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Abstract  

In the control field, the study of the system dynamics is usually carried out relying on lumped-

parameter or one-dimensional modelling. Even if these approaches are well suited for control 

purposes since they provide fast-running simulations and are easy to linearize, they may not be 

sufficient to deeply assess the complexity of the systems, in particular where spatial phenomena 

have a significant impact on dynamics. Reduced Order Methods (ROM) can offer the proper trade-

off between computational cost and solution accuracy. In this work, a reduced order model for the 

spatial description of the Gen-IV LFR coolant pool is developed for the purpose of being employed 

in a control-oriented plant simulator of the ALFRED reactor. The spatial modelling of the reactor 

pool is based on the POD-FV-ROM procedure, previously developed with the aim of extending the 

literature approach based on Finite Element to the Finite Volume approximation of the Navier-

Stokes equations, and building a reduced order model capable of handling turbulent flows modelled 

through the RANS equations. The mentioned approach is employed to build a ROM-based 

component of the ALFRED simulator for the coolant pool. The possibility of varying the input 

variables of the model has been also undertaken. In particular, the lead velocity at the Steam 

Generator outlet has been considered as a parametrized boundary condition since it can be a 

possible control variable. The results have turned out to be very satisfactory in terms of both 

accuracy and computational time. As a major outcome of the ROM model, it has been proved that 

its behaviour is more accurate than a 0D-based model without requiring an excessive computational 

cost. 

Keywords: Proper Orthogonal Decomposition, Parametrized Navier-Stokes Equation, Reduced 

Order Modelling, Control-oriented modelling, Lead-cooled Fast Reactor.
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1. Introduction 

Numerical simulation of complex systems requires a substantial computational effort but it is 

essential in engineering applications. Even if the computational power is becoming more and more 

available, the need to find a trade-off between computational cost and solution accuracy is a major 

issue especially in the control field (Gunzburger, 2003; Rozza, et al., 2008; Lorenzi et al., 2015). In 

this context, the study of the system dynamics is usually performed relying on lumped-parameter 

models (Ogata, 2009; Levine, 2011). The overall system modelling is represented by a set of 

Ordinary Differential Equations (ODEs), which are suitable for control purposes since they can be 

easily linearized allowing the study of the system by linear analysis tools. In addition, the set of 

ODEs usually fulfils some requirements related to the model-based control such as fast-running 

simulations, a comprehensive representation of the entire plant behaviour, and the possibility to 

couple the plant dynamics simulator with the control system model. The adoption of such simplified 

descriptions precludes the possibility of exploiting all the capabilities of advanced control schemes, 

which can provide the control system design with spatial information regarding temperature, 

pressure, and mass flow rate. The adoption of models based on Partial Differential Equations 

(PDEs), such as the Computational Fluid Dynamics (CFD) approach for the numerical simulation 

of fluid flows, cannot be directly exploited for control system studies, though providing accurate 

dynamics simulation. Indeed, besides the high computational burden, such a modelling approach 

does not allow the system governing dynamics to be obtained in a direct way due to the extremely 

large number of degrees of freedom introduced by the discretization process. 

A viable solution enabling highly detailed dynamics simulation with proper computational 

efficiency can be obtained by Reduced Order Methods (ROM), such as Proper Orthogonal 

Decomposition (POD) and Reduced Basis (RB) (Rozza et al., 2008; Hesthaven et al., 2016). The 

aim of a computational reduction technique is to retain the governing dynamics of a system in a 

rapid and reliable way (Rozza et al., 2009; Manzoni et al., 2012). The main assumption of ROM is 

that the behaviour of the system with respect to a parameter (physical, geometrical) or time can be 

represented by a small number of dominant modes. The ROM are aimed at approximating a PDE 

solution (or a set of ODEs) with a reduced number of degrees of freedom (Manzoni et al., 2012). 

ROM can be employed for instance as the basis for the synthesis and the verification of controllers 

(El-Farra and Christofides, 2002; Bergmann et al., 2005; Barbagallo et al., 2011) or for real-time 

monitoring in energy applications (Ansari et al., 2016). 

In the light of the considerations described above, this work investigates the possibility of 

combining a high-detail modelling approach featuring spatial capabilities with the requirements 

demanded for a control-oriented tool based on model reduction to allow computational efficiency. 

To this purpose, a reduced order model for the spatial description of the coolant pool of a Lead-

cooled Fast Reactor (LFR) is developed aimed at being employed in a previously realized control-

oriented simulator of the reactor plant (Ponciroli et al., 2014a). This simulator, implemented with 

the Modelica object-oriented language (The Modelica association, 2014) in the Dymola 

environment (DYMOLA, 2015), currently employs a zero dimensional (0D) modelling for the 

dynamics description of the coolant pool of the reactor. Most of the LFRs incorporate a design with 

a pool-type configuration as the Advanced Lead-cooled Fast Reactor European Demonstrator 

(ALFRED), which is taken as reference in this work (Alemberti et al., 2014). The presence of the 

pool offers large thermal inertia and continuous cooling to the system ensuring higher safety margin 
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in case of accidents along with an enhanced compactness (Cinotti et al., 2007). Notwithstanding, 

several issues need to be studied such as the thermal stratification (Tenchine, 2010) and the 

corrosion problem, the latter possibly mitigated through a suitable oxygen control (Tucek et al., 

2016). These kinds of problems cannot be thoroughly investigated by means of classic 0D/1D 

thermal hydraulic system codes, due to the spatial nature of the involved phenomena. On the other 

hand, the CFD approach is essential to capture the spatial features of the fluid flow but requires a 

massive computational effort. 

In order to overcome these limitations, we develop a ROM model for the coolant pool of the 

ALFRED reactor, based on the POD technique and projection-like approach, meant to replace the 

0D model currently used in the control-oriented simulator. Among several reduced order methods, 

POD with the snapshot technique (Sirovich, 1987; Holmes et al., 1996) is probably the most 

widespread in the complex fluid flow computation. POD technique was first introduced to study the 

coherent structures in experimental turbulent flows (Lumley, 1967; Aubry et al., 1988; Berkooz et 

al., 1993) but it has recently become a valuable option in the ROM framework (Cazemier et al., 

1998; Weller et al., 2010; Wang et al., 2012) due to the capability of selecting the most energetic 

modes representing the most significant features of the system. As a first step to provide the 

control-oriented simulator with a ROM-based component representative of the ALFRED coolant 

pool, a POD-Galerkin method for Finite Volume approximation of Navier-Stokes and RANS 

equations (POD-FV-ROM) was previously developed (Lorenzi, 2015; Lorenzi et al., 2016). The 

aim of this ROM technique is both to extend the classic POD-Galerkin-ROM method (namely, 

POD-G-ROM, e.g., see Lassila et al., 2013; Wang et al., 2012; Iliescu and Wang, 2014) to the 

Finite Volume approximation of the Navier-Stokes equations and to build a reduced order model 

capable to handle turbulent flows modelled through the RANS equations. In this paper, the POD-

FV-ROM technique has been applied to the coolant pool of the ALFRED reactor. The aim is to 

verify and assess the possibility of substituting some components based on zero-dimensional 

approach in the plant simulator with ROM-based models in order to take advantage of the high level 

of accuracy and the better physical description without increasing the computational burden. The 

coolant pool of the ALFRED reactor is meant to be a test case, although the ROM approach 

assessed in this work can also be valuable for various other fluid-dynamics applications in the 

energy field.  

The paper is organized as follows. In Section 2, the ALFRED reactor and its control-oriented 

simulator are briefly introduced. In Section 3, a general overview on the ROM approach is 

presented along with the POD-FV-ROM technique. In Section 4, the mentioned POD-FV-ROM is 

used to build a ROM-based component of the control-oriented simulator meant to be employed for 

coolant pool of the ALFRED reactor. In Section 5, the simulation of some transient cases is 

provided in order to compare the outcomes of the zero-dimensional and the ROM-based 

components of the simulator for the coolant pool. Finally, some conclusions, perspectives and 

further developments are given in Section 6. 
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2. The Advanced Lead Fast Reactor European Demonstrator 

2.1 Reference reactor description 

The reference reactor in this work is the Advanced Lead-cooled Fast Reactor European 

Demonstrator (ALFRED), developed within the European FP7 LEADER Project. The Project 

efforts were mainly focused on the resolution of the key issues that emerged in the previous 

Euratom ELSY Project (Cinotti et al., 2008) to reach a new reference reactor configuration, which 

was used to design a fully representative scaled-down prototype. The demonstration ALFRED unit 

is expected to be built at ICN (Institute de Cercetari Nucleare) facility near Pitesti in southern 

Romania (Alemberti et al., 2013a).  

ALFRED is a small-size (300 MWth) pool-type LFR. The current configuration of its primary 

system (Alemberti et al., 2013b) is depicted in Figure 1. All the major reactor primary system 

components, including core, primary pumps, and Steam Generators (SGs), are contained within the 

reactor vessel, being located in a large lead pool inside the reactor tank. The coolant flow coming 

from the cold pool enters the core and, having passed through the latter, is collected in a volume 

(hot collector) to be distributed to eight parallel pipes and delivered to as many SGs. After leaving 

the SGs, the coolant enters the cold pool through the cold leg and returns to the core.  

The ALFRED core is composed of wrapped hexagonal Fuel Assemblies (FAs) with pins arranged 

on a triangular lattice (Figure 2). The 171 FAs are subdivided into two radial zones with different 

plutonium fractions guaranteeing an effective power flattening, and surrounded by two rows of 

dummy elements (geometrically identical to the fuel assemblies but not producing thermal power) 

serving as a reflector. Two different and independent control rod systems have been foreseen, 

namely, Control Rods (CRs) and Safety Rods (SRs). Power regulation and reactivity swing 

compensation during the cycle are performed by the former, while the simultaneous use of both is 

foreseen for scram purposes, assuring the required reliability for a safe shutdown (Grasso et al., 

2014). In Table 1, the main nominal parameters of ALFRED are presented. 

 

 

 

Figure 1. ALFRED nuclear power plant layout (Alemberti et al., 2013b). 
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Figure 2. ALFRED core configuration (Grasso et al., 2014). 

Table 1. ALFRED core parameters (Grasso et al., 2014). 

Parameter Value Unit 

Core 

Thermal power 300 MWth 

Coolant mass flow rate 25984 kg s-1 

Total number of FAs 171 - 

Pins per FA 127 - 

Coolant inlet temperature, Tin 400 °C 

Coolant outlet temperature, Tout 480 °C 

Vessel inner diameter 3.4 m 

FA width 0.178 m 

 

2.2. ALFRED control-oriented simulator 

In the past years, a plant simulator of ALFRED (Ponciroli et al., 2014a) was realized in the 

framework of the LEADER Project by adopting the Modelica language in the Dymola software 

environment (DYMOLA, 2015). Modelica is a "modern, strongly typed, declarative, equation-

based, and object-oriented language for modelling and simulation of complex physical system" 

(Fritzson, 2011). Modelica is equation-based and facilitates the system description in terms of 

physical/engineering principles (i.e., mass, energy, and momentum balance equations), 

implementing sets of Differential Algebraic Equations (DAE). The modelling approach consists of 

connecting different components (i.e., objects described by equations), through rigorously defined 

interfaces (connectors) corresponding to the physical interactions occurring with the external 

environment or other objects. In the ROM framework, Modelica with its component approach 

represents a powerful tool since it is possible to update or substitute a component with the 

respective ROM-based one without compromising the rest of the simulator.  

Starting from the outcomes made available by the simulator and thanks to the possibility of easily 

linearizing the equations of the entire simulator, a decentralized control scheme was investigated 

based on SISO PID controller (Ponciroli et al., 2014b, Ponciroli et al., 2015a). Moreover, thanks to 

the simulator, a model-based assessment of the reactor start-up and the load-following capabilities 

of ALFRED was carried out (Ponciroli et al., 2015b, Ponciroli et al., 2016). The plant simulator 

(Figure 3) consists of the following essential parts: core, steam generator, primary and secondary 

pumps, cold and hot legs, cold pool, turbine, and condenser. The primary and secondary systems are 

modelled by assembling conventional components already available in a specific thermal-hydraulic 
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library, named Thermopower (Casella and Leva, 2006), and specifically developed nuclear 

component models, taken from the NuKomp library (Cammi et al., 2005). In particular, the coolant 

cold pool component, which is intended to be replaced by a ROM-based component, describes a 

free-surface lead tank on which mass and energy balances are taken (0D approach).  

 

 

Component Description 

Core Reactor core 

Cold_pool Pool collecting the lead 
coming from the SG outlet 

Cold_leg Collector between the SG 

outlet and the core inlet 
Hot_pool Pool collecting the lead 

coming from the core 

outlet 
Hot_leg Collector between the core 

outlet and the SG inlet 

sens Temperature and pressure 
sensor placed in the plant 

Pump_Pb Lead axial pump 

SG Steam generator 
Header Volume collecting the 

produced steam 

Pump_W Water pump 
Turbine Steam turbine unit 

Sink Condenser 

Att Attemperator that regulates 
the steam temperature 

Figure 3. ALFRED plant simulator (Ponciroli et al., 2014a).  

 

3. ROM approach 

By Reduced Order Methods we mean any approach aimed at replacing a high-fidelity model, 

i.e., the Full Order Model (FOM), by one featuring a much lower computational complexity and 

retaining a comparable accuracy (Quarteroni et al., 2016; Chinesta et al., 2016).  

As mentioned in the Introduction, the purpose of a computational reduction technique is to retain 

the governing dynamics of a system in a rapid and reliable way. In particular, reduced order 

methods are aimed at approximating a PDE solution (or a set of ODEs) with a reduced number of 

degrees of freedom. The common procedure is to solve the full order problem only for a properly 

selected number of instances of the input parameter (through a demanding Offline computational 

step), in order to be able to perform many low-cost real-time simulations (inexpensive Online 

computational step) for new instances of the parameter (Manzoni et al., 2012). One of the main 

challenges of the ROM is to find the desired compromise between the accuracy and the size of the 

model, i.e., the computational cost (Quarteroni et al., 2011). It is worthwhile remembering that 

ROMs do not replace high-fidelity discretization techniques but they are linked in a kind of 

algorithmic collaboration since the reduced order model is usually built upon and compared (as 

regards accuracy) to the FOM. 

There are two main paradigms usually adopted in the reduced order methods, mainly based on 

projection or interpolation (Manzoni et al., 2012). To the first family belong all the Computational 

Reduction Techniques (CRT), which aim at reducing the dimension of the algebraic system through 

the projection onto a small subspace made by global basis functions. On the other hand, the 

CORE 

SG 
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Surrogate Response Surfaces (SRS) family provides an approximation of the dynamics of the 

system by fitting a set of data obtained through numerical simulations. The main difference between 

the two approaches is that CRTs are problem-dependent methods whereas the SRS paradigm is 

problem-independent. This means that in the first approach the reduced order model is built upon 

physical modelling, which can be more reliable in situations far from those for which the reduced 

order model has been developed. In this paper, considering the control-oriented purpose applied to 

an innovative nuclear system for which there is no operational experience, the focus is kept on the 

CRT approach rather than the SRS one.  

The most common CRT options are the POD and the RB methods (Rozza et al., 2008; Chinesta 

et al., 2015). They seek a reduced solution through a projection onto suitable low dimensional 

subspaces. In particular, the essential components of a CRT can be summarized as follows 

(Manzoni et al., 2012): 

• a high-fidelity discretization technique aimed at calculating some high-fidelity PDE 

solutions (called snapshots) which are needed to build the reduced basis. This is usually 

performed employing a simulation of the FOM. 

• a (Galerkin) projection. The reduced solution is usually expressed as a linear combination of 

basis functions. The coefficients of this combination are calculated by means of Galerkin-

like projection of the equations onto the reduced space. 

• offline/online computational procedures. The expensive computation of snapshots and the 

basis calculation can be performed just once (offline phase) and totally decoupled from the 

fast-running ROM simulation (online phase).  

• an error estimation procedure both to assess the accuracy of the ROM and to construct a 

reliable, certified, and suitably reduced basis1. 

 

3.1. The POD-FV-ROM for RANS equations with eddy viscosity turbulent modelling 

This section summarizes the POD-FV-ROM technique for RANS equations with eddy viscosity 

turbulent modelling (further details can be found in (Lorenzi, 2015; Lorenzi et al., 2016)). This 

technique is employed for the development of the reduced order model for the spatial description of 

the ALFRED coolant pool. The need to develop such a technique lies in the fact that the most 

widespread approximation scheme used in combination with the ROM techniques is the Finite 

Element (FE) method. On the other hand, the fluid-dynamics approach consolidated in the industrial 

field, and especially in nuclear engineering, is usually based on the Finite Volume approximation of 

the Navier-Stokes Equations (NSEs). In particular, the FV method is considered (a) robust, (b) 

computationally inexpensive, and (c) suitable when the conservation of the numerical flux is a 

relevant issue, as in the fluid-dynamics application (Eymard et al., 2000). Even if the FE can be 

more accurate, the FV is usually chosen for industrial applications since it is easily applicable to 

realistic and physical context, it does not require any particular functional framework or 

stabilization for flow characterized by high Reynolds number as FE, and it preserves locally the 

conservation laws (Versteeg and Malalasekera, 2007; Fletcher, 1996). 

                                                           
1 The development of an error estimation procedure is out of the scope of this paper. Some examples can be found in 

(Rozza et al., 2008; Quarteroni et al., 2011; Hesthaven, 2016; Quarteroni et al., 2016). 
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In addition, the majority of the industrial nuclear applications deal with turbulent flows which can 

be modelled with several levels of accuracy according to the resolution needed for the purpose 

(Versteeg and Malalasekera, 2007). Although Large Eddy Simulation (LES) and Direct Numerical 

Simulation (DNS) are very accurate (but computationally expensive), for most engineering 

applications the RANS equations are sufficient to describe the main time-averaged properties of the 

flow (velocity, pressures, stresses, …). To this end, suitable turbulence models, such as the eddy 

viscosity models, can be used (e.g., Spalart-Allmaras, k–ε, k–ω) (Pope, 2000; Versteeg and 

Malalasekera, 2007). Employing the RANS equations allows preserving the typical industrial 

modelling approach when applying ROM. In this way, the use of the ROM can be achieved without 

modifying the codes and solvers usually adopted for industrial problems.   

In the following, the POD-FV-ROM technique for RANS equations with eddy viscosity turbulent 

modelling is summarized. For additional information, the reader may refer to (Lassila et al., 2013; 

Wang et al., 2012; Kunisch and Volkwein, 2003; Iliescu and Wang, 2014) for the classic POD-G-

ROM methodology, to (Sirovich, 1987; Holmes et al., 1996) for the basis of the POD theory, and to 

(Aubry et al., 1988; Bergmann et al., 2009; Wang et al., 2011; Balajewicz and Dowell, 2012; 

Balajewicz et al., 2013; Cordier et al., 2013; San and Iliescu, 2013; Osth et al., 2014; Protas et al., 

2015) for the POD-ROM models with high Reynolds number based on LES and DNS simulations.  

If we consider a general incompressible RANS eddy viscosity model, the equations of the FOM 

read:  

 
{𝒖𝑡 +

(𝒖 ∙ 𝛻)𝒖 = 𝛻 ∙ [−𝑝𝑰 + (𝜐 + 𝜐𝑡)(𝛻𝒖 + (𝛻𝒖)
𝑻) − 2/3𝑘𝑰]

𝛻 ∙ 𝒖 = 0
 (1) 

where u is the velocity, p is a normalized pressure2, 𝜐 is the kinematic viscosity, and 𝜐𝑡 the turbulent 

viscosity. The equations are given in a domain Ω with proper boundary and initial conditions. The 

turbulent viscosity 𝜐𝑡 is usually a function of one (𝜐̃ in Spalart-Allmaras) or two variables (k and 

ε/ω in the respective models) (Versteeg and Malalasekera, 2007).  

The main assumption in the ROMs based on projection technique is that the approximated solution 

of the problem 𝒖𝑟(𝒙, 𝑡) can be expressed as linear combination of spatial modes 𝝋𝑖(𝒙) multiplied 

by temporal coefficients 𝑎𝑖(𝑡). If we consider the velocity, this assumption reads3 

 

𝒖(𝒙, 𝑡) ≈ 𝒖𝑟(𝒙, 𝑡) =∑𝑎𝑖(𝑡)𝝋𝑖(𝒙)

𝑁𝑟

𝑖=1

 (2) 

The selection of the spatial modes is one of the crucial point in the ROM approach. A correct choice 

of these functions leads to an efficient ROM model, reducing the online simulation time or 

increasing the accuracy with respect to the Full Order Model. The POD basis  

 𝑋𝑁𝑟
𝑃𝑂𝐷 ≔ 𝑠𝑝𝑎𝑛{𝝋𝑖}𝑖=1,..,𝑁𝑟 (3) 

                                                           
2 p is the thermodynamic pressure divided by the fluid density.  
3 Generally, the velocity field is decomposed in an average time-independent flow and a linear combination of time-

dependent fluctuations. In this work, we consider a general formulation with no base flow.  
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can be built starting from a set of velocity solutions sampled at different and evenly spaced times 

(i.e., the snapshots) 

 𝒖𝑛(𝒙) ≔ 𝒖(𝒙, 𝑡𝑛)        𝑛 = 1,… ,𝑁𝑠 (4) 

The snapshots can be numerical solutions of the NSEs (typical from LES and DNS simulations or 

even by the RANS equations considered in this paper) or they are obtained from experimental 

results. The POD basis minimizes the difference between the snapshots and the projection of the 

snapshots onto the spatial modes in the X-norm, given the orthonormality of the modes. If the L2-

norm is chosen, the POD basis is optimal considering the energy contained in the snapshots. 

 

𝑋𝑁𝑟
𝑃𝑂𝐷 = arg𝑚𝑖𝑛

1

𝑁𝑠
∑‖𝒖𝑛(𝒙) −∑〈𝒖𝑛(𝒙),𝝋𝑖(𝒙)〉𝐿2𝝋𝑖(𝒙)

𝑁𝑟

𝑖=1

‖

𝐿2

2

,       〈𝝋𝑖(𝒙),𝝋𝑗(𝒙)〉𝐿2 = 𝛿𝑖𝑗   

𝑁𝑠

𝑛=1

 (5) 

In order to solve Eq. (5), the following eigenvalue problem is considered: 

 𝐶𝜉𝑖 = 𝜆𝑖𝜉𝑖               𝑖 = 1,… ,𝑁𝑠 (6) 

where 𝐶 ∈  ℝ𝑁𝑠 x 𝑁𝑠 is the correlation matrix whose components are calculated as follows: 

 
[𝐶]𝑘𝑙 =

1

𝑁𝑟
〈𝒖𝑘(𝒙), 𝒖𝑙(𝒙)〉𝐿2 (7) 

The (𝜆𝑖, 𝜉𝑖) eigenvalue – eigenvector pair is used to construct the functions of the POD basis 

 

𝝋𝑖(𝒙) =
1

√𝜆𝑖
∑𝜉𝑖,𝑛𝒖𝑛(𝒙)

𝑁𝑠

𝑛=1

         𝑖 = 1,… ,𝑁𝑟 (8) 

The POD basis functions are orthogonal and they can be suitably normalized in order to obtain 

〈𝝋𝑖(𝒙),𝝋𝑗(𝒙)〉𝐿2 = 𝛿𝑖𝑗. It is worthwhile remembering that, since the eigenvalues are sorted in 

descending order, the first modes have the property most of the energy present in the original 

solutions (Berkooz et al., 1993). This is an important feature when considering the turbulence 

effects since the POD truncation error leaves out the higher order modes, which − according to the 

energy cascade theory (Richardson, 1922; Kolmogorov, 1941) − are the less energetic but the most 

dissipative ones. Accordingly, the truncated POD-ROM model can blow up. In literature, this issue 

has been fixed by introducing proper closure modelling. Among the possible solutions, the 

introduction of a fictitious eddy viscosity, modelling a stabilizing dissipative term, was considered 

in several ways (Aubry et al., 1988; Wang et al., 2011).  

The procedure described so far is close to the POD-G-ROM methodology. Hereinafter, the method 

moves away from the classic one due to our aim of adopting the ROM approach in a FV 

framework, and to consider the turbulence based on RANS equations with eddy viscosity turbulent 

modelling. To this aim, the face flux4, the pressure and the turbulent viscosity can be expressed as 

linear combination of some spatial modes: 

                                                           
4 The face flux, i.e., the scalar product between the face area vector and the velocity vector, is necessary for the 

discretization of the convective term in the Finite Volume method.  
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𝐹(𝒙, 𝑡) ≈ 𝐹𝑟(𝒙, 𝑡) =∑𝑎𝑖(𝑡)𝜓𝑖(𝒙)

𝑁𝑟

𝑖=1

 (9) 

 

𝑝(𝒙, 𝑡) ≈ 𝑝𝑟(𝒙, 𝑡) =∑𝑎𝑖(𝑡)𝜒𝑖(𝒙)

𝑁𝑟

𝑖=1

 (10) 

 

𝜐𝑡(𝒙, 𝑡) ≈ 𝜐𝑡,𝑟(𝒙, 𝑡) =∑𝑎𝑖(𝑡)𝜙𝑖(𝒙)

𝑁𝑟

𝑖=1

 (11) 

where 𝜓𝑖(𝒙), 𝜒𝑖(𝒙) and 𝜙𝑖(𝒙) are the functions of the POD spatial basis for the face flux, the 

pressure and the turbulent viscosity, respectively. These spatial bases are constructed considering 

the eigenvectors of the correlation matrix of the velocity (Eq. 6) and the snapshots of the face flux, 

pressure and turbulent viscosity (𝐹𝑛(𝒙), 𝑝𝑛(𝒙) and 𝜐𝑡,𝑛(𝒙), obtained from the full order model) as 

follows: 

 

𝜓𝑖(𝒙) =
1

√𝜆𝑖
∑𝜉𝑖,𝑛𝐹𝑛(𝒙)

𝑁𝑠

𝑛=1

         𝑖 = 1,… , 𝑁𝑟 , (12) 

 𝐹𝑛(𝒙) ≔ 𝐹(𝒙, 𝑡𝑛)        𝑛 = 1,… ,𝑁𝑠, (13) 

 

𝜒𝑖(𝒙) =
1

√𝜆𝑖
∑𝜉𝑖,𝑛𝑝𝑛(𝒙)

𝑁𝑠

𝑛=1

         𝑖 = 1, … , 𝑁𝑟 , (14) 

 𝑝𝑛(𝒙) ≔ 𝑝(𝒙, 𝑡𝑛)        𝑛 = 1,… ,𝑁𝑠. (15) 

 

𝜙𝑖(𝒙) =
1

√𝜆𝑖
∑𝜉𝑖,𝑛𝜐𝑡,𝑛(𝒙)

𝑁𝑠

𝑛=1

         𝑖 = 1,… ,𝑁𝑟 (16) 

 𝜐𝑡,𝑛(𝒙) ≔ 𝜐𝑡(𝒙, 𝑡𝑛)        𝑛 = 1,… ,𝑁𝑠 (17) 

In general, "the POD will produce the key spatial ingredients, from which our models will 

dynamically recreate the coherent structures as time-dependent mixtures of POD modes" (Holmes 

et al., 1996). Accordingly, different POD-Galerkin techniques can differ in how the spatial 

ingredients are built. In the POD-FV-ROM approach, the choice of expanding the different 

variables with the same time coefficients is due to the fact that we aim at obtaining a ROM-based 

model composed of just one equation (i.e., the momentum equation). In particular, if we expanded 

the variables with different time coefficients, we would need an equation for each time coefficient 

evolution. On the other hand, the continuity equation is usually neglected since the POD modes are 

divergence-free and moreover do not involve the pressure. For the viscosity, we could use the 

equations for the turbulent variables (k and ω in our case) but these equations are usually quite 

complicated depending also on several parameters and functions. Introducing these complicated and 

parameter-dependent equations in the ROM-based model may reduce its efficiency. The assumption 

on the time coefficients relies on the fact that we are considering a global basis for velocity, face 

flux, pressure and turbulent viscosity (Eq. 18). 
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(

𝒖(𝒙, 𝑡)

𝐹(𝒙, 𝑡)

𝑝(𝒙, 𝑡)

𝜐𝑡(𝒙, 𝑡)

) ≈

(

 

𝒖𝒓(𝒙, 𝑡)

𝐹𝑟(𝒙, 𝑡)

𝑝𝑟(𝒙, 𝑡)

𝜐𝑡,𝑟(𝒙, 𝑡))

 =∑𝑎𝑖(𝑡)

(

 

𝝋𝑖(𝒙)

𝜓𝑖(𝒙)

𝜒𝑖(𝒙)

𝜙𝑖(𝒙))

 

𝑁𝑟

𝑖=1

 (18) 

As for the pressure, a similar treatment was used also in (Bergmann et al., 2009), where the authors 

consider the same time coefficients for velocity and pressure. It should be mentioned that Bergmann 

et al. use both velocity and pressure contributions for the calculation of the correlation matrix. 

Conversely, in the present work, the correlation matrix is based just on the velocity. This is due to 

the fact that firstly we want to retain the physical meaning of the energetic optimality of the POD 

modes. Secondly, the quantity in the correlation matrix is the information that the POD basis retains 

in an optimal way, and by selecting only the velocity we want the POD basis to better reproduce the 

velocity field rather than a combination of other quantities.  

The POD-FV-ROM is not affected by the energy blow-up aforementioned since, unlike the 

literature cases that currently employ LES and DNS simulations to generate the snapshots, a term 

representing an eddy (turbulent) viscosity is already introduced thanks to the adoption of a RANS 

eddy viscosity model as FOM.  

Due to the discretization choice for the diffusive term usually employed in the FV schemes, the 

boundary conditions cannot be taken into account explicitly as usually happens in the FE schemes 

where the Green formula is applied to the divergence operator (Jasak, 1996; Wang et al., 2012). 

This may be of concern if control is the purpose of the ROM model. In particular, in the fluid 

dynamics field, the classic control variable is the velocity at the boundary (Barbagallo et al., 2009) 

since it could be used to control the velocity field in the domain or an output variable of interest. In 

this view, if the reduced order model is directed to the synthesis of controllers, it should have the 

possibility of varying the velocity in order to test the several control actions. To this aim, a POD 

penalty method enforcing the BCs is considered (Sirisup and Karniadakis, 2005) to parametrize the 

velocity at the BCs in the reduced order model. As in the Spectral Methods (Gottlieb and Orszag, 

1977), the Dirichlet BCs are directly incorporated in the momentum equation of the NSE as 

constraints  

 𝒖𝑡 + (𝒖 ∙ 𝛻)𝒖 − 𝛻 ∙ [−𝑝𝑰 + (𝜐 + 𝜐𝑡)(𝛻𝒖 + (𝛻𝒖)
𝑻) − 2 3⁄ 𝑘𝑰] + 𝜏Γ(𝒖 − 𝒖𝑩𝑪) = 0 (19) 

where uBC is the Dirichlet boundary condition, τ the penalty factor, and Γ is a null function except 

on the boundary where the condition is imposed (Sirisup and Karniadakis, 2005). The POD-penalty 

method allows incorporating and handling Dirichlet boundary conditions and it has two additional 

significant advantages. The first one is that this procedure enforces the approximated velocity ur to 

satisfy the BCs of the problem. This should not be taken for granted since the approximated 

velocity is a linear combination of spatial functions, which in general do not satisfy the Dirichlet 

BCs5, except in the case of homogeneous one. The second advantage in using the POD penalty 

method lies in the fact that now the equation set of the model is not autonomous anymore. In this 

way, some wrong long-time integration behaviour and the initial condition issue are less 

troublesome (Sirisup and Karniadakis, 2005). As for the penalty factor, this number is usually tuned 

with a sensitivity analysis (Sirisup and Karniadakis, 2005; Bizon and Continillo, 2012). In general, 

                                                           
5 The functions of the basis do not respect the Dirichlet BCs since they are linear combination of snapshots, (Eq. 8), 

which respect the BCs in turn.  
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if τ tends to zero, the BCs are not enforced. On the other hand, if τ tends to infinity, the ROM model 

becomes ill-conditioned (Sirisup and Karniadakis, 2005). 

Replacing the velocity 𝒖 with 𝒖𝑟, p with pr and 𝜐𝑡 with 𝜐𝑡,𝑟 in the Eq. (19), employing the 

approximated face flux Fr in the convective term, and applying the Galerkin projection, the 

following POD-Galerkin ROM for Finite Volume discretization (POD-FV-ROM) is obtained:  

 𝑑𝑎𝑖(𝑡)

𝑑𝑡
= 𝜐∑𝐵𝑗𝑖

𝑁𝑟

𝑖=1

𝑎𝑖(𝑡) + 𝜐∑𝐵𝑇𝑗𝑖

𝑁𝑟

𝑖=1

𝑎𝑖(𝑡) −∑∑𝐶𝑗𝑘𝑖

𝑁𝑟

𝑖=1

𝑁𝑟

𝑘=1

𝑎𝑘(𝑡)𝑎𝑖(𝑡) + ∑∑𝐶𝑇1𝑗𝑘𝑖

𝑁𝑟

𝑖=1

𝑁𝑟

𝑘=1

𝑎𝑘(𝑡)𝑎𝑖(𝑡)

+∑∑𝐶𝑇2𝑗𝑘𝑖

𝑁𝑟

𝑖=1

𝑁𝑟

𝑘=1

𝑎𝑘(𝑡)𝑎𝑖(𝑡) −∑𝐴𝑗𝑖

𝑁𝑟

𝑖=1

𝑎𝑖(𝑡) + 𝜏 (𝒖𝑩𝑪 ∙ 𝑫𝑗 −∑𝐸𝑗𝑖

𝑁𝑟

𝑖=1

𝑎𝑖(𝑡)) 

(20) 

where  

 𝑎𝑗(0) =  〈𝝋𝑗, 𝒖1(𝒙)〉𝐿2 (21) 

 𝐴𝑗𝑖 = 〈𝝋𝑗 , ∇𝜒𝑖〉𝐿2 . (22) 

 𝐵𝑗𝑖 = 〈𝝋𝑗 , Δ𝝋𝑖〉𝐿2 , (23) 

 𝐵𝑇𝑗𝑖 = 〈𝝋𝑗 , ∇ ∙ (𝛻𝝋𝑖
𝑻)〉𝐿2 (24) 

 𝐶𝑗𝑘𝑖 = 〈𝝋𝑗, ∇ ∙ (𝜓𝑘, 𝝋𝑖)〉𝐿2 , (25) 

 𝐶𝑇1𝑗𝑘𝑖 = 〈𝝋𝑗, 𝜙𝑘Δ𝝋𝑖〉𝐿2 (26) 

 𝐶𝑇2𝑗𝑘𝑖 = 〈𝝋𝑗 , ∇ ∙ 𝜙𝑘(𝛻𝝋𝑖
𝑻)〉𝐿2 (27) 

 𝑫𝑗 = 〈𝝋𝑗〉𝐿2,𝜕Ω, (28) 

 𝐸𝑗𝑖 = 〈𝝋𝑗, 𝝋𝑖〉𝐿2,𝜕Ω. (29) 

Note that the 2/3𝑘𝑰 term is neglected in the ROM model since it can be incorporated in the 

pressure term (Pope, 2000). The dynamical system of the time-dependent coefficients for turbulence 

can be expressed as follows: 

 𝒂̇ = 𝜐(𝑩 + 𝑩𝑻)𝒂 − 𝒂𝑻(𝑪 − 𝑪𝑻𝟏 − 𝑪𝑻𝟐)𝒂 − 𝑨𝒂 + 𝜏(𝒖𝑩𝑪𝑫− 𝑬𝒂) (30) 

The procedure proposed in this work has the advantage of being as flexible as possible, and less 

dependent on the turbulent modelling. In particular, the technique can be applied to any model that 

expresses the momentum equation as Eq. (1), disregarding the specific modelling of the turbulent 

viscosity6. In addition, since in the POD-FV-ROM the diffusive term is not modified with the Green 

formula, the technique can be used also whether wall functions are applied or not. Indeed, problems 

may arise in the treatment of the wall functions if the BCs are directly incorporated in the ROM, 

since the wall functions of the turbulent quantities may be neither constant nor time-independent.  

 

 

                                                           
6 This is due to the choice of not projecting the equations that govern the eddy viscosity behaviour as the turbulent 

kinetic energy (k) and the specific rate dissipation (ω) in the k–ω modelling.  
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4. Reduced order model of the ALFRED pool 

A reduced order model of the ALFRED coolant pool (Figure 4a) has been set up according to the 

POD-FV-ROM procedure described in Section 3.1. In particular, a 2D geometry (Figure 4b) of the 

ALFRED coolant pool is adopted, for the sake of simplicity, by taking advantage of the symmetry 

of the core (Figure 4c), even if the technique can be easily extended to the 3D case. In the adopted 

configuration, just two Steam Generators (SGs) are involved. The reduced order model is aimed at 

being employed in the control-oriented plant simulator of the ALFRED reactor, substituting the 

zero-dimensional model of the cold pool.  

 
 

(a) (b) 

 
(c) 

Figure 4. (a) ALFRED pool configuration (Alemberti et al., 2013b); (b) 2D geometry of the ALFRED pool model; 

(c) top view of the reactor (Alemberti et al., 2013b) - the red line represents the plane used for the 2D 

representation of the ALFRED pool).  

In order to demonstrate the feasibility of employing ROM-based components in a control-oriented 

simulator, the possibility of varying the input variables of the model should be undertaken. In this 

case, the latter is represented by the fluid velocity at the SG outlet7 (uSG1, uSG2). In particular, this 

could be a possible control variable employed to change the fluid velocity profile (uin) at the core 

inlet8. In addition, these variables are the connections between the cold pool component and the rest 

                                                           
7 Actually, the input variable is the pump velocity, which can modify the mass flow rate inside the pool and the fluid 

velocity in turn. But, for the sake of simplicity, we will consider the fluid velocity at SG outlet as the control variable of 

the problem. 
8 The inlet temperature can be also changed whether the energy equation is considered. 
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of the plant, the fluid velocity at the core inlet being an input parameter for the core component 

since it determines the mass flow rate for each FA, and the fluid velocity at the SG outlet being an 

output parameter for the SG component. For this purpose, a parametric reduced order model of the 

ALFRED pool has been developed, focusing on the variation of the core inlet velocity profile 

following a SG outlet (uSG1, uSG2) velocity change. 

 

4.1 The offline procedure 

The offline procedure (i.e., calculation of the FOM solutions, generation of snapshots and 

construction of the matrix of Eq. (30)) is performed in the OpenFOAM environment (Weller et al., 

1998; OpenFOAM, 2014). OpenFOAM is an open source library for numerical simulation in 

continuum mechanics. The toolkit is very flexible thanks to the object-oriented programming, 

allowing users to customise, extend and implement complex physical models. Even though the 

POD generation is already present in the extended version of OpenFOAM (Jasak et al., 2007), some 

tools have been updated or created in order to implement the offline phase of POD-FV-ROM in the 

library. 

As a first step of the offline procedure, a CFD model (FOM model) for the ALFRED coolant 

pool has been developed in the OpenFOAM environment considering the boundary conditions for 

pressure and velocity shown in Figure 5. In particular, for the fluid velocity at the SG outlet, a range 

between 0.17 m/s (nominal condition) and 0.085 m/s (50% reduction with respect to the nominal 

condition) is spanned.  

 

Figure 5. Boundary conditions for the ALFRED pool model. 

Some numerical aspects regarding the full order model developed in OpenFOAM are pointed out 

in the following. As for the RANS turbulent modelling, the Shear Stress Transport (SST) 

formulation of the k–ω modelling (Menter, 1994; Menter et al., 2003; OpenFOAM, 2014) is 

selected because it is a low-Reynolds model and it blends the k–ω features near the wall and the k–ε 

behaviour in the bulk flow. A merged PISO-SIMPLE (PIMPLE) algorithm (Versteeg and 

Malalasekera, 2007; OpenFOAM, 2014) available in OpenFOAM is employed to solve the RANS 

in order to obtain for each time step at least a convergence of 10−5 for the velocity and turbulent 

quantities, and a convergence of 10−3 for the pressure. As for the numerical discretization, second-
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order bounded linear schemes are employed except for the advective term of the momentum and k–

ω equations, which use a second-order bounded upwind scheme and a first-order upwind scheme, 

respectively. A first order Euler implicit scheme is instead adopted for the time discretization. A 

mesh with 1.5·105 cells is adopted for a proper accuracy, and to obtain a value of y+ near unity for 

the application of the k–ω SST modelling without wall functions. For the sake of comparison, a 

steady-state comparison with respect to k–ε modelling with wall functions is performed in a 

nominal condition, and shows a good agreement between the outcomes of the two modelling 

approaches (Figure 6 and Figure 7). 

  
(a) (b) 

Figure 6. Contours of velocity magnitude in nominal condition calculated with (a) k–ω and (b) k–ε model in the 

ALFRED pool. 

  
(a) (b) 

Figure 7. Vectors of velocity magnitude in nominal condition calculated with (a) k–ω and (b) k–ε model in the 

ALFRED pool.  

Sixteen transients are performed to span the range of the fluid velocity at SG outlet (i.e., the flow 

inlet considering the pool) between 0.17 and 0.085 m/s (Table 2). After 0.5 s, a 5 s ramp decrease of 

the velocity is carried out from the initial nominal value to the final value. Figure 8 represents the 

evolution of the contours of the velocity magnitude in Case 13, along with the profile of the velocity 

at the core inlet (i.e., the flow outlet considering the pool). Besides being a demanding transient 

both from a computational and operational point of view, it is interesting to point out the change in 

the velocity profile at the core inlet. After the decrease of the velocity at SG2 outlet, the profile at 

the core inlet is totally changed, moving from the centre of the core to the periphery. This kind of 

information cannot be retrieved with a zero-dimensional or 1D model, where usually the core inlet 

velocity is decreased to the same amount of the decrease of the SG outlet one, with an unchanged 

profile. Even if the field of application is control, it is clear that dealing with a model that is able to 

reproduce such behaviour can provide significant insights from a safety point of view. In particular, 

for the considered transient, the change in the core inlet profile results in the cooling modification 
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of different core zones, especially for the left part of the core where the velocity of the coolant is 

close to zero and almost no cooling action is performed.  

 

Table 2. Transient cases performed for the construction of the parametric ROM for the ALFRED pool.  

Case # 
uSG1 (m/s) uSG2 (m/s) 

initial final initial final 

1 0.170 0.085 0.170 0.085 

2 0.170 0.085 0.170 0.119 

3 0.170 0.085 0.170 0.153 

4 0.170 0.085 0.170 0.170 

5 0.170 0.119 0.170 0.085 

6 0.170 0.119 0.170 0.119 

7 0.170 0.119 0.170 0.153 

8 0.170 0.119 0.170 0.170 

9 0.170 0.153 0.170 0.085 

10 0.170 0.153 0.170 0.119 

11 0.170 0.153 0.170 0.153 

12 0.170 0.153 0.170 0.170 

13 0.170 0.170 0.170 0.085 

14 0.170 0.170 0.170 0.119 

15 0.170 0.170 0.170 0.153 

16 0.170 0.170 0.170 0.170 

 

   

   
0 s 3 s 5 s 
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10 s 20 s 70 s 

Figure 8. Evolution of the contours of the velocity magnitude in Case 13, along with the profile of the velocity 

magnitude at the core inlet. 

4.2. The 0D model and the ROM-based component of the ALFRED pool 

In the control-oriented simulator described in Section 2.2, the cold pool is modelled considering 

mass and energy balances (Figure 9 shows the Modelica code of the component based on the 0D 

approach). As pointed out in the Introduction, this kind of approach prevents the simulation tool 

from taking into account turbulence mixing and 3D effects, which can have a remarkable impact 

both on control issues (i.e., the oxygen control in LFR) and safety issues as well (e.g., as in Case 13 

of the previous section, see Figure 8). 

 

Model Cold_pool "Open tank with free surface" 

parameter Area A "Cross-sectional area"; 

parameter Volume V0 "Volume at zero level"; 

parameter Pressure pext "Surface pressure"; 

parameter Length ystart "Start level" 

parameter SpecificEnthalpy hstart 

Length y(start=ystart, stateSelect=StateSelect.prefer) "Level"; 

Volume V "Liquid volume"; 

Mass M "Liquid mass"; 

Enthalpy H "Liquid (total) enthalpy"; 

Medium.SpecificEnthalpy h(start=hstart, stateSelect=StateSelect.prefer)     "Liquid specific enthalpy"; 

Medium.SpecificEnthalpy hin "Inlet specific enthalpy"; 

Medium.SpecificEnthalpy hout "Outlet specific enthalpy"; 

Medium.AbsolutePressure p(start=pext) "Bottom pressure"; 

constant Real g=Modelica.Constants.g_n; 

parameter Choices.Init.Options initOpt=Choices.Init.Options.noInit     "Initialisation option; 

 

equation  

liquidState = Medium.setState_ph(pext, h); 

V = V0 + A*y "Liquid volume"; 

M = V*Medium.density(liquidState) "Liquid mass"; 

H = M*Medium.specificInternalEnergy(liquidState) "Liquid enthalpy"; 

der(M) = inlet.m_flow + outlet.m_flow "Mass balance"; 

der(H) = inlet.m_flow*hin + outlet.m_flow*hout "Energy balance"; 

p - pext = Medium.density(liquidState)*g*y "Stevino's law"; 

end Cold_pool; 

 

Figure 9. Modelica code of the Cold_pool component (Ponciroli et al., 2014a).  

The Coolant Pool ROM component of the ALFRED reactor (Figure 10) has been developed 

employing the turbulent POD-FV-ROM technique summarized in Section 3.1, considering the 

velocity of the two SGs as parametrized boundary conditions. Accordingly, Eq. (30) is modified as 

follows: 

𝒂̇ = 𝜐(𝑩 + 𝑩𝑻)𝒂 − 𝒂𝑻(𝑪 − 𝑪𝑻𝟏 − 𝑪𝑻𝟐)𝒂 − 𝑨𝒂 + 𝜏(𝒖𝑺𝑮𝟏𝑫𝑺𝑮𝟏 + 𝒖𝑺𝑮𝟐𝑫𝑺𝑮𝟐 − 𝑬𝒂) (31) 
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Figure 10. ROM-based component of the ALFRED pool. 

Eq. (31) is implemented in the Coolant Pool ROM component that calculates the mass flow rate 

of the central FA as possible output variable (Figure 11 shows the Modelica code of the ROM-

based component). In particular, the latter (𝑚̇𝐹𝐴) is calculated as 

 

𝑚̇𝐹𝐴 = ∫𝜌𝒖 ∙ 𝑑𝑨 ≈ ∫𝜌𝒖𝑟 ∙ 𝑑𝑨 = ∫𝜌∑𝑎𝑖𝝋𝑖

𝑁𝑟

𝑖=1

∙ 𝑑𝑨 =∑𝑎𝑖∫𝜌𝝋𝑖 ∙ 𝑑𝑨 =∑𝑎𝑖𝜇𝑖

𝑁𝑟

𝑖=1

𝑁𝑟

𝑖=1

 (32) 

where 𝜇𝑖 is the mass flow rate of central FA calculated for each function of the POD basis: 

 
𝜇𝑖 = ∫𝜌𝝋𝑖 ∙ 𝑑𝑨 (33) 

model Coolant_Pool_ROM  "ROM model for the ALFRED coolant pool"; 

   extends ThermoPower.Icons.Water.Tank; 

   import C_function; 

   parameter Integer N=79 "Number of functions in the basis"; 

   parameter Real nu=1.937e-7 "Kinematic viscosity"; 

   parameter Real A[:,:]=readMatrix("matrices.mat", "A", N,N) "A matrix of Eq. (31)"; 

   parameter Real B[:,:]=readMatrix("matrices.mat", "B", N,N) "B matrix of Eq. (31)"; 

   parameter Real BT[:,:]=readMatrix("matrices.mat", "BT", N,N) "BT matrix of Eq. (31)"; 

   parameter Real DSG1[:,1]=readMatrix("matrices.mat", "DSG1", N,1) "DSG1 vector of Eq. (31) – y component"; 

   parameter Real DSG2[:,1]=readMatrix("matrices.mat", "DSG2", N,1) "DSG2 vector of Eq. (31) – y component"; 

   parameter Real E[:,:]=readMatrix("matrices.mat", "E", N, N) "E matrix of Eq. (31)"; 

   parameter Real FA_1_flow[1,:]=readMatrix("matrices.mat", "FA_1_flow", 1,N) "µi of Eq. (33)"; 

   parameter Real ci[1,:]=readMatrix("matrices.mat", "ci", 1,N); "initial conditions" 

   parameter Real tau=1e-2; "penalty factor" 

     Real a[N,1]; "time coefficients" 

 

equation   "Eq. 31" 

  der(a)=nu*(B+BT)*a+C_function(a)-A*a+tau(inlet_SG_1.m_flow*DSG1+inlet_SG_2.m_flow*DSG2-E*a); 

  FA_int_1.m_flow=-FA_1_flow[1,:]*a[:,1]; 

 

initial equation  

   a=transpose(ci); 

end Coolant_Pool_ROM; 

Figure 11. Modelica code of the Coolant pool ROM component. 

5. Simulation results 

In order both to test the ROM-based component of the ALFRED coolant pool and to compare 

the outcomes with the zero-dimensional model, the simulation results of some transient cases are 

discussed in this Section. For the sake of brevity, only the results of the parametric reduced order 

model of the coolant pool are presented, starting from 2100 snapshots of the cases involving only 

the velocity variation of the second steam generator (i.e., the Cases from 13 to 16, see Table 2). To 
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SG_1_mass_flow 

duration=5 
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sy stem 
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assess the accuracy of the ROM model, the difference between the ROM and FOM model (taken as 

reference) is reported using the L2 error:  

 

‖𝑒‖𝐿2 = √
〈(𝒖𝑭𝑶𝑴 − 𝒖𝑟), (𝒖𝑭𝑶𝑴 − 𝒖𝑟)〉𝐿2

〈𝒖𝑭𝑶𝑴, 𝒖𝑭𝑶𝑴〉𝐿2
 (34) 

In Figure 12, the L2 error of the ROM model velocity is compared with 80 and 65 spatial basis 

functions following a velocity variation of the second SG of 10%, 30% and 50% with respect to the 

nominal value. For a velocity variation of 10% and 30% (i.e., uSG2 = 0.153 m/s and uSG2 = 0.119 

m/s, respectively), the error is almost always lower than 1·10-2, whereas for a velocity variation of 

50% (i.e., uSG2 = 0.085 m/s) the error is between 5·10-2 and 8·10-3. Even if a worse performance is 

obtained in the latter case, the results are very promising, the maximum relative error being equal to 

5%. 
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Figure 12. L2 error of the reconstructed velocity from ROM model with Nr=80 (blue line) and Nr=65 (red line) 

following a velocity variation of (a) 10% - uSG2=0.153 m/s; (b) 30% - uSG2=0.119 m/s; (c) 50% - uSG2=0.085 m/s 

with respect to the nominal value.  

The L2 error of the velocity field is relevant for a general assessment of the accuracy of the 

reduced order model. On the other hand, since the purpose is the adoption of the ROM-based 

component in a control-oriented simulator, the evaluation of the output variables is relevant as well. 

In this sense, the output variables of the coolant pool model are the inlet mass flow rates of the FA 

since they represent the connection between the ROM-based component of the coolant pool and the 

reactor core model. To this end, we consider three models of the coolant pool, namely: the FOM 

model, based on CFD; the developed ROM-based component; and the 0D-based component (i.e., 

the Cold Pool component, see Figure 9). Figure 13, Figure 14, and Figure 15 show the variation of 

the mass flow rate in the central FA for the three modelling approaches following a velocity 

variation at the outlet of the second SG of 10%, 30% and 50%, respectively. 

  
(a) (b) 

Figure 13. (a) Evolution of the mass flow rate in the central FA following a velocity variation of (a) 10% - 

uSG2=0.153 m/s with respect to the nominal value. ROM (blue line), 0D (green line) and FOM (red line) model 

results; (b) relative error of ROM and 0D model with respect to FOM model. 

  
(a) (b) 

Figure 14. (a) Evolution of the mass flow rate in the central FA following a velocity variation of (a) 30% - 

uSG2=0.119 m/s with respect to the nominal value. ROM (blue line), 0D (green line) and FOM (red line) model 

results; (b) relative error of ROM and 0D model with respect to FOM model. 
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(c) 

Figure 15. (a) Evolution of the mass flow rate in the central FA following a velocity variation of (a) 50% - 

uSG2=0.085 m/s with respect to the nominal value. ROM (blue line), 0D (green line) and FOM (red line) model 

results; (b) relative error of ROM and 0D model with respect to FOM model (the time is limited to 50 s since the 

FOM mass flow rate approaches a very small value); (c) absolute error of ROM and 0D model with respect to 

FOM model (the value for 0D model is divided by 10 for the sake of readability). 

In general, there is a good agreement between the ROM-based component (Nr=80) and the FOM. 

It is worthwhile emphasising that for all the three cases, the 0D model of the cold pool completely 

fails in reproducing the transient behaviour and the final mass flow rate value. This can be 

explained considering the Figure 8. In this asymmetric transient, the spatial information of the 

velocity is crucial since the core inlet profile moves to the periphery of the core. This effect is well 

represented in the full order model and in the derived reduced order model. On the other hand, the 

0D model is not able to capture this spatial information and the outcome is an average mass flow 

rate along the entire core inlet.  

The capability of the reduced order model to reproduce different situations from what included 

in the snapshots (Table 2) should be assessed. Even if the best option consists in calculating as 

much as possible snapshots related to the system behaviour in order to "train" the spatial basis, it is 

not possible to include every possible situation that may happen in the cold pool and therefore it is 

important to ensure acceptable results if the simulations cover situations not sampled in the 

calculated snapshots. To this purpose, a 20% and 40% velocity variation at the outlet of the second 

SG with respect to the nominal value (i.e., uSG2 = 0.136 m/s and uSG2 = 0.102 m/s, respectively) is 

considered with the full order model. The results are then compared with the ROM model built 

starting from the snapshots calculated beforehand (i.e., the Cases from 13 to 16, see Table 2).  

In Figure 16, the L2 error of the ROM model velocity with 80 spatial basis functions following a 

20% and 40% velocity variation at the outlet of the second SG with respect to the nominal value is 

shown. Even if the error is around 10% at the end of the transient, the results should be read 

considering that these situations are not included in the snapshots set. In this case, there is no 

guarantee that the reduced order model can reproduce the correct behaviour. On the other hand, the 

ROM-based component of the coolant pool turns out to give physical results without mathematical 

or numerical issues. This is mainly due to the fact that in this work the CRT approach has been 

selected rather than SRS (see Section 3), building the reduced order model upon a robust physical 

model.  
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(a) 

 
(b) 

Figure 16. L2 error of the reconstructed velocity from ROM model with Nr=80 following a variation of (a) 20% - 

uSG2=0.136 m/s; (b) 40% - uSG2=0.102 m/s with respect to the nominal value. 

In addition, the assessment is performed also considering the output variable, i.e., the mass flow rate 

in the central FA, for the FOM model, the ROM-based component and the 0D-based component. A 

good agreement between the FOM model and the ROM-based component is obtained in case of 

20% variation (Figure 17), whereas in the other case (Figure 18) a bigger discrepancy is found. This 

can be explained considering the velocity profile at the core inlet for the FOM and the ROM models 

(Figure 19). In particular, there is a shift in the profile between the two models, magnified by the 

fact that the mass flow rate behaviour in the central FA is considered. However, the result can be 

considered acceptable since the 0D model shows a bigger discrepancy than the ROM-based 

component with respect to the high fidelity model. 

  
(a) (b) 

Figure 17. (a) Evolution of the mass flow rate in the central FA following a velocity variation of (a) 20% - 

uSG2=0.136 m/s with respect to the nominal value. ROM (blue line), 0D (green line) and FOM (red line) model 

results; (b) relative error of ROM and 0D model with respect to FOM model. 

30 40 50 60 70 80 90 100
10

-3

10
-2

10
-1

10
0

Time (s)

L
2
 E

rr
o

r 
- 

v
e

lo
c
it
y

 

 
N

r
 = 80

30 40 50 60 70 80 90 100
10

-3

10
-2

10
-1

10
0

Time (s)

L
2
 E

rr
o

r 
- 

v
e

lo
c
it
y

 

 
N

r
 = 80

0 20 40 60 80 100
150

155

160

165

170

175

180

Time (s)

M
a
s
s
 f

lo
w

 r
a
te

 (
k
g
 s

-1
)

 

 
ROM model
0D pool model
FOM model

30 40 50 60 70 80 90 100
0

0.01

0.02

0.03

0.04

0.05

0.06

Time (s)

R
e

la
ti
v
e

 e
rr

o
r 

(-
)

 

 
ROM model

0D pool model



23 

  
(a) (b) 

 
(c) 

Figure 18. (a) Evolution of the mass flow rate in the central FA following a velocity variation of (a) 40% - 

uSG2=0.102 m/s with respect to the nominal value. ROM (blue line), 0D (green line) and FOM (red line) model 

results; (b) relative error of ROM and 0D model with respect to FOM model (the time is limited to 50 s since the 

FOM mass flow rate approaches a very small value); (c) absolute error of ROM and 0D model with respect to 

FOM model. 
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(b) 

Figure 19. Velocity profile (t = 100 s) at core inlet following a velocity variation of 40% - uSG2=0.102 m/s with 

respect to the nominal value. FOM (red line), ROM (blue line) model results. 

 

Finally, for the full order model, a computational time of 212 cpu-hours is required for a single 

simulation case of 70 s (the calculations were performed on the CINECA GALILEO cluster with 16 

processors). On the other hand, for the ROM model, only a computational time of 25 s (Nr=80) is 

needed to perform the same simulation. For the sake of completeness, for the POD generation and 

the ROM matrix calculation of the offline step, the procedure takes 0.3 cpu-hours and 40 cpu-hours, 

respectively. The previous computational time allows the control-oriented simulator to be fast-

running, which is one of the requirements demanded for such modelling tool. At the same time, the 

simulator is improved with a more accurate physical representation of a complex phenomenon, i.e., 

the thermal-hydraulics in the coolant pool of ALFRED reactor.  

 

6. Conclusion 

In this paper, the development of a reduced order model for the spatial description of the coolant 

pool of a nuclear reactor is presented. The aim of such a modelling effort is to overcome the 

lumped-parameter or one-dimensional modelling usually employed in control-oriented applications. 

Even if these approaches are well suited for control purposes since they provide fast-running 

simulations and are easy to linearize, they may not be sufficient to deeply assess complex systems, 

in particular where spatial phenomena have a remarkable impact on dynamics. A possible solution 

is the use of Reduced Order Methods in order to take advantage of the high level of accuracy and 

the better physical description without increasing the computational burden. In particular, this paper 

is aimed at verifying and assessing the feasibility of employing ROM-based components in the 

control-oriented simulator of the ALFRED reactor plant. Among the several ROM techniques, the 

POD-FV-ROM has been applied since it extends the classic POD-Galerkin-ROM method to the 

Finite Volume approximation of the Navier-Stokes equations and makes possible the construction 

of a reduced order model capable to handle turbulent flows modelled through the RANS equations. 

In this way, it is possible to pursue the classic approach used in nuclear engineering for the 

turbulent flows based on the Finite Volume discretization without modifying the tools usually 

adopted (and validated) for this kind of problems. 
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Starting from this procedure, a parametric ROM-based component of the coolant pool of the 

ALFRED reactor has been developed, considering the possibility of varying the input variables of 

the model. In particular, the velocity at the SG has been considered as parametrized boundary 

condition since it can be a possible control variable. The variation of the velocity at the SG outlet 

has been shown to have an impact on the velocity profile at core inlet and, in turn, on the 

distribution of the mass flow rate inside the core. The simulation results show a good agreement 

between the ROM and the FOM models in reproducing the velocity field up to the 50% variation of 

the SG velocity with respect to the nominal value, the relative error of the velocity field being 

always lower than 5%. As a major outcome of the work, it has been shown that the ROM-based 

component is more accurate than 0D model without an excessive computational cost. In particular, 

in asymmetric transients (where the spatial information of the velocity is crucial), the ROM model 

correctly represents the inlet velocity profile movement from the centre to the periphery of the core. 

On the other hand, the 0D model is not able to capture this spatial information and the result is an 

average mass flow rate along the entire core inlet. Finally, the robustness of the reduced order 

model to reproduce different situations from what included in the snapshots has been assessed, 

giving acceptable results and, in any case, improving the accuracy with respect to the 0D modelling. 

Finally, a spatial modelling approach of the coolant pool of a nuclear reactor has been proposed 

aimed at being used in a control-oriented simulator. The adopted description allows for the spatial 

heterogeneity of the system, in particular as concerns the velocity field, i.e., the main variable of 

interest. Moreover, it turns out to be employed in control-oriented applications, being accurate in 

both the velocity field and the output variable representation (e.g., mass flow rate) without an 

excessive computational cost. This modelling improvement may allow adopting innovative control 

strategies, whose feasibility in the nuclear field cannot be adequately studied by means of the 

0D/1D approach. The ROM approach assessed in this paper is not tailored only to LFR applications 

but it can be employed for different reactor concepts with similar pool-type configuration, e.g., the 

Molten Salt Fast Reactor (http://www.samofar.eu) or the Sodium Fast Reactor (Vasile et al., 2015), 

and can be valuable for other fluid-dynamics applications. 

As future development of this work, the inclusion of the energy equation in the POD-FV-ROM 

is of great interest since it allows considering also the thermal coupling in the model of the coolant 

pool. Moreover, some additional tests should be performed on the ROM-based components of the 

control-oriented simulator in order to definitively prove that no further issues arise in their 

employment. In particular, the coupling of different ROM-based components and the behaviour in 

situations quite far from the snapshot ensemble are the main topics in this direction, opening new 

perspectives, for example dealing with uncertainty scenarios. 
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Nomenclature 

𝑎𝑖 time coefficient, - 

𝒂 time coefficient vector of the ROM model, - 

𝑩 matrix of the ROM model, - 

𝑩𝑻 matrix of the ROM model, - 

𝑪 matrix of the ROM model, - 

𝑪𝑻𝟏 matrix of the ROM model, - 

𝑪𝑻𝟐 matrix of the ROM model, - 

𝑫 matrix of the ROM model, - 

e L2 error of velocity, - 

𝑬 matrix of the ROM model, - 

𝐹 face flux, m3 s-1 

𝐹𝑟 ROM model face flux , m3 s-1 

k turbulent kinetic energy, m2 s-2 

𝑚̇𝐹𝐴 mass flow rate of the FA, kg s-1 

𝑁𝑟 number of ROM model functions, - 

𝑁𝑠 number of snapshots, - 

𝑝 normalized pressure, m2 s-2 

𝑝𝑟 ROM model normalized pressure, m2 s-2 

t time, s 

𝒖 velocity, m s-1 

𝒖𝑛 snapshots velocity, m s-1 

𝒖𝑟 ROM model velocity, m s-1 

𝒖𝑡 derivative of the velocity, m s-1 

𝒖𝐵𝐶  Dirichlet boundary condition of velocity, m s-1 

𝒖𝐹𝑂𝑀 FOM velocity, m s-1 

x horizontal coordinate, m 

𝒙 Vector of spatial coordinate, m 

 

Greek symbols 

Γ boundary function, - 

𝜇𝑖  ROM model mass flow rate of the FA, kg s-1 

𝜐 kinematic viscosity, m2 s-1  

𝜐𝑡 turbulent viscosity, m2 s-1  

𝜐𝑡,𝑟 ROM model turbulent viscosity, m2 s-1  

𝝋𝑖 velocity spatial modes, m s-1 

𝜙𝑖 turbulent viscosity spatial modes, m2 s-2 

𝜏 penalty factor, - 

𝜒𝑖 pressure spatial modes, m2 s-2 

𝜓𝑖 face flux spatial modes, m3 s-1 

Ω spatial domain, m3 
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Acronyms 

ALFRED Advanced Lead Fast Reactor European Demonstrator 

BC  Boundary Condition 

CFD   Computational Fluid Dynamics 

CR   Control Rod 

CRT   Computational Reduction Techniques 

DAE   Differential Algebraic Equation 

DNS   Direct Numerical Simulation 

FA   Fuel Assembly 

FE   Finite Elements 

FOM   Full Order Model 

FP7   7th Framework Programme 

FV   Finite Volume 

LEADER  Lead-cooled European Advanced DEmonstrator Reactor 

LES   Large Eddy Simulation 

LFR   Lead-cooled Fast Reactor 

NSE   Navier-Stokes Equation 

ODE   Ordinary Differential Equation 

PDE   Partial Differential Equation 

PID   Proportional-Integral-Derivative controllers 

POD   Proper Orthogonal Decomposition 

RANS   Reynolds Averaged Navier-Stokes 

RB   Reduced Basis 

ROM   Reduced Order Methods 

SISO   Single Input Single Output 

SG  Steam Generator 

SR   Safety Rod 

SRS   Surrogate Response Surfaces 

SST   Shear Stress Transport 
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