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INTRODUCTION TO FOURIER-MUKAI AND NAHM
TRANSFORMS WITH AN APPLICATION TO COHERENT
SYSTEMS ON ELLIPTIC CURVES

UGO BRUZZO, DANIEL HERNANDEZ RUIPEREZ, AND CARLOS TEJERO PRIETO

These notes record, in a slightly expanded way, the lectures given by the first two
authors at the School on Moduli Spaces of Vector Bundles that took place at CIMAT
in Guanajuato, Mexico, from November 27th to December 8th, 2006. The School,
together with the ensuing workshop on the same topic, was held in occasion of Peter
Newstead’s 65th anniversary. It has been a great pleasure and a privilege to contribute
to celebrate Peter’s outstanding achievements in algebraic geometry and his lifelong
dedication to the progress of mathematical knowledge. We warmly thank the organizers
of the school and workshop for inviting us, thus allowing us to participate in Peter’s
celebration.

The main emphasis in these notes is on the Fourier-Mukai transforms as equivalences
of derived categories of coherent sheaves on algebraic varieties. For this reason, the
first Section is devoted to a basic (but we hope, understandable) introduction to de-
rived categories. In the second Section we develop the basic theory of Fourier-Mukai
transforms.

Another aim of our lectures was to outline the relations between Fourier-Mukai and
Nahm transforms. This is the topic of Section 3. Finally, Section 4 is devoted to the
application of the theory of Fourier-Mukai transforms to the study of coherent systems.

This is a review paper. Most of the material is taken from [1] and [30], although the
presentation is different in some places. We refer the reader to those works for further
details and for a systematic treatment.

1. DERIVED CATEGORIES

Introduction. We start with an introduction to derived categories, especially in con-
nection with Fourier-Mukai transforms. A more comprehensive treatment may be
found in [1]. As a witness to the relevance of derived categories in this theory one
may mention the title of the paper where Mukai introduced the transform now known
as Fourier-Mukai’s: “Duality between D(X) and D(X) with its application to Picard
sheaves” [43].

Let us consider the original Mukai transform from a naive point of view. Let X
be a complex abelian variety and £ a vector bundle on X. We consider here only
algebraic (or holomorphic) vector bundles, so we can also think of £ as a smooth
hermitian bundle FE endowed with an hermitian connection V which is compatible
with the complex structure. We fix an index i and look for the various cohomology
spaces H'(X,E @ P;) where P¢ varies in the space X of all flat line bundles on X
(the dual abelian variety of X). A natural question is whether the collection of vector
spaces H'(X,E ® P) define a vector bundle on X. In some cases this happens, for

instance if one has H’(X,€ @ P¢) = 0 for any j # i and £ € X.
1
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In general one cannot expect to be so lucky, and such a vector bundle (or more
generally sheaf) may not exist. What one can do is to mimic the construction of the
cohomology groups to get objects that play a similar role. On the product X x X there
is a universal line bundle P, called the Poincaré bundle, whose restriction to the fibre
771(€) over € of the projection 7: X x X — X is the line bundle Pe; we normalise P so
that it restricts to the trivial line bundle on the fibre of the origin zy of X for the other
projection m: X X X—>X.In analogy with the construction of the cohomology groups
of a sheaf, we take the sheaf F = 7*& ® P (whose restriction to 77 (§) is precisely
€ ® Pe¢), a resolution

0-F >R DR - .. 5 R — ...

by injective sheaves, and define the higher direct images of F under 7 as the cohomology
sheaves R'm,F = H'(7,R*) of the complex

0—-mF—-mR -7 R' - - 51, R"— ...

The relationship between the sheaves R'm,(7*€ ® P) and the cohomology groups
H'(X,E ® P¢) is given by some “cohomology base change” theorems [26, I11.12]. This
shows that the sheaves R'm,(7*€ ® P) encode more information than the cohomology
groups of the fibres. Another classical fact is that the higher direct images are inde-
pendent of the resolution R* of F, that is, if 0 — F — R is another acyclic resolution
of F (meaning that the higher direct images Ri#"RI of the sheaves RJ are zero for
every ¢ > 0, 7 > 0), then the complexes of sheaves m,R* and 7.R* have the same
cohomology sheaves. If we identify two complexes of sheaves when they have the same
cohomology sheaves (we say that they are quasi-isomorphic), and write R F for the
“class” of any of the complexes m,R*, the information about the cohomology groups
H'(X,E ® P¢) is encoded in the single object ®(£) = Ri.F = R (1€ @ P).

To make good sense of all this, we need to construct, out of any abelian category, an-
other category, which is called the derived category, where quasi-isomorphic complexes
become isomorphic and we can define “derived functors” (such as R,) and also some
derived versions of the pullback functor 7* and of the tensor product.

1.1. Categories of complexes. A complex (K*,dxs) in an abelian category 2 is a
sequence

_ d'nfl ar
cee L & e L et L

of morphisms in 2 such that d"™ od® = 0 for all n € Z. The family of morphisms dye
is called the differential of the complex K°.

The category of complexes C(2l) is the category whose objects are complexes (K°, dice)
in A and whose morphisms f: (K*,die) — (L°,dge) are collections of morphisms
fr K" — L™ n € Z, in A such that the diagrams

dn— 1 dn dn+1

anl }Cn ,CnJrl R
A 7 A 7

En—l L £n+1 s ..

commute.

The direct sum * @ L* of two complexes K* and L* is defined in the obvious way.
One can also describe in a natural way the kernel and the cokernel of a morphism
of complexes, and readily check that the category C(2) of complexes of an abelian
category is abelian as well.
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We can also define the complex of homomorphisms Hom*(KC*, £*) by setting

Hom(K*, L*)" = H Homg (KF, L7

for each n € Z, together with a differential defined by

d": Hom(K*, £*)" — Hom(K*, £*)"
(1.1) i i+n | i ntl pitl | gi
fredpt o ff 4 (1) T o di
When 20 has tensor products and arbitrary direct sums, we can define the tensor
product of complexes by letting (K* ® £*)" = @, ,_,(K? ® L7) with the differential
dice @ Id + (—1)P1d ® dge over K? @ L£9. If 2 has tensor products but not arbitrary
direct sums, K* ® L* is defined whenever for every n there are only a finite number of
summands in P, ,_, (K? @ L7).

The shift IC*[n] of a complex K* by an integer number n, is defined by setting
Kln]P = KPt™ with the differential disp,) = (—1)"dks. A morphism of complexes
f: K* — L induces another morphism of complexes f[n]: K*[n] — L*[n] given by
fln]P = fP*". In this way, K* — K*[n] is an additive functor. Sometimes we shall
denote 7(K*) = K*[1], so that 7"(K*) = K*[n] for any integer n. The n-th cohomology
of a complex KC* is the object

H"(K*) = kerd"/Imd" " .

We say that Z"(K*) = kerd" are the n-cycles of K* and B"(K*) = Imd"~! are the
n-boundaries. A morphism of complexes f: K* — L£* maps cycles to cycles and bound-
aries to boundaries, so that it yields for every n a morphism

H(f): H"(K*) — H"(L*).
One has H"(K*[m]) >~ H"*™(K*) and H"(f[m]) >~ H"T"(f).

A complex K* is said to be acyclic or exact if H(K*) = 0; a morphism of complexes
f: K* — L*is a quasi-isomorphism if H(f): H(K*) — H(L*) is an isomorphism. The
composition of two quasi-isomorphisms is a quasi-isomorphism.

A morphism of complexes f: K* — L* is homotopic to zero if there is a collection
of morphisms A": K™ — £"1 (a homotopy) such that f* = h"*! o dite + dta' o A" for
every n. A complex K* is homotopic to zero if its identity morphism is homotopic to
zero. Two morphisms f,g: K* — L* are homotopic if f — g is homotopic to zero.

The sum of two morphisms homotopic to zero is homotopic to zero as well. Further-
more, f o g is homotopic to zero if either f or g is homotopic to zero.

The homotopy category K (1) is the category whose objects are the objects of C(2)
and whose morphisms are

HomK(m) (lC', L.) = Homc(m)(lC', ﬁ.)/ Ht(K:., ﬁ.) s

where Ht(/C*, £*) is the set of morphisms which are homotopic to zero.

One can see from Equation (1.1) that the n-cycles of the complex of homomorphisms
Hom*(K*, £*) are the morphisms of complexes K* — L*[n], while the n-boundaries are
the morphisms homotopic to zero. Thus,

H" (Hom*(K*, L*)) = Hom ) (K*, L*[n]) .

If f: K* — L* is homotopic to zero, then H(f) = 0; hence, two homotopic morphisms
induce the same morphism in cohomology and a complex IC* which is homotopic to zero
15 acyclic.
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The homotopy category K (2A) does not have kernels nor cokernels. This can be
overcome by introducing the notion of cone of a morphism.

Definition 1.1. The cone of a morphism of complexes f: K* — L* is the complex
Cone( f) such that Cone(f)" = K" @& L", equipped with differential

(0
Cone(f) — fn-H dZ'
JAN

Cone(f) is not isomorphic to the direct sum K*[1] @& L* because it has another
differential. There are functorial morphisms 3: Cone(f) — K°*[1], (k,I) — k , and
a: L* — Cone(f), L — (0,1).

The sequence

Ko Lo Cone £ 25 K1),
in K(2) is called a distinguished (or exact) triangle in K (2() and is also written in the

form

o ce
- L

’ \Cone f

where the dashed arrow stands for a morphism Cone f — K*[1]. Notice that ao f =0
and foa = 0.

Proposition 1.2. Given an exact triangle IC* Loy Cone f LN (1] in K(2), for
every integer n there is an exact sequence of cohomology groups

() 9, pn ooy 7 gn (Come £) 5L (i 1)) = HTFL(CT).

One also obtains the so-called cohomology long exact sequence:

O gy L () T 1 (Come ) T H ()
Proposition 1.2 tells us that the functors H™: K (2) — 2 are cohomological. This
means the following: if 2, B are abelian categories, an additive functor F': K(2A) — B

is cohomological if for every exact triangle AC* ERZRGR Cone f LN KC*[1] the sequence
F(kr) 22 p(ee) & F(Cone f) 225 F(K*)[1] s exact.

Corollary 1.3. A morphism of complexes f: K* — L* is a quasi-isomorphism if and
only if Cone(f) is acyclic. O

0 — K+ L £ % N* — 0is an exact sequence of complexes (in C(2)), then
there is a morphism of complexes Cone(f) — N* defined in degree n by (a,.1,b,) €
KL — g(b,) € N™. One easily checks that it is a quasi-isomorphism. Combining
this with the cohomology long exact sequence we obtain the more customary form of
the latter, i.e., there exist functorial morphisms 6": H*(N*) — H""(L*) such that
one has an exact sequence

5 ﬂH’n(ﬁo) —>Hn(./\/l.) —>Hn(/\/°) 5_">Hn+1(£.) N

5n+1

N Hn—i—l(Mo) N Hn—i—l(No) 2 ..
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1.2. Derived Category. In our route toward the definition of a category where quasi-
isomorphic complexes are actually isomorphic, we have first identified homotopic mor-
phisms, and then have moved from the category of complexes C(2() to the homotopy
category K (2). A second step is to “localise” by quasi-isomorphims. This localisa-
tion is a fraction calculus for categories. Recall that given a ring A (e.g., the integer
numbers) and S C A which is a multiplicative system (that is, it contains the unity
and is closed under products), then one can define the localised ring S~ A; elements
in S71A are equivalence classes a/s of pairs (a,s) € A x S where (a,s) ~ (a’,s') (or
a/s = a'/s") if there exists t € S such that t(as’ — a’s) = 0. The elements s € S
become invertible in ST'A because s/1-1/s = 1. One can proceed in a similar way
with morphisms of complexes, since quasi-isomorphisms verify the conditions for being
a multiplicative system; the identity is a quasi-isomorphism and the composition of
two quasi-isomorphisms is a quasi-isomorphism. We can the define a “fraction” f/¢
as a diagram of (homotopy classes of) morphisms of complexes

¢ i3 f
/ \
Kce Le

where ¢ is a quasi-isomorphism. Two diagrams f/¢ and g/ of the same type are said
to be equivalent if there are quasi-isomorphisms R* < 7°* — S§* such that the diagram

/ T. \
¢ R S* g
/ P f \

e Le

commutes in K (). Equivalence of fractions is actually an equivalence relation; this
follows from the next Proposition, whose proof is based on the properties of the cone
of a morphism.

Proposition 1.4. Given morphisms of complexes M* LN LR in K(2), there

are morphisms of complexes M?* Loz L R* such that the diagram
f/
Zo > Ro
Ao, s
Mo > No

is commutative in K (). Moreover, f' (respectively, g') is a quasi-isomorphism if and
only if f (respectively, g) is so. O

Definition 1.5. The derived category D(2l) of 2 is the category with the same objects
as K(20) (i.e., complexes of objects of 2), and whose morphisms are the equivalence
classes [f/¢] of diagrams as above. A

In order for this definition to make sense we need to say how to compose morphisms.
Given two morphisms [f/¢] and [g/¢] in D(2L), their composition is defined by the
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diagram

N
LN TN

which exists by Proposmon 1.4. Hence, we set [g/¢] o [f/¢] = [(go f')/(¢ o ¥')]; one
can readily see that this definition makes sense and that D(2l) is an additive category.
A morphism f: K* — L£* in K () defines the morphism f/Idge: £* — L* in the
derived category, which we denote simply by f. This defines a functor K(2A) — D(2l)
which is additive.
A morphism f/¢: K* — L* in the derived category induces a morphism in co-

homology H(f/¢): H(K*) "o, H(R*) —— ), H(L*), which is independent of the
representative f/¢ of the class and is compatible with compositions.

Definition 1.6. Two complexes K* and L* are quasi-isomorphic if there is a complex
Z* with quasi-isomorphisms C* «— Z* — L°. JAN

Lemma 1.4 implies that the notion of quasi-isomorphism induces an equivalence
relation between complexes. Eventually, we have the result we were looking for:

Proposition 1.7. A morphism of complexes f: K* — L* is a quasi-isomorphism if
and only the induced morphism in the derived category is an isomorphism. Moreover,
two complexes are quasi-isomorphic if and only if they are isomorphic in D(2L). 0

Proposition 1.8. Let € be an additive category. An additive functor F: K() — €
factors through an additive functor D(A) — € if and only if it maps quasi-isomorphisms
to isomorphisms. If B is an abelian category, an additive functor G: K(2A) — K(B)

mapping quasi-isomorphisms into quasi-isomorphisms induces an additive functor G:
D) — D(B) such that the diagram

18 commautative. L]

We can also define derived categories out of some subcategories of C(2(); the only
condition we need is that all the operations we have done can be performed in the new
situation. More precisely, we should be able to construct the corresponding homotopy
category and to localise by quasi-isomorphims; to this end one needs to define the cone
of a morphism inside the new category. Some examples are the following:

Ezample 1.9. A complex K* is bounded below (resp. bounded above) if there is an
integer ng such that K" = 0 for all n < ng (resp. n > ng). A complex is bounded if it
is bounded on both sides.

Bounded below complexes form a category CT(2). We can define its homotopy
category K+ () and a “derived” category DT (2A) as we did before. By Proposition
1.8, the natural functor K*(2) — D(2() induces a functor v: D (A) — D(). The
latter is fully faithful, that is,

Hom p+ (g (K*, M*) >~ Homp oy (7(K*), 7(M?*))
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for any pair of objects K*, M* in D*(2), and its essential image is the faithful sub-
category of D(21) consisting of complexes in 2 with bounded below cohomology. (The
essential image of the functor v is the subcategory of objects which are isomorphic
to objects of the form v(K*) for some K* in D*(2)). One can also define the cate-
gories C™(2A) of bounded above complexes and C’(21) of complexes bounded on both
sides, giving rise to “derived” categories D~ (2) and D’(2). These are characterised
as faithful subcategories of D(2) as above. A

Ezample 1.10. An abelian subcategory 2" of 2 is thick if any extension in 2 of two
objects of 2" is also in A’. If A" is a thick abelian subcategory of 2(, we denote by
Cyo () the category of complexes whose cohomology objects are in 2'. We can con-
struct its homotopy category Ko (2() and its derived category Dgy(2(). The functor
Ko () — D(2() induces a fully faithful functor Dg () — D(2) (cf. Proposition 1.8),
whose essential image is the subcategory of D(2() whose objects are the complexes with
cohomology objects in 2. A

Ezample 1.11. We can also introduce the homotopy categories Ky, (), Kq (2) and
K%,/() of complexes bounded below, above and on both sides, respectively, whose co-

homology objects are in the subcategory 2 of 2. The corresponding derived categories
D, (), Dy, (2A) and D5, (A) can be defined as well. A

Let us write % for any of the symbols +, —, b, or for no symbol at all. The natural
functor K*(A') — D(2() maps quasi-isomorphisms to isomorphisms, so that induces a
functor D*(A') — D, (A). In general, it may fail to be an equivalence of categories.
There are special notations for the derived categories we are most interested in:

o If 2 is the category of modules over a commutative ring A, we simply write
D(A), D*(A), D~(A), and Db(A).

o If A = Mod(X) is the category of sheaves of Ox-modules on an algebraic variety
X, we write D(X), D¥(X), D~(X), and D*(X).

o If A = Moo(X) and A’ = Qco(X) is the category of quasi-coherent sheaves of
Ox-modules on X, the derived category Dgy(21) of complexes of Ox-modules
with quasi-coherent cohomology sheaves is denoted Dy.(X). In a similar way
we have the categories D/ (X), D,.(X) and D! (X).

o If A = Mod(X) and A = Coh(X) is the category of coherent sheaves of Ox-
modules on X, the derived category Dgy () of complexes of Ox-modules with
coherent cohomology sheaves is denoted D.(X). One also has the derived cat-
egories DY (X), D (X) and D%(X).

o If A = Qco(X) and A" = Coh(X), we have the derived categories D.(Qco(X))
D} (Qco(X)), D7 (Qco(X)) and D5(Qco(X)).

One has equivalences of categories Df(X) ~ D*(Qco(X)) and D!, (X) ~ D*(Qco(X)).
The first equivalence is a consequence of the fact that every quasi-coherent sheaf on an
algebraic variety can be embedded as a subsheaf of an injective quasi-coherent sheaf.
One also has D} (X) ~ D (Qco(X)) and Db(X) ~ D’(Qco(X)). When X is smooth,
the same is true for unbounded complexes as well, so that D} (X) ~ D*(Qco(X)) and
D*(€oh(X)) ~ D:(Qco(X)) >~ Dx(X) for any value of *.

1.2.1. The derived category as a triangulated category. Derived categories are examples
of triangulated categories. We shall not give here a formal definition but shall just
point out some of the features of the derived category that make it into a triangulated
category.
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The first is the existence of a shift functor 7: D(2A) — D(), 7(K*) = K*[1], which
is an equivalence of categories. The second is the existence of “triangles”, and among
them a class of “distinguished triangles” satisfying some properties we do not describe
here. A triangle in D(2l) is a sequence of morphisms

L5 M el

which we also write in the form

where the dashed arrow stands for the morphism M* < KC*[1]. A morphism of triangles
is defined in the obvious way, and we say that a triangle is distinguished or exact if it
is isomorphic to the triangle defined by the cone of a morphism f: K* — L*, which is

the triangle K® ERyICN Cone(f) LN KC*[1]. From Proposition 1.2, an exact triangle in
D(2l) induces a long exact sequence in cohomology

= (AT T (B T >L“")
HHl(A) H HHl(B') Hz+1(c ) H (w) .

Definition 1.12. If ®B is another abelian category, an additive functor F': D}, () —
D() is said to be ezact if it commutes with the shift functor, F(K*[1]) =~ F(K*)[1],
and maps exact triangles to exact triangles. A

Then, for any exact triangle K* < £* < M* < K*[1] we have a long exact sequence
= HI(F(K") — HU(F(L7)) — HI(F(M®)) —
HHHF(K) = HTH(F(L")) = HTHF(M?) — -

1.3. Derived Functors. The cohomology groups of a sheaf F on an algebraic variety
X are the cohomology objects of the complex of global sections I'(X, Z*) of a resolution
Z* of F by injective sheaves; the resulting groups do not depend on the injective
resolution, due to a result known as abstract de Rham theorem. In order to define
derived functors on the derived category we shall mimic this construction. Let 2 be
an abelian category with enough injectives. Thus, any object M in 2 has an injective
resolution M — IY(M) — I'(M) — ... which can be chosen to be functorial in
M. One can prove (by using bicomplexes, a notion we have not introduced in these
notes) that for any complex M* there is a complex of injective objects I(M*) and a
quasi-isomorphism
M — [(M*),

which defines a functor I: K () — K(2(). Let B be another abelian category and
F: 2 — B a left-exact functor. Then F induces a functor RF: KT () — D" (B)
defined by RF(M*) = F(I(M?*)). Moreover, if J* is an acyclic complex of injective
objects then F(J*) is acyclic, because J* splits. This implies that RF maps quasi-
isomorphisms to isomorphisms and thus (cf. Proposition 1.8) yields a functor

RE: DY) — D*(B),
which is the right derived functor of F.
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We can also derive on the right functors from K (2() to K (8) that are not induced
by a left-exact functor. We shall give some examples in Subsection 1.3.3.

As it is customary for the “classical” right i-th derived functor of F', we use the
notation R'F(M*) = H'(RF(M?*)). The right derived functor RF is exact. In par-
ticular, an exact triangle in K (), M'* — M* — M"* — M"[1] induces a long exact
sequence

RN RiF(/\/l/°) — RZF(M') — RiF<M”') —
R F(M*) - RTF(M*) - R F(M”) — -

For any bounded below complex M?* there is a natural morphism F'(M*®) — RF(M?*)
in the derived category. M®* is said to be F'-acyclic if this morphism is an isomorphism
in DT (B).

The right derived functor RF satisfies a version of the de Rham theorem, namely, if
a complex M* is isomorphic in the derived category DT (2l) to an F-acyclic complex
J*, then RF(M*®) ~ F(J*) in D*(*B).

Let € be a third abelian category and G: ‘B — € another left-exact functor.

Proposition 1.13 (Composite functor theorem of Grothendieck). If F' transforms
complezes of injective objects into G-acyclic complezes, one has a natural isomorphism

R(GOF);RGORF. O

The theory of right derived functors can be applied when 2l is one of the categories
Moo(X) or Qco(X) because both have enough injectives.

One can develop a parallel theory of derived left exact functors if one assumes that
2 has enough projectives, so that any object M has a functorial projective resolution

- — PY(M) — P°(M) — M — 0. Then for every bounded above complex M* there
exists a bounded above complex P(M?*) of projective objects which defines a functor
P: K- () — K~ (). The functor LF: K~ () — K (B) given by LF(M*) =
F(P(M?)) defines as above a left derived functor

LEF: D=(A) — D~ (B).

Analogous properties to those stated for right derived functors hold for left derived
functors.

One should note that the categories Mod(X), Qco(X) and Coh(X) do not have
enough projectives. However if X is a (quasi-)projective, any quasi-coherent sheaf has
a (possibly infinite) resolution by locally free sheaves which may have infinite rank,
and the problem is circumvented by considering complexes P* of locally free sheaves.
We shall come again to this point in Subsection 1.3.2.

1.3.1. Derived Direct Image. Let f: X — Y be a morphism of algebraic varieties.
Since the direct image functor f.: Mod(X) — Mod(Y) is left-exact, it induces a right
derived functor
Rf.: DY(X) — D™ (Y)

described as Rf,M* ~ f.(Z*) where Z* is a complex of injective Ox-modules quasi-
isomorphic to M*. When f is quasi-compact and locally of finite type (as it often
happens), the direct image of a quasi-coherent sheaf is also quasi-coherent; in this
case, Rf, defines a functor Rf.: D7 .(X) — DJ(Y). When f is proper, so that the
higher direct images of a coherent sheaf are coherent as well (cf. [25, Thm.3.2.1] or
[26, Thm. 5.2] in the projective case), we also have a functor Rf.: DF(X) — DI (Y).
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Moreover, the dimension of X bounds the number of higher direct images of a sheaf of
Ox-modules, so that Rf, induces also a functor Rf.: Db, (X) — D! (Y). In this case
R f. extends to a functor Rf.: Dye(X) — D,e(Y) which maps D2(X) to Db(Y).

If Y is a point, 2y is the category of abelian groups and f, is the functor of global
sections I'(X, ). In this case, Rf,M* = RI'(X, M*) and R’ f, M"* is called the i-th hy-
percohomology group H'(X, M*) of the complex M?*. Tt coincides with the cohomology
group H(X, M) when the complex reduces to a single sheaf.

1.3.2. The derived inverse image. Let f: X — Y be a morphism of algebraic varieties.
One can prove that any sheaf of Ox-modules M is a quotient of a flat sheaf of Ox-
modules P(M) and that one can choose P(M) depending functorially on M. One then
shows that for any bounded above complex M?* there is a complex P(M?*) of flat sheaves
and a quasi-isomorphism P(M*®) — M* which defines a functor K~ (9od(Y)) —
K=(9Mod(Y)). Moreover Lf*(M*) = f*(P(M?*)) gives a left derived functor

Lf*: D(Y) = D(X),
which induces functors Lf*: D (X) — D_(Y) and Lf*: D_(X) — DZ(Y). In some
cases it also induces a functor Lf*: D.(X) — D.(Y) which maps D%(X) to D%(Y);
this happens for instance when Y is smooth. Another case is when f is of finite
homological dimension, that is, when for every coherent sheaf G on Y there are only a

finite number of nonzero derived inverse images L; f*(G) = H 7 (Lf*(G)); in particular,
flat morphisms are of finite homological dimension.

1.3.3. Derived homomorphism functor and derived tensor product. We wish to con-
struct a “derived functor” of the functor of global homomorphisms for complexes. Al-
though this functor is not induced by a left-exact functor between the original abelian
categories, we still can derive the complex of homomorphisms by mimicking the pro-
cedure used so far. We are not detailing here the entire process (see [1, Appendix Al);
let us just mention that one eventually obtains a bifunctor

RHom$ : D(X)" x D*(X) — D(k)

described as RHom$ (K*, £*) ~ Hom*(K*,Z*), where Z* is a complex of injective
sheaves quasi-isomorphic to £°. We use the notation

Ext’ (K*, £*) = R'Hom% (K*, £L*) = H'(RHom*(K*, L*)) .
Proposition 1.14. (Yoneda’s formula) If M* € D(X) and N* € D*(X), one has
Exty (M*,N*) ~ HomiD(X)(M',/\/") := Homp(x)(M*, N*[i]).
U

Let Y be another algebraic variety and U: D(X) — D(Y) an exact functor which
maps bounded complexes to bounded complexes.

Corollary 1.15. (Parseval’s formula) If W is fully faithful, there are isomorphisms
Ext’y (M*, N*) Ext}, (U(M*), U(N*))

~
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One can define the complex Homg, . (M*, N*) of sheaves of homomorphisms; this is
given by Hom"(M*,N*) = [[, Homo, (M*, N*™™") with the differential df = fode +
(—1)""'dpe o f. There is also a derived sheaf homomorphism

RHom{, : D(X)° x D¥(X) — D(X).

By applying Grothendieck’s composite functor theorem we obtain for every open
U C X an isomorphism in the derived category D(U):
RI'(U, RHomy,  (K*, L*)) ~ RHomp, (K*\v, L*1) -
By following a similar procedure one can derive the “functor tensor product of com-
plexes”: there exists a bifunctor, called derived tensor product

% D(X) x D(X) — D(X).

L
whose description is M*@N* = M* ® P(N*), where P(N*) — N* is a quasi-
isomophism and P(N*) is a complex of flat sheaves.

1.3.4. Base change in the derived category. There are some derived category remark-
able formulas that relate the various derived functors (cf. [26]). Here we describe only
the following strengthened version of the derived category base change formula.

Proposition 1.16. [1, Prop.A.74] Let us consider a cartesian diagram of morphisms
of algebraic varieties
~
X Xy Yy —X

% |t

Y Y
For any complex M* of Ox-modules there is a natural morphism

Ly'RfM* — RfLGM" .

Moreover, if M*® has quasi-coherent cohomology and either f or g is flat, the above
morphism is an isomorphism. O

g

2. INTEGRAL FUNCTORS AND FOURIER-MUKAI TRANSFORMS

2.1. Definitions. We start this section with a general definition of integral functor;

Fourier-Mukai transforms will provide interesting examples. The varieties involved can

be quite general algebraic varieties, though in the applications they will be mainly

smooth and projective. Most of the results described here are valid over an arbitrary

algebraically closed field k, possibly requiring that chk = 0. However, in order to

simplify our treatment, we shall assume that k is the field C of the complex numbers.
Let us consider the diagram

o~ X xY .
X/ \Y

involving the projections of the cartesian product X x Y onto its factors. Any object
KC* in the derived category D (X x Y) is the kernel of an integral functor:

X DI (X) — D (Y)

X—=Y *° C

. L
£ O (E%) = Ry (1%E° @ K*).
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The integral functor ®X° is said to be a Fourier-Mukai functor if it is an equivalence
of categories, and a Fourier-Mukai transform is a Fourier-Mukai functor whose kernel
IC* reduces to a single sheaf .

If IC* is of finite Tor-dimension over X, that is, if it is isomorphic in the derived
category to a bounded complex of sheaves that are flat over X, then the integral
functor ®X° . maps D’(X) to D’(Y) and can be extended to a functor ®X° : D(X) —
D(Y) between the entire derived categories. Note that the condition of finite Tor-
dimensionality is always fulfilled if X and Y are smooth and K* is an object of D%(X x
Y'), because in this case K* is isomorphic in the derived category to a bounded complex
of locally free sheaves.

Since an integral functor is the composition of the functors Lz% (which is isomorphic

L
to m% because 7y is a flat morphism), ( ) ®K* and Rmy., and these functors are
exact, any integral functor is exact as well. In particular, for any exact sequence
0—F — & — G — 0 of sheaves in X we obtain an exact sequence

- HG) — DUF) — DUE) — DUG) — OTTHF) — ...
where we have written ®¢( ) = H(OX" ().

Definition 2.1. Let ®X°_ be an integral functor. A complex F* in D_ (X) is WIT;
if P (F*) ~ G[—i] in D(Y), for a coherent sheaf G on Y. If in addition G is locally

free, we say that F* is the I'T;. A

In Section 3 we shall see a connection between integral functors and index theory.
This will make it clear that the “IT” condition is related with the “index theorem”,
and that the “W” of “WIT” stands for “weak”.

Using the cohomology base change theorem [26, 111.12.11] one proves the following
criterion for the WIT condition to hold.

Proposition 2.2. Assume that the kernel Q is a locally free sheaf on the product
X XY. A coherent sheaf F on X is IT; if and only if H (X, F®Q,) =0 forally €Y
and for all j # i, where Q, denotes the restriction of Q to X x {y}. Furthermore, F
1s WITy if and only if it 1s ITy. OJ

Let us list the simplest examples of integral functors.

Example 2.3. Let 6: X — X x X denote the diagonal immersion, and write A

for its image. The structure sheaf Ox = 0,0x of A defines an integral functor
®94,: DI (X) — D (X), which is isomorphic to the identity functor ®$2, ~ Id.
Thus, the identity functor is a Fourier-Mukai transform. A

Ezample 2.4. If £ is a line bundle on X, the functor ®%:£, consists of the twist by L.
It is also a Fourier-Mukai transform, whose quasi-inverse is the twist by £7!, that is,
the Fourier-Mukai transform with kernel §,£7". A

Example 2.5. If f: X — Y is a proper morphism and K* is the structure sheaf of the
graph I'; C X x Y, one has isomorphisms of functors ®X° ~ Rf,: D7 (X) — D_(Y)

X-=Y —

and &X' ~Lf*: D7 (Y) — D (X). A

Y—-X —
2.1.1. The abelian Fourier-Mukai transform. Let X be an abelian variety; in the com-
plex case, we can think of X as a torus. Let X be its dual abelian variety; a closed
point £ € X corresponds to a zero degree line bundle P, over X (or a flat line bundle
in the complex case). X is a “fine moduli space”, in the sense that there exists a line
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bundle P over X x X , whose restriction to the fibre X ~ 7r;(15 of the projection ¢
is precisely the flat line bundle P; corresponding to £. This uniwersal Poincaré line
bundle is uniquely characterised by this property up to twisting by pull-backs W}N of

line bundles A" on X. To avoid any ambiguity, P is normalised so that its restriction to
the fibre X ~ 7% (0) of the origin 0 € X is trivial. This fixes P uniquely. An explicit
description of P in differential-geometric terms will be given in Section 3.

The first example of a Fourier-Mukai transform was introduced by Mukai in this
setting [43]. Mukai’s seminal idea was to use the normalised Poincaré bundle P to
define an integral functor S = ®7 _: DY(X) — DY(X), which turns out to be an
equivalence of triangulated categories, that is, a Fourier-Mukai transform. We shall
give a short proof of this fact in Theorem 2.12. Moreover, the functor ® "I where

X—X 7
g = dim X, is quasi-inverse to ®% .. We shall call S = ®%__ the abelian Fourier-

Mukai transform and S = O . the dual abelian Fourier-Mukai transform. (Actually,
instead of S Mukai considers the functor S = ®2 _: D’(X) — D?(X). One has
SoS >0 [—g], where ¢4 : X — X is the involution which maps a line bundle to its

dual.)

2.1.2. Orlov’s representation theorem. We have seen a few examples of integral func-
tors. A natural problem is the characterisation of the exact functors D%(X) — DY)
that are integral. The most important result in this direction is due to Orlov [48]:

Theorem 2.6. Let X and Y be smooth projective varieties. Any fully faithful exact
functor W: DY(X) — DY) is an integral functor. O

Orlov’s original statement assumed that the exact functor has a right adjoint; how-
ever, Bondal and Van den Bergh proved that any exact functor D%(X) — DY)
satisfies this property [8].

2.2. General properties of integral functors. The first property of integral func-
tors we would like to describe is that the composition of two of them is again an integral
functor.

If Z is another proper variety, we consider the diagram

X xY xZ

X xY Y xZ X xZ

Given kernels £* in D_ (X xY) and £* in D_ (Y x Z), the composition of the integral
functors defined by them is given by the following Proposition:

Proposition 2.7. There is a natural isomorphism of functors =" o &X'~ L™K®

L
where L* % K* = Rrx 7. (7% K @75 ,L°) in D (X x Z). O

2.2.1. Action of integral functors on cohomology. Integral functors act on cohomology,
and the study of this action allows one to determine the topological invariants of the
transform of a complex in terms of the topological invariants of the complex. This is
very useful in studying the effect of integral functors on moduli spaces of sheaves.

We need to recall the notion of Mukai vector and pairing. The Mukai vector of a
complex £* in D4(X) for a smooth projective variety X is defined as

v(E%) = ch(E°) - (X)),
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where td(X) € A*(X) ® Q is the Todd class of X. We can define a symmetric bilinear
form (-,-) on the rational Chow group A*(X) ® Q by setting

o) == [ v expla(x)).

The Mukai pairing naturally extends to the even rational cohomology €P ;H H(X,Q).

If X and Y are smooth proper varieties, and K* is a kernel in DX xY), by
the Grothendieck-Riemann-Roch theorem the integral functor ®X° : D5(X) — Db(Y)
gives rise to the commutative diagram

D(X) —— A*(X) ® Q — H*(X,Q)
voxly fre free
DY) ——=A(Y)®Q — H*(Y,Q)

where both f** are the Q-vector space homomorphisms defined by
() = myu(mya- v(K?)).

The map f*° sends H?*(X,Q) to H*(Y,Q) and depends functorially on the kernel,
i.e., fER* = f£°% o X% This implies the following result.

Corollary 2.8. Let X and Y be smooth proper varieties and %" : DY(X) — DY)
a Fourier-Mukai functor. Then the morphisms f*°: A*(X) @ Q — A*(Y) ® Q and
& H*(X,Q) — H*(Y,Q) are isomorphisms. Moreover, the latter induces an iso-
morphism of vector spaces between the even cohomology rings. O

2.2.2. Fully faithful integral functors and Fourier-Mukai functors. In this Subsection
all varieties are smooth and projective unless otherwise stated. The first step in char-
acterising the kernels K* in D%(X x Y) that give rise to equivalences is to determine
the kernels for which ®X° Db(X ) — Db(Y) s fully faithful. The idea is to study
the effect of a fully faithful integral functor ®%°_ on the skyscraper sheaves O, of the
points. Due to the Parseval formula (Corollary 1.15), for any pair of points zy, x5 of

X one has

(2.1) Hom})(x)((’)ml, O,,) ~
HomiD(Y)(cI)’)E;Y(O ) (PI)E;Y(O )) = HomiD(Y)(Lj;,C.’Lj;’C.) ’

It follows that if ®X°  is fully faithful, the kernel K* fulfils the following properties:
(1) HomD(Y (Lji K*,Lj;,K*) = 0 unless z; = 2 and 0 < 7 < dim X
(2) HomD(Y (LjzK*, Ljz k) = C.
Kernels K* satisfying these properties were called strongly simple over X by Maciocia

[39], but this notion had already been used implicitly in [9]. The following crucial result
was originally proved by Bondal and Orlov [9].

Theorem 2.9. Let X andY be smooth projective varieties, and K* a kernel in D°(X x
Y). The functor ®%° . is fully faithful if and only if K* is strongly simple over X. O

Building on Bondal and Orlov’s work, Bridgeland and Maciocia [18, 39] determined
the kernels that give rise to equivalences of categories. They called special an object
F*in D%(X) such that F*@wyx ~ F* in D’(X), where wy is the canonical line bundle.
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Proposition 2.10. Let X and Y be smooth projective varieties of the same dimension
n, and let K* be a kernel in D°(X xY). Then ®X’ is a Fourier-Mukai functor if and

X=Y

only if KC* is strongly simple over X and Lj;K* is special for all x € X. 0
When the canonical bundles of X and Y are trivial this takes a simpler form.

Proposition 2.11. Let X and Y be smooth projective varieties of the same dimension
with trivial canonical bundles and K* an object in D3(X x Y') strongly simple over X.
Then ®X° ey

. . . . P ’C.
Yy 15 a Fourier-Mukai functor and ®y . is a quasi-inverse to ®% . O

The characterisation of the kernels that induce fully faithful integral functors or
equivalences has been generalised to the case of singular Cohen-Macaulay varieties in
28, 29].

2.2.3. The abelian Fourier-Mukai transform revisited. Here we apply the characteri-
sation of Fourier-Mukai functors to give a simple proof of the fact that the “abelian
Fourier-Mukai transform” S and the “dual abelian Fourier-Mukai transform” S are
truly Fourier-Mukai transforms, that is, they are equivalences of categories.

Let X be an abelian variety of dimension g and X its dual abelian variety. If P is
the Poincaré line bundle on X x X, the restriction Lj¢P is the line bundle Pe on X

corresponding to the point & € X. Since Hom})(X) (Pe,, Pe,)) ~ HY(X, P @ Pg,) for
any pair of points & and & of X, one has:

(1) Homzb(X) (Pey, Pe,)) = 0 unless & = & and 0 < i < g;

(2) Hom%(x) (Pe,, Pe,) = C for any € € X.

In other words, P is strongly simple over X. By Proposition 2.11, it is strongly simple
over X as well. So we have:

Theorem 2.12. The functors S = ®F __: DY(X) — DY X) and S = %" : D}(X) —

DY(X) are equivalences of categories. O

2.2.4. Fourier-Mukai functors on K3 and abelian surfaces. Let Y be a smooth projec-
tive surface and X a fine moduli space of special stable sheaves on Y with fixed Mukai
vector v. Let Q be a universal sheaf on X x Y for the corresponding moduli problem,
so that Q is flat over X and Q, is a stable special sheaf on Y with Mukai vector v.
Given closed points x and z in X, one has x(Q,, Q.) = —(v,v) = —v>.

Proposition 2.13. [20] Assume that X is a projective surface. Then X is smooth if
and only if v2 = 0. Moreover, in this case ®¢ . : DY(X) — DY) is a Fourier-Mukai
functor. 0

With the help of Proposition 2.13 one can construct Fourier-Mukai transforms for
K3 surfaces. Let Y be a K3 surface with a polarisation H and v a Mukai vector
with v? = 0. Assume that v = (r,c, s) is primitive (i.e., not divisible by an integer)
and that the greatest common divisor of the numbers (r,¢; - H, s) is 1. If the moduli
space X = M, (Y") of sheaves on Y with Mukai vector v that are (Gieseker) stable with
respect to H is nonempty, it is a projective variety of dimension v*+2 = 2 (cf. [41, 42]).
Moreover, there exists a universal sheaf Q@ on X x Y. Proposition 2.13 implies that
X is smooth and that ®¢ _.: D%(X) — DY) is a Fourier-Mukai transform. We shall

also see (cf. Proposition 2.30) that X is again a K3 surface.
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Ezxample 2.14. A first instance of this situation, which has also been the first example of
a nontrivial Fourier-Mukai transform on K3 surfaces, was given in [3], were a class of K3
surfaces called strongly reflerive was introduced. A K3 surface Y is strongly reflexive
if it carries a polarization H and a divisor £ such that H?> =2, H-{ =0, /> = —12, and
X has no nodal curves of degree 1 or 2. Strongly reflexive K3 surfaces do exist, There
is indeed a nonempty coarse moduli space of strongly reflexive K3 surfaces, which is
an irreducible quasi-projective scheme of dimension 18 [4]. On a strongly reflexive K3
surface Y one may take the Mukai vector v = (2,4, —3), which fulfils all the above
requirements. One proves that M,(Y) # 0 [3], and then ®¢ : D’(X) — DY) is a
Fourier-Mukai transform. This may be used to construct further examples [21]. A

Ezample 2.15. Later Mukai provided another example [46]. He considered a K3 surface
Y such that there exist coprime positive integers r, s and a polarization H in Y with
H? = 2rs. He proved that X = M,(Y) is nonempty (and fine) and that the universal
family induces a Fourier-Mukai transform D?(X) ~ D%(Y). A

2.2.5. Relative integral functors and base change. In this Subsection we generalise the
notion of integral functor to the relative setting, namely, we shall deal with morphisms
(or families) instead of single varieties.

We consider two (proper) morphisms of algebraic schemes p: X — Band ¢q: Y — B
and denote by 7x, Ty the projections of the fibre product X xg Y onto its factors. If
we set p = pox = qo Ty we have a cartesian diagram

)(XBYv~

An object K* in the derived category D, (X xpY) (a “relative kernel”), induces a
relative integral functor ®: D~ (X) — D~ (Y) which is defined as

B(E*) = Riry, (LiLE & K).

This functor is an (ordinary) integral functor whose kernel in the derived category
D (X xY)is j.K*, where j: X xpY < X XY is natural closed immersion. Thus the
results about integral functors can be applied to relative integral functors as well. In
the remainder of this Subection we assume that K* is of finite Tor-dimension over X;
then, ® can be extended to a functor ®: D(X) — D(Y) which maps D?(X) to D(Y).

One of the most interesting features of relative integral functors interesting is their
compatibility with base changes. Let f: S — B be a morphism. For any morphism
g: Z — B we denote by gs: Zg = Z xg S — S and fz: Zg — Z the induced
morphisms. We can consider the kernel Ky = Lf%, K* and the induced relative
integral functor

L
(I)SZ Dg(Xs) — D;(Ys) 3 (I)s(g.) = Rﬁ'ys*(Lﬁ';(S(‘:. ®KJT9) .

Since K% is of finite Tor-dimension over S, ®s maps D%(Xs) to D%(Ys). Base change
compatibility is expressed by the following result, whose proof uses base change in the
derived category (cf. Proposition 1.16).
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Proposition 2.16. Assume either that f: S — B or p: X — B is flat. Then for
every object £* in DY(X) there is a functorial isomorphism Lf3®(E*) ~ ®g(Lf%E*)
in the derived category of Ys. 0

If the morphism p: X — B is flat there is no need to assume that the base change
morphism is flat, a fact which is often neglected. In this case, by denoting by j; the
immersions of both fibres X; = p~1(t) — X and Y; = ¢~'(t) — over a closed point
t € B, one has Lj;®(€*) ~ &,(Lj;E®). One has the following result.

Corollary 2.17. Assume that p: X — B is flat, and let £* be an object in D°(X).
Then the derived restriction Lj;E® to the fibre X, is WIT; for every t if and only if £*
is WIT; and ®'(€) is flat over B. O

The condition of being WIT; is open on the base, as the following Proposition asserts.

Proposition 2.18. Let p: X — B be a flat morphism and &€ be a sheaf on X flat over
B. The set U of points in B such that the restriction & of € to the fibre X, is WIT;
18 a nonempty open subscheme of B. O

2.2.6. Fourier-Mukai functors between moduli spaces. Integral transforms define in
many cases algebraic morphisms between moduli spaces. Assume that X and Y are
smooth projective varieties and let ®: D’(X) — DY) be an integral functor. We
consider the functor Mx p which associates to any variety 1" the set of all coherent
sheaves £ on T'x X, flat over T" and whose restrictions & = 7;€ to the fibres X; ~ X of
mp: T x X — T have Hilbert polynomial P. Let Mx be a subfunctor of Mx p which
parametrises WIT; sheaves for a certain index i. By Corollary 2.17, if £ is in M x(T)
the sheaf & = ®i.(€) is flat over T, so that for a fixed i the fibres (£), ~ & have the

same Hilbert polynomial P. Thus the transforms £ are in M, 5(T). Proposition 2.16
implies now that ¢ yields a morphism of functors ®n: Mx — My 5.

Proposition 2.19. If M x has a coarse moduli scheme Mx and ® is a Fourier-Mukai
functor, then My = ®(Myx) is coarsely representable by a moduli scheme My, and
induces an isomorphism of schemes Mx ~ My . Moreover Mx s a fine moduli scheme
if and only if My is a fine moduli scheme. O

When My is the moduli functor of all the skyscraper sheaves O,., one has:

Corollary 2.20. If ® is a Fourier-Mukai functor, then X is a fine moduli space for the
moduli functor of the sheaves ®(0,) over Y. Moreover these sheaves are simple. [

2.3. Fourier-Mukai partners. The fact that two smooth algebraic varieties have
equivalent derived categories entails strong constraints on their geometry. We already
know that this fact is equivalent to the existence of a Fourier-Mukai functor between
their derived categories (cf. Theorem 2.6). In this Section we describe some important
results in this direction. All the varieties are projective.

Definition 2.21. Two varieties X and Y are Fourier-Mukai partners if there is an
exact equivalence of triangulated categories F': D%(X)=D%(Y). A

Lemma 2.22. Let X be a smooth variety. FEvery Fourier-Mukai partner of X is
smooth. 0

Theorem 2.23. Let X, Y be smooth Fourier-Mukai partners, so that there is a
Fourier-Mukai functor ®°_: D¥(X) — D(Y).

X=Y *
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(1) X and Y have the same dimension.
2) There is an isomorphism H°(X,wk ) ~ HO(Y,w!i) for every integer i, so that
X Y Y 9
X and'Y have the same Kodaira dimension.
3) wx and wy have the same order, that is, W% is trivial if and only if WY is trivial.
X y Y

Thus, wyx s trivial of and only if wy is trivial and in this case the functor (IDIYCLZ([”]
is a quasi-inverse to ®X° . Moreover, W ~ Ox and W} ~ Oy with r = rk(K*).
OJ

Theorem 2.23 implies that if the kernel K* has positive rank a certain power w% of
the canonical bundle of X is trivial, with r £ 0. If X is a curve, it has to be elliptic
(and then wy ~ Ox); if X is a surface, it is either abelian, K3, Enriques or bielliptic
(corresponding to the cases cases wy ~ Oy, w§< ~ Ox and w}f ~ Oy, cf. [26, Thm.
6.3]). In dimension 3 the most important example is provided by Calabi-Yau varieties
(for which, by definition, wx ~ Ox).

The following result will be useful later on.

Proposition 2.24. Let X, Y be proper smooth algebraic varieties of dimension n
and ®: DY(X)=DAY) a Fourier-Mukai functor. For every (closed) point x € X the
inequality Y-, dim Homp,y (9°(O,), 9(0,)) < n holds true.

Proof. There is a spectral sequence E3? = P, Homj,, (2'(0,), 79(0,)) converging
to EPHe = Hom? ! 1 (2(0,), 2(0O;)). The exact sequence of lower terms of the spectral

D(Y
sequence gives 0 — F,° — E! . By the Parseval formula (Corollary 1.15), one has
Homp, iy (®(O,), ®(O,)) ~ Homp xy(O,, O,) ~ C™. O

2.3.1. D-equivalence implies K-equivalence. Two smooth algebraic varieties X and Y
are K -equivalent if there are a normal variety Z and birational morphisms px : 7 X ,
Dy : Z — Y such that px Kx and pj Ky are Q-linearly equivalent.

The next result is due to Kawamata.

Theorem 2.25. (“D-equivalence implies K-equivalence”) [34, 35] Let X, Y be smooth
Fourier-Mukai partners.

(1) The line bundle wx (resp. wy ) is nef if and only if wy (resp. wy ) is nef.
(2) If the Kodaira dimension k(X) is equal to dim X (or if k(X,w%) = dim X ),
then X andY are K-equivalent.
0

A consequence of this result is Bondal and Orlov’s “reconstruction theorem” [10].

Theorem 2.26. Let X, Y be smooth Fourier-Mukai partners. If either wx or wy 1is
ample or anti-ample, there is an isomorphism X ~Y . O

Very few results are available for Fourier-Mukai partners of singular varieties. It is
known that any Fourier-Mukai partner of a Cohen-Macaulay (resp. Gorenstein) variety
is Cohen-Macaulay (resp. Gorenstein) as well [29].

2.3.2. Fourier-Mukai partners of curves. Here we prove that the only Fourier-Mukai
partner of a smooth projective curve is the curve itself.

Theorem 2.27. A smooth curve X has no Fourier-Mukai partners but itself.
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Proof. Let Y be a Fourier-Mukai partner of X of genus g. By Theorem 2.26, one has
X ~Y if g >1or g =0 because in these cases the canonical line bundle is ample
or anti-ample, respectively. Assume then that X is elliptic and take a Fourier-Mukai
functor ®: DY) — DP(X). One has ), dim Homb(x)(@((’)y),@i(Oy)) < 1 for any
point y € Y (cf. Proposition 2.24), and then there is a unique value of i for which
®(0,) # 0. By Proposition 2.18, i is actually independent of y, and then Y is a fine
moduli space of simple sheaves over X by Corollary 2.20. If the sheaves ®'(0,) are
torsion-free, they are stable by Corollary 4.6 and thus Y ~ X by Corollary 4.7. If they
have torsion, they are skyscraper sheaves of length 1, so that ¥ ~ X. 0

2.3.3. Fourier-Mukai partners of surfaces. The main result about Fourier-Mukai part-
ners of algebraic surfaces is the following Theorem.

Theorem 2.28. A smooth surface has a finite number of Fourier-Mukai partners. [

This was proved by Bridgeland and Maciocia [20] for minimal surfaces. Kawamata
[34] completed the result by including the surfaces with (—1)-curves. His proof is
actually simpler and more direct, and exploits the geometric properties of the support
of the kernel of the corresponding Fourier-Mukai functor.

The case of minimal surfaces is treated with a case-by-case approach, essentially
based on the Enriques-Kodaira classification, in view of the fact that Fourier-Mukai
partners have the same Kodaira dimension (Theorem 2.23).

Proposition 2.29. Two smooth surfaces X and Y that are Fourier-Mukai partners
have the same Picard number, the same Betti numbers, and therefore the same topo-
logical Euler characteristic.

The study of the Fourier-Mukai partners of K3 and abelian surfaces is particularly
interesting.

Proposition 2.30. Let X be a K3 (resp. an abelian) surface and Y a Fourier-Mukai
partner of X. Then'Y is a K3 (resp. an abelian) surface as well.

Proof. Since wy is trivial, wy is trivial as well by Theorem 2.23. Then Y is either K3
or abelian. Moreover H*(X,Q) ~ H*(Y,Q) by Corollary 2.8, then if X is K3, Y is also
K3 and if X is abelian, Y is abelian as well. O

By a result of Orlov, the Fourier-Mukai partners of a K3 or an abelian surface are
completely characterised in terms of isometries of the transcendental lattice T(X).
This is defined as the orthogonal complement to Pic(X) in H*(X,Z).

Proposition 2.31. [48, Thm. 3.3] Let X, Y be two K3 or abelian surfaces. X and
Y are Fourier-Mukai partners if and only if the lattices T(X) and T(Y) are Hodge
1sometric. O]

2.3.4. Fourier-Mukai partners for threefolds. Minimal models of threefolds are in gen-
eral not characterised; at present, one is only able to prove in some special cases that
birational threefolds have equivalent derived categories. Two important results in this
sense are the following, both due to Bridgeland.

Theorem 2.32. [19, Thm. 1.1] Let X be a (complex) threefold with terminal singular-
ities and f1: Y7 — X, fo: Yo — X crepant resolutions of singularities. Then there is
an equivalence of triangulated categories D’(Y;) ~ D*(Y3). O
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Since any birational map between smooth Calabi-Yau threefolds is crepant, we de-
duce the following result.

Theorem 2.33. [19] Let X and Y be two birational smooth Calabi-Yau threefolds.
Then X and Y are Fourier-Mukai partners. 0

The proof of Theorem 2.32 relies on the fact that any crepant birational map be-
tween threefolds with only terminal singularities can be decomposed into a sequence of
particularly simple birational transformations, called flops. This reduces the proof to
the case of flops. There are two different proofs, one due to Bridgeland [19], who ex-
plicitly constructs the flop using a moduli spaces of point perverse sheaves, and another
due to Van den Bergh [52] who uses noncommutative techniques. The description of
all the Fourier-Mukai partners of a Calabi-Yau threefold is still unknown. Caldararu

[22] has found some explicit models of Fourier-Mukai partners for three-dimensional
Calabi-Yau threefolds.

3. THE NAHM TRANSFORM

This construction was introduced by Nahm in 1983 [47] in 1983. Starting from an
instanton on a 4-dimensional flat torus, it yields an instanton on the dual torus. Later
this was formalised by Schenk [51] and Braam and van Baal [11]. According to their
picture, the Nahm transform is an index-theoretic construction, where, given a vector
bundle E on a flat torus X equipped with an anti-self-dual connection V, the dual
torus X is regarded as the parameter space of a family of Dirac operators twisted by
V. The index of this family yields, under suitable conditions, an instanton V on X.
A survey of some properties of the standard version of the Nahm transform was given
by M. Jardim in [33].

The connection between the Nahm and the Fourier-Mukai transform was seemingly
first realised by Braam-van Baal and Schenk, and a first formalization is given by
Donaldson and Kronheimer [23]. The link between the two constructions is a relation
between index bundles and higher direct images, in accordance with Illusie’s definition
of the “analytical index” of a relative elliptic complex [32].

Mainly following [2], we shall describe here the relation between the Fourier-Mukai
and Nahm transforms by considering the second as a particular case of a more general
class of transforms, that we call Kdahler Nahm transforms. We shall also introduce
a special case of such transforms when the manifolds involved have a hyperkéhler
structure, considering a generalization of the notion of instanton (the quaternionic
instantons) and proving that the “hyperkahler Fourier-Mukai transform” preserves the
quaternionic instanton condition. This will be mainly taken from [6]. However, the
whole theory recalled in this section is described in more detail in [1].

3.1. Line bundles on complex tori. We provide here a few basic facts about the
description of line bundles on complex tori, which will be useful to introduce the Nahm
transform. If V' is a g-dimensional complex vector space, and = a nondegenerate lattice
in it, the quotient 7" = V/= comes with a natural structure of g-dimensional complex
manifold, and is said to be a complex torus of dimension g. Any generator of the lattice
= corresponding to a loop in 7', one has natural identifications = ~ m (1) ~ H,(T,Z),
and as a consequence, also H*(T,Z) ~ A*=*. Moreover, the space H(T) of hermitian
forms H: V x V — C that satisfy the condition Im(H(Z,Z)) C Z may be identified
with the Néron-Severi group NS(T').
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Definition 3.1. A semicharacter associated with an element H € H(T) is a map
x: Z — U(1) such that x(A + 1) = x(A\) x(p) e#*® . An element H € H(T) and
an associated semicharacter x define an automorphy factor a: V. x = — U(1) by
a(% /\) _ X()\) eTH@N)+5HAN)

Proposition 3.2. [7] The holomorphic functions s on V' that satisfy the condition
s(v+ X)) = a(v,\)s(v) for allv € V and X € Z, where a is an automorphy factor
associated with an element H € H(T'), are in a one-to-one correspondence with sections
of a line bundle L on T such that c;(L) = H.

One may define the dual torus 7™ as follows. Let 2 be the conjugate dual space of
V, and let =% = {{ € Q| 4(Z) C Z} be the lattice dual to =. If we set T* = Q/=*, by
the natural isomorphism 7" ~ Homy(Z, U(1)) and the exact sequence

0 — T" — Pic(T) - NS(T') - 0

we see that T* parametrises flat U(1) bundles on 7.
Proposition 3.2 may be used to construct the Poincaré bundle P on T" x T™. Let
H € H(T x T*) be given by

(3.1) H(v,w,a,3) = Bv) + a(w)
where v,w € V, o, 3 € (), and consider associated semicharacter
(3:2) XA, ) = e

The Poincaré bundle is the line bundle P given by the hermitian form (3.1) and the
semicharacter (3.2). This Poincaré bundle is automatically normalised as in Section 2.
Moreover, it comes with a natural hermitian metric, which is expressed on the functions
on the universal covering of 7' x T™ corresponding (via the automorphy condition) to
sections of P in terms of the standard hermitian metric on C". For any element £ € T
we shall denote P¢ = Pjry ¢ the line bundle on T" parametrised by &.

3.2. Nahm transform. Let us briefly recall Nahm’s transform in its original version.
Let T be a flat Riemannian 4-torus, equipped with a compatible complex structure,
T* its dual torus. As we have seen, the Poincaré bundle on T x T* comes with a
natural hermitian metric. Let Vp be the corresponding Chern connection (the unique
connection on P compatible both with the hermitian metric and the complex structure
of P). Furthermore, let E be an hermitian vector bundle on E whose Chern connection
V is anti-self-dual (ASD), i.e., its curvature Fy satisfies the ASD condition Fy = —*Fy,
where * is Hodge duality on forms on 7. A survey of the Nahm transform and their
most recent generalisations can be founded in [33].

If £ € T one has a coupled connection V¢ in F ® P¢, and correspondingly, a family
of twisted Dirac operators

(3.3) De:T(EQP:®Sy) = TN(E®@P:®5-)

where S is the spin bundle of positive/negative helicity on T'. If the pair (F, V) satis-
fies an irreducibility condition (it is without flat factors, i.e., there is no V-compatible
splitting £ = E' @ L, where L is a flat line bundle), then for every & € T we have
ker D¢ = 0, and then by Atiyah-Singer’s index theory (minus) the index of the family
of Dirac operators is a vector bundle E on T*, whose fibre at £ € T™ is the vector space
coker De.



22 U. BRUZZO, D. HERNANDEZ RUIPEREZ, AND C. TEJERO PRIETO

The bundle £ may be equipped with a metric and a compatible connection. Indeed,
completing the spaces of sections appearing in Eq. (3.3) in the natural L? norms, we
have for every & € T™ an exact sequence

~ D}
0= FE - I(E@P:®5.) — LEQP:®85,) =0

By restricting the scalar product in the space in the middle in this sequence one defines
an hermitian metric in the bundle £. Moreover, if we regard the spaces L*(E®P;® 55
as the fibres of trivial co-dimensional bundles on 7™, this exact sequence allows one to
define a connection on F by a projection formula: one takes a section of E, regards
it as section of the bundle in the middle, takes the covariant derivative with respect
to the trivial connection, and then projects back to E using the scalar product. One
shows that the resulting connection V is compatible with the metric, and is ASD.
The pair (E, V) is the Nahm transform of (E,V). The Atiyah-Singer theorem for

families allows one to compute the topological invariants of F, getting

(7, c1(E), chy(E)) = —(chy(E), e1 (E), 1)
where to compare the first Chern classes we use the natural identification of the groups
H?*(T,Z) and H*(T,Z).

3.3. Fourier-Mukai vs. Nahm. In order to compare the Fourier-Mukai transform
with Nahm’s construction, it is convenient to recast the latter into a more general
form. To this end, we consider a flat proper submersive holomorphic morphism of
complex manifolds f: Z — Y. We call the sheaf Oz/y = f71C° ®-10, Oy the sheaf
of “relatively holomorphic functions” (locally, if  and y a holomorphic coordinates on
the fibres of f and on Y respectively, the sections of O,y are functions of the variables
Y, Y.

If F'is a holomorphic vector bundle on Z (whose sheaf of sections we shall denote
by F), then F" = F ®0, Oz/y has a relative holomorphic structure i.e., its sheaf of
sections has a structure of Oz/y-module. The relative Dolbeault complex provides a
(fine) resolution of this Oz/y-module:

%)
0= F — F @0, CF ~5 F®o, Oy — ...
Moreover, one has R'f,F" ~ R'f.F ®o, C5°, i.e., the higher direct images of F" come
with a natural holomorphic structure.

Definition 3.3. The bundle F satisfies the even (odd) IT condition if R’ f,F" = 0 for
i odd (even), and the non-vanishing higher direct images are locally free.

Now, let us assume that the sheaf of relative differentials le Iy has a relative Kdhler
structure, i.e., it is equipped with an hermitian metric such that the corresponding
2-form is closed under the relative exterior differential. We define relative spin bundles
Y. =B, even, odd /\k Q%/IY, and a relative Dirac operator D = 5Z/y + 5}/1/3 fo(F ®o,
Yy) — fi(FRe, ¥_). By restricting to the fibres of f, this provides a family of Dirac
operators parametrised by Y.

Theorem 3.4. Assume that the relative canonical bundle of f: Z — 'Y is trivial. If F
satisfies (e.g.) the even IT condition, then ker D =0, and

—ind(D) = coker(D) ~ €P R*f.F".

k odd
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If F' has an hermitian metric, let V be the corresponding Chern connection. By
generalizing the constructions we have seen in the case of the original Nahm transform,
one can use these data to induce on coker(D) an hermitian metric and a connection Vv,
which turns out to be a Chern connection, and may be regarded as a “direct image”
of V.

Now we apply these constructions to the case when Z is a product X x Y to define
a generalised Nahm transform. We denote by mx, my the projections of X x Y onto its
factors. Let X be a compact Kéhler manifold with trivial canonical bundle, Y a Kahler
manifold, £ an hermitian holomorphic vector bundle on X, and finally, let () be an
hermitian holomorphic vector bundle on X x Y. Applying the previous construction
to the (hermitian holomorphic) bundle 75 £ ® @ on X x Y we construct an hermitian
bundle £ on Y. The pair (E’ , @), where V is the Chern connection of the hermitian
holomorphic bundle E, is the generalised Nahm transform of (E, V).

The formalism we have so far developed provides a direct proof of the following
compatibility condition between the Fourier-Mukai and generalised Nahm transforms.

Theorem 3.5. Assume that F = 7% E ® Q satisfies an IT condition (say the even

one). Then the sheaf of holomorphic sections ofE = coker(D) is isomorphic to the
Fourier-Mukai transform ®¢ ,(€) of the sheaf € of holomorphic sections of E.

Here Q is the sheaf of holomorphic sections of the bundle ().

3.4. Hyperkahler Fourier-Mukai transform. Insome situations the Fourier-Mukai
transform preserves the stability of the sheaves it acts on. We have seen that original
Nahm transform maps instantons to instantons. These two results are actually related
by the so-called Hitchin-Kobayashi correspondence, according to which on a compact
Kéhler manifold, a holomorphic vector bundle is polystable (i.e., it is a direct sum of
stable sheaves having the same slope) if and only if it carries an hermitian metric which
satisfies a certain differential condition (it is an Hermitian-Yang-Mills metric). In the
case of complex dimension 2, and for bundles of zero degree, the Hermitian-Yang-Mills
condition is equivalent to saying that the Chern connection is ASD, and this establishes
the link between the two “preservation” results. One might wonder if our generalised
Nahm transform may provide further examples of preservation of some instanton-like
condition. One such instance is provided by hyperkéhler geometry.

Let X be a hyperkahler manifold, and let I, be 3 basic complex structures. The
automorphism Y, [, @1}, acting on A?T*X has two eigenspaces, with eigenvalues 3 and
-1 respectively: A*T*X = ¢; @ ey. One has (e1), = (,ey, (AT X)', where Z — X is
the twistor space of X.

Definition 3.6. A connection V on a complex vector bundle E on X is a quaternionic
instanton if its curvature Fy takes values in e;.

Let us say that a complex vector bundle E is hyperstable if it is stable with respect
to any Kéahler structure in the hyperkéahler family of X.

Theorem 3.7. ~Let X andY be hyperkihler manifolds, (E, V) a quaternionic instanton
on X, and (Q, VN) a quaternionic instanton on X xY . The Nahm transform of (E,V)
with kernel (Q, V) is a quaternionic instanton on Y.

This may be regarded as a “stability preservation” result in view of the following
extension of the Hitchin-Kobayashi correspondence, which is not difficult to prove.
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Theorem 3.8. Let E be a vector bundle on a hyperkahler manifold X which has zero
degree with respect to all Kahler structures in the hyperkahler family of X. Then E
15 hyperstable if and only if it admits an hermitian metric such that the corresponding
Chern connection is an irreducible quaternionic instanton.

The proof of Theorem 3.7 exploits a generalization of the classical Atiyah-Ward
correspondence. The latter states that there is a one-to-one correspondence between
instantons on a compact, connected, orientable ASD Riemannian 4-manifold X, and
holomorphic vector bundles on the twistor space Z of X that are holomorphically trivial
along the fibres of the projection Z — X (as stated, this correspondence holds true for
instantons whose structure group is the general linear group. Unitary instantons on X
correspond to bundles on Z that carry an additional structure, called a real form).

The generalization of this correspondence to quaternionic instantons on higher-dim-
ensional hyperkahler manifolds reads ad follows.

Theorem 3.9. There is a one-to-one correspondence between the following objects:

(1) gauge equivalence classes of (hermitian) quaternionic instantons on a hyper-
kdhler manifold X ;

(2) isomorphism classes of holomorphic vector bundles on the twistor space Z of
X, holomorphically trivial along the fibres of Z (carrying a positive real form).

The proof of Theorem 3.7 is based on the natural isomorphism Zx.y ~ Zx Xp1 Zy
and on the following commutative diagram

t1 to
Lx ~——ZLxxy —= Ly .

pll qi ml
X<~ XxY 2>y

All data in the spaces in the bottom row are lifted to the first row by using the gen-
eralised Atiyah-Ward correspondence. Then one performs a (relative) Fourier-Mukai
transform between Zx and Zy, and descends from Zy to Y using the generalised
Atiyah-Ward correspondence again, after several consistency checks.

4. MODULI SPACES OF SHEAVES AND COHERENT SYSTEMS ON ELLIPTIC CURVES

Since its very first appearance the Fourier-Mukai transform has been an important
tool in the study of moduli spaces of sheaves. A key feature is that, under suitable
hypotheses, the Fourier-Mukai transform preserves the stability (or semistability) of
sheaves and thus produces isomorphisms between different moduli spaces. Among
such applications, one can list the original contributions by Mukai [45, 44] and the
study of moduli spaces of stable sheaves on abelian or K3 surfaces [40, 24, 21, 5].

Since a complete account of all the applications of the Fourier-Mukai transform
exceeds the scope of these notes (see [1] for a comprehensive treatment), we devote
this Section to describing two particularly interesting examples. The first, which can
be nowadays considered as classical, is the moduli spaces of sheaves on elliptic curves.
The second is the theory of coherent systems on an elliptic curve.

In the first case, the Fourier-Mukai transform provides new and easier proofs of
Atiyah’s classical theorems. This approach was introduced in [17, 49, 27] but our
treatment, taken directly from [1, Chap. 3], is somehow different.
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The application of the Fourier-Mukai transform to the study of coherent systems on
elliptic curves follows recent work by two of the authors [30]. Coherent systems on
algebraic curves are “decorated objects” and their definition, notion of stability and
moduli spaces have been introduced and studied by Le Potier [38], King and Newstead
[36], Garcia-Prada, Bradlow, Mufioz and Newstead [12, 13]. The specific case of elliptic
curves has been studied by Lange and Newstead [37].

4.1. Application of Fourier-Mukai transforms to the moduli spaces of sheaves
on elliptic curves. Let X be an elliptic curve, i.e., a smooth curve of genus 1 with a
fixed point 2°. Then X can be regarded as an abelian variety of dimension one such
that ¥ is the identity of the group law in X. The morphism X — X mapping
to the line bundle Ox(z — z°) is an isomorphism, so that we can identify X with its
dual variety X. Using this identification we can write the Poincaré bundle described
in Section 2 in the form

(41) P ~ OXX)(<AL)®7TTOX(—JIO)®7T;OX<—ZL’O),

where A, is the graph of the isomorphism ¢: X — X defined as «(x) = —x. Both the

abelian Fourier-Mukai transform S and the dual abelian Fourier-Mukai transform S
are autoequivalences of D°(X).

Given an object £* of D?(X), we can write its Chern character as ch(£*) = (n,d),
where n = chg(€*) is its rank and d = ch;(€*) its degree, thought as an integer number.
Equation (4.1) and Grothendieck-Riemann-Roch give the following result.

Proposition 4.1. If ch(&*) = (n,d), then ch(S(E*)) = (d, —n). O
When &£* is WIT;, one has S(€) = £[—i] so that ch(S(E*)) = (—1) ch(&).

4.1.1. (Semi)stable sheaves on an elliptic curve. p-semistable sheaves on an elliptic
curve X are characterized by the following result [49, Lemma 14.5].

Proposition 4.2. Any indecomposable torsion-free sheaf on X is semistable.

Proof. If € is a torsion-free sheaf on X and 0 C & C --- C &, = & is its Harder-
Narasimhan filtration, the quotient sheaves G; = &;/&;_1 are p-semistable with u(G;) >
1(Gis1). Thus Homy (Gi, Gir1) = 0 so that Ext} (Giy1,G:) = 0 by Serre duality. This
implies that the Harder-Narasimhan filtration splits, then if £ is indecomposable it is
also semistable. O

Corollary 4.3. Let £ be a semistable sheaf of rank n and degree d on X.

(1) If d < 0, then & is ITy for both S and §, and both transforms are semistable.

(2) If d > 0, then & is ITy for both S and §, and both transforms are semistable.

(3) If d # 0, then & is locally free.

(4) If d =0 and & is stable, then & is a line bundle. Thus, any semistable sheaf of
degree 0 iws WIT, and the unique transform Eisa skyscraper sheaf. Moreover
a torsion-free sheaf of degree 0 is semistable if and only if it is S-equivalent to
a direct sum of degree 0 line bundles: € ~ &L, with Y, n; = n.

Proof. 1. One has H*(X,& @ P¢) ~ Homy (P, €) = 0 for every point § € X since
& is semistable and d < 0. Then & is IT; by Proposition 2.2. Assume that & is
semistable. To prove that £ is semistable we can assume that £ is indecomposable;
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then & is indecomposable as well, and then it is semistable by Proposition 4.2. A
similar argument proves the semistability of §(5 ).

2. One has H'(X,€ ® P¢)* ~ Homy (€ ® P¢, Ox) ~ Homx (€, P{) by Serre duality.
Since &£ is semistable of positive degree, the second group is zero and then &£ is ITj.
Proceeding as in the first part one proves the semistability of £. The proof for S is
analogous.

3. If d # 0, & is either I'Ty or IT; with respect to S, according to whether d > 0 or
d < 0, due to part 1 or 2. Moreover, £ is semistable of nonzero degree, so that it is I'Ty
or ITy with respect to S. It follows that & ~ S'=(Si(€)) (with i = 0 or 1) is locally
free.

4. If £ is stable of degree 0, then H°(X, £ ® P¢) ~ Homx (Pf,£) = 0 unless £ ~ P
Thus if £ is not a line bundle, it is I'Ty; by Proposition 4.1 £ is locally free of rank 0;
thus & = 0 so that £ = 0 by the invertibility of S. For the second part, assume that £ is
semistable of degree 0; then it has a Jordan-Holder filtration 0 =& C & C --- C &, =
& whose quotients G; = &;/&;_1 are stable of degree 0, that is, they are line bundles
of degree 0. Thus, G; >~ P, for a point 51 € X. Since the sheaves Pe, are WIT; and
7351 O,¢,), we see that £ is WIT; and Eisa skyscraper sheaf. Analogous arguments

prove that &€ is WIT; with respect to S and that Sl(c‘f ) is a skyscraper sheaf. O

4.1.2. Geometry of the moduli spaces of stable sheaves on elliptic curves. Let us con-
sider the full subcategory €ob,’;(X) of the category €oh(X) of coherent sheaves on
X whose objects are semistable sheaves of rank n and degree d. We also consider the
category &y, (X) of skyscraper sheaves of length n on X. Corollary 4.3 implies the
following result.

Proposition 4.4. The abelian Fourier-Mukai transform induces equivalences of cate-
gories €ab,’;(X) ~ Coby’ , (X) if d > 0, and Cob;’(X) ~ &y, (X). O

The Fourier-Mukai transform ¥ = ®%£ : D*(X)=D?(X), which is nothing but the
twist by £ = Ox(2°), also induces an equivalence €ob,’;(X) ~ €ob;’;,,(X). By

composing the Fourier-Mukai transforms S and ¥ in an appropriate way, and using
Euclid’s algorithm we have:

Proposition 4.5. For every pair (n,d) of integers (n > 0), there is a Fourier-Mukai
functor ®: D*(X)=Db(X) which induces an equivalence of categories

SS SS S
Coby (X)) = Cobyo(X) =~ Sy, (X)),
where n. = ged(n, d). O

Corollary 4.6. Let £ be a torsion-free sheaf of rank n and degree d on X. Then & is
stable if and only if it is simple, and if and only if it is semistable and ged(n,d) = 1.
Thus, the integral functors of Proposition 4.5 map stable sheaves to stable sheaves. [

The structure of the coarse moduli space M**(n,d) of semistable sheaves of rank n

and degree d on X can be also obtained in a similar way. Let Sym"™ X be the n-th
symmetric product.

Corollary 4.7. For every pair (n,d) of integers (n > 0), there is a Fourier-Mukai
functor which induces an isomorphism of moduli spaces

M (n,d) =~ M*(71,0) 2 Sym" X,
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where n = ged(n,d). Then, if Y is a nonempty moduli space of stable torsion-free
sheaves on X, there is an isomorphism Y ~ X.

Proof. Propositions 4.5 and 2.19 imply the first part, because Sym” X is a coarse
moduli space for the moduli functor of skyscraper sheaves of length 7 on X. The last
part follows now from Corollary 4.6. U

4.1.3. Autoequivalences of the derived category of an elliptic curve. Let X be an elliptic
curve. Since H*" (X, 7)) ~ Z®Z, if ® = &K : D’(X) — D’(X) is an integral functor

X—X

(K* € D’(X x X)), Equation (2.2.1) yields a diagram

D}(X) = Di(X)
oL
7207 ——17
where ®, = fX°. When ® is a Fourier-Mukai functor, ®, is a matrix in SL(2,Z).
For instance, if P is the Poincaré line bundle on X x X and S = ®%__ is the abelian
Fourier-Mukai transform, one has S, = ( % {) (cf. Proposition 4.1).
Due to Orlov’s representation Theorem 2.6, we have a representation in SL(2,7Z) of

the group Aut(D%(X)) of derived auto-equivalences of the derived category of X. The
study of such representation is due to Bridgeland [16], who proved the following result.

Proposition 4.8. Given a matriz A = (f: ?) € SL(2,Z) such that 3 > 0, there exist
vector bundles on X x X that are strongly simple over both factors, and which restrict
to give bundles of Chern character (3, «) on the first factor and ([3,8) on the second.
For any such bundle Q(A), the associated integral functor ®2XW) is a Fourier-Mukai

transform, and moreover PN = 4. O

Thus, Proposition 4.8 essentially describes all the Fourier-Mukai functors on an el-
liptic curve. A more precise result was proved by Hille and van den Bergh [31].

Theorem 4.9. Let X be an elliptic curve. There is an exact sequence of groups
0— 27 x Aut(X) x Pic(X) — Aut(D(X)) L SL(2,Z) — 0,
where n € Z acts as shift functor [n|, the transform corresponding to (¢, L) € Aut(X)x
Pic’(X) sends £* to v, (L ® E*). O
Here we have set ch(®) = ®@,. Given A = (%9) € SL(2,Z) with 3 > 0, by

v 4
proceeding as in the proof of Corollary 4.3 one can determine the behaviour of the

transforms ®<2“4) [30].

Proposition 4.10. Let £ be a semistable (resp. stable) vector bundle of Chern char-
acter ch(&) = (r,d).
(1) If ar+Bd > 0 then £ is ITy with respect to @A) and the unique transform 3
is also semistable (resp. stable).
(2) Ifar+Bd=0 then & is WIT, with respect to ) and the unique transform
£ is a torsion sheaf.
(3) If ar+Bd < 0 then £ is ITy with respect to @A) and the unique transform g
is also semistable (resp. stable).
OJ
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If we write WA = @A) the functor WAA[1] is a quasi-inverse of ®AA).

We are now interested in the Fourier-Mukai functors ® such that ®(Ox) ~ Ox]i]
for some integer i; that is, Ox is WIT; with respect to ® and ®(Ox) = Ox. These
Fourier-Mukai functors will be relevant in the study of coherent systems on an elliptic
curve, as we will see in Section 4.2. Using Proposition 4.10 and the similar statement
for ¥ one proves:

Proposition 4.11. Let a be a positive integer. There exists a Fourier-Mukai transform
®,: DY(X) — Db%(X), unique up to composition with an automorphism of X, such that
(D.)x = (§¢) and ®,(Ox) ~ Ox (that is, Ox is [Ty and ®%(Ox) = Ox ). O

4.2. Coherent systems. A coherent system of type (r,d, k) on a smooth projective
curve X is defined as a pair (£, V') consisting of a vector bundle € (a locally free sheaf)
of rank r and degree d over X and a vector subspace V C H%(X, &) of dimension k.
A morphism f: (£,V’) — (£,V) of coherent systems is a homomorphism of vector
bundles f: & — & such that f(V') C V. If £ is a subbundle of £ then we say that
(&', V') is a coherent subsystem of (£,V). Coherent systems on X form an additive
category &(X) (see [38] §4.1).

As for many other decorated objects, the notion of stability (and semistability) for
coherent systems depends on the choice of a real parameter. For any real number «,
the a-slope of a coherent system (€, V) of type (r,d, k) is defined by

d k
a(E,V) = — 4+ a—.
r r

A coherent system (€, V) is called a-stable (a-semistable) if
1a(EL V) < pa(E, V) (1alE, V) < pa(E,V))

for every proper coherent subsystem (£, V’) of (€, V).

A coherent system (£, V) gives rise to an evaluation map V ® Ox — £. This enables
us to consider coherent systems as objects of the abelian category €(X) whose objects
are arbitrary sheaf maps ¢: V ® Ox — &, where V is a finite dimensional vector
space and & is any coherent sheaf (cf. [36]). A morphism from ¢;: Vi ® Ox — &
to wo: Vo ® Ox — & in €(X) is defined by a linear map f: V; — V5 and a sheaf
morphism ¢g: & — & such that the obvious diagram commutes. With this definition,
the category &(X) of coherent systems is a full subcategory of €(X).

One can easily see that the condition for an object ¢: V®@Ox — £ of €(X) to repre-
sent a coherent system is that £ is a vector bundle and the induced map H%(¢): V —
H°(X, ) is injective. The latter condition is equivalent to H°(X, ker ) = 0.

One can extend to €(X) the notion of a-(semi)stability of coherent systems, and
this extension does not introduce new semistable objects (cf. [36]). Moreover, the full
subcategory &, ,(X) of €(X) consisting of a-semistable coherent systems with fixed
a-slope p is a Noetherian and Artinian abelian category whose simple objects are
precisely the a-stable coherent systems [36, 50].

4.3. Moduli spaces of coherent systems. There exists a (coarse) moduli space for
the a-stable coherent systems of type (r,d,k) on X. It is a quasiprojective variety
which we denote by G(a;r,d, k). The reader is referred to [13, Section 2.1] and [14] for
further information about G(«;r,d, k).

Here, we only recall that a-stable coherent systems exist only for a > 0 if £ > 1. The
range of the parameter « is divided into open intervals determined by a finite number
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of critical values
O=ap< a1 <+ <aqayp.
The moduli spaces for all values of « in the interval (o, ;1 1) are isomorphic; if k > r
this is also true for the interval (ay, 00) (see [13, Propositions 4.2 & 4.6]).
In this Section we describe some wll known fact about the moduli spaces of coherent

systems for the two limit cases of small and large values of a. We will always assume
d+# 0 and k > 0.

4.3.1. Small values of the parameter. We denote by Gy(r, d, k) the moduli space of a-
stable coherent systems of type (r,d, k) with 0 < o < vy, where «; is the first critical
value.

Proposition 4.12. [50] A coherent system (E,V) of type (r,d, k) is a-stable, with
0 < a<ay, if and only if € is semistable and k' /" < k/r, for all coherent subsystems
(&, V") of type (r',d' K') with 0 # & # € and w(&') = p(€). O

4.3.2. Large values of the parameter. Let us denote by G (r,d, k) the moduli space of
a-stable coherent systems of type (r,d, k) with o, < @ < -4 (we are assuming that
0 <k <r). GL(r,d, k) has been described by Bradlow and Garcia-Prada [12] (see also
[13]) in terms of the Brambilla-Grzegorczyk-Newstead extensions, BGN extensions for
short [15].

BGN extensions of type (r,d, k) are defined as extensions of vector bundles

0—- 0% —-E&—-F—0,

where £ has rank r > k and degree d > 0, which satisfy the following conditions:
(1) HY(X,F*) =0
(2) If (e1, ..., ex) € Ext(F,OP) ~ HY (X, F*)®* denotes the class of the exten-
sion, then ey, ..., e, are linearly independent as vectors in H*(X, F*).
Coherent systems can be regarded as BGN-extensions due to the following result.

Proposition 4.13. [12, Proposition 4.1] Let (£, V') be an a-semistable coherent system

of type (r,d, k) with a < a < ﬁ. The evaluation map of (£,V) defines a BGN

extension 0 — (’)E’?k — & — F — 0, with F semistable. Moreover, any BGN extension
0 — OY — & — F — 0 where the quotient F is stable gives rise to an a-stable

coherent system, with ay, < a < Tfk 0

A complete characterisation of the BGN-extensions which give rise to a-stable co-
herent systems has been given in [30].

Proposition 4.14. A BGN extension of type (r,d, k), 0 — Og’?k — & — F — 0 defines
an a-stable coherent system, with a < a < Tfk, if and only iof F is semistable and
one has k' /r' > k/r for all subextensions 0 — O — & — F' — 0 of type (r',d', k)

with w(F') = pu(F). O
We now denote by BGN (r,d, k), BGN*(r,d, k) the families of BGN extension classes

of type (r,d, k) on X in which the quotient is semistable or stable, respectively. Due
to Proposition 4.13 we have inclusions BGN*(r,d, k) — Gp(r,d, k) — BGN (r,d, k).

Proposition 4.15. [37, Proposition 3.2 and Lemma 4.1] Let (£,V) be an «-stable
coherent system of type (r,d, k) on an elliptic curve X with d # 0, k > 0. Then every
indecomposable direct summand of £ has positive degree. U
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4.4. Fourier-Mukai transforms of coherent systems on elliptic curves. In this
Subsection X is an elliptic curve. We also assume that d # 0, k > 0

Recall (Proposition 4.11) that for every integer number a > 0 there is a Fourier-
Mukai transform @, such that Oy is ITy, ®%(Ox) = Ox and (®,). = (4¢). If
U,[1]: DY(X) — D’(X) is the quasi-inverse of ®,, the Fourier-Mukai transforms ®,,
U, define functors ®Y: €(X) — €(X), ¥l: €(X) — €(X) that send the object ¢: V &
Ox = Et0P(p): VR Ox — dYE) and TUl(p): V @ Ox — UL(E), respectively.

Proposition 4.16. Let p: V ® Ox — &€ be a coherent system.

(1) The ®%-transform ®%(p): V@ Ox — ®°(E) is a coherent system.
(2) If € is ITy with respect to V,, Ul(p): V& Ox — WL(E) is a coherent system.

O

Therefore, the functor ®: €(X) — €(X) preserves the subcategory &(X) of coher-
ent systems and induces a functor ®%: §(X) — &(X).

4.4.1. Preservation of stability. Small a.. In this subsection a-stability refers to a pos-
itive a which smaller than the first critical value.

As a consequence of Propositions 4.12 and 4.15, if ¢: V ® Ox — &£ is a coherent
system in the moduli space Gy(r,d, k), then £ is semistable of positive degree. Hence,
r + ad > 0 and Proposition 4.10 implies that £ is ITy with respect to ¢, and that
®(E) is semistable with Chern character ch(®?(E)) = (r + ad, d). This is not enough
to prove that the transformed coherent system ®°(p): V @ Ox — ®Y(&) is stable,
but one can prove that the remaining conditions required by Proposition 4.12 are also
fulfilled. One then gets the following result [30].

Theorem 4.17. The Fourier-Mukai transform ®, induces an isomorphism of moduli
spaces

Y Go(r,d, k) =Go(r + ad, d, k),

whose inverse is induced by V,. Therefore, the isomorphism type of Go(r,d, k) depends
only on the class [r] € Z/dZ. O

4.4.2. Preservation of stability. Large . In this subsection we suppose that 0 < k£ < r.
Under this assumption, Lange and Newstead proved in [37, Theorem 5.2] that for an
elliptic curve the moduli space G(a;r,d, k) is non empty if and only if 0 < a < ﬁ
and either k£ < d or k = d and ged(r, d) = 1. Moreover, in this case the largest critical
value oy verifies af < rilk.

Recall that for large o the moduli spaces G(«; r, d, k) are described in terms of BGN-
extensions. If 0 — 0% — & — F — 0 is a BGN-extension, the quotient F is [Ty with
respect to ®, and ®°(F) is semistable by Proposition 4.10. Since Oy is also ITy, it
follows that we have an exact sequence 0 — O%* — ®9(€) — ®%(F) — 0. Using again
Proposition 4.10, one can prove that this exact sequence is actually a BGN-extension
and that it is stable if the original BGN-extension is so. One then has:

Theorem 4.18. ([30, Thm. 4.12]) The Fourier-Mukai transform ®, induces an iso-
morphism ®°: BGN (r,d, k)=BGN (r + ad,d, k) by sending a BGN extension 0 —
OF =€ —=F—=0t0— OFF — d%E) — OYF) — 0. This restricts to an isomor-
phism ®°: BGN*(r,d, k) =BGN*(r +ad,d, k). The inverse isomorphism is induced by
v,. 0



FOURIER-MUKAI AND NAHM TRANSFORMS AND COHERENT SYSTEMS 31

Theorem 4.19. [30] The Fourier-Mukai transform ®, induces an isomorphism
Y Gr(r,d, k) =Gr(r +ad,d, k).
Therefore, the isomorphism type of G (r,d, k) depends only on the class [r] € Z/dZ.

Proof. We only sketch an idea of the proof. Given a coherent system in G (r,d, k), we
know by Proposition 4.13 that it defines an extension 0 — O??k — & — F — 0 which
belongs to BGN (r,d, k). By Proposition 4.18 the transformed extension 0 — O%" —
P2(E) — PYF) — 0 belongs to BGN (r + ad, d, k). The importance of Proposition
4.14 becomes apparent here, because it tells us what conditions a BGN-extension has
to fulfil in order to define an a-stable coherent system. The proof then consists in
checking that the transformed extension fulfils those additional conditions. This is a
rather technical issue and we shall omit it here. 0

One may draw a diagram which summarises all this information.

BGN*(r,d, k) — Gy (r, d, k) —— BGN (r,d, )
1 @9 1 @9 1 9
BGN?(r + ad,d, k)— Gr(r + ad,d, k) BGN (r + ad, d, k)

4.4.3. Birational type of the moduli spaces G(c;r,d, k). Let 0 = apg < a1 < -++ < ay
be the critical values for coherent systems of type (r,d, k), so that the moduli spaces
G(a;r,d, k) for any two values of a € (o, ;1) coincide. Then, there is only a finite
number of different moduli spaces. Moreover, one has:

Theorem 4.20. [37, Theorem 4.4] The birational type of G(c;r,d, k) is independent
of a € (ap, ap). O

It follows that we can determine the birational type of any of the finitely many
different moduli spaces simply by computing one of them. We then choose Gy(r, d, k),
which has been studied in full generality.

Theorem 4.21. ([30, Thm. 5.2]) Let a be a positive integer. The birational types
of G(a;r,d, k) and G(a;r + ad,d, k) are the same. Therefore, the birational type of
G(a;r,d, k) depends only on the class [r] € Z/dZ.

Proof. The birational types of G(«; 7, d, k) and G(«; r+ad, d, k) are the same as those of
Go(r,d, k) and Go(r + ad, d, k), respectively, by Theorem 4.20. Moreover, the Fourier-
Mukai transform @, induces an isomorphism ®°: Go(r,d, k) — Go(r + ad,d, k) by
Theorem 4.17 and we finish by Theorem 4.20. U
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