positive and symmetric operatorin | *(R?)
Hy=-4A ,  DH) =co®-m) ¢.12)

Because of the spherical symmetry of the problem, it is convenient to decompose
the Hilbert space L"(IRF) with respect to angular momenta ([9] pag. 160)

L& = U vdy) @ () (4.4.3)



where S? isthe unit spherein R® .
If we introduce the spherical harmonics Yem , <IN and mv=0,tL, ... +4 |

as a basis for L”( ¢*) and define the unitary operator
U L2 (o) sede) —» L2 (Corve) 5 42)

VY@ = ~1® (1.4.1)

the right hand side of (£.4.3.) can be written as

U(R)= @ UL (e9;d0) @ [Ye,..... Yoo G150
where [L . j—ee] denotes the subspace of L(S"‘) spanned by Y, ;.

.. Ypp . ltisnot dn‘ﬂcult to see that, with respec?/hls decomposition, the operator
givenby (4.4.8.) becomes

b TB VR e 4]} T, 646

where Iy s the translation operator in | ” ((RB)

(T ) () = g(x+) 61.%)

and

hg =-j; + X(f;i) , D(k,,) = Cf"((o,‘w)) (1.4.8)

Now we have to distinguish the case A=0 from A >0 : in fact ho has
deficiency indices A, 4.) and its selfadjoint extensions are given by ([9] pag.144)

oo = 73% ; Dlho) = {Gel(r)] ¢, & < AC (o) ;
dj(@*') = 4ol (b(o*‘) ; ¢“ e Lz((0;+w)> } , wBo & B & +00 (1_/_(' 9.)



where AC foc ((a; +o=»)) denotes the set of locally absolutely continuous functions on
(0;+%) .If £>0O then kz is essentially selfadjoint ([9] pag. 161), i.e. the only
selfadjoint extension is its closure

oo 2D DO - {beli(@)] 68 € A o0

oo HD U (o) o

From C'L-L.G.) ,(£-4.9) (1.4.-10-) we have that all selfadjoint extensions of
H y are given by

N, =T, [U"MU ® Gé U™k, U)] ® 11T, (4-;.413

Now we define ~AW as the Schrodinger operator with point or delta interaction
in ¥ and parametrized by o« .

It's clear from (2.4.9.) thatwhen s=+0= then -A,  reduces to the free
Hamiltonian - A\

The above construction of -»-A,(,y shows that point interaction acts, as
perturbation of the laplacian, only in the s-wave since, in the angular momenta
decomposition, —Am, and -\ coincide for £> O .

Many informations about the properties of the Schrédinger operator —-Am just
defined can be obtained; here we simply collect the main results. First we can
| explicitely compute the resolvent; let

s\-1
gk=<gA_K> . Imk>o0 (1.1.42)
the free resolvent which is ([9] pag. 58) an integral operator with kernel
Lk x-x
) 3 '
G (xx) = v , Tuk >0, xx'eR | x4x' (2.4.143)

4 [x=x|



A straightforward application of the Krein's formula ([10]) leads to the resolvent of ~/_\,‘,

(R i)' = G v 2 (&0,) G0, Kep(da),
4T :

Imk >0 , GL(x) = G (%) (1-1.44)

with kernel

(Day K €)= Gl 4= QI GLOD , Koep(hay).
4T

Tulk >0, x.x'eR® | x&y, x'#7, x#x (2.1.45.)

Then we can obtain additional informations about the domain and the local
character of - AW (I6]); in particular the domain D G— Ax\b consists of all
elements \f of the type

Y = & +———— .0 E)® (1.1, 46)

47r

where qSkeb(-ZQ and K'e P(—AKQ Twbk >0
The decomposition (2.1. Z4.) is unique and with Ye DEA,,) of this form we
obtain

(—AM— K‘i ¥ = (—A - V’) bx (£-2.4%.)

Moreover if fe\b(—i\x@ and f=0 in an open set U ¢ R? then —Ax\,\f =0
in U

REMARK 1.1.1. Suppose a particle, subject to a point interaction centeredin y
isinastate €D G— An(‘,y) of finite energy with ¥Y=-0 inan arbitrarly small
neighbourhood of y ,thenfrom (£.4-46.),(2.4.4%), we see that

SALY = - AY (-t 18)



i.e. the particle behaves as a free particle in agreement with the idea of a
zero-range interaction.

The spectral properties of — A.. canbe completely characterized; let (0%, ,

Xy
Gow ' Osc » Op denotethe essential, absolutely continuous, singular continuous

and point spectrum respectively, then we have ([6])
6;)5.5 (—A,‘\\f = 6‘QC (—'AKD = [0,4-00) ) G\Sc_ (‘Ao{,\l) = cb J @*1- 1 9—)
if x>0 then & (CA, ) =¢ (2.2.40)

if x<o then 0% ("A’W) - {_ (M@é} | (1.4.21)

with normalized eigenfunction

IR CAPEN 4|

Y, (x) = e A

ST Xy (1-1.22)

Now it remains to compute the scattering quantities associated to - AX‘Y . We
confine ourself to the stationary theory but it is not difficult to extend the analysis
to the time depenedent scattering theory.

The starting point is to determine the generalized eigenfunctions of - Aw . We

define
Lkéox ikwy Lk 1x=vl
kw, X Y 4 k»0 , wegd
YNY( ) 4704-Lk, | x- 7| ’ ’
g
xyeR , x#v (1-1.83.)

A direct calculation shows that ‘i{w satisfies

—~ 4ot | X=Yl Y,(‘Y(kca,@ + %g;—)l- \VA “f,,(‘,, (kco,x) = 0 (aﬂi,éé.)

(-A,(‘Y%,(D(m,x) = k¥ Yoy (ke %) (1.1.25.)
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£»0 K-
c{):—&‘.‘

e @ :L«?é.)

Then ([11] ch.VI) ‘ﬂ(‘y is a set of generalized eigenfunctions of - Am\/ .

I I ;g"i(“@*x'l(_%-(m@j";,xg _ P o)

From Y. «y We can compute the relevant scattering quantities associated to - Aa‘y
such as the on-shell scattering amplitude

Jé«‘f(b'w/wy A, |X] /e-bku[ Loy (ko' %) - XLWX_]

Wl-p oo
L= 2.‘.

i /im Tk , k%0, @ egt (z-2.4%)

and the on-shell scattering operator in \_2 (S")

-L/c()y ~LkC)y
(D=4 - & ( ) ‘ k>0 (1.1.4¢8
ey (9= 2 4,,o¢_c;c ) 7 < %

,Sq y (k) can be continued in K to the whole complex plane and the poles
coincides with the bound state (if Iw/ k >0 )orresonance (if Tw k& € Q )of

- Ay

REMARK 1.1.2

If we perform the low energy limit k -+ O in (4.1 z;z) we get the scattering
lenght

Qu = —{jfé '\Ex,y(bt,cd,c@ =2 (3-1.239.)

4o
(1-1-2%_) provides the physical meaning of the parameter  ([21]).
Finally we briefly mention the definition of the Schrédinger operator with point

interaction in LE(RM) ,with M # 3 | First we note that for m 3, L, there is a "no-go
theorem"'; the reason is that the minimal operator

o= A, D) - mre G



is already essentially selfadjoint ([9] Th. X.11) and so the only selfadjoint
extension of Hy is the laplacianin R, m 3 4 .

The definition of point interaction in dimension two is identical to the three
dimensional case ([6]). Again one starts with

Hy=-A , D) = & (R*-{) (1.1.34)

then, performing the decomposition of Lz(Rz) with respect to angular momenta
and extending the radial part of the operator, one gets a family of selfadjoint
operators -Aw,with ~00 < X L +00 . '

By definition — A“‘Y is the Schrodinger operator with point interaction in y
parametrized by & in dimension two. The physical meaning of x is again
related to the scéttering lenght and the case o =+ leads to the free
Hamiltonian. ,

The one dimensional case is simpler and in a sense peculiar. Following the
usual procedure based on extension of the laplacian restricted to R, - {yg

([6]) one defines a fémily of selfadjoint operators parametrized by o, , —o <K&+

2

Ay =-£ DEA) {3 BB KR |

409-96) = 96)] ' (i.t.30)

“where Hw(h) , LL open subset of {R,M’ and m,m € N, is the standard
Sobolev space of the functions in | ? (Sl) whose weak derivatives up to o;'der 4%
arein L*(D) (12)).
Clearly for (=0 ——A“‘y
%=+0 the two half-ines (»o,y) and (¥,+ec) are decoupled by a Dirichelet
boundary condition in Y and so

—Am,y =<~— Ab> & (‘AQ @-1-33)

reduces to the free Hamiltonian in |* (R) , while for

where —A nt IS the Dirichelet laplacian on (y,4_- ()o) .
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We define - Ax\y as the Schrédinger operator with point interaction centered in
vy of strenght . .

While in the three and two dimensional cases X, is related to the scattering
lenght, now «, is just the coupling constant of the point interaction. Another
peculiarity of the one-dimensional case, as we will see in the next chapter, is that
57 is a small perturbation of -A inthe sense of the forms, therefore - AW
can be easily defined as quadratic form.

Exploiting carefully this fact we will obtain a new definition of - Aw in dimension
three and two by means of quadratic forms.
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1.2 THE MANY CENTERS CASE

Here we introduce the Schrddinger operator with finitely many point interactions
in dimension three, i.e. the rigorous counterpart of the formal expression.

N

H=-4 -2 u§, | (1-5.1)

J=1

where ¥ ,...., Yy € R® and M- My @re coupling constants.

To this aim one can employ the same procedure of the last section, based on
selfadjoint extension, but it is more instructive to outline another method (Def. 2 in
the introduction) which provides a definition of (i 3. 4-) as resolvent limit of
approximating Hamiltonians.

We will use a suitable momentum cut-off and a normalization of the coupling
constants }%3 which will make clear the singular character of the point
interactions. Let us start with the formal operator (2.£- i-) and consider the
unitary equivalent operator in the space of Fourier transforms

A
H = FHF™ (t.2.2)
where | is the Plancherel operator in l‘_z(ﬂ@) defined by

(FO® =40) - s (27 4 d -.3)
XI<R

A
Some formal manipulations lead us to the explicit expression of H

(ﬁ @(ﬂ = pip -—IZ; M3 (q@y,?) b, (.2-4)

-(PYy
where bey(.P} 3—/%5—77_—)3’?* ) ]:i,....,N

Clearly H is not an operator in E(R?) because the plane waves be: doesn't
belong to L‘(Pf) .To avoid this difficulty we impose a momentum cut-off defining
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be‘;’ (A =g ® bes ) = C/%, ) if [Pl 5w
0 i P >w

a5

where B,©0) is the sphere centeredin O of radius & and /184(0) is its
characteristic function, so that we get a well defined operator

ﬁw = P? — ZN Fa() (Qb;: ) ) C};; (1-4.6.)

J=1

the coupling constant /% being considered explicitely dependent on the cut-off.
The reason is that we have to perform the limit <« -+ and so Mz (&) must
compensate the divergences ansmg from ¢,

We note that the operator -—Z li{ (“’)<¢y , ) qgw is infinitesimally small with
respect to Fz (19] pag. 162) so 0 s selfadjoint on

B =DE) ={fl'E)] 6 eLz(R3>} @.2.%)

and it can be used as the starting point to define our Schrédinger operator.
The line of the construction is now the following ([6]): one writes explicitely the

[
resolventof N~ which contains an integral divergent for @ v+ : 1o compensate
this infinity one has to fix

N:("O) "“;‘é—"”"—""m ) xye R J J=i,...,/\f (’1-2.8.>
g+
A

Then it is easy to compute the limit and to prove that it is the resolvent of a
selfadjoint operator denoted by

N
— A“'(");Y(N) . o(,(N)-: (DQ_,..., D(zN> ) k_l/(N)'—: ()/.L,. ‘e y }/N) (4-—5-3_)

Finally we come back to the x-space and define

-4 A
— Aod”fj’_’(") = F -Ax(;?y(N) F ‘ @-Zuiﬂ)
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as the Schrodinger operator with point interactions centered in I'(")z (YL. s, >’~>

parametrizedby ™ = (%, ..., m) :
It is remarkable that the above construction provides the explicit expression of the
resolvent of — A o 0

(Do) = Ge + ) [ [ @,m(k)] (“7) )G

T,3=4

kf'e F <—AD¢(”?,9M) ’) Iw\, i SO @-Lii.)

where

L], = (-39 8 -6, e 12

3'3'

G (%, %) if T |
qu]w - o 4 13)
0 P =3

Making use of the same methods as in the one-center case with only some
technical complications one can study the properties of -A X,y ([6D).

First one can prove locality and characterize the domain 1 (—A 00 Y(.,,) as the set
of the functions

Y@= d®+) OUJCf (), Xt Ay (@444)

where

&3 = Z_..[ \,(‘“)Y(PD(‘V')J Cb (Y: , J= i,.,.,/\.’ @-4-/59

Th=y

¢b E b G—A) = HE(R3> ) k,z < f(“A%(?va)) ) j:vwk« 70 ﬂ-«?...fé.)
Moreover

‘<— A%(,,H(N)-k") T = (~A - kz> P (i-2:17)
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The informations about spectrum and eigenfunctions of —-A,JNHM are summarized
in the following proposition

G'QM<—A%(~))Y(»)> = Foc (—-A“(,%(,Q = [O‘-Loo) ) 0zc (’Aoc‘“) YC"D = ¢ @3- f&-)

and =\ Wy hasatmost N negative eigenvalues counting multiplicity. If Tw k>0
then

k,z‘é Q?’(‘A,,d-ﬂ/y(»a)) lﬁ C‘{’: rxluzx(u) (k’> - O 1. .(?_ 1 9-)

and the multiplicity of the eigenvalue k* equals the multiplicity of the eigenvalue
zero of L‘m y,,,,C h) ,

Moreover if [, = k«f <0 is an eigenvalue of - A&cm‘ y® the corresponding
eigenfunctions are of the form

P60 = L € GECG) | Tmhes0 (2. 2. 0)

where CC;L)... ) c.,) are eigenvectors with eigenvalue zero of [:(m) QM) (i ) .

=

If - Awua‘gfw) has a ground state then it is non degenerate and the corresponding
eigenfunction is strictly positive.

Finally the generalized eigenfunctions of —A,M ¢® can be obtained from the

resolvent and then the scattering data can be computed. The on-shell scattering
~amplitude is

) - - Lk (' -y,
%(MY(") (k' LA'))bQ} = 2‘17? Z'_, [Lﬂ,‘(nfxfluj (k'>] : ’e L ’ U>
) Ir=L ¥

Ol@l[ Lz»}g@(k)%o ) k>0 y w,uyésa (1_2,_31_)

J

.2 .
and the unitary on-shell scattering operator in L (Sz> is

- L k(e —iky
Sengw® = 4 =2 2 D] (5759, ) 450

3“ Voas'ag
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det [wyw() #0 , k>0 (2-2.24.)

In conclusion we recall that even in dimension two and one the Schrédinger
operator with finitely many point interactions can be defined and the main
properties characterized (for details see [6]).
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1.3 APPROXIMATION BY SHORT RANGE INTERACTIONS

Zero-range interaction is only a useful idealization which enable us to obtain a
solvable model. Then it is reasonable to ask in what sense - A,M - can be
considered a limit of a suitable class of Hamiltonians with more realistic short
range potentials. Besides clarifying the meaning of - Aw from a physical point
of view this offers also the possibility of gaining informations about quantities
associated with the regular potentials in terms of exactly known quantities
associated with the limiting point interaction.

Here we shall limit ourself to discuss this problem only in the one center case.
The generalization to finitely many point interactions can be obtained following
the same methods and it requires only some technical complications ([6]).

Let ¢ y0 , Y aRolinik potential ([13]) , i.e.

( LVl gae . s 0)

e

R3x R?
with compact support and define the family of Hamiltonians

He=-0 429 V(z) = £ U (LA @ VR (o)

where A(€) s a differentiable function with A(©)=41 and VU is the unitary
scaling operator in ]_y’ (R?} defined by

Veg) 00 = %, 9(%) (2.3.3)

It is apparent from (4.3-¢ ) that H ¢ describe the dynamics of a particle moving
in a potential which is concentrated, for ¢ small enough, only in a neighbourhood
of the origin; so we may expect Hs E—;—ob - Aw,o , with —A,c,o Schrédinger
operator with point interaction centered in the origin, for some suitable value of ¥ .
The convergence is to be intended in the resolvent sense and so, making use of

| (1-3-4)) and of the resolvent equation, one has to study
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-k = (g,, Ue (-A+ 2@ V) U - ka)'i _

N S YT o T

R GENCE CRP RN p A R RS

where Aa (k) and C; (k) areintegral operators with kernels

A (koxx) = Gelxex) V6 (1.3.5.)
Ce (k%) = AG) Gy (ex ) (2.3.¢)
and

W) = {A%M \f(»«)]]\r(x)}% W = V™ (2.5.2.)

Aa (@ and C'a (/Kf) are easily seen to converge for £ — O ,inthe
Hilbert-Schmidt norm, to the integral operators A (k) , C(k) with kernels

*A(\G,&x‘)

il

G () (=) (1-3.4.)
C(&,x,x‘) = A0 q',i(x‘) (1_3_3-)
The crucial point is the convergence for € -» O of the term
-4
E (A + Me) A Gen af) (2.3 140.)
The form of (1.3. LO.) suggests that the result is strictly related to the low energy
spectral properties of AV

In particular suppose the operator AL Go AT has the eigenvalue -1 and let
d) the corresponding eigenfunction. Then Y =G,nr ¢ satisfies ([6])
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Tell®) , vYelimy , (A+V)E=0

in the distributional sense and

(1-3.41)

O e T(‘A4~\f> (1.3.13)
Y el?(R)
andso € & (—A +\)'> while ¢ is a zero-energy resonance function of -4+V°

it ¥¢1*R®) and 0 isaresonanceof — A + V°

Now there are four possible cases, giving different limits of H, for £ -+ 0

We say that Y isa zero-energy eigenstate of — A + V if

1. -4 isnotan eigenvalue of .4 g, -
with ¢ [*(R3)
3. -1 isaneigenvalue (simple ornot) of .4 Go A with all functions ¢ ¢ Lgféﬁs)

A Go T with at leastone ¢ ?f L? (geﬁ) .
The possible results of the limiting procedure are summarized in the following

theorem ([6]) :
let belonging to the Rollnik class with compact support and assume A’(O) #0

2. -1 isasimple eigenvalue of AL G4

4. -1 isamultiple eigenvalue of

%
in cases 8. , 4., then Hg converges to - AM in the norm resolvent sense for
& -+ O ,with X given by

+ ™ wm ease 4.
- ")\‘_‘('o"‘"“) W oean 4
-+ ) L‘L( CoM 3-
N (0) ‘ .
- 7 M GO ~
ACE]
where in case 2. <> is the eigenfunctionof .« Go A7 with eigenvalue -{

andincase 4. < , £=4,..., N, are eigenfunctions of 4 Go AJ
qO/\).Cﬁ,ﬁ ¢ [-‘6 CRl)

It tuns out that only in cases 2. , 4. Hg converges to a non trivial point interaction

with
eigenvalue -1 suchthat ¥, =

as £->0 . Inother words we get a point interaction in the limit £—0 only if the

—-AL\

Making use of the above norm resolvent convergence one can prove

potential \" s such that has zero-energy resonance.

convergence of many quantities related to B £ ,e.g. eigenvalues, resonances,
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scattering amplitude and scattering operator, to the corresponding quantities
related to the fimit -/, | (6)).
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CHAPTER 2
QUADRATIC FORMS ASSOCIATED TO POINT INTERACTIONS

In this chapter we construct the quadratic form F™ associated to — Av(.y in

dimension three and then we obtain F™” as the '-limit of a sequence of
approximating forms. Moreover the construction is extended to the
two-dimensional case and to the many centers case.

2.1 QUADRATIC FORMS AND TI'-CONVERGENCE

We briefly summarize some elements of the theory of quadratic forms and
associated selfadjoint operators. Definitions will be recalled with the least
generality we need for our aims and the proofs of the theorems will be omitted; for
a complete treatment we refer to [7] and references therein.

Let us consider a Hilbert space ‘}f\, , with norm (il and scalar product (-.-) ,
and a symmetric and bilinear form (in the sense that it is linear in the second
element, anti-linear in the first)

B! D®)xDER®) — ¢ (¢-4.4.)

where D(R) isadense subsectof ", .
B s called positive if

B(w,w) 5 o V ue D(R) (-1-2)
and bounded from below by Bﬂé\R, if y isthe largest number such that
R(uww >y Jul? v u e D(B) (.1.3)

Aform B bounded from below by a/e R, isclosedif D C‘B) is a Hilbert space
with respect to the scalar product



=29 -

(wv) = BW) & (17 +1) (wv) (21.3)

The normin D(R) is obviously

Jully = B + (I[+1) Juyd (2.1.5)

The definition of quadratic form adopted in the following will be:

DEFINITION2.1.1. Amap F: '#, — R (B is the set of extended real
numbers) is a quadratic form if there exists D (F) , dense subset of H , and
R , symmetric and bilinear form with domain ™ (F) , such that

B;— . ) \‘]L ME:D(F)
N R Gee)

We say that F is positive or bounded from below if the corresponding B,
is respectively positive or bounded from below. The notion of closure is

substituted by that of lower semicontinuity:

DEFINITION 2.1.2. A quadratic form F islower semicontinuous (l.s.c.) if

Flu) ¢ Awik Fu)  Vue' | vVuw 2u (2.4.7)

In fact lower semicontinuity and closure are equivalent

PROPOSITION 2.1.3. Let F be a quadratic form bounded from below, then
F islsc. iff T isclosed.

Now we state the usual correspondence between quadratic forms and linear
operators. Let ¥ be a quadratic form bounded from below
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DEFINITION 2.1.4. The operator A associated with F is the map with domain

b(A):%uébG’-‘)l ¢ s Brluw) = (v, 2) VueDCF)} @.1.8)

andsuchthat AW isdefined by

Br(w) = (v, Au) Vo eDdE £-1.4)

Then it can be proved (see also [9], [14])

PROPOSITION 2.1.6. Let F be a quadratic form bounded from below and A its
associated operator then

A is a linear operator, densely defined, bounded from below (with the same
lower bound of F ), symmetric;

if F isls.c.then A isselfadjointand D(A) is a dense subset of (D(F), - \\SD.
If Fy ,F, arequadratic forms, bounded from below, I.s.c. and A, Ay their
associated operators then

AL = Ay implies T« = F,

Let us now introduce the notion of I"-convergence ([7]) for quadratic forms and let
us estabilish the relation with convergence in the resolvent sense of the

associated operators. Let F.. , ¥ be quadratic forms

DEFINITION 2.1.6. Fuw TI'-convergesto F ( Fu -,/;D Foor F=rdm F.)

if the following two conditions are satisfied:

@ Yu eDdDE) 2 (uw) convergingto 4 such that

Flw) = Ap Fu (uy) (2.4.10)
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b) Yue'® and V (U~) convergingto AL it results

Fy ¢ A f  Fu () (. 2.41)

REMARK 2.1.7. If F isls.c. proposition 2.1.5. allows us to substitute D) with
D(A) in condition (a).

To illustrate the the definition given above we give an example of I'-convergence
in the trivial case in which ’jﬁ =R and F. is simply the sequence of functions
with graphs shown in figure 1.

It is not hard to see that | Fa(®) >
- QA'AM Fo = F +
M,
~/ -i/m

where : S i ™ - >
- i l\'F X=u (0

F(x) = -1
) P x#0 FIG. 1

This example shows that I"-convergence is completely different from pointwise
convergence (in fact Fu (x) > 0 Vv x € R ) whereas it is related to the

convergence of the minimum values and minimum points of F. . It turns out that,
under suitable assumption, I"-convergence implies convergence of the minimum

values and minimum points and this is the reason why I"-convergence is so

largely used in variational problems (as example of applicationn see [15]).

Now we list some properties of I'-limits which will be useful in the sequel.

It holds a comparison theorem which in turn makes the I'-limit unique:

M

PROPOSITION 2.1.8. If Fu, =+ F | Gu — G , Fu ¢ Gu, then F<G



-4 -

In general the I'-limit of the sum is not equal to the sum of the I"-limits:

PROPOSITION 2.1.9. If Fau —-o F , Gy —b & , FutGusoH then F+4 ¢ H

M

‘There is a particular case in which the equality sign holds:

PROPOSITION 24.40. If o L F , ¢ continuousthen Fu+G ——s F+ G

The following proposition shows that lower semicontinuity and I"-convergence
are strictly linked:

PROPOSITION 2.1.11. If Fu =5 F then F islsc

Finally we state the connection between I'-convergence of quadratic forms and
convergence in the resolvent sense of the associated operators.

PROPOSITION 2.1.12. Let F. , F  be quadratic forms, uniformely bounded
from below and I.s.c. and A, , A the corresponding associated operators; then
the following conditions are equivalent:

) Fw —> F and F@ ¢ &-,u:v\‘uf Fu (uw)  VueY, and ¥ (Uw) converging
weakly to W .

ii) A converges to A inthe strong resolvent sense.



- 925 -

2.2. POINT INTERACTION DEFINED AS QUADRATIC FORM

In this section we introduce a new definition of — A + M 5, in dimension three
by means of suitable quadratic form. It is useful to start with the one-dimensional

case in which such a definition is well known ([6], [9] pag. 168, [16]). Let
M =2(RY . yer s ®eR and

F () §17ul* + o lue) i we H(R) s
o=y 2.2.1.
T % o d M (R)

F*” is a quadratic form with domain D (F*)= H*(R) .
Note that definition (2.2. {) does make sense since H “®) is embedded into

the space of the continuous functions ([12]).

Observe that
e, o, .

Y = B+ R (2.2.2)

where T, isa positive and I.s.c. quadratic form defining _A and
& | miyl® il we H(w)

(W = (-2.3)
+ o0 f\c I (R«)

It is not difficult to prove ([16]) that E™' is infinitesimally bounded with respect to

2
R, ie. (9] pag. 168) I ovyo orhifan swal awd b0 <.,

D G:;W) = b(ﬂ*? J \ EW[’M)) L Q f;'yﬁ‘) + b //“”Li(m) Vue D(ﬁm)

So we can assert ([9] pag. 167) that F“‘Y is bounded from below and I.s.c. with
domain W'(R) anditis easily seen that the selfadjoint associated operator is

- Am ,
We already know that, in dimension 1,2,3, " S, " is not a small perturbation in
the sense of Kato ([9] pag. 162) with respectto -/ ,since D (A ay) > D (CA)
(see section 1.1) ; more precisely D (—A.m,) consists of the direct sum of

as defined in chapter 1.

DE A)= W C;g;ﬂ) and the one-dimensional subspace spanned by &7 ,Tmk>0,
which is square-integrable in R™ but doesn't belong to K (R") for m= 1,8,3
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On the contrary the above construction of F*" in dimension one shows that
" CSY " is a small perturbation in the sense of the forms with respect to - A

This can be interpreted as follows: the form domain of - A, still consists of the

¥y
form domain \*(R) of -A plus {q{v] but in this case vyve have Gy e W(R)
and so the form domain of -A is not perturbed by " 3, " . Indimension greater
than one this is not true since &7, € H*(R™) , ™ > 4 , and so it reasonable
to expect that the form domain of -A  will be enlarged with the subspace
spannedby . to obtain the form domain of - A.,‘y.

Let us rewrite  F*7 in dimension one in such a way to make clear the role of <%

in the form domain. We will consider only purely imaginary values of Kk

K= LNAY  , Ao (2-2.4)

but we will see that this is not a restriction.

e AGK lewl -

B (w) = SW(M-&MG{“)!}V + ) g' W- €WC T

3 < (

- e 730 , ¥ ue H(R) (2.4.5)

R
where
C(w) = - A(¥) (2-4.6.)
SV + %
AGw = - — 5o (.23
and
_\aIx-v

-4
C;:‘[q; OQ: (‘%; + /\> ()(')") = /83\]; (2. 2-&.)

is the Green function of -A + >\ in dimension one. doee

Note that , appropriately defining ¢ (u) , the lasttwe-finesof (4.2 5 2)Y make
senseevenit Gin & H'(R') butonly ¢l e | %(R?) ,whichis just the case for
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Mm=2,% ;moreoverif C(W=0O they reduce to the form defining - A ifwe
confine ourself to M = 2  a reasonable definition of = (u) , when A is not
continuous in general, seems

e = @af_fu R &u Yue BRY 4t otk st (2.2.9)
° Be (¥)

where (5=§3-‘T and 35:(; indicates the mean value of 4 over the sphere of

radius R centeredin y .

With this definition ¢(w) is zero Ya € HY{®)

.R__.. g\“\ ¢ R gc]x 5/‘5 “ LL“ 2 const sz, Huu 0 @.2-109
]}B&(Y)] Rely) \Ee(Y)l Rel) NGO . HiGRY) R0

where Holder inequality and a standard Sobolev embedding ([12]) have been
used. Moreover ¢ (w) ifis finite and different from zero if 4 has a singularity in

y ofthetype of & anditis normalized in such a way that ¢ ( Gls)=1
Then we define v ) >0

b(’Fd‘Y) ‘*’-‘{UEB(R;)I e easts fiwibe , 4 -ew gy é—HiCR})} é"""“')

and
S\V(u-cmc&))z . AS\u-cma?a)z  AG lewlt -8 flart i u ek
= © “‘ il
+ 00 | . i} ud K&
= Py - (e (@.2.12)
where ¥

AR = % b % (2.8.43)

(the reason of this position will be clear in the following). The definition is given in
terms of the parameter A >0 but, as we will show in the next section (see
remark 2.3.2.), it is independent of \ . In fact if we put 2 = O the second
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integrand in (2. 2. 48.) is not summable when |x| = ¢« , so the presence of a
positive A is useful to regularize the behavior of the integrand at infinity, i.e. to
make the integral finite. It is not difficult to prove that F “Y has the right properties
for our aims.

PROPOSITION 2.2.1. F*' is a quadratic form, with domain D(F*") , which is
positive for x % 0, bounded from below by —(MTN)Q' for « <@ andl.s.c.

PROOF. ltis clearthat ¥ isa quadratic form with dense domain D G W') .
let x7 0 then YV u € D(F*7)

FY(w) + A g\u\z >0 YAso (2.2.14.)
‘RB
which implies positivity of F*"

Lower boundness for x < O is obtained in the same way.
u\®

It remains to prove lower semicontinuity. Taking into account that the term A Lo

is continuous, it is sufficient to prove semicontinuity of prad

let 4 e *(R?D  and (Uw) convergingto A ;if F *3(um)-»+ 00 then
inequality (2,_1 - ¥.> is trivially true. Otherwise there exists a subsequence ( L\‘»n)
such that

F‘x”‘}‘(\x‘m) < cowst. @ 2.15)

which trivially implies

| W - e G ¥

iy ¢ st (2-2-4¢)

IC(u‘m)l ¢ const. (2.5 1%.)

A bounded sequence in a Banach space is weakly convergent and so there
existy we W'(R¥) , c¢e suchthat

Wwm — v W+ Q)\'ﬁ DA% Lz(RS) (2. 2. 18.) ,
"
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Thismeans 4 =W+c Gl andso 4t e DF™) , c=Cw)
In a Banach space the norm is .s.c. with respect to the weak topology so we have

2

S}v(u-cm )| + XSIMMQEV ¢ bowink S\V(u;-c(u‘,)a?ﬁ),z+,\Slux\~c(u‘«)q;’ﬁ
w3 R B3

R® (2.2.44)
which implies inequality (2. 1-%) . ®

Now it remains to verify that our quadratic form F“'Y really defines —Ax,y in
dimension three. Let Ty, be the selfadjoint operator associated to  F ™7
then

PROPOSITION 2.2.2.

) b(ﬂq):{ueb( | - Gln € BHRY) , (1 -cow Cl‘fx)’(Y)=AfA"")““)} = D(-Ayy)

i) (TM\,-M)‘L\ = (—A+A> (a-ec¥s)  ¥350 , Yue D(Tuy)

iii) ﬁ&y*‘&)—i'f‘ = GNI\% +A4(,\ 0() ‘C('-ﬁ‘g(y) Gx\;\ F ¥A>0 {% x7 0O, VA >(Zlﬁ;‘>‘a
. :‘fD(<O‘ vie L¢(R3>

andso Ty, = - A"’;Y

PROOF. If 4eD(T,,) then 34 e|*(R®)  suchthat

[T + 3 [pleariy - [7h ek e
®3
R? R?

which, by regularity theorems ([17]), implies

R-cowgls € W(RY) (2.2.2¢)
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CAL) (u-emcls) = + (¢-2.22)

f we 'DCF oz‘Y> with ¢(9)+# O then, takmg%toacckount 9«" r(zfzo)we have

MG e6 = (Gt = fu-ecta) () (2.2.33)

Rr3

Viceversaif 4 eDFEY) with At - cow s € W) and (u—c(u)q,?ﬁ)(y)= AL
then

B (V,u) = S & [(-Au)(u-cc»n)q?.ﬂﬂ vare D(F*) (2-2.44)

2

If we define § =(-A+ ))(u{(u)Q?n) we obtain the proof of the first inequality in i).
The second inequality in i) is easily verified: if AL € D (T»z.y) fix
[ Rk x|
b, () = ubo - cew £ Gl (2.2.85)

with Tw k = \B andso UeD (‘A,(,,y> ;conversely if A€ D (-A,‘,,) it results

Cm) = ngk ()’)

ik @.2.26)
4T
andso MUeD (Td‘\,) .
The statement ii) is an easy consequence of i).
Finally we define
W=l oy GENE qr v 2w (.20, 27)
A<
then using ii) we obtain
(T«y + A> wo= % @.4.28)

which implies iii). &
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2.3. POINT INTERACTION AS I'-LIMIT OF APPROXIMATING FORMS

Here we show that the quadratic form F , defining - Ao(‘y in dimension three,

can be obtained as the I'-limit of approximating forms. As usual we start with the

one-dimensional case where a natural choice of approximating forms for Fer
givenby ¢.2-4) ,is

" S |[Vul + x Hur @ we H*(R)
Fo W= (% B @.3-1)
+ oo i ud W (E)

with D (F*) = W*(R) .

We know that Fw can also be written asin (4.2-5-) which is a more useful
form in view of the extension to the three dimensional case. This suggests to
rewrite [ :'Y to make clear that it is an approximating form for (2-2.5.) . To this
aim we introduce an approximate Green function ([18]) for ~Ax ) , defined

% R >0 as the solution of the problem

CA+Y) Gl = Ao

\BR ()’)l : @- 3 %D
C:?)‘;X.Q € \'\i(RD

where \BRCy)\ is the measure of the sphere Bs » .An explicit calculation

shows that
V3 Ix-
A4 o Y'. M it olx-¥I>R
, IV V>R
C\‘\‘ﬁ@ () = V3R (2:3.3)
A o LB el Wkl i rigR

JAR  2)R

Y
C."w;& is an everywhere differentiable function and it's not difficult to verify that

q\‘yﬁm Rao ~ a:? 2 Hi([R) (2-3.4.)

(in fact one has pointwise convergence Vxe R ).
Withthe aid of (2-3.3) F.~ becomes
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)| Vleatorz, MJI“- @G5, -PAe{)"”‘)‘CR(“)!z'Agml" fueH®)
F:d(‘*) /" & R

to /',f 44# Hi(ﬂ?)
where (3.3.5.)
Cel(w) = - % v (¢.3.6)

Br(v)

_R
__1_ Ly I A A AL e

AeOi) = - 1 B%{f,m = 5% e (2-3.7)

- . Ky — oY
Now it is an easy exercise to prove I'-convergence of FK to ~ .
. . i
In the three dimensional case we have to take into account that a function in } (Rs)

is not continuous in general, so we still define the quadratic form

[wul® - e [fu)? Bue B (R
F:N(\A) _ éa Bely) } s @_5_&,)
oo £ ud W (R

with domain b(?g”) =N\"(RY) | butthe coefficient 6., ,dependingon «, ,
must be infinitesimal in R in such a way to compesate the divergence of the term

§(§L \2’ for R O . Inthe following it will be clear that the right choice is
RLY,
Ou - R (1-MRe) 4 = 4T (23.9)

It is easy to check that F;“’ is bounded from below and l.s.c. ¥V R > O

Now we proceed following the same steps of the one dimensional case. Let us
define an approximate Green function for —A ¥y A asthe solution ¥ R>0 of the
problem

AUV
b+ B Cis, [Re )] (s.3.10)
G:‘R.K e W(®d

Again we explicitely solve (2 -3 iO.) and we find
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4 _BRit 7R by Vi ke T

SBGl T A B GREEY K-rler
Y
T () = x| L3 11
C\J;,R() VXB cosk\}:\R—AW\N‘HQ ‘ ,@ \‘ﬁ lx-yl;R, )
2B Vx [ x-v]
In fact Cl‘iyﬁ.z is a continuous function and
Chn ww Gl LG (@3 12)

(we cannot have convergence in H*(R?) because &'y & H'(R® ) and the
following relation holds

%CC?M . e e NG sl 43
Bg ()

where £ isanayticand £(0)= O

Moreover it will be useful the weak formulation of (4.3.40.)

qu?ﬁ,z'ﬁ +Ag G g g Ve Hi(RE} (Z'S*il")

R

1

R Baly)

and in particular if we fix A7 = Gine

Y v Yy 12
g]v R + S lafﬁ.& = 5/ C:‘?;T\.E, {3,3_15_)
R3 3
Ba(n)
Now defining VY w e B*(RY
Ce(w) = O % W (23.1¢)
Baly)
and
{;\/ Ve 4ATR& b
M) = 4 = St T - PRy (234K
)\E, ( ) Q/R. /g/(qm.e. 1. IO/SWKM 4 - 4%?&% @ ( ( )
Be(y)

andusing (3.3.4) , (2.3. 15) wecanrewrite Fr  as
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|

oy Aehd|eet)” - ASIW -

%3

Fal(u) = S]V@-cmm?ﬁ,z)

RE

Y
£ “u-wq?ﬁ_g
&3

=F" - § |uf® Y W (R7) @318
R
Finally we can prove

PROPOSITION 2.3.1.

) Yued (F*) Fus —> M4 in *@® suchthat

Fy = B FOY ()

R +0

i) Yu e (R and Yue =24 in L@ itis

FYW) < /&m.‘uf F:’Y (ULR,)
R-0
then in particular FY = F'é'wg Fa
PROOF. First we observe that it is sufficient to prove statements i), ii), with  F "
and E:‘Y replaced by F*" and F,:'y‘) (choosing A > O for x5 ¢ and /\>(z,m)*

for x < O).Letusprovei). Remark 2.1.7. allows us to substitute D (F*7) with
D(A,,) thenfor we D(EA,,) wedefine

U= W - cow) Qlg 4 CWGlpn = W + CO Glan 2.3.23)

which clearly convergesto w in L¥®2) . Inserting 4= in F 7 and using
(¢.3.41),(2.3.45.) onehas

F;‘Y')(Hﬁ.) - Fmv”\(l&) = ’6(“) “@@(Qﬂ){b%q;&.k # 4 @'Q [(@(@-Cﬂh}) _{5 ﬁf} *

Baly) Bty

¥ AR(A.w)ng(uo)'g - Al f@W‘z @3-3-20-)

Moreover it is easy to verify that
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Aim Celu) - CO] 4 Ve<d (2:3.21)

R0 RE

Now (2.3.¢1),(¢-3-43.) ,(2-5_17.) andthe continuity of we WRE) imply ).
To prove ii) consider 4. —3 & in L*(R?) . I FX"* (Ue) g5y +o0  thenii)

is trivially true, otherwise there exists a subsequence (u%) such that
“ We - Cr (W) Ci:‘;.% n W Z comst. (2.3. 23_)

| Caue)

< comat. (2-3. 559

Thenthereexist We W(R? and ¢ ¢ ¢ such that

We = Ce (Uh) Gipe = W 0 W(RY o (ul) —>c (23,81

R0

By our hypotheses and by uniqueness of the weak limit we have
= W + ¢ G,
M * (5.3.25)
which implies

we DCF) , ¢ = c(y (£-3.26)

Now we easily obtain statement ii)

Fd.‘r,}. (W < ,EN;%,\% [S ]V(u‘R-CR(\‘R)GI}'RIR) a N (\S g~ CR(M'&)C:B,QV +
®3 ’ R?
M) [’ | < Bt T () (e3.2)

where we used lower semicontinuity of the norm with respect to the weak

topology and the convergence Ae (1) e A9 a
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REMARK 2.3.2. Proposition 2.3.1. states that [ is the (unique) I-limit of Fr
which is independent of A andso F™' itself isindependent of A .

REMARK 2.3.3. The above result implies also the strong resolvent convergence
to —Aw of the opeartor associatedto F, ' (see proposition 2.1.12).
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2.4 SOME EXTENSIONS

We start with the construction of —-A + M /Sy in dimension two as quadratic
form, following the same steps of section 2.2.. It's well known that the Green

function for —A 4 ) in dimension two is

G (x0) =Z47-r— Ko (U‘X\x-w\> (2.4.1)

where Ko(-) is the Mc Donald function of zero order ([19]). The first orders of the
asymptotic expansion near \x -x)| =0 are

GN} (X;;O) i é’ﬂ?r l)g—x‘!» _g}_r (Y‘.!.’Kog %) L e (2_2{'2)

where * s the Euler constant, and the behavior for |x-x'| —> + po s
exponentially decreasing. Againwe have 4%a e [¥(R*) but gJ ¢ W(R:)
therefore as in dimension three we expect that the form-domain of - 4,
consists of ¥ (R @ [C{;’n ] . Then analogouslyto (2-2-9.) we define
con) = P gai,g [ fog R | gg z(; ¥ W s.t. the limit exists, (2.4.)

where p issuchthat ¢ (a%g)= 1
Now, for x ¢ R and ye<W?® , our quadratic form can be defined by

DF) = Jucli®)| e exists bite, w-eaygly < HEY Gy

S)Wu-c@dﬁ) ) +~AS\“~cru>4’wf £ Apa) el ® -y g“*‘s f ued)
F"’ ) R2 Bz R%
(¥ =
(2.4.5.).
1 fué :D(F““’)

where ,

Awd =« + & (vidog B)  Aso (¢.4.6)

Following the same line of the proof of proposition 2.2.1. one can show that
is al.s.c. quadratic form, bounded from below by - (z 8"“"‘”)’8} YoeR |
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Then the associated operator T,y  coincides with _A 4y @andin particular one

can explicitely construct the resolvent (the proof is similar to that of proposition
2.2.2.).

Furthermore, as in section 2.3. , we can obtain F* as T-limit of approximating
forms. In this case we can choose
2

glvu\* _ Qg &u i ued'®Y
F) = we Bt (2-4.3)
+ 00 iboug NG

where now one has to fix

On = (% tgt) [i -4 4 %)J (-4-¢)

Again we introduce Gz ,the approximate Green function, defined as in (¢-3-10.)
which is easily seen to converge for R0 to Gl in L*R*) . Intermsof 2.
(2.h-70)  becomes

S }V[u-eg(u) C’,';Q/z + )\ESu-eg(u)CJa,g

Py Anin) ] - glul" Fuel®)

_ F:‘Y(“)-: a 32 R®
2.
boo i ud IR (-4)
where
Ce(u) = Qe S\‘L | ‘ Q-A.fo_)
Bely)
AR(“CQ:) = 'é{; - Ra(fl:‘/ﬁ‘e, T.;o—b A (A,x) é'_ 4_:{1_)

Now we have all the ingredients to obtain I-convergence of Frn’ to F asin
dimension three and the proof can be carried out along the line of proposition
2.3.1..

Finally we briefly consider the many centers case. If we define

Ci(v) = Jf:ﬁ“: BR geﬂf,f) , i=4,..,N | VYue 14®) st the limits exist (L-4.18)
and introduce the vector notation
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Cwy = (&(u), cev, Cn (u)) (‘@-[”/3*)

G = (G200, -, G () @1 11)

the the most natural extension of (2.2_1¢.) ,(2-£4. {2\ tothe case of N point
interactions is

D(FE) { uel(®?)

¢ (U.) ,C=i,“.)N'} cxis% -@cu\'i’e J U - <§(u), g"ﬁ,.>6Hi(R3)}

, (2-4.45)

BENT
S\3v@-<é(u)) Qin,.>>) + A5!u—<,¢(u); Qm,.>r + < &y Ex"‘ij) W ey > -
R R?

F4 - - f e i e DFE)

3
i (2-2.46)
T o Fud DF )

where <-,.» indicates the scalar productin ¢
We observe that Lw»;gm [N?\) is @ symmetric matrix whose eigenvalues Y, (3),..., y,, ()
are all strictly increasingin X ([6]) . Therefore there are at most N values of

X such that L(m;rm (NS) has eigenvalue zero. If it L(m;i,(,,, (D+o ¥Aro
then all the eigenvalues are strictly positive and fw; Y‘"’(‘\m is YA>0 a
positive, non degenerate, symmetric matrix defining a norm in & Yo Ao isthe
maximum value of A suchthat det [heyes(iB)=0 then Vx> o Lige yoa (3)
isagainanormin £V .

(
[u)lf ~)

The above discussion shows that F™ " is a positive quadratic form if ™ [ywge ()40
V¥A>0  while F“"Y” is bounded from below by -\, if ). isthe maximum
value of )\ suchthat d¢ [ %) gm(iﬁ) =0

Using the same methods of the proofs of propositions 2.2.1. , 2.2.2. one can
prove that FW‘YM is I.s.c. and the associated selfadjoint operatoris - Awm; yo as
defined in section 1.2..

The extension to the many centers case of F*  in dimension two can be carried

out by following the same line of reasoning and therefore we don't go into details.
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CHAPTER 3.
POINT INTERACTIONS AND BOUNDARY VALUE PROBLEMS

The aim of this chapter is to show how the Schrédinger operator with point
interactions is related to a particular boundary value problem or, more precisely,
to the laplacian with mixed boundary conditions on the surface of a sphere
shrinking to a point. This connection is mentioned for the N centers case in
([8]). Here we provide a rigorous proof only for the simpler case of one center
point interaction (an analogous case is treated in  ([20])).

3.1. A MIXED BOUNDARY VALUE PROBLEM

We start defining the laplace operator in an exterior domain with mixed boundary
conditions. Let R abounded region of R*® with ¢* boundary 2B and & a
continuous, bounded and real valued function defined on 2% . Let us consider
the quadratic form defined in  L*(R*\ B)

g\\?u[* + S@\ u* d g £ we WA (R B)
B ={ da S (5-1.1)
J o0 P owdH(RND)

Using a standard technique based on trace theorems and Sobolev embeddings
([22]) it is not difficult to prove

PROPOSITION 3.1.1. E— is a |.s.c. and bounded from below.

-Now the unique selfadjoint operator -—Ar associated to Fe s by definition the
laplacian in the exterior domain R*\ &  with mixed boundary condition on 2B .
Proposition 3.1.1. is rather general but does not give any information on the lower
bound of Fe or -A. asa functionof 2B . To get such informations we restrict
ourself to the simpler case in which B s the sphere R, (0) of radius R

centered in the origin and & is a smooth function of R . The first estimate
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concerns the norm of the trace on the surface of the sphere.

PROPOSITION 3.1.2.

ngag < RS |7¢)? Ve e H(R\ 2 09) (3.1.2)
VB (0) RA\B, (0

PROCOF. Let us fix ﬁ € C‘}({W\gg(@) . Introducing spherical coordinates we have
maq.g
#(ng;qo = "j\&’?i?'—(g)%icp) CAE (3-1-2-)

Using Schwartz inequality we easily get
tos .-3 o0
2 £
i—' zf_ jsv- 2—E 7 ‘g
HEINWP: ig |2 6oa)rdi) < & jﬁ{%(wﬂ Pdy (o)

Then integrating over the surface 93&(0) and making use of a density argument

444
([17] pag. 7') we obtain (3-1,2.) |

Inequality (3-1.4.) can be written as

Slw‘ 1 g fPds 30 VEek(R\RO) G..4)
R R, (9 QR (o)

and (3.1.4.) suggests to fix

TR =-L + 4T, xeR (.15

It will be useful in the sequel to define V) € R

F«?e) W = Few + %S\W (.1.6.)
R*\Ba(o)

then, depending on the sign of & , we have the following estimates
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PROPOSITION 3.13. Let X 50 » M50, 4 & H‘@%S\ B.(o)) then

@ M| un;@\w ¢ Fogy (W) ¢ mox {3, Loamer] |ul, oy G
% A A |
(b) 5&12} dg8 < i Frey (W) (3-1.8.)

moreoverlet w0, A » Gux) , Ue H (RI\Be(@) then

(©) O - ("”@9” u”;(ma,{@) < Ff(:) (1) ¢ "’W{z) A 30’ é"p} “uﬂ:L(Ra\B ) (3.1.9)
(d) g lu*gs ¢ FG?@ (w) (.1.10))
Ba(o) \}S + 4 A

- PROOF. Taking @ 1. 143 into account the proof of (a) and (b) is trivial. To prove
the first ineguality in (c) we define

hue x|

Cb(x) = _ie_____.__ (3-:{.’11.7

X[

and observe that

(»%H,m)ju"’o\s = -iw%%ws =

%3(0) Bz {9
:_——S Vu’«.vxogcb - gMzA%gC{) (3-2.4¢)
R\ By (o) RN BG

where we used the Green identity to transform the surface integral. Using (5.,1- ie_)
our quadratic form can be written as

oo () = & |74 - u Vng b+ A Sw‘" -(W)"’S u* (3.1.13)
R3\ B (3 R3\8a(e) R\ Bala)

which trivially implies the first part of (c). An analogous integration by parts

allows us to prove also ineguality (d). It remains to verify the second inequality in

(c). Starting from (3.1.43.) we easily get
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PRI j@-(omzulwfogqblz) ut ¢

R3\Ry (o) R3\Rg(0)

<2 5 [Vul® 4 (/\+5(£«ﬁ°¢)}’+ %) gvﬁ (3.£.44)

R3\Bg(o) Rh\6a(o)

and this completes the proof. §

REMARK 3.1.4. As a consequence of $€ proposition 3.1.1. 7"‘}2) () ,with 1»0
if x>0 and A>(ax)’ if K< O sanormin H'(RP\Be(®) andthe
associated bilinear form B?@ ( i) > is the corresponding scalar product. The
closure of Hi@’v’\ﬁa(")) with respect to the norm Fzy (*)  is denoted by ”‘Hi@i?\ Re @)
and it will be useful in the next section. ’

Now we turn to selfajoint operator —AF(R) associated with FG-(R) . Clearly the
domain is

DAy ={uew®@] % omu -0 o OB ] fo1.15)

Because of the radial symmetry we can decompose the Hilbert space with
respect to angular momenta and obtain

4d=a

A= & L hery U ® 4 (5. 1.4¢)

where U isdefinedin (2.4.4.) and

hory = -y LD Dhi) = { wel ) [ A,

W &@"‘T‘Q_ w e B([R,w))} ~u'k) -!-(@(R)-!-%)%(R.) :O} (L’l.l?_)
T

It is not difficult to compute the resolvent of k,z' oCx)

L : @
(hm)—\&) () = Quoltd) - Tk By (0, €) i LY, (k) 1 2, (o) )
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K!e ?(M.m) , Twk >0 (3.1.48)
where
¢ u it Hem, (kr) =7 334-72, (k v i§ tler
%k.e(*c.*c‘), = (3-1. 15.)
T ) T () e

is the integral kernel of the free resolvent and

(1-508) Ty, (R) = F T, (kK (3-1.20.
(- sR) HiZ, (k9 - kR HEY,, (k)

(H{') ¢),T.() demote Bessed fuuchions (L43D)),

From (3-+.4$.) we can reconstruct the resolventof - Am,)

<_ Negey - @“i@s,ne;w,g;@ - Ck(cw 69 9) +

B, (k,s0.R) =

(3-1.21)

Bt(klg(ﬁ) R) Hiwz G*B wa@»@ Hm (k }Z)ZQM 4 Q) k/z€ ?(—Af(k)>) Tm K?O .
Thn

$o0 g

+ DD

€20 =g

The knowledge of the explicit expression of the resolvent allows us to evaluate all
the physical relevant quantities related to ~Arcg) , i.e. eigenvalues, bound-states,
resonances, scattering data. We shall limit ourself to calculate some scattering
quantities which will be useful in the next section. The scattering wave functions

Cbz.m) (kiz) , k> 0, - associated with \ma‘m) must satisfy

Orore () = Lo i /E-i(m‘be)k[km@ - (wﬂ’l@w (3.1-22)

o (k) + LB (1) = 5 B (e12) .t 22)
~ oy (5R) + (5@ + L) Doy (<8 = O G.1.2L)
We easily find

d%&(a)(k‘o { z F [jep/g,(k rc) ?3 (k' S(R), R) (k")} (3'1' %S_)
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The asymptotic behaviour of the scattering wave functions defines the phase
shifts CSe,sm (k/)

A -t ilen -
Cbe.we) (k"*‘) o /eh [/Aw (k- I t) + 1 Be(kow,e) 4 e ge)] -
LT+ S (B) _
= jh'/ 4 ( >/°”W(k')z"%’£ +5€,€(ﬂ)(h)> (3-1.35,)
where
8{ “ (k,) _:3[3-1 . (E—G(R)R) Jew,(k@ - k® SJMQ (ki?.,) (_%- 1. 377.)
| (2ol -t R 1, 602, 6

Now the scattering matrix can be expressed in term of the phase shifts

2l ge,m) (b)

Sja,m, (k,) =1 =

__(owe) H, (k0) KR Ho0, (ke)
@‘Q‘@@Hg)yz(kﬁ)— kR Hen (kR)

L2YA

(3.1.28)

REMARK 3.1.5. We observe that all the statements about - Am; ,1.e. (5;L 18),

(.91, B-1-258) ,(.1.81), (5.1.42.)  are independent of the function
T= &R .
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3.2 CONVERGENCE TO POINT INTERACTION

Our aim is now to prove the convergence of —Am) , with a suitable choice of ¢ (&)
to the Schrédinger operator with point interactions in the origin for K-+ 0 . From
chapter 1 we know that - Am defines an s-wave interaction and the parameter «
is related to the scattering lenght Q., associated to —L\a,y via the relation

Qu = - 4 (3'2'-{)

4T

This implies that, in the limit R=0 | only the phase shift of \/»e,m) with A=0
will be different from zero. Let us consider the effective range expansion ([21]
pag. 309 ) for )/xo,m)

(sors)kReskR + KR awkR
(s@r+)au kR - KR oy kR

K Ct% gO,SCR) == %

:_G(R)R-l—i 2 :(_—Wﬁ)ku?z(a))z"' k,é' o " ;
s®R) R* T3 @A(R)Ra "y + ( > C'&é.)

This expansion defines the scattering lenght & o, and the effective range
parameter 'Co,sw associated with {M,m)

4
@uo,w(a) = Mv 6-2—3)
SRR +1
- S /.L—T(R)R+0"{R)}34 3.2
sy = §—pze " (3-2-1t)

It is clear from ( 3.2.3.) that the only way to obtain the limiting scattering length
(3.2.4) from Qloce when R+ 0 isto fix

T(RY = - i‘é y b, we® (3.2.5)

This chioce is in agreement with position (>.4.5.)  of the preceding section.
Now our claim is that, if S(R) is given by (5 3. ‘5.) , the quadratic form Fw,a) and
the associated operator —Am, converge respectively to F* and - Am when
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R - O . More precisely we have the following results

PROPOSITION 3.2.1.

Vi e |* GB«S\ Br ()

(Chari]t -(-Ae 2]t

2
for A¥0 if x50 and Ao () i x<o

=0 (3-4.6)

R—DO
Lz‘ (Ka\ BR (0))

This result can be easily extended to L‘2 (R

PROPO@SITION 3.2.2,
KRN
. -1 -4
/QR/‘-:AS' dki\BR(o) (QAG‘(Q)'{’A) iﬁs\ﬁg(o)ﬁ' - ("Av(,o 1")) -f = O (5-,2..?_)
(R
. ~ N
for ASO if K% (¢ and M (hTe)” if ¥<0 |
If we define the obvious extension Tfm) of Few to (}Rg)
S [VUl* & e@ | ultds i} weWe
Fe(e) (“) = R:\Bg(o Balo) (3-2-8.)
4 ' i ud WR)
then propositions 2.1.12. and 3.2.2. trivially imply
COROLLARY 3.2.3.
«,0
[—‘ /Igf‘_;“g/ S(R) = F . (5—2~3—>

PROOF OF PROPOSITION 321, Ve [2(R*\B:(®)  the two functions
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/U%‘(g) = (‘As‘(a) + Ayi‘}ﬁ (3~2- 10.)
and
Oy = (- Au.o t /\B—ii (%-2- if-)

are obviously weak solutions of the following mixed boundary value problems

(—A +>\) /u.w(g) = £ i @S\%R(o)

(3.2.48)
‘?ut(g) + 6‘(&]) ’ué"(k) e oawn 332(0)
M :
(—A + >\> /\)1 = £ Ik RS\BR(O)
. (3.2.43)
Wa | o, = &, on 25O
DN :
where
1 9 -1
Vo = (F+70) (At .2.10)
DBg (o)
then the difference
\)O;CR),oc = Vg - u/t?(e,) (3-2,45.)

is the weak solution of

-Ar N Wy =0 iw KABE)

(3-2-46)

CDWCR\,EL + G‘CR)\XK,-MN - &Pg oW 9%9\(0)
Qm

S(RY),

This means that Ws ¢ IS the unique function belonging to W (R*\ Be (°>>
such that

2, Weag -\ Tl B¥i
( ()’>*H1(R‘*\Bg<o)) 3” EACEE (3247

Br(o)
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where we used the notation introduced in remark 3.1.4. Taking into account that
\'\iCRS\BR (OD is dense in *‘Hi(IRf’\Bg(O)) we can write

S ?QP;R)',L C{S;

L@/ Whee '°‘>' H“(R"\Ba(“))’ — Aup Be(o) L ¢
LG ) NP | 2 laporens

ll Wts, ”*a‘ (RN Bl

<\ ‘Pgi),wllﬁ(% o 0E B ERD) (3.4.18)
R 2 ®3\ Br(o)) " z”“Hi(R"\ER(O))
Making use of the estimates (3-1.%) , (3-1-8.) . (3.4.%.) , (3.1-10) then
(3.2.44) implies

4 P ‘ o
v, N X I e L*(98:(=) il
SR}, )I L:"CRS\BMQ)) é 4 # (f) -.2 A 9}
D e ae— §(R! 17 xg 0
J[;\ -(Am}‘][v; +t;77->4_)' n C{) (R, & L"(yﬁg,(o» 7Q

It remains to estimate the normin  |*( 713%(0)) of

%, G - (R e ason & [l -G o)

s . (3-2.20)
Fdell ® \Ea@ then Gl e H (R3\ 5&@) and so we can write

| P

Or @) < R I\Aq“ﬁH!LI’@B\BRIOD & bW R “ e

<CN:\Q>(°) @_e—\fm> ) a"‘f VQ (3‘2‘21')

where we used the estimate (3-1.%.) for “g“qﬁﬂ\ww)’ H Gt 12 (78¢(5) and
the Holder continuity of order ¥'<V, ~ofthe functions belonging to  W¥R* &.0) ([14]) .

L*(R*\Balo)) ¥

+W'Rr + Va7

Finally from ®.2.43.) , (3.3.2t) we getthe thesis. B

REMARK 3.2.4. Proposition 3.2.1. could be proved in a more direct way by
exploiting the limit of the resolvent of —A@@ which is explicitely given by

(3.5.2). We have preferred another method which, at least in principle, can be
generalized to more complicate situations, such as the many centers case, where
the resolvent is not explicitly known.
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PROOF OF PROPOSITION 3.2.2. We observe that

[ Arva Chsto? Vet - (- L M)ﬂ-

\L"(w) <

(3.2.42)

¢ “ ("As(e)*'zq)_iiﬁ\ﬁnm% '(‘AW v ;\711[33\&@&' ”Lz(ﬂ?:‘\‘&«@) * ,2“ (_AM-P/U&{{- Be@ 1€ L&)

Because of proposition 3.2.1. we have only to estimate the last normin (3.¢-22.))

G| Il 2

nu(ab) ' \ _}: H,él

“(” ‘A"‘“"L D.i/isg(o)# n INGS) s “ Q"ﬁ(’isﬁw@

\LZ(RS) n Hl!_’"@i") <

< coush. RY )M\f(w " m O _,Q‘\’“) n H}L‘(RZ) (3-4-23)

where a standard potential estimate ([23]) and a Schwartz inequality have been

< eot " isﬁ“”%*fm‘) i W n LG

used. For A+0  we obtain the desired result from (5.2—23) .
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3.3. POSSIBLE DEVELOPMENTS

We list some possible applications and developments of the material exposed in
chapters 2., 3..

- First we observe that the construction of the quadratic form associated to - A+ Sr
is essentially based on the singularity of the free Green function &, . This
means that the same construction should be possible even it — A s replaced by
any second order, strictly elliptic, differential operator in divergence form

qu %(&\;(x) %—:> with smooth  Quiy ().

- Another possible extension concerns the definition of -A+ Moy +V ,where V
is a potential which can be singularin y . Such operators have been studied in
the literature making use of the theory of the extension of symmetric operators
(see e.g. [24],[25]). Using the limiting procedure outlined in section 2.3. with a
suitable choice of the coupling constant Q. it is possible to compensate the
singular character of the potential in y and to obtain in the limit R—~ 0 the
quadratic form associated to - A + ov+ V.

-Any Schradinger operator with potential in U®)NL®) is a limit of a sequence of
Schrédinger operators with randomly distributed point interactions. Moreover the
fluctuations around the limit operator can be completely characterized (see [8]).
This result is obtained using an image-charge technique developed essentially in
[26],[27],[28]. It should be possible to translate this problem in the language of

quadratic forms and I"-convergence and to obtain the same result for a more
general potential.

- The connection between point interactions and boundary value problems can
be further exploited by proving convergence 10 Ao ofthe laplacian with mixed
boundary condition on the surface of a non-spherical obstacle, when the linear
size of the obstacle is going to zero, and then by extending the proof to the many
centers case.
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The crucial point to get such results is to obtain estimates analogous to ( 3.4, 7.)
(3-1.400) which are the fundamental ingredients in the proof of the

convergence.
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