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Abstract: We construct a general class of pseudo-Goldstone composite Higgs models,

within the minimal SO(5)/SO(4) coset structure, that are not necessarily of moose-type.

We characterize the main properties these models should have in order to give rise to

a Higgs mass around 125 GeV. We assume the existence of relatively light and weakly

coupled spin 1 and 1/2 resonances. In absence of a symmetry principle, we introduce the

Minimal Higgs Potential (MHP) hypothesis: the Higgs potential is assumed to be one-

loop dominated by the SM fields and the above resonances, with a contribution that is

made calculable by imposing suitable generalizations of the first and second Weinberg sum

rules. We show that a 125 GeV Higgs requires light, often sub-TeV, fermion resonances.

Their presence can also be important for the models to successfully pass the electroweak

precision tests. Interestingly enough, the latter can also be passed by models with a heavy

Higgs around 320 GeV. The composite Higgs models of the moose-type considered in the

literature can be seen as particular limits of our class of models.
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1 Introduction

A possible solution to the gauge hierarchy problem is to assume that the Higgs field is

a bound state of some unspecified strongly coupled constituents. The mass scale where

new resonances should arise to fully unitarize the Standard Model (SM) is parametri-

cally higher than the one expected in Technicolor models, leading to alleviated electroweak

bounds. These bounds are further mitigated if the composite Higgs is naturally light, as

it happens in models where the Higgs is a pseudo Nambu-Goldstone boson (pNGB) of an

approximate spontaneously broken global symmetry of the strong sector [1, 2]. Moreover,

the interactions of a pNGB Higgs with the SM gauge bosons are determined by chiral

lagrangian techniques [3, 4] in terms of a few parameters [5].1 The price to be paid is a

fine-tuning needed to keep the Higgs compositeness scale f separated from the Electroweak

Symmetry Breaking (EWSB) scale v.2 This price is however not very high, considering

that a value of v/f . 1/2 can be enough to pass the ElectroWeak Precision Tests (EWPT).

Calculability, on the other hand, is generically problematic. In particular, the Higgs po-

tential, induced by the explicit breaking of the global symmetry in the composite sector,

remains uncalculable.

Most of the progress in model building in composite Higgs models has been obtained

in the framework of extra-dimensional Gauge-Higgs Unification theories [6–18] (most no-

tably [19]), where a composite Higgs is mapped to a Wilson line phase in the extra dimen-

sion and space-time locality automatically leads to a finite Higgs potential (to all orders in

perturbation theory). Alternatively, as recently worked out in [20, 21], one might consider

simplified deconstructed versions of 5D models where calculability is ensured by a collective

symmetry breaking mechanism [22, 23]. Both the 4D models and the 5D models can be

schematically interpreted as consisting of two sectors: an “elementary” sector, including

the SM gauge and fermion fields, and a “composite” strongly coupled sector, including

the Higgs field and heavy resonances. The explicit breaking of the global symmetry is in-

duced by gauging a part of it via the SM gauge bosons and by quadratic terms which mix

the SM fermions with fermion resonances of the strong sector. In this particular set-up,

SM vectors and fermions become partially composite and the resulting set-up goes under

the name of “partial compositeness”.3 The lighter are the SM fermions, the weaker are

the mixing. This simple, yet remarkable, observation allows to significantly alleviate most

flavour bounds.

The recent intense Higgs searches at the LHC have ruled out a SM-like Higgs ev-

erywhere below 600 GeV, except a small window around 125 GeV, where an excess has

been reported [28, 29] and confirmed at Fermilab [30]. Based on the ATLAS and CMS

experimental results, similar exclusion limits have recently been found for a composite

Higgs [31–34]. A Higgs mass of about 320 GeV is allowed [31], as well as a wide open

1From now on a pNGB Higgs will always be assumed.
2This is not the case for little Higgs models where a hierarchy between v and f can naturally be realized,

but the explicit working implementations of this idea are a bit cumbersome. We will not consider little

Higgs models in this paper.
3The idea of partially composite SM fermions dates back to [24], but only extra dimensions have allowed

us to appreciate its full power [25–27].
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region for a fermiophobic composite Higgs in the whole region 110–500 GeV. Given the

reported excess, we will assume here the presence of a Higgs particle at 125 GeV, but we

will also comment on models with a heavy 320 GeV Higgs, showing that they can also pass

the EWPT.

Aim of this paper is to construct four-dimensional pNGB composite Higgs models, not

directly related by deconstruction to five-dimensional models, where the Higgs mass can at

least be assumed to be calculable, and characterize the main properties these models should

have in order to give rise to a Higgs mass at around 125 GeV. More specifically, we focus on

the minimal SO(5)/SO(4) coset structure and consider models with an arbitrary number

of spin 1 (“vector” and “axial”) and spin 1/2 resonances. These resonances are assumed

to be the only ones below the cut-off of the model at Λ = 4πf . Partial compositeness is

assumed. The divergencies of the Higgs potential are cancelled by imposing that certain

form factors, both in the gauge and in the fermion sectors, vanish sufficiently fast for large

euclidean values of the momentum. These conditions are straightforward generalizations of

the first and second Weinberg sum rules [35] and guarantee that the calculable part of the

one-loop Higgs potential is finite. Being the Higgs potential a UV-sensitive quantity, and

in absence of a symmetry mechanism protecting it, we will simply assume that the one-

loop form factors above represent the main contributions to the potential, with higher-loop

and higher-order operators giving only a sub-leading correction. We will denote the above

assumption as the Minimal Higgs Potential (MHP) hypothesis. This is by far the strongest

assumption underlying our construction. A similar approach is known to describe quite

well the pion mass difference in QCD (see [36] for a very nice review), in which case the

knowledge of the UV theory allows to fix the asymptotic behavior of the relevant form factor

for large euclidean momenta. There might also be other mechanisms, instead of collective

symmetry breaking, protecting the Higgs potential, that effectively lead to a realization

of the MHP hypothesis. Independently of these considerations, the MHP hypothesis can

be seen as an effective parametrization valid for a large class of composite Higgs models

that predict a calculable Higgs potential. As an example, we will explicitly show how the

models [20, 21] are particular points in the parameter space of our class of theories.4

The minimal models that one can construct within our scenario are probably the

simplest 4D composite Higgs models. Demanding a finite one-loop Higgs potential requires

the presence of one vector and one axial spin 1 resonance and one spin 1/2 fermion resonance

(for each SM fermion) mixing with the SM fermions. A non-trivial vacuum can only be

obtained by tuning the gauge contribution to the potential versus the fermion one. As

a result, EWSB relates the Higgs and the vector resonance masses in a linear way. The

Higgs mass is also related to the fermion resonance masses. In particular, we show that

a light Higgs implies light fermion resonances. This result, already found in several 5D

models, is proved here on general grounds and parametrically for the simple case of one

fermion resonance, and it is argued to be valid also in more complicated set-ups with more

4In principle, one could even impose the analogue of the first Weinberg sum rule, relaxing the second

one, in which case the one-loop Higgs potential would still keep a logarithmic sensitivity to the cut-off.

This allows yet more freedom, but calculability in the Higgs sector is now compromised (even within our

assumption). We will nevertheless also comment on this possibility.
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resonances, as confirmed by the study of some selected classes of models. We have just

found one counter-example to the light Higgs→ light fermion resonances implication, based

on a chiral composite sector. In this model the right-handed (RH) top quark directly arises

as a chiral massless bound state of the composite sector and a light Higgs (actually too

light) does not imply light fermion resonances.

With only one fermion and one vector/axial resonance, demanding a 125 GeV Higgs

generally results to too light vector resonances and too large values of the S parameter.

The latter can be mildly tuned to acceptable values by considering multiple vector/axial

resonances. Adding more than one fermion resonance extends the model building and al-

lows for heavier vector resonances, alleviating the bounds coming from S. Of all the models

considered, we also systematically analyze the impact of the EWPT by computing, up to

one-loop level, the calculable new physics fermion contributions to the S and T parame-

ters, and to δgb, the deviation to the SM b̄LZbL coupling. Given the almost unavoidable

tree-level positive correction to S, the viable models typically require a sizable (positive)

fermion contribution to the T parameter. Light fermion resonances are then very welcome

from EWPT considerations as well. The direct search of b′-like particles from CMS [37],

which also applies to certain exotic fermions with electric charge Q = 5/3 appearing in our

models, is also included and has a significant impact in some cases.

The structure of the paper is as follows. In section 2 we describe in detail the structure

of our models. In section 3 we define the MHP assumption, compute the one-loop Higgs

potential and impose the generalized Weinberg sum rules to make it finite. In section 4

we give a closer look at the Higgs potential and show how it plays an important role in

predicting the range of masses for the vector and fermion resonances. In section 5 three

selected classes of models are studied in some detail and more quantitative results are

reported, including the bounds coming from EWPT and direct searches. In section 6 we

make a detailed comparison of our models with previous works [20, 21]. In section 7 we

conclude. Several details of our computations, as well as the results of an analysis of other

classes of models, are reported in 5 appendices. In appendix A the effect on the Higgs

potential of certain mixing terms among vector resonances is discussed. In appendix B

we report some details about S, T and δgb. In appendix C we compute the tree-level

deviations of the top and bottom gauge couplings from their SM values. We show in detail

in appendix D how the fermion sector of the models [20, 21] is reproduced in our set-up.

Finally, in appendix E we briefly report the basic results of a set of minimal models based

on our construction.

2 The basic set-up

We assume the existence of an unspecified strongly interacting sector with global symmetry

group SO(5)×U(1)X , spontaneously broken to SO(4)×U(1)X .5 The Higgs field arises as

a pNGB associated to the broken symmetries. The global symmetry is explicitly broken

by gauging a subgroup SU(2)L × U(1)Y ⊂ SO(4) × U(1)X and by mass mixing terms in

5The strongly interacting sector should also have an SU(3)c global symmetry associated to color, but

this is irrelevant for our considerations and will not be considered in what follows.
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the fermion sector. In addition to the SM degrees of freedom, the models contain spin 1

and 1/2 resonances. We completely neglect in the following all SM fermion fields, except

the top quark (and to some extent the bottom quark, see below), since they do not play

an important role in EWSB.

2.1 The σ-Model

The four pNGBs hâ can be described by means of the σ-model matrix

U = exp

(
i

√
2

f
hâT â

)
(2.1)

as the fluctuations along the SO(5)/SO(4) broken directions. We normalize the SO(5)

generators TA such that in the fundamental representation TrTATB = δAB, where A =

a, â, and a, â denote the unbroken and broken directions (a = 1, . . . , 6, â = 1, . . . , 4)

respectively. Sometimes it is useful to consider SU(2)L × SU(2)R rather than SO(4), in

which case the index a = (aL, aR), with aL = a, aR = a + 3 and a = 1, 2, 3. Under

a transformation g ∈ SO(5), U transforms non-linearly as U → gUh†
(
g, hâ(x)

)
, where

h ∈ SO(4). Under the unbroken SO(4) subgroup, the NGBs transform linearly as a 4 of

SO(4). In the unitary gauge, where the NGBs can be taken in the form hâ = (0, 0, 0, h),

the matrix U takes the simple form

U =


1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 cos hf − sin h
f

0 0 0 sin h
f cos hf

 . (2.2)

At the leading order in the chiral expansion, the Lagrangian describing the dynamics of

the pNGBs is given by

Lσ =
f2

4
Tr
(
d̂µd̂

µ
)

(2.3)

where iU †∂µU = d̂âµT
â + ÊaµT

a.6 Gauging the SU(2)L ×U(1)Y SM group simply amounts

to promoting the ordinary derivatives to covariant ones, ∂µ → Dµ = ∂µ − i(g0W
a
µTaL +

g′0BµT3R) and adding the gauge field kinetic terms (as we will see, g0 and g′0 are only ap-

proximate SM gauge couplings, that’s why the subscript 0). The leading order Lagrangian

for the SM gauge fields and the pNGB’s reads

Lσg = −1

4
W aL
µνW

aLµν − 1

4
BµνB

µν +
f2

4
Tr (dµd

µ) , (2.4)

where iU †DµU = dâµT
â +EaµT

a are the gauged versions of d̂âµ and Êaµ. Their first terms in

a chiral expansion for a generic SO(4) gauging aredâµ = −
√

2
f (Dµh)â + . . .

Eaµ = g0A
a
µ + i

f2
(h
↔
Dµ h)a + . . .

(2.5)

6Sometimes it is also convenient to define the linear field Σ = U(hâ)Σ0, transforming as Σ→ gΣ, where

Σt0 = (0, 0, 0, 0, 1), and express the σ-model in terms of this field.
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The hypercharge is Y = T3R +X and the SM gauging corresponds to

AaLµ = W a
µ , A3R

µ =
g′0
g0
Bµ . (2.6)

The explicit breaking of SO(5) due to the gauging and the Yukawas generates a potential

for the Higgs through loop corrections and a non-vanishing vacuum expectation value for

h. This spontaneously breaks the EW symmetry and gives mass to the SM fermions and

gauge fields. The mass of the SM W bosons equals

mW =
gf

2
sin
〈h〉
f
≡ gv

2
, (2.7)

where g is the physical gauge coupling, see eq. (3.11). For simplicity of notation, we use in

the following the short-hand notation

ξ ≡ s2
h , sh = sin

〈h〉
f
. (2.8)

2.2 Spin-1 resonances

We assume that below the cut-off of the theory at Λ = 4πf , the theory contains spin-1

resonances parametrized by a mass mρ ' gρf and a coupling 1 < gρ < 4π. The coupling gρ
controls both the interactions among the resonances and the resonance-pion interactions.

There are several ways to add vector resonances in a chiral Lagrangian. They have been

shown to be all equivalent, once field redefinitions and the addition of local counterterms is

taken into account [39]. Given our assumptions, the most useful set-up is a generalization

of the so-called “hidden local symmetry” approach, where the resonances ρLµ and ρRµ , in

representations (3,1) ⊕ (1,3) of SU(2)L × SU(2)R respectively, transform non-linearly,

while the resonances aµ, forming (2,2) representations of SU(2)L × SU(2)R, transform

homogeneously. With an abuse of language, for simplicity we will denote in the following

the ρL,Rµ ’s and the aµ as “vector” and “axial” resonances, respectively, although not all

ρL,Rµ and not all aµ actually transform under parity as vector and axial gauge fields. Under

a transformation g ∈ SO(5), we have
ρLµ = ρaLµ T aL , ρLµ → hρLµh† + i

gρL
(h∂µh

†)L,

ρRµ = ρaRµ T aR , ρRµ → hρRµh† + i
gρR

(h∂µh
†)R,

aµ = aâµT
â , aµ → haµh

†,

(2.9)

where h = h(g, hâ). At leading order in derivatives, the most general Lagrangian allowed

by eq. (2.9) for NρL multiplets in the (3,1), NρR in the (1,3) and Na axial vectors in the

(2,2) is

Lg = LvL + LvR + La, (2.10)

where

LvL =

NρL∑
i=1

(
− 1

4
Tr
(
ρiL,µνρ

i,µν
L

)
+
f2
ρiL

2
Tr
(
gρiLρ

i
L,µ − ELµ

)2
+
∑
j<i

f2mixij

2
Tr
(
gρiLρ

i
L,µ − gρjLρ

j
L,µ

)2)
,

LvR = LvL , with L→ R,

La =

Na∑
i=1

(
− 1

4
Tr
(
aiµνa

iµν
)

+
f2ai
2∆2

i

Tr
(
gaia

i
µ −∆idµ

)2 )
. (2.11)
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In eq. (2.11), EL,Rµ are the SU(2)L,R components of Eµ. The field strengths and covariant

derivatives are defined as

ρiL,µν = ∂µρ
i
L,ν − ∂νρiL,µ − igρiL [ρiL,µ, ρ

i
L,ν ], aµν = ∇µaν −∇νaµ, ∇ = ∂ − iE. (2.12)

Note that for the axial vectors there is no need to add mass mixing terms, since one can

always diagonalize the quadratic terms and bring the Lagrangian in the form above. It is

useful to define the mass parameters

m2
ρiL

= f2
ρiL
g2
ρiL
, m2

ρiR
= f2

ρiR
g2
ρiR
, m2

ai =
f2
aig

2
ai

∆2
i

, (2.13)

keeping of course in mind that the actual masses for the ρ’s in presence of mixing have to be

obtained via a diagonalization of the quadratic terms. The mass terms in eq. (2.11) induce

mixing terms between the vector resonances ρiL,µ (ρiR,µ) and the SM gauge fields W (B),

as expected by the partial compositeness scenario [40], generalized to more resonances.

For NρL = NρR = 1, the actual mass eigenstates before EWSB are found by simple

SO(2) rotations: WaL → WaL cos θg + ρaL sin θg, B → B cos θ′g′ + ρ3R sin θg′ (and similar

transformations for ρaL and ρ3R), where tan θg = g0/gρL , tan θg′ = g′0/gρR . Alternatively,

for sufficiently heavy resonances, one can keep the original W and B fields and integrate

out the resonances. The two descriptions are obviously equivalent, but depending on the

problem at hand, one can be more convenient than the other.

We assume that the coefficients of higher dimensional operators are dictated by Näıve

Dimensional Analysis (NDA), where gρ is treated as a “weak” coupling. This should in

principle be contrasted to the recent partial UV completion (PUVC) hypothesis, introduced

in [41], according to which the couplings of higher dimensional operators should not exceed

the σ model coupling, g∗ = Λ/f , at the cutoff scale Λ. In particular, the NDA hypothesis

puts more severe bounds on the values of the coefficients of the higher dimensional opera-

tors. For instance, let us consider as an illustration the O(p4) operators Q1 and Q2 (in the

notation of [41]), Q1 = Tr (ρµνi[dµ, dν ]), Q2 = Tr (ρµνf+
µν). The NDA and PUVC estimates

of their couplings α1 and α2 are

α
(NDA)
1 ' gρ

16π2
, α

(PUV C)
1 ≤ 1

4π
,

α
(NDA)
2 ' ggρ

16π2
, α

(PUV C)
2 ≤ 1 .

(2.14)

We see that the two estimates are consistent with each other, but the PUVC hypothesis

allows for larger coefficients.

Demanding a partial unitarization of A(hâhb̂ → hĉhd̂) by the vector resonances allows

to select a definite range in the values of fρ and fa. For example, for one vector resonance

ρµ in the adjoint of SO(4), assuming left-right (LR) Z2 symmetry, from the Lagrangian in

eq. (2.11) and eq. (2.3) one can obtain its contribution to the hh scattering amplitude [41].

Neglecting the finite width of the resonance and for s, t, u� v2, one has

A(hâhb̂ → hĉhd̂) = A(s, t, u)δâb̂δĉd̂ +A(t, s, u)δâĉδb̂d̂ +A(u, t, s)δâd̂δb̂ĉ,

A(s, t, u) =
s

f2

(
1− 3

2
a2
ρ

)
−
a2
ρ

2

m2
ρ

f2

[
s− u
t−m2

ρ

+
s− t
u−m2

ρ

]
,

(2.15)
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where

aρ ≡
fρ
f

(2.16)

and s, t, u are the usual Mandelstam variables. From this formula one can check that ρµ
unitarizes the scattering for aρ =

√
2/3. Assuming PUVC one obtains the bounds aρ ∼ 1

and fa/f ≡ aa . 1, which we will typically assume in the following.

2.3 Spin-1/2 resonances

According to the formalism introduced in [3, 4], the most general Lagrangian invariant

under a non-linearly realized group G, spontaneously broken to a linearly realized subgroup

H, should be written using the components dµ and the covariant derivative ∇µ = ∂µ− iEµ
introduced before, that act on matter fields in representations of H. Therefore, we expect

the Lagrangian of the spin 1/2 resonances to be just SO(4)×U(1)X -invariant.

A source of model-dependence arises when we have to couple such composite fermions

to the elementary SM ones. We advocate here the partial compositeness scenario, according

to which SM fermions mix with the spin 1/2 resonances [24]. Such mixing is realized via

a linear coupling λq̄iOi + h.c., where Oi are composite operators made of the composite

fermions Ψi and the pNGB’s and it explicitly breaks the global symmetries of the composite

sectors.

In order to simplify the possible choices of operators Oi, we focus on those that trans-

form linearly under the whole group SO(5). Since the fermion resonances Ψi sit in repre-

sentations rH of H only, this implies that Oi ∼ UΨi, so that Oi → gOi. Any representation

rH can be “dressed” with the matrices U to get representations of G. We will not per-

form a systematic study of all possible rH ’s here, but focus on two representations only,

the singlet and the fundamental 4 ∼ (2,2). Let us consider NS and NQ singlets and bi-

doublets spin 1/2 resonances Si and Qj (i = 1, . . . , NS , j = 1, . . . , NQ), with U(1)X charge

qX = +2/3. From these fields, we can construct fermions transforming in the fundamental

of G as follows:
4∑

a=1

UAaQa,j , UA5Si , A = 1, . . . , 5 , (2.17)

where we have explicitly reported the SO(5) group indices. Each of the above two opera-

tors (2.17) can couple to the SM fermion fields. The latter are conveniently written in terms

of spurion five-component fermions ξL and ξR, formally transforming in the fundamental

of SO(5) and with U(1)X charge qX = 2/3. Keeping only the SM doublet qL = (tL, bL)t

and tR, we can write the following two chiral spurions:

ξL =
1√
2


bL
−ibL
tL
itL
0

 , ξR =


0

0

0

0

tR

 . (2.18)

– 8 –
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The leading order Lagrangian for the SM and composite fermions is easily constructed:

Lf,0 = q̄Li /DqL + t̄Ri /DtR +

NS∑
i=1

S̄i(i /∇−miS)Si +

NQ∑
j=1

Q̄j(i /∇−miQ)Qj+

NS∑
i=1

( εitS√
2
ξ̄RPLUSi + εiqS ξ̄LPRUSi

)
+

NQ∑
j=1

(εjtQ√
2
ξ̄RPLUQi + εjqQξ̄LPRUQi

)
+ h.c.,

(2.19)

where a
√

2 factor in the definition of εi,jtS,tQ has been introduced for later convenience and

∇µ = ∂µ − iEµ − iqXg′0Bµ . (2.20)

There are in general 3NQ + 3NS complex phases appearing in eq. (2.19), 2NQ + 2NS + 1

of which can be reabsorbed by appropriate phase redefinitions of the fermion fields, for a

total of NQ + NS − 1 physical phases. Therefore, without any loss of generality, we can

take the vector masses miS and mjQ to be real and positive. Along the lines of [20], it will

be useful to rewrite the last row in (2.19) as

NS∑
i=1

(
t̄RE

i
tSPLUSi + q̄LE

i
qSPRUSi

)
+

NQ∑
j=1

(
t̄RE

j
tQPLUQi + q̄LE

j
qQPRUQi

)
+ h.c. (2.21)

where the E’s are spurion mixing terms, transforming as follows under the enlarged group

SU(2)0
L×U(1)0

R×U(1)0
X×SO(5)×U(1)X , eventually broken to GSM by the spurion VEV’s:

EitS , E
j
tQ ∼ (1, 0, 2/3, 5̄,−2/3), EiqS , E

j
qQ ∼ (2,−1/2, 2/3, 5̄,−2/3) . (2.22)

Couplings between spin 1/2 and spin 1 resonances and additional couplings to the σ-model

fields dµ and Eµ are easily constructed by recalling that gρρµ − Eµ, aµ and dµ, under

SO(5), homogeneously transform according to local SO(4) transformations. The most

general leading order couplings are the following (assuming LR symmetry):

Lf,int =
∑
η=L,R

(
kV,ηijk Q̄jγ

µ(gρiρ
i
µ − Eµ)PηQk + kmix

ijklQ̄iγ
µ(gρkρ

k
µ − gρlρlµ)PηQj

+ kA,ηikj S̄iγ
µgaka

k
µPηQj +

∑
i,j

kd,ηij S̄iγ
µdµPηQj + h.c.

)
,

(2.23)

where Pη are chiral projectors.

With the above choice of fermion quantum numbers, bL mixes with the bi-doublet

component of the fermion resonance with T3R = T3L and potentially large contributions to

δgb vanish [42].

The total fermion Lagrangian is obtained by summing eqs. (2.19) with (2.23):

Lf = Lf,0 + Lf,int . (2.24)

The fermion Lagrangian (2.24) is easily generalized to include the couplings to other SM

fermions. For instance, the bottom quark sector can be obtained by adding to eq. (2.24)
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the bR field and additional fermion singlet and bi-doublet resonances S
(d)
i and Q

(d)
j , with

qX = −1/3. The latter mix to bR and bL by means of operators of the form b̄L/RUS
(d)
i,R/L

and b̄L/RUQ
(d)
j,R/L. These mixing affect the top sector, but they are safely negligible, given

the smallness of the bottom mass. They also induce a non vanishing tree-level δgb, which

is however sub-dominant with respect to one-loop corrections coming from fermion mixing

in the charge 2/3 (top) sector. For completeness, we report in appendix C the detailed

form of δgb at tree-level, as well as other coupling deviations, when N
(d)
S and N

(d)
Q singlets

and bi-doublets fermion resonances with qX = −1/3 are added. It is then consistent to

consider the Lagrangian (2.24), neglecting altogether the fermion resonances S
(d)
i and Q

(d)
j .

It is useful to discuss in some more detail the simple case NS = NQ = 1. For simplicity

let us take real mixing terms εt,q/Q,S . We see from eq. (2.19) that before EWSB the LH

top mixes with Q through the parameter εqQ and the RH top mixes with S through εtS ,

The degree of compositeness of the top quark can be measured by the angles θL,R [40]

defined as:

tan θL =
|εqQ|
mQ

, tan θR =
|εtS |√
2mS

. (2.25)

The more tan θL/R is large, the more tL/R is composite. For sh � 1, the top mass is

given by

mtop '
sin θL sin θR√

2

∣∣∣ εqS
εqQ

mQ −
εtQ
εtS

mS

∣∣∣sh . (2.26)

The physical masses of the fermion resonances, before EWSB, are the following:

m0 =
mS

cos θR
, m1/6 =

mQ

cos θL
, m7/6 = mQ , (2.27)

where the subscripts 0, 1/6 and 7/6 denote the hypercharges of the singlet and of the two

SU(2)L doublets forming the bi-doublet Q.

The case in which tR is fully composite can be studied by assuming that tR is a chiral

massless fermion bound state coming from the composite sector and directly identifying it

as the RH component of the singlet fermion resonance SR in eq. (2.19). In this way, tR
and SL, and hence the parameters mS , εtS and εtQ, should be removed from eq. (2.19).

We will come back to this particularly simple model in section 5.

The total Lagrangian of the model is finally given by

LTot = Lσg + Lg + Lf . (2.28)

3 The minimal Higgs potential hypothesis and Weinberg sum rules

The Higgs potential in our model is, strictly speaking, not calculable. The pNGB nature of

the Higgs implies that its potential V (h) depends on sh only. For sh � 1, we can expand

V (h) up to quartic order and obtain

V (h) ' −γ s2
h + β s4

h . (3.1)

The coefficients γ and β are induced by the explicit breaking of the shift symmetries, the

gauge couplings g and g′ in the gauge sector, the mixing terms ε in the fermion sector

– 10 –
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and possibly other terms coming from higher dimensional operators, not appearing in the

Lagrangian (2.28). There are generically two different contributions to γ and β that, with

an abuse of language, we denote by IR and UV contributions. The IR contribution is the

one coming from the leading operators defining our model (2.28), the UV contribution is

the one coming from higher dimensional operators and physics at the cut-off scale. The

explicit form of γ and β can be deduced, in the limit of small breaking terms, by a simple

spurion analysis [20]. As expected from NDA, the IR contribution to γ and β shows

generically quadratic and logarithmic divergencies, respectively. Instead of introducing as

usual counterterms for such divergencies, leading to a loss of predictability in the Higgs

sector, we can demand that the one-loop form factors defining the IR part of γ and β, that

should be integrated over all energies scales, are peaked around the resonance masses and

go to zero sufficiently fast at infinity. This is done by fulfilling some generalized Weinberg

sum rules. In this way, the one-loop IR contribution to V (h) can be made finite.

On the other hand, local operators, induced from states above the cut-off scale and

possibly mixing with the SM fields, contribute to the UV part of γ and β. For small fermion

mixing terms, the leading operators are7

cgf
4

3∑
aL=1

ΣtgT aLgT aLΣ =
3

4
cgg

2f4s2
h ≡ γ(NDA)

g s2
h ,

dg
16π2

f4

(
3∑

aL=1

ΣtgT aLgT aLΣ

)2

=
9

256π2
dgg

4f4s4
h ≡ β(NDA)

g s4
h ,

cff
2(EqSΣ)(ΣtE†qS) =

1

2
|εqS |2s2

h ≡ γ
(NDA)
f s2

h ,

df
16π2

(
(EqSΣ)(ΣtE†qS)

)2
=

1

64π2
|εqS |4s4

h ≡ β
(NDA)
f s4

h ,

(3.2)

where cg,f and dg,f are estimated by NDA to be coefficients of O(1). Similar operators can

obviously be written in terms of g′ and the other spurion mixing terms in eq. (2.22). By

comparing γ
(NDA)
g and β

(NDA)
g with the typical values one gets from the IR contribution,

once made calculable (such as eqs. (3.16) and (3.30) below), we see that γ
(NDA)
g,f > γg,f

and β
(NDA)
g,f ' βg,f so that calculability is still lost. In order to circumvent this problem,

we assume here that the underlying UV theory is such that γ(NDA) and β(NDA) are sub-

leading with respect to the IR part of γ and β, so that the Higgs potential is calculable

and dominated at one-loop level by the fields in our model. The logic underlying the above

assumption (that might seem too radical and strong) is that any theory where a symmetry

mechanism is at work (not only collective breaking or higher dimensions) to actually predict

a calculable Higgs potential would automatically satisfy the above requirements and fall

7The leading fermion local operators above were not considered in [20]. This is probably due to the

fact that the free fermion composite Lagrangian has an obvious linearly realized SO(5) symmetry when

miQ = miS . In addition, when the mixing terms are taken to be equal, εitS = εitQ and εiqS = εiqQ (as in [20]),

the whole Higgs field can be removed from the quadratic fermion Lagrangian by a field redefinition and

hence vector mass insertions are needed to get a non-trivial one-loop potential. This is however an accident

of the one-loop result and fermion operators like the ones in eq. (3.2) will be anyway generated at higher

loop level.
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into our class of models, which can then be seen as a general parametrization of composite

Higgs models. We denote the above assumption as the Minimal Higgs Potential (MHP)

hypothesis.

Having explained the philosophy of our perspective, we turn to the computation of

the IR contribution of the one-loop Higgs potential, from now on simply denoted by the

Higgs potential. The latter is conveniently computed by first integrating out the heavy

spin 1 and 1/2 resonances, with no need to go to a mass basis, and then by integrating

out the remaining light degrees of freedom. This is a useful way to proceed, because the

pseudo-Goldstone nature of the Higgs field and the SO(5) × U(1)X symmetries allow to

fix in terms of a few form factors the form of the effective Lagrangian for the light states

and encode there all the information of the heavy resonances. We will be quite brief in

the derivation of the Higgs potential in the following, since all the relevant steps have been

repeatedly used in the literature and are by now well-known.

3.1 Gauge contribution

In momentum space, the effective Lagrangian of the SM gauge fields up to quadratic order

in the gauge fields and to any order in the Higgs field can be written in terms of 3 scalar

form factors ΠW+W− = ΠW3W3 , ΠBB and ΠW3B, functions of p2:

Pµνt
2

(
2ΠW+W−W

+
µ W

−
ν + ΠW3W3W

3
µW

3
ν + ΠBBBµBν + 2ΠW3BW

3
µBν

)
, (3.3)

where Pµνt = ηµν − pµpν/p2 is the projector on the transverse field configurations and the

Π’s are form factors that also depend on the Higgs field. The one-loop Higgs potential is

easily computed from the above expression by taking the Landau gauge ∂µBµ = ∂µW a
µ = 0.

In this gauge the longitudinal components of the gauge fields, as well as the ghosts, decouple

and can be neglected. Integrating out the gauge fields and going to Euclidean momenta,

one gets:

Vg(h) =
3

2

∫
d4pE
(2π)4

(
2 log ΠW+W−(−p2

E) + log
(
ΠBB(−p2

E)ΠW3W3(−p2
E)−Π2

W3B(−p2
E)
))
.

(3.4)

To have an analytic understanding of the possible functional dependence on the Higgs

field of the effective potential, it is useful to introduce spurionic gauge fields such that the

whole SO(5)⊗U(1)X group becomes gauged: Aµ = AâµT
â +AaLµ T aL +AaRµ T aR. The most

general SO(5)⊗U(1)X -invariant Lagrangian depending on the gauge fields and the NGB’s,

at the quadratic order in the gauge fields and in momentum space, is

Leff =
Pµνt

2

(
ΠX

0 (p2)XµXν + Π0(p2)Tr[AµAν ] + Π1(p2)ΣtAµAνΣ+

+ ΠLR(p2)
(

Tr[(U †AµU)L(U †AνU)L]− Tr[(U †AµU)R(U †AνU)R]
))

,

(3.5)
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where (. . .)L,R implies the projection on the (3,1) and (1,3) irreducible representations

inside the adjoint of SO(4).8 Switching off the spurionic fields, that is keeping only the

components AaLµ = W a
µ , A3R

µ = cXBµ and Xµ = sXBµ, where

cX =
gX√
g2

0 + g2
X

=
g′0
g0
, sX =

g0√
g2

0 + g2
X

, (3.6)

we obtain the most general effective Lagrangian for the gauge bosons in SO(5)/SO(4) with

the explicit dependence on the Higgs field:

Leff =
Pµνt

2

(
Π0W

a
µW

a
ν + Π1

s2
h

4

(
W 1
µW

1
ν +W 2

µW
2
ν

)
+

+ ΠBBµBν + Π1
s2
h

4

(
g′0
g0
Bµ −W 3

µ

)(
g′0
g0
Bν −W 3

ν

)
+

+ chΠLR

(
W a
µW

a
ν −

g′20
g2

0

BµBν

))
,

(3.7)

where ΠB = (s2
XΠX

0 + c2
XΠ0), ch = cos〈h〉/f , and g′0 = g0cX . From this Lagrangian one

obtains

ΠW+W− = ΠW3W3 = Π0 +
s2
h

4
Π1 + chΠLR,

ΠBB = ΠB + c2
X

s2
h

4
Π1 − c2

XchΠLR,

ΠW3B = − cX
s2
h

4
Π1 .

(3.8)

The form factor ΠW3B is related to the S-parameter [43]:

∆S = −16π

gg′
Π′W3B(0) ' 16π

g2

s2
h

4
Π′1(0) , (3.9)

where ∆S = S−SSM (see appendix B). It is well known that ∆S is the main phenomeno-

logical electroweak bound constraining Composite Higgs Models, that requires sh < 1. As

we will show below, a necessary condition to kill the quadratic divergence in the potential

is to demand limpE→∞ΠLR = 0. In order to ensure this condition and to keep the model

simple, in the following we impose a LR symmetry in the strong sector, that automatically

implies ΠLR = 0.

The explicit form of the form factors is obtained by integrating out the heavy vector

resonances at tree-level and quadratic order (the one relevant at one-loop level). This is

not straightforward to do for an arbitrary number of vector resonances, due to the last

term in LvL , eq. (2.11). Let us then set fmix = 0 in the following (see appendix A for the

8The term in the second line of (3.5) could be generated, for example, by the operator O3 =(
Tr[ELµνE

L µν ]− Tr[ERµνE
R µν ]

)
[41], or directly in a model with vector resonances ρLµ , ρ

R
µ without invariance

under L↔ R, see section 3.1.1.

– 13 –



J
H
E
P
0
8
(
2
0
1
2
)
0
1
3

effect of this term in the two vector case). In this simple case, we get

Π1(p2) = g2
0f

2 + 2g2
0p

2

 Na∑
i=1

f2
ai

(p2 −m2
ai)
−

Nρ∑
j=1

f2
ρj

(p2 −m2
ρj

)

 ,
Π0(p2) = −p2 + g2

0p
2

Nρ∑
j=1

f2
ρj

(p2 −m2
ρj

)
, ΠX

0 (p2) = −p2 .

(3.10)

The physical SM gauge couplings are modified by the contribution of the resonances and

given by:

g2 = − g2
0

Π′0(0)
= g2

0

(
1 +

Nρ∑
j=1

g2
0

g2
ρj

)−1

, g′2 = − g2
0

Π′B(0)
= g′20

(
1 +

Nρ∑
j=1

g′20
g2
ρj

)−1

, (3.11)

where ′ stands for a derivative with respect to p2. It is straightforward to get from the

above relations the form of the gauge contribution to γg and βg to the Higgs potential:9

γg = − 3

8(4π)2

∫ ∞
0

dp2
E p

2
E

(
3

Π0
+
c2
X

ΠB

)
Π1,

βg = − 3

64(4π)2

∫ ∞
µ2g

dp2
E p

2
E

(
2

Π2
0

+

(
1

Π0
+
c2
X

ΠB

)2
)

Π2
1.

(3.12)

For large Euclidean momenta, the form factors Π0 ∝ ΠB
0 ∝ p2

E , while Π1 ∝ p0
E , indicating

that all higher terms in the sh expansion are UV finite. On the other hand, γg and βg are

respectively quadratically and logarithmically divergent in the UV, in general. Their UV

properties are fixed by the single form factor Π1. Without imposing any condition, the form

factor Π1 goes to a constant at high energy and the potential diverges quadratically. How-

ever, the form-factor Π1(p2) is an order parameter of the spontaneous symmetry breaking

(being proportional to the difference of the form factors of gauge fields along the unbro-

ken and broken generators [19]), so for energies much higher than the symmetry breaking

scale f , it should go to zero, assuring that the potential will diverge only logarithmically.

Imposing this condition, we obtain the first Weinberg sum rule [35]:

lim
p2E→∞

g−2
0 Π1(−p2

E) = f2 + 2

Na∑
i=1

f2
ai − 2

Nρ∑
j=1

f2
ρj ≡ 0 . (I) (3.13)

Demanding that Π1 goes to zero faster than p2
E (finite potential) for large Euclidean mo-

menta gives the second Weinberg sum rule:10

lim
p2E→∞

g−2
0 p2

EΠ1(−p2
E) = 2

Na∑
i=1

f2
aim

2
ai − 2

Nρ∑
j=1

f2
ρjm

2
ρj ≡ 0. (II) (3.14)

9We have inserted the IR cut-off µg ' mW to regulate a logarithmic divergence appearing in βg. This

is a spurious divergence arising from the expansion (the full potential is manifestly IR-finite) and does not

play an important role in what follows. We have checked that our results do not sensitively depend on the

choice of µg.
10The sum rules (3.13) and (3.14) are also valid for the general case fmix 6= 0 when Nρ = 2.
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Notice that the first sum rule requires the presence of at least one vector resonance ρµ,

while the second sum rule requires at least one axial resonance aµ. There is a qualitative

difference between the Weinberg sum rules (I) and (II). While the former must be unavoid-

ably imposed (at high energies the global symmetry is by assumption restored), the latter

can be relaxed, leaving a mild logarithmic UV-sensitivity of the Higgs potential.11 From

eqs.(3.9) and (3.10), we get the tree-level contribution to the S-parameter:

∆S ' 8πs2
h

 Nρ∑
j=1

f2
ρj

m2
ρj
−

Na∑
i=1

f2
ai

m2
ai

 , (3.15)

where we have approximated g0 ' g for simplicity.

The explicit form of γg and βg is readily computed for Nρ = Na = 1. Setting for

simplicity g′ = 0, aρ = 1 and expanding at leading order in (g/gρ)
2 (and in µg(= mW )/mρ

in βg), we get

γg ' −
9f2g2m2

ρ log 2

64π2
, βg '

9f4g4

1024π2

(
5 + log

m2
W

32m2
ρ

)
. (3.16)

For Nρ = Na = 1, when both eqs. (3.13) and (3.14) are imposed, ∆S can be rewritten as

∆S = 8πs2
h

f2

m2
ρ

(
1− f2

4f2
ρ

)
(3.17)

and, as eq.(3.13) imposes fρ > f/
√

2, it is manifestly positive definite. As expected, for

sh = 1, eq. (3.17) agrees with the vector dominance estimate in technicolor theories derived

in [43]. In holographic 5D models, ∆S is positive as well. For Nρ or Na > 1, on the other

hand, ∆S can in principle have any sign. Since as far as we know there is no general proof

about the positivity of ∆S (neither in Higgsless Technicolor theories nor in Composite

Higgs Models) we will also consider in the following one model (with Nρ = 1, Na = 2) in

the “exotic” region where ∆S can be negative. The UV uncalculable contribution to ∆S

is easily estimated by using NDA:

∆S(NDA) ∼ 1

π
s2
h . (3.18)

As expected, this is the value one gets from eq. (3.15) (modulo accidental cancellations or

enhancements), when the vector and axial couplings approach 4π.

A possible constrain on the form factor Π1 comes from the results of [45]. A straight-

forward generalization of the proof given there implies that any composite Higgs model,

UV-completed by vector-like gauge theories, cannot give rise to EWSB without additional

contributions to the Higgs potential (such as those given by fermion resonances). In other

11The second sum rule was originally derived by assuming that the broken and unbroken currents behave

as free fields in the UV [35]. This assumption holds for asymptotically-free gauge theories but can break

down if, say, the UV theory is a strongly interacting CFT. In particular, it has been pointed out in [44],

where an approach similar to ours has been advocated in Higgsless models, that the second Weinberg sum

rule does not hold in Conformal Technicolor.
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words, for sh < 1, γg in eq. (3.12) should be negative definite. This condition (always sat-

isfied in 5D models) is automatically satisfied when both (I) and (II) hold for Nρ = Na = 1

(see eq. (3.16)).12 On the other hand, when Nρ or Na > 1, γg can be positive and induce

EWSB by itself (although these regions are never found in our numerical scans).

3.1.1 Left-right asymmetric case

Let us study in this section what are the consequences of having a LR asymmetric model.

We consider the simplest example, with NρL = NρR = 1, which already shows all the

important aspects. From eq.(2.11) and eq.(3.8) we get:

Π0(p2) = −p2 +
g2

0f
2
ρL
p2

2(p2 −mρ2L
)

+
g2

0f
2
ρR
p2

2(p2 −mρ2R
)
,

ΠB(p2) = −p2 +
g′20 f

2
ρL
p2

2(p2 −mρ2L
)

+
g′20 f

2
ρR
p2

2(p2 −mρ2R
)
,

Π1(p2) = g2
0

(
f2 −

f2
ρL
p2

p2 −mρ2L

−
f2
ρR
p2

p2 −mρ2R

)
,

ΠLR(p2) =
g2

0f
2
ρL
p2

2(p2 −mρ2L
)
−

g2
0f

2
ρR
p2

2(p2 −mρ2R
)
.

(3.19)

The form factor ΠLR goes to a constant for large Euclidean momenta, and it induces a

quadratic divergence in the Higgs potential. Since the functional dependence related to

this form factor is ch, see eq. (3.7), this divergence is present at any order in the expansion

for small s2
h. Similarly to Π1, ΠLR is an order parameter for the symmetry breaking and

should hence go to zero at high energies. From the expression above we get

lim
pE→∞

ΠLR(−p2
E) =

g2
o

2

(
f2
ρL
− f2

ρR

)
− g2

0

2p2
E

(
f2
ρL
m2
ρL
− f2

ρR
m2
ρR

)
+O(p−4

E ) . (3.20)

Canceling the quadratic and logarithmic divergence requires fρL = fρR and mρL = mρR ,

respectively, which is equivalent in this case to impose a complete LR symmetry, for which

ΠLR = 0 identically. Note that by adding more copies of vector resonances, however, one

might be able to have a finite potential even without imposing a LR symmetry.

3.2 Fermion contribution

The top quark effective Lagrangian up to quadratic order in the fermions and to any order

in the Higgs field can be written, in momentum space, as

t̄L/pΠtLtL + t̄R/pΠtRtR − (t̄LΠtLtRtR + h.c.) , (3.21)

resulting in the following contribution to the Higgs potential:

Vf (h) = −2Nc

∫
d4pE
(2π)4

log
(
p2
EΠtL(−p2

E)ΠtR(−p2
E) +

∣∣ΠtLtR(−p2
E)
∣∣2) . (3.22)

12On the contrary, if one imposes only the sum rule (I), even for Nρ = Na = 1, γg (and ∆S) can have

any sign.
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Integrating out the fermion resonances Si and Qj , we get the following expression for the

form factors:

ΠtL = ΠQ + s2
hΠ1Q , ΠtR = ΠS + s2

hΠ1S , ΠtLtR = ishchΠQS , (3.23)

where

ΠQ(p2) = 1−
NQ∑
j=1

|εjqQ|2

p2 −m2
jQ

, Π1Q(p2) = −1

2

( NS∑
i=1

|εiqS |2

p2 −m2
iS

−
NQ∑
j=1

|εjqQ|2

p2 −m2
jQ

)
,

ΠS(p2) = 1−
NS∑
i=1

|εitS |2

2(p2 −m2
iS)

, Π1S(p2) =
1

2

( NS∑
i=1

|εitS |2

p2 −m2
iS

−
NQ∑
j=1

|εjtQ|2

p2 −m2
jQ

)
,

ΠQS(p2) =
1

2

( NS∑
i=1

εi∗tSε
i
qS

miS

p2 −m2
iS

−
NQ∑
j=1

εj∗tQε
j
qQ

mjQ

p2 −m2
jQ

)
. (3.24)

Similarly to the gauge case, for sh � 1, we can expand Vf up to quartic order:

Vf (h) ' −γfs2
h + βfs

4
h, (3.25)

with

γf =
2Nc

(4π)2

∫ ∞
0

dp2
E p

2
E

(
Π1Q

ΠQ
+

Π1S

ΠS
+

Π2
QS

p2
EΠQΠS

)
,

βf =
Nc

(4π)2

∫ ∞
µ2f

dp2
E p

2
E

((
Π2
QS

p2
EΠQΠS

+
Π1Q

ΠQ
+

Π1S

ΠS

)2

−
2(p2

EΠ1QΠ1S −Π2
QS)

p2
EΠQΠS

)
.

(3.26)

For large Euclidean momenta ΠQ,S ∝ p0
E , Π1Q,1S ∝ p−2

E , ΠQS ∝ p−2
E . It then follows that

the terms involving ΠQS in eq. (3.26) are all finite. The factor µf is an IR-cutoff curing

a spurious logarithmic divergence arising from the expansion of the potential. We fix it

to be around the top mass (see footnote 9). All higher terms in the sh expansion are UV

finite. We can impose the fermion analogue of the Weinberg sum rules, demanding that

the divergencies in γf and βf above cancel. The cancellation of the logarithmic divergence

in βf requires

lim
p2E→∞

(−2)p2
E

Π1S

ΠS
=

NS∑
i=1

|εitS |2 −
NQ∑
j=1

|εjtQ|
2 = 0 ,

lim
p2E→∞

2p2
E

Π1Q

ΠQ
=

NS∑
i=1

|εiqS |2 −
NQ∑
j=1

|εjqQ|
2 = 0 .

(III) (3.27)

When eq. (3.27) is satisfied, the quadratic divergence in γf is automatically cancelled.

Imposing the cancellation of the logarithmic divergence in γf requires the second condition

lim
p2E→∞

2p4
E

(Π1S

ΠS
+

Π1Q

ΠQ

)
=

NS∑
i=1

m2
iS

(
|εitS |2 − |εiqS |2

)
−

NQ∑
j=1

m2
jQ

(
|εjtQ|

2 − |εjqQ|
2
)

= 0 (IV) .

(3.28)

– 17 –



J
H
E
P
0
8
(
2
0
1
2
)
0
1
3

It is useful to consider in some detail the case NQ = NS = 1, taking all the mixing param-

eters to be real, for simplicity. Assuming mS 6= mQ, a solution to eqs. (3.27) and (3.28) is

εtS = εtQ = εqS = −εqQ ≡ ε . (3.29)

Other solutions with different sign choices can also be considered. We take εqQ of opposite

sign with respect to the other ε’s so that the top mass is maximized, see eq. (2.26).13 The

coefficients γf and βf are now easily computed in analytic form, but the resulting expres-

sions are too lengthy to be reported. For illustration, we just show here their approximate

form in the limit of small mixing, θL,R � 1. At leading order we get14

γf =
Ncε

4

32π2

1− x2 +
(
x2 + 2x+ 2

)
log x2

x2 − 1
, x =

mQ

mS
,

βf =
Ncε

4

32π2

(1 + x) log x2

x− 1
.

(3.30)

Notice that the ε4 behaviour of γf is an accident of the NQ = NS = 1 case, the typical

scaling being ∝ ε2.

The generalized Weinberg sum rules (I-IV) must be satisfied by any composite Higgs

model where a symmetry mechanism is at work to realize the MHP hypothesis. They are

clearly also satisfied in the notable case of five-dimensional theories, where locality in the

extra dimension forbids any local Higgs potential to all orders in perturbation theory (thus

implementing in full the MHP hypothesis). However, when one has to sum over an infinite

set of fields, with increasing mass, such as in the 5D models, the sum rules written as in

(I-IV) are not very useful. It is more convenient to first sum over the infinite set of fields

and then take the limit of large euclidean momenta.15 In doing that, one finds that the

form factors such as Π1, Π1S , Π1Q and ΠQS introduced before, all go to zero exponentially

for pE → ∞. For instance, in the simplest set-up of a 5D theory on a flat interval of

length L, one gets Π1(pE) ∝ pE/ sinh(2LpE) (see e.g. [46] for an introduction and further

examples).

4 Analysis of the Higgs potential

The total Higgs potential up to O(s4
h) is given by

V (h) = Vg(h) + Vf (h) = −γs2
h + βs4

h , (4.1)

where we have denoted γ = γg + γf and β = βg + βf . The potential has three extrema:

sh = 0 (no EWSB), sh = 1 (maximal EWSB) and

s2
h = ξ =

γ

2β
. (4.2)

13Otherwise, in order to get the correct top mass, a larger degree of top compositeness is needed and the

Higgs mass turns out to be always heavier than 125 GeV.
14Contrary to the expansion in g/gρ in the gauge contribution (3.16), that is always a sufficiently accurate

approximation, the explicit forms (3.30) are not always useful. When tL and/or tR significantly mix with

the composite sector, different limits should be considered.
15The higher-dimensional symmetries demand that one has to sum over the whole infinite tower of states,

despite the limited regime of validity of the 5D effective theory.
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The one at ξ = 1 should be discarded because it is outside the regime of validity of eq. (4.1)

(and leads anyway to massless SM fermions, ΠtLtR = 0 in eq. (3.23)). The extremum (4.2)

is a local minimum of the potential when γ > 0 and, at the same time, γ < 2β. Demanding

a sufficiently small value of ξ, as suggested by the EWPT, requires to tune γ < β. The

Higgs mass at the non trivial minimum (4.2) equals

m2
h =

8β

f2
ξ (1− ξ) . (4.3)

It is very useful to parametrically understand what are (if any) the generic relations among

the Higgs mass and the masses of the vector and fermion resonances. For simplicity, we

first consider the set-up where Nρ = Na = NS = NQ = 1 and set g′ = 0. Assuming PUVC,

we take aρ, as defined in eq. (2.16), equal to one. When the Weinberg sum rules (I-II) in the

gauge sector are imposed, the axial mass and decay constant are completely determined in

terms of the vector mass mρ, which is the only mass scale in the spin 1 sector. We choose

to solve the sum rules (III-IV) as in eq. (3.29), so that the fermion sector is characterized

by three mass scales: the mixing parameter ε and the vector masses mS and mQ.

From eq. (3.16), we see that the following parametric expressions for γg and βg ap-

proximately hold:

γg ∼ −
g2f2m2

ρ

16π2
, βg ∼

g4f4

16π2
∼ |γg|

( g
gρ

)2
� |γg| . (4.4)

For ξ � 1, using eqs. (4.2) and (4.3) we have

m2
ρ

m2
H

' 4π2

g2

|γg|
γ

. (4.5)

Given the bounds coming from the S parameter, we parametrically require γ � |γg|, as

well as γ � β. This implies a fine-tuning at work, so that γ is small because the fermion

and the gauge contribution compensate with each other, γf ' −γg. As we will shortly

see, |γf | ' |βf |, while βg ∼ γg(g/gρ)
2, implying that generally βg � βf and can be

neglected. The fermion sector, with three different mass scales, is more involved. It is

useful to parametrize it in terms of ωL ≡ tan θL and ωR ≡ tan θR, introduced in eq. (2.25),

and one mass scale. We can split the fermion parameter space in 3 × 3 = 9 regions,

ωL � 1 (elementary tL), ωL ' 1 (semi-composite tL), and ωL � 1 (fully composite tL) and

similarly for ωR. We always take ωL and ωR to scale in a similar fashion, so that ωL ' ωR
for (ωL � 1, ωR � 1) and (ωL � 1, ωR � 1), and ωLωR ' 1 for (ωL � 1, ωR � 1) and

(ωL � 1, ωR � 1).16 In each region we choose as mass scale the physical mass of the

16It is important to keep in mind that physically there is actually no way to take the formal parametric

limit ωL,R → 0 or ωL,R →∞, because, at fixed top mass, some fermion resonance mass becomes infinitely

massive. The maximal value of a fermion mass in the effective theory should be less than Λ = 4πf , above

which we should integrate out the heavy field. In light of that, the actual allowed range for ωL,R is

1

4π
. ωL,R . 4π . (4.6)
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Lightest Fermion Resonance (LFR), denoted by mL, as given by eq. (2.27). This is always

either m0 or m7/6. We then define the parameters

m2
top ≡ kt(ωL, ωR)m2

Lξ, γf ≡
Ncm

4
L

16π2
kγ(ωL, ωR) , βf ≡

Ncm
4
L

16π2
kβ(ωL, ωR) . (4.7)

We report in table 1 the parametric dependence of kt, kγ and kβ on ωL and ωR, as well as

mL, in each region. Notice that the table is not symmetric under the exchange ωL ↔ ωR
and mQ ↔ mS , because of the presence of the bi-doublet with Y = 7/6, whose mass is

mQ, independently of ωL and ωR. Given the mixing parameters and ξ, everything else is

parametrically determined, namely mρ, mL and mH . In particular, we have

m2
ρ '

Ncm
2
top

4m2
W

kγ
k2
t ξ
m2

top , m2
H '

g2Ncm
2
top

8π2m2
W

kβ
k2
t

m2
top , m2

L =
m2

top

ktξ
, (4.8)

m2
ρ

m2
H

' 2π2

g2ξ

kγ
kβ

,
m2
ρ

m2
L

'
Ncm

2
top

4m2
W

kγ
kt
,

m2
H

m2
L

'
g2Ncm

2
top

8π2m2
W

kβ
kt
ξ . (4.9)

In all regions, except (ωL � 1, ωR � 1) and (ωL � 1, ωR � 1), kβ/k
2
t ∼ 1 and the Higgs is

parametrically determined in terms of mtop to be quite light (below the LEP bound, taking

eq. (4.8) literally).17 In all these regions, for reasonably natural values of ξ (say, ξ ' 1/10),

the LFR (singlet S or exotic doublet Q7, depending on the region) is always light, of

order 1/
√
ξ times the top mass, or even too light, of order 1/(ωL

√
ξ), with ωL � 1. For

(ωL � 1, ωR � 1) the Higgs is heavier and yet the fermion resonance Q7 is light. Finally,

when (ωL � 1, ωR � 1), both the Higgs and the resonance masses (vector and fermion)

increase as 1/ω2. In all regions, kβ = kγ , implying that mρ/mH is independent of the

fermion sector and determined, at fixed ξ. Finally, since kβ,γ ≥ kt in all regions, we can

conclude that a light Higgs implies light fermion and vector resonances. The latter are

always heavier than the former, as can be seen from eq. (4.9) that, taken literally, predict

vector masses roughly twice heavier than fermion masses. The converse is not always true.

In particular, for a strongly composite top, we can have light fermion resonances and an

heavy Higgs.18

Let us now consider the generalizations to models with multi vector and fermion res-

onances. When more spin 1 resonances are considered, a too large S parameter can be

circumvented by either some tuning between the axial and vector resonances or by an in-

crease in the vector resonance mass. For illustration, let us consider how the latter situation

can be realized with 2 vectors and 1 axial resonance (see section 5 and appendix E for a

discussion of a model based on this gauge sector). For simplicity, we take fρ1 = fρ2 = f

and fmix = 0. Imposing the sum rules (I) and (II) allows to determine ma and fa as a

function of f and of the two vector masses mρ1 and mρ2 . A simple calculation gives as

17Needless to say, the considerations above are quite schematic and are only valid parametrically. They

are not accurate enough for a more quantitative description.
18The direct link between mH and mρ can be problematic for these minimal models with just one

resonance. In fact, a more detailed analysis reveals that mρ is always below 2 TeV for a 125 GeV Higgs

mass (see eqs. (E.1)–(E.3) and figure 9 (b,d) in appendix E), leading generally to a too large S parameter.
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HH
HHHH

ωL
ωR � 1 ' 1 � 1

� 1 (m,ω4, ω4, ω4) (m0, 1, 1, 1) (m0, 1, 1, 1)

' 1 (m7/6, 1, 1, 1) (m, 1, 1, 1) (m, 1, 1, 1)

� 1 (m7/6, ω
2
L, ω

4
L, ω

4
L) (m7/6, ω

2
L, ω

4
L, ω

4
L) (m7/6, 1, ω

2
L, ω

2
L)

Table 1. Values of mL, kt, kγ and kβ (in order) for the parametric limits of elementary, semi-

composite and fully composite tL, tR. For simplicity, we have omitted the subscripts 0, 7/6 on m,

and L,R on ω, when not necessary.

leading expression in an expansion in (g/gρ)
2

γg = −
9f2g2m2

ρ

64π2

(
(1 + x2) log

(2

3
(1 + x2)

)
− 2x2 log x

)
, (4.10)

where mρ = mρ1 and x = mρ2/mρ1 . For an appropriate range in x, the coefficient mul-

tiplying f2g2m2
ρ in eq. (4.10) can be significantly smaller than the one in eq. (3.16). At

fixed γf , this implies the possibility of increasing mρ and hence decreasing the value of

∆S within the allowed range. One can also check that in the case of 2 axials and 1 vector

resonance, ∆S can be made small when one of the two axial resonances is quite light (see

eq. (E.4)).

When more fermion resonances are involved, NQ and/or NS greater than one, the

analysis is greatly complicated by the large number of parameters involved. The main

qualitative feature, as already mentioned, comes from γf that for small mixing terms

scales as ε2. This implies that parametrically γf � βf , in tension with eq. (4.2), that

would favour regions where γ � β. On the other hand, a larger γf is welcome, because

it implies a larger γg (in order to tune γf + γg to be small) and hence spin one resonance

masses heavy enough to keep ∆S under control, although at the expense of a higher fine-

tuning. We still expect the Higgs to be light when the LH and RH top are substantially

composite (εi & mi) and at least one fermion resonance, barring accidental cancellations,

to be light and parametrically related to the top mass by m2
L ∼ m2

top/ξ. On the other

hand, when we approach the region of an elementary top, both the Higgs mass and the

fermion resonances related to the top become heavy. We then expect that the implication

light Higgs → light fermion resonances continue to apply. We will provide more accurate

estimates of the relation among Higgs and fermion resonance masses in the next section,

where we consider in more detail some specific classes of models.

Non-minimal models with more vectors and fermions allow the possibility to tune

ξ � 1 in a different way. Since with more vectors, as we have just seen, the estimate (4.4)

does not necessarily hold, there is the possibility to have γf � |γg| (and yet heavy enough

vector resonances), so that the whole gauge contribution to the Higgs potential is sub-

leading with respect to the fermion one. All the tuning is at work in the fermion sector to

get γf ' 2ξβf � βf . This is possible, in the region of small mixing, if both the coefficients

of the leading quadratic and next-to-leading quartic terms in the mixing in γf are tuned

to be small, so that γf � βf . In such regions a double tuning is at work, needed to get a
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NQ = NS = 2, Nρ = Na = 1 - ξ = 0.1

0 1 2 3 4 5
Γ f �H-ΓgL0

1

2

3

4

Γ f

2 Β f

(a)

3-sites [20]: NQ = NS = Nρ = 2, Na = 1 - ξ ' 0.1

0 5 10 15 20 25 30
Γ f �H-ΓgL0.0

0.1

0.2

0.3

0.4

0.5

Γ f

2 Β f

(b)

Figure 1. Values of γf/(−γg) versus γf/(2βf ), that is the value of ξ one would get by neglecting the

gauge contribution to the Higgs potential. The points are obtained by a numerical scan, requiring

mH ∈ [100, 150] GeV. (a) The range of the parameters is taken as follows: miQ,miS ∈ [0, 8f ],

θqQ, θtQ, θqS , θtS ∈ [0, 2π], aρ ∈ [1/
√

2, 2]. εt, as defined in eq. (E.5), has been obtained by fixing

mtop while mρ by fixing ξ. The green line represents ξ = 0.1. In most of the points γg ' −γf and it

is never possible to go in the region where γf � −γg. (b) The range of the parameters is taken, in

the notation of [20], as follows: g∗, g̃∗ ∈ [0, 8], MQ,MS ,m,∆ ∈ [0, 8f ], yR/(
√

2yL) ∈ [0.3, 0.6] and

yL has been obtained fixing mtop, cutting for ξ ∈ [0.05, 0.15]. The green band represents the actual

values of ξ ∈ [0.05, 0.15]. In most of the points still γg ' −γf , but now there is a region where the

gauge contribution is negligible.

small hierarchy between v and f . See figure 1 for a comparison between the multi-fermion

and multi-gauge model (e.g. the 3-sites theory of [20]), where this kind of tuning can occur,

and the multi fermion (but minimal-gauge) model.

5 Three examples of selected models

The framework introduced in the previous sections opens up a huge set of possibilities for

model building. In fact, not only the number of spin 1 and spin 1/2 resonances to be

introduced below the cutoff is free, but also the Weinberg sum rules have often physically

different possible solutions. Studying in detail each of these models is well beyond the scope

of this work and, as the simplest cases are already able to produce working models which

pass the EWPT and display all the interesting aspects, we focus in the following on the

case where NQ, NS , Nρ, Na ≤ 2. A schematic presentation of the results for all the different

cases will be presented in the appendix E. The simplest realization of our framework, that

is the model with Nρ = Na = NQ = NS = 1 described in section 4 and in appendix E,

does not grossly pass the EWPT for mH ∈ [100, 150] GeV, because of a too large tree-level

S parameter, induced by (relatively) too light vector resonances, mρ . 2 TeV, as can be

seen in figure 9 (b, d). This is a direct consequence of the first relation in eq.(4.9) and of
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the fact that kγ ' kβ in this model. On the other hand, this model passes EWPT and the

direct bound (5.1) for mH ' 320 GeV (see appendix E).

A straightforward way to circumvent this problem is to add more freedom either in

the gauge sector or in the fermionic sector. In the rest of this section we consider three

models. The first two, in our opinion, offer the best compromise between simplicity and

viability, that is Nρ = 2, Na = NQ = NS = 1 and NS = 2, NQ = Nρ = Na = 1. The third

one is actually the simplest possible model, with Nρ = NQ = 1 and Na = NS = 0. Here

the composite sector is assumed to contain a massless chiral bound state, identified with

the RH top quark. As we will see, this model is not realistic because it predicts a too light

Higgs, but it is a counterexample to the statement that a light Higgs predicts light fermion

resonances.

For the first two models presented here and those in the appendix E we have performed

a scan of the parameters imposing the generalized Weinberg sum rules, setting the ratio

v2/f2 = ξ = 0.1, 0.2 and requiring a light Higgs boson, mH ∈ [100, 150] GeV, or mH '
320 GeV, still allowed for a composite Higgs [31]. In all our scans we set the top mass

(roughly at the TeV scale) to be mtop(TeV) ' 150 GeV. For all the points which satisfy

the constraints above we have computed the new physics 1-loop fermion contribution to ∆S

and ∆T and the deviation to ∆δgZ(bL) (for more details on the EWPT see appendix B).

We then performed a combined χ2 analysis using the same fit already used in [47], based

on the εi parameters [48–50].19

Direct search bounds on the fermion resonance masses should also be taken into ac-

count. The bi-doublets and singlets contain the t′, b′ and the exotic fermion χ (the upper

component of the bi-doublet with Y = 7/6, with electric charge Q = 5/3). The latter has

no mixing with the SM fields and would be always lighter than any other fermion from the

same bi-doublet. Therefore, the LFR would be either the lightest χ or t′ from the singlet.

The exotic χ has a 100% decay branching into tW+ which implies a stringent constrain

from the same-sign dilepton and trilepton events with b tags. At present, the best bound for

χ is the one from CMS b′ search mb′ > 611 GeV [37] which also applies to the χ search [52].

The lightest t′ coming from an SO(4) singlet, however, has three different decay channels:

t′ → bW+, t′ → tZ and t′ → th, where only the first one has a significant bound. The

constraints on t′ largely depend on its decay branching ratio and are weak. For instance,

if Br(t′ → bW+ < 35%), we find that the CMS bound [38] would imply mt′ < 350 GeV

which is outside the range of the CMS search. Therefore, throughout the paper, we only

include the direct search bound for χ, imposing

m7/6 > 611 GeV. (5.1)

In the appendix E we also comment on the models where the generalized second Weinberg

sum rules are relaxed and the Higgs potential is logarithmically divergent.

19We have checked that our fit, restricted to the S and T parameters, reproduces with good accuracy the

fit provided by the Particle Data Group for different values of the Higgs mass, figure 10.4 of [51].
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5.1 Two-vector model

The models with Nρ = 2, Na = NQ = NS = 1, are the simplest models passing the EWPT

within our set-up. A similar model with Nρ = NQ = NS = 1 and Na = 2, considered

in the appendix E, also pass the EWPT, but it is theoretically less motivated than the

Nρ = 2, Na = 1 case. Indeed, while the gauge sector of the latter can be realized, for

instance, in a deconstructed model (such as the 3-sites model of [20]), the former appears

to be more exotic and unconventional. For this reason, we have decided to focus on the

Nρ = 2, Na = 1 model in the following. We assume invariance under LR symmetry, so

that ΠLR in the last row of eq. (3.7) vanishes. In the fermion sector we take eq.(3.29) to

satisfy the two sum rules (3.27) and (3.28), and keep mS 6= mQ. This solution allows us

to explore both the regions of parameter space where the LFR is a t′ or χ.

As explained in section 4, adding a second vector resonance allows for a higher overall

mass scale for the vectors, keeping γg fixed, and alleviate the constraints coming from the

S parameter. This can be explicitly seen in the approximation fmix = 0 and fρ1 = fρ2 = f ,

where we obtain the expression (4.10) for γg, which is negative in the range 0.4 . x ≡
mρ2/mρ1 . 2.5 and positive otherwise. It is therefore possible to tune x ' 2.5 (or x ' 0.4)

and at the same time increase mρ1 to keep γg fixed. A posteriori, the numerical scan shows

that amix ≡ fmix/f . 0.3, so that the approximation used above is valid.

The fermion sector of this model is simple enough that it is not hard to write simple

analytic formulas for the top and Higgs mass, that go beyond the parametric estimate given

in section 4. In particular, this allows us to explicitly check that a light Higgs requires light

fermion resonances. Let us first consider the elementary tL,R region, with ωL,R < 1. In

this region, at leading order in ωL ∼ ωR, we have

m2
top '

1

2
m2
Sω

2
R(ωL +

√
2ωR)2ξ =

1

4
ε4

(mQ +mS)2

m2
Qm

2
S

ξ . (5.2)

Using eq. (4.3) for ξ � 1 and expanding βf at leading order in ωL,R, we immediately get20

m2
H '

Nc

π2f2

m4
Sω

4
R(ωL +

√
2ωR)2ξ

2ω2
R − ω2

L

log
(2ω2

R

ω2
L

)
=

Nc

π2f2

m2
Qm

2
S

m2
Q −m2

S

log
(m2

Q

m2
S

)
m2

top , (5.3)

where in the last relation we have used eqs. (2.25) and (5.2). It is straightforward to derive

from eq. (5.3) an upper bound for the LFR mass mL:

mL ≤
πf√
Nc

mH

mtop
. (5.4)

Let us now consider the region ωL < 1, ωR ' 1 (elementary tL, semi-composite tR, often

found in the numerical scan). In this region the LFR is necessarily t′, with mL = m0 '√
2mS . Expanding in ωL < 1, we have

m2
top '

m2
L

4
ξ ,

m2
H '

Nc

8π2f2
m2
L

(
log ξ−1 + 8 log

(m2
Q

m2
S

)
+ log 4− 1

)
m2

top ,

(5.5)

20A similar formula was already obtained in [52].
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Figure 2. Mass of the LFR (in GeV), before EWSB, as a function of the Higgs mass (in GeV).

The green circles represent the singlet while the purple triangles represent the exotic doublet with

Y = 7/6. The masses mQ,mρ1 and mρ2 are taken in the range [0, 8f ], aρ1 , aρ2 ∈ [1/2, 2] and

amix ∈ [0, 5]; ε and mS have been obtained by fixing mtop and ξ. EWPT and the bound (5.1) have

not been imposed.

and gives the upper bound

mL ≤
2
√

2πf
√
Nc

√
log ξ−1

mH

mtop
. (5.6)

We performed the parameter scan for a light Higgs, both for ξ = 0.1 and ξ = 0.2. We

show in figure 2 the relation between the LFR mass, mL, and the Higgs mass, mH , in the

light Higgs region, obtained by a numerical scan over the parameter space. In the case

of ξ = 0.1, approximately 4% of the points produced by the scan are able to pass the

EWPT, as indicated in figure 3, where we show the reduction of our fit to (∆S,∆T ) by

marginalizing with respect to δgb (as done in figures 4, 6 and 7).21 The χ and t′ fields are

respectively the lightest states (with m7/6 ' 500 GeV and m0 ' 800 GeV) in the region of

positive and sizable ∆T and of small ∆T . The points which pass the EWPT are evenly

distributed in these two regions but the bound m7/6 > 611 GeV rules out most of the region

with a light χ. As explained above, the vector masses can be arbitrarily heavy, so passing

the constraints on the S parameter is not an issue for this model. The points which pass

the EWPT show a lightest vector resonance always above ∼ 1.5 TeV. Also in this case, the

tuning to get a successful EWSB is between the gauge and the fermion contribution to the

Higgs potential, γg and γf . As expected, a smaller portion of points pass the EWPT for

ξ = 0.2 (∼ 1%). The scan shows that in this case the EWPT prefer the points where t′ is

the LFR, with a mass m0 ∼ 600 GeV.

21Notice that the corrections to ∆S and ∆T due to the compositeness of the Higgs have been absorbed

in the definition of the fit. In other words, ∆Splot = ∆Sfit −∆SH(mH) and ∆Tplot = ∆Tfit −∆TH(mH),

where ∆Sfit and ∆Tfit are defined in eqs. (B.9) and (B.7).
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Figure 3. S and T parameters for the points of the numerical scan with a light Higgs: mH ∈
[100, 150] GeV. The ellipses are the 99% and 90% C.L., for a mean value of mH = 125 GeV. The

green circles are the points which pass both EWPT and the bound (5.1), the blue triangles pass

EWPT but are ruled out by the bound (5.1) and the red squares don’t pass EWPT. The range of

the input parameters is as indicated in figure 2.

Nρ = 2, Na = NQ = NS = 1 - Heavy Higgs - ξ = 0.15
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Figure 4. S and T parameters for the points of the numerical scan for a heavy Higgs (mH ∈
[300, 350] GeV) and ξ = 0.15. The ellipses are the 99% and 90% C.L., for a mean value of mH =

325 GeV. The green circles are the points which pass the EWPT (and the bound (5.1)) while the red

squares are the points which don’t pass EWPT. The ranges of the input parameters is as indicated

in figure 2.
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The analysis of the bounds on the Higgs mass performed in [31] shows that in the

Composite Higgs Models we are considering (within the so called MCHM5 class) there is

still an allowed region for mH ∼ 320 GeV, if ξ & 0.1. We then also performed a scan for

this case, fixing ξ = 0.15 and cutting for mH ∈ [300, 350] GeV. We find that the LFR can

be as heavy as 2.2 TeV and it can be both t′ or χ. Interestingly enough, despite the heavy

Higgs mass, the model passes the EWPT. Approximately ∼ 4% of the points pass the

EWPT (see figure 4), which prefer t′ as LFR with m0 ∼ 1.7 TeV and the spin 1 resonances

with masses above 3 TeV.

5.2 Two-singlet model

Adding a second composite fermion, singlet of SO(4), is the minimal choice to go beyond the

simplest setup in the fermionic sector. This is already enough to increase γf and therefore

to obtain heavier vector resonances and smaller tree-level contribution to the S parameter.

The fermionic Lagrangian we start with is the one of eq.(2.19) with NQ = 1, NS = 2.

The most general solution to the first fermionic sum rule, eq.(3.27), is given in terms of

two angles and two mixings:

εqQ = εq , ~εqS = (εq cos θq, εq sin θq),

εtQ = εt , ~εtS = (εt cos θt, εt sin θt).
(5.7)

There are various ways to satisfy the second fermionic sum rule eq.(3.28). One possibility

is to solve for one of the remaining parameters, say εq, in terms of the remaining ones. In

this way, we get

εq = εt

√√√√m2
Q −m2

1S cos2 θt −m2
2S sin2 θt

m2
Q −m2

1S cos2 θq −m2
2S sin2 θq

. (5.8)

Once we impose this relation, for small mixing εt we have γf ∝ ε2t and βf ∝ ε4t , in contrast

to the 1-singlet case where γf , βf ∝ ε4. In particular, we get

γf ∝ ε2t (m2
Q −m2

1S)(m2
Q −m2

2S)(m2
2S −m2

1S)(cos 2θq − cos 2θt). (5.9)

This implies that γf can be enhanced with respect to the estimate in eq.(3.30). But γg
cannot increase too much, leading otherwise to too heavy vector resonances, and hence

the enhancement of γf should be kept small. This is confirmed by the numerical scan

where we get small deviations from the exact cancellation. In this simple, yet fundamental,

observation lies the reason why this model, like all the ones with more fermionic resonances,

is able to pass the EWPT.

Let us consider a specific region in parameter space selected by EWSB, where εq ∼
εt ∼ ε, mQ ∼ m2S ∼ M , θq ∼ π and θt ∼ 0, with both m1S and ε much smaller than M .
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Nρ = Na = NQ = 1, NS = 2 - ξ = 0.1
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Figure 5. Mass of the LFR (in GeV), before EWSB, as a function of the Higgs mass (in GeV).

The green circles represent the singlet while the purple triangles represent the exotic doublet with

Y = 7/6. All the fermion masses are taken in the range [0, 6f ], the angles θq, θt ∈ [0, 2π] and

aρ ∈ [1/
√

2, 2]. The mixing εt and the mass mρ have been obtained by fixing mtop and ξ respectively.

EWPT and the bound (5.1) have not been imposed.

Nρ = Na = NQ = 1, NS = 2 - ξ = 0.1
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Figure 6. S and T parameters for the points of the numerical scan with a light Higgs: mH ∈
[100, 150] GeV. The ellipses are the 99% and 90% C.L., for a mean value of mH = 125 GeV. The

green circles are the points which pass EWPT (and the bound (5.1)) and the red squares don’t.

The ranges of the input parameters is as indicated in figure 5.
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In this region the coefficient of the ε2t term in γf is suppressed. We get

γf '
Nc

32π2
ε4
(

log
M2

m2
L

− 1

)
=

Nc

32π2
ε4bγ ,

βf '
Nc

32π2
ε4

(
log

M2

m2
L

+
ε4

8m4
L

(
log

m2
L

µ2
f

− 1

))
=

Nc

32π2
ε4bβ,

m2
top '

ξ

4

ε4

m2
L

,

(5.10)

where µf is the IR regulator of the spurious IR divergence arising from βf (see eq. (3.26)

and footnote 9) and mL denotes the mass of the LFR, that is clearly the singlet S1 in this

region: mL '
√
m2
S1

+ ε2/2. From these relations we obtain the estimate

mL ' f
√
π

bβ

mH

mtop
. (5.11)

Since bβ > log M2

m2
L

& 2 for at least M > 3mL, the singlet has an upper bound of mL .
800 GeV for ξ = 0.1. We therefore obtain that also in this case a light Higgs boson implies

light fermionic resonances. For both ξ = 0.1 and 0.2 we find that the singlet is the LFR,

with a mass in the range ∼ 300−800 GeV, see figure 5. Even though the bulk of the points

show a vector mass in the same range as in the minimal model, there are nevertheless

points with bigger values of mρ so that the model can pass the EWPT, see figure 6. For

ξ = 0.1, approximately 2.75% of the points pass the EWPT, with mρ & 2.5 TeV and

mL ∈ [400, 700] GeV. For ξ = 0.2, less than 1% of the points pass the EWPT, the typical

value of mρ and mL being analogous to the ξ = 0.1 case.

In the heavy Higgs case, that is for mH ∈ [300, 350] GeV and for ξ = 0.15, the LFR

is still the first singlet, but with a mass range 400 GeV . mL . 2 TeV. In this model

∼ 7% of the points pass the EWPT, see figure 7, the preferred region being for 1 TeV .
mL . 1.5 TeV and mρ & 3 TeV. The fraction of points which pass is surprisingly high also

because, for bigger Higgs masses, most of the points are naturally in a region of heavy ρ

(that is, small ∆S), as can be understood from the estimate in (4.9).

5.3 A counter-example: a light Higgs and heavy resonances

We consider in the following a model where the RH top quark is fully composite. As

already mentioned at the end of section 2.3, this model is built assuming that the tR is

a chiral composite state in the singlet representation of SO(4) and adding one composite

fermion in the bidoublet representation, Q. No singlet fields S are present, NS = 0. The

leading fermion Lagrangian is22

Lf,0 = q̄Li /DqL + t̄Ri /∇tR + Q̄(i /∇−mQ)Q+ εqS ξ̄LUPStR + εqQξ̄LUPQQR + h.c. . (5.12)

22One might think that the Lagrangian (5.12) can be obtained from eq. (2.19) with NQ = NS = 1, in the

limit εtS,tQ →∞, in which case the singlet becomes ultra-heavy and can be integrated out. This is however

not the case, because the Weinberg sum rule (III) would imply εqS,qQ →∞, and hence a ultra-heavy doublet

as well.
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Nρ = Na = NQ = 1, NS = 2 - Heavy Higgs - ξ = 0.15
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Figure 7. S and T parameter for the points of the numerical scan, for a heavy Higgs (mH ∈
[300, 350] GeV) and ξ = 0.15. The ellipses are the 99% and 90% C.L., for a mean value of mH =

325 GeV. The green circles are the points which pass the EWPT (and the bound (5.1)) while the red

squares are the points which don’t. The ranges of the input parameters is as indicated in figure 5.

The Weinberg sum rules (III) and (IV) obtained in section 3 do not apply in this case

with NS = 0, but the expressions for the form factors and the 1-loop Higgs potential are

particularly simple. Demanding the cancellation of the quadratic divergence in the fermion

sector requires |εqQ| = |εqS | ≡ ε. Demanding also the cancellation of the logarithmic

divergence in γf would require ε = 0, which is not a viable possibility. We are therefore

forced to keep the logarithmic divergence, which, as we explained in the appendix E, means

that γ, and thus ξ, is not calculable. We then proceed assuming a given value for ξ and

computing only β. Since βg � βf , we can completely neglect the gauge sector.23 In this

approximation, and at first order in ξ, we obtain the expression for the Higgs and top

masses:

m2
H '

Nc

8π2

ε4m4
Q

f2m4
1/6

ξ

(
log

m2
1/6

µ2
f

− 1

)
, m2

top '
ε2m2

Q

2m2
1/6

ξ , (5.13)

where m2
1/6 = m2

Q + ε2 is the physical mass of the composite Y = 1/6 doublet before

EWSB. From these expressions we get the estimate for the Higgs mass as

mH '
√
Nc

2π2

m2
top

v

√√√√log
m2

1/6

µ2
f

− 1 ' 36

√√√√log
m2

1/6

µ2
f

− 1 GeV. (5.14)

As can be noticed immediately, the Higgs is always too light (mH ' 90 GeV for m1/6 '
6 TeV). This conclusion has also been checked by a numerical scan of the model, which

gives results in agreement with the estimate above, see figure 8. In this model the LFR is

23Since ξ is not calculable, we can also relax the Weinberg sum rule (II) in the gauge sector, in which

case we can assume that no axial resonance is present at all.
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Figure 8. Higgs mass (in GeV) as a function of the Y = 1/6 doublet mass (in TeV) in the

composite tR model, for ξ = 0.1. The blue points are obtained by a numerical scan, while the thin

red line represents the analytic estimate eq.(5.14). The two results are compatible, up to a ∼ 5%

error, due to the expansion for small ξ in eq.(5.14). In the numerical scan, the mass mQ has been

taken in the range [0, 10f ], while the mixing parameter ε has been obtained by fixing mtop.

χ, with a mass (before EWSB) m7/6 = mQ. It is interesting to notice that a light Higgs

doesn’t imply a light fermionic resonance, at least for models with a chiral composite sector.

6 Comparison with previous works

In the previous sections we constructed a general framework for composite Higgs models,

based only on the assumptions of SO(5)/SO(4) symmetry breaking pattern and the MHP

hypothesis. The aim of this section is to explicitly show how this general setup is able to

reproduce the physics of two deconstructed composite Higgs models.

6.1 Discrete composite Higgs model

Let us start with the two and three sites deconstructed models described in [20]. The

two sites model is based on the coset SO(5)L ⊗ SO(5)R/SO(5)V , where the SM group is

embedded in SO(5)L. From this coset one has 10 Goldstones πA, transforming in the

adjoint of SO(5)V . The SO(4) subgroup of SO(5)R is gauged by introducing six gauge

fields ρ̃aµ, which become massive by eating the six Goldstone bosons πa. The Lagrangian

of this model is (in the notation of [20])

Lg,2−sitesPW =
f̃2

4
Tr
[
(DµU)tDµU

]
− 1

4
Tr [ρ̃µν ρ̃

µν ] + Lgauge
SM , (6.1)

where the Goldstone matrix is U = exp
[
i
√

2πATA/fπ
]
, the covariant derivative is DµU =

∂µU − i(g0W
α
µ T

α
L + g′0BµT

3
R)U + ig̃∗Uρ̃

a
µT

a and Lgauge
SM is the usual gauge Lagrangian for

the SM EW gauge bosons. Going to the “holographic” gauge, where πa = 0, this model

is described by the Lagrangian of eq.(2.11), with one vector multiplet in the adjoint of
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SO(4), no axial resonances, and fixing the parameters as (imposing invariance under LR

symmetry):

2-sites: f = fπ = f̃ , gρ = g̃∗, m2
ρ =

1

2
g̃2
∗ f̃

2, f2
ρ =

f̃2

2
. (6.2)

One can check that only the first Weinberg sum rule is satisfied and the gauge contribution

to the Higgs potential remains logarithmically divergent.

In order to get a finite potential, the authors of [20] add to the model another site,

doubling the coset to (SO(5)1
L⊗SO(5)1

R)/SO(5)1
V × (SO(5)2

L⊗SO(5)2
R)/SO(5)2

V . From this

symmetry breaking pattern 20 Goldstone bosons arise and can be parametrized by two

SO(5) matrices U1 = U(πA1 ) and U2 = U(πA2 ). Sixteen NGB’s are eaten by the gauging of

SO(4) ⊂ SO(5)2
R by ρ̃aµ and of the diagonal combination of SO(5)1

R ⊗ SO(5)2
L by the gauge

field ρAµ :

DµU1 = ∂µU1 − i(g0W
α
µ T

α
L + g′0BµT

3
R)U1 + ig∗U1ρ

A
µT

A,

DµU2 = ∂µU2 − ig∗ρAµTAU2 + ig̃∗U2ρ̃
a
µT

a.
(6.3)

The Lagrangian of this model is

Lg,3−sitesPW =
f̃2

4
Tr
[
(DµU1)tDµU1

]
+
f̃2

4
Tr
[
(DµU2)tDµU2

]
− 1

4
Tr [ρ̃µν ρ̃

µν ]− 1

4
Tr [ρµνρ

µν ]+Lgauge
SM .

(6.4)

In the holographic gauge where πA2 = πa1 = 0, one obtains the Lagrangian of (2.11) for two

vectors and one axial resonances, with LR symmetry and the following parameters:

3-sites:


f = fπ =

f̃√
2
, fa =

f̃

2
, fρ1 =

f̃√
2
, fρ2 = 0,

fmix =
f̃√
2
, ga = gρ1 = g∗, gρ2 = g̃∗, ∆ = −1

2
.

(6.5)

Both Weinberg sum rules (3.13) and (3.14) are now satisfied. Notice that the term propor-

tional to fρ2 is absent in the deconstructed model because it would correspond to a non-local

interaction in field space. For completeness, we report in appendix D the detailed map for

the fermion sector.

6.2 Minimal 4D composite Higgs

Let us now write a similar dictionary for the deconstructed model described in [21]. This

model is based on a two-coset Lagragian: SO(5)L⊗SO(5)R/SO(5)D, described by the NGB

matrix Ω1 = exp(i
√

2π̃AT a/f1), and another coset SO(5)/SO(4), described by the matrix

Ω2 = exp(i
√

2π̄âT â/f2). The SM gauging is embedded in SO(5)L and to absorb the 10

exceeding NGB’s, the diagonal subgroup of SO(5)R ⊗ SO(5) is gauged by the field ρAµ . In

the notation of [21], the Lagrangian is

L =
f2

1

4
Tr |DµΩ1|2 +

f2
2

2
(DµΦ2)tDµΦ2 −

1

4g2
ρ

ρAµνρ
Aµν , (6.6)
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where Φ2 = Ω2φ0 (φ0 = (0, 0, 0, 0, 1)t) and

DµΩ1 = ∂µΩ1 − iAµΩ1 + iΩ1ρµ, DµΩ2 = ∂µΩ2 − iρµΩ1. (6.7)

Going again to the holographic gauge, where Ω2 = 1 and Ω1 ≡ U = exp(i
√

2π̃âT â/f1), and
redefining the NGB fields as π̃â = f1/fπ

â, one can write the Lagrangian as in eq.(2.11):

L =
f21 f

2
2

4(f21 + f22 )
Tr [dµd

µ]+
f21
4

Tr
[
(gρρµ − Eµ)2

]
+
f11 + f22

4
Tr

[
(gρaµ −

f21
f21 + f22

dµ)2
]
− 1

4
ρ2µν−

1

4
a2µν ,

(6.8)

from which we obtain the dictionary for Nρ = Na = 1:
f2 =

f2
1 f

2
2

f2
1 + f2

2

, f2
ρ =

f2
1

2
, ga = gρ,

∆ =
f2

1

f2
1 + f2

2

,
f2
a

∆2
=
f2

1 + f2
2

2
.

(6.9)

It is straightforward to check that both Weinberg sum rules are satisfied with these pa-

rameters. The map for the fermion sector is reported in appendix D.

7 Discussion and conclusions

We have constructed a general class of composite Higgs models, in the context of the

minimal SO(5)/SO(4) coset structure, and introduced the MHP hypothesis that allows to

predict the Higgs potential in terms of the parameters defining the model. We have argued

that any composite Higgs model based on the partial compositeness paradigm and leading

to a calculable Higgs potential should satisfy the generalized Weinberg sum rules (I-IV) and

should be described by our Lagrangian (2.28), or straightforward generalizations thereof.

We emphasize that our approach allows to considerably enlarge the possibilities for model

building and the parameter space for each model. For instance, models where the fermion

resonance representations do not form complete SO(5) multiplets, also with NS 6= NQ,

obviously allowed from effective field theory considerations, are easily constructed in our

framework, while they are not easily obtained in deconstructed models.

We have explicitly shown the main properties of the simplest models one can construct

within our framework. We argued that for non-chiral composite fermion sectors, a light

Higgs, around 125 GeV, implies the presence of at least one light, often sub-TeV, fermion

resonance of charge 5/3 or 2/3, independently of EWPT considerations. When the latter

are taken into account, on the other hand, one realizes that these fermion resonances

can play an important role in determining the viability of the model, given mainly by

their sizable contribution to the T parameter. Models where the LFR has charge 5/3 are

significantly constrained by the direct search bound (5.1) , see e.g. figure 3(a). We have

also shown that models with a 320 GeV composite Higgs, yet not excluded by the current

ATLAS and CMS bounds [31], can pass both EWPT and direct search bounds. A heavy

Higgs is actually welcome to increase the vector resonance mass and hence to decrease ∆S.

There are various obvious ways in which our paper can be generalized. From a bottom-

up perspective, fermion resonances in representations that are not only SO(4) singlets or
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fundamentals can be considered, as well as less minimal cosets, such as SO(6)/SO(5) [53, 54]

or others. From a top-down perspective, it would be very interesting to find new symmetry

principles, other than collective breaking or 5D locality, that lead to a (at least partial)

UV-completion of some of our models, realizing the MHP hypothesis.

We have decided to omit a phenomenological study of our models, because a careful

analysis would require a paper on its own, given also the various different possibilities at

hand. We just mention here that the current searches at LHC for heavy fermions start to

put significant bounds on models. In particular, the bound for the exotic Q = 5/3 state

χ, m7/6 > 611 GeV, already excludes sizable regions in the parameter space in some of our

models. It is definitely important to study in more detail the actual bounds on t′ coming

from the SO(4) singlet, less constrained by the current analyses, given that such fermion

is often the lightest composite particle.

The Higgs hunt at the LHC is probably coming to an end, with some evidence around

125 GeV, that hopefully will be confirmed or ruled out soon. If confirmed, the new era of

understanding the properties of this particle will start. We expect that future improvements

in the heavy vector quark searches would help us to discriminate whether the Higgs is an

elementary or a composite particle.

Note added. While this work was at the final stages of its completion, two papers

appeared, refs. [55] and [56], that have some overlap with our work. In particular, about

the correlation light Higgs → light fermion resonances in Composite Higgs Models.
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A Effect of fmix for two vectors

Let us consider a model with two copies of vector fields in the adjoint of SO(4), ρ1
µ and

ρ2
µ, and Na axial resonances, assuming LR symmetry so that ΠLR = 0. This is a subcase

of the generic Lagrangian of eq.(2.11) where the left and right parameters are identified.

Before integrating out the heavy vectors, we have to diagonalize the ρ mass matrix:

m2
± = a+ b±

√
(a− b)2 + 4c2, tan θ =

b− a−
√

(b− a)2 + 4c2

2c
, (A.1)

where

a = g2
ρ1

f2
ρ1 + f2

mix

2
, b = g2

ρ2

f2
ρ2 + f2

mix

2
, c = gρ1gρ2

f2
mix

2
. (A.2)

The mass eigenstates, before EWSB, are given by the linear combinations{
ρ−µ = cθρ

1
µ + sθρ

2
µ,

ρ+
µ = −sθρ1

µ + cθρ
2
µ.

(A.3)
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In terms of these fields, the ρ Lagrangian in momentum space and to quadratic order in

the fields is

L ⊃ − p2P
µν
t

2
(ρ+a
µ ρ+a

ν + ρ−aµ ρ−aν ) +
m2

+

2
ρ+a
µ ρµ+a +

m2
−

2
ρ−aµ ρµ−a

− f2
ρ+gρ+ρ

+a
µ Eµa − f2

ρ−gρ−ρ
−a
µ Eµa +

f2
ρ1 + f2

ρ2

2
EaµE

µa,

(A.4)

where

f2
ρ−gρ− ≡ cθf

2
ρ1gρ1 + sθf

2
ρ2gρ2 and f2

ρ+gρ+ ≡ −sθf
2
ρ1gρ1 + cθf

2
ρ2gρ2 . (A.5)

Now we can integrate out these vectors and the two axial vectors, going to Euclidean

momenta we obtain

Π0(p) = −p2 + g2
0f

2
ρ1 + g2

0f
2
ρ2 +

g2
0f

4
ρ−g

2
ρ−

p2 −m2
ρ−

+
g2

0f
4
ρ+g

2
ρ+

p2 −m2
ρ+
,

ΠB(p) = −p2 + g′20 f
2
ρ1 + g′20 f

2
ρ2 +

g′20 f
4
ρ−g

2
ρ−

p2 −m2
ρ−

+
g′20 f

4
ρ+g

2
ρ+

p2 −m2
ρ+
, (A.6)

Π1(p) = g2
0

(
f2 − 2f2

ρ1 − 2f2
ρ2 −

2f4
ρ+g

2
ρ+

p2 −m2
ρ+
−

2f4
ρ−g

2
ρ−

p2 −m2
ρ−

+

Na∑
i=1

2f2
aip

2

p2 −m2
ai

)
.

One can check explicitly that in this case the Weinberg sum rules are the same as in

eq.(3.13), (3.14). The SM gauge couplings are modified by the contribution of the reso-

nances and given by:

g2 =− g2
0

Π′WW (0)
=

g2
0

1 +
g20f

4
ρ−
g2
ρ−

m4
ρ−

+
g20f

4
ρ+
g2
ρ+

m4
ρ+

,

g′2 =− g2
0

Π′BB(0)
=

g′20

1 +
g′20 f

4
ρ−
g2
ρ−

m4
ρ−

+
g2′0 f

4
ρ+
g2
ρ+

m4
ρ+

.

(A.7)

B Comments on the electroweak precision tests

ElectroWeak Precision Tests put strong indirect constrains on new physics beyond the SM.

The most relevant parameters are S and T . We have neglected the constraints coming

from the W and Y parameters [57], since in our model they are parametrically suppressed

with respect to S by a factor (g/gρ)
2. A non-universal important bound comes from δgb,

the deviation of the b̄LZbL coupling from its SM value. Imposing a custodial symmetry

and a proper mixing of bL with the fermion resonances allow to suppress the tree-level

values of T and δgb. More precisely, in the (oblique) basis where the contributions to δgb
coming from vector resonance mixing (universal for any SM fermion) vanish, T exactly

vanishes. The explicit expression of the tree-level contribution to δgb coming from fermion

resonance mixing is reported in appendix C. It does not vanish, but it is always sufficiently

suppressed to be safely neglected. At tree-level, then, the only dominant parameter is S,

as given by eq. (3.15). Since the custodial symmetries protecting T and δgb at tree-level
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are explicitly broken in the full Lagrangian, mainly by Yukawa couplings in the top sector,

one-loop corrections to T and δgb cannot be neglected [58–60].

We define by ∆T , ∆S and ∆δgb the contribution given by new physics only, with the

SM contribution subtracted:

∆T = T − TSM , ∆S = S − SSM , ∆δgb = δgb − δgb,SM , (B.1)

where

gb,SM = −1

2
+

1

3
sin2 θ2W , TSM '

Ncr

16π sin2 θW
, SSM =

Nc
18π

(
3 + log

(
m2

bottom

M2
top

))
,

δgb,SM =
αem

16π sin2 θW

r(r2 − 7r + 6 + (2 + 3r) log r)

(r − 1)2
, r ≡

M2
top

m2
W

, (B.2)

where Mtop is the pole top mass, Mtop = 173.1 GeV [61], not to be confused with mtop at

the high scale, always taken around 150 GeV in our paper.

Due to the non-renormalizable nature of our theory, strictly speaking ∆S, ∆T and

∆δgb are not calculable. It is possible to disentangle an IR, calculable part, from the

uncalculable part and use NDA and a spurionic analysis to estimate the size of the latter.

We will not report some details of our estimate, that can be found, e.g., in [20].

Let us start by estimating ∆T . The hypercharge coupling g′ is the only custodial break-

ing parameter in the gauge sector. The NDA estimate for the uncalculable contribution to

∆T coming exclusively from the gauge sector is

∆T (NDA)
g ∼

s2
h

8π cos θ2
W

. (B.3)

eq. (B.3) also coincides with the NDA estimate for the contribution of the vector and

axial resonances, because their couplings gρ, ga < 4π and their masses mρ ' gρf , ma '
gaf , precisely compensate in the contribution to ∆T to reproduce eq. (B.3). Another

contribution arises from the modified couplings of the Higgs with the SM gauge bosons [60].

This can be computed by introducing running ∆S and ∆T parameters and demanding that

they vanish at the scale Λ. In this way one gets

∆TH(µ) = −
3s2
h

8π cos2 θW
log

Λ

µ
, ∆SH(µ) =

s2
h

6π
log

Λ

µ
. (B.4)

For Λ� µ ' mH , eq. (B.4) captures the calculable “leading log” deviations to ∆S and ∆T

due to a composite Higgs.24 Finally we have the fermion contribution. The uncalculable

fermion contribution is easily shown to be sub-leading, in the limit of small mixing εi, and

24We have explicitly checked the reliability of eq. (B.4) by computing the whole deviations to ∆S and ∆T

due to the modified Higgs couplings, obtained from the full SM one-loop Higgs+gauge boson contributions

to the gauge vacuum polarizations amplitudes computed in dimensional regularization (see e.g. [62]) and

replacing the 1/ε pole with 2 log Λ. We have found that the O(1) deviations to eq. (B.4) are always of the

same order of the uncalculable contributions (3.18) and (B.3) and can thus be reabsorbed in a change of

UV boundary conditions for the values of ∆S and ∆T at the cut-off scale.
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can be neglected. The calculable contribution to T due to the fermion resonances is given

by (see e.g. the appendix of [47] for some explicit expressions of fermion contributions to T )

∆Tf ∼
Nc

2π sin2 θW g2

λ4f2s2
h

m2
L

, (B.5)

where λ is the Yukawa coupling between the top and a fermion resonance, λ ∼ ε/f , and

mf is its vector-like mass. We get

∆Tf

∆T
(NDA)
g

∼ 4Nc cos2 θW

g2 sin2 θW

ε4

f2m2
L

∼ 4Nc cos2 θW

g2 sin2 θW
λ2

top , (B.6)

where in the last equality we have used eq. (2.26). The calculable fermion contribution is

hence the dominant contribution to ∆T . We have then included in our fit

∆Tfit = ∆TH(mH) + ∆Tf . (B.7)

A similar analysis applies to ∆S. The uncalculable gauge contribution, as well as

the vector and axial one, is given in eq. (3.18), while the fermion one is negligible. The

calculable fermion resonance contribution can be estimated as

∆Sf '
Nc

4π

λ2v2

m2
f

' Nc

4π
s2
h

ε2

m2
f

. (B.8)

For θL,R ∼ O(1) this is roughly of the same size of eq. (3.18), but we have kept it in our

fit, because it is calculable and in some region in parameter space the actual value of ∆Sf
can be significantly larger than the estimate (B.8). We have then included in our fit

∆Sfit = ∆S0 + ∆SH(mH) + ∆Sf . (B.9)

where ∆S0 is the tree-level value (3.15).

Let us now consider ∆δgb. First of all, we have to distinguish between universal

and non-universal gauge coupling deviations. The universal calculable and uncalculable

deviations can be rotated in ∆S and ∆T and can be shown to be of the same order as

∆T
(NDA)
g and ∆S(NDA). The calculable contribution we have computed arises from loops

where a SM W is exchanged, δgWb , that can be estimated as

δgWb '
|λ|4v2

16π2m2
L

'
|ε|4s2

h

16π2f2m2
L

. (B.10)

In addition to that, we also have a calculable contribution where a vector resonance is

exchanged in the loop, and the usual uncalculable contribution. The latter is estimated

by NDA. It arises when the spurions (2.22) are inserted in the fermion bilinears. There

are several local operators one can construct. For example, one contributing to δgb is the

following:

cg
f4(16π2)2

(
q̄LEqQγ

µE†qQqL

) 3∑
α=1

(ΣtE†,αqQ )(EαqQDµΣ) = −
cg|εqQ|4s2

h

4(16π2)2f4

g

cos θW
q̄L /ZqL (B.11)
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with cg an O(1) coefficient and α the SU(2)0
L index (see [20] for details), leading to

δg
(NDA)
b ∼

|εqQ|4

(16π2)2f4
s2
h , (B.12)

which is sub-leading with respect to eq. (B.10). The one-loop deviations where a vector

and a fermion resonance are exchanged in the loop are induced by the couplings (2.23).

They are estimated to be

δgρb '
k2g2

ρ|ε|2|λ|2v2

16π2m2
Lm

2
ρ

'
k2|ε|4s2

h

16π2f2m2
L

, (B.13)

where k generically represents the O(1) k coefficients in eq. (2.23). In general δgρb ∼ δgWb
and both should be taken into account. However, δgρb depends on the couplings (2.23) that

are otherwise irrelevant in our analysis. For simplicity, we then assume that k . 1 so that

δgWb marginally dominates over δgρb . Under this assumption, we have included in our fit

(∆δgb)fit = δgWb , (B.14)

neglecting the vector resonance contribution. We have not inserted in our EWPT fit

the tree-level correction (C.3) to δgb, because it depends on several other parameters (the

down-type mixing ε(d) and the couplings k̃ij) that do not play any other role in our analysis.

This omission is justified by noticing that δgb in eq. (C.3), in addition to the s2
h factor,

is suppressed by the small mixing of the d-type, ε(d). Neglecting the second term coming

from the axial resonance (depending also on k̃ij), we have checked for N
(u,d)
S = N

(u,d)
Q = 1

that the tree-level correction (C.3) is typically 2-3 times smaller than δgWb .

As we see, the calculability of δgb is not on the same footing as that of S and T .

Nevertheless the effect of ∆δgb in our fit is sub-dominant, the main effects coming from

∆S and ∆T .

C Gauge coupling deviations

In this appendix we report the tree-level deviations from their SM values of the top and

bottom trilinear couplings to the SM gauge fields. They are computed in the basis where

we keep as light fields directly the fields q, W and B in the Lagrangian (“oblique” or

“holographic basis”). In this basis, the deviations are all proportional to the fermion mixing

parameters ε introduced in eq. (2.19), the universal effect induced by vector resonances

being “shifted” in S and T . We compute the deviation due to dimension six operators

involving the Higgs field, O(h2/f2), neglecting higher derivative dimension 6 operators

with no Higgs. The latter give a sub-dominant effect, suppressed by a factor (g/gρ)
2

with respect to the former. We can effectively set all ordinary derivatives for the gauge

resonances to zero. Vector and axial resonances can contribute to the deviations by means

of non-universal contributions induced by the couplings (2.23). For simplicity, we compute

in the following the axial contribution only, the vector one being in general complicated by

the mixing fmix,ij .

– 38 –



J
H
E
P
0
8
(
2
0
1
2
)
0
1
3

As discussed in the main text, including the bottom sector requires the addition of other

fermion resonances and mixing. The total fermion Lagrangian can still be written in the

form (2.24), provided we add an extra index a, taking values a = u, d, that distinguish the

top and bottom sector. In other words, Qj → Q
(a)
j , mjQ → m

(a)
jQ , Si → S

(a)
i , miS → m

(a)
iS ,

εitS,tQ → ε
i(a)
tS,tQ, εjqS,qQ → ε

j(a)
qS,qQ, and similarly for the couplings in eq. (2.23).

Integrating out the axial resonances gives aiµ = ∆i/gaidµ + . . .. Plugging back this

relation in the fermion Lagrangian generates the operators

k̃
η(a)
ij S̄

(a)
i γµdµPηQ

(a)
j + h.c. (C.1)

that contribute to δg. In eq. (C.1)

k̃
η(a)
ij =

Na∑
k=1

k
A(a),η
ikj ∆k + k

d(a),η
ij (C.2)

are the effective coupling constants of the above operators, functions of the couplings
appearing in eq. (2.23). Integrating out the fermion resonances gives, upon rescaling the
SM fields to get canonical kinetic terms, the following results, at leading order for sh � 1:

δgZ(bL) =
s2h

8ZqL

(N
(d)
S∑
i=1

|εi(d)qS |2

m
(d)2
iS

+

N
(d)
Q∑
j=1

|εj(d)qQ |2

m
(d)2
jQ

− 2

N
(d)
S∑
i=1

N
(d)
Q∑
j=1

ε
i(d)
qS ε

j(d)∗
qQ

m
(d)
iS m

(d)
jQ

k̃
L(d)
ij + h.c.

)
,

δgZ(tL) = − s2h
8ZqL

(N
(u)
S∑
i=1

|εi(u)qS |2

m
(u)2
iS

+

N
(u)
Q∑
j=1

|εj(u)qQ |2

m
(u)2
jQ

− 2

N
(u)
S∑
i=1

N
(u)
Q∑
j=1

ε
i(u)
qS ε

j(u)∗
qQ

m
(u)
iS m

(u)
jQ

k̃
L(u)
ij + h.c.

)
, (C.3)

δgW (tLbL) = − s2h
4ZqL

∑
a=u,d

(N
(a)
S∑
i=1

|εi(a)qS |2

m
(a)2
iS

+

N
(a)
Q∑
j=1

|εj(a)qQ |2

m
(a)2
jQ

− 2

N
(a)
S∑
i=1

N
(a)
Q∑
j=1

ε
i(a)
qS ε

j(a)∗
qQ

m
(a)
iS m

(a)
jQ

k̃
L(a)
ij

)
,

where

ZqL = 1 +
∑
a=u,d

N
(a)
Q∑
j=1

|εj(a)
qQ |2

m
(a)2
jQ

. (C.4)

In eq. (C.3) δg ≡ g − gSM and

gZ,SM (qL) = T3L − sin2 θWQ , gW,SM (tLbL) = 1 . (C.5)

As expected by gauge invariance, no correction proportional to sin2 θW arises. It is straight-

forward to show that no deviations occur to the RH fields at tree-level, so that

δgZ(bR) = δgZ(tR) = gW (tRbR) = 0 . (C.6)

D The fermion sector of the deconstructed models

D.1 Discrete composite Higgs model

The fermionic sector of [20] can be studied directly in the holographic gauge. As we are

interested only in the leading contribution to the 1-loop Higgs potential, we neglect in the
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following interactions between fermions and spin-1 fields (gauge bosons, vector and axial

resonances) as well as composite fermions necessary to give mass to SM fermions other

than the top. In the two sites model the authors introduce a complete multiplet in the

fundamental of SO(5)R, ψ̃ = Q̃+ S̃, with a mass term that is only SO(4)R invariant:

Lf,2−sitesPW = Lelem + Lcomp + Lmix, (D.1)

where Lelem is the kinetic term for the SM fermions,

Lcomp = i ¯̃Q /DQ̃+ m̃Q
¯̃QQ̃+ i ¯̃S /DS̃ + m̃T

¯̃SS̃, (D.2)

Lmix = yLf̃ ξ̄LU
(
Q̃+ S̃

)
+ yRf̃ ξ̄RU

(
Q̃+ S̃

)
+ h.c. (D.3)

Comparing this Lagrangian to the general one of eq.(2.19), it is immediate to recognize

that the models are the same once we fix NQ = NS = 1 and

2 sites: εqQ = εqS = yLf, εtQ = εtS =
√

2yRf, mQ = −m̃Q, mS = −m̃T .

(D.4)

One can check that the sum rules of (3.27) are satisfied while the one in eq.(3.28) is

generically not, so that the potential is logarithmically divergent. One could however

impose the finiteness of the one loop potential setting yL =
√

2yR.

In the three sites model there are two composite fermionic multiplets, one in the

fundamental of SO(5)1
R, ψ = Q + S, and another one in the fundamental of SO(5)2

R,

ψ̃ = Q̃+ S̃. In the holographic gauge, the Lagrangian is

Lcomp = i ¯̃Q /DQ̃+ i ¯̃S /DS̃ + iQ̄ /DQ+ iS̄ /DS+

m̃Q
¯̃QQ̃+ m̃T

¯̃SS̃ +m(Q̄Q+ S̄S) + ∆(Q̄Q̃+ S̄S̃) + h.c. ,

Lmix = yLf̃ ξ̄LU (Q+ S) + yRf̃ ξ̄RU (Q+ S) + h.c.

(D.5)

Note that ∆, as well as the gauging by ρAµ , explicitly breaks SO(5)1
R ⊗ SO(5)2

L to the

diagonal subgroup SO(5)D. As the composite mass terms are not diagonal, one needs to

diagonalize them before comparing this model with our setup:

{
Q1 = cθQQ̃+ sθQQ,

Q2 = −sθQQ̃+ cθQQ,
,

{
S1 = cθS S̃ + sθSS,

S2 = −sθS S̃ + cθSS.
(D.6)

After doing that, we obtain that this three sites model can be described by the La-
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grangian (2.19) for NQ = NS = 2 and

3-sites:



m1,2Q = 1
2

(
m+ m̃Q ∓

√
(m− m̃Q)2 + 4∆2

)
,

m1,2 S = 1
2

(
m+ m̃S ∓

√
(m− m̃S)2 + 4∆2

)
,

tan θQ = ∆√
∆2+(m−m̃Q)

(
m−m̃Q+

√
(m−m̃Q)2+4∆2

) ,
tan θS = ∆√

∆2+(m−m̃S)
(
m−m̃S+

√
(m−m̃S)2+4∆2

) ,
ε1qQ = yLf̃ sθQ , ε2qQ = yLf̃ cθQ ,

ε1qS = yLf̃ sθS , ε2qS = yLf̃ cθS ,

ε1tQ =
√

2yRf̃ sθQ , ε2tQ =
√

2yRf̃ cθQ ,

ε1tS =
√

2yRf̃ sθS , ε2tS =
√

2yRf̃ cθS .

(D.7)

One can check that the sum rules (3.27) and (3.28) are satisfied. One can also check

that the fermion contribution to the potential has a leading mass term proportional to the

square of the mixings, which can be tuned away for yL '
√

2yR, allowing for a successful

EWSB, confirming what stated in [20].

D.2 Minimal 4D composite Higgs

The fermion sector of [21], as far as the top is concerned, consists of the elementary SM fields

and two complete multiplets in the fundamental of SO(5): ψ̃ = (Q̃, S̃), ψ = (Q,S), where

we have decomposed them in the irreducible representations of SO(4). In the holographic

gauge, the fermion Lagrangian is25

Lferm = Lelem + i ¯̃Q /DQ̃+ i ¯̃S /DS̃ + iQ̄ /DQ+ iS̄ /DS+

−mT (Q̄Q+ S̄S)−mT̃ ( ¯̃QQ̃+ ¯̃SS̃)+

− (mYT + YT )S̄LS̃R −mYT Q̄LQ̃R + h.c.+

+ ∆tL ξ̄LU(QR + SR) + ∆tR ξ̄RU(Q̃L + S̃L) + h.c. .

(D.8)

To compare this Lagrangian with our framework, we need to diagonalize the composite

mass terms via biunitary transformations:

MQ =

(
mT mYT

0 mT̃

)
= VQL(θQL)Md

QVQR(θQR)†,

MS =

(
mT mYT + YT
0 mT̃

)
= VSL(θSL)Md

SVSR(θSR)†,

(D.9)

25We thank Michele Redi and Andrea Tesi for having pointed out that in their model ∆tL 6= ∆tR in

general.
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where Md
Q = diag(m1Q,m2Q), Md

S = diag(m1S ,m2S),

m1,2Q =
1√
2

√
m2
T +m2

T̃
+m2

YT
∓
√

(m2
T +m2

T̃
+m2

YT
)2 − 4m2

Tm
2
T̃
,

tan θQL =
m2
T̃
−m2

T −m2
YT
−
√

(m2
T̃
−m2

T )2 +m2
YT

(m2
YT

+ 2mT̃ + 2m2
T )

2mT̃mYT

,

tan θQR =
m2
T̃
−m2

T +m2
YT
−
√

(m2
T̃
−m2

T )2 +m2
YT

(m2
YT

+ 2mT̃ + 2m2
T )

2mTmYT

,

(D.10)

and m1,2 S , tan θSL and tan θSR are the same as above with the substitution mYT → YT +

mYT . Writing the Lagrangian in terms of the mass eigenstates (before EWSB),{
QL = cos θQLQ1L − sin θQLQ2L

Q̃L = sin θQLQ1L + cos θQLQ2L

, (D.11)

and analogously for the other cases, we obtain the Lagrangian (2.19) for NQ = NS = 2 and

ε1qQ = ∆tLcθQR , ε2qQ = −∆tLsθQR ,

ε1qS = ∆tLcθSR , ε2qS = −∆tLsθSR ,

ε1tQ =
√

2∆tRsθQL , ε2tQ =
√

2∆tRcθQL ,

ε1tS =
√

2∆tRsθSL , ε2tS =
√

2∆tRcθSL .

(D.12)

One can check that all the sum rules are satisfied by this model and therefore the Higgs

potential is finite at 1-loop level. One can also check that the leading term in γf , quadratic

in the mixing ∆tL,R , is proportional to YT (∆2
tL
m2
T − 2∆2

tR
m2
T̃

)(2mYT + YT ).

E Results for other simple models

In all the models studied, and presented schematically below, EWSB is always due to

a tuning between the fermionic and gauge contributions to γ. In the parameter scans

we performed, we have set mtop(TeV) ' 150 GeV and ξ = 0.1, solving these constraints

for two of the input parameters. We have then imposed a cut for a light Higgs, mH ∈
[100, 150] GeV.

Minimal model: NQ = 1, NS = 1, Nρ = 1, Na = 1. For illustration, we consider

here two versions of the minimal model, differing on how the Weinberg sum rules (3.28) are

satisfied. We denote by “type 1” the model where εtS = εtQ = εqS = −εqQ = ε, mS 6= mQ

(as in eq. (3.29)), and by “type 2” the model where εtS = εtQ ≡ εt, εqS = −εqQ ≡ εQ,

mQ = mS ≡ m. In the first model the LFR is either t′ or χ, while in the second one the

LFR is necessarily χ. In both cases the vector resonance’s mass is bounded from above by

mρ . 2 TeV, which implies that the S parameter is too big (∆S & 0.3) and both models

don’t pass the EWPT, see figure 9(b,d).

It is not difficult to see in more detail the tension present in this model. Let us for

definiteness consider the type 1 model. The numerical scan show that EWSB mostly occurs
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Nρ = Na = NQ = NS = 1 - type 1 - ξ = 0.1
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Nρ = Na = NQ = NS = 1 - type 2 - ξ = 0.1
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Figure 9. (a,c) Mass of the LFR, before EWSB, as a function of the Higgs mass. The green circles

represent the (lightest) singlet while the purple triangles represent the (lightest) exotic doublet

with Y = 7/6. (b,d) Mass of the ρµ vector as a function of the Higgs mass. One can see that for

mH . 130 GeV, mρ . 1.8 TeV, which is too low for the model to pass the EWPT. In (a,b) we took

the masses mQ,mS ∈ [0, 5f ], aρ ∈ [1/
√

2, 2] while ε and mρ have been obtained by fixing mtop and

ξ. In (c,d) the same range has been taken for the parameters m, εq and aρ, while εt and mρ have

been obtained by fixing mtop and ξ. The direct search bound (5.1) has not been imposed.

in the region ωL � 1, ωR ' 1. Taking ωR = 1 and expanding at leading order in ωL, one

finds
m2
ρ

m2
H

' 8π2

9 log 2

f(ωL)

g2ξ
≤ 8π2

9 log 2

1

g2ξ
(E.1)

where

f(ωL) =
8(1 + logω2

L)

1 + 8 logω2
L − log 4/ξ

(E.2)

is a smooth function f(x) ≤ 1, for any x. Using eq. (E.1) for mH ' 125 GeV, we immedi-
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Nρ = 2, Na = NQ = NS = 1 - ξ = 0.1
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Nρ = 1, Na = 2, NQ = NS = 1 - ξ = 0.1
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Figure 10. Mass of the LFR, before EWSB, as a function of the Higgs mass. The green circles

represent the (lightest) singlet while the purple triangles represent the (lightest) exotic doublet with

Y = 7/6. EWPT and the bound (5.1) have not been imposed. In the model (a) the range in which

we scanned the parameters is the same as in figure 2. For the model (b), instead, we took the

fermionic masses in [0, 5f ], aρ ∈ [1/
√

2, 2], a1a ∈ [0,
√
a2ρ − 1/2] and ma1/mρ in a region [0.2, 2]

times the value for which ∆S vanishes. As usual, mρ and ε have been obtained by fixing ξ and

mtop.

ately find an upper bound for mρ (for ξ = 1/10):

mρ . 1.8 TeV . (E.3)

Demanding ∆S . 0.2 in eq. (3.17), with fρ ' f , gives mρ & 2.5 TeV, in tension with

the bound (E.3). On the other hand, no problems from ∆S arise for mH ' 320 GeV. A

numerical scan shows indeed that this model, for mH ' 320 GeV, is able to pass the EWPT.

The vector resonance mass is above 3 TeV and the LFR is the t′ with mL ' 1.4 TeV.

Two vectors: NQ = 1, NS = 1, Nρ = 2, Na = 1. We choose the type 1 finite-

ness condition for the fermionic sector. The numerical scan shows that the vector mass

eigenstates and the axial vector can be arbitrarily heavy and therefore having a small

∆S is no longer a problem. The LFR is either χ, with m7/6 ∼ 500 GeV, or t′, with

m0 ∼ 600 − 1000 GeV, see figure 10(a). The EWPT selects points which are evenly dis-

tributed among the two regions, but the bound (5.1) rules out almost the whole region

with a light χ. Among the points passing the EWPT, there are also ones with the lightest

vector mass as light as 1.5 TeV, while the axial is always heavier than ∼ 2.2 TeV.

Two axials: NQ = 1, NS = 1, Nρ = 1, Na = 2. We choose the type 1 finiteness

condition for the fermionic sector. The results in this sector are completely analogue to

the minimal model with the same type of finiteness condition. In particular, the vector

resonance is always light: mρ . 2 TeV, see figure 11(a). The tree level S parameter of this
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Figure 11. (a) Mass of the vector resonance ρµ and (b) of the lightest axial vector, as a function

of the Higgs mass. The points for the axial vector are the ones which pass the EWPT. The range

of the parameters is the same as in figure 10(b).

model can be written as

∆S = 8πs2
h

f2(m2
a1 +m2

a2)m2
ρ + 2f2

ρ (m2
a1 −m2

ρ)(m
2
a2 −m2

ρ)

2m2
a1m

2
a2m

2
ρ

, (E.4)

after having solved the two Weinberg sum rules in terms of the two axial decay constants.

We can see that ∆S can be made small or even negative by choosing the two masses of

the axial resonances such that ma1 < mρ < ma2. A closer inspection shows that the

EWPT favour the region in parameter space where the lighter axial resonances has sub-

TeV masses. This is indeed reflected by the numerical scan, where we find that the lightest

axial resonance has a mass ma1 ∼ 300−900 GeV, see figure 11(b). This model has therefore

a potentially interesting phenomenology, but it is fair to say that a model with light axial

resonances and negative S parameter looks quite “exotic” and might not admit a consistent

UV completion.

Two singlets: NQ = 1, NS = 2, Nρ = 1, Na = 1. See section 5 for a more complete

description of this model. In this case, the LFR is the singlet, with m0 ' 300− 800 GeV,

see figure 12(a), the second singlet being always much heavier. The vector resonance can

be as heavy as 5-6 TeV, due to the fact that now γf can be bigger than the minimal case.

The points which pass the EWPT have mρ > 2 TeV and t′ as the LFR, with m0 ' 500 GeV,

the other resonances being heavier than 1 TeV.

Two bidoublets: NQ = 2, NS = 1, Nρ = 1, Na = 1. In this case the LFR can be

either the singlet or the lightest Y = 7/6 doublet, their masses being always below ∼ 1 TeV,

see figure 12(b). Analogously to the previous case, the vector resonance can be heavy and

∆S small. The EWPT select the points with the singlet as lightest state, m0 ' 500 GeV,

and with mρ > 2 TeV.
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Figure 12. Mass of the LFR, before EWSB, as a function of the Higgs mass. The green circles

represent the (lightest) singlet while the purple triangles represent the (lightest) exotic doublet

with Y = 7/6. The range of the parameters in the model (a) is the same as in figure 5. For the

models (b,c) we took all the fermion masses miQ,miS ∈ [0, 8f ] and aρ ∈ [1/
√

2, 2], while εt and mρ

have been obtained by fixing respectively mtop and ξ. In the log. divergent case, (d), the range is

mQ,mS , εt ∈ [0, 8f ] while εq has been obtained by fixing mtop. EWPT and the bound (5.1) have

not been imposed.

Two singlets and bidoublets: NQ = 2, NS = 2, Nρ = 1, Na = 1. The most

general solution for eq.(3.27) is given in terms of four angles and two mixings:

~εqQ = (εq cos θqQ, εq sin θqQ), ~εqS = (εq cos θqS , εq sin θqS),

~εtQ = (εt cos θtQ, εt sin θtQ), ~εtS = (εt cos θtS , εt sin θtS).
(E.5)

Now one can solve eq.(3.28) for one of the remaining parameters, in the parameter scans

we choose to solve it for εq, as this allows us to go in the light singlet region. The scan

shows that the LFR tends to be the first singlet, see figure 12(c). As in the previous two

cases, the points which pass the EWPT and the direct bound (5.1) have mρ > 2 TeV, t′
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as the LFR with m0 ' 400− 1000 GeV, the other resonances being generally heavier than

1 TeV.

Minimal model with logarithmic divergence. As we have seen above, the minimal

model with NQ = NS = Nρ = Na = 1 is not viable because of a too light vector resonance,

which implies a too big S parameter. This problem can be circumvented by relaxing the

second Weinberg sum rules, so that the Higgs potential keeps a logarithmic divergence. This

obviously implies that the MHP hypothesis is no longer defendable, since local operators

have to arise in order to renormalize the logarithmic divergence. In other words, the

coefficients γ
(NDA)
g and γ

(NDA)
f introduced in eq. (3.2) run and can be assumed to be

vanishing only at a given energy scale. One could however hope that their impact is

somehow small, so that it is still possible to make good estimates for the parameter ξ

integrating the form factors only up to the cutoff Λ ∼ 4πf . To satisfy the first Weinberg

sum rule in the fermion sector we can assume that

εqS = −εqQ = εq, εtS = εtQ = εt. (E.6)

The logarithmically divergent term in γf is proportional to the square of the mixing pa-

rameters, γf ∝ (ε2t − ε2q) log Λ/m where m is a generic fermion mass. This is the same

effect seen when adding more fermions which would allow higher values of γf and, there-

fore, heavier vector masses. Doing a numerical scan of such model we indeed obtain these

results but, on the other side, we notice that the physics (that is, the value of ξ and mH)

is too sensitive to the value of Λ: changing it by a factor of 2 has an O(1) effect on these

observables, making the model unpredictable.

We can adopt another approach to deal with the logarithmic divergence, which is

accepting that γ, and therefore ξ, is uncalculable. Assuming a given value of ξ and using

eq. (4.3) we can still compute the Higgs mass, being β finite. The relation γf ' −γg,
connecting the fermion and the gauge sector in a crucial way, is now lost. Given that βg �
βf , as far as the Higgs potential is concerned, the gauge sector is completely negligible and

thus unconstrained (see footnote 23). This allows the model to pass the EWPT, although

in a somewhat trivial way. Neglecting the gauge sector and performing a parameter scan

for the minimal model presented above, we still obtain that a light Higgs implies light

fermionic resonances, as can be seen from figure 12(d).

Similar considerations would of course apply to the non-minimal models. As far as

the Higgs sector is concerned, the price to be paid is high since EWSB is no longer under

control. Moreover, as we have seen, non-minimal models are viable without the need of

relaxing the second Weinberg sum rules. For these reasons, we have decided to not explore

any further models where a logarithmic divergence in the Higgs potential is kept.
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