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Abstract We obtain the strong asymptotics of polynomials p, (1), > € C, orthogonal
with respect to measures in the complex plane of the form

o N(AP -1t _ﬁs)dA(/\),

where s is a positive integer, ¢ is a complex parameter, and dA stands for the area
measure in the plane. This problem has its origin in normal matrix models. We study
the asymptotic behavior of p, (1) in the limitn, N — ocoinsuchawaythatn/N — T
constant. Such asymptotic behavior has two distinguished regimes according to the
topology of the limiting support of the eigenvalues distribution of the normal matrix
model. If 0 < |t|> < T/s, the eigenvalue distribution support is a simply connected
compact set of the complex plane, while for |f|> > T/s, the eigenvalue distribu-
tion support consists of s connected components. Correspondingly, the support of
the limiting zero distribution of the orthogonal polynomials consists of a closed con-
tour contained in each connected component. Our asymptotic analysis is obtained by
reducing the planar orthogonality conditions of the polynomials to equivalent contour
integral orthogonality conditions. The strong asymptotics for the orthogonal polyno-
mials is obtained from the corresponding Riemann—Hilbert problem by the Deift—Zhou
nonlinear steepest descent method.
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1 Introduction

We study the asymptotics of orthogonal polynomials with respect to a family of mea-
sures supported on the whole complex plane. To set up the notation for the general
case, let p, (1) denote the monic orthogonal polynomials of degree n such that

/ Pn)PpmMe VY PAAG) = hy NSy, n,m=0,1,2,..., (L)
C

where W : C — Ris called the external potential, N is a positive parameter!, dA(1) is
the area measure in the complex plane, and %, y is the norming constant. The external
potential is assumed to have sufficient growth at infinity so that the integrals in (1.1)
are bounded.

Planar orthogonal polynomials satisfying (1.1) appear naturally in the context of
normal matrix models [12] where one studies probability distributions of the form

M — Le*NT“W(M))dM, Zu N =/ e NTI(W M) gy, (1.2)
’ N,

n,N

where Ny is the algebraic variety of n x n normal matrices
N ={M : [M, M*] =0} C Mat,«,(C),

and dM is the volume form induced on N, which is invariant under conjugation by
unitary matrices. Since normal matrices are diagonalizable by unitary transformations,
the probability density (1.2) can be reduced to the form [43]

1

[T 10— 2 Pe Em TV 004AGY) . dAG),
Zn,N

i<j

where A ; are the complex eigenvalues of the normal matrix M and the normalizing
factor Z,, y, called the partition function, is given by

Zn,N :[C [T - AP N ZIa W ODGA(L) L dAGL).

i<j

! For simplicity, we use the simpler notation py, (1) instead of p, y (1), even though the orthogonal poly-
nomials depend on the value of the scaling parameter N.
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The statistical quantities related to eigenvalues can be expressed in terms of the
orthogonal polynomials p, (1) defined in (1.1). In particular, the average density of
eigenvalues is

-1
1 - 1 P
W=—eNVII—|p,m)|"
Pn,N (L) " s P
j=0
The partition function Z, y can be written as a product of the normalizing constants

n
Zn,N = th,N-
j=0

While the asymptotic density of eigenvalues can be studied using an approach from
potential theory [49], the zero distribution of orthogonal polynomials remains an open
issue for general potential weights despite general results in [51]. The density of
eigenvalues p, n(A) converges (in the sense of measures) in the limit

1
n—->oo, N—->o0o, —— —, (1.3)
n T

to the unique probability measure u* in the plane which minimizes the functional
[25,35]

1
I(p) = // log [ — |~ dp)dp () + ?/ WR)du ). (1.4)

The functional 7 (u) in (1.4) is the Coulomb energy functional in two dimensions, and
the existence of a unique minimizer is a well-established fact under mild assumptions
on the potential W (&) [49]. If W is twice continuously differentiable and its Laplacian
AW is nonnegative, the equilibrium measure is given by

dp* (%) = AW Q) xp(RdAR),

where yp is the characteristic function of the compact support set D = supp(u*).
Sub-leading order corrections to the behavior of the eigenvalues distribution p, n(A)
as n, N — oo and fluctuations in the bulk and at the boundary of the support D have
been considered in [3-5,9,42].

The measure p* can also be uniquely characterized by the Euler-Lagrange condi-
tions

W)

5 2/10g|)\ —nldu*(m) +£p =0 (1.5)

for all values » € C with equality in (1.5) on the support> of u*. The Lagrange
multiplier £p is called the (generalized) Robin constant. It is a nontrivial problem

2 Tobe precise, the equality on the support is valid only up to a set of capacity zero [49].
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to determine the shape of the support set D. In some cases, this problem is called
Laplacian growth. When the potential W (A) is real analytic, the boundary 0D is a
finite union of analytic, arcs with at most a finite number of singularities [48], see also
[35].

There are only a handful of potentials W (A) for which the polynomials p,(X)
can be explicitly computed. The simplest example is W(x) = |A|?, for which the
orthogonal polynomials p, (1) are monomials of degree n, and the constants &, v
and the average density of eigenvalues p, y can be computed explicitly in terms of
the Gamma function. The matrix model associated with this potential is known as
the Ginibre ensemble [30,31], and the density of eigenvalues p, y converges to the
normalized area measure on the disk of radius /7 centered at the origin. In general,
for radially symmetric potentials W = W (|A|), the orthogonal polynomials are always
monomials, and in the limit (1.3), the eigenvalue distribution is supported either on
a disk or an annulus by the Single-ring theorem of Feinberg and Zee [28], whose
rigorous proof can be found in [32]. The correlation functions in this case have been
studied in [12].

The harmonic deformation of the Gaussian case W (1) = || LER (harmonic) has been
intensively studied. In particular, the potential W (i) = |)L|2 — (A% 4+ 12) is associated
with the Hermite polynomials for |f| < 1/2. In the limit (1.3), the distribution of
eigenvalues is the normalized area measure on an ellipse, while the distribution of the
zeros of the orthogonal polynomials is given by the (rescaled) Wigner semicircle law
with support between the two foci of the ellipse [23].

The normal matrix model with a general deformation W(A) = |)L|2 + Re(P (1)),
where P(}) is a polynomial of a fixed degree, has first been considered in the sem-
inal papers [47,54] (see also the review article [56]), where the connection with the
Hele—Shaw problem and integrable structure in conformal dynamic has been pointed
out. More general potentials have been considered later in [55]. For such potentials,
however, the matrix integrals have convergence issues in the complex plane, and there-
fore a natural cut-off has been introduced in the work of Elbau and Felder [25]. In
[24], the polynomials associated with such deformed Gaussian potentials have been
studied, and it was argued that the Cauchy transform of the limiting zero distribution
of the orthogonal polynomials coincides with the Cauchy transform of the limiting
eigenvalue distribution of the matrix model outside the support of the eigenvalues.
Moreover, it was also conjectured in [24] that the zero distribution of the polynomials
pn(X) is supported on tree-like segments (the mother body, see definition below) inside
the compact set (the droplet) that attracts the eigenvalues of the normal matrix model.

For the external potential W (L) = |A|24+Re(rA3), Bleher and Kuijlaars [11] defined
polynomials orthogonal with respect to a system of unbounded contours on the com-
plex plane, without any cut-off, and which satisfy the same recurrence relation that is
asymptotically valid for the orthogonal polynomials of Elbau and Felder. They then
study the asymptotic distribution of the zeros of such polynomials confirming the pre-
dictions of [24]. Similar results were obtained for the more general external potential
[38] W(A) = |A|> — Re(|A|%), k > 2 and |¢| sufficiently small so that the eigenvalue
distribution of the matrix model has an analytic simply connected support. Cases in
which the eigenvalue support has singularities were analyzed in [39] and [6]. In partic-
ular, in the work [6], the external potential W (1) = |1 12 —2¢ log |A —a| with c and a
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positive constants, has been studied, and the strong asymptotics of the corresponding
orthogonal polynomials has been derived both in the case in which the support of the
eigenvalues distribution is simply connected (pre-critical case) or multiply connected
(post-critical case) and critical transition was observed (see also [7,53]).

In this work, we study the strong asymptotic of the polynomials p, (1) orthogonal
with respect to a density e VW) where the external potential is of the form W (1) =
A% — 1A% — A%, with A € C, s a positive integer and € C\{0}. By a simple
rotation of the variable X, the analysis can be reduced to the case of real and positive
t. Therefore, without loss of generality, we may and do assume that r € R ; that is,

W) =AM =t +21%), AreC, seN, >0, (1.6)
and the associated orthogonality measure is
e NP =1 +29)4A(0), 1 eC, seN, 1>0. (1.7)

Note that the potential W () has a discrete rotational Zg-symmetry. It was observed
in [8] (see also [26]) that if a potential W (1) can be written in the form

1
W) = -0,

the equilibrium measure for W can be obtained from the equilibrium measure of Q
by an unfolding procedure. In our particular case,

OWw) = slul®> — st +a) = slu—t|*> — st*

corresponds to the Ginibre ensemble, so that the equilibrium measure for the potential
Q is the normalized area measure of the disk

T
|M_t|=[u e =4/—,
S

where T has been defined in (1.3). The equilibrium measure for W turns out to be
equal to

s _
du* () = — AP D xp(MdAQ), (1.8)
it
where xp is the characteristic function of the support set

D:={reC, |A*—1| <t} (1.9)

We observe that for t < t., the Eq. (1.9) describes a simply connected domain in
the complex plane with uniformizing map from the exterior of the unit disk in the
&-plane to the exterior of D given by
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Cde(iat LY
f(E)—cé( +E§_3) ;

with inverse .

_1 t\s

FO=f"'0 =1 2 (1 - F) :
For ¢t > 1. the domain defined by the Eq. (1.9) consists of s connected components
which have a discrete rotational symmetry. For s = 2, the domain D is called Cassini
oval. The boundary of D, namely 9D, can be identified with the real ovals of the
Riemann surface S defined by S := {(A, ) € C2, (A —1)(n® —1) = tcz}, which has
genus (s — 1)2. Such Riemann surface does not coincide with the Schottky double of
D fors > 2.
The boundary of the domain D can also be expressed by the equation

2

_ 12 s
A=S80), S()L):(t—l—)hx_t) . (1.10)

The function S(1) is analytic in a neighborhood of 9 D, and it is called the Schwarz
function associated with 9D (see, e.g., [18]).

Remark 1.1 The domain D is a quadrature domain [33] with respect to the measure
dp*. Indeed, for any function £ (1) analytic in a neighbourhood of D, one has, by
applying Stokes’ theorem and the residue theorem,

s—1

* _ 1 s—1 K _
/Dh(?»)dﬂ *) = i /aDh(k))» (S()'dr = ZCkh(/\k),

¢ k=0

2mik

1
where S(1) is the Schwarz function (1.10), ¢y = — and A = t%e C
s

1.1 Statement of Results

The goal of this manuscript is to determine pointwise asymptotics of the polynomials
pn(X) defined in (1.1) orthogonal with respect to the weight (1.7) in the two cases:

e pre-critical: ¢ < f;

e post-critical: ¢ > t,.
The Zs-symmetry of the orthogonality measure (1.7) is inherited by the corresponding

orthogonal polynomials. Indeed, the nontrivial orthogonality relations are

/ puO)ASHe NV a0y =0, j=0,... k-1,
C

where k and [ are such that

n=ks+I1, 0<l<s-—1;
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i.e., the n-th monic orthogonal polynomial satisfies the relation
27i 2min
pn(e s A)=e s pp(A).
It follows that there exists a monic polynomial q,ﬁl) of degree k such that

!
pah) = AP ). (1.11)
Therefore, the sequence of orthogonal polynomials {p,(1)};2, can be split into s

subsequences labelled by the remainder / = n mod s, and the asymptotics along the
different subsequences can be studied via the sequences of reduced polynomials

0 }OO [=0.1 —1
{qk (u) 0’ N SR | .

By a simple change of coordinates, it is easy to see that the monic polynomials in the
sequence {q,ﬁl) Yoo are orthogonal with respect to the measure

_ —1—-1
|~ e NP —tu—tiga ) = 2770 o)y, (1.12)
N

namely, they satisfy the orthogonality relations
/q,g”(u)ﬁf'|u|—2Ve—N('“|2—’"—’ﬁ)dA(u) =0, j=0,....k—1. (113)
C

As a result of this symmetry reduction, starting from the class of measures (1.7),
it is sufficient to consider the orthogonal polynomials with respect to the family of
measures (1.12). It is clear from the above relation that for/ = s — 1, one has y = 0,
and the polynomials q,is_l) (1) are monomials in the variable (u — t); that is,

-1
") = -0k,
It follows that the monic polynomials pys4—1(A) have the form
Prsts—1(0) =271 =k,

Remark 1.2 Observe that the weight in the orthogonality relation (1.13) can be written
in the form

|u|72yefN(\ulzftuftﬁ) — efN(luftlzfterZ%loglul),
and it is similar to the weight e VW@ with W(u) = |u|*> — clog |u — a| with ¢ > 0
studied in [6]. However, in our case, it turns out that c = —2y /N < 0, so the point

interaction near a = 0 is repulsive and the asymptotic distribution of the zeros of the
polynomials (1.13) turns out to be substantially different from the one in [6].
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Define
2
tC
20 = t_z’
and for r > 0, the function
A s A5 r—1
¢r(A) =log(t — 1') + — —logrt + (1.14)
120 Z0
Let us consider the level curve ér:
G = {Ae(C, Re ¢, (1) =0, |° —1] frt}. (1.15)

The level curves é, consist of s closed contours contained in the set D, where D
has been defined in (1.9). For these curves, we consider the usual counterclockwise
orientation. Define the measure D associated with this family of curves given by

1
2is

dv

dé, (), (1.16)

and supported on C,.

Lemma 1.3 The a priori complex measure d Vv in (1.16) is a probability measure on
the contour C, defined in (1.15) for0 < r < é

Let us denote by v(p;) the zero counting measure associated with the polynomials
Pn, namely

v(pn>=% > &

Pn(M)=0
where 8, is point distribution with total mass one at the point A.

Theorem 1.4 The zeros of the polynomials p,()\) defined in (1.1) behave as follows:

o forn =sk+s—1,letw = e%. Then t%, a)t%, R a)k_lt% are zeros of the
polynomials pysys—1 with multipicity k, and A = 0 is a zero with multiplicity
s — 1.

o forn=ks+1,1=0,...,5 — 2, the polynomial p,(}) has a zero in .. = 0 with
multiplicity | and the remaining zeros in the limit n, N — 0o such that

n—1

T

N =
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Fig. 1 The blue contour is the boundary of the eigenvalue distribution support D defined in (1.9) relative
to the normal matrix model, and the red contour is C defined in (1.17) which describes the support of the
limiting zero distribution of the polynomials py(A). Here s = 3 and ¢t < t. (left figure) and t > t. (right
figure). In both figures the horizontal axis is Re(1) and the vertical axis is Im(X) (Color figure online)

N 2
accumulates on the level curves C, as in (1.15) withr = 1 fort < t. andr = %

fort > t.. We define as C the curve on which the zeros accumulate that is given by

t, pre-critical case 0 <t < t,,
4 s At
C: |(t—=2A)exp (t_z)’ = 22
¢ 766'2' , post-critical case t > t.,
(1.17)
with |AS —t| < zot. The measure v in (1.16) is the weak-star limit of the normalized
zero counting measure vy, of the polynomials p, forn =sk+1,1=0,...,5s —2.

Remark 1.5 We observe that the curve (1.17) in the rescaled variable z = 1 — A% /¢
takes the form

1, pre-critical case zg > 1,
= (1.18)
1 ..
zoe® , post-critical case 0 < z9 < 1,

2
withzg = % and |z| < zo.The curve Cis similarto the SzegGcurve {z € C : |ze' ¢ =
1, |z| < 1} that was first observed in relation to the zeros of the Taylor polynomials of
the exponential function [52] and coincides exactly with such curve in the critical case
zo = 1. The Szego curve also appeared in the asymptotic analysis of the generalized
Laguerre polynomials, see, e.g., [13,40,45]. The curve (1.18) is the limiting curve for
the zeros of the polynomials
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(=D*
(@) 1= gy (~1@ = 1),
where q,ﬁl) (1) have been defined in (1.11).
From Theorem 1.4 and (1.5), the following identity follows immediately.

Lemma 1.6 Given the potential W (1) in (1.6), the measure v in (1.16) withr = 1

fort <t.andr = fort > t., and the contour ¢ defined in (1.17), the equation
19 dv A
——WU—/]MXA¢Q (1.19)
T oA CA—n

defines the boundary of a domain that coincides with D defined in (1.9). The measure
w* in (1.8) of the eigenvalue distribution of the normal matrix model and the measure
D of the zero distribution of the orthogonal polynomials are related by

/du*(n) z/dﬁ(n) AeC\D (1.20)
p A—1 ér—n’ ' '

Remark 1.7 The identities (1.19) and (1.20) in Lemma 1.6 are expected to hold in
general for a large class of normal matrix models. It has been verified for several other
potentials (see, for example, [2,6,11,24,38]).

We also observe that for the orthogonal polynomials appearing in random matrices,
in some cases, the asymptotic distribution of the zeros is supported on the so-called
mother body or potential theoretic skeleton of the support D of the eigenvalue distrib-
ution. We recall that a measure v is a strong mother body for a domain D with respect
to a measure u if [34]:

1) [log|x —nldu(n) < [log|r — nldv(n), for A € C with equality for A outside
D;

2) v > 0and supp v C supp u;

3) the support of v has zero area measure; B

4) the support of v does not disconnect any part of D from D€.

If the measure v has only the properties 1), 2), and 3), it is called weak mother body.
The problem of constructing strong mother bodies is not always solvable, and the
solution is not always unique [50].

Concerning the explicit examples appearing in the random matrix literature, for the
exponential weight W(A) = |)\|2 + Re(P (1)), where P(X) is polynomial, the support
of the zero distribution of the orthogonal polynomials is a strong mother body of
the domain that corresponds to the eigenvalue distribution of the matrix model (see,
e.g., [11,25,31,38,54]). In contrast, in the model studied in [6] and also in the present
case, the support of the zero distribution of the orthogonal polynomials does not have
property 4), and therefore it is a weak mother body of the set D.

The proof of Theorem 1.4 is obtained from the strong and uniform asymptotics of
the polynomials p, (1) in the whole complex plane which is obtained by characterizing
the orthogonal polynomials p,(A) via a Riemann—Hilbert method.
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Uniform Asymptotics. In the next theorem, we describe the strong and uniform
asymptotic of the polynomials p,(X) in the complex plane. We distinguish the pre-
critical case t < 1. and post-critical case t > t.. We first define the function

) &,:ZO (X), 0 < t < t. (pre-critical),
o) = R (1.21)
Gr=1(X), t. <t (post-critical),

where ¢, (1) is given by (1.14).
Theorem 1.8 (Pre-critical Case) For 0 <t < t, the polynomials p,()) with n =

ks+1,1=0,...,s=2,y = ly € (0, 1), have the following asymptotic behavior
for when n, N — oo in such a way that NT =n — :

(1) for A in compact subsets of the exterior of C, one has for any integer M > 2,

pa(0) = A7 — pf V(1+0(le+y))~ (1.22)

(2) for A near C and away from » = 0,

kb [ 1\"'77 ¢ Y !
_yS—lyys_ Nk—y 67 _— - — T ) M
Py =20 [1 T (F(V) (1 zo) A (1 /\5) +O(k))} ,

where dA)(k) has been defined in (1.21) andAF () =—-D!;
(3) for ) in compact subsets of the interior of C and away from ) = 0,

_ kS
_ le 120 ( t)k+1 1 _l —1-y l .
Pn() =2 ki+y (F(—y) AS ! 20 +0 k)]

(4) for A in a neighborhood qf)» = 0, we introduce the function w(\) = qAS()») +2mi
if A € C_and w(d) = ¢p(A) if AS € Cy. Then

pn(m:A’W—r)k—V( AS )y [(M))V—e_kd)m (ﬁnz(km»w (1))
w(l) kY k ’
(1.24)

where the (1, 2)-entry of the matrix U s defined in (3.22).

We observe that in compact subsets of the exterior of C there are no zeros of the
polynomials p, (A). The only possible zeros are located in A = 0 and in the region
where the second term in parentheses in the expression (1.23) is of order one. Since
Re ¢(A) is negative inside C and positive outside C, it follows that the possible zeros
of p,(A) lie inside C and are determined by the condition
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-1.54

Fig. 2 The blue contour is the boundary of the support of the eigenvalue distribution defined in (1.9),
and the red contour C defined in (1.17) is the support of the limiting zero distribution of the orthogonal

polynomials pj, (}). The yellow contour is given by (1.25) in the pre-critical case and (1.27) in the post-
logn

n
polynomial p, (%) fors =3,n =285,/ = 0and ¢ < t. on the right and t > ¢, on the left, respectively. In
both figures the horizontal axis is Re(}) and the vertical axis is Im(x) (Color figure online)

critical case and lies within a distance of order O ( from the contour C. The dots are the zeros of the

1~

20

n logk 1 1 t
Rep(A) = - +y)— + —log{ ———
k k [C(=y)I [A°

A —t] <t (1.25)

The expansion (1.23) shows that the zeros of the polynomials p,(A) are within a
distance O (l / k2) from the level curve (1.25). This level curve approaches C defined
in (1.17) at arate O (logk/ k) (Fig. 2).

For t > t., the polynomials p,(A) withn = ks +1,1 = 0,...,s — 2, have the
following asymptotic behavior.
Theorem 1.9 (Post-critical case) For t > t., the polynomials p, (A) withn = ks + 1,
1=0,...,s =2, andy = Y_i—_l € (0, 1) have the following behavior when n, N —
oo in such a way that NT =n —1:

(1) for A in compact subsets of the exterior of C, one has

Pa() =N =T 4 1(z0 — 1) (1 +O (%)) ’

2
withzo = <;
2

(2) for A in the region near C and away from the points 1> = t(1 — zq), one has

—kp(n) 472 S _ sy
3 lys _ yk=y s T2 F vy (A —1DA%) (l)
) =205 =07 E 0 Ao = 1) (1 k%w ¢ (A5 41(zog — 1)2r+l k)]
(1.26)
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with qﬁ()») defined in (1.21) and the constant ¢ defAined in (4.24);
(3) for A in compact subsets of the interior region of C, one has

k=2 k K
e “0 tyzo tzo A5 1
A=A - ol-));
Pn(3) PR ( P ) ((xwt(zo— 1 Ok

(4) in the neighborhood of each of the points that solve the equation X* = t(1 — zp),
one has

s ke /\“rt(Zo—l))y —ké(x)( oY o (l))
) =205 1) (7%1}(” e Uy = 3 V20N +0 (1))

where U (a S ) is the parabolic cylinder function (Chap. 13, [1]) satisfying the

equation ( g2+ a) U and B*(1) = —¢(A) — 2mi for \* € C_ and

dsz
W2(h) = —p(A) for A € Cy.

We observe that in compact subsets of the exterior of C,the polynomials p, (1) have
zero at A = 0 with multiplicity /. The other possible zeros are located in the region
where the second term in parentheses in the expression (1.26) is of order one. This
happens in the region where Re qAb()») < 0 and RquS()») = O (logk/k), namely in a
region inside the contour C and defined by the equation

. 1 logk 1 tyzy |05 — DAY
Rep(r) = — —1 .(127
e¢( ) (2"1‘)/) k +k Og( |C| |)»S+[(Z0—1)|27’+1 ( )

The expansion (1.26) shows that the zeros of the polynomials p,(A) are within a
distance O (1 / kz)from the level curve (1.27). This level curve approaches C defined
in (1.17) atarate O (logk/k).

The proofs of Theorem 1.8 and Theorem 1.9 are obtained by reducing the pla-
nar orthogonality relations of the polynomials p, (1) to orthogonality relations with
respect to a complex density on a contour. More precisely, the sequence of polynomi-
als p,(X) can be reduced to s families of polynomials q,&l) A, 1=0,...,5s —1,as
in (1.11) with n = ks + [. The orthogonality relations of the polynomials ¢ (1) are
reduced to orthogonality relations on a contour. We then reformulate such orthogo-
nality relation as a Riemann—Hilbert problem. We perform the asymptotic analysis of
the polynomials q,ﬁl) (1) using the nonlinear steepest descent/stationary phase method
introduced by Deift and Zhou [22] and successfully applied in Hermitian random
matrices and orthogonal polynomials on the line in the seminal papers, [19,20]. See
[21] for an introduction to this method, with a special emphasis on the applications to
orthogonal polynomials and random matrices. It would also be interesting to explore
the asymptotic for the polynomials p, (1) using the d-problem introduced in [36].

The zeros of p,(A) accumulate along a contour in the complex plane as shown
in Fig. 1 or Fig. 2. The determination of this contour is a first step in the analysis.
Riemann—Hilbert analysis in which a contour selection method was required also
appeared in the papers [6,40].
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The Riemann—Hilbert method gives strong and uniform asymptotics of the polyno-
mials p,(A) in the whole complex plane. The asymptotic behavior of the polynomials
pn () in the leading and sub-leading order can be expressed in terms of elementary
functions in the pre-critical case t < ., while in the post-critical case t > ., we
have used, in some regions of the complex plane, parabolic cylinder functions as in
[22,37,46]. The proof of Theorem 1.4 is then deduced from the strong asymptotic of
the orthogonal polynomials.

The paper is organized as follows:

e In Sect. 2, by using the symmetry properties of the external potential, we reduce
the orthogonality relations of the polynomials p, (1) on a contour and recall how
to formulate a Riemann—Hilbert problem for such orthogonal polynomials [27].

e In Sect. 3, we obtain the strong and uniform asymptotics for the polynomials p,, (1)
in the pre-critical case < #,.

e In Sect. 4, we find the strong and uniform asymptotics for the polynomials p,, (1)
in the post-critical case ¢ > f., and we prove Theorem 1.4.

In the critical case r = 1., the set D in (1.9) that supports the eigenvalue distribution
of the normal matrix models has a singularity in A = 0. The corresponding asymptotics
of the orthogonal polynomials seems to be described in terms of the Painlevé IV
equation as in [17], and this situation is quite different from the generic singularity
that has been described in terms of the Painlevé I equation [39,41]. That problem will
be investigated in a subsequent publication.

Furthermore, from the norming constants of the orthogonal polynomials, one may
consider the problem of determining the asymptotic expansion of the partition function
Z,.n in the spirit of [16]. Also this problem will be investigated in a subsequent
publication.

2 The Associated Riemann—Hilbert Problem
In this section, we set up the Riemann—Hilbert problem to study the asymptotic behav-
ior of the orthogonal polynomials p,(%). As seen above, the analysis of p,(}) can

be reduced to that of the polynomials q,il) (A9) introduced in (1.11). The polynomials

q,il) (u) are characterized by the symmetry-reduced orthogonality relations

/q,ﬁ”(u)ﬁf|u|—2Ve—N('“'2—’"—’ﬁ)dA(u) -0, j=0,...k—1 (@1
C

2.1 Reduction to Contour Integral Orthogonality
The crucial step in the present analysis is to replace the two-dimensional integral

conditions (2.1) by an equivalent set of linear constraints in terms of contour integrals.
In what follows, it will be advantageous to perform the change of coordinate

u=—l(Z—1), ZE(Ca
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Fig. 3 The contour ¥

and characterize q (u) in terms of the transformed polynomial

(_) g (—1(z = 1))

7 (z) =
in the new variable z. The polynomial 4 (z) is also a monic polynomial of degree k,
and it can be characterized as follows.

Theorem 2.1 The polynomial mwy(z) is characterized by the non-Hermitian orthogo-
nality relations

Nz 2\’
fnk(z)zf T ( ) dz=0, j=0,1,...,k—1, ye€(0,1),
) 4 z—1
(2.2)

where X is a simple positively oriented contour encircling z = 0 and z = 1 and the

function ( l)y is analytic in C\[0, 1] and tends to one for |z| — oo (Fig. 3).

Proof In order to prove the theorem, we first show that the orthogonality relation for
the polynomials q,’c (1) on the plane can be reduced to an orthogonality relation on a
contour. To this end, we seek a function x; (u, u) that solves the 5-pr0blem

B (s i) = [u 2 =N (1l ~tu=r) 2.3)
Having such a function, for any polynomial g (u), one has

d [q(u)xju, w)du] = q(u)ogx;u, w)du A du

—N(\u|2—tu—tﬁ)

=g [u| e dii A du,

where d denotes the operation of exterior differentiation. If such x;(u, ) exists, one
can use Stokes’ theorem and reduce the planar orthogonality relation to an orthogo-
nality relation on a suitable contour. The Eq. (2.3) has a contour integral solution

u
Xj(l/l,b_t):u*yeNlu/ a]*)/e*Nua‘l’Nt(lda
0
1 t\7  eNu NE@-1) y
=N\ Tw) wonpi FiTre " dr
Ni-v+ u A
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14 Ntu o0
:; 1_£ _c F(j—)/—l—l)—/ Fi=Ye T dr
Ni=v+l u) (u—ryj+t Na(u—1)

PG =y +D () e N
:W(l‘;) e kel GRS | TR

It follows that for any polynomial ¢ (), the following integral identity holds:

/q(u)ﬁj|u|_2Ve_N(|”|2_’“_tmdA(u)
C

~ 1 im q)it! |u| 2 e~ NP ==t g7\ gy
2i R—>o0 Jju|<r

1
=— 1 i(u, u)d
20 RLmoofu:Rq(u)Xj(u w)du

- % dim fju_R q(u) [Gj(“) % (efﬁ(w))] du
1

= — qu)Gi(u)du,
2i Jjz1=ry !

FG—y+1 ( _ L)V eN  go
Ni—v+l1 u (”_t)jJrl .
it follows that for any polynomial g (1), the following identity is satisfied:

2 = P Ntu 14
_j—2y —N(\u| —tu—tu) _ al'(j—y+1) L e _ i
[ awil =27 aaw) = LI s e o (1)

where R and Ry are sufficiently large and G (u) =

where y € (0, 1), j is an arbitrary nonnegative integer and ¥ is a positively oriented
simple closed loop enclosing # = 0 and u = . Making the change of coordinate
u = —t(z — 1), one arrives at the statement of the theorem. O

2.2 The Riemann-Hilbert Problem

Our aim is to study the behavior of the polynomials 7% (z) in the limit k — oo and
N — oo in such a way that for n = ks + [, one has

—1
N=""L T-0
T

Let

and introduce the function Z
V(z) =logz + —. 2.4
20
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In terms of the weight function

Y
wi(2) = e V@ (—Z ) :

z—1

the orthogonality relations (2.2) can be written in the form

fﬂk(z)zjwk(z)dZZO, j=0,1,...,k—1.
b

In the limit kK — oo, we distinguish two different cases:

e pre-critical case zg > 1, correspondingto0 < ¢ < .,
e post-critical case 7o < 1, corresponding to f, <t .

Our goal now is to characterize the polynomial ;(z) as a particular entry of the
unique solution of a matrix-valued Riemann—Hilbert problem. Let us first define the
complex moments

vj = f Zwi(2)dz,
p))

where, for simplicity, the dependence on k is suppressed in the notation. Introduce the
auxiliary polynomial

Vo Vi1 ... Vg—1
V1 vy . Vi
1
[M—1(z) :== 1 det| : ) (2.5)
et [viej oz j <t Veer o vms
1 z Zkfl

Note that IT;_; is not necessarily monic, and its degree may be less than k — 1: its
existence is guaranteed just by requiring that the determinant in the denominator does
not vanish.

Proposition 2.2 The determinant det[v;yjlo<i j<k—1 does not vanish, and therefore
Iy_1(2) is well defined.

Proof We have

) ‘e—Ntzz z v
det[v,-+j]05,-,j5k_1 = det f Zl+j X (—) dz
5 z z—1 o
0<i,j<k—1

o —Ni?z 14
= (= DF*=D/2 geg f 7S ( < ) dz ,
b)) Z z—1

0<i,j<k—1
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where the last identity has been obtained by the reflection of the column index j —
k — 1 — j.Due to Theorem 2.1, we have

/ 7(2) G — DIz — 172 e NP A7)
C

iy 7T —y+1) 1 e N 2\
— 22 23/(]#)/])_'% ”(Z)‘—l —— ) dz,
Ni-v+ 2mi Js Z+t \z -1

and hence the second determinant is given by

L —Ntzz 14
s o () ]
b b4 z—1

k=1 5. 2j42y—2 a7 j—y+1
. . 2.2 2ite] TEY —ENITY
= det // G =Dz =17 e Nk dA(z)} [[———F7— 2.6
[.cc joo TU-r+D (26)

Finally, the determinant on the right-hand side is strictly positive because

det [// FGE— 1))z — 1|2VeN’2|szA(z)i|
C
— det [// 27|z — 1|_2Ve_N’2|Z|2dA(z)] =0,
C

where the equality follows from the fact that the columns of the two matrices are related
by a unimodular triangular matrix, while the inequality follows from the positivity of
the measure. Finally, since I'(z) has no zeros (and no poles since j —y + 1 > 0), the
nonvanishing follows from (2.6). O

Define the matrix

1 7k (2) o
7k (2) e Mo wi(z2)dz
Y(2) = T : @7
ol () — / 1) @
x

Itis easy to verify that the matrix Y (z) is the unique solution of the following Riemann—
Hilbert problem of Fokas—Its—Kitaev-type [27]:

1. Piecewise analyticity:

Y (z) is analytic in C\ X and both limits Y4 (z) exist along X, (2.8)
2. Jump on X:
1
Vi@ = Y-(2) (0 w"f”) L zes, 2.9)
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3. Behaviour at z = oo:
1 ko
YRO)=\I+0|-))z°, z— oc. (2.10)
Z

The last relation is obtained by noticing that if I1;_; is given by (2.5), then the
entry Y22 (z) of the matrix Y (z) in (2.7) satisfies

i1 (7 1
—/ k/—l(Z)wk(z/)dz/zz_k (1+O(—)) , 7 —> 00.
» T —2Z Z

2.3 Initial Undressing Step

In order to simplify the subsequent analysis, we define the following modified matrix:

Y

Ygy
Y(2):=Y(2) (1 — %) ’ ., zeC\(TU[0,1]). (2.11)

This matrix-valued function Y (z) satisfies the following Riemann—Hilbert problem:

1. Piecewise analyticity:
Y (z) is analytic in C\(Z U [0, 1]).

2. Jumps on X and [0, 1]:

1 e—kV@
Oe 1 , ZEX,

Yi(2) =Y_(2) (

e VT 2 e(0,1),

with V(z) as (2.4).
3. Behavior at z = oc:

1P(Z)=(1+(9(§))Zka3, 7 — 00.

4. Endpoint behavior at z =0 and at z = 1:
Y@z TP =0() 20, T@E-DI"=0(1) z—1.

The polynomial ¢ (z) is recovered from Y(z) as

Y

~ 1
e (z) = Y11(2) (1 - Z)
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3 Asymptotic Analysis in the Pre-critical Case

In order to analyze the large k behavior of Y (z), we use the Deift—Zhou nonlinear
steepest descent method [22]. The first step to study the large k behavior of the matrix
function Y (z) is to make a transformation ¥ (z) — U (z) so that the Riemann—Hilbert
problem for U(z) is normalized to the identity as |z] — oo. For this purpose, we
introduce a contour C homotopically equivalent to X in C\[0, 1] and a function g(z)

analytic off C. Both the contour C and the function g(z) will be determined later. We
assume that the function g(z) is of the form

g(z) = /Clog(z —5)dv(s), 3.1

where dv(s) is a positive measure with support on C such that

/dv(s) =1.
C

With this assumption, clearly, one has

g =logz+ O (z_l) as |z] — oo, (3.2)

where the logarithm is branched on the positive real axis.

3.1 First Transformation Y — U

Since C is homotopically equivalent to X in C\[0, 1], we can deform the contour X
appearing in the Riemann-Hilbert problem for ¥ to C. Define the modified matrix

U(z) = e MD7Y (e 8@l 2 e C\(C U0, 1]),

where ¢ is a real number, to be determined below. Then U(z) solves the following
RHP problem:

1. Piecewise analyticity:
U (z) is analytic in C\(C U [0, 1]).

2. Jump discontinuity on C:

e k(g+(@)—g-(2) ok(g+(2)+g-(2)—£=V)
) 3.3)

Ur(@) =U-@) ( 0 k(g (=g (@)
3. Jump discontinuity on (0, 1):

Ui (z) = U_(2)e V™.
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4. Endpoint behavior at z =0 and z = 1:
Uz 2% =0) 20, U@QGz-—1DI%=01) z-1.

5. Large z boundary behavior:
1
U(z)=]—|-(’)(—), 7 — 00. (3.4)
Z

The polynomial 7% (z) is determined from U (z) by

1 (z) = Uy (2)eks@ (1 - %) : (3.5)

3.1.1 The Choice of g-Function

In order to determine the function g and the contour C, we impose that the jump matrix
(3.3) becomes purely oscillatory for large k. This is accomplished if the following
conditions are satisfied:

g+(@) +g-(2) —£—-V(2) =0,
Re(g4(z) —g-(2)) =0, zeC. (3.6)

Next we show that we can find a function g and a contour C that satisfy the conditions
(3.6). For this purpose, we use the following elementary result in the theory of boundary
value problems.

Lemma 3.1 ([29], p.78) Let L be a simple closed contour dividing the complex plane
into two regions Dy and D_, where Dy = Int(L) and D_ = Ext(L). Suppose that
a function ¥ (¢) defined on L can be represented in the form

V) =y +v-(5), CelL,

where 1 (¢) is the boundary value of a function ¥ (z) analytic for z € Dy and
Y_(¢) is the boundary value of a function W—_(z) analytic for z € D_ and such that
Y_(00) = 0. Then the Cauchy integral

()

1
% L¢—2

D(z) = dg

can be represented in the form

D, (z) =yY4+(2) forz e Dy,
D_(z) =—v_(z2) forze D_.
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The boundary values of the function ® on the two sides of the contour L then satisfy

D1 (8) + - (¢) = ¥(8) = ¥-(2),
P1(6) =)=y () +¥-(¢), ¢elL.

Now we apply Lemma 3.1 to the function g’(z) that satisfies the differentiated boundary

condition
O+ @)=Vie)y=—+-, ¢eC
20 ¢

The functions ¥4 (z) of Lemma 3.1 are {4 (z) = — and ¥_(z) = ——, and therefore
20

the function g’(z) takes the form
1
| | — z € Int(C),
- — = 20
g =-= [ T—Ldr = 3.7
2wi Je z—7 1
- z € Ext(C),

so that the measure dv in (3.1) is given by
1 1 1
dv(z) = — (— — —) dz, zeC. (3.8)
2wi \z 20
Integrating the relation (3.7) and using (3.2), one has
z
— + ¢ z € Int(C),
gy =1% (3.9)
z € Ext(C),

logz

where £ is an integration constant and log z is analytic in C\IR™. Performing the
integral in (3.1) for a specific value of z € C, say z = 0, and deforming C to a circle

of radius r, one can determine the value of £:
{=1logr ——, r>0.
20

The total integral of dv in (3.8) is normalized to one on any closed contour con-
taining the point z = 0. However, we have to define the contour C so that dv(z) is a
real and positive measure along C. To this end, we introduce the function

—2g(z2) + V(z) +logr — I _ logz — Zi —logr + ZL z € Int(C)\[O, r1,
0 0
(3.10)

or(2) = . .
b4
2g(z) — V(z) —logr + — =logz — — —logr + — z € Ext(C)\(r, 00) .
20 20 20
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Fig. 4 The family of contours

C, for three values of r: r = z,

r=1landr < 1. Forr = zgp, the Czo
region |z| > z( is plotted as well

20

Observe that ¢, (z) is analytic across C, namely ¢, (z) = ¢,—(2), z € C, and that

¢ (2) = W =—g+(@)+g-(2), zeC. (3.11)

The next identity follows in a trivial way:

1
dv(z) = 5—d¢r(2).

i

Imposing the relation (3.6) on (3.11), one has

R
e) —logr + L 0.
20

Re(¢,(2)) =log|z| —

This equation defines a family of contours that are closed for |z| < r (easy to verify).

7
Since the function — log r + — forr > 0 has a single minimum at » = z¢ and diverges

20
to +oo forr — 0 and r — 00, it is sufficient to consider only the values 0 < r < zg.
We define the contour C, associated with r as (see Fig. 4)

Cr={zeC: Re(¢(2)) =0, |z] <z0}, 0<r <z (3.12)
Since dx Re ¢y |y=0 = |i2| — — > 0, for |x| < zo, Re ¢, (2) is negative inside C,. Note
X z

that the point z = 0 lies inside C, since Re ¢(z) — —oo for |z] — 0. Furthermore,
C, intersects the real line in the points z = r and z € (—r, 0). Indeed, Re ¢ (—r) > 0,
which shows that the point z = —r lies outside C,.

Lemma 3.2 The a priori complex measure v in (3.8) is a probability measure on the
contour C, defined in (3.12) for 0 < r < zo.

Proof By the residue theorem, the measure dv has total mass 1 on any contour C,.

1
Since Re ¢, = 0 on the contour C,, it follows that the measure dv = qub, is real
l

on the contour C,. In order to show that the measure is positive on the contour C,, we
introduce the variable

v = e(Pr .
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On the contour C,, we have that || = 1, so that in the y,—plane, the contour C, is
mapped to a circle of radius one and the map v, = e?" is a univalent conformal map
from the interior of C, to the interior of a circle [52]. We have

1 dy,

dv = — 2
YTy,

which shows that the measure dv in the variable v, is a uniform measure on the circle,
and therefore dv is a positive measure on each contour C,. O

We are now ready to prove Lemma 1.3 and Lemma 1.6 given in the introduction.

Proof of Lemma 1.3 By using the residue theorem, it is straightforward to check that
dv is a probability measure on any contour C, defined in (1.15). In the post-critical

case, such curve ér has s connected components é,’ ,j =0,...,s—1,eachencircling
exactly one root of the equation A* = ¢. In the pre-critical case, we denote with the
same symbol éf the connected components of ér\{O} together with {0}.

With the appropriate choice of the branch of the s™ root, any éf can be parametrized

by the map A(z) := (—1(z — 1))%, which respects the orientations of C and (?r] . Since
¢ (z) = p(A(2)), Eq. (1.16) implies

1
dv(M(z)) = ;dv(z) .

This relation, together with Lemma 3.2, where we proved that dv(z) is real and positive
on C,, implies that dV is also real and positive on any C] and hence on the whole C,. O

Proof of Lemma 1.6 By using the residue theorem, we first calculate the r.h.s. of
(1.19), obtaining

db 1 s—1 1 1 A
/ v _ L[ b —)dn= . (3.13)
CA—n 2miJoeArA—n\n*—t zot AS —t

Therefore (1.19) is equivalent to

S}\s—l(is _ I) _ )Ls—l
T A -t

_ T
,or MW=\ —1)=—=1¢
S

c?
which is equivalent to the equation for the boundary of D defined in (1.9). Next we

show that the Lh.s. of (1.20) is equal to its r.h.s. By using Stokes’ theorem, the relation
(1.10), and the residue theorem, one obtains

/du*(n)_ 1 /n“ﬁ"dn_ 1 / " Soydy A
p A—n 2wt Jop A—n 27t Jop  A—n A —t’

which coincides with (3.13). O
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3.1.2 Choice of the Contour

We now argue that the relevant contour on which the zeros of the orthogonal poly-
nomials 7 (z) accumulate in the pre-critical case is given by the level r = 1. The
family of contours 0 < » < 1 can be immediately ignored because in this case ¥ has
to be deformed to two contours X >~ C, 1 U C as shown in Fig. 5. On the contour é,
we have Re(¢) > 0, and it is not possible to perform any contour deformation to get
exponentially small terms in the jump matrix (3.3) as k — oo.

For 1 < r < zg, the original contour ¥ can be deformed homotopically to the
contours C,. In this case, the asymptotic expansion of the matrix entry Y11(z) = 74 (2)
as k — oo, does not give any sub-leading contribution. For this reason, we discard
this case, and we omit the corresponding asymptotic analysis. The only possible case
remains » = 1. In this case, the analysis as k — oo to the matrix entry Y11 (z) = m¢(2),
which will be performed in Sects. 3.2 to 3.5, gives leading and be sub-leading terms.
The comparison of these two terms enable us to locate the zeros of the polynomial
7 (z) on a contour that lies within a distance O (log k/ k) from the contour Cy—.

So for the reasons explained above, we are going to perform the asymptotic analysis
of the RH problem (3.3)—(3.4) by deforming the contour X to the contour C,—;. For
simplicity, we denote this contour by C:

Re(z 1
C=1z€C: log|z| — ()+—=0, |z|§1].
20 20

Also, for simplicity, the function ¢,—; will be referred to as ¢ below:

]
$(2) =logz — — + —, (3.14)
20 20

where log z is analytic in C\ (—o0, 0]. With this choice of contour, the jump matrices
of the RH problem (3.3)—(3.4) for the matrix U(z) are summarized in Fig. 6.

Fig. 5 The contour 1 UC

that is homotopic to X. The

region where Re ¢ (z) < 0 is

colored in pink (Color figure

online) /
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Fig. 6 The jump matrices for ko (2) 1
U(2) < )

3.2 The Second Transformation U — T

Consider two extra loops C; and C, as shown in Fig. 7. These define new domains €2,
Q1, 27, and Q4. Define the new matrix-valued function

U(z) 7 € Qoo U Qp,
1 0
T =14Y® (—ekd’(Z) 1) z€8, (3.15)

1 0
U(Z) (e—kd’(z) 1) Z € 92.

Then T (z) satisfies the following Riemann—Hilbert problem:

1. Piecewise analyticity:
T (z) is analytic in C\ (C, UCUC; U0, 1]).
2. Jump discontinuities on X7 =C, UCUC; U [0, 1]:

T:(z) =T-()vr(z), z € X7,

Fig. 7 The jump matrices for
T (z) with contour
7 =CUCUC; U(0,1)
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where

01
(_10), zeC,
1 0
vr(2) = (e_k‘p(Z) 1) rzele

1 0
(ek¢(z) 1)’ 2 €,
eTYTios 2 e(0,1).

3. Endpoint behavior at z = 0 and z = I:
T()z ?% =0(), -0, T@GE-DI"=01), z—1.

4. Large z boundary behavior:
1
T =1+0{-), z—> 00.
Z

Note that e¥?(?) is analytic in C\ {0} . The important feature of this Riemann—Hilbert
problem is that the jumps are either constant or they tend to the identity matrix as
k — oo at an exponential rate.

Proposition 3.3 There exists a constant co > 0 so that
vr(z) =1+0 (e*""k) ask — oo

uniformly for z € C, U C;\Uy, where U is a small neighborhood of 7z = 1.
The proof of this proposition follows immediately from the fact that Re ¢ (z) < 0
for z € Int(C)\U; and Re ¢(z) > 0 for z € Ext(C)\U;. Here Int(C) is the interior

region bounded by C, and Ext(C) is the exterior region bounded by C.
From the above proposition, it follows that

vr(2) = v™X(z) ask — oo,

exponentially fast, where

01
(_10) asz € C,

m —_ .
vV (2) = e 7’79 a5z € (0, 1),

(3.16)
1 asz e C,U(;.
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3.3 The Outer Parametrix for Large z

We need to find a matrix-valued function P°°(z) analytic in C\(C U [0, 1]) such that
it has jump discontinuities given by the matrix v*°(z) in (3.16); namely

01 ce
PX() = PX(){ \~-10)" =%
e v, z€ (0,1,

with endpoint behavior
P¥@)z I =0(), 20, PY@QG-DI"=0(), z-1,

and large z boundary behaviour
o 1
P =1+0({-), z— oo
Z
Define

P®(z) == P®(2)x (),

where

01
X(@) = (—1 0) 2 € Int(©), 3.17)
1, z € Ext(C) .

The k-independent matrix P%°(2) has no jump on C, and it satisfies the following
Riemann-Hilbert problem:

1. Piecewise analyticity:
P is holomorphic in C\ (0, 1).
2. Jump discontinuity on (0, 1):
P{(2) = P2 (2)e? ™.

3. Boundary behaviour at z = co:

- 1
Poo(z)zl—l—(?(z), 7 — 00.
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The solution to this Riemann—Hilbert problem is given by

3 1\ 2%
P®(z) = (l — —) ,
Z

which leads to the particular solution

1\E% (0, 1
N [ R T s
P¥(z) = (1 — E) x() = ; (3.18)
3.4 The Local Parametrix at z = 1
The aim of this section is to construct a local parametrix P°(z) in a small neighborhood
Uy of z = 1 having the same jump property as T for z near 1 and matching the outer

parametric P°°(z) in the limit k — oo and z € 0U;. Then the Riemann—Hilbert
problem for PO(z) is given by

P)(z) = P°()vr(z). z €Uy NIy,
and
P’(z) = P®()(I +0(1)) ask — oo and z € 3. (3.19)

In order to build such local parametrix near the point z = 1, we first construct a
new matrix function B(z) from P°(z):

B(z) = P'(0)x(2) "' Q). (3.20)
where
1 eko @
Q(z) = (0 | ) » 2 €N, (3.21)
1, z € U\ Q.

The matrix B(z) satisfies the following jump relations in a neighborhood of 1:

eyni (eyni _ e—yﬂi)ek¢(z)

Bi(z) = B_(2) ( 0 ey ) . ze(=o0,1).

Next we construct a solution to the so-called model problem, namely a Riemann—
Hilbert problem that has the same jumps as B.
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3.4.1 Model Problem

Consider the model problem for the 2 x 2 matrix function W (&) analytic in C\R™
with boundary behavior

1 Z AR Z 1 P AR
W) = ws)( R )e), £ € (—00,0),

w<s)=(1+o(§))55“3, £ 0.

Defining

B(E) = wE)E 17,
we obtain the following Riemann—Hilbert problem for U(§):

_ _ a2ymi £
o =00 () cecwon

@(§)=I+O(E), £ — 00,

where the function £V is analytic in C\(—o00, 0] and (£)4 denotes the boundary
from the right with respect to the contour (—oo, 0) oriented in the positive direction.
This is an Abelian Riemann-Hilbert problem, and therefore easily solvable by the
Sokhotski—Plemelj formula:

) PR Bl A B (SO RS
e =\ 2xi R C—E& , (3.22)
0 1
so that
— U, Loy 01
) = Zé—A £793, A:(OO), as & — o0. (3.23)

In particular,

—2ym _ e—ym' _ eym' 00
b S i =S [ e,
2mi 0

_ _sm(yn) _
—— 'ey+1) =

) 3.24
C(=y) G029
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3.4.2 Construction of the Parametrix

We are now ready to specify the parametric P°(z) which follows from combining
(3.23) with (3.20); that is,

P2) = E@W(kw(2)Q(2) 'x(2),

where O(z) and x(z) are defined in (3.21) and (3.17), respectively, and E(z) is an
analytic matrix in a neighborhood of U] and w(z) is a conformal mapping from a
neighborhood of 1 to a neighborhood of 0.

The conformal map w(z) is specified by

¢(2) +2mi, ze Uy NC_,

W)= ’¢>(z), e NCy.

We observe that
w(z):(1—l)(z—l)—l(z—l)z+(9((z—1)3) 21
<0 2 s .

The matrix E (z) is obtained from condition (3.19), which, when combined with (3.24),
gives

PX@)(P(2) ™ = PP @)x () ' Q@) ¥ (kw(z) E@) T =
= P¥(@)x () (kw(z) "% (1 A (k‘2)) E~\(2),

['(=y) kw(z)
k— oo, zedl, (3.25)

where we use the fact that Q(z) — [ exponentially fast as k — oo, and z € dU.
From the above expression, it turns out that the matrix E(z) takes the form

Y 1 AL Y
E() = P®@)x (@) (kw(2) 2% = (1 - z) (kw(2))"2%9.  (3.26)

We observe that the function E(z) is single valued in a neighborhood of ¢/;. Indeed,
the jumps of (z — 1)%‘73 and w(z)_%‘73 cancel each other.
From the expression (3.25) and (3.26), the matching between P%(z) and P>®(z)

takes the form
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PX@)(PY () = E@) (- MZIL+O(1<—M) (0 1) E7\(2)
= (kw(z))/ 00
M—
u 01\ ..,
g(kw(z)), o (k)| E@ (oo)E @)
1 y M—1 01
— ] _ _ -y -M
.y (1 Z) (kw(2)) (kw( S+ (k ) (oo) ask — 00

(3.27)
for z € U, where y € (0, 1).

3.4.3 Riemann—Hilbert Problem for the Error Matrix R

We now define the error matrix R in two regions of the plane, using our approximations
to the matrix 7. Set

©) ()"
R(Z)Z[T(Z)(P @), zel, (328)

T(z) (P®(z))"", everywhere else.

The matrix R is piecewise analytic in C with a jump across the contour Cgp = C; U
C. U ol given in Fig. 8.

RH Problem for R

1. R is analytic in C\Cg,
2. For z € Cg, we have

R (z) = R-(2)vr(2), (3.29)

Fig. 8 The jump contour
structure Cp
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with

| Provr@ (Pr@) T zecr\au,
vr() = | Po(2) (PO()) z €.

3. As z — 00, we have
R@=1+0 ().

The jump matrices across the contour Cg\dlU; are all exponentially close to /
for large k because vy converges exponentially fast to v defined in (3.16) and the

product P°(z)v*°(z) (Pjio (z))il = [ with P*°(z) defined in (3.18). The only jump
that is not exponentially small is the one on dlf;, since from (3.27), for any integer
M > 2, we have

vr(z) = PP()(PA(2) !
M—1

1 Y L\
—1—(1--) Gwe)™ —’.+O(k—M) A,
(1-2) @0 (X mi
with the shift matrix A defined in (3.23). By employing the notation

1\’ v,
v(2) = ( —-) T =12,

7] (w(z)/tr

we can rewrite the matrix vg(z) in the form

(J)
vr =1+ kiy Zl k]( .0 (k—M) A, (3.30)
p=

where, in particular, (3.24) implies

14
vi)(2) = F(iy) (1—%) (w(@) 7", (3.31)

By a standard perturbation theory argument, one has the expansion
M-

R@) =1+ z Rm(Z) (k M) . k- oo, (3.32)

which gives, using (3.29), (3.30), and (3.32),

RV @) =RV @)+ @A,
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Therefore,

)
RO@=| 5o f EE
2wi Jou, ¢ —2z

where we observe that the function vg) (z) has a simple pole in z = 1 with expansion

(PR S _i)yl _
v (2) = F(—y)z—l(l 0 1+0(@z-1).

By a simple residue calculation, we obtain

1 1IN o1
@-Dr () (] - 5) (0 0) ’ 2 e C\th,
R(l)(z) — (3.33)

! Y7 (01 N 01
m(l‘g) (OO)JF”R(Z)(OO)JGM.

In general, given the structure of the jump matrix (3.30) the error matrix RV)(z) in
(3.32) is of the form

RU(z) = (8 g) , (3.34)

namely, only the (1, 2)-entry of the matrices R"/)(z) is non-zero. From (3.28) and
(3.32) one has

M—1 (i
1 R(J)(Z)
) _ -M (0)
P (Z)+k7 2 7 +(’)(k ) PY), zelh
T(z) = /=
M—1 (i
1 R(f)(z)
00 . -M 00
P (Z)+kV 2 3 +O(k ) P*®(z),  everywhere else,
J:

(3.35)
where, in particular, the first term RWD(2) is given in (3.33).

3.5 Proof of Theorem 1.8: asymptotics for p, (1) for z¢9 > 1

In order to obtain the asymptotic expansion of the polynomials p, (1) for n — oo,
and NT = n —1[, we first derive the asymptotic expansion of the reduced polynomials
7, (z) for k — oo with n = sk + L. For this purpose, we use (3.5), (3.15), (3.33), and
(3.35) to obtain
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<

() = kO (1 - %) U@y

[Tk ()11 z € Qoo U Qp,

Y Ti(2) 1 0 Q
| RS2 NI 0 T &3

1 0
()] oo

[R()PZ @], 2 € Qoo U (Q0\U),

1 0
R(Z)POO(Z) (ekdb(z) 1)j| s Z € Ql\ul,
11

. 10
R(z)P™(2) (—e"“f’@ 1):| . 2 € 2\Ui,
L )

[R@P')] 2e QN

K
11

[ 1 0
R@)PO(2) (ek¢<z) 1)} . ze@ini,
L 11

1 0
R(Z)PO(Z) (—e_k‘P(Z) 1):| , 7€ NU; .
- 11

From the above relation, we obtain the expansions in the following regions.

The exterior region Q.

In this region, from (3.34) and (3.35), for any integer M > 2, we have

(2) = kg(@) {1 ly 1+0 1
mi(z) = ¢ - + O\ oy

=z

(=2) (o))

(3.36)

on any compact subset of Q. Therefore there are no zeros accumulating in this

region.

The interior region 20\l :

i (z) = k8@ ! ! T A +0 (e
KtY (z — DI(—y) 20 Kktr ) )
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The leading term of the above expansion is of order O (k_1 _V), so there are no zeros
in this region.

The interesting region 21\,

N\~

Y
1-1 —y—1
_ kg (- Y | ke ! ( Z) (_1) (1)
T (z) =€ (1 Z) |:e T G oDr ) 1 . +0 o , (3.37)

where e¥¢®) is uniformly bounded on | C {Re(¢) < 0}.
The other interesting region z € Q,\U;:

—kp(z ]—l_y —y—1
N A W ), (1) ()
m(@ = (1- 1) {1 o | e (1) T o (R) ]| 638

where e %0 g uniformly bounded on 2, C {Re(¢) > 0}.
The region U : for z € U; N Ext(C),

kg(z) z-1D
(zw(2))Y

—y—1

e r((-%)7
, e . _w(@ ( 20 0 1 :
|:w(z) % (\Illz(kw(z)) X ( [P~ +up @+ O X R

for z € Uy N Int(C),

i (z) =¢€

ke(z) @ =D
(zw(2))Y

—y—1
- - 1Y77
k6@, oy Ykw@)  w@? ( ZO) ) (1)
{e v % a+ | conrey TR

where U}, is the (1, 2)-entry of the matrix U defined in (3.22) and vg) (z) has been
defined in (3.31). Here Int(C) and Ext(C) are the interior and exterior of C, respectively.

In order to obtain the asymptotic behavior of the polynomials p, (1), we use the
substitution

i (z) =e

s s—1—1

A
Pa() = (=03 (1_7)7 n=ks+l, y=—-0

which gives the relations (1.22)—(1.24) in Theorem 1.8. O

Proposition 3.4 The support of the counting measure of the zeros of the polynomials
1 (z) outside an arbitrary small disk Uy surrounding the point 7 = 1 tends uniformly
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to the curve C defined in (1.18). The zeros are within a distance o(1/ k) from the curve

defined by
—y—1 )

(3.39)

1
<0

log(k) 1 1 |z|Y
Reo(z2) = —(1 + J/)—k + 7o (|F(—y)| P

where the function ¢ (z) has been defined in (3.14). The curves in (3.39) approach C at
the rate O (logk/ k) and lie in Int(C). The normalized counting measure of the zeros
of mr(2) converges to the probability measure v defined in (3.8).

Proof Observing the asymptotic expansion (3.36) of 7y (z) in Q.0 \U, it is clear that
7 (z) does not have any zeros in that region, since z = 0 and z = 1 do not belong to
Qo0 \U1. The same reasoning applies to the region ¢\, where there are no zeros
of i (z) for k sufficiently large.

From the relations (3.37) and (3.38), one has that in 2] U 7, using the explicit
expression of g(z) defined in (3.9),

Y
(Y e | () (1-= (i
mi(z) =2 (1 Z) 1 krtl | (z = DI (=y) : 20 o k)

The zeros of 7x (z) may only lie asymptotically where the expression

-y
k(@) (1 - %) 1\
1-— 1—— , 7€ Q1UQ,

K+ = DI (=) ( zo) Lo

is equal to zero. Since 2, C {Re(¢) > 0} and 21 C {Re(¢) < 0}, it follows that the
zeros of my(z) may lie only in the region €2 and such that Re ¢ (z) = O (logk/k).
Namely, the zeros of the polynomials 74 (z) lie on the curve given by (3.39) with an
error of order O (l / k2). Such curves converge to the curve C defined in (1.18) at a
rate O (logk/k) (see Fig. 9).

We now know that the zeros of 7 (z) accumulate on the curve C. We still need to
determine the asymptotic zero distribution. Due to the strong asymptotic of m; (z), we
have from (3.36),

1
lim —log(mx(2)) = / log(z — &)dv(§),
k—o0 k C

uniformly on compact subsets of the exterior of C. Furthermore, C is the boundary of
its polynomial convex hull. Then it follows that the measure dv in (3.8) is the weak-
star limit of the zeros distribution of the polynomials m; (z) (see [44], Theorem 2.3
and [49] Chapter 3). O
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4 Post-critical Case

In this section, we assume that
O0<zo<1.

To perform the analysis similar to the pre-critical case, one has to choose the appro-
priate contour from the homotopy class of the contour X that encircles the branch
cut [0, 1]. Since the point zg is lying in (0, 1), the family of curves C, , 0 < r < zo,
defined in (3.12) are loops encircling z = 0 and crossing the real line in z = r. The
regions where Re ¢, (z) < 0 with ¢, (z) defined in (3.10) are depicted in Fig. 10 in red
for two values of the parameter r.

In order to perform the asymptotic analysis of the Riemann—Hilbert problem (2.8),
(2.9), and (2.10), we need to deform X to a homotopic contour C, U C,, in such a way
that the Re ¢, (z) is negative on C,.

It is clear from Fig. 10 that the only possibility is to deform the contour X to the
contour C,, U C, with C, as depicted in Fig. 11. To simplify the notation, we define
the following.

Definition 4.1 Let

z z
(2) 1= ¢ (z) = log (—) ——4+1, zeC\(,+00), 4.1)
20 20
with
¢+(2) — ¢—(2) = —2mi, z € (0, +00),
and
C:=0Cy,
/Z/O o e 20 \’/ .
CZU \\\ CT‘ \‘

Fig. 10 The contour C, for r = zg on the left and for 0 < r < zo on the right. The region where
Re ¢y (z) < 0, with ¢, (z) defined in (3.10), is pink (Color figure online)
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Fig. 11 The contour Cz, U C,.

The region Re ¢z, (z) < 0is

plotted in pink (Color figure

online) A

with ¢,,(z) defined in (3.10) and C;,, defined in (3.12).
According to (3.11), on the contour C we have

g+(@) +g- () =V()+¢,
g+(2) —g-(@) =—9@),

where
£ =1log(zg) — 1.

4.1 First Transformation Y — S

Since CUC, is homotopically equivalent to X in C\[0, 1] when z9 < 1, we can deform
the contour ¥ appearing in the Riemann-Hilbert problem (2.8)—(2.10) for the matrix
Y (z) to C U C,. Define the modified matrix

S(z) = e K73y (e hs@aeht/Dos 7 e C\(CUC, U0, 1]),

where Y (z) has been defined in (2.11). Then the matrix S(z) is the unique solution of
the following Riemann-Hilbert problem with standard large z behavior at z = oo:

1. S(z) is analytic for z € C\(CUC, U [0, 1]).
2. Jump discontinuities (with ¢ (z) as in (4.1)) (Fig. 12):

ek¢(z)cr3, zeC,

S4(2) = 5-(2) (O | ) z € Co,

e VT, 2 e (0, 1).

3. Endpoint behavior at z =0 and z = 1:
Sz TP =0(1), z-0
S@Gz— DI =0(), z—1.
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Fig. 12 The jump matrices for 1 eke(2)
S(z). The function ¢ (z) is ké(2)os
defined in (4.1) €

4. Large z boundary behavior:

S(z)=1+0(1), Z—> 00.
z

The orthogonal polynomials 7 (z) are recovered from the matrix S(z) using the
relation

Y
1\ 2
mk(z) = 8@ (1 - -) S11(2).
Z

4.2 The Second Transformation S — 7': Opening of the Lenses

Consider two extra loops C; and C, as shown in Fig. 13. These define new domains
Qo, 21, 22, and Q. Define

S(z), 7 € Qoo U Q0 U N3,
I 0
T(z) = S(z) (—ek¢(z) 1) , 2 € Qq,

1 0
S(Z) (e—k¢(2) 1) , 2 E 92 .

Then this matrix-valued function has the following jump discontinuities:

T (z) =T_-(Dvr(z), ze€XZr,

01
(_10>, zeC,

10
(e—k¢(z) 1) » 2 €Ce,

UT(Z) = 1 0
ko 1) 2 €Ci

1 ek
(0 ¢ 1 ’ Z e Coa
e VT, ze (0, 1),

where X7 is contour defined in Fig. 13.
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Fig. 13 The jump matrices for 7' (z) and the contour X7 = CUC; UCe UC, U (0, 1)

Endpoint behavior:
TR 2 =0(1), z-0, T@GE-1D"=01), z—1.

Large z boundary behaviour:
1
Tz)=1+0{(-), z— 00.
z
Proposition 4.2 There exists a constant co > 0 so that
vr(z) =1+0 (e_cok) ask — oo

uniformly for z € C, U C; U Cc.\U,, where Uy, is a small neighborhood of z.

The proof of the proposition follows in a straightforward way by observing that
by contruction (see Fig. 11), Re¢(z) > 0 for z € C,\Uz, and Rep(z) < O for
z € C; U Cy\Uy,. Therefore we have

v7(z) = v™X(z) ask — oo

exponentially fast, where

01
(_1 0) as z € Cy,

o0 J— .
v(z) = e TV a5z € (0, 1),

4.2)

1 asze€CUC,UC,.
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The polynomials 74 (z) can be expressed in terms of 7 (z) in the following way:

Y
1\ 2
T (z) = eks@ (1 — —) Si1(z) =
Z

T11(2), 7 € Qoo U Qo U Q3,
Y 1 0
zekg(m(l_l)z [T(Z)(ede(z) 1)1], z € Qy,
Do ()] e
)\ _—kp(2) > £ 25
e k0@ | 1

| Ti(2), 7 € Qoo U Qo U Q3,
= eks®@ (1 - —) T11(2) + T (2), zeQ, 4.3)
Ti1(z) —e *OT(2), z€ Q.

4.3 The Outer Parametrix for Large z

Ignoring the exponentially small jumps and a small neighborhood U/, of zp where
the uniform exponential decay does not remain valid, we are led to the following RH
problem for P©:

1. PO s holomorphic in C\(C U [0, 1]),
2. P satisfies the following jump conditions on C and (0, 1):

01
_10),Z€C,

PO (2) = P (
e T3 7 e (0, 1).

3. P(™®)(z) has the following behavior as z — oo:

1
POO(Z)=1+O(Z), 7 — 00.

The above Riemann-Hilbert problem can be solved explicitly in terms of the piece-
wise defined matrix function

X(2) = (_01 (1)) , z € Int(0),
1, z € Ext(C) .
Define
P¥(z) = P¥@)x (@) .
The matrix P*°(z) has no jump on C, and it satisfies the following RHP:

1. P is holomorphic in C\[0, 1],
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2. Jump across (0, 1):

i i e’z € (0, 20),
PX(z2) = P2(2) ‘
e VM3 z € (20, D).

3. Large z boundary behavior:
~ 1
P =1+0|-), z—> .
<
A particular solution is given by

Lo
(z — Z0)21| 203

z(z—1)

P®(z) = [

which leads to the particular solution

(z —zo)z}zg3 ( 0 1)
L2770 [— a) 2 emnt©),
POO(Z) — [M] x(z) = z2(z—1) 10 (4.4)

—1 2750
W= [%T , 2 € Ext(C) .

4.4 The Local Parametrix at z = z

The aim of this section is to construct a local parametrix P°(z) in a small neighborhood
U, of zo having the same jump properties as T'(z) for z near zo and matching the outer
parametric P*°(z) in the limit k — oo for z € dly,.

4.4.1 RH Problem for P°(z)

1. P%(z) is analytic for 7 € UZO\ET,
2. PY(z) = P2(»)vr(z) for z € Uy, N B,
3. for z € 0Uy,, we have

P’»z) = P®()I +0(1)) ask— ocoandz € Uy, . 4.5)

In order to build such a local parametrix near the point z = zg, we first construct a
new matrix function B(z) from P%(z). Let us first define

I, Im(z) <0,

e 7™i% Im(z) > 0, (4.6)

A(z) = [
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and the matrix Q as follows:

1 _ek¢(2)
(0 1 ), fOrZ€Q3 nZ/{ZO’
1 0\ /0 —1
Q@) = (—ek¢<z>, 1) (1 0 ) orz e SNt @.7)
0 -1
(1 0 ) , for z € (21\Q0) N Uy,
1, elsewhere.

Then the matrix B(z) is defined from P°(z) by the relation
B(2) = P'(2) Q) @72 A ). (4.8)

The matrix B(z) satisfies the jump relations specified in Fig. 14 in a neighborhood
of zg. In the next section, we construct the solution of the so-called model problem,
namely, a 2 x 2 matrix W that has the same jumps as the matrix B.

4.4.2 Model Problem

Consider the model problem for the 2 x 2 matrix function W (£) analytic in C\{RUiR}
with jumps and boundary behavior

Vi (€) =v_(&ve (@),

W W W, 1 _& o3
S R QST

asé — oo, (4.10)

Fig. 14 The jumps for the
matrix B

1 0
S2 (ezwi 1) S

E‘Z'\ﬂri (1 _ e—?'wri) 1 (1 _ 6—27771')
0 e 0 1

20
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with W1, W5, and W3 constant matrices (independent of &) and where the matrix vy (§)

is defined as
_ a—2ymi
((1) ! el ) , &eRT,

1 0 .
e2y7Ti 1 ’ S € ZR+3
vy (§) = e2ymi | _ o=2ymi
( 0, e 2rmi ) & ERT,

10 .
(_11), & e —iR™.

The solution of the Riemann—-Hilbert problem (4.9) and (4.10) is obtained in the
following way [22,37,46]. Recall the parabolic cylinder equation

d? 1,
Ef—(zé —i—a)f:O “.11)

(see, e.g., Chapter 19, [1]). This equation has a nontrivial solution U (a, &) associated
with any a € C specified by the asymptotic behavior

3, 02
Ula,6)=E e (1 - ”Zg—jzaw (5%)) £ — oo, |arg®)] <3,

(4.12)

which is an entire analytic function of £. Three other solutions can be obtained by
symmetry:
u(a’ _S)v u(_a9 lé)’ u(_a,_ls)

The relations among the above four solutions are

It +a) . 1 ) 1

U(—a, +iE) = Ve e—ln(a—i)/Zu a,+ +e‘”(“_7)/22/l a, . (413
(o ie) = —2— (a, %) @F6), *13)

Ula, +£) = rG-a (e—"”<a+%>/2u(—a +ig) 4 eT@+ D2 (_g p'g)).
(4.14)

Moreover, solutions for @ and a + 1 are connected by
d £ 1

EU(a,E)—I—5U(a,§)+(a+§)l/l(a+l,$)=0. 4.15)
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By using (4.13)—(4.15), the solution of the Riemann—Hilbert problem (4.9) and
(4.10) takes the form

iny

L eT
Uy =5V TSy + 5wV

2729 for& € S4q,
Uy + V2 T Uy~ FiVE)
W) = _
iy
+i 1 iyet 2 1
MY U(—y — 5, —V28) F TS Uy + 5, Fiv2E) .
2729 foré € S4y,
S Uy + 3 V2. UG - L FiVE)
(4.16)
where
. T
B2 = —e 'Y VIY Y (4.17)

T(1—y)2r 2By

Furthermore, from (4.12) one obtains the extra terms of the asymptotic expansion of

V() as& — oo:
1
v |0 5|1 [—y(y—l) 0 ]1
vE) =1+ = 21| — —
®) ( 2[% 0]5 0 y(y + 1) 4¢2
y+hHy+2)
y 0 T 1 _&
+= (v — 21 — EVTBeT 293, 4.18
o Jg)ee e
namely,

1
U, =< 21 Uy = —
! 2[# 0}’ z 4[ 0 Y+

y 0 (y+l)(y+2)j|

_7 B
Vs =< [_(yl)(ym 0 (4.19)
B2

4.4.3 Construction of the Local Parametrix

From (4.8) and the previous section, we are now ready to specify the form of the local
parametrix at z = zg, by

PO(2) = E()¥ (VAkw()AR)e 2907 Q)"

where E(z) is an analytic matrix in a neighborhood of U/, the matrix W has been
defined in (4.16), and A(z) and Q(z) have been defined in (4.6) and (4.7), respec-
tively. The function w(z) is a conformal mapping from a neighborhood of z( to a
neighborhood of 0, and it is specified by
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2,0 | =¢@ —2ni, zely NC_,
v '_[ —¢(2), zeuzf)mm.

We observe that

w(z) = ———(z —z0)? —i—(’)((z—zo)) Z— 70.

1
720" 57
(4.20)

The matrix E(z) is obtained from condition (4.5), which, when combined with (4.18),
gives

PO = PP ()0 2 D% A T W (Vkw() T E@) !

= -1 -1 -yo v 0 p ! —1 —1
= PP()x () AT VEkw(2) ”(I—Z[ﬁ}2 21}Iw(z) o (k ))E @,

k— o0, z€ iy, “4.21)

where we used the fact that Q(z) — )((z)_1 exponentially fast as k — oo, and
Z € 0Uz,. From the above expression and (4.5), it turns out that the matrix E(z) takes
the form

E@2) = P¥@)x (@) 'A) T (Vkw(z) 7

— 2212
=[%} AR Vkw(@) 7 (4.22)

We observe that the function E(z) is single valued in a neighborhood of ¢/;,. Indeed,
the boundary values of (z — z9)¥?? and w™7?? cancel each other. The boundary value
of (z(z — )} = (z(z — 1) e?™7, so that A(z)(z(z — 1)) 29 remains single valued
in a neighborhood of zj.

From the expression (4.21) and (4.22), the matching between P°(z) and P> (z)
takes the form

0 i
PP POy = E@)|1- L /32' +Oo (kN )E'@), koo, zedlhy,
@(P°) <z)( 2 e (1) @). k— o0, ze€dlly

where y € (0, 1).Itisclear from the above expression that the (2, 1)-entry of the matrix
above is not small as k — oco. For this reason, we need to introduce an improvement
of the parametrix.

4.5 Improvement of the Local Parametrix

In order to have auniformly small error fork — oo, we have to modify the parametrices
asin [10,14,15]:

P®(7) := (1 + L) P*(z),
7—20
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where C is a nilpotent matrix to be determined and

. . 1 0
PO(2) == E(z)(_ i l)w/%w(z)m(z)e5¢<Z>“3Q<z)‘,
Viw(z)

where the matrix W has been defined in (4.10) and

. C
E(z) = (1 + —) E(z).
Z—20

With those improved definitions of the parametrices, 13°°(z) and ISO(Z) have the same
Riemann—Hilbert jump discontinuities as before but they might have poles at z = zg.
Note that £(z) also has a pole at z = zo. However, we can choose C in such a way
that 130(z) is bounded in zg. This is accomplished by

0o o\/, 0 0 ooy
C=—E(o)|_ W 0 E'(zo)| _ Wi 0 +E@o)| 2wz 1 )
Vikw' (z0) Vkw' (z0) 2Vk(w'k(z0))?

where

R

Eo = (=22 )" et and E(z0) = yor—0 L E(rg)
R V) Oz

From the above relation, the matrix C takes the form

C = 00 4.23
a ck”_%O (4.23)

and

1-20\" _. 1 -y (1—zo)V
= e W1)22 = — . (424
c ( 7 ) 20(¥1)21 Nir % 20 (4.24)

The improved parametrix gives the following matching between P>(z) and PO(z)
as k — ooand zog € 0y, :

PPz
) L I 23 SR e OL 2R I Y
=i (1- o S P T 0 () ) ) £
Viw(z)  kw() k2w(z)3 Viw(z)
(0 (‘1’1)12) ((\sz 0 y)
) 0 0 0 (W) —-7%
=E@|I- - .
(z) «/l?w(z) kw(z)2
( 0 —(‘1’3)12)
W)y (Wa)1) — (¥ 0 -
N (W1)21(¥2)11 — (¥3)21 +(9(k’2) B!, (4.25)

3
kZw(z)3
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which shows that P®(z)(P°())"! = I + O (1/k*), @ > 0, as k — 00 when
20 € 0U, for y € [0, 1).

4.5.1 Riemann—Hilbert Problem for the Error Matrix R

We now define the error matrix R in two regions of the plane, using our approximations
to the matrix 7'. Set

7@ (PO@) . zely.

R(z) = . _1 (4.26)
7@ (P*@) . zeC\ly.
The matrix R is piecewise analytic in C with a jump across X g (see Fig. 15).
Riemann-Hilbert problem for R
1. R isanalytic in C\ Xg,
2. For z € X, we have
Ri(z) = R—(2)vr(2), 4.27)

with
N ~ —1
Pr@ur@) (PR@) .z e S\,

vR(2) = R R -1
P>(2) (P(O)(z)) : 7 € 3y,

3. As z — oo, we have

Rz)=1+0 (zfl) )

The jump matrices across the contour X g\0dlf,, are all exponentially close to /
for large k because vy (z) converges exponentially fast to v°°(z) defined in (4.2) for
z € C\U,, and the product

P ()™ (2) (ﬁf(z))_1

-1
= (I + ¢ ) P (2)v™(2) (Pfio(z))_1 (I + < ) =1,
2—20

Z—20

Fig. 15 The contour

YR =Ci UCe UCp Uiy,
where C;, C, and C, are defined
only in C\Uy,
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with P*°(z) defined in (4.4) and C in (4.23). The only jump that is not exponentially
small is the one on 4. Indeed, one has from (4.25)

vR(2)

ck? 2 |
2 —
— P (@) = 1+ — L o
22 w(z)par | <k _ck¥™2
(z—z20?% z—20
1 0
y(I—vy) ’ ky_%
4kw(z)? ¢ _
Z —20)
1
o (k*TV) O (k=)
! o g3
B | L2 Lop o (k—%—y) O (k L 2)’
7 \4Biae(2)?
where

e(z) = En(9k"/?

(4.28)
and we have substituted the explicit expressions of the matrix W, W, and W3 as given
by (4.19).

We have the following two cases depending on the value of y € (0, 1)
@ 0<y<s:

VR(z) =

1
500 50 \\—1 _ ve(2) 1
P®(2)(P'(2)) =1+-1 (k ) (4.29)
where

w&y__ydwz(oj
R 2w()pa \00) "

(4.30)
b) 3<y<l:
(1) (2) (3)
W@ = PR@ (@) =1+ k_(j) UM . N CS)
2 2
4.31)
where
) c? w(z)e(z)? c(1—7y) (1—-yp) 00
v () =(— +
R B (z—z20)%  2w(2)2(z—2z0) 2Br2w(z)e(z)?2)\10
@, _( ve e(2)? V(l—J/))
Uk (Z)_(zﬂm v @G —z0 | 4w@? )°
(3) )/6(1)2 (0 1)
@ == 5@pn \00) (4.32)
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By the standard theory of small norm Riemann—Hilbert problems, one has a similar
expansion for R(z) in the large k limit.

Case (a)0 <y < %

R B
RGz) =1+ Tt 0] (k ) . (4.33)

Compatibility of (4.27), (4.29), and (4.33) and the jump condition R = R_0g on
Uy, gives the following relations:

RP@) =RV @) +vP@), z ek,

with vy (z) defined in (4.30). In addition R™) (z) is analytic in C\dl, and R™D (c0) =
0. The unique function that satisfies those conditions is given by

1 ye(zo)? (0 1)
J € C\ Uy,
1o ® Z— 202w/ (z0)B2r \0O z€ C\Uy,
RV (z) = Py fR d¢ =
i —z )
1 e(z0)* (01
() ye(zo
) U,,,
UR (Z) + Z—20 2w,(ZO)ﬂ2] (0 0) VS 20

where the integral is taken along dl4,,. Using the definition of B2; , w'(z), and e(z)
given in (4.17), (4.20), and (4.28), respectively, one has

1 vz (01
SN e,
R(l)(z)z
W4 ra@ (01 g,
REOT T e \oo) i

with the constant ¢ defined in (4.24).

Case (b) % <y<Il:

RO R® RO ‘
R@ =1+ ——+——+——+0(K73). (4.34)
k2= k katv

Compatibility of (4.27), (4.31), and (4.34) and the jump condition R, = R_0g on
ol gives the following relations:

RY@) =RV @)+ (), zed,,
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with v\ (z) defined in (4.32). In addition, R (z) is analytic in C\ 3, and R (c0) =

Since vg)(z) has a third order pole at z = zg, the unique function that satisfies
those conditions is given by

1 1
~ Resy—, v’ () e 20)v’ (1)

(D _
R0 = 7—20 (z —20)2
Res;—, (L — 20)20% (1) (00
_ = =\.0) 7€ C\Uy,.

Given the structure of the matrix 130(1), the matrix R" (z) does not give any relevant
contribution to the orthogonal polynomials 7% (z).
Regarding R (z), one has

Resi—zy 02 (0)  Resj—gy (b — 20)0 2 (1)
B Z—20 a (z —z0)?
1 cye(zo)® (2¢(z0) w(z0) 1
"= 20 2w 20) ( @) 2w | z- Zo) 3

I yd-p) (w”(zo) 1

R(2) (z) =

— e C\U,,,
7 — 20 4w'(z0)* \ w/(z0) z—zo)OYS 2 & C\lhy

so that, using (4.17), (4.20), (4.24), and (4.28), one obtains

2
Z 4z — 1 2 — 3—
LN (V( 20— 1) % Y )(13’ e C\Uy,
7 —z0 \3z0(1 — z0) 320 2(z — z0)
R () =
2
?) vy (v@zo—1) 2—y 3-y )
v — 03, 2 € Uy, .
R @ =20 (310(1 —20) 320 2(z — z0) S “

In a similar way for R®)(z), we obtain

3) 2
Resy—z, v ' (A) 1 ve(zo) 01
R®(7) = — DR = , 7€ C\Uy,
(Z) Z—20 Z—20 2w/(zo)ﬂ21 00 < \ 0
so that
1 yz% 01
Z—ZOT(OO)’ z € C\ Uy,
R(3) (z) =
1 5(01
©) V2o
Ug (Z)+—Z—ZO_C (00),Z€uzoy

with the constant ¢ defined in (4.24).
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4.5.2 Proof of Theorem 1.9: asymptotics for p,(A) for 0 < zo < 1

In order to obtain the asymptotic expansion of the polynomials p, (%) for n — oo,
NT =n—1,and 0 < zp < 1, we first derive the asymptotic expansion of the reduced
polynomials 74 (z) as k — oo.

Using the relation (4.3) and the relation (4.26), one obtains

mi(z) = efs

R(z)ﬁ‘”(z)] , 2 € (Qoo U Qo U Q3)\Usy.

(4.35)
R(z)f’o(z)] , 7 € (Qoo U Qo U Q3) NU,,

A 1 0
[R(Z)PO(Z) (_e_/“p(z) 1)] , 2€ Q0 NUy, .
n 11

The Region (250 U Q3)\Uy,:

The Region Q0\Uy,:

[ S]]
+
Q)
-
o
=
A~
|‘<
O |2
je=) S)
~
N/-\
| |
o ||
S| =
N
‘_T_ﬁ
+
/4N
|
v
N

1
e (2) = —
k

with ¢ defined in (4.24).
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The Region Q1 \Uy,:

20\ 1 v [e-202]" 1
7 (2) =ek8@ (Z ZO) ko@ _ 7% | (2= 20) 1
z z—2z0 € z2(z—1) K2ty
1
O (%)) R O<y< é,
ko (2),,,2
e z5 1 4709 — 1 2 — 3— 1
- VO—(V(ZO ) y2Y y)+0 - L3y <l
z—z0 k \3zo(1 —zp) 320 2(z — z0) K3V

with ¢ defined in (4.24) and where we observe that Re ¢ (z) < 0 in 1. In a similar
way, we can obtain the expansion in the region €2\, .

The Region Q2\Uy,:
_ Y —kp(2) 42 2177
i (2) =4 (Z ZLO) I !
g2ty ¢ [ 2z=D z—20
O (]]()) R O<y< %,

2

5 1 4z0 — 1 2— 3— 1
—y"—(y(zo Ut Y y)+o —— ) i=v=<1
z—20 k \3z0(1 — 20) 3z0 2(z — 20) k3Y

where now we observe that Re ¢(z) > 0 in Q5.

+

The Region Uy, :
Using the relations (4.35), (4.16), (4.13), and (4.14), one obtains

_ —k(2)/2
_ ko (2720 e VLT of L NE
@) =e ( z ) VEw@)” (U( Vo vE@E O T | et NERO),

where U is the parabolic cylinder function that solves Eq. (4.11). For z € U, NInt(C),
we have

_ k¢ (2)/2
_ e (2720 e L L
T (z) =€ ( . ) Trw @) (L{( y X 2kw(z)) + O(ki , 2 €Uy NInt(C).

In order to prove Theorem 1.8, it is sufficient to use the above expansions, make
the change of coordinates A* = —¢(z — 1), and use for n = ks + [ the relation

) = (= me (1 =25 /1),
O

Proposition 4.3 The support of the counting measure of the zeros of the polynomials
7k (2) for 0 < t < t. outside an arbitrary small disk Uy, surrounding the point z = zg
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tends uniformly to the curve C defined in (1.18). The zeros are within a distance o(1/k)
from the curve defined by
-y
) , (4.36)

1 log(k) 1 yz3
R = —\ - —1 fuliiin *5
ed(2) (2 +y) —— og( ;
where the function ¢(z) has been defined in (3.14). Such curves tends to C at a rate
O (logk/ k). The normalized counting measure of the zeros of i (z) converges to the
probability measure v defined in (3.8).

(z —20)?
z(z—=1)

Proof As in the proof of Proposition 3.4, it is clear from the above expansions of
the polynomials 7 (z) that there are no zeros in the region (0 U 3 U £0)\Uy, for
sufficiently large k. Then we observe that the asymptotic expansion of the polynomials
7k (z) in the regions 21 U Q,\U;, takes the form

nk(z)zzk (Z—ZO)V 1_ek¢(1)y_z(2)|:(Z_ZO)2i|_y 1
Z ity ¢ Lzz=1 7—20
1
o)

2

z5 1 4z0—1) 2 — 3 - 1
_Vo_()/(Zo ) 2oy V)+O(5),
z—20k \3z0(1 —z0) 320 2(z — z0) kY

so that we conclude that the zeros of m (z) occur in the region where

+

=
IA
<
A

e K@y [(Z - 20)2]_V 1
ity ¢ Lzz=1 7—20

is equal to zero.

Since Q7 C {Re(¢) > 0} and Q1 C {Re(¢p) < 0}, it follows that the zeros of
7k (z) may lie only in the region €21 and such that Re ¢ (z) = O (log k/ k). Namely, the
zeros of the polynomials ¢ (z) lie on the curve given by (4.36) with an error of order
@ (1 / kz). Such curves converge to the curve C defined in (1.18) at a rate O (logk/ k)
(see Fig. 16).

The proof of the remaining points of Proposition 4.3 follows the lines of the proof
of Proposition 3.4. O
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5 Proof of Theorem 1.4

From the comments after the statement of Theorem 1.8 and Theorem 1.9, it is clear
from (1.25) and (1.27) that the zeros of the polynomials p, (1) accumulate in the limit
n=ks+1I1— oo,withsand/ givenand! =0, ..., s — 2, along the curve C defined
in (1.17). In order to show that the measure ¥ is the weak-star limit of the zero density
v, we will show that

lim 11ogpn(,\) =f10g(k—€)dv(€)
n—oon C

for A in compact subsets of the exterior of ¢ (namely, the unbounded component of
C\C). Indeed, using the relation

pn() = (=0 e (z(0),
one has

1
ks +1

1
lim —log p,(A) = lim log(W (—=t)* i (2(3)))
n—0o p k—o0
1 1. 1
= —log(—t) + — lim —logm(z(}X)).
s s k—oo k
Using Proposition 3.4 and the relation dv(z(1)) = s dD(X), we get

1 1 1 1 1
—log(—t) + — lim —logmi(z(X)) = —log(—t) + —/ log(z — &)dv(§)
s s k—oo k s s Je

S _ 8
7 dv(o),

1
= —log(—t) +/ log
s Co —t

where G/ ( J =0,...,s — 1) are the components of C (as defined in the proof of
Lemma 1.3). Since on each C/ we have that dv is normalized to %, we obtain

. 1 A s—1 o
lim — log pp(}) =/ log(X* — 6%)dd (o) = Z/ log(h — ow’)dD (o)
n—-oon CO I:0 CO
s—1
= Z/ log(A — 0)dD(0) = /log(k —o)di(o),
is0/C ¢

. 2i . A
with w = e s and where in the last steps we used the symmetry of dv. Hence we
have obtained the relation

1
lim —log p,(A) = /log(k —o)dv(o),
n—oon é
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uniformly for A in compact subsets of unbounded component of C\é . Furthermore,
C is the boundary of its polynomial convex hull. Then it follows that the measure D
is the weak-star limit of the zero counting measure v, of the polynomials p, (1) for
n=kd+1,1=0,...,s—2(see [44] and [49] Chapter 3). The proof of Theorem 1.4
is then completed.
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