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INTRODUCTION

To WS 183 when Qi W.R. Wawmilron percawed
chas & would hiave been posiale o defing 3 non-bri=
vl faor dumentional Ml alautie divdiow dyeei Slim=
By by doing awdy wikl) commuBbwILy - W& $0Y
itk of Koe - quatermiony-

e vl Stedy Hoe dlgebeic Struchu® of Se quardtinong
o e freee dopher of i et while 3 ddalied
d@&wg\:’mw ok Hop Festond ok non- commuckatue Ingar
Jodor will be g 1n the Boogndie . T talultiing
spprodch 1 Hop padom 1 adopsed 1 Crageor whos
Swdng linger tpacet, Banach $pacs and Hﬂbg%m
NN £0R guaremignie fied. |

The ndonal of e corrplex il ek 1
el B0 e foe @ miier ety 1o Se gukamio=
meoae. Nevurthees, ¥ lace of wommahi-
wey of the quatemiont  makd En ko ede=
nénal definwon? of bdomorohy  UEAT wlen

(




Y-

aphd o Koo quattroione valued functiont of-a quater=
nome Varikie, T eKCtNR of qUEIRMINIC Adn -
AR 10 Hne obvodt Santg, € & Y0 mch raicwe -
qQUremens © 5 SRt only wondtanss gnd ot Fun=

o (Bnd ngk all of %‘OQ/m). Focthermmorng | R0 =
a0 e qodernionic varldd A % wlynamals 1
e Sooe 8l vaekle - nd Foe seme nolds for power
000 Kl hdiban 6 R nok vashichivg nogh.

I wes ooly w1935 that R odher pok down @
qood definision of ! regular fonchion,  of & qua=
terntonic vardle ,  HIS defiokon 8 obkawed
b an Andoge of Lhe C@_pd@g} Ruomany 0quakon
0 500 compler e windh v calied the Gudhy Remang
RO QUation. |

Regaldr tonckuong W guakrimonic e belhaves
e lee holomoshic fonckienr,  In Hhe second
cnagker OF EL Kbetit we wall try o bntlake the
crtk e Booonams 6k the omplk M@\gm "
Ib0 the quardmionic analyhd (see T87 aeg [bE]
o mare ARkale ) |
T e toied chapeer, e ehdHONe oF & repraduuny
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kurndh For 09 ciae o Al regolr and tawre (g el
fanckudnt 19 comogiered; AR foueth dhapter It Ao~
voked 10 Hoe tudy of ke Sl Sxpermonr of g0
e Funckiont ; pu hg patkicoldr aldnkon bojm@ 9’(
Hn® o 9 popaty & Urofar 0 ae dastics | el

\Opva.,

?ma\\g N She \atk dapter we will generalize
DL vgolarty to fongone defined bekweon (par <
vl infinive dimo Ul ) quatemonic Banad
el Thit coukext exaltr e 3l ao@}m
Daader of 400 mgulangy mqulr@m@m e ol

mv@ shat we cen bavg ragulse funchions only betwesy
difeently sded quakernignic WAL

Tt follows bret all the holomoiphic maps are regular
ma,%& wo.  Fokbermoe we wil be dde & uni
quely o&@oomiso&@ he veal ‘domatvg of 3 0 10

2 3 oF kot ing aiFfeantal @PQP&ors X N Uo@
CON%QB( (a0,
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 QUATERNIONS

11 Dehinmon

T s wel kenown that vpto slgQon 1§omofph sm there
208 on y one Lour c\\[W)QnSaoO&l real divsion &lg@lo;@ émod&—
’nve and Wit ontly 1 od e slodom of q\)&@mtms

et now 1y (4=91,2,3) be the canonical base
of RY e

, A
(1;\) - gA/u (m‘ﬂ
Then the veal bilingsr fm on BT defined oy
Lh=tiehh  (a0123)
4__{ - (4=123)
1,+1.14,=0 ﬁ““(’( 423 i
(14.2) Catuttuty= /VQ
| 1= 1=
litz= 1
lt,= 1o

endowg R with an dlgebra stuctune




- L\,_
Mor® ex@(dﬂ\ﬁ e \:md\)dr ¢ debined by

10 | Qjo ( CCOyO_&.#
<g) (% ): Z%H}/OE%ZXgL (’\ﬂﬁ)
wnore T = 1”.14+12{2+z%3 / g = fzﬁyzézqtftg 61‘?3 .
and o U ZxY o0 the b and vedor pduct I IR
| w&gp@c%\ve\y.
- The e Ene Sandard reprsentation of Hhe algdod
of q\)&‘@miom} (Soally donoted l@y H. |
Tu Ye Qd\ovde % will e Hhi \“@pr@&@mfajmw to

Formd@ (14.2) implies thet the quaternionic product
& nok commutaie Qs We will see y this 10 He primpa(
e of difficulbes 0 suding quatmionie. s,

Tuthermore nore +hat

Rt —te e H

153 sl algdlo mongmarehism (sctuly ! the only 1ol al=
o8 wanomorphuut fom R, to H | & we shol o€ [eter )

S0 the following we talk doast el umbers &5 & S0b-al—
Wop of Fl 1denkthing 4o with 1.

~ Note Hhat vl numbers Ve 1 Khe center of ©.



Morepvec: |
111 Logme  The feel numbor R1, ¢ H am the wnker of H

oot If 2= 2% 2l T2 commutes with 1, ther
R R AR 2
@V)d S0 Qj =73=0. il a(/ NI S commute with 1,
/
we hawd 1 f=0 4

We ol His payach  giing &n@Hn@( efll reprseuietion of
the fidd oF qu@%@mmm .0, (E ©With the produck

GOCaEosm) g

g Wyt T
wht "7 dencke’ g Uso&\ conjugation i C

Note JrhaJr
-] o

“and %h@t &Z ik She produck (1.4.4) 18 00E &
compik Blofb .

Finally, His las ropeseufstion, wich we derde wifn ﬂ%
\& \govnorphlc o I s " dgeba.  The map

Yo FH—s I defined '@S
N
b
W@"@ﬁd) (11e)

1S D canonica) \SOmOrgmm
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1.9 Lononicd conugation

ot wdetoe (7): H—T by

1= 1071, T BCEE)
for o= 10+1414+22{2+13{,3 e . |
This wap Is a0 ivlukg Ry-tmear map
T=x e H
and a0 algeois &Mi—i&om@rﬁ\nuw:
| T\E:E}_f e H.
Note har :

1, 1=% i and only W ozelR,

7. 2=-1 ifoand Qvﬂ/ if % bdonge Fo the R-lingar
e seaned by 1y tp Lg | Whidy e \dp_v)%'rf} with R
for w= 2%ttt e e define the res
partt ot Ty

Ret = 24%Z = 2° HUERY
and the pore part x \ig :

00 v - LT = ol id avd
YU = 2= AR YA A (4.4.9)



Remare bhat

14.7 Lemma  for ve H , haw ¢ le f and onl/
ik | ng@

Proof Since
7’ - (f%ex]% Puz Puz + 7 Rex fux

one hat 2 e R f and oy if Rex=0 or Puy =0
W Aodbomont Rex 0 then 2770,
- Forosmore remane %\najrl for Xy € R3CH

IH - -‘I‘,\ﬂ 4 xxy (’VI'/IDJ
S0 Hhat

4 =0 & wryx=0  (11)
€, o pore quatemion anficammute f and anly I
ey o orthagond demunts of RS

143 loomy TF xe B then there engts ye R
cuch that

IHQRS

Pt Lok 3&\?2% sodhy hat %»3:0.7%0

14 = (Q@upux)y = Qezyfpwcv% P’L/Q:)cy =
=(Pexy)+<9%z)xy ¢ RS
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The molchion” =, allows & to construct @ ¢ sesquilinéar foom o
l}\{ and ?(@UR@J\/ |
HeHs(xu)—> 2y eH (111

 The &y 8 biadditve and For % Y& H +the Bl
lox/ng relgtiont  bole!

’xg’—_-. 3% (11.13)
G)y = afy) ()
t(py) =(25)B (1.1.25)

Morover
— 2
1% = Rex) + Pure Puz o0 (1.1.6)

5§ the squarg of khe euchidean nom of % n IR
A wal we deding toe vorm of xe [H oy

(1.447)

114 Lemma  Tor XYt H we have
Ly = x|y (1.1.18)




Whth H)e 3id of the noMm, e (a0 caloolate e

Inveree of & ron 2 @@m@m of M. Freci g&)// o
240 then s invese g

e T/ 4 («ms)

1.3 Resl Supaiqebees o H-

Ve vt Yo cfassr?/ the sl sobalgebas of H wehichang
\%omor\s\o ic 1o E\Q of

& we b@gn with K.
%\)%%DS& that 0 R—TH 3 3gebi momm&r]z%

Tu p@@rlmar
Pt =1
and X n@c@%&&n/
| iﬁ(&):t e R

ToRn e caronical imersion IR <5 T & the unique res
3\9@&)@ momnor{s\m&m fom R, to .




—f0—

Tog situation e Mot campliested for she case of €
& v C—H © o dgdos momphi, 080 3gdIn

) =1
bt the @My condition on fgl/(f ) & that
- | 2
R T
On the conm% I
de T and A% (14.20)

Le. 9t pore. quaTEDION with unifapy horm, - ther
e map |

}V (‘H{S): L+139
59 ved dlgehis ~monomaphia. |
Mo exdiatly the real abslggoat of H - isomorphic
by € Bre

R+ Ko

with g€ &l wtiefying (12.20): i paricolBr, Thes exi
many of Qb Subslgebss, I cauhest with the oniafy
ot sdodlgct tourorphic to IR

W @ now defing differnt eindt of lingar
S on H b/x@%‘w\cﬁhg or quatemionic ‘Pmclucit |
fo covient shalgdoras.  More prli‘cjfe\)// f s



3 wedl dgebs and
¢ k—H (11.20)

' & feal-dlgdora mopomorphicm, ue @n define H fo be &
module ovee O< 0 the fallowivg skemabive wayg

PO (14.22)
Nz o) (.4.93)
Obnootly i gic) e O(H) - canter of (- o)
(10.02) and (14.73) deline the Savn@ opoyarion.

This & e e when K= R, .Thempis\&\n@c&mmc&l PIMEY =
sion s Koere 12 & canonical Wy To inferprek (Hl s 3 real
UY)@M DAk Pm‘d&@'\)/ |

t¥2 = tx =t (1.1.24)
L8, the canonical fr dimansional hedl lingar LA ‘RL(,

- Thig 18 00 \ovvg@r ool or K= ¢, I Q'ac‘c'( for cach e I
wdh Ther

¥ =

%= _ 1 |
we an dethe 3 emb@c}dmg of € n[H b)/
L+ —— E4g9

f}nd SO W @ detling 3 Cdmpl@( near stuckure on [H |
i +he  followtng Xy -




A7 -

el () (14.25)
LN T (£+58) (1.1.26)

Sin R+Ra Aot be contained n R=C(H),

(11.25) and (14.2¢) qive diHerent regults.

When D=1, 80 (11.25) holds, we have the Standard _
Lo dimensiond compiex Sructure ; o this case, in Aact /
W 0‘124/326 ¢ then -

i O(A&a) _ W—«(fﬁ;) (14.29)

72
where s detined in (11.6) |

Finally ot that Iy h&&mahg dl%(@\% com{sléx IMG@V

Shruchunt ;bbb canngh be endowed withy $he Stuctung
ot 3 complex 3Igebe, asociskne with Umty) Lhen

Fi= {OLM: OCS@B ¢ C(H)

which WNtRdicty Lemma ('91-2"0 -



7 AUTOMORPHISHMS OF [H.
AND ROTATIONS

91 King and algebrs aufomorphisms

For definirione and proparties of ting and slgebia
aufornorphismg we veker ko pasgRph 2 of toe Appond i

15 a geneal ot thet 5 fing moronisw  beween fwo
Slgehis 15 vk vewesanly an slgdol muphiem. Far example
C hhas many hon krivial ring @Ujromoqzmuw oot ooly Twg vesl
g automorphisms. | |

This & no longer the case o the ved dlgon H.

(W]

1:21 Trop. Every (ing (ank-) &Ufomor(ahifm of F 156 rel
dloehia (k-] &JJ('QYY)O{‘P\/)‘LSV}’?,

Mok et 9 H—MH be 3 ting adomorphitm.  Since.
Nosugedki ad  C(H)= R . than
o(R) c R
So the reghrickion ¢yt R—>R 5 3 ving morohiw |
od tividl sl @pr=1. Then @y = 1dig | and
the thesic follows  from Lemmg (r2.2). 4



AL

Tom vow on the word  aomorphitm (or antiautomorghiow )
(& ) vl indicase o ring (iv dgdos) autorrorghtn (on antiaomophim)

The leowimg ?mPOS'\Hon hows thar @U*Umo@\m&uu of
art dowdly volated o Hoe oithogond ufomorghitu of R3,
wadn we dengre By Of(R3).

1.2 Frop. £v®c/ auromargh & or antiautomarphiem ot H hag ¢
P

TR+ APux) 0 (G21)
wpere A€ Ot (R3) |
Coversely , @2.a) 18 |
1. 30 Avtomorphsm when QA=+
2. &N anti-aukamuphvn wiren cof A= -1

Boof  Let 0: H—H ‘oe an &a’mmor\u\msvn or ant -agtamorph e
of H. Then we koow thar
6(k)= & el

¥ now e lp&/ Fhon
(o) = 9(x2)= % €O
d o (1) R |
Thie povg that @ can be decompoed a8 Hllows
0= 1d g @ A |



woe L R2— k3 s an R-linear ufomarphitus.
To prove thet A5 an othogonel map, nefe tnat fx each
X6 R3 we have
7 ~ 2
A= (AR =l (x2)]= (x| = 121
- Since -CU(%WW)O{@{ for x,ge{@ one has -
M) XALY) when detd=+1
_/
MZX%)— NAW) xAG) when  detA=-1
the convene £dlowg mmediately. 4

A 8 consequance, the genedl Involution of B hes 4he
foom | |
T > Rex+ I'(Pux)

where T i a toiaion of R sud thet sz—id R | @qu'lval@m—
Wy, 3 Smmetric ndation of R3), 1.¢. 9 roation of

R of an awg\(l'»‘ﬁ 8round Sme. 3xIL . _
Anti- Indiutions can be ebteingd by composition of involufins
With cjugation. : .

2.2 Rolations of IR

We can deeribe the ov%ho%oml SWO‘D \\Q?‘ with
the aid of he quarsrnionic rnuligli cation.




e
1\12;&0?- %-OV aﬁy non 20 pU(Q QUa{'@)(V)iOV) q{' 3(\{‘)@ m&P
{R’% BXH_qxq"7€§R3 @»?..?_) |
IS reflection aroond 1 the 3-plang qu )L
Bool T £k that qgeR® ollows From

5207)"= qzg qzg ™ gy 270
The may 212) doviously inear. forthermon® 1t Sends

9 ko 1S OPROSITE |
. ?Og (q>q_1= —Ci .
and 1f Fixes all  vectors xe(IQq) . Iy B
-—q'Lq“1: xqq”']:x

WA or’rho%on&? dloments of R aHcammute 1 [F
(see (1.4.11)) 4 |

Now 1t & Wl wnown that each Oithogond map ) be
decompesed N7 RN umper of hy@@rp\an@ m@\@cﬂ@_ns.

(52 T%0 Th. 9.41). T nomber s
1o when the wap € 3 vofehion (det=+1)
2. odd when the wap € an anki-ofation (det= 1)

Rmore | for pe T It it

plaxq )y = (pq) z (pa)”
and | & @ consequencg of lemma (1:4.3) eadn quakemion
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0 b decompaed in the product of two e quatemions,
Tt Sllowe Hoon -

1.0.4 Cor EV.Q‘V ofation of R3 has the form
Xt qxq~’ (2.3)
tor & hon 20 quakemion q.

Convarsely  for avery non zer0 quaremnion g
/
(1.2.3) /i 13 2 {\jm%d’mow

Aot - ofations an be ootaine \@>/ comkao&iﬁow of
widtong with —4d 3 .

What we have poved  allows vt construet the

map |
S Hh{o} — $0rt(RY)
q > dq (1.9.4)
whe re (CM)(Z) - qzat—ﬂ
We haie denoted by S0rt(R3) the specia orthogonsl

qrcp of IR3, .0, the grosp oF Al arthogonal maps of
R,> with Unitary determinant.

The map & grogp momhawt ard k the  next  corollar
b &\)rjgdcivé, d U\D i /Y | V'
(15 P Ker g = R ol

PO Lot qe Bv{oy sodh Hosh
qrq = 2 Yre R3



_43-

L0, |
qx = 19 YreR?

Then qe R = C(H) 4
Tt Dologe o each ddtion & R3 can be ropeseored
by & it quateenion | vnique W fo Sigh.

ﬂn&l\yl the Q’)\lO\XIiV}g ROPQS\%VOW desuribg the dempatent
oations of [,

106 fop. for qeé BN {0} & dempotent i€
nd ow\y W / CFC} r

Qeng Or P%q: 0

froof  Suppose that
qlaeg?)q "=z wreR?®
(qq)x = 1 (ctz) YreR?
Then ¢ R, Bob it
qz = (Qecz)z— Pfuq.Pqu A Pfuq 4

\. 0.

23 Roldtons of R4
Dodierniong w8y dso e wied to (Spreut abiou of 109




T qe bt us delios e mapr R R
by (1) = 9= (12.5)

r‘q(z)—:zq | - (12.6)
wher RY o \dentified with H . |

OF coyme , theseroans ae R -lincar,
forthermor.

@)= 1qlla)= @] (27)
5nd 81 for - cidkominante, we hae

det g = |91 = det (1.2.8)

 Note Hoak Lhe d\@‘\\‘@fvml’)@YﬁLS e a\myx not) negghe
Nompefe .

Therefore, -

1.2.7 Pop For Shy unHary qusternion gt 1S
QC( Yo € SOrt(RY) (12 9)
Con ey roihion of R be opmgeuted 1 b ny !
e fallow g %o%os oh gve au auswer to thi qu@XﬁUV)
Hord  S2 donotes the unik &p\o@f@ or | Qq

{qel} \q(= ’\\1



1.1.8 'ng. The. Map ?1 ggx f‘—? SOV*Q\QL\B defined
b«j :
Y@l% e ’ Pq C‘M..{O)

R 3 9D yrjection and

KerW= (1), ( ”1) ’@,.@.m

oot Tor 3y ppqq e$ and any z€ H we hae
Ve 99) = By (rggi@))= 9P %’ =

~<wm V(eq)) @

Thet 's Ws & goup morghism.
Now @ q)e Ker'¥ when

qu =7 Yxe H
When t=4 this | mplie  pg=1, am 0 the alowve
condifion con be  restated & {”o

pr = xp  Yrel

Thig '\mp‘ be C(H) = R and he azg@rh\on (2.4.9) follot
To sove that g guvj@dnv& et w be any widion
of R and let 2= w(). |
Theo (8= |w(1)| <1 3nd e Map

Rfsx b T w(n) € RY



‘\3' 3 totation ’eaving 1 @md dhefore eadn go'm% of \R)
fred. I omust hae the fom

| i, ® A
Vi A€ Sort (R3),

| -SQ, fbg Qe (21.4) am[,Pmp(z,’f,’S]/ Hod existe & onif
qo&x@;mon C1 uch 1{\057‘(! J;D( al ité [IQQ/

3 wx) = qxq‘/'
.8 R
W(z)= prq
wh e Pz aC] 4

Abjﬂm’(&lombg \Kl’ @ be dotained \oy compasitey of g
oot with the c.om\)g&%\@n/ wimeh 18 awm(@w
Ak rokaRaN |



— 2?_,

2 LINFER MPPS RETWEEN
LINEAR SPACES QR H

3.1 A compatison_among linearitieg

Tady dnain
R— C— H / (’l.%.’f)

of res| dlgthas m@nomoig%i&vm Sliows s to looks 8¢ the
H AR 253 € -39 0ran R, ~Ipace .

Q@a\\y & Wl know, J(\/)@ \ofk morp%\sm 'ghd she cgmpo&r\;\ow
o Hng fwo vippsm o canoNical inclofione. The only
G oot it the Secand one, which coperdy on the choice of

r /

3 quainion deH dh  Ahat
P
o restich ourself 4o Hoe standart choice

3=1, A.3.2)
% the Secand mohism (8- diefined b)/ |

(b+30 ) — 43¢, C(33)

whidh gV £ Srndard X8y 0 odr € & o veal wbalgdos
of Bl (s §(13) |

Lot ot now considee XV 1oft linese space ey



H and o map
A=Y |
e oan talie Sooot Ror € or Ineanty of A in (et pond nee

o the fact A X ad Y are  near Pl over dif-

SRt Fdds: our aimnow © ko compard thit different
ICINRATSN

O coose
A BH-hotar = /- ¢-loear = A @-lingar (13.¢)
Now we wall Sudy condidions bo 1owart Loye implications.

(20 oy L85 A be Kby, Toon:
4, 8 C-hngar f and only ' far each ve ¥

/\(141): {4/\(1] (12.5)
2k 18 H-lngdr §and ooly 1t o ey ze X
M) = a2 H=12% (1.2.€)

12,9 %E Lot At C-lvear. Then - g [H-J_i'n@@f i
| 3na only t for each ey

M=t A @) o 3%)



_.?_Lr

The poofs oF the dboe Propasrbions are kgl
Bne teand ong d@wdmg an he @qu@hbg

q°+q4{4'+q2tz+ c(313= (q0+q1i,[ )+ (C]ZJrqgQ) 12
for q”{, R (u=0123)

/

Remarie tdt | n gengel | the 05 of all xe
SBRSTYNG condbion (1.3.6) or (1.3.7) R an
[H ~linear sdbspace of X. |
Thereto® condikions (1.3.6) or (4.37) have ko

bo required only on 3 SeL whorg cardmahty 1
dim o K.



39 Marrices awadated o linear maps

T s paRgieph e wil explicit the condiions
(13.5)-(137) when

(=YY= (12.9)

ot At H— T e an R-linsr map. I dhe

srandord bates of 'R, ldenidied with B, 1he map A
10 reprtednted by 5 matix Y wih w8l oniel

ho=(alg]y]e) (4.3.10)

wnere AL Q[f o khe lumng of

the m&%r X Hr&@\?

Condisrant (1,3,5)— (423 doviously exoraes somg con-
SRIFS oo the enties of A we wal) Wi
Sxolidiely these  conshamts, |

Lok W begin Wi the tequi mm@ foc C-lnga-
Gy, To thizaim, we chaose {4, oy & C- oanis

of H. Then our corditions become -
R=10L 4 3= LY A3



—76 —

and o e g C-lingar M3y fom | to H
o wopesented by 3 makrix having the fom

NCA ARty (s

R;Nn@rmo«@/ £ we wank Ao e - m@ﬂw We
o o roqive that

r=10 (1.2.4%)

So, e generl o o 5 makix repesering on
H-lhnese wap 18

(8 1 | 1@) (.3.10)

T m@%” @PF@S@W&& alip the my Hlﬁ lcgton far
e quakemion oy on e nght, +€. the map

/\Q ) q% quH (‘\—SWSX

Kecall wh&‘r s cose
d%(/\ =\l
R we wdked o (4.28),

50
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Lo WS now contider Kie mph@&*@o’@%\m H of
Holee §1.4) aod the e [ ses (13.))

R—C — H— [ (13.16)

}><s\o@vw the (g MOeOUM 1§ e 8\9@b‘® i&omm@%f&m defned
N (41.6)).

Remane that the reRulting @mp\@K Sk of B(lfj 18
the Standard com P\@x Jnuctore of €2

Let now Yo
T TH—H (1.3.47)
@e 3 C-lnesr map. Tn IR dandard bats of GZQ/
denkified with [ , e may T repretented oy
o DXL MAMI by camplex enfries

U W
W:'W %> - (.218)

By chanting WM 3 the quatemionic bate of ﬂ/f\t/ oy
wnch @ bo dondihon  (4.3.7) we dota

e

G OR)-E) o
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So, fhe geperic mafrix fopiaenting & quaremionic. insr
wgp bk e following form ;

W —nT ¢
| — 1,2.20
Y | )

for ur e €
0F Course 15y dekeminent 1S non AR ¢

\u\z% \@\2 >0 .



L HILBERT SPACES OVER, H

44 Detlattion and dlomentary piopertied

A Ik quatdImionic Rckor S A Rcdled an nngr
pOAUT Space T s ondowed whith 8 fonction

CLDL Xx X — [ (1.0.4)
(called scalar @@dwc@t} Whith e %UO\YAV@ ?(01\5@&{@&

Cy)= () | (1.4.7)
(2492)= (&2)+(y9) (4:3)
@x 4)=4(zy (e0)
(%) 0 (. 4.5)
&x)=0 oly H x=0 (1.4.6)

where vy ze X and ge |
Theme axioms imply that | for every yeX  the mep-
ping | :

: K31+ (2,9)¢ H RS

a0 ™ -lnear Fonckana o X



e
Tutthermore (4.4.2) and (1.4.3) mply  That

,99) =&y)q e,
wherQ Ty X and qgel, 0, for :ce}([ the
MappIng
' K30 (7,4)€ & (1.4.9)

R TH - arkilinesr  which r@gP@f tothe canonical cOnjuaation
0 ™ (S@e Eg 115)

Ao gtematve  ( ammeie o (1.4.4)) 8xom {or The
nampgenalty 0 e wngr praduck would be

(C%'I('\.ﬂ: Wﬁiﬁ |
REMRRK:  TF X s & leff space and f

(97,9) = (1y)g

(e, 4) = ()
vor 8l rye X and qe Bl thon

or &

(b (2,9) = (397,Y) = C\Pw
= 9(Pzy)= (qpy ()

whneh conbedicks $he oo commutahv by of W
[ ulewe ( ) 8ot tmn&[)



Smitar r@&xm'ivg nddg e 6\9% qUARRINIONIC [ near
SPAC .

Thy sc%wz m@qughkg balds n sPacéS

A Loy Propatries (1.42) - (1.4.5) mply Haat

\(I‘\j” < <jerzj/v2 (W)q/z @48}

for all LAk X
Rt _
=0y - B=1y)| =@y
ond I8f el be  sudy that 1§]=1 and
S (%1): % €
T\o@nl?or ey LER e havg:
0 ¢ (z-%ggl x—%&ﬁ: () ~£8 (4 x) +
- E (th_g + £28(%/%>-§ = |
= o - 28k + gytz

W y=0 we hae p=0 and % (148)
s wified.  othorwige e i poo /

we hove gzg &@”é
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Anotber toondamental pm\n@&g ok the nner \Dcodudm 8
e PTtang e Inequaliy .

LT Lo For x\jex e \Ojﬁ .
) ) gt ()
rook By he SR inequality
(2 xiy)= M)%w,z) (my)+ (4)) <
< (m) + 2 @M) L” (%) +
2 {31 e (6%,

et w defing now  Sor e X

Ix)= ()" (1.4.10)
£ Tollows thet / For Xy € X and ge H

x> O (1)

l2l= mP‘@9 1=0 - (1.4.12)
2yl (4.4.13)

lgx | =(q l] ) (4.6.94)



The Simk three of the doove relations el we-Shat the
bon negative funchon A Xx X — (R,
| 6@([&5) = J2-y|

o mmie for X, E Xy comp lore with rexp@d:
hoo\ than X «® called B Hb@rtsPac@C)v&( H.

ojc\c@) et for any fixed ye X fhe mep-
wg@

Kot (7y)€ I
X2 (yx)6 H
Kot —s lale R
R continuowt funckion on the melfic ace X -
A Rt examgle of & Hilgelt tpecg ovlr [H e the
w H" oof Al n-toplet

%:@4/—7%\)

Where 3y, %, & quatemionic mm%@rﬁ with 18

Aovigws  \eF (or i 8\0%) NERP Rrivekui  3rd %‘ne follow ing
mner\mdwdr



| a

wher = <VLM - V?JOB

A MR Intiratting Gawple & constucked for any pos] =

WO mee uoonaseh 8 fom dhe s )
fundiong £: 5 ) £ or 3l

1F R u-meagusble
L { 1%y <00
| S
T g6h %[ with 162 chwious 1ef% or righty H-linear structurg, quo =
fitnted with 1®peck o the quvdien® ©RRoN |

bvg & =9 M g0
and @dowed wikh the salar '\a(oduo#

(R9)= é 19 du

IR denoted \03 LZ(/M) [ Ry 1& vgual

4.2 Q_[_J@ggr_»&_htx ond Riesz Theorom

6 (29)=0 forsome x ye [, we sy



ot % s @b@gm& o 9, and wiire T 1y, OF coorse ,
the odation L 1g ymmaivic . |

Lok 2T dendg the sebof & yeX Wiich are orthogonal
o ad, for M sukoet of X '
| M0t
| BYY
1. the et of dll ye X which 8re orfogoral to @y xe M,

Note %hajr/ o 16 X/ T it o dosed wubsead of X,
The sam0 boldd for M

 The ooporfiet of 3 qua}r@mlomc_ Hilbert space
| @&&\\-3 \m\s\g ot

ooy ¢ -y 2 2lmtvzly)”

e e perlielggem proparty . TThi \denhly ol e
8 daweal toeomm: |

115 Theoem \E\f@,{y nom@m\s%yl closed | Lo @ n 3

Hilloa(t tpace over [rl containg & onique
dement oF smalett horm,

The poof & rackly he samg & in e com@@x ale

The dhowd theorem allows 1R o esthaloliet & decomponrhan
of X 10 orthogonsl  clowd 00PRS 1 3 gonee|
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Wy .
443 Theorem I8 Mt 5 daed SJ\O&P@C@, of X then

X admik the Ll owm9 d@mmpo&thot/)
W dirter oM

V= Mo M (1.4.15)

Peon
o IQX'I&( M Y+M g a *ooo@mp%y clond | convex %o\o&@%

kX, i cowk&«v»g & uniqu® dement of Svm gt ror
Wy Ty We hew ("z: 7,6 M.

o pove thar ¢ Mt we dhow st (Io )—O for 3]
Ue M, Astimg M =1 withoot lozs of gm@ml ity
TR minimizing p(op@%/v ot ECO shows  Yogk
(o, %)= 101 < ¢, ocg = (o zray)
for @v@xy o6 [H. "nSSlmp IS
05- (Y % —a(y7,)+ dab
o dv= @4) Jm Qe
- ()|
whnch | mpheg (tro\ﬂ =0 .
To pove thet e daomporfion unique, Suppdie

7

2 ex! = 3'+3”
L
With XJ(W{GM and IH"eH,



“Thep | |
MBI/-’\\)/I:- \:))[]_ ,L” £ M‘[’

Bt ac o congequance & (146, u M= ol  QUd O we
bave 2=y aud x'=ylyg |
e haw ‘air&ady noticed gt  for eads YeX, the map

| AL (zy)e H (1.4.16)
188 continuout fnear fonchional on X,
Lo & dondke with X7 +he sbace of all continuo dloments of

X*. TThis right quakamionic Wael can be Endoked
with 3 complare norm by |

A = s Az (1.417)

ol

~ Then the map .
Vik=x" | (1.4.18)

with )(y) defined by (1.4.16) 15 well- defined, and
e dasties] Riesz woreseuration ftheorem holds:

144 Theoam  The map d s i an%i—-iﬁom@‘tp/ /

with repect To conugation nH.

Z_@E The speeeS) it gdditive and 0r GzyeH we
e -



— R

Vgt = )= 9)7 - Oy )7 -()g )2
L. @(Qtjf: (%\jﬁ ard %) 1S an a0k - morphisw
Wi repedt fo quaternionic canjugation.

Futermore
)= ey < ety
3nd ’
ACylyl =y
hich \mP\lQS:
1%y 1= 1yl

Wk e vow 1o pravd that 9« 0 RCHVE,
lek AeX! and define
M= ker /L

Toen M aclosed tmear lospace of k-
T M= X thay A= D). Othermse M £ [o}

VAR chooting 7€ M+ with uzlf-—-'(/ R AN A0 =

e the gonenic e X the {dlowng way

L=U+U"
w herg L
= (W) ez
= T-U



Toen ate M (ance ' blongs 4o e Vingsr
ed oy z) and e Smizgg e e o2 e
= - () (e TAz) = 0
1 Rlows et e
o (Elr\y) =0
and SO |
| - -
(At (/\z] = (Ax](Az) (22)= (o) )—%/z)=

= ((x)fe) % 1+ 2 (s
= (UsV, 2 )=
wnch Implies | ) ‘ ) )

/\1—:‘ 1%z = Fe
(z2) \e ('«t/ /\zz>

B K= ( Ez) |
Which DO/ the SUQQCH\/I%)/ of 9 4

L,












1 ONE DIMENSIONAL SEGUERTTY

(o0 we, choe & gend drfvechal caleuios B queitinio-

nie mapg !
Fibdoot abferentiability and quateny
CRY 80 % of nkorart

rolowing the 1ds of Tusker (e9 TE1) we can
gve @ denniion’of regularky that ha, POPOrtIog
Smisr 1o holomarhy . All we will $ate k& praved 1

(<] and fPEL.

oG andl it -

(1 st dffororkisly

1oF UcH ke an P W 7,e U and
£ U— I
8 wap. W wl say hat £ s left qua%grmomc
Fdchek differonhiable  (or IHy - dfftentiable) ok
A W AR exisks 8 map *



_.L‘L(_._.

A Ling (1 1) (2.4.4)

Qe o lelt qwgm\omc finear wap ko [H ) sch thar
the wwal

‘{(xgw-%x@)_/\ () = o(ihi) (2.1.2)

0% R, A B dso Qomo\QX lineae and el linear
(we endow M with i standard o ), T £

s R- difforoptidle and  €- giferontiable 8t .

Now IR - diffornficloilify  does ot wnply the
e of the second denvative whle. C- dw%cemr ity
imoplieg @W‘my T - d%{@{%@lo( by I8 an even

Strongor - cquirement. ev)d eds & very gmall
OBy 0‘9 MR-

214 Thearem t@r U b s connoded PN 0T
It Ee Hp - dforantially ajr Loy PO
of U %\ﬂ@r

f)=crrp  (x€T)
for fome, oL B € H |




Prook

The map 18 hoamorphy
Uctt ko ¢t

Tous, 10 order 10 prove the asserTion, by e idefr
windple we anly havg £0 V@,{‘({v Ehat

¢ on U’[ a8 2 map from

dTz0 o U
S0 hows that

- qq Vi, 1=Z+ W1,

xhere e Flol (U C) and 2 we , om (1.3.20)

we optalng that 1 U

N
@_L :-—-EIF
MW H

Towg e @x&m?\@

@:@.(@):@<@)-&(W>—o
ort o \VE ] gz\ow] gz \ow) =

W& W, € Hol (U C). Finslogout computation
Fortho. remaning denvavet mply the BiSeMon g




- [‘Q/

4

9 An@\\%\c\y

% we wguire That & fonction o€ ane complex @ -
ot 7= x4y K 8 compex polinamial, Le. Thal

0

HZj: 7 8,2

=0
with 8 e € (A<ken), We wed o poper wset
% ”m &@‘ ot all Po‘womaig nthe nal vandbler x 3

In fack  the wdl weridHa 7,y cannch
be wiitten al comple polynomidle. w2 L Tor example -
10= 242

and e condition
2432: 0Z  Yze
cdnndt b satefied with die ¢

On the ckher bav»d 0 he quefrmapie ate [k
Q= %ot Lt, wzé Tytg Shen e \m&w

- z%kq 1({1 tqtz {Sqig/ "

_ 4 |
L= E(Q{'@\qﬁq*tﬂ%msqiﬂ



ﬁ/— (qucﬁ C“‘z“ﬂ%))

(X, = /\ | : L |
7 (C\W%‘izqiz Lt \)

T oy that SIS poqnom al in Ho vamb@x x,
(ocuez) ® 3 qua%@mmv pdyv»ormo - 9
om whoRe termg g

%4 aff““"q -1 =
vith 3, ¢ B,

T, ek theoy of quatemipnic ROKQr SRN1EY CaIncdieg

‘v\m the theay of 1 an&\rfv mape \n fovr  va-=
fabley

A3 'Rmdr\om of one coleQx Var &b

T the proviout paragrephs we have. bryed to make
3 WRIghkForward tend @% on of £he damcd) c{@ﬁ nHond of

oquay %y for mplex mapg n'to the @e of qustemionic
maps.  Tn order ko fnd an mkegsting definition of

godity for the  avstermionic 0 v ol I rengiy some
mp@w of he Yh@@n ing of the ol Omorp‘n aty of 8
camples mep.




W UCE v an open B and
£ U0— ¢
&0 R - difterentiable map on .
CThen W hat o0 U
df = ot dz v 3f 43 (112)
woer |

9= 13 _{% F=1(n 4
9 ka% 83) §<6—%T1@—a\j> CZ’\L!)

Now, bolomorp‘ﬂq @n b expresed in ki squwvalens
WALS: B | |

1. 9%=z0 o (2.1.5)
2. d(fd)z0 o U (a¢)

The Ak equstion i tenown asthe (auchy Riemann equation.
S kor the Yopaden A one. has

L= 400 =439 7.4.7)

Sy holomorphic. Wap 18 Biarmonic , &8 well 8% s redl and
\magingy Compon,

T followd Hogk 2 bolamarhic map £ bas



e mesn vale ooty Le. o oy 76T and &ty

€

t>0 Wdn Wat B(Z,r) 1 contand n U we nawg

S 1\ §w) [Ldwade) @)

The send eqution has & marg geometn |
MERNING | o

The. Y0k theaam  (2.1.6) lads 1o the Cauchy
i) Yamda. tn Khe following manner -
ghen ¥oe Gy eemg)

G(z): [z Nze QL\&OE - @/\4@
”‘c‘@&n, tor ST 0, o

| d(@(zwmdz):g ‘ Yz 42, (20.1)

d(@@—%ﬁ@)dz):o Ve zol  (149)
Now v 2,617 and €50 © sudy Hhah Rz U,
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one. dobaing $n¢ classical Caudny vepreseniakion formula
g Q(z*%o)?@)dz = lm § C‘,(Z-zo)?(z)dz _
%%GO;V} | N+ Q%(%o/r/)w -

[
S G de =

N +00
@B (% n)

= 5(Zo) & G(2-1)dz = 2 P(zcg/
W (Tr) |

L. mor ngiu‘r\y .

f(z)= L £z,
= 8 _z'-%o dz (24)
.’a%@:’qr)

This ool epmoenikion Srmaa \am\ca\o-i_y. He ok

bave fadk i khe theory of holomerphie  fonchont,
and i edighely mples, for erample , k\o@.\_\owl\\e
Hreoiom and the Weroretaes Thggrem .

Tn ‘%\oQ q\@Wﬁ\omc ':ca&e W \oove ?0( 5 defi=
okion Bf f@go\mkj which \a@du@.ﬁ il proparties.



Y4 Real difforential forms with quaterionic values

Intre lost  paofoh we have wed redl dH-
Wrackial s with conpliK Bl (& dz ,dz &g df ):
- Since the comple tield 15 6 commuidhive feld ey bhaug

%CW e Ame Sggaaic g@p@(ﬁ@g 3t The resl
divtorantial fomns with vedl valbes. Ry vy glforantial

e Wit qudemionc values - which fom now we |
fuskeminnic. ditrenial fms, e stuskion 1 mud

more. compheated | a4 -1 1ok commutativg

’

Al ?a)bﬁ@m& rekor %o g definbon of wedge eroduct

T ooy B e quamiane dfonty) forms on an open
W UcH and we U { then we deling -

(0B ) (1) by Dmemy ) = (24.45)
= Z;&OL(%} = \Oﬂm}\ Woj h@(m )7“"1%(m+n) )

uhee h € L (Ask cmen) and the Sum 8 fken over
Al permufshons of {4, minl satstying

W(ﬂ<*"‘<q(m\j ard O“(my\]< —< U(W)H’D (2,1,’16)
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Te follows Hoat i aenoal

WAD # (ﬂ BAoL
Ry @x&mp@ R denois, as 0 | e exterior 4 =
e of the ideofity mep of e

(@ nce)(z h,\{hzj?\ﬂ o »%ZM $0

i h oS o commuie with by,
0 com e, khe exbonor d@w&’s v € dofined a8 weal
- and e Ehe undl poportiet . Precisoly

da, V=
K)md/’ig)’ [» (24.9)
B %0( ) (dv (IO ( ‘61”7 m}

"wh@m & ™ (O<V<<m) and wheng m m@@m
that hy 1 missing Forthermore ol denokes

the wal real Frchor dovatvg of the med dffe=

Mm\ oo, { see (€] for exack deflkion of
all omg )

Noko that he oot derivaive dogt 1o dmp@nd on
Yoo definiton of e wedge poduch



For erangle Sowey Theorem holde 1 s clacical
QO(VY\ . : v .

= gob o (2248)
-6 ‘o6

for 0pen SO Oy compact 1 1T  Ond with regy=
lar bounc\w, Moover  (cep [DE]) )

| d(@m.—. dob A8 + (-W)Po,c/\d@ (2.1.19)

Now L\f Ay dOnoket ke gl ‘(\mt’umg Sy of
R4, e ¢ | -

= dxdadr’adrladz’ (24.20)

o0 we can deling & 3-fom Dron T by requining
- the following condibion

,( | |
\hol o <Iofh4lb2|h3w1&: ' (hozh’w\n%%%} 22)

for Al héshmh?;b’b nH, whow () dendk®s
e dl sealac produer on \Qf} ..

(‘1\\5\ . Qe (%9) Ve T
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Geomairically / Dx@”:h’l: 3) 15 orthogonal to b, g
Ny &nd 1 nomm. S equl fo ¥ne wolumeof the < di-
m%\%\ coellelepiped whe edget A hy hy & sy
The following dlgebiic expietian hold! \%c Do -

Oy ) = /L(\v (ﬂ hp=bhih) @)

e formy Dy will play 3 Ry - rolo n the
d@%\nes\ovw of quaternionic Y\QQU lariy.

1.5 Regolar TPU\DCHOQQ@? R quErRmionic variable

s Ui an op@n&@cl and
£ T— M
o veal differertialbe fondion on U
Remarke <08k, ol opeted. to whak \ﬂ@pp@;nsm Y (2.2.3)

for ComplX m@p&
AV duaf e dT Ry (2.4.13)
df £ afdue s GEdT - (0]

Whe | W v d@z@\ngd



| 3
W=17"¢ ® |
e 7 /[:«OA 5?}(4 ans
Bf= 4 7T % |
: A /U’—TO/U oM @'m%
and
0= 1 "Z[ o
9y = 4 AR
I 2,1,1:}0 ’)6’” /b{ (.Q'[]’Z?)
_ R |
2 b= 17" \
C A =0 %Z’q/u @4129)

}n&%@@c’}‘/ the %\\o%(%g alg&b(ra{c {c&@)my hold g

d Qcé \'E/L?) = {(@r%\ﬂ %(bfe{fﬂjm‘ o (21.19)

oo U (%@e [S]\), T+ Sl

oA,y Seihg Q=1
g QETL r@,sp@@xw@\g - o ¢

=0 & d(uh)=0 ~(21.30)

7420 € d(gDL)iO (2:431)



- 56—

Tutthermore tng. @our&‘@@g&%ia? copkort g B0,
2. and @ commute  paIrwise /and toe  lap Sdian
OERIOr 4 a0 TR eprtied n The vl Wy

4= 4%}‘;@ =493, (21.32)

A_\\ This sogpetks the fallowing

Te el d\%@mia‘h\@ Bunckion £2 U=>TH © Qled
1. 1% regolar &t Yo

Uf ()= 0 (24.73)
2. \ekt anhirggolar at % when
dyF (o) =0 (2434

OF QDJ(&Q 3 me \ar D@C niton 1S %\VQV\ bre nghf
VQ%U Qf h/ and oY\'“H@gOhH 1y
Trom now 00w will deal mawnly  with 1o replaniy .

Al e m&u\k@ @\a%am@d can ‘o bantlated G Ko
gt - f®gu %3 e



Nokice Hnak wery L0 vd\%mwk\a%l@  fegular mp
< oarmone . Actually, W8 By prove shat :

C EAS Thetm 78 §is regular on T foen it 1S canti=
~ voutly ditfrentianle on U

The oot 18 pon-ivial . can b@?’oumd i (PE]

Futfotmony | khe Guchy Rugker g, G - adingd by

Gl 0= Yy 210, (2a35)

(whidh L a loft Zﬂd f\@hﬁ r@gum mep on THA M) Ap-
PO 10 the (8udny Fugher 'mk@%va\ formul -

LA 4 Theoem 6 €is left vegular on U and {B(o,r)cJ

(r>0) Then
)=t | Gl @3
712
@%(lolr)

Um - To pove the aferdion ' ig enough to ot thet
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Smc@r\(){é (odhy Foerer kemel is  red analyric @t
3k the ofgin, Hne In feglend ok (2.1.3¢) 8 & cntinvoug
fondion o (%, %) In Vg, X S(Xor) H@f@,o\/@w for
eady fixed o« e @RYxp, ") ‘c\og inkegend 8 & real aie-
Wyie fondion of o 0 gl ")
Thue by *ne prowod | Therem

145 Theoram A fundiion which i¢ left rogolar In
anopen & UCH 1R real dnalytic
nU,

o ‘\D@(‘ri&)\@f/ 3 \oft egular fondtion & harmonlc.

e &wa}md{y oF vegolar maps implies
the  following '\&@M\Ty princile’

746 Theotemy T UCH ts 8 connected 4N
W oad §owa gt @@r(-’unc—




Flon 10 0 whhich §® 200 10 an ofen
Woser of U thon |

F=0 mn U.
o A vsesl {havmom'ir{djry weldg the mean value
fheotem | |

193 Theoeyy T8 & UcTH-H s 66t v@guavahd £ for
e ad €0 4 Tells [X-Tlgey
R conkained U, " then
| %Co): S £(x) // 2.1.3%)
| \:1"-7{)\: . To| {\lflo&éﬁg

The Liounlle +hegrem helds

14.8 Theoen 76 ¢ H— T © 2 bounded left rgolar
foncrion then £ 8 cottant.

28 well at the maximum mocult thegrem

2.4.9 Thaxon [o UcH e 3N opsn wnnedied sef, Sind
Q U-=MH 3 on—conthant @@E rquiar

\> 0. Then (£ cannat have 3
\ocal maximum 10,
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The Wrooithass thearem  tallow? %m §ng @Um%_’

Foder inkegl repratentafion Formula -

M@.@_ IS gL%QUﬁ E“UJ (ne ) Q S@Q(‘j@)/)(j@ of
bt egular fonctiont which © \mnf@(m\)/.
comergent On cmpad dosek or T ko
5 fonction £ U—> H.

Then & s lelt roquiar.

The followmg Bwo el bave rwdy harder proofs
then S analogous tesultt n the compler care :

LA [k i, bo 4 veal vAued Forcion defined o 3
g\gv—ghaPQd aonen 3ot 1 CH.
- TE 4, hamonie and hat conkinuang second o=
rvatives  thoe 1€ 8 Jefk, requiar fonchion €
defined on T Such that T Ref< .

and Moera's thearem:
2ch Thak .

& Dgf =0 @[}%‘i‘a)

QR |




for By regon R with tegular boundary and
rlatively compack n 1T / then £g left
regular,

. Tor gt prods of Hhe dbove Theoom and for othorg
\D%@r@&%\vg Feahurey of r@go\@f map, e S and »[PE]’.

W vall o IOVeGate 10 She quatdmionic Cale, samg
Clomie) Welettt or complex wnaly s,

W e expecially inferted 1 e %”000\‘09 aIgu =
epke .

¢

e expdntiong for regller fnchions
2. entene of Bermen eproducing kemd

3. oenenalisahon oF tequlanly 1o the infinite
Amerional (ate .

Tor wll b done 1 e nov chsphers, wiile now
W 3R 9oy %0 how e dgduraic nature of regu=
\amy( tookmg fop gpea&\ claes of lnear regular
fonctions. |
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2. REGULARITY OND LINEARMY

24 tll gebric_nawre ok V@Q}Q@ﬂjyg
Lok »
A H—[H
e an R-linear map. O caurse ;A 5 R-difoentialle
&%@/@sy\bcw‘)‘rliﬂ H. oand |

W (o |
L= alt) aeg

Theefore oft reaulatty of A s squivalant o

—\ AU
M=0

3 | R
,7' { /\(%):O | (2?,4)

Mot m@ggmm&\g Woak 3 efb regular A 13 sudh
khet: |

/Kl(z)"—’ C e A (2.2.0)

=1



where
= -t ML) k=173

and
- Te: H— Span i1t hc H

S %\de‘ usual 0(%090\0@1 \mdemon,

Cowe@@\%[ Ehe nght member of (2.2.2) dways de-
fnet o [ofk Y@go\@r R~ lnear Luncrion.

Denke the dagt of 1o rguler R-linger ey
by '
R ()

(\‘m %@n@@{\/ R,ﬂ\%ﬁ&%@‘g for Regular and Binbiro
olar whilg br o foft fighs msp@c%w@'ly),

IE JeH uw an open Iek ) U and f
“then

21 LM Tho Rynekon £ 1 lod tegular 3t %




6l
% and ooty H hee € 4 e A i dat

1. AeRE(H) o

. HMJ‘M‘%W\(M1510(£ibéi} @.2.5)

toof 6§ g el Radr 8 % then 2 holde with
h= dF () € RE (1),
Convengly m;me that 2. iskue for g A Q@H'

Since RE(EH) 1© 8 ssek of “he clags of IR-linear map/
then & e R-diffentialle of To, 80d A= dF (%)

s ponted 0% (0 Hhe pof g p A S@Nymg
Eangency condition (225) s unique -

A= df (o) (22.6)
S0, ol rgulax /d'r%@ fow Q- Frédnet differortia<
il Y only R 08 chalee of e appoximaiian dacr
for *‘0@ 1009@%} condition (2.2.5) 1 the secand cate

% coonse Al 1R -lingay maps  white n the, fiat cose
W astrict ourselves fo {h pmp@r Sobget RE(H) .



e daw RE(H) i dosed with veoedt to oI -
W\&Q addifion, AU Lo »('\Cj: H— [ sl diffoor-
table mops  we hove |

d(f40)= df tdg
the s of egolar fopciont ® reguler,

IE d e & quatemion ad i itg saadick ith & fon=
ction & defined oty then

MeRE(E) = Nace RO(IH) (12.%)
AR ,
3

| , |
Z 1 (/\ot)(fw} =(/,Eo%/\({ﬂ)/m

M=0
The space RE(H) s @ nght quatemionic Space onlg)/'
n ek dn @ RE(H) 1n general
Note fhar
difo)(x;h)= dk(x k) afx) - ) dg h);
hence 1g & not newnrlly regular f and g e



Moregver
“d@r\? RE(®) (2.2.8)
Cotf--240
| s
W&Vx@,(mow@ RE(IH) 'S ok closed wihy recpedt bo
cavn\so& (on, fot example  the [ R-linear map
0 Suc‘m that {/ (e #2012
{D(A)Ft% =3

belangg o Q@(H oot
pop = d, ﬁ/{?ﬁ(ﬂ’()
Anslogoly the 1R~ lmea( ap detined b/v
Lo M=0
M(ta) = {%/3 e
longs to RE(H) lout y’q agg 1ot .

(\/owﬂc\vs%andmg these ghemm@na r@go
J?umhom reman an nherasing 4ol of m@p&



We wall generdlizd e Definikion of mgulantg
0 tR b of ioflolke quatemionic varialles

@Q@ ot funchon £ will be an IR -
diFferenkidal® fonchion such thak  (with %\0@ o =
ot sed doove )

af ¢ RE (x;Y)

for 2 sutable choice of +ho dass RE(KCY)
(See Qoapiy 5)

27 Regolr algen automorphigmy

Tu §(2.21) we hag charctenzed nop
\noRr mapg which a 1eft V\qui&r“,
Dotng e samg for comgler qudkermonic 1oft
ngr mapg, we  ootain -



iy

224 Lomma %ug\ao&Q that A H—= H 18 C-lindr.
Thon it o loft veguler i and ooly 1f

Alt,)=0 (2.2.9)
T futhermore A is - lingae hen
| A=0 (2.2.10)
Pl Qe A 1t C-linar then
3, N
j—;-jot,u /\MM) = ,./\(/") i AlH)+
+'1,2/\ 12>+1Sﬁ4/\(12): 27,2/\/1@) y

- Mudy morg i;mk@f@&%’mg are tho d@mmp@i&bl@ maps,
Ve the \R-lingdy /maps whidy acks geg&@%éiy on IR,
nd IQB A Sunsols of H

A= 0® 0 (2.9.44)
‘\X/b@{\Q |
(P K= R
and
§: RS



The  followng Lomme holds -

220 lemma A oft ragolar 4 and eoly it

19 & ymmaric - @.2.12)
3 br(g =t (2.2.13)

Sy o

with AR, and %:[(d”,) [t —423) be
the asocsted mabnk o 4
sendsrd  babe 4y (=0 %)

Then we have :

Praot  Lek

in the rd othonomal

2 ‘ '
T 4 A 71
ML—:O"M / ) U+ ;)L——-x O(kpb k

= U-ol,- o<22 ot (A 23)1 +(o<43 5

+ (0{24‘(7{42){,3 é '

fom 6 pof we  con  dedicn Hd @»@cﬁy 1ho



- 30—

samt cvaterication Ids e righjc 10 !CXQCOW\@O,:)
sl maws wile Sor antivguldaty (lotk and 1 oht)
=
condifion 2. hips o loe replaced by
- e p=0 (2:2.14)
A v diready ieoay ey s automarp hizu
of et -adomachin of Tl acrt senamvely op IR
and R (see me:os)%{or A2.2). 30 8n ortno=
qora. snd ymmdkic map ¥ 860 (domporene it
Cllowe +hak

025 Lemma B dlgebe uiomarghiem (or ank-auto =
mosphism) w e H—TH © lft -
golar 1t and only 18

o owteddy

(2.2.15)
(2.72.46)
To eadh lefk rener dgRbrg aﬁmwmm 0 W (A ST0CIaR & 1y

ot of 1kt v@gu\@d%y n oo Yo include the idop-
bty mep Smang the lett rogular fondions.
?@d&@/ ;o dense by :

RE,, (H) (2.2.13)

7 trw =7



08 cha oF all R-lmgar maps A« T H whnoh
Sakshy 'Woe condibin ¢

B
oWt )A[1,)= |
i () M) =0 o)
Woen w=1d , we havd e usval Definiion of
lors veglaty,  Therckure now

1d e R, (H) (2.2.19)

SR gonee

A RO, (H) & woleRE(H) (2.2.10)

A wo tan te0 Kne Uy of W0k vegoler fonchiang
00 Conbairg %%@ denkity map but doat et Clasnge

W& aignifloatively d@@ﬁ 'z

Lok @ Ond Hne Sockon \ou dafin Ny SPRUR;
Sg806 S0k~ nvolutns, WWW I o %@w(-\u | 10
Cnagher 5 while Yookl *qg for an invereratabiy of
e Uucly Reemann Fuster equatior for lefb
rﬁ@@\'aﬂ%g.
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%cf\&Q\gl for =14 23 we dotine e &\g@@@
Ak -tovoluklong 19 H—H & e maps suck
\ g \
tinax | ‘ |
(-t T R=A
S (4.0 = \ 91 )
2 Uk ohavge 2
ang _«Cu Shermome

/.\90 - Q‘% 0’?_92 0 0,93 | (2«'2:21>

Theso maps are ol 16f% and - nght fegdlar i T,
Moregle "0, 18 £he ugual N fugatiol of T, U-
pally denoted by ‘7, |

Sty anbi-tvolotont commke palrwicd (Wit
ralpeck fo compotrkion ), 1€,

"\90@:"290,\9
A M

a7y 1)

o oveny p4=0123.

Rorbhetmone we can eally prove ek o
IOy % =042 |



Finally | ose <nak /ey f@ Can  lovoludign
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A, REPRODUCING  KERNE(S

- 4.4 Deinhon

Ler X e 8 59 and % o \ekk quaemione Hibat
e o quakemione valwd fonchions o K. Ler (D
be. the 3 product of °F andi=(, 0% the anooated
ol o

Fllowing V] (pg42) we say that
311 Definghion
A funchion
CRA— (3.11)
I Y@@(Oduav)g carnd of @Y e |
1. for @v@y e X ke Lonchion

| Kﬂ L X > K@” (3.4,2)
b ko 7§

9 of @NW ve X and fe



§(x)= (Q‘Ki) (3.1.3)
Note fot .

KxY)= Ky 31.4)

Ky = | mzz,o (3.45)

bor @/@xy z\ajeX, 1y @dml SInce kyéOér
KLXM): Ky (z)s (K‘j,}(x):(((z/k\j) =

- ) - Kb
T tllowr Wnak

20.2 Lommd  The RPAcR Y can have sk mesk 0ng
r&pmdwcm g RQmy

\m? K k 8 an Other r&pmdumg k@m@l of 03
then n@c@ﬁ&(ly

)= ey l= (8, = (g ey ) =
2(y)= Kz) = Klny)




Tortnepmore ot Shak

343 lomms T % admitsaroproduetg emel, Hhon Hhe
fncae wosoaee of % deflned by

{ Ky, 26X (316)
8 denge i .

fof Lo be 63 Toon £0g=0 Fad oo
§ Lh Df%‘noggwaf o i, The Ried W@mﬂomw

e g e sserton.

19 Chavackerisation

- Nowe what, for ey ce X the “alutation, map
G362 Pl)e W (34.7)
belongs to £he agebieic dul G ol %,
- Now (3.4.3) Wl s thet the sbove defined map @,
S 3 contimout map; 1.e b@bvgs o G |
More W,S@Y ;%R gan pove hat -



oo~

21,4, Theoom

The Space 0 3 admitsy epraducing wernd) €
anly | ? for sy el e el 8 csmk&w{

>0 such thar
IR (518)
for oy {69
fox 6 %S adwts CorodUing egmel K Hogn
MO RSy
C oudy | opee et (3.4.8 s 4e. Then the
??)\va&\orm UPPOX Cb S
O%s@x--—»?(xjeﬂ'{

Wary ko 3 TR Q@%@?@W&Oﬂ Shoorm &

lgwd that there el one and oo y ond /C ¢ 03
ek r@mrod«)@é& ¢1 L€, uch Ehat

fer oy £é O& T\ﬂ@)(\ K(Q[w dofined l}/
| Ky )= Gy (@
£ & regroducing conef of O 4



A for Lo oo of b we have

215 Lomma Toc SRy 1 X

30\5 )= s H(x){:‘K(x}x)’i/Z (34.9)

I+ 1< 1<
ehe sopremum b@m sHained ( whon
K x)>0} on -
f=afy (24.10)
with

o= ki 1)'7/ ‘ (311)

M Tt e X Hhen : |
R < el 1] (34.42)
{06 Rty LS

0p (@] € k| = k{z,zf’/z
<1<

- To Show the converse , noke that equ& 1y
\von n (34, QJ ooy W@‘n

= oKy



_32,

& fudhormoe  [£l1=4 then
1= (5F) = (0 oy )= oKy ke ol =
:‘\d«z MXJ

1.2 Jopolopical queitions

CQUATIN

| /
151 < 1K) & (3.113)
yelds et canvorgence in ol poinkwise
Qvergence.

In the complor e, 080 X s &n opon aobsek of
Wm@ e oand Qﬁ- cntang only holomarghic A,
0 Hartool Thecrem ) %9 05 thak |

ATy KGT) e b
‘\3 3N l‘f)O’@*{)oo‘rP‘m(, m@{l. Y
A 20— kf@((kjé il



5 Ckiouout R | Brd ConVEgUUEe en % implie
nion converned on 81l -conpedk sasets ot X

T the qudtnont @e, we are 1k dble to prove e
- Horte Toeo®m 19 £hY Wl égm(&é&) dnngt prove T8t the 1EY

| L= KX
[0 conkinuous.

- SORpOSe D that

X e 3 sepaalole onological Spag (314
and gk Y |
| @A C(X) [H) (34.15)
Then we have

2,16 Lemma 1? Q?} admitt 3 mmuwg \Q@m@/
| the 1+ 1§ sepaidlle |

MO L {0y, 0 © canplte oo sek in

Then % s sygeble i€ and only if 15 & mott caun=
bl | |
Ss\s\sm that 01 admitss r@gi)d/\)d‘ng komd k|



_ng,

Tor 010 Y6 thert exdl @ Seqoncd 3, 0 IN— S
and & quont  oby, (VEIN) of quatanionic
numied  Such thet
' |
= ¢

V&N

for sty ge 2\ 4, () wohag

“ly)= (& Ky )= 0

Lok how Uy WM be & donrg sobsek of X y
A
T= U { (N
N H”< )
o pove Fhat
| S=1



e & e T+ thay
NO\X// £he map e, Onbinyocs 1 and $0 g - Q/ w%lc

S & conkadichan. y

T B (D8 & an odnonomal batis of <

\v@ng 'avr\’ég@d@d\ng wemd K { thon |
Ky= . e @

y ol () S (z1%)

Cmvgggjc@ n S {mgm Poin%w&@, OV
Theratorg |

347 Lomma
for Qv@{/ x{gg— X
WW”" I % SE) 0 (zan)

V6N
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7. EXSTENCE OF A RERGMAN
KERNEL

L&
- UCH
bt 80 open 808 L5 Ehe cla of Square 1ty
oot from U ko B it respeck 10 the
CUGRan meRre R (1) the Hae of
) nght o908y Lunctions U gnd

vgv = Lo Re(H) o

The &\:@LQ ,%U C 3 left quaternionic lngsr fhag 204
8 o~ Hilbatiou space verpedk o Hhe uwal Seelor pro=
At \_2@).

324 Lemma TF the sobeok S of U has Shncfly po-

SLWe dickanee fom “U-C; then There
O wntant C»0 sudn thnat ¢

W @l cefy, (322)
e S ~
gOf\ Q’\/@()/ ‘{\Q G&U




R et oo be st Bz )T b ay
re®. Sow § i an hsmonic map in U, then

| Blxr)
WhKe A7 S Ehe usedl volume thement of ii%l’l and
o= T(B(gr))

Since 4¢ () , 804 Snce 00 W3 e ggualiby wnplies hat

j \Elv - € \(l\:‘)‘zo{)%

B0
Then : |
| < ot ol < o ygy
| B(xr)
b fuoy e § p

An ety woniquonee of the sbove mma 1< the (ollown



__8%_,

3,22 " Thoomm

oo space %U'\g 3 left quetemionic Hilbark
AR . | | ,
Furtbanore ik aduitt 3 reproduang ke

The 'C@de\)cmg comg] of G%U will be called Ber-
groan komd of Q%U' |

Froat
Tt ulett ko Drovd st %Kﬂ wikh o norm - of
L2 (17) 108 complex Spacg .
et Ky (nen) be & Gaody Squene
D‘%U, Since %U‘c LZ(U) / whidhy 16 &8 compt@a‘@ Spe -
e then H0Bre. orls fe LA(U) tudb thst
\\RCY\—Q | =0 for N+

Tom  Lemmd (3.2.1 )15 followd tagt £, € wnifor-
mely 0 compack 8IREH of 17, Thus the Wiaghass

Thayem (2.4.40) l‘mQh‘@S that f 1 right r@go(@/r/
and 5o ek fe O3,
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1. REGULAR POLYNOMIALS

4.4 Definkion

A \()Qmog@n@ou& %d\{mmia\ of aagee keelN,
| P H—>H |
3 3 fonckion fm T inko B e which therg
Sl 5 k-real muolhlmesr wmap f from ¢
EG B osodo Khat
Pl =R 9;)—_ /E\%@c) '
j 1 |
B (4:14)
or iy xeH.

Wwe dondke the das of fonckiong \o/v

)

QF Coorg@/ @kﬂ&\) I & rtal Banadn spacg With




..3(1__

respack &of;o\wx/LSQ ox;@@&iomz / and wikh horm W 1 dekinee]
\o\j |

PI = sup P (4.7
| RN |
uthermoe we e
R R O gan
o ovay e [H, |
Ay Sox |
P°(r) = H (04

Fioally nobe that  P(m) conmitis o all the eal
Wnear and cortinuowd Fonchiont nko .

AN . .
e ST S (s



\ o K |
S e ymmitoe part of D& (IH)/ then the
Wowing lerma  nolds

 Tor evey %%, oL ek Hhe equalify

A
B ) e
hdds, |

M A /\

WO (20 SwpRe Kbt R ymm@j&mc‘
T (for h=1.., 0

k.
A %J ' H— B‘(
|8 the d\agowa\ map

Apvm = (@3

k, §Ime
tb&m | |

A(Roi) )= (BBl o 4ck) (15 %) =
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= dR(4, X\} = Qf 'L\ —2 )+ s % %)=
= o @MZ/*?Z) - (sz A ) &)
Wby
Q%(xz"’zk}: N, )
8 8 (e-1) veal mulkilinesr tymmetric map.
Tb@n‘\wﬁh the same argoment -

d*(Ronn ) (1 2,,15)= & (R0, ) k)%, -

By repesking She Wme aryoment ke bimeg W
BV KhE  BEORION. y

1.9 RQ@,\)\aMy requirement

Not all g\\{momat? ore  gdar; we will | 00K
for Tegy lBridy  ondikions.

We will consider |obt (@90\&(%% Eho "(\g\qﬁ VQSU-



lortsy bewg compietely anslagons,
(A9 Lemma o

T RS (1) (o) ad ByRz0 W
thon |

3
( ﬁ %W xo% ?\QIOL’AQ Tq:)({,ﬁmiﬁkg (447,
4 1

1171

((

for @v@ry e [t

A ——
Ptk Sing § 8 real differobiable & x and PLOWOJQD@M
oF o k / t fdllowst that | |
B1)= (a8 H b
)t E(\ Q)(X)% - ﬂk Z L4 fhs ()

d=o 9T
Bk B r@go?w and 8o '
3
”a‘r\ (x %Q X
?Zo ) | g’f ’&%A(J
Then |
Blg- 1 T (e
A= 1 -ty | O (2




—go—

Now *® /faz 8 3 rqular \aorom @l of dagree k1.
By. xt%%sm% the ssme agumont We eBkal -

A ’ tA
Q)= %\ (., by )t m ) 28 (o)
L Am_lﬁ— ke k 924;_9:(4k

The Sakement fellowd Fom, Lemma (.4.1). 4

T\(\Q Followtng nosahont vl be weed -

"

Ty =40} v\{ %Z’SBLH (e1) 18

oy m |
Kt N ~ (4-1.9

far }_J{;};\//g let o3 define

4 - \
Y‘_)_,- «LMY‘:#Q %)—svﬁu o Q\’:%Sj (49,10
Cg A1

| X)= Lo (014 - Co
b= Tlufapnd,

—

S We havd



T« Wil (4:1.47)

Where

R

— | .
544 3'—%{%{%{ CERES

. 4 s

- And 8 dird: Gampdtion Thowt Lhal ey Dy W left
(and alo nghe) adar

These foncion Oy e 5 basis of the Sace of
eguar pdyomials
Freasdy / the alowng holds -

4,435 Lemma

Ever/ \Q@t v@gutar ‘oomogemoux po\’ym@mi@k ot
deqreg ke, <an be wniquely vriten 1n the fomm

o
W horp |
¢y ¢ H
for @\/@y ve VS with [Yl=k
Cor\vm&\y/ (4:4.14) Blways defing 3 etk
reqular pdypomial of degreR k.




- 400—

Poot Lot @ be o et reaular pd(foom{ai oF degred e

Cince !

Apely, = Qé(%”t@: A (%/7%}

Lom Logma (.07 we cndude ek B can be writen
ne fom (G440). -
Convert 0y, ©he left weodlanty of (4.1.44) fdllon

tlom B lofk woulanty of Gy P, ‘
k¢ dor He wc‘;‘ﬁm@&&' O Ehe v@@@&%@‘@hm . Suppone that

| : ¢3@ dy =0 ((1.45)
Wik

{or By E@\omgmg to 3 nQIghbourhaod of 280 i H.

T paﬁnwlér/ (g.f\/\S) 1S40 Lae Evdry L 10 3 h@\ghboor{oood
OF 2010 1 He pordly agNey folbthad R3¢ .
fof 8 ol T we have |

[y | ’
dufy)= K. ot et6)
. .Y./ ]
wherg
2o z% % .
B (44.9)
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Theatons (4.4.45) bewmel

|
& (-’f/—-‘-, B )af=0 (.1.48)
a4 {:: k —- } |
~ Thg uniquenelt of Shg eRram 1 Hoe ey of
6 sralysie fonchont nolies Hne asaiuon V!

e ondudg g \s&@ggw 133 Y Hoal
d ion \mw»og@o@oos ro\ijwomla/ of degre K i &

sum pk \movn@@@n@,oxﬁ %bkgnomﬁls o d@@&@ iQu

Wik OSQ\ISKr

N 3 \M\CQ\)Q wag
Hoaver emare, Lhak

Pe @?H)-:; P ?k'ﬁ(u—}) (h.1.19)



—102—

2. SERIES EXPANSION ToR
REGULAR FUNCTIONS

74 Readar andlybic tunctiong

R%g\)\éf rancions o Ted an&\ytic/ €. locally
ropieeented by 9 ToNee ®Nes

Z Pk @M)
e o
Whore "
' e T (M) kel (o)

To ropnent an amlytic funchion , (624) veeds £
e 8 non-2e0 Yadis of wiform cvergence 1
defingd o o the QprRmIm ok v»0 Soch hat
(4:24) 18 ik [y convergent on the dlased
sl Blor) W
We have :

A Yk
/\/R) — hW)&)P “ Pk ” (q,zg)



—

R actue\lt/ the radivs Oxc'c@n\fergc&me of
the e pover SIS |

3
Z By G

. k&N
A ook of g fack can ke Lound in L),

When 3 redl ndytie fonchion & regdar (

.24 Lomma

Suppat® R ¥0. Then (4.2.1) dofinee &
left tegdar fonchion i and only o

7}?&‘9\%5(‘) Lkt (?\/ (4.2.5)

RN

n B

Paok  Siney (4.2.1) ® Un](:b(m@i)/ LONVOgRIT 0 a
reighboorhiood of 280 i Sh & delgbood @ have

— | —
%(Z P‘ﬁ) = [ (ae@\w
KeN ké N

o

Now, G Py 1 B homogeneod ?ohfmomia! of degree
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Cor &m\y&\c maps 8nd From Lhe Wewanhant Thearem for
regla fonchang . 4

Formda (61.3) yiddg Enat the \eft regulbe power
Wy ((.2.4) e o wrthen A : -

T (7 4y
. g)
ceN W=k . (4.1.6)
wikh |
9 eH e’

~In 5 fomg ey, (4.2.6) tan be rewritien
8 whak we call p o mu'm?l@ series

Z | %, az | (4.2.7)
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2.7 Coneroonc®

A oshorsl WAy %0 defing £ne convergencd of
bg wolbie tenes (423, © W cortider £he summaby -
\\¥\/ ok e mmily

%Aci)l{ &-\313 Y vE (4.1.8)
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ek w be more prease
S\WQ%& Qg 8 sek (o order Stwcur® ) and

X is3 kopological vector S,
D@p Q\jC‘Om A éém!

Ly & >< (OQQQE

R wid Yo be smmable with s weX  when
the gk (see (p])

7 1, (reHA)

@E“ |
with 03 Q) ag& of &l Hinibe sumsek of B / ordered
by ndion, s comergark to %
When X ¢ 2 nocm@d P, 3 imilae definio
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\qo\&& for a\mm xommb\\ﬂy.

For the Srudy of Sommsloility v velyr ko To)

S;)Qmmbl\\%y I The e Sopge | 3 Very shong

C{U\Y@Yﬂ@)ﬂw )

W\(\@m b= N b mp\l@& mo& Gnvemau / &Dc{ When
K=K o C t S Squivdlent o gl VOQNKL.
?\x\%@(mw@ one sequidment of Sommabil oy for
{qu(oke%) mpliet She summabilty of ouer 3 near
Bngomernk ok the same my

In our MRS, Summabil ity ok (4.23) 5t

3 poink e T mp @s Cﬂwu@(g@me of (4.2.6) ot
the Same paink
T\O@. WVeRe & § not Crue,/ bu'k SOWQA(Y\OMﬁ
\M%Q(\@g&mg can be Wv@d._

-

& W defing dor =423

Py = To00) (4.0.9)
In w3 way ok ° |
o= G )] ae
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1E the pow seigs (4.2.6) has s OF oni =

foern cnegence R0, then (4.2.9) 1

A0 \J&Q\y onform | y Summ&\@ 0 on all Khe wm\zaa‘r
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@Q) {IQ& Ex/}?;\ (o) < Q/@}

thaok S&)WO&@ Khoak -
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Whe & wual |
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\\SW/, e radig of QBTN ot the DOX/er x@ﬂég

7,‘—: IR | §K

k&N
(850 %id reduced raden of convagarca s R/g (0
_[le M1 ), end thic condhudestng’ proof. 4

fea rsole the power snes (4.2.6) &
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O 20 W and only T (ueg) (absalorely )
WOmRly Summalde 1n 3 0Rightourhood of 2er0
- (ot W@C@S&&rﬂy equal 0 the ik ong)).
& & ceneredolo oosequence - ether (4.26Y or (4.29)
@n be uwed to define locally 3 1oft rigular funcon.
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T 8%@&,\@3 Conveigence proP@r’neS of s which are loca]
- exparmions of T@go(&\r fonchons 1. €. the power senes:

Z <C1 ﬁ”v &w> | (4.3.7)

kely  WlEle T T
veN3
and the mo\hFle eneS
| ' ' |
L 9y9, 430
Ve N3
With coofhiaents
sy ¢H veN? (e3.%)

‘we look for 5 lemma which 18 similar o £he
wRl-enow) Neal's lemmg: ot ® fst recall e
lemma 0 a casicdl Sruztion. |
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| NUATAS
- LIRS (R (4.2.43) Thole
D (Pgl, - gl s ,wt\-d@,@,}ed! P
ihion geleds an opon and deure obsek of (s
ndo Uhiet we dencke by K7 | a4
r
Lemma (4.2.5)
Ay xe R and Tc R V)@\ghbow\ooml
X, e bsv@ thet ; )
SUQUQ R}h IéD(‘j \j 13%}% @314 @{f%.g
ety ued 1n suding curmahylity domains .3.9)
notice  that ¢ e
e DD, - (27} oh,
L gwe the \COUOW)Q |
fiolon - - @38
y call domam of gummabw ot the 1 khe

4//\/)
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o |
dﬁwncﬂ (4:315)

’n\j@ s of all POITGS L& R" cuchy £hat
B8 summable na o g%bov%ood of x|

i) t% < emP‘rg the dwan of unmallily of (4 31)
5 & opeh e S\Abourhood of zevo. |

@@m@m H(»@L Lot multiple 2ot (4.3.15)
5 Qommaale ak 3 \somk g H then ks generic

B
1® e N (6.3%)

¢ bounded | a8 fonchon of olenN”

For*msmor@/ i© ¢ belongg S0 the domain of
Sommalboihty  of £he muwl@ sores (4, M)) Xen
l&be gonetic werm  (4.3.16) 1¢ bourded 17
3 nelghbarhood of x.

This ack mpligs o .

4.3.4 Lomma

Toe summbilty domain of the molfiphe, - power
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et (4:2.45) 1S &n unon of polydises,
fortntomore, 00 cnet (4.345) 1§ achually
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- OfMpack dolotokt of 15§ domain of Sum-
WS}QL\\J@J ,

A wt anmo, Nod's lomm makes posidhe a1
elemuntay geomehesl d@iﬁng&\@n of §ne damain of
ity of e m&{F\e g (4.345).

L % Yow cneder the Tag\%(' 80008

A QZL cdtzf*)
49
k?nv \dl= o (4249
de N

WOOSe convrgonce 8 Hne ulal convegaue

We caonak o nkhiy omilar k0 e Ral's Tomns.
Al can do 18t defing 5 radi of vorforus con-
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o whrk %0 Study verults  aler ko the Medls
omma for the quakmionic mukiple fend

| ,
Lo %y 8 (3.18)

with  coofficienst By e (vel 3)

To khy am | recall khat we have 8 lready d@*
Rvs@d for 4= 4 23 Hoe oo negRhIVE UN LRI

Y U'{—ﬁ Lo, +90) Cq,%.ﬁ%)
weh Bhde ‘ | | ~
| %) :((ZOJ % (%4)2> v (4.3.20)
§ e lee 2t 2%, 01, € B,

Furthermore ok ur define for all ¢, fz 7y

Hoat |
bivo 4=tz3 .(14;%.2’0

the * oren negboeod: of 20
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CIo R for e wtiphe fenar (4.3.48)
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1.3.5 Theanem
1, for e por maginary qoa:@m X dod
%\aak
20 Py lx) 8y () £ 0
cherd exsts & contank M0 uch that -
L9y, )80 [<M ven?

thon the mully g@, nes (43,48 18 dbsalutely
wnrdatnly Sommable o df e ompadt $0B8aTT of

B0 (2) {33(1)

Nt thet fo ery ZeTH one has thak -
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a0d ek UUH be an arbibary beigh bourhood of 20,

We went o pove tnst Koo ekt copffaouls &,
(eN?) for the mu\hp\@. nes (4.3.18) ang

Je an \Q%
S that

1. dy)3y=0 Yoo 3

| 1. %@ fmly  @,(4)3, (xen?) «
nds bounded

In partiodar, (b will tum ok that ot mulhpl@ conar
cannot ‘ot Smmable at the poimt y -

o Show *‘c\\\&/ & o deline dor kely
v, = (et 1 0)e N
Note that (e defuiion of 1y 3
i
£y, = 2 (k1)

'S80 &en number and ¥heretore
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e okt
ZM-L {,+4, H+ At = 0

260,
18

Now, sioc® © 1§ & resl quaternion e lnave thas

and thab
Cny x) =0 Tke N

F\)f’c\o@imoré & Y= wwu ‘ kS:a pure
IMagnan qua{'Qm on, then

Now m ord 0 pova. o anertiang we an ke,
R wg \QQ 3#0 kjéfO and 33 éhé Qur’r\o@(mm\@

By: {4/3— & vy Hor some \eW
0 okhewise
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thwehile ko nokice %%&%t f B3 s
0mQ \“\KQ K Hoen T 18 toe for all

\ 1
OL* ) &+ E;%K (514}

o and S &0 &(‘oﬁ@r\ajﬂ mmd@ IO

2quation (5.1.3) bolds o @A/@@ Q@m@vt
e X and only § & hadg for al
ks of 8 WJQK bam orX.

B A=Y=C" chaoting {11 g cnmplog
T, tqustion (5.1.2) becomer

(ap ()« 4% Llag)= 0 (54.5)

- Wual Cauthy Ruiamann equakion.

R B0 9o 7@urthu—

oW d@&r e polon of cm@c»@no the
) ok a f@& O‘%@M OBQ YNEBP Q DOC@\%
olom.,

~ontider oue Banach gaes XY ag

@t and ok

e X—=Y (5.4.6)
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544 Lemma
| The taap A 0 0¢ uniquely decomposed in@ Jum

A= L+H E17)
wheeo L o1g o camplox lingar map, and R §
& complek om,m@af map

Sothe (mm@ We have

,f o
()= %j\/\m'“ A(mﬂg (5.1.8)

Al %:JU\ (X)M'%/\{{%?Cﬂ} . 54.9)

Hoof

————

- The maps L (R ano crgady comploy lineor and com= |
Blex m\m&r repectively - and (5.1.7) holdk .
Futhmmorg . ppose L\O@L

0 =Y |
s both & complec linear and & complex ankilingar
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AND PERMY OF SPACES

W XY e queman Ranach spacer ( postble
kit dirnonlong ),/ X an onen 6k ard

LU= Y
3 ap which 1 109 dx%@%né‘blg ar Yot U,

AR S In §(22), ko dofing what cog
& hean rgulsy of £ &k % ;W0 b3 ko fomu=
B &ty of dgebetc condibions to which the el
o of F et bave bo sahefy,  Such
crdivong, whidh wé il qonoralized Caudhny R0 =
mann Fdter conditions; 8 dlokained ueing thg
nalgy wish $he Gy Reemann condikions
the complex calp: theam of 4t pasgieph ¢
w Show how we n do ik,

(5.21)

Tt toms oob gt e ?«D\o\@m of Studing 5 Sy
of Caudhy Rlomann condri{ang 18 1 b %(&%/ \auf@lﬁ



dndomc.  Theofore we ek Hhe moke Suchue
on X ard Y/ and contider 3 real hnger map:

AX—= Y (5.2.2)

In We flloving 8 lelb (nght) quatemionic
Winger pacg will be Sad ko be & spacg of left
(ngs)  paniy

Now w¢ wark %o exvend the dofinklon of et
oty & 5 veal lngar e oo | (See §l2.2:7)
o e mal hingsr ENE

To bogin with we Wppate Hodk Y 08 o7 Spacg
and X \&\s\a%@ cl

Thon e classical genealized Cauchy Riemann ¢-

quanian (5. 4 40) Seernt 50 havd <o pomible ge-
NEAIGETONS 1O $he qUaTeIMIgNIC (B0 0 ofddr %0
aeting otk m\qo'@(‘-ﬁ of A and P{QCS\O

0 Me)=0 xeX (523)

3 | .
Z:, {//u A (Y'L/M) =U %éX CS‘,’Z,L()
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e POV that ooly e lask opg & & ood gene-

RUkon of the oe dimerpions! C&JC}(M Riomann
Foeker equation.

- To e am et 15 dofing

3.
Sy = Ty aEny (5.2.5)
M=Q
BY)C\ ' 2 4
Ri= F b 1ty 5.2.6)
=0

The mad R and S e &idfh«/@' and

0.4 Lemma

Toc vony ol T and xe X

R(2q)= g R(x) (3.2.)
Proof
Wfach F q=9 10"+ g%, gt then we haug
302 e,
Rlxg )= M’{JM Z; q A [x (@%)) -
N Ty
= Lo~ [ A1) =
K= M=
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tume ouk {:\waﬁ k&R 183 gt quargmionie | w@@r
Lbepack &k ¥ Mom/w{ ROFR, ® 0ok B
\eFt quatumionic Iinggr Subepacy of X and keer §

s neither 5 lefL nor 8 mglmﬁ quam(nwm 1n98r
&u‘g&\saue ot X,

for @x&m{s s

2(qx) = :Z? C\K a Yu A((%{k)x) )

~ 472
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where khe anb-olubiont 9 (k= 0123) 8rg
dbfined 1 (2.2.21) and (22 27) :

A, € 4=k
2
@K Uﬂ - & 1, okboruse 52.8)

or =123 and
/\90._._ ’29407920193 (5,29>
whch © the  usua) €N U At ot [,
TWS We h—a\f@\ for genefic A and qe K
S(x)=0 % $(q1)=0

eming 821 yelds that ke fack thet equakon 624)
hdldt for ey @Lemewt of the e X 18 equivglont
o the fack that 1 holdr foral the dements o o
quatmionic bage of X

Inthe a@e =T dooting {4 a8 & quatenios
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ne base of \Hl dquation  (5.2.) bewmes -
3
l
L 1 At u)=0
8. Ene udal  Caudny Q\Qmavm foexer equablon,

when A= df(w):

&l

1 o
— (%)=0
AOMWCML)

Tn wncsion,  the dofinbion of 1oft negu-
lanky at Some poinb %€ U for 3 funchon

roquingd khat 1€ 18 |

X vight quatemionic space

(5.2.41)
Y lofk quatemianic SpACe

- Anslogs argurnents o nght negulanty e
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o e wnstuchon of e ?’o\&owmg 3ble

Xy
el raglanty i nghe | left
—_F\gh% fequanty e g (5.2.12)

\okt aﬂ%\f@go\aﬂiy loft | left
gt enbidguiarty | ngnt nght

Tt & worhwhile, fo remare 30 thas the algobrre

hacer of bhe dofindion oF veguiBnity foret the
parsY of Khne wvolved Cpaces | |

From how on | e il condider onlg lofk regulanty
And luppose Hherefond sabigfied conditions 6.2.11).
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3. REGULARITY BND
HOLOMORPHY

| 1o onatand the rolablons berween Yegularity
and MDW\@W % have Lo fawhe | &b ?\W& Cauchy
Remann Foser equation 1n & c@vm\. oy Porm &,

\%vwg decomponed £he ey hn@&r map A | n s

Comele |inggr oars L and 188 complex antilingar
park & (see (BALD)

The nght wae X and Hhe Lok geace ¥ will be

na0wed wibh therr skandand complex STuchug g
(S0 §(1.39)), for which -

e = ol oaeG:/xeX (5.3.1)
dxy=oy  deq yeYf (5.3.2)

deking the mu\hfsl\ca’mon for com%\@x scalars,

As e 10 § (5.4) | we @ unigully decon -
pee e veal lingsr map A 10 & gom ¢
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where L 1g onmplex s
. L= {1, A, ] (554)
and & complex ansilinaar

Rl = %{Mxﬂt’t/\(:{{’tﬂj (5.35)

Mok Yook becase of e difforont sarrky of
Tt tnvOved ALY e hae 4o pay akertson 1n
c‘n@okmg the complex \m@@ﬂtg OF & map.
of Gl | whon K=Y=1H 500 identity wep

C 0ok & amplex lngar wes (Sne € & L)),

& mt oo that the opeior Ry aitooished o
A (tee(s.2.6)) el only on e complex i<
N B3 Rof A Praog Oy -

534 Lomme
FOT U0y %€ X Wl hag

L Rpg= REY+ 4B

(5.3.¢)
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Prook - |

7\; deknthion oF L R and R (geg (5.2,6)):
3
o= EQ%(H@) ) = LOY +RE) +

4y L L4 1o () + 4R
Flol- (L) (at)t, ) = A0tk (M) ¢
4, B (1) 4 A d- 4 L) e 4 Rletel =

= R0 + 21,R () 4

Thus Lhe real lner m@p A 10 okt o=
quisr 1 ang only 1 ; |

A0+ 4R (xt) =0 xeX (537)
This cleary yielde the foliowing fads -

534 Corolary_

Svory hoOmarphie funchion ¢ 1ehk
epular, |
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Bl ol shked 1n e Com\\@/rg, Thie 10 dwe

bo Bo fack Yhak Pobia connderd K=Y=UH
e viewtd & (ot quatemionic £0300s

Suppase. 19 Rd kst X €8 isted Jpace,
and A s s ap tom X to ¥V (lofg

3\3%) 8 WA
Then
(Eér&)’: /\: 1_4.@( 4

(52.9)
Whorg (L\flf@‘} SIS complx lingsr and 5ho
oamg\@k anklingar ?ark ok A Y@S@émv@.lg / o O
We choot® on K Bhve \oft  (quarernionic g
snderd hdueed carmlex) chruchres 1.,

ﬂf(x,}—,- fji{l/\@(ﬁ@(/\@‘z)} (5.%.9)
and |
Q) ifz. {/\@Q—LA A (’%7‘\)\} (5.340)

ard Wt LR are defined 1n §(54) for
tho rght Stucku® on X |

Ir wl congider the el Sruchng on /.
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SR Ehat R oannot be @W@i@@l By Mang 1 fon -

RN 0% K00 amplex nkingsr park o A aply |

\

) - BN
8L 1T nagpent ' €Quakidn (5.4.6) -
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 CANONICOL DECOMPOSITION OF
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In ¥d quarsmionic cag wa POK

v ek for g real lingar m&p ommilsr

Lemms 5.4 Sﬁgv@d W complax case
s

544 Ly

The real lingsr map A can be Uniguély dig -
LompoRec 10 3 S

A= Z A G.01)

- wherg ?or@v@vg/u =0123% A, 18
ﬂ9 qué%@mlomc a\oht m@ér

Fur%\s@(mov@ Wl YRW Tor every

A/u (1):



Proot

1 w0 duppate kst (5.4:4) 1 T oo we hawd,
oy Wing (2.2.74) "

3 3 3
LSl AP ] = T8, (6) T, (g, =
= =0 V=0
= T S8 A0
k=0
s
= U DBeIBI)A L= Ayl
V=0 k=0

On Khe wovise the wae detined by (8.4.2)
I cearly g, -qudtemionic antlintee,
I g&d( bg gy e fack that ’?_Q;M S an
dUomorphitul O o we hang for eveny M
Vz(%ﬁ%g

—Az



Therefore, A 116 regolar when by quatermianic
nslingsr part, vaneher 1L

A= 0 . (5.4.)
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Tre tsgning of e ditcampastion ghen deove
s danfied by the flowing table

/\O#A4 A4 Ay

whery A L e V@&p@m@g e complex lingar AT
and B complex ani-| ey part of A, |
When

= a (%) (5.4.5)
oo dloove  relts lad g & defing Four dif =
RN Croa ¢

750?(20)-_—_ Ay (508
9, F () = Ay 5.4.9)




~AL6 -

W)= Ay, (5.48)
®3$(XO) - /\3 <SQ9>
wineh decompase the ol denshive ok ek g
3
)= [ 9f0) (5.4.10)

M=

The differential oparstor @, & & wually callad
- g Cuchy Riemann Fusrer ditferent s oim%or.
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1. MODULES BND LINEER MAPS

14 Iptroduchion and naistions

Oue aim i& o dehne ngae bk on classes
oF lingar mapt »we will fry o desenloe Hog typial sfuation.

ler X b 3 s and (S'\Jr{aé) 3 (_\@?{ o Tight) Mmodule
OV 8 1ing R, (o pecessanly commotaiivg
Then §4 % 5 module over R with 1espeet o the opeimiong

<@+3»<x>= 1)+ 9) YD
'(WF = &M(z) (B z)

(a*<b*ﬁ)(x)= a*(bﬂ@c) e

Su\o@&@ now e S (non enby) ¢ & sooeek of
’/S\sgc m&\:&ﬁ Toen 95 8 & sub-module of 8 ¥
 and only

Qlcge% = &%e@r @1.4)
2R and fet = akfe% @AS)
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Tn e %\\OMV@ for aeR, and ye S\X/c will Sssume st
| _ 8 # Lo leb sooce
ya o S ua rignt spae

g comertion p&ﬁw om/ wetol when S it a b modu
Then we SmP y DAL

9 (yb) = (8y) b - (A1.6)
o ey 8 ER and yg 8. |

8*8 =

12 Linear mape

Lot (M%) E@ anather module omr R
Spote XM and Fe B ST sudh that:

Py = F)+fy)  (sddhuty) @A)
flaxx) = 3¢t (x) | (‘oomoﬁene\{/) B.4.9)

?d_r ey x‘&jeM and 9¢R.
Frekof all noke that:



a4 lemma TF RS ¢ non commutative division n g &wd
M 2 ane nok bk 1 qr ol ety modules Hoen & {03

Froof Sppose M it ana S righ f:/ and £e %5 with ()40
W@n for abu’& we  have

&m (36) = () a)b = (o) b= F{olan)=F((ba)x= bs 4(@
ond S So=ba

T ofher wo«d&{ nsrby makes sen® bekween Gime
sided modul® o
WM S are left spaces we donote with  Ling (M, )
he d cax& of maps wich S8 2«(y< ELARE @DO'OQBOUS Y
for right SPAXES.,

Now, 15 Liny (4, 8) o sdo-moddle of M* ¢
Reldkion (QMQ R S@&\SQ\@d oot

A1l lemma T 59 dwision g, el and el (M S

& ok vl Foen Hhe Sallgwang
aquivalent g Sakements S0

4) afelmy (ML)
4) Bu=ha YbheR

ROt Lok xet such et £(x) <0 and be R
™ 4) ® e fhep

- (08)8()= b(ak@) = b (6F)f)= (3F)(by)=




— 5,
= 8 f{bx) = £ (8(bx))= £ ((alk)x) = (ab) F (&)
and S0 db=bha.

Sog?o&@ now that /) 18 frug . T‘o@w for ey TEM W
nave

6F) (bx)= MR 3(bft2) = (3o} £(x) = ba)F2) =
= b(ef)- b(&ﬂ()
Futbomore 88 & addifive, and so af'e Lng (M 2) y

This dllowe w to defie 10 Ly o(M,3) 8 3 lingar shruchune

ot the cnfee of K on\y _U; we wank & lingar Stuchure
of B we have 1o requive some additiond srudue on 8.
Pv&u&@y S have to be o bimodule ower K.

Then, &8 before for a¢ R we hpwe

50 £ Ling (M 3)
ot

ta e Ling (M, §)
Tn fack, the map o 5 additive and Furthermong

(Fa) (lo) = §(bx)a = (bF@)a= b (F)a) = b(fs)a)]

‘?ma\ly/ Ligp (M, 3)=Thedass of left lingsr map 1
D right module OV R,

A wpodidl @ eurs when$=R (30 dovion bim
Ccde ), and we wite
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Liny (M, 8)= M

o e doelbmic cusl of M.
Note that M 15 o lett Space buk M¥ & & right Space.
Doal maps are dedined & in he commutative @Al

1.3 Blingar mapg

S\\ggm /Qﬁf @J\@mplg/ that Ml N\ﬁ a0 Iofr modules
0Rr R and q; MAN = S 3 o

The wal mening of \m[me@ri%/ Por qS does not make
W N we @n have

(87, by =5 $ (x by =(sb) d(1y

CM&IL \Dkﬂ) = b C{)@ZN) = (03) C#(lt\jﬁ |
| acc@rdm% fo the fact 4hat the first sealar token a0t € g or b,

W hen \ookmg for g gQﬁd definihon of bl | e
vt o congder thak dne 'kg&)\s@ for & blinear Him 1§ 1he

canmied) o O-Q_c\ua\\%y (or dmamy form) e Ye form
defined by ¢ 5 Mx MY

<Z\Q> = Q(@
Note 4hat dor @(\DQQ %e  have
(o Fby = 8(1}75'

v
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The Spacec involved here ar ok defeent aides (M s o left

&\:@L& and M¥a v%\m{: pae)  and the duali ky orm bakes
values I B, theelf. N

Cx@)o@»(a\%mQ ng/ WO dotan

- A43 Dor,  (gk MV S bt e left modue, nighk moduld
 aod bimdule respachvely,

A map c}: MkN— 8 8 sad o be lalinear
WY
| iD&z‘\j\o 3895 M

- for evry e \j\eN and 3beR.

Dende s dagy of mapt b/ Rl (M N S

A3 1y the c@mww&ahv@ (S Smch 8 mep c;ﬁ « assoaa%ed
\></H;\q w0 lInedr mape, l@

) 8 > 18 linear My qsg H—= L (N ¥)

i) & rght | g may %5 N — (J%(M S)
dtfined ky (respectvely ) |

(CPQ% ] = (# %Y) (g\j
for oy zeM and YEN.

Nolg %ha% we hae no dmam@& 10 deting on
(H N; §) 8 linger strucur@ ofr 8 ing biggor

'Hr@vw 'C(Q);. Ty fock nerber a# nor 3" belong
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0 BI(MN; 8) when € RN C(R),

14 Mulbliogar maps

IF R s ot commutative, Ther 8@ no chancel to

defioe mollinesity i & rasonabl W8y (m%oa&w@\wwe
donts kN0 bOw &0 ke ok n¢ Scalard 3,£ %, from £he

SCISS Ul

P{@ C#(a/xx/[/ v ah'ln>
qr) b@mg aﬂmulhlm@am mapy o
AT do( 18 to define o m\)\Hlfne@fib/ with respact 0
RIS Wing n & ommutstiee sdb-ring of R , typically
he @ of R | V/\WQW QO‘\W& kg ;e deal with modules
0Rr & cmmytaive Mg and 50 all @an be dekined inthe u-
3 Wity |
EME o (1o or nght) moddes e R, we dengre

o M (M S) the dast of -lingar vmaps ever C(R)
fom M %o 8.

Toen Mul, (u 3) % on R-modue of Hhe same kind
| | Mx— M |
of € a3 sdp-modulg of S
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4 neanty . anti-linear maps
15 Generdlisstion o lineantty - 8ivi-linedr mape.

8 qo bec o Yoe argument wrtedsltin & (8 4.2)
For o between moduld of diffoont wides, linearity
fails o o weretting beanse of Leame (A.4.1) £0
oeat  this di@(w‘&/ We Can E)Qm,va\ize fne com@&)&;
ok finearity.
So?%o%@,
w: L— K
e 3 fiv*% Sumoghitm or ank -akamonohiu,
Doking 3 map |
(oloort M § e modulee ouer @)/ fo be an w-lingdr
ma\s I]C |
R acdifve
2. § & w- homgeent 1.6, dor e K and zeM
flobxx) = wiet) * £ (x)
Fdlowng e proof’ of Lemma (R:4:1) we e essly piove
that: N ; | - |

4} £ w s an ao*ommbxxw/' “w-lineanty 18 wnforesting
whon M 8 & wodules of e Same kind,
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n) oW g an anH-—&}%Ome?hixlu | w—h’n@@W R Inko=
fetklng v M, S o modler of PRt sides.

T fadt e %a% for o, e and xe M 4 s an
w-lingar map Ho@w

C(p)e 1) = wloe)+x

g(@*(\&ﬁg = w(&}y{(@)ﬁfl): U)@{)# (LU(%)VQID
el % denote the edomd cperation (0 M, &

We @l ank-linesdt ity %@_ w-lingent ity {Orw 3 anki-auko -

Yomorohigwt.— Thig concept 18 patticay ek i diding
Wafiont botween & malule and 16 dusl, whieh e of
Offoruk sides (oo § (1Y),
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) ALCTBRRAS

24, Delintion

et K e 3 commutetive Held . A finsr algebe over
K (or K-alglbs) i, oy dokinikion ;8 lingdr space ovdr
K toether with & W-bilingar map

- b —f (1Y) xy
cAlled the algds product (or mulfiplication).
Note thet The loi-sdditviby of 4he product corespoud! to

the digtleotivity of toe poduck with revpeck o Fhe ad =
difion I *he near Space §

A for e horagenatry o the. prdut; ket lovargy
conghruckion |

Sppse f 8 & ring (ook ogcestanly Commolhive) and
(Q: K— A

9 ting -monommPWW .

Then

kx0:= (@Gﬁ)& K& [}(/@GQ

definey @ IK-linear Strodue on . Tk Qo
linear dotra over K ?
C@ﬂra\h\}/ e produck iy B 18 \o)—add\H'\/Q/ ot ot
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neasanly omogongn. Tn fack, fr ke k and g be
wQ nave

(k+3)b = (g13) o= gl¥) (ab) = k+ (26)
ook s 18 ha long@r* true for :
- 3(keb)= (gl b) ~(3¢())b.

Moro @rﬁédx@\y/ QOr CONRIMUCEioN 8’\\/@3 ase o 9 lingar Aloel
ver K K and O‘O\)/ if

mg ¢ ((R)

CFnally remarie  that i B B are S and
Q-8B |

€8 ring morphitm o generl 1k & Vot ke Hnah

Y(Cw) c CB) B17)
e only hew thet, for g CR) and e

VE) P = P (09')=p(9's)- Ve p6)

& ay(e) commutS with vty element - belenging fo Imy
0(819) € dne el oo s unjockive.

2.1, Some basic properties

- Foran dgehe B exstone of 4ho oy
Wb equired ond the dlgsbe prduck g
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0% 1equIred £0 ‘0 commutve or atociakive Mg F 8 el
6810 the cate of hwgs}l fo mention @KQML(}{ tailuve og
&zxocjah'vw. Rotdmoe, an algdbs € dad bo &2 with
divigion 1 it 18 Q r(mg.
AN dydos moiphisns
| 1{) A= B
between twp K-adlgebes & Bt 8 IK-lngr map
S0 Thak o
Y(88')= @) P(s)
ond & Band B have uniy
, Y=t
A dodos anhi- morphic n&t Similar dlovious Pm\o@ﬁléﬂ,

An dlged (@nti-) ivolution 18 & slgdod (anfi-) auto =
moiphism wha®  square s the denhdy map.

When & 1= 5 Tx-slgdoe vath oniy, I an be ety
X & adodgdol ofF & 0 & canomical ey
- Procutdly, the Sallowing Sarement, holds -

Q74 lomma  [of § be @ K-dgdaB with ity

Then the map
K3k — kx1€f R.2.2)

R 4he @n\y Jaebe mo?h(fm from & to £ ,




It \ﬂj@dr\v@ and &Udn that -
Keq c O®) (6.2.3)

We dlways idonfisy & vith it image vis (B2.2)
'A N@\x/ loF W examing te dh%r@ﬂ%& hokweon A ap morw
and an 3 9@0@ mofg‘o’&tu

110 Lommy Lok &R be K-sloglorat Wit Un?% and

| Ve bR
S v'mg mnr?\ni&m, ‘
Than v is an dgdoe m@\o\ml?m f and
m\y \ -

V)=t Trek (B4

Proof 1% P o a0 algdos marphism then | fof we Tk it

Awk (kM kw{/m_—,kﬁzk
3 \dentid] c&hon (0.2.2)
Com%‘@ i@ 2.4) holde and \ee[K GQQ then

’\{J(\K%a P (ee) a} Y km gu(@)
_(wﬂy(@), bw\u@d

of e 5 smilar recvlt ‘oo (e Lo &Wf - o=
\Dh&YnS ,
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To condude s Chapker et 18 d@g&\@ e Eﬁom?hwms
and au’mwmfpm Mg |
Lu the case & IR, the situstion is very simple. Toele

S ong and ooy one / r'm% aumO(p%&w{ and g © Fhe
\d@)ﬂ%\%&g Mnap.

Thit 1z no longer frue i the secnd ase.
In et € ha mary ndt vl (ing atomorphiswe or

[ ( . |
antiautomorphnigws er@/ re hot n@m@@n[/ cohtinuous dnd

ay be differeor from the iob@nh'(y on vea| nombert T,

e hwetion 1s wmpler for - veal algelg automorphisu
(or anbradomorhiome ) of €. T ok if

(e - C—=C :
©" & el dgelol avtomarnitu e ( arautomomhitus)
Then |
=t ek

ﬁﬂ(t)z_._- WF/:J
Ly we have onl/ two postibiliHes - |
o4 o[t)=1, ond %)ig e (dentiy map Le.
the only algebie” 8ufomorphim
2. Qld)=-4, nd P 8 The uws| conugetion 1.6
the Only &lg@b!@ &nH-a&omorfab}SUxf_
Horeower £hey ot are - tovolutions.
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