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1 Introduction

Infra-red (IR) dualities are the phenomenon by which two different quantum field theories

(QFTs) describe the same physics at long distances. When non-trivial, dualities are an

extremely powerful tool to understand the non-perturbative dynamics of QFTs. For in-

stance, one theory could flow to strong coupling in the IR, while the other could be weakly

coupled or even IR-free: in this case the latter solves the IR physics of the former. When

both theories flow to the same interacting conformal field theory (CFT), dualities realize

the idea of universality. In this case, one QFT could develop quantum symmetries at long

distances because of strong coupling, and such emergent symmetries could be revealed by

the second QFT in which they are manifest at all energies.

Dualities are familiar in two space-time dimensions, and are abundant among super-

symmetric (SUSY) theories in two, three and four dimensions. On the other hand, dualities

become rare without supersymmetry in more than two space-time dimensions (not because

they do not exist, but rather because they are difficult to find and to corroborate).

However, the state of the art in three space-time dimensions has drastically changed

in the last few years. A convergence of ideas from the condensed matter literature (e.g. [1–

7]), the study of Chern-Simons-matter theories in the large N limit (e.g. [8–11]), the

bulk of knowledge about SUSY dualities (e.g. [12–17]) and the careful analysis of Abelian

Chern-Simons-matter theories [18–20], has led to the proposal of infinite families of non-

supersymmetric dualities [21–25] between Chern-Simons (CS) gauge theories coupled to

matter fields in the fundamental representation — bosonic on one side and fermionic on

the other side. For that reason they are sometimes called “bosonization dualities”. Various

other dualities have been found as well, including multiple gauge groups [26, 27] or matter

in other representations [28]. Other works elaborating on the dualities are [29–38].

In this paper we propose new non-supersymmetric IR dualities in three space-time

dimensions, between Chern-Simons-matter theories with both scalar and fermionic matter

fields in the fundamental representation.1 Succinctly, we propose the following dualities:

SU(N)
k−

Nf
2

with Ns φ, Nf ψ ←→ U(k)−N+Ns
2

with Nf φ, Ns ψ

USp(2N)
k−

Nf
2

with Ns φ, Nf ψ ←→ USp(2k)−N+Ns
2

with Nf φ, Ns ψ

SO(N)
k−

Nf
2

with Ns φ, Nf ψ ←→ SO(k)−N+Ns
2

with Nf φ, Ns ψ

(1.1)

as well as

U(N)
k−

Nf
2
,k−

Nf
2

±N
with Ns φ, Nf ψ ←→ U(k)−N+Ns

2
,−N+Ns

2
∓k with Nf φ, Ns ψ .

(1.2)

We propose the SU/U and U/U dualities in the range of parameters Ns ≤ N , Nf ≤ k and

(Ns, Nf ) 6= (N, k); the USp dualities in the range Ns ≤ N , Nf ≤ k; the SO dualities in the

1Dualities between CS-matter theories with a single fundamental scalar and fermion in the large N limit

were proposed and analyzed in [11].
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range Ns ≤ N , Nf ≤ k and Ns + Nf + 3 ≤ N + k. Although we have not analyzed this

point in full details, it appears that these ranges can be extended, along the lines of [25],

by invoking quantum phases with a condensate of the fermion bilinear and spontaneous

symmetry breaking.

Let us explain our notation in (1.1)–(1.2). We indicate the gauge group and in subscript

its CS level. The latter gets contribution from the bare CS level in the Lagrangian, which

is always integer, and the regularization of the fermion determinant. As in [39], we write

the Lagrangian of a complex Dirac fermion ψ coupled to a U(1) gauge field A as

iψ̄ /DAψ (1.3)

and use a regularization of the fermion determinant2 such that, when integrating out the

fermion with a positive mass we are left with a vanishing Lagrangian, while negative mass

leads to a CS term at level −1 (as well as a gravitational CS term, defined in appendix A.1):

− 1

4π
AdA− 2CSg . (1.4)

Thus, the bare CS level is k on the left-hand-side (l.h.s.) and −N +Ns on the right-hand-

side (r.h.s.) of (1.1). In (1.2) the first and second subscripts refer to the CS levels for the

SU and U(1) part of the gauge group — see (3.3) — and U(N)k ≡ U(N)k,k.

We indicate scalar fields as φ and fermionic fields as ψ; in all cases they transform

in the fundamental representation of the gauge group, which is complex N -dimensional

for SU(N) and U(N), pseudo-real 2N -dimensional for USp(2N) and real N -dimensional

for SO(N). On the l.h.s. there are Ns scalars and Nf fermions,3 while the opposite is

true on the r.h.s. The theories include all relevant couplings that are compatible with the

global symmetries preserved by the gauging (specified in the corresponding sections), in

particular they include quartic scalar couplings as well as mixed couplings quadratic both

in the scalars and in the fermions.

There are two obvious quadratic relevant deformations that are compatible with all

symmetries: a “diagonal” mass term for all scalars, schematically m2
φ|φ|2, and a diagonal

mass term for all fermions, mψψ̄ψ. For generic values of the masses the theories are either

completely gapped, possibly with topological order described by a topological quantum

field theory (TQFT), or can develop Goldstone bosons. As we tune the couplings we find

lines with interesting phase transitions, that we can conjecture be described by conformal

field theories (CFTs). Those lines will meet at one or more multi-critical fixed points. On

the other hand, the transitions could be first order instead of second order — then the

dualities are less interesting. This, however, would not change much our discussion. A

schematic structure of the phase diagrams is in figure 1. There, a grey area covers the

2Specifically, the regularized fermion determinant is the exponential of the eta invariant, see the very

clear exposition in [40]. On the other hand, we implicitly use a Yang-Mills regulator for the gauge sector.
3According to the property of the gauge representation, we count Dirac fermions for SU, U and USp,

and Majorana fermions for SO.
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deep quantum region of the phase diagram where it is hard to understand the detailed

structure;4 only in a few cases we will be able to make sharp predictions.

The conjectured dualities have very interesting implications. In various cases they

predict the emergence of time-reversal and parity invariance quantum-mechanically in the

IR, or the emergence of other internal global symmetries (assuming the transitions are

second order). In some cases the dualities predict that the IR physics decouples into two

or more separate CFTs (typically a Wilson-Fisher fixed point and some free fermions).

We subject the dualities to various checks. We study their consistency under massive

deformations, and verify that they reduce to the dualities with a single matter species [21,

22, 24] and to the level-rank dualities of spin-Chern-Simons theories. We couple the theories

to background gauge fields and keep into account their counterterms — as well as the

counterterm for the gravitational field. This allows us to gauge part of the global symmetry

and generate new dualities, as well as to test the proposed ones. We spell out the map of

the simplest monopole operators in the unitary case.

In the last section we derive new Abelian dualities combining the dualities in [20]. We

find the following:

U(1)0

y
with 2 φ and VEP ←→

y

U(1)0 with 2 ψ

U(1)1 with 2 φ and VEP ←→
y

U(1)− 1

2

with φ, ψ

U(1)2 with 2 φ and VEP ←→ U(1)−1 with 2 ψ

U(1) 3

2

with φ, ψ ←→ U(1)− 3

2

with φ, ψ

(1.5)

where VEP is an “easy plane” quartic scalar potential that further breaks the global symme-

try. The circular arrows indicate a self-duality. The dualities in the first line were already

reported in [18, 22, 31, 32, 41, 42]. More details are in section 6.

The paper is organized as follows. In sections 2, 3, 4 and 5 we present the SU/U,

U/U, USp and SO dualities, respectively. We describe the faithful global symmetry, the

couplings, the phase diagram, the coupling to background fields and the map of monopole

operators. We also give some simple examples in each case. In section 6 we present new

Abelian dualities. We conclude in section 7. In appendix A we summarize the dualities with

a single matter species, while in appendices B and C we give more details on our notation.

2 SU/U duality

The first duality we consider involves Chern-Simons gauge theories with unitary and special

unitary groups, as well as bosonic and fermionic matter in the fundamental representation,

4For instance, when four lines come together, one could expect two tri-critical points connected by an

intermediate transition line. Given the structure of the phase diagram presented in this paper, one could try

to identify those tri-critical points. On the other hand, one could envision the possibility that the required

two tri-critical points and intermediate gapless line do not exist, and thus the four lines are forced to meet

at a single point. Or first-order transitions could be involved. We leave this question for future work.
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which is complex. We propose the following duality:

SU(N)
k−

Nf
2

with Ns φ, Nf ψ ←→ U(k)−N+Ns
2

with Nf φ, Ns ψ ×U
(
k(N −Ns)

)
1

(2.1)

for

N ≥ Ns , k ≥ Nf , (N, k) 6= (Ns, Nf ) . (2.2)

We indicate scalar fields as φ and fermionic fields as ψ, and in this case they are both

complex. Thus the theory on the l.h.s. has Ns scalars and Nf fermions in the fundamental

representation, while the theory on the r.h.s. has Nf scalars and Ns fermions. On the

r.h.s. , U
(
k(N −Ns)

)
1
is a trivial spin-TQFT [20] not coupled to matter, which represents

the gravitational coupling −2k(N −Ns)CSg (see appendix A.1 for our conventions).

This proposal reproduces the boson/fermion dualities of [21, 22] for Ns = 0 or Nf = 0,

i.e. when we take a single matter species, as well as the level-rank dualities when Ns =

Nf = 0. We summarize those dualities, for reference, in appendix A. Our proposal also

agrees with [11] where the case Ns = Nf = 1 was studied in the large N, k limit. In the

following we will assume Ns, Nf ≥ 1.

On both sides of (2.1) there is a manifest global symmetry SU(Ns)×SU(Nf )×U(1)2⋊

ZC
2 : each SU factor acts on one matter species, one U(1) acts anti-diagonally on scalars and

fermions, the other U(1) is baryonic on the l.h.s. and magnetic on the r.h.s. , while ZC
2 is

charge conjugation (see appendix B for our notation). We will be more precise in section 2.1

and show that the symmetry that acts faithfully on gauge-invariant operators is in fact

G =
U(Ns)×U(Nf )

ZN
⋊ ZC

2 . (2.3)

The case of gauge group SU(2) ∼= USp(2) is special and is analyzed in detail in section 2.1.1,

however (2.3) is still true. On both sides of (2.1) we include all gauge-invariant relevant

operators compatible with those symmetries. Let us list them in the SU theory. First,

there are the quadratic mass terms

|φ|2 = φ†
αIφ

αI , ψ̄ψ = ψ̄αBψ
αB (2.4)

where α = 1, . . . , N is in the fundamental of SU(N), I = 1, . . . , Ns is in the fundamental

of SU(Ns) and B = 1, . . . , Nf is in the fundamental of SU(Nf ). Then there are the quartic

scalar couplings (
φ†
αIφ

αI
)2

, φ†
αIφ

αJφ†
βJφ

βI . (2.5)

The fermionic quartic couplings are irrelevant in the UV, and we will assume that they

remain such in the IR.

Finally, there are mixed scalar-fermion quartic couplings:

Od =
(
φ†
αIφ

αI
)(
ψ̄βAψ

βA
)
, Om = φ†

αIφ
βI ψ̄βAψ

αA . (2.6)

BothOd andOm are marginal at the UV free fixed point. In the ’t Hooft largeN and k limit

(with N/k fixed), the operator Od gets a large IR anomalous dimension ∆d = 4+O
(
1
N

)
in

– 5 –
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the critical boson theory, namely in the scalar theory deformed by the first (and possibly

the second) operator in (2.5) and with a single tuning to set the scalar mass to zero. The

presence of the fermions and of gauge interactions does not change this conclusion. Hence

this operator is irrelevant in the IR. On the contrary, Om does not get anomalous dimension

at leading order in N , ∆m = 3 + O
(
1
N

)
, in the critical boson and regular fermion theory

(with both scalar and fermion masses tuned to zero). In the following we will assume that

Om is present in the IR (at least when it exists as an operator independent from Od): as

we will see, its presence in the two theories (with a very specific sign for its coefficient) is

crucial for the duality to work. On the contrary, even though we expect Od to be marginally

irrelevant in the UV, its presence in the theories would not modify our discussion and so

we will not make assumptions about it.

The operators Od and Om also behave differently when φ gets a vacuum expectation

value (VEV). Indeed Od gives a uniform mass to all fermions in the theory, while Om only

gives mass to those components that are not charged under the unbroken gauge group (but

uniformly across the flavors).

Let us mention that also sextic scalar couplings, schematically |φ|6, similarly to Od are

marginal in the UV free theory but are expected to be irrelevant and not to modify the

discussion in the IR (at least as long as their coefficients are positive) because we are not

tuning the quartic couplings.5

For generic values of the parameters, both theories in (2.1) are either completely gapped

or reduce to Goldstone bosons. We can study the phase diagram as we vary the mass terms

for the couplings m2
φ|φ|2 and mψψ̄ψ in (2.4). Along lines where one function of m2

φ and mψ

is tuned, we reproduce the Chern-Simons gauge theories with one matter species, either

scalars or fermions, involved in the dualities of [21, 22] and conjectured to have a non-trivial

IR fixed point. Those lines correspond to tuning either the IR scalar or fermion mass to

zero, respectively. Classically (or in the ’t Hooft large N limit [11]) those lines meet at a

multicritical IR fixed point, that we indicate as m2
φ = mψ = 0. In the full quantum theory,

we do not know whether all gapless lines meet at a single point, or whether they form a

more intricate net — possibly involving first-order transitions. Only in a few cases we will

find indications of the first scenario. Leaving such a central region aside, we will study the

phase diagrams in detail below.

2.1 The faithful global symmetry

Let us find the symmetry group G that acts faithfully on gauge-invariant operators, for

both theories in (2.1). This analysis will be independent of the duality, and valid for all

values of N, k,Ns, Nf .

Consider first the theory on the l.h.s. of (2.1). The faithfully-acting symmetry is

SU(N)
k−

Nf
2

with Ns φ, Nf ψ : G =
U(Ns)×U(Nf )

ZN
⋊ ZC

2 . (2.7)

The ZN quotient is generated by
(
e2πi/N1, e2πi/N1

)
, and it corresponds to the center of

SU(N). Then ZC
2 is charge conjugation (see appendix B for details). When k =

Nf

2 ∈ Z

5See [38] for a large N analysis of CS-matter theories where the quartic scalar coupling is tuned.
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the theory has also time-reversal invariance ZT
2 . The case N = 2 deserves more attention,

and is treated in section 2.1.1, however the conclusion is the same.

Next consider the theory on the r.h.s.: U(k)−N+Ns
2

with Nf φ, Ns ψ. The theory has

charge conjugation symmetry ZC
2 (for N = Ns

2 ∈ Z it also has ZT
2 time-reversal invariance),

so let us write

U(k)−N+Ns
2

with Nf φ, Ns ψ : G = Ĝ⋊ ZC
2 . (2.8)

The theory has a magnetic symmetry U(1)M and the bare CS level for the gauge group is

Ns−N , therefore monopole operators of magnetic charge 1 have charge (Ns−N) under the

diagonal U(1) ⊂ U(k). Since fundamentals have charge 1 under that U(1), the symmetry

group is

Ĝ =
U(Nf )×U(Ns)×U(1)M

U(1)∗
U(1)∗ =

(
e2πiα, e2πiα, e2πi(Ns−N)α

)
(2.9)

with α ∈ [0, 1). For Ns 6= N we can use U(1)∗ to remove U(1)M . Thus we can write

Ĝ =
U(Nf )×U(Ns)

Z|N−Ns|
for Ns 6= N , Ĝ =

U(Nf )×U(Ns)

U(1)
×U(1)M for Ns = N

(2.10)

where in the second expression the quotient is by the diagonal U(1).

To compare with the symmetry (2.7) of the theory on the l.h.s. , we notice that there

is an isomorphism

U(Nf )×U(Ns)

Z|n|

∼= U(Nf )×U(Ns)

Z|n+Nf |

∼= U(Nf )×U(Ns)

Z|n+Ns|
(2.11)

for n ∈ Z, where each expression is valid when the order of the group in the denominator

is not zero. To exhibit the isomorphism we parametrize
(
U(Nf )×U(Ns)

)
/Z|n| as

(
g ∈ SU(Nf ), u ∈ U(1), h ∈ SU(Ns), w ∈ U(1)

)
(2.12)

with the identifications

(g, u, h, w) ∼
(
e2πi/Nf g, e−2πi/Nfu, h, w

)
∼

(
g, u, e2πi/Nsh, e−2πi/Nsw

)

∼
(
g, e2πi/nu, h, e2πi/nw

)
.

(2.13)

The isomorphism is given by

(u,w) 7→
(
ũ = u

n
n+Nf , w̃ = w u

−
Nf

n+Nf

)
(2.14)

which is well-defined thanks to the identifications. It maps (2.13) to the identifications for(
U(Nf ) × U(Ns)

)
/Z|n+Nf |. If n = Nf , the identifications (2.13) can be reorganized such

that u describes U(1)/ZNf
∼= U(1)′, while

(
g, h, t = w

u

)
describe

(
U(Nf ) × U(Ns)

)
/U(1).

Thus we also have the isomorphism

U(Nf )×U(Ns)

U(1)
×U(1)′ ∼= U(Nf )×U(Ns)

ZNf

∼= U(Nf )×U(Ns)

ZNs

. (2.15)

– 7 –
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Using the two isomorphisms, the symmetries agree on the l.h.s. and r.h.s. of (2.1).

More directly, we can start from (2.9) and rewrite U(Nf ) ∼=
(
U(1) × SU(Nf )

)
/ZNf

and similarly for U(Ns). We can use U(1)∗ to remove the U(1) inside U(Ns). Then we

use an N -fold multiple cover U(1)B of U(1)M , meaning that there is a projection map

π : U(1)B → U(1)M that maps eiβ → eiNβ , and we can write U(1)M = U(1)B/ZN . This

is natural from the point of view of the duality, because the monopole of charge 1 in the

r.h.s. is mapped to a “baryon” of charge N in the l.h.s. We obtain

Ĝ =
U(1)× SU(Nf )× SU(Ns)×U(1)B

ZNf
× ZNs × ZN

ZNf
:
(
e2πi/Nf , e−2πi/Nf , 1, 1

)

ZNs :
(
e−2πi/Ns , 1, e−2πi/Ns , e2πi/Ns

)

ZN :
(
1, 1, 1, e2πi/N

)
(2.16)

where we have indicated the generators of the quotient groups. We parametrize

U(1) × U(1)B as
(
e2πiγ , e2πiβ

)
and change coordinates to U(1)′′ × U(1)B =(

e2πi(γ+β), e2πiβ
)
. We find Ĝ =

U(1)′′×SU(Nf )×SU(Ns)×U(1)B
ZNf

×ZNs×ZN
and the quotient is generated by

ZNf
:
(
e2πi/Nf , e−2πi/Nf , 1, 1

)
, ZNs :

(
1, 1, e−2πi/Ns , e2πi/Ns

)
and ZN :

(
e2πi/N , 1, 1, e2πi/N

)
.

Finally we use ZNf
× ZNs to form U(Nf )×U(Ns) and recover

Ĝ =
U(Nf )×U(Ns)

ZN
ZN :

(
e2πi/N , e2πi/N

)
(2.17)

as on the l.h.s. of (2.1).

For Ns = 0 or Nf = 0 the analysis here reproduces the result in [31].

2.1.1 The case of SU(2)

The case of SU(2) gauge group deserves more attention, because SU(2) ∼= USp(2). Here

we neglect time-reversal symmetry, which is preserved if and only if the CS level is zero.

For Ns = 0 there are only fermions with no potential. Thus the symmetry of

SU(2)
k−

Nf
2

with Nf ψ is G = USp(2Nf )/Z2, as manifest in the USp description (section 4).

For Nf = 0 there are only scalars with a potential. For Ns = 1 there is only one gauge-

invariant quartic coupling we can write, (φ†
αφα)2, and it preserves G = USp(2)/Z2

∼= SO(3).

For Ns > 1 we write the quadratic gauge invariant

O =
2∑

α=1

Ns∑

I=1

|φαI |2 . (2.18)

In the USp notation, we introduce Φαi with i = 1, . . . , 2Ns and subject to Φαiǫ
αβΩij = Φ∗

βj ,

where Ωij is the USp(2Ns) invariant tensor. We can set φαI = ΦαI for I = 1, . . . , Ns and

use the constraint to fix the other components of Φ. Then we define Mij = ΦαiΦβjǫ
αβ ,

and it follows that O = −1
2 TrMΩ. Since the gauge group SU(2) ∼= USp(2) has only rank

1, it is easy to prove that

TrMΩMΩ =
1

2

(
TrMΩ

)2
(2.19)

– 8 –
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for all Ns ≥ 1. Define the matrix Nαβ = ΦαiΦβjΩ
ij . This is a 2× 2 antisymmetric matrix,

thus it must be Nαβ = −1
2(TrMΩ)ǫαβ . The formula follows. Thus, if we only include the

quartic potential

V = O2 =
1

4

(
TrMΩ

)2
=

1

2
TrMΩMΩ (2.20)

the theory preserves G = USp(2Ns)/Z2 symmetry. There are no other quartic couplings

we can write that preserve this symmetry.

However, for Ns > 1 there is another coupling that preserves only

G =
(
U(Ns)/Z2

)
⋊ ZC

2 , namely

φαIφ†
αJ φ

βJφ†
βI or φαIφβJǫαβ φ

†
γJφ

†
δIǫ

γδ (2.21)

in SU(2) notation. The two couplings above satisfy a linear relation. Define Pβ
γ = φβJφ†

γJ :

this is a 2 × 2 Hermitian matrix that can be decomposed as P = c01 + cnσn, where

n = 1, 2, 3 indicates the three Pauli matrices. Rewriting the couplings in terms of P one

finds φαIφ†
αJφ

βJφ†
βI − φαIφβJǫαβφ

†
γJφ

†
δIǫ

γδ = O2. The coupling (2.21) is present on the

l.h.s. of (2.1), therefore there is no enhanced symmetry for Ns > 1.

For Ns, Nf ≥ 1 there is the mixed coupling

Od =
(
φ†
αIφ

αI
)(
ψ̄βJψ

βJ
)
=

1

4

(
TrMΩ

) (
TrMΨΩ

)
=

1

2
ΦαiΦβjΩ

ijΨγxΨδyΩ
xyǫβγǫδα

(2.22)

that preserves G =
(
USp(2Ns)×USp(2Nf )

)
/Z2. Here MΨ is the gauge-invariant fermion

bilinear. The identity follows from the same argument as above, using N and NΨ. There

is another coupling that preserves only G =
(
U(Ns)×U(Nf )

)
/Z2 ⋊ ZC

2 , namely

Om = φ†
αIφ

βI ψ̄βXψ
αX . (2.23)

This coupling is independent from Od even for Ns = Nf = 1 (while, as before, the coupling

φ†
αIφ

γI ψ̄βXψ
δXǫαβǫγδ is not independent). Since Om is present on the l.h.s. of (2.1), there

is no enhanced symmetry for Ns, Nf ≥ 1 with respect to (2.7).

2.2 Phase diagram

We can study relevant deformations of the two theories in (2.1) that preserve the full

symmetry G =
(
U(Ns)×U(Nf )

)
/ZN ⋊ ZC

2 . They are described by the operators

m2
φ|φ|2 and mψψ̄ψ . (2.24)

Notice that, in the absence of time-reversal symmetry, the scalar and fermion mass can mix.

Our analysis will be classical, therefore valid for large values of the masses compared with

the Yang-Mills regulator g2YM. As we commented above, we do not know the detailed struc-

ture of the phase diagram in the vicinity of the origin m2
φ = mψ = 0. Nonetheless, we find

consistent results with no need to invoke new quantum phases (possibly triggered by spon-

taneous symmetry breaking) around the origin. (See e.g. [25, 28] for examples where the

appearance of quantum phases has been argued, and it is crucial for the dualities to work.)
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l.h.s.:

m2
φ

mψ

mψ > 0

m2
φ > 0

mψ < 0

m2
φ < 0

m2
φ < 0

mψ < 0

A

B
C

D

E

r.h.s.:

mψ

m2
φ

m2
φ > 0

mψ < 0

m2
φ < 0

mψ > 0

m2
φ < 0

mψ > 0

A

B
C

D

E

Figure 1. Masks for the phases of the various dualities. The phases in circles are either fully gapped

(possibly with topological order) or contain Goldstone bosons. The thick blue lines correspond to

the tuning of one mass parameter that conjecturally yields extra massless matter. The shaded circle

in the middle covers the detailed structure of the phase diagram around the origin, which we do

not know precisely.

We propose the following map of operators across the duality:

|φ|2 ←→ −ψ̄ψ

ψ̄ψ ←→ |φ|2 .
(2.25)

This reproduces the proposal in [18, 20–22] for the case of a single matter species (Ns = 0

or Nf = 0) as well as the proposal in [11] for the case Ns = Nf = 1 at large N, k, and —

as we will see — it allows to match the phase diagrams.

We draw a qualitative picture of the two phase diagrams in figure 1. The regions A

through E are fully gapped for Ns < N and can contain a Goldstone mode on the l.h.s. for

Ns = N . The thick lines are critical lines where extra modes become massless, as explained

below. For convenience, we use figure 1 as a “mask” and list the theories that describe the

various phases and critical lines in tables, such as table 1 and 2. Let us now explain which

theories live on the critical lines.

Turning on a mass mψ for the fermions, these can be integrated out leaving a Chern-

Simons gauge theory coupled to scalars, possibly with shifted CS level due to the fermions.

Classically the scalars remain massless; quantum mechanically a mass term will be gener-

ated, but with a suitable tuning of the scalar mass in the UV one obtains a fixed line in the

phase diagram where the scalars are massless (provided the conjecture in [22] is correct).

We will keep this tuning implicit.

Similarly, turning on a positive mass m2
φ > 0 for the scalars, these can be integrated

out leaving a CS theory coupled to fermions. The fermions are massless along a fixed line

in the phase diagram.
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Turning on a negative mass m2
φ < 0 for the scalars, the latter condense. Their

expectation value breaks the gauge group, and gives mass to all scalars (but possible

Goldstone bosons) and some fermions. Let us consider the two sides of (2.1) separately.

First consider the l.h.s.: SU(N)
k−

Nf
2

with Ns φ, Nf ψ. Up to a gauge and flavor rotation,

the scalar VEV is

φαI ∝
(
1Ns

0

)

αI

(2.26)

for N > Ns (the case N = Ns is similar). All scalars get a mass, either by Higgs mechanism

or because of the quartic potential. The gauge group is broken to SU(N − Ns)
k−

Nf
2

.

Because of the mixed coupling Om in (2.6) and since

φ†
αIφ

βI ∝
(
1Ns 0

0 0

)

αβ

, (2.27)

the NsNf fermion components neutral under the unbroken gauge group get a mass. Thus

the theory along the critical line is SU(N − Ns)
k−

Nf
2

with Nf ψ in the fundamental

representation.

The presence of the mixed coupling Om is crucial to give mass to the fermion com-

ponents that are neutral under the unbroken gauge group. Those components are not

reproduced by the dual theory in the corresponding phase, and so the duality would not

work without Om. The sign in front of the coupling Om determines the sign of the mass

of the extra fermion components, which in turn determines the shift of the gravitational

coupling. Only for one sign this matches the gravitational coupling in the dual, therefore

we conclude that the mixed coupling on the l.h.s. must be

+Om (2.28)

with positive sign.6

When deforming the l.h.s. with m2
φ < 0, we can at the same time turn on a fermion

massmψ < 0 such that the fermions in the fundamental of SU(N−Ns) are massive while the

NsNf singlet fermions remain massless. In the IR this gives NsNf free fermions, transform-

ing in the bifundamental representation of U(Ns) × U(Nf ), plus the spin-TQFT SU(N −
Ns)k−Nf

(with suitable gravitational coupling). This is the oblique critical line in figure 1.

Once again, the positive sign in (2.28) is crucial for the duality to work. With negative

sign, the position of the critical line in the phase diagram would change (it would move in

the middle of phase E) and the TQFT would change: both features would not match with

the dual description.

The discussion for U(k)−N+Ns
2

with Nf φ, Ns ψ — on the r.h.s. of (2.1) — is similar.

For m2
φ < 0 (and Nf ≤ k) the scalar VEV breaks the gauge group to U(k−Nf )−N+Ns

2

, all

6On the contrary, the coupling Od — even if present — would not qualitatively change the phase

diagram. It would induce an equal mass for all fermions in the Higgsed phase, which would simply mix

with the implicit UV tuning of the fermion mass.
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scalars become massive as well as the NsNf fermion components that are neutral under the

unbroken gauge group. The IR theory is U(k − Nf )−N+Ns
2

with Ns ψ. The gravitational

coupling matches with the dual theory only if the mixed coupling on the r.h.s. is

−Om (2.29)

with negative sign. Turning on both m2
φ < 0 and mψ > 0 one finds another critical line with

NsNf free fermions plus the spin-TQFT U(k −Nf )−N+Ns (with gravitational coupling).

We can rephrase the condition on the mixed coupling in the following way: the theories

involved in the duality (2.1) have a coupling ±Om, where the sign is the same as that of

the CS level. In fact we can apply time reversal to (2.1), then both the CS level and the

coupling Om change sign.

The various phases and critical lines for the SU/U dualities, in the case N > Ns and

k ≥ Nf , are reported in table 1. We recall that we assume Ns, Nf ≥ 1. In the rangeN > Ns

and k ≥ Nf there is no (classical) symmetry breaking. The analysis is valid for the two

theories in (2.1) independently of the dualities. In the tables we also indicate the trivial

spin-TQFTs U(n)1 that appear in the various phases, both to keep track of the gravitational

couplings and to remind ourselves that the claimed dualities involve spin theories. Extra

observables in the various phases (which provide extra checks of the dualities and help

distinguishing massive phases) are the couplings to background fields for global symmetries

and the corresponding counterterms: these will be considered in section 2.5.

Comparing the various phases (see appendix A), we find that they are dual for

N > Ns ≥ 1 , k ≥ Nf ≥ 1 . (2.30)

Notice that for k = Nf (andN > Ns) the vertical line in the lower half plane (corresponding

to mψ < 0 on the l.h.s. and m2
φ < 0 on the r.h.s.) disappears since it is gapped. We reduce

to the duality SU(N)0 with Ns φ ↔ ∅, expressing confinement. Moreover phases B and C

are identical.

The phases and critical lines for N = Ns and k ≥ Nf are in table 2. In that table, S1

refers to a compact Goldstone boson. Comparing the various phases, we find that they are

dual for

N = Ns ≥ 1 , k > Nf ≥ 1 . (2.31)

Notice that the horizontal line on the left half plane (corresponding to m2
φ < 0 on the l.h.s.

and mψ > 0 on the r.h.s.) disappears since it is identical to phases D and E which are

described by the S1 Goldstone mode.

Putting together the two cases we find:

Range of dualities: N ≥ Ns , k ≥ Nf , (N, k) 6= (Ns, Nf ) . (2.32)

As we explained before, the cases N = 1 or k = 1 are somehow special because the

interaction (φψ̄)(ψφ̄) is not independent from |φ|2ψ̄ψ and we might expect the latter to be

marginally irrelevant in the UV. Moreover, our classical analysis of the phase diagrams kept

the tuning of mass terms implicit, and so it should be regarded as a qualitative picture.
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SU(N)
k−

Nf
2

with Ns φ, Nf ψ (l.h.s.)

mψ > 0 : SU(N)k with Ns φ ×U(0)1

A : SU(N)k ×U(0)1

m2
φ > 0 : SU(N)

k−
Nf
2

with Nf ψ

B : SU(N)k−Nf
×U(NNf )1

mψ < 0 : SU(N)k−Nf
with Ns φ ×U(NNf )1

C : SU(N −Ns)k−Nf
×U(NNf )1

m2
φ < 0, mψ < 0 : NsNf ψ × SU(N −Ns)k−Nf

×U
(
(N −Ns)Nf

)
1

D : SU(N −Ns)k−Nf
×U

(
(N −Ns)Nf

)
1

m2
φ < 0 : SU(N −Ns)

k−
Nf
2

with Nf ψ

E : SU(N −Ns)k ×U(0)1

U(k)−N+Ns
2

with Nf φ, Ns ψ ×U
(
k(N −Ns)

)
1

(r.h.s.)

m2
φ > 0 : U(k)−N+Ns

2

with Ns ψ ×U
(
k(N −Ns)

)
1

A : U(k)−N ×U(kN)1

mψ < 0 : U(k)−N with Nf φ ×U(kN)1

B : U(k −Nf )−N ×U(kN)1

m2
φ < 0 : U(k −Nf )−N+Ns

2

with Ns ψ ×U(kN − kNs +NfNs)1

C : U(k −Nf )−N+Ns ×U(kN − kNs +NfNs)1

m2
φ < 0, mψ > 0 : NsNf ψ ×U(k −Nf )−N+Ns ×U

(
k(N −Ns)

)
1

D : U(k −Nf )−N+Ns ×U
(
k(N −Ns)

)
1

mψ > 0 : U(k)−N+Ns with Nf φ ×U
(
k(N −Ns)

)
1

E : U(k)−N+Ns ×U
(
k(N −Ns)

)
1

Table 1. Phase diagram of the SU/U dualities, for N > Ns and k ≥ Nf .
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SU(N)
k−

Nf
2

with N φ, Nf ψ (l.h.s.)

mψ > 0 : SU(N)k with N φ ×U(0)1

A : SU(N)k ×U(0)1

m2
φ > 0 : SU(N)

k−
Nf
2

with Nf ψ

B : SU(N)k−Nf
×U(NNf )1

mψ < 0 : SU(N)k−Nf
with N φ ×U(NNf )1

C : S1 ×U(NNf )1

m2
φ < 0, mψ < 0 : NNf ψ × S1

D : S1 ×U(0)1

m2
φ < 0 : S1 ×U(0)1

E : S1 ×U(0)1

U(k)−N
2

with Nf φ, N ψ (r.h.s.)

m2
φ > 0 : U(k)−N

2

with N ψ

A : U(k)−N ×U(kN)1

mψ < 0 : U(k)−N with Nf φ ×U(kN)1

B : U(k −Nf )−N ×U(kN)1

m2
φ < 0 : U(k −Nf )−N

2

with N ψ ×U(NNf )1

C : U(k −Nf )0 ×U(NNf )1

m2
φ < 0, mψ > 0 : NNf ψ ×U(k −Nf )0

D : U(k −Nf )0 ×U(0)1

mψ > 0 : U(k)0 with Nf φ ×U(0)1

E : U(k)0 ×U(0)1

Table 2. Phase diagram of the SU/U dualities, for N = Ns and k ≥ Nf .
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m2
φ

mψ

ψψ × S1

O(2) WF

O(2) WF

U(0)1S1 ×U(0)1

U(1)1S1 ×U(1)1

mψ

m2
φ

U(0)1U(2)0 ×U(0)1

U(1)1

S1 ×U(1)1

Figure 2. O(2) WF × ψ ←→ U(2)
−1/2 with φ, ψ. Phase diagram.

Finally, it appears to be possible to make sense of the dualities also for larger values of

Ns and Nf , invoking quantum phases with spontaneous symmetry breaking along the lines

of [25] (see also [34]); we leave the analysis of this possibility for future work.

2.3 Some simple examples

One of the simplest examples is N = Ns = Nf = 1, k = 2:

O(2) WF × ψ ←→ U(2)− 1

2

with φ, ψ . (2.33)

The gravitational coupling is U(0)1 on both sides. The theory on the l.h.s. is decoupled in

two parts (we know that (φψ̄)(ψφ̄) ≡ |φ|2ψ̄ψ is irrelevant): the O(2) Wilson-Fisher fixed

point and a free Dirac fermion; such a theory is time-reversal invariant. We summarize the

phase diagram in figure 2. On the left we took into account that the coupling (φψ̄)(ψφ̄)

is not present and moved a gapless line accordingly; hence, on the right we implemented

the fact that around the origin the lines should cross perpendicularly, as implied by the

duality. This example generalizes to

O(2) WF × Nf ψ ←→ U(k)− 1

2

with Nf φ, 1 ψ (2.34)

with k > Nf . Again the gravitational coupling is U(0)1 on both sides.

In these examples the duality predicts that the theory on the r.h.s. , namely U(k)− 1

2

with Nf φ, 1 ψ (and k > Nf ) has a multicritical fixed point where the four lines meet at a

single point. At such a multicritical fixed point the IR dynamics factorizes into two critical

fixed points (and develops time-reversal invariance quantum mechanically), explaining why

four lines meet at a single point.

Another simple example is k = Ns = Nf = 1, N = 2:

SU(2) 1

2

with φ, ψ ←→ U(1)− 3

2

with φ, ψ . (2.35)

There is a gravitational coupling U(1)1 on the r.h.s. The phase diagram is summarized in

figure 3. On the left we drew a bent line to match the diagram on the right around the
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m2
φ

mψ

SU(2)1/2 ψψ

ψ

SU(2)1 φ

SU(2)1 ×U(0)1U(0)1

U(2)1
U(1)1

mψ

m2
φ

U(1)−2 ×U(2)1U(0)1

U(2)1U(1)1

Figure 3. SU(2)1/2 with φ, ψ ←→ U(1)
−3/2 with φ, ψ ×U(1)1. Phase diagram. On both sides we

emphasized an emergent time-reversal symmetry (with an anomaly) with respect to the dashed line.

origin; on the right we took into account that we expect the coupling (φψ̄)(ψφ̄) ≡ |φ|2ψ̄ψ
not to be present in the IR, and moved a gapless line accordingly. Two of the thick lines

in the phase diagram correspond to a free Dirac fermion, while the other two correspond

to a CFT (and its time reversal) with SO(3) global symmetry, discussed in [24].

The theory on the r.h.s. also appears in a U/U duality (see figure 4 and the discussion

in section 3) which is part of a family but can also be found by combining the Abelian

dualities of [20] (see section 6.3). The U/U duality implies that the theory develops time-

reversal invariance quantum mechanically in the IR, along the line m2
φ = −mψ. On the

other hand, the theory on the l.h.s. can be obtained as a relevant deformation of USp(2) 1

2

with a scalar and a fermion, which in turn appears in a USp duality (see section 4). The

duality for the USp(2) gauge theory implies a duality for the SU(2) gauge theory, and

the latter implies that the theory on the l.h.s. develops time-reversal invariance around

the origin along the line m2
φ = mψ. As we see here, the two conclusions are compatible

with the SU/U duality (2.35) that relates the two theories. The predicted time-reversal

invariance (with an anomaly) implies a symmetry of the phase diagram around the origin

with respect to the dashed line at 45◦. This however is not enough to guarantee that the

four lines meet at a single point.

2.4 RG flows

We can start from the duality (2.1) with parameters (N, k,Ns, Nf ) and give mass to a

single flavor, either a scalar or a fermion. We accompany this deformation with a tuning

of the symmetry-preserving mass deformations (2.4) such that the remaining scalars and

fermions stay massless. By choosing positive or negative mass, we end up with the same
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duality as in (2.1) but with reduced parameters:

(N, k,Ns, Nf ) →





(N, k,Ns, Nf − 1) m̃ψ > 0

(N, k − 1, Ns, Nf − 1) m̃ψ < 0

(N, k,Ns − 1, Nf ) m̃2
φ > 0

(N − 1, k,Ns − 1, Nf ) m̃2
φ < 0 .

(2.36)

We have indicated with a tilde the mass of the single field. The constraint (2.32) is preserved

along the RG flow.

Therefore, the proposed list of dualities is consistent with massive RG flows.

2.5 Coupling to a background

We are interested in what counterterms for background fields coupled to the global sym-

metries of the theory should we put on the r.h.s. of the duality, if we set them to zero on

the l.h.s. (given that, the counterterms can be shifted by the same amount on both sides).

For continuous symmetries, such counterterms modify the contact terms in three-point

functions of the currents, which obviously should match across the duality.

In order to understand those counterterms, we simply give mass to the matter fields

and compare the phases that we obtain. Coupling to an SU(Ns)× SU(Nf ) background is

simple, and the duality with counterterms for those groups takes the form

SU(N)
k−

Nf
2

× SU(Ns)Ls × SU(Nf )Lf−
N
2

with φ in (N,Ns,1), ψ in (N,1,Nf ) ←→

U(k)−N+Ns
2

× SU(Ns)Ls+
k
2

× SU(Nf )Lf
with φ in (k,1,Nf ), ψ in (k,Ns,1) . (2.37)

Here the first group is dynamical while the other two are global symmetries coupled to a

classical background, and we have indicated their CS counterterms. One can check that

both sides give equal counterterms7 in all phases in figure 1.

The coupling to the two U(1) factors, their mapping through the duality and the

corresponding counterterms are a bit more involved. To express them in a precise way, we

write the duality in a Lagrangian form and explicitly couple the two sides to U(1)× U(1)

background fields A and B. The duality reads

|Db+Aφ|2 + iψ̄ /Db−Aψ − φ4 − φ2ψ2 +
k

4π
TrN

(
bdb− 2i

3
b3
)
+

1

2π
cd
(
B − TrN b

)
←→

|Df−Aφ|2 + iψ̄ /Df+Aψ − φ4 + φ2ψ2 − N −Ns

4π
Trk

(
fdf − 2i

3
f3

)

+
1

2π
(Trk f)d(B +NsA) +

Nsk

4π
AdA− 2(N −Ns)kCSg . (2.38)

Here b, f and c are dynamical U(N), U(k) and U(1) gauge fields, respectively, while A,

B are background U(1) gauge fields.8 The quartic couplings are schematically indicated

7Level-rank dualities can be used on dynamical fields, but not on background fields.
8The duality as written in (2.38) is well-defined on spin manifolds. Since the theories involved in the

SU/U and U/U dualities satisfy the spin/charge relation, they can be placed on more general non-spin

manifolds with the help of a spinc connection [20]. Indeed one could generalize (2.38) such that it makes

sense on non-spin manifolds, along the lines of [22], but we will not do so here.
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as φ4 and φ2ψ2, and recall that the potential appears in the Lagrangian as −V . The

theory on the r.h.s. is a U(k) CS gauge theory at level −N + Ns
2 , and the magnetic current

couples to B + NsA. On the l.h.s. , instead, we can integrate out c to fix Tr b = B and

thus the theory is an SU(N) CS gauge theory at level k − Nf

2 . Notice that when B = 0

the dynamical gauge field is a standard SU(N) gauge field, but when B 6= 0 the dynamical

field describes non-trivial PSU(N) bundles with (generalized) second Stiefel-Whitney class

equal to B mod N . Substituting back in the Lagrangian, B couples to the “baryonic”

current giving charge 1 to the baryons.

It is instructive to check that, upon mass deformations, (2.38) reproduces the dualities

with a single matter species with the correct coupling to a U(1) background and the

correct counterterms, that we have summarized in appendix A. For instance, take the l.h.s.

of (2.38) and deform it with mψ > 0. Shifting the dynamical gauge fields as b → b−A1N
and c → c− kA we get

Ll.h.s. = |Dbφ|2−φ4+
k

4π
TrN

(
bdb− 2i

3
b3
)
+

1

2π
cd
(
B+NA−TrN b

)
− k

2π
BdA−Nk

4π
AdA .

(2.39)

Then take the r.h.s. of (2.38) and deform it with m2
φ > 0. Shifting the dynamical gauge

field as f → f −A1k we get

Lr.h.s. = iψ̄ /Dfψ − N −Ns

4π
Trk

(
fdf − 2i

3
f3

)
+

1

2π
(Trk f)d(B +NA)− 2(N −Ns)kCSg

− k

2π
BdA− Nk

4π
AdA . (2.40)

The duality between the Lagrangians Ll.h.s. and Lr.h.s. is precisely the duality in [22],9

that we reported in (A.9), up to the fact that the two theories are coupled to a linear

combination of the two U(1)’s given by B + NA and there are equal extra counterterms

on both sides. The case of m2
φ > 0 on the l.h.s. and mψ < 0 on the r.h.s. is similar.

Alternatively, take the l.h.s. of (2.38) and deform it with mψ < 0. Shifting the dynam-

ical gauge fields as b → b−A1N and c → c+ (2Nf − k)A we get

Ll.h.s. = |Dbφ|2 − φ4 +
k −Nf

4π
TrN

(
bdb− 2i

3
b3
)
+

1

2π
cd
(
B +NA− TrN b

)

− 2NNf CSg +
2Nf − k

2π
BdA− Nk

4π
AdA .

(2.41)

Then take the r.h.s. of (2.38) and deform it with m2
φ < 0. In this case Nf scalars get a

VEV, fixing (f − A1k)φ = 0. This means that f breaks into a block A1Nf
and a block f̃

of dimension k −Nf . Moreover NsNf fermions get a negative mass, and they are coupled

9The gauge field A in [22] should not be confused with the one here. Athere is a spinc connection, that

should be set to zero to compare with our formulæ. On the other hand, Ahere is a regular gauge field which,

together with B, describes the U(1)×U(1) background.
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to 2A. After shifting the dynamical gauge field as f̃ → f̃ −A1k−Nf
we get

Lr.h.s. = iψ̄ /Df̃ψ − N −Ns

4π
Trk−Nf

(
f̃df̃ − 2i

3
f̃3

)
+

1

2π
(Trk−Nf

f̃)d(B +NA)

− 2
(
NsNf +Nk −Nsk

)
CSg +

2Nf − k

2π
BdA− Nk

4π
AdA .

(2.42)

Once again, the duality between Ll.h.s. and Lr.h.s. is precisely the one in [22], that we

reported in (A.9), up to the fact that the coupling is to B +NA and there are equal extra

CS counterterms on both sides. The case of m2
φ < 0 on the l.h.s. and mψ > 0 on the r.h.s.

is similar.

Given the duality in (2.38) with coupling to the U(1) × U(1) background, we can

produce new dualities by adding CS counterterms on both sides and then making A, B or

a linear combination of them dynamical. For instance, we can add 1
2πBdC on both sides —

where C is a new U(1) background field — and then make B dynamical. Integrating out B

on one of the two sides, we are left with a duality which is precisely the parity transformed

of (2.38). This is a consistency check.

More interestingly, we can start with (2.38), add 1
2πBdC ± 1

4πBdB on both sides and

make B dynamical. The l.h.s. becomes

Ll.h.s. = |Db+Aφ|2 + iψ̄ /Db−Aψ − φ4 − φ2ψ2 +
k

4π
TrN

(
bdb− 2i

3
b3
)

± 1

4π
(TrN b)d(TrN b) +

1

2π
(TrN b)dC

(2.43)

while the r.h.s. becomes

Lr.h.s. = |Df−Aφ|2+iψ̄ /Df+Aψ−φ4+φ2ψ2−N −Ns

4π
Trk

(
fdf−2i

3
f3

)
∓ 1

4π
(Trk f)d(Trk f)

+
1

2π
(Trk f)d(∓C +NsA)∓

1

4π
CdC +

Nsk

4π
AdA− 2

(
k(N −Ns)± 1

)
CSg . (2.44)

These are two U/U dualities that will be analyzed in more detail in section 3.

2.6 Baryonic and monopole operators

The SU(N) theory on the l.h.s. of (2.1) has baryonic operators, which are mapped to

monopole operators in the U(k) theory on the r.h.s. We would like to specify the operator

map precisely.

Let us start reviewing how baryonic operators are mapped to monopole operators in

the theories with a single matter species [21, 24, 43]. In SU(N)
k−

Nf
2

with Nf ψ the simplest

baryonic operators are

ǫα1...αN ψα1B1 . . . ψαNBN . (2.45)

The fermions are antisymmetric in the gauge indices αi and have antisymmetric statistics,

therefore they are totally symmetric in the pairs
(
Bi, spini

1
2

)
where the first entry Bi is

a flavor index of SU(Nf ) while the second entry is an index for the spacetime spin, that

we have always kept implicit in this paper. For instance, if Nf = 1 then the baryonic
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operators have spacetime spin N
2 . If Nf > 1 then there is a baryonic operator with spin

N
2 that transforms in the totally symmetric N -index representation of SU(Nf ), as well as

other baryonic operators whose spin is correlated with the representation under the global

SU(Nf ) symmetry.

In U(k)−N with Nf φ the corresponding monopole operators are

Mα1...αN φα1B1 . . . φαNBN . (2.46)

Here M is a bare monopole operator with monopole charge 1. Because of Chern-Simons

interactions, it transforms in the N th symmetric power of the antifundamental of U(k), and

to form a gauge invariant it should be multiplied by N scalar fields φ. In the monopole

background the ground state of the scalar field φ has spacetime spin 1
2 [44]: in terms of spin

(or monopole) spherical harmonics10 Y s
j,j3

, the wavefunctions are Y
1/2
1/2,±1/2. The scalars are

symmetric in the gauge indices and have symmetric statistics, therefore they are totally

symmetric in the pairs
(
Bi, spini

1
2

)
. We see that the quantum numbers of these monopole

operators precisely match those of the baryons in (2.45).

In SU(N)k with Ns φ the simplest baryonic operators are

ǫα1...αN φα1I1 . . . φαNsINs ∂•φ
αNs+1INs+1 . . . ∂•φ

αN IN . (2.47)

In this expression we have assumed N ≥ Ns. Since the gauge indices are antisymmetrized

and the scalars have symmetric statistics, we cannot simply take a product of the fields φ.

Instead, in order to get a non-vanishing operator, (at least) N−Ns of them should be acted

upon by various numbers of derivatives that we have indicated concisely by ∂• ≡ ∂µ1 . . . ∂µℓ
(see [45] for a counting at large N). We should remember that the scalars obey (in the free

theory) ∂2φ = 0. The first flavor indices I1, . . . , INs are totally antisymmetrized and form

a singlet of SU(Ns), while the symmetry pattern for the remaining N − Ns is correlated

with the spacetime spin in such a way that the pairs (Ii, spini) are antisymmetric.

In U(k)−N+Ns
2

with Ns ψ the corresponding monopole operators are

Mα1...αN−Ns
∂̃•ψ

α1INs+1 . . . ∂̃•ψ
αN−NsIN . (2.48)

The bare CS term is −(N − Ns), therefore the bare monopole M transforms in the

(N −Ns)
th symmetric power of the antifundamental representation of U(k), and should be

dressed by N−Ns fermion fields ψ to form a gauge invariant. In the monopole background

the fermion field ψ has a state of spin zero and a state of spin 1; we use here the ground

states of spin 1. The fields ψ are symmetric in the gauge indices and have antisymmetric

statistics, therefore they are antisymmetrized in the pairs (Ii, spini). The notation ∂̃• in-

dicates some number of derivatives acting on ψ. This number can be zero, however each

insertion of ψ already carries spin 1. Therefore we can identify ∂• = ∂̃•∂µ. A more precise

statement is that ψ is in a state Y 1
j,j3

where j equals the spacetime spin of ∂•φ. Notice that

10The spin spherical harmonics Y s
j,j3 have j ∈ 1

2
Z≥0, j = s = j3 mod 1, and |s|, |j3| ≤ j. They are

sections of the line bundle on S2 with first Chern class 2s, and are eigenfunctions of the covariant Laplacian

with eigenvalue j(j + 1)− s2 and orbital angular momentum j.
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the harmonic Y 1
0,0 does not exist, consistently with the fact that we should not take ∂2φ

in (2.47). We see that the quantum numbers of these monopole operators precisely match

those of the baryons in (2.47).

Let us now move to the general case of the duality (2.1) with Ns, Nf ≥ 1. We can

read off the precise mapping of symmetries from (2.37)–(2.38). In SU(N)
k−

Nf
2

with Ns φ,

Nf ψ the simplest baryonic operators are

B(r) = ǫα1...αN ψα1B1 . . . ψαrBr φαr+1I1 . . . φαr+NsINs ∂•φ
αr+Ns+1INs+1 . . . ∂•φ

αN IN−r (2.49)

for 0 ≤ r ≤ N −Ns, and

B(r) = ǫα1...αN ψα1B1 . . . ψαrBr φαr+1I1 . . . φαN IN−r (2.50)

for N − Ns ≤ r ≤ N . In the first class of baryons the number of fields φ exceeds Ns

and since the flavor indices are antisymmetrized, we should include derivatives to form

non-vanishing operators. In the second class the number of φ’s is smaller than Ns and the

derivatives are not necessary. The charges of those operators are:

B(r) U(1)B U(1)A SU(Ns)× SU(Nf )× spin

0 ≤ r ≤ N −Ns 1 N − 2r
(
Ns, spin

)⊗A(N−Ns−r) ⊗
(
Nf , spin

1
2

)⊗S r

N −Ns ≤ r ≤ N 1 N − 2r Ns

⊗A(r−N+Ns) ⊗
(
Nf , spin

1
2

)⊗S r

(2.51)

Here Ns and Nf refer to the fundamentals of SU(Ns) and SU(Nf ), respectively, while ⊗S

and ⊗A are the symmetric and antisymmetric products. In the first line, “spin” refers

to the particular spin representation of each term in the product, which depends on the

number of derivatives in ∂• as explained above. In the second line we used Ns
⊗A(N−r) ∼=

Ns

⊗A(r−N+Ns)
.

In U(k)−N+Ns
2

with Nf φ, Ns ψ the bare CS level is −(N − Ns) and therefore the

basic bare monopole M transforms in the (N − Ns)
th symmetric power of the antifun-

damental representation under the gauge group. The gauge-invariant monopole operators

corresponding to the baryonic operators (2.49)–(2.50) are thus

B(r) = Mα1...αN−Ns
φα1B1 . . . φαrBr ∂̃•ψ

αr+1INs+1 . . . ∂̃•ψ
αN−NsIN−r (2.52)

for 0 ≤ r ≤ N −Ns, and

B(r) = Mα1...αN−Ns
φα1B1 . . . φαrBr ψαN−Ns+1I1 . . . ψαrIr−N+Ns

(2.53)

for N − Ns ≤ r ≤ N . In the first class (2.52) we recall that the fields φ in the monopole

background carry spin 1
2 , while for the fields ψ we take the ground states with spin 1 and

identify ∂• = ∂̃•∂µ as before — more precisely each ψ is in a state Y 1
j,j3

. In the second

class (2.53), instead, for the fields ψ we take the ground state Y 0
0,0 with spin 0. In this way

we precisely reproduce the quantum numbers in (2.51).
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3 U/U duality

The second duality we consider involves Chern-Simons gauge theories with unitary groups,

but with a different level for the SU and the U(1) parts, as well as bosonic and fermionic

matter in the fundamental representation (which is complex). We propose the following

duality:

U(N)
k−

Nf
2
,k−

Nf
2

±N
with Ns φ, Nf ψ ←→

U(k)−N+Ns
2
,−N+Ns

2
∓k with Nf φ, Ns ψ ×U

(
k(N −Ns)± 1

)
1

(3.1)

for

N ≥ Ns , k ≥ Nf , (N, k) 6= (Ns, Nf ) . (3.2)

Without matter, the notation U(N)k1,k1+Nk2 represents the Chern-Simons theory with

Lagrangian

LCS =
k1
4π

TrN

(
bdb− 2i

3
b3
)
+

k2
4π

(TrN b)d(TrN b) (3.3)

while U(N)k ≡ U(N)k,k. In (3.1) the bare CS level in the Lagrangian are k, k ±N on the

l.h.s. and Ns − N,Ns − N ∓ k on the r.h.s. The theory on the l.h.s. of (3.1) includes a

mixed coupling +Om (2.6) in the potential, while the theory on the r.h.s. includes −Om.

As in section 2, those couplings are crucial to reproduce the same phase diagram. On

the r.h.s. , the trivial spin-TQFT U
(
k(N −Ns)± 1

)
1
represents the gravitational coupling

−2
(
k(N −Ns)± 1

)
CSg.

As noted at the end of section 2.5, this duality can be derived from the SU/U duality.

One couples a U(1) global symmetry — the one that is a baryonic symmetry on one side

and a magnetic symmetry on the other side — to a gauge field c, adds a suitable CS

conterterm, and makes c dynamical. Repeating the process, one can conversely derive the

SU/U duality from the U/U duality.

The various phases and critical lines for the U/U dualities, in the case N ≥ Ns and

k ≥ Nf , are reported in table 3. Using the dualities in [22], the two phase diagrams match

(including the gravitational couplings) in the claimed range of parameters. Notice that for

N = Ns (and k ≥ Nf on the l.h.s. , or k > Nf on the r.h.s.) the horizontal line in the left

half plane (corresponding to m2
φ < 0 on the l.h.s. and mψ > 0 on the r.h.s.) disappears

since it is gapped — moreover phases D and E are identical. We reduce for k > Nf to

the duality U(k)0,∓k with Nf φ ×U(±1)1 ↔ U(0)1, expressing confinement. The same

happens for k = Nf (and N > Ns on the l.h.s. , or N ≥ Ns on the r.h.s.): the vertical line

in the lower half plane (corresponding to mψ < 0 on the l.h.s. and m2
φ < 0 on the r.h.s.)

disappears because it is gapped, and phases B and C coincide.

The cases N = Ns, k = Nf should be studied separately, since the phases in table 3

do not match directly. Consider first the two Abelian cases with N = Ns = k = Nf = 1.

The case with upper sign is

U(1) 3

2

with φ, ψ ←→ U(1)− 3

2

with φ, ψ ×U(1)1 . (3.4)
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U(N)
k−

Nf
2
,k−

Nf
2

±N
with Ns φ, Nf ψ (l.h.s.)

mψ > 0 : U(N)k,k±N with Ns φ ×U(0)1

A : U(N)k,k±N ×U(0)1

m2
φ > 0 : U(N)

k−
Nf
2
,k−

Nf
2

±N
with Nf ψ

B : U(N)k−Nf ,k−Nf±N ×U(NNf )1

mψ < 0 : U(N)k−Nf ,k−Nf±N with Ns φ ×U(NNf )1

C : U(N −Ns)k−Nf ,k−Nf±(N−Ns) ×U(NNf )1

m2
φ < 0, mψ < 0 : NsNf ψ ×U(N −Ns)k−Nf ,k−Nf±(N−Ns) ×U

(
Nf (N −Ns)

)
1

D : U(N −Ns)k−Nf ,k−Nf±(N−Ns) ×U
(
Nf (N −Ns)

)
1

m2
φ < 0 : U(N −Ns)

k−
Nf
2
,k−

Nf
2

±(N−Ns)
with Nf ψ

E : U(N −Ns)k,k±(N−Ns) ×U(0)1

U(k)−N+Ns
2
,−N+Ns

2
∓k with Nf φ, Ns ψ ×U

(
k(N −Ns)± 1

)
1

(r.h.s.)

m2
φ > 0 : U(k)−N+Ns

2
,−N+Ns

2
∓k with Ns ψ ×U

(
k(N −Ns)± 1

)
1

A : U(k)−N,−N∓k ×U(kN ± 1)1

mψ < 0 : U(k)−N,−N∓k with Nf φ ×U(kN ± 1)1

B : U(k −Nf )−N,−N∓(k−Nf ) ×U(kN ± 1)1

m2
φ < 0 : U(k −Nf )−N+Ns

2
,−N+Ns

2
∓(k−Nf )

with Ns ψ ×U(kN − kNs +NfNs ± 1)1

C : U(k −Nf )−N+Ns,−N+Ns∓(k−Nf ) ×U(kN − kNs +NfNs ± 1)1
m2
φ < 0,

mψ > 0:
NsNf ψ ×U(k −Nf )−N+Ns,−N+Ns∓(k−Nf ) ×U

(
k(N −Ns)± 1

)
1

D : U(k −Nf )−N+Ns,−N+Ns∓(k−Nf ) ×U
(
k(N −Ns)± 1

)
1

mψ > 0 : U(k)−N+Ns,−N+Ns∓k with Nf φ ×U
(
k(N −Ns)± 1

)
1

E : U(k)−N+Ns,−N+Ns∓k ×U
(
k(N −Ns)± 1

)
1

Table 3. Phase diagram of the U/U dualities. These tables are valid for Ns ≤ N and Nf ≤ k.
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m2
φ

mψ

U(1)2 ×U(0)1U(0)1

U(2)1

U(1)1

mψ

m2
φ

U(1)−2 ×U(2)1U(0)1

U(2)1U(1)1

Figure 4. U(1)3/2 with φ, ψ ←→ U(1)
−3/2 with φ, ψ ×U(1)1. Phase diagram. We emphasized a

quantum time-reversal symmetry (with an anomaly) with respect to the dashed line.

The phase diagram is summarized in figure 4, taking into account that there is no inde-

pendent Om coupling, while we expect Od to be irrelevant. The corresponding shift of the

critical lines is indicated by arrows. Comparing the gapless lines after such a shift we find:

U(1)3/2 with φ, ψ U(1)−3/2 with φ, ψ ×U(1)1

mψ > 0 : U(1)2 with φ ×U(0)1 m2
φ > 0 : U(1)− 3

2

with ψ ×U(1)1

m2
φ > 0 : U(1) 3

2

with ψ mψ < 0 : U(1)−2 with φ ×U(2)1

mψ < 0 : U(1)1 with φ ×U(1)1 m2
φ < 0 : ψ ×U(1)1

m2
φ < 0 : ψ mψ > 0 : U(1)−1 with φ ×U(1)1

(3.5)

We find a perfect match, making use of the dualities in [20, 22]. We thus conjecture that

this duality is correct. In fact in section 6.3 we derive this duality from the Abelian dualities

of [20]. This duality expresses the fact that the theory has a time-reversal invariant line in

its phase diagram, with an anomaly. Applying a time-reversal transformation to the l.h.s.

of (3.4) (see appendix C) and then using the duality we can write

U(1) 3

2

with φ, ψ
T−→ U(1)− 3

2

with φ, ψ ×U(1)−1

duality∼= U(1) 3

2

with φ, ψ ×U(2)−1 .

(3.6)

Therefore time reversal is a quantum symmetry of the theory, up to the anomalous shift of

the gravitational coupling (the counterterms for global symmetries also suffer from anoma-

lous shifts). The action of this time-reversal symmetry on the mass operators is |φ|2 T←→
ψ̄ψ, hence the theory is time-reversal invariant along the line m2

φ = mψ (dashed in figure 4)

while phases at opposite points with respect to the line are related by time reversal.

The case with lower sign is

U(1)− 1

2

with φ, ψ vs. U(1) 1

2

with φ, ψ ×U(−1)1 . (3.7)
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m2
φ

mψ

S1 ×U(0)1U(0)1

U(0)1

U(1)1

φψ

φ

ψ

mψ

m2
φ

S1 ×U(0)1U(0)1

U(0)1U(1)−1

φψ

φ

ψ

Figure 5. U(1)
−1/2 with φ, ψ vs. U(1)1/2 with φ, ψ ×U(−1)1. Phase diagrams. The two theories

are not dual as the phases do not match (the two theories are mapped into each other by time

reversal). However each diagram is symmetric with respect to the dashed line, due to a self-duality.

The two phase diagrams are schematically summarized in figure 5. Also in this case, some

of the phases (gapless and gapped) do not match. However, as opposed to the previous

case, they still do not match even after the shift of a gapless line due to the facts that Om

is not an independent operator and we expect Od to be irrelevant. Comparing the gapless

lines we find:

U(1)−1/2 with φ, ψ U(1)1/2 with φ, ψ ×U(−1)1

mψ > 0 : U(1)0 with φ ×U(0)1 = m2
φ > 0 : U(1) 1

2

with ψ ×U(−1)1

m2
φ > 0 : U(1)− 1

2

with ψ = mψ < 0 : U(1)0 with φ ×U(0)1

mψ < 0 : U(1)−1 with φ ×U(1)1 × m2
φ < 0 : ψ ×U(−1)1

m2
φ < 0 : ψ × mψ > 0 : U(1)1 with φ ×U(−1)1

(3.8)

In the first two lines there is a precise match, including the gravitational couplings. In the

last two lines, instead, there is a match of degrees of freedom — a free fermion in all cases

— but the gravitational couplings do not match on the two sides. Thus, we will not regard

this as a good duality. (Notice that the two theories in (3.7) are mapped into each other

by time reversal).

From the phase diagram in figure 5 and from (3.8), looking at the l.h.s. for concrete-

ness, one might suspect that the two gapped phases U(0)1, the two gapless lines φ (which

represent the O(2) Wilson-Fisher fixed point) and the two gapless lines ψ, respectively, are

identical. In that case it would be natural to expect that the line φ and the line ψ do not

touch, and U(0)1 is one connected phase with no phase transitions in the middle. However,

a closer inspection of the counterterms for global symmetries reveals that they are different

in the two phases U(0)1 — see section 6.2.1. This implies that the two phases are different,

that they must be separated by a phase transition and thus that the gapless lines must meet.
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Although the two theories in (3.7) do not seem to be dual — at least in the simple way

discussed in this paper — at thus we do not see an emergent time-reversal symmetry, yet

each of the phase diagrams in figure 5 appears to be symmetric with respect to the dashed

line. In fact, as we discuss in section 6.2, each of the two theories has a self-duality (with

an anomaly) that exchanges the scalar with the fermion, thus explaining the specularity of

its phase diagram. The self-duality maps |φ|2 ↔ ψ̄ψ.

The other cases with N = Ns, k = Nf and Nk > 1 can be studied in a similar way.

Some of the phases, denoted in figure 1 as C and D, do not match. We notice that on the

l.h.s. the phases D and E are the same phase (because there is no gapless line between them),

and similarly on the r.h.s. the phases B and C are the same phase. We should then identify

phase C on the l.h.s. with phase D on the r.h.s. , however for Nk > 1 they are different.

Therefore, even taking into account possible shifts of the gapless lines, we do not find

evidence of a duality and discard this case. (We also do not find evidence of a self-duality.)

As discussed in section 2.4 for the SU/U dualities, also the proposed U/U dualities

are consistent under RG flows triggered by a mass term — either positive or negative —

for a single scalar or fermion. Starting with a U/U duality and integrating out a single

matter field, possibly taking into account a partial breaking of the gauge group, one obtains

another U/U duality with smaller values of N, k,Ns, Nf as in (2.36) that remain within

the range (3.2).

3.1 Global symmetry, background fields and monopole operators

Let us first determine the global symmetry that acts faithfully on gauge-invariant operators

in the theory

U(N)
k−

Nf
2
,k−

Nf
2

+jN
with Ns φ, Nf ψ (3.9)

for generic integer values of N, k,Ns, Nf , j and Ns, Nf ≥ 1, independently of the dualities.

The case j = 0 is analyzed in section 2.1. First of all there is ZC
2 charge conjugation

symmetry (and time-reversal symmetry for k =
Nf

2 ∈ Z and j = 0). We write

G = Ĝ× ZC
2 . (3.10)

To determine Ĝ we use the same argument as in section 2.1. There is a U(1)M magnetic

symmetry. The bare CS levels correspond to the Lagrangian terms

LCS =
k

4π
TrN

(
bdb− 2i

3
b3
)
+

j

4π
(TrN b)d(TrN b) (3.11)

where b is the dynamical U(N) gauge field, therefore a monopole operator of magnetic

charge 1 has charge k + jN under the gauged diagonal U(1) ⊂ U(N). Since fundamentals

have charge 1 under that U(1), the symmetry group is

Ĝ =
U(Ns)×U(Nf )×U(1)M

U(1)∗
U(1)∗ =

(
e2πiα, e2πiα, e2πi(k+jN)α

)
(3.12)

with α ∈ [0, 1). For k + jN 6= 0 we can use U(1)∗ to remove U(1)M . Thus we can write

Ĝ =
U(Ns)×U(Nf )

Z|k+jN |
for k + jN 6= 0 (3.13)
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and

Ĝ =
U(Ns)×U(Nf )

U(1)
×U(1)M for k + jN = 0 (3.14)

where the quotient is by the diagonal U(1).

In the dualities (3.1) we have j = ±1. It is easy to check that the faithful global sym-

metry agrees on the two sides of the duality, exploiting the isomorphisms (2.11) and (2.15).

Next, we can identify the relative counterterms on the two sides of the duality, for

background fields coupled to the global symmetry. The counterterms for the SU(Ns) ×
SU(Nf ) factor of the global symmetry are exactly the same as in the SU/U dualities,

written in (2.37). The counterterms for the U(1)2 factor of the global symmetry, as well

as the precise map of the two Abelian global symmetry factors across the duality, are

conveniently captured by the Lagrangian form of the duality, as derived at the end of

section 2.5 from the SU/U duality:

Ll.h.s.= |Db+Aφ|2+ iψ̄ /Db−Aψ−φ4−φ2ψ2+
k

4π
TrN

(
bdb− 2i

3
b3
)

(3.15)

± 1

4π
(TrN b)d(TrN b)+

1

2π
(TrN b)dB

Lr.h.s.= |Df−Aφ|2+ iψ̄ /Df+Aψ−φ4+φ2ψ2−N−Ns

4π
Trk

(
fdf− 2i

3
f3

)
∓ 1

4π
(Trk f)d(Trk f)

+
1

2π
(Trk f)d(∓B+NsA)∓

1

4π
BdB+

Nsk

4π
AdA−2

(
k(N−Ns)±1

)
CSg .

Here b, f are dynamical U(N) and U(k) gauge fields, respectively, while A,B are back-

ground U(1) gauge fields.

Finally, we can verify that the map of Abelian global symmetry factors implied

by (3.15) is consistent with the map of basic monopole operators between the dual theo-

ries in (3.1). Consider first the theory U(N)
k−

Nf
2
,k−

Nf
2

+N
with Ns φ, Nf ψ (duality with

upper sign). The bare CS levels for the SU(N) and U(1) gauge factors are k and k + N ,

respectively. The simplest bare monopole M has magnetic gauge fluxes (1, 0, . . . , 0) un-

der the maximal torus U(1)N (up to Weyl transformations), breaking the gauge group to

U(1) × U(N − 1). Because of CS interactions, M has charge k + N under U(1) and it

transforms as the highest weight of the symmetric kth power of the fundamental represen-

tation of SU(N). To form a gauge-invariant operator, we should dress it with k+N fields

transforming in the antifundamental representation of U(N), N of which are contracted

into an SU(N) singlet — an “anti-baryon”. The simplest gauge invariants constructed with

the highest weight can be schematically written as

B(r1,r2) = M φ1I︸︷︷︸
r1

∂̃• ψ1B︸ ︷︷ ︸
k−r1︸ ︷︷ ︸

k

ψ...B︸︷︷︸
r2

φ...I︸︷︷︸
Ns

∂• φ...I︸ ︷︷ ︸
N−Ns−r2︸ ︷︷ ︸

N

(3.16)

for 0 ≤ r2 ≤ N −Ns and

B(r1,r2) = M φ1I︸︷︷︸
r1

∂̃• ψ1B︸ ︷︷ ︸
k−r1︸ ︷︷ ︸

k

ψ...B︸︷︷︸
r2

φ...I︸︷︷︸
N−r2︸ ︷︷ ︸

N

(3.17)
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for N −Ns ≤ r2 ≤ N , with 0 ≤ r1 ≤ k in both cases. We assumed Ns ≤ N . A gauge index

“1” corresponds to the lowest weight of the antifundamental representation, a gauge index

“. . . ” is antisymmetrized, while I and B are antifundamental (because lower) indices of

SU(Ns) and SU(Nf ), respectively. The notations ∂• and ∂̃• are explained in section 2.6:

they indicate the smallest number of different derivatives that make the operator non-

vanishing after antisymmetrization, such a number can be zero for ∂̃• but not for ∂•, and

we should not use ∂2 in neither of the two expressions. All fields with a gauge index

“1” feel the monopole background and have modes with spin shifted by 1
2 (among the

antisymmetrized indices there is only one “1”). In particular the first group of modes have

spin 1
2 (harmonics Y

1/2
1/2,±1/2), while in the second group we take the mode of spin 0 before

taking derivatives (harmonics Y 0
j,j3

). From the groups with antisymmetrized gauge indices

we get one extra spin1
2 representation. The quantum numbers of these operators are

B(r1,r2) U(1)B : 1 U(1)A : k−N+2(r2−r1)

(
Ns,spin

1
2

)⊗S r1 ⊗
(
Nf ,spin

1
2

)⊗S r2 ⊗
(
Nf ,spini

)⊗A(k−r1)⊗
(
Ns,spinj

)⊗A(N−Ns−r2)⊗spin1
2

(
Ns,spin

1
2

)⊗S r1 ⊗
(
Nf ,spin

1
2

)⊗S r2 ⊗
(
Nf ,spini

)⊗A(k−r1)⊗Ns

⊗A(N−r2)⊗spin1
2

(3.18)

The second and third row refer to (3.16) and (3.17), respectively. We used that the fourth

group of fields in (3.16) is a total singlet.

In the dual theory U(k)−N+Ns
2
,−N+Ns

2
−k with Nf φ, Ns ψ, the corresponding monopole

operators are constructed in a similar way. From (3.15) the basic bare monopole with charge

1 under U(1)B has magnetic fluxes (−1, 0, . . . , 0) under the maximal torus U(1)N , and we

indicate it as M. Such a bare monopole has charge N −Ns + k under the diagonal gauge

U(1), and it transforms as the highest weight of the symmetric (N − Ns)
th power of the

fundamental representation of SU(k). The basic gauge-invariant operators are then

B(r1,r2) = M φ1B︸︷︷︸
r2

∂̃• ψ1I︸ ︷︷ ︸
N−Ns−r2︸ ︷︷ ︸

N−Ns

ψ...I︸︷︷︸
r1

∂̃• φ...B︸ ︷︷ ︸
k−r1︸ ︷︷ ︸

k

(3.19)

for 0 ≤ r2 ≤ N −Ns and

B(r1,r2) = M φ1B︸︷︷︸
r2

ψ1I

︸︷︷︸
r2−N+Ns

ψ...I︸︷︷︸
r1

∂̃• φ...B︸ ︷︷ ︸
k−r1︸ ︷︷ ︸

k

(3.20)

for N −Ns ≤ r2 ≤ N . In the second group of fields in (3.19) we take the modes of spin 1

and identify ∂• = ∂̃•∂µ with the last group in (3.16) (precisely, we use the harmonics Y 1
j,j3

where j equals the spacetime spin of ∂•φ), while in the second group in (3.20) we take the

mode of spin 0 (harmonic Y 0
0,0). The quantum numbers of these operators are exactly the

same as in (3.18).

The basic monopole operators in the theories involved in the U/U dualities (3.1) with

lower sign are constructed in a similar way. The only difference is that on the l.h.s. we use
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a “baryon” (as opposed to an anti-baryon) to dress the bare monopole, while on the r.h.s.

we use a bare monopole M (as opposed to the anti-monopole M) dressed by fields in the

fundamental times an anti-baryon. The quantum numbers match in that case too.

4 USp duality

The third duality we consider involves Chern-Simons theories with (unitary) symplectic

groups as well as bosonic and fermionic matter in the fundamental representation, which

is pseudo-real. We propose the following duality:11

USp(2N)
k−

Nf
2

with Ns φ, Nf ψ ←→

USp(2k)−N+Ns
2

with Nf φ, Ns ψ ×U
(
2k(N −Ns)

)
1
. (4.1)

We recall that in the symplectic case it is convenient to double the number of fields and

impose a reality constraint. We use ΦαI and ΨαA, where α = 1, . . . , 2N is for USp(2N),

I = 1, . . . , 2Ns is for USp(2Ns) and A = 1, . . . , 2Nf is for USp(2Nf ). We impose

Φ∗
αI = Ωαβ ΩIJ ΦβJ , Ψc

αA = Ωαβ ΩAB ΨβB (4.2)

where, with some abuse of notation, we have indicated by the same symbol Ω the three

invariant symplectic forms of USp(2N), USp(2Ns) and USp(2Nf ), while
c is the charge con-

jugate. Then, even before turning on any potential, the two theories in (4.1) are invariant

under the faithfully-acting symmetry

G =
USp(2Ns)×USp(2Nf )

Z2
, (4.3)

where Z2 is generated by (−1,−1) that is part of the gauge group.

In both theories in (4.1) we include the following quartic interactions, that preserve

the full symmetry G:

(
ΦαIΦβJΩ

αβΩIJ
)2

(
ΦαIΦβJΩ

αβ
)
ΩJK

(
ΦγKΦδLΩ

γδ
)
ΩLI

Om =
(
ΦαIΦβJΩ

IJ
)
Ωβγ

(
ΨγAΨδBΩ

AB
)
Ωδα .

(4.4)

The first two are classically relevant. The third one is classically marginal and we conjecture

that it is present in the IR. As in section 2, we add +Om to the potential on the l.h.s. ,

and −Om on the r.h.s. This is crucial for the duality to work. Instead we do not include

Od =
(
ΦαIΦβJΩ

αβΩIJ
)(
ΨγAΨδBΩ

γδΩAB
)

(4.5)

which is a “double trace operator”. This is also classically marginal, but it is marginally

irrelevant at large N and so we expect that it is marginally irrelevant also at finite N . In

11In our notation USp(2N) is the compact unitary symplectic group of rank N . In particular one identifies

USp(2) ∼= SU(2). Elsewhere the notation Sp(N) is used sometimes.
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USp(2N)
k−

Nf
2

with Ns φ, Nf ψ (l.h.s.)

mψ > 0 : USp(2N)k with Ns φ ×U(0)1

A : USp(2N)k ×U(0)1

m2
φ > 0 : USp(2N)

k−
Nf
2

with Nf ψ

B : USp(2N)k−Nf
×U(2NNf )1

mψ < 0 : USp(2N)k−Nf
with Ns φ ×U(2NNf )1

C : USp
(
2(N −Ns)

)
k−Nf

×U(2NNf )1

m2
φ < 0, mψ < 0 : 2NsNf ψ ×USp

(
2(N −Ns)

)
k−Nf

×U
(
2Nf (N −Ns)

)
1

D : USp
(
2(N −Ns)

)
k−Nf

×U
(
2Nf (N −Ns)

)
1

m2
φ < 0 : USp

(
2(N −Ns)

)
k−

Nf
2

with Nf ψ

E : USp
(
2(N −Ns)

)
k
×U(0)1

USp(2k)−N+Ns
2

with Nf φ, Ns ψ ×U
(
2k(N −Ns)

)
1

(r.h.s.)

m2
φ > 0 : USp(2k)−N+Ns

2

with Ns ψ ×U
(
2k(N −Ns)

)
1

A : USp(2k)−N ×U(2kN)1

mψ < 0 : USp(2k)−N with Nf φ ×U(2kN)1

B : USp
(
2(k −Nf )

)
−N

×U(2kN)1

m2
φ < 0 : USp

(
2(k −Nf )

)
−N+Ns

2

with Ns ψ ×U(2kN − 2kNs + 2NfNs)1

C : USp
(
2(k −Nf )

)
−N+Ns

×U(2kN − 2kNs + 2NfNs)1

m2
φ < 0, mψ > 0 : 2NsNf ψ ×USp

(
2(k −Nf )

)
−N+Ns

×U
(
2k(N −Ns)

)
1

D : USp
(
2(k −Nf )

)
−N+Ns

×U
(
2k(N −Ns)

)
1

mψ > 0 : USp(2k)−N+Ns with Nf φ ×U
(
2k(N −Ns)

)
1

E : USp(2k)−N+Ns ×U
(
2k(N −Ns)

)
1

Table 4. Phase diagram for USp dualities. These tables are valid for Ns ≤ N and Nf ≤ k.
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m2
φ

mψ

USp(2N)k N φ

USp(2N)k/2 k ψ

2Nk ψ

USp(2N)k

∅

∅

m2
φ

mψ

USp(2N)N N φ

USp(2N)N/2 N ψ

2N2 ψ

USp(2N)N

∅

∅

Figure 6. (Left) Phase diagram of USp(2N) k
2

with N φ, k ψ. We have not indicated gravitational

couplings for simplicity. The symbol ∅ indicates a gapped state with no topological order. (Right)

Phase diagram specialized to the case N = k. In this case there is emergent time-reversal symmetry

(with an anomaly) along the dashed line. We conjecture that there exists a time-reversal invariant

tri-critical fixed point at the origin.

any case the presence of this operator would not change our discussion, once its effect is

absorbed in the tuning of the IR masses. Some care should be used when one of N , Ns,

Nf is 1: in that case some of the interactions above will be identified.

The phase diagrams of the two theories are summarized in table 4, following the masks

in figure 1. The duality is consistent in the following domain.

Range of dualities: N ≥ Ns , k ≥ Nf . (4.6)

For N = Ns the horizontal gapless line in the left half space disappears, while for k = Nf

the vertical gapless line in the lower half plane disappears, and when both conditions are

met both lines disappear.

There are two interesting subclasses of dualities. The first subclass corresponds to the

special case just mentioned, namely N = Ns and k = Nf :

USp(2N) k
2

with N φ, k ψ ←→ USp(2k)−N
2

with k φ, N ψ . (4.7)

The phase diagram for the theory on the l.h.s. is depicted in figure 6 (left). In this case

there are only three gapless lines in the phase diagram, and we might expect that they

simply meet at a multi-critial fixed point.

The second subclass corresponds to the special case N = k and Ns = Nf :

USp(2N)N−Ns
2

with Ns (φ and ψ) ←→

USp(2N)−N+Ns
2

with Ns (φ and ψ) ×U
(
2N(N −Ns)

)
1
. (4.8)

These theories have (in general) five gapless lines, and the duality implies that there is

emergent time-reversal symmetry (with an anomaly) in the IR along the line m2
φ = mψ.

The intersection of the two subclasses corresponds to the special case N = Ns = k = Nf .
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m2
φ

mψ

SU(2)1/2 ψ

2ψ

SU(2)1 φ

SU(2)1 ×U(0)1U(0)1

U(2)1

mψ

m2
φ

SU(2)
−1 φ

2ψ

SU(2)
−

1

2

ψ

SU(2)
−1 ×U(2)1U(0)1

U(2)1

Figure 7. USp(2) 1

2

with φ, ψ ←→ USp(2)
−

1

2

with φ, ψ. Phase diagram. We have not indicated

the gravitational couplings along gapless lines, for simplicity. The duality predicts emergent IR

time-reversal invariance at the origin and along the dashed line.

In this case the phase diagram is as in figure 6 (right): there are only three gapless lines that

conjecturally meet at a multi-critical fixed point with emergent time-reversal symmetry.

The simplest example is the case N = Ns = k = Nf = 1:

USp(2) 1

2

with φ, ψ ←→ USp(2)− 1

2

with φ, ψ . (4.9)

Notice that in USp(2N)
k−

Nf
2

with Ns φ, Nf ψ, for N = 1 and/or Ns = 1 there is a

unique Φ4 coupling, in the sense that the first two couplings in (4.4) are proportional.

Moreover for N = 1 there is a unique Φ2Ψ2 coupling, in the sense that Om = 1
2Od.

12 We

have represented the two phase diagrams in figure 7 (including the gravitational couplings

in gapped phases but not along gapless lines). Along the oblique gapless line we find two

Dirac fermions, transforming in the bifundamental representation13 of the global symmetry(
USp(2) × USp(2)

)
/Z2. Along the other two gapless lines we find SU(2)1 with φ (and its

time reversal): a CFT with SO(3) global symmetry, studied to some extent in [24].

It is interesting to compare the USp(2) theory in (4.9) with the SU(2) theory in (2.35).

In USp(2) with Ns = 1 scalars there is a unique gauge-invariant Φ4 quartic coupling that

preserves USp(2) global symmetry. Similarly, in SU(2) with Ns = 1 there is a unique

gauge-invariant φ4 quartic coupling that preserves U(1) global symmetry: it is the very

same coupling, it preserves a larger USp(2) ∼= SU(2) global symmetry, and in fact the two

theories are the same (see also section 2.1.1). We have used this fact in figure 7 to write the

gapless lines in terms of SU(2) gauge theories. In USp(2) with Ns = Nf = 1 scalars and

fermions there is a unique gauge-invariant Φ2Ψ2 quartic coupling Od (4.5) that preserves

USp(2)×USp(2) global symmetry. On the contrary, in SU(2) with Ns = Nf = 1 there are

12For N = 1, ΦαIΦβJΩ
IJ is proportional to Ωαβ . Contracting with Ωαβ we find ΦαIΦβJΩ

IJ = 1

2
C1 Ωαβ

with C1 = ΦαIΦβJΩ
αβΩIJ . Similarly ΨγAΨδBΩ

AB = 1

2
C2 Ωγδ with C2 = ΨγAΨδBΩ

γδΩAB . Therefore the

first coupling in (4.4) is equal to C2
1 while the second one is equal to 1

2
C2

1 . Similarly Od = C1C2 while

Om = 1

2
C1C2. For Ns = 1 we can repeat the argument on the scalar coupling.

13We write them in terms of four Dirac fermions ΨIA with a reality constraint Ψc
IA = ΩIJΩABΨJB .
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m2
φ

mψ

SU(2)1/2 ψψ

ψ

SU(2)1 φ

SU(2)1 ×U(0)1U(0)1

U(2)1

U(1)1

mψ

m2
φ

SU(2)
−1 ×U(2)1 φ

ψ
ψ

SU(2)
−

1

2

ψ

SU(2)
−1 ×U(2)1U(0)1

U(2)1

U(1)1

Figure 8. SU(2)1/2 with φ, ψ ←→ SU(2)
−1/2 with φ, ψ. Phase diagram. We have not indicated

the gravitational couplings along gapless lines, for simplicity. The duality predicts emergent time-

reversal invariance around the origin, along the dashed line.

two gauge-invariant φ2ψ2 couplings that preserve U(1)×U(1) global symmetry:

(φ∗
αφ

α)(ψ̄αψ
α) and (φαψ̄α)(ψ

αφ∗
α) . (4.10)

The first one preserves USp(2)× USp(2) global symmetry, while the second one preserves

U(1)×U(1) (and we expect it to be marginally relevant in the UV). Thus the USp(2) and

SU(2) theories with a scalar and a fermion are different, and the latter is expected to be

a relevant deformation of the former. In fact, the relevant deformation splits the gapless

line 2ψ in figure 7 into two lines, by giving mass to one of the two fermions.

We propose that deforming the USp duality in (4.9) by (φαψ̄α)(ψ
αφ∗

α) ↔
−(φαψ̄α)(ψ

αφ∗
α) we obtain the following SU duality:

SU(2) 1

2

with φ, ψ ←→ SU(2)− 1

2

with φ, ψ . (4.11)

The phase diagram is summarized in figure 8. This duality implies that the theory has

emergent time-reversal invariance in the IR. In fact, this theory is precisely the one in the

duality (2.35) and it is dual to the two theories in (3.4): the three dualities are compatible.

5 SO duality

The fourth duality we consider involves Chern-Simons theories with special orthogonal

groups as well as bosonic and fermionic matter fields in the fundamental representation,

which is real. For simplicity, we use the same symbols φ and ψ as before, but we should

keep in mind that for SO theories φ is a real scalar and ψ is a Majorana fermion (when

a field has no gauge interactions, to avoid confusion we write φR or ψR). We propose the

following duality:

SO(N)
k−

Nf
2

with Ns φ, Nf ψ ←→

SO(k)−N+Ns
2

with Nf φ, Ns ψ × SO
(
k(N −Ns)

)
1
. (5.1)
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The last factor in the second line represents a gravitational coupling −k(N −Ns)CSg. We

propose this duality in the range

N ≥ Ns , k ≥ Nf , N + k ≥ Ns +Nf + 3 , (5.2)

as explained below. It might be possible to extend this range along the lines of [25] or

with the observation in (6.36). Notice that the range (5.2) reproduces the range of the SO

dualities with a single matter species [24] after setting Nf = 0.

The proposal (5.1) reproduces the boson/fermion dualities with a single matter species

of [23, 24] for Ns = 0 or Nf = 0, as well as the level-rank dualities when Ns = Nf = 0 (see

the summary in appendix A). The proposal is also consistent under RG flows triggered by

a mass term, either positive or negative, for a single scalar or fermion.

The theories in (5.1) have global symmetry G0 = O(Ns) × O(Nf ) × ZC
2 × ZM2 , not

necessarily acting faithfully. The first two factors act on the matter fields φαI and ψαB
in the fundamental representation, respectively, through the indices I = 1, . . . , Ns and

B = 1, . . . , Nf , while α = 1, . . . , N is a gauge index. The generator of “charge conjugation”

ZC
2 maps φ1I 7→ −φ1I and ψ1A 7→ −ψ1A while leaving all other components invariant.14

Finally, ZM2 is a magnetic symmetry giving charge to monopole operators. As in the

dualities with a single matter species [24], the duality exchanges ZC
2 with ZM2 .

The quadratic operators invariant under G0 are15

m2
φ φαIφαI and mψ ψT

αBψαB , (5.3)

whose coefficients we tune to find phase transitions. The quartic operators invariant under

G0, classically relevant or marginal in the UV, are

(φαIφαI)
2 , φαIφαJφβJφβI , Od = (φαIφαI)(ψ

T

βAψβA) , Om = φαIφβIψ
T

βCψαC .

(5.4)

Paralleling the discussion in section 2, the quartic scalar couplings are present in the

theories, the mixed coupling Om is assumed to be present in the IR potential with positive

sign on the l.h.s. and negative sign on the r.h.s. , while the mixed coupling Od, even if

present in the IR, does not affect the discussion here.

The case N = 2 is special because SO(2) ∼= U(1), in particular the magnetic symmetry

is enhanced from ZM2 to U(1)M . Also the flavor symmetry can be enhanced. For instance,

since four-Fermi interactions are irrelevant, SO(2)
k−

Nf
2

with Nf ψ is the same as U(1)
k−

Nf
2

with Nf ψ (notice that the fermions are Majorana in the SO theory and Dirac in the U the-

ory) and the flavor symmetry is enhanced from O(Nf ) to SU(Nf ). With a single scalar there

is a unique quartic scalar coupling, (φαφα)
2, therefore SO(2)k with 1 φ is the same as U(1)k

with 1 φ. For Ns ≥ 2 the two quartic scalar couplings are independent, therefore the SO(2)

theory is different from the U(1) theory. Similarly, for Ns = Nf = 1 the mixed couplings Od

and Om are different: while Od is present in the U(1) theory, Om is not and so its presence

distinguishes the SO(2) theory. The same is true for all other cases with Ns, Nf ≥ 1.

14For N odd, O(N) ∼= Z2 × SO(N) where Z2 = {1,−1}. Therefore for N odd, ZC
2 is already contained

into O(Ns) × O(Nf ) and is not independent. For N even, −1N ∈ SO(N) therefore the diagonal Z2 in

O(Ns)×O(Nf ) generated by {−1Ns ,−1Nf
} is gauged.

15Fermions are contracted in a Lorentz-invariant way, keeping the ǫ-tensor implicit.
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SO(N)
k−

Nf
2

with Ns φ, Nf ψ (l.h.s.)

mψ > 0 : SO(N)k with Ns φ × SO(0)1

A : SO(N)k × SO(0)1

m2
φ > 0 : SO(N)

k−
Nf
2

with Nf ψ

B : SO(N)k−Nf
× SO(NNf )1

mψ < 0 : SO(N)k−Nf
with Ns φ × SO(NNf )1

C : SO(N −Ns)k−Nf
× SO(NNf )1

m2
φ < 0, mψ < 0 : NsNf ψR × SO(N −Ns)k−Nf

× SO
(
(N −Ns)Nf

)
1

D : SO(N −Ns)k−Nf
× SO

(
(N −Ns)Nf

)
1

m2
φ < 0 : SO(N −Ns)

k−
Nf
2

with Nf ψ

E : SO(N −Ns)k × SO(0)1

SO(k)−N+Ns
2

with Nf φ, Ns ψ × SO
(
k(N −Ns)

)
1

(r.h.s.)

m2
φ > 0 : SO(k)−N+Ns

2

with Ns ψ × SO
(
k(N −Ns)

)
1

A : SO(k)−N × SO(kN)1

mψ < 0 : SO(k)−N with Nf φ × SO(kN)1

B : SO(k −Nf )−N × SO(kN)1

m2
φ < 0 : SO(k −Nf )−N+Ns

2

with Ns ψ × SO(kN − kNs +NfNs)1

C : SO(k −Nf )−N+Ns × SO(kN − kNs +NfNs)1

m2
φ < 0, mψ > 0 : NsNf ψR × SO(k −Nf )−N+Ns × SO

(
k(N −Ns)

)
1

D : SO(k −Nf )−N+Ns × SO
(
k(N −Ns)

)
1

mψ > 0 : SO(k)−N+Ns with Nf φ × SO
(
k(N −Ns)

)
1

E : SO(k)−N+Ns × SO
(
k(N −Ns)

)
1

Table 5. Phase diagram of the SO dualities. Here φ are real scalars and ψ are Majorana fermions.

The validity range of the table is explained in the main text.
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The phase diagrams for the two theories in (5.1), assuming Ns, Nf ≥ 1, are reported

in table 5, following the masks in figure 1. The table should be read with some care. If

Ns ≤ N −2 and Nf ≤ k−2, the table is valid without subtleties. Then, using the dualities

in [24], all gapless lines and gapped phases match across the duality. If Ns = N − 1

then on the l.h.s. the gauge group is completely broken for m2
φ < 0, and thus the factors

SO(N−Ns)# in table 5 l.h.s. should be dropped (but the gravitational contributions should

be kept). Similarly, if Nf = k − 1 then on the r.h.s. the gauge group is completely broken

for m2
φ < 0 and the factors SO(k−Nf )# should be dropped. We find that for Ns ≤ N − 1

and Nf ≤ k − 1 there still is a match of phases between the two sides, with the exception

of the case (Ns, Nf ) = (N − 1, k − 1).

If Ns = N then on the l.h.s. the gauge group is completely broken for m2
φ < 0 and,

moreover, the ZC
2 charge conjugation symmetry is spontaneously broken16 giving rise to

two vacua. Then we should substitute the factors SO(N − Ns)# in table 5 l.h.s. with a

“Z2” that represents those two gapped states. Notice that the horizontal gapless line in

the left half plane disappears, and phases D and E are identical. In this case we find a

match of phases between the two sides, provided Nf ≤ k − 3. To verify the match we use

that for 0 ≤ Nf ≤ k − 3 the theory

SO(k)0 with Nf φ (5.5)

confines, with a spontaneous breaking of the ZM2 magnetic symmetry (we typically think

of a phase with broken magnetic symmetry as confining). As a partial check of this as-

sumption, the claim is consistent under mass deformations of the theory.

Similar comments apply to the case Nf = k: on the r.h.s. the gauge group is completely

broken for m2
φ < 0, the vertical gapless line in the lower half plane disappears and phases

B and C are identical, the ZC
2 charge conjugation symmetry is spontaneously broken and

there are two vacua. We should substitute the factors SO(k−Nf )# in table 5 l.h.s. with a

“Z2”. The phases match between the two sides, provided Ns ≤ N −3. Finally, for Ns > N

or Nf > k we find phases with a more severe spontaneous symmetry breaking, which is

not classically observed on the other side of the duality. Collecting the various cases, we

end up with the range in (5.2).

5.1 Simple examples

A simple but interesting example is for N = Ns = Nf = 1 and k ≥ 4:

O(1) WF × ψR ←→ SO(k)− 1

2

with φ, ψ . (5.6)

On both sides the gravitational coupling is SO(0)1. The theory on the l.h.s. is the decoupled

product of the O(1) Wilson-Fisher fixed point (denoted as φR in our notation), also known

16Here we are assuming that the IR relative strength of the two quartic scalar couplings is in a certain

range, elaborated in section 6.1. In this case, up to gauge and flavor rotations, φαI is proportional to

1N which is not invariant under Z
C
2 but does not break SO(Ns). There exists another regime, though,

for which the induced VEV of φαI has a unique non-zero entry along the diagonal; such a VEV breaks

SO(Ns) → SO(Ns − 1) (and preserves ZC
2 ) leaving the Goldstone bosons of an SN−1 NLSM.
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m2
φ

mψ

ψR

O(1) WF

SO(0)1Z2 × SO(0)1

SO(1)1Z2 × SO(1)1

mψ

m2
φ

SO(k)
−

1

2

ψ

SO(k − 1)
−

1

2

ψ

SO(k)
−1 φ

ψR

SO(0)1SO(k)0 × SO(0)1

SO(1)1

SO(k − 1)0
× SO(1)1

Figure 9. O(1) WF × ψR ←→ SO(k)
−1/2 with φ, ψ. Phase diagram.

as the 3D Ising CFT, and a free Majorana fermion. These two theories are time-reversal

invariant, and are decoupled because φ2ψ2 is irrelevant. Therefore the duality predicts

that the theory on the r.h.s. has a multi-critical fixed point where the four gapless lines

meet, the theory factorizes and develops time-reversal invariance in the IR. The two phase

diagrams are in figure 9: on the l.h.s. we took into account that φ2ψ2 is irrelevant and

moved the ψR gapless line accordingly; on the r.h.s. we implemented such an input from

the duality and crossed the gapless lines perpendicularly. The gapless lines agree using the

bosonization/fermionization dualities of [24] and the gapped phases agree using (5.5).

The previous example generalizes to the dualities

O(1) WF × Nf ψR ←→ SO(k)− 1

2

with Nf φ, 1 ψ (5.7)

for k ≥ Nf +3. On both sides the gravitational coupling is SO(0)1. Once again, the theory

on the l.h.s. is factorized into two decoupled sectors: the O(1) WF fixed point and Nf free

Majorana fermions. Both sectors are time-reversal invariant. The duality predicts that the

theory on the r.h.s. has a multi-critical fixed point with the same IR properties.

6 More Abelian dualities

In this section — that could be read independently from the previous ones — we propose

and discuss some other Abelian dualities involving scalars and/or fermions, that can be

derived using the dualities in [20]. Let us first summarize our findings. In section 6.2 we

discuss

U(1)− 1

2

with φ, ψ ←→ U(1)1 with 2 φ and VEP ←→ U(1)2K with 2 ψ . (6.1)

The theory on the left has a self-duality that acts on the manifest part of the global

symmetry. The theory in the middle has an extra “easy plane” quartic potential VEP that
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breaks the global symmetry to O(2)2. The theory on the right has a 2 × 2 CS matrix

K =
( 1/2 1

1 1/2

)
. In section 6.3 we discuss

U(1) 3

2

with φ, ψ ←→ U(1)− 3

2

with φ, ψ . (6.2)

This duality, already presented in section 3, acts as time-reversal. In section 6.4 we discuss

U(1)2 with 2 φ and VEP ←→ U(1)−1 with 2 ψ . (6.3)

The theory on the left has manifest O(2)2 global symmetry in the UV, while the theory

on the right has O(2) × SO(3) global symmetry. The duality then predicts IR symmetry

enhancement. Finally, in section 6.5 we discuss dualities of QED with two matter fields:

U(1)0 with 2 φ and VEP ←→ U(1)0 with 2 ψ , (6.4)

where both theories have a self-duality. The horizontal duality was already reported in [18,

41], the self-duality on the l.h.s. in [32] and the self-duality on the r.h.s. in [22, 31, 42]. We

give here some more details.

As discussed in section 5 and in [24], the theories U(1)# with 2 ψ coincide with the

theories SO(2)# with 2 ψ. The theories U(1)# with 2 φ and VEP almost coincide with the

theories SO(2)# with 2 φ: the extra quartic scalar potential VEP is precisely the one that

distinguishes the U(1) theory from the SO(2) theory (for Ns = 2). However, the relative

strengths of the two scalar quartic couplings assumed in section 5 and the corresponding

symmetry-breaking pattern when Ns = N , are different from the ones associated to VEP.

This point is elaborated upon in section 6.1 below.

To derive new Abelian dualities, we employ the following ones [20] that include back-

ground fields:

|DBφ|2 − |φ|4 ←→ |Dbσ|2 − |σ|4 + 1

2π
bdB (6.5a)

|DBφ|2 − |φ|4 ←→ iψ̄ /Daψ − 1

2π
adB − 1

4π
BdB (6.5b)

iψ̄ /DAψ ←→ |Dbφ|2 − |φ|4 + 1

4π
bdb+

1

2π
bdA (6.5c)

iψ̄ /DAψ ←→ iζ̄ /Daζ +
1

2π
adu− 2

4π
udu+

1

2π
udA− 1

4π
AdA− 2CSg . (6.5d)

Here φ, σ are complex bosons, ψ, ζ are Dirac fermions, b, u,B are gauge fields (small caps

indicate dynamical fields while capitals are background fields) and a,A are spinc connec-

tions. We can treat a,A as standard gauge fields in the last three lines (where the dualities

are between spin theories) if we consider the theories on spin manifolds. In all cases a

positive mass, or mass squared, on one side is mapped to a negative one on the other side.
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The parity-inverted versions are:

|DBφ|2 − |φ|4 ←→ |Dbσ|2 − |σ|4 − 1

2π
bdB (6.6a)

|DBφ|2 − |φ|4 ←→ iψ̄ /Daψ +
1

4π
ada+

1

2π
adB +

1

4π
BdB + 2CSg (6.6b)

iψ̄ /DAψ ←→ |Dbφ|2 − |φ|4 − 1

4π
bdb− 1

2π
bdA− 1

4π
AdA− 2CSg (6.6c)

iψ̄ /DAψ ←→ iζ̄ /Daζ +
1

4π
ada− 1

2π
adu+

2

4π
udu− 1

2π
udA+ 2CSg . (6.6d)

6.1 The potential VEP

Consider an SO(N)# theory with N scalars (and possibly fermions). Up to an overall

rescaling, the quartic scalar potential can be written as

V =

(
1− λ

N

)(
TrφTφ

)2
+ λTrφTφφTφ , (6.7)

where φαI is an N ×N real matrix. Here λ is a real parameter and λ > − N
N−1 guarantees

that the potential is positive definite. For generic values of λ, the potential preserves

O(N) × O(N) symmetry (acting on φ from the left and the right), of which an SO(N) is

gauged. If we deform the potential with a negative mass squared,

V =

(
1− λ

N

)(
TrφTφ

)2
+ λTrφTφφTφ−m2TrφTφ , (6.8)

the minima depend on the value of λ. For λ > 0, up to gauge and flavor rotations, the

minima are at φ = φ0 1N . This VEV breaks the SO(N) gauge group completely as well

as ZC
2 , while it preserves SO(N) flavor rotations (up to gauge transformations). This is

precisely the symmetry breaking pattern assumed in section 5, therefore in that section we

assumed that λ > 0 in the IR.

For λ < 0 the minima are at φ = diag(0, . . . , 0, φ0): they preserve ZC
2 but break the

global symmetry SO(N) → SO(N − 1), resulting in Goldstone bosons that parametrize

SN−1. We might ask if we expect theories with λ < 0 in the IR. At least in the case N = 2,

we can make the following observation. For λ = 0 the flavor symmetry is enhanced to

SU(2) (and the magnetic symmetry is enhanced as well).17 This means that there are two

domains λ ≷ 0 in the RG flow, separated by the more symmetric theories at λ = 0, and

no RG trajectories cross from one domain to the other (at least as long as the symmetry

is not spontaneously broken).

In fact, the potential VEP appearing in the dualities proposed in this section has λ < 0

(contrary to the cases in section 5 where λ > 0) — and the theories have indeed gauge

group SO(2). It is convenient to regard the gauge group as U(1) and use the complex

notation. Let us then add some details about this particular case.

We write the “easy plane” potential VEP, function of two complex scalars φ1,2, as

VEP = |φ1|4 + |φ2|4 + 2(λ+ 1) |φ1|2|φ2|2 with − 2 < λ < 0 . (6.9)

17For λ = 0 the potential V is invariant under O(N2) acting on the entries of φ, however in the full

SO(N) gauge theory with N > 2 there is no symmetry enhancement.
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It is invariant under separate rotations of φ1 and φ2, under charge conjugation ZC
2 and

under exchange ZX
2 : φ1 ↔ φ2. We take λ > −2 in order for the potential to be positive

definite. With λ = 0 the symmetry would be enhanced and (φ1, φ2) would transform as an

SU(2) doublet, besides having charge 1 under the U(1) that is gauged.

There is a unique quadratic term invariant under the symmetries, 2v
(
|φ1|2 + |φ2|2

)
.

With positive mass squared, v > 0, the only minimum of the deformed potential is at the

origin and V = 0 there. With negative mass squared, v < 0, the minima depend on λ:

−2 < λ < 0 : |φ1|2 = |φ2|2 = |v|
2+λ V = − 2v2

2+λ S1

λ = 0 : |φ1|2 + |φ2|2 = |v| V = −v2 S2

λ > 0 : {φ1 = 0, |φ2|2 = |v|} ∪ {|φ1|2 = |v|, φ2 = 0} V = −v2 2 vacua

In the last column we have indicated the set of ground states of the gauge theory. In the

examples of this section, the phase diagrams match if we choose −2 < λ < 0.

We can also consider deformations that keep one of the two fields massless. If we

deform (6.9) with 2v|φ1|2 and positive v, the minimum is at the origin and φ2 remain

massless. If we deform with negative mass squared for φ1, we should tune the mass of φ2

in such a way that the latter remains massless at the minimum. In the range −2 < λ ≤ 0

this can be done: the correct tuning is

V = |φ1|4 + |φ2|4 + 2(λ+ 1) |φ1|2|φ2|2 + 2v
(
|φ1|2 + (λ+ 1)|φ2|2

)
(6.10)

with v < 0. The minimum of this potential is at |φ1|2 = |v|, φ2 = 0 (where V = −v2)

and at that point φ2 is massless. On the other hand, for λ > 0 we encounter a subtlety.

The point {|φ1|2 = |v|, φ2 = 0} is still a local minimum of the potential, but the global

minimum is at {φ1 = 0, |φ2| = (λ+ 1)|v|} where V = −(λ+ 1)2v2 and both φ1 and φ2 are

massive. Hence — already at the classical level — there is no second-order phase transition

as we tune the mass of φ2.

6.2 Duality U(1)
−

1

2

with φ, ψ ←→ U(1)1 with 2φ and VEP

We start with the duality (6.6b) and shift the background field B → B + X. Then we

add a free fermion iψ̄ /DBψ coupled to B, as well as a counterterm 1
2πBdY , on both sides.

Finally we make B dynamical and rename it b. We obtain the duality of Lagrangians

|Db+Xφ|2 − |φ|4 + iψ̄ /Dbψ +
1

2π
bdY ←→ (6.11)

iψ̄1 /Daψ1 + iψ̄2 /Dbψ2 +
(a+ b)d(a+ b)

4π
+

1

2π
adX +

1

2π
bd(X + Y ) +

1

4π
XdX + 2CSg .

HereX,Y are background gauge fields. Notice that the two theories respect the spin/charge

relation [20, 39] and can thus be defined on non-spin manifolds, provided we promote a, b,X

to spinc connections and add the counterterm 1
4πY dY on both sides (see appendix C). Here

we will content ourselves with working on spin manifolds. On the l.h.s. we have not included

a term |φ|2ψ̄ψ, which is compatible with the symmetries, since we expect that such a term is
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not present in the IR. By the same reasoning we have not included four-Fermi interactions

on the r.h.s. What we have obtained is the duality

U(1)− 1

2

with φ, ψ ←→ U(1)2K with 2 ψ (6.12)

(with gravitational coupling U(1)−1 on the r.h.s.) where the theory on the r.h.s. has a CS

matrix K =
( 1/2 1

1 1/2

)
. In the following discussion we will need the phase diagram of these

theories. We have already presented it (using the description on the l.h.s.) in figure 5 on

the left, as well as in (3.8).

Both theories have a manifest global symmetry Ũ(1)X × Ũ(1)X+Y ⋊ ZC
2 that acts

faithfully. Here the two U(1) factors are the ones natural on the r.h.s. of (6.11), that

couple to X and X + Y respectively. They are related to U(1)X × U(1)Y , natural on the

l.h.s. , by an obvious transformation. On the other hand ZC
2 is charge conjugation that

inverts all gauge fields, in particular

ZC
2 : X → −X , Y → −Y . (6.13)

Turning off background fields, we see that the theory on the r.h.s. also has a ZX
2 symmetry

that exchanges ψ1 ↔ ψ2 and a ↔ b. With background fields the symmetry acts as

ZX
2 : X ↔ X + Y , Y ↔ −Y , (6.14)

in other words ZX
2 exchanges Ũ(1)X ↔ Ũ(1)X+Y , and there is an anomaly given by

L[X,Y ]
ZX
2←→ L[X,Y ] +

1

4π
Y dY +

1

2π
XdY (6.15)

where L is the effective Lagrangian. The full global symmetry group is thus18

Ũ(1)X × Ũ(1)X+Y ⋊
(
ZC
2 × ZX

2

)
. (6.16)

If the theory flows to a fixed point, possibly with a tuning of the relevant fermion-mass

deformations invariant under ZX
2 , then we conclude that also the theory on the l.h.s. devel-

ops the ZX
2 symmetry in the IR. Such a symmetry is not manifest on the l.h.s. — although

it is manifest in its phase diagram in figure 5 and in (3.8).

So, let us show how ZX
2 appears on the l.h.s. of (6.12). Combining the dualities in (6.6b)

and (6.6c) in a way similar to what we did before, we obtain the duality of Lagrangians

|Db+Xφ|2 − |φ|4 + iψ̄ /Dbψ +
1

2π
bdY ←→

|Dc+X+Y φ|2 − |φ|4 + iψ̄ /Dcψ − 1

2π
cdY − 1

4π
Y dY − 1

2π
XdY . (6.17)

In the second line we integrated out a dynamical gauge field that appeared linearly. Once

again, the duality is well-defined on non-spin manifolds provided we promote b, c,X to

18The symmetry group can also be written as
(
O(2)X+Y/2 × O(2)Y/2

)
/Z2 where the quotient is by the

−1 element on both sides.
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spinc connections and add 1
4πY dY on both sides. This duality is a self-duality of U(1)− 1

2

with φ, ψ, that acts on the background fields X,Y as in (6.14) and has the anomaly (6.15).

We thus identify this self-duality with ZX
2 .

In terms of the basis U(1)X ×U(1)Y for the continuous global symmetry, with charges

QX , QY , the self-duality leaves QX invariant and maps QY ↔ QX − QY . Moreover it

exchanges the two relevant deformations:

ZX
2 : |φ|2 ↔ ψ̄ψ . (6.18)

This can be inferred by comparing the low-energy theories after deforming with the two

operators. It is also apparent from the phase diagram in figure 5.

Next, combining the dualities in (6.5a) and (6.5c) we obtain the duality of Lagrangians

|Db+Xφ|2 − |φ|4 + iψ̄ /Dbψ +
1

2π
bdY ←→

|Dcφ1|2 +
1

2π
cd(b+X) + |Dfφ2|2 +

1

4π
fdf +

1

2π
fdb− V

(
|φ1|2, |φ2|2

)
+

1

2π
bdY . (6.19)

On the r.h.s. we have included a generic quartic potential in the scalars φ1,2, compatible

with the global Ũ(1)X × Ũ(1)X+Y ⋊ZC
2 and gauge symmetries, as such a potential is gener-

ated along the RG flow when we make the background gauge field B dynamical (and rename

it b). The gauge field b on the r.h.s. can be integrated out, and redefining φ2 → φ∗
2 we obtain

|Db+Xφ|2 − |φ|4 + iψ̄ /Dbψ +
1

2π
bdY ←→

|Dcφ1|2 + |Dc+Y φ2|2 − V
(
|φ1|2, |φ2|2

)
+

1

4π
cdc+

1

2π
cd(X + Y ) +

1

4π
Y dY . (6.20)

(On non-spin manifolds we should promote b,X to spinc connections and add 1
4πY dY on

both sides.) This is the duality

U(1)− 1

2

with φ, ψ ←→ U(1)1 with 2 φ and VEP (6.21)

(with no extra gravitational counterterms). On the r.h.s. the quartic potential VEP reduces

the global symmetry.19 Let us show that V is precisely the “easy plane” potential (6.9).

We could entertain the possibility of a ZX
2 symmetry that exchanges φ1 ↔ φ2 (in the

absence of background fields): whether this is a symmetry of the theory depends on the

potential V . With background fields the full action is

ZX
2 : c ↔ c+ Y , X ↔ X + Y , Y ↔ −Y , (6.22)

with exactly the same anomaly as in (6.15). We recognize that this is the same ZX
2 action

discussed before, and — if the theory flows to a fixed point — we argued in the fermionic

description on the r.h.s. of (6.12) that it is indeed a symmetry in the IR. This means that

we should impose the full Ũ(1)X × Ũ(1)X+Y ⋊
(
ZC
2 × ZX

2

)
symmetry on the potential V .

19With V =
(
|φ1|

2+|φ2|
2
)2

(or without V ), the theory on the r.h.s. would have U(2)⋊Z
C
2 faithfully-acting

global symmetry [31].
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We then claim that the potential has λ < 0 as in (6.9). This is dictated by the requirement

that the theory reproduces the same phase diagram as U(1)− 1

2

with φ, ψ. For instance,

turning on a negative mass for both φ1,2, the minima of the potential are at |φ1|, |φ2| 6= 0:

the gauge symmetry is broken, as well as the U(1) global symmetry that couples to Y . We

are left with an S1 NLSM coupled to Y without extra counterterms. This reproduces the

phase m2
φ > 0, mψ > 0 on the l.h.s. of (6.20) as reported in (6.23). The other phases and

critical lines are reproduces in a similar way. We conclude that V = VEP.

As noted before, the theory U(1)1 with 2 φ and VEP coincides with

SO(2)1 with 2 φ ,

except that the relative strength of the two quartic scalar couplings is not the same as in

the series of SO dualities discussed in section 5.

6.2.1 The gapped phases

To conclude the discussion of U(1)− 1

2

with φ, ψ, let us list the gapped phases:

m2
φ > 0, mψ > 0 :

1

2π
bdY (S1 NLSM coupled to Y )

m2
φ > 0, mψ < 0 :

1

4π
Y dY

m2
φ < 0, mψ < 0 : − 1

4π
Xd(X + 2Y )− 2CSg

m2
φ < 0, mψ > 0 : − 1

2π
XdY .

(6.23)

This is a refined version of figure 5 in which we have included the counterterms for back-

ground fields. This clearly shows that the four phases are all different.20

6.3 Time-reversal symmetry of U(1)3

2

with φ, ψ

Combining the dualities in (6.6b) and (6.5c) we obtain

|Db+Xφ|2 − |φ|4 + iψ̄ /Dbψ − 1

4π
bdb+

1

2π
bdY ←→ (6.24)

|Dc+X+Y φ|2 − |φ|4 + iψ̄ /Dcψ +
2

4π
cdc+

1

2π
cd(Y + 2X) +

2Xd(X + Y ) + Y dY

4π
+ 2CSg .

In the second line we integrated out a gauge field that appeared linearly and redefined

φ → φ∗. The two theories respect the spin/charge relation, thus the duality is well-defined

on non-spin manifolds provided we promote b, c,X to spinc connections and add the coun-

terterms 1
4πY dY − 2CSg on both sides. This is the duality

U(1)− 3

2

with φ, ψ ←→ U(1) 3

2

with φ, ψ (6.25)

20Without background fields, the second and fourth phases might have looked equal. One could have

then suspected that they were connected, with no transition in the middle. We can instead exclude such a

scenario.
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(with a gravitational counterterm U(1)1 on the l.h.s.) that we already presented in sec-

tion 3. Turning off background fields, this is precisely the action of time reversal. We

conclude that, if the theory flows to a fixed point, the latter is time-reversal invariant

(with an anomaly that we are going to discuss).

In the presence of background fields, we should define an action of time reversal T on

the background as well:

T : X → X + Y , Y → −Y − 2X . (6.26)

From here we see that T squares to C, the generator of charge conjugation ZC
2 , namely

time reversal forms a group ZT
4 in which ZC

2 is the non-trivial subgroup.21 The action of

T on the effective action is T L[X,Y ] = Ldual[X,Y ]− 1
4π

(
2XdX + 2XdY + Y dY

)
, where

L and Ldual correspond to the l.h.s. and r.h.s. of (6.24) respectively. The duality asserts

that L[X,Y ] = Ldual[X,Y ] as effective Lagrangians. We conclude that

T L[X,Y ] = L[X,Y ]− 1

2π
Xd(X + Y )− 1

4π
Y dY . (6.27)

It is easy to check that there is no anomaly for T 2 = C.
The map of mass operators is

l.h.s.
|φ|2 ←→ ψ̄ψ

ψ̄ψ ←→ −|φ|2
r.h.s. . (6.28)

This can be checked by deforming the two Lagrangians in (6.24) and comparing the result-

ing theories, making use of (6.5) and (6.6). This is essentially a refined version of the phase

diagram (3.5) in which we keep background fields under consideration. If we completely

gap the theory we find:

m2
φ > 0, mψ > 0 :

1

4π
Y dY + 2CSg

m2
φ > 0, mψ < 0 :

2

4π
bdb+

1

2π
bdY +

1

4π
Y dY + 2CSg

m2
φ < 0, mψ < 0 : − 2

4π
XdX − 1

2π
XdY − 2CSg

m2
φ < 0, mψ > 0 : − 1

4π
XdX − 1

2π
XdY .

(6.29)

On the second line we have U(1)2. This specifies the local counterterms for background

fields in the gapped phases.

6.4 Duality U(1)
−1 with 2ψ ←→ U(1)2 with 2φ and VEP

Combining two copies of (6.5c) we obtain the duality of Lagrangians

iψ̄1 /Da+Xψ1 + iψ̄2 /Daψ2 +
1

2π
adY − 1

4π
Y dY ←→

|Db+Y φ1|2 + |Dbφ2|2 − V
(
|φ1|2, |φ2|2

)
+

2

4π
bdb+

1

2π
bd(X + Y ) . (6.30)

21See the recent work [46] for other examples in Chern-Simons TQFTs.
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The two theories respect the spin/charge relation and could be defined on non-spin mani-

folds promoting a to a spinc connection. This is the duality

U(1)−1 with 2 ψ ←→ U(1)2 with 2 φ and VEP . (6.31)

Notice that the theory on the l.h.s. is also dual to SU(2)1 with 2 φ [22].

The theory on the l.h.s. has manifest SO(3)X × O(2)Y symmetry: SO(3)X is the

electric symmetry with maximal torus U(1)X , and there is a magnetic symmetry U(1)Y
that, combined with a suitable ZY2 charge-conjugation symmetry22

ZY2 : a → −a−X , X → X , Y → −Y , ψ1 → iψc2 , ψ2 → −iψc1 , (6.32)

gives O(2)Y . The symmetry is isomorphic to
(
U(2)/Z2

)
⋊ ZC

2 , where ZC
2 is the standard

charge conjugation (see appendix B), and there is an anomaly [31]. Upon symmetry-

invariant mass deformation, the theory flows to the S1 NLSM for positive fermion mass,

and to U(1)−2 for negative fermion mass.

The theory on the r.h.s. has only O(2)X × O(2)Y manifest symmetry, because of the

potential VEP studied in section 6.1. The condition −2 < λ < 0 guarantees that the

same phase diagram as on the l.h.s. is reproduced. We can describe the O(2)2 symmetry

as follows. There is a magnetic symmetry, that we call U(1)X , with current J
(X)
µ =

ǫµνρF
νρ. There is an electric global symmetry U(1)(elect) that gives charge 1 to φ1 and

0 to φ2. We combine it with the magnetic symmetry and define U(1)Y with current

J
(Y )
µ = J

(elect)
µ + J

(X)
µ . Next there is a ZY2 symmetry that exchanges φ1 ↔ φ2 (including

the background, it shifts b → b+ Y and Y → −Y ). Clearly it does not affect the magnetic

charge and so it commutes with U(1)X . However consider a gauge-invariant operator with

magnetic charge x: it is obtained from a bare monopole and, because of the CS term,

should be dressed with 2x fields φ∗
I , together with an arbitrary string of φ∗

IφJ . It is easy

to see that ZY2 inverts the charge under U(1)Y of such a gauge-invariant operator. Finally,

we can define a ZX2 charge-conjugation symmetry acting as

ZX2 : b → −b− Y , X → −X , Y → Y , φ1 → φ∗
2 , φ2 → φ∗

1 . (6.33)

This is a Z2 on gauge invariants. Such a symmetry inverts the magnetic charge and— as one

can easily check — leaves invariant the charge under U(1)Y of gauge-invariant operators.

We conclude that the manifest symmetry is O(2)X×O(2)Y , with O(2)X = U(1)X⋊ZX2 and

O(2)Y = U(1)Y ⋊ ZY2 . Note that both the generators of ZX2 and ZY2 lead to an anomaly,

while their product does not.

We identify the symmetry factor O(2)Y on the two sides of the duality, and O(2)X
on the r.h.s. with a subgroup of SU(2)X on the l.h.s. The coupling to background fields

matches, as well as the anomaly when restricted to O(2)2. A consequence of the duality is

22If we define Z
C
2 charge conjugation as in appendix B, we find that it leaves invariant vz ≡ ψ̄1ψ

1 − ψ̄2ψ
2

and vx ≡ ψ̄1ψ
2+ ψ̄2ψ1, but it inverts vy ≡ iψ̄1ψ

2− iψ̄2ψ
1, and therefore it does not commute with SO(3)X .

We can combine C with a rotation of SO(3)X such that all three operators are inverted: now this action

commutes with SO(3)X . We denote such an action by Z
Y
2 .
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that, if the theory flows to a fixed point, O(2)X on the r.h.s. is enhanced to SO(3)X in the

IR. Let us consider some operators and their duals:

U(1)−1 with 2 ψ U(1)X ZX2 SO(3)X U(1)Y ZY2 U(1)2 with 2 φ and VEP

ψ̄1ψ1 + ψ̄2ψ2 0 + 1 0 + −|φ1|2 − |φ2|2

ψ̄1ψ1 − ψ̄2ψ2 0 − 3 0 − |φ1|2 − |φ2|2

ψ̄1γµψ1 − ψ̄2γµψ2 0 − 3′ 0 + ǫµνρF
νρ

ψ̄2ψ1 ⊕ ψ̄2γµψ1 1 3⊕ 3′ 0 −/+ Mφ∗
1φ

∗
2

ψ̄1ψ2 ⊕ ψ̄1γµψ2 −1 3⊕ 3′ 0 −/+ Mφ1φ2

N 0 + 1 1 φ1φ
∗
2

N 0 + 1 −1 φ∗
1φ2

(6.34)

The spin 1 operators with U(1)X × U(1)Y charges (±1, 0) can enhance the symmetry to

SO(3)X × O(2)Y , and the spectrum forms representations of SO(3)X (we have indicated

two triplets by 3 and 3′).23

Let us consider mass deformations of U(1)2 with 2 φ and VEP. If we deform by a positive

mass term for both scalars, we get U(1)2. By duality, this is the same as the l.h.s. theory

deformed by a negative mass terms for both fermions. If we deform by a negative mass

term for both scalars, we get an S1 NLSM from the spontaneous breaking O(2)Y → ZY2

(see section 6.1). This agrees with a positive fermion-mass deformation of the l.h.s. theory.

We can also consider a mass term for a single field. In the fermionic theory we get

U(1)− 3

2

with ψ, or U(1)− 1

2

with ψ. In the scalar theory a positive mass leads to U(1)2
with φ, while a negative mass leads to the O(2) Wilson-Fisher fixed point. In both cases

we have a match.

What happens if we take U(1)2 with 2 φ on the r.h.s. , namely the theory with the

maximally symmetric potential V =
(
|φ1|2 + |φ2|2

)2
(i.e. λ = 0)? In this case the theory

has a manifest O(2)X × SO(3)Y global symmetry. Although this seems similar to what we

discussed before, now the symmetry-invariant negative mass-squared deformation −|φ1|2−
|φ2|2 leads to an S2 NLSM (with a Wess-Zumino term), and is not dual to U(1)−1 with 2

ψ. In fact, the different duality

U(1)2 with 2 φ ←→ SU(2)0 with 2 ψ ←→ U(1)−2 with 2 φ (6.35)

was proposed in [25].

The duality (6.31) can be written as

SO(2)−1 with 2 ψ ←→ SO(2)2 with 2 φ , (6.36)

with the understanding that on the r.h.s. the quartic scalar potential (6.7) has λ < 0, as

opposed to the cases of section 5 (see the discussion in section 6.1). Notice that in the SO

23Note that Mφ∗
1φ

∗
2 corresponds, in radial quantization, to two modes of the scalars on S2 with one unit

of magnetic flux. Each mode has spin 1

2
, thus the symmetric and antisymmetric contractions give a triplet

and a singlet under spacetime rotations, respectively.
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dualities, electric and magnetic symmetries are exchanged [21, 24, 47] which is precisely

what happens here.

This duality was not recognized in [24]. The reason is that the operator map between

quadratic mass terms differs from the other SO dualities, and this is crucial to find agree-

ment between the two phase diagrams. In the SO description, we use four real scalar fields

ϕαI transforming as a vector of both the gauge (α = 1, 2) and global (I = 1, 2) SO(2)’s.

The scalar theory has the following quartic potential:

VEP =

(
1− λ

2

)(
ϕαIϕαI

)2
+ λϕαIϕαJϕβJϕβI , (6.37)

as in (6.7) and (6.9). We can relate the U and SO descriptions by mapping

φ1 =
1√
2

[
(ϕ11 + i ϕ21) + i(ϕ12 + i ϕ22)

]

φ2 =
1√
2

[
(ϕ11 + i ϕ21)− i(ϕ12 + i ϕ22)

]
.

(6.38)

Then the operator map easily follows from the U description:

ψ̄1ψ1 + ψ̄2ψ2 ←→ −|φ1|2 − |φ2|2 = −ϕαIϕαI

ψ̄1ψ1 − ψ̄2ψ2 ←→ |φ1|2 − |φ2|2 = −ϕαIϕβJǫ
αβǫIJ .

(6.39)

In particular, giving mass to a single fermion ψI does not correspond to giving mass to a

single scalar ϕI , as instead happens in the other SO dualities.

6.5 Duality U(1)0 with 2ψ ←→ U(1)0 with 2φ and VEP

To conclude, we consider QED with two scalars, namely U(1)0 with φi and i = 1, 2.

Dualities of this theory and related ones have already been proposed in [18, 22, 31, 32, 41,

42], and here we would like to add some details.

The faithfully-acting global symmetry is24

SO(3)X ×O(2)Y × ZT
2 , (6.40)

where O(2)Y = U(1)M ⋊ ZC
2 is the product of the magnetic symmetry and a charge-

conjugation symmetry. Time reversal will not play a role in our analysis, and we will

ignore it for now. The gauge-invariant scalar operators that are quadratic in the matter

fields, φ∗
iφj , transform in the 3⊕ 1 representation of SO(3)X . The quartic gauge-invariant

scalar operators are in the 5⊕ 3⊕ 1 of SO(3)X .

If we insist on SO(3)X ×O(2)Y symmetry, there is only one quadratic and one quartic

operator we can turn on:

O1 = φ∗
iφi = |φ1|2 + |φ2|2 (6.41)

and (O1)
2. Tuning O1, we assume to reach a CFT T0 with (at least) SO(3)X×O(2)Y ×ZT

2

global symmetry.

24It has been proposed in [32] that the symmetry might be enhanced to SO(5)×Z
T
2 at the critical point.
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If, instead, we relax the symmetry to O(2)X×O(2)Y (where O(2)X ⊂ SO(3)X contains

the Cartan of SO(3)X and the Z2 symmetry φ1 ↔ φ2), then there are one quadratic and

two quartic gauge-invariants that preserve it: O1, (O1)
2 and

O(5) =
(
|φ1|2 − |φ2|2

)2
. (6.42)

Here the notation (5) represents a particular component of the multiplet in the 5. The

relevant deformation O(5) induces an RG flow to two phases with O(2)X × O(2)Y × ZT
2

global symmetry, separated by the CFT T0 (tuning O1 to zero).

Let us mention the remaining quadratic and quartic gauge invariants. The quadratic

ones are O1 and

(O3)ij = φ∗
iφj −

1

2
δijO1 , (6.43)

satisfying (O3)ijδ
ij = 0. The quartic gauge invariants are (O1)

2, O1O3 and

(O5)ijkl = (O3)ij(O3)kl +
1

4
(δikδjl − δilδjk)O2

1 , (6.44)

satisfying (O5)ijklδ
ij = (O5)ijklδ

jk = 0. Notice the relation (O3)ij(O3)jk =
1
4δikO2

1
and its

trace TrO3O3 = 1
2O2

1
, thus one singlet is not independent. To break SO(3)X → U(1)X we

can use the tensor (σ3)ij and construct O(3) ≡ (O3)ij(σ3)ij = |φ1|2 − |φ2|2. On the other

hand O(5) ≡ (O5)ijkl(σ3)ij(σ3)kl breaks SO(3)X → O(2)X .

We can study the various phases of the theory under deformations. While preserving

the full SO(3)X ×O(2)Y × ZT
2 symmetry, we can deform with m2O1 and obtain

m2O1 :

{
S1 NLSM for m2 > 0

S2 NLSM for m2 < 0 .
(6.45)

The S1 NLSM comes from U(1)0 and it corresponds to the magnetic symmetry break-

ing O(2)Y → ZC
2 , while the S2 NLSM is a CP1 model with vanishing Hopf term and it

corresponds to the symmetry breaking SO(3)X → U(1)X .

If we relax the symmetry to O(2)X × O(2)Y × ZT
2 , there is one more relevant defor-

mation: O(5). Tuning to zero the quadratic terms, the potential is V = λ1O2
1
+ λ5O(5),

which is the same as (6.9) (up to an overall constant, λ = − 2λ5
λ1+λ5

). With this notation,

the potential is positive definite for λ1 > 0 and λ1 > −λ5. At this point we can turn on

m2O1 as well. If m2 > 0, the IR physics is not affected by λ5: we still are left with U(1)0
which gives an S1 NLSM. If m2 < 0, the minima of the potential depend on the sign of λ5

(see section 6.1). Precisely

m2O1 + λ5O(5) :





S1 NLSM for m2 > 0

S1 NLSM for m2 < 0, λ5 > 0

Z2 for m2 < 0, λ5 < 0 .

(6.46)

Notice that the two S1 NLSMs are acted upon by the two O(2) factors in O(2)X ×O(2)Y ,

respectively.
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Employing the Abelian dualities (6.5)–(6.6) we can find dualities of U(1)0 with 2 φ

and VEP, corresponding to λ5 > 0. The reason is that the simple dualities produce a UV

potential V = |φ1|4 + |φ2|4 corresponding to λ1 = λ5 > 0 (or λ = −1). Such a potential

will run, however the RG flow will not cross the divider λ5 = 0 and thus, assuming that a

fixed point T+ exists, the latter will lie somewhere at λ5 > 0 (λ < 0).

Combining (6.5a) and (6.6a) we obtain the duality of Lagrangians

|Db+Xφ1|2 + |Dbφ2|2 − V
(
|φ1|2, |φ2|2

)
+

1

2π
bdY

←→ |Dc+Y σ1|2 + |Dcσ2|2 − V
(
|φ1|2, |φ2|2

)
+

1

2π
cdX . (6.47)

This is a self-duality of U(1)0 with 2 φ and VEP acting as X ↔ Y on the background fields.

Each side has O(2)X ×O(2)Y ×ZT
2 symmetry, and the self-duality is an extra element ZD

2

that exchanges the two O(2) factors. The operator map includes

|φ1|2 + |φ2|2 ←→ −
(
|σ1|2 + |σ2|2

)
, φ1φ

∗
2 ←→ N+

|φ1|2 − |φ2|2 ←→ |σ1|2 − |σ2|2 , φ2φ
∗
1 ←→ N− .

(6.48)

On the other hand, combining (6.5b) and (6.6b) we obtain the duality of Lagrangians

|Db+Xφ1|2 + |Dbφ2|2 − V
(
|φ1|2, |φ2|2

)
+

1

2π
bdY ←→

iψ̄1 /Daψ1 + iψ̄2 /Da+X−Y ψ2 +
1

4π
ada− 1

2π
adY − 1

2π
XdY +

1

4π
Y dY + 2CSg . (6.49)

The theory on the r.h.s. can be defined on non-spin manifolds promoting a to be a spinc
connection. We have found the duality

U(1)0 with 2 φ and VEP ←→ U(1)0 with 2 ψ (6.50)

between scalar QED (with a symmetry-breaking potential VEP) and fermionic QED. In

turn, QED with two fermions has its own self-duality [22, 31, 42]. To make contact with [22,

31] we perform the following transformation of the background gauge fields:25

X − Y = −2X̃ , X + Y = −2Ỹ . (6.51)

This gives

iψ̄1 /Daψ1+ iψ̄2 /Da−2X̃
ψ2+

ada

4π
+
ad(Ỹ − X̃)

2π
+
(X̃ − Ỹ )d(X̃ − Ỹ )

4π
− 2Ỹ dỸ

4π
+
2X̃dX̃

4π
+2CSg

(6.52)

which precisely agrees with (4.3) in [31] (tilded quantities are background fields there),

except for the background counterterm 2X̃dX̃/4π. Such a term could be removed on both

sides of the duality, however this would lead to a Lagrangian in which the background CS

25The transformation of gauge fields (6.51) may seem not invertible, however the symmetry group in the

variables X̃, Ỹ is
(
U(1)X̃ ×U(1)Ỹ

)
/Z2 and so the well-defined gauge fields are 2X̃, 2Ỹ and X̃ − Ỹ .
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terms are not properly quantized for
(
U(1)

X̃
× U(1)

Ỹ

)
/Z2 and this is just a reflection of

the underlying ’t Hooft anomaly.

We can compare massive deformations of the scalar QED with symmetry-breaking

potential VEP and of fermionic QED, in the presence of background fields, and make contact

with [31]. The operator map is

−|φ1|2 + |φ2|2 ←→ ψ̄1ψ1 + ψ̄2ψ2

−
(
|φ1|2 + |φ2|2

)
←→ ψ̄1ψ1 − ψ̄2ψ2 ,

(6.53)

as it follows from the derivation in terms of Abelian dualities. Deforming (the potential of)

scalar QED by |φ1|2+ |φ2|2 = O1, the scalars are massive and we are left with L = 1
2π bdY ,

which is an S1 NLSM from the breaking of U(1)Y . This matches26 fermionic QED deformed

by −ψ̄1ψ1+ ψ̄2ψ2. Deforming scalar QED by −O1 the scalars condense, breaking both the

gauge symmetry and the flavor symmetry associated to X. This gives an S1 NLSM, which

can be described by a free photon b̃ as L = 1
2π b̃dX. This matches fermionic QED deformed

by ψ̄1ψ1 − ψ̄2ψ2. Deforming scalar QED by −|φ1|2 + |φ2|2 = −O(3), φ1 condenses while

φ2 is massive. The gauge symmetry is broken, while the global symmetry is not (we have

“color-flavor locking”): setting b + X = 0 we are left with L = − 1
2πXdY . This matches

fermionic QED deformed by ψ̄1ψ1 + ψ̄2ψ2. Deforming scalar QED by O(3), instead, φ2

condenses and φ1 is massive: setting b = 0 we are left with L = 0. This matches fermionic

QED deformed by −ψ̄1ψ1 − ψ̄2ψ2).

Fermionic QED has enhanced O(4) symmetry (besides time reversal) at its fixed

point [22, 42], thus duality implies that also the scalar QED with symmetry-breaking poten-

tial VEP at the fixed point T+ should have such an enhanced O(4) symmetry. The manifest

symmtry along the flow is O(2)X ×O(2)Y , embedded into O(4) is the following way:

O(4) ⊃
(
O(2)X 0

0 O(2)Y

)
. (6.54)

The self-duality of T+ is the ZD
2 that exchanges the two O(2) factors, however to claim

the full O(4) symmetry we need to invoke the duality to fermionic QED.

7 Conclusions

In this paper we have proposed and analyzed new infinite families of IR dualities between

Chern-Simons theories with both scalar and fermionic matter fields in the fundamental

representation, for classical gauge groups. The theories have two relevant deformations

invariant under all global symmetries — a mass for scalars and a mass for fermions — and

we have studied the phase diagram as those masses are varied. We have found interesting

(conjecturally) gapless lines, meeting at multi-critical fixed points.

Our analysis of the phase diagram was essentially classical (except for the fact that we

used non-perturbative dualities to match the various phases), thus valid for large values

26Since the symmetry is broken, the counterterms associated to it are ambiguous. In the description in

terms of a free gauge field b, this appears as the freedom to shift b by background gauge fields.
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of the masses compared with the scale set by the Yang-Mills regulator. In the range

of parameters that we discussed, such an analysis has given results consistent with the

dualities. For larger values of the numbers Ns, Nf of matter fields, the phase diagrams do

not seem to match and we could not claim that a duality exists. However, one could try

to assume the existence of quantum phases, not visible classically, and give a consistent

picture of the physics which is compatible with the dualities in a wider range of parameters,

as done in [25, 28, 34].

When Ns = Nf the matter content of the theories discussed in this paper becomes

“supersymmetric”. We do not have a gaugino, however the gaugino is massive in SUSY CS

theories and could be integrated out. Yet, our theories are not supersymmetric because the

interactions are not. For instance, the global symmetry contains two independent factors

acting on the scalar and on the fermions, while there is only one factor acting on both in

supersymmetric theories. Hence, it would be interesting to understand better the relations

between the dualities discussed here and those of supersymmetric theories. For the cases

with a single scalar and fermion, this has been considered in [11, 29, 30].
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A Summary of other dualities

In this appendix we summarize the level-rank dualities of spin-TQFTs and (some of) the

dualities with a single matter species.

A.1 Level-rank dualities

The level-rank dualities of Chern-Simons spin-TQFTs that are relevant for our work are [22,

24, 48–52]:

SU(N)k ×U(0)1 ←→ U(k)−N ×U(Nk)1

U(N)k,k±N ×U(0)1 ←→ U(k)−N,−N∓k ×U(Nk ± 1)1

USp(2N)k ×U(0)1 ←→ USp(2k)−N ×U(2Nk)1

SO(N)k × SO(0)1 ←→ SO(k)−N × SO(Nk)1 .

(A.1)

In these dualities the second factor of each theory is a trivial spin-TQFT whose quantization

on any Riemann surface gives a one-dimensional Hilbert space, and whose partition function
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on any spin Euclidean three-manifold is a phase represented by a classical Lagrangian [20,

39]. In particular

U(N)1 ↔ SO(2N)1 ↔ L = −2NCSg and SO(N)1 ↔ L = −NCSg . (A.2)

We sometimes use the notation U(−N)1 ≡ U(N)−1 and SO(−N)1 ≡ SO(N)−1. The

gravitational CS term is defined as
∫
M=∂X CSg = 1

192π

∫
X TrR ∧ R. The trivial spin-

TQFTs contain a transparent line with spin 1/2, and their partition function depends on

the spin structure of spacetime.27 The trivial spin-TQFT factors thus remind us that the

dualities are valid (in general) for spin theories, and represent gravitational counterterms

that we will match across the dualities.

In the unitary case, we can couple the TQFTs to a background U(1) gauge field B and

keep track of its counterterms. The first duality in (A.1) is written as [22]

k

4π
TrN

(
bdb− 2i

3
b3
)
+

1

2π
cd
(
B − TrN b

)
←→

− N

4π
Trk

(
fdf − 2i

3
f3

)
+

1

2π
(Trk f)dB − 2NkCSg . (A.3)

Here b, f, c are dynamical U(N), U(k) and U(1) gauge fields, respectively. When B = 0,

the Lagrange multiplier c forces b to be an SU(N) gauge field. We could perform field

redefinitions b → −bT and/or f → −fT, whose only effect is to change sign to TrN b and

Trk f , respectively. If we add 1
2πBdC on both sides and make B dynamical, we obtain

the time reversal of the same duality. If, instead, we add 1
2πBdC ± 1

4πBdB and make B

dynamical, we obtain the other two unitary level-rank dualities:

k

4π
TrN

(
bdb− 2i

3
b3
)
± 1

4π
(TrN b)d(TrN b)+

1

2π
(TrN b)dC ←→ (A.4)

−N

4π
Trk

(
fdf− 2i

3
f3

)
∓ 1

4π
(Trk f)d(Trk f)+

1

2π
(Trk f)dC∓ 1

4π
CdC−2(Nk±1)CSg .

Here b, f are dynamical U(N) and U(k) gauge fields, respectively, while we called C the

background U(1) gauge field.

A.2 Dualities with a single matter species

The dualities with a single matter species are [21, 22, 24]

SU(N)k with Ns φ ×U(0)1 ←→ U(k)−N+Ns
2

with Ns ψ ×U
(
k(N−Ns)

)
1

(A.5)

U(N)k with Ns φ ×U(0)1 ←→ SU(k)−N+Ns
2

with Ns ψ ×U
(
k(N−Ns)

)
1

USp(2N)k with Ns φ ×U(0)1 ←→ USp(2k)−N+Ns
2

with Ns ψ ×U
(
2k(N−Ns)

)
1

SO(N)k with Ns φR ×SO(0)1 ←→ SO(k)−N+Ns
2

with Ns ψR ×SO
(
k(N−Ns)

)
1

27In the unitary case the dualities can be generalized to non-spin manifolds with the help of a spinc

connection [20, 39], but we will not do so in this paper.
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and

U(N)k,k±N with Ns φ ×U(0)1 ←→
U(k)−N+Ns

2
,−N∓k+Ns

2

with Ns ψ ×U
(
k(N −Ns)± 1

)
1
. (A.6)

In these dualities we assume Ns ≥ 1. In the SU/U duality we take k ≥ 1, Ns ≤ N as well

as k = 0, Ns ≤ N − 1. In the U/SU duality we take k ≥ 1, Ns ≤ N . In the U/U duality

we take k ≥ 1, Ns ≤ N as well as k = 0, Ns ≤ N − 1. In the USp duality we take k ≥ 0,

Ns ≤ N . In the SO duality we take k = 1 and Ns ≤ N − 2, or k = 2 and Ns ≤ N − 1, or

k ≥ 3 and Ns ≤ N , or k = N = Ns = 2 (this case is discussed in section 6.4).28

We can also consider the duality

U(N)0,N with N φ ×U(0)1 ←→ ψ . (A.7)

The theory on the left has U(N) global symmetry, however the duality predicts that only

U(1) ⊂ U(N) acts on the low-energy theory on the right. The map of mass terms is

|φ|2 ↔ −ψ̄ψ. The time reversal of that duality is

U(N)0,−N with N φ×U(0)1 ←→ ψ ×U(1)−1 , (A.8)

and the map of mass terms is |φ|2 ↔ ψ̄ψ.

In the unitary case, let us write the dualities in Lagrangian form with a U(1) back-

ground field B coupled to the baryonic or the topological symmetry. The first duality,

namely SU(N)k with Ns φ × U(0)1 ↔ U(k)−N+Ns
2

with Ns ψ × U
(
k(N −Ns)

)
1
reads [22]

|Dbφ|2 − |φ|4 + k

4π
TrN

(
bdb− 2i

3
b3
)
+

1

2π
cd
(
B − TrN b

)
←→

iψ̄ /Dfψ − N −Ns

4π
Trk

(
fdf − 2i

3
f3

)
+

1

2π
(Trk f)dB − 2(N −Ns)kCSg , (A.9)

where b, f are dynamical U(N) and U(k) gauge fields, respectively. Because of the Lagrange

multiplier c, on the l.h.s. the baryonic operators φN are coupled to B with charge +1. It

is easy to check that deforming the two sides of (A.9) with m2
φ > 0 and mψ < 0, or with

m2
φ < 0 and mψ > 0, one reproduces the level-rank dualities (A.3).

We can add 1
2πBdC on both sides of (A.9) and make B dynamical. We obtain29

|Dbφ|2 − |φ|4 + k

4π
TrN

(
bdb− 2i

3
b3
)
+

1

2π
(TrN b)dC ←→

iψ̄ /Dfψ − N −Ns

4π
Trk

(
fdf − 2i

3
f3

)
+

1

2π
ad

(
C − Trk f

)
− 2(N −Ns)kCSg . (A.10)

28Dualities with a broader range of parameters have been discussed in [25].
29On the r.h.s. we should also redefine f → −fT as well as ψ → ψc, i.e. use complex conjugate fields.
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This is the duality U(N)k with Ns φ × U(0)1 ↔ SU(k)−N+Ns
2

with Ns ψ × U
(
k(N−Ns)

)
1
.

We can write its time-reversed version, which after some redefinitions reads

iψ̄ /Dbψ +
k

4π
TrN

(
bdb− 2i

3
b3
)
+

1

2π
cd
(
B − TrN b

)
←→

|Dfφ|2 − |φ|4 − N

4π
Trk

(
fdf − 2i

3
f3

)
+

1

2π
(Trk f)dB − 2NkCSg . (A.11)

This is SU(N)
k−

Nf
2

with Nf ψ ↔ U(k)−N with Nf φ × U(Nk)1.

Finally, starting from (A.9), adding 1
2πBdC ± 1

4πCdC to both sides and making B

dynamical, we obtain

|Dbφ|2 − |φ|4 + k

4π
TrN

(
bdb− 2i

3
b3
)
± 1

4π
(TrN b)d(TrN b) +

1

2π
(TrN b)dC ←→

iψ̄ /Dfψ − N −Ns

4π
Trk

(
fdf − 2i

3
f3

)
∓ 1

4π
(Trk f)d(Trk f) +

1

2π
(Trk f)dC

∓ 1

4π
CdC − 2

(
k(N −Ns)± 1

)
CSg , (A.12)

which is the duality in (A.6).

B Charge conjugation

Given a representation T a satisfying the algebra [T a, T b] = ifabcT c, the representation

−(T a)T satisfies the same algebra and is the conjugate representation. Therefore for gauge

group U(N) or SU(N) we take the action of ZC
2 charge conjugation on gauge fields to be

C : Aµ → −AT

µ . (B.1)

The CS terms Tr(AdA) and Tr(A3) are invariant.

We take the action on scalar fields to be complex conjugation,

C : φ → φ∗ . (B.2)

As the matter representation is unitary, Aµ = A†
µ, the scalar kinetic term is invariant. The

quadratic gauge invariants

M J
I = φ†

Iφ
J (B.3)

get transposed under C, therefore the mass term M I
I = φ†

Iφ
I , as well as the quartic

couplings (M I
I )2 and M J

I M I
J , are invariant.

To define charge conjugation of fermions we need the charge conjugation matrix C

such that30 C−1γµC = −γTµ . Then

C : ψ → ψc ≡ Cψ
T
= CγT0 ψ

∗ , ψ → ψ
c
= −ψTC−1 , (B.4)

30In 3D with Lorentzian signature we can choose γ0 =
(

i 0
0 −i

)
, γ1 =

(
0 1
1 0

)
, γ2 =

(
0 −i
i 0

)
, and then C = γ2.

This gives C = C† = C−1 = −C∗ and C∗C = −1.
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where recall that ψ = ψ†γ0. In the second one we used C†C = γ†0γ0 = 1, as they are both

positive matrices. It follows that the kinetic term iψ /Dψ is invariant under C up to a total

derivative (using that fermions anticommute). The quadratic gauge invariants

N B
A = ψAψ

B (B.5)

get transposed under C, therefore the mass term N A
A = ψAψ

A is invariant.

Finally, one easily checks that also the mixed term

φ∗
αIφ

βIψβAψ
αA (B.6)

is invariant under C.

C Other notations

The following terms are well-defined on a non-spin manifold, provided B,C are standard

connections while A is a spinc connection [39]:

1

2π
BdC ,

1

4π
BdB +

1

2π
BdA ,

1

4π
AdA+ 2CSg , 16CSg . (C.1)

In the first term, B,C could be the same connection.

Because of our choice of regularization, integrating out a (complex) fermion with pos-

itive or negative mass gives

ψ , L = iψ̄ /DAψ
mψ−→

{
U(0)1 , L = 0 mψ > 0

U(1)1 , L = − 1
4πAdA− 2CSg mψ < 0

(C.2)

where A is a non-dynamical background field (a spinc connection on non-spin manifolds).

Again because of our choice of regularization, the time reversal of a fermion is

iψ̄ /DAψ
T←→ iψ̄ /DAψ +

1

4π
AdA+ 2CSg . (C.3)

The appearance of the term 1
4πAdA is because on the r.h.s. there is U(1)− 1

2

coupled to A and

the level should be inverted. The appearance of the gravitational coupling is necessary on

non-spin manifolds. We can check that this is consistent with mass deformations, recalling

that the fermion mass term is odd under parity:

mψ > 0 : ∅ mψ < 0 : ∅

mψ < 0 : − 1
4πAdA− 2CSg mψ > 0 : 1

4πAdA+ 2CSg
(C.4)

In our concise notation we write

ψ
T←→ ψ ×U(1)−1 . (C.5)
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