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ABSTRACT: In this paper we formulate the pure spinor superstring theory on AdS; x CP3.
By recasting the pure spinor action as a topological A-model on the fermionic supercoset
Osp(6[4)/SO(6) x Sp(4) plus a BRST exact term, we prove the exactness of the o-model.
We then give a gauged linear o-model which reduces to the superstring in the limit of large
volume and we study its branch geometry in different phases. Moreover, we discuss possible
D-brane boundary conditions and the principal chiral model for the fermionic supercoset.
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1. Introduction

The pure spinor formulation of superstrings [[[] is a powerfull method to tame supercon-
formal exactness, the string loop expansion and RR-background o-model couplings at the
same time.

In particular, let us remark that, although conjectured because of maximal supersym-
metry, the quantum exactness of type IIB string on AdSs x S® was proved in [J] by making
use of the pure spinor formulation.

Recently, the M-theory analog AdS; x S7 is receiving large attentions [f], f[] because
of its conjectured duality with the Bagger-Lambert-Gustavsson [ff] theory of multiple M2-
branes. As a superstring theory, because of the circle fibration

Sl §7
!
]P>3

this is represented as type ITA superstring on AdS; x CP? with appropriate RR-fluxes
turned on. This superstring background is undergoing an intense study [d-[], but its
exact superconformal invariance has not been established so far. This is one motivation!

LFor further motivations and results on the AdSy x CP? from a supergravity point of view, see also [E]



to study the pure spinor formulation of superstrings on AdS; x CP3 and in this paper we
actually prove its superconformal exactness. This is done by writing the pure spinor action
as a manifestly superconformal term plus a BRST trivial term. Under the assumption
that only mild non-locality arises in the BRST trivial term, we establish superconformal
exactness.

Let us point out some further considerations about the system for AdS; x CP3. In
the present background there is a RR flux balancing the spacetime curvature which can
be tuned to reach opposite limits: the strong coupling limit where the RR fields become
dominant and the weak coupling limit where the supergravity approximation is valid. In
the case of AdSs x S°, the two limits where covered by the same theory, namely N =
4,d =4 SYM and the two limits of string theory where represented by the opposite limits
of the gauge theory side. In that perspective, the supergravity computations in AdSs x S°
background leads to strong coupling correlation functions, whereas the strong coupling
limit in string theory (where the supergravity approximation is no longer a good one)
corresponds to perturbative SYM at weak coupling.

Recently, in [[[] and in [[J], it has been conjectured that this limit can be achieved
by constructing the pure spinor sigma model on the coset PSU(2,2[4)/SO(1,4) x SO(5),
by taking the limit where the coupling constant goes to infinity and, finally, by adding a
BRST trivial term, one can recast the o-model into a non-linear sigma model which is a
topological A-model that can be proved to be conformal to all orders (given the fact that
the sigma model is based on a symmetric coset and the supergroup PSU(2,2|4) is a super-
Calabi-Yau). This construction has been tested in [IJ] where, by using a mirror symmetry
argument, this program was realized for circular planar 1/2-BPS Wilson loops. See also [[[4]
for further developments. Actually, in [[F], the relation between perturbative SYM N = 4
and the topological sigma model has been further developed. There, it has been noticed
that given a suitable measure for integrating the pure spinors in tree level amplitudes
and identifying the vertex operators of the topological sigma model with the states of
the fundamental representation of PSU(2,2/4) (known as singleton), one can define some
correlation functions with the properties of tree level SYM amplitudes. However, several
checks and computations should be performed to test this new idea. Nevertheless, it has
been shown that the topological o-model can be viewed as a gauged linear o-model of the
G/G type with a suitable gauge fixing.

On another side, we would like to perform the same analysis with another gauged
linear sigma model. We consider the gauged sigma model with the supergroup Osp(6[4).
It has been already shown that this model leads to a pure spinor string theory model
and its action has been constructed. In the present work we construct the gauged sigma
model by gauge fixing the gauge symmetries of Osp(6[4). Again, there are two limits.
One limit is the weak coupling limit where the supergravity approximation is valid (see for
example [B]) and this leads to multiple M2 brane interpretation of its dual theory (based
on Bagger-Lambert-Gustavsson theory). This model is a superconformal Chern-Simons
theory in d = 3 with NV = 6. Notice that in this model the kinetic term of the gauge field
is neglected since it has a dimensionful coupling, corresponding to the inverse of radius of
AdS which, in the limit of small RR flux e, tends to zero. The only remaining gauge field



dynamics is described by a Chern-Simons model. However, being supersymmetric, it has
some auxiliary fields which have to be integrated leading to the potential for the matter
fields. So, the limit of strong coupling is the limit explored in the weak coupling limit of
string theory. On the other side, by considering the opposite limit, namely for large RR
flux e, one should see the opposite limit of perturbative SYM d=3 model (with the kinetic
term). This model has been constructed in [[Lff]. So, we expect that in this limit the theory
is no longer superconformal and contains some dynamical gauge field. The perturbative
computation, which can be performed using the singleton conjecture of [[[§] should not
correspond to the strong coupling limit of N=6 d=3 model, but to the weak coupling limit
of N =6,d =3,SY M (the symmetry of this model could be maybe enhanced to N = 8).

The plan of the paper is as follows. In the next section we implement and solve
the pure spinor constraints on AdSs x CP? and therefore we formulate the pure spinor
superstring theory on this background. In section 3 we study the A-model topological string
on the fermionic supercoset Osp(6]4)/SO(6) x Sp(4) and we establish its superconformal
invariance. In section 4 we show that the pure spinor action for the superstring on AdSy x
CP? can be recasted up to an additive BRST exact term as the topological A-model on the
fermionic supercoset Osp(6]|4)/SO(6) x Sp(4). Actually, this is obtained as a particular
case of a more general construction for supercosets admitting a compatible Z4 grading. In
section 5 we then give a gauged linear o-model which reduces to the topological string in
the limit of large Fayet-Illiopoulos coupling and we study its Coulomb branch geometry.
In section 6 we formulate a principal chiral model of G/G type which upon gauge fixing
reduces to the A-model on the supercoset. Moreover, in section 7 we discuss possible
D-brane boundary conditions and discuss their geometric structure. We indicate further
directions to explore in section 8 where we collect some open issues too.

2. Pure spinor superstring in AdS; x CP? background

As it was shown in [§, [, fi], the AdS, x CP? background can be derived from a supercoset
element g € U(?’O)ipf%. Its Maurer-Cartan left invariant 1-form can be expanded into the

generators of Osp(6]4) as follows
J = Yt Ty T 4 T T+ H e+ HP T+ 00 Qa + T Qi+ T Qrat T Qua, (21)

where (T[J,TIJ7TJI) are the generators of SO(6), Tjap) with A,B = 1...6 decomposes
according to irreducible reperesentations of U(3) as it will be explained later, and T/ are

the generators of U(3). Then, J;; and J// are the Maurer-Cartan forms associated to the
SU(4)
U03)
Similarly, (V4,7Vap) With a,b = 1...4 are the generators of the anti de Sitter group SO(2, 3)

generators of the coset and H IJ are the corresponding spin connections of the coset.
which as is shown in [§] they all turn out to be given by real symplectic matrices and 7, are
the generators of the Lorentz group SO(1, 3). The matrices @, Q f", Q[ and Qé{ are the 24
fermionic generators where we split the symplectic indices z = 1...4 into SO(1, 3) spinorial
indices o, & = 1,2. The Maurer-Cartan 1-forms of the symplectic group Sp(4, R) are related
to the Maurer-Cartan of SO(2,3) with the relation J% = J%3¥ + H®y"Y. The fermionic
1-forms J% are real and transform in the fundamental 4-dimensional representation of



sp(4,R) and in the fundamental 6-dimensional representation of so(6) with the symplectic
invariant antisymmetric metric €, = to1 ® 1.

Notice that % is the invariant metric on AdSy and g, 7 is the U(3) invariant metric on
P3 and we denote by k;; as the Kihler form on P3. The index I can be raised and lowered
with the inverse metric g‘f T as JIT = g‘f K gj L Jir, which is independent of J!7, similarly
we can make Jy7 out of Jr;.

The osp(6|4) algebra H admits a Z, grading with decomposition H = Z?:o H; as

follows?

Ho = {Hop, Hopo B} 1y = {00,097}
Hy = {Jad,JIJaJIJ}a Hs = {Jja,de}- (2.2)
satisfying
[Hm’ Hn] - Hm—i—n (mod 4) (2-3)

We can check that the bilinear metric is also Z4 invariant. Recall that the invariant
supermetric for Osp(6]4) is given by

Str(TapTcp) = dacdps — dapdcB, (2.4)
Str(Tyy Tet) = €xz€ty + €xt€ry
Str(T, Ty) = €xy»
Str(QAQ%) =

where Tap and Ty, are the generators of the bosonic subgroups SO(6) and Sp(4,R), and

% are the fermionic generators of the supergroup. It is convenient to adopt a complex
basis for the generators of SO(6) and we define Typ = UiéT[J + UiABTIJ + U[J’ABTIJ
where Uf{]g, Ui 4> Ur.4B are the Clebsh-Gordon matrices mapping from 15 of SO(6) to the
representations 3(—1), 8(0), 3*(+1) of U(3), respectively. In the same way, we decompose
the fermionic generators into Q% and Q*! of 3(—1) and 3*(1), respectively. The metric
becomes

Str(Tr,TEE) = 6,561 — 6 56,5, (2.5)
Str(T ' Tyk) = 6,76,
Str(QQY) = o7 ™.
while the other traces vanish. Which all these mean that the bilinear metric is Z,4 invariant,

satisfying
< Hp, Hp >= Str(H;Hy) =0, unless m +n =0mod 4 (2.6)

Using this Z, automorphism, it was shown that the pure spinor sigma model action
can be decomposed in the following way

S = Sas + Sar + Sghost » (2.7)

2In the paper, also the notation J will be used to denote the currents of the subset Hs.



where Sgg is the Green-Schwarz action was shown in [§, [, fi] to exhibit the usual quadratic
form after using the important feature of the possibility of writing the Wess-Zumino term
as a total derivative in this background

1 - 1 - _
Sas = RQ/d2ZStI‘ |:§J2J2 + Z (J1J3 - Jng):| , (2.8)

where J; = Jl|y, are the projections of the MC left invariant currents into different sub-
classes according to Z, automorphism as it was given in (.J). The action can be written
in terms of the left-invariant supercurrents of the coset in the following form

Sgs = R? / d?z [exijjy + %JUJ” + % (Jafjaf + Jyp J = J gt — JMJ°”> .
(2.9)
To this, one has to add a term which breaks k—symmetry and adds kinetic terms for
the target-space fermions and the coupling to the RR flux. This gauge fixing action Sgp
was shown to be given by [§]

Sap = R2/d22 (Jafj‘*f + JMJM) , (2.10)
which gives

_ 1 _ 1 _ .- _ - _.
Scs+ Sar = R / d?z [enyny—i-aJUJ” +7 <Ja1J‘”+Jd fJM) +§ <Ja fJO‘IJrJdIJO‘I)] :
(2.11)

In order to write the pure spinor ghost part of the action, we introduce the pure spinors
I

(A9, (Al X41) and their conjugate momenta (w,] ,wdf), (a1, Wg5), belonging to the

‘H1 and Hs3 respectively. The pure spinor constraints can be written as follows

AGAT =0 XX =0
Afeaphy =0 MeeaA? =0 (2.12)
A, N =0 Mg A] =0

to solve this constraint, we can use the following ansatz
A= Xy, A =l (2.13)
5\05] — 5\01,&]7 S\Iéc — 5\&@[7

subject to the following gauge transformations

AY — 1)\O‘, AY — l)\‘j‘, ur — pur, vl —ovl, (2.14)
o

. .. 1.. A » A .
A — XY N — 5)\0‘, of — pal,  or — 60r,

where p, 0, p,6 € C*.
Inserting these factorization into (B.13), we arrive to the following constraints

ur! =0, oaf =0. (2.15)



So, the counting of the degrees of freedom gives 2 x (243 —1) — 1 = 7 complex for A
and the same for \. The geometry of the pure spinor space can be easily described. Using
the gauge symmetries p and ¢ we can fix the norm of u; and v’ as such u;a! = 1 and
v!o; = 1. Then, together the constraint uyv! = 0, the matrix (ul,ﬁj,eUKﬂJvK) is an
SU(3) matrix. In addition, using the remaining phases of the gauge symmetries p and o,
we see that the variables u; and v! parametrize the space SU(3)/ U(1) x U(1) which is the
space of the harmonic variables of the N = 3 harmonic superspace (it is also known as the
flag manifold F(1,2,3).3

The pure spinor constraints are first class constraints and they commute with the
Hamiltonian, therefore they generat the gauge symmetries on the antighost fields w’s. In
particular if we denote by 7aa,n'”,nr; and by ke, k', K7y the infinitesimal parameters
of the gauge symmetries we have that

dwh, = naa ™ + 27" eqp A7, Swar = Naa A + 2n15€a5 A7,
512)0{[ = KRaa A? + ZﬁIJeaﬁ 5"6] ) 5’[2)£{ = K/ao’zj\al + 277”%5 5‘1? ) (216)
We can also introduce the pure spinor Lorentz generators (N = —{w, A}, N =

—{,\}) € Ho, which are needed in the action and determine the couplings between
the pure spinor fields and matter fields, as follows

Nog = 'UJ(IQ)\I@)[, Nog = wj(a)\é) , (2.17)
o= W A V.. — ol )\
Ndﬁ = w(al)‘ﬁ)a Nd,@ - w(o'z)\,@)l’

N7 = wI G +wra )\,

N7 = a9\, + a7\, .

They are gauge invariant under the transformations (2.14). Finally, we can write the pure
spinor ghost piece of the action

Sghost = R? / d?z(wév)\? + war VAY + o VAT + 0] VAY (2.18)
i @OOD N, N5 — @D, R anKLNIJNIé) ,

where the bilinear metrics 1 are given from ([£.4) and (R-5) as

p(eA0) — v 4 cad By K 5 15 K (2.19)

3 Another way to solve the constraints (P.19) is decomposing the pure spinor into A¢ = (A, A*) and
AT = (A% \%) where a = 1,2. It is easy to show that the pure spinor constrains become AINGTLAXNE =,
det(A2) = 0, det(A%) = 0, A%eagA® = 0 and ,\;‘“ew,\ﬁ = 0. The first set of constraints implies that we can
solve 3 parameters in terms of the rest and we get a consistency condition det(\y) det(Ag) = 0. This is
solved by imposing the second and the third conditions. The latter also imply the existence of a solution
for the forth and for the fifth constraints. Again the counting of the parameters gives 7 complex numbers.



Putting everything together we get the pure spinor action for AdS; x CP?

1 Ojjaj-l-Jd]de)

Fwl VAG + war VY 41y VA 4+ @l VAG (2.20)

I D -
S = Rz/d%[exyﬂﬂ + 5T+ <JaIJaI - deJ”) +z <J

B0 Ny GDEON Rl K N NKL] ,
The theory admits a BRST transformation with the following BRST charge
Q+Q = 7{ <dz)\J3 + d25J1> (2.21)
= s (Va4 X s )+ s (3T s+ A TE)

The general pure spinor action with Z, discrete symmetry is invariant under the fol-
lowing BRST variations

p(Jo) = [J3, Al + [J1, ] (2.22)
0p(J1) = VA+ [J2, Al
p(Ja) = [J1, Al + [J5, ]
05(Js) = VA+ [J2,\]
s(A) =0, 55(\) =0
0p(w) = —J3,  dp(@) =~
)

where VY = 0Y + [Jy, Y] and VY = 0Y + [Jy,Y]. These can be written in the following
form for the AdS, x CP?,

_ 74 iV _ I 7 I3
O0BJag = _2>‘(a1']ﬁ) - 2J(ajx\ﬁ) , 5BJ<5¢B = _2/\(66]6')[ - 2J(d)\6)17 (2.23)
op gl = (VAT 4+ JHING + TN S5 Tf = (VA + T + J,90¢
SpJs = (VNG + JA + J4AE, 6 = (VA + JTTXG 4+ J4
1 1 731 N 71
53'](15 = )\OJJB- + Ja[)\ﬁ- + JBI/\Ol + /\BIJOc R

6BJ[J = 2€a6)\a[IJJ]ﬁ + 2€dﬁja[IS\J}ﬁ'v
5pI" = 260N+ 2.0 IR
dpwl = —Jl, Spwar = —Jar

. i I
0BWar = —Jar, OBws = —Jg,

the variations of Nug, N, e Naﬁ, Na ;4 can be easily derived by their definitions (.17). Using
this notation, we can assign a further quantum number by assigning 0 to Ju4, +1 to JI7,
—1 to Jrj, —1/2 to Jaj,jd,f and +1/2 to jath,I- This is the center of U(1) inside of
U(3). Notice that the symmetry is a Zs symmetry. The action, the BRST transformations
and the pure spinor conditions respect such a symmetry.



3. Kahler potential for the Grassmannian and the A-model

Let’s consider the Grassmannian coset % which is obtained out of the similar

twisted coordinates ©% which was introduced by Berkovits for AdSs x S° [[]. A general
Kihler potential on a coset G/H was shown in [[[7] to have the form

K(©,0) = %m det (£(6)£(0)) | (3.1)

where £(©) € G/H is a representative of the coset G/H where for any h € H and g € G
satisfies

9€(0) = £(0")h(®, 9) (3.2)

Like in the case of the G/H = % coset [L]], for G/H = % also,

there exists a gauging in which the coset representative can be written in the following

Iyxa © = Tuysa ©
= ~ ) = ol , 3.3
£ ( O HGXG) ¢ < -0 116x6> (3.3)

where here, ©% and 04 are 4 x 6 and 6 x 4 fermionic matrices respectively.

form

Using the convention i© = ©F, the Kihler potential (B) can be written as

Ly © Lyxa C)
© lgxe -0 lgxe
= —Indet _
2 nae [( 0 lgxe + @@)

= %ln [det(lyxq — ©O) x det(lgxs + OO)]
= Trin(llgxs + ©O) (3.4)

K(©,0) = %ln det

which in the last line we used the fact that

Tr(00)" = —Tr(00)", forn >0, (3.5)

One can easily show, for such a Kéhler potential, exactly in the same way as it was
shown in section (4.3) of [}, that this N=2 action is conformal invariant, namely by
computing the one-loop beta function

R =Indet(0e05K) =0, (3.6)

which then the N = 2 supersymmetry non-renormalization theorem implies its conformal
invariance to all loops.

Osp(6]4)
B SO(6)xSp(4)
superfields ©% and (9;? where A =1,...,6 and z = 1,...,4 label fundamental represen-

The worldsheet variables for this Kédhler N=2 sigma-model on are fermionic

tations of SO(6) and Sp(4) respectively. These N = 2 chiral and anti-chiral superfields



can be expanded in terms of the fields of the pure spinor superstring theory on the target
AdSy x CP? as follows

OU(ht ki) = 04 + Ky Z5 + w-YE + Kk fh, (3.7)
Oy, ko) = 0 + Ry ZH+ R YA + RyRf2
o \v4y v— T +4x -tz +h—Jz >

where (k4,R4) are left-moving and (k_,k_) are right-moving Grassmannian parameters
of the worldsheet N=2 supersymmetry.

In this expansion, the 24 lowest components 6% and éﬁ are 24 fermionic coordinates
of the %% supercoset which parametrizes the AdSs x CP? superspace together
with the 24 bosonic variables Z% and Z2 which are twistor-like variables combining the
10 spacetime coordinates of AdS, and CP? with pure spinors (A%, S\f) which their number

was obtained in [§] to be 14. They can be expressed explicitly as follows

Z% = H%(xa)(H Y(zp))4 Ny, (3.8)
ZA = (H Y (z))" HY (xp) MY,

Here H?/(x4) is a coset representatlve for the AdS4 coset SO((f%) and HY (zp) is a
S0(6)

) Similarly, the conjugate twistor-like variables

YJ and YA are constructed from the conjugate momenta to the pure spinors and f% and

coset representative for the CP? coset
fA are auxiliary fields.

4. From pure spinor to A-model

Here we show that the same way Berkovits and Vafa [[J] showed the equivalence of the
A-model and the pure spinor superstring for AdSs x S°, we can show the existence of such
an equivalence for any superscoset admitting a Z, automorphism, as is the case also for
the AdS, x CP? supercoset.

4.1 Pure spinor with Z, automorphism and “bonus“ symmetry

Consider a supercoset G/ H* which admits a Z4 automorphism under which its generators
can be decomposed into invariant subspaces H;,7 = 0 - 3. The matter fields of the sigma
model can be written in terms of the left-invariant currents J = ¢~ 'dg, J = g~ '0g, where
g € G. The left-invariant currents are decomposed according to the invariant subspaces of
the Z4 into J = Jy + J1 + J2 + J3 as follows

Ho Hi1 Ho Hs

J[AB} Joe M gé (41)

where the left-invariant current J = g~'0g is expanded by the generators of the superal-
gebra as

3
T = Ji =TT g + T T + JOTa + J°Ta, (4.2)
=0

“In the construction, G is the isometry supergroup of the target space and H is a normal subgroup of
its bosonic subgroup Gy.



here, JIABl € H are the spin connections of the supercoset and J™ and (J<, Jd) are the
bosonic and fermionic components of the supervielbein respectively. The generators of
the supercoset are (T[ AB],Tm,Ta,T@) which are the Lorentz generators, translations and
fermionic generators respectively with the following non-zero structure constants
AB EF AB
fmnpa fm’][L }7 f[ABHC['D}}’ faB[ ]7 fa,@ma (43)
Besides the matter fields, the pure spinor action has a ghost sector consisting of the
pure spinors and their conjugate momenta

A= AT, A= \Ts, w=n"%Ts, &=n"%0sTh, (4.4)

and the corresponding pure spinor currents N = —{w, A}, N = {w, 5\} € Hp which generate
the Lorentz transformations in the pure spinor variables.
The theory admits a BRST transformation with the following operator

Q+ Q = f <d2’)\J3 + d?j\j1> , (4.5)
under which the fields transform as follows
05(Jo) = [Js, Al + [J1, ], (4.6)
65(J1) = VA+ [, A,
53(‘]2) = [‘]17 A] =+ [J37 5‘] 5
55(J3) = VA+ [Jo, A,
5B(>‘) =0, 5B(X) =0,
(53(0.)) = —Jg, (53(@)) = —jl,
SB(N) = [J3,Al,  dp(N) =[], ],

where VY = 9Y + [Jo,Y] and VY = 9Y + [Jy,Y]. These can also be written in the
expanded form,

@MMU:ﬁWgym+ﬂ%Q§m, (4.7)
Sp(J™) = JON L0+ 0N F
0p(J%) = VA" + A, 8
5p(J%) = VAY 4 Jmaef, &

The sigma model is invariant under the global transformations dg = ¥g, ¥ € G and
under the BRST transformations, using the fact that (AB) # 0 only for A € H; and
B € Hy4_;. It can be written in the following form

1. - 1. - 3. - ~ - — N .
S = R2/d2Z<§J2J2 + ZJ1J3+ ZJ3J1 + wOX + WON + NJy + NJy —NN> , (4.8)

for any supercoset admitting a Z, automorphism including AdSs x S° and AdS, x CP3
examples (see also [I§, [[J] for non-critical examples based on different sets of pure spinor
variables).

— 10 —



On top of the global bosonic isometry group Gj of the supergroup G, the A-model
action has a ’bonus’ chiral symmetry exchanging left and right movers which appears in
the sigma model as a symmetry between left and right moving fermionic currents J and
J. Apparently (E.§) does not have such a symmetry because of the different coefficients of
J1J3 and J3J; terms. To promote the symmetry of ([£§), one can add an additional term to
the action including a —%Jgjl to cancel the asymmetry of the fermionic currents together
with its appropriate companion in order that the whole term stays a BRST-closed term,

Strivial = Sm + Sg

2 ~ A
- 37 2z (CanmJ“— < J3Ji >+ <wVA+OVA— NN >) (4.9)

i m n 3 Fou 7\ ~ & ~
= 7/a{2z (Can J +77aBJﬁJ + wo VA® + 0a VA _U[AB}[CD]N[AB}N[CD}> ’

where S, = RTZ [d?z(wV A + OV — NN) is exactly the ghost part of the original
action (.§) and nxy =< TxTy >= Str(TxTy). The requirement of BRST invariance of
the Siyivia Will determine the unknown tensor C,),.

Using the classical equations of motion

VA—[N,A\]=0, VA—[N,)\=0, (4.10)

and the identities [N, A] = [N, ] = 0 coming from the pure spinor constraints, it can be
shown that under the BRST transformations ([L.7), S, and S, vary as follows

R? . _ S
05(Sy) = /d% < —J30\ — J1ON — J3Jo, A] — Ji[Jo, A] >

2 R .
_ R—/d2z Ny (—IPVN £ JoVAP), (4.11)
R2 2 a3 m & B m\ 7n m [ a3 n 7638 n
0(Sm) = 5 [ d [Cmn (J Mo+ I8 f )J 4 Chnd (J Nf g+ oA féﬁ)
_ . ABA my B\ Fo N BA vAC] miy& a
N (VA + I fmﬁ)J 157 (VA T OCT )] (4.12)
which gives
1 1 m Jo m Jo
7508 (Suivial) = 5Crmn " TN fog" + n ﬁJ JoNPy 2 (4.13)

1
+20an"JﬁAaf m+ 5l TR f e

1 _
+ n ya\f m o, - m 7630 n
-I-ZCan JHA faﬁ +2Can JHA fdﬁ

which admits the following solution for d5(Stivial) = 0 after using the Jacobi identities for

the structural constants A
1 naﬁA()\afnola) ()‘ﬁfmﬁﬁ)
Con = = .

— (4.14)
2 Tlaé)\a)\ﬁ
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The first and the second lines of (f.1J) vanish because of the identity ngs =
Str (TpTs) = apfna and the terms in the last line vanish because of the following Ja-
cobi identity,

which implies A
NN (o fos + Fa fty) = 0. (4.16)

S0 Strivial of ([.9) with Cipy, given in (f.14) is BRST-closed. We should also show that
it is really a BRST-trivial term satisfying Sirivial = QQX, up to the equations of motion.
In order to do that, we introduce the antifields w}, and w}, which after adding the term

R? / dzzno‘éw*aw;, (4.17)

the full action stay invariant under the new BRST transformations,

Qw, = —770@,]‘5‘, Q'w, = wi, (4.18)
Qg = W}, Qs = —naad®,
"W = Naa(VAY = [N, A]Y),  Qui =0,
Qi = 0, Q' = Naa(VA* = [N, N]%),
Q'N = [J3, A, Q'N = [w", A,
Q'N = [J1,A], Q'N =[@*, ],

which this BRST transformation is nilpotent off-shell instead of being nilpotent up to the
equations of motion. Now consider the following identities

QQ (ConJ™T") = Crn {QQ' (™) " + Q' (J™MQ'(J") + Q'(J™MQ'(J") + J"Q'Q'(J")}
= Coun { VAN LT TN N 0 |
+Conn { TP T XN 8 7 TIN5 0
o+ Coun { TOTENIN [ g f o JETPAONI o 5

— 20, I (m) , (4.19)

QQ (NN) = Q/Q/(N)N—FQ/(N)Q/(N)+Q/(N)Q/(N)+NQ’Q’(N) (4.20)
= [(VA = [N ) AN + [, N AT + [, X[, A+ N[(VA = [V, X), 3],

~

QQ (NEN) = QNN + QNN + QNG + (WNQQ@H)
+ [J37)\][j1,5\]—i—%[’w*,)\][w*,)\]

(wN)[(VA =[N, A]), A], (4.21)
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to get these identities, we used the equation of motions, ([.13), ([E15) and (f.16) together
with the following Jacobi identity,

fMnggl - ngnggl = ful Fp (4.22)

where M,N,--+ = {m,[mn]} and o, 3, -- = {a,a}. From ([L.19), ({.20) and ({.21]) one
can see that there exists a linear combination of them such that Siivial = QQX up to the
anti-ghost term, that is up to the momenta equations of motion,

1 1 1 - 1 1
X =— P R T = —-NN| . 4.2
2/d T [40 T L@N@R) - ¢ } (4.23)

The sigma model action after adding Siyivial becomes

& Br B
. (1 N0\ fra VN g ) +77mn> Jm (4.24)

R_2 42
2 naB )\OC Aﬁ

2

Sy =

1 _ _ _ . .
+§ < J3J1 — J1J3 +wV)\+(f)V)\—NN>]

The analysis follows the considerations in the literature, but it is derived in a very general
way.

4.2 Mapping pure spinor to A-model

In order to relate S, and the A-model action, we should write the supercoset element
g(z,0,0) € % in terms of the Grassmannian coset element G(6,0) € G%
We can define the following bosonic twisted variables out of the bosonic coset elements

H(x) e % and the pure spinors in this way

7% = [H N = HAP @)\ fiy 8 (4.25)
Z% =1 N = (H HP)( >AﬁfABw

Yo = [H ' w) = H P @)’ Pwaf s

Yo = [H,0] = HAP) (@) WsfiaB)s

Supercoset element g can be parametrized as follows
g(x,0,0) = G(0,0)H (x) (4.26)

where G(6,0) = T2 t°Ta and H(z) = ¢ Tm in which (Tj, Ta, Ta) are the generators of
the supercoset G/H.

According to (f£26), we can decompose the left-invariant currents J = g~10g. The
pure spinor action can be written into H and G components, corresponding to the purely
bosonic part and purely fermionic part of the supercoset as follows

J=H"'9H + HY(G'0G)H (4.27)
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Its componets J = J"™T,, + J[AB]T[AB} + JoT, + J%T; can be written as

JM = (HOm)M + (H MGG HC fy i frg” (4.28)
JE = (HHYMGTOG)EHN £y, o (4.29)
where M, N,--- = {m,[AB]} and o, 3,--- = {a, &}.

The A-model action can be written in terms of the fermionic superfields (6%, ©%) which
was defined before as S = [Trln[l + ©6)]. Here we assume that for the Grassmannian
supercoset G /Gy, there exist a gauging in which the supercoset elements G can be written
in the following form

Gm =1, GUBl=1, G*=6* G*=0¢" (4.30)
Finally, the A-model action, after integration over the auxiliary fields can be written in
this form
Sy =t / d*z [(G—laG)(G—léG) +YVZ+YVZ - (YZ)(ZY)} (4.31)

_y / #2104 (GT1OG)*(GTIG)® + nun (G10G) (G10G)N
FlaaY (V2)" 406 Y (V2)S = thn foi™ F 55" | (V22N (ZP7 )27 ) (VP 27) ||
where,

(VZ2)* = dZ + [G10G, 7] (4.32)
= 02+ (GG P Z0 £,y

(VZ2)" = 0Z + [G1oG, 7]
_ a7é -1 [AB] 3 b
= 0Z2% + (GG P20,

To relate the pure spinor action (|£.24) and the A-model action ({.31)), we use the
explicit form of the twisted variables ({2F). Using (f.2§) and Jacobi identity ([29), one

can write

YOZ = [H ', w]d ([H, ) (4.33)
= [H w] ([0H,\] + [H,0)])

wON + [H YOH, w]

wOA + [HOH, w\| + [H 1 (GT'0G)H, w\] — [HH(G'0G)H, w)]

= woX + [J,w)\] — [(G710G),Y Z]

which after using ([.33), we get

YVZ = wo + [J, w]] (4.34)
= waé)\a + j[AB}wa)\ﬁf[AB}% + nmnnaﬁjmwa)\ﬂyfryﬁn
= wa VY + nmnno‘ﬁjmwa)\“/f,yg
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similarly, one can see that

YVZ = w0\ + [J, )] (4.35)
_ o~ a%a [AB],~ 38 & 6B ymo~ 3§ n
= WadA\* + J g A f[AB}ﬁ + D™ T W A f%

= B VAY 0T s X
the last term simplifies as follows

(Y2)(2Y) = ([H ', w][H, X)) ([H—l,i] IH, w]) (4.36)
(

- n[AB} [CD] <fa[AB6]w5/\a> (wﬁ;\df&[cé) — Dy <77a7faglw'y)\ﬁ> (ndﬁfdgw&j\ﬁA)

Putting everything together, we obtain the A-model action in terms of the pure spinor
fields

1 h = —A _ ~ ~
Sy = t/dzz (51507777 = J2TP) + WA+ VA - NN (4.37)
—l—naﬁjmwa)\vfmqy + n&ﬁjmwdjﬂ mgcy — Dom <na’y agleAﬁ) <n&‘yfdgwg{j\3> }

The equations of motion for w and @ comes from the variation of the action under the
transformations dw, = faé”)\ﬁAm and dws = fdﬁm)\ﬁ]&m, as follows

(fuoA) <jm - nmfg,;”w:yﬁd) =0 (4.38)
(b A®) (7 = 077 fw ) = 0

After inserting these equations of motion into ([L.37), the second line of (f£.37) produces
the kinetic term for the bosonic Maurer-Cartan currents,

1, 5(AGf Y Nf, P i
t/de [5 5 )\);3 5) + o | ST (4.39)
UL

Then the action (f.37), becomes

R S\&fnéa )\ﬁme ~
szt/d2zl<1%ﬁ( SO ng) o N gy L

_ (JB T — g g8y (4.4
ROT gTadl /" = ) (440)

+wVA + DV — NN]

which coincides with the action (:24) after identifying ¢ = 1 R?.
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5. Linear gauged o-model for AdS, x CP?

Similarly to the non-linear sigma model of the AdSs x S® which was studied by Berkovits
and Vafa in [[J], we can write a linear gauged sigma model for the non-linear sigma model
for AdSy x CP? which was given in the previous section.

The 2-dimensional N=(2,2) linear gauged sigma model can be described by a set of
matter fields which are chiral and antichiral superfields q)}% and <I>§ gauged under the real
worldsheet superfield VSR taking value in the SO(6) gauge group where R, S,...=1,...,6
are gauge field indices and ¥ = (x, A) is a global Osp(6[4) index. We can take ®% to be
fermionic while q)é are bosonic superfields.

The gauged linear sigma model action can be written in a Osp(6]4) invariant way as

S = /d%/d% [cbg(ev)gcp,%HﬁVJr eizz:? (5.1)

where ¥ = DDV is the field strength of the gauge field V and is a twisted chiral superfield.

As it is clear from the matter content of the theory, it contains 24 fermions and 36
bosons and so the theory actually has conformal anomaly if we ask the bosons and fermions
to be gauged in the same representation of the gauge group as we did. But still the theory
has a conformal IR fixed point corresponding to the large volume and gauge coupling limit
which after integrating out the auxiliary equations of motion for the gauge field we obtain
the non-linear sigma model (when e — 00)

S=t / dz / d*rTr (D8 DY) (5.2)
which can be rewritten in terms of the meson fields ©% and O defined as

G=0R@e ), 67 =(7)Rey (5.3)

which gives exactly the A-model sigma model which was obtained from the pure spinor
string for AdS, x CP? as

S = t/dzz/d‘lmTrln [1+60] (5.4)

The FI parameter corresponds to the Kahler parameter of the supercoset Grassman-

nian target space sgﬁfiﬁ@

5.1 Vacua of the gauged linear sigma model and zero radius limit

The small radius limit of the gauged linear sigma-model is convenient to study the pertur-
bative regime of the gauge theory since the introduction of the Coulomb branch, because
of the presence of the gauge group which is an additional degree of freedom in the gauged
linear sigma model with respect to non-linear sigma model, resolves the singularity of the
non-linear sigma-model in the small radius limit. To study different phases of the theory,
we should solve the D-term equations comming from the gauged linear sigma-model. It is
enough to focus on the fields which have conformal weight zero because they are the only
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fields which can get non-zero expectation value. We analyze the gauged linear o-model
following the standard techniques of [RQ] and [21].
The gauge superfield VSR in Wess-Zumino gauge can be expanded as

VSB = U§K+R_ -+ 5'?/64_/_{4_ + ...+ /€+/€_R+I_{_D§ (55)
similarly we can expand the fermionic and bosonic superfields as follows
Pr =R+ r R 4..., OR=0pf ik pf4 (5.6)

where we just keep the components which will have zero conformal weight after the A-
twist because they are the only fields which can attain nonzero expectation value and so
can appear in the D-term equations. Here the index ¥ refers to both x and A indices. Note
that (QS%,?M%, o%, ) are bosonic and ( “}’%,Qpﬁ, bt pTt) are fermionic fields.

Using the vector superfield and the usual superderivatives D4 and D, one can define
the covariant superderivatives as follows

Dy = e_VDi€+V, ﬁi = €+VD:|:€_V (57)
Then the field strength 3 which is a twisted chiral superfield is constructed as follows

S = {D,,D_} (5.8)
=0+ ...+ kyk_Fih (D" Dpo + [0, [0,5]] + i[0™vm, 0])

which produces the following gauge field kinetic term in the Lagrangian
1 _
Lgange = — =5 / d*KTIEY (5.9)
e
1 , 1
= e—zTr (—DiaDla — 5[0, a4+ .. >
and also we have the FI term Lp g,

Lpp =it /d/{+dR_TrE (5.10)

—Zt/d/{,_dl_{_F’PI'E

K— :E+ =0

=Tr <—TD + ivm)
2w

R+:E,:0

Now we can consider the matter part of the gauged linear sigma model consisting of
the kinetic terms for the fermionic and bosonic superfields which carries the kinetic and
interaction terms for the bosonic and fermionic fields,

I / d*kdFeV o4 (5.11)

= —(Dj¢5) (DI d) + FEFR — 65{0,5} bR + $3DEoR + - .

Similarly we can write the kinetic term for the fermionic chiral superfields,
L = / d*k®feV % (5.12)

= —(D;é7 ) (D’ ¢3) + B Ff, — ¢ {0, 0} §of, + 92 DEf + ..
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We can see that {o,5} appears as the mass for the matter fields and so whenever o
gets VEV, the matter fields become massive and can be integrated out in the effective
theory as is happening in the Coulomb phase.

The potential of the theory can be written as,

1 _ _
Ly = 2—62TrD2 —rTrD + ¢S DE¢% + 6% DE i (5.13)
L

2e2

which after eliminating the D-field by using the following D-term equation

Trlo,6)* — ¢35 {0, 5} 5 0% — 3 {0, o} 5o

D}, = §¢% + $iok — 104 (5.14)
one obtains the potential
2
e n x I n x n
V =5 [006k + 60k — roR] [0705 + 605 — rdg] (5.15)
1 - T _
—l-@TI"[O', 5-]2 + @f{O’, 5}§¢R + ¢i{0—7 O-}Iqubé

The space of the classical vacua is given by putting the potential to zero up to gauge
transformations. We can study the vacua in two regimes, when r > 0 and not small, the
constraint V' = 0 implies that ¢ = 0 which implies the following condition as the classical
vacua for the matter fields

Dy = ¢56% + ¢acn —rdp =0 (5.16)

It means actually that the vectors (¢%,v4) for any R = 1,...,4 are orthonormal. Any
such vector, after diagonalization, is subject to the constraint

6 4
ST oat + Y dut” =1 (5.17)
A=1 =1
which defines a supersphere S5 The space of classical vacua is the gauge invariant
subspace of the product of such vectors [BJ| giving the orbit space (SC*)3//S3 x Z,
obtained by dividing the action of S5 x Zs on the three copies, where Zs is the simultaneous
reflection. This phase corresponds to the Higgs phase of the theory because the gauge
symmetry completely breaks.
If one looks into » — 0 limit, on top of the above Higgs phase, one can have another
possibility as it is explained in [P4] and [[. In this phase, the 0% is unconstrained but
the matter variables are constrained to satisfy

OF = Gy ¢ + ddR =0 (5.18)
The mass term for the fermions and bosons are written as
$o{o,0}56% + $a{o, o} oR (5.19)

5The conditions for a supermanifold of being a super-Ricci flat are discussed in [@]
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And so whenever the o gets expectation value the matter fields become massive and one
can integrate them out from the theory. One can easily compute the 1-loop correction to

the condition (p.1§) which should be proportional to r by doing the path integral with a
cut-off p,

<O>1—100p = _Z/ p —|—{O’ O'} Z/d2 p +{O' O'} (520)

_ —%log <{;;}> _

{0,6} = 2u® exp (—277) (5.21)

which has a solution as

After integrating over all the matter fields, the classical vacua V = 0 is given by condition
Tr[o, 5]* = 0 which together with (5:2])) gives the following solution,

o = oppexp (—2mr) (5.22)

where here o is an orthogonal 6 x 6 constant matrix. This means that o can be diagonalized
and for each diagonal component of the ¢ in the small radius regime, one gets a copy of
the SCIY as it was seen before.

6. Principal chiral model

In this section, we derive the PCM (principal chiral model) for Osp(6]/4). We analyze

the differences. The model is based on gauging the coset SC?%%. This is a purely

Grassmannian coset manifold with 24 fermionic coordinates ©%. There are other gaugings

. Osp(6]4) Osp(6]4) . .
leading to O (A2) < Osp03) and to Osp A2 xSUATT)” but we do not discuss them in the
Osp(6]4)

present paper. Notice that unlike SO(6)xSp{) which has 24 fermions, the other two spaces
have 12 bosons and 12 fermions.
The worldsheet action is

S =73 s /d2z Str ((g7'0g — A)(g'0g — A)) (6.1)

where the indices x,y are raised and lowered with €*¥. It is invariant under the local
symmetry Osp(6]|4) under the transformations

d0g=gQ,0A=dQ+ [A,Q], (6.2)

where Q € Osp(6]4). We can gauge-fix the subgroup SO(6) x Sp(4) by choosing the
gauge g = G(6,0) = exp(0%QL + 0°1Q,s). Furthermore, we can gauge-fix the rest of the
symmetries by choosing the gauge

2 —-0,AL =0. (6.3)
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This second gauge fixing requires the ghost fields (Z7, Z) and the antighosts (?i, YY)
with the action
Savos = rhas [ 2|~ V7 (V2L +VL(V2]. (6.4

where
(Vo)L =0zl + A 7L + A7), (VZ); = 075 + A% 7Y + AP 7S (6.5)
Assuming that the kinetic term for the remaining gauge fields AL, A% vanishes in the
limit of large RR fluxes, we can integrate out these fields leading to get the complete action

S = rhas [ @2 [(67106)(G10G)L - YF(V2)L + VLV (6.6)
H(G1OG — A)y (GT1OG — A)™ + (G10G — A)1,(G10G — AV
HGETOG — A) (GG — D) [ + (GHaG — A (G1aG - A)U] .

Notice that the action has the gauge symmetry SO(6) x Sp(4). Eliminating the gauge
fields A™Y ... ,ZU, one gets a non-linear sigma model which corresponds to the pure
spinor sigma model with the addition of a BRST exact term ([.31).

7. D-branes and gauge theories

In order to discuss open strings and D-branes we have to see how to put the boundary
conditions. We start from the supercoset Osp(6[4)/ SO(6) x Sp(4). We reduce it as follows:
the bosonic subcoset: SO(6) x Sp(4) is reduced to U(3) x Sp(2) and the fermionic part is
halved. This achieved by using the boundary conditions

0 =452 g1 0%, 0Oy =55 T/ 69, (7.1)

where jjI is the complex structure on P3. The tensor 6% reduce the subgroup Sp(4) to
Sp(2). We recall that using the symplectic matrices A of Sp(4,R) as the 4 x 4 matrices
satisfying ATeA = e where € = i 09®1l, we can see immediately the two subgroups Sp(2, R) x
Sp(2,R). In the above equation, we have selected the diagonal subgroup Sp(2,R). The
above equations are invariant under Sp(2,R) x U(3). Notice that we have identified on the
boundary of the Riemann surface the fermionic variables of the subset H; = {02, ©¢}
with those of the other subset Hs = {©%, ©4!}. This simply reduces the 24 fermions to 12
ones. The new set of states can be represented in terms of the supercoset

SU(3[1, 1)
U(3) x SU(1,1)

(7.2)

(where we have used the isomorphism Sp(2,R) ~ SL(2,R) ~ SU(1,1)). The 6 fermions are
in the (3,2) or in the (3,2) representation of the bosonic subgroup.

In addition, we have to recall SL(2,R) ~ AdSs3, which can be seen by parameterizing
a group element of SL(2,R) as follows

B (X_l + X1 Xo— Xo ) 73)

S\ X - Xo X 1 — X
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with the condition detg = X2, — X? + X3 — X7 = 1 which shows that the SL(2,R)
group manifold is a 3-dimensional hyperboloid. The metric on AdSs is given by ds®> =
—dX?, +dX? — dX2 + dX3, which is the invariant metric on the group manifold. Then,
we have that these boundary conditions imply a boundary theory of the type N = 6
super-YM/Chern-Simons on AdSs space.

There is another possibility which is given by the following boundary conditions

0 =53 050, 67 =55 61 ©F, (7.4)

In this case the supergroup Osp(6[4) is broken to Osp(6]2) x SO(2). Notice that using
the delta 67 in place of J;/ we do not break the SO(6). In addition, the subgroup Sp(4)
is broken to Sp(2) x SO(2). Now, using the isomorphism SU(4) ~ SO(6), we can see the
coset SO(6) x SO(2)/SU(3) x U(1) ~ S7/Z, where p defines how the U(1) is embedded in
the groups of the numerator. This observation would help us to lift the D-branes solution
to KK monopoles of M-theory. The fermions are halved by the boundary conditions. So,
the boundary open topological model can be described as the Grassmannian

Osp(62) x SO(2)
U(4) x Sp(2)

(7.5)

This solution deserves more attention and the study will be postponed in future publica-
tions.

8. Further directions

There are several open questions to answer in the framework of gauge/string correspondence
and in particular for this peculiar case given by AdS,; x CP3. Here we list some of them
and we hope to report on them in the near future.

To complete the program presented here, one needs to explore the cohomology of the
BRST operator in order to check if the bulk and and the boundary theory describe at least
at the linearized level the supergravity states we expect. In addition, using the analysis
performed in [R§], it should be possible to devise a way to define a pure spinor measure
for tree level and higher loop computations. Once this has been established, one of the
problems is to prescribe quantum amplitudes for the pure spinor superstring which could
be compared with super Chern-Simons amplitudes. It would be interesting to single out a
subclass of BPS protected amplitudes whose string counterpart is therefore calculable via
the point particle limit and first quantized Chern-Simons theory.

Having noticed that the vacuum of the target space theory has a Coulomb branch
and the relation with the supersphere S®) . one is tempted to put the gauge amplitude in
relation with a topological /twistor string theory on that superspace similarly to [2§].

Regarding the boundary field theory, we recall that, using the oscillator technique,
the UIR of Osp(6]|4) are decomposed into representations of its maximal subgroup
SU(3|1,1) 7. The singleton is generated out of the vacuum |0) and its superpart-
ner K!%0) where K!® is a fermionic oscillator in the fundamental representation of
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SU(3) x SU(2). The quantum numbers of the vacuum are

0) = jo=0,Q2=1,1,Q3 = -2), (8.1)
K™®0) = |jo=1/2,Q2=2,3,Q3 = —1),

where its energy is given by Ey = Q2/2. These are the only two states annihilated by the
annihilation operators of the subgroup SU(3|1, 1). Acting repeatedly with a single-oscillator
creation operator (af) of U(3) denoted by Lt = alla’l we get the states

0y, L*|0) — 1(—2) & 3*(0) (8.2)
K™(0), L¥K™|0) — 3(~1) & 1(+1)

The first set is a scalar multiplet that can be recast into a spinorial representation of
SO(6), namely the fundamental rep 4 of SU(4). The second set of states forms a multiplet
of spin 1/2 fermions in the 4* rep of SU(4). The number of fields coincides exactly with the
content of D2 brane counting. So, it would be interesting to study the relation between
the supersingleton representation and the dual theory [2g].

Of course the relation with M-theory and the membrane theory should be explored
also in the pure spinor context.
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