ISAS - INTERNATIONAL SCHOOL
FOR ADVANCED STUDIES

SPONTANEOUS COMPACTIFICATION IN SIX-DIMENSIONAL

EINSTEIN—LANCZOS—MAXWELL THEORY

Thesis submitted for the degree of

"Magister Philosophige™

Candidate: Supervisor:

Salvatore Mignemi Prof. John Strathdee

Academic year 1985/86

TRIESTE




SPONTANEOUS COMPACTIFICATION IN SIX-DIMENSIONAL

EINSTEIN-LANCZOS-MAXWELL THEORY

Thesis submitted for the degree of "Magister Philosophiae" at the

International School for Advanced Studies, Trieste, Italy

Candidate : 5. Mignemi

Supervisor : Prof. J. Strathdee



ACKNOWLEDGEMENTS
I am very grateful to Professor J. Strathdee for suggesting the subject
of this thesis and for his helpful advice. I also wish to thank J. Sobczyk

and J. Helayel HNeto for discussions and encouragement.



CONTENTS

INTRODUCTION

I. THE LANCZOS LAGRANGIAN
1.Generalization of the Einstein lagrangian

2.Quadratic lagrangians

II. KALUZA-KLEIN THEORIES
1.Kaluza's theory
2.Sponteneous compactification and stability

3.Harmonic expansion on hyperspheres

TII. SIX-DIMENSIONAL MODELS
1.Einstein-Maxwell theory in six dimensions
o Finstein-Lanczos-Maxwell theory: ground state and fluctuations
3.Einstein-Lanczos-Maxwell theory: spectrum of masses and stability

4.Einstein-Lanczos-Maxwell theory: the zero mode ansatz

APPENDIX

REFERENCES

10

15

17

23

29

36

41

47

50



INTRODUCTION
In recent years, gravity theories in more than four dimensions have been
extensively studied, starting from an old idea of Kaluza [l], aimed at the
unification of gravitation and electromagnetism.

He considered a five-dimensional spacetime with metric gMN and showed
that if gMN does not depend on the fifth dimension, so that it is unobserv-
able, four dimensional equations of general relativity and electromagnetism
are automatically obtained by identifying the gM5 components of the metric
with the four—dimensional electromagnetic potential, provided that the five-
dimensional lagrangian is of the Einstein—Hilber% type.

Later on Klein, looking for a wave eguation in five-dimensional space,
noticed that Kaluza's theory can describe an infinite tower of charged
massive particles, the masses and the charges assuming discrete values[?l.

Further investigations were performed by Einstein and Bergmann [31, who
proposed to take seriously into account (and not as a mere mathematical
artifact) the idea of the fifth dimension, allowing for the spacetime
components of gMN to depend periodically on the fifth dimension, with a
very short period. This corresponds to taking the fifth dimension to be a
circle of very small radius. This idea was generalized by Thiry and Jordan
[4], who considered also the g55 component of the metric as a function of
spacetime coordinates, corresponding to a scalar field (dilaton).

Turthermore, fermions were introduced in the theory by Pauli [5].

In more recent years, these ideas were generalized in more than five

dimensions by the introduction of Yang-Mills fields instead of the simple

Maxwell field. Starting from a suggestion of De Witt [6], this was first



done by Rayski, Kerner [7,8] and by Cho and Freund [9] in the analogue of the
Thiry-Jordan theory *,

But the most ihportant advance was the proposal by Cremmer and Scherk of
a mechanism of "spontaneous compactification® fll]. They showed that
explicit solutions of the equations of motion exist which compactify the
extra dimensions, if matter fields are added to the metric field.

This mechanism, i7T on the one hand gives a physical justification of the
anisotropy between spacetime and "internal'" dimensions, on the other hand

loses the simplicity of the original model, which rested only on the
geometry of spacetime.

Many other spontaneously compactifying solutions have been discussed
afterwards, in particular based on supergravity in higher dimensions £l2,13?
or on quantum effects [14].

The study of the classical stability of this kind of solutions was started
by Randjbar-Daemi, Salam and Strathdee [15,16] who used the formalism of
harmenic expansion of fields on coset spaces [17]. Many models have been
studied since then, but no general criterion of stability has been stated.

In spite of the large amount of work performed in the framework of Kaluza-
Klein theories, very few attempts have been made up to now to modify the
Einstein-Hilbert lagrangian as the lagrangian of the higher dimensional

general relativity [18-20].

* This was achieved by thinking of the extra coordinate as a parametriz-
ation of the gauge group manifold [8,91 or of a homogeneous space on which

the group acts[10].



Tt turns out, however, that this lagrangian can be generalized in higher
dimensional spaces, if we release the demand that second order differential
equations in the metric must be obtained [21,22]. This leads to lagrangians
that are quadratic, cubic, etc. in the curvature tensor.

In this work we consider the simplest non-trivial case: a quadratic
lagrangian in six-dimensional spacetime ,where spontaneous compactification
is triggered by a U(l) field in a monopole-like configuration. We shall
study the stability of the compactified solution by employing the methods
introduced by Randjbar-Daemi et al. [15,16].

As we shall see, by imposing some very natufal requirements on the
equations of motion, it turns out that in six dimensions there ig a unique
term that can be added to the Einstein-Hilbert lagrangian: it is proportional

to the well-known Gauss-Bonnet four-dimensional density:

RKLHN R\é“"” ’4 QL“ l?.b” -+ Q‘é

Tn four dimensions this is a total derivative and has no influence on
the equations of motion, though it has some interesting topological properties.
[23,24].

Another remarkable feature of this lagrangian is that, when expanded
around a flat background, the term quadratic in the fluctuations of fields
vanishes, leading to a theory free from the presence of ghosts that generally
affect quadratic gravity theories in absence of torsion [25,27],

This fact has induced some authors to conjecture that the quadratic terms
that should be present in the low energy expansion of string theories [301

should have this simple form [28,29].



In four dimensions, quadratic lagrangians (but obviously different from
the one considered above) have already been proposed in several different
contexts, such as conformal theories of gravity [31], and quantum gravity,
due to their nice renormalization properties [25,32,33]. Unfortunately
these properties cannot be extended to six dimensions.

Various properties of this kind of lagrangians will be discussed in
chapter one and in the appendix. In chapter two we shall give a brief
exposition of the foundations of Kaluza Klein theories. Finally, in chapter
three we shall presentand discuss our six-dimensional calculations, showing
the stability and displaying the mass spectrum which stems from our extended

gravitational lagrangian coupled to a Maxwell field.



I. THE LANCZOS LAGRANGIAN

I.1 Generalization of the Einstein lagrangian

The introduction of the Einstein equations in the vacuum is usually
ebtained by solving the following problem: to seek all the tensors A with
1]

the properties:

a) A is a function of the metric g b and its first and second derivatives;

iJ a
b) A =A__ ;

lJ Jl
c) A =0

1333

d) A . is linear in the second derivatives of the metric g b ,s0 that
ij a

second order differential equations for g b hold.
a

The field equations in the vacuum are then assumed to take the form

With these assumptions the conclusion arises that [34]:

AL; = O»Gi%'rb ¥y (2

where G is the Einstein tensor.
1J

If we release condition (d), more general terms can be added to A ,
1)

which however vanish in four dimensions, so that (2) remains the most general
lagrangian in four dimensions even abandoning condition (d).
More precisely, the following theorem can be stated [21]:

In 2m (or 2m-1) dimensions, the only symmetric tensor A (g ,g ' g
ij “rs "rs,t Trs,tu

for which A, . . = 0 is
135

-

N P A"'l‘x&' NI ) ng.fiu, x (3
A ¥ :ZF a:? 50”5'—? Ru,gl_ ....... R%P"';lf’ -HXJ;
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where a and a are arbitrary constants and
o p

J'f“' i £4

; \. hY L1 , .
fjo:‘: = dﬁt = 2""”"" 2“;4,,“3*’ {4
oI
By virtue of the fact that if n«¢N Jg::ﬁ}o identically, we can formally
express (3) as an infinite series which in fact has only a finite number of

terms depending on the dimension of the space. The simplest lagrangian

density from which these equations of motion can be obtained is given by [21]:

Ampe 4
1': %F Zap 6'? =
hovd ‘ ‘ s . . (5
s ‘M.-..fnf .. balds . 01'_151,?
= W?‘ [?f Za? f‘”'"'b&f Q‘J‘L cee E&t‘,_‘;;f “'ZM]
where g= |detg  |.
ab
If the manifold is compact, of dimension 2m, and the metric is positive
definite, then we obtain [22]:
7o
= [ g\ T g Ao !
Jﬂ(rnd X o= (O™ A ml LW 6

where X (M) is the Euler characteristic, which is a topological invariant of
fundamental importancqén classifying the topology of the manifold M [23,241“
In fact Gm is the Fuler class on M, and (6) is the well known Gauss-Bonnet
theorem* [23] ..

In dimensions d=2m, G 1is locally a divergence, so one obtains identities
m

from the equations of motion.

* Another topological invariant useful in the classification of four-

dimensional manifolds is the Pontrjagin number defined as

t(n)l' ;‘2;;, SQ&-SM'Q Q“amn ;smm r? A")ﬂ



For example, for d=2 one obtains the identity
6w¢o ' (7
For d=4 the well known Bach-Lanczos identity holds [35]

mlﬁ'n-

- 42' 7;3 Ck—.ﬂmm C -0

. 2
Ccl&ﬂ/m(é“ -

where C . is the Weyl tensor.
ijkl

For d¥ 2m, instead, G contributes new terms to the equations of motion.
m
In the following we shall be interested in the six dimensional case. The most

general lagrangian density is then:
b
{: U’; /{*419\"& (ﬂwu«u wa" ”LRLNRL"?RL)]
k et (9

where we have redefined, for later convenience, the coupling constants.

Following Madore [19], we call the new term,quadratic in the Riemann
tensor and its contractions, the Lanczos lagrangian[35] and the entire class
of lagrangians of type (5) Gauss-Bonnet lagrargians.

The equations of motion following from (9) are

B L 4q0 ¥ Gro ~pHrw =0
z 7t ¢ (10

where:

o b= R L quoR

Mow = Rneae Ry %% 4 2 R wowa LF% = 2 Rup 0 +RR i (11

- /2’; (Lpaps ‘Q‘Pa.mwé Req RF*+2%) g



A more detailed discussion of the properties of the Gauss-Bonnet lagrangians

can be found in the appendix.

I.2 Quadratic lagrangians

Lagrangians quadratic in the curvature tensor have been considered since
the early days of relativity theory because of their scale invariance[Sl],
and more recently have been extensively investigated in connection with
quantum gravity, because of their renormalizability properties [6,32,331.

The main problem with these theories is that they give rise to negative
energy states (ghosts) when one looks for the pafticle content of the quantum
theory [25,26}. This is essentially due to the presence of p4 terms in the
propagators of quantum particles,originating from the higher derivatives of
the metric present in gquadratic lagrangians. In four dimensions this problem
can be overcome only by introducing torsion terms in the lagrangian£27].

This problem does not arise in the case of Gauss-Bonnet lagrangians in
more than four dimensions [28,291. These lagrangians, in fact, when expanded
around a constant background, give rise at first order to bilinear terms which
contain only second derivatives of the fluctuations of the metric, and if the
background is flat, reduce to total derivatives.

The particle content of quadratic theories has been discussed by Stelle
|26|, who showed that in the general case they comprise a massless and a mas-
sive graviton plus a massive scalar.

TIn the case we are interested in, however, since the linearized gquadratic

lagrangian is a total derivative, only the massless graviton remains in the

flat six—dimensional theory.



Recently, the possibility of the appearance of curvature squared terms
in the low energy limit of string theories has been discussed [30,36].
Zwiebach [28] pointed out that in order to avoid ghost particles, that
should not be present in string theory, the low energy string lagrangian
should be of the Lanczos type.
This conjecture has been confirmed by Romans and Warner [36] who studied
a Chapline-Manton [37] ten-dimensional supergravity coupled to supersymmetric
Yang-Mills,modified by thé introduction of the gravitational Chern-Simons
term needed to cancel the anomalies. This theory is supposed to be the low
energy limit of type I superstring theory.
‘ It‘turns out that if supersymmetry has to be preserved,. the Lanczos term
appears among the new terms in thé lagrangian.
- Further investigations are in progress concerning the low energy limit of

string theories, but no definitive result has been obtained up to now.
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IT. KALUZA-KLEIN THEORIES

IT.1 Kaluza's theory

To give a simple example which shows the mechanism of dimensional reduction,
we shall expose in the following the original Kaluza's model [l].
Kaluza started with a five dimensional Einstein theory with metric .,

(M:l,...,S)and signature (—++++) constrained by the condition*

QXRJ
YO (1

This corresponds to requiring that the fields do not depend on the fifth
coordinate which is therefore, in some sense, unobservable. This condition was
released by Einstein and Bergmann [3] who postulated that the fifth dimension
was closed in a circle with radius of microscopic size, so that at ordinary
energies it is not possible to observe the extra dimension, and only the
average on it of physical gquantities is measurable. The fields have therefore
to be periodic in the fifth dimension and can be Fourier expanded [2,8], as we

shall see later. In this case the weaker condition holds

=

IS (2

A second condition that is imposed on the four-dimensional metric is

)t

I

P

(3

* From now on we indicate with latin letfters spacetime indices, with
greek letters extra-dimensional indices and with capital letters the full

set of indices.
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This implies that the fifth dimension has a constant radius. (If we give
up this condition we obtain the Jordan-Thiry theory LA] which contains a
scalar Brans-Dicke field besides the graviton and the photon).

Geometrically condition (1) means that there existga Killing vector aM
for the metric and condition (2) means that its flux lines are geodesic.

A special coordinate system can now be found where

Can =Y Swa Qs =¥ss =1 ”

The theory is now invariant under the following transformations of

coordinates:
Y& s K (KK X3 X5 e s
X = x* Xa9X5+éCiﬂxixtxs) (6

It is easy to show that under transformations (5) Y A and a behave like
m m

four—-dimensional tensors, while under transformations (6) they behave in the

following manner:

P
@M“PC\.M“‘——@: (7

N

[mm = Yamm < Yrus g?é‘" = Yms ‘H" 4—‘2{‘ gf' (8

?KM P P

We can now recognize in (5) general four-dimensional coordinate trans-

formations, and if we identify a with the electromagnetic potential times
m
a constant, we can recognize in (7) gauge transformations.
Finally, if we redefine

‘X‘W’M = V'Mm"mmam (9
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we see that, in our coordinate system, g has only the four dimensional
mn

&

components non-vanishing, and is invariant under the gauge transformation (6),

while it is a tensor with respect to the general coordinate transformations (5).
S0 we have recovered electromagnetic and gravitational fields in four

dimensions. Furthermore, the five dimensional generalization of the Einstein

A A ~K
action (where R is the Ricci scalar in five dimensions R = R ):

- 5@ 51/? R A%« ?)':IM(J”“’}} (10

can be written in terms of four-dimensional quantities as

4 X3 v
3 (R LR at m
where
Foo 20, A0 2204, L (12
M= rn g LGyt a 4440750 (13

In the above formulae, 2 is the Newton constant, £ is the Planck length,
and r is a constant with the dimension of a length. In Einstein-Bergmann theory
it can be identified with the radius of the internal dimension.
(10) is exactly the four dimensional Einstein-Maxwell lagrangian, from which the
[~
Einstein.and Maxwell field equations follow! (Notice that if timelike signature
for the fifth dimension had been chosen, the wrong sign for the Maxwell
lagrangian would have been obtained).

Furthermore, if we project out on the 4-manifold the equation of the five-

dimensional geodesic:
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L L 5'){"‘
cif’.." .,rnNM"M'J = O U.":_..- (14
dr dz
we obtain, after some calculations
duw™ 12
dz
with
Q= . ook
dt (16

But this is the equation of motion for a charged particle in general
relativity, if we pose Q :ﬁ%r,where M is the mass of the particle. From this
and from (16) we see that we can identify the electric charge with the
component of the momentum along the fifth dimension, in suitable units.

So the particles follow geodesic trajectories in the fifth dimension.

In four dimension% particles of different charge follow different trajectories

because their initial "momentum'" in the fifth dimension is different.

Let us now consider a field in the cylindrical space obeying the Klein

equation [2]:

O =o = 3" Va T .

where i& is the covariant derivative. Because of its periodicity, we can

expand q in Fourier series in the fifth coordinate [2,8]:

-

o = = Ve w5
QU™ X2) = Zy Qe O v [ (18

By substituting (18) in (17) we can deduce the four dimensional equation

obeyed by the harmonics:

M KR‘ y ey
(VM-LA’M m) Py LX) =0 (19
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. . 2 1
from which, putting e = 2., e =ke ; m=— , m =k we see that we

have obtained the four-dimensional Klein-Gordon equation for particles with
electric charge ek and mass mk, so that the elementary electric charge is

khe
given by the ratio between Planck length and the length of the Klein circle*,
and also the masses are quantized. The masses of the charged particles are

19
very large (of the order of the Planck mass ~ 10 GeV), so that they are

unobservable.

Also the graviton gives rise to a tower of massive particles. This is
easily seen by linearizing the action around a flat background and then

expanding in Fourier series, as in the previous case. In detail, putting
Yow = Myw * 3z b =\ o ! (20
the action bilinear in hMN becomes

ﬁ: . jJSﬂ U‘}' (Z. v:.LmNVL(MN ~'-2 V:.Lum V;_,imlw’ f%YLMLMVqLNM’éVL&wVNL)JN) (21

and after imposing the gauge constraints zgqséa yﬁmrv , we obtain
¥

A= . Sg)& \H’— (% Vb\fzﬁﬂ VuLm:)

(22
Expanding h as
P g MN
(i e s
K IV S ¢ ‘] 23
Lzmv(x L %5) é)nm\/ @(‘f"[ﬁ"—i , (
i . 5 .
substituting in (22) and integrating in dx , one obtains
* Actuall 2 = L if is the electron charge. This fixes the
s = e is .
CHIAL o w137 &

radius of Klein circle.
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2 (k7 r okt (k)
ZK“‘%’Q: jd[’v( W L)Lﬂ (? (11'3_)‘) LLF’ (24

. . (k
from which the equations of motion for the hM; fields follow

,-DZ wi (w/ —
}‘ - <Zﬂ’l}L M (7( ) = Q (25
Thésecorrespond to a tower of massive spin two particles, with large

k
masses EE* , that add to the massless graviton, photon and (eventually)
r

. . . oy (0) {0J
dilaton, obtained from zero modes, corresponding to h , h . and h55
m m

IT.2 Spontanecus compactification and stability

The main problem with Kaluza-Klein theory was the origin of Kalﬁza's
constraint (1),which breaks up the covariance of the five-dimensional theory
without a physical justificatitn.

An important progress in understanding how this can happen was the
proposal by Cremmer and Scherk [ll] of the mechanism of !"spontaneous
compactification" of the higher dimensional spacetime.

They showed that, if ap SO(N+1l) gauge theory is coupled to gravity in 4+N
dimensions, a solution of the field equations exists corresponding to
monopole-like configurations of tHe Yang-Mills field, such that the space
assumes the configuration of the direct product of the Minkowski space M
and an N-sphere SN

This solution was generalized [10,38] and weaker conditions for the
gauge field were found [39]. In particular it was shown that in order to
obtain the compactification on a coset space G/H, a Yang-Mills field
invariant under H is sufficient.

Other kinds of spontaneous compactification have been found, where
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gravity is coupled with scalar fields [40] or with the antisymmetric tensor
gauge fieldsmhich arise in higher-dimensional supergravity*[lZ,lB].

Also quantum effects have been advocated fl4] to justify dimensional
reduction: in this case the energy-momentum tensor responsible for compactific-
ation is supposed to arise not from topologically non-trivial configurations
of the matter fields, but from one-loop quantum fluctuations of matter fields
around their trivial vacuum states.

The classical stability of compactified solutions was investigated at Tirst
?y Randjbar-Daemi, Salam and Strathdee [15] who used harmonic analysis of
fields on coset spaces [17] to classify the excitation modes. The absence of
tachyons and ghosts shows the classical stability of the theory. The result of
these investigations was that for six dimensional gravity theories coupled to
gauge fields that compactify to MAX 52 only the abelian case is stable.

Much work has been done in this context, but very little is known about
general criteria of stability, except the case of gravity plus Yang-Mills
compactified to M4x SN [41].

Llso semiclassical stability of the Kaluza-Klein theory has been discussed.
In this case an instability can arise if different vacuum solutions are
separated by a finite energy barrier. Witten [42] showed that the original
Kaluza-Klein theory is in this sense unstable, due to the fact that it is not

possible to find a positive energy theorem for such a manifold.

* Actually, also for pure gravity with squared curvature terms in the
lagrangian, compactified solutions have been obtained [18], but,. as we shall

see later, they do not apply to our case.
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II1.3 Harmonic expansion on hyperspheres

In our study on the stability of the solutions of Einstein-Lanczos-
Maxwell theory in six dimensions, we shall use the method of harmonic
expansion in coset spaces, introduced by Salam and Strathdee [17,433. We
give here a brief sketch of the basic features of such formalism, with
particular reference to the six-dimensional case of M4x 82, that will be
used in the following.

Coset spaces are defined in the following way: if H is a subgroup of a
continuous group G, then the space of left cosets of H in G, denoted by G/H,
is called a cosepépace, and it is invariant under the action of G. Coset
spaces are a particular kind of homogeneous space , since the group G acts
freely on G/H.

The relevance of coset spaces is due to their higher degree of symmetry;

for example tie N-dimensional hyperspheres can be defined as coset spaces:

N SO(N+1)
SO(N)

The starting point in Kaluza-Klein compactification on coset spaces is
he A 4

to find a sclution of field equations with the topology M xG/H, where M is
Minkowski space. This is generally obtained by imposing a monopole configur—
ation on the gauge fields present in the theory, which are supposed to be
invariant under the gauge group GYM’ that contains H as a subgroup.

In the following, we shall consider for simplicity the case. where GYMzH,
which is a sufficient condition for the existence of such a solution [39].

4
The ground state invariance group is given in general by P x G x K, where

4 .
P is the Poincaré group and K is a subgroup of GYM: in the case GYMf H, K
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is the whole group H.

The ground state invariance group is very useful in classifying the
fluctuations around the vacuum solution. In particular, the fields associlated
with zero modes, which are relevant to the low energy sector, will belong to

the irreducible representations of this group.

The basic idea of harmonic expansion is to expand the fields in complete
sets of functions bélonging to irreducible representations of the group of
symmetry G of the coset space and to obtain the four dimensional lagrangian
by integrating on this space.

To this end, let us study the geometry of coset spaces. We start by

M M .
introducing some notation : let z parametrize our manifold, with z = (x ,fﬁ
m 4
and x eéM , y'eG/H.
The Lie algebra of G is spanned by the generators Q, (¢ = 1,...,dim G), which
o

obey the commutation relations:

[Qz, Q7] = cspf &g -

Among the ggthere is a set Q; that spans tﬁe Lie algebra of H (; =1,...,dim H).
The remaining N parameters Q« span the tangent space of G/H. Obviously
N = dim G/H = dim G - dim H.

Let us choose from each class of G/H an element Ly to represent it. Then
multiplication from left by any g&G will carry Ly into another coset, with

representative element L' , and we can write
y

where y' and h are uniquely defined as functions of y and g.



~19-

To define a covariant basis, let us consider the one-form:

~4
eep = Ly dly (28
which belongs to the Lie algebra of G and can therefore be expanded as a

linear combination of its generators:
- — - 29

Under left translations e(y) behaves as

- ]
£y = Le(y)Ld +hdh™" + LLy43'4J3, Lyh (30
or, introducing the adjoint representation of G,'g~lgﬁg = Dﬁp(g)Qg :
~ q ” o g ] ‘
Sty = e P D (b0 +Grag ™) P 0" (Ly v Al 9 (31

From this formula it is easy to obtain the transformation properties of

e™and e® . They indicate that e“.behaves as an invariant vielbein on G/H,

. [:4 . .
while e can be considered as a connection one-form. In fact, from (29) we

can write

0“.7*4 + QECY) Qg Z_\{M z - L% Qu )"y-A (32

so that we can define the covariant derivative W by
x (
A+ 25 Qg <« a o> V. (33
where a is a scale parameter related to the radius of the coset space.
-
To perform the harmonic expansion on a coset space G/H it is useful to
consider the matrices of the unitary representations of the group G. These

provide a complete set for representing functions on G and can be suitably

restricted .for functions on G/H.
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It is well known that, given a function ¢ on a group G, it can be

expanded as
47(?)’) =§ PZﬁ Vdn b2q (40 ¢ %a (34

n - . . . “
where D are unitary matrices of dimension d and the sum is performed on

pa
n
all the matrix elements of the unitary irreducible representations g-—»D (g).

n

The coefficients @;7can be obtained by integration on the group:
Va [)M
[4a1 - -
T — 4
‘?’fq % ), "‘i/w pq L7 ) $x) (35

where dp.is the invariant measure normalized to volume VG.
To expand functions on a coset space G/H, we must consider the
n
representations D of G constrained by the requirement that they should

contain a representation &) .. of the group H. In formulae:
1]

D¥(hg) = O D7y (36

Every function belonging to an irreducible representation of H,{H(h) of

dimension dg , can be expanded as

. LSS EPS _M ~
5{)“ (40 = < % 7o D‘m“ﬂ $q3

n
where S is needed if Q)(h) is contained more than once in D . Then

A )
- = 4 ' -
Y C do Jg d Dois (L)) dity (38
4

4
A generic function ¢7_(X,y) on M x G/H , belonging to an irreducible
1

representation of H labeled by i, can thus be written as

. . d,ﬁ e - ~
&L(K/Y) = 2,,, %ﬁ \ a—; D,glq ((’Y ) ¢1§ L) (39
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n
The orthogonality conditions satisfied by the D

are
A d
'\'/; L{ d/u (Ly) DA_; q {Z_ f) J;ym' J‘H’ 0(§;' (40
I ”

n -1
Another useful property of the D (L ) is their simple behaviour under
y

covariant differentiation. In fact (32) and (33) yield

Valy™ = -2 Ray”
and therefore
. - ~r ,/' » -
v; b;g,? <L74) - 5: D"j’ (Q&LYJ’) (42

so that all #ke differential operations on G/H can be reduced to algebraic

2
manipulations. For example, the action of the 1laplacian V:Z&Eis given by:

'3 -q - ~
VEDiga(Ly) = 4B 0a L, g [Cn(0™) = Cy ()] Digg (L) (a3

n
where CG(D ) and CH(Q)) are the values taken by the quadratic Casimir

n
operators of G and H in the representations D and .

Example
2 . S0(3) su(2)
The two-sphere S can be described as a coset space ggagynwjgzzy. It can

be parametrized by the two angles 93 ? » but two patches are needed. In

terms of the SU(2) generators Ql’QZ’QB we choose the boosts:

- @ -7 Q

lp‘f,:g“’l'z v I 0951{- O¢g ¢ un
- (44

L@? = g8 £~9Qz £~¢ 3 %59&n 0y can
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The action of a4 SU(2) element g is given by
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with h= exp ‘SQ3- belonging to h and depending on 9, p and g.
-1
The 1-form | dL belongs to the algebra of SU(2) and contains the

covariant basis Et and the U(1l) connection e

-4 - A rs Quiaz vi_ - -?;.621_ 2
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where
E* = L = = (46 % v aim & dy) (47
i

2= - dy (@ -41)

2
According to (45), the action of SU(2) induces a U(1l) rotation on S , so
that the vielbein transform according to
3 By Ed: £}
E*eyr = y') = Cy) ¢
(48

ety 2 gty = elcy) - 48
+ 2
Referred to the frame E~-, tensors on S are automatically decomposed
into irreducible representations of S0(2) ~U(1), and the component W,carrying

the U(1) gquantum number 4 can be represented by the equation
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where D, belongs to the (2£+1) dimensional representation of SU(2):

-1 i A 2 :
Den (Log) = ¢ 3 . 7™ (50

The covariant derivative is defined by
o - - el u
T U < dl+00@Q, 7 = ET Ve LT+ ETV. L (51

from which, by using (46), can be easily obtained the relation

. ~ - ¥4
Ve DA @) = -Sn DE (@) = % \5(&_4%&1,3) Dt (52
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ITI. SIX-DIMENSIONAL MODELS

ITI.1 Einstein-Maxwell theory in six dimensions

To introduce the study of the Lanczos action in six dimensions, we
summarize what happens in the simpler case of the six-dimensional Einstein-

Maxwell theory [15], characterized by the action

= -4 (g6, T4 1 F v
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where W is a constant with the dimension of a length, g = |det gMN!’ and V

will be taken to be the volume of the compact space. We put

R: %L" RLN = ﬂ(K'J %’Lﬂ fzui_mv‘

RKLM;\/= gn rf'n,"au r:,_ +I",”§~ rﬁ’L*r%’Nr,ﬁl_ (2

Fny'aynﬂﬂ—yﬂﬁn
The field equations arising from the variation of the action are

1 - LKE At
Rw L K 5 Tuns + S

VNFMMJO (3
L z
Tuw = (Fuec Fy ’%‘ytw}:)
4 2
We look for a solution of the type M x S . Thus we make the ansatz *:
%’HJ fj%" f/l‘d = 3,”,,,, (v de™ de~ + B»,Aucy) Jy"“Jy“’

A’n d?ﬁ = ’4,«(,7) d{y/‘"

M m
* We remind the conventions we are using: z = (x ,y’%, where m = 0,1,2,3;

M = 5,6 so that x refers to spacetime and y to internal dimensions.
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where gmn is an orthogonal metric of a maximally symmetric space (later on
we shall restrict it to be the Minkowski space, which is the case of interest
for us), and g pmy are polar coordinates on the 2-sphere:

Y puo dyl‘* 6“7‘) = at (AP e 2t # dy°) (5
where a is the radius of the sphere to be determined in terms of the
parameters of the theory.

The 1-form Aﬂdy“ is required to be invariant (up to gauge transformations)
under rotations of the 2-sphere. This leads us to consider the monopole-like

configuration

Aoty dy= = % (coo9t4) (6

where n is a positive or negative integer and e is the U(1) gauge coupling
constant, the two signs corresponding to the two patches UDS9&%,?$$}4W osyrr)
necessary to specify the configuration. The field strength corresponding to

{6) is given by the form

F=dA = iy o dBA a.%,:wpd({’ (7

ea

Corresponding to that, the components of the energy-momentum tensor in our

basis are

-mt
Toe = sgtas 1TC
7;P=1;b=o (8
/M('L
T“P= Q 2tah Tup

In the same basis the non-vanishing part of the Riemann tensor is given by
R KA (¢
abed = L achbd = Yad bc,)
7 (ackpd - fred g

Rupyl = 5 Cqeyypr = tod 68
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where the four-dimensional cosmological constant A and the radius @ of the
compact space are determined by substituting in the Einstein equations (3)

In particular, we are interested in the flat case where A= O.

One finds the relations:

= -mr A
/\ L .

162tk
(10

N )

7z - S g

e Aegtal 2

so that A= o0 if

s g aEmr

L 2 = (11
fe K4 .

In this case the radius takes the value

(2 z 4

1 ne K

A= = = = — (12
g e Al

The vacuum state is invariant under the local group P4 x SU(2) x U(1),

where SU(2) corresponds to the x-dependent rotations of the 2-sphere, U(1)
corresponds to the four dimensional part of the Maxwell gauge group and P4

is the Poincaré group of the Minkowski space.

The spectrum of masses of the theory is obtained by expanding the action

functional around the ground state background and by taking the terms

bilinear in the filuctuations h N and VM namely, we must substitute in (1)

the expansions:

1
+
P
-

=X
2

(@)
Yow = Hyw

(13
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where é;& and é; are the ground state solutions obtained above.
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In an orthonormal basis the bilinear terms reduce to

S;:; 5‘46% %};) [-2 haabgp e *‘Z hagha;ce '%Lcnl«vﬁn;ac +’-’L— haghceag
MZ VaYa:ee —%VA Vg;ea flc[ha@Fac-ﬁLgB’FAc} (Veja-Va:c)
-4 Rac (haGhac -hanhae) +1 Qagco hachs  +% Las Valg (14
-E_‘ Fgofeo (haghac -% haa hga)-'_zj FagFeo hac hao

it A 4 A

HR A FagFA 1 ) (4 bashas - bas bes) ]

where R , R , R, F are the background values given by (7) and (9)
ABCD AB AB

and the semicolon denotes the covariant derivative with respect to the

background connection. Summations are performed by means of the background

metric.
This expression conserves the invariance under general coordinate

transformations and U(1) gauge transformations of the original one, where

the infinitesimal transformations are now

has = T (3a;3 +3g)
(15

J’Vﬁ = a);p ~;A5fh

Thus we must fix the gauge to perform calculations. We choose the light-

cone gauge, for which the gauge conditions are

%ﬂ \/N =0
(16
Mo L’rf;./ =Q

where Iy is a light-like vector, for example (1,0,0,1,0,0). In light-cone

1
components Xy = ?§=(x01:x3) it can be written as

Ve =0

(17

hﬁ&L =0
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. and h,,

Writing down the equations of motion for V., , hA , and

substituting them in the action, it turns out that all terms containing Vs,

hA) and h,, cancel out, so that the action is obtained (where latin indices

take now the values 1,2):

5,;,:) = _I W‘”[% hag L‘Ma;co “f'é Rec (hea hea -bariee)

*’;i VaVarge -« hea FacVa;e 1'% Rag VAVE (18

_%2— Fg,o Fco hac bpg - ”_2" FacFao hasheo '%} FagFac \/BVcJ

Some simplifications have been obtained by using the background solution.

At this point we must decompose the fields into irreducible pieces under

S0(2). They are listed below:

hee =4 (bss-hegzoihs) Lzxq 520
4 .

has '—‘*U:i (Lw\g‘;ttqug) A= 24 $=4
heo = % (bes+ bee) Azo $20

= i --‘v A:i"’ =0
&
Lg,’a = ‘M.b"% Yol hee Azo S
!"th. 0 S=o
% =0 sS4

The fields quoted above are also irreducible under representations of the
4 . i . o
rotation group in M and their S0(2) charge A and their spin s are indicated.

No%ice that light-cone gauge imposes a constraint on the above fields,

coming from the hy, equation of motion:

he-= '%l"b& (20

By substituting into the action and by using the background values of the

curvature tensors and of the electromagnetic field, one obtains the bilinear
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action in terms of the physical fields

Sen < fd [ [4 het (P+7Dhis +4 baoe (057 hb v s (047 e+ (7 b -

AV (TP e TN
(21
~‘,‘):"« [:;: Lo.m (,V-\b 'V+\/-) thoe Vo Vi elyre V-V +L’“‘V"'\é~ v }‘ﬁf v"w"]
[

'i (Lw_a.. bbb ehoatbha- +heeb- 4‘2\/{\/—)]
a\f

where & is the spacetime laplacian and A (V49 tV=Ve) = (TP Vé"'), ¥V being the
covariant derivative with respect to the background metric. The positivity
of the coefficients of the spacetime derivatives is a sufficient condition
for the absence of ghost states, provided that tlrler‘e are no tachyons.
Introducing harmonic expansin for the fields in (21) and using (II.52) to
evaluafe the covariant derivatives,one obtains the equations for the harmonic
components which are reported below, with the SU(2) indices omitted. Notice
that in the light-cone gauge the equations for fields carrying different spin

automatically decouple.

[;a— ,QUZM)] L;
[;L ﬂ(.fﬂ)} Law + Veiten Vo =

al

[;t - Q(QM)] Ve + Velgen (lha+ -ha-) =0
/v ar

(22

P Q{JZmJ bna, wm [Ve-V.>=0
}:DL - Q,C-e-l“{) ~l} ktt + 9 \;(2-4){.2-?1.) \/+ -0
a® at N

[}L__ ﬂ(ﬁ-ﬂl}-ﬂ.l \/ + mlﬂtﬁ & VQ((M) Lw\& >0
a kS

The solution of this system of equations yields the spectrum of masses of

the theory
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The massive states have the following masses:

n kA - -ﬁ(ve*/') 52&0
L o
r{f;___ .Q(,—Qf'f)t \)&E(Eg) ‘Q;}A (23
0\-!.
”01 i 2L (LeA) 24 =\ drdr L(L2A7 lso
] 07

(the subscript indicates the spin of the particle).

The massless states are given by one spin two particle (graviton) and
four spin one particles (photon plus three Yang-Mills bosons), corresponding
to the local invariance of the ground state under P4 x SU(2) x U(1). No
massless scalar is present.

Moreover all masses squared are positive and since,as we have seen, also

ghosts are absent, the ground state is at least perturbatively stable,

IIT.2 Einstein-Lanczos-Maxwell theory: ground state and fluctuations

In the present and in the following sections, we study in some detail a
gravity theory coupled to an abelian gauge field in six dimensions, with the
gravity lagrangian given by the Einstein-Hilbert plus the Lanczos lagrangians.,

The action has the following form:

Lrf
§ A B WL L ol 4{FL”F
faw = "4? S W e {/("';b{& ':,;0 (ﬂwmv\Q -4 anﬂ fﬁ) -———-»-4 (24
where*%,ﬁ gc are dimensionful parameters, g = |det gMNl and V is the volume

of the compact space.
The field equations stemming from this action are [19,6]:
Guw ~PHne = =& (Tre =L g
F z L (25
Va Fnw =0
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with
Gm,/ ‘*'Qrm '% Ynw R

Huw = Repar Ruy P*% +2 Rupwa RO Replu" 4R R - F (fragps R 40w g,y (26

Tﬂn}"’ Fm, F:JL '% FL.pFLr @m,}

As in the case examined in the previous section, we shall look for a
. 4 2 4 . .
solution of the type M x S , where M is Minkowski space.
This leads to the ansatz *:

G ARG = o ) dicmrdim gy dy iy (o7

An d1" = A,,cy) c‘y"
with
Yan o dy= dn” = M an () Ak gy
(28
Qoo dymdy? o al (dPhs el de®)
For the time being, we shall take 4 to be an orthogonal metric of a
mn
maximally symmetric space (so that spacetime can be de Sitter, anti-de Sitter

or Minkowski depending on the parameter«A)n These assumptions yield the

following expressions for the curvature tensor:

A
Qa,bcai = %4 (ﬂm”’)bdf"’?‘-—d*}bc,)

R 4 (29
el = n U e i g0
where Awand g, have to be determined from the equations of motion.
In this basis some useful relations hold:
P (02 = Taw (o0 + T 0y -

Qwuw (¥) = RKLHM G + R gy ly?

* For the conventions see the footnote on page 23.
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from which it follows that:
SSL,C}-) = £L C“)+£LL‘1,}“£¢VJ QLA{)

(31
{

Hw (0= Hon 60 # Hengy) ~R o bran gy = R 1y e -3 Lo 0guntp-4 Loty gumen)
where 1, is the Lanczos lagrangian and the variables in the parenthescs
indicate in what space the quantities are evaluated. (For example R(y) is
the Ricci scalar of the internal space).

As discussed in the previous section, the appropriate ansatz for the
Maxwell field is

kel
Mo -
Autp dys = 2 (0024) dy (32

Substituting (29) and (32) in (26) one obtains the equations

L ' 3 L R
A, A A ke
L ar ot A6 tab 2
(33

b{"/\ +PW“AL — ._lfif.f_ *&L
( 460%05 L

. ) . 1
This is a fourth degree system of algebraic equations in A ang ~£§ and

its explicit solution is not very useful.

We are, however, interested in the particular case where A=o0 (Minkowski

space). If so, we obtain the solution

get
i = - (34
O\L Ml
with the constraint
T
/(,: & (35

mriné

which is exactly the same ground state solution we obtained in absence of

the Lanczos term. This is a consequence of our choice for the ground state
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to be a flat spacetime times a 2-sphere. If we let A to be different from
zero, the presence of the Lanczos term changes the ground state of the theory.
In this case compactifying solutions exist also in absence of the Maxwell
field, but the curvature of the compact space is comparable dich that of the
spacetime and the solution is devoid of physical interest*.

Obviously the solution described above admits the ground state invariance
group P4x SU(2) x U(1), as explained before.

Next step in our calculations is the linearization of the action through
perturbative expansion around the background solution g;N ) A; . If we put

U = Yaw +< v (36
An = AJy)+ [

we can express the quantities appearing in the lagrangian as a series in hMN

and VM. For example:

H G av ) MM L)

¥ o=

My (4)
¥ = b (37

H!/C‘f)‘ hﬂF%?N

Q
where the index! )indicates the background value.
We give here this expansion up to second order [32]:

(F)¥ < ¢ (J5)* han

¢

(38

(T3)® = w (J5) [ baehae-F beghps)

% That is not so in more than 8 dimensions. In this case solutions of the

type de SN are available also for pure gravity if the Lanczos term is

'present@B,Zoj.
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rLM)” " (o) (\1 L
W= 3 pasw thewit ~bny-p)
L & L (39
Tn,«J B % b (er,w TL»pN;d'L;m/,'P)
(2% %
iy = 7 EL-WN','LN "v(m’,’wt{ "}')uw,'(,ﬂ + L»(,q;“,w + KKMIJ lfmt_ - %L;@nu LM»‘J
(40
b u‘
Ruipw = [:(L,M,vf‘mﬂ w —huwa) (havn +hanse <bonga) - ("“”"’)j bt . den.
“
i
Led = L [Ln‘w 'L‘ANILA +‘00ﬂ,’AA "LAA;IIA]
&y L[L L y (41
L = 7 B A CLM,,‘HT ’“'}V;“"’«'f})“z(L"?'Q’?"*L‘B"JA‘LM;&)CLM;R+L,/.yg;cvbc3;4)]*M'M-
(S R
R = w U-/M;ga -bng:pa -baoRag)
W (42
T
R % (L’M’/"L’@&'H"'ﬂ@;c hatse -2 hea; 2 hen:c)
[
He! = \/@/'A,-\Kq;&
y (43
v
Hw = 0
In the formulae above the semicolon indicates covariant derivatives with
respect to the background connection and the summations are performed using
the background metric.
The linear part of the action vanishes because of the equations of motion.
The bilinear part of the Lanczos action can be expanded in the following way
(the expansion of the other terms in the action is trivial):
A Le) o) ()
,{LL'“: 7 R.u,l.:'v{/ ﬁ,wa,,:a,,j - Ly R/(,E' KL,:O) 'L'WP (L Rw(.m./ K«PL PR KMI“ &fn ) (44

) & (22 o,
i (‘Z-ers:ll u(,ncz/) Ly Q “) M) L“’RW) vz (l?«w,n./ Rﬁfma ) Q- ¢ Q £O’QL })

¢
) 1)) (o) (or

“2hver (4 Rucinw Lorbs =8 Rom &) bushia(2 Rcie Rpase +6leid Leant (45

(o? Lo, [ (o)
4 Rl Re”) +lars hen (& Rageo Ronco ~TRes” Ra
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Finally
(46

(\}%o{]’)"z) - (W)CO) :{_t" 4 O@)w{:«; +(\)%")Q).[,fw

We give below the complete expression for the bilinear part of the whole

action (24), comprising the Einstein-Hilbert and the Maxwell terms*
L& 6 A 4
SEU‘ :5& % \}@Z I baalgsee + Lhaslng;ec-? heahop;pe+ $haphecns
+41Va\/n;ga ':’i Va VBI'BQ + I ((ﬂAEFRC. -’% LBBF&L) (\/c;(;—\/u;c)

-1

L
Y FaoFeo (baghac~ Lhan hac ) - 4 Fasfio bnc bag

Q&C[hﬁﬂhha-bﬂﬂhso +g nﬂﬂcbhkc&sb-*gﬂkﬁ\ﬁvh

+ %[Q (’%} hanheg: o "% biaghas;ce Thachag be - hag b he)
+en [ lona (bhac;so -has; o -2 co; 62)thet(hag;co -4 e pg +2heo;8) o
thacl-theppa+ihas;ey)] + @rseo [hec Chao;ee + 2hie; 40)
thee (4hp; e+ ihee;80)] + Raavlacrw (hachee-laghe )=t EnaiwCeonwhnclg,
vRangn R cron (Lhachgo —bhaphoc <2 b a8 heo) -4 K ppin/Repton haohge
+lae Reo bpsheo +6Kag Racbachos + 240z (bachse ~haghe)
+Rasco kro hge ¢ Roe Ehoen has bes + 48an Radeo hng Lce‘]
+(4? barhep - fLm;L.«a) [(Z 'é (beinul ™ 1 Lra "+ L") *%:—‘?:Lw(/“‘]}
In deriving (47) use has been made of the constant curvature of the

background, which implies

Lo
(48

Vﬁ WLV = O

&

To obtain the final expression, integrations by parts have been performed

(&)
* From now on the superscript )indicating background values will be

omitted.
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and the commutation relation between covariant derivatives has been largely
used®:
Ta:ec - Tases = Raocs o (49
Notice that fourth order derivatives appearing in the partial calculations
cancel out only in the particular combination of the Riemann tensor and its

contractions given by the Lanczos lagrangian. For example:

w
(ﬁ Ql) z L.AA\n&B;uwn f‘frﬁ&}sco;ow& -LhkA;wBB + e (50

The expression (47) for the bilinear part of the action looks very
complicated, but if we substitute in it the background values of the
curvature tensors, then a miraculous simplification occurs: the Lanczos term
givesrise to the expression

%L ([’)ulo‘:;n.ivl'cc,— hoa L\Lb;u. +thee Lm.};ub "‘Ll”la—l’\'\ﬁ(k/'b")
(51

“ %,_ (L;-:gh*ﬁna-hu hgose ~ Zhgy bopisp - 2hep by g § + bxchgp ~2bephys )

The first term is proportional to the bilinear part of the Einstein
lagrangiaqéensity in the four dimensional Minkowski space, while the second is

proportional to the same object evaluated on the 2-sphere. BEut in two-dimensional

* The part of (47) quadratic in the curvature tensors is not uniquely defined

because many non-trivial relations like R are valid for constant

R _+R R
KLPM ML M PM
curvature and also Bianchi identities can be used to rearrange the terms. Many

equivalent expressions can thus be given, but they obviously reduce to the same

o]
form when the explicit values of RKLMN are substituted.
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spaces that is a total derivative (see chapter 1) and so we can Grop it out,

remaining with¥*

_E U/n.L 922404, ”LQO\KJZ [nbé; + bl Voc | oe *CLOJ:’ Vo Lcm) (52
sz

The bilinear part of the action (24) finally reduces to¥*

(v

e = )d \ [%. b (42 7 hob - Lheo (347 hie

3 b (7 g Ll (9479 bge

+4 o (747 b 2 haa (7479 bux

+% )m(P Vu/s C‘ama4£~5g) + 12 Lm“o Vb (bflvc:_ r‘w(s*) T Llu%«’ C(ﬂknf“)da’)

- % La-cv«}tnfl - % b ase Vb b - by M‘Vokg lnufi - e V‘(# LM(Z" g Lb(y Vyﬁ«p-%’b&&euw (53

A VLRI LV (P TN - Vo T Ve LA
*‘V.F@{ﬁ !/?\La/ (V{\/P—qﬁ \/};} *“-?4? L oo CVA\/&~V{5\/¢.)"% ("’*W*L‘JXDE‘} Qﬁ\/ﬁ
-%‘ﬁf&mwf-‘% Fup bup [Lg7 bt whpalrg-Flpy (bua L /0]

* %4,2, U"*-‘L,u sz.oLL«-A)

where

¥ = - (54

(The background solution has been used to simplify the expression).

ITI1.3 Einstein-Lanczos-Maxwell theory: spectrum of masses and stability

The vexpression (47) for the bilinear part of the action is invariant

under general coordinate and U(1l) gauge transformations:

* The notations are the following: Vh denotes the covariant derivative

2
with background connection, VAB fnYﬂVg, 2“: YoVo. » V:@V’( .
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[hap =L (Smn+ipa)
LSVﬁ = WA +Fae g

This is a consequence of the invariance of the original action (24).

A gauge must then be chosen in order to perform calculations: we shall
use also in this case the light cone gauge, as explained in the Einstein-
Maxwell case. As we have seen, the most convenient feature of this gauge is
that the equations of motion for fields carrying different spin automatically
decouple,so that a great simplification arisesin calculations.

Let us use the light-cone coordinates

X2 = Xo X3 (56

so that Xa¥a = XY v XY T XY, T XY, where @, takes the values 1,2,

Let us impose the gauge condition
\/4::\/,/45. =z o (57
The following equations of motion are obtained from (53) once the gauge

conditions have been imposed:

1">2 . {L’:cr_\?imy?( =0

%a>j )—La¢=’VE%LL+¢ V&Laa
IS (58
hos Q—L\ﬁ* = Yo\\nk«-rvﬁl’)@&*(/4~Z{)V°<L7&0-'"(‘F“§VI%

Vs d-th s TaVe + ki
After substitution in (53) of these equations, the terms containing Vs

and hA .cancel out and the expansion is obtained
>

$ein =Jd‘”ﬂ‘§[ oo (7475 ) b+ & 4 hea szrw-xﬁ‘:l Lok
+2 LMP(%V%'"‘P * 42 bau (DZ*V%M‘ZE (*%.)Lm e L[So\'%[”‘a‘)ln.(p%’!.]n&.m
+§\z(bauiﬂw~ylmheb)-%‘ Fuap Fyd b -2 g g Tiogd gl h ol = Liaphpyhas]
inz Ve ('171+V7’)\/a+;l Vi (75479 Vie ~_"5L &g&(\/pvr —f—v\/x\/w
W F.(gg by VpVy - ¥ Fup baot V8 Vo, + (4-5;%‘ Ficg bous \/fgl}
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(Latin indices run now from 1 to 2).

Finally we must decompose the fields into irreducible S0(2) represent-

ations. The physical fields are the same ones that are listed in (19):
1 . 1 )
h == (h_ -h -2ih ) h =—=(h -h +2ih )
++ 2 55 66 56 —_— 2 55 66 56
1 ) 1 i
h =— (h -ih ) h =~ (h +ih )
a+ 2 ab ab a— 2 ad ab
1
h_=h, =5 (hgghyg)
- (60
t 1
h =h - — h
ab ab 2 Tab cc aa
V = = (V -iV ) Vo == (V_+iV )
+ —
\Y
a
[
Notice that from the first equation in (58) follows that h+ and h
- aa
are linearly dependent:
=~
In the basis implied by (60) the components of Fmp are
F+4 .T—"}':-—-f- = ‘.’,.\E'.
e
(62
FT‘T:F" =0
If we substitute (60), (61) and (62 in (59), we obtain
(L) ¢ S AT S | (_ ¢
s - 14 HFX{ Lh 0790+ G hua [08-y9 2 - G-t w90 Thie
e hee (Pe7Y Lo whis [80 - (1-5)V-r] ba-
"%’ (4'%{>[L\u+7—«\0;\4‘ * ha- 71‘#{’&-'] " /(}j (4-7) CL*‘“:\?W?L" Ver) v
L T
“g(\. (X—t Lm&Lbb + b ¢ b who thg -/ (63

eV (BTYNa ¢ Vo (D7D - Ve V-
““:%7: E(LOM‘ V. =ha- V) Vo ”f"[?'t‘-f- V-V- "L—-V*‘\[,

~% ULLK}LAK (V+VQ—V-V¢)]

The equations of motion for the fluctuation fields can now be written

down:
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gspin 2
1 (94799 hab =
: (64a
spin 1
(Déf72>\/o~ "ng; ({7-1’!0\1 ‘O? Lné\»)"ci’
:K{vﬂ% o (64b

[7 (3] a3 Thos = Gobas - (1-3) T3 bos

spin O
'ﬁu\hk@\ - %("‘ 7.6)(:’71; V/-«'V_t/?.) e

[(3{—52)3Zf G-ty ry) V' Jhae -3 R0 Jubir £V rh-s)
(64c

(074 V2 -2 Ve = W Yhr v 2 (e Ve han zo
0\’“ [ LE@.

(?Zf 7Y he “in har -7 Ver bine ~
2 ’ »
and formulae (II.52)

Each field can now be expanded in harmonics of S

can be used to compute covariant derivatives. For example

WMoy Z Do /%7} [\n@uj
(65

}f)au,\ (K,‘9/{’) = %s
[wed %

0 2

z ¢ - 2%

V‘f i Donn C‘oas} M’] = %; ((«241 bdnm

The resulting equations of motion for the fluctuation fields are then

{SU(2) indices have been omitted)
spin 2
(66a

[1{91~'e’i’€%4)]lait =0

spin 1

Q‘E‘P'f (Qr4 ’ ‘ V‘ £ A4,

[o° - Kcﬁw‘l\/ + wew Cg“-l,,q)w
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spin O
US'B”JL) ). (3-ty+d ) eq) bejlmx_m L ( )ﬁ(ﬂhl)(ﬂ‘n.) (L»M*‘»,-%k
at o
+ 2 (ry-4/ bé(,-%}f) (,\/*'\//,):o
(}‘pl QUZ«“') ]Lﬂ“f + 4 (A-3) m@’d(ékiw} L t \)Q(ﬂ\;ifﬂ,) Vi o (66c

4)"1 x4t

[DZ, f(ﬁw@fll‘vﬁ + d@f&ﬁy 4 (y-1, VKA hea =

Mac. - L “L :

The spectrum of masses can then be easily evaluated by diagonalizing
the equations. It turns out that ten massless states are present, correspond-
ing to a graviton (spin 2, {=0), a photon (spin 1, /= 0) and a triplet of
Yang Mills bosons* (spin 1, 4= 1), corresponding to the background local

invariance under de SU{2) x U(1).

The massive states have the following masses

T LL+1) /Q.}O
NZ = ot
—
Z 0(0vq) £ YIl(Ley) Lo (67

My =

1S

O

L A -
“Ot <Cm [(.f’b’/gﬁﬂ ed) Ty r V L@'«’»‘“ZUM)JL%,l{"f)’-fz.)frt,ytj ,??/0

In the formulae above the zero values must be discarded and the subscript
indicates the spin of the particle.

We see that the Lanczos term does not influence the mass of the spin 1

4

particles, and multiply by a factor 34%: @rf%%)ﬁthat of the sgpin 2 ones.
Effects on scalar particles are more substantial, but in the limit P20 we
recoverwthe previous results.

It is easily seen that masses squared are positive for 0<y¢ 3, i.e. —*Q‘L—(/—ﬁ&of’

The physical significance of these limits will be discussed in the next

* We remember that { labels the SU(2) representations.
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section.

It can be shown that in our gauge a sufficient condition for the absence
of ghosts is that (if tachyons are absent) all coefficients of the space-
time derivatives have the same sign. (This is equivalent to the requirement
that all the residua of the propagators at the poles have the same sign).
This condition is fulfilled in the interval 0<§¢3, so that one can conclude
that the ground state is classically stable under perturbations.

The limit values y= 0 and Y= 3 are of some interest. In the first
case no propagating graviton exists. In the second case the number of scalar

degrees of freedom is halved, but the ground state remains stable.

III.4 Einstein-Lanczos-Maxwell theory: the zero-mode ansatz

In this section we derive an effective four dimensional lagrangian for the
long range sector of the six—dimensional system. That is to say, we shall
suppose that the radius a tends to zero, so that all harmonic components
of mass of order & are discarded from the theory.

This problem has been studied in the case where f= 0 in ref. [321. We
shall use the results of that paper and shall limit ourselves to the dimensional
reduction of the Lanczos lagrangian. This is a quite involved calculation on
its own, so we shall report only the main steps.

The '"'zero mode ansatz" consists in writing down the components of the
vielbein and of the Maxwell potential one-form in terms of the four~-dimensional

massless fields of the theory. As we have seen in the previous section, these

¥ We use here the formalism of forms.
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a
are given by the graviton E (x), the Maxwell field V (x) and a Yang-Mills
m m

triplet, which is a mixture of metric and Maxwell fields. In order to take

into account this mixing,we start by introducing two independent £=1 four-

4

il
vectors WN(X) and U‘(x) into the ansatz. One combination of them will
m m

reveal itself as massive and will be discarded. Thus, we put

E&(\z,y; - AT e )
o j’ A
£ (Ky) = A\f"" .ZM'( (y) -u dx™ WM b_f (68
£
A = dx Vo) 4 “fﬁ—;y [dy= el - dx™ Vi DF
where (¢=0,1,2,3; o= +,- 3 §=1,2,3; y"=(af,0¢) and D;}lS are matrices

belonging to the adjoint representation of G. The field strengths correspond-

and V

ing toW , U, and V will be respectively denoted by W , U
m m mn mn mn

m

With this ansatz, the metric can be written in terms of the Killing

la
vect - ”
ectors Kr = D& €p as

Iy ‘Z 2
W *+ K KEp Wis W —l ML Ka
N (69
— \X/M’d Kar ’6/‘-«\/
The fields transform under sU(2) according to
ke oo 2 €k DAYV
E oy = E7(xy0) = BTy U8 '
(70

@

Bo(xipr = B oy = Pl - 3 4F

where*h = exp[{(y,g) Q3]. Tt follows that, in order to mantain the form of

the ansatz under such transformations, U and V must transform as SU(2)

gauge fields, while V(x) must be invariant:

V' o = Voo ng(z;") —% (M?g"‘)“ -
n 3 4 -1
Wt < Whodd (579 & (xdy )
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With our ansatz, the components of the six-dimensional Riemann tensor are

kS
given by [13]:

n

L R LR
Lved= ﬂubuﬂf%5K€w¢§A[ZW@bW&I*Wﬁtwaz’wQJW%Q)

=
R
ay
Co,

=
#

Copy

N I
w I r @
L (7 W ) We +i:f G« We™ Wed Wiy

o>
S
o
g
B
¢

(72
n 7 d’? ¢
Cawgl = v (71 KER) Vi 57 (47 - g 000) oo Ve
n ~
chbcé = ‘—‘E Dl,w::‘ K g
Al
R,,(;Kf Site]
) . . 2
In the formulae above,ﬁﬂ denotes the covariant derivative on S and Dg is

the gauge covariant derivative defined as

fal

, A . ~ . és’ P
D WS « VWS -% gp08 A Wiee

a (73

The six-dimensional gquantities appearing in the action can now be written

in terms of the four-dimensional ones in the following way

n S
G

R= K+R +%’f Wi Wiw Wpu i (74

N

do = R4l Rab Vlorcd €t d
+(2j:. -4 fo/f& Rup *fx}!z{f ﬁwﬁg/ +elge R
R [§ R WL -l WLV — o (WL WS Wl )] Wpsts”
o . (75
e [ s Wi Yep ¥ szWgo’Wij;x; QP (V1iSy Vrksy) %{\%f’
A R AR N YN (TN S YA (A AN AT AN
. ut ,@(W”)

where RSL denotes the Ricci scalar of the internal space.

Calculations are performed with the Killing metric g“ﬂ = Kf k7P on the

* From now on we denote with a caret the six-dimensional quantities.
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2-sphere, that yields the relation
a N
W Kp' Vg1’ =0 (76
Another useful relation coming from the definition of Killing vectors is:
o R g an® s f
K™ dy Wa' - Ke™ e Kp' = -cps” ke (77
%
where {ﬁ@ are the structure constants of the group G.
After some rearrangement performed upon use of (76) and (77), the integr-

ation over the 2-sphere can be carried out by means of the general relations:

o i & ~
Skﬁd Kz de = \f ( ) 539
(don &)
(diw 5 e
. 2 ‘ ) .
(TakspV k2P = - [V Kok kel - [CulerCuw] X, (2L fre
& (din &)
where CZ(G) and C (H) are the guadratic Casimir invariants of the adjoint
representation of the groups G and H. (Compare with I1.43).
The final result is
Al Wt 2 i (79
R = R + Z" WL’\.’O*‘ (?\L
7 LR =2 4 ¢
ft, < f_L-— —_— :-;- n‘[z Ry =4 Em W&c'\x/bc *@abcé(%/m'%érwu-%d)]
A
2 v ¢ z
+%w1 [(DAW’sL/ ‘L[Du%b)f]““% ffcrv me Wee Wea (80
whwt [% [Ww-\x/o.b)&'i'g (Wi~ Wed }© *%[Wm&-u’/c; 1(/5.5'%7@4)«;1 (M-b’\"“*"}i]
9
where the dot indicates the summation over SU(2) indices.
2
Dimensional reduction of F yields [15,45]
4 (81

i

T

wj’% £L /)‘: Vct +% {‘Wﬂ.b e p“ 6(//#)\) VD‘, (‘U*W)a]}".& il- [(]&(UV&)‘L “f (‘i}:w(«

The unusual terms containing the interaction between R and W, and the W
¥*

4
and W terms appearing in (80) are depressed by 2 factor P and we shall not

¥ We remind that F must be of the order of a" to ensure stability.
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consider them in the following.
The other terms give rise to the effective lagrangian

jf‘ﬁ' ;'{%m <M%—>Q ”é ﬁz, +4 M&L “*ivaaz

It ¢ 4 (82
~ z
w4 [Wey +00 (V-6 =Dy (-)a] < £ 2 (Vnrile) |
By defining
A= L Wew W=t (U-w) (83
Vi ' Y
(82) can be rearranged to read:
A
_.E&{Z # -%ALEL - Ve »’-’5 Bou -4 (Do -Doxa)-1 & Koo (84
where now
rE
D&Xb? ::Vo\)(bg ’\r——;— %\ é;‘.'{)‘ Ao\aXvﬁ (85

On physical grounds A corresponds then to the massless SU(2) gauge field,
m

4
while X is a massive SU(2]triplet of bosons, whose mass is given by Ml = az
m +

The physical coupling constants are given by

A
B By X
Ko ’K(“a&) vy
AR 8
£ = Wi & (6
o

JR R
z A "
where e is the U(1l) coupling constant, f is the SU(2) coupling constant and Ky
is related to the Newton constant G by
Wy = 0;;;6 (87

Notice that the condition >0 obtained in the study of the stability of
the theory corresponds to demanding the correct sign for the gravitational
coupling constant (i.e. positivity of the gravitational energy) .

Comparedwm& standard models, this one admits a greater freedom in the

choice of the Klein radius, that might be even much smaller than usually
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supposed whenever y approaches zero. This is due to the presence of thenew

free parameter ﬁ, which is not fixed by the equations of motion.
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APPENDIX

Some properties of the Gauss-Bonnet lagrangiars

In this appendix we study some perturbative properties of the Gauss-
Bonnet lagrangians [29}. For this purpose, it is useful to introduce some
basic notions of differential geometry.

We shall need the vielbein l-forms ea and the connection l-forms )

,Q(L 2 45 (v d

(la
Lon T2 Wy an () du™ (1
Torsion T and curvature R are defined as
T < b@“’i&k“vﬁJ“bnﬁb » _ (2a
N2 dwab» RWanwe” | (2b

where D is the covariant derivative. They satisfy the Bianchi identities:

O>Q)mb'3o (3a
(DT)% = L% ne” | | (3b
We consider only the case of Riemannian geometry for-which the torsion
vanishes:
T =0 (4
With the notation given above, the lagrangians (I.5) in an n—dimeﬁsional
'Spape can be written as

g oreelona .
LK’M = QG\MLI”EL\,,M. Ao /\’Qﬂma« Ay ALugy -~- JLC{_/» £ (5
- Clearly, the number k of curvature 2-forms preseﬁt in the lagrangian must

be £

\SRg=

For example, in six dimensions we have the four possibilities:

[t

Loj¢ = LanQufehagnap b Ly grbed by

(%]

ButnBe i NLpnLy E0SFS
RaanRed 0 8y 0 by £oes ’f'?
a,bCA
Rabn Red 0 QJ,W 4 4,5

Las
Lo

L3¢

3

3
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The first expression is proportional to the cosmological constant,the
second to the Einstein-Hilbert lagrangian, the third to the Lanczos lagrangian
and the last to the six-—dimensional Euler characteristic ,which is a total
divergence,as it is shown in the note at the end of the appendix.

Let us consider now the variation of the Lanczos lagrangian L2,6 around a
constant background described by the vielbein 7}am

Q% = me,. «h® (7

Variation of the vielbein and connection forms yields

§Lleg = zéQM,chdnz+A£W gk“dér
+2Rap 0 Red ngniey prbedkr '
But from (3b) we have
(IR)er = (0 w)wb o
so that the first term on the right hand side of (9) becomes
2 (Ddw)or A Red ALLA Ly sebed by (10
On the other hand, from (4a) and (5) we have
2d(§vabnRednepnty) cabedby -
(11
= 2D (Jwak nled MM%)E““‘WT=
zz(D[w“ﬂ@w)na“@?+4[w&bn20d/«€“7§)€”“ﬂ’
So, if the torsion vanishes, (9) can be written as
Slug = 2d (Somsnlednegnty £°0°4H0) s
¢ +2 L abnRed ng.g./\f{z, ZAdeP’ )

Discarding the total derivative, and expanding R in powers of the variation
a .
of the vielbein h (that is possible if the torsion is vanishing):
m

4
Rab = Rab +Rub (h) + Qb (W) F- - (13

the part of the action bilinear in h can be obtained
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(4 ew:y !\VchCL)/UL‘z,n}mar + ZROmbﬂﬂpoé AL{AL?) gabedfy .

The conclusions arising from (lg) are the following: if we expand around
flat spacetime, R:b vanishes, and then there are no terms bilinear in h in
the expansion of the lagrangian, which starts from o(hg). If, on the other
hand, we have a more general background, we see from (14) that no term of the
type Rab(h)ARcd(h) is present in the bilinear lagrangian, so that Seco?d
derivatives of h arising from Rab(h) are present only to the first power,
avoiding in this way the problems that could arise from higher derivative terms,
leading to the appearence of ghosts [7]

This argument can be generalized to all lagrangians of the Gauss-Bonnet
type in every dimension [44]. In particular, if the lagrangian contains k
curvature forms, its expansion around flat space will start from terms of the
order k+l. Analogously, second derivatives of h will be always present only

linearly in the bilinear part of the expansion around a non-flat background.

Note

By applying the above procedure to L3 6 it is easy to show that it is a

b

total derivative:

dly¢ = 3d (dwas nRed 1R 4y srocddn) (15
corresponding to the fact that its integral is a topological invariant. This
is obvigysly true for all -~ lagrangians of the type Lmﬂﬂ in spaces of even

FA)

dimension n.
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