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1 Introduction

One of the interesting questions regarding quantum information is how fast quantum cor-
relations can propagate in a physical system. In a groundbreaking study in 1972, Lieb
and Robinson [1] derived an upper bound for the speed of propagation of correlations in
an interacting lattice system and in recent years there has been growing interest in this
and related questions in connection with a number of new advances. The study of ultra-
cold atom systems has developed to the level where experiments on the time evolution of
quantum correlations are possible (see e.g. [2]), new techniques have been developed for
the theoretical study of time evolution of observables in perturbed quantum lattices (see
e.g. [3]),analytical results have been obtained for the time evolution of observables after
quenches in conformal field theory [4—6] and entanglement entropy has been given a geo-
metric interpretation [7—10] in the context of the holographic duality of strongly interacting
conformal field theory [11]. The present paper follows up on this last direction.

In the context of holographic duality, different ways of introducing quenches in a
conformal theory have been studied. One line of work focuses on constructing holographic
duals for quenches in strongly coupled theories [12-16], in the spirit of similar work in
weakly coupled quantum field theory involving a sudden change in the parameters of the
Hamiltonian [4-6, 17-20]. In another approach, the focus has instead been on perturbing
the state of the system by turning on homogeneous sources for a short period of time. By a
slight abuse of terminology, this process has also been called a “quench”, although perhaps
a “homogenous explosion” would be a closer term to describe the sudden change in the
state of the boundary theory. There are two good reasons to study this model. One of them
is that there is an elegant and tractable gravitational dual description of such a process in
terms of the gravitational collapse of a thin shell of null matter to a black hole, the AdS-
Vaidya geometry. The other good reason is that the time evolution of quantum correlations
manifested in the holographic entanglement entropy following such an explosion was found
to behave in the same manner as in the 1+1 dimensional conformal field theory work [4-
6] — in a relativistic case quantum correlations were found to propagate at the speed
of light [21-29]. The interesting lesson there is that even a strongly coupled conformal
theory with no quasiparticle excitations may behave as if the correlations were carried by
free-streaming particles. The model also allows for an easy extrapolation of the results
to higher dimensional field theory at strong coupling. In generic dimensions, it turns out
that the time evolution of holographic entanglement entropy has a more refined structure,
characterized by different scaling regimes [30, 31]: (I) a pre-local equilibrium power law
growth in time, (II) a post-local equilibration linear growth in time, (III) a saturation
regime. For entanglement surfaces of more general shape, one can also identify late-time
memory loss, meaning that near saturation the time-evolution becomes universal with no
memory on the detailed shape of the surface.

Many condensed matter and ultracold atom systems feature more complicated critical
behavior with anisotropic (Lifshitz) scaling [32], characterized by the dynamic critical ex-
ponent ¢ > 1, or hyperscaling violation characterized by a non-zero hyperscaling violation
exponent 6 [33-35]. Hyperscaling violation leads to an effective dimension dg = d — 6. It



was found that for a critical value dg = 1 the entanglement entropy exhibits a logarithmic
violation from the usual area law [36], which is also generic for compressible states with
hidden Fermi surfaces [37-40].

By now there exist various holographic dual models for critical points involving Lif-
schitz scaling and hyperscaling violation [33-36, 41-57]. In the light of the rich scaling
structure in the time evolution of entanglement entropy, it is interesting to see how it
carries over to systems with Lifshitz scaling and hyperscaling violation. In [58] a Lifshitz
scaling generalization of the AdS-Vaidya geometry was constructed, and it was found that
time evolution of entanglement entropy still contains a linear regime, where entanglement
behaves as if it was carried by free streaming particles at finite velocity. This is non-trivial,
since in the non-relativistic case ¢ > 1 there is no obvious characteristic scale like the speed
of light in relativistic theories. The authors of [30, 31], on the other hand, considered a
relativistic system with hyperscaling violation, and found that their previous analysis easily
carries over to that case, with the spatial dimension d replaced by the effective dimension
dg. In this paper we extend the analysis to systems that exhibit both Lifshitz scaling and
hyperscaling violation. We do this by first constructing the extension of the Lifshitz-AdS-
Vaidya geometry to the hyperscaling violating case, and then analyzing the time evolution
of the entanglement entropy for various boundary regions. We compute numerically the
evolution of the holographic entanglement entropy for the strip and the sphere in back-
grounds with non-trivial ¢ and 8. We then extract some analytic behavior in the thin
shell limit for the temporal regimes (I), (II) and (III), generalizing the results of [30, 31]
to the case of ( # 1 and 0 # 0. In an appendix, we also consider briefly quench geometries
where the critical exponents themselves are allowed to vary. This can be motivated from
a quasiparticle picture and one could, for instance, consider a system where the dispersion
relation is suddenly altered from w ~ k* 4+ .-+ to w ~ k + --- or vice versa, by rapidly
adjusting the chemical potential. We take some steps in this direction by considering holo-
graphic geometries where the dynamical critical exponent and the hyperscaling violation
parameter are allowed to vary with time and show that such solutions can be supported
by matter satisfying the null energy condition, at least in some simple cases. We leave a
more detailed study for future work.

This paper is organized as follows. Hyperscaling violating Lifshitz-AdS-Vaidya solu-
tions are introduced in section 2 and parameter regions allowed by the null energy condition
determined. In section 3 the holographic entanglement entropy for a strip and for a sphere
is analyzed in static backgrounds and Vaidya-type backgrounds are considered in section 4.
In section 5 scaling regions in the time evolution of the entanglement entropy are studied
for differently shaped surfaces. The details of some of the computations are presented
in appendices along with a brief description of holographic quench geometries where the
hyperscaling violation parameter and the dynamical critical exponent are allowed to vary
with time.

Note added. As we were preparing this manuscript, [59] appeared with significant over-
lap with some of our results. A preliminary check finds that where overlap exists, the
results are compatible.



2 Backgrounds with Lifshitz and hyperscaling exponents

The starting point of our analysis is the following gravitational action [58]

Np

[ (7= 3007 -vio - [T Aor)vaata, e
=1

1
167Gy

which describes the interaction between the metric g,,, Nr gauge fields and a dilaton ¢.
The simplest d+ 2 dimensional time independent background including the Lifshitz scaling
¢ and the hyperscaling violation exponent 6 is given by [33-35]

ds? = 27240/ 27212 4 422 + da?) (2.2)

where z > 0 is the holographic direction and the cartesian coordinates x parameterize RY
(we denote a vectorial quantity through a bold symbol). Hereafter the metric (2.2) will be
referred as hvLif. In (2.2) we have introduced the convenient combination

dg=d—0. (2.3)

When 6 = 0 and ¢ = 1, (2.2) reduces to AdS;42 in Poincaré coordinates.

In the following, we will consider geometries that are asymptotic to the hyperscaling
violating Lifshitz (hvLif) spacetime (2.2). In particular, static black hole solutions with
Lifshitz scaling and hyperscaling violation have been studied in [35, 54, 55]. The black hole
metric is

dz?
2 _ —2dg/d | _ Z—QCF 2 2 2.4
ds* =z < z (z)dt* + Fl2) +dzx > , (2.4)

where the emblackening factor F'(z), which contains the mass M of the black hole, is
given by

F(z) =1— Mz%t¢, (2.5)
The position z;, of the horizon is defined as F(z,) = 0 and the standard near horizon

analysis of (2.4) provides the temperature of the black hole T' = zi_C|F’(zh)|/(47r). In
order to have F'(z) — 1 when z — 0, we need to require

dg+¢>0. (2.6)

The Einstein equations are G, = T}, where G, is the Einstein tensor and 7}, the
energy-momentum tensor of the matter fields, i.e. the dilaton and gauge fields in (2.1).
The Null Energy Condition (NEC) prescribes that T, N*N" > 0 for any null vector N*.
On shell, the NEC becomes G, N*N” > 0 and, through an astute choice of N*, one
finds [35]

do(¢ =1 —0/d) >0, (2.7)
(C=1)(dg+¢) 2 0.

In the critical case § = d — 1, they reduce to ¢ > 2 — 1/d. In figure 1 we show the region
identified by (2.7) and (2.8) in the ((, 6) plane.



Figure 1. The grey area is the region of the (¢,0) plane defined by (2.7) and (2.8), obtained
from the Null Energy Condition, and also (2.6). The panels show d = 2,3,4. The red dots denote
AdSg2 and the horizontal dashed lines indicate the critical value 8 = d — 1. The blue lines denote
the upper bound defined by the condition (5.5).

In order to construct an infalling shell solution, it is convenient to write the static
metric (2.4) in an Eddington-Finkelstein-like coordinate system, by introducing a new

time coordinate v through the relation

dz
and rewriting (2.4) as
ds? = 27240/ 20O F(2)dv? — 22" C dv dz + da?) . (2.10)

The dynamical background that we are going to consider is of Vaidya type [60, 61] and it is
obtained by promoting the mass M in (2.10) to a time dependent function M (v), namely

ds? = 27 240/d(_ 20O F(y, 2)dv? — 22" C dv dz + da?) (2.11)

where
F(v,2) =1— M(v)z%T¢. (2.12)

The metric (2.11) with the emblackening factor (2.12) is a solution of the equation of
motion G, = T}, where the energy-momentum tensor is given by the one of the static
case with M replaced by M (v), except for the component 7),, which now contains the
following additional term

Ty = %zdeM/(v). (2.13)

Now consider the null vectors N# = (N, N*, N®) given by

" " 2261 " 2671
NI = (0, 170), NH = <_F'(/Uz)7 1,0) y NIH = :I:*),O,nl y (214)



where n; is a d — 1 dimensional vector with unit norm. The NEC for the vectors (2.14)
leads to the following inequalities

do(C —1—-0/d) >0, (2.15)
do |(C—1—0/d)F?> —22°F,| >0, (2.16)
2(¢ — 1)(dp + O)F? + [2F.. — (dg + 3(C — 1)) FL]zF — 2%dgF, > 0, (2.17)

where the notation F, = 0. F, F, = 0, F and F,, = 0*F has been adopted. When F(v, 2) =
1 identically, (2.16) and (2.17) simplify to (2.7) and (2.8) respectively. Plugging 2.12
into (2.16) and (2.17), we get

do[ (¢ —1—0/d)(1 — M(v)z%T)? 4 2292\ (v)]

0, (2.18)
2(¢ = 1)(dg + ¢)(1 — M(v)2%+¢) + 2%0+2C gy M’ (v) > 0

(2.19)

VoV

In the special case of # = 0 and { = 1 we recover the condition M'(v) > 0, as expected.
Notice that the NEC for the AdS-Vaidya backgrounds modeling the formation of an asymp-
totically AdS charged black hole also leads to a non trivial constraint [62], similar to the
ones in (2.18) and (2.19).

In this paper we will choose the following profile for M (v)
M
M(v) = ?(1 + tanh(v/a)) , (2.20)

which is always positive and increasing with v. It goes to 0 when v — —oo and to M when
v — 400. The parameter a > 0 encodes the rapidity of the transition between the two
regimes of M(v) ~ 0 and M(v) ~ M. In the limit a — 0 the mass function becomes a
step function M (v) = M6(v). This is the thin shell regime and it applies to many of the
calculations presented below. We have checked numerically that the profiles (2.20) that we
employ satisfy the inequalities (2.18) and (2.19) for all v and z.

3 Holographic entanglement entropy for static backgrounds

3.1 Strip

Let us briefly review the simple case when the region A in the boundary theory is a thin
long strip, which has two sizes ¢ < ¢ [7, 8, 35]. Denoting by = the direction along the
short length and by y; the remaining ones, the domain in the boundary is defined by
/2 <x<l/2and 0 <y <Ly, fori=1,...,d—1. Since { < £, we can assume
translation invariance along the y; directions and this implies that the minimal surface
is completely specified by its profile z = z(z), where z(£¢/2) = 0. We can also assume
that z(z) is even. Computing from (2.4) the induced metric on such a surface, the area

B 2/2 1 512
Alz(x)] = 26+ 1/0 ARt (3.1)

functional reads



Since the integrand does not depend on x explicitly, the corresponding integral of motion
is constant giving a first order equation for the profile

P [ 1]. (32)

Here we have introduced z(0) = 2, and we have used that 2/(0) = 0 and 2/(z) < 0.

Plugging (3.2) into (3.1), it is straightforward to find that the area of the extremal surface is

9

/6 Zd@ \/F 2d9 _ Zng]

A = 2pd71do / e 2(x) "0 dy = 20471 dz (3.3)
- 1 * ) .
0

with z(z) a solution of (3.2). A cutoff z > € > 0 has been introduced to render the
integral (3.3) finite, and a corresponding one along the x direction

z(l/2 —mn) =¢. (3.4)

The relation between z, and ¢ reads

(3.5)

e[ dz .
2_/0 VEE (/220 — 1]

The vacuum case of F'(z) = 1 can be solved analytically. Indeed, one can then inte-
grate (3.2), obtaining

¢ 2 2\ %t! 11 1 3 1
— — * _ F . *ng .
w0 =51 (2) oR (Gt amia o ) (30)

where 2 F} is the hypergeometric function. Imposing x(z«) = 0 in (3.6) one finds

¢ V(3 +33)
2

=——==f 7. (3.7)
(L)
The area (3.3) with F(z) =1 is then [35]
a¢d-1 VATt \ %
A= dQL_l 6d9171 - gd9171 ( F(%ide ) + 0 (61+d9) dg # 1 (3.8)
209" og(¢/e) + O (€?) dg =1

The critical value dy = 1 is characterized by this divergence, which is logarithmic instead
of power-like.

3.2 Sphere

If the perimeter between the two regions in the boundary theory is a d — 1 dimensional
sphere of radius R it is convenient to adopt spherical coordinates in the bulk (we denote
by p the radial coordinate) for R? in (2.2) and (2 4), namely dx? = dp® + p?d?_,. In this

case, the problem reduces to computing z = z(p). The area functional reads
27rd/2 R -1 212
A _ 3.9
0 =t | (39)



where the factor in front of the integral is the volume of the d — 1 dimensional unit sphere.
The key difference compared to the strip (see (3.1)) is that now the integrand of (3.9)
depends explicitly on p and one has to solve a second order ODE to find the z(p) profile,

z[pF. —2(d—1)2']2” —2F[pz 2" + (d — 1)z 2 + dgp 2] — 2dgpF* =0, (3.10)

subject to the boundary conditions z(R) = 0 and 2’(0) = 0. For a trivial emblackening

) =
factor F' (z) = 1 the equation of motion (3.10) simplifies to
(d

pz2"+ [dop+ (d—1)z2'] (1 +2?) =0. (3.11)

In the absence of hyperscaling violation (6 = 0) it is well known that z(p) = \/R? — p? de-
scribes an extremal surface for any dimension d [8]. Since the extremal surface is computed
for t = const., the Lifshitz exponent ¢ does not enter in the computation but equation (3.11)
does involve the hyperscaling exponent through the effective dimension dy. The extremal
surface cannot be found in closed form for general values of dy # 0 but the leading behav-
ior of the extremal surface area, including the UV divergent part, can be obtained from
the small z asymptotics when p = R is approached from below. We find it convenient to
rewrite (3.11) in terms of a dimensionless variables z = R Z(x), p = R(1 — x),

(1—2)22+ [do(1 —2) — (d — 1)22] (1 + 2%) =0, (3.12)

where Z denotes dz/dzx.

In the appendix section A we construct a sequence of parametric curves {z;(s), Z;(s)}
for i € N such that the asymptotic one {xs($), Zoo(5)} solves (3.12). These curves are
obtained in order to reproduce the behavior of the solution near the boundary (i.e. small x)
in a better way as the index ¢ increases. Unfortunately, when i is increasing, their analytic
expressions become difficult to integrate to get the corresponding area. Nevertheless, we
can identify the following pattern. Given an integer kg > 0, which fixes the order in €
that we are going to consider, the procedure described in section A leads to the following
expansion for the area (3.9)

ord/2 pd—1 ko 2%k
Alz(p)] = 7;/2 = 1{Zwk (d, do) ( ) +O(ko D) gy £ 41,35, 2ko+1},
(3.13)
where 4 d
wk(d, dg) = ’72’6( ’ 9) R Qg € N \ {0} . (3.14)

[T [do — (25 + 1)] ™
The coefficients ~ox(d, dy) should be found by explicit integration. For k = 0, we get
vYo(d,dgp) = 1/(dg — 1). The peculiar feature of the values of dy excluded in (3.13) is the
occurrence of a logarithmic divergence, namely, for 0 < k < ko we have

rd/2pd-1 [ k=l . N i
Alz(p)] = i‘(d/gﬂf Zwk(d’ ds) (E>2k + By (d, dp) <§>2k log(e/R) + O(e%) ,
€ k=0
dg =2k +1.
(3.15)



In section A.1 the result for i = 2 is discussed and it gives (see section A.1.1)

27rd/2 Rd—1 1 (d—1)2(dg—2) 2
r@@”ilhel m91w33u9+0@ﬁ] do 71,3
2 -1 2
Alz(p)] = { BB log(e/R) [1+(d )’ & 10g(e/R)+...] dg =1 (3.16)
xd/2 gpd—1
2[4 - D) log(e/R) + o) do =3

Notice that the first expression in (3.16) for § = 0 provides the expansion at this order of
the hemisphere [8].

Comparing the result (3.16) for the spherical region with the one in (3.8), which holds
for a strip, it is straightforward to observe that, while for the sphere logarithmic divergences
occur whenever dy is odd, for a strip this happens only when dy = 1. The logarithmic terms
lead to an enhancement of the area for dg = 1, but only contribute at subleading order for
higher odd integer dy.

4 Holographic entanglement entropy in Vaidya backgrounds

4.1 Strip

In this section we consider the strip introduced in section 3.1 as the region in the boundary
and compute holographically its entanglement entropy in the background given by the
Vaidya metric (2.11), employing the prescription of [9]. The problem is more complicated
than in the static case considered in section 3.1 because the profile is now specified by two
functions z(z) and v(x) which must satisfy v(—£/2) = v(¢/2) =t and z(—£/2) = z(£/2) = 0,
with ¢ the time coordinate in the boundary. Since in our problem v(z) and z(z) are even,
the area functional reads

£/2
Alv(z), z(z)] = 25‘}__1/ £ dr B=1—F(v,2)220702 —2217¢2 | (4.1)
0

and the boundary conditions for v(z) and z(x) are given by
Z'(0) =4'(0) =0, v(l/2) =t, z(¢/2) =0. (4.2)

Since the integrand in (4.1) does not depend explicitly on z, the corresponding integral of
motion is constant, namely z%+/B = const. By recalling that z(0) = 2z, this constancy

(ﬁf%:B. (4.3)

z

condition can be written as

The equations of motion obtained extremizing the functional (4.1) are

Ox [zl_g(zl_CFU’ +2)] = 20 FW?/2, (4.4)
Oz [zlfcv'} = dpB/z+22 O F 02 /241 — O)275 (2 + 2P ). (4.5)
In figure 2 the typical profiles z(z) obtained by solving these equations numerically are

depicted. For ¢ < 0 the extremal surface is entirely in the hvLif part of the geometry. As
time evolves and the black hole is forming, part of the surface enters into the shell and for



Zx

Ze

L L :L‘ 4 L
0 1 2 3 4
T

Figure 2. The profiles z(z) of the extremal surfaces for a strip with ¢ = 8 for different boundary
times: ¢t = 0 (hvLif regime, red curve), ¢t = 3.6 (intermediate regime, when the shell is crossed, blue
curve) and ¢t = 5 (black hole regime, black curve). The final horizon is z;, = 1. These plots have
d=2,0=2/3 and ¢ = 1.5. The left panel shows the situation in the thin shell limit (a = 0.01),
while in the right panel a = 0.5.

large times, when the black hole is formed, the extremal surface stabilizes to its thermal
result. In the special case of # = 0 and ¢ =1, (4.4) and (4.5) simplify to

Fo'? = Q[FU" + (B + E.2" )0 + z"] , (4.6)
220" = 2F v 4 2d(1 — Fv'? — 22/0).
Once a solution of (4.4) and (4.5) satisfying the boundary conditions (4.2) has been found,

the surface area is obtained by plugging the solution into (4.1). By employing (4.3), one
finds that the area of the extremal surface reads

1 2/2 Zfe
A =207 ; dx . (4.8)

The integral is divergent and we want to consider its finite part. As in the static case, one
introduces a cutoff € along the holographic direction and a corresponding one 7 along the z
direction, as defined in (3.4). One way to obtain a finite quantity is to subtract the leading
divergence, which, for the strip, is the only one (see (3.8) for the static case),

E/Z—n dg 1
1) _ R

reg — »2dg

£/2—n _de
dg=1 Al = / > dw — log(L/e).
0

Another way to get a finite result is by subtracting the area of the extremal surface at late
time, after the black hole has formed

£/2—n _do £/2—7 zde
(2) = Zx _ P
Aoy = /0 2 dz /0 7 dz, (4.10)
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Figure 3. Strip and a = 0.01 (thin shell). Regularizations (4.9), (4.10) and (4.11) of the area for
d =1 (dashed red), d = 2 (blue) and d = 3 (green) with § =d — 1 and ( =2 — 1/d. Left panels:
areas as functions of ¢/2 for fixed ¢t = 1.5 (bottom curves) and ¢ = 2.5 (upper curves). Right: area
as functions of the boundary time ¢t with fixed £ = 3 and £ = 5. The latter ones are characterized
by larger variations.

or by subtracting the area of the extremal surface at early time, when the background is

2/2—n _do 2/2—7 de
e :/0 z* dx_/o . (4.11)

hvLif, namely

The quantities corresponding to the the black hole are tilded, while the ones associated to
hvLif are hatted. In particular, Z2(¢/2 — 77) = € and 2(¢/2 — 7)) = €. In figure 3 we compare
the regularizations (4.9), (4.10) and (4.11) as functions of ¢ and of the boundary time ¢ at
the critical value § =d — 1.

4.1.1 Thin shell regime

Let us consider the limit @ — 0 in (2.20), which leads to a step function

M(v) = M6(v). (4.12)

~10 -



The holographic entanglement entropy in this background has been studied analytically for
0 =0, =1and d=1in [23, 24]. For more general values of § and ¢ the thin shell regime
is obtained by solving the differential equations (4.4) and (4.5) in the vacuum (hvLif) for
v < 0 and in the background of a black hole of mass M for v > 0. The solutions are then
matched across the shell. Thus, the metric is (2.11) with

1 v < 0 hvLif
F(v,z) = ! 413
(v,2) { F(2) v> 0 black hole, (4.13)

where F'(z) is given by (2.5). Recall that the symmetry of the problem allows us to work
with 0 < z < /2. From figure 2 and by comparing figure 3 with figure 5, one can appreciate
the difference between the thin shell regime and the one where M (v) is not a step function.
Denoting by z. the position where the two solutions match, we have

v(z.) =0, 2(xe) = zc. (4.14)

Thus, when the extremal surface crosses the shell, the part having 0 < = < x. is inside
the shell (hvLif geometry) and the part with z. < x < ¢/2 is outside the shell (black hole
geometry).

The matching conditions can be obtained in a straightforward way by integrating the
differential equations (4.4) and (4.5) in a small interval which properly includes z. and
then sending to zero the size of the interval. In this procedure, since both v(x) and z(z)
are continuous functions with discontinuous derivatives, only a few terms contribute [64].
In particular, F, = —Mz%+¢§(v) is the only term on the r.h.s.’s of (4.4) and (4.5) that
provides a non vanishing contribution. Thus, considering (4.5) first, we find the following
matching condition

v =0l =0, at r =x.. (4.15)
Then, integrating across the shell (4.4) and employing (4.15) (we have also used that
d(v) = 6(x — xc)/|vL], where v, > 0, as discussed below), we find (notice that the term
containing v" on the L.h.s. provides a non vanishing contribution)

1-¢ 4
’ / Zec v

z+—z_:Tc(1—F(zc)), at © = 1x.. (4.16)

Since F), vanishes for v # 0, the differential equation (4.4) tells us that

F_0<z<zx hvLif
1-¢ ( 1 1-Cp /) _ t = = ¢ ’ 4.17
oV T E AR ) =Mt =0 B4 < 2 < 0/2 black hole. (4.17)

Let us consider the hvLif part (v < 0) first, where FF = 1. Since v'(0) = 0 and 2/(0) =
0, (4.17) tells us that E_ = 0. Thus, (4.17) implies that

v = — 2571, 0<z<x.. (4.18)
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Plugging this result into (4.3) with F' = 1, it reduces to the square of (3.2) with F' = 1,
as expected. Taking the limit  — x_ of (4.18), one finds a relation between the constant

value v/, defined in (4.15) and 2’ , i.e.
o= —257"12 >0, (4.19)
where we have used that 2/ < 0. Integrating (4.18) from x = 0 to & = x., we obtain that
25 =25 + (v (4.20)

Now we can consider the region outside the shell (v > 0), where the geometry is given by
the black hole. From (4.17) with F' = F(z) given in (2.5) we have that

1 E
/ + /
= —z </l/2. 4.21
v 21=CF (z) (21—4 ) ’ Te < & E/ ( )
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Then, plugging this result into (4.3), one gets
Zx 2do E?
Z/2:F(2)|:<Z> —1:| +22TJ:C)’ .’Ifc<$<€/2 (422)

We remark that (4.22) becomes (3.2) when E = 0. The constant E; can be related to
2! by taking the difference between the equations in (4.17) across the shell. By employ-
ing (4.15), the result reads

Ey —B_ =z [ — 2 + 27l (F(z) — 1)]. (4.23)

Then, with E_ = 0, the matching conditions (4.16) and (4.19) lead to
ch—(

2
where E < 0 because of (4.18). Moreover, from (4.3), one finds that

B, =

(1= F(z))7-, (4.24)

Zc

2\ 2o
By =B_= <*> , at = x.. (4.25)

Finally, the size ¢ can be expressed in terms of the profile function z(x) (we recall that
2’ < 0) by summing the contribution inside the shell (from (4.22) with F'(z) = 1) and the
one outside the shell (from (4.22))

g_ Zx J o ooy —1/2 Ze 2, 2dyg Ei -1/2

Notice that we cannot use (4.22) for the part outside the shell because Ey # 0. Sim-
ilarly, we can find the boundary time ¢ by considering first (4.2) and (4.14), and then

employing (4.21). We find
2dy 2 12
¢-1 ) ot
o l(2) )

t £/2 , ze (-1
t —/ dv —/ vdx —/
0 Te 0 F(Z)
(4.27)

where in the last step (4.21) and (4.22) have been used (we recall that 2’ < 0).
The area of the extremal surface (4.8) is obtained by summing the contributions inside

and outside the shell in a similar manner. The result is

A= 2€d712d9 Z*z_dg (22d9_22d9)—1/2dz+ ZCZ—Qde F(z) 2 2d9_1 +E7~2k _1/2dz
S ) € z 52(1-C) )

(4.28)
where the cutoff € must be introduced to regularize the divergent integral, as already
discussed. In figure 6 we show Al(rzé for various dimensions. It seems that a limiting curve
is approached as d increases.

It is straightforward to generalize the above analysis to the case of n dimensional
surfaces extended in the bulk which share the boundary with an n dimensional spatial

surface in the boundary, i.e. surfaces with higher codimension than the extremal surface
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occurring for the holographic entanglement entropy. For a strip whose sides have length ¢ in
one direction and £, in the remaining n— 1 ones, the area functional to be extremized reads

0/2
Alv(z), z(z)] = QETI/O an\/gg/d dx , (4.29)

where B has been defined in (4.1). This functional reduces to the one in (4.1) for the
holographic entanglement entropy when n = d. The extrema of the functional (4.29) with
n = 2 are employed to study the holographic counterpart of the spacelike Wilson loop,
while the n = 1 case describes the holographic two point function.

The equations of motion of (4.29) are simply given by (4.4) and (4.5) where the dy in
the r.h.s. of (4.5) is replaced by ndy/d, while F(v, z) is kept equal to (2.12). Similarly, we
can adapt all the formulas within section 4.1 to the case n # d by replacing dy by ndy/d
whenever it does not occur through F'(v, z) or F(z), which remain equal to (2.12) and (2.5)
respectively.

4.2 Sphere

Let us consider a circle of radius R in the boundary of the asymptotically hvLif spacetime.
As discussed in section 3.2 for the static case, it is more convenient to adopt spherical
coordinates in the Vaidya metric (2.11) for R?. The area functional is given by

P 2(1=¢), 12 1—¢
o _ —) .7 —C 1
A[v(p),z(p)]—r(d/z)/o prr VBdp, B=1-F(v,2)z v =222 (4.30)
where now the prime denotes the derivative w.r.t. p. An important difference compared
to the strip, as already emphasized for the static case, is that the Lagrangian of (4.30)
depends explicitly on p. This implies that we cannot find an integral of motion which
allows to get a first order differential equation to describe the extremal surface. Thus, we

— 14 —



have to deal with the equations of motion, which read

4o \/BB |:pd—121—<—d9
pd=t 7 VB

(V21 F + Z/):| = Fu'?, (4.31)

zlo\/B [ pt1220-0—ds do 221-0) 2 1-C¢ 1—
i1 p[ /B UI} = ?B—l— Fo” + s (2 + 2SR
(4.32)
These equations have to be supplemented by the following boundary conditions
v(R)=t, V'(0) =0, and z(R)=0, Z'(0)=0. (4.33)

We are again mainly interested in the limiting case of a thin shell (4.12).

4.2.1 Thin shell regime

Considering the thin shell regime, defined by (4.12), we can adopt to the sphere some of
the observations made in section 4.1.1 for the strip. Again, there is a value p. such that for
0 < p < pc the extremal surface is inside the shell (hvLif geometry), while for p. < p < R
it is outside the shell (black hole geometry).

The matching conditions can be found by integrating (4.31) and (4.32) across the shell,
as was done in section 4.1.1 for the strip. Introducing

/ /

6’5%, z’z%, (4.34)
we can use (4.32), whose r.h.s. does not contain F,, to obtain
o =0, at p = pe, (4.35)
while from (4.31) and employing (4.35) as well, we get
S
Bl =2t (1= F(z),  at z=a. (4.36)
Considering (4.31), since F,, = 0 for v # 0, we have
pd_lz\/l;_d@ (v'2'7CF 4 2') = const = { gl ?)c<<p,0< <p;z Efjcllf 7hole, (4.37)
where E_ = 0 because v'(0) = 0 and 2’(0) = 0. By using (4.34), one can write
1/By = 1+ 0 207920790 F(2) + 22, ], 4.38
1/B- = 1+ 9 2079099 +27 ). (4.39)
Taking the difference of these expressions and using (4.35) and (4.36), one finds
B, =B_. (4.40)
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By using (4.35), (4.36) and (4.37), we get

pd—lzg(lfC)*de /
C

== i (F(z:) — Dv,.
Then, from (4.37) in the black hole region, one obtains

-1 \/T dg+¢—1
.z (AE+ 1+ 272/F(z) _Z,> 7 4="7 _ (4.42)

TR\ AT 2R

B, (4.41)

pd—l
Plugging this expression into (4.32) leads to

2dgpF? + z[pF. —2(d — 1)7'] 2% — 2F [pz2"+ (d—1)z2 + dgp 2'2} (4.43)
+E2A%p[2(F, +22") —2(¢ — 1)(F + 2%)] =0,

which reduces to (3.10) when E; = 0, as expected. The boundary time ¢ is obtained by
integrating (4.42) outside the shell p. < p < R (see e.g. (4.27) for the strip)

R 1 [ AB T F()
t:/ z VIHEGE) ) g, (4.44)

F@\ 1+ 263 /F () ’

Notice that we cannot provide a similar expression for R, like we did for the strip in (4.26).
Finally, the area of the extremal surface at time t is the sum of two contributions, one
inside (finite) and one outside (infinite) the shell, and is given by

d/2 pe d—1 /17 L 12 R d—1 W
A:Pzzz / ”dleﬂdﬁ/ dp-L +EE) (4.45)
(@/2) \ Jo e 2 \/1 + A2E? JF(z)

z

(3)

Numerical results for the regularized extremal area Areg for a sphere (defined via an ap-
propriate adaptation of (4.11)) in the thin shell regime are shown in figure 7.

5 Regimes in the growth of the holographic entanglement entropy

In this section we extend the analysis performed in [30, 31] to 6 # 0 and ¢ # 1. For ¢t < 0 we
have Aﬁi’g = 0 because the background is hvLif. When ¢ > 0, it is possible to identify three
regimes: an initial one, when the growth is characterized by a power law, an intermediate
regime where the growth is linear and a final regime, when Aggg(t} saturates to the thermal
value. We report our results for the different regimes in the main text while the details of
the computation are described in appendix section B.

5.1 Initial growth

The initial regime is characterized by times that are short compared to the horizon scale

0<t < zp. (5.1)
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Figure 7. Holographic entanglement entropy for the sphere in the thin shell regime with a = 0.01
(see section 4.2). The parameters d,  and ( are the same of figure 4 (same color coding). Left
panel: fixed ¢t = 1.5 (lower curve) and ¢ = 3 (upper curve). Right panel: fixed R = 2 and R = 4
(larger spheres thermalize later).

In appendix section B.1, following [31], we expand Agie% around ¢t = 0 and consider the

first non trivial order for an n dimensional spatial region whose boundary ¥ has a generic
shape. Given the metric (2.11) with (4.13), the final result for this regime is (see (B.9))

AG ) =M A (¢t)loCmn/d /¢
reg 9Ndo(1 —njd) +C+1]

(5.2)

where Ay, is the area of X. Notice that for the holographic entanglement entropy n = d,
for the holographic counterpart of the Wilson loop n = 2 and for the holographic two point
function n = 1. Explicitly, for the holographic entanglement entropy, (5.2) becomes

MA C1+1/C
B) () = 2485 77 A41/¢
Aoy (t) 2+ D) t : (5.3)

which is independent of d and #. This generalizes the result of [31] (see [65] for d = 1). In
figure 8 we show some numerical checks of (5.3) both for the strip and for the sphere.

5.2 Linear growth

When z, is large enough, the holographic entanglement entropy displays a linear growth in
time. The computational details for the strip are explained in appendix section B.2. The
result for (4.13) is that, in the regime given by

Lt <L, (5.4)
and if the following condition is satisfied

dg =>2—-C, (5.5)
we find a linear growth in time for the holographic entanglement entropy, namely

Al(‘gé(t) = 261_1U1inear t. (56)

17 -



1000
e 1000F 3
0.500f “*reg reg
5.00 © 9=0
=1
0.100 L
1.00 PP )
0050 e p
050 P o
-t g 7 ?
=3 v .
ooto} © e
5 C=3 e
00057 . 0.10 C
s 00st.-"" =2 =1 t
002 005 0.10 020 0.50 1.00 002 005 0.10 0.20 0.50 .00

Figure 8. Initial growth of the holographic entanglement entropy for d = 2 (see section 5.1).
The points come from the numerical solution of (4.4)-(4.5) for the strip (left) and (4.31)—(4.32)
for the sphere (right) in the thin shell regime. The black dashed lines are obtained through the
formula (5.3), which is independent of 6 and of the shape of the region in the boundary. Left panel:
strip with £ = 4. Right panel: sphere with R = 4.

The method of [31] for the thin shell regime, extended to 6 # 0 and ¢ # 1, tells us that

_ : _F(Zm) VE
d —
A =2ae, Ao =Tl =
m h
where, for F(z) given by (2.5), vg reads
—1
(n-1)"7 2(dg +¢ —1)
_ )z _ , 5.8
vE 7]51 K d9 + C ( )

It can be easily seen that vy = 1 when n = 1 and vg — 0 as n — 400 monotonically.
Notice that the linear regime depends only on the combination dg + . In figure 9, where
the points are computed using the numerical solutions of (4.4) and (4.5), we see a typical
linear behavior in time for two strips with large £. The agreement between the slope of the
numerical data and the value computed from (5.8) is quite good. In figure 10 we compare
the slopes of the numerical curves with the values obtained from (5.8) for other values of 6
and (. We consider the linear growth regime for more generic backgrounds in appendix C
In order to get a better understanding of the origin of the ¢ dependence in (5.7).

The functional form of the velocity in (5.8) suggests that 7 < 1 corresponds to quali-
tatively different behavior than the n > 1 and our calculations are not easily extended to
cover this case. In particular, we are not able to determine whether there is linear growth
in the holographic entanglement entropy for n < 1. We note that when combined with the
null energy condition (as displayed in figure 1), this case corresponds to dy < 0 which is
problematic for several reasons. This includes finiteness of S4 in the UV, negative specific
heat for black branes, and lack of a decoupling limit in string theory realizations of the
hvLif metric [35]. Specifically, we run into problems when trying to extend our calculations
to n < 1, both in implementing the methods of [30, 31] as described in section B.2 and in
setting up initial conditions for the numerical shooting method in section B.4.
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Figure 9. Typical example of linear growth for the holographic entanglement entropy in the thin
shell regime. Here d = 2, z, =1, 8 = 1 and { = 2 for two large strips: ¢ ~ 16 (green squares) and
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Figure 10. Linear regime for the strip: the colored squares are values of the slope (see (5.6)) found
from the numerical data as in the bottom panel of figure 9. The black empty circles denote the
corresponding results of vg from (5.8). In this plot z, = 1.
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5.3 Saturation

We define the saturation time t; as the boundary time such that, for ¢ > t5, the extremal
surface probes only the black hole part of the geometry. It is possible to estimate t5 as a
function of z, for sufficiently large regions with generic shapes. The relevant computations
for this regime are explained in appendix section B.3. To leading order, t¢ is given by

2
ty = — %/ log(zp, — 24) , (5.9)
h
where F} = —0,F(z)|,=2,. Since the relation between z, and the characteristic length of

the boundary region depends on its shape, we have to consider the strip and the sphere
separately. For a strip, if 0pAreg(t) is continuous at ¢t = t,, we find the following linear
relation

¢c-1 | do
ts = {0+ ... .1
s =2 o] +..., (5.10)

where the dots denote subleading orders at large ¢. Notice that (5.10) can be generalized
to n dimensional spatial surfaces in the boundary according to the observation made in the
end of section 4.1.1, namely dp should be replaced by ndg/d while F'(z) kept equal to (2.5).

This gives
_ -1 [_nde
ts = 0+ ... . 5.11
ST N 2y T (5.11)

It can also be shown that, whenever 0;A;e¢(t) is continuous at saturation, we have

AR () o< (= t5)* + ol(t — 15)°), (5.12)

for a strip for any values of ¢ and 6 (see appendix B.3.3).

The saturation time has also been evaluated numerically for the geodesic correlator,
with the following procedure from [58]. The action for the geodesics has solutions with
turning points either inside or outside the horizon. We first choose turning points z, inside
the horizon, generate the corresponding geodesic and find the coordinates of the endpoints
at the boundary and the length of the geodesic. The results are regulated by subtracting
the vacuum value. For sufficiently large ¢, at early times the bulk geodesics will all have
turning points inside the horizon, and also pass through the infalling shell extending into
the part of the spacetime with vacuum geometry. In this case the corresponding observable
will not be thermal. At later times the turning point will be outside the horizon and the
observable takes a thermal value. The conversion between these two types of behavior is
sharp and defines the saturation time. Following [58], the saturation times can be calculated
by fitting surfaces to the data of the above solution. The intersection of the surfaces then
defines the curve for the saturation time as a function of the transverse length scale. In
figure 11 the numerical results for the saturation time of the geodesics are compared with
the corresponding results from (5.11). Notice that the agreement improves for large ¢, as
expected.
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Figure 11. Saturation time as a function of the transverse length scale ¢ for geodesic correlators.
The dashed black line is a reference line with slope equal to 1, while the colored ones are obtained
through (5.11) with n = 1, ¢ = 2 and the corresponding values of 6 indicated in the legend. The
agreement improves for large /.

When the boundary region is a sphere and in the regime of large R, the transition to
the saturated value is always smooth. In appendix section B.3.2, we show that

1 /2 1 (d-1)
Y Bty - Bt | 1
ts = 2 ZhF/IR 27 FO () ogR+.... (5.13)

Moreover, by extending the analysis of [31] to backgrounds with non trivial ¢ and 6, in
section B.3.4 we find that

Lt — )2 _ _
42) o({ (ts — 1)2log(ts —t)  d=2 (5,10

(ts —t)1F4/2 d>2

telling us that the saturation regime is independent of { and 6. In figures 12 and 13 we
show the saturation regime for the holographic entanglement entropy in the thin shell limit
(a = 107%) for the two cases of R = 2 and R = 4 with the dimensionality given by either
d =2 or d = 3. The agreement between the numerical data and the expression (5.14) is
quite good.
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A Spherical region for hvLif

In this appendix we construct a sequence of curves {z;(s), z;(s)} for ¢ € N defined in a
parametric way, whose asymptotic one {Z«(s), z00($)} is the solution of (3.11).

The extremal surface ending on the sphere of radius R and extended in the ¢t = const
section of the d+ 2 dimensional spacetime hvLif obeys (3.11) with the boundary conditions
2'(0) = 0 and z(R) = 0. We recall that for hvLif without black holes the Lifshitz exponent
¢ does not enter in the equation. The equation (3.11) can be rewritten as

21 2" 2! 0
dl—+ - — = =-. Al
<p+Z)+(1+Z’2 p> z (A1)
We find it convenient to introduce
= z(p()) P ' Z 7 Z(x)
= =1—— 1 = - = .
(=D a1 Loy = =i, H)="o
A2)
By employing (A.2), (A.1) becomes (3.12), which can be written as follows
1 z z z 0 :
d| = — : = = 2(0) =0 Z(1) =0. A3
G-5)mets-t =0 (A3)
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Figure 13. Saturation regime for the holographic entanglement entropy in the thin shell limit
(a = 107%) for a spherical region of radius R in the boundary. Here (6,() = (0,2) (top panel) and
(0,¢) =(d—1,2—1/d) (bottom panel). The plots are constructed as in figure 12. The agreement
with the continuos black curves from (5.14) indicates that the saturation regime is independent

of (6,0).

The well known hemispherical solution for § = 0 becomes

(@)]pg = Va2 —2) = V2z Zan/z/Z?x : (A.4)

which evidences that Z(z) = v/2x when  — 0. Also for 6 # 0 we have Z ~ 0 near the
boundary x ~ 0 and here we are interested in the way it vanishes. First, from (A.3) one
observes that, when d — 6 # 0 (the case d — 6 = 0 is not allowed by NEC), the solution
must have a divergent z/(0). Introducing the following ansatz for the solution close to the
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boundary
Z(x) = cox, 0<a<l, xz~0, (A.5)

and plugging it into (A.1), the first order for 2 — 0 provides the following equation
1 -« 2 a—1
d—0+1—— |z *+cja(l —d)z* " =0. (A.6)
et

We can recognize three cases:

1. d = 1. In this case we find
1
Z(x) =~ cou2-0 (A7)
where the condition 0 < o < 1 becomes 8 < 1. In particular, for 8 = 0 we recover the
expected /x behaviour, although the overall constant is not fixed. Since for d = 1

the calculations from the strip hold, we have that (see (3.6))

= ~\ 2—0
(%) = 22—*0<;*> 211 <;’; + 2(11_9);3 T 2(11_9)5(2/2*)2(1_9)> ;o (A8)

where the constant Z, reads

_ T/2-20)
=T /AD(1)2+1/(2-20))

Since the hypergeometric function in (A.8) goes to 1 at the boundary, from (A.7) we

(A.9)

can write
1

co = (5&9 (2 — 0)) =0 (A.10)
which simplifies to c¢g = v/2 when 6 = 0 because Z,|g—g = 1.
2. d # 1 and dy # 1. In this regime one finds that

dg—1
d—1

() = I

7 d9_3)x+0(562)] : (A.11)

again, notice how when dy = d we recover the AdS solution but now with even the
correct value of the coefficient, ¢g = v/2. We included also the ¢; correction to show
the emergence of poles in the coefficient for any odd integer value of dy. It is possible
to compute the expansion up to arbitrary order, but it appears the terms in the series
cannot be written in any compact or recursive form.

3. d# 1 and dy = 1. In this case (A.6) becomes

_q2a—1
o

T + 22 'Ba(l —d) =0, (A.12)

which gives & = 1/2 and ¢y = 0. This tells us that the ansatz (A.5) is meaningless
in this case.

— 24 —



A.1 A parametric reformulation

In order to improve this analysis and understand better the last case, following [63] (where
the d = 2 case has been studied) we introduce

1

zdo~/1+ 52

This allows to write the term containing Z in (A.3) as follows

F dp dz\ t
=0 (s . A.l4
1+ 22 z (S ) (A-14)

(A.13)

V2)
Il

Thus, the equation (A.3) can be written as

d—1 % dz\ !
ds _ o =0. Al
x—1d <Sds> 0 (A-15)

From (A.13) it is straightforward to write that

dx szde dz

ds V11— 252 ds’

Then, by isolating = in (A.15) and employing (A.16), the differential equation (A.15)

(A.16)

becomes
1V = s252d0 (3
po14 Y )~d T2 dz (A.17)
z%o ds
We find it convenient to rewrite (A.17) and (A.16) respectively as follows
d z(o\—(dg—1 (dg=D)[1—=(s)]
a0 = T S ISR e 10 - O
dog 3(s) = — 1=zl -1 T d =11 — s25(5)2de]
ds logz(s) (d— 1)m dg 1 ds (d )[ s Z(S) 9]
(A.18)
Integrating these equations, one finds
1
dg—1 Z+oo I'(n+1/2) ps 1 - x(T’)}T2n§(T‘)2d9ndT‘ Tdg dg 75 1
o[ (B 5 e
exp <—— S NCT Jo. (L= a(r)]r*"z(r) "dr) dg =1

Z/ plt2ns ( )2d9(l+n)d7“, (A.QO)

where the expansion of (1—w)~® for w — 0 has been used. This can be done because (A.13)
implies that s3% is infinitesimal when s is large. Moreover, sy, is the value of s at which
the tip of the minimal surface is reached and it can be found from (A.13)

Smin = zid9 (A.21)
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It is evident that (A.19) and (A.20) is only a formal solution and it does not even allow to
plot the solution numerically. Nevertheless, this form allows us to construct the solution
{Z(s),z(s)} recursively through an inductive procedure.

Since large s corresponds to the boundary, we have that z(s) = o(1) for large s. This
allows us to observe that the leading order of the integrals in (A.19) and (A.20) can be
obtained by neglecting z(r) within the square brackets occurring in the integrands. We
find it convenient to define the first pair of functions in the inductive process through the
boundary conditions z(s) — 0 and Z(s) — 0 for s — oo, namely

Zo(s) =0, xo(s) =0. (A.22)

Then for ¢ > 0 we define

1

— 7 I'(n s ~ n - nl.on “d =1
(45 Shmo PR i (02407 — i ()i ()27 520 )
. dg #1
Ziy1(s) = .
exp (—t Yo " 3 ron1 (02" = i (r)3ima(r) > r 2 dr )
dg =1
(A.23)
and

1 [ i
Tip1(s) = —o— ) / [Ziony1 (r)2900F7) g (1) 5 (r) 2041420, (AL24)
=0 S

min

Given the pairs {Z;(s),z;(s)} for j < 4, this equation give {Z;11(s),zi4+1(s)}. Notice that
z;i+1 depends on Z;41 through the n = 0 term and this means that one has to solve (A.23)
first and then (A.24). This procedure defines a sequence of pairs {Z;(s),z;(s)} for i € N
and the exact solution of (A.18) is the asymptotic one {Zx($), Zoo(s)} for @ — +o00. The
pair {Z;(s),z;(s)} for some finite i gives a better approximation of the asymptotic solution
the higher i is, starting from the regime of large s.

Given (A.22), for i = 1 we find

1
—-— 1
d—1 \do—1 -1
5 _ (dg—l) (8 — Smin) %7

z1(s) =) :
e_ d_nim
J 39+1 5 (A25)
1 1 -
r1(s) = %<dg_1) © (s smin) W1 dp #1
2s+4d—1 e—zsﬁjfﬁiiﬂ dg =1
From (A.25) for dg # 1 and large s, we can write
d 1+dyg
-1 2 dg—1
= 2x1)" . A .26
= (=) T e (A.26)

Plugging this back into the corresponding Z; in (A.25), we get the first term of (A.11) and
the first term of (A.4) when 6§ = 0, as expected. By employing (A.22) and (A.25), for i = 2
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0 02 04 06 08 1 12 14 16

Figure 14. The black curve is the numerical solution Z = Z(x) of (A.3) for d =2 and dy = 1. The
remaining curves are (x;(s), Z;(s)) for i = 1,2, 3,4, 5,6 (respectively orange, brown, magenta, green,
blue and red), constructed in section A.1.

in the regime of large s we find

( __1

d-1\ %1~z A =l B
(=)™ s |1 () gt do #1,3
Za(s) = e—ﬁs + (dfl)(d73)4%2(d72)s+232 e—%s dg =1 (A.27)
_1
[% + 7(d_1)8(d_3) log s} : dg=3
\

The expression for zs is quite complicated even at large s and we do not find it useful to
write it here. We have neglected s,y because s is large, but it must be taken into account
properly to obtain the plot in figure 14. Higher orders are rather complicated as well and
therefore we do not write them. Repeating the procedure we can find the various curves in
figure 14, from which it is evident that the exact solution of (3.12) is better approximated
as ¢ increases.

A.1.1 Area
The area functional is given by (3.9) F(z) = 1), namely

2ﬂ.d/2R9 1 (1 _ .’E)d_l 27.[.d/2R9 +o0 (1 _ LE)d
= 52 - - - N
A T(d/2) /0 7 V14 24de (A= DT(d/2) /Smin T <2520 ds. (A.28)

Since the integral is divergent, we must introduce the UV cutoff € = ¢/R in the Z variable.
It corresponds to a large value spax such that z(smax) = €. By employing the expressions
{Zi(s),zi(s)} discussed above in (A.28), one gets a corresponding area A;. Thus, we have

27Td/2R9 Smax (1 _ xl—l)d
=1 i = ———ds. A.29
A=lmd A= s [ gz (4.29)
A crucial point consists in finding spax(€), but the relation Z;(smax) = € is typically

transcendental and therefore it cannot be inverted. Introducing smax,; as the solution
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of Zi(Smaxi) = €, we have that for i = 1 the inversion can be performed, giving

d—1
St — { T A0 # 1 (A-30)
T —(d—1loge dg =1
which gives
271'd/2 Rd71

— dp # 1
A = (de—%i)/r(d/Q) edo=t (A.31)

{ — &7 RV og(¢/R) dp =1

For i = 2, it is clear from (A.27) that Z2(Smax,2) = € cannot be inverted. Nevertheless,
we can find the first terms of the expansion of spax(€) for € — 0 as follows. The relation
Z2(Smax,2) = € can be written as

€= fi(s) + fa(s), (A.32)

where both f; and f2 vanish for s — oo, while f;/f2 — 0. Assuming that f; is invertible,
we have that

s=fi (€= fa(8)) = fi (&)= [0ef (O f2(s) +O(fals)?) = 1 (@) = [0e S (O] (£ () +- -

(A.33)
where in the second step we have employed that fa/¢ = (f2/f1)/(1 4+ fo/f1) — 0 when
s — 00, while in the last one the first order of the expansion has been used. The dots
denote higher orders that we are neglecting. Thus, for i = 2 we find

d-1 d-10 -
(dg—1)e%—T [1 = 2(dp—1)(dg—3) €+ } dop #1,3

Smax,2 = —(d—1)10g€[1—%€210g€+,,,} dp =1 (A.34)
A dy =3

As for the integral (A.29) with ¢ = 2, we find

2Llld i (d=1)%(dg—2) &
F(d/2)/ed9—1 |:d9—1 - 2(d6—1)2(§le—§)ﬁ + 0(64)} dg #£1,3
d/2 pd—1 _ 9
Ay = _% log(e/R) [1 R 41) £ log(e/R +} dg =1 (A.35)
rd/2 Rd—1 d—1)(d—5) 2
i [3— D Gog(e/R) +o(@)] dp=3

As a check of this formula, notice that the first expression for # = 0 provides the expansion
at this order of the hemisphere [8]. Moreover, we have also checked that the first expression
in (A.35) can be found by plugging (A.11) into (A.28), properly regulated through the
introduction of zp;, > 0 such that Zmin = 2(Smax)-

B Computational details for the entanglement growth

B.1 Initial growth: generic shape

Let us consider a n dimensional region embedded into R, which is the spatial part of the
boundary (i.e. z = 0) of the Vaidya background (2.11). The boundary of such region will
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be denoted by ¥ and it has a generic shape. The submanifold ¥ is n — 1 dimensional and
therefore it can be parameterized through a n—1 dimensional vector of intrinsic coordinates
£, Thus, being z, the cartesian coordinates of R, the submanifold ¥ is specified by

zq(€Y), a€c{l,...,d}, ae{l,...,n—1}. (B.1)

The surface I'y we are looking for is also n dimensional and it extends into the bulk,
arriving to the boundary along ¥, i.e. ', = ¥ at certain time t. It is described by the

functions
v(€%2),  Xa(€" 2), (B.2)
satisfying the following boundary conditions

v(€%,0) =t,  Xa(£",0) = za(£7). (B.3)

We remark that for the holographic entanglement entropy n = d, for the holographic
counterpart of the Wilson loop n = 2 and for the holographic two point function n = 1
(I's is a geodesic and ¥ is made by two points spacelike separated).

/ / dge Zjdit/ T (B.4)

where z ~Yap 1s the induced metric on I'y and det~ denotes the determinant of ~gp.
Differentiating (B.2) and plugging the results into (2.11), we find that

The area Ay, of I'y; is given by

—2dg/d

o = =200 P2 _921-C, L X . X, (B.5)
s = _zz(lfo Fvavz — 20, + X - X, (B.6)
Yo = —zQ(I_C)F’UQUﬁ + X4 - Xﬁ ) (B7)

where X denotes the vector whose components are X, the dots stand for the scalar product
and the subindices indicate the corresponding partial derivatives.

Here we consider the analogue of Aggé defined in (4.11), namely the area of I's; reg-
ularized through the area of fg computed in hvLif, when F' = 1. Given that the hatted
quantities refer to hvLif, it reads

N L
/U - | e ]d e (B.3)

3)

Aﬁeg

The initial regime is characterized by 0 < t < z, and we want to compute Aﬁi&(t) for small

t. Keeping the first order in (B.8) and repeating the same arguments discussed in [31],
we find

2 ap(\/det )‘ Vdet 4
(3) () = F=1
A (t)—/[/o ndg/d OF dz + nd /d Z 8XA <an9/d >5XA

reg

] dn 1€7
(B.9)
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where Xo = v, X4, = 0.X4 and only the first term within the square brackets provides a
non-vanishing contribution. In order to find it, we employ the well known formula for the
variation of the determinant

8F(\/det'y) = d2et7 Tr(’yflf)pfy) . (B.10)

From (B.5), (B.6) and (B.7), we get respectively

2

V3 Vo Uy VaUg
aF('Yzz)‘le = T2 8F(’Yaz)|F:1 = T 200 8F(’Yaﬁ)}F:1 = T 200
(B.11)

Now, from (2.9) with F' = 1 we find that © =t — 2¢/¢. Since ¢ is a constant in terms of
€%, in (B.11) we have that v, = o(t) and v, = —25~! + o(t). Plugging these behaviors
into (B.11), only the first expression is non vanishing and equal to —1. Then, by using
that X,(£%, 2) = 24(£%) 4 o(z), where o(z) vanishes fast enough when z — 0, we have

Yop = hap +0(2), Yaz = 0(2), Vor =14 0(2), (B.12)

where hog = 0aq03%, is the induced metric on ¥. Notice that (B.12) tells us that the
contribution of the term Tr(y~'dp7) to dp(y/dety)|r=1 is equal to —1. Collecting these
observations, we find

6F(\/det’y)‘F:1 =— d;)th . (B.13)

Finally, since in our case 6F = F(z) — 1 = —Mz%*¢ is non vanishing only for 0 < z < z,
the first term in (B.9) becomes

®)
Area(t) = = 2(dp(1 —n/d) +¢+1] — 2[dp(1—n/d) + ¢+ 1]
(B.14)

In the last step we have used that z, = (¢t)'/€ to the first order, which is obtained from
d =t — 25/¢ and the condition v = 0 at the shell.

_ M As /Zczde(l—n/d)+4dz _ M As: Zéle(l—n/d)+c+1 B MAE(Ct)[dg(l—n/d)+C+1]/C
0

B.2 Linear growth

In order to study this regime, we consider the strip (see section 4.1). Following [31], let us
start from (4.22) for the black hole regime. By employing (4.24) and (3.2) with F(z) =1,
we can write it as follows

2% = F(z) Ki’f)?de - 1] +g(2) Ki)% - 1} =H(z), awe<xz<{/2, (B.15)

where

2) —1)2 /[ 2 2(1-¢)
9(z) = (F(Cil) (Z> : (B.16)

Notice that the dependence on z of g(z) disappears when ¢ = 1. Assuming that H(z) has

a minimum at z = z,, with 2, < z,, its defining equation 9,H(z)|,,, = 0 gives

2o _ e () +2(C = Dg(zm) e
. 2mF' (2m) — 2do F(2m) + 2(C — 1) (2m/2c)*0 g(2m) ™™

(B.17)
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Assuming also that at z = z,,, it is possible to find z. = 2} such that H(z,,) = 0 (thus
2y = 2z¥(zm)). Then, 2} is given by

2do F(2m) [F(Zm)+9(Zm)‘zc:z;‘}“‘[(zm/zzydg_1][2(1_C)F(zm)+szl(Zm)]g(Zm)’zc=z;*

ZmF (2m) —2dg(2m) F(2m) +2(C—1) (2m/ 25)? % g(2m ) | 2=z -
(B.18)
When F(z) is given by (2.5), (B.17) and (B.18) become respectively
Z2d9 _ 2(d9 + C)(Zm/zh)d9+< + (1 - C)(ZC/Zh)Q(d9+<) (ZC/Zm)2(1_C) Z?de (B 19)
Y Ady — 2(dp — O) (zm/zn) %0+ + (1 = ) (2m/21) 2 D0F (20 ) 2)2 ™™ '
and
2dy[1 — (zm/2n) %] = (B.20)

We note that the expression (B.19) simplifies dramatically for ( = 1 and provides a simple
relation between z, and z,, without any reference to z. in this case.

At this point, let us consider the limit z, — oo with both z,, and 2} kept fixed. For
the moment we just assume to be in a regime where this is allowed. The equations (B.17)
and (B.18) become respectively

%fwmwn@Fma=2u—0(%)MZum, ﬂ%»=—<“ﬁMZ@m

Ze 2z

2k’
(B.21)
Plugging the second equation in (B.21) into the first one, one finds

2mF (2m) +2(1 — ¢ —dg)F(2m) =0, at  z. =z}, (B.22)

which can be written also in the following form

0. () =0 (5.23)

Z%daﬂ—l)

For F(z) given by (2.5) this equation tells us that

om (2dg+C—D\@T [ o\ 2(dg +¢ — 1)
()T =G Rt e

Notice that in this expression, the dimensionality, the Lifshitz and the hyperscaling expo-

nents occur only through the combination dy 4+ (. In order to have a positive expression
within the brackets of the first equation in (B.24), we need to require n > 1, i.e.

do+¢ > 2. (B.25)
Plugging (B.24) into the second equation of (B.21) computed for (2.5), we find that

1
2 9(p—1)z(n—1)

U Ky (B.26)
Zh n§77
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Figure 15. Thin shell regime: v, and z. for the strip in terms of z, at constant size ¢. Here d = 2
and The horizon is z, = 1. Dashed curves correspond to § = 0 and { = 1, while continuous curves

have # = 1 and ¢ = 3. Different colors denote different strips: ¢ = 4 (black), £ = 5 (blue), { = 6
(red) and ¢ =7 (green).

It is useful to plot curves Cp with constant ¢ in the plane (2, z.) or (v, z.) as done in
figure 15. As t evolves, z, decreases along each curve. After some time (which changes
with ¢), all the curves lie on a limiting one C*. For any fixed ¢, it will be shown that
Ayeg(t) is linear when the curve Cy coincides with C*. From figure 15 it is clear that, as ¢
increases, also the linear regime increases. Thus, now we are considering

Zy — 00, n>1, ze=(1—¢)z, (B.27)

where 0 < ¢ < 1. When z, is large, for F(z) given by (2.5), from (B.24) and (B.26) we
have that

Zm n

— = ———>1. B.28
zr 2yn—1 ( )
This tells us that the solutions z(x) are not injective for 0 < z < ¢/2, which implies that
we cannot employ (4.26), (4.27) and (4.28) because they have been derived assuming that

z(z) is invertible. In this case we have to use the following ones (see [31] for a detailed
discussion)

/ mdz+/ \/7 / (B.29)
t:/zc (e )m/mzl 2‘; ( )
(B.30)

Zx
A = %f__lzf@ /

dz /Z’" dz N /ZW dz (B.31)
Zc Zd91 /szg _ Z?dg Zc ZQde \/m 0 ZZde V ‘H(Z) ' '

Comparing these equations with (4.26), (4.27) and (4.28), notice that only the part outside
the shell is different.
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Since the point z = z,, and z. = 2} is a quadratic zero of H(z), it provides a leading
contribution to the integrals in (B.29), (B.30) and (B.31). Thus, expanding H(z) around

Z = zZm, we find

H(z) = Ho(z — 2m)* + be. (B.32)

By employing that for a smooth function f(z) we have

f(z) flm) f(zm)
dz = ——= h(Hy(z — zmm)/(be)) + -+ = — 1 +...,
/ VHa(z — 2m)2 + be T um e (Haz = 2m)/ (b)) VH; 5
(B.33)
we conclude that
VTT(1/(2dg) +1/2) loge
/2 = Zx — ) B.34
/ I'(1/(2dg)) VH, (B:34)
By (2)) %
t=— loge = — — loge, B.35
Z%I_C)F(zm)\/Hg Zgng—H ¢ _HQF(zm) ( )
dg
Ag’é = 20471 o loge, (B.36)

Z?yﬁlg\/HQ

where in the second equality of (B.35) we used the second equation of (B.21). Combin-
ing (B.35) and (B.36), we also obtain that

—F m —
gt V) g _vE (B.37)

d -1 d -1 7"
wa+c Zh9+C

AB)

reg

For a F'(z) given by (2.5), the linear growth velocity reads

vp = <2h>d9+<_1\/—F(zm) = @, (B.38)

n
Zm n2

where 1 has been defined in (B.24) and (B.25) guarantees that n > 1.
We note that the turning point in B.26 admits a nontrivial limit for n — 1, namely
2y = 2zp,. Given this limit, we can solve (B.19) when dy > 0, finding that

do

. S dp+1
Zm = d;<d9+1)zh ) , (B.39)
Zh

which tells us that z,, diverges when z, — oo, while 2} remains finite. This implies that
a linear regime is still possible and its velocity is vg = 1, consistent with taking n — 1
in (B.38).

Let us briefly comment on what happens when instead n < 1. Figure 16 shows numer-
ical results for z} obtained from (B.20) for several different n values. When n < 1 there is
no turning point and z7 diverges as z, — oo. This means that ¢, as defined in (B.27), is
not small anymore and therefore the method of [30, 31] cannot be applied.
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Figure 16. Numerical solution of (B.19) and (B.20) for d = 2, z, = 1 and some values of ({,6).
The curves for ¢ = 3, § = 0 (purple), ¢ = 1, § = 0 (blue) correspond to n > 1, while ( =1, 0 =4
(red) and ¢ =1, § = 6 (orange) have n < 1 and violate the condition (B.25). The green curve with
0 = ¢ = 1 corresponds to the limiting case n = 1. In the curves for n > 1 the turning point z;
approaches a finite value for large z, but this is not the case for the n < 1 curves.

B.3 Saturation
B.3.1 Large regions in static backgrounds

In order to understand the regime of saturation, when the holographic entanglement en-
tropy approaches the thermal value, let us consider the static case when the size of the
boundary region is large with respect to z;,. In this case a large part of the extremal surface
is very close to the horizon.

Starting with the strip, when ¢ > z;, we have that (we recall that tilded values of z
refer to the static black hole case, following the notation introduced in section 4.1)

Ze=(1—¢)z, (B.40)
where ¢ is a positive infinitesimal parameter. Expanding (3.5), we find

4 zploge
- hEE L FL=-0.F(2)]

2 \/2dgzp Fy,

In a similar way, plugging (B.40) into (3.1) and keeping the first divergent term as € — 0,

(B.41)

z=zp "

we get

V209 og e e

dg—1 7 o dg
2,07/ doFy, 2y

For a sphere, the analysis is slightly more complicated because we have to expand the

A=— (B.42)

differential equation for the minimal surface [66]. Setting
2(p) =z, — ealp) + O(e?), (B.43)
and expanding (3.10), the first order reads

22 [(d — 1)d’ + pa”]a — zppa’® — 2dgFla* = 0. (B.44)
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This equation cannot be solved exactly, but, at large p, we can find that the solution

ep\ / ngF};/Zh

pd—l

behaves as

a(p) =C +..., (B.45)

where C'is an arbitrary constant. Keeping only the first order in ¢ in (B.43) and imposing
z(R) = 0, one finds a(R) = z,/¢, whose logarithm gives

—loge = R\/—2dpF"(z1) /2, — (d —1)log R+ ... . (B.46)

As for the area, plugging (B.43) into (3.9) and keeping the first divergent term as ¢ —
0, (B.46) allows us to conclude that
27Td/2Rd

A:W_'_ (B47)

B.3.2 Saturation time

In the thin shell regime and whenever the saturation to the thermal value of the holographic
entanglement entropy is smooth (the derivative does not jump), we can define the saturation
time ts as the time such that v, = 0. For t > t,, the extremal surface is entirely within the
black hole region. Thus, the equation for s reads

0= Bu(ty) =ty — /0 ZI?;(Z) . (B.48)

For F(z) given by (2.5) the integral can be solved explicitly, finding

Z,)¢ .
to= EE R (1,6/ o+ 51+ /o + s (/1)) (B.49)
For very large regions, Z, = z,(1 — ¢) and therefore (B.49) expanded to the first order in &
gives
-1
ty = A loge _ _zloge : (B.50)
Fy dg +C

where in the second step we have employed (2.5). If the region on the boundary is a strip,
we can use (B.41) to obtain

_ 2dg ¢ S=do 4 d
¢—1 6 5 9
ts = — 4= — V... . B.51
“h \/ 2 Fy 2 “h 2(dg + ¢) (B-51)

For a sphere, (B.46) gives us

4[24 (d—1)25""
_ 61 0 _ b B.52
ts = 2y th,;R Fr ogR+.... (B.52)
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B.3.3 Saturation of the holographic entanglement entropy: strip

In this section we try to estimate Aggé(t) as a function of t —t,, being ¢, the saturation time
computed above. As the holographic entanglement entropy approaches its thermal value,
the extremal surface is almost entirely within the black hole region. This means that the
point z., where the extremal surface crosses the shell, is very close to z,.

Let us consider the strip first and introduce a positive infinitesimal parameter € as

(-2 3

follows

Plugging this expansion into (4.24), at first order we get

B, = chﬁ(F(;c) _ 1) <Z*>2d9 - Ziig(F(z*) - 1) e+ 0(52)' (B.54)

Ze 2

Since we are approaching the extremal surface corresponding to the one of the static black
hole, z, is close to its thermal value Z,, namely we are allowed to introduce another positive

infinitesimal parameter § as

- 0

We want to estimate t — ¢ in terms of the infinitesimal parameters ¢ and 0. Using (4.27)
and (B.49), we find that

ch( 1

(-1
== |5 (zl e > /OF(Z)dz, (B.56)

261  FEy 22 E, 22D
= dz+/ / — dz, (B.57)
/g* F(z) 0 F(Z VH(Z)

% & C(F(Z*) - 1)@1(2*
T 2dyF(Z,) 5+ - 2

eE+..., (B.58)

where H(z) is defined as the r.h.s. of (4.22) (see also (B.15)), Q1(zx) is defined as follows

Zx 2({ 1)
Q1(z4) = / dz, (B.59)
F(2)\/F(2)[(24/2)%0 — 1]

and the dots denote higher orders in € and ¢. Following [31], one can find a relation between
d or ¢ from the expansion of (4.26). The presence of ¢ does not modify the result, which

reads
5— 1—F(z)
F(2,)Q5(2)

where (see [31] for further details)

e+ 0(?), (B.60)

(B.61)

/0 VEE) (/2020 — 1]
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Thus, plugging this result into (B.58), one finds
t—tsoxe+0(?), (B.62)

where the coefficient in front of £ depends on ¢ and 6, as can be clearly seen from (B.58),
but the power of € does not. Given this result, one can repeat precisely the computation
of [31] and show that in this regime

AR (t) x e+ O(e*), (B.63)
B AR () o (t—t)? + O((t — ts)%) . (B.64)

Notice that the exponent is independent of # and (.

B.3.4 Saturation of the holographic entanglement entropy: sphere

Given a black hole in the hvLif spacetime, the corresponding area functional is (3.9), whose
extremization gives (3.10). Since (3.10) is invariant under the change p — —p, its solution
z(p) is an even function. In particular, its Taylor series expansion contains only positive
even powers of p. Introducing z(0) = Z,, the expansion of z(p) for p ~ 0 gives

p) = 5 = o )P + 0. (B.65)

For the Vaidya spacetime in the thin shell regime, the equation for z(p) for 0 < p. < p < R
is (4.43), where E has been defined in (4.41). We recall that the quantities associated
to the hvLif vacuum part can be obtained by sustituting E, with E_ = 0 in all the
corresponding expressions for the black hole part. The relation defining v in the black hole
part of the metric is (4.42). The total area is (4.45), while the boundary time ¢ is obtained
by integrating v (see (4.42)) outside the shell, i.e. (4.44).

The assumption in the following is that we are at a boundary time such that the
minimal surface lies almost entirely outside the shell and has almost reached its static
configuration, that is

2(p) = 20(p) + 621 (p) + O(6?), (B.66)

where 0 is supposed small and zj is solution of (3.10) which is just (4.43) with E, = 0.
The boundary conditions are such that zo(R) = z1(R) = 0. Expanding (4.43) to the first
order in §, we find the following differential equation for z;

A+ PO QU = S(), A0 =5 (R) =0, (B.67
where
Q@)zﬁj(F%m»—F@2:z3>—m$%)<%¥”ww—F“%V§Vi;2$Q“F4”“),
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Notice that S(p) depends on E?/§. Indeed, since E; — 0 when § — 0, we could have
E%/§ = O(1) as § — 0. In the following the correct relation between E; and § will be
obtained and Ey /6 = O(1) (see (B.92) and (B.98)).

It is useful to remind that, given a second order linear differential equation

f'(@) + Al2)f'(z) + B(x)f(x) = C(x), (B.71)

a solution can be written in terms of the solutions f;(x) (j = 1,2) of the corresponding
homogenous differential equation (i.e. (B.71) with C' = 0). It reads

N f2(y)C(y) N f1(y)C(y)

BB — ARG Y 29 | R - ReRm
(B.72)

where x is arbitrary and fi,n () = 0 is trivially satisfied. Then, since (B.71) is linear, its
most general solution is finn + Af1 + Bfo.

finh(x) =h (.T)

Expansion for p ~ 0. In this regime we can expand zo(p) as in (B.65). Then, (B.68),
(B.69) and (B.70) become respectively

P(p) = ¢ ; "+ d?.? 4 3)F(2’;~>2+ 2GS 1o, (B.73)

Q(p) = dy 2*F,(2*;2_ F&) o(p?), (B.74)
2 _ 3, 5, F'(3, 23(d0+4)—3

S(p) = % 20 Cd)F; y ;(J;c; p;?dfl)” +0(1/p* ). (B.T5)

The homogeneous equation is

-1 NF/(E*)—F(Z*)‘

A(0)+Qoi(p) =0,  Qo=Q(0) =dp=

(B.76)

d
21 (p) + D

The independent solutions j1, j2 of this equation can be expressed in terms of Bessel func-
tions as follows

() = LD I (TN =2
J1(p) (\/@p/z)% 7(\/@@7 j2(p) _F(%) <\/2£p0) 2 Y%(\/@p) i>9
(B.77)

whose behavior for p — 0 is given respectively by

) ) 1 1 2 ..d=2
i) =1- L5 o), ;2<p>—{p"2g_ﬁj(f‘?<‘@/ St 072 (g

Considering only the first terms of the expansions (B.78) and (B.75) and plugging them
into (B.72), one finds

E2 20704015 pr(z,)—(20—0)F(Z.

5 ( fF((Z*)) BeOFED) Jog? p d=2

3
B2 2ot DY gz bz ) 2(dC—0)F(5.)) —2(d—
5 1d(d—2)2F (%) p2d=d>2

Z1,inn(p) = (B.79)

In the following j1, j2 of 21 jnn Will indicate only their p dependence.
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Expansion for p ~ R. First, let us consider the case dy # 1, when (A.11) can be
applied. Introducing the variable o = R — p, from (B.68), (B.69) and (B.70) we find

0
d _
Qp) =15 +0(). (B.81)
E? (2(dg — 1)o\* T2 ¢(d — 1)RHCO0-1/2)
S(p) = & (Hdo = Lo -1 oL (B.82)
1 (d—1)R dg — 1
Near the boundary we find the following homogeneous equation
dg — 3 dg
2/ (o) — ~55 21(0) — 12 z1(0) =0, (B.83)
whose solutions read
ki(o) =012, ky(o) = o%/2 (B.84)

Since z1(R) = 0 and k; (o) diverges when o — 0, the solution of (B.83) is proportional to
ko. Adapting (B.72) to this case through (B.84) and (B.82) we obtain that

- E-Zk A( R3/2—d—0+C <2(d9 — 1)>d9+<_7/2 o$—1/24dg | (B.85)

i) = g+ a2 -1\ d—1

which vanishes for ¢ — 0 because ¢ > 1.
Note that (B.85) in the limit o — 0, z; is well behaved and thus in the following cal-
culation the boundary contribution will be ignored being E /é ~ § — 0 when approaching

saturation. We have checked that, by employing the parametric reformulation (A.22), this
happens also when dy = 1. This is not the case for (B.79) which will play an important
role in determine the late time behaviour of the entanglement entropy.

Approaching saturation. Let us now try to put things together. First, notice that as
the solution approaches its thermal value, we have that

Ze = Zx Ze = Zs, (B.86)
where Z, is associated to the tip of the static black hole geodesic, and at the same time
pe— 0, E.—0, d—0. (B.87)

In the following we will try to relate the above quantities in their approach to equilibrium
values. To this purpose it turns out to be useful to relate the three infinitesimal quantities
Pe, 0 and Ey among themselves.

First, one introduces a new infinitesimal parameter
Pe = 2cE . (B.88)

From (B.65) with F' =1 we have that

Ze = Z¢ (1 + 5—252 + 0(54)> , (B.89)
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and also p p
0 0
2L (pe) = Pt O(pd) = et 0(%), (B.90)

where we recall that z_ refers to the value of the solution at p = p. coming from the hvLif
part living in [0, p.]. From (4.42) with EL =0 and F' = 1 we find

;o dg2s dg

_ 3y _ %0 -1 3
Ve = e+ 0(e) R +0(e’), (B.91)
and finally, plugging (B.91) and (B.88) into (4.42), we get that
d
E, = 272(1:(20) —1)20%4. (B.92)

By employing (B.66), (B.77) and (B.78) we can write z(p) at p = p. as follows

z(pe) = z0(pe) + 8[arji(pe) + a2j2(pe) + 21,imn(pe)] » (B.93)

where the constants «; and a9 are constrained by the boundary condition z1(R) = 0.
Since z/(p) has a jump at p = p., the matching constraint (4.36) allows to relate (B.90)
and (B.93) (the latter one gives 2/, (p)), namely we have

17
2y

Zipe) = - (p) = 5 (1= F(z) (B.94)

which gives

S
02 C(I_F(ZC)) = z(/)(Pc)+5[alji(pc)+a2jé<pc)+zl,inh/(Pc)] - (B.95)

When d > 2, (B.93) and (B.95) become respectively

2 (pe) = 2L (pe)+

. do o % 2d_2-d 4
Ze = Zy — ﬁF(z*)ZE +6 (al—i-ozzzc € )—i—O(E ), (B.96)
dg (1—F(z.) Ze do -\ Zc 1-d_1—d 3
Qo (2288 q) Ze. - _BpzZe 2 . (B.
y < 5 > - ¥ (z )2*5—1—5042( d)z, % "4+ 0(e?) (B.97)

Since z. — Z, when ¢ — 0, at first order we have z./Z, = 1 in (B.97), and therefore

_ de(1 = F(5)

5= 4O, B.98
ddaa(d—2) © TOET) (B.98)
Plugging this result into (B.96) we obtain
T de (e 1= FGEIN o
Ze = Za [1 54 (F(z*)—i— 5 g )5 +0(Y)| . (B.99)

Instead, for d = 2 (B.93) and (B.95) become respectively

2—0 2 VQoze
Ze = Zy — TF(Z*);—C€2 +6 [al + as (log5+”yE + log %OZ >] + O(e'log?e) ,
(B.100)
2—60(1—-F(z) Ze 2—0 .  z a0
—1) —e=——""—F(Z24)— B.101
2 ( 2 )z*g g P&z et o7 (B-101)
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Notice that the constant factor multiplying as in (B.100) can be reabsorbed by a redefini-

tion of oy
a1 = ay + asyg + as log 220 . (B.102)
From (B.101) we find
2—0)[1— F(z)]2
0= ! I (2,)]2 e2 + O(etloge), (B.103)
4052
which can be plugged into (B.100), giving
2—0)[1— F(z 2—40 . 1—F(z),. -
2022*{1_ ( )[4 (2] 52]og5—4[F(z*)—|—O[(Z)(Ozl—i-aglogz*):| 82} :
2

(B.104)

Time. Now we can proceed by evaluating the boundary time at first nontrivial order in €.
By using (4.44) we get

wh o [t G
) + pd_1F<ZO)

=ty
* R,

where we have employed the definition of saturation time given in (B.48) and we have

dp+ O(E?), (B.105)

c

approximated z with zq in the integral occurring in (B.105) because E o . The integrand
in (B.105) can be written as h(p)/p?~! where h(0) is finite. Thus, when p. — 0, the
divergent part of the integral can be computed as h(p.) times the divergent part of integral
of 1/p?~1 between p. and R. This gives for (B.105) the following result

te— 2, E0THED A loge—Ig4...  d=2
(Z*E)Q_d
I d>2

t—ts =

= 7RGy T (B.106)

where Iy is a numerical constant containing the O(g?) terms of the expansion. Now,
using (B.92), (B.99) and (B.104) we obtain

_(2-9)z¢ 1-F(z) (@ 2 _
t—tsz{ 5 2{” e (G m)) d=2 (B.107)
—ge e d>2

Area. The same strategy can be followed to compute the area. From (4.45) we find

2 d/2 pe Hd—1 1 2 R d—1 W
A= 1 / 'Odg“LdeJr/ dp-- + 2/ F() (B.108)
0 c

(d/2) | 2 20 \[1+ A2E3 [F(2)
2rd/2 [ E? A

where we have kept only the first non trivial order in E; o ¢ and the C; are defined as
follows

pe d—1 /1 2 R d-1 12
COE/ udp, Clz/ i 1+ i )dp,
0

2o 2o F(z
C

(B.110)

R 14 272/F(z)
= d 1—d d9+2(C—1) ]
C2 /c PP < F(Z)

— 41 —



From (B.88), (B.90), (B.99) and (B.104) we get

p? 11+ 272 29ed dngsd+2

2do T Ta T 2d2(dt 2)
P—Pc

Co ~ + 0. (B.111)

As for the functional C;, notice that its integrand is the same occurring in (3.9) (which is
minimized by zp) but the integration domain is (p., R) instead of (0, R). Since p. — 0, we
have that C; is equal to the static black hole area Ay plus small corrections, which can
be originated both from the fact that now the integration domain is not (0, R) and also
from evaluating the integral at z = 29 4+ §2z1. The second kind of contribution, obtained by
computing the variation of the integrand on zy, gives only a boundary term (computed at
p = pc). Thus we have

pc
C1 = Apn —/ U 82/ 14 22/F(z) > (B.112)
==20/ lp=pe
2ed d2 (d+1F d+2)] 0 dre , do 01 d d+4
- Abh_ d 2d2<d+2) Zc€ +E[zC_ZO(pC)] c +O( )7
(B.113)
where

_ (2_9)[14—1‘—’(%)] > loge d=?2
—20(p0) = { apriy o (B.114)

d92[1l(dli(2) ) 2 62 d ?é 92

As for Cy, since it is already multiplied by E? in (B.109), it is enough to compute it at
z = 29 and keep only the most divergent term (at p = p.). This turns out to provide the
same integral occurring in (B.106) and for Cy we find

dg+2(¢—-1) 1 _

Ze oge+1Io+... d=2
C N _ B.115
2|, F(z) X{(Zcza_)ild+... d>2 ( )

where Ij is the same quantity as in (B.106).
Finally, putting (B.111), (B.113) and (B.115) together we find

o2 21 — F(3,)]3 LFG) dpee d=2
Agé = 9[ 2( ) X ) 1-F(5) ) ed+2 (B.116)
I'(d/2) 2d <d+2+ 4F(Z*)> =+ d>?2

Finally, comparing (B.107) and (B.116), we find (5.14).

B.4 Initial conditions for the shooting procedure

The numerical analysis of the ordinary differential equations (4.4) and (4.5) for the strip
and (4.31) and (4.32) for the sphere employs the shooting method to relate {z,v.} to
{€/2,t} for the strip or {R,t} for the sphere. The numerical procedure does not allow us
to impose initial conditions at x = 0, so we instead start from x = &, where € is a small
positive number.
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Expanding the solution (z(x),v(z)) for both the strip and the sphere around = = 0,
we have that

1 1
v:v*—i—ivsz—{—o(zQ) , z:z*—{—isz'xQ—i—o(xZ) , (B.117)

where 2/(0) = v/(0) = 0 for parity and we have introduced the notation v = v”(0) and

2! = 2"(0). Plugging (B.117) into (4.4) and (4.5), for the strip we find
" (-2 " dy
v, = dpzg" zy = ——F(vs, 24) (B.118)
Zx

while for the sphere, from (4.31) and (4.32) we obtain

d d
Ui/:§Z§_27 P edF(v*,z*). (B.119)
Rk

From these expressions we can then read off initial conditions (v(£),v’(€)) and (2(€), 2/ (£))
for the shooting algorithm.

Note that for both the strip and the sphere the sign of 2! is opposite to that of dy. It
follows that we must have dy > 0 for our numerics to converge to a solution ending on the
boundary at z = 0.

C Strip in more generic backgrounds

In order to understand the terms of the metric determining the linear regime, let us consider
the following static background

1 P(2)?

ds’ = <73 (—Q(Z)dt2 ~ 00 dz* + da:2> : (C.1)

which reduces to the black hole (2.4) when Q(z) = z20-9OF(z) and P(z) = z'~¢. By
introducing the time coordinate v as

do—dr — L&) 4.

; C.2
Q) 2
the metric (C.1) can be written as
1
ds® = W( — Q(2)dv*® — 2P(z)dvdz + dx?) . (C.3)

Here we consider the Vaidya background obtained by promoting @ to a time dependent

function, i.e.
1

ds®> = ——
»2dg/d

(— Q(v,z)dv* — 2P(z)dvdz + dz?) . (C.4)

Considering a strip in the spatial part of the boundary z = 0, its holographic entanglement
entropy is obtained by finding the extremal surface of the following functional area

/2
Alv(z), z(x)] = 2611__1/0 \Z/dB dx B=1-Q(v,2)v?* —2P(2)2'v, (C.5)
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and the boundary conditions for v(z) and z(z) are given by (4.2). We only have to adapt
the analysis performed in section 4.1 to the background (C.4). The equations of motion
of (C.5) read

0. [QU' + P2 = Q.v"?/2, (C.6)
Ox[Pv'] = doB/z + Q0% /2 + P2 . (C.7)

Choosing the thin shell profile

Q(v,2) = P(2)* + 0()[Q(2) — P(2)] , (C.8)
we have that for v < 0 the backgrounds is

1

2 _
ds” = szg/d(_

P(z)%dt* + d2* + dz?) , (C.9)
while for v > 0 the metric becomes (C.1). The equation (C.6) tells us that Qv + Pz’ is
constant for v # 0 but we recall that it takes two different values E_ (for v < 0) and E
(for v > 0). Since v'(0) = 2/(0) = 0, we have that F_ = 0. Integrating across the shell as
in section 4.1, (C.7) implies again that

v =0l =), at T = x,. (C.10)
Then (C.6) leads to
VA 1 o 2 /
AT A= 2P(Z) (Q(Z) P (Z))vc' (Cll)

From these equations, we get

2,/ — P2y
g, = (@ —2Pc)vc _ (@ ngC)Z_ , (C.12)

where P, = P(z.), Q. = Q(z.) and again 2z’ = —y/(2./2.)?% — 1. Thus, in the black hole

part z. < x < ¢/2 we have

/ E, - Q(z)zl

2dy 212 2dg
n_ Q) [z (Qc = PE)~ [ [ 2« _
= — —1 — || — —1|=H(z). 14
“-rerl(3) - | = e
Repeating the steps explained to get (4.27) and (4.28), in this case we find

Zc Zc

t= P(z) By +1)dz,  A=200"120 / S (C.15)
o Q) \ P(2)\/H(z2) o 22de\/H(z)
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C.1 Linear growth

At this point we take the limit of large z,, keeping z,, and z. finite. In this limit, (C.14)

becomes
2 <i22(;) + (223;91132) PZZ;? — H(2). (C.16)
The equation 0,,, H(z,,) = 0, which defines z,,, reads
Q1P — 2QumPh) zm — 2dg PrQp — 2P ye22%t = 0, (C.17)

where the subindex m denotes that the corresponding quantity is computed at z = z,, and

we defined
Q o P2 2
4z:" Ps
Introducing v} = 7elz,=.x, the equation for 2z} reads
. Q
Vo= — QZ; , (C.19)
Zm

which reduces to the second equation of (B.21) for the case considered in the appendix B.
Then, plugging (C.19) into (C.17) we find

Qryzm — 2dgQum =0, at z. =z, , (C.20)

which can also be written as

Qm
Repeating the steps done to get (B.34), (B.35) and (B.36), in this case we obtain
VT T(1/(2dg) +1/2) loge
£/2 = Zx — , C.22
2= T ) VI (©22)
Ey 2o
t = ———=—=loge = — —————— loge, C.23
Quv/H> 2 V= H2Qum )
dy
AB) = —op-1 2 oge. C.24
reg 1 Z?r;ig\/m g ( )

Thus, (C.23) and (C.24) allow us to find that

AB) = g1 V=8

reg dg
Zm

(C.25)

We conclude that P(z) does not affect the linear growth regime.
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D Vaidya backgrounds with time dependent exponents

In this appendix we consider the following generalization of (2.11)
ds? = Z20)/d=2 (—22(1_4(”))}7 (v, 2) dv? — 22270 dy dz + d:c2> , (D.1)

where we have introduced a temporal dependence in the Lifshitz and hyperscaling expo-
nents. Let us discuss the energy-momentum tensor when the metric (D.1) is on shell. For
simplicity, we consider only the backgrounds (D.1) with F'(v,z) = 1 identically.

The first case we consider is given by 6(v) = const. The associated energy-momentum
tensor reads

T =T0) + TS, (D.2)
where T,S},}S) is the part containing the hyperscaling exponent, which occurs also when ((v)
is constant, namely

—27X(dg+140/d)dg/2 —2' " (dp+146/d)dg/2 0
T = (—z1—<(d9+1+9/d)d9/2 272dp(0/d—(C+1) 0 )
0 0 27 2[d2(d—1)/d+2((C—1+dg)|La/2

(D.3)
(we have denoted by I; the d dimensional identity matrix), while T,E,g,) is the term due to

¢ #0

00 0
=00 o0 : (D.4)
00 26¢ Iy

Similarly, we can consider the situation where {(v) = const. It leads to

where Tﬁs) is (D.3) and
p 27 2+log z(C—dp—0/d+ (0 /d) log z)] (1 — dglogz) 0
TI(LGV) =— (1 —dglogz) 0 0 ,
0 0 2724 (d—1)(dg/d)log 2] 1g
(D.6)

which vanishes when 6(v) is constant, as expected. When both '(v) # 0 and (' (v) # 0, we
find that

hs 0 0
where T,S},,IS), T,S,C,) and T, ,3,9) have been defined respectively in (D.3), (D.4) and (D.6), while

T,S,ejo is given by
—('01og?(2) 0 0
[%
70 = 0 00 |, (D.8)
0 0 04
being 04 is the d x d matrix whose elements are zero.
It could be interesting to analyze the Null Energy Condition for these kind of back-
grounds. Unfortunately, since the inequalities turn out to be lengthy and not very illu-
minating, we will consider here only the case of 6(v) = const. First, since a null vector
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with respect to the metric (D.1) is null also with respect to (2.11), we can employ the
vectors (2.14). Secondly, given the additive structure of 7T}, in (D.2), we can consider
the results of section 2 and add to them the contribution of Tlg,g)]\f #NY. The resulting
inequalities read

dg[¢C(v) —1—6/d] >0, (D.9)
[¢(v) = 1] [dg + ¢(v)] + 2 (v) > 0, (D.10)

which reduce respectively to (2.7) and (2.8) when ((v) = const, as expected. When 6 = 0,
the inequality (D.9) tells us that ((v) > 1. As for (D.10), it allows, for instance, a profile
with ¢'(v) > 0. In the critical case § = d—1, (D.9) becomes ((v) > 2—1/d > 1 while (D.9)
becomes [¢(v)? — 1] + 26 ¢’ (v) > 0. Thus, for instance, profiles having ¢’(v) > 0 are again
allowed.
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