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Abstract We derive predictions for the Dirac phase §
present in the 3 x 3 unitary neutrino mixing matrix U =
UJ U,, where U, and U, are 3 x 3 unitary matrices which
arise from the diagonalisation, respectively, of the charged
lepton and the neutrino mass matrices. We consider forms
of U, and U, allowing us to express § as a function of three
neutrino mixing angles, present in U, and the angles con-
tained in U,. We consider several forms of U, determined
by, or associated with, symmetries, tri-bimaximal, bimaxi-
mal, etc., for which the angles in U, are fixed. For each of
these forms and forms of U, allowing one to reproduce the
measured values of the neutrino mixing angles, we construct
the likelihood function for cos 8, using (i) the latest results of
the global fit analysis of neutrino oscillation data, and (ii) the
prospective sensitivities on the neutrino mixing angles. Our
results, in particular, confirm the conclusion, reached in ear-
lier similar studies, that the measurement of the Dirac phase
in the neutrino mixing matrix, together with an improvement
of the precision on the mixing angles, can provide unique
information as regards the possible existence of symmetry in
the lepton sector.

1 Introduction

Understanding the origin of the observed pattern of neu-
trino mixing, establishing the status of the CP symmetry
in the lepton sector, determining the type of spectrum the
neutrino masses obey and determining the nature—Dirac or
Majorana—of massive neutrinos are among the highest pri-
ority goals of the programme of future research in neutrino
physics (see, e.g., [1]). One of the major experimental efforts
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within this programme will be dedicated to the searches for
CP-violating effects in neutrino oscillations (see, e.g., [2—4]).
In the reference three neutrino mixing scheme with three light
massive neutrinos we are going to consider (see, e.g., [1]), the
CP-violating effects in neutrino oscillations can be caused,
as is well known, by the Dirac CP violation (CPV) phase
present in the Pontecorvo, Maki, Nakagawa, Sakata (PMNS)
neutrino mixing matrix. Predictions for the Dirac CPV phase
in the lepton sector can be, and were, obtained, in particular,
combining the phenomenological approach, developed in [5—
10] and further exploited in various versions by many authors
with the aim of understanding the pattern of neutrino mixing
emerging from the data (see, e.g., [11-21]), with symmetry
considerations. In this approach one exploits the fact that the
PMNS mixing matrix U has the form [8]:

U=U]U, = U, U, Q, (1

where U, and U, are 3 x 3 unitary matrices originating from
the diagonalisation, respectively, of the charged lepton' and
neutrino mass matrices. In Eq. (1) Ue and U,, are CKM-like
3 x 3 unitary matrices, and ¥ and Qg are diagonal phase
matrices each containing in the general case two physical
CPV phases’:

. . & L&
W = diag(1, eV, e71®), Qo = diag (1, o3 e’%) .
(2)

It is further assumed that, up to subleading perturbative cor-
rections (and phase matrices), the PMNS matrix U has a
specific known form U,, which is dictated by continuous

LIf the charged lepton mass term is written in the right-left con-
vention, the matrix U, diagonalises the hermitian matrix M',;M E,
UJ MZME U, = diag(mg, mlzt m%), M being the charged lepton mass
matrix.

2 The phases in the matrix Q contribute to the Majorana phases in the
PMNS matrix [22].
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and/or discrete symmetries, or by arguments related to sym-
metries. This assumption seems very natural in view of the
observation that the measured values of the three neutrino
mixing angles differ from certain possible symmetry values
by subdominant corrections. Indeed, the best fit values and
the 30 allowed ranges of the three neutrino mixing parame-
ters sin? )5, sinZ 63 and sin? 03 in the standard parametri-
sation of the PMNS matrix (see, e.g., [1]), derived in the
global analysis of the neutrino oscillation data performed in
[23] read

(sin?012)pr = 0.308, 0.259 < sin” 0, < 0.359, 3)
(sin® 623)gF = 0.437 (0.455),

0.374 (0.380) < sin® 63 < 0.626 (0.641), )
(sin? 613)pF = 0.0234 (0.0240),
0.0176 (0.0178) < sin® 63 < 0.0295 (0.0298), )

where the value (the value in parentheses) corresponds to
Am%laz) >0 (Am%1(32) < 0), i.e., neutrino mass spectrum
with normal (inverted) ordering3 (see, e.g., [1]). In terms of
angles, the best fit values quoted above imply: 61> = 7 /5.34,
013 = /20 and 03 = 7/4.35. Thus, for instance, 617 devi-
ates from the possible symmetry value /4, corresponding
to the bimaximal mixing [25-28], by approximately 0.2, 613
deviates from O (or from 0.32) by approximately 0.16 and
623 deviates from the symmetry value 7 /4 by approximately
0.06, where we used sin? 63 = 0.437.

Widely discussed symmetry forms of U, include: (i) tri-
bimaximal (TBM) form [7,29-32], (ii) bimaximal (BM)
form, or due to a symmetry corresponding to the conserva-
tion of the lepton charge L' = L, — L uw — Le (LC) [25-28],
(iii) golden ratio type A (GRA) form [33,34], (iv) golden
ratio type B (GRB) form [35,36], and (v) hexagonal (HG)
form [21,37]. For all these forms the matrix U, represents
a product of two orthogonal matrices describing rotations in
the 1-2 and 2-3 planes on fixed angles 6}, and 6,5:

Uy = Ro3(633) Ri2(6}), ©)
where
cosf, sinf}, 0
Ri» (9{’2) = | —siné}, cos6y, O],
0 0 1
1 0 0
Ro3 (6y3) = |0 cosby;  sinbyy | (7
0 —sinf; cosby;

Thus, U, does not include a rotation in the 1-3 plane, i.e.,
615 = 0. Moreover, for all the symmetry forms quoted above

3 Similar results were obtained in the global analysis of the neutrino
oscillation data performed in [24].
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one has also 6,5 = — /4. The forms differ by the value of
the angle 9]"2, and, correspondingly, of sin? 91”2: for the TBM,
BM (LC), GRA, GRB and HG forms we have, respectively,
sin’ 0, =1/3,1/2, 2+ )~ =0.276, (3 —r)/4 = 0.345,
and 1/4, r being the golden ratio, r = (1 4+ +/5)/2.

As is clear from the preceding discussion, the values of
the angles in the matrix U,, which are fixed by symmetry
arguments, typically differ from the values determined exper-
imentally by relatively small perturbative corrections. In the
approach we are following, the requisite corrections are pro-
vided by the angles in the matrix U,. The matrix U, in the
general case depends on three angles and one phase [8]. How-
ever, in a class of theories of (lepton) flavour and neutrino
mass generation, based on a GUT and/or a discrete symme-
try (see, e.g., [38—44]), Ue is an orthogonal matrix which
describes one rotation in the 1-2 plane,

U = R}, (01, ®)
or two rotations in the planes 1-2 and 2-3,
Ue = Ry, (653) R, (0, ©)

0f, and 63, being the corresponding rotation angles. Other
possibilities include U, being an orthogonal matrix which
describes (i) one rotation in the 1-3 plane,4

Ue = Ry 65y, (10)
or (ii) two rotations in any other two of the three planes, e.g.,

U. = Ry (65) R (03), or (11)
U, = R (6% Ry5 (65,). (12)

The use of the inverse matrices in Eqgs. (8)—(12) is a matter
of convenience—this allows us to lighten the notations in
expressions which will appear further in the text.

It was shown in [45] (see also [46]) that for f]v and Ue
given in Egs. (6) and (9), the Dirac phase § present in the
PMNS matrix satisfies a sum rule by which it is expressed
in terms of the three neutrino mixing angles measured in
the neutrino oscillation experiments and the angle 67, . In the
standard parametrisation of the PMNS matrix (see, e.g., [1])
the sum rule reads [45]

tan 653

cosd = [cos 20}, + (sin® 05 — cos® 015)

sin 2912 sin 913
x (1 — cot® B3 sin® 013)]. (13)

4 The case of U, representing a rotation in the 2-3 plane is ruled out for
the five symmetry forms of U, listed above, since in this case a realistic
value of 013 # 0 cannot be generated.
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For the specific values of 0}, = /4 and 0}, = sin~! (1//3),
i.e., for the BM (LC) and TBM forms of f]v, Eq. (13) reduces
to the expressions for cos § derived first in [46]. On the basis
of the analysis performed and the results obtained using the
best fit values of sin? 012, sin? 013 and sin? 6»3, it was con-
cluded in [45], in particular, that the measurement of cos §
can allow one to distinguish between the different symmetry
forms of the matrix U » considered.

Within the approach employed, the expression for cos §
given in Eq. (13) is exact. In [45] the correction to the sum
rule Eq. (13) due to a non-zero angle 0f; < 1 in U,, corre-
sponding to

U. = Ry; (605 R3 (083) Ry, (65,) (14)

with | sin 07| < 1, was also derived.

Using the best fit values of the neutrino mixing parameters
sin? )2, sin? 03 and sin? 63, found in the global analysis in
[47], predictions for cos §, § and the rephasing invariant

JCP - Im{U:l U;3U33U’u]}
1
= 3 sin § sin 2613 sin 26,3 sin 261 cos 613, (15)

which controls the magnitude of CP-violating effects in neu-
trino oscillations [48], were presented in [45] for each of the
five symmetry forms of U,—TBM, BM (LC), GRA, GRB
and HG—considered.

Statistical analysis of the sum rule Eq. (13) predictions
for 6 and Jcp (for cos §) using the current (the prospective)
uncertainties in the determination of the three neutrino mix-
ing parameters, sin? 05, sin? 643, sin? 63, and & (sin2 612,
sin? 03 and sin? 623), was performed in [49,50] for the five
symmetry forms—BM (LC), TBM, GRA, GRB and HG—of
U, . Using the current uncertainties in the measured values of
sin2 )2, sin? 0,3, sin? 623 and 8°, it was found, in particular,
that for the TBM, GRA, GRB and HG forms, Jcp # 0 at 5o,
40,40 and 30, respectively. For all these four forms |Jcp| is
predicted at 30 to lie in the following narrow interval [49,50]:
0.020 < |Jcp| < 0.039. As a consequence, in all these cases
the CP-violating effects in neutrino oscillations are predicted
to be relatively large. In contrast, for the BM (LC) form, the
predicted best fit value is Jcp = 0, and the CP-violating
effects in neutrino oscillations can be strongly suppressed.
The statistical analysis of the sum rule predictions for cos é,
performed in [49,50] by employing prospective uncertainties
of 0.7, 3 and 5 % in the determination of sin? 012, sin? 013
and sin? 613, revealed that with a precision in the measure-
ment of §, A§ = (12°-16°), which is planned to be achieved
in the future neutrino experiments like T2ZHK and ESSvSB

5 We would like to note that the recent statistical analyses performed
in [23,24] showed indications/hints that § = 3w /2. As for sin 6y,
sin? 03 and sin? 63, in the case of § we utilise as “data” the results
obtained in Ref. [23].

[4], it will be possible to distinguish at 30 between the BM
(LC), TBM/GRB and GRA/HG forms of U v. Distinguishing
between the TBM and GRB forms, and between the GRA and
HG forms, requires a measurement of § with an uncertainty
of a few degrees.

In the present article we derive new sum rules for
cos é using the general approach employed, in particular, in
[45,49,50]. We perform a systematic study of the forms of
the matrices f]e and f]v, for which it is possible to derive
sum rules for cos§ of the type of Eq. (13), but for which
the sum rules of interest do not exist in the literature. More
specifically, we consider the following forms of U, and U,:

A U, = R23(053) R12(07,) with 655 = —m/4 and 6},
corresponding to the TBM, BM (LC), GRA, GRB
and HG mixing, and (i) U, = Rp; (6¢3), (i) U, =
152—31 (05 R73 (653), and (iii) U, = Ry3 (0{3) R, (65,);

(B) Uy = Ra3(6y3)R13(0]3) R12(67,) with 055, 615 and 67,
fixed by arguments associated with symmetries, and (iv)
U. = R, (6, and (v) U, = R}3 (653).

In each of these cases we obtain the respective sum rule for
cos 8. This is done first for 6,; = — /4 in the cases listed in
point A, and for the specific values of (some of) the angles
in U,, characterising the cases listed in point B. For each of
the cases listed in points A and B we derive also generalised
sum rules for cos § for arbitrary fixed values of all angles
contained in U, (i.e., without setting 6,3 = — 7 /4in the cases
listed in point A, etc.). Next we derive predictions for cos §
and Jcp (cos ), performing a statistical analysis using the
current (the prospective) uncertainties in the determination
of the neutrino mixing parameters sin2 0}, sin? 0,3, sin? 623
and § (sin2 012, sin? 63 and sin? 623).

It should be noted that the approach to understanding
the experimentally determined pattern of lepton mixing and
to obtaining predictions for cos § and Jcp employed in the
present work and in the earlier related studies [45,49,50] is
by no means unique—it is one of a number of approaches dis-
cussed in the literature on the problem (see, e.g., [51-54]). It
is used in a large number of phenomenological studies (see,
e.g., [5,6,8,10,16-20,55]) as well as in a class of models
(see [38—44,56]) of neutrino mixing based on discrete sym-
metries. However, it should be clear that the conditions of the
validity of the approach employed in the present work are not
fulfilled in all theories with discrete flavour symmetries. For
example, they are not fulfilled in the theories with discrete
flavour symmetry A(6n2) studied in [57,58], with the Sy
flavour symmetry constructed in [59] and in the models dis-
cussed in [60—62]. Further, the conditions of our analysis are
also not fulfilled in the phenomenological approach devel-
oped and exploited in [52—54]. In these articles, in particular,
the matrices U, and U, are assumed to have specific given

@ Springer
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fixed forms, in which all three mixing angles in each of the
two matrices are fixed to some numerical values, typically,
but not only, 7 /4, or some integer powers n of the parameter
€ = 0c, O¢ being the Cabibbo angle. The angles 01.‘}. = @)
with n > 2 are set to zero. For example, in [54] the follow-
ing sets of values of the angles in U, and U,, have been used:
(0755 0131 033, 015, 013, 053) = (x, /4, /4, %, /4, *) and
(x, %, w/4, /4, %, %), where “x” means angles not exceed-
ing 6¢. None of these sets correspond to the cases studied by
us. As a consequence, the sum rules for cos § derived in our
work and in [54] are very different. In [54] the authors have
also considered specific textures of the neutrino Majorana
mass matrix leading to the two sets of values of the angles in
U, and U,, quoted above. However, these textures lead to val-
ues of sin? 653 or of sin? 61, which are strongly disfavoured
by the current data. Although in [52,53] a large variety of
forms of U, and U, have been investigated, none of them
corresponds to the forms studied by us, as can be inferred
from the results on the values of the PMNS angles 013, 013
and 6,3 obtained in [52,53] and summarised in Table 2 in
each of the two articles we have cited in [52,53].

Our article is organised as follows. In Sect. 2 we consider
the models which contain one rotation from the charged lep-
ton sector, i.e., Ue = Rl_z1 (01,), or 06 = R1_3l (05), and two
rotations from the neutrino sector: U, = R»3 (033) R12(0).
In these cases the PMNS matrix reads

U = Rij(6)) ¥ R23(033) Ri2(013) Qo, (16)

with (ij) = (12), (13). The matrix U, is assumed to have
the following symmetry forms: TBM, BM (LC), GRA, GRB
and HG. As we have already noted, for all these forms
0y, = —m/4, but we discuss also the general case of an
arbitrary fixed value of 6,5. The forms listed above differ by
the value of the angle 01"2, which for each of the forms of
interest was given earlier. In Sect. 3 we analyse the models
which contain two rotations from the charged lepton sector,
ie., U, = Ry (05) R3 (653, or U, = Ri5H (05 Ry (65),
and® two rotations from the neutrino sector, i.e.,

U = Rij(0;) Ru(65) ¥ Ra3(053) R12(6;3) Qo. (17)

with (ij)—(kl) = (13)—(23), (12)—(13). First we assume the
angle 9;3 to correspond to the TBM, BM (LC), GRA, GRB
and HG symmetry forms of U,,. After that we give the for-
mulae for an arbitrary fixed value of this angle. Further, in
Sect. 4, we generalise the schemes considered in Sect. 2 by
allowing also a third rotation matrix to be present in U, :

6 We consider only the “standard” ordering of the two rotations in Ue:
see [46]. The case with U, = 1?2_31 (C) Rl_zl (0,) has been analysed in
detail in [45,46,49,50] and will not be discussed by us.

@ Springer

U = Rij(6) ¥ Ra3(033) Ri3(013) R12(6},) Qo, (18)

with (ij) = (12), (13), (23).

Using the sum rules for cos§ derived in Sects. 2—4, in
Sect. 5 we obtain predictions for cos§, § and Jcp for each
of the models considered in the preceding sections. Section
6 contains summary of the results of the present study and
conclusions.

We note finally that the titles of Sects. 2—4 and of their sub-
sections reflect the rotations contained in the corresponding
parametrisation, Eqgs. (16)—(18).

2 The cases of ij — (053, 0},) rotations

In this section we derive the sum rules for cosd of interest
in the case when the matrix U, = R»3 (033) R12(67,) with
fixed (e.g., symmetry) values of the angles 05, and 6},, gets
correction only due to one rotation from the charged lepton
sector. The neutrino mixing matrix U has the form given
in Eq. (16). We do not consider the cases of Eq. (16) (i)
with (ij) = (23), because the reactor angle 613 does not get
corrected and remains zero, and (ii) with (ij) = (12) and
63 = —m /4, which has been already analysed in detail in
[45,49].

2.1 The scheme with 6{, — (6,3, 6,) rotations

For 0y, = —m/4 the sum rule for cos$ in this case was
derived in Ref. [45] and is given in Eq. (50) therein. Here
we consider the case of an arbitrary fixed value of the angle
9;3. Using Eq. (16) with (ij) = (12), one finds the following
expressions for the mixing angles 813 and 6»3 of the standard
parametrisation of the PMNS matrix:

sin® 613 = |U,3|* = sin’ 6f, sin® 635, (19)
U,;3|? sin% 0¥, — sinZ 6
sin2 By = —10u3] 5= n T 8 (20)
I = |Ues| 1 —sin“ 013

Although Eq. (13) was derived in [45] for 6); = —m/4 and
U, = R2—31 (6’2"3)le21 (01,), it is not difficult to convince one-
self that it holds also in the case under discussion for an
arbitrary fixed value of 65;. The sum rule for cos § of inter-
est, expressed in terms of the angles 612, 013, 6}, and 6,5,
can be obtained from Eq. (13) by using the expression for
sin? 63 given in Eq. (20). The result reads

(cos 2013 — cos 2953)%
/2 sin 2615 sin 63| cos 0251
2sin? 6%, — (3 + cos 263;) sin? 913}

cosé = |:cos 207, + (sin2 012

— cos? 0{’2) X ~
cos 2613 — €08 2053

2
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Setting 6); = —m/4in Eq. (21), one reproduces the sum rule
given in Eq. (50) in Ref. [45].

2.2 The scheme with 6{; — (055, },) rotations

In the present subsection we consider the parametrisation of
the neutrino mixing matrix given in Eq. (16) with (ij) =
(13). In this set-up the phase v in the matrix W is unphysical
(it can be absorbed in the u* field) and therefore effectively
¥ = diag(1, 1, e~?). Using Eq. (16) with (i) = (13) and

0y, = —m /4 and the standard parametrisation of U, we get
) 2 L. o,
sin“ 013 = |Up3|” = 3 sin” 6{3, (22)
Usl? 1
sin? 6r3 = U] 5 = > , (23)
1 —|Ues| 2 (1 —sin” 013)
Uea|? 1 1
sin 0y = |Uez| 5 = — [— sin? 015 cos? 01>
1 — |Ugs| 1 —sin“ 0132

1
+ cos? 0¢; sin” 6}, + 7 sin 205 cos w sin O}, cos 9]"2:| .
(24)

From Eqs. (22) and (24) we obtain an expression for cos w in
terms of the measured mixing angles 612, 613 and the known
01,

1 — sin? 013

sin 202 sin 03(1 — 2sin2 fy3) 2

cosw =
)
0
X |:sin2 61, — sin? 0y, — cos 26}, Sln—213i| .
1 — sin” 613
(25)

Further, one can find’ a relation between sin 8 (cosd) and
sin w (cos ) by comparing the imaginary (the real) part of
the quantity U}, U;3 Ue3U 1, written by using Eq. (16) with
(ij) = (13) and in the standard parametrisation of U. For
the relation between sin § and sin w we get

sin 267, |
— inw. (26)

sind =

sin 29]2

The sum rule for cos § of interest can be derived by substi-
tuting cos w from Eq. (25) in the relation between cos § and
cos w (which is not difficult to derive and we do not give).
We obtain

(1 — 25sin26;3)?

sin 2912 sin 913
1 — 3sin? 63

1 —Zsin2013:| )

cosd = — |:cos 2070, + (sin® 6}

—cos?60y) (27)

7 We note that the expression for cos @ we have obtained coincides with
that for cos ¢ in the set-up with the (ij) = (12) rotation in the charged
lepton sector (cf. Eq. (46) in [45]).

We note that the expression for cos § thus found differs only
by an overall minus sign from the analogous expression for
cos § derived in [45] in the case of (ij) = (12) rotation in the
charged lepton sector (see Eq. (50) in [45]).

In Eq. (15) we have given the expression for the rephasing
invariant Jcp in the standard parametrisation of the PMNS
matrix. Below and in the next sections we give for complete-
ness also the expressions of the Jcp factor in terms of the
independent parameters of the set-up considered. In terms of
the parameters w, 675 and 6}, of the set-up discussed in the
present subsection, Jcp is given by

1
Jop = — —— sin w sin 26, sin 267,. (28)
8«/5 13 12

In the case of an arbitrary fixed value of the angle 6); the
expressions for the mixing angles 613 and 6,3 take the form

sin? 013 = |U,3|* = sin® 0f; cos® 635, (29)
U,;3|? sin? 6
sin2 By = 113! > = 2 (30)
1 —|U.s| 1 — sin“ 03

The sum rule for cos§ in this case can be obtained with a
simpler procedure, namely, by using the expressions for the
absolute value of the element U, of the PMNS matrix in the
two parametrisations employed in the present subsection:

|[Upil = | cos 63 sin 0 + ' cos 617 sin 013 sin 63|
= | cos O5 sin O}, (31

From Eq. (31) we get

(cos 2613 + cos 29;3)%
V/25in 26y, sin 03] sin 63;

+ (sin2 615 — cos> 01”2>

Ccosd = —

|: cos 267,

2cos? 0, — (3 — cos 26Y,) sin’ §
8 cos” 6y, — (3 — cos 265;) sin 13i|. (32)

€08 2613 + cos 20,5

We will use the sum rules for cos § derived in the present and
the next two sections to obtain predictions for cos §, § and
for the Jcp factor in Sect. 5.

67,) rotations

3 The cases of (Bi”j, 07) — (655,

As we have seen in the preceding section, in the case of one
rotation from the charged lepton sector and for 6, = —m /4,
the mixing angle 6,3 cannot deviate significantly from /4
due to the smallness of the angle 6;3. If the matrix UV has one
of the symmetry forms considered in this study, the matrix
U, has to contain at least two rotations in order to be possible

@ Springer
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to reproduce the current best fit values of the neutrino mix-
ing parameters, quoted in Egs. (3)—(5). This conclusion will
remain valid if higher precision measurements of sin® 63
confirm that 6,3 deviates significantly from /4. In what fol-
lows we investigate different combinations of two rotations
from the charged lepton sector and derive a sum rule for
cos § in each set-up. We will not consider the case (67, , 653)—
(035, 0,), because it has been thoroughly analysed in Refs.
[45,46,49,50], and, as we have already noted, the resulting
sum rule Eq. (13) derived in [45] holds for an arbitrary fixed
value of 6.

cosa =2

sin? 07, cos? 63 + cos? 015 sinZ 63 sin? 013 — sin? 012 (1 — sin? 653 cos? 913)

Ul 1

s 2
sin” Oy = =
1 —|Ugl?

2pe 2V
o2 o |:cos 013 sin” 01,

1 N
~5 sin 63 sin 2075 sin 26}, cos &
+ cos? B sin® §¢; sin’ é23i| . 41)

The first two equations allow one to express 67, and 63 in
terms of 013 and 6,3. Equation (41) allows us to find cos « as
a function of the PMNS mixing angles 017, 613, 623 and the
angle 60},:

sin 267, sin 2653 sin 613

(42)

3.1 The scheme with (0{5, 65;) — (655, 6},) rotations

Following the method used in Ref. [46], the PMNS matrix
U from Eq. (17) with (ij)—(kl) = (13)—(23) can be cast in
the form

U = Ri3(6f3) P1 Ra3(023) R12(6}y) O, (33)
where the angle 63 is determined (i) for 0y, = —m/4 by

A 1
sin? 03 = 5(1 — 8in 2035 cos(w — ¥)), (34)

and (ii) for an arbitrary fixed value of 6,; by
sin? 63 = sin® 055 cos® 03 + cos® 055 sin? 035
1
+§ sin 265, sin 2055 cos(w — ). (35)
The phase matrices Py and O have the form

P = diag(1,1,¢7*), and Q= Q; Qo,
with Q) = diag(1, 1, ), (36)

where the phases « and § are given by
o=y +Y+ow, withy =arge 'V cos 055 sin 035
+e™'? sin 633 cos 6,3), (37)
B=y—¢, where ¢ = arg(e 'V cosbs; cos by,
—e ' sin 03, sin O,3). (38)

Using Eq. (33) and the standard parametrisation of U, we
find

sin? 013 = |Ugs|* = sin® 013 cos? 03, (39)
U,zl? sin?
sin? 6y3 = 10| S B (40)
1 —|Uegs| 1 — sin“ 03

@ Springer

The relation® between sin § (cos ) and sin & (cos &) can be
found by comparing the imaginary (the real) part of the quan-
tity U U;3Ue3UM1, written using Eq. (33) and using the
standard parametrisation of U':

o 5 sin 267, | 43)
siné = ina,
sin 2612 *
sin 26},
COSd = — cos o
sin 2012
sin 013 v
— — tan 63 (cos 2617 + cos 20},). (44)
sin 261>

The sum rule expression for cos § as a function of the mixing
angles 012, 013, 623 and 67,, with 6}, having an arbitrary fixed
value, reads

cot b3

cosé = — [cos 260}, + (sin® By — cos® 6))

sin 261, sin 013
x (1 — tan” 63 sin” 013)]. (45)

This sum rule for cosé can be obtained formally from the
r.h.s. of Eq. (13) by interchanging tan 653 and cot 8>3 and
by multiplying it by (—1). Thus, in the case of 63 = 7 /4,
the predictions for cos § in the case under consideration will
differ from those obtained using Eq. (13) only by a sign. We
would like to emphasise that, as the sum rule in Eq. (13), the
sum rule in Eq. (45) is valid for any fixed value of 6,5.

The Jcp factor has the following form in the parametrisa-
tion of the PMINS matrix employed in the present subsection:

1 N N
Jcp = 3 sin 29f3 sin 29{’2 sin 26,3 cos 6»3 sin . (46)

8 We note that the expression (42) for cos @ can be obtained formally
from the r.h.s. of Eq. (22) for cos ¢ in [45] by substituting sin 6,3 with
cos 03 and vice versa and by changing its overall sign.
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3.2 The scheme with (67,, 0;) — (63, 0},) rotations

In this subsection we consider the parametrisation of the
matrix U defined in Eq. (17) with (ij)—(kl) = (12)-
(13) under the assumption of vanishing w, ie., ¥ =
diag(1, e iV, 1). In the case of non-fixed w it is impossi-
ble to express cos § only in terms of the independent angles
of the scheme. We will comment more on this case later.

Using the parametrisation given in Eq. (17) with 653 =
—m /4 and w = 0 and the standard one, we find

1 1
sin? 013 = |Us|> = 3 sin’ 07, + 3 cos® 01, sin’ 0y — Xy,

47
Uusl? 1
sin’ O3 = G| =
1 —|Uel?  cos?613
1 1
X [E cos? 65, + > sin? 05, sin” 6¢; + le}, (48)
U, |? sin? 0¢, +
Sin2912 _ | e2| 5= ¢ .15 5’ (49)
1 — |Ues| 1 — sin“ 03
where
1 H e H e
Xy = 3 sin 2607, sin 05 cos ¥, (50)
1
2 pe v : v e e
= cos” 01, cos 20, + ——= sin 267, cot O1, (3 cos 207, —1),
¢ 13 et is 12 13( 13— D
(5D
1
£ = cos’ 075 sin? 01, + E(COS 2013 — cos 26153) cos? 015
1
+ —— sin 267, (3 cos 0%, sin 6%, — 2 cot 8%, sin’ 613).
22 12 13 13 13 13
(52)

The dependence on cos v in Eq. (49) has been eliminated by
solving Eq. (47) for Xy,. It follows from Egs. (47) and (48)
that sin? 675 is a function of the known mixing angles 613 and
9232

sin® 03 = 1 — 2cos® 013 cos” b3 . (53)

Inverting the formula for sin” 6> allows us to find sin’ 015
which is given by

sin 6, = [4[cos 261, (cos 20¢; + sin® 013)
— 08 26015 cos? 63] tan 075 + V2 sin 207,
x (3082673 —2cos26;3—1)][4 cos 26}, sin 26,
+ V23 c0s 26f; — 1) sin 26,17 (54)

Using Eqgs. (47) and (54) we can write cos ¥ in terms of the
standard parametrisation mixing angles and the known 6{,
and 6}:

2 pe 2 pne a2 pe 22

sin“ 6, + cos” 6}, sin 013 — 2sin” 613
: e o e °
sin 207, sin 0{3

cosy = (55)

We find the relation between siné and sinyy by employ-

ing again the standard procedure of comparing the expres-

sions of the Jcp factor, Jep = Im(U}| U;j3 Ue3Uy1), in the

two parametrisations—the standard one and that defined in

Eq. (17) (with 653 = —7/4 and w = 0):

sin 267, sin ¢

4 sin 2615 sin 2613 sin 63

x[2+/2 sin 2675 cos 20, + (3 cos 20{, — 1) sin 20}, 1,
(56)

sind =

where sin 2607, (sin26{; and cos26;) can be expressed in
terms of 612, 613, 623 and 6}, (013 and 6,3) using Eq. (54)
(Eq. (53)).

We use a much simpler procedure to find cos §. Namely,
we compare the expressions for the absolute value of the ele-
ment Uy | of the PMNS matrix in the standard parametrisation
and in the symmetry related one, Eq. (17) with 6,3 = —m /4
and w = 0, considered in the present subsection:

|Ur1| = | sin B3 sin 12 — sin 13 cos 63 cos 912ei5|
] e v 1 e .: v
= |sin {3 cos 6, + E cos 675 sin 015 |. &7

From the above equation we get for cos §:

2
sin 2912 sin 2923 sin 913

Ccosd = —

X |:0052 03 sin® B15 sin” B3 + cos® H15 sin” 63

— <\/ cos? 013 cos? 63 cos 6,

2
— ky/1 — 2c0s2 03 cos? 623 sin 91”2) ] (58)

where k = 1 if 6, belongs to the first or third quadrant,
and k = —1if A is in the second or the fourth one. In the
parametrisation under discussion, Eq. (17) with (ij)—(kl) =
(12)—(13), 053 = —m /4 and @ = 0, we have

2
Jep = SLZ_ c0s 05 sin 26f, (2+/2 cos 267, sin 265,

+(3 cos20{, — 1)sin26},) sin . (59)

In the case of non-vanishing w, using the same method and
Eq. (53), which also holds for @ # 0, allows us to show that
cos § is a function of cos w as well:

2 cos? 023
COSd = —— - -
sin 2612 sin 2603 sin 013
2 qv
cos” 6 .
X [(1—-2 cos? 013 cos? 923)712 —sin? 012 tan? (%)
cos* 03
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+ (cos? 0;3 sin® 0, — cos? 01 sin” 613)

cos 13

K V1 = 2c0s2 613 cos? 6r3 cos w sin 29{’2:| )

(60)

cos O3

Finally, we generalise Eq. (60) to the case of an arbitrary
fixed value of 6. In this case

1 — cos? 613 cos? 63 — sin? 035

)
sin” 6}3 = 052 o, , (61)

and Egs. (57) and (60) read

|Uyr1| = | sin 63 sin 612 — sin 6)3 cos 63 cos O2¢'°|
= | cos 0}, sin B3 — e~ cos B, sin 6}, sin 63|, (62)
1

sin 2617 sin 26,3 sin 613
|:2K cos w sin 26y, sin 65 cos 613 cos 63

cosd =

2 Qv
COs= 03

1
x (cos? 033 — cos? 013 cos? 623)2

2 2
cos“013cos” 03 . 4
— Cos 291‘)2(1 — W(Sln 03+ 1)
+ 08 2012 (cos? 03 sin” 03 — sin® 923)]. (63)

It follows from the results for cos § obtained for cos w # 0,
Egs. (60) and (63), that in the case analysed in the present
subsection one can obtain predictions for cos § only in theo-
retical models in which the value of the phase w is fixed by
the model.

4 The cases of ij — (0,3, 075, 0;,) rotations

We consider next a generalisation of the cases analysed in
Sect. 2 in the presence of a third rotation matrix in U, arising
from the neutrino sector, i.e., we employ the parametrisation
of U given in Eq. (18). Non-zero values of 6} are inspired
by certain types of flavour symmetries (see, e.g., [63—-67]).
In the case of 0}, = 60); = —m/4 and O3 = sin~1(1/3), for
instance, we have the so-called tri-permuting (TP) pattern,
which was proposed and studied in [63]. In the statistical
analysis of the predictions for cos §, § and the Jcp factor we
will perform in Sect. 5, we will consider three representative
values of 05 discussed in the literature: 6} = 7/20, 7/10
and sin~!(1/3).

For the parametrisation of the matrix U given in Eq. (18)

with (ij) = (23), no constraints on the phase § can be
obtained. Indeed, after we recast U in the form
U = Ry3(623) Q1 Ri3(0}3) R12(6,) Qo. (64)

@ Springer

where sin? 923 and Qg are givenin Egs. (35) and (36), respec-
tively, we find employing a similar procedure used in the
previous sections:

sin% 03 = sin® 015, sin® 653 = sin fy3,
sin® 01, = sin® 015, siné =sinf. (65)

Thus, there is no correlation between the Dirac CPV phase §
and the mixing angles in this set-up.

4.1 The scheme with 6, — (63, 0}, },) rotations

In the parametrisation of the matrix U given in Eq. (18)
with (ij) = (12), the phase w in the matrix ¥ is unphys-
ical [it “commutes” with R 12(9f2) and can be absorbed by
the u* field]. Hence, the matrix W contains only one phys-
ical phase ¢, ¥ = diag(l,e'?, 1), and ¢ = —. Taking
this into account and using Eq. (18) with (ij) = (12) and
0y, = —m /4, we get the following expressions for sin? 013,
sin? 6p3 and sin? 6;:

1
: 2 2 . 2 2
sin“ 013 = |Ugz|” = 5 sin 0y, cos” )5

+ cos? 01, sin® 015 — X128in 0}, (66)
U3l cos? 0}
1= [Usl? ~ 2(1—sin613)
Uea|? 1

2
sSin 912 = =
1 —|Uel?

sin® 63 =

(67)

1 —sin? 63
L 2 pe v sV G AY )2
X 3 sin” 07, (cos 1, + sin 01, sin 0;3)
2 pe 2V a2V sV
+ cos” 0], cos” B3 sin” O}, + X2 sin 6},

X (cos 0}, + sin 6}, sin 91”3)i|, (68)

where

1
X12 = —=sin 26y, cos 015 cos ¢. (69)

V2

Solving Eq. (66) for X 1> and inserting the solution in Eq. (68),
we find sinZ 6, as a function of )3, 015, 015 and 07,:

")
asin® 6f, + B

)
sin“f1p = . 70
2T sin2 03 70
Here the parameters « and 8 are given by
L1 2 cos 262, + sin 26 cos” 01 (71)
a=-|2cos sin ,
4 12 12 5in 6,

)
sin“ 0
B = sin6y, |:cos2 613 sin 0}, 4-cos 0}, <sin 013 — —P)] .
sin 63
(72)
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Inverting the formula for sin2 0, allows us to express sin? 0,
in terms of 617, 6;3, 91‘)2, 911)3:

In the parametrisation of the PMNS matrix considered in
this subsection, the rephasing invariant Jcp has the form

2 cos? 63 sin 015 (sin? 62 — sin? 015) + sin 26}, sin 6;3 — sin PLA sin? 015

-2 pe
sin” 0, = 73
12 cos 26}, sin 6}; + cos 0}, sin 6}, cos? 6} 73)
In the limit of vanishing 6}; we have sin? 07, =2 sinZ 0,3, 1. v e
Jop = —— 0 26
which corresponds to the case of negligible 035 considered cP 82 Sin ¢ cos B3 sin 267
in [45]. x[cos? Bl sin 207, + 2 sin 0} cos 20}, ]. (78)

Using Eq. (68), one can express cos ¢ in terms of the
“standard” mixing angles 0}, 63 and the angles 6},, 6}, and
6} which are assumed to have known values:

cos ¢ = [2cos? 013(sin 0F,) "2 (sin 0}5) 2 sin® O},
— 2cos? 015 cot? B, — (cot B}, + sin 6}3)?]

x (cos O}) ! tan 0f,[2+/2(cot 67, + sin 6}3)] 1.
(74)

We note that from the requirements (0 < sin? 05, < DA
(=1 < cos¢ < 1) one can obtain for a given 0[5, each of the
symmetry values of 6}, considered and 0,5 = —m/4, lower
and upper bounds on the value of sin”6;5. These bounds
will be discussed in Sect. 5.2. Comparing the expressions for
Jep = Im(U}, U;:3U63UM1), obtained using Eq. (18) with
(ij) = (12) and 953 = —m /4, and in the standard parametri-
sation of U, one gets the relation between sin ¢ and sin §:

) sin 20¢
sind = 12

" 2sin 2017 sin 2613 sin 6»3
x [cos? B]5 sin 20}, + 2 c0s 26}, sin 03] sin . (75)

Similarly to the method employed in the previous section,
we use the equality of the expressions for |U;| in the two
parametrisations in order to derive the sum rule for cos § of
interest:

|Uz1| = | sin 63 sin B2 — sin 63 cos 63 cos Ope'’ |

1
= —|sin B}, + cos O}, sin H73]. (76)

NG

From the above equation we find the following sum rule for
cos d:

|
§in 201 sin 613 cos 25| (1 — 2 sin 013 + sin? 0Y;) 2

x [(1 — 2 sin” 613 + sin’ 013) sin® 02

cosd =

+ cos? 0y sin? 03 cos? 015

— cos? 013(sin 0}, + cos 6}, sin 03)%]. (77)

For 673 = 0 this sum rule reduces to the sum rule for cos §
given in Eq. (50) in [45].

In the case when 9;3 has a fixed value which differs from
—1 /4, the expression for sin” 63, Eq. (67), changes as fol-
lows:

U,;3|? cos? 6, cos? 6
sin? 6ys = 1013 S=1- 232 1, (79)
1 —|Ues| 1 —sin“ 03

Equations (76) and (77) are also modified:
|Uz1] = | sin 653 sin 1o — sin 63 cos 623 cos 912€i8|

= | sin 6y}, sin 653 — cos 655 cos 6, sin H}5], (80)
and

cosé

1

sin 261> sin 013] cos 6% cos 62, |(cos? 613 —cos2 Y, cos? 6, )%
12 13 13 23 13 13 23

x[(cos? 63 — cos? 01 cos? 633) sin2 61,

+ cos® 017 sin® B3 cos? 6}; cos® 63,

— cos? 013 (cos B, sin B cos By — sin B, sin 633)2]. 81

In the case of bi-trimaximal mixing [65,66], i.e., for 9]"2 =
by, = tan~!(v/3—1) and 6}, =sin~ ' (3 — V/3)/6), the sum
rule we have derived reduces to the sum rule obtained in [68].
However, this case is statistically disfavoured by the current
global neutrino oscillation data.

4.2 The scheme with 6{; — (6,3, 0}, 61,) rotations
Here we switch to the parametrisation of the matrix U given
inEq. (18) with (ij) = (13). Now the phase ¥ in the matrix W

is unphysical, and U = diag(1, 1, e~"*). Fixing 65, = —7/4
and using also the standard parametrisation of U, we find

. [ ¢
sin? 013 = |U,3|*> = = sin” 655 cos® 0}; + cos® 6, sin® 0}

2
+ X3 sin9f3, (82)
U,s? cos? 6
sin® 63 = Vs3] 7 = - 123 s (83)
I = |Uesl 2 (1 —sin” 6;3)
U 2
Sin2 912 = —| 62| )
1 —|Uel|

@ Springer
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1 1
= THZQB |:§ sin? 013 (cos 01, —sin O}, sin 9{’3)2
+ cos? 013 cos’ 015 sin’ 01, + X3sinéy,
x (cos 6}, — sin B}, sin 91”3)}. (84)
Here
1
X3 = E sin 265 cos 03 cos w. (85)

Solving Eq. (82) for X3 and inserting the solution in Eq. (84),
it is not dificult to find sin2 0}, as a function of 6,3, 015, 013
and 67;:

p sin? 073 +1

.2
sin“ 0o = , 86
12 1-— SiIl2 913 ( )
where p and n are given by
1 ) cos? 0}
p=7 |:2 cos 26y, — sin 267, sndl, | (87)

)
. . . sin“ 613
= sin6?, | cos? O3 sin 6%, —cos 67, [sin 67— ——2) | .
n 12 [ 13 12 12 ( 37 5n o )]
(88)

Using Eq. (86) for sin? 01, with p and 7 as given above, one
can express sin? 675 in terms of 012, 613, 01,, 0}5:

lowing relation between sin @ and sin § for arbitrarily fixed
61, and 65:

s e
sin 2013

2 sin 2617 sin 2613 cos 6»3

sind = —

x [cos? 05 sin 260, — 2 cos 267, sin O3] sinw. (91)

Exploiting the equality of the expressions for |U,, | written
in the two parametrisations,

[Up1| = | cos 03 sin 617 + ¢'® cos 612 sin 613 sin 63|
= L| cos 0}, sin 13 — sin 65| (92)
V2 ’

we get the following sum rule for cos §:
1

sin 2612 sin @3] cos ;] (1 -2 sin? 013 +sin? 0{’3)%

x [(1 — 2sin® @13 + sin® 6}3) sin® 62

cosd = —

4 cos? 612 sin” 013 cos? 613 —cos? 013 (sin 6}, —cos 6},
- 2
x sin6}3)]. (93)

For 6} = 0 this sum rule reduces to the sum rule for cos 6
given in Eq. (27).

In the parametrisation of the PMNS matrix considered in
this subsection, the Jcp factor reads

2 cos? 013 sin 05 (sin? 61, — sin® },) — sin 26}, sin? 613 + sin 2607, sin” 67,

-2 pe
sin” 07, = 89
13 c0s 26}, sin 013 — cos 67, sin 0, cos? 01 (89)
. . . . v . 2 e _ . 2 1
In th.e lll'ﬂllt of vanishing 6;; we find sin” 6{; = 2sin” 03, as Jop = — Si @ COS 9]1,3 sin 26¢,
obtained in Sect. 2.2. 82
Further, using Eq. (84), we can write cos w in terms of the x [cos? 03 sin 267, — 2sin 6}5 cos 261, ]. (94)

standard parametrisation mixing angles and the known 65,
61, and 65:

cos w = [2 cos® 0;3(sin 9f3)*2(sin 01"2)’2 sin% 0,
— 2c0s 0}; cot? B3 — (cot B}, — sin6}3)?]

x (cos 63) 7! tan 0{3[2v/2(cot 6}, — sin6}3)] 7"
(90)

Analogously to the case considered in the preceding subsec-
tion, from the requirements (0 < sin? 9f3 < DHA(C-1 <
cosw < 1) one can obtain for a given 675, each of the sym-
metry values of 6}, considered and 6); = —m /4 lower and
upper bounds on the value of sin” 6;>. These bounds will be
discussed in Sect. 5.3.

Comparing again the imaginary parts of U} U ;3 Ue3Upi,
obtained using Eq. (18) with (ij) = (13) and 0,; = —m/4,
and in the standard parametrisation of U, one gets the fol-

@ Springer

In the case of an arbitrary fixed value of 02”3, as it is not
difficult to show, we have

.2 |U 31 sin’ 653 cos? 075
sin“ 63 = 7 = — ) (CR))
1 —|Ug3| 1 — sin” 613
and
[Up1l = | cos 63 sin 612 + ' cos 612 sin 63 sin 63|
= | cos 67, sin O}; sin 055 + sin 6, cos O,5]. (96)

Using Eqgs. (95) and (96), we obtain in this case

1
cosd=—

. . . ) 1
sin 2612 sin 613 cos 615 sin 63;](cos? 613 —cos? O}5 sin” 635) 2
x[(cos? 013 — cos? 015 sin? 633) sin? 02
4 cos? 017 sin® 013 cos? 07 sin® 63,

— 0% 013(cos 0}, sin 0}5 sin 35 + sin 67, cos 633)°1. 7
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Table 1 Summary of the sum rules for cos §. The parameter « is defined in Sect. 3.2 after Eq. (58). The sum rule corresponding to the parametrisation
of U, R12(07,)R23(03;) W R23 (9;3)1?12 (9;’2) Qo, is the one quoted in Eq. (13) and was derived in [45]

Parametrisation of U cos$

|
(cos 2013 — c0s 2655) 2
V/2sin 2015 sin 613 cos 6,51

R12(6,) ¥ R23(653) R12(65) Qo

2sin? 0} — (3 + cos 203;) sin® 613 }

cos 267 (s‘n2 612 — cos? 07 )
[ 12+ {sin"0r2 12 082613 — cos 26}

1

(cos 2013 + cos 292"3) 2
V/2sin 20}, sin 613 sin 0551
tan 63

2 cos? 655 — (3 — cos 26;3) sin 63 j|

R13(6%3) W Ry3(05,) R12(67. -
13(013) ¥ R23(0,3) R12(01,) Qo cos 2013 + cos 26,5

[cos 207, + (sin2 01p — cos® 9;’2>

R12(65,) Ra3(0%3) W R3(633) R12(6},) Qo [cos 2600, + (sin? 015 — cos? 0},) (1 — cot? B3 sin” 013)]

sin 26017 sin 613

cot 63 . .
Ri3(0%3) Ro3(0%7) W Rp3(033) R12(0),) Qo — [cos 20}, + (sin? B35 — cos? 0},) (1 — tan® 623 sin” 613)]

sin 26017 sin 013
1 [ZK cos wsin 267, sin 65 cos 613 cos 623

1
R12(6,) Ri3(653) W R3(633) R12(6},) Qo (cos? 03 — cos? 013 cos? 63) 2

sin 261, sin 26,3 sin 013

—cos 29{’2 <l

cos? 035
cos? 013 cos? 03 . o 2 ) .2
_ T(Sm 9;3 + 1) | 4+ cos 2017 (cos~ 623 sin“ 013 — sin“ 653)
c0s~ 0,3
1

0 [(cos? 8;3 — cos? 613 cos? 653) sin? 0;,

R12(61,) ¥ Ra3(653) R13(6)3) R12(6]5) Qo
sin 2617 sin 63| cos 65 cos 9;3\(c0s2 013 — cos2 015 cos? 653)2

+ cos? 017 sin? 6,3 cos? 073 cos? 653 — cos? 03(cos 61, sin B}5 cos 53 — sin B1, sin 92"3)2]
1

. [(cos? 63 — cos? 615 sin? 653) sin?6)5

R13(073) W R23(653) R13(613) R12(6),) Qo —
sin 2612 sin 63| cos O} sin 9;3\(c052 013 — cos2 015 sin? 653)2

+ cos? 615 sin2 63 cos? 075 sin2 053 — cos® 013 (cos 61, sin 6 sin 6y + sin 6, cos 92”3)2]

Table 2 Summary of the
formulae for sinzﬁzg. The
formula for sin? 63 is given in

Parametrisation of U sin? 63

22 2
sin” )5 — sin” 013

Eq. 33) R12(65,) ¥ Ra3(633) R12(6},) Qo =
— S 13
2 v
sin“ 6
R13(63) W Ry3(633) R12(6),) Qo TTaos Smfg
- 13

c 25 .2
) sin“ 63 — sin“ 613
R12(67,) R23(653) ¥ Ro3(633) R12(67,) Qo —_—

1-— Sin2 913
e e v v Sin2é23
R13(013) R23(053) W R23(653) R12(07,) Qo T2
- 13
02 v i02 in2 pe 2 gv
sin” 6 — sin” 613 + sin” 6, cos” 6
R12(67,) Ri3(6f3) W Ra3(633) R12(6}) Qo = o = =
- 13

2 gv 2 av

cos” 05, cos” O
R12(65,) W Ro3(63) Ri3(6}3) R12(6}5) Qo 1-—=-_18

1 —sin 913

.2 Qv 2 av
) sin“ 0, cos” 0

R13(653) W Ro3(63) Ri3(6}3) Ri2(6}5) Qo —s- B
1 —sin 913

The sum rules derived in Sects. 2—4 and corresponding to
arbitrary fixed values of the angles contained in the matrix U,,
Egs. (13),(21),(32), (45), (63), (81) and (97), are summarised
in Table 1. In Table 2 we give the corresponding formulae
for sin? 6y3.

5 Predictions

In this section we present results of a statistical analysis, per-
formed using the procedure described in Appendix A (see

also [49,50]), which allows us to get the dependence of the x 2
function on the value of § and on the value of the Jcp factor.
In what follows we always assume that 6, = —m /4. We find
that in the case corresponding to Eq. (16) with (ij) = (12),
analysed in [45], the results for x 2 as afunction of § or Jep are
rather similar to those obtained in [49,50] in the case of the
parametrisation defined by Eq. (17) with (ij)—(kl) = (12)-
(23). The main difference between these two cases is the
predictions for sin” 63, which can deviate only by approxi-
mately 0.5 sin? 013 from 0.5 in the first case and by a signif-
icantly larger amount in the second. As a consequence, the
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Table 3 The predicted values of cosé using the current best fit val-
ues of the mixing angles, quoted in Egs. (3)—(5) and corresponding
to neutrino mass spectrum with NO, except for the case (Hfz, 0f3)—
(053.60],) with © = 0 and x = 1, in which sin2 63 = 0.48802
is used. We have defined a = sin*1(1/3), b = sin’](l/\/2+r),

c= sin*'(l/ﬁ) and d = sin"! (/3 — r/2). For the last two schemes
we give in square brackets the values of [65, 6},]. TBM, GRA, GRB,
HG and BM (LC) refer, in particular, to the different fixed values
of 9[’2 = ¢,b,d,n/6 and m/4, respectively. See text for further
details

Scheme TBM GRA GRB HG BM (LC)
0f, — (033, 615) —0.114 0.289 —0.200 0.476 -

013 — (033, 015) 0.114 —0.289 0.200 —0.476 -

(075, 033) — (053, 01>) —0.091 0.275 —0.169 0.445 -

(075, 053) — (635, 01>) 0.151 —0.315 0.251 —0.531 -
(67,,073) — (635, 601>) —0.122 0.282 —0.208 0.469 -

Scheme [r/20, —mr /4] [/10, —m /4] la, —m /4] [ /20, b] [7/20, /6]
0f, — (653, 613, 61,) —0.222 0.760 0.911 —0.775 —0.562
Scheme [7r/20, c] [7r/20, /4] [/10, /4] [a, m/4] [7/20, d]
013 — (033, 013, 01») —0.866 0.222 —0.760 —0.911 —0.791
Table 4 The same as in Table 3, but for § given in degrees (see text for further details)

Scheme TBM GRA GRB HG BM (LC)
07, — (035, 615) 97 v 263 73 v 287 102 v 258 62 Vv 298 -

013 — (035, 615) 83 v 277 107 v 253 78 v 282 118 v 242 -
(67,,033) — (053, 01>) 95 v 265 74 v 286 100 v 260 64 Vv 296 -

(073, 033) — (53, 01>) 81v 279 108 v 252 75 v 285 122 v 238 -
(67,,073) — (053, 01>) 97 v 263 74 v 286 102 v 258 62 Vv 298 -

Scheme [7/20, —7 /4] [7/10, —m /4] la, —m /4] [7r/20, b] [7/20, /6]
07, — (035, 673, 01,) 103 v 257 41 v 319 24 v 336 141 v 219 124 v 236
Scheme [/20, c] [r/20, /4] [7/10, /4] la, /4] [7/20,d]
013 — (035, 613, 01») 150 v 210 77 v 283 139 v 221 156 v 204 142 v 218

predictions in the first case are somewhat less favoured by the
current data than in the second case, which is reflected in the
higher value of x? at the minimum, X%in. Similar conclusions
hold on comparing the results in the case of 073 — (655, 6,)
rotations, described in Sect. 2.2, and in the corresponding
case defined by Eq. (17) with (ij)—(kl) = (13)—(23) and dis-
cussed in Sect. 3.1. Therefore, in what concerns these four
schemes, in what follows we will present results of the sta-
tistical analysis of the predictions for § and the Jcp factor
only for the scheme with (675, 653)—(6,5, 6},) rotations, con-
sidered in Sect. 3.1.

We show in Tables 3 and 4 the predictions for cos § and
6 for all the schemes considered in the present study using
the current best fit values of the neutrino mixing parame-
ters sin? 05, sin? 653 and sin? )3, quoted in Egs. (3)—(5),
which enter into the sum rule expressions for cos §, Egs. (13),
(27), (45), (58), (77), (93) and Eq. (50) in Ref. [45], unless
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other values of the indicated mixing parameters are explic-
itly specified. We present results only for the NO neutrino
mass spectrum, since the results for the 10 spectrum differ
insignificantly. Several comments are in order.

We do not present predictions for the BM (LC) symmetry
form of l}v in Tables 3 and 4, because for the current best
fit values of sinZ 61, sin? 63, sin? 0;3 the corresponding sum
rules give unphysical values of cos § (see, however, Refs. [45,
49,50]). Using the best fit value of sin? 03, we get physical
values of cosé$ in the BM case for the following minimal
values of sin? O12:

cosd = —0.993(§ = ) for sin? 012

= 0.348 in the scheme 0}, — (653, 6}),
cos 8 = +0.993(8 = 0) for sin? 0,

= 0.348 in the scheme 05 — (653, 6}5),
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cos 8 = —0.994(8 = 1) for sin® 6,

= 0.349 in the scheme (67,, 673) — (653, 0}5),
cos§ = —0.996(8 = ) for sin” 02

= 0.332 in the scheme (67,, 05;) — (653, 65).
cos§ = 4+0.997(8 = 0) for sin” 02

= 0.368 in the scheme (675, 653) — (653. 0}5),

where in the case of the scheme (0f,, 0f;) — (655, 67,) we
fixed sin? 63 = 0.48802 (we will comment later on this
choice), while sin? 653 was set to its best fit value for the last
two set-ups.

Results for the scheme (0},, 05;) — (6,3, 0},) in the cases
of the TBM and BM symmetry forms of the matrix U, were
presented first in [46], while results for the same scheme and
the GRA, GRB and HG symmetry forms of U, as well as
for the scheme 607, — (655, 0},) for all symmetry forms con-
sidered, were obtained first in [45]. The predictions for cos §
and & were derived in [45,46] for the best fit values of the rel-
evant neutrino mixing parameters found in an earlier global
analysis performed in [47] and differ somewhat (albeit not
much) from those quoted in Tables 3 and 4. The values under
discussion given in these tables are from [49] and correspond
to the best fit values quoted in Egs. (3)—(5).

The predictions for cos § of the 6}, — (6,5, 0},) and 675 —
(055, 61,) schemes for each of the symmetry forms of U,
considered differ only by sign. The 67, — (655, 6},) scheme
and the (67,, 0{;)—(0,5, 61,) scheme with w = 0 provide very
similar predictions for cos 8.

In the schemes with three rotations in f]v we consider,
cosd has values which differ significantly (being larger in
absolute value) from the values predicted by the schemes
with two rotations in U, discussed by us, the only exceptions
being (i) the 91"2(13) — (03, 015, 6},) scheme with [0}, 6],] =
[7'[/20,(1) m /4], for which |cos§| = 0.222, and (ii) 6;, —
(035, 673, 0),) scheme with [6}5,0,] = [7/20,7/6] in
which cos § = — 0.562.

The predictions for cosd of the schemes denoted as
(015, 053)—(655, 67,) and (05, 035)—(635, 61,) differ for each
of the symmetry forms of U, considered both by sign and
magnitude. If the best fit value of 8,3 were /4, these pre-
dictions would differ only by sign.

In the case of the (67,, 67;) — (0,3, 0,) scheme with w =
0, the predictions for cosé are very sensitive to the value
of sin2 6,3. Using the best fit values of sin? 6}, and sin? 013
for the NO neutrino mass spectrum, quoted in Egs. (3) and
(5), we find from the constraints (—1 < cosy¥ < 1) and
(0 < sin? 0 < DA < sin? 07, < 1), where sin? 015,
sin? 6f, and cos ¥ are given in Egs. (53)—(55), that sin? 63
should lie in the following intervals:

(0.488,0.496) U (0.847, 0.909) for TBM;

(0.488,0.519) U (0.948, 0.971)
(0.488,0.497) U (0.807, 0.880)
(0.488, 0.498) U (0.856, 0.914)
(0.488, 0.500) U (0.787, 0.866)

for BM;
for GRA;
for GRB;
for HG.

Obviously, the quoted intervals with sin” 623 > 0.78 are ruled
out by the current data. We observe that a small increase
of sin” 63 from the value 0.48802° produces a relatively
large variation of cos 8. The strong dependence of cos § on
sin? 63 takes place for values of w satisfying roughly cos @ >
0.01. In contrast, for cosw = 0, cos § exhibits a relatively
weak dependence on sin2 6,3. For the reasons related to the
dependence of cos § on w we are not going to present results
of the statistical analysis in this case. This can be done in
specific models of neutrino mixing, in which the value of the
phase w is fixed by the model.

5.1 The scheme with (05, 635) — (655, 6},) rotations

In the left panel of Fig. 1 we show the likelihood function,
defined as

2
X (cosé))7 (98)

L(cosd) o exp (— 5

versus cos$ for the NO neutrino mass spectrum for the
scheme with (675, 655)—(055, 01) rotations. ! This function
represents the most probable values of cos § for each of the
symmetry forms considered. In the analysis performed by
us we use as input the current global neutrino oscillation
data on sin? 612, sin? 6»3, sin? 613 and § [23]. The maxima of
L(cos$é), L( X2 = Xr%lirl)’ for the different symmetry forms
of U, considered, correspond to the values of cos § given in
Table 3. The results shown are obtained by marginalising over
sinZ 013 and sin® 63 for a fixed value of § (for details of the
statistical analysis see Appendix A and [49,50]). The no con-
fidence level (CL) region corresponds to the interval of values
of cos 8 for which L(cos8) > L(x* = x2..) - L(x> = n?).
Here x2.  is the value of x? in the minimum.

As can be observed from the left panel of Fig. 1, for the
TBM and GRB forms there is a substantial overlap of the
corresponding likelihood functions. The same observation
holds also for the GRA and HG forms. However, the likeli-
hood functions of these two sets of symmetry forms overlap
only at 30 and in a small interval of values of cos§. Thus,
the TBM/GRB, GRA/HG and BM (LC) symmetry forms
might be distinguished with a not very demanding (in terms
of precision) measurement of cos§. At the maximum, the
non-normalised likelihood function equals exp(— Xr%lin /2),

9 For sin® 623 < 0.48802, cos 8 has an unphysical (complex) value.

10 The corresponding results for IO neutrino mass spectrum differ little
from those shown in the left panel of Fig. 1.
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Fig. 1 The likelihood function versus cos § for the NO neutrino mass
spectrum after marginalising over sin? 013 and sin? 63 for the TBM,
BM (LC), GRA, GRB and HG symmetry forms of the matrix U\, in
the (65, 053) — (055, 6},) set-up. The results shown are obtained using
Eq. (45) and (i) the latest results on the mixing parameters sin? 6y,

and this value allows one to judge quantitatively about the
compatibility of a given symmetry form with the global neu-
trino oscillation data, as we have pointed out.

In the right panel of Fig. 1 we present L versus cos § within
the Gaussian approximation (see [49,50] for details), using
the current best fit values of sin? 6;2, sin? 613, sin® ;3 for
the NO spectrum, given in Egs. (3)—(5), and the prospec-
tive 1o uncertainties in the measurement of these mixing
parameters. More specifically, we use as 1o uncertainties (i)
0.7 % for sin® 65, which is the prospective sensitivity of the
JUNO experiment [69], (ii) 5 % for sin? 653,11 obtained from
the prospective uncertainty of 2 % [4] on sin® 2653 expected
to be reached in the NOvA and T2K experiments, and (iii)
3 % for sin? 613, deduced from the error of 3 % on sin? 26,3
planned to be reached in the Daya Bay experiment [4,71].
The BM (LC) case is quite sensitive to the values of sin? 65
and sin? 6»3 and for the current best fit values is disfavoured
at more than 2¢.

That the BM (LC) case is disfavoured by the current data
can be understood, in particular, from the following obser-
vation. Using the best fit values of sin? 03 and sin? @), as
well as the constraint —1 < cosa < 1, where cosa is
defined in Eq. (42), one finds that sin® 63 should satisfy
sin? 623 > 0.63, which practically coincides with the cur-
rently allowed maximal value of sin? 013 at 30 (see Eq. (4)).

It is interesting to compare the results described above
and obtained in the scheme denoted by (015, 653) — (6,3, 0})
with those obtained in [49,50] in the (0f,, 05;) — (055, 0},)
set-up. We recall that for each of the symmetry forms we
have considered—TBM, BM, GRA, GRB and HG—@I"2 has
a specific fixed value and 0;; = —m/4. The first thing to

I This sensitivity is planned to be achieved in future neutrino facilities
[70].
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sin? 013, sin? 63 and § found in the global analysis of the neutrino
oscillation data [23] (left panel), and (ii) the prospective 1o uncertain-
ties on sin? )5, sin? 013, sin? 63 and the Gaussian approximation for
the likelihood function (right panel) (see text for further details)

note is that for a given symmetry form, cosé is predicted
to have opposite signs in the two schemes. In the scheme
(05, 053)—(655, 67,) analysed in the present article, one has
cosé > 0 in the TBM, GRB and BM (LC) cases, while
cosé < 0 in the cases of the GRA and HG symmetry forms.
As in the (67,, 03;)—(055, 0},) set-up, there are significant
overlaps between the TBM/GRB and GRA/HG forms of U,,
respectively. The BM (LC) case is disfavoured at more than
20 confidence level. It is also important to notice that due to
the fact that the best fit value of sin? 023 < 0.5, the predictions
for cos § for each symmetry form, obtained in the two set-
ups differ not only by sign but also in absolute value, as was
already pointed out in Sect. 3.1. Thus, a precise measurement
of cos § would allow one to distinguish not only between the
symmetry forms of U,,, but also could provide an indication
about the structure of the matrix Ue.

We note that the predictions for sin” 63 are rather sim-
ilar in the cases of the two schemes discussed, (675, 65;)—
(055, 61,) and (67, , 033)—(0,5, 01,). We give for completeness
Ny = \/)72 as a function of sin® 63 in Appendix B.

For the rephasing invariant Jcp, using the current global
neutrino oscillation data, we find for the symmetry forms
considered the following best fit values and the 30 ranges
for the NO neutrino mass spectrum:

Jep = —0.033, —0.039 < Jep < —0.026,
0.030 < Jcp < 0.036 for TBM; (99)

Jcp = —0.004, —0.026 < Jcp < 0.023 for BM (LC);
(100)

Jep = —0.032, —0.037 < Jep < —0.024,

0.029 < Jcp < 0.035 for GRA; (101)
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Table 5 Ranges of sin2 0}, obtained from the requirements (0 <
sin® 0, < D A (=1 < cos¢ < 1) allowing sin’ 03 to vary in the 3¢
allowed range for the NO neutrino mass spectrum, quoted in Eq. (5).
The cases for which the best fit value of sin% 6, = 0.308 is within

the corresponding allowed ranges are marked with the subscripts I, II,
101, IV, V. The cases marked with an asterisk contain values of sin® 612
allowed at 20 [23]

oy oYy = 7/20

07y = /10 0}, =sin~1(1/3)

sin~!(1/4/3) (0.319, 0.654)*
/4 (0.484, 0.803)
—/4 (0.197,0.516)111
sin~!(1/4/2F7) (0.262, 0.594)1
sin~!' (/3 =7/2) (0.331, 0.666)*
7/6 (0.236, 0.564)y

(0.471,0.773)
(0.639, 0.897)
(0.103,0.361)
(0.409, 0.719)
(0.484, 0.784)
(0.380, 0.692)

(0.495, 0.789)
(0.662, 0.909)
(0.091, 0.338)1v
(0.434,0.737)
(0.508, 0.800)
(0.404, 0.710)

Jep = —0.033, —0.039 < Jep < —0.023,

0.028 < Jcp < 0.036 for GRB; (102)
Jep = —0.028, —0.035 < Jep < —0.014,
0.021 < Jep <0.032 for HG. (103)

Thus, relatively large CP-violating effects in neutrino oscil-
lations are predicted for all symmetry forms considered, the
only exception being the case of the BM symmetry form.

5.2 The scheme with 67, — (63, 613, 61,) rotations

For the scheme with 67, — (055, 015, 6,) rotations we find that
only for particular values of 6, and 6}, among those consid-
ered by us, the allowed intervals of values of sin? 012 satisfy
the requirement that they contain in addition to the best fit
value of sin” 65 also the 1.5¢" experimentally allowed range
of sin? 6. Indeed, combining the conditions 0 < sin? 07, <
1 and |cos¢| < 1, where sin® 0, and cos ¢ are given in
Eqs. (73) and (74), respectively, and allowing sin’ 613 to vary
in the 30 range for NO spectrum, we get restrictions on the
value of sin? 05, presented in Table 5. We see from the Table
that only five out of 18 combinations of the angles 6}, and 65
considered by us satisfy the requirement formulated above.
In Table 5 these cases are marked with the subscripts I, I, II1,
1V, V, while the ones marked with an asterisk contain values
of sin? 6y, allowed at 25 [23].

Equation (67) implies that sin” 6,3 is fixed by the value
of 613, and for the best fit value of sin2 03 and the values of
9{’3 =0, 7/20, 7/10, sin_1(1/3), considered by us, we get,
respectively: sin? 63 = 0.488, 0.501, 0.537, 0.545. There-
fore a measurement of sin” 63 with a sufficiently high pre-
cision would rule out at least some of the cases with fixed
values of 61 considered in the literature.

We will perform a statistical analysis of the predictions for
cos d in the five cases—I, II, III, IV, V— listed above. The
analysis is similar to the one discussed in Sect. 5.1. The only
difference is that when we consider the prospective sensitiv-
ities on the PMNS mixing angles we will assume sin? 623 to

have the following potential best fit values: sin® 63 = 0.488,
0.501,0.537,0.545. Note that for the best fit value of sin? 013,
sin? 63 = 0.488 does not correspond to any of the values
of 05 in the five cases—I, II, IIL, IV, V—of interest. Thus,
sin? 03 = 0.488 is not the most probable value in any of the
five cases considered: depending on the case, the most prob-
able value is one of the other three values of sin? 653 listed
above. We include results for sin? 6r3 = 0.488 to illustrate
how the likelihood function changes when the best fit value
of sin® 613, determined in a global analysis, differs from the
value of sin® 6,3 predicted in a given case.

In Fig. 2 we show the likelihood function versus cos§
for all the cases marked with the subscripts in Table 5. The
maxima of the likelihood function in the five cases considered
take place at the corresponding values of cos § cited in Table
3. As Fig. 2 clearly indicates, the cases differ not only in the
predictions for sin? 63, which in the considered set-up is a
function of sin? 91"3 and sin? 013, but also in the predictions
for cos §. Given the values of 61, and 613, the positions of the
peaks are determined by the values of 6}, and 6.

The Cases I and IV are disfavoured by the current data
because the corresponding values of sin” o3 = 0.537 and
0.545 are disfavoured. The Cases II, III and V are less
favoured for the NO neutrino mass spectrum than for the
10 spectrum since sin? 023 = 0.501 is less favoured for the
first than for the second spectrum.

In Fig. 3 we show the predictions for cosé using
the prospective precision in the measurement of sin” 62,
sin? 013, sin? 6h3, the best fit values for sin? 0, and sin? 013
as in Eqs. (3) and (5) and the potential best fit values of
sin? 6,3 = 0.488, 0.501, 0.537, 0.545. The values of sin® 63
correspond in the scheme discussed to the best fit value
of sin® @3 in the cases which are compatible with the cur-
rent 1.50 range of allowed values of sin? 0;,. The position
of the peaks, obviously, does not depend explicitly on the
assumed experimentally determined best fit value of sin” 6,3.
For the best fit value of sin® 63 used, the corresponding sum
rule for cos § depends on the given fixed value of 65, and
via it, on the predicted value of sin? 653 (see Eqgs. (67) and
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Fig. 2 The likelihood function versus cosd for the NO (I0) neu-
trino mass spectrum in the left (right) panel after marginalising over
sin? 013 for the scheme 07, — (033,605, 07,) with [6]3,0],] fixed as
[7/10, —m /4] (Case 1), [r/20, b] (Case 1I), [r/20, —r /4] (Case 11I),
[a, —m /4] (CaseIV), [ /20, /6] (Case V), where a = sin~! (1/3) and
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Fig. 3 The likelihood function versus cos § for the NO neutrino mass
spectrum in the same cases as in Fig. 2, but using the Gaussian
approximation with the prospective uncertainties in the measurement of
sin? 012, sin? 3, sin? 613, the best fit values for sin? 6}, and sin? 03 as

@ Springer

1.0
e Catse |
e Caise I1
0.8 ——— Case Ill
— Case IV
§ s Caise 'V
= 0.6
9
(]
=]
<
_E: 0.4
-
0.2 /
0.0
-1.0 -0.5 0.0 0.5 1.0

cos &

b = sin~!'(1/4/2 4 r), r being the golden ratio. The figure is obtained
using the sum rule in Eq. (77) and the latest results on sin? 012, sin? 013,

sin% 63 and § from the global analysis of the neutrino oscillation data
[23]
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in Egs. (3) and (5) and the potential best fit values of sin% 6y3 = 0.488,
0.501, 0.537, 0.545. Upper left (right) panel sin® 63 = 0.488 (0.501);
lower left (right) panel sin® 6,3 = 0.537 (0.545)
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Fig. 4 N, = \/? as a function of Jcp in the scheme 67, —
(055, 013, 01,) with [0}, 6], ] fixed as [ /10, —m /4] (Case I), [ /20, b]
(Case II), [ /20, —m /4] (Case I11), [a, —m /4] (Case IV), [ /20, /6]
(Case V), where a = sin~'(1/3) and b = sin~!(1/y/2+ ), r being

(77)). Therefore, the compatibility of a given case with the
considered hypothetical data on sin® 6,3 clearly depends on
the assumed best fit value of sin? 6,3 determined from the
data.

As the results shown in Fig. 3 indicate, distinguishing
between the Cases I/IV and the other three cases would not
require exceedingly high precision measurement of cosé.
Distinguishing between the Cases II, III and V would be
more challenging in terms of the requisite precision on cos §.
In both cases the precision required will depend, in particu-
lar, on the experimentally determined best fit value of cos§.
As Fig. 3 also indicates, one of the discussed two groups of
Cases might be strongly disfavoured by the best fit value of

sin? 0p3 determined in the future high precision experiments.
We have performed also a statistical analysis of the pre-
dictions for the rephasing invariant Jcp, minimising x> for
fixed values of Jcp. We give N, = \/)72 as a function of Jcp
in Fig. 4. The dashed lines represent the results of the global
fit [23], while the solid ones represent the results we obtain

p — Jop
—0.04 —0.02 0.00 0.02 0.04

the golden ratio. The dashed lines represent the results of the global fit
[23], while the solid ones represent the results we obtain in our set-up.
The blue (red) lines are for the NO (I0) neutrino mass spectrum

for each of the considered cases, minimising the value of X2
in 6}, for a fixed value of Jcp using Eq. (78). The blue lines
correspond to the NO neutrino mass spectrum, while the red
ones are for the 10 spectrum. The value of x2 in the mini-
mum, which corresponds to the best fit value of Jcp predicted
in the model, allows one to conclude about compatibility of
this model with the global neutrino oscillation data. As it can
be observed from Fig. 4, the zero value of Jcp in the Cases
IIT and V is excluded at more than 30 with respect to the
confidence level of the corresponding minimum. Although
in the other three cases the best fit values of Jcp are relatively
large, as their numerical values quoted below show, Jcp = 0
is only weakly disfavoured statistically.
The best fit values and the 30 ranges of the rephasing
invariant Jcp, obtained for the NO neutrino mass spectrum

using the current global neutrino oscillation data, in the five
cases considered by us are given by

Jop = —0.023, —0.032 < Jep < 0.029 for Casel; (104)
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Table 6 Ranges of sin2 0}, obtained from the requirements (0 <
sin? 0%, < 1) A (=1 < cosw < 1) allowing sin” 613 to vary in the 30
allowed range for the NO neutrino mass spectrum, quoted in Eq. (5).
The cases for which the best fit value of sin% 6 = 0.308 is within

the corresponding allowed ranges are marked with the subscripts I, II,
101, IV, V. The case marked with an asterisk contains values of sin® 612
allowed at 20 [23]

oy 0}y = 7/20

0y = /10 0}, = sin~1(1/3)

sin~!(1/4/3) (0.081, 0.348) 1y
/4 (0.197,0.516);
—/4 (0.484, 0.803)
sin~!(1/4/2F7) (0.051,0.291)*
sinT!'(v/3=7/2) (0.089, 0.361)y
/6 (0.038, 0.264)

(0.024, 0.209)
(0.103, 0.36 )1y
(0.639, 0.897)
(0.009, 0.161)
(0.028, 0.220)
(0.004, 0.140)

(0.019, 0.189)
(0.091, 0.338)11
(0.662, 0.909)
(0.006, 0.143)
(0.022, 0.200)
(0.002, 0.123)

Jep = —0.022, —0.035 < Jep < 0.031 for CaseIl;

(105)

Jep = —0.033, —0.039 < Jep < —0.025,
0.030 < Jcp < 0.036 for Case III;

Jep = —0.016, —0.028 < Jcp < 0.026 for CaselV;
(107)

(106)

Jep = —0.028, —0.037 < Jep < —0.010,

0.018 < Jcp < 0.034 forCase V. (108)

5.3 The scheme with 0, — (0553, 0}5, 61,) rotations

As in the set-up discussed in Sect. 5.2, we find for the scheme
with 673 — (055, 6015, 61,) rotations that only particular values
of 6, and 6, allow one to obtain the current best fit value of
sin f1,. Combining the requirements 0 < sin’ 0}y < 1 and
| cosw| < 1, where sin? 07, and cos w are given in Egs. (89)
and (90), respectively, and allowing sin? 63 to vary in its
30 allowed range corresponding to the NO spectrum, we get
restrictions on the value of sinZ 6}, presented in Table 6. It
follows from the results in Table 6 that only for five out of
18 combinations of the angles 6}, and 675, the best fit value
of sin®0;, = 0.308 and the 1.50 experimentally allowed
interval of values of sin? 6}, are inside the allowed ranges.
In Table 6 these cases are marked with the subscripts I-V,
while in the case marked with an asterisk, the allowed range
contains values of sin? 6}, allowed at 2o [23].

The values of sin® 63 in this model depend on the reac-
tor angle 613 and 6}, through Eq. (83). Using the best fit
value of sin? 013 for the NO spectrum and Eq. (83), we
find sin? 63 = 0.512, 0.499, 0.463, 0.455 for 0y = 0,
7/20, /10, sin~'(1/3), respectively. Thus, in the scheme
under discussion sin? 6,3 decreases with the increase of 015,
which is in contrast to the behaviour of sin? 653 in the set-up
discussed in the preceding subsection. As we have already
remarked, a measurement of sin 63 with a sufficiently high
precision, or at least the determination of the octant of 653,

@ Springer

would allow one to exclude some of the values of 6}, con-
sidered in the literature.

The statistical analyses for § and Jcp performed in the
present subsection are similar to those performed in the pre-
vious subsections. In particular, we show in Fig. 5 the depen-
dence of the likelihood function on cos § using the current
knowledge on the PMINS mixing angles and the Dirac CPV
phase from the latest global fit results. Due to the very narrow
prediction for sin” 6,3 in this set-up, the prospective sensi-
tivity likelihood curve depends strongly on the assumed best
fit value of sin” 63. For this reason we present in Fig. 6 the
predictions for cos § using the prospective sensitivities on
the mixing angles, the best fit values for sin? 05 and sin? 03
as in Eqgs. (3) and (5) and the potential best fit values of
sin? 63 = 0.512, 0.499, 0.463, 0.455. We use the value of
sin? 63 = 0.512, corresponding to 0)3 = 0, for the same
reason we used the value of sin” f23 = 0.488 in the analysis
in the preceding subsection, where we gave also a detailed
explanation.

As Fig. 6 clearly shows, the position of the peaks does not
depend on the assumed best fit value of sin” 653. However,
the height of the peaks reflects to what degree the model is
disfavoured due to the difference between the assumed best fit
value of sin® 653 and the value predicted in the corresponding
set-up.

The results shown in Fig. 6 clearly indicate that (i) the
measurement of cos § can allow one to distinguish between
the Case I and the other four cases; (ii) distinguishing between
the Cases II/IIT and the Cases IV/V might be possible, but is
very challenging in terms of the precision on cos § required to
achieve that; and (iii) distinguishing between the Cases Il and
III (the Cases IV and V) seems practically impossible. Some
of, or even all, these cases would be strongly disfavoured
if the best fit value of sin? 63 determined with the assumed
high precision in the future experiments were relatively large,
say, sin® 63 > 0.54.

The results on the predictions for the rephasing invariant
Jecp are presented in Fig. 7, where we show the dependence
of Ny = \/P on Jcp. It follows from the results presented
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Fig. 5 The likelihood function versus cos § for the NO (I0) neutrino
mass spectrum in the left (right) panel after marginalising over sin? 0,3
for the scheme 675 — (055, 013, 0},) with [05, 0}, ] fixed as [ /20, 7 /4]
(Case 1), [a, /4] (Case II), [ /20, c] (Case II), [7/10, /4] (Case
1V), [7/20,d] (Case V). We have defined a = sin~! (1/3), ¢ =
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Fig. 6 The likelihood function versus cos § for the NO neutrino mass
spectrum in the cases described in Fig. 5, but within the Gaussian
approximation. The upper left (right) panel corresponds to the potential
best fit value of sin? 623 = 0.512 (0.499), while the lower left (right)
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sinfl(l/\/g) andd = sin~ (/3 = r/2), r being the golden ratio. The
figure is obtained using the sum rule in Eq. (93) and the latest results on
sin? 05, sin? 013, sin? 613 and é from the global analysis of the neutrino
oscillation data [23]
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panel is obtained for the potential best fit value of sin® 63 = 0.463
(0.455); the best fit values of sinZ 6}, and sin? 63 correspond to those
quoted in Egs. (3) and (5). The figure is obtained using the prospective
uncertainties in the values of sin® 6}, sin? 613 and sin® 6»3
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No

.

YR - — Jep
—-0.04 -0.02 0.00 0.02 0.04

Jcp JCP

-~ -
P
5
0

b

YT i Jp
—-0.04 —-0.02 0.00 0.02 0.04

Fig. 7 The same as in Fig. 4, but for the scheme 67; — (855, 03, 0}5)
with [6]5,0},] given by [/20, /4] (Case 1), [a, /4] (Case II),
[7/20, c] (Case I1I), [ /10, /4] (Case IV), [ /20, d] (Case V), where
a =sin"'(1/3), c = sin"!(1/+/3) and d = sin~! (+/3 — r/2), r being

in Fig. 7, in particular, that Jcp = 0 is excluded at more than
30 with respect to the confidence level of the corresponding
minimum only in the Case I. For the rephasing invariant Jcp,
using the current global neutrino oscillation data, we find for
the different cases considered the following best fit values
and 3o ranges for the NO neutrino mass spectrum:

Jep = —0.033, —0.039 < Jcp < —0.025,

0.029 < Jcp < 0.037 for Casel; (109)

Jop = —0.016, —0.028 < Jep < 0.025 for Case II;
(110)

Jcop = —0.018, —0.029 < Jcp < 0.026 for Case III;
(111)

Jop = —0.023, —0.031 < Jep < 0.029 for CaselV;
(112)

Jep = —0.022, —0.030 < Jcp < 0.028 for Case V.
(113)
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p — Jop
-0.04 —0.02 0.00 0.02 0.04

the golden ratio. The dashed lines represent the results of the global fit
[23], while the solid ones represent the results we obtain in our set-up.
The blue (red) lines are for the NO (I0) neutrino mass spectrum

6 Summary and conclusions

Inthe present article we have derived predictions for the Dirac
phase § present in the 3 x 3 unitary neutrino mixing matrix
U =UlU, =0, w0, Qp, where U, (U,) and U, (U,)
are 3 x 3 unitary (CKM-like) matrices which arise from the
diagonalisation, respectively, of the charged lepton and the
neutrino mass matrices, and W and Qg are diagonal phase
matrices each containing in the general case two physical
CPV phases. The phases in the matrix Q¢ contribute to the
Majorana phases in the PMNS matrix. After performing a
systematic search, we have considered forms of (L and U,,
allowing us to express & as a function of the PMNS mixing
angles, 012,013 and 653, presentin U, and the angles contained
inU ». We have derived such sum rules for cos § in the cases
of forms for which the sum rules of interest do not exist in
the literature. More specifically, we have derived new sum
rules for cos § in the following cases:
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() U = R12(07,) ¥ R23(053) R12(67,) Qo (07, — (63, 6}5)
scheme),

(i) U = Ri3(0{3) ¥ R23(053) R12(07,) Qo (873 — (033, 6}5)
scheme),

(iii) U = R13(073) R23(053) ¥ R23(653) R12(01,) Qo ((013,

. 05,) — (053, 01,) scheme),

(iv) U = R12(07,) R13(073) W Ra3(053) R12(01,) Qo ((67,,
073) — (055, 01,) scheme),

(V) U = R12(07,) ¥ R23(053) R13(073) R12(67,) Qo (6f, —
(035, 675, 0],) scheme), and

(vi) U = R13(673) ¥ R23(653) R13(0)3) R12(67,) Qo (673 —
(055, 673, 0],) scheme),

where R;; are real orthogonal matrices describing rotations
in the i—j plane, and ij and 0,.‘3. stand for the rotation angles
contained in U, and U,, respectively. In the sum rules cos &
is expressed, in general, in terms of the three angles of the
PMNS matrix, 012, 613 and 6»3, measured, e.g., in the neu-
trino oscillation experiments, and the angles in U,, which
are assumed to have fixed known values. In the case of the
scheme (iv), cos § depends in addition on an a priori unknown
phase w, whose value can only be fixed in a self-consistent
model of neutrino mass generation. A summary of the sum
rules derived in the present article is given in Table 1.

To obtain predictions for cos §, § and the Jcp factor, which
controls the magnitude of the CP-violating effects in neu-
trino oscillations, we have considered several forms of UU
determined by, or associated with, symmetries, for which
the angles in U, have specific values. More concretely, in
the cases (i)—(iv), we have performed analyses for the TBM,
BM (LC), GRA, GRB, and HG forms of Uv. For all these
forms we have 0;; = —n/4 and 0); = 0. The forms differ
by the value of the angle 6}, which for the different forms
of interest was given in Sect. 1. In the schemes (v) and (vi)
with non-zero fixed values of 91”3, which are also inspired
by certain types of flavour symmetries, we have considered
three representative values of 01“3 discussed in the literature,
0}y =m/20, m/10anda = sin~!(1/3), in combination with
specific values of 6}, — altogether five sets of different pairs
of values of [0}, 0,] in each of the two schemes. They are
given in Table 3.

We first obtained predictions for cosd and § using the
current best fit values of sin® 05, sin” 013 and sin® 63, given
in Egs. (3)—(5). They are summarised in Tables 3 and 4. The
quoted values of cos § and § for the scheme (iv) are for w = 0.
For completeness, in Tables 3 and 4 we have presented results
also for

(vii) the 67, — (05;,6},) scheme (in which w,)" =
R12(607,), Uy = Ry3(053) R12(67,)), and

(viii) the (6],,03;) — (655, 6},) scheme (in which U, =
R12(07,) R23(053), Uy = R23(033) R12(67,)).

For these two schemes results were given earlier in [45]. We
have updated the predictions obtained in [45] using the best
fit values of sin? 612, sin? 013 and sin? 6»3, found in the most
recent analyses of the neutrino oscillation data.

We have not presented predictions for the BM (LC) sym-
metry form of U v in Tables 3 and 4, because for the current
best fit values of sin? 62, sin? 653, sin? ;3 the corresponding
sum rules were found to give unphysical values of cos § (see,
however, Refs. [49,50]).

We have found that the predictions for cos§ of the
07, — (653, 0),) and 0y — (055, 0},) schemes for each of the
symmetry forms of U, considered differ only by sign. The
07, — (055, 01,) scheme and the (0},, 0;) — (035, 67,) scheme
with @ = 0 provide very similar predictions for cos §.

In the schemes with three rotations in UV we consider,
cos § is predicted to have values which typically differ sig-
nificantly (being larger in absolute value) from the values
predicted by the schemes with two rotations in U, discussed
by us, the only exceptions being two cases (see Table 3).

We have found also that the predictions for cosé of the
set-ups denoted as (6,,05;) — (655, 6},) and (673, 63;) —
(033, 01,) differ for each of the symmetry forms of U, con-
sidered both by sign and magnitude. If the best fit value of
623 were 1 /4, these predictions would differ only by sign. In
the case of the (67,, 03) — (63, 0},) scheme, the predictions
for cos § depend on the value chosen of the phase w.

We have performed next a statistical analysis of the pre-
dictions (a) for cosé and Jcp using the latest results of the
global fit analysis of neutrino oscillation data, and (b) for
cosé using prospective sensitivities on the PMNS mixing
angles. This was done by constructing likelihood functions
in the two cases.

For the reasons related to the dependence of cosdé on
o we did not present results of the statistical analysis for
the (67,, 013) — (653, 0,) scheme. This can be done in self-
consistent models of neutrino mixing, in which the value of
the phase w is fixed by the model.

We have found also that in the case of the 67, — (6,5, 61,)
scheme, the results for x2 as a function of § or Jcp are
rather similar to those obtained in [49,50] in the (67,, 65;)—
(6’;3, 61,) set-up. The main difference between these two
schemes is the predictions for sin? 623, which can devi-
ate only by approximately 0.5 sin? 63 from 0.5 in the first
scheme, and by a significantly larger amount in the second.
Similar conclusions hold comparing the results for the 67; —
(035, 01,) scheme and in the (675, 653) — (655, 6},) scheme.
Therefore, in what concerns these four schemes, given
the above conclusions and the fact that for the (67,, 65;)—
(033, 01,) scheme detailed results already exist in the liter-
ature (see [49,50]), we have presented results of statistical
analysis of the predictions for cos § and the Jcp factor only
for the (675, 653) — (03, 01,) scheme. This was done for the

@ Springer



345 Page 22 of 24

Eur. Phys. J. C (2015) 75:345

five symmetry forms considered — TBM, BM (LC), GRA,
GRB and HG. We have found, in particular, that for a given
symmetry form, cos§ is predicted to have opposite sign to
that predicted in the (0Y,,05;) — (653, 60},) scheme. Thus,
in the (673, 03;) — (6,3, 0},) scheme analysed in the present
article, one has cos§ > 0 in the TBM, GRB and BM (LC)
cases, and cos § < 0 in the cases of GRA and HG symmetry
forms of f],). As in the (67,, 65;) — (653, 6;,) set-up, there
are significant overlaps between the predictions for cos § for
the TBM and GRB forms, and for the GRA and HG forms,
respectively. The BM (LC) case is disfavoured at more than
20 confidence level. Due to the fact that the best fit value of
sin? 6,3 < 0.5, the predictions for cos § for each symmetry
form, obtained in the discussed two set-ups differ not only
by sign but also in absolute value. We found also that in the
(015, 053) — (653, 61,) scheme relatively large CP-violating
effects in neutrino oscillations are predicted for all symmetry
forms considered, the only exception being the case of the
BM symmetry form.

In the case of the 0], — (655,0)5,0;,) and 6f; —
(055, 613, 0],) schemes we have performed statistical anal-
yses of the predictions for cosé and the Jcp factor for the
five sets of values of the angles [65, 6,] listed in Tables 3
and 4. These sets differ for the two schemes. For the values
of [6};, 67,] given in Tables 3 and 4, the allowed intervals of
values of sin% 0 12 in the two schemes, in particular, satisfy the
requirement that they contain the best fit value and the 1.5¢
experimentally allowed range of sin6,. In the discussed
two schemes the value of sin? 0»3 is determined by the val-
ues of 013, 05 and 65 (see Table 2). In the statistical analyses
we have performed 6,5 was set to (—7/4). Setting sin” 63
to its best fit value, in the scheme 67, — (92”3, 91"3, 6;,) and
for 91"3 =0, 7/20, /10 and sin~! (1/3) we found, respec-
tively: sin? 63 = 0.488, 0.501, 0.537 and 0.545. For the
same values of sin? 03 and 6}, we obtained in the scheme
073 — (035, 015, 015): sin 03 = 0.512, 0.499, 0.463, 0.455.

Further, the statistical analyses we have performed showed
that for each of the two schemes, the five cases considered
form two groups for which cos § differs in sign and in mag-
nitude (Figs. 2, 5). This suggests that distinguishing between
the two groups for each of the two schemes considered could
be achieved with a not very demanding (in terms of preci-
sion) measurement of cos §. In the analyses performed using
the prospective sensitivities on sin2 0}, sin? 03 and sin? 63,
assuming the current best fit values of sin® 0;5, sin” ;3 will
not change, we have chosen as potential best fit values of
sin” 6,3 those predicted by the two schemes in the five cases
considered (the values are listed in the preceding paragraph).
These analyses have revealed, in particular, that for each of
the two schemes, distinguishing between the cases inside the
two groups which provide opposite sign predictions for cos §
would be more challenging in terms of the requisite precision
on cos §; for certain pairs of cases predicting cosé < —0.5
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in the scheme 6}, — (6,3, 6’{’3, 61,), this seems impossible to
achieve in practice. These conclusions are well illustrated by
Figs. 3 and 6. However, we have found that, depending on
the chosen potential best fit value of sin2 63, some of the
cases are strongly disfavoured. Thus, a high precision mea-
surement of sin? 6,3 would certainly rule out some of (if not
all) the cases of the two schemes we have considered.

The analysis performed of the predictions for the Jcp fac-
tor showed that in the 67, — (655, 63, 0},) set-up, the CP-
conserving value of Jcp = 0 is excluded at more than 3o
with respect to the confidence level of the corresponding min-
imum, in two cases, namely, for [0}, 0},] = [7/20, —7 /4],
[r/20, /6] (denoted in the text as Cases III and V). In the
other three cases in spite of the relatively large predicted best
fit values of Jcp, Jcp = 0 is only weakly disfavored (Fig. 4).
For the 07; — (055, 03, 0],) scheme, Jcp = 0 is excluded
at more than 30 (with respect to the confidence level of the
corresponding minimum), only in one case (denoted as Case
Lin the text), namely, for [6}5, 0],] = [ /20, 7 /4] (Fig. 7).

The results obtained in the present article confirm the
conclusion reached in earlier similar studies that the mea-
surement of the Dirac phase in the PMNS mixing matrix,
together with an improvement of the precision on the mix-
ing angles 012, 013 and 6»3, can provide unique information
as regards the possible existence of symmetry in the lepton
sector. These measurements could also provide an indica-
tion about the structure of the matrix U, originating from
the charged lepton sector, and thus about the charged lepton
mass matrix.
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Appendix A: Statistical details

In order to perform a statistical analysis of the schemes con-
sidered we use as input the latest results on sin2 )5, sin 03,
sin? 03 and 8, obtained in the global analysis of the neu-
trino oscillation data performed in [23]. The aim is to derive
the allowed ranges for cos § and Jcp, predicted on the basis
of the current data on the neutrino mixing parameters for
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each scheme considered. For this purpose we construct the
x? function in the following way: x>({x;}) = >; x?(xi),
with x; = {sin2 012, sin? 013, sin? 613, 8}. The functions Xi2
have been extracted from the 1-dimensional projections given
in [23] and, thus, the correlations between the oscillation
parameters have been neglected. This approximation is suffi-
ciently precise since it allows one to reproduce the contours in
the planes (sin? 63, 3), (sin2 013, 8) and (sin2 053, sin? 013),
given in [23], with a rather high accuracy (see [49,50]). We
construct, e.g., x >(cos 8) by marginalising x2({x;}) over the
free parameters, e.g., sin? 013 and sin? 6»3, for a fixed value

of cos §. Given the global fit results, the likelihood function,
X 2 (cos d)

> ), (114)

represents the most probable values of cosd in each con-
sidered case. When we present the likelihood function ver-
sus cos ¢ within the Gaussian approximation we use Xé =
Y (i — Y1) oy, with y; = {sin® 612, sin” 613, sin” 63},
y; are the potential best fit values of the indicated mixing

L(cosd) o exp (—

parameters and o, are the prospective 1o uncertainties in the
determination of these mixing parameters. More specifically,
we use as 1o uncertainties (i) 0.7 % for sin? 012, which is the
prospective sensitivity of the JUNO experiment [69], (i1) 5 %
for sin” 6,3, obtained from the prospective uncertainty of 2 %
[4] on sinZ 2653 expected to be reached in the NOvA and T2K
experiments, and (iii) 3 % for sinZ 0 13, deduced from the error
of 3 % on sin® 263 planned to be reached in the Daya Bay

experiment [4,71].

Appendix B: sin? 653 in the (015, 053) — (655, 67,) set-up

For completeness in Fig. 8 we give N, = \/)T2 as a function
of sin® 3 for the scheme (6¢5, 6%;) — (633, 015).

The dashed lines represent the results of the global fit [23],
while the solid ones represent the results we obtain for each of
the considered symmetry forms of the matrix U, , minimising
the value of x2 for a fixed value of sin® 6»3. The blue lines

6 6 6
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Fig. 8 N, = /x2 as a function of sin® 6,3 in the scheme (073, 033) —
(635, 0)5). The dashed lines represent the results of the global fit [23],
while the solid ones represent the results we obtain for the TBM, BM

(LC), GRA (upper left, central, right panels), GRB and HG (lower left
and right panels) neutrino mixing symmetry forms. The blue (red) lines

are for the NO (IO) neutrino mass spectrum
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correspond to the NO neutrino mass spectrum, while the red
ones are for the 10 one.
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