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Introduction

In the development of the theory of critical phenomena the
renormalization group ideas played an important role. These ideas
are concerned with the long range fluctuation which are the cause of
the critical singularities. As the critical point is approached, the
correlation lenght infinitely increases. In such a situation the
behaviour of correlation functions is independent of the microscopic"
details of the system and all the correlation functions are identified
in the language of the corresponding quantum field theory. These

ideas are the basis of the universality and the renormalization group.

The critical behaviour of the statistical system is related to the
fixed points of the renormalization group. In the renormalization
group approach the critical singularities correspond to the fixed
points of the group in the space of effective interactions S. The first
stage of the general analysis of the fixed point is the construction of
the conformally invariant solution corresponding to the fixed point.
The minimal models are the main exact conformally invariant
solutions which are related with the degenerate representations of
the Virasora algebra with central charge c<1. In the sense of
Zamolodchikov ¢ can be interpreted as a measure of effective
degrees of freedom. It decreases along RG trajectories. As the central

charge of the Virasora algebra, c¢ is defined at fixed points only.



However it may be continued to other points in the space of effective
interactions S. Zamolodchikov introduces a function c¢(g), where geS,
such that at any fixed point it is equal to the central charge of the
Virasora algebra. Under the action of renormalization group

transformations g(t), c(g(t)) decreases monotonically:

: (g)) =0

- C =

dt &
the equality being satisfied only at fixed points. Therefore it is
possible to give a renormalization group meaning to the ordering of

the conformal field theory solutions by the magnitude of the central

charge c.

The aim of this work can be summarized as the study of the
explicit realization of the Zamolodchikov’s c-theorem outlined

above. Its application to minimal models is also our interest.

The general content of the following chapters is as follows: In
chapter 1, the basic framework is set up for understanding the
renormalization group method. In chapter 2, a short review of some
fundamental concepts in two dimensional field theories is given. In
chapter 3 the renormalization group in 2D-conformal field theories
is treated including the Zamolodchikov’s c-theorem. In chapter 4
some applications of the RG analysis to the 2D-conformal field

theories are given.
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Chapter 1

The Renormalization Group

In this chapter our aim is to review some aspects of
renormalization group and its applications to critical phenomena.

The general scheme is as follows:

In the first part we discuss the interrelation between quantum
field theory and statistical mechanics (section 1.1.), then continue
with the construction of continuum field theory and renormalization
(section 1.2). The physical motivation for renormalization and

universality will be found in the renormalization group (section 1.3).

In the second part of this chapter we tried to use the
renormalization group approach in the sense of Wilson, clearly as a
theory of transformation properties of effective Hamiltonians under
contraction. Fixed point Hamiltonians remain invariant under this
transformation and the transformation properties of such
hamiltonians close to fixed point reflect the critical behavior of the

system.

The second part is arranged as follows: we begin with an
introduction to critical phenomena (section 2.1). The observed scale
invariance of the correlation functions suggests that at criticality the

effective Hamiltonian is invariant under scale transformations,
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leading to the renormalization group transformation as a
transformation of Hamiltonian under the change of lenght scale
(section 2.2). Section 2.3 contains the renormalization group equation
with a smooth momentum cut-off, some technical information, with

definitions and notations given in the Appendix.

1. Field Theories
1.1 Statistical Mechanics and Quantum Field Theory

Our aim is to discuss the connection between these two subjects
as we mentioned before. For the sake of constructing the necessary

link, it will be convenient to begin with an illustrative example.

Consider a simple quantum mechanical system described by the

Hamiltonian

(o1-403 ) (111

We are in the Hilbert space with observables described by Pauli

matrices. This system possesses quantum fluctuations, i.e

(0] o5 | 0)=(0]as] 0)? (1.12)
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Let us study the evolution operator e T We have
( b| el | a)y=(bet AT+AT+.) | a) (1.1.3)
where the time interval T is divided into segments such that N.AT="T.

Then we insert the complete sets of states

(b | HT | )= 575;.1....5&21=+1<b | eHAT | 1)¢s1 | eHAT | s2)..

(1.1.4)

Define

eVES) =(s | M | §') = (s | HAT | 57) (115)
‘We have
-e(V V(S1.82) +...V(Sn-
(b e |a)= % 5 e(VOS) +V(S1.82) +..V(Sn-1:2))
Sl=%1 SN-1=%1

(1.1.6)

This looks like a partition function in statistical mechanics, that
of a 1-d Ising model with nearest neighbour couplings. As we
calculate V(S, S’) in the small AT limit, the most general form of it

can be found as:

K . h
V(§,8) = E (S-S + E(S-*'S')

(1.1.7)
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Also we have

AT AT
eK = — eh=1 4+ —
L L

(1.18)

This representation is called as the path integral representation.

Consider the partition function
Z = TretT (1.1.9)
Inserting states, we see that this is the 1-d Ising model with periodic

boundary conditions. The free energy per site of this system is
1
F=Lim (-— LnZ)=Eo
N-»w N

(1.1.10)

where Eo is the ground state energy. So the statistical mechanical

free energy maps on to the quantum ground state energy.

Now let us focus our attention on the two spin correlation

function.

(So Sr > = z €Xp ( - ZV(SI, Si+1)) So Sr /Z
1

S1.SN=*1

! (1.1.11)
In quantum mechanics this has the meaning:

So Sr) = Tr (o3 e g3 e Ty /¢ ¢ HT

(So8r) = Tr (o303 ) (1.1.12)
Inserting the eigenstates of H and taking T—« we find:

-(E1-Eo)r
oS = [(ofas]o)|?+e | (ofos]1)]?
(1.1.13)

But as t = it, this corresponds to

(o | T(o3(t)o3(0)) | 0)
(1.1.14)
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iHt = e-lHt

where T is the time ordered product, o3 (1) = e and
r= |t |. Correlation functions are related to the vacuum expectation
values of the time ordered products. The dimensionless decay lenght
of the correlation function (1.1.13) is called the correlation lenght
which is defined as.
1
AT =—A , A =E1-Eo
(1.1.15)

Now we are turning to quantum field theory in which we have an
infinite number of quantum mechanical systems, one associated to
each point in space. We will discretize the space into a lattice and

consider a finite volume.

Let us begin with a simple example: A two level quantum system
at each point of one-dimensional space with a Hamiltonian is given

by

H=- % [o1(n) + Ao3 (n) o3 (n+1)]
(1.1.16)
Although this is a soluble model, we study its properties in

perturbation theory for the moment. When A = 0, H is diagonal in

basis where o1 is diagonal. If we label the states

o | t)y=1]1 ol dy=11) (11.17)

The ground state of H is

[oy=1]1%1%..1%) (0| H|0)=-N=Eo (1.1.18)
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The first excited states are N-fold degenerate (N is the number of

sites) and correspond to flipping one spin

fr)=ITT--T¢rT---T) (r]H|r)=-N+2=Eo+2
(1.1.19)

They are at a finite energy above Eo. These states correspond to
a particle localized at site r. The first order perturbation in 1 is

diagonalized by the states

| k) =2e | r) , Ex=(k| H]|k =Eo + 2-21 Cosk
T
(1.1.20)

These are the one particle states with momentum k, reflecting the

discrete translation invariance of H.

T = -
Toi(n) T? = i (n+1) [T H] = 0 (1121)

The one-particle state is above the ground state by an amount A,
where

A = Ex=0p-Fo =2-21.
(1.1.22)

which is the energy gap.

In the 2 » « limit, H is diagonal in the basis where o3 is diagonal

o3 | t)=1]1) a3 [ 4)=-11) (1123)
There are two degenerate ground states
[ P and A (1124

These states are carried into each other by the action of the

symmetry operator U

U=[] o1 () [UH] =0
(1.1.25)
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But this is in contrast with the 1 small ground state | 0), (1.18) in
which U|0y= | 0) . We can say that at large 4, U is a spontaneously
broken symmetry. The ground state is not invariant under the

symmetries of H.

Now, we would like to derive a path integral representation of a
system like (1.1.16) following the steps used in the Q.M. system.
Complete sets of states are described by

S where =1.N dSi==+1
{8 8 ane s (1.1.26)

Inserting such a set at each time interval AT

(a] e by= =  (a] T | {5} ({1 eHAT [ ). [b)

Is(xt)= %1}
(1.1.27)
Define the transfer matrix
({50} | eBAT | {8'®}) = ({S®} | M | {S'®}
_ e-V({S(X)},{S'(X)})
- (1.1.28)

Then in the AT small limit V is:

K Ky R
VI S®EL{S'®D =% E—t (S() - 8' () +2—' (S - S(x+1))°

(1.1.29)

2K
withe =~ AT Kx = 14T, AT - 0. Noting that AT » 0 implies

K)Kx. So equation (1.1.27) is just the partition function for a two
dimensional Ising model. The existence of gap (1.1.22) implies that

the spin spin correlation function of this model decays exponentially
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1 ,
(S SEx) ~e ° | IAT§ _ L

(1.1.30)

where |t-t'| is the (dimensionless) number of lattice spacings
between the two points. At a specific value of 1, =1, the energy gap
vanishes (1.1.22). This implies non-exponential decay-of the spin-spin

correlation functions. In fact

(S(tx) S(t', x)) ~ ”l"t‘ft—,—ln
(1.1.31)

1.2 Continivum limit and renormalization

We try to study the problem of constructing a quantum field
theory. We try to realize the notion of having a QM system at each

point of the spatial continuum.

In the previous section by introducing a lattice, we considered a
finite volume in space. Now we try to work on the limiting process of
removing it

We introduce a free scalar field theory. The Hamiltonian on a

spatial lattice is

A
N

1 2 M 2
) +2 . (p(x+p) - p(x)* T Ze(x)”
(1.2.1)

The isotropic Eucledian path integral description of the system is:

z=(] M| 0)=

I 1
= Tap@ew (-~ = (eru)r@P + > F ]
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2d+r s
=fexp[2 @(x) p(x+u)-( ) T p(x)7]
P X 2
(12.2)
Rescaling of the fields lead to
Zapf exp [“f P plx+p) Ze°1 K=o
(1.2.3)

This model can also be solved exactly. Let us introduce the Fourier

transformed fields and try to study its solution let us introduce

_ ikx
P = ze () (1.2.4)

1
‘ ;(‘L) Pl 2 LE ek £l (,t;): (2-2cosku) +1)]
(12.5)
The theory is described by decoupled normal modes p(k). The

Gaussian integration gives

1 eik(x-x')
(p(x) p(x) ) = (27)° { T(2-2-cosky) +1
o (12.6)
The asymptotic decay of this correlation function is
Vr | xx' | 1
(P p()) ~ ¢
I
(12.7)
or
£ ~ constantx | & -kc | /2 (1.2.8)

So as r - 0, § diverges. There is a critical point in this system
& =1/2d. We say the system has a critical exponent » =1/2d describing

the correlation lenght divergence.
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Now we can define a limit in which the lattice structure
disappears. Suppose we are constructing a quantum field theory with

a physical lenght scale

Mphys

Iphys =
(1.2.9)

in the continuum.

We do this by assigning a lattice spacing a to our lattice model and
define

Lowys = a&(®) (1.2.10)

Now let us consider the case: (a = 0. As the lenght [ is fixedj. To
make a lenght constant as the lattice is becoming smaller and smaller,
the lenght should cover more and more lattice spacing. This requires
adjusting « so that £ diverges. The dependence of ¥ on a is so chosen
as to satisfy (1.2.9)

(const) .a. (x(a) — KC)—l/z = lpny (1.2.11)

SO

Iph
x(a) = (P—ys/const)‘2 + K¢
: (1.2.12)

An important consequence of this scaling limit is the universality of
the resulting theory, because the limiting theory does not consider the
details of the cut off and wide varieties of different short distance
formulations are expected to yield the same result. For example,
suppose that some second nearest neighbors coupling is added to

(12.2)
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1 2 ' 2
S == F(pttm) p@) + (o () -p(9) + = T pl0”
(1.1.13)
Fourier transforming leads to:
S=[prpx g. (2-2cos k) + a(2 -2 cos 2ku) +1')
(1.1.14)

For small r, we concentrate on large distance and small K then
S=[prepx (K (1 +4a) + 1)
(1.1.15)
Rescaling ¢ leads to

!

T
T =
(1+4a)

S = {prp (K+ 1)
(1.1.16)

we see that the model has the same low momentum, long distance

behaviour independent of «, as long as r is adjusted correctly.

This phenomenon originates the universality of the critical behaviour;
as the correlation lenght is long enough, all the interaction

Hamiltonians show the same critical behaviour.

Another important point about the scaling limit is that: to make
correlation functions well defined we have to make another
adjustment-wave function renormalization or spin rescaling. To see
this let us examine ( ¢(x)¢(0)) for physical distance x ((Iphys in the
scaling limit. A physical distance x = na where n- « as a-0. If we

identify
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eik-n 1 1
) p(0)) = () ¢(0) ) ~ [ dk _kz =~ _nd,z » 1 «z

(1.2.17)
As a-»0, n»~ and {(p(x) ¢(0)) vanishes. So we have to define

physical fields.

ten p(x) = a2 p(x)
1 1
(SD(X) p(0) ) ~ ;d-?_;d-?. - ;d-

2

(1.2.18)

which is finite for a-=0. The physical reasoning for the renormalization
of this wave function and the universality will be found in the

renormalization group.

1.3 An Introduction to the Renormalization Group

We discussed how to get a continuum theory from one defined on
a lattice using a simple model. If we wish to do the same thing for
more complicated theories, the main difficulty will be the number of
coupled degrees of freedom. In the path integral there are lots of
integrals to do

L SUeiD
[{dei} e (1.3.1)

The idea of the renormalization group is to solve the theory by

integrating out degrees of freedom a few at a time. Each step of the



Chapter 1 15

procedure would be finite and well defined.
Let us take a lattice and form 2x2 blocks. To each block associate

a « block spin ».

Pp1(x) + p2(x) + p3(x) +pa(x)
C

PB(X) =
(133)

representing the average behaviour of degrees of freedom in that
block. The integration over the original ¢’s, with the block variable

fixed, leads to

s'({¢B P1(x) +p2(x) +p3(x) +pa(x)  S({e}h
. ({pBH_ IOl 8(pn) - ) E:({<P}
¢ blocks

(13.4)

This calculation could be possible although the original integral
is not, since all the long wavelenght modes are stopped by the
s-function kernel. This tells us that there will be only short-range
interactions in S’(¢B}). The couplings in S({p)} characterize the
strenght of interaction at a, while in S'({¢B}) they describe the

strenght of interaction at a scale 2a.

The result is that the change in effective coupling with scale is
only determined by fluctuations around that scale, not by fluctuations
around all the degrees of freedom. Hence such renormalizations
should be calculable. To determine the other properties of these
block transformations, let us integrate over ¢B on both sides of (1.3.4)

we find
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(o509 ey s (P +¢Z<X) +P3%) +<P4(x))

( P1(y) +p2(y) +p3(y) +pay) 3

[

(13.5)

Correlation functions of the block variables in the block action
are just complicated correlation functions of the original variables
here we notice that the correlation of the block variable will extend
over the same range as the original ones. But in terms of block lattice

spacings this will be half as big a range.

S
) =22

(13.6)

So this transformation reduces the number of degrees of freedom
coupled together. If we took a system with a very large &, the
treatment of this system with renormalization group repeatedly could
allow us to change it into one with a very short correlation lenght

which might be treated by expansion techniques.
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2. The Renormalization Group Approach to the Critical
Phenomena

In this section we try to deepen our insight into the understanding
of critical phenomena via the renormalization group approach. For
convinience we begin with a short summary on some aspects of
critical phenomena and then by constructing the necessary
connections we shall obtain the renormalization group equations in
the Wilson’s sense which will serve as an example throughout this

section.

2.1 Order Parameter, Critical Exponents

We describe the system by a Hamiltonian  which is a function
of local variables s(r). s(r) is chosen such that the expectation value
m = <s(r)> is the order parameter and in a homogenous system
s(r) is independent of r. Most of the phase transition can be
determined by such a parameter. In many cases the Hamiltonian is

invariant under certain transformations of s(r) like either of the three

reversal s(r) = -(s(r)
change of phase s(r) = &' s(r)
rotation s{(r) = u(r) s(r)

(2.1.1)

(u is a rotation matrix). This holds for example for the Ising
model, superfluid helium and the Heisenberg model respectively.

Then we expect m = <s(r)> = (. Actually this applies above the
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critical temperature Tc, whereas below Tc the system is in the ordered
phase. m = <s(r)> = 0.
On approaching the critical point from below Tc the order

parameter vanishes continuously. This behaviour can be described by

m = Am |T—Tc|/3 for T<Tc 212)

Also we review a few more results observed in most model
calculations and many experiments. The response of the order

parameter to an external symmetry breaking field

b fdd
J & rs() (2.1.3)
is the susceptibility
om
x =5 = KD7 drGaT)
(2.1.4)
with the correlation function
G(r,T) = (s(0) s(r)) - {s(0)) (s(x)) (2.15)
One observes the power laws
T) = Ay | TIe| 7
2(T) = Ay | TIc| 216)
G(r, Te) = crd*+27 for large r 217)

where 7 denotes the deviation from the Ornstein-Zernike behaviour.
AtT = Tc the correlation function (2.1.5) decays like

G(r, T) ~ exp (-1/£(T)) (2.1.8)

for large distances. One observes the power law

- v [V
S = AL | T (2.1.9)
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And the specific heat behaves, close to Tc, like
c(T) = Ac |TIc| ¢

The exponents a, 8, v, y are called as the critical exponents.

19

(2.1.10)
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2.2 Basic Properties of The Renormalization Group

In this section we try to formulate some of the basic
renormalization group ideas. As a starting point let us introduce a

Hamiltonian of the Landau type

H=[d% [g- a(T) m*(r) +;— o(T) (Vm(r))? +

1
+ . b(T) m*(r) - hm(r)]
(22.1)

which is the effective Hamiltonian. Here m(r) describes the mean
magnetization of the cells, a(T), b(T), ¢(T) are smooth functions of
the temperature. The concept of thinning out the number of variables

will be a further guide in the RG process.

Now let us consider some of the basic RG ideas:

i) We consider spins S(r) on a lattice. At the critical point the
correlation function decays according to

(SO SO et =
(222

for large distances. Now we imagine the same object under a different
lenght scale. To do this, we divide the sample into cubic cells of lenght
b units of lattice spacings in each direction. Then the new correlation

function will be of the form:

cb*
(S(O) S(r)> - rd_2+77
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ii) The change of the since each cell contains pd spins lenght scale
by factor b produces a spacing of the cells equal to the original lattice
spacing

r = bR
(2.2.4)

Furthermore the change of the scale for magnetization by a factor
p(e+2m/2 gives:

S - b(d+2-77)/28 R
® 1(R) (2.2.5)

Then the asymptotic behaviour of the new spin variables has the form

(S10) SR st =~y
(22.6)

This shows that the correlation function is invariant under the
change of the scale (2.2.4) which has the implification that the
effective interaction at criticality is invariant with respect to the
change of the lenght scale. This procedure which changes the scale of
the Hamiltonian (effective interaction) is called the renormalization
group procedure and the corresponding transformation is called the

renormalization group transformation.

We summarize some requirements and properties of the
renormalization group transformation and start with a few

definitions. The partition function is

Z = trace exp(-H) 227

where

H=px (2.2.8)
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is the Hamiltonian density with

5 = 1
© KT
(2.2.9)
And the density for free energy is
F _/355 = ! Int H
=V Ty n trace exp(-H)
(2.2.10)

where V is the volume of the system.
The renormalization group transformation consist of

i) A change of the lenght scale by a factor b= el in all linear
dimensions (the partition function is left invariant) Since the volume

decreases by a factor ¢! we obtain

Fo = ¢4 F
(2.2.11)

ii) A transformation and/or elimination of the spin variables
which leaves the free energy invariant. This is a process which is
aimed at thinning out the number of variables in the Hamiltonian.

The renormalization group transforms Ho into Hj
Hi = Ri (Ho
1= Ri (Ho) 2.2.12)

F(Ho) = ¢ F(H)) (2213

2.3 Renormalization Group Equation

In this section we introduce the RG equation with a smooth

momentum cut off. It is a generalization of the RG equation given by
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Wilson-Kogut. Some technical parts with the necessary definitions
and notations are given in Appendix, Here we rather prefered to
reflect its characteristics which will serve as an example throughout

this Chapter.
The transformation of the Hamiltonian consists of two parts:

(i) A dilatation transformation: under this transformation the
lenght scale changes by a factor b. Here V, g, S and V', q, S’ etc,

denote the quantities before and after the transformation. Then

V=V
(23.1.2)
12 — b
4 =" (23.1b)
q 1 1
an — 8q=— S'¢/
o Sy A
(23.1.0)
As we consider the infinitesimal dilatations
b=1+1 (23.2.a)
V= (1+1d) V' (232.b)
qg = (1+lhq (23.2.c)
d d
Sq = (l +1 2—) S'q' = (1+1 5" )S' q+ quS'q (2.3.2.d)

The new Hamiltonian in terms of the transformed variables will
be of the form:
d 1
H=V (1+ld)u + (1+1 5 Jui S'o +~2———- (1+Id)qfuz(q) (S'q+1gVS’q) .

(S'q-1q VS —g) + .. (233)
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One can observe that under this transformation the old
Hamiltonian has changed by 144ilH where %dil is the generator of

the dilatation.

GanH av & (ds VsaH)
. — —_— —_— —_— 4 JES——
o v T4 S 85q a8
(23.4)
ii) The transformation of the variables: we replace sq by
Sq =S’q + llpq {S,} (235)

where Wqis a function which may depend on all Fourier components

S'. Then we have

H{S} = H{S' 1 [ W¥q {S' 5_Iil_i8_'}
{8} = {8} + 1{%a {5} 8s'q (23.6)
Equation (2.3.5) yields
NI SO ¥ C)
J[dS] = f[{dS’] o J[dST (3 +1 qf 35’ ) 237)
Therefore
z = [[dS'] exp (-H{S})
=[[dS']exp (-H{S'} - 1% {¥} H{S'}) (23.8)

with the generator %ra for the transformation of the variables

G (T H(S) = By -0 )
e ={ 5Sq  0Sq (23.9)
The generator @ of the RG consist of the contributions (2.3.4)

and (2.3.9)

G{V¥} = YaH +%a {¥} H (2.3.10)
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and the RG equation reads

A g
a - W (2.3.11)

It can not be expected that every Wq will eliminate the Fourier
components for large wave vectors, one is free to change Wq within
regions.

Wilson’s choice (which leads to an elimination) is

SH
Wq = h(q) (Sq- 55 )
k (23.12)

where h(q) = ¢ +2q2. They give an argument [1] that the expression
(2.3.12) with a sufficiently large h(q) leads to an elimination of the
degrees of freedom S.

In general ¥q depends on H as for example in the equation
(2.3.12). Therefore one obtains the renormalization group equations
non-linear in H.

Here we studied the renormalization group equations in the
sense of Wilson. In the following chapters we focus our attention in
two dimensional theories and treat the R.G equations in the

Callan-Symanzik form.
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Chapter 2

Conformal Field Theories

In this chapter our aim is to review some of the basic concepts in
two dimensional conformal field theories.

In section 2.1 we formulate the main ideas of the
non-Hamiltonian 2D field theory. Following the basic properties of
the stress tensor given in chapter 2.2, we conclude this chapter by

studying some aspects of degenerate families and minimal models.

2.1 The Algebra of Local Fields

The algebra of local fields is an important hypothesis which
assumes the existence of a basis set of local fields. The theory contains
a set of mutuallly local fields Ai(x) which can be considered as the
elements of the infinite dimensional space 7 . The set of fields
with a countable basis {Aj, i=0, ...} is complete in a sense that we
specify below:

The set {Aj, i=0, 1 ...} contains an identity operator which is

described by the equation

(IX) = (X) (2.1.1)

where X is any product of fields of A

X =An (x1) ... AIN(GN) (2.1.2)
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For convenience, the basis {Aj} is chosen such that

(Ai) =0fori=0 (2.13)
and also
(Iy=1 (2.1.4)
The linear operators oz and 9z act in space 7.

By definition

(X, Az2) Y) =56— (XA (z,2)Y)
z

(2.1.5a)
9
XozAEZZDY) == X Az, 2)Y
(XBAEDY) =~ (XAGDY) st
where we introduced the complex coordinates (z, Z) as:
z=x' + ixX
7= x!- i (2.1.6)

Here (xl, xz) are the Cartesian coordinates on the plane, xj
corresponds to zi, Zi and A(xi) = A(zi, Zi).
We denote

D =a, D= or 2.17)
Then

DI = DI = 0 (2.1.8)

The completeness of the set {Aj} means that one can generate
any set by the linear action of these operators which is equivalent to
the operator algebra

Ai (x1) Aj (x2) = F Ci* (1, %) Ak (x2) (2.19)
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where Aj, Aje/ and Cijk (x1, x2) are the structure constants of the
operator algebra. This relation can be considered as a set of

correlation functions

(Ai () Aj(x) X) =2 Ci* (x1,%2) ( Ax(2) X) (2.1.10)

where X is a product of the fields (2.1.2). The fusion rule (2.1.9)
is useful in a sense that one can determine any correlation function
by lowering the order of the correlator and reducing it to the

one-point functions (2.1.3), (2.1.4). For example
(Aix) Aj®) = Cij° () = Dj(x) (2.1.11)
However it is important that the operator algebra (2.1.9) must be

associative, which brings hard restrictions on the structure constants.

The space & can be decomposed into the subspaces

o = &Bg o ® of Bose and Fermi fields.

The Eucledian invariance of the theory is guaranteed by the

following condition:

There exist a symmetric stress tensor T"(x) =T (x) in space
(B) o . . ™ = :
&\ satisfying the conservation equation du = (, that is the

equation

(T x)x) =0 (2.1.12)

for all x eR? \ {yi} where yi are points indicated in (2.1.2). This tensor
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has three independent components.
T=Tg;T=Tiz;0=Tz (2.1.13)

Then the conservation equations for Ty are:

%T(@Z2) = 0,6(z27) 0:6(z,2) = 9, T(z D) (2.1.14)

The expressions

%( [TEE) Q%% 6(&.8) % 1A(z,2)) = 0zA(z2D) =P A (22

(2.1.15 a)
¢ ([TEE) L-0¢68) d 1A(Z,2)) = zA(z2D =P A(22)
C 271 271
(2.1.15b)
and
SA(7Z) =¢{[(§ -9T(EE)-(E -0 (&F)] d& -
C 2711
LE-T(E,8)-(& -6 (&8)] %% }A(z,2)
(2.1.16)

define the momentum and spin operators acting on  with the

following commutation relations:

[EP]=0;[RS]=P ; [P,S]=P (2.1.17)

The space  splits into eigenspaces of operator S; ¢ = @ A(S),
where SA® = s A%, We assume that the basis {Aj} is chosen in such

a way that
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SAj =sAj (2.1.18)

the number s; is called the spin of the field Aj, one can deduce that

P:A®) > 6D P g 550 D (2.1.19)
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2.2 Stress Energy Tensor

We know that stress energy tensor satisfies the continuity
equation
e ™ = (22.1)
which guarantees the Eucledian invariance of the theory.

We also know that it is traceless

6(x) = Ty =0 (2.2.2)

which implies the scale invariance of the theory, and it also implies

the conformal invariance.
Conformal transformations are the coordinate transformations of
the type

§ =07 (&) (2.2.3)
where a = 1 .. D, with the property such that the metric tensor

transforms  as

S A
gab > glab = o ga'd’ =p (&) gav
1 (2.2.4)

where p(&) is a function of &.

These type of coordinate transformations form the conformal
group. In two dimensions the conformal group is infinite dimensional.

It is convinient to introduce the complex coordinates
Z = 51 + ig?
z =L oig? (2.2.5)
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In terms of these variables the conformal group of
transformations (2.2.3) has the form
z=5@ , z=E@ (22.6)
where £(z) and £(Z) are arbitrary analytic functions.

With the condition (2.2.2), it follows that

- |
1l
o

ZT=0 , & (2.2.7)

And

T- 10
T = T@) (228)

The equation (2.2.7) implies that any correlation function of the type
(T(@)X) = {T(z) A1(z1, Z1) ... AN (2N, ZN) ) (2.2.9)

is a single valued analytic function of z with possible singularities at

the points z1, z2 ... zN and furthermore the integral

{ £(2) (T()X) 53z

(2.2.10)
can be written as the sum of residues
> dz D(T@DX) = T (Az1,7Z1) ... O¢ Ai(zZi, Z) ...
ZiE/\Céfi e 8()< (2) >21€AC< 1(z1,71) & Ai(zi, Z) )
(2.2.11)

where &(z) is analytic in the domain Ac bounded by the contour c.

Here the operator.

Se A(z,7) = ¢ .%iﬁ e (§) T(§) Az, 2) (22.12)

denotes the variation of the field A under infinitesimal conformal
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transformations.

Now let us consider the conformal properties of T under the

infinitesimal transformations
z->2 + ¢(2) (2.2.13)
One can find that

3e T(z) = e(2) T'(2) + 2¢’' (z) T(2) + I; "' () (2.2.14)

where prime denotes the z-derivation. At this point the constant ¢ can
be treated as a parameter and it can take positive values which results
from reality condition of the stress energy tensor in the Euclidean

space.

Next we consider the operator product expansion of the product

T(&) A(z, Z):

T() Az 2) =n§___° _EDT L AR Y) (22.15)

where Ln A€ 5¢. The operators Ly generate the variation é¢ regarded
in (2.2.12) with ¢(§) = (& -z)" L. Similary the operator Ln is defined

das
o)

T A2 =2 E-D™LiAR2)

n= (2.2.16)

In particular
Li=0d, ;Li=2ds (2217
The relation of Lo and Lg with the spin operator (2.1.16) can be given
as

S =1Lg-Ly (2.2.18)
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and the dilation D, which is equivalent to the matrix of anomalous

dimension, is connected to Lo and T by
I'=D=Ly+ Lo (2.2.19)
Then it follows that
LoT =2T ; LgT =2T ; LoT =LoT =0 (2.2.20)
The operators L obey the commutation relations of the Virasoro

algebra.

(L, La] = (me0) L+ (m® - m) Sm +n, 0 2221)
where the constant ¢ is called the central charge which characterizes
the given conformal field theory.

The two point function ( T(z) T(0) ) is determined by the central

charge value
T ) T(0 '—C

which again shows that ¢>0, where we have used the operator

product of T(z) with itself:

c

1
+ T(z) + 9; T(z) + ..
2E2)F (£ -2)° @ E2 ® (2.2.23

T(€) T(2) =
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2.3 Degenerate Families and Minimal Models

In the algebra of local fields, there are some distinct fields

transforming in the following way

_dE n P
w) TED (2.3.1)

a2, 2) > ( iﬁz A
under the substitutions (2.2.6). Here Ap and &n are the dimensions of
the field and the combinations dn = An + An and sn = Aq - Ap are
the anomalous scale dimension and the spin of the field @y

respectively.
A conformal family [ @ ] of a primary field ®n, besides itself @p,
contains infinitely many other secondary fields (descendants) which

are given as

DK KN (7) = Ly (@) ... Lan(z) ©n (2) (232)
with
L T®
Li(@) = ¢ d (E-z)k+! (23.3)

and these fields have the dimensions
AR = AL 4k 4 kN (23.4)
Let us define the primary state as

| n) =@ (0) | 0) (23.5)

one can obtain
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Lm | n)=0 if n>0
Lo | n)=An| n) (23.6)
On the other hand application of Lm, m<0 gives
Lig..Lan | n) = @& (0) | 0) (23.7)

Therefore the representations of the Virasoro algebra (2.3.3)
correspond to some spaces Vn, those spaces are called Verma
modules.

There exists some special values of An in which case the
representation of Virasoro algebra becomes reducible. For these
values the space Va contains special kind of vectors | x ) € VA such
that the equations

Lo |x)=0 i n>0
Lo | x)=(A+K)|x) (238)

are satisfied and they are called null vectors. A conformal family
containing fields which give rise to such vectors is called a degenerate

conformal family.

All the special values of A, which is equivalent to the reducible
representations VA, can be given by the Kac formula. These values
are

1 1
Yow =80+ ( ept o aa 239

where
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1
Ao = (C‘l)
24 (2.3.10)
vV 1-c+ v 25c
a*r = —
V24 (2.3.11)

Since the complex dimensions of Apq are not acceptable, the

values of ¢ should be limited in the domain

0<c=1 (2.3.12)

As this domain is regarded, the work of Friedan, Qui and
Shenker tells us that the unitarity condition leads to a selection rule
for the representations of the Virasoro algebra, so the allowed values

of the central charge within the interval (2.3.12) are

6
m=1- ——— m= 2
m(m+1) (23.13)

provided that

_[p(m+1) - qm]?
Alp. @) = 4m(m +1) (2.3.14)

where

1<psml , 1=q=p (23.15)

These formulas determine all the values of ¢ and A, and result in
the degenerate representations of the algebra. The primary fields

corresponding to the degenerate conformal families are denoted as

¢(p,q9) =¢(p-q,p + 1-m) (2.3.16)
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where

p=12..ml1
g=12.m (23.17)

The parametrization of ¢ and A(p, q) describe the minimal models

Mm, m= 3, 4 ...in which all primary fields are degenerate.

The general fusion rules for the degenerate fields have the form

pP1+p2-1 q1+4z-1
W(p1,q1) W(p2,q2) = [¥ (kD]

k=|prp2 | 1 1= | arq@ | +1
(23.18)

where k(1) is evenif p1 + p2 (q1 + q2)is odd So the degenerate fields
form the closed operator algebra which leads to the idea of minimal
theories in which all the primary fields are degenerate. And these
minimal theories correspond to the two dimensional models which
can be identified with the critical and multicritical points of two
dimensional statistical system, such as the Ising model, the 3-state

potts model and the corresponding tricritical models.
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Chapter3

Renormalization Group Analysis in Two
Dimensional Field Theory

As mentioned before, one of the main purposes of this work is to
study the general properties of the renormalization group in 2D
relativistic field theory and especially realization of the
Zamolodchikov’s c-theorem, establishing the close connection
between the two dimensional field theory and the renormalization
group structure.

From this point of view, we start by reviewing the general
properties of renormalization group in relativistic 2D-field theory
and obtain the renormalization group equation in thei
Callan-Symanzik form (section 3.1).

Section 3.2 contains the explicit realization of the

Zamolodchikov’s ¢c-theorem.
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3.1 The Renormalization Group Equations in The
Callan-Symanzik Form

In the Lagrangian formulation of the theory the correlation
functions of Ai(x) are defined by the functional integrals which are of

the following form:

J A1 (x1) ... AN(xN) exp ((H(p)) D ¢ (3.1.1)
where ¢ is a set of fundamental fields, Ai (x) are local functions of

¢(x) and of derivates aup, dudve etc., and H(p) is the Euclidean action
which is an integral of the local density.
H(p) = [ # (p(), dup(x)) d* (312
It is assumed in (3.1.1) that # (») includes a term which ensures
the normalization of the distribution function so that the factor z™* is
not written.
In this formulation the variations of the action are described by

the stress energy tensor.

SeH = I d% duey (x) T (x) (3.1.3)

-1
2T
under the infinitesimall coordinate transformations.

st + M ® (3.1.4)

The variation of the correlation functions (3.1.1) under the

transformation law (3.1.4) gives rise to the following relation
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==

51’_.\1§ A1 (x1) ... Ai1 (xi1) de Aj (%) Ai+1 Ki+1) .. AN(XN) ) +

+ d% uev(x) ( T™ (x) A1(x1) .. AN (xN) ) = 0

7 (3.1.3)

In the non Lagrangian approach this relation is considered as the
definition of the linear operators d¢ acting in 4. As we consider the

continuity equation, 3 T*Y =0 this can be written as
2de A(x) = a{\ dft e ev () T () A®) 'Af &y ou ev(y) T (v) A)
* * (3.1.6)

where Ax is an arbitrary small region in R? including the point x and

dAx is its boundary.

Let us consider the infinitesimal translations
eu(x) = eu B3.1.7)

and rotations

eu(® = wuv X’ jouy = - ow (3.1.8)

In such a case the corresponding operators are the momentum

and spin operators that we introduced before.
S = iel Py if eH(x) = &

S = iwpv (H'PY -V T) i H(x) = g X’ (3.1.9)

Another type of coordinate transformation is the dilation
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e (x) Hdt (3.1.9)

=1
2

let D denote the corresponding operator acting in 4

3e A0) =1 D AQ)dr (3.1.10)

for the e described in (3.1.9). Also for these ¢

Se A(x) = lz dt i Py + D) A(x) (3.1.11)

Then we obtain (3.1.3) as

I§I§ (xi 53“'+ Di) A1 (x1) ... AN(XN)) +—J;2 I &% (6(x) A1(x1) ... AN(XN) ) =0

1=

(3.1.12)

Here Dj shows the action of operator (3.1.10) on the field Ai(xi)

and 6 = 1/4 T, is the trace of the stress tensor.

The renormalization group is a powerful method which describes
the behaviour of the theory under the scale transformations. Here we
try to summarize the procedure for determining the renormalization
group in two dimensional field theory.

The space of local interactions S is the main concept of this
method. S is the action functional of a Eucledian field theory which
is an integral of the local density. (H[¢ ] = f_}f(cp)dzx in (3.1.2)) with

the locality condition is satisfied.

It is usually assumed that there is a finite ultraviolet cut-off in the



Chapter 3 43

theory; in such a case the locality condition can be violated below the
scales Ro, where Rp is the cut-off length. In general the space S is
infinite dimensional, however we assume that it can be treated like a
finite dimensional manifold. Let { g% } = { g%, g%...} be a coordinate
system on S, then s#(p) = g (). We consider the derivatives of the

form

Da(x) = -9 _#e(p (%) (3.1.13)

ag’

where @, € aﬁ‘gm). Here we assume that all the fields @, are spinless,
taking care of homogenous and isotropic theories only. Then the
subspace FiLg(O) can be considered as a tangent space to S at the point
g.

Differentiation of (3.1.1) with respect to g* gives

éaézm(:q) ~ANGN) Y g = %1( Arx1) .. At i) BaAi(x) .. ) g +

+ f dzx( Da (%) A1(x1) ... ANGN) g

(3.1.14)
Here the operator Ba acts on the field A as:
Ba A = 6 A
og’
(3.1.15)

We are assuming that the field theories under consideration are

renormalizable, then we can write

6 (x) = -%rﬂa (g) Pa(x) (3.1.16)

This implies that the trace of stress energy tensor 6, belonging to
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-54'g(0), can be spanned by the basis vectors (3.1.13). The coefficients
B%(g) are the coordinate components of the vector field 8 on S. They

are called g-functions.

Finally the combination of (3.1.12) and (3.1.14) leads to the

renormalization group equations in the Callan-Symanzik form

3 (6 2, + T (@) Aikx) -« AN () Vg =
i=1 OXj‘
=26 2o A1) ... AN (xN) )
& (3.1.17)
where the operator
=D + f°Ba (3.1.18)

is called the anomalous dimension matrix, and it can be shown that

TP, = v (o) Py = 20a-0 8° Dy
2 =7a (@) : _a'ga (3.1.19)

This relation guarantees the absence of renormalizations in the

components of the stress tensor:

I'Tuv = 2 Ty (3.1.20)

The coefficients g* and the matrix elements of the operator I' do

not depend on Ro in renormalized theory.

It also follows from (3.1.17) that the two field theories

corresponding to two points g®(t1) and g®(t2) on the same integral
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curve g*(t) of the Gell Mann-Low equations

dg* = %/33 () dt (3.1.21)

differ only by the scale transformation x* - x* (122

So, the singularities and the global topological properties of the
p-functions play an important role on the scale behaviour of field
theory. The simplest singularities of g%(g) correspond to its fixed
points g*A:

B (ga) =0 (3.1.22)

It must be recalled that the critical behaviour of a statistical
system is directly connected with the fixed points of the

renormalization group.

3.2 Zamolodchikov’s c-Theorem

In this section we shall show that in a two dimensional field theory
satisfying the positivity condition the renormalization group flow
described by equation (3.1.21) has a dissipative character. We shall
see that there exists a function C of the coupling constants which is
non increasing along renormalization group trajectories which is
stationary only at fixed points, and which at a fixed point, is equal to
the value of the corresponding theory. For this let us consider the

two-point functions.
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F (1)
( T(Z7 Z) T(Os 0) ) = Z4
e ooy 2 B
(T(z2)6(0,0)) = —— (3:2.1)

(8 (z,2) 8(0,0) _Sz‘z(‘;)

where T and 6 are the components (2.1.13) of the stress tensor and
t= Log (z 2).
The conservation of stress-energy tensor says that
93T -09,6 =0 (32.2)
Taking the correlation function of the equation with T(o, o) and with

6(o, 0) and using (3.2.1) we reach the following two equations

H-H=G-2G (323)

where dot denotes the t-derivative. Eliminating H from above and
defining
C = 2F + 4H - 6G (32.4)
We see that
C =-12G (32.5)

Since
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G(t) = 0 (3.2.6)
by the positivity condition, (3.2.5) implies that c(t) is a monotonically
decreasing function of t. Moreover there is the equality in (3.2.6) only
ifo = g2 @, = 0, i. e we are at a fixed point, in this case c is a
constant.

The function c(t) can be interpreted as a measure of degrees of

t/2

freedom with significant fluctuations of space size "~ at a given

critical point, naturally it decreases with the increase of t.

If we fix t, say t = 0, then the quantities F, H and G will depend
only on the coupling constants g, then (3.1.20), (3.2.5) and the

renormalization group equations (3.1.17) lead to

B (g) g_gaC(g) =-12Ga @A @B (2 <0

(3:2.7)
where

Gab(g) = Gab(o, g)
Gab (1, 8) = (22 (@2 (z77) @v (0, 0)) (328)
is positive definite because of the positivity condition.
We can deduce from equation (3.2.7) that the renormalization
group flow decreases the function c(g). The stationary points of c(g)

correspond to the fixed points g*A:

0 c(gr) =0=>p"(gr) =0 (3.29)
dg

At the fixed point, namely g=g=*, the field 6 vanishes which

implies the conformal symmetry of the theory.
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Furthermore the two point function (3.2.1) at the fixed point
g=g*a can be expressed in terms of the constant ca, which is the

central charge of the Virasoro algebra.

CA
( T(zz) T(00) ) g=A = (3.2.10)

For g=g*a, the functions G and H in (3.2.1) also vanish.
Therefore it follows from (3.2.4) that
ca = c(ga) (32.11)
Next, let us consider the n=1 case in the formula (3.2.7). Setting

G11=1, equation (3.2.7) leads to

g =-1 _d
@ 2 dg <(®) (32.12)
Moreover if g+ and g+1 are the two fixed points, then

corresponding values of the central charges co and c1 are related as:

c1-c = g) dg
g!z)ﬂ( ) (3.2.13)

The main consequence of the above relations is that if the two
fixed points g# and g=1 are connected by the renormalization group
trajectory so that g( - ») = g+ and g ( ») = g1, then the
corresponding constants satisfy the inequality

co > c1 (32.14)
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Chapter 4

Application of The Renormalization Group
Analysis To Conformal Field Theories

We know that the critical behaviour of statistical system is
concerned with the fixed points of the renormalization group. In the
critical point analysis the first step is to construct the conformally
invariant field theory solution corresponding to the fixed point itself.
If this solution is know exactly, then using the perturbation theory,
one can determine the properties of the renormalization group in the
neighborhood of this point.

This section contains some applications of the renormalization
group method to the simplest known series of exact conformally
invariant solutions which are the minimal models Mp, p=3,4...

In section 4.1 the power expansion of the g-functions and of the
function c(g) near the fixed point are given, section 4.2 is an
application of this perturbative approach to the minimal models in

the case p> > 1.

Finally section 4.3 contains another application .
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4,1 Perturbative Evaluation of ¢

We find the power series expansions of the g-function at the
fixed point g=0.
First let us consider the linear part of the expansion. In section

3.1 we defined the spinless fields for g=0 (3.1.1)

At g=0,

O =i |
g=0 (4.1.1)

where @;° € ﬂ(o)gq,. We choose the coordinate system in S such

that the fields ®;° have well defined dimensions
Ai = Xi (4.1.2)
and they are orthonormal:

(®i(z2) D; (00)) = Jj ()20 ()2 (4.1.3)

which corresponds to the choice

Gij (0) = Jj (4.1.4)

Then one can observe that for g=0
T(0) ®° = yi (0) ®}° (4.1.5)
where

yi (0) = Ai &7 (4.1.6)

Furthermore the equation (3.1.19) tells us that

. . of
A; 87 DF° = &) P - ——ﬂj D;°
og' (4.1.7)

from which, one gets

Big) = =g + 0(g? (4.1.8)
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Here
g = 1-Aj (4.1.9)
To calculate the other terms in the expansion we shall use the
perturbation theory. We focus on the case where
|ei]| ~e <<1 (4.1.10)
This approximation is useful in a sense that the renormalization

group yields non trivial behaviour within the region gi=e.

Let us consider the equation (3.1.14), in the present case we have

P D) | = (B B0 B 0) +

g*

+(D° (%) (BLL @° (0)) ) + J Py (@° () }° (0) Di°())

(4.1.11)
Here
B =Be |, (41.12)
It can be shown that
G
2" (®i (x) ©; (0) >g=|0=
= (A G { A (6045 - ()24 +
+ A [ (DNATY (4114)
with the choice of the coordinate system
Gij = i + 0(2%) (4.2.15)

Here

By = z 1+0(e?
K uei+ek-5j ( ) (4.1.16)
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Return back to the equation (3.1.17) again and comparing this
with (4.2.14), one obtains
yil = A S + Gk g* + 0(ed) (4.1.17)
where

Cix = 27 Cijk + 0(e?) (4.1.18)

Then, (3.1.19) leads to

o . o
(Aidi + Cicg® + 0(8) @ = 8/ @y - é—g @;
(4.1.19)
Furthermore
B(g) = eig-12Ck g g + 0 (4.1.20)
Due to the symmetry
Cijx = Gk (4.1.21)
It follows from (3.2.7) that
9 , o1 o
—o(@) = 1285 + @) (ig'- — Cixg g* + 0(g)
£ (4.121)
Finally, we have
c(g) = co-6¢i gi gi + 2Cijk gigjgk + O(g“) (4.1.22)

4.2 The Renormalization Group Approach To The
Minimal Models

Let us consider perturbation theory about the minimal models

Mp in the case p {( 1. For each of the models there is a primary field
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¢ =¢(1,3) with anomalous dimension d(1,3) =2A(1,3) =2-2¢ where ¢ is
a small parameter and its value is

1 421
for p (1. P #21

We have the perturbed action

2= 5@+ g 1o 09 (422)

Where # () correspond to the conformal theory Mp and

describes the ultraviolet asymptotic form of the theory. We will see

that in the region 0 <g = ¢ the infrared asymptotic form of the theory

(4.2.2) has also conformal invariance which is described by the model
Mp-1.

In the expansion of the g-function the first terms are

g = (nC 2 40
ﬂ(g)——eg-z( ) g + 0(g) 42.3)

Here the structure constants ¢ can be obtained from the general

formulas [19].

Cle) = 4 (1-2¢)? T(1-2) ,, T(1+e¢)
V3 (1) (1-3e/2) ~ T(1+e/2) I(1-¢)

T(1+362) ,, T(1-2¢)

Lrazen)! T+

4 3e 5
== (- )+ o)

V3 (42.4)

With this formulation, it has the form

- , 4,
:B(g)—fg-\/3 (——z)g‘-_g

+ ..
3 (4.2.5)
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There is a fixed point such that

Boa+ s v o)
= *] o= ——— Land Fo
=Ty YT (4.2.6)

This fixed point corresponds to a minimal model Mp-1. Since the

central charge c(g*1) at the fixed point is calculated as

3
c(g*1) = ¢cp- —e°- — ¢
EU=c- 3 4 (4.2.7)

One can observe that this is in accordance with the central charge

corresponding to a minimal model Mp-1:

clgn) = cp1 = 1- o(p-1) (42.8)

The anomalous dimension of the field ®(x,g*1) in the conformal
theory g1 can be obtained from the slope of the g-function.
s

— ng,= £ €% + ...

dg (4.2.9)

Thus, we obtained the anomalous dimension A(3,1) in the model

Mp-1:

2
A=1l-e4+e..=1+—
(p-1) (4.2.10)

The crucial point is that in each of the models Mp, there a field

®=®(1,3) with anomalous dimension A(1,3) = 1-e where

+1 4211
The fields P (1211)

D(x0) = DY) (¥ (42.12)
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4.3 Another Application

We know that in renormalization group theory there is a
possibility to construct the properties of the theory at one fixed point
in terms of the known properties of the other and Zamolodchikov’s
theorem is an important result in this direction. When there are two
close fixed points, the renormalization group eigenvalue y along the
flow connecting the fixed points is small, giving rise to an effective
expansion parameter.

In this case, there is a way of constructing the renormalization
group equations, given the operator product expansion coefficients in
the IR unstable fixed point.

Let us consider the action

S =8 -3 [ Di(r) d&®
- 4i J Bilr) dx (43.1)

%
where S is the action at the IR unstable fixed point and @; is the
scaling operator with dimension yi =2-xi

The renormalization group equations constructed by this way in

y k = Vk - - J0 E Ciik 2igi 0 3
g y gl\ i’J g} glgj (g ) ( L3.7)

where

) . degx
N ds
% ' & (433)
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To this order, the renormalization group equations can be written

as:
w= — Cdg)
k= —
& gk £ (4.3.4)
where
C ({g}) - —mE C
s 1as Chmam
& ; gk gwe CikBEE (43.5)

By the virtue of the equation (4.3.4), one can calculate the
function C({g}) of the Zamolodchikov’s theorem, since it must have
the same fixed points as C(g), there is a proportionality between

them;

C({g)) = ¢ + «C({gh + 0(&h w36

where « is the proportionality constant and its value can be calculated
as

a = -671° (4.3.7)

With this formulation one can find the value of ¢ at the new point.

Let us study on the simplest case, with one coupling g1, assuming that

C115=0 for j=i. Then the fixed point can be found as

At the new fixed point we have

1 y13 1
CHegh = e- (5 =5 - 3
2 w3 zoCT111

(43.9)
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3

yi 4
+ 0(y"
A & (43.10)

C({g}) = c-

This result can be applied to the sequence of models with c<1
corresponding to the universality class of multicritical Ising models.
In these models the operator ®1,3 with A=7A=A13 is always present

and it has the dimension

((m+1)-3m)* -1 4 .
X13 = ~2- — 4+ 0(m™)
2m(m+1) m (44.1)

as m-o, and

c 2= & 4 (Und '
y=2ms =+ (Um0 (442)
The coefficient C111 may be found as [19 ]
Cit = — (1 + 0(m
m = gy (4 00) (443)
Then the value of C at the new point is
3t 4y
om) - p () + 0 = (4.4.4)
- 2 o
= olm) - 5+ 0 (4.4.5)
=c(m-1) + 0(m™) (4.4.6)

Therefore under the perturbation ®1,3, the renormalization group

flows cross over to the theory with the next lowest value of c.
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Appendix

Definitions and Notations:

58

This section contains a collection of definitions for the partition

function as a functional integral for the representation of the

Hamiltonian and for functional derivates. They will be necessary in

the derivation of the RG equation.

The partition function for a system with continuous variables S(r)

at lattice points r can be written

Z = [I{fd5- S@) exp(H)

(A1)

where v is the volume per lattice site. Introducing the Fourier

components

Sq = v Z §(r) griar

and

1 .
S(I) = — 3 Sq Clqr
\f q

then the partition function is

Z = [[dS]exp (-H)

with

dsq
VorV

[1dS]=T1(J )

Our Hamiltonian is of the form:

(A2)

(A4)

(A5)
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= rad 1 2 1 2, L 4r) -
H=fd%][ 5 a(T)m(r) + 5 (T) (Vm(r))* + 7 b(T)m"(r) - hm(r)]

(A.6)
which can be transformed in terms of the s variables as
H= [ 2 80+ (V@) - s4) -hsw)]
2 2 4 (A7)
and in terms of the Fourier components
1
= Eq(a+ cq?)Sq Sq + V3 Z Sq1 Sq2 Sq3 S-q15-q2 S-q3 -hSo (AS)
The spacing of g-vectors is
(2m)
AQ)d =—
(A v (A9)
Since
dery— [ ad
Z (89 (9= Jd°q (@) (A10)
We have
~S) = f
v (@ =/ (@ (A1)
where [ f(q) is as defined as:
(@) = —, [dqf@)
{ 0= T4 (A12)

The relation (A.11) becomes an equality in the thermodynamic limit.
From this one finds the correspondence of the Kronecker-Delta to

the &-distribution

Vdqo A (21)¢ 6%q) (A.13)
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So the Hamiltonian (A.8) becomes

1 b
H = 5— 4- (a+cq2) Sq S-q + ;_ f Sql qu Sq3 S.ql-qz.q3 -hSO

1q2g3
e (A.14)

There is no explicit volume dependence in (A.14), so in general it can

be written as

1 1
H = VUO +UISQ + — f UZ(q) Sq S.q + — f u3(q1,q2) Sq] qu S-ql-qZ +
2 q 3! qiq2

1
+ — [ w(q1,92,93) Sqi Sq2 Sq3 S-q1-q2-g3 + ..
4!f (41,92,93) Sq1 Sq2 Sq3 Sq1-q2q (A1)

for translational invariant interactions. The requirement on un's is
that they are invariant under permutations of the arguments q

including qn =-q1-q2...-qn-1 Which as often not explicitly written

uz(q) = u2(-q)
u3(q1,92) = u3(q2,q1) = u3 (q1,-q1 -q2) (A.16)

For a finite volume Hamiltonian we have:

1 1
H=Vu + uSo + oy 2u2(q) SqS-q + =, £ u3(q1,q2) Sq1 Sq2 Sqi-q2  +..

3V
(A.17)
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