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Abstract

In this thesis, we find the E-polynomials of a family of parabolic Sp,,,-character
varieties M$, of Riemann surfaces by constructing a stratification, proving that
each stratum has polynomial count, applying a result of Katz regarding the
counting functions, and finally adding up the resulting E-polynomials of the
strata. To count the number of F,-points of the strata, we invoke a formula
due to Frobenius. Our calculation make use of a formula for the evaluation of
characters on semisimple elements coming from Deligne-Lusztig theory, applied
to the character theory of Sp(2n,F,), and Mobius inversion on the poset of
set-partitions. We compute the Euler characteristic of the M% with these

polynomials, and show they are connected.
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Chapter 1

Introduction

Let X4 be a compact Riemann surface of genus g > 0 and let G be a complex
reductive group. The G-character variety of 3, is defined as the moduli space
of representations of 7 (3,) into G. Using the standard presentation of 7 (%),

we have the following description of this moduli space as an affine GIT quotient:

g
Mp(G) = {(Al,Bl,...,Ag,Bg) eG¥|[]4i: B = IdG} //G
i=1
where [A: B] := ABA7'B~! and G acts by simultaneous conjugation. For
complex linear groups G = GL(n, C), SL(n, C), the representations of 71 (%)
into G can be understood as G-local systems E — ¥, hence defining a flat
bundle E whose degree is zero.

For G = GL(n,C),SL(n,C), a natural generalization consists of allowing
bundles F of non-zero degree d. In this case, one considers the space of the
irreducible G-local systems on ¥, with prescribed cyclic holonomy around one
puncture, which correspond to representations p : (3, \ {po}) = G, where

Po € X4 is a fixed point, and p(y) = ez%dldg, with v a loop around pg, giving
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rise to the moduli space

ME(G) = {(Al,Bl, .., Ay, B,) € G¥ | ﬁ [4; : Bj] = eQ’ZdIdG} //G.
i=1
The space M%(G) is known in the literature as the Betti moduli space. These
varieties have a very rich structure and they have been the object of study in a
broad range of area.

In his seminal work [Hi87], after studying the dimensional reduction of the
Yang-Mills equations from four to two dimensions, Hitchin introduced a family
of completely integrable Hamiltonian systems. These equations are known as
Hitchin’s self-duality equations on a rank n and degree d bundle on the Riemann
surface Y.

The moduli space of solutions comes equipped with a hyperkéhler manifold
structure on its smooth locus. This hyperkahler structure has two distinguished
complex structures, up to equivalence. One is analytically isomorphic to
M3, (G), a moduli space of G-Higgs bundles, and the other is M% ,(G), the
space of algebraic flat bundles on X, of degree d and rank n, whose algebraic

connections on ¥, \ {po} have a logarithmic pole at py with residue e R 1d.

By Riemann-Hilbert correspondence ([De70], [Si95]), the space M%,(G) is
analytically (but not algebraically) isomorphic to M%(G) and the theory
of harmonic bundles ([Co88|, [Si92]) gives an homeomorphism M%(G) =
M (G).

When ged(d, n) = 1, these moduli spaces are smooth and their cohomology
has been computed in several particular cases, but mostly from the point of
view of the Dolbeaut moduli space M4, |(G).

Hitchin and Gothen computed the Poincaré polynomial for G = SL(2,C)
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and G = SL(3,C) respectively in [Hi87| and [Go94| and their techniques
have been improved to compute the compactly supported Hodge polynomials
(|GHS14]). Recently, Schiffmann, Mozgovoy and Mellit computed the Betti
numbers of M4, (G) for G = GL(n,C) respectively in [Sch14], [MS14] and
[Mel17].

Hausel and Thaddeus ([HT03]) gave a new perspective for the topological
study of these varieties giving the first non-trivial example of the Strominger-
Yau-Zaslow Mirror Symmetry ([SYZ96]) using the so called Hitchin system
([Hi87]) for the Dolbeaut space. They conjectured also (and checked for G =
SL(2,C),SL(3,C) using the results by Hitchin and Gothen) that a version
of the topological mirror symmetry holds, i.e., some Hodge numbers hP? of
MDOI(G) and MDOI(GL), for G and Langlands dual G¥, agree. Very recently,
Groechenig, Wyss and Ziegler proved the topological mirror symmetry for
G = SL(n,C) in [GWZ17].

Contrarily to M%,(G) and M%, ,(G) cases, the cohomology of M%(G)
does not have a pure Hodge structure. This fact motivates the study of E-
polynomials of the G-character varieties. The E-polynomial of a variety X
is

E(X7[1}, y) = HC(X7 x,Y, _1)

where

H.(X;x,y,t th q,J X)aPy apJ

the h297 being the mixed Hodge numbers with compact support of X ([De71],
[De74]). When the E-polynomial only depends on zy, we write E(X;q),

meaning

E(X;q) = Ho(X; V4, vV, —1).
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Hausel and Rodriguez-Villegas started computing the E-polynomials of
G-character varieties for G = GL(n, C), PGL(n, C) using arithmetic methods
inspired on Weil conjectures. In [HRVO0S8| they obtained the E-polynomials
of M%(GL(n,C)). Following this work, in [Mer15] Mereb computed the E-
polynomials of /\/l“lB(SL(n7 C)). He proved that these polynomials are palin-
dromic and monic.

Another direction of interest is the moduli space of parabolic bundles. If
D1, -..,Ps are s marked points in a Riemann surface X, of genus g, and C; C G
semisimple conjugacy classes for ¢ = 1,..., s, the corresponding Betti moduli

space of parabolic representations (or parabolic G-character variety) is

MCCs(@Q) = { (A1,By1,..., Ay, By, Ch,...,C4) € G¥s |
g

[T14::BI]] G =1de, C; ECj,j—l,...,s}//G.

i=1 j=1

In [Si90], Simpson proved that this space is analytically isomorphic to the
moduli space of flat logarithmic G-connections and homeomorphic to a moduli
space of Higgs bundles with parabolic structures at p1, ..., ps.

Hausel, Letellier and Rodriguez-Villegas (|[HLRV11]) found formulae for
the E-polynomials of the parabolic character varieties for G = GL(n,C) and
generic semisimple Cy,...,Cs.

In this thesis, we consider certain parabolic character varieties for the group

G = Sp(2n,C). For a semisimple element ¢ belonging to a conjugacy class
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C C Sp(2n,C), we define

g
M= {(Al,Bl,...,Ag,Bg) € Sp(2n,C)% | [ 4 : B = 5} //C(€)

=1

— {(Al,Bl, ..., Ay, B,) € Sp(2n,C)* | ﬁ [A; : B € c} //Sp(2n,C)

=1

where C'(§) is the centralizer of £ in Sp(2n, C).

We assume that £ satisfies the genericity condition 3.1.1 below; in particular,
¢ is a regular semisimple element, hence C(§) = T = (C*)", the maximally
split torus in Sp(2n,C). It turns out that M5, is a geometric quotient and
all the stabilisers are finite subgroups of ug, the group of diagonal symplectic
involutions.

Our goal is to compute the E-polynomials of M, for any genus g and
dimension n. This is accomplished by arithmetic methods, following the work
of Hausel and Rodriguez -Villegas in [HRV08] and Mereb in [Merl5]. Our
methods depends on the additive property of the E-polynomial, which allows
us to compute this polynomial using stratifications (see 4.1.6).

The strategy to compute the E-polynomials of M, is to construct a strat-
ification of M$ and proving that each stratum //\ZEL g has polynomial count,
with H varying on the set of the subgroups of u% (see Def 3.1.14); i.e., there is

a polynomial E, y(q) € Z[q] such that ‘val T

= E,, 1 (q) for sufficiently
many prime powers ¢ in the sense described in Section 4.2. According to Katz’s

theorem 4.2.3, the E-polynomial of /Mi y agrees with the counting polynomial
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E, m. By Theorem 3.2.5 below, one is reduced to count

1

En(q) = Q1"

g
{@%,Bb.u,Amza>eSp@nJ%fg|IIL%:1%]—f}

=1

(1.0.1)
with I, a finite field containing the eigenvalues of . The number of solutions
of an equation like 1.0.1 is given by a Frobenius-type formula involving certain
values of the irreducible characters x of Sp(2n,F,) (see 2.2.3). Thanks to the
formula 4.3.37 below for the evaluation of irreducible characters of a finite
group of Lie type on a regular semisimple element, the Frobenius formula and
Katz’s theorem, we are able to compute E,(q), hence the E, r(¢)’s. Adding

them up, we eventually obtain the following

Theorem. The E-polynomial of Mé, satisfies

B(MSia) = Eula) = (50 3 (@) O

T

Here, H;(q) are polynomials with integer coefficients (see 2.2.64), C; are
integer constants and the sum is over a well described set (see 2.2.83). It is
remarkable that the E-polynomial of M¢, does not depend on the choice of the
generic element £. A direct consequence of our calculation and of the fact that

M is equidimensional is the following

Corollary. The E-polynomial of M% 1s palindromic and monic. In particular,

the parabolic character variety MS, is connected.
Our formula also implies

Corollary. The Euler characteristic X(M%) of MS, vanishes for g > 1. For
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g =1, we have
3
NP
Z onpl Tn:H 1Tk
n>0 ’ E>1 (1-1T%)
See Theorem 4.3.19 and Corollaries 4.4.1, and 4.4.2 for details.

For n = 1, the formula looks like:

E(M‘i; q) — (=) P+ + (-1 (g +1)

+ (229 — 2) (q2 — q)2972 q.

This result recovers the ones obtained by Logares, Munoz and Newstead in
[LMN13| for small genus g and by Martinez and Munoz in [MM15]| for all
possible g because Sp(2,C) = SL(2,C).

The present dissertation is organized as follows: In Chapter 2, we go over the
basics of combinatorics and representation theory that are going to be needed.
In Chapter 3, we study the geometry of the parabolic character varieties to
be studied. In Chapter 4, we perform the computation of the E-polynomial

of M% and prove the corollaries concerning the topological properties of /\/l%

encoded in F <M§17 CI) .



Chapter 2

Preliminaries

We are going to need some definitions and results from Combinatorics and
Representation Theory of finite groups of Lie type. We follow [GP00] for
basic definitions and notation on partitions and symbols and [St12] for M&bius
Inversion. For the basics on linear algebraic groups we refer to [Bo91|, [Ca85]

and [Hu75].

2.1 Combinatorics

2.1.1 Partitions and Symbols

Notation. For a partition A = (A\1,..., ), we have \; > --- > X\; > 0 and
l
write [ (A) for its length [ and || for its size > A\;. If A is a partition of a
i=1
natural number n, we write A - n and we denote by P,, the set of all partitions

of n. For the author, the set of natural numbers N does not include 0. To do

this, we use the symbol Np.

We usually regard A\; = 0 whenever i > [ () for the ease of notation in
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formulae.

Definition 2.1.1. Let ¢ € N, A € P,,. The multiplicity of ¢ in A, which denote
by m;(A), is defined as

mi(N) = {5 | Ay = i}. (2.1.1)

Let X = {p1,...,0Bs} be a finite subset in Ny with g > --- > 5. We call
X a B-set. The rank of X is defined by rk(X) := 0 if X = () and, otherwise, by

rk(X) = 2 B — <;> (2.1.2)

Definition 2.1.2. Let ¢ be a positive integer. If X = {5,...,8s} is a (-set,
the t-shift of X is the 3-set X ¢ defined by

Xt={B+t,...,Bs+t,t—1,...,1,0}. (2.1.3)

We call the shift operation the procedure that allows us to obtain X from X

for any integer t > 0.

Remark 2.1.3. According to the Definition 2.1.2, it is easy to see that rk(X) =
rk (X ).
Remark 2.1.4. Let n € Ng. The t-shift operation generates an equivalence

relation in the infinite collection of S-sets of rank n. In particular, any §-set of

rank n can be represented in a unique way by a finite set X such that 0 ¢ X.

Let ®,, be the set of B-sets of rank n modulo the equivalence relation

generated by the shift operation, X € ®,, with entries g1 > --- > 85 > 0. Then

p
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we associate with X a partition

Ay = (B1+1—5,B2+2—s5,...,08). (2.1.4)
Notice that
Ax|=> (Bi—i+s)=1k(X)=n (2.1.5)
i=1
so the assignment
X Ay (2.1.6)

defines a bijection between ®,, and P,,. On the other hand, we denote by Xy

the S-set in ®,, associated to the partition A - n.

Definition 2.1.5. Let d € Ny. A symbol of defect d is an unordered pair of
B-sets A = (X,Y) such that || X| — |Y|| = d. The rank of A is defined as

rk (A) :==rk(X) + 1k (V) + {;ZJ . (2.1.7)

A symbol of the form (X, X) is said to be special.

The shift operation on (-sets induces a shift operation on symbols by
A=(XY) A= (X YT

with ¢ € Ny.

Remark 2.1.6. By Remark 2.1.3, we have that the rank and the defect of
a symbol are invariant under the shift operation. Thus, the shift operation
generates an equivalence relation in the set of symbols of fixed rank n and

defect d. In particular, again from Remark 2.1.3, any equivalence class of a
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symbol has a representative A = (X,Y) such that 0 ¢ X NY and | X| = |Y|+d.

Such a symbol is said to be reduced.

We denote by ®,, 4 the set of symbols of rank n and defect d modulo shift.
Let A € &), 1 represented by a reduced symbol (X,Y’). Then we associate with
A the ordered pair of partitions (Ax, Ay), where Ax and Ay are as in 2.1.4.

Notice that, according to 2.1.5,

x|+ [Ay| = tk(X) + rk(Y) = rk(A).

One can reverse this assignment (for further information, see [Lu77]), so we
have a bijection between ®, 1 and the set of ordered pairs of partitions (A, 41)

such that || + |u| = n given by

A=(X,Y) = Oy, Ay) (2.1.8)

Now, let @n,() be the set of symbol classes of rank n and defect 0, in which each
special symbol class is repeated twice. The assignment 2.1.8 gives a bijective
correspondence between (i>n70 and the set of unordered pairs of partitions {\, u}
such that |A| + |u] = n, with pairs of the form {\, A} repeated twice when n is
even (again see [Lu77]). We denote such special pairs by {\, +} and {\, —} for
A F % and the corresponding special symbols by (X, +) and (X, —) for some
B-set X.

2.1.2 Mobius Inversion formula

Let (P, <) be a finite poset, i.e., a partially ordered set.



CHAPTER 2. PRELIMINARIES 12

Definition 2.1.7. To every function f : P — C we assign

the accumulated sum of f with respect to P.

Remark 2.1.8. We see that f — fis a linear operator in Homg¢ (C|P|,C|P|)

whose matrix My is given by

1 ifa<d
(Mz)mb =

0 otherwise

the adjacency matrix of (the digraph induced by) P.

Since P is a poset, this matrix will be upper triangular with respect to some
total ordering refining that of P, and will have only 1’s in its main diagonal.
Therefore, its inverse ; € Homg (C|P|, (C|P|) has only 1’s in the diagonal and
integral entries, for writing My as Id + A, with A strictly upper triangular

(hence nilpotent), the alternating sum
Id— A+ A*— A% .

for (Id + A)~! results finite.

Definition 2.1.9. The function u (a, b) given by the entries (1), ;, of the matrix

w is called the Mobius function for P.
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Remark 2.1.10. By definition of u, we have the Mdbius Inversion formula:

f(a) == 3" nla,b)F(b). (2.1.9)

a<b

for any function f: P — C.

Ezample 2.1.11. (Divisors). Let P be the set of positive divisors of a fixed n
with the ordering given by divisibility, more precisely a < b if and only if alb.

o~

The accumulated sums for f are f(d) := > f(m) and the inversion formula
dlm
for this case is the well known

f@y =" Fmu(3) (2.1.10)
dlm

where

(_ 1)#{pr1mes dividing m} if m is square-free

p(m) =
0 otherwise.

In other words, u(a,b) = u(%) if a divides b and 0 if not.

Ezample 2.1.12. (Finite vector subspaces). Let n be a natural number, ¢ = p™

a prime power. Consider P the poset of the vector subspaces of Fy, the n-
dimensional vector space over the finite field IF,, with the ordering given by the

inclusion. If U,V C Fg, the Mobius function is

(1) ¢(®) iU C Vanddim(V) — dim(U) = &
p(U,V) = (2.1.11)

0 otherwise.

Ezample 2.1.13. (Set-partitions). Let us take P as the collection II. of the

set-partitions of the set [¢] := {1,...,c} for a fixed ¢ and the order being given
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by refinement, which we denote by <. For instance, in Il we have
12|34 < 1]2]34 < 12|34 < 1234.

Obviously, we can speak of the length of an element 7 in II. as in the case of
partitions, and denote it by [(7) similarly. We now show an application of the
Moébius Inversion formula that we will use in the following.

If z € Nand h: [c] = [z], define the kernel of h, and denote it by Ker(h),

to be the partition of [c] induced by the equivalence relation
a=b<= h(a) = h(b).

Fix 7 € II. and let

¥ oi={h:[c]— [z] | Ker(h) =7},
(2.1.12)
Yr:={h:[— [z] | Ker(h) = o forsomeo = 7} .

Clearly, [S7| = (2)((p)) = @ (@ = 1)+ (z = () + 1) and ] = 2!(M. On

~

the other hand, if f(m) := |X!| then f(7) = |X|, so by the Mobius Inversion

formula 2.1.9, we have

fm@) =" ur,0)f(o)

=0

that is

@)y = >, 1w, 0)al. (2.1.13)

T=0

Since 2.2.6 holds for any « € N and since both sides of 2.2.6 are polynomials, it
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is a polynomial identity. In particular, if we specialize it at x = —1, we obtain

(=D ((m) =" (=)' p(r,0). (2.1.14)

=0
2.2 Representation Theory

In this section, we list and prove some facts on Representation Theory we will
need. For proof and details on the basics on Representation Theory of finite
groups, we refer the reader to [FH91| and [Ser77].

A representation of a finite group G is a finite dimensional C-vector space

V together with a group homomorphism
p:G— Aute(V).

Its character x = x, is the class function obtained from composition with the

trace

Xp(9) = tr(p(9)).

Since the character , of a representation p determines it uniquely up to
isomorphism, a representation is usually identified with its character.
A representation is said to be irreducible if it does not have nontrivial
invariant subspaces. In such case, its character is also called irreducible.
Similarly, a representation of an algebra A over an algebraically closed
field K is a finite dimensional K-vector space V together with an algebra
homomorphism

b : A — Endg (V).
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The character of a representation of an algebra is defined as in the case of

representations of finite groups.

Notation. For a finite group G, we note Irr(G) the set of its irreducible
characters. Whenever it is clear from the context, it will also represents the set
of (isomorphism classes of) irreducible representations of G. We will use the
same notation for the set of irreducible characters of an algebra. Moreover, we

write G to denote Hom(G, C*)

In an irreducible representation (V, p), Schur’s Lemma says that all the C-
linear endomorphisms in Hom,(V, V), i.e., the set of endomorphisms commuting

with p, are the scalar multiplication (Id : x — (x with ¢ € C.
Remark 2.2.1. By Schur’s Lemma, we have that for G abelian, Irr(G) = G.
There is a natural inner product (-, ). for characters given by

(X ) = |é¥ > x(@X (g7h).

geG

Recall the Orthogonality relations: for x, x’ € Irr(G) then

) 1 ify=y
<X?X >G’ = (221)
0 otherwise.

|Cc(g)| if gand h are conjugate
> x(@)x(h) = (2.2.2)

XElrr(G) 0 otherwise

where C(g) is the centralizer of g in G.
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Notation. For a general group G and elements z, g € G, sometimes we write

z9 for grg~'. We may use the same notation for the conjugate of a group.

Let H be a subgroup of a finite group G, x a character of G, 6 a character

of H. Define the restriction character Resg(x) as the character of H satisfying

Resf; (x)(h) = x(h)

for any h € H and the induced character Ind%(@) as the character of G
satisfying

1nd$ (0)(g) = |1H| 3 o)

seG
g°€eH

for any g € G. One can give analogous definitions for characters of representa-

tions of an algebra. The following Frobenius reciprocity law holds:

<X, Indg(9)>c = <Resg(x), 9>H ) (2.2.3)

Let G1 and G2 be two finite groups, x1 € Irr(G1) and x2 € Irr(G3). Then we

can define the character y; ® x2 € Irr(G1 x G2) by

(x1 @ x2) (91, 92)) == x1(91)x2(92) (2.2.4)

for any g1 € G; and g2 € Go. It turns out that every irreducible character
of the direct product G; x Gy arises uniquely in this way, so Irr(G1 x G2) =
Irr(G1) x Irr(Ga2).

2.2.1 Counting solutions of equations in finite groups

Let G be a finite group and A some abelian group like C or C™**".
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Definition 2.2.2. For a function f : G — A, we note
| f@yde = 5ta)
G . ’G| zeG

the integral of f with respect to the Haar measure of G.

Our goal now is to prove the following formula due to Frobenius (see [FQ93],

[F'S906] or [Med78]). It will be fundamental for our next computations.
Proposition 2.2.3. (Frobenius formula). Given z € G, the number of 2g-
g
tuples (z1,y1,...,2Tq,Yg) satisfying [ [z; : yslz =1 is:
i=1

: S T (6l o
|{i:1[z.yz1 _1}‘}%@’(()(%(1)) L (229)

Proof. ([Merl5, Proposition 2.2.1]). Given p : G — Aut (V) an irreducible
representation of G and Yy its character, let us consider for a fixed y € G the

average

/ p(zyz~")dz. (2.2.6)
G

Since it commutes with the G-action, it must be, by Schur’s Lemma, a scalar

map (Id. By taking the traces we get:

/ p(a:yxil)da: = (Id

G

/ tr(p(aﬁyafl))dx = (tr(Id)
G

/Gx(asy:n_l)dx = (x(1) (2.2.7)
[ xtwids = cxv
G
X _,

1)

=
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thus, the average 2.2.6 becomes

1) g = XW)
/Gp(xya; )dz = X(l)Id' (2.2.8)

Multiplying by p(y‘l) from the right we get:

oy, X))
/Gp(xy:v y )dfc—x(l)p(y)

summing over all y € G and dividing by |G| again we end up with

e — [ X0
/ /G plle < )y = /G oy (2.2.9)

Since the left hand side of this equation is invariant under G-conjugation, it is

also a scalar transformation. taking traces again we conclude

-1
//G2 tr(p([z : y]))dyde = (/G %dm) Id = X(ll)QId' (2.2.10)

Raising 2.2.10 to the g-th power and multiplying by p(z) from the right, we

</ /G2 p(wyﬂ:_ly‘l)dydx>gp(2) = X(ll)ggp(Z)

will have

1 2.2.11
/ / p(lz1 ][y : ygl 2)dzrdyr . .. dagdyy = ﬁp(z). ( )
¢ Ja x(1)
——
2¢g times
Taking trace at both sides yet one more time we have
x(z
/ / X([z1 1] [zg : ygl 2)dzrdys - .. dxgdyy = ( gg (2.2.12)
¢ Ja x(1)
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Multiplying this by x(1) and summing over all x € Irr(G), we see that the sum

3 % (2.2.13)

xE€Irr(G) X(l

is equal to

/G/G Z X(D)x([z1:y1] -+ [mg 2 yg) 2)dzrdyr . .. drgdy, — (2.2.14)

x€lrr(G)

and thanks to the orthogonality relation 2.2.2, only those terms with

[iL‘Z‘ : yz]z =1

g
=1

]

survive in 2.2.14, and we get

1 : x(z)
G 2g—1 {H [372 : yi]z = 1} = Z W (2.2.15)
| | i=1 x€Irr(G) X( )
from which the proposition follows immediately. O

As a particular case of Proposition 2.2.3, for z = 1 we recover the following

well known formula (see [FQ93] for instance).

Corollary 2.2.4. Let ¥, be a compact Riemann surface of genus g, m1(2y) its

fundamental group and G a finite group. Then

29—2
g onmE)el= S (L)

X€EIrr(G)
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2.2.2 Algebraic groups

In the next sections, we list some basic definitions and facts on the theory of
algebraic groups. In order to do this, we follow [Ca85, Chapter 1|. For more
details, we refer the reader to [Bo91] and [Hu75].

Let K be an algebraically closed field such that char(K) # 2.

Definition 2.2.5. An (affine) algebraic group over K is a set G which is an

affine algebraic variety over K and also a group, such that the maps

m:GxG—=G

(z,y) = zy
and
1:G—= G

x !

are morphisms of varieties. If G and G’ are two algebraic groups, a map
a: G — G is called a homomorphism if « is both a morphism of varieties and
a homomorphism of groups. If « is bijective and o' is a morphism of varieties,

then « is an isomorphism of algebraic groups.

Remark 2.2.6. If H is a closed subgroup of an algebraic group G, then it is
an algebraic group. If G; and G are algebraic groups over K, then the direct

product G; x Gy will also be an algebraic group.

Ezample 2.2.7. The additive group G, := (K, +) and the multiplicative group
G := (KX, ) are algebraic groups over K. These are the only algebraic groups

of dimension 1.

Ezample 2.2.8. Let n be a natural number and let gl(n,K) be the set of n x n
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matrices with coefficients in K. The general linear group of nonsingular matrices
GL(n,K) = {4 € gl(n,K) | det(A) # 0}

is an algebraic group over K.

Ezample 2.2.9. For n € N, any closed subgroup of GL(n, K) is an affine algebraic

group. In particular, the special linear group
SL(n,K) = {4 € GL(2n,K) | det(4) = 1}
and the group of symplectic matrices
Sp(2n,K) = {A € GL(2n,K) | A'JA = J} (2.2.16)

are algebraic groups, where

and

relatively to a basis {e1,...,en,e_pn,...,e_1}.

Remark 2.2.10. The converse of the statement in the previous example 2.2.9
holds. Namely, every affine algebraic group over K is isomorphic to a closed

subgroup of GL(n,K) for some n € N.

Let G be an algebraic group over K and j : G — GL(n,K) an isomorphism

onto a closed subgroup of GL(n,K), for some n € N, provided by Remark
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2.2.10.

Definition 2.2.11. An element = € G is said to be semisimple if j(z) is a
diagonalizable matrix. z is said to be wunipotent if j(x) is a matrix whose

eigenvalues are all equal to 1.

Remark 2.2.12. The definitions of semisimple and unipotent element of an
algebraic group turn out to be independent from the choice of the closed

embedding into some general linear group GL(n, K).

Remark 2.2.13. The property of being unipotent or semisimple for an element
of an algebraic group G is preserved by homomorphisms of algebraic groups.
In particular, the only semisimple and unipotent element of an algebraic group

is the identity of G.

Definition 2.2.14. An algebraic group G is called unipotent if all its elements
are unipotent. An algebraic group G is a torus if it is isomorphic to a group of

the form G,, X --- X Gyy,.

Ezxample 2.2.15. The group G, is unipotent. In fact, we have the following
closed embedding;:
j: G, — GL(2,K)
¢ jle) = (§§)-
Conversely, all elements of G,, are semisimple, so by Remark 2.2.13, any torus

is made by semisimple elements.

Definition 2.2.16. The unipotent radical R, (G) of an algebraic group G is
the unique maximal element of the set of closed connected unipotent normal

subgroups of G. G is called reductive if R,(G) = {1}.
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Ezample 2.2.17. GL(n,K), SL(n,K) and Sp(2n,K) are all reductive algebraic
groups over K.

We now deal with connected algebraic groups. Recall that a group G is

solvable if it has a series of normal subgroups
1=GO cqgW...c gd-1) - g = @

where GUH1) .= [G(i) : G(i)], the commutator of G, for each i.

Definition 2.2.18. A Borel subgroup B of an algebraic group G over K is a
maximal closed connected solvable subgroup of G. A maximal torus T is a

closed subgroup of G that is a torus not properly contained in larger tori.
Remark 2.2.19. All Borel subgroups of an algebraic group G are conjugate.
This is true for maximal tori too.

Remark 2.2.20. If T' is a maximal torus in G, B a Borel subgroup of G containing

T, we have the following decomposition of B as a semidirect product:
B=TxU (2.2.17)

where U = R, (B).

Ezample 2.2.21. For G = GL(n,K), we may take B = T,(K), the subgroup
of upper-triangular matrices in G, as a Borel subgroup of G and T' = D,,(K),
the subgroup of diagonal matrices in GG, as a maximal torus of G. Moreover,

according to 2.2.17, we have
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where U, (K) is the subgroup of upper-unitriangular matrices.

Ezample 2.2.22. For G = Sp(2n,K) C GL(2n,K), using the notation of the
example 2.2.21, we may take B = T»,(K) NG as a Borel subgroup of G and

T = D, (K) NG as a maximal torus of G, so in particular
T = {diag( A1, As A Lo AT [ ALy Ay € KX (2.2.18)
hence dim(7T') = n.

2.2.3 Roots, coroots and the Weyl group

From now on, we only deal with a connected reductive algebraic group G.

Definition 2.2.23. Let T be a maximal torus of G. The Weyl group is defined

as W := Ng(T')/T, where Ng(T') is the normalizer of 7" in G.

Remark 2.2.24. The Weyl group W is a finite group and, by Remark 2.2.19, it
is uniquely determined up to isomorphism, i.e., different choices of maximal

tori produce isomorphic Weyl groups.

We now give a more detailed description of the structure of the Weyl group
w.

Let T be a maximal torus of G and let X := Hom(7T,G,,) be the set of
algebraic group homomorphism from T to G,,. X can be made into a group
under the operation:

+: X x X=X

defined by

(x1 + x2)(t) := x1(t)x2()
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for any y1,x2 € X, teT.

Definition 2.2.25. X equipped with the operation + defined above is called

the character group of T

Remark 2.2.26. Suppose first that dim(7") = 1. Then T is isomorphic to Gy,
and we are considering the group Hom(G,,,, G,,). It is easy to see that the only

algebraic homomorphisms from G,, to itself are the maps

G — Gy,

A= A"

where n € Z. Thus Hom(G,,,G,,) = Z. In general, we shall have T =

G,, X -+ x Gy,. Then we have
~—_——

rtimes

X =Hom(T,G,,) 2Hom | Gy, X -+ X Gy, Gy | 2ZD--- D L.

rtimes rtimes

Thus X is a free abelian group of rank 7.

Let Y := Hom(G,,, T') be the set of algebraic homomorphism from G,, into
T. As in the case of characters group X, Y can be made into a group under
the operation

+:YXxY =Y

given by

(71 +72)(A) =71 (A)2(A)
for any 1,72 € Y, A € K*.

Definition 2.2.27. Y equipped with the operation + defined above is called
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the cocharacters group (or one-parameter subgroups) of T'.

Remark 2.2.28. Analogously to the case of the characters group X, if dim(7") =

r, then we have

Y ~2Hom|G,,,Gp X+ XGy, | 2ZD---DZ.

VvV
rtimes rtimes

Thus Y is also a free abelian group of rank r.

We now define a map from X x Y into Z taking (x,7) to an integer (x,~).
This integer is defined as follows. Since y € X and v € Y, x o~ lies in
Hom(G,, G,,), hence (x oy)(A) = A" for some n € Z and for all A € G,,,. We

define (x,7) = n. The map

XxY —=Z

067) = 067)
is non-degenerate and gives rise to a duality between X and Y. It gives
isomorphisms between X and Hom(Y,Z) and between Y and Hom(X,Z).

The Weyl group can be made to act on both X and Y as follows. If w € W

and y € X, for any t € T we define “x € X by

“x(t) = x ().

Then x — Yy is an automorphism of X and we have ¥’ (“x) = wwy Jfy ey,

for any A\ € G,, we define v by
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Then v — ¥ is an automorphism of ¥ and we have (y*)* = 4*®. The

W-actions on X and Y are related by the formula

06 = x7)

forye X,veY and we W.

Let us consider a Borel subgroup B of G containing 7. Then B =T x U
according to 2.2.17, where U = R, (B). It is true that G has a unique Borel
subgroup B~ containing T such that BN B~ = T. B and B~ are called
opposite Borel subgroups. Again by 2.2.17, we have that B~ =T x U™, where
U™ = Ry(B™). U and U™ are connected unipotent groups normalized by T
satisfying U N U~ = {1} and they are maximal unipotent subgroups of G.

We consider the minimal proper subgroups of U and U~ which are normal-
ized by T. They are all connected unipotent groups of dimension 1 as affine
varieties, so the statements in examples 2.2.7 and 2.2.15 tell us that all these
groups are isomorphic to the additive group G,. T acts on each of them by
conjugation, giving a homomorphism « : 7' — Aut(G,) from 7" to the group of
algebraic automorphisms of G,. However, the only algebraic automorphisms
of G, are the maps A\ — pA for some p € K*. Thus Aut(G,) is isomorphic to
Gy,- Hence each of our 1-dimensional unipotent groups determines an element

of Hom(T', G,,) = X.

Definition 2.2.29. The elements of X arising in the way described above form

the finite set ® of the roots of G.

Remark 2.2.30. The roots of G are all nonzero elements of X. Distinct 1-

dimensional unipotent subgroups give rise to distinct roots and the set of roots
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® is independent of the choice of the Borel subgroup B containing 7.

Definition 2.2.31. For each root a € @, the 1-dimensional unipotent subgroup

X,, giving rise to it is called a root subgroup of G.

Remark 2.2.32. The roots arising from root subgroup in U~ are the negatives of

the roots arising from root subgroups in U. We also have G = (T, X,, | a € ®).

Let a, —a be a pair of opposite roots. Then we consider the subgroup
(Xa, X_q) of G generated by the root subgroups X, and X_,. This subgroup
is a 3-dimensional simple group, i.e., a group that has no proper closed con-
nected normal subgroups, isomorphic to either SL(2,K) or to PGL(2,K) :=
GL(2,K)/ {£I2}. In fact, there is a homomorphism ¢, : SL(2,K) — (X, X_4)
such that

$a({(51)}) = Xa,
bal{(1)}) = X o

Definition 2.2.33. Let aw € ®. The 1-dimensional torus

o

T, = %({(3{31)})

is called a root torus. The cocharacter o’ of T' given by

a’: G, —-T,CT
A0
A da((54%1))
is called the coroot corresponding to the root .

Remark 2.2.34. A root « and its corresponding coroot av are related by the
condition (o, a”) = 2. Moreover, the coroots form a finite subset of Y that we

denote by ®*.
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Remark 2.2.35. If o € ®, one can prove that the root torus T, coincides with
T_q.

We now consider in more detail the actions of the Weyl group on X and
Y. W acts faithfully on both these lattices. Each element of W permutes the
set of roots ® in X and the set of coroots @V in Y. For each root « consider
the element ¢ (( %) §)) € (Xa, X_a). This element lies in Ng(T'), so we can

define the following assignment

® — W = Ng(T)/T

(2.2.19)
= we = [¢a((L10))] 7
The element w, acts on X by
wa(x) =x — (x,a") (2.2.20)
for xy € X, and on Y by
wa(y) =7 —{a,7) " (2.2.21)

for v € Y. We have w, = w_, and w2 = 1. Moreover, the elements w, for all

a € ® generate W.

Definition 2.2.36. For a connected reductive group G, the quadruple (X, ®,Y, V)
is called a root datum. This means that X and Y are free abelian groups of
the same finite rank with a nondegenerate map X x Y — Z which puts them
into duality. ® and ®V are finite subsets of X and Y respectively, and there
is a bijection o — a¥ between them satisfying (a, ”) = 2. Finally, for each

a € ® we have maps wy : X — X and w, : Y — Y defined as in 2.2.20 and
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2.2.21 satisfying wq (P) = @, wy(PY) = V.

Remark 2.2.37. The basic classification theorem for connected reductive groups
asserts that, given any root datum, there is a unique connected reductive group

G over K which gives rise to the root datum in the manner described above.

Definition 2.2.38. Let ®' be the set of roots arising from root subgroup of
U and ®~ be those arising from subgroups of U~. Roots in ®*, &~ are called
positive and negative respectively. Let A be the set of positive roots which
cannot be expressed as a sum of two positive roots. A is called the set of simple

T00tS.

Remark 2.2.39. The set A of simple roots is linearly independent. If |A| =n
n

and A = {ai,...,a,}, then each root in ®* has the form Y n;a; where
i=1

n
n; € Z>p and each root in @~ has the form ) n;a; where n; € Z<.
i=1

Remark 2.2.40. If A = {ay,...,a,}, the Weyl group W is generated by the

elements sy, ..., s, corresponding to the simple roots.

Remark 2.2.41. We have W(A) = @, so that each root is the image of some
simple root under an element of the Weyl group W. Also, there is a unique

element wy € W such that wo(®*) = &~

We conclude illustrating the situation described in this section in the

following two concrete examples.

Ezxample 2.2.42. Let G = GL(n,K). Let us take B and T" as in example 2.2.21.
Then U is the subgroup of upper-unitriangular matrices. We also have for
B~ the subgroup of lower-triangular matrices and for U~ the subgroup of

lower-unitriangular matrices. For ¢ = 1,...,n, define ¢; : T — G,, as the



CHAPTER 2. PRELIMINARIES 32

character of T' given by
diag()\l, R ,)\n) — A

Then the roots of G' are given by «a;; :=¢; —¢; for 4,5 =1,...,n with ¢ # j.
For each root «;j, the corresponding root subgroup X,; and root torus T,;
are given by
Xaij = {In + )\EZ] | AE K},
i J
= ~
Toy, = diagf1,...,1, A ,1,..., LA 1,1 [Ae K™

where E;; is the elementary matrix with 1 in the (4, j) position and zeroes
elsewhere, while the corresponding coroot o : Gy, — T is given by
i J

= i
A—diag| 1,...,1, X )1, ., 1,075 1,..01

We observe that the root a;; maps this matrix into A2, so that <aij, a;’j> =2
The Weyl group W is isomorphic to the symmetric group S,. For each
root «;j, the corresponding element w,,; € W is the permutation which
transposes ¢ and j and fixes the remaining symbols. The set of positive
roots is @ = {a;j | 1 <i < j <n}. On the other hand, the set of negative
roots is @~ = {ay; | 1 <j <i < n}. The set A of simple roots is given by

A ={ai2,003,...,00 01}

Example 2.2.43. (See [DM91, Chapter 15]). Let G = Sp(2n,K). Let us take B

and T as in example 2.2.22. Then U is the subgroup of upper-unitriangular
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symplectic matrices. We also have for B~ the subgroup of lower-triangular
symplectic matrices and for U~ the subgroup of lower-unitriangular symplectic
matrices. Similarly to what we have done in the previous example 2.2.42, for

t=1,...,n define ¢; : T'— G, as the character of T" given by
diag( Mty Ams Aty AT = A

Then the set of roots of G is given by

(I):{:tfi:tﬁj|1§i<j§n}u

(2.2.22)
{£2¢; | 1 <i<n}.
In particular
T ={e—¢|1<i<j<n}u
{ei+ej|1§i<j§n}u
{2ei]1§i§n},
<I)_:{—ei—|—ej ’ 1§’i<j§n}U
{—ei—ej ’ 1§’i<j§n}U
{—2¢ |1 <i<n}.
The corresponding root subgroups are the following
Xei—e]' = {1 +1 (Ei,j — E—j,—i) | t e K},
(2.2.23)
X*E«H*Ej = {1 + 1 (Efl",j — Ej,i) ‘ t e K}7
X5i+€j - {1 +1 (Ei,—j + EJ}—Z') ‘ te K}v
(2.2.24)

X ={1+t(-E_ij—Eji) |t €K};
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XQel- = {1 + tEi7_Z‘ | te K},

(2.2.25)
X_QEZ. = {1 + tE—i,i ‘ t e K},
while the corresponding root tori are given by
i J
= =
Tei—e, :{diag<1,...,1, Ao b
(2.2.26)
_] —1
=
717 )\7 7A_1717 "71>’)\€KX};
i J
=~ =
Teﬁﬁj—{diag(l,...,l, D N N
_; » (2.2.27)
~~ =~
..,1,)\_1,...,>\_1,1,...,1) |>\€KX};
i —1i
A~ o
Ty, = {diag(l,...,l, ]\ ,...,)\1,1,...,1> MGKX}. (2.2.28)

For any root a € @, the group (X, X_4) is isomorphic to SL(2, K).

The Weyl group W is isomorphic to the semidirect product S, x py, where
p2 = {£1}. For each root of the form ¢ — ¢€;, the corresponding element
We,—¢; € W is the permutation of the set {1,...,n,—n,...,—1} which trans-
poses ¢ and j and also —¢ and —j and fixes the remaining symbols. For each root
of the form €; + €, we,4; is the permutation of the set {1,...,n,—n,...,—1}
which transposes ¢ and —j and also —i and j and fixes the remaining sym-
bols. Finally, for each root of the form 2¢;, wy, is the permutation of the set
{1,...,n,—n,...,—1} which transposes i and —i and fixes the remaining sym-

bols. The set A of simple roots is given by A = {e; — €2, ..., €n-1 — €n, 26, }.
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2.2.4 Coxeter groups and generic degrees

Now we make a digression on Representation theory of Coxeter groups. We

refer the reader to [GP00].

Definition 2.2.44. A finite group W is a Cozeter group if it is presented as

an abstract group by the following system of generators and relations:
W= {s1,...,80 | 57 =1,(s;8;))" =1if i # j). (2.2.29)

If S={s1,...,8n} is the set of generators of W as a Coxeter group, the pair
(W, S) is said to be a Cozeter system. The symmetric matrix M defined as

(M),; = mij is called the Cozeter matriz of W.

Remark 2.2.45. The direct product W7 x Wy of two Coxeter groups Wi and

Wy is a Coxeter group.

Definition 2.2.46. If (W, S) is a Coxeter system with S = {s1,..., s, }, define
the sign character of W as the linear character ¢ of W such that e(s;) = —1

foranyt=1,...,n.

Definition 2.2.47. Let W be a Coxeter group, S = {s1,...,s,} its set of
generators and M its Coxeter matrix. W is said to be of type A,_1, and we

denote it by W4 if, for any 1 < i < j < n, M satisfies

n—17
3 ifj—i=1
2 otherwise.

W is said to be of type B, and we denote it by Wp_, if, for any 1 <i < j < n,
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M satisfies
3 ifj—i=1landv#n—1

(M)ij: 4 ifi=n—-1,7=n

2 otherwise.
\

W is said to be of type D,,, and we denote it by Wp, , if, for any 1 <7 < j < n,

M satisfies

3 if(j—i=landi<n—2)or (i=n—2,j=n)

2 otherwise.

Notation. If W; and W5 are Coxeter groups of type X1 and X5 respectively,

then we say that Wy x Wy is of type X1 x Xo.

Example 2.2.48. If G is a connected reductive algebraic group, then its Weyl
group W is a Coxeter group. The generators of W are the elements s1,..., s,

corresponding to the simple roots aq,....qn,.

Remark 2.2.49. From Examples 2.2.42 and 2.2.43, it is easy to see by Definition
2.2.47 and Remark 2.2.40 that the Weyl groups of GL(n,K) and Sp(2n,K)
are Coxeter groups of type A, _1 and B, respectively. Thus W4, _, =5, and

n—1
Wpg, = Sn X py.
Remark 2.2.50. The Coxeter group Wp, is a subgroup of Wg, = S, x puy of

index two. Namely,

WDn:{(a,(xl,...,xn))e Snxu§|Hxi:1}. (2.2.30)
=1

Definition 2.2.51. The Poincaré polynomials of Wy, ,, Wp, and Wp, are

n
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polynomials with integral coefficients defined as follows:

=1
Pp, (u) := Pa,_, (u) [T (1 + ), (2.2.31)
=1
n—1
Pp, (u) == Pa,_,(u) || (1+u)
=1

Remark 2.2.52. Actually, there is a definition of Poincaré polynomial for general
Coxeter groups (see for instance [GP00, Section 8.1.8] or also [Ki69]), but
we only need this notion in the case of Coxeter groups of type A, B and D.
Nevertheless, we will use the following general property for Poincaré polynomials:
if W is a Coxeter group and U is a subgroup of W that is Coxeter, then the

Poincaré polynomial Py of U divides the Poincaré polynomial Py of W.

Notation. Sometimes we denote the Poincaré polynomial of a Coxeter group

W by P as in the previous Remark 2.2.52.

Remark 2.2.53. The Poincaré polynomial is multiplicative with respect to the
direct product, that is, if W = W3 x Wa is of type X1 x Xo then Py, xx,(u) =
Px, (U)PXQ (u)

Remark 2.2.54. It is easy to see that
L. Pa, (1) =n!=|W4, |
2. P, (1) =2"n! = |Wg,]|.
3. Pp, (1) =2""tn!l = |Wp,|.

The following bijective correspondences are well known (see for instance

[Lu77, 2.2, 2.3, 2.5]):
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L Irr(Wa,_,) Lop,.

2. Irr(Wg,) LN U PexP
k+l=n

3. (W) <= {{\ u} | A+ |ul = n} U {{A £} | A+ 3},

Thus using the assignments 2.1.6 and 2.1.8 and referring to the notations used

in 2.1.1, we have:

1:1

Irr(Wa,_,) — @, (2.2.32)
Irr(Wp,) ¢ &1, (2.2.33)
Irr(Wp, ) < 0. (2.2.34)

We conclude this section by defining generic degrees for irreducible characters
of Coxeter groups of type A,_1, B, and D,,. In order to do this, it will be
convenient to introduce the following notation.

Let v be an indeterminate. For any integer m > 1, we set

Moreover, we set [m](u)! := [1](u)[2](u) - - - [m](w) and [0](u) := 1. Finally, let

A(Z,u) == H (uk - ul>

kleZ
k>l

for any [5-set Z.

Definition 2.2.55. (Theorem 10.5.2, 10.5.3 in [GP00]). Let X € @, such

that | X| = b. The generic degree of the corresponding irreducible character of
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Wa4,,_, is given by

n—1

(=) A
w6272 (1w 1* )

keX

dx (u) = (2.2.35)

Let A = (X,Y) € @, such that | X| =b+ 1, |Y| = b. The generic degree of

the corresponding irreducible character of Wp, is given by

wbOHD/2 (y — 1)" Pg, (WAX, WAY,u)  []  (uf+ud)

(kHEX XY
dp(u) = )
2bq,b(26—1)(b+2)/3 ( IT (w— l)k PBk(U)> (H (u— 1)l Pp, (u))
keX ley

(2.2.36)
Let A’ = (X,Y) € &, such that |X| = |Y| = b. The generic degree of the
corresponding irreducible character of Wp, is given by

(u—1)"Pp, (WA(X,u)A(Y,u) ]] (uk —l—ul)
(k)EX XY

a9 (1T - 1) (17 17 1)

keX h=1 leY h=1

dp (u) =

(2.2.37)

where ¢ = b if A’ = (X, %) is a special symbol for some -set X and ¢ =b—1

otherwise.

Notation. If x is an irreducible character of a Coxeter group W of type A, _1,

B, or D,, for some n € N, sometimes we denote its generic degree by d,.

Remark 2.2.56. Let W a Coxeter group of type A,,—1, By, or D, for some n € N.
If x € Irr(W), it is true that d, (1) = x(1) (|CIK72, Theorem 5.7]).

Remark 2.2.57. Let x be an irreducible character of a Coxeter group W of type
A, Bor D, d, its generic degree. Then d, = é fx» where f, € Z[u] is a monic

polynomial and ¢, € N, both depending on x (|GP00, Corollary 9.3.6]).
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Remark 2.2.58. As in the case of Poincaré polynomials, the generic degree can
be defined for a general Coxeter group in such a way that it is multiplicative with
respect to the direct product, that is, if W = W x Ws and x = x1®x2 € Irr(W)

with x1 € Irr(W7) and x2 € Irr(Ws), then d, = d,, - dy,.

We conclude this section by stating the following

Proposition 2.2.59. Let W be a Cozeter group, Py its Poincaré polynomial,

x € Irr(W) and d, the corresponding generic degree. Then

Py (u_l) Pw(u)

—r = (2.2.38)
dy(u™)  dex(u)
where € is the sign character of W as defined in Definition 2.2.46.
Proof. The statement is a direct consequence of [Ca85, Lemma 11.3.2]. O

2.2.5 Principal series representations of Sp(2n,F,)

We now develop part of the theory of principal series representations for the
finite symplectic group that we will need in the following. In particular, we show
the results contained in [DL76] and [HK80] adapted to the case of Sp(2n,Fy)
where [y is a finite field of odd prime characteristic p, ¢ = p™ for some m € N.

Throughout this section, let G = Sp(2n,E), B, U and T again as in the

example 2.2.22. In this setting, we also have the standard Frobenius map

F:G—G
(aij) — (agj) :

This is a bijective homomorphism of algebraic groups and B, T and U are

F-stable subgroups of G. If H is any F-stable algebraic group, let us denote
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by HY the finite group of points in H fixed by F. Then

GY = Sp(2n,F,), BY = By, (F,) N Sp(2n,F,),

TF = Dy, (F,) NSp(2n,F,), U = Usy(F,) N Sp(2n,F,).

Consequently, BF = TF x UF with
T = {diag( A1, -, A Ay AT [ AL, A €FS Y (2.2.39)
and the normalizer Ng(T') is F-stable. Fix a group homomorphism
fiF; —C~ (2.2.40)

such that if F)* = (v), then f(v) generates a cyclic subgroup in C* of order
g—1.1f0eTF and

t =diag(A, ..., A Ay LAY

is an element of T, then 6 is a map of the following form

0:7F - C*
n (2.2.41)
te () = [T FO)™
i=1
with m; € Zg—1 foreach i =1,...,n, so

(ﬁ’,) = (Zy 1, +) -

The Frobenius map F' induces the identity map on the Weyl group W = Wg
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of G.

Notation. From now on, we denote in the same way an element in F* and its

image via the homomorphism f defined in 2.2.40.

Definition 2.2.60. Let 0 € TF. The corresponding Deligne-Lusztig character
is given by

R$(6) = IndC (5) (2.2.42)

where 6 := Qop; € BF and py : BY = TP x UF — TF is the natural projection
onto T*. The irreducible components of R% (0) are called the principal series

of 0.

Notation. In the following, sometimes we may use the symbol R?(Q) also to
denote both the associated representation and the set of principal series of 6.

So if x is in the principal series of 6, we write y € R%(8).

Now recall the following formula concerning the inner product between

Deligne-Lusztig characters.

Proposition 2.2.61. (|[DL76, Theorem 6.8|).Let 6,6 € TF. Then

Hn € No(T)F | om = 9}]
ITF|

(RE(0), RE(0)) g = (2.2.43)

where O™ (t) := 6 (t") for every t € TY. Moreover, there are only two possibili-
ties:
1. (RE(0), R (0')) g = 0;

2. R%(0) = RE(0').
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Remark 2.2.62. The finite normalizer Ng(T)F acts on TF by conjugation,

namely we have
¢ Na(T)F x TF — TF
(2.2.44)
(n,0) — 0.
As TF acts trivially, this action induces an action @ of the Weyl group W =
Ne(T)F /TF on TF.
Remark 2.2.63. Let 6,0" € TF. Since R%(6) and R%(#') are characters of
representations of G, we deduce from 2.2.43 that either the principal series of
¢ and ¢’ coincide or they are disjoint. So we have that R%(0) N R%(¢') # 0 if

and only if there exists w € W such that % = ¢'.

Let us look more closely at the action © induced by ¢ as in 2.2.44. Because
of 2.2.41, we can describe the action of W), = S,, x pu3 on TF = Zy_y in the
following way:

P (S X py) X Zy_y = Zy_4
(2.2.45)

((O’, (61, ce ,En)) s (/{1, ey kn)) — (61]{70(1), c. 75nka(n)) .

By this description of the action of ¥, we deduce the following

Proposition 2.2.64. Every W-orbit in TF is uniquely represented by a char-

acter of the form

A1 A2 Al a1 P
— g1 q—1
O~ | ki,....,k1, ko, .. ko, Ky, . kg, 0,000, 5 g

(2.2.46)

where

1. A= (A1 > ... > X\) F ¢ for some natural number ¢ < n;
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2. c+a1 +a.=n;

3. ki€ @:= {1,...,%};
4. foralli,j=1,...,1, k; #k;j and k; < kj if \j = \j.

Remark 2.2.65. Let 0 € TF of the form 2.2.46 and Sy the stabilizer of 6
with respect to the action of W, on C//’F . Then it is easy to see that Sy =
!
Shan,ae = <H WAA,1> X WBal X Wp,,, thus Sp is a Coxeter group of type
i=1 ‘

Ay -1 X - X Ay 1 X B, X B,,.

Our next goal is to collect the principal series representations of G in

families such that:
1. The number of families only depends on n.
2. Members of the same family have the same degree.

In order to do this, we need to recall some definitions and results that can be
found in [HK80]. We refer to the notations used in the section 2.2.3.

Let 0 € 7/”\? of the form 2.2.46 and o € ®.

Definition 2.2.66. Let c,(f) be a natural number equal to 1 if 6|,r is the
trivial character of T and 0 otherwise. The g-parameter q,(6) is defined as

qca(G).

Remark 2.2.67. Actually, we are giving an ad hoc definition of g-parameters for
the sake of simplicity. For a more general definition of these parameters, we
refer to [HK80, Lemma 2.6]. In [HKS80, Section 4] it is also proved that this

general definition is equivalent to our one.
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Now define the set

I:={8e®|qs0) #1} (2.2.47)

and let Wg, be the group generated by the reflections corresponding to roots
in I'. Thus, T is the root system of the reflection group Wg, (for definitions

and further information on root systems, see [Hu75, Appendix|). Let
D:={weSy|wla)ed" Vael"}. (2.2.48)

where 't is the set of the positive roots in T'.

Proposition 2.2.68. [HK80, Lemma 2.9]. D is a subgroup of Sy, which

normalizes Wg,, such that So = D x Wg,.

l
Proposition 2.2.69. The group Wy, is equal to (H WAA'l) xWp,, xWp,_ .
i=i !

In particular,

Ws, if e =0
S = (2.2.49)

o X Ws, if ae # 0.
Proof. From the definition of Wg,, it is sufficient to compute the set I' defined
as in 2.2.47. By Definition 2.2.66 of the parameters g, () and the structure of
the root system and of the root tori of G as described in 2.2.22, 2.2.26, 2.2.27

and 2.2.28, it is easy to see that ' = AU B U C, where

! !
A= {i(ei—eiﬂ)|Z'75)\1,>\1+>\2,---,Z)\i,z)\i+m},
=1 =1

, (2.2.50)
B:={£2 |m+1<i<m+ai},

C={ft(6+ep)|m+1<i<n—1i#m+a}.
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Thus the claim easily follows from the fact that Wg, is generated by the

reflections corresponding to the roots in I'. O

Remark 2.2.70. From the proof of the previous Proposition 2.2.69, we see that
the set ' only depends on the triple (\, a1, o) associated to a character § € T

of the form 2.2.46.

Let X be the set of simple roots of I' consisting of roots that are positive in

.

Definition 2.2.71. The generic algebra A(u) is the algebra over C[u] with basis
{aw | w € Sp} such that, if w € S, d € D and s is the reflection corresponding

to the root 8 € ¥, the following relations hold:
1. agayw = agy, QuwGq = Qypq-
2. Awas = ays if w(B) € TT.
3. awas = ug(0)aws + (ug(0) — 1) ay if w(B) e T'~.

Let K := C(u) and write A(u)® = A(u)®cpy K. An algebra homomorphism
f : Clu] — C makes C into a (C, C[u])-bimodule via (a,p) - ¢ := acf(p).

Definition 2.2.72. If f(u) = b, the specialization A(b) := A(u) ®¢ C is an
algebra over C with basis {a, ® 1 | w € Sp} whose members satisfy relations 1,

2 and 3 after replacing u with b.

Before stating the next theorem, recall the definitions of separable algebra
and numerical invariants.
An algebra A over K is said to be semisimple if it is isomorphic as an

n
algebra to a finite direct product of matrix algebras over K. If A= [] gl(d;, K)
=1
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is semisimple, the numbers dy, ..., d,,n are uniquely determined and are called
the numerical invariants of A. An algebra A over K is said to be separable if

A ®k L is semisimple for every field extension L of K.

Theorem 2.2.73. (Tits, [CIK72, Theorem 1.11]). A(u)® is a separable K-
algebra and for each b € C such that A(b) is separable, the algebras A(u)™ and

A(b) have the same numerical invariants.
Corollary 2.2.74. Endgr (R%(0)) = CSy as C-algebras.

Proof. By |CIK72, Theorem 2.17, 2.18|, we have that

A(q) >~ EndgF (R%(Q)),

A(1) = CS,

and since both Endgr (RE()) and CSp are semisimple, they have the same

numerical invariants by Theorem 2.2.73 and so are isomorphic. O
From Corollary 2.2.74, we deduce the following fundamental result.

Corollary 2.2.75. There exists a bijecitve correspondence between the set

RY(0) of principal series of 6 and the set Irr(Sp) of the irreducible characters
Of 59.

The correspondence established in Corollary 2.2.75 can be stated more

precisely by the following

Proposition 2.2.76. [HK80, Lemma 3.4]). Let x be an irreducible character
of A(w)™. Then for all w € Sy, x(aw) is in the integral closure of Clu] in K.
Let f : Clu] — C be a homomorphism such that f(u) = b and A(b) is separable,

and let f* be an extension of f to the integral closure of Clu]. Then the linear
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map x¢ : A(b) = C defined by xf(a, ® 1) := f*(x(aw)), for all w € Sy, is an
irreducible character of A(b). For a fived extension f* of f, the map x — Xy

is a bijection between the irreducible characters of A(w)™ and those of A(b).

Remark 2.2.77. If 0,60" € TF are of the form 2.2.46 with the same associated
triple (A, a1, ae), then by Proposition 2.2.69 and Definition 2.2.71, we obtain
the same generic algebra A(u) starting from 6 or 6’. Thus, by Proposition
2.2.76, we have the same correspondence between the irreducible characters of
A(u)K and those of Sy = Spr = Sx 01 a.-

From [McG82, Theorem A], we deduce this important result on the multi-

plicities of the principal series representations.

Proposition 2.2.78. If x € R$%(6) corresponding to B € Irr(Sy), then

(X, RE(0)) e = B(1). (2.2.51)

Let 5 € Irr (A(u)K), B the corresponding character of Sy given by Proposi-
tion 2.2.76. Define

Dp(u) == 5(1_)£W(“) _ (2.2.52)
Z uw(g) B(awfl)ﬂ(aw)
wESy
where u(0) := [] ua(f) and Py is the Poincaré polynomial of W. Then
aclt
w(a)elr™

we have

Proposition 2.2.79. [HKS80, pag. 567, (3.5)]. If x € R$(0) is the principal

series corresponding to B € Irr(Sp), then Dg(q) = x(1).

Let B(u) be the subalgebra of A(u) generated by {a, | w € Wg,}. Then

B(u) is the generic algebra corresponding to the Coxeter group Wg, and by
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Proposition 2.2.76, there is a bijection between Irr <B(U)K) and Irr(Wg,). The
group D, defined in 2.2.48, acts as a group of automorphisms of B(u)K via
Ay > Qgpg—1 for d € D, w € Wg,. Thus, for each d € D, if p € Irr(B(u)K>,
the character g% of B(u)™ determined by 3%(ay) := @(agyq-1) is irreducible

too.

Proposition 2.2.80. ([IIKS0, Theorem 3.13]). Let 5 € Irr(A(u)K), B the

K __
corresponding character in Sp, @ an irreducible component of Resg((z));{ (6), %)

the corresponding character of Ws,. If C := {d €D|yl= go} and dy, 1s the

generic degree of ¢, then

Dy(u) = md@(u). (2.2.53)

l
Remark 2.2.81. By Proposition 2.2.69, Wg, = <H WA;._1> x Wg, xWp,,,
i=i ¢

l

so if 3, @, B and ¢ are as in Proposition 2.2.80, then ¢ = <® %‘) ® Pa; R Pa.,
i=1

with ¢; € II‘T<WAM,1> fore=1,...,1, pa, € Irr(WBal) and @, € Irr(WDae).

Remember that W = Wp, , we can rewrite 2.2.53 as follows:

L P (u) (v dp(u) ) de, (W) dp, (u)
Ds(u) = ¢ (1;[1 PAil(U)> P (u) Py (0 (2.2.54)

where the dy,’s, dy, and dy, are generic degrees as defined in 2.2.35, 2.2.36

and 2.2.37 respectively.

Remark 2.2.82. One can show that, if 3, B, 8 and ¢ are as in Proposition

2.2.80, then Resg((u))g (B) = ﬁ S @4 ([HKS0, proof of Theorem 3.13|). Thus,
v deD
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by Proposition 2.2.76, we have that

Resp? (8) = 1 > et (2.2.55)
R =
In particular,
D
B(1) = ’|O|(p(1). (2.2.56)

Therefore using Proposition 2.2.80 together with Remark 2.2.54 and 2.2.56, we
obtain from 2.2.54
Dg(1) = [W : Sp] B(1). (2.2.57)

Let x € R%(0) with 6 of the form 2.2.46.

Definition 2.2.83. If 5 is the irreducible character of Sy corresponding to x,
define the 4-tuple
T:=(\ a1, f) (2.2.58)

as the type of x. If 7 = (\, a1, a, B) and ¢ is the sign character of Sy = Sx o, .

as defined in 2.2.46, define the type dual to T as
=\ a1, ae, ef) (2.2.59)
Notation. We write 7(x) for the type of the principal series x and x, to

denote a principal series of a fixed type 7.

Proposition 2.2.84. If xy € R$(0) with 0 of the form 2.2.46, then x(1) only

depends on 7(x) = (A, a1, e, f).

Proof. By Proposition 2.2.79 and 2.2.80, it is sufficient to prove that Wy, and

the corresponding character 8 € A(u)™ only depend on 7. But the generating
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set I' of W, only depend on the triple (A, a1, ) for the proof of Proposition
2.2.69, hence W, too. Moreover, because of this fact, it follows from Remark
2.2.77 that the character f is invariant with respect to the type 7, so we are

done. O

Remark 2.2.85. Let x, be a principal series of § € TF such that 7 = (A, a1, ae, B)
with 8 € S) 01,0 = Sb-

If ae = 0, then Sy = Wg, by 2.2.49. Thus, D is the trivial group and 8 = ¢
where ¢ is as in Remark 2.2.81. Thus, specializing 2.2.54 at v = ¢, we have

that
1

. d
xr(1) = P5.(0) <Hl ij ()q)) P (5_1)) il’;(é? (2.2.60)

If ae # 0, then again by 2.2.49, Sg = gy x Wg,, so D = o and we have to
distinguish two different cases.

If Resaﬁsg (B) = ¢, then |C| = 2 and we obtain that

Po doo (@) d.
(1) == (H Py > P PZ%((qq; (2260

otherwise, we have again the formula 2.2.60 for the degree of x.

Remark 2.2.86. Since Poincaré polynomials of Coxeter groups are always monic,
as one can see from formulas 2.2.31, by 2.2.60, 2.2.61 and Remark 2.2.57 we
have that x-(1) = é fx, with f,_ € Z[q] monic and ¢,, € N.

Remark 2.2.87. For odd ¢ > 3, since G¥ = Sp (2n, [F,) is a perfect group, unless
n =1 and ¢ = 3, by previous Remark 2.2.86 and by looking at the table 4.1

below, we have that x-(1) is independent from ¢ if and only if X = Ig,2nF,)-

Finally, we have constructed the decomposition of the set R of principal
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series representations satisfying conditions 1 and 2 in pag. 44. Namely, we have

R=][R- (2.2.62)

where

R ={xeR|7(x)="7}. (2.2.63)

Remark 2.2.88. Let 61,05 € ﬁ of the same form 2.2.46. If y; and xo
are irreducible constituents of RE(f;) and R%(f) respectively such that

T(x1) = 7(x2) = (A, a1, ), then by Proposition 2.2.78 we have that
<X1aR%(01)>GF = <X27R%(02)>GF = /8(1)

Now let us give the following

Definition 2.2.89. For any possible type 7, define

_ 1Sp(2n,Fy)|

)= "0

(2.2.64)

Remark 2.2.90. Since |Sp(2n,F,)| is a monic integral polynomial in ¢, by
Remark 2.2.86, we get that H,(q) € Z[q].

Remark 2.2.91. If 7 = (A, a1, , ), combining Proposition 2.2.79 and 2.2.57
we have that ged(x-(1),q — 1) = 1, considering x,(1) as an element of Z|q].
Thus, since
2
Sp(2n, Fe)| = ¢" (¢ —1)" Ps,(q) (2.2.65)
we obtain that ﬁHT(q) € Zlq).

Proposition 2.2.92. For any possible type T, we have

H-(q¢7") = (-1)" H,(q). (2.2.66)
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Proof. Let 0 € TF of the form 2.2.46, T = (A, a1, e, B) with 8 € Sy. Then the
dual type 7/ of T is given by (\, aq, ae, €8) where € is the sign character of Sy.
If p € Irr(Wg,) as in Proposition 2.2.80, then the corresponding character of
W, to €8 is ep (abusing of notation, we denote the sign characters of Sp and

W, by the same symbol €). Using formula 2.2.53 and 2.2.65, we have

¢ (¢-1)" Pws, () |C]

H:(q) = (@

Thus we obtain that

H, q_1 =
(@) dy(q™t)
pass (1) @™ (a—=1)" Pwg, () |C]
~ e dep(q)
(-1"
= g (@)

and so we are done. O



Chapter 3

Geometry of /\/l%

Throughout this chapter, we consider a presentation of the symplectic group
different from 2.2.16 to make computations below simpler. So, if K is an

algebraically closed field, n a positive integer, then
G = Sp(2n,K) := {A € gl(2n,K) | A'JA = A}

with J = (_(}n Ig). In particular, the maximal torus 71" of the diagonal

symplectic matrices is given by

T = {diag(A1,..., A, AT ) [N €KY i=1,...,n}

3.1 Parabolic Sp,,-character varieties

3.1.1 Basic definitions and facts

Let ¢ > 0, n > 0 be integers. Let K be an algebraically closed field with

char (K) # 2, possessing a primitive m-th root of unity ¢, for which there

o4
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exist natural numbers myq, ..., m, such that ¢ ... ™ satisfy the following
non-equalities, for every disjoint sets of indices J and L, not simultaneously

empty, and every index i in [n]:

[T #]]e™

Jjed leL (3'1'1)
@2ﬂh'7é:L

Remark 3.1.1. Specializing 3.1.1 for J = {j} and L = {l} or J = {j,1}
and L = (), we have that ™ # ™ and @™ # ¢~ ™ respectively, so

MM T ™~ ™ have to be all different. In particular, m > n.

Remark 3.1.2. It is evident from the definition of the conditions 3.1.1 that the

elements of any subset of {¢™,..., ™"} satisfy 3.1.1 too.

Ezample 3.1.3. Let ¢ be a primitive (2" 4 1)-th root of unity, then the elements
©, 02, ... ,@2”71 satisfy 3.1.1. In fact, let J, L two disjoint sets in [n] not
simultaneously empty. It is evident that the second inequality in 3.1.1 is
trivially satisfied. Define k as the index such that 281 = max {25_1} and

seJNL
suppose that k£ € J. Then

D itz okl sy ol (3.1.2)

jeJ leL

Moreover,

n
Doty it =1 <2m 41 (3.1.3)
jeJ j=1

thus the second inequality in 3.1.1 must be satisfied, otherwise, because of 3.1.3,

S~ 2771 has to be equal to 3 271, contradicting 3.1.2.
jeT leL
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Definition 3.1.4. A diagonal symplectic matrix

Mn

f:diag(gpml,...,gp ,cpfml,...,gpfm") (3.1.4)

such that ¢™!, ..., @™ satisfy conditions 3.1.1 is said to be a generic element.

Remark 3.1.5. By Definition 3.1.4 and Remark 3.1.1, it is easy to see that in

particular, £ is a regular diagonal matrix of finite order.

Consider the following algebraic variety over K:

g
Uy, = {(Al,Bl,...,Ag,Bg> € Sp(2n, K)* | [ [ [4i: Bi] = 5} =9

i=1
(3.1.5)
where p : Sp(2n,K)2g — Sp(2n,K) is given by
g
p(A1, By,..., Ag, By) =[] [Ai: Bi] (3.1.6)
=1

and & is a generic element according to Definition 3.1.4. If n = 0, we will
assume that 45 = {x}. By Remark 3.1.5, the centralizer of ¢ in Sp(2n,K) is
the maximal torus 7" and acts by pointwise conjugation on ng:
o:T xUS — U
(3.1.7)
(Z,(A1,B1,..., Ag,By)) — (A7, BY,... A7, BY).
As the center of Z(G) = {£Is,} of G acts trivially, this action induces an

action

7:T/Z(G) x US — US.

Notation. Let X € US, Z € T. We write XZ instead of o(Z, X) or 5(Z, X).



CHAPTER 3. GEOMETRY OF M5 57

Moreover, we denote by T'x the stabilizer Stab,(X).
Consider the subgroup of the involution matrices in 7. This is given by the

following set
{diag(€1,... ,€n,€1,...,6,) |6 €{£1},i=1,...,n}.
Since it is isomorphic to py, we denote it in the same way. In the following, it

will be clear from the context which group we refer to by this symbol.

Proposition 3.1.6. Let X = (Ay,By,..., Ay, By) be an element ofug. Then

Tx € ps.

Proof. Let Z be an element of Tx. Then

ZA; = A Z,
(3.1.8)
ZB; =B, Z
for every i = 1,...,¢9. If Z ¢ p3, then Z has an eigenvalue « different from

+1. Permute the eigenvalues of Z in order to collect them in groups such that
all the elements in the same group are equal. By a further permutation, we
can assume that the first group of eigenvalues of Z is made by the a’s. This
is equivalent to the action of a permutation matrix 7 by conjugation on Z. It

follows from 3.1.8 that
ZTAT = ATZ™,
(3.1.9)
Z"Bl =Bj'Z"

foralli=1,...,g, and
el g9
[AT - BI] =[] 4 : B]" = ¢ (3.1.10)

1 i=1

()
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Now, by 3.1.9, we have that

AT = diag(A},...,Af)

BT :diag(Bg,...,Bf)

for every i = 1,..., g, where k is the number of different eigenvalues of Z and the
Aﬁ“s and Bzh are square matrices whose sizes are equal to the multiplicity of the
h-th eigenvalue of Z, h = 1,... k. From 3.1.10, writing £™ = diag(Dl, cees Dk),

it follows that

diag(ﬁ (A} B}],...,ﬁ {Af : Bf]) :diag(pl,,..,Dk).

1=1 i=1

As the determinant of a commutator is 1, the determinant of D"’s has to be 1
for every h = 1,...,k. In particular, det(Dl) = 1. But since o # a1, there
is a ¢™, for some j, that is an eigenvalue of D', but not ¢ =™, so det (Dl)
cannot be equal to 1, because ™!, ..., """ satisfy the inequalities 3.1.1, and

this is a contradiction. O

Definition 3.1.7. Fix a subgroup H of pj containing Z(G). Define the

following subsets of us:
U = {Xeug | H:TX} (3.1.11)

US = {X eu | B CTx}. (3.1.12)

Remark 3.1.8. It is evident from the previous Definition 3.1.7 that ﬁg g is an
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open subset of the closed affine variety Z/lfl ;- In particular,

(3.1.13)

is a stratification of L{E. Moreover, Z/{fZ 2G) = Z/{ﬁ, SO Z/{s 2(G) is an open subset

of U
Proposition 3.1.9. Zj{sH and UEH are stable under the action o of T

Proof. Let X = (Ay, By, ..., Ay, By) be an element of 4S ., and Z € H. Then

AiZ = ZA,,

B,Z = ZB;

foralli =1,...,g. It follows that, ifw € T, X €4S , if and only if X € U5 ...
But since T is abelian, H¥ = H so quH is T-stable. The proof for Z/le o is

completely analogous. ]

Remark 3.1.10. Let Z be an element of u5. Define
Uy = {Xeu§|XZ:X}.

Then, if Z(G) < H < pj, we have that

Uy=tgn| () Us (3.1.14)
Zeuy\H

where UL = US\Uy. 1f X = (A1, By,..., Ay, By) € US, for bk =1,...,2n
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and ¢ =1,...,g, define the following subsets
Aig = {X e US| AZ # Ai}
Biz={X cuf| B? £ B}
h,k
Ay = {X e U | (A7), # (A}
hk Z
B, = {X e us | (B; )h,k # (Bi)h,k}'
Then
2n
Aiz = U .4?5
h,k=1
2n
Biz = U Bf§
h,k=1
g
Ug = U (Aiz UB; z)
i=1

Thus if m = |pj \ H|, plugging 3.1.17 in 3.1.14, we obtain that

m
g
s “ R ook b
_ 1se-5tm 3R, Rm
unzH - U uil:"'vim;'s
hi,e.hm;
Kty km=1
11 4eeeytm =1
s=0
where
hl?"whm;kl?“'vkm . h7k h‘vk
Uiy s : N Az |0 N By
hE{hl,...,hs} hE{h5+1,...,hm}
ke{k1:~~~7ks} ke{ks+1:~~~7km}
iE{il,...,is}

iE{islev---vim}
Zeuy\H Zepi\H

60

(3.1.15)

(3.1.16)

(3.1.17)

(3.1.18)

(3.1.19)
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So we have constructed the finite open covering
{Uﬁf’lﬁzkl ook } (3.1.20)

of Z/N{s g+ 1t is easy to check that this open covering is made by affine T-stable

subsets.

Definition 3.1.11. A parabolic Sp(2n,K)-character variety of a closed Rie-

mann surface of genus g is the categorical quotient
T
ME :=US /)T = Spec <K [L{fl} > (3.1.21)
More generally, define the categorical quotient

T
MS = UE 1/ /T = Spec (K 4 4] ) (3.1.22)

Remark 3.1.12. Since H acts trivially on LIEH, we can define MfLH as the

categorical quotient Mg y// (T/H).

Proposition 3.1.13. MiH are geometric quotients for every Z(G) < H <

mn

K-

Proof. Since Mi 7 is a categorical quotient of an affine variety by the action
of an affine reductive algebraic group, it is a good quotient (for a definition
of a good quotient see [Hol2, Definition 2.36]), so by [Hol2, Corollary 2.39
ii)], it is sufficient to prove that all the orbits are closed. By 3.1.6, for every
X € Uy, dim(Tx) = 0. It follows, denoting the orbit of X by TX, that
dim(7X) = dim(7") from the Orbit-Stabiliser Theorem.

Now, suppose that there exists a non closed orbit. Then, by [Hu75, Propo-



CHAPTER 3. GEOMETRY OF M5 62

sition in 8.3], its boundary is not empty and it is a union of orbits of strictly
smaller dimension. But this contradicts the fact that all the orbits have the

same dimension. O

By Proposition 3.1.9, together with the properties of geometric quotients,

we can give the following

Definition 3.1.14. For every Z(G) < H < pjy, define the geometric quotient
s 748
M, g =Up y/T.

Remark 3.1.15. Since M,, is a geometric quotient because of Proposition 3.1.13,
it has the quotient topology, hence, by Proposition 3.1.9 and Remark 3.1.8,

Mfl  is a closed affine variety and val g is an open subset of it. In particular,

o
{Mn’H}Z(G)SHSHZ (3.1.23)

is a stratification of M3, and be, 2(6) is an open subset of the character variety
M.
Remark 3.1.16. As in Remark 3.1.12, we can realize /\7% g as the geometric

quotient of Z]fl ;7 by the free action of the affine algebraic group 7'/H.

Remark 3.1.17. Thanks to Remark 3.1.10, we get a finite open affine cover of

Mfl y given by

hiyeishmskt e km
M } (3.1.24)
where
hi,..c.hmik,.. km R hi,..o.hmikr,....km
Mil,...,im;s T uil,...,im;S /T <3125>

and ylmikieskm i qofined as in 3.1.19.

11500yim;8
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3.1.2 Regularity and dimension

Now we prove the following

Proposition 3.1.18. The variety Us is non singular and equidimenstonal. The

dimension of each connected component of Us is given by
dim(ug) = (29— 1)n(2n+1). (3.1.26)

Proof. We follow the strategy of [HRV08, Theorem 2.2.5], with slight vari-
ations. Assume that g > 0. It is enough to show that at a solution s =

(A1, By,..., Ay, By) € Sp(2n, K)?9 of the equation
[A1 : Bi]---[Ag: Byl =& (3.1.27)
the derivative of 1 on the tangent spaces
dps : To(Sp(2n, K))* — T(Sp(2n, K))

is surjective. So take (X1,Y1,...,X,,Yy) € Ts(Sp(2n, K))*. Then differentiate

L to get:
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d,us(Xl, Yl, N ,Xg, Yg) =

g
> [A1: Bl [Ais1 : Bia]XiBiA; By YAiy1 ¢ Bigal---[Ag ¢ By
=1
g
+Z [Ay : B1)---[Ai1 : Bisa)AYYi A7 B Ay« Biga) - [Ag : By
=1
g
- Z [Ay : B)---[Ai1 : Bia)AiBi AT XA B Ay« Biga) - [Ag ¢ By
=1

g
— Z [A1 : By)---[Ai1 : Bia)AiBi A7 B YiB  [Air : Biga) - +[Ay : Byl

(3.1.28)
and using 3.1.27, for each of the four terms, we get:
g
dps(X1, Y1, 0, Xg, Yg) = D il X0) + gi(Ya), (3.1.29)
i=1
where we define linear maps
gi = Tp,(Sp(2n,K)) — gl(2n,K)
by fi(X) :=
i—1 i—1
[104): Bl(XAT — ABiAT X B AT [T [Biy - Aijlé
j=1 j=1
and ¢;(Y) :=
i—1 i—1
H [AJ : B]](AZYBzilA;l — AlBZA;lB;lyAAZB;lA;l)H [Bifj . AZ,]}f
j=1 j=1

We claim that f; and g; take values in T¢(Sp(2n,K)). We will prove it only for
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fi, the proof for g; being completely analogous.
What we have to prove is that B = f;(X)¢~! is a Hamiltonian matrix for
every X € Ty, (Sp(2n,K)), i.e., B'J = —JB. Call

i—1

U= B

j=1

V=XA' - ABATIXB AT

Notice that, since A; and B; are symplectic for every j = 1,...,7 and
X € Ta,(Sp(2n,K)), U and U~! are symplectic. Moreover, the facts that
A;lX is hamiltonian and A;B; is symplectic imply that AiBiAleBflAgl
is hamiltonian and since X Ai_1 is hamiltonian, V and V' are hamiltonian too.

Then
B'J = (U viuts = (U ) vigu-!

—— (U Jvu'=—Juvut = -JB

that is our claim.

Assume that Z' € T¢(Sp(2n,K)) such that
Te(JZ' T dps (X1, Vi, ..., X, Yy)) = 0. (3.1.30)
By 3.1.29, this is equivalent to
Tr(JZ' T i(Xy)) = Te(JZ' T (V) = 0

for all ¢ and X; € Ta,(Sp(2n,K)), Y; € Tp,(Sp(2n,K)). We show by induction
on i that this implies that, if Z/ = £Z, with Z hamiltonian, C := JZJ!

commutes with A; and B;. Notice that C is hamiltonian. Assume we have
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already proved this for j < ¢ and calculate

0

Tr(JZ' T (X))

(C (XA = AiBAT ' XB7 AT

Tr
TI‘((Az_chZ — BzAZ_chsz) Az_le)

for all X; € T4,(Sp(2n,K)). Since Al-_lCAi — BiAi_lCAiBi and Ai_lXi are
hamiltonian, and Tr(,-) is a non degenerate symmetric bilinear form over

sp(2n, K), when char(K) # 2, C' commutes with A;B;A; ', Similarly we have

0="Tr(JZ' J  g:(V))

=Tr((B'A;'CA;B; — A7' B YA 'CA B AT B'Y;)

which implies that C' commutes with A;B; A;B;” 1A2-_ 1. Thus C' commutes with
g

A; and B;, hence with £ = [] [4; : B;]. It follows that
=1
C =diag(A1, -« s Any = A1y, —Ap)-

Arguing as in Proposition 3.1.6, we can prove by contradiction that C' = 0.
Thus there is no non-zero Z’ such that 3.1.30 holds for all X; and Y;. Since
w(A,B) = Tr(JAJ_lB) is symmetric non degenerate bilinear form over
T¢(Sp(2n,K)) when char(K) # 2, this implies that du is surjective at any
solution s of 3.1.27. Thus 4§ is non singular and equidimensional. Finally, we

see that the dimension of (each connected component of) Us is

dim(Sp(Qn, K)QQ) — dim(Sp(2n,K)) = (29 — 1) n (2n + 1)
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proving the second claim. O

Corollary 3.1.19. The dimension of (each connected component of) M6, is

equal to dy, := (29 —1)n(2n+1) — n.

Proof. By Proposition 3.1.6 and 3.1.13, we have that
dim (M) = dim (145 — dim(T)
so the claim easily follows from 3.1.26. O

3.2 Geometry of US,H

The goal of this section is to describe the geometry of the variety Z/IS  defined
in 3.1.12 for any Z(G) < H < pu3.

3.2.1 The Lemmas

Notation. If Z = diag(e1,...,en,€1,-..,6n) € py, then we denote Z by
diag?(e1,...,en). If ® € S,,, we call ® the corresponding symplectic permuta-

tion matrix too. If A € Sp(2n,K), we write ®(A) instead of A?.

Let H be a subgroup of u3/Z(G) of rank k, B a basis of H. Then
g = {Z,...,Zy}, where Zi,...,Z; are independent matrices, defined up
to a sign, such that —Is, ¢ span {Z, . ,Z} < py, whatever the choice of

representatives Zi,..., 2 of Z1,...,Z; is. It can be easily shown that there
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exists a permutation ® € S,, such that, for all h € [£],

al al Ao _ n
®(Zy) =diag?|1,... 1,71, 1,...1,...1,°1,..., 1 (3.2.1)

where a!' ™! = al, | + al, for any i € [2"1].

This permutation gives rise to the following family of unordered partitions

{(al-. al) }hew .

We will prove that these partitions are uniquely determined by the subgroup

of n:

H. In order to do this, we have to check the following facts about the set
h h .
() Y

1. It does not depend on the choice of the permutation ®.

2. It does not depend on the choice of the representatives of the elements of

the basis B

3. It does not depend on the choice of the basis g, once the representatives

of its elements are fixed.

Lemma 3.2.1. Let H < u3, g = {Z1,...,Z} a basis of H such that the
elements ofg are of the form 3.2.1. If X € Sy, such that \N(Zy,) = Zp, for all
2k
h € [k], then X € [] S,.
i=1 '

Proof. By induction on k = rk(H).
k = 1: In this case, A(Z1) = Z1, and since Z; is of the form 3.2.1, A €
Sa% X Sa%'
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k+— k+1: Let A € S, such that \(Z,) = Zp, forany h=1,...,k+ 1. In

particular \(Zy,) = Zj, for any h € [k]. By the inductive hypothesis,

2k
A= (A1, d) € [ Sar-
=1

Now, Zi,1 = diag?(W1, ..., Wyr), where

a5y a'g“?l
. —N— ——
W; =diag| 1,...,1,—1,...,—1

for i € [2¥] and A(Zg11) = Zp41. This implies that \;(W;) = W; hence, by the

case k=1, \; € Sak+1 X Sak+1, and this proves the lemma. O
2i—1 21

Notation. If A € S,, and g ={Zy,...,Z;} an ordered basis of a subspace H
of pg, then A(?) = (AN(Z1),... M Z).

Lemma 3.2.2. Let H < p3, g ={Z1,...,Z} an ordered basis of H and
A, €Sy such that A(g) and u(?) are of the form 3.2.1. Then A(E) =
u(B).
Proof. By induction on k.

k = 1: The assertion is true because a} and ad are equal to the number of
eigenvalues equal to 1 and —1 in Z; respectively.

k—k+1:If B = {Z1,...,Zk41} and A(?) and p(?) are of the form
3.2.1, then, by the inductive hypothesis, A\(Z;) = u(Z;) for any i € [k]. In other

words, if
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are the partitions of n determined by A and pu respectively, then a? = b? for
h € [k].

Now, (Aw™1)(u(Z;)) = M(Z;) = u(Z;) for any i € [k]. By Lemma 3.2.1, Au~! =
(a1,...,q9r) € ﬁl Suk- Write A(Zgy1) = diag?(Wi, ..., War), u(Zps1) =

)

diag?(V4, ..., Var), where

aéj——ll a’;jl
. ——
W; =diag| 1,...,1,-1,..., =11,
b3 o
. ————
Vi=diag| 1,...,1,—-1,...,—1

for i € [2¥]. We have that
M Zkt1) = (M) (1(Ziy)
= diag®(a1(V1), ..., agr (Vo)) = diag?(W1, ..., War).

It follows that the a;(V;)’s have the form 3.2.1, and by the case k = 1, a;(V;) =

V; for i € [2¥]. So V; = W for any i € [2¥] and this concludes the proof. [

Lemma 3.2.3. Let H < pu3 such that —I», ¢ H, B = {Z1,...,Z} an ordered

—
basis OfH, B = {Zl,. . .,ijl,—Zj,Zj+1,.. ,Zk} and

{(af;, . ,agh) }hem :
{685},

%
the partitions of n associated to ? and B’ respectively. Then for any h € [k],

(3.2.2)

there exists a permutation A, € Son such that b = aﬁh(i) for all i € [2"].
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Proof. First of all, notice that partitions 3.2.2 are uniquely determined by
Lemma 3.2.2. Let u € S, such that u(?) is of the form 3.2.1. Then the

%
matrices of ,LL(B’ ) assume the following form:

ah al ahh ah
1 2 2h—1 2h
. o —— ——
w(zZy) =diag?| 1,...,1,%1, ..., —1,...,1,...,1,~1,..., -1
for h # j and
a{ a% a;j—l a)
. 9 — —N—
w(Z;) = diag”| —1,...,—-1,1,...,1,...,—1,...,—1,1,...,1

, -1 1
Let A € S,, such that, for any [ € [27], if (Z al + 1) <s< > al, then
i=1 i=1

s+ a’ if [ is odd
)\(8) _ +1

s—a]_, ifliseven

(X is the permutation that exchanges pairwise the blocks of size agi_l, agi,
) —
i € [277Y). Tt is easy to check that A\u (B’) is of the form 3.2.1 and that the

desired permutations A\ are the following:

id ) if1<h<j-—1

Ah =4 2(20-1) [on—; ‘ ‘
I1 (H (i+l2h_3,i+(l+1)2h_ﬂ)> if j <h<k.
=0 =1
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%
Lemma 3.2.4. Let H and g like in Lemma 3.2.3, B' another ordered basis
_>
of H and consider the partitions of n as in 3.2.2 associated to g and B'.Then

for any h € [k], there exists a permutation A\, € Syn such that bl = a};h(i) for

all i € [2"].

Proof. First of all, let us give an explicit description of the action of an element
in GL(k,Z2) on an ordered basis of H: if A = (aij)ije[k] € GL(k,Z2) and
B =1{Z,..., 2}, then

-]

It is known that GL (k,Z2) is generated as a group by the matrices of the

JE[k]

form Iy + E; ;41 fori =1,...,k — 1, where E; ;11 is the (¢,7 4 1)-th elementary
matrix. Then, it is sufficient to prove the lemma only for the change of basis
given by these matrices. For simplicity, we will give the proof only in the case
where the change of basis is given by I}, 4+ F1 2, being the proof in the other

cases completely analogous. Therefore, the basis involved are

B=1{Z,. ... 7%},

%
B ={Z,2125,Zs, ..., Z} .

Let 1 € S, such that ,u(?) is of the form 3.2.1. Then

—
wW(Z12) = diag? [ 1,...,1,-1,...,—-1,—1,...,-1,1,...,1
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Let A € S, such that

5 if 1 <s<a?+ad}
A(s) = s+aj ifal+ad+1<s<a}+dad+a3

s — a% otherwise

%
(X is the permutation exchanging the blocks of size a3, a3). Then Ay (B’ ) is of

the form 3.2.1 and it turns out that al = b}, a} = bl and that, for h = 2,... k,

al if 1 <q<2h-l

h

bi=qal . if2h71 41 <i<2ht 402
al o, 204 2h 21 < <2

O]

Summaring up, Lemma 3.2.1 together with Lemma 3.2.2 prove 1, Lemma 3.2.3

proves 2 and Lemma 3.2.4 proves 3.

3.2.2 The Theorem

Finally, we are able to prove the following

Theorem 3.2.5. Let H be a subgroup of p3 containing Z(G). There exists a

unique set-partition {IL;};con) of IL={@™, ... @™} such that

2k
u = TIus® (3.2.3)
=1
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where

I;(§) == diag((fh,)hen,- ; (f{l)hem)
and a¥ = |TI;| for any i € [2¥].

Remark 3.2.6. For any i € [2¥], TI;(£) is a matrix uniquely determined by II;

©)

up the action of a permutation ¢ € Saf- So Ugi is uniquely determined up

to isomorphism induced by such a .

Proof of Theorem 3.2.5. Notice that for i € [2¥], the eigenvalues of II;(€)
satisfy 3.1.1 because of Remark 3.1.2, so Ugi(g) is well defined. Let X =
(A1, Bi,..., Ay, By) € US, B = {Z1,..., 24} an ordered basis of H/Z(G).
Then X € U ,; if and only if, for i € [g] and j € [k],

AZ‘ZJ‘ = Zin,

(3.2.4)
BiZ; = Z;B;.

Applying a permutation ® such that ‘ID(E) is of the form 3.2.1 to equations

3.2.4, we have, for i € [¢] and j € [K],

(A4;)®(Z)) = (Z;)®(Ai),

(Bi)®(Z;) = ©(Z;)®(B;)
For any i € [g], it can be easily shown that

Al A2 Bl B2
A= " |, eB@)=| " '
A3 A} B} B}
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where
AS = diag(Cil, N 22’“)’
B] = diag(Dj,, ... D}y
and C7,, D}, are square matrices of size ai for any s = 1,...,4, h € [2¥].

Since the ®(A;)’s and the ®(B;)’s are symplectic matrices, we have for i € [g],

h € [2F]

(3.2.5)

ap,

Moreover, ® determines a partition of {Hi}z‘epk] of II, with a¥ = |II;|, and

() = diag<(fh)henl A v(fh)heHQk ’ (5}:1>heH1 AR (gf:l)heﬂ2k)'

Now, let A € Sy, such that

2a{ 2a% 2a;j,1 2“;]'
—— —— —N———
(\®)(Z) = diag| T,....1,°1,...,-1,....1, .. 1,%1,... 1

for all j € [k], and A does not move any element in any of the blocks of size ail.

Then
(A@)(4;) = diag(C1....,CF"),

(\®)(B;) = diag (D}, o DE’“)



CHAPTER 3. GEOMETRY OF M5 76

where
cl 2
h h
Cz'h _ i i ’ Dlh _
3 4 3 4
Ci,h Ci,h Di,h Di,h

1 2
D;, Dj,

for h € [2¥], i € [g], so the C!’s and the D’s are symplectic by 3.2.5, and

(A®)(&) = diag(I1(S), - - -, Har (£))-

2k

It follows that there is an isomorphism between Z/IS g and ] Z/lgf(g) given by
' i=1
2k
Y = 1;(€)
foly g — Uaf
i=1 (3.2.6)

(A1,B1,..., Ay, By) — ((Cil,Dil)ing . <C'12’c D?k)i:1 g)

induced by the permutation \®.
If we choose a different ®' such that @’(?) is of the form 3.2.1, then by

Lemma 3.2.1, ®71®' = (ay,...,aq) € 12_1 Sgr- Therefore, @’ induces the same
i=

partition {I;};c ok of Il and by 3.2.6 we are done. If E? is a different basis of

H/Z(G), by the proofs of Lemma 3.2.3 and 3.2.4, we have that if @’(?) is of

the form 3.2.1, ®" € S,,, then &' = u®, where pu € S,, permutes the blocks of

size al. It follows that ® induces the same partition {IL;};cpor) of II and we

are done again. O



Chapter 4
E-polynomial of /\/l% /C

4.1 Mixed Hodge structures

Motivated by the (then still unproven) Weil Conjectures and Grothendieck’s
“yoga of weights”, which drew cohomological conclusions about complex varieties
from the truth of those conjectures, Deligne in [De71] and [De74] proved the
existence of mized Hodge structures on the cohomology of a complex algebraic

variety.

Proposition 4.1.1. (|De71], [De74]). Let X be a complex algebraic variety.

For each j there is an increasing weight filtration
0=W_1 CWyC - C Wy = H(X,Q) (4.1.1)
and a decreasing Hodge filtration

HI(X,C)=F°>F'D>...OF" D> F™tl = (4.1.2)

77
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such that the filtration induced by F on the complexification of the graded pieces
Ger := Wi /W1 of the weight filtration endows every graded piece with a pure

Hodge structure of weight 1, or equivalently, for every 0 < p <1, we have
Grl"" = FrarlV" @ FlrtlGrV” (4.1.3)

Remark 4.1.2. This mixed Hodge structure of X respects most operations in
cohomology, like maps f* : H*(Y,Q) — H*(X,Q) induced by a morphism of
varieties f : X — Y, maps induced by field automorphisms o € Aut (C/Q),

the Kiinneth isomorphism
H (X xY,Q) =2 H"(X,Q) ® H(Y,Q), (4.1.4)

cup products, etc.

Using Deligne’s construction |De74, 8.3.8| of mixed Hodge structure on
relative cohomology, one can define (|[DK86]) a well-behaved mixed Hodge
structure on compactly supported cohomology H}(X,Q), compatible with

Poincaré duality for smooth connected X (see also [PS08]).

Definition 4.1.3. Define the compactly supported mixed Hodge numbers by
WP (X) = dime <Gr GV HI(X, C)) (4.1.5)
Form the compactly supported mized Hodge polynomial:

He(X;a,y,t) = Y B9 (X)aPytt/ (4.1.6)
j i}
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and the E-polynomial of X:
E(X;z,y) = H(X;z,y,—1). (4.1.7)

Remark 4.1.4. The E-polynomial of an algebraic variety X is an algebraic
invariant, as well as mixed Hodge structures and their compactly supported

counterpart.

Remark 4.1.5. By definition, we can deduce the following properties of the

E-polynomial F(X;z,y) of an algebraic variety X:
e E(X;1,1) = x(X), the Euler characteristic of X.

e The total degree of E(X;x,y) is twice the dimension of X as a complex

algebraic variety.

e The coefficient of z™(X)ydim(X) in B(X: 2, 1) is the number of the highest

dimensional connected components of the variety X.

Remark 4.1.6. If {Zi}izl,...,n is a stratification of an algebraic variety X, i.e., a

finite partition of X into the locally closed subsets Z;, then

E(X;z,y) = > E(Ziz,y) (4.1.8)
=1

that is, the E-polynomial is additive with respect to stratifications.

4.2 Spreading out and Katz’s theorem

Sometimes, the F-polynomial could be calculated using arithmetic algebraic

geometry. The setup is the following.
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Definition 4.2.1. Let X be a complex algebraic variety, R a finitely generated
Z-algebra, ¢ : R — C a fixed embedding. We say that a separated scheme X/R

is a spreading out of X if its extension of scalars Xy is isomorphic to X.

Definition 4.2.2. Suppose that a complex algebraic variety X has a spreading
out X such that for every ring homomorphism ¢ : R — [F,, the number of
points of X, (IF,) is given by Px (¢) for some fixed Px(t) € Z[t]. We say that

X is a polynomial count variety and that Px is the counting polynomial.
Then we have the following fundamental result:

Theorem 4.2.3. ([HRV08, Katz (2.18)]). Let X be a variety over C. Assume
X is polynomial count with counting polynomial Px(t) € Z[t], then the E-

polynomial of X is given by E(X;z,y) = Px(zy).

In this case, and more generally, when the E-polynomial only depends on

xy, we write

E(X;q) = E(X;v/q,Vq)-

Remark 4.2.4. By 4.1.5, for a variety X whose E-polynomial is given by Px(q),
the Euler characteristic of X is equal to Px (1), while the leading coefficient of

Px(q) is the number of highest dimensional connected components of X.

Remark 4.2.5. Informally, Katz’s theorem says that if we can count the number
of solutions of the equations defining our variety over I, and this number turns
out to be some universal polynomial in ¢, then this polynomial determines the

FE-polynomial of the variety.

Ezample 4.2.6. Let X = C*. A spreading out of X over Z is given by X = Z*.

Clearly, there is only one possible ring homomorphism ¢ : Z — F,, and trivially
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1%y (Fg)| = ‘qu| = ¢ — 1. Thus C* is a polynomial count variety and by Katz
theorem 4.2.3, E(C*;q) = q— 1.

Actually, generally we do not need to perform the computation of the
rational points of an algebraic variety over all possible finite fields in order to
apply Theorem 4.2.3. In fact, one can restrict the computations via a suitable
choice of the finitely generated Z-algebra which a spreading out of the variety
X is defined over. We list some examples to explain this situation in more

detail.

Example 4.2.7. (|JHRV08, Example 2.1.10]). Fix a non-zero integer m € Z and
let us consider the complex algebraic variety X C C? defined by the following
equation:

Ty =m. (4.2.1)

A possible spreading out of X is the scheme X over Z determined by the
equation 4.2.1. The extension of scalar X, determined by a ring homomorphism
Y : Z — F, is given by the same equation 4.2.1 now viewed over F,. It is easy
to count solutions to 4.2.1. Let p be the characteristic of F, (so that ¢ is a

power of p). Then

2¢—1 ifp|m
Xy (Fq)| =
q—1 otherwise.

Therefore X does not admit an universal polynomial in g counting the number
of its Fg-points with this choice of a spreading out. But if we consider the
spreading out X over Z[%], then we eliminate the primes dividing m and

find that in all cases |X(Fq)| = ¢ — 1, hence X has polynomial count and by
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Theorem 4.2.3, E(X;q) = ¢ — 1 This is consistent with the fact that X = C*

using Remark 4.1.4.

Ezample 4.2.8. ([Merl5, Example 2.4]). Let us take the affine curve
C={(z,y) € C*| 22° + 3y* =5}

We want a scheme X defined by the same equation over a finitely generated
Z-algebra. It is easy to check that |C(F,)| = p — (%) for p > 5 prime,
where (?) is the Legendre symbol, and that |C(F3)| = 2, |C(F3)| = 6 and
|C(F5)] = 9. To have a polynomial count for C, we need to exclude some
primes. To get rid of 2, 3 and 5, we consider the scheme X over Z[%], ending
up with a quasi-polynomial, since the term (%) is periodic. To satisfy the
hypotheses of Theorem 4.2.3, we still have to exclude all primes p such that
—6 is a quadratic non-residue modulo p. This can be accomplished by adding
v/—6 to the base ring. The scheme X/Z[%, \/—76} is a spreading out for C

with polynomial count Po(p) = p — 1. By Katz'’s result, the E-polynomial of

Cis E(C;z,y) = xy — 1. Again, this agrees with the fact that C' = C*.

4.3 Computation of the F-polynomial of M¢/C

In this section, we compute the E-polynomial of M, /C, where £ is a generic
element of the form 3.1.4 with ¢ a primitive m-th root of unity. By using the

stratification 3.1.23 of M%/(C and Remark 4.1.6, we have that

Proposition 4.3.1. The E-polynomial of M%/(C satisfies

E(M%/C;x,y) = Z E(ﬂiH/C,x,y) (4.3.1)

Z(G)<H<u}
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So we reduce to compute the E-polynomial of the stratum /Wi g for any
Z(G) < H < py. Inorder to do this, we prove that each stratum has polynomial
counting function over finite fields possessing a primitive 2m-th root of unity.
Then by Theorem 4.2.3, this function will be the E-polynomial of the stratum.

But firstly, we need to find a suitable spreading out schemes of the strata.

Notation. Throughout this chapter, we denote by ( a primitive 2m-th root of

unity.

4.3.1 Spreading out of MiH/(C

Define the following finitely generated Z-algebra:

Ri=7 [g, 1] (4.3.2)

2m

Then we have

Proposition 4.3.2. For all Z(G) < H < py, the variety /WiH/C admits a

spreading out scheme over R.

Proof. From the definition 3.1.12 of Zjﬁ g it is clear that it can be viewed as a
subscheme X of Sp(2n, R)29 and we can do the same thing for the open T-

stable affine piece Z/{gl"”fh’";kl"“’km defined as in 3.1.19, calling %Zli"".hm;kl""’km

yeeytmS yeertmS
the corresponding subscheme over R for any possibile values of the indices. Let

hi,..hmik,. o km

U15eeim;S

of Z/NliH/C and L{Zzl""’hm;kl""’k’"/c respectively.

yeeytmS

p: R — C be an embedding, then Xy and X are spreading out

On the other hand, the group scheme T'(R), defined as the centralizer

of £ in Sp(2n, R), acts on Xy and g hmiky,km by conjugation, so using

11 50sim3S

Seshadri’s extension of geometric invariant theory quotients for schemes (see
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[Se77]), remembering Proposition 3.1.13, we can take the geometric quotient
Do :=Xp/T(R) (4.3.3)

and we can define the affine schemes

11yeesimS 115--,%m;S

@h177hmakl7akm = Spec <R |:%h17yhmyk1,,k'm:| T(R)>

over R for any possible choice of the indices. Then {thl""’.hm;kl""’km} is an

U1yeensimsS
open cover of affine subschemes of Q) z. Because p : R — C is a flat morphism,

hiyeshmikisec km

P is a spreading out scheme of the
1yee3Tm;S

[Se77, Lemma 2| implies that 2)

complex variety ./\/l?l1 e mik e Kom

yeenstmS

as defined in 3.1.24 for any possible choice of
the indices, so Qg is a spreading out of vaL 17/ C because of the local nature

of fibered product for schemes. O

4.3.2 The number of F,-points of ./K/lvle

Let g be a power of a prime p > 3 . From now on, let us assume that F,
contains a primitive 2m-th root of unity ¢ such that ¢? satisfies conditions 3.1.1.

In particular

q=1 (4.3.4)

For any Z(G) < H < py, define
NS 1rla) =[S 1 (Fy)| (4.3.5)
NS ylg) = qu,H(Fq)" (4.3.6)

These quantities are the number of rational points of Z/lel 7/Fq and L{S u/Fq
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respectively. When H = Z(G), we simply write NS(q) and NS(q). From 3.1.11

and 3.1.12, it is easy to see that

Ny = > Niglq (4.3.7)
H<S< g
hence by applying the Mobius inversion formula 2.1.9 in the poset of subgroups

of puy, we have

Nip@= 3 u(HS)NSs(q). (4.3.8)
H<S<py

Here, the Mobius function p is that one in 2.1.11 once replaced ¢ with 2, so for

H < S < pj, we have

rk(S)frk(H))

W(H, S) = (—1)E -k o (7 (4.3.9)

By Theorem 3.2.5, if Z(G) < S < p3, there exists a unique partition {Hi}z‘e[Qrk(S)]

of IT = {™,...,¢"} such that

ork(S)
II;
N 5(q H N rkgg (4.3.10)
where a?k(s) = |II;| and II;(£) is a generic element in the sense of Definition

3.1.4 for any i € 2°5(9), Plugging 4.3.9 and 4.3.10 into 4.3.8, we obtain

2rk(S)

rk (S)— rk
H N rk(s) (4.3.11)

Nialo) = 3 (-l

H<S<py

Define
(4.3.12)
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and
Ni(q)
ES(q) := - 4.3.13
@ (¢—1) ( )
Plugging 4.3.11 into 4.3.13, we obtain
53 rk(S)—rk(H) (rk(S)—rk(H)) 2 I, (€)
Ergl@)= Y (1) A ENS@)  (43.14)
H<S<pl i=1

Now, we make this fundamental assumption:

Claim 4.3.3. For any k € N such that k < n and for any possible choice of a

generic element &, Eg(q) 18 a polynomial in q with integral coefficients.
Then, we are able to prove the following

Theorem 4.3.4. Assume that Claim 4.5.3 is true. Then for any Z(G) < H <

uy, the variety MVELH/(C has polynomial count and its E-polynomial satisfies
B(M 1/Ciq) = ES 4y (0) (4.3.15)

Proof. Let us take the spreading out Xy over the algebra R defined in 4.3.2 of

Zjﬁy 7/ C considered in Proposition 4.3.2. For every homomorphism
¢p:R—T, (4.3.16)

the image ¢(() is a primitive 2m-root of unity in F,, because the identity

guarantees that 1 — ¢ is a unit in R for i = 1,...,2m — 1, and therefore
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cannot be zero in the image. Moreover, since 3 is invertible in R, its image
in F; cannot be zero too. Hence the number of rational points of the scheme
X ,4(Fq) obtained from X by the extension of scalars in 4.3.16 is given by
1% 81,6(Fg)| = Nj r(a).

Now take an [Fg-point of the scheme 2)p 4 obtained from the spreading
out Pp of /W%H/C defined in 4.3.3 by the extension of scalars in 4.3.16. By
[Ka80, Lemma 3.2], the fiber over it in X 4(F4) is non empty and an orbit of
(I'/H)(IF4) and one can easily show that (T//H)(IFq) acts freely on Xg 4(Fy).
Consequently

_ 1xme(Fy)l _ Nine)

| _
R G718 B PR L (43.17)

Thus by 4.4.2, the assumption on the validity of Claim 4.3.3 tells us that

Mfl ;/C has polynomial count. Now the theorem follows Theorem 4.2.3. [

Remark 4.3.5. Notice that in the second equality in 4.3.17, we used the fact

that |(T/H)(F,)| = (¢ —1)". This depends on the finiteness of the group H.

Corollary 4.3.6. If Claim 4.3.3 is true, then the E-polynomial of M%/(C
satisfies

E(Mg/c; q) — E&(q). (4.3.18)

Proof. Specializing 4.3.7 at H = Z(G), we have

Ni(g)= > NSsla). (4.3.19)
2(G)<5<uy
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Thus plugging 4.3.15 into 4.3.1, we obtain

3.1 — ¢
(q _ 1)n - (q _ 1)11 - En(Q)

~¢ c
E(M%/C; q) — Z Nn,S(q)4.3.19 Ni(q)

Z(G)<S<pu}
and we are done. O

So we reduce to prove Claim 4.3.3. Since by definition
g
Né(q) = H(Al,Bl,...,Ag,Bg) € Sp(2n,F)* | [] [4i : Bi] = g}‘
i=1

then by Frobenius formula 2.2.5 we have that

()= — 1+ 1Sp(2n, Fg)[\ ™!
Ei0) = Xehr(g%:@ﬂq))( D) ) NG (4.3.20)

4.3.3 The case n=1

In this case we are dealing with parabolic character varieties defined over

Sp(2,C) = SL(2,C). Thus a generic element is of the form

e=(7.0) (4.3.21)

where ¢ a primitive m-th root of unity with m > 2. We denote in the same
way its counterpart over finite fields.

We can use the well known character table of SL(2,F,) to compute E$(q).
This can be found for instance in [DM91, pag.157|. From there, one can see

that if x € Irr(SL(2,F,)) then:

X(§) = 0 unless x is a principal series of SL(2,F,).
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Thus we can restrict the range of the summation 4.3.20 to the set R of the

principal series of SL(2,F,). Let us extract the information that we need from

the character table and collect them in the following table:

Table 4.1: Principal series table of SL(2,F,).

classes I £
RE(0)
0 € F} g+1| "+ F
0~k keq@
=T
X& e I G
lgr 1 1
StGF q 1

where G denote SL(2,F,) and @ is as in Proposition 2.2.64:3. Since

G"=q(g—1)(¢g+1)

(4.3.22)

plugging the values of the table 4.1 and 4.3.22 in 4.3.20 for n = 1, the character

sum 4.3.20 becomes:

E$(q) =

(¢—1)

(4.3.23)

where different lines match the corresponding rows in the table 4.1. Collecting
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terms of the same degree and simplifying the sums, 4.3.23 reduces to

gy L CNE 929 1) 2 \29-1
B0 = | (F0 @9 -1) -
(4.3.24)
@0
and finally to the quasi-polynomial:
Ei(q) = ((—1)%1 (2% —1) — 1) q(¢>— )"
(4.3.25)
@+ D) (=) (Pt a) (- a)
which for ¢ = 1 becomes:
ES()=(2% ~2)q(* — )™ "+ (g+ 1) (¢*— 1)
0= 240 A

2g—2
+(+a) (@ —a)7 .
Thus Claim 4.3.3 is proved in this case, so we have that Ef(q) as in 4.3.26 is
the E-polynomial of M /C.

Remark 4.3.7. 1t turns out that the E-polynomial of Mﬁ/@ does not depend

on the choice of the generic element €. So we write E;(q) instead of Ef(q)

Remark 4.3.8. If merely ¢ = 1, then we only get the quasi-polynomial 4.3.25.
m

This motivates the requirement 4.3.4.

Remark 4.3.9. We see that the coefficient of the leading term of the F-polynomial
found in 4.3.26 is attained at the trivial character of SL(2,FF,) and it is equal
to 1. So E(Mf/(c; q) is monic of degree 6g — 4 and since by Corollary 3.1.19
M§ /C is equidimensional, the principal coefficient of the E-polynomial counts

the number of the connected components of M? /C by Remark 4.2.4, so the
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character variety /\/ﬁ /C is connected.

Remark 4.3.10. It is easy to see that the F-polynomial E(M%/(C; q) = F1(q)
is palindromic, i.e., it does not change when its coefficients are reversed. Being
palindromic for a polynomial P € Z[q] means that P(q) = ¢9°® PP(q_l). In
our case, the polynomial E;(gq) has degree 6g — 4, as we have already noticed,

and verifies:
E (q—l) _ (229 . 2) q—l (q—2 . q—1)29*2

g ) (2 -1 (43.27)
+ (q—z +q—1) (q—3 _ q—1)29—2_

multiplying both sides of 4.3.27 by ¢%9—4

B = (27 2)a(d (¢ —a))

+(g+1) (P (P =g )*
= (2 -2)q(@® -0

(@ +0) (@ ~0)

+(g+1) (#-1)""

whose right-hand side is F1(q).

Remark 4.3.11. The Euler characteristic of ./\/l§ /C is calculated evaluating at
g = 1 the polynomial E;(q) = E(M?/(C; q). When g > 1, we can isolate in
E1(q) a factor equal to (¢ — 1)*72%, so Ey(1) = 0. When g = 1, Ey(q) assumes

the following form:

EBS(q)=2q+q+1+¢@+q=¢+4q+1
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so in this case
Ef(1)= ¢’ +4q+1| _, =1+4+1=6.

Remark 4.3.12. The resulting E-polynomial E(M%/(C; q) = F1(q) agrees with

the one computed in [MM15, Theorem 2| for any generic &.

4.3.4 The case n=2

In this case we are dealing with parabolic character varieties defined over

Sp(4,C). Thus a generic element is of the form

P
m2
£= ( R > (4.3.28)
P

where @ is a primitive m-th root of unity for some sufficiently large natural m

and mj and my satisfy the following conditions

™, M2 # —1
mq 75 :I:m1
(4.3.29)
mo # tmy

my # tms.

Again, we denote in the same way its counterpart in finite fields. We can use
the known character table of Sp(2,FF,) computed in [Sr68] to calculate Eg (q).

From there, one can see as in the previous case that if x € Irr(Sp(4,F,)) then:

x(&§) = 0 unless x is a principal series of Sp(4,F,).
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Thus we can restrict again the range of the summation 4.3.20 to the set R of
the principal series of Sp(4,F,). Extracting the information that we need in the
character table of Sp(4,F,), keeping the same notation in [Sr68|, we construct

the following table:
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Table 4.2: Principal series table of Sp(4,F,).

classes I ¢
X3(k7 l)
(q + 1)2 (q2 + 1) Oy kOmgl T Qg kOt 1
kE,le@; k<l
xs(k)
(q + 1) (q2 + 1) A kQmok
ke@
X9 (k)
q (q + 1) (q2 + 1) A kOmsk
keq@
&3(k)
(q + 1) (q2 + 1) Amy k + Aok
keq
& (k)
q (q + 1) (q2 + 1) Ok + Ok
ke
a1 (k), & (k)
3 (@+1) (g +1)? | (D) amn + (—1)2am
keq@
5, B s(@+1)@+1) (D" + (=1
b7, g 30 (@+1)(g+1) (D" + (-1)"
@9 q (q2 + 1) 2 (_1)t1+t2
017 92 %qQ (q2 + 1) (_1)t1+t2
037 94 % (q2 4 1) (_1)t1+t2
0 1q(g+1)? 2
011,012 1q(*+1) 1
StGF q4 1
1lgr 1 1

94

where @ is again as in Proposition 2.2.64:3, G¥' = Sp(4,F,), t; := mi% for
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i=1,2, ag, := ¢** + o7 for k € Q and s € {m1, ma}. Since
Gl =q¢" (¢ +1) (g - 1)* (¢ + 1) (4.3.30)

plugging the values of the table 4.2 and 4.3.30 in 4.3.20 for n = 2, the character
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sum 4.3.20 becomes:

k=1
kAl
q;B
2 2g—1
+ Z Omy kOmok <q4 (q + 1) ((] - 1)2>
k=1
q=3

2g—1
+ D Qg kO (Cf’ (¢+1)(q— 1)2)
k=1
q=3

+ ) (ke + sk <q4 (¢+1)(qg— 1)2)2g_1
k=1

£ 3 @it o) (g + 1) (g - 1)
k=1
+ i 929 ((—l)tl ik + (_1)t2 aka) (q4 (q . 1)2>29—1
k=1
F2(()" + (-1 (¢ g+ 1) g - 1?)
+220 ()" 4 (-)%) (@ g+ D g 17)
) (_1)t1+t2 (qs (q+ 1)2 (q— 1)2)2g—1
2g—1

+2% (<) (2 (g + 1) (g - 1)?)
+2% (—1)" (g (g + 1) (g - 1)?)
+2% (¢ (¢ +1) (g - 1)2>29_1
1290 (@1 - 12"
(@) @+ @ 17)"

(ot @ +1) @- 12 a+ 1>2)29‘1]

2g—1

(4.3.31)
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where different lines match the corresponding rows in the table 4.2. Define
-1
am =1+ (—1)(17. Collecting terms of the same degree and simplifying the

sums, 4.3.31 reduces to

1
(¢ —1)°

Bila) = [am (4= 22 (- + (-1™) (¢ (g - 1%) "

F (D" + (1%) ~day) (¢ @+ D g 17)"

+ (22((=1)" + (-1)") —dan) (¢ (g +1) (- 1)?)
£ @042 (P g+ 0 @ - 1?)
P20 (2 + )P (g 1)
+22(=1)"*2 (g (g +1)* (g - 1)?)
+2% (¢ (¢ +1) (a - 1)2)29_1

+ (@ +1) 0+ D2 (g - 1)

(o' @+ 1) -0 g+ 1)2)2“]

2g—1

2g—1

2g—1

(4.3.32)
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and finally to the quasi-polynomial:

B3(q) = [m (4= 2% ((-1)" + (—1)"2)) g™

F ()" 4 (1)~ da) (o (g + 1)

+(22((-1)" + (=1)%) = dam) (¢* (¢ + 1)
£ @2 ()
F20) e (2 g 1)

+22%9(—1)htt (q4 (a+ 1)2)
+2% (¢* (¢ +1))

+ (@ +1) (a+ 1)2>2g_1

+ (q4 (¢ +1) (g+ 1)2)29_1] (¢— 1"

(4.3.33)

2g—1
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which for ¢ = 1 becomes:
2m

E5(q) = [ (8 —2%%2) (¢*) 29— 1

(229+1 8) -1

(229+1 8)

(a* (g +1))*
(¢* @+ 1)

+ (22 42) (¢ (g +1)°) o
+2% (¢ (g + 1)2)29_1 (4.3.34)
+ 2% (q4 (q+ 1)2>29_1
+2% (¢ (¢ +1))*
+((@®+1) (a+ 1)2>29_1

2g—1 _
+ (a* (@+1) (a+1)) ] (q— 1
Thus Claim 4.3.3 is proved in this case too, also thanks to what we proved

for the case n = 1, so we have that Eg(q) as in 4.3.34 is the F-polynomial of
MS/C.

Remark 4.3.13. As in the case n = 1, we have that

1. E-polynomial of Mg /C does not depend on the choice of the generic

element £. So we write Es(q) instead of ES (q).
2. If merely ¢ = 1, then we only get the quasi-polynomial 4.3.33.
m

3. E(Mg/@; q) is monic of degree 10 (2¢g — 1) — 2 and since by Corollary

3.1.19 M§ /C is equidimensional, the character variety Mg /C is connected.

Remark 4.3.14. The E-polynomial E(Mg/@; q) = E>5(q) is palindromic. Es(q)



CHAPTER 4. E-POLYNOMIAL OF M?V/(C 100

has degree 10 (29 — 1) — 2 = 20g — 12, as we have already noticed, and verifies:

Ey (q_l) = [(8 _ 229+2) (q—4)29—1

(22g+1 8)( ( ))2g 1

(22g+1 8)( ( _1+1))29 1

+ (2% +2) (q 2)29 '
+2% (q‘2 (¢ +1)° (4.3.35)
4 929 (q4 (q_l n 1)2)29—1
+2% (g3 (¢ + 1))29_1

+ ((q‘2 +1) (¢ + 1)2)
+ (q—4 (q—2 i 1) (q—l I 1)2)291] (q_l B 1)4g—4

2g—1
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multiplying both sides of 4.3.27 by ¢!0(29-1)—2

q20g—12E2 (q—l) _ [ (8 - 22g+2) (q8q74)2g—1

+ (22g+1 _ 8) (qsq—3 (q—1 + 1) 29-1

(g =1) g) ! (4.3.36)
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whose right-hand side is E2(q).

Remark 4.3.15. The Euler characteristic of /\/lg /C is equal to Ea(1). In formula

4g—4

4.3.34, we put in evidence a factor equal to (¢ —1) , 80 when g > 1,

E5(1) =0. When g = 1, E5(q) assumes the following form:

Es(q) = —8¢" +6¢° (g +1)° +4¢* (¢ + 1)* + 4¢* (¢ + 1)

48 (P + D)+ (P + D) (e + 1)+ ¢ (P +1) (¢ + 1)
so in this case

By(1) = —8¢"* +6¢> (¢ +1)° +4¢* (¢ + 1)* + 4¢* (¢ + 1)°

q=1

+4¢° (@ +1) + (#+1) (¢ + 1) +¢* (¢ + 1) (¢ + 1)°

g=1

=—-8+244164+16+8+8+8="72.

4.3.5 The general case

The computation of the formula 4.3.20 requires to evaluate the irreducible
characters of G¥" = Sp(2n, F,) at the generic element &. In order to do this, we

recall the following

Proposition 4.3.16. ([DL76, (7.6.2)]). Let s € G be a reqular diagonal
element, x € Irr(GF), TF the maximal torus of diagonal symplectic matrices.

Then
x(s) = Z 9(5_1)<Rg (9) ’X>GF' (4.3.37)

9eTF
Thus since £ is a regular semisimple matrix, the range of the summation in
4.3.20 restricts to the set of the principal series R of G and by Proposition

2.2.84, we can collect principal series according to the type 7, so combining
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with 2.2.64, we obtain that

where

Cr = XT(E)‘
T(xX)=T

Our next task is to compute C,; we will find that it is an integer constant
for any type 7. In particular, since the number of all possible types does not
depend on ¢, by Remark 2.2.91 this will show that Eg(q) € Z|q], proving Claim
4.3.3.

We refer to the notations used in 2.2.5. If 7 = (A, a1, ae, ), with ¢ = |)[,
l:=1()), and B € Irr(Sy o, a. ), then combining Remark 2.2.63 and Proposition

2.2.78 in formula 4.3.37 we have

2 B

wGWB

x(€) =

|S>\ 0617065

where 0 € J/’} is of the form 2.2.46. Define, for i =1,...,n and k € @,

—kmi

Then, after some little algebra, we obtain the following expression for C.:

!
nlB(1)
Cr = l > | I 1T . (4.3.38)
[Tmi(ETT Ailenlae! kukie@ \j=1s€l;
i i=1 ksiff
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!
where 7 := [[ I; is the partition of [c] such that
j=1

j-1 i
I = {ZA+1Z)\}
i=1 =1

forany j=1,...,0. If

l(o)
o= H I]" e Il
j=1

let us consider the sets ¥, and ¥/ as in 2.1.12, replacing [z] with @, and define

l(o)
U(o) := Z H H Vn(12)ms (4.3.39)

heX, \j=1 sEIJ’-

l(o)

o) :=> (]I V(1) (4.3.40)

hex, \J=lsel]
It is evident that

C, = nif(1) ®(r) (4.3.41)

- !
[T (M) T Ailelag!
i i=1

and that U(7m) = Y ®(0). By Mdbius inversion formula 2.1.9 applied on the
=0
poset of set-partitions of [¢], we have

o(r) = plm, 0)¥(o). (4.3.42)

=0

Interchanging sum and product in 4.3.39, we get
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with

Aj = Z H Yeems

keQ SGI;

Since ™1, ... "™ satisfy 3.1.1, together with Remark 3.1.2 we deduce that

2*j
I vem. =D _¢r (4.3.43)
SGIJ’- i=1

where X = |I7| and ¢;’s are primitive k;-th roots of unity with &; > 1, k;m.

Now, condition 4.3.4 implies that

q—3

= — = —1
Q| 5 =
so by 4.3.43, A; = —2% and then
V(o) = (—1)1@) 2¢, (4.3.44)

Plugging 4.3.44 into 4.3.42 and using 2.1.14, we get
®(m) = 2° (=11 (4.3.45)

Therefore, plugging 4.3.45 into 4.3.41, we finally get

¢ _mBQOX D ) BWs, Siaal SO

l i(A)!
[Tmi(M!TT Al le! ljm (A)
i i=1

that is an integer number.

Remark 4.3.17. It turns out that the value of the coefficient C'; does not depend
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on the choice of the generic element £ for any type 7, hence Efl (¢) does not

depend on the generic € too, so we can write E,(q).

Remark 4.3.18. From the formula 4.3.46, it is evident that C; = C+ for any

possible type 7.

To summarize, we have proved Claim 4.3.3 and by Corollary 4.3.6 we get
Theorem 4.3.19. The E-polynomial of M%/(C satisfies

E(MS/C;q) = Eulq) = (q_ll)n > (He(e)* O (4.3.47)

T

Ezample 4.3.20. Let us compute again the E-polynomial of M?/(C using the

formula 4.3.47. In this case, the possible types are the following:

71 =((0),1,0,14,),7 =((0)1,0,¢);
T3 = ((0) 0, 175) ;T4 = ((0) ,0,1, 1#2);

7 = ((1),0,0,I)

where ¢ is the sign character of g and I is the trivial character of the trivial

group. Using formula 4.3.46 we get

Cry =Cr, = [WB1 : S(O),O,l] =1 (4.3.48)

On the other hand, let us compute the degrees of the characters of the same
type 7. We refer to the same notation of subsection 2.2.5.

If 7 = 7,70, WS( is trivial, so restricting 1,, and € to W5<0)70’1 we

0),0,1
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obtain I, hence using formula 2.2.61, we have

PB1(Q) _ Q+1

— 4.3.49
5 5 (4.3.49)

X (1) = xn(1) =

If 7 = 73,74, we have to use formula 2.2.60 to compute x,(1) and x-,(1).

From there, it turns out that

XT3(1) = ds(Q)a XT4(1> = dluz (Q)

By the correspondence 2.1.8, we see that e ~ ({1},{1,0}) and 1,, ~ (0,{1}),

so using formula 2.2.36 we get

q(g—1)(g+1)(¢g—1)2¢(qg+1)

de(q) = 20—+ (g-1(g+1) T (4.3.50)
o@Dty B
1, \d (q—l)(q )

If 7 = 75, there is just one irreducible character of type 75 and its degree is
given by

Xrs(1) =g+ 1. (4.3.51)

Now, plugging 4.3.49, 4.3.50 and 4.3.51 into 2.2.64 for n = 1 we get:

Hy (q) = Hry(q) = 'SLE")' =2q(q—1);
2
iy, (q) = PHEED (141,
SL(;J E) (4.3.52)
Hz,(q) = | - =al@—D(g+1);
H(q) = BEEE gy



CHAPTER 4. E-POLYNOMIAL OF M?V/(C 108
So finally, plugging 4.3.52 and 4.3.48 into 4.3.47, we obtain

E<M§/<C; Q) = (q_ll) [(2(1 (=1 +(2q(¢— )%

g+ (g—))* "+ (g(g—1) (g+1)* "
-9 (q (q _ 1))2g—1]

= (2% -2)q(?-a) P+ @+ 1) (> -1)*

+ (@ +q) (-9

which recovers formula 4.3.26, confirming the validity of Theorem 4.3.19.

4.4 Topological properties of M¢ /C

In this final section, we deduce some important topological information on
ME, /C encoded in its E-polynomial F (M% /C; q). According to Remark 4.2.4,

we have that

Corollary 4.4.1. The E-polynomial of M%/(C is palindromic and monic of

degree d, = (29 — 1)n (2n + 1) — n. In particular, M5 /C is connected.

Proof. By 4.3.47, it is sufficient to prove that F,(q) is palindromic and monic.
First of all, the degree of E,(q) is equal to d,, = (29 —1)n(2n+ 1) — n for

Remark 4.1.5 and Corollary 3.1.19. Next, we have to prove that

q"E,(¢7") = En(q).
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The polynomial E,(q) verifies:

En(qil) Z 2g ! C;

' (4.4.1)
2g—1
- (q — ].)n q(29—1)n(2n+1) z :(HT’(Q)) g CT

Rem. 4.3.18 qn 1 _—
= =1 @ e O Her (@) O

multiplying both sides of 4.4.1 by ¢(29-1n(2nt+1)—n

(2g—1)n(2n+1) q" 1
qr q(Qg—l)n(2n+1) (q _ 1)”

> (Helg)* '

T

= g X (@) O

q(2g—1)n(2n+1)—nEn (q—l) _ q

whose right-hand side is F,(q).

Finally, Corollary 3.1.19 says that M, is equidimensional. Thus, by Re-
mark 4.2.4, the leading coefficient of E(M% /C; q) is the number of connected
components of M, By 4.3.47, the top degree term in E,,(q) corresponds to the
biggest H;(q), that is attained by the trivial character 15# because of 2.2.64
and Remark 2.2.87. Thus, the leading coefficient of E,, (¢) is equal to C(O,n,o,ﬁ)

with § € Irr(Wp,, ). Now, using 2.2.42, we get

2.2.3

(Lgr, RE(Lpr)) g = (1pr, 1pr) gr = 1

||M

B

SO C(o n0,8) = =1 by 4.3.46 and we are done. ]
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Corollary 4.4.2. The Euler characteristic X(M%/C) of M%/(C vanishes for

g>1. For g =1, we have

X(M%/(j) m 1 2
E)\WBHIT _,gﬂ—ﬂf’_l+3T+9T SR

Proof. By 4.3.47 and Remark 4.2.4, the Euler characteristic of M6, /C equals

2g—1
E,(1) =) % C,. (4.4.2)

T g=1
it follows from 2.2.65, 2.2.64 and Remark 2.2.91 that (¢ — 1)"®9% divides

(H-(g))* "
(¢—1)"

When g = 1, plugging 2.2.65 in 2.2.64 and using 2.2.57 and Remark 2.2.54:2,

, 80 E,(1) = 0 when g > 1, and this proves the first assertion.

we get
[Wg, |
= n 4.4.3
1~ 5, S AT R

if 7= (\ a1, ) where A\ ¢, c+ a1 + ac =n and € Irr(S) 4, ,0.). Thus

plugging 4.4.3 and 4.3.46 in 4.4.2 for ¢ = 1 and summing over /3, we have

(=)' i)

E,(1) = |Wg,| Y Ty T(Sranall (4.4.4)

Azalyae

1(\)

i=1

Since Sy a,,a. = ( WAM1> x Wg,, x Wg,_, it follows that

I

Irr (Sxa1,0.) = Hp()\i) ‘Irr(WBal)‘ ’Irr(WBa€)|
i=1

where p()\;) is the number of partitions of \;, for i = 1,...,l(\). Thus, if we
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collect the partitions of the same size and length, summing over «; and «,

equation 4.4.4 becomes

n
= |WBn| Zacbn—c (445)
with
S ID IR IO
>0 MAc IITn =1
(N=t *
and
b= 3 (W) e (W)
a1,0e>0
a1tae=n—c
SO
= a.T° by, T™ (4.4.6)
Now, it is easy to see that
!
1
AR Dl [ Wy (7 J——

so by an identity of Euler, we get

S a1 =] (1 - Tk). (4.4.7)

c>0 k>1

On the other hand, by the correspondence 2 and 4.4.7, we can deduce that
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hence

_ 1
> T =] T (4.4.8)

m>0 k>1
Thus the second assertion of the corollary follows by plugging 4.4.7 and

4.4.8 in 4.4.6. O
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