GROMOV-HAUSDORFF CONVERGENCE OF DISCRETE
TRANSPORTATION METRICS

NICOLA GIGLI AND JAN MAAS

ABSTRACT. This paper continues the investigation of ‘Wasserstein-like’ transportation dis-
tances for probability measures on discrete sets. We prove that the discrete transportation
metrics on the d-dimensional discrete torus T% with mesh size % converge, when N — oo,
to the standard 2-Wasserstein distance on the continuous torus in the sense of Gromov—
Hausdorff. This is the first result on a passage to the limit from a discrete transportation
problem to a continuous one, and it is a key ingredient needed to prove convergence of gra-
dient flows. Furthermore, the result shows compatibility of the recently developed discrete
metrics and the well-established 2-Wasserstein metric.

CONTENTS
(L.__Introductionl 1
[Acknowledgement] 3
2. Preliminaries| 3
2.1.  The 2-Wasserstein metricl 3
[2.2.  Discrete transportation metrics| 3
[2.3. The transportation metric on the discrete torus| 4
[2.4. Some properties of the heat semigroup on the discrete and continuous torus| 8
[3.Proof of the main result] 10
13.1.  Ingredients and structure of the proof] 10
(3.2, Fstimates| 13
13.3. Wrap up and conclusion of the argument| 19
References 20

1. INTRODUCTION

It is by now well known that large classes of PDEs can be formulated as gradient flows
of entropy functionals, e.g., Fokker-Planck equations [I2], porous medium equations [16],
granular media equations [5] and other equations. In all of these equations, the metric used
in the gradient flow formulation is the 2-Wasserstein metric.

Much more recently, it has been realised that an even larger class of natural models can be
formulated as gradient flows of entropy functionals, provided that one replaces the Wasserstein
metric by a different metric, which is obtained by adapting the Benamou-Brenier formulation
of the Wasserstein metric [3]. Examples include finite Markov chains [13] (e.g. statistical
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mechanical models), systems of reaction diffusion equations [14], as well as fermionic Fokker-
Planck equations [4] and other dissipative quantum mechanical evolutions [15].

An important consequence of this development is that it opens the door to study discreti-
sations of continuous models, in a framework which preserves the gradient flow structure at
the discrete level. Typical examples are discretisations of Fokker-Planck equations, for which
a new gradient flow structure has been found in [6 [I3], 14]. In such a situation, involving
functionals defined on discrete spaces, it is natural to ask whether the associated gradient
flows converge to their continuous counterpart.

There are various recent papers dealing with convergence of gradient flows under I'-conver-
gence of functionals (see [7, 1T}, I7]). A crucial ingredient in this analysis is the convergence
of the metric spaces on which the functionals are defined, often understood in the sense of
Gromov-Hausdorff. To realise the power of this approach, note that in typical applications it
allows to prove convergence of second order PDEs, while the Gromov-Hausdorff convergence
of the spaces is, heuristically speaking, a zeroth order condition.

The present paper proves a Gromov-Hausdorff convergence result in an important special
case and may serve as guide to prove Gromov-Hausdorff convergence results in other situ-
ations: we present a first example of passage to the limit from discrete to continuous, well
suited to study convergence of gradient flows.

We consider the space 22(T?) of probability measures on the torus T¢ := R?/Z¢, endowed
with the usual 2-Wasserstein metric Ws. We also consider the d-dimensional periodic lattice
T4 := (Z/NZ)? with mesh size 3, and endow the space of probability measures 2(T4)
with its renormalized discrete transportation metric Wy as defined in [6l [13] [I4] (see Section
below). This metric relies on a modification of the Benamou-Brenier formula, and is defined
by minimizing an action functional over curves in the spaces of probability measures, rather
than a cost functional over measures on the product space.

The main result of this paper is the following theorem, which proves compatibility between
the discrete and the continuous theory.

Theorem 1.1. Let d > 1. Then the metric spaces (2(T4),Wn) converge to (2 (T%), Wy)
in the sense of Gromov-Hausdorff as N — oo.

We refer to Section for an outline of the strategy of the proof. The crucial estimates
needed in our argument are contained in Section The proof is completed in Section |3.3

To finish the introduction, let us discuss in some detail how Theorem can be used to
prove convergence of the associated gradient flows.

e Let my be the uniform probability measure on Tﬁl\, and let m be the Lebesgue measure
on T%. Tt is not difficult to see that the relative entropy functionals Ent,, on 2(T%,)
I'-converge, as N — 0o, to the relative entropy functional Ent, on Z(T%).

e In [I0] it has been proved that the functionals Ent,, are all geodesically convex on
(2(T%), Wr).

e From [13] we know that the gradient flow of Ent,, with respect to Wy produces
solutions to the heat flow.

e These results can be combined to obtain convergence of gradient flows, since it has
been proved in [I1] that gradient flows of A\-geodesically convex functionals on Gromov-
Hausdorff convergent spaces are stable with respect to I'-convergence.

Of course, the convergence of the discrete heat flow to the continuous one is not a new result,
and could also be proved directly, for instance using the explicit formulas for the heat kernels.
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Yet the argument pointed out here has the advantage of being based on discrete Ricci bounds
and Gromov-Hausdorff convergence only, and as such this strategy can be useful also in other
situations. For instance, in [2] the stability of the heat flow in a continuous and non-smooth
context has been used to show the stability of Ricci curvature bounds in conjunction with
the linearity of the heat flow.

Acknowledgement. This work has been started during a visit of the second named author to the
University of Nice. He thanks this institution for its kind hospitality and support.

2. PRELIMINARIES

2.1. The 2-Wasserstein metric. Let M be a compact smooth Riemannian manifold and
P (M) the set of Borel probability measures on it. The Wasserstein distance Wy on &2(M) is
usually defined by minimizing the transport cost with respect to the cost function distance-
squared. It has been emphasized by Benamou and Brenier [3] that a completely different
introduction to the subject can be given in terms of solutions to the continuity equation.
The following result has been proved for M = R? in [I] (see also [16]), the case of general
manifolds being a consequence of Nash’s embedding theorem (see also [9, Proposition 2.5] for
a direct proof on manifolds).

Proposition/Definition 2.1. Let M be a compact smooth Riemannian manifold and p,v €
P (M). Then we have

1
Wi(pu,v) = min/ / |2 (2) dpe () dt (2.1)
0o JM
the minimum being taken among all distributional solutions (u,vy) of the continuity equation

d
itV (o) =0, (2:2)

such that t — py is weakly continuous in duality with C(M) and po = p, g1 = v.

In the sequel, when considering the continuous setting we will work with M being the
d-dimensional torus T¢ := R%/Z? and we will consider solutions to the continuity equation
in terms of probability densities and momentum vector fields. To fix the ideas, we give the
following definition.

Definition 2.2 (Solutions to the continuity equation in the continuous torus). Consider the
mappings [0,1] x T4 3 (t,7) = pi(x) € R and [0,1] x T¢ = V;(z) € RE. We say that (p, Vi)
solves the continuity equation

d
apt‘i‘v"/t:oa (2:3)

provided both (t,z) — py(z) and (t,x) — Vi(z) are in L*([0,1] x T9), t > p; is continuous with
respect to convergence in duality with C(T?), and (2.3)) is satisfied in the sense of distributions.

2.2. Discrete transportation metrics. In several recent works [6l 13, [14] discrete ana-
logues of W5 have been considered, which are well suited to study evolution equations in a
discrete setting. The definition of the Wasserstein distance requires a metric on the underly-
ing space. In [13], instead, the starting point is a Markov kernel K on the finite set X, i.e.,
we assume that K : X x X' — Ry satisfies 3 -y K(z,y) =1 for all z € X. We assume that
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K is irreducible and denote the unique steady state by w. Thus 7 is the unique probability
measure on X satisfying

m(y) =Y w(2)K(z,y)
xeEX

for all y € X. We shall assume that K is reversible, i.e., the detailed balance equations

K(z,y)m(z) = K(y, z)m(y)

hold for all x,y € X. Since basic Markov chain theory implies that 7 is strictly positive, we
can — and will — identify probability measures on X with their densities with respect to m,
i.e., we set

P(X) = {p:X—>R+ | Zﬂ(:r)p(x):l}.
zeX

In order to define the metric W on Z(X), we let 6 : Ry x R4 — R denote the logarithmic
mean, which is defined by

1
0(s,t) = / sPEP dp
0
For p € Z(X) and z,y € X we set

plz,y) = 0(p(x), p(y)) ,

which can be regarded informally as being “the density p at the edge (x,y)”. According to
[10, Lemma 2.6], the following definition can be taken as one of the equivalent definitions of
the transportation metric W on &Z(X).

Definition 2.3. Let K be an irreducible and reversible Markov kernel on a finite set X, and
let po, p1 € P(X). The distance W(po, p1) is defined by

Wi pr)? = inf {3 / v Vil (@ (o) dt} (2.4

reXPth?J

where the infimum runs over all curves [0,1] >t — (pg, Vi) such that:
(i) pr € P(X) for any t € [0,1], the function t — pi(x) is continuous for any x € X, and
pPo = Po, P1 = P1;
(ii) V; : X x X = R for any t € [0,1], and the function t — V(z,y) belongs to L'(0,1) for

any x,y € X;
(iii) the “discrete continuity equation”
d 1
&Pt(ﬂT) + 5 Z (Vt(a?,y) - W(y,:c))K(:c y) =0 (2.5)
yeX

holds for all x € X in the sense of distributions.

2.3. The transportation metric on the discrete torus. In this paper we shall only be
concerned with simple random walk on the d-dimensional discrete torus T4, := (Z/NZ)? =
{0,..., N —1}%, in which case the kernel Ky : T4 x T% — [0,1] is given by

b=a+e; mod N for some i€ {1,...,d}
= 2d ? Y J )
Kn(a,b) { 0, otherwise .
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Here, e; denotes the i-th unit vector. All computations in T‘fv will be performed modulo N
without further mentioning.

In this case the stationary probability measure 7y is the uniform measure given by my(a) =
N for all a € T?V. Therefore, the collection of probability densities with respect to my is
given by

2(T%) = {pn : TS >Ry | Y pwla) = N7}
acTé
For functions f, g : T‘Jiv — R we consider the normalized L?-inner product
1
(.9, = w2 2 @)
aeTj{,

and the Dirichlet form

En(f.9) = Nd 5> Z (a+e)— f(a))(g(ate)—g(a)).

aGTd =1
Furthermore we set
”fHLi,: <f7f>L§v7 En(f)=¢n(f. ).
Let An be the discrete Laplacian, defined by

Anf(a) = 2dN*(Ky — I)f N2Z( ate)—2f(a )—i—f(a—ei))

for a € T?V. Notice that following integration by parts formula holds:

Moreover, given g : T4 — R, the equation Ay f = g can be solved if and only if ZaeT(JiV g(a) =
0, in which case the solution is unique. We shall use the well-known Poincaré inequality on
Tﬁl\,, which we now recall.

Proposition 2.4 (Poincaré inequality on T?V). Letd>1 and N > 4. For all f : T‘fv - R
with ZaeT% f(a) = 0 we have

1
2
171z5, = 23720 —cos@mmiyy ¥ )
-1 1 2

Proof. One way to prove the first inequality is as follows. If d = 1, then the spectrum of the
operator I — Ky on L2(T§i\,, ) consists of the eigenvalues

1 —cos(2mn/N) , 0<n<N-1,

(see, e.g., [8, Section 4.2]), which yields the result if d = 1. The result in dimension d > 1
follows by tensorization (see, e.g., [8, Lemma 3.2]).
The second inequality follows from the first one, using the integration by parts formula

20). 0
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Remark 2.5. In the limit N — oo, one recovers the classical Poincaré inequality on the torus
T4
2 1 2
£ z2¢ray < 55 IV Fllz2 (o) -
valid for any f with zero mean.

It will be useful to introduce some more notation. For a = (a1,...,aq) € T?V we define the
cube QY by

N al a1+1) [ad aqg+1
= e X oo X i

@a {N " N N N

so that the torus T? = R%/Z? can be written as the disjoint union

™= ] Q.

d
acTy,

Fori=1,...,d, the facets of Qﬁlv will be denoted by
5]

N _ [ a1+1} {ﬂ}

Faim = [N’ N |~ N NN
N ar a1 +1 a; +1 aqg aq+1

= S {201

The collection of all these facets RQ{Z- 4 will be denoted by #N. For R = Rfi\; L€ #N we shall
write

)QT%

A N N AN
p(Ra,i:t) = Q(Qa ’Qa:tei) .
Notice that Ky(a,b) is non-zero only for a,b such that a — b = +e; for some i = 1,...,d.
Therefore we can think about the vector fields V : T?\, X T?V — R appearing in Definition
2.3((ii) as being defined on facets R € #”, rather than on generic couples a,b. This will be
our convention from now on.
Let Wi, denote the metric on 2?(T%) associated with the kernel Ky according to Defi-
nition 2.3l It will be convenient to work with the normalised metric
Wik
Wy = X
NV2d

which is a quantity of order 1.
Given a probability density py € & (Tflv) and a ‘momentum vector field’ Viy : ZY — R,
the action Ay of (pn, V) is defined by

1 Vn(R)?
-AN(PN, VN) = I NTdT2 = . (2.7)
4d2N RZE%N pn(R)

With this notation and taking Definition [2.3] into account, it is immediate to obtain the
following expression for the metric Wy.

Lemma 2.6. For any pn,pn1 € Z(T%) we have

1
Wn (pn.0, 1) = inf {/ An(pnts V) dt} , (2.8)
0

where the infimum runs over all curves [0,1] 3 t — (pn¢, Vvg) such that:
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(i) pny € P(TL) for any t € [0,1], and the function t — py4(a) is continuous for any
a € T with pno = PNos PN1 = PNAS
(i) Vi : ZY — R for any t € [0,1], and the function t — Vi (R) belongs to L'(0,1) for
any R € #V;
(iii) the discrete continuily equation

d
d 1 N N
qPve(@) + o ; (VN,t(RmH) _ VNJ(Ravi_)) —0 (2.9)

holds for all a € T?V in the sense of distributions.
By analogy with Definition [2.2] we formulate the following discrete counterpart.

Definition 2.7 (Solutions to the continuity equation in the discrete torus). Let [0, 1] x T‘fv E)
(t,a) — pni(a) € R and [0,1] x ZY > (t,R) — Vni(R) € RY. We say that (pns, Vi) is
a solution to the discrete continuity equation provided that (i), (ii) and (iii) in Lemma
are fulfilled.

Finally, we recall a couple of properties of Wy that will be used in the sequel. We shall
use the metric dy on T‘f\, defined by

dN(a, b) =

for a,b € T?V. We let
Wa N (2.10)

denote the standard 2-Wasserstein distance on &(T%) induced by the distance dy on T%.
In the following result we collect some basic properties of the metric Wy.

Proposition 2.8. The following assertions hold.

(i) The function (p,o) — W3 (p, o) is convex on P(T4) x 2(T4) with respect to linear
interpolation.
(i) There exists a universal constant C' > 0 such that

C
Wn < —=Wan.
d
In particular, the diameter of the spaces (2(T%),Wn) is bounded by a constant de-
pending only on the dimension.

Proof. The first assertion has been proved in [I0, Proposition 2.8]. For the second assertion,
we apply [10, Proposition 2.12] to obtain

C
WN S WWQ/,N7

where ¢ ~ 0,78 is a universal constant and Wé,  is the 2-Wasserstein distance on 22(T%)
induced by the distance d/y on T%, defined by dy(a,b) := 3. |a; — b;|. Since d/y(a,b) <
VdNdy(a,b), we have WQ’ N < VAN Wy n, which implies yields the desired estimate. Since

the diameter of the spaces (Tﬁl\,,d ~) is uniformly bounded by a dimensional constant, the
final assertion follows as well. O
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2.4. Some properties of the heat semigroup on the discrete and continuous torus.
We endow the continuous torus T¢ with its natural Riemannian flat distance, and we denote
the Lebesgue measure by .

Let (H¢)i>0 be the heat semigroup on T with generator A, acting either on measures or
functions. The heat semigroup on Tﬁl\, is the semigroup generated by the discrete Laplacian
Ap, and will be denoted by (H)¢>o.

Let h; be the heat kernel on T9, i.e., the density of H;(do) with respect to 7. Similarly, h}¥
will denote the heat kernel on T%, which is defined by hi¥(z) = HiV(Ndl{O})(x). We thus
have the formulas

Hif(@) = [ mGe =i det). WY fv(e) = 57 2 b (a—b)fu(b).

d
beT?,

valid for all L'-functions f : T¢ — R and fy : Tﬁl\, — R.
The heat semigroup on T acts on vector fields as well coordinatewise. Similarly, the action
of H¥ on a vector field Vy : Z¥ — R can be defined via

1
HY VN Ry ) = N Z hY(a — b)Vn(RY,,) - (2.11)
beTY,

Given a function f: T¢ — R, its Lipschitz constant will be denoted by Lip(f). Similarly,
we define the Lipschitz constant of a function f : T‘fv — R by

: _ |f(a) — f(b)]
Mpn (/) =00 = by

The propositions below collect some basic properties of the heat flows that we will use in the
sequel.

Proposition 2.9 (Heat flow on the continuous torus). The following assertions hold for all
s> 0.

(i) There exist constants c(s) > 0 and C(s) < 0o such that for any p € P(T?) the density
ps of Hsp satisfies

ps=c(s)  and  Lip(ps) < C(s).
Furthermore, there exists a dimensional constant C < oo such that
Wo(Hsp, ) < C/'s .
(i) There exists a constant C(s) < oo such that for any f € L'(T?) we have
IHs fllzee + Lip(Hs f) < C(s)IIfll L -

(i4i) Let (u;) C 2(T?) be a geodesic, let v, be the corresponding velocity vector fields achieving
the minimum in (2.1)), and let psy and Vi; be the densities of Hs(pe) and Hg(veir)
respectively. Then, t — (pst, Vse) is a solution to the continuity equation (2.3), and we
have

/1/ V) 4 ar < W2 (110, 1) (2.12)
T , ) i
0 Jra perlw) T = RO
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Proof. The first assertions in (i) are obvious. To prove the last claim in (), notice that
by the convexity of W it is sufficient to prove the claim when p is a Dirac mass. In this
case the result follows from the fact that the heat kernel on the torus can be represented by
periodization of the heat kernel on R%, and the parabolic scaling of the latter.

The result of (i) is standard, and (i4) follows from the convexity of REx R* > (z,a) %
and the fact that Hy is a convolution operator, see, e.g., Lemma 8.1.10 in [1]. O

Proposition 2.10 (Heat flow on the discrete torus). The following assertions hold for s > 0.
(i) There exists a dimensional constant C' > 0 such that for any py € P(T4;) we have
LipN(Hi,VpN) < min {Cs_(d+1)/2, LipN(pN)} .

(ii) For any py € P(T%) and any momentum vector field Vi : #N — RY we have
An(HY pv, HY Vi) < An(pw, Viv) -

Proof. The estimate Lip(HY pn) < Lipy(pn) in (i) is a simple consequence of the fact that
2

the heat semigroup consists of convolution operators. Taking the convexity of (x, a, b) — ﬁb)

into account, this also gives (i7).
To prove the remaining bound in (), we note that for any probability density py € :@(Tﬁl\,),

1
HY pav(@) = HY p(B) = +| - (hY¥(a—e) = hY(b =) p(e)
cGT‘IiV
1
< Nd< Z pN(c)> sup ‘hév(a —c)— hév(b — c)!
Td
ceTY, €N
= sup !hév(a—c) —hiv(b—c)‘ .
CET‘]{,
Since h¥(a) = hi™(a1) - ... - ht™ (ag), where h'Y denotes the heat kernel in one dimension,

we infer that
d
IhY(a) = hY ()] < [hEN)FD N (ar) = hi N (be)
k=1

< Vddy(a,b) [|hy™ | Lipy (hy™Y)
and therefore
Lipy (HY pn) < Vd [N )9 Lipy (hiY) (2.13)

so it remains to obtain bounds on the heat kernel in one dimension. These can be obtained
using the well-known (and easy to check) fact that, if d = 1, the spectrum of the operator
—Ap consists of the eigenvalues

2

Note that \; = A_;. The corresponding eigenvectors v; are given by

A = 2dN?(1 — cos(2rl/N)) | ZGLN::{zEZ: {_NJngg[];J}.

o
Wlla), leLy.

vi(a) = exp ( N
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As a consequence, the heat kernel h2Y can be written explicitly as

hiNV(a)= > e ua).

leLy
We shall use the fact that there exists a constant ¢ > 0 such that for all N > 1 and [ € Ly,
IN| > cl?, o]z <1, and Lipy(vy) < cl .

It follows that for some constant C' > 0 and all a,b € T¢,,

— S —cl=s C
@) < 30 el £ 3 e < 7
lELN lELN
Ihy™(a) —hiN(b)| < Y e M y(a) —u(b) < C le=dy(a,b) < ng(a, b),
€Ly IELy s

so that [|he™ ||z < Cs™1/2 and Lipy(hi™) < Cs~!. Plugging these estimates into (2.13)),
we obtain the desired result. O

3. PROOF OF THE MAIN RESULT

3.1. Ingredients and structure of the proof. In order to prove the stated Gromov-
Hausdorff convergence of the spaces (& (lev), Whn), we will introduce the natural mappings
from the continuous torus to the discrete one, and those going the other way around.

First we construct discrete measures by integration over cubes, and discrete vector fields
by integration over facets:

Definition 3.1 (From T? to T%). Given a probability measure p € P(T?) and N € N the
probability density Py (u) € P2(T%) is defined as
Pr(p)(a) == Nu(QY) .
Similarly, given a continuous momentum vector field V = (V1,...,Vy) : T¢ = R? we define
Pv(V): %N — R by
Pu(V)(R) = 2de/ Vi)de, R=RY, eaV.
R
Probability densities on T are defined by piecewise constant extensions of densities on

T‘]j\,, and vector fields on T¢ are defined by linear interpolation.

Definition 3.2 (From T4, to T¢). Given a probability density p € 2(T%) and a momentum
vector field VN : #N — RY, the probability measure Qn(p™ )7 € P2(T?) and the momentum
vector field Qn(VN) : T — R? are defined as

on(pV)(x) = NN (a)

1
On(V™)i() = 5o (1= Nay + a) VN (R ) + (N — a) VY (RYL))
where a = (ay,...,aq) € T‘]i\, is uniquely determined by the condition x = (x1,...,24) € Qév

The maps Py, On will be the ones that we use to prove Gromov-Hausdorff convergence.
They are constructed in such a way that ensures that solutions of the continuity equation are
mapped to solutions of the continuity equation.



CONVERGENCE OF DISCRETE TRANSPORTATION METRICS 11

Proposition 3.3. The following assertions hold:

(1) Let (pt, Vi) be a solution to the continuity equation (2.3) such that the mapping x
Vi(z) is continuous for almost every t. Then (Pn(pt), Pn(Vi)) solves the discrete

continuity equation (12.9).
(2) Vice versa, let (pnt, Vi) be a solution to the discrete continuity equation (2.9). Then

(On(pNit), Qn(VNe)) solves the continuity equation (2.3)).

Proof. These statements are direct consequences of the definitions and the Gauss—Green The-
orem. .

It follows from the definitions that Py o Qp is the identity operator on f@(Tﬁl\,). On the
other hand, @y o Py is a good approximation of the identity in the following sense.

Lemma 3.4. For all y € 2(T9) and all N > 2 we have

Vd

W2 (Qn(Pn (1)), ) < 7 - (3.1)

Proof. Since both measures agree on each cube QY it follows that

Wa(Qn (Pn (1)), 1)* < ) p(QY) diam(QR)* .

aET?\,
Taking into account that the diameter of each QY equals \/&/N , the result follows. O

The following simple result allows us to compare the 2-Wasserstein distances on 22(T9)
and 2(T4,). Recall that Wy y has been defined in (2.10).

Lemma 3.5. For all g, 11 € 2(T?) we have

V2d

Wa,n (PN (o), P (11)) < V2Wa(po, 1) + N

Proof. Define Ty : T? — T% by Tix(x) := a whenever z € QY. Since |(Tyz); — (Tny)i| <
1+ N|z; — ;| for 2,y € T, we have
Vd
dy(Tna, Tny) < |z —y| + N
Using the fact that Py () = (Tn) 4, the result follows. O

In order to carry out our estimates, we will sometimes need some regularity on the proba-
bility densities involved. For this reason, we introduce the following set.

Definition 3.6 (Regular densities). Let § > 0. Then the set P5(T%) C P(T) is the set
of probability densities py € P(T%;) such that
min py(a) > 6, Lipy(pn) < 67"
acTé
Notice that the projections Py preserve this sort of regularity, i.e.,
Lipy(Pn(p)) < Lip(p) , min Py (p)(a) > inf p(z), (32)
acT¢ z€T4

as is readily checked from the definitions.
The set Z5(T4,) is endowed with the following distance, which is obtained by minimizing
the action functional over all paths in the space of regular densities.
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Definition 3.7 (The distance Wi s). Let § > 0 and pno, pni € Ps(T4). The distance
Wi s(pn.0, pn1) s defined as

1
(WN,(S(PN,OaPN,l))Q ;= inf {/ An(png, Ve) dt} ;
0

the infimum being taken among all solutions (pn+, V) of the continuity equation (2.9) such
that px+ € Ps(T%) for any t € [0,1].

The last tool that we need is a variant of the distance Wy on ,@(T?V), where instead of
the logarithmic mean 6 one considers the harmonic mean 6 given by
~ 2ab
0(a,b) :=
(a,5) a+b
for any a,b > 0. If a = 0 or b = 0, we set A(a,b) = 0. For py € 2(T%) and R = RQH c#N
we put

pn(R) :=0(pn(a), pv(a+e:)) .
Definition 3.8 (The distance WN) For pno,pN1 € W(T‘fv), the metric WN(pN,O,pNJ) 18

defined as
—~ 2 . Vni(R
:= inf
(WN(PN,O,PNJ)) mn {/0 d2Nd+2 Z pn+(R }’
Re#N

the infimum being taken among all solutions (pn+, Vve) of the continuity equation (2.9)).

Distances of this form have already been introduced in [I3]. Notice that since 0(a,b) <
O(a,b) for any a,b > 0, it follows immediately that Wy > Wy

Let us now describe our strategy to prove Theorem [I.Il We start with two measures
o, i1 € P(T9), regularize them a bit using the heat flow for a short time s > 0, and then
show (Proposition [3.10) that for some constant C'(s) < oo (independent on o, p11) we have

C(s)

Wi (Pn(Hs(10)), Pr (Hs(11))) < Walpo, pa) + N

This will follow quite easily. The converse inequality will be harder to achieve, as the nat-
ural inequality that one obtains for pyo,pn1 € Z(T4) (in Proposition [3.11)) involves the
harmonic mean rather than the logarithmic mean, i.e., we prove that

Wa(On (o), On(pY)) < Wil , ) -

Thus the problem becomes to bound WN from above in terms of Wy plus a small error.
Unfortunately, the harmonic-logarithmic mean inequality 6(a,b) < 6(a, b) goes in the ‘wrong’
direction, but the elementary inequality

1 1 _ (- a)? 1
0(a,b) 0(a,b) = ab  f(a,b)
that we establish in Proposition allows us to obtain an estimate for all regular densities,
ie.,

[N

N 1 \~
Wi (pd, pY) < <1 - 54N2> Whis(po . p1) -
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for pyl, pi € P5(T),

Thus at the end everything reduces to prove that Wy s can be bounded above, up to a small
error, by Wpy. Clearly, this is false without some additional assumptions on the measures
we want to interpolate. The idea is then to notice that the measures on the discrete torus
that we produced in our first step, using Py after an application of the heat flow, belong to
P5(T4,) for some § > 0. We then show in Proposition which is technically the most
involved, that given e,6 > 0, there exists 6 > 0 such that the bound

Wy 5(on0, pN1) < WN(pN0:s PN1) + €
holds for any pn o, pn1 € Ps(T4;). This will be enough to complete the argument.

3.2. Estimates. Here we collect all the estimates that we need to implement the strategy
outlined above. We start by observing the effect of Py on the action of vector fields.

Lemma 3.9. Let u = pr € Z(T%) be a probability measure and V : T — R a momentum
vector field. Assume that both p and V are Lipschitz and that minp > 0. Put p"¥ := Px(p)
and VN := Py (V). Then there exists a universal constant C > 0, such that for any N > 1
we have the bound

N V@) 4, €d(IVI=Lip(V) Vi~ Lip(p)
A, V) < /Td p(z) ot N( min p (min p)? ) (33)

Proof. We apply Jensen’s inequality to the convex function (z,y,z) — ﬁ to obtain for
R= R, e z",

1 VN(R)? 2 (IRVi(T) d?“>2

2ENT2 ;N(R) ( fR UN o~ hey dhdr , [ [ p(r + hei) dhdr)

Vi(r)? (3.4)
= 2/ / r—hez) p(r—l—hei)) dh dr

/ / —— hel)(’ )f(r ey

Using the elementary fact that for ,Z € R and y > ¢ > 0,

2 =2 - 2
T x T+ - T ~
(*—T‘S7| - ‘Iw—fv|+~7|y—y|,
Y )
we obtain for r € R and |h| < L,
Vi(r)|? _ Vilr + hei)|?

< g(HVHLw Lip(V) | V117 Lip(P)) 7

min p (min p)?

9(p(r — he;) , p(r+ hei)) p(r + he;)

for some universal constant C' > 0. Combining this bound with (3.4), and summing over all
R e ZV the result follows. O

The previous result can be used to obtain the following lower bound for the Wasserstein
metric Wo.
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Proposition 3.10. Let s > 0. There exists a dimensional constant C(s) < oo such that for
all probability measures pig, 1 € P(T?) and for all N > 1 we have

C(s)
VN
Proof. Let (u;) be a constant speed geodesic connecting pg to p1 in (2(T?), W3), and let (v;)

denote the corresponding velocity vector field achieving the minimum in (2.1)). For s > 0, let
pst and Vs, be the densities with respect to m of Hg(g¢) and Hg(vgpe) respectively. According

to (iv) of Proposition for given s > 0, the curve t — (ps¢, Vi) is a solution to the
continuity equation ([2.3) and we have

/ / dt dz < Wi(po, p1) - (3.5)
Td Pst

By (i) and (ii) of Proposition we also know that there exists constants c(s) > 0 and
C(s) < oo such that for all ¢ € [0, 1],

ieand psi(x) = c(s), Lip(pse) < C(s), [[Vspllre +Lip(Vsy) < C(8)|[Vyaullr - (3.6)
Set t — nnt = Pn(Hs(we)) and t — Wy := Pn(Vst). By Proposition the curve

(nn.t, Wnt) solves the continuity equation (2.9). Applying Lemma (3.6) and (3.5, we
obtain for some (different) dimensional constant C'(s) < oo,

Wi (Pw (Hs(10)), P (Hs(11)))?

1
S/ AN, W) dt
0

1 2 - 2 1.
S/ [/ [Vst(2)] dx+0d<||Vs,t||L<.>° Lip(Vs,t) + HVstHLoo LlPiﬂs,t))] at
0 Td Psyt ({L‘) N min Pg ¢ (mln ps,t)

C(s) [*
< Wi on) + 3 [ Wil ar.

Applying the Cauchy-Schwarz inequality in the form

2
Vool < [V/2,(7)] dr
Wil < [ oz

Wi (PN (Hs(10)), Pn(Hs(p1))) < Walpo, pa) +

ps/Q,t(x)
together with (3.5), we obtain
Vs
Wi (Pn(Hs(10)), Py (Hs(11)))? < Wa(po, p1)? / / Wepa@) |
Td ps/2t x

C()

< Walpo, p1)* + TWQ(PO,Pl)Q

Taking into account that (22(T9), W) has finite diameter, we obtain the the result by taking
square roots and using that v/a + b < /a + v/b. O

The next result provides a lower bound for W5. Recall that WN is defined using the
harmonic mean instead of the logarithmic mean.

Proposition 3.11. Let N > 1 and p}, pY € 2(T%). Then
W2(Qn(pg), Qn (1)) < Wi (o), 1) - (3.7)
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Proof. Let t — (pl¥, V') be a solution to the continuity equation ([2.9)). Define p; := Qn(p})
and V; := QN(V;N) Then, for every t € [0 1] we have

d pr(z QN pe(z
N in — a; 2

N |1— Nz +a; N/ oN
= Ndflzpi\f(a / ‘th (Ra,i—)+2diNv;j (Raiq)| da

4d2Nd+2 Z / } ) + th (Ra z+)‘ dy
< 1 Z VN(RQ{Z'—) + VN(RQ,[HF
= AENTE 2 20" (a)
_ 1 Z (Révz—&-) 1 + 1
 4d2Nd+2 £ 2 pN(a)  pN(a+ e)
1 (R;']ivz+)
"IN L R,

Since from Prop0s1t10n 3 we know that t — (p¢, V;) solves the contmulty equatlon we obtain

V(=) |® /
00,01 /[rd (z) d dt < 4d2Nd+2 Z

Re#zN
Taking the infimum over all the solutions (pi¥, V;") of and recalling the Definition
of Wy we get the result. O

For regular densities, the following result compares the distances defined using the harmonic

and the logarithmic means. Note that the reverse inequality Wy < WN follows directly from
the harmonic-logarithmic mean inequality.

Proposition 3.12. Let 6 >0, N > 62 and p} pY € P5(T%). Then the following estimate
holds:

o=

— 1 -
Wn(py' s p1) < <1 - W) Was(pg' o7 ) - (3.8)

Proof. Let b > a > 0 and, as before, let é(a, b) =
((1 —t)a +tb)~! and notice that

= be the harmonic mean. Set f(t) =
a'b

1 ! 1 1
ﬂmm—lfmw, T = VO + 7).
Since f is convex and non—increasing, we obtain
1 1t
d(a,b) ab /f dt+2/o 71) =

< §(f (1) — f’(O)) = b;a<a12 - b12> L ;ba)Qé(al, b)
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Therefore, for pV € P25(T%) and R € #V we have

Y PR U R
VR =T AN N (R

and the result follows applying this inequality along a geodesic in (25(T%,), Wy s) connecting
po to py. O

The final proposition in this subsection shows that regular densities can be connected by
a curve consisting of (a bit less) regular densities, for which the action functional is almost
optimal.

Proposition 3.13. Let ¢,6 € (0,1). Then there exists 6 > 0 such that for any N > 4 and
PN.,0, PN,1 € z@(s(T‘fv), we have the bound

Wy 5(pn,0sPN1) < WN(PN,0s PNL) + € (3.9)

Proof. Let a,b € (0,9) to be fixed later and t — (pn4, Vn¢) be a Wy-geodesic connecting
pN,0 to pn 1. Define the curves t — (p}vyt, V]%u) and ¢ — (p?w, V]\2,7t) by

phs = (1—a)pwe+a, Vig=(l—a)Vag,  (3.10)
p?\f,t = HéV(P}V,t) ) V]%,t = Hév(vj\lf,t) . (3.11)
The latter expression should be interpreted in the sense of (2.11)).

Step 1: From py ; to p]lw for j =0,1.
For j = 0,1, we define s — 1y, ; as the linear interpolation between py ; and p}w, ie.,

NN (@) == (1= s)pn,;(a) + spy (@) = p,j(a) + sa(l — pnj(a)) -

Notice that since ZaeT‘}\, 1 —pn,j(a) =0, it makes sense to define

W,s,j(RY;+) == F2adN® (Afvl(l —pnj)ate) — A (1 - PN,j)(a)) ,

with 1 being the density constantly equal to one. A direct computation shows that s +—
(MN,s,5, Wn,s,j) is a solution to the continuity equation (2.9). Notice that actually Wy s ; does
not depend on s. Taking into account that

nN,S,j(a)Zaa aeT(Ji\fa 86[0,1], j:O,l, (312)
recalling the Poincaré inequality (Proposition , and using the trivial bound

En(1—pn;) < d(Lipy(pn;)* < ds?,
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we obtain
2
WNS] ))
AN(N,s,5, Wh,s,5) = :
v ; s ()
2
< Nd 7 D Z( H1—pnj)(ate) - Aﬁl(lfﬂN,j)(a))
aETd =1
_ 3.13
= a&n(AN (1= pny)) (3:.13)
a 2
< ;Hl - PN,jHLgV
a
< ?5N(1 — PN,j)
ad
Py /4.',262 b
where £ = inf >4 2N?(1 — cos(27/N)) > 0. Notice also that
Lipy (v,s,j) < Lipy(pny) <671, s€[0,1], j=0,1. (3.14)

Step 2: From p}\,,j to p?\m for j =0,1.
For j = 0,1 we interpolate from p]lv’j and p?\,,j using the heat flow, i.e., we define s —
(ONs,j> ZN,s,j) by
ON,s,j(a) = Hsb(pN_])
ZN,SJ-(RQ{&) = $2bdN (0N757j(a +e;)— UN,s,j(a)) .
We then obtain
AN(Ust,Zst)

ZN s, )2
d2Nd+2 Z Z . ]

aer =1 Ns’j +)

2
Z (onsjla+e)—ons;i(a))
Nd 2 UN,S,J(Rz]a\{i+)

Nd 5 Z onsj(@ate) —onsi(a))(loglonsi(a+ e)) —logon s j(a)))

= b SN (O’N757j, log(UN,s,j)) .
In view of Proposition [2.10{(i) we obtain by construction,

oNsj(a) > a, acT%, sel0,1], j=0,1, (3.15)
Lipy(on,s,;) < Lipy(py,) <671, s€0,1], j=0,1. (3.16)
Hence Lipy (log(on.s;)) < %'NN) < 672, Since |En(f, g)| < dLipy(f) Lipy(g) we obtain
AN(ON,s,js ZN,s,5) < Cf;f : (3.17)

Step 3: From p?\,o to p% -



18 NICOLA GIGLI AND JAN MAAS

From the convexity of the function (z,a,b) — 9( b) we get

AN (P Vir) < (1= a)An(png Vivg) = (1 — a)Wn(pnos pna)?

for any t € [0, 1]. Using again the convexity of (z,a,b) — ﬁQb) and the fact that H acts as a
convolution semigroup, we also get

AN(P?\/@ V]\2/,t) < AN(PJIV,ta Vj%f,t)

for any t € [0,1]. Combining these two inequalities and integrating we get

[ xRz ars [ Avoh Vi < G- oWstorvomn? 619
Since the heat semigroup preserves positivity, we obtain
p?Vt(a) >a, acT%, tel0,1], (3.19)
and by (i) of Proposition we have
LipN(pN’t) <Cy @2 e o,1], (3.20)

for some universal constant C' > 0.
Step 4: Gluing the pieces.

Let ¢ € (0,1/4) to be fixed later. We define the curve t — (p?’w, V]i)’u) on [0, 1] by gluing
the pieces together, that is,

(TIN,%,O E 1WN 0) tG [O,K] 9
(Oniztg AT 2yt ) te (£,20)),
N,==,0 N,
(oo Vi) = { Pl (140" lvji,i L) tef1-2),
(UN,lff*tJ A e (=t 1) e(1-20,1-1),
Myt 07 WNul) el—101].

S ‘

Clearly, t — (pNt, VNt) is a solution to the continuity equation . From ,
and - we get, taking the scaling factors into account,

2ad  2db* 1-—a

2
/ An( pNtvat) = Yr2s2 + 763 + 1_4£WN(pN,OaPN,1)

It remains to fix the constants a,b € (0,6) and ¢ € (0, 1/4) as functions of § and €. From
(ii) of Proposition [2.8| we know that the diameter of (2(T%), WN) is bounded by a constant

D > 0 depending only on d. Choose now £ > 0 so small that 1= 4£ <14 355, and then a,b > 0
so small that

3D2’

2ad _ e? 2db? < e?
(k262 — 37 0653 — 3
With these choices we get
/ An( pNtath) <&+ Wn(pno ona)? (3.21)

Furthermore the inequalities ((3.12] , -7 and (3.19)) and the inequalities (3.14 and
0)) imply that

minpk, >a,  Lipy(pk,) < max{s~",Co (12}
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hence p:])’vyt belongs to #5(T4;) for some § depending on a,b and 6. The result follows in view
of Definition [3.7 of Wy 5. a

3.3. Wrap up and conclusion of the argument. Finally we shall prove Theorem[I.1] Let
us first recall one of the equivalent characterisations of Gromov-Hausdorff convergence, which
we formulate here as a definition. We refer to, e.g., [I8, Definition 27.6 and (27.4)]) for more
details.

Definition 3.14 (Gromov-Hausdorff Convergence). We say that a sequence of compact met-
ric spaces (X, d,) converges in the sense of Gromov-Hausdorff to a compact metric space
(X,d), if there exists a sequence of maps fy : X — X, which are

(i) en-isometric, i.e., for all x,y € X,
|dn(fn(@), fn(y)) — d(z,y)| < én; and
(17) en-surjective, i.e., for all x, € X, there exists x € X with
d(fn(2), 20) < €0,
for some sequence &, — 0.

Now we are ready to prove our main result Theorem which we restate for the conve-
nience of the reader.

Theorem. Let d > 1. Then the metric spaces (2(T%), W) converge to (2 (T9), Ws) in
the sense of Gromov-Hausdorff as N — oo.

Proof. For s > 0 and N > 1 we consider the map from 2(T9) to 2(T%,) given by

p — Pn(Hsp) .

We claim that for each s > 0 there exists N(s) > 1 such that for all N > N(s) this map is
both (s)-isometric and e(s)-surjective, for some sequence £(s) | 0 as s | 0. This suffices to
prove the theorem.

e(s)-isometry. Let pg, 1 € Z(T?). Part (i) of Proposition in conjunction with (3.2))
yields that Py (Hsuo) and Py (Hsur) belong to @5(8)(T‘}V) for some 0(s) > 0 and for any
N > 1. Let n > 0. From Proposition we then get the existence of §(n, s) > 0 such that

Wi 5.s) (PN (Hspio), Pr(Hspin)) < Wi (P (Hspo), Py (Hsper)) 417 -
From Proposition [3.12] we infer that
1

1
. ~2
Wi (Pn (Hspo), Py (Hspi)) < <1 - W) W 5(n,s) (P (Hspio), P (Hspin))

and then from Proposition that
Wa(Qn (P (Hspo)), Qv (P (Hypm))) < Wi (P (Hspo), P (Hspan)) -
Lemma [3.4] and Proposition [2.9(i) yield
Vd

Wa(po, 1) < Wa(Qn (Pn(Hspio)), On (Pn(Hspn))) +2CY/s + 2— .

N
Combining these four inequalities, we obtain
1
1 T2 Vd
S PO Hao), P (H 205 + 242
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On the other hand, Proposition [3.10| grants that

C(s)

N

Taking Proposition (ii) into account, the latter two inequalities yield that for N = N(s)
sufficiently large and n = 7(s) sufficiently small, we have for all N > N(s),

[Wa(po ) = Wi (Pov(Hupao). Pav(Hopm)| < e(s)

for some e(s) | 0 as s | 0.

Wn (Pn(Hspio), Py (Hspn)) < Walpo, pa) +

e(s)-surjectivity. Let p/¥ € 2(T%,) and set pY¥ := H;Qn(p"). Then, for some dimensional
constant C' < oo which may change from line to line, we obtain using Proposition (u),

Lemma and Proposition [2.9[%),
Wi (Y, Pa (o)) = Wi (Pw(Qn (p™)), P (o))
< CWan (Pn(Qn(P™)), Pn(p)))

C
< CWa(Qn (™), ) +
<o( ),

Taking, say, N = 1/4/s, we infer that Py o Hg is 2Cy/s-surjective, which completes the
proof. O
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