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ABSTRACT: We study Seiberg-like dualities in three dimensional N' = 2 supersymmetric
theories, emphasizing Chern-Simons terms for the global symmetry group, which affect
contact terms in two-point functions of global currents and are essential to the duality
map. We introduce new Seiberg-like dualities for Yang-Mills-Chern-Simons theories with
unitary gauge groups with arbitrary numbers of matter fields in the fundamental and
antifundamental representations. These dualities are derived from Aharony duality by real
mass deformations. They allow to initiate the systematic study of Seiberg-like dualities in
Chern-Simons quivers. We also comment on known Seiberg-like dualities for symplectic
and orthogonal gauge groups and extend the latter to the Yang-Mills case. We check
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1 Introduction

Dualities in supersymmetric gauge theories are powerful tools providing a better under-
standing of the strongly coupled regime. In this paper we study some dualities in Yang-
Mills (YM) and Yang-Mills-Chern-Simons (YM-CS) theories in three dimensions preserving
4 supercharges (A = 2). In three dimensions the Yang-Mills coupling ¢? is dimensionful,
making the theory super-renormalizable but often strongly coupled in the infrared (IR).
The theories we consider are believed to flow to interacting fixed points in the IR. In the
case where a Chern-Simons term is present one can also define the theory without Yang-
Mills coupling, so that the Lagrangian is classically marginal; such a theory is also exactly
superconformal in the sense of [1], albeit strongly coupled unless the CS level k or the
number of flavors is large, and it can be thought of as the IR limit of a YM-CS theory.

The type of duality we want to consider is an exact equivalence between the IR fixed
points of two distinct YM-CS theories. Such an “IR duality” is reminiscent of four-
dimensional ' = 1 Seiberg duality in the conformal window [2]. There are roughly two
kinds of IR dualities which are known to exist in 3d NV = 2 gauge theories. The first kind is
known as mirror symmetry [3, 4]: its hallmark is that it exchanges the role of fundamental
fields and monopole operators [5, 6]. The second kind of duality, more akin to Seiberg
duality [5, 7-10], has recently attracted renewed attention [11-19]. In this paper we will
focus on such “Seiberg-like” dualities.

We stress that the Chern-Simons terms for global symmetries, which we call “global
CS terms”, can change under duality (section 2). We consider (section 3) novel Seiberg-like
dualities for YM-CS theories with unitary gauge groups and generic number of fundamen-
tal and antifundamental matter representations. They can be obtained from dual pairs of
theories considered by Aharony [9] via RG flows triggered by real mass deformations.! We
are careful to specify the relative global CS terms that arise in these dualities. These terms
become especially important when (part of) the global symmetries are gauged within a
larger theory, e.g. a quiver (section 4). We support our claims (section 5) by showing that
the partition functions Z on the squashed 3-sphere Sg’ [21] agree on the two sides of the du-
alities. By numerical computation (section 6) we can check that |Z] increases along the RG
flow in some simple cases, giving support to the conjectured “F-theorem” [22]. We further
comment (sections 7 and 8) on previously known dualities for the case of symplectic and
orthogonal gauge groups and extend the orthogonal dualities of [15] to Yang-Mills theories
without CS interactions.? These results can be used to check the duality between N = 5
Usp(2Nysp )i X O(No)—_2, theories put forward in ABJ [11] from the partition function.

2 Global Chern-Simons terms

Let us consider YM-CS theories with a semi-simple global symmetry group G. We assume
that there are no accidental symmetries in the IR. Let J;, I = 1,--- ,rank(G) be the
conserved currents in the Cartan subalgebra of G. The two-point function of conserved

!Some of these flows to vectorlike theories were previously analyzed in [20].
2The latter duality is also proposed in [23].



currents in three dimension can contain a conformally invariant contact term [24]
(JF (@) T5w) = = 09, 6w —y) + - (2.1)
T

The coefficients wy; are part of the definition of the conformal theory in the IR.

In the UV where we have a Lagrangian description, the contact terms (2.1) correspond
to Chern-Simons interactions for the background gauge fields coupling to the conserved
currents,

k
Sbackground = Z 417;_] A A dAJ, (22)
1,J Ms

where Mj is the manifold on which the theory is defined. We have w%v = kry. The

formulas for the non-Abelian symmetries are similar. For a pair of dual theories with the
same IR physics, it might happen that there is a relative global Chern-Simons term so that
the IR contact terms wyy in (2.1) agree. This was noticed previously in the context of
mirror symmetry [25] and we find this also to be the case in many Seiberg-like dualities.

Let us further comment on the A/ = 2 supersymmetric completion of such interactions.
Whenever J; is the current of a non-R Abelian symmetry, J}' is simply the 66 component
of a linear superfield J; (with D%J; = D2J; = 0), it couples to a background vector
superfield V7, and the N' = 2 completion of (2.2) is

k
IZ; 417‘: /d3x/d46 Visy, (2.3)

where ¥ ; = EaﬁDaDﬁVJ is the linear multiplet containing the field strength of V;. On the
other hand, the supersymmetric gauging of the R-symmetry is more subtle; see [21, 26, 27]
for recent discussions. The R-symmetry current J }’é is the lowest component of a R-multiplet
R, including the supercurrent and the stress-energy tensor. It can be coupled minimally
to supergravity: there exists a supergravity multiplet® whose highest component is a gauge
field ALR) for local R-symmetry transformations (it is an auxiliary field in the off-shell
SUGRA multiplet). Therefore there exists an N/ = 2 completion of the CS term

krr
AW A gAR) 2.4
o / NdAT, (24)

which involves supersymmetry preserving background fields in the SUGRA multiplet, in
the spirit of [21, 27]. A full description of this is left for the future.

3 Dualities for U(n) theories with “chiral” matter

Let us consider the following “SQCD-like” theory in three dimensions. We take a N = 2
supersymmetric gauge theory with gauge group U(n), coupled to s; matter superfields Q°
in the antifundamental representation n and ss matter superfields ) in the fundamental
representation m; in short we denote this matter content (s1,s2), and the quiver diagram

31t is the dimensional reduction from 4 to 3 dimensions of the new-minimal SUGRA multiplet of [28].
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Figure 1. (a) Quiver diagram of the U(n) electric theory. (b) Quiver diagram of the magnetic
U(m)_j theory, where m is defined in (3.11). For special values of the parameters, there might be
extra singlets 7' and/or T' in addition to the mesons M, as explained in the text.

is in figure 1 (left). In addition to the super-Yang-Mills couplings for the U(n) vector
multiplet, we allow for N' = 2 Chern-Simons interactions, with Chern-Simons level k. Due
to the absence of chiral anomalies in three dimensions, we can take s; # so, a situation we
loosely call “chiral”. On the other hand, cancelation of a Zo anomaly [29, 30] requires that

1
k‘—|—2(81—|—82) €. (31)

This theory is expected to flow to an interacting fixed point in the IR, generally strongly
coupled. Dualities can be very useful to obtain more clues about the IR dynamics, for
instance about the chiral ring of superconformal primaries.

3.1 Aharony’s duality

The case of a U(n) gauge group with & = 0 and matter content (ns,ns) has been studied
in detail over the years [5, 7, 9, 31]. Classically this three-dimensional SQCD theory has
both a Coulomb and a Higgs branch. The Higgs branch corresponds to VEVs for the
gauge-invariant mesons M = QQ. The Coulomb branch corresponds to VEVs for the
adjoint scalar ¢ in the vector multiplet. Since a generic VEV for o breaks the gauge
group to its maximal torus and it gives mass to all quarks, the low energy theory along
the Coulomb branch consists of free photons (and their superpartners) for the unbroken
U(1)™ gauge group. The free vector multiplets can be dualized into chiral superfields
b, = igai + ip;, where ¢; are dual photons (of period 27), and the classical Coulomb
branch is parameterized by monopole operators Y; ~ exp ®;. However instanton corrections
lift most of the Coulomb branch [5, 7, 9]. The only remaining monopole operators are the
ones with flux H = (+1,0,--- ,0) in the Cartan of the gauge group, which we denote as T
and T. They have charge +1 under the topological symmetry with current Tr(xF'). At the
quantum level, for ny < n—1 a dynamically generated superpotential lifts all SUSY vacua.
For ny = n — 1 the singular classical moduli space is deformed quantum-mechanically. We
will focus on the case ny > n, for which there is an effective superpotential on the moduli
space, )

Wet = (ny —n+ 1)(TT det M) s+ (3.2)

In the case ny = n the IR physics is described by a sigma model for the chiral superfields
M, T and T. For n ¢ > n the effective superpotential (3.2) correctly describes the moduli



space? except for the origin M = T = T = 0 where it is singular. In 4d A" =1 SQCD it
is well known that the same problem is cured by the introduction of a dual gauge group
coupled to dual quarks which can be weakly coupled (below the 4d conformal window) [2].
In three dimensions the gauge coupling is never IR free, but a situation similar to the
4d conformal window, with two different theories flowing to the same IR fixed point, can
occur. Such a Seiberg-like duality was proposed by Aharony a while ago [9].

Let us call the N = 2 supersymmetric U(n) gauge theory with matter content (ns,n¢),
denoted (Q%, Qy), the “electric” theory. The “magnetic” theory of [9] is a U(n §—n) gauge
theory with matter content (ns,ny), denoted (¢%,q), together with n?e singlets M, two

singlets T and T and a superpotential
W =GMq+tT + 1T, (3.3)

where t and  are the monopole operators in the U(n ¢ —n) gauge group with Abelian flux
+1 and —1 respectively. The description of the magnetic theory is to be taken with a grain
of salt, because of the appearance of monopole operators in W [9]. The significance of (3.3)
is that we have the relations

qg=0, t=0, t=0, (3.4)
in the chiral ring of the magnetic theory. We also have
gM =0, Mqg=0, (3.5)

which tell us that for generic ¢, ¢ the meson matrix M has at least ny —n zero eigenvalues,
so that rank M < n like in the electric theory. The representations under gauge and global
symmetries of the fields in both theories are:

U(n) U(ny —n)|SU(nys) SU(ny) U(1)a U(1)n U)r
Ql n 1 ny 1 0 T
Q n 1 1 ny 0 TQ
cj 1 ng—mn ny 1 —1 0 1—T’Q
q 1 nyg—mn 1 ny —1 0 1—T’Q (3.6)
M| 1 1 ny ny 1 0 27’Q
T| 1 1 1 1 —ny 1 ng(l—rg)—n+1
T| 1 1 1 1 —ny —1 npl-rg)—n+l
t] 1 1 1 1 ny -1 —nyl—-rg)+n+1
t] 1 1 1 1 ny 1 —ny(l-rg)+n+1

The duality identifies M with the mesons QQ, and the singlets T, T' with the gauge-
invariant monopole operators of the electric theory. In the magnetic theory we also have

‘For T =T = 0 we have rank(M) < n; if either T or T is non-zero we have rank(M) < n — 1, while if
both T and T are non-zero then rank(M) < n —2. In particular the semi-classical result that M = QQ has
at most rank n < ny is reproduced.



monopole operators ¢ and ¢ which survive instanton corrections of the U(ny — n) gauge
group.® However they vanish in the chiral ring, due to (3.4).

This duality has received renewed attention recently: it has been checked at the level
of the partition function in [14] and the matching of the superconformal index between the
dual theories was discussed in [16].

3.2 Chiral SQCD with Chern-Simons levels

In the more general case s1 # so, the Higgs branch of the U(n) theory is still parametrized
by mesons M = QQ, but the Coulomb branch is generically lifted. Indeed, for a generic
VEV o = diag (z1,--- ,x,), integrating out the massive quarks generates Chern-Simons
terms for the vector multiplets in U(1)"™. For U(1); € U(1)", we have

1
kieﬁ =k — 5 (s1 — s2)sign(x;), (3.7)

where k is the (possibly vanishing) bare CS level of the U(n) gauge group. A non-zero
Chern-Simons level gives a so-called topological mass my = ¢?k/27 [32] to the Abelian
vector multiplets, lifting the Coulomb branch at one-loop, even before instanton corrections
are taken into account. Let us define the effective CS levels

1
kiEki

o (52 = 51). (3.8)

There are four interesting cases according to the signs of k. and k_, which we denote by

[p,qla = [=ky, =k ]a, [p,q]b = [k+, k-1b, (3.9)
[p.ql*a = [—k4,k_]"a, [p.q]*b = [ky, —k_]"D.
The labels [p, q| are by definition non-negative integers. In fact there are only two in-

equivalent cases, say [p, gla and [p, g]*a, because the b-cases are related to them by a CP
transformation. We will therefore consider the a-cases in the following. The limiting cases
between the a and *a theories, such as [p, 0]a, are quite interesting: one of the two effective
CS levels vanishes and half of the Coulomb branch remains unlifted.

The global symmetry group of our theories is SU(s1) x SU(s2) x U(1) 4 x U(1)ar xU(1) g,
unless s159 = 0 in which case U(1) 4 is not present. We have

[U(n)|SU(s1) SU(s2) U(1)a U(1)ar U(1)r,
Ql n 1 1 0 0 (3.10)
Ql n So 1 0 0

The fundamental fields are neutral under the topological symmetry U(1),7, but monopole
operators are charged under it. The U(1)g, defined here is a convenient choice of UV R-
charge, corresponding to rg = 0 in (3.6). We will discuss the superconformal R-symmetry
in more detail in section 6.

®Note that the topological charge M = M, of the electric theory is related to the topological charge M,
of the magnetic theory by M. = —M,,.



These theories either break supersymmetry spontaneously (in some cases due to a

6

runaway ), or they enjoy a Seiberg-like dual description.® Whenever it exists, the “mag-

netic” theory is a U(m) gauge theory at Chern-Simons level —k, with s; chiral superfields

4o in the fundamental representation and s, chiral superfields ¢° in the antifundamental
representation — the quiver is in figure 1 (right). The rank m of the dual gauge group is

_ Ss1t+ 82

[p7q]a 92 _k_nv
] _ Ss1+ 82
[p, qlb Loom= 9 +k—n, (3.11)
[p’ Q]*(Z oM = 51 —=n,
[p, q|*b Dom= sy—n.

In addition, we have s; x sy gauge singlets M}, dual to the mesons QQ,. In the case
[p,0]a we also have an additional singlet 7' dual to a gauge invariant monopole operator,
and in the case [0,0] we have the duality of [9]. The singlets are coupled to the magnetic
sector through the superpotential

Winag = AMq + SpotT + Sqo T1 . (3.12)

Note that the Giveon-Kutasov duality [12] is the case [p, pJa. Remark that the dual of a
theory of type [p, g]a is a theory of type [p, g]b, with extra singlets coupled through (3.12);
similarly the dual of a theory of type [p, q]*a is a theory of type [p, q|*b.

Supersymmetry breaking occurs when the parameter m in (3.11) is negative (recall
however footnote 6). Consider a theory in any of the four cases (3.9), with matter content
(s1,82) and m > 0. If we give a complex mass to a pair (Q,Q) by a superpotential term
W = MQ“QSQ, we flow to a theory of the same type with matter content (s1 — 1,59 — 1).
In the magnetic dual, this correspond to a linear term pMg! in Wy,g, which leads to
a VEV for ¢°2¢,, and breaks the dual gauge group to U(m — 1), consistently with the
proposed duality. On the other hand, if we start with a theory at m = 0, the complex
mass deformation leads to a superpotential Wiy, = pM! in the dual theory, which breaks
supersymmetry spontaneously.

It is interesting to consider generic real mass parameters for our theories. All the mass
terms can be understood as background values for scalars in external vector multiplets
which gauge the global symmetries. We have:

Mg : SU(s1) a=1,---,81
SU b=1,---,
e (52) 72 (3.13)
ma : U(1)a
3 U)m

We take m, to correspond to the Cartan of U(sy), but we add the constraint ) m, =0
to get to SU(s1). Similarly >, mp = 0 for SU(s2). The term £ is best thought of as a

5The only exception is the case k = 0, 51 = 52 = ny = n—1, where the classical moduli space is deformed
quantum-mechanically [5].



Fayet-Iliopoulos (FI) parameter for the diagonal U(1) in the gauge group. The quarks Q,
Q@ have effective real mass )
M[Qﬂ =—z;+ Mg +ma,
MIQ}] = x; — mp +ma,

where x; are the eigenvalues of o. The duality we consider holds for generic massive

(3.14)

deformations, provided that the magnetic theory has some definite Chern-Simons terms
for the flavor group, which we will derive.

The numerology (3.11) for the dual gauge group can also be found from a Type IIB
brane construction [33], where the statement that SUSY is broken for m < 0 follows from
the s-rule of [34]. Here we prefer to keep the discussion in purely field theory terms.

3.3 Dual of the [p,0]a theory

All Seiberg-like dualities we consider for U(n) gauge theories can be derived from the
duality of [9]. Starting from the electric theory [0, 0]a of section 3.1, we can integrate out
ny— sy of the quarks @ after giving them a large negative real mass mgy < 0. This gets us to
a theory with s; = ny antifundamentals, s fundamentals, and CS level k = —(s1 — s2)/2,
which is precisely the [p, 0]a case with p = s1 — so. This real mass deformation corresponds
to a VEV for a background scalar from the flavor group, so we can easily identify the dual
operation in the magnetic theory of [9] and obtain the magnetic dual of our [p, 0]a theory.
Integrating out chiral superfields with real masses also generates Chern-Simons level for
the flavor group. For any two Abelian factors U(1); and U(1); which couple to the fermions
1 with charges g;, gj, we generate a Chern-Simons level

1 .
Okij = o D, 4i(®) q;(¥) sign(M[V]). (3.15)
P
Let us denote by Qs (8 = s2 +1,--- ,s1) the s; — so massive quarks of real mass

M[Qg] = mg, while the rest of the quarks are massless. From (3.14), we must have

me =0, mb;,gg:sl_SQmo, mB:—SQmO, mA:xi:sl_SQmo, (3.16)
S1 S1 281
Remark that we also need to shift the real scalar for the diagonal U(1) in the gauge group

U(n). In this particular vacuum, the effective FI term is

sr=€+"", "
and this should vanish for the vacuum to be supersymmetric. Therefore we need to turn on
a bare FI term & = *',**mg. Denote by Fj the U(1)g in the Cartan of U(s; —s3) C U(sy)
under which Qg are charged, and by Fj the Cartan of the remaining U(sz) group. Let us
define the symmetry U(1)z such that

Imol , (3.17)

M|¢] = Flp]mo (3.18)
for any field ¢, when (3.16) holds. It is

S1 — S92 S9 S1 — 8§89 S1 — 8§89
F = g Fy, — E F, A M
S1 oy b S1 3 A + 281 [0,0] + 2 +

S1 — S92
0g, Qe Qu). (319)



where Q. is the charge under the diagonal U(1) in the U(n) gauge groups, while @,
corresponds to the magnetic gauge group U(m) (in the Aharony dual theory). In this
formula Ajg o) denotes the U(1)4 symmetry of the [0,0]a theory we start with. Let us
define a new U(1)4 symmetry

App.o) = Ao + > Fs, (3.20)

such that A[Qp] = 1 for the light quarks (b # (), and A[Qg] = 0. Equivalently, if we
break the SU(s;1) flavor group acting on the Q’s into SU(s2) x SU(s1 — s2) x U(1)p, where
B[Qp] = s1 — s for b # (3, and B[Qg] = —s2, we have

51+ S92

- " Q0+ Q) - (3.21)

App.o) = Ajo,o) + B— 21

This definition makes clear that the new axial symmetry is defined through a mixing with
the gauge symmetry. Turning on a real mass m j for the Ap, g-symmetry corresponds to
$1 + 89 1 51— 82

m = m; mp= m;j xr; = — m i 3.22
A[O,O] 281 A B s1 A (3 281 A ( )

including a finite shift of the scalar ¢ in the vector multiplet. We also define a new trial
R-symmetry in the chiral theory

51— 82

M 2
), (3.23)

Ripo) = Ro,0] —

assigning the same charge to the (bare) monopole operators Tp.0)s T, o) of the IR theory.

[P,
In the electric theory [0, 0]a, we have

[Um)|SU(s1) Fy  Fs |Apo) M Ripo)| F

n S$1 0 0 1 0 0 (0 (3.24)
Qb’ n 1 _6b’b 0 1 0 0 0
Qu| mn | 1 0 0 0 o0 |1

The only microscopic fields charged under F are @Qg, by definition. Integrating out the
s1 — s matter multiplets yields a CS level k = —(s; — s3)/2 for the gauge group and a
global CS term for our choice of R-symmetry,

1
kRR = —2n(31 — 82) . (3.25)

There also are some more subtle global CS terms due to the definitions we gave for the
axial and R-symmetries. Let A be the U(n) gauge field, and A AM) and AR the
background gauge fields for the U(1)ys, U(1)4 and U(1)r symmetries, respectively. The
FI parameter ¢ is the lowest component of the linear multiplet X3, containing dAM) | so
that

/d3 /d40 S Tr(V /d?’:chr(D) +/dA<M> ATr(A) + - (3.26)
The shifts in (3.21) and (3.23) modifies this last coupling according to
(M) (M) 4 B1 752 A(R) _ T8 44
dAMD A Tr(A) — d<A + A ) A Tr <A 0y A 11) , (3.27)



U(m)|SU(s1) Fy  Fp | Apoy M Rppg 7
o | M s1 0 0 -1 0 1 0
¢ | m 1 6y O -1 0 1 0
Mab, 1 S1 _5b/b 0 2 0 0 0
I I T T e S e L R I
| m | 1 0 dgg| 0 0 1 ~1
M| 1| s1 0 —dyg| 1 0 0 1
T | 1| 1 =) =3 |=50 132 1 (s — )

Table 1. Charges for the fundamental fields in the magnetic theory of Aharony. The fields charged
under F (lower part of the table) are massive and integrated out in order to find the Seiberg dual
of the [p, 0]a theory.

and thus generates the mixed CS levels

(s1— s2)°
481 ’

§1 — 82

kMA =N 5 kRA = —Nn (3.28)

281

where the factor of n comes from the trace over the gauge group.
In the magnetic theory of Aharony, we should integrate out all fields charged under
F (3.19). The charges of the various fundamental fields are summarized in table 1. Remark
that the monopole operator 1" survives as a singlet in the dual theory: half of the Coulomb
branch of the electric theory survives. In the IR the magnetic theory is a U(m) theory
(m = s1—n) at CS level k,, = —k = (s1—s2)/2. There are also various global Chern-Simons
terms from integrating out, together with a contribution similar to (3.28). Since we are free
to add the same global CS interactions to both sides of the duality, to state the final result
kyon — s

between the magnetic and the electric description. We also express everything in term of

we should express all global Chern-Simons levels as relative levels Akry; =

m, S1, S and k.
The electric theory is a U(n); gauge theory having matter content (s1,s9) with s; >

so, where the CS level is
1

o

The magnetic theory is a U(s; —n)_j gauge theory with matter content (s2, s1) plus

k=— S1 — 82) . (3.29)

5159 singlets M} and a singlet T', coupled by a superpotential
W = GMq+tT, (3.30)

where t is the gauge-invariant monopole operator of the magnetic gauge group. Moreover

there are relative global CS levels

AkSU(Sl) — ]C, AkSU(Sg) — 0 (331)

,10,



for the non-Abelian part of the flavor group SU(s1) x SU(s2) and

1 1
Akaa = ks1 + 8(51 + 59)°, Akay = —k + 4(51 + s9)
1 1
Aknar = Akar = —k(s1+k) =, (s1 4 s2)(m — k) (3.32)
1 1
AkRR:kzm—l—2(m—/€)2, Ak == (m — k).

for the Abelian flavor symmetries U(1)4 x U(1)y x U(1)r, where m = s; — n.
The above formulas extend to the case s3 = 0, ignoring the CS levels involving U(1) 4.

3.4 Dual of the [p, g]la theory

To go to a [p, g]a theory with pg > 0, we start again from the non-chiral theory [0, 0]a, and
we integrate out ny— s of the antiquarks Q (denoted Q% a=s1+1, - ,nf) together with
ng — s of the quarks @ (denoted Qg, f = sa+1,--- ,ny), with M[Q%] = M|[Qg] = mg < 0.
For this we take the mass parameters and FI terms

- nfg— 351 ~ S1 nfg — S2 592
Mg = — mo, Mo = Mg, mp = mo, mg=— "My
ng ny ng ny
2nf—31—32 S1 — S92 1
my = mo, X = mo, = (81— s2)mo, 3.33
A o, 0 = o, ™ ¢ =, (51— s2)mo (3.33)

with my — —oo. Similarly to the previous subsection, we define a symmetry F such
that (3.18) holds when the masses (3.33) are turned on, and the new axial and R-symmetries

I S1 — 8§89
Appay = Ao~ Y Fut 3B, Ripa = Floo =", 0. (331
a B

In the electric [0,0]a theory, we have

U(n)|Fa Fo Fy Fp|Ap.g M Ripg)|F
QW m |1 0 0 0 1 0 0 |0
Q| m» |00 -10] 1 0 0|0 (3.35)
Q*l m |01 0 0| 0 0 o0 |1
Qs m |00 0 -1 0 0 0 |1

Integrating out Q% and Qp yields a CS level k = —ny + 8142'82 for the U(n) gauge group,
together with global CS terms. This leads us to the [ny — s2,nf — s1]a field theory. The
charges of the fields in the magnetic theory are reproduced in table 2.

The electric SQCD-like theory is a U(n); CS theory with matter content (s1, s2), with

1
k<—2\31—32\ . (3.36)
The magnetic theory is a U(m)_j CS theory, where
1
m= _(s1+s2)—k—n, (3.37)

2
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U(m)| Fu Fo Fy Fp Alpg M Rip g 7
o | m |-1 0 0 O -1 0 1 0
@ | m |0 0 0 -1 0 1 0
MYl 1 |1 0 -1 0 2 0 0 0
o | m |0 -1 0 0 0 0 1 -1
@ m |0 0 0 -1 0 0 1 —1
M% 1 |0 1 -1 0 1 0 0 1
M“B 1 1 0 -1 1 0 0 1
M%) 1 10 1 0 -1 0 0 0 2
T 1 |—3 —3 —5 —s|—a(s1+82) 1 np—n—"2+1\—(ns —s1)
T | 1 |- -3 -2 -b-d(s14+s) —1np—n+ 552 +1—(ng — s2)

Table 2. Charges for the fundamental fields in the magnetic theory. The fields charged under F
are integrated out to obtain the Seiberg dual of the [p, g]a theory.

with matter content (s2,s1) along with sqs9 singlets M, and superpotential W = ¢Mgq. In
addition there are relative global CS interactions at level

1 51 — S9 1 81 — 82
Aksu(s)) = (k? - > : Aksu(sy) = 4 </<7 t ) (3.38)
for the non-Abelian flavor symmetry group and
1 1
Akap = 2k3(81 + 52) + s152, Akay = 2(81 — 52)
1
AkMM:1, AkAR=—2(k+m)(81—|—82)
1 1 1
Akgrr = 9 ((k + m)2 + mZ) + 8(81 — 82)2 s Akyp = —2(81 — 82) (3.39)

for the Abelian symmetries.

3.5 Dual of the [p, g]*a theory

To obtain a [p, g]*a theory, we start again from a [0, 0]a theory with ny flavors. We now
keep the ny = s1 antiquarks @ massless, while integrating out s; — § of the quarks (denoted
() with a negative mass and § — sy of the quarks (denoted @).) with a positive mass. For
this we take the limit my — —oo, scaling

S1+ s9 — 25

mg =0, my = mo,
51
25— s 2s S9 — 28
mg = — “mo my = s mo, (3.40)
S1 S1
S1+ 89 — 25 ¢ 1( )
my = x; = m = (81— s9)my.
A i 951 0, o (51 2)mo

- 12 —



U(m)|SU(s1) Fy Fs Fy|Apg M Ripg F
Go|m | s 0 0 O] =1 0 1 0
@ | m 1 1 0 0| -1 0 1 0
M1 s1 -1 0 0| 2 0 0 0
| m | 1 0 1 0| 0 0 1 1
q7 | m 1 0 0 1 0 0 1 -1
M%| 1 s1 -1 0 1 0 0 1
Maa, 1 S1 0 0 —1 1 0 0 1
R A st N
T 1 1 _5 _% _5 _8142-82 1 351—253-32_271 +1|—(s1 — §)

Table 3. Charges for the fundamental fields in the magnetic theory. The fields charged under F
are integrated out to obtain the Seiberg dual of the [p, g]*a theory.

We define a symmetry F as before, and the new axial and R-symmetries

s1—8 S5—s ~
. : S1+ 89 — 258

A[ZMI}* = A[070] =+ Z Flg —+ Z FV’ R[P#I]* = R[O,O] — 9 M . (3.41)
B Y
In the electric theory we have
U(n) SU(Sl) Fb Flg F7 A[nyﬂ* M R[ZMI}* F
Q*l n | s 0 0 O] 1 0 0 |0
Qp| m 1 -10 0 1 0 0 0 (3.42)
Q| n 1 0 -1 0 0 0 0 1
Qy| m 1 0 0 —1, O 0 0 |—-1

Integrating out the heavy quarks generates a CS level k = § — (s1 + s2)/2 for the U(n)
gauge group and leads us to the [s; — §,5 — s3]*a theory. The charges for the magnetic
theory are given in table 3.

The electric theory is a U(n); CS theory with matter content (si,s2) with s1 > so
and

1
[k < ls1 = sl (3.43)

The magnetic theory is a U(s; — n)_j theory with matter content (so,s1) together
with s1s9 singlets M, and superpotential W = ¢M¢q. There are relative global CS terms

Akgu(s) =k , Akgy(sy) =0 (3.44)
for the non-Abelian flavor symmetry group and
Akag = ks, Akay = $1
Akyar =0, Akar =10 (3.45)
Akrr = —km, Akyr = —m

for the Abelian symmetries, with m = s; — n.
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3.6 Summary of the U(n); dualities

The missing cases can be obtained from the ones above by parity (P) and/or charge con-
jugation (C). Firstly, if we go from a U(n), theory with matter content (s1,s2) and with
k < 0 to another such theory with k& > 0, the global CS levels change according to

P : kglobal = f(k‘,sl,sQ,m) — kglobal = —f(—ki, 81,52,m) . (346)

This is our P transformation. Secondly, if we go from a theory with s; > s to a theory
with sy > s1, the net effect on the global CS levels is obtained by exchanging s; and so:”

C: kglobal == f(k‘, 51,52, m) — kglobal = f(k?, 592,51, m) . (347)

The electric theories [p, gla and [p, g]b — that we call minimally chiral — have gauge
group U(n); and matter content (si, s2) with

1
|k| > 2|51 — 89| >0. (3.48)
The dual magnetic theories have gauge group U(m)_g, where

1
m = 2(31—1—32)—1—%]—71, (3.49)

with matter content (s, s1) along with s1 s, singlets M and superpotential W = §Mgq. The
relative global CS levels are

1 . S1 — S2 1 . 51— 52
Aksu(s) = <k‘ +sign(k) ) ; Aksy(sy) = <k‘ —sign(k) ) ;
1 _
Akap = 2k(81 + s9) — sign(k) s1s2, Akay = — Sign(kz)s1 5 52 ,
—|k
Akpry = —sign(k) , Akapr = sign(k) (m—| |)2(51+82) ,
Akypr = sign(k:)s1 g 52 ,
kD2 £m2 )2
AszR:—sign(k‘)((m [kI)Z4m? | (s1=s2) ) (3.50)
2 8
The electric theories [p, q|*a and [p, g]*b — that we call maximally chiral — have
gauge group U(n); and matter content (s1,s2) with
1
0 <kl < 2|51 — $o| . (3.51)
The dual magnetic theories have gauge group U(m)_, where
m = max(sy, s2) — 1, (3.52)

"We loosely call this operation and the previous one C' and P, but they are really the C' and P trans-
formations together with a relabeling of the parameters.
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with matter content (sg,s1) along with sqs9 singlets M and superpotential W = ¢Mgq. The
relative global CS levels are

A]{:.S'U(max(sl,m)) =k, AkSU(min(sl,SQ)) =0,
Akga = kmax(sy, S2), Akyp = max(sy, $2), (3.53)
Akyy =0, Akar =0,
AkRR:—km, AkMR:—m.
Similarly, one can work out the limiting cases [0,p|b, [0,pla and [p,0]b from the

[p,0]a case of section 3.3. In the [0,p]b case, the electric theory is U(n); with matter
content (s1,s2) and k = ;(31 — s2) > 0, and the relative global CS levels are obtained
from (3.31)—(3.32) by a P transformation (3.46). In the [0, p]a case, the electric theory
U(n)y, has k = }(s1 — s2) < 0, and the global CS levels are obtained from (3.31)—(3.32) by
a C transformation (3.47). Finally, the [p,0]b case corresponds to an electric theory with
k= —3(s1 — s2) >0, and it is obtained from the [p,0]a case by a CP transformation.

4 Consequences for Chern-Simons quivers

In recent years it was realized that M2-branes at Calabi-Yau singularities can be described
by N = 2 Chern-Simons quivers [35]. Generally such a quiver has gauge group U(n) x

- x U(ng) with some CS interactions, and fields X;; in bifundamental representations
coupled together by a superpotential [36-42]. The M2-brane quivers can also include so-
called flavors (fields in the fundamental/antifundamental representation of some of the
U(n;) factors) [43-45]. While most of the literature focussed on the case with equal ranks
n; = N, it was argued recently that this is not the case for rather generic M-theory
backgrounds [46].

Seiberg-like dualities for M2-brane quivers were studied in [11, 47, 48], but a thorough
understanding of Seiberg-like dualities for chiral quivers is still missing. While we hope to
report some progress in that direction in the near future, in this section we briefly discuss
some obvious consequences of the dualities of section 3 for chiral quivers.

Let us consider a generic quiver of the kind described above. We pick a node with
gauge group U(ng) and Chern-Simons level kg, and we consider its direct neighborhood,
as shown in figure 2(a). The nodes connected to the node 0 with incoming arrows have
gauge groups U(n;), i =1,---, L, and the nodes connected to node 0 with outgoing arrows
have gauge groups U(n;), j = 1,--- , R. Some of these contiguous nodes could be global
symmetries, corresponding to flavors. The contiguous nodes have CS levels k; and k;,
respectively. Let us denote by A;y the number of bifundamental fields between U(7;) and
U(ng), and by Ag; the number of bifundamental fields between U(ng) and U(n;). The total
numbers of antifundamental and fundamentals fields for U(nyg) is

F R
S1 = Z fll AiO s So = Z AOj n;g. (41)
i=1 j=1
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(a) Local neighborhood in a CS quiver. (b) The Seiberg dual neighborhood.

Figure 2. Seiberg-like duality acting on a quiver. Remark that the dual quiver also contains some
mesonic fields M, although generally many of the mesons will be massive due to the superpotential.

The big flavor group SU(s1) x SU(sy) of chiral SQCD splits according to®

SU(s1) — H SU(7;) x SU(Ai),  SU(sg) — H SU(n;) x SU(Ay;), (4.2)

J

where the factors SU(7;), SU(n;) are gauged (unless the node i or j stands for a flavor
group), while the factors SU(A;g), SU(Ap;) are global symmetries, which can be further
reduced due to the superpotential.

Performing a Seiberg-like duality on node 0 leads to the situation of figure 2(b). All
arrows connected to node 0 are reversed, and various mesonic fields are generated. Some
of the mesons may have a complex mass, in which case they should be integrated out.
While the rank ng is the only one which changes under Seiberg-like duality on node 0, the
CS levels of the contiguous nodes are in general affected. We have two distinct situations,
corresponding to cases [p, q] and [p, g]* of section 3.

4.1 Minimally chiral case

The first case is a direct generalization of the non-chiral case studied in [47, 48]. If |ko| >
%\31 — So|, the Seiberg dual has a gauge group U(myg) at level —kg for node 0, with

_ Ss1t+ 82

mo= ", + [ko| — o (4.3)

The CS levels of the contiguous nodes are then

51— 82

~ ~ 1
ki = ki+ o Aio <1€0 +sign(ko)

1 _
) , K=kt 2A0j (ko — sign(ko) ! 5 SQ) ;

which can be deduced from (3.38) or (3.50).

8In the following we ignore various U(1) factors. In general the U(1) and SU(n) part of the U(n) gauge
groups can have different CS levels, and one should keep track of how the CS terms for the Abelian sector
transform under duality. A full discussion of this is beyond the goal of the present section.
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4.2 Maximally chiral case

The “maximally chiral” case is when |ko| < }|s1 — s2|. When s; > so, we have U(my) at
level —kq for node 0, with
mop = S1 —"nop, (4.4)

while the CS levels of the contiguous groups are
ki = ki + A ko, kj = kj. (4.5)

This follows from (3.44). Similarly, if so > s1, we have

mop = S2 —NQ; iﬂ; = /;?i, k; = kj—i-Aojko. (4.6)
In four dimensional quivers, Seiberg duality of an interesting class of chiral quivers (del
Pezzo quivers in particular) can be understood in term of so-called “mutations”, which
are mathematical operations which change the basis of fractional branes at a Calabi-Yau
singularity [49-51]. It turns out that the mutation prescription of [51] exactly corresponds
to the Seiberg-like duality for the maximally chiral case (4.4)—(4.5) or (4.6), for left or right
mutations, respectively [52].7

5 Dualities for U(n) theories and S} partition function

Recently it was understood that the partition function Zgs for any N/ = 2 superconfor-
mal theory on a 3-sphere can be reduced to an ordinary integral using localization tech-
niques [53-55]. The S® partition function can be computed for any trial R-charge. We
can further squash the S® into a U(1) x U(1) isometric hyperellipsoid S} with squashing
parameter b as in [21] (b =1 corresponding to the round sphere).

Jafferis argued that | Zgs| is extremized'? by the superconformal R-charge [54]. We will
apply Z-extremization to our theories in section 6. In this section we will derive identities
between partition functions which provide strong checks of the proposed dualities.

5.1 S} partition function for chiral U(n) SQCD

Consider the partition function of the electric theory as defined at the beginning of section 3,
namely U(n), gauge theory with (si,s2) matter. The localized partition function is an
integral on the VEVs of the real scalar o = (x1,--- ,2,) in the vector multiplet, all the
others fields being frozen to zero expectation value. As a function of the real scalars in
background vector multiplets (3.13), the partition function of the electric theory reads

Z((JS(Z)SQ)(maa mp;ma;§) = / H

1<z<l<n

de] Wikx?—%rifarj

_xl

(5.1)

xHFh —Zj + Mg +ma+wrg) HFh —mp+ma+wrg) ,
a=1 b=1

9Tn 4d we have s; = s2 to cancel the gauge anomalies, and there are no CS interactions, therefore the
distinction we made between minimally and maximally chiral theories does not arise.
10Tn all known examples it is minimized.
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where w = ib+g_l (w = i for the round S3). The building block of the integrand is
the hyperbolic Gamma function I'y(z) = 'y (z;w1,ws2), with periods wi; = ib and wy =
i/b understood from now on. Several useful formule about I', and our notations are
gathered in appendix A. In particular, we define I'y(a £ ) = T'y(a 4+ 2)Th(a — z). We
are free to choose an R-symmetry R so that R[Q] = R[Q] = rg by a mixing with the
central U(1) gauge symmetry. The U(1)); symmetry can also mix with the R-charge
(it corresponds to an imaginary part for the FI parameter £), but that only affects the
R-charge of monopole operators. More generally, mixing a global symmetry U(1); with
the R-symmetry corresponds to giving an imaginary part to the real mass m; according
to [21, 54, 55]

my — my+wary =4 R— R+a;Qrp, (5.2)

where Q7 is the U(1); charge.

Integrals such as (5.1) were studied in recent years by mathematicians, in particular
by van de Bult [56]. For the integers n,si,s2 € Z>o and t € Z (unless s; = s =t = 0),
van de Bult defines (Definition 5.3.17 in [56])

1 1
J, SUsA) = n
(51, 52), ¢ (153 4) V/—wiwe n!/n H Fh(i(wi—ﬁl))

1<i<i<n
n I s1 52 (5.3)
x ] duj e (15 +225) I Tn(ea —2) [T + ;) -
j=1 a=1 b=1
The contour C'is a path that goes from Rez = —oco to Rex = oo, goes below all the poles

from I'y,(u — x) and above all the poles from I'y, (v + x); it can go to infinity on the left and
right with some tilt so that (5.3) converges — see [56] for the precise definition. In this
paper we will always take C' to be the real axis. We see that, for w; = ib, wo = ib™!,

Zl(f(i;f,f)(ma; My mA; &) = I, (s1,50), 26 (13 V5 A) 5 (5.4)
with
A=28,  pa=Matmatwre,  vp=-—mptmatwrg. (5.5)

We have the constraints

S1

52
Zua = s1ma, Z Vp = Som 4 . (5.6)
b=1

a=1

Following closely the notation of [56], we rename Z[(JS(Z)S;) according to the four cases (3.9):

I;n[p’q}a if k S —;‘81 — 82‘
. I if k> 4lls —
Zé(lr;);) — ) nlpalb 1 12|81 52| (5.7)
L alra if k| < 5(s1 — s2)
I]mn[p,q}*b if |k‘| S ;(82 — 51)

where the rank m of the dual gauge group, is given in (3.11), and p and ¢ are related to
the effective CS levels k1 (3.8) as in (3.9).
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5.2 Aharony duality and real mass deformations

Consider Aharony duality [9] reviewed in section 3.1. At the level of the partition function,
it can be written (recall n +m = ny)

m+n

m n A
In[(],O]a(u;1/;)\):Im[070}b(w—y;w—u;—)\)Fh((m—i—l)w—nfmAi2) || Tn(pa+wp). (5.8)
a,b

It has been noticed in [14] that this is precisely Theorem 5.5.11 of [56], once specialized

to parameters satisfying (5.6), namely > p, = > , v = nyma. The factors 'y (1 + v)

correspond to the mesons M, and the previous factors correspond to the singlets 7', T.
To derive the identities associated to the new dualities for chiral SQCD, we proceed to

take the limits discussed in sections 3.3 to 3.5 at the level of the partition functions. Let

o) = exp ( i x> , ¢ = exp (”i(“’% * ”%) . (5.9)

2wiwo 48wiws

us define

In particular for wy = wy = i we have ¢ = e™/12, In [56] it is shown that

li Tn()

e ¢~ sign(z) C(Sign (z)(z — w)g) = 1. (5.10)

Consider integrating out a matter multiplet in the fundamental or antifundamental of the
gauge group by giving it a large real mass ggmg, corresponding to a background scalar mg
for some flavor symmetry U(1)y which assigns charge gy to the matter multiplet. In the
localized partition function it corresponds to the limit

lim  Th(gew; + gama + qomo + Aw) , (5.11)
mo—too
where ¢, = 1 for the fundamental and g. = —1 for the antifundamental representation,

while g, are the charges under to the remaining flavor symmetries U(1),, and A the R-
charge. From (5.10) we see that we generate the terms

T

- sign (gomo) exp < — sign (qomo) 9

(gex + gama +w(A —1) + qOmO)Q) . (5.12)

This shows the generation of Chern-Simons terms (3.15) upon integrating out the massive
matter superfield (the physical meaning of the ¢ term, if any, is less clear). There are also
terms depending on the parameter mg that we take to infinity. Using the limit (5.10), the
check of the various Seiberg-like dualities starting from (5.8) is a straightforward (albeit
tedious) exercise.!! The terms depending on mg cancel out between the two sides of the
identity (5.8), and we find new identities for our chiral SQCD-like theories.

Remark from (5.12) that the CS levels for the global symmetries appear in the partition
function as

C(QkRRWQ + 42] krrwmr + 2ZI7J k[Jm[mJ) R (5.13)

"The identities we will find have been proven rigorously in Theorems 5.5.11 and 5.5.12 of [56]. Here we
reproduce this results with its physical meaning. Moreover there is a small mistake in [56] that we correct
in equation (5.18) below.
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where here I,J run over the non-R global symmetries. We note that w enters in the
partition function similarly to the real masses m; associated to the non-R symmetries. A
full understanding of that fact from first principle (in the localization procedure) is left for
the future.

5.3 The [p,0]a theories

To check the duality for the [p, 0]a theories of section 3.3, we take the limit (3.16) on both
side of the identity (5.8). Consider first the electric theory. We have to consider the limit

lim I} o}a(ﬂ + o5 v — @, Vg — a0+ mg; A+ (s1— s2)mo)| (5.14)

mo——o0 ) rTor—a

51 —82

with o = ey

myg, and the shift x — x — « in the integrand is understood. This is better
written as

. m 51— S
lim I [o,o]a(ﬂ; Vbs Vo105 A+ (s1—52)mo) ¢ P (A+ (51— s2)mo) m0> - (5.15)

(n
mo——00 S1

We can similarly take the limit on the magnetic side of (5.8). Explicit computation shows
that all factors involving mg cancel out. We should also redefine

A— A= (81— s2)w+ (51— s2)ma, (5.16)

which corresponds to the redefinitions (3.21) and (3.23) of the axial and R-symmetries.
This leaves us with the identity

51,52

I oga(as Vs A) = T o (@ = b3 0 — ptas =X+ (51— 52)w) [] Thlpta + 1)
a,b

1 1
th(— 2(51+52)mA+ 2)\—{—(m+kz—|—1)w> ¢!

51
X c<2k Z m2 4 2ksym? + 2kmw? — 2k m g — 4k(sy + k:)mAw)

1 1 ,
XC((— 2(81+82)mA— 2)\+(m—k)w) ) , (5.17)

with k = —%(51 — $9). This is precisely the duality we proposed for the [p,0]a theory,
including the relative CS terms for the global symmetry group.

5.4 The [p,q]a theories

To check the duality for the [p, gla theories at the level of the partition function, we can
take the limit of section 3.4 on the equality (5.8). One can check that all terms involving
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myg cancel between the electric and magnetic sides. The identity we obtain is

51,52

I, (e Vs A) = T o (0 = vhiw — pras =X+ (51— s2)w) [] Tlpta +w)
a,b

1 S 1 3
x ¢ a(s1—s2)?—k?-2 C((k - 2(51 — 52)) ;rhi et 2(81 ~ ) ;mg)

1 1
X c( (k(s1 4 s2) + 5152)mi + 2)\2 + ((k+ m)? +m? + 4(51 - 52)2) w2>
X C(Q(k +m)(s1 + s2)wma + (s1 — s2)A\(ma — w)) , (5.18)
giving a nice check of our proposal.

5.5 The [p, g]*a theories

We can play the same game for the [p, g]*a theories, taking the limit (3.40) on the duality
relation (5.8). One can show that all factors of mg cancel, and that we end up with the

relation
51,582
I gva(Bas Vo3 A) = I g, (W = Vhsw — pas —A — 2kw) H Th(pe + vp)
a,b

S1
X c(2/<: Z m2 + 2ksym?% — 2kmw? + 2\ (symy — mw)> . (5.19)

This agrees with the duality we proposed in section 3.5.

5.6 Complex masses and dual Higgsing

In this section we consider complex mass deformations of the electric theories from the
perspective of their localized partition functions. We will see how the dual description
in terms of Higgsing of the magnetic gauge group arises due to distributional identities
satisfied by hyperbolic gamma functions. By giving complex mass to a suitable number of
flavor pairs we can Higgs completely the magnetic gauge group, reaching m = 0; proceeding
to m < 0 brings us out of the conformal window, to a theory that either has a deformed
moduli space (if £ = 0 and s = sp = ny = n — 1, giving m = —1) or, most often, lacks
supersymmetric vacua.

It has been observed previously [13] in the context of Giveon-Kutasov dualities that
integrals that define the localized S® partition functions of superconformal theories vanish
when the field theory breaks supersymmetry. A similar observation applies more generally
to the Seiberg-like dualities that we are considering: I integrals vanish whenever m <
0, including the particular case when the theory is believed to have a deformed moduli
space. The physical significance of this mathematical fact is however dubious: the partition
functions are localized using the superconformal algebra, so that we can trust the matrix
model integrals as partition functions of the field theory only if the IR superconformal
algebra is visible in the UV. For instance, the partition function of the field theory on its
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deformed moduli space, being a free theory, does not vanish, although we find that the
Iiao} integral does.'?

We start with the case m = 0, where the identities (5.17), (5.18) or (5.19) provide an
explicit formula for the partition function (5.7), with the understanding that integrals on
a vanishing gauge group Iy are to be replaced by 1. Starting from the partition function
with m = 0, we can obtain the partition function for m < 0 (keeping n, p and ¢ fixed)
by setting u + v = 2w for a number of pairs (Q,Q); as explained in appendix A.2, this
corresponds to a complex mass deformation W = QQ of the electric theory. Using the

identities (5.17), (5.18) or (5.19), we see that the partition function vanishes because
Fn(p+v) =Th2w) =0 (5.20)

appears on the magnetic side.

On the contrary, taking us, + vs, = 2w for a pair (Qsl,QSQ) to reduce to m — 1 does
not lead to a vanishing result when m > 0: the I',(2w) factor in the magnetic partition
function is accompanied by a term which blows up in the integral over the magnetic gauge
group, from I'y,(—x)[',(x) in the integrand. We should rather set us, + vs, = 2w — 2ie and
then take the ¢ — 0 limit on both sides of the identities relating electric and magnetic

partition functions. Using the pole structure of I',(z), one can show that

m

m m
lim Iy (2w — 2ie) H (ie £y;) = V—wiw2 Zl 5(y5) 1;[ INSE=7D) (5.21)
=1 j= i#j

distributionally, i.e. up to addition of functions with measure zero support that do not
affect integration over [ d™y.13 The identity (5.21) explains, from the partition function
point of view, the Higgsing pattern U(m) — U(m — 1) on the magnetic side which is dual
to the complex mass for a pair of fields on the electric side, allowing to reduce from ranks
(n,m) to ranks (n,m — 1) while keeping [p, q] fixed.

6 Remarks on convergence and Z-minimization
At the IR fixed point the superconformal R-charge is some linear combination
Rsupconf = Ry + TQA + Ay M, (6.1)

where Rg is the trial R-charge defined above (it is either Ry, g or Ry g+), which gives
Ry[Q] = 0 to the quarks and antiquarks, fixing the unphysical mixing with the gauge
symmetry. We have Rgupconf[@Q] = rqg, while Ajs denotes the mixing of the R-current
with topological current, and it will only affect the R-charge of monopole operators (in the
electric theory). The coefficient rg and Ajs can be found by Z-minimization [54].

12(Added in v2:) Recently [19] conjectured that spontaneous supersymmetry breaking implies that the
localized S® partition function Z'°¢ vanishes. More precisely, they provided suggestive arguments to the
effect that if the vaccum is not invariant under the supercharge Q used in the localization, then Z'°¢ must
vanish. We thank the authors of [19] for discussion on this point.

13The case m = 1 is just the statement of duality between Ny = 1 SQED and the XYZ model.
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An interesting special case is when either s; or s; vanishes, so that there are no
mesonic operators and no Higgs branch. The axial symmetry U(1)4 is part of the gauge
group and we can take rg = 0 in (6.1), since the R-charge of any gauge invariant operator
is independent of rg.

Let us consider the partition functions in the conformal case, when all real masses are
turned off. This means we take

meg =mp =0, mag=uwrq, A=w2Ay. (6.2)

in the various formulae. Moreover we will focus on the round S, so w = i. For the electric
partition function,

Zelee Zl(f(lr;)sj)(o; 0:irg; i) . (6.3)

In the limit x — +o0, the integrand of (6.3) takes the form
S1 + S2

exp ( — mikia® + 2m(Ay F a0 )T) with M=, (1—rg)—n+1. (6.4)

Therefore the electric partition function (6.3) converges absolutely if and only if
0 < |Am| < a, - (6.5)
Consider next the magnetic dual theory. We have

magn 52,8 . . P—q .
Zmagn — ZUQ(mﬁ_k <0;0;z(1 —rg);i( 5 AM)) X (singlets) x (phase), (6.6)

where the singlets and extra phase can be read from the identities of the previous section,
and p, ¢ in (3.8)-(3.9). One can check that for all cases the condition for the integral in
Z™a8M to converge absolutely is that

Qrg +Pp =2 <Ay < —apg —q+2, (6.7)

We see that generically, for some given trial parameters (rg, Aps) the electric and magnetic
partitions functions cannot both converge absolutely. In particular a necessary condition
for it to happen is that p < 2 and ¢ < 2.

In general the physical meaning of absolute convergence is not obvious, although it is of
great help both to make sense of the formal limits of section 5.1, allowing to commute limit
and integration, and for numerical evaluations. On physical ground simple convergence is
enough. When k4 # 0 in (6.4) the integral converges thanks to the Gaussian term.'4 When
the effective Chern-Simons levels vanish, corresponding to the case [p, 0]la with p > 0, the
absolute convergence criterion (6.5) is certainly physical, and corresponds to the gauge
invariant monopole operator 7' having positive dimension. This was noticed in [14] for the
[0, 0] case.

We performed Z-minimization numerically for a few simple cases. The main new
ingredient here is that we can have Aps # 0 in (6.1), unlike the chiral case studied in [14]
where charge conjugation invariance sets Ap; = 0.

' Generally the integration contour should be taken slightly away from the real axis.
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Casen=1,k=0
81\82 0 1 2 3 4
rQ r r
0 Anr - 0 - 0
—In|Z] 0.9687 1.9901
1/3 0.4151
1 - 0 - 0 -
0.8724 1.9548
r 0.4085 0.4387
2 0 - 0 - 0
0.9687 1.9340 2.8447
0.4151 0.4370
3 - 0 - 0 -
1.9548 2.8380
r 0.4387 0.4519
4 0 - 0 - 0
1.9901 2.8447 3.6791

Table 4. Superconformal R-charges and free energy for the case n = 1, k = 0, and for various
values of s1, ss.

We also checked in several examples that whenever two theories can be connected by
a RG flow, the “free energy” defined as

F=—-Inl|Z| (6.8)
is smaller in the IR theory. This corroborates the conjectured “F-theorem” [22].

Abelian theory at CS level kK = 0. Consider a U(1) theory with k£ = 0, and generic
s1, S such that s; + so is even. It is the simplest example of a [p,p]|* theory, with
p = q = |s1 — s2|. The values of rg and A are easily found numerically, and are reported
in table 4. In this case we still have parity symmetry, which imposes Aj; = 0. The diagonal
entries in table 4 correspond to the [0, 0] case of section 3.1, and the same numerical result
was reported in [14]. We remark that for (s1,s2) = (s1,0) or (0, s2), the quantity |Z| is
minimized for any value of rq, as expected, since in this case rg is a mixing of the R-current
with the gauge current.

The theory with (s1, s2) = (2,0) is one of the few examples where both the electric and
magnetic partition functions converge when we take x real. The identity (5.19) becomes

I 10 (i@ 11Q, 12080) = 111[1,1]%(2‘(1 —71g),i(1 —rq), —i2A) 2mi2AnT—AN)

which converges absolutely for |As| < min(rg,1 — ).

Abelian theory at CS level k = —;. Let us consider next the U(1) theory at Chern-
Simons level —;, with s1 + s odd. In this case there is no parity symmetry and we have
Apr # 0. The superconformal values of rg and Ajs are reported in table 5. In the case
5152 = 0, the partition function is minimized for any value of 7, while there is a physically

meaningful contribution to Ajy.
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Casenzl,k:—é

81\82 0 1 2 3 4 9
TQ r T r
0 A —4r - — 47 +0.1404 - —4r+0.1841
—In|Z| | 0.3466 1.5126 2.4459
r 0.3919 0.4320
1 aT - —0.0437 - —0.0337 -
0.3466 1.4666 2.4228
0.3919 0.4278 0.4479
2 - 0.0347 - —0.0168 - —0.0192
1.4666 2.4064 3.2752
r 0.4278 0.4463
3 | 43r—01404 | - 0.0168 - —0.0079 -
1.5126 2.4064 3.2681
0.4320 0.4463 0.4574
4 - 0.0337 - 0.0079 - —0.0044
2.4228 3.2681 4.0882
r 0.4479 0.4574
5 | gr—0.1841 ] - 0.0192 - 0.0044 -
2.4459 3.2752 4.0882

1

Table 5. Superconformal R-charges and free energy for the case n = 1, k = —,, and for various

values of s1, so. In these theories Ay # 0.

U(1)_y/2 with a single Q. The special case U(1) at level —J with a single chiral
multiplet of charge —1 is worth some further attention (it falls into the case [1,0]a). The
flavor group is reduced to U(1)as X U(1)g, the U(1) 4 symmetry being gauged. The Seiberg
dual theory is simply a free field T" of charge 1 under U(1)yy, corresponding to the monopole
of the electric gauge group.'> Since R[T] = % in the IR, we must have Ay = %T’Q, and we
can set 7g = 0. In the magnetic theory we also have the CS levels

1 1
k = kpp = k = — .
MM =, RR = ¢ MR 4 (6.9)

As a function of the FI parameter £ and of the undetermined (and physically meaningless)

rg, the electric and magnetic partition functions read

g

ZeleC(g;,rQ) _ /dwe o a?—2mifa+rrg Fh(—ﬁﬂ + Z"I“Q), (6.10)

2 rq) =T (E 4, ) e e BET AT e, (6.11)

They are equal by (5.17); it is also easily checked numerically.

15See [57] for an early appearance of this duality in the context of mirror symmetry.
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7 Dualities for Usp(2n) theories with fundamentals

Seiberg-like dualities for Usp(2n) Yang-Mills theories with an even number of fundamentals
were conjectured early on by Aharony [9] and recently generalized to Chern-Simons theories
by Willett and Yaakov [14]. For completeness, in this section we briefly review those
dualities and their checks at the level of partition functions [14], listing explicitly the
global CS terms needed to fully specify the duality maps. Later the results of this and the
next section will be used to check the N' =5 Usp x O dualities proposed in [11] on the
ground of a brane construction.

7.1 Yang-Mills theories

A duality for Usp(2n) theory with s = 2n; fundamental flavors ¢ and no CS interactions
was proposed by Aharony in [9] for ny > n + 1.16 The global symmetry is SU(2ns) x
U(1)4 x U(1)g. For the purpose of defining the partition function of the field theory on S,
it turns useful to work with the Cartan subgroup U(l)Zan € U(2nys)r of the flavor group.
Similarly, we will mostly work with an R-symmetry mixed with these Cartan generators.
We define m such that ny = n+m + 1. Then the Usp(2n)q electric theory has matter

content (i,j = 1...,n are gauge indices; r,u,v =1,... ,2ny are flavor indices)
T; M, w
UMW) UQ)E, U)r Mass

Q‘IjL i(Sij 5ur Au ixj + Hy (71)

MU’U O 5UT' + 5’[}7’ Au + AU ILLU + /’LU

Y 0 -1 —2n-=> (A, —1)|=> pr+2(m+ 1w
with

fy = My + Ayw . (7.2)

x; are the scalars in the dynamical gauge vector multiplet, M, are the scalars in the
background vector multiplets for the flavor symmetry, and w is the corresponding parameter
for the R-symmetry. In the last column we listed the complexifications of the real masses
of the various fields, which enter the partition function. The fields listed after the last
horizontal line are composite and will not appear in the partition function of the electric
theory. The meson M,, = Q- Q, = JZJQZQ% transforms in the 2-index antisymmetric
representation of SU(2ny) due to the contraction with the antisymmetric invariant tensor
Jij of Usp(2n). The monopole operator Y = [[;", Y; parametrizes the complex dimension
of the Coulomb branch which is not lifted by instanton corrections. It is given in terms of
the fundamental monopole operators Y; ~ e ® (the latter expression is valid in the weak
coupling region) associated to the simple coroots o) of the gauge Lie algebra.

Aharony conjectured that for ny > n + 1 the electric theory is dual to a magnetic
Usp(2m) gauge theory, with m = ny —n — 1, with 2n; fundamental flavors ¢ in the
antifundamental representation of the flavor group, no CS interactions, a gauge singlet

16See [8] for the analysis of the moduli space for any n;.
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M dual to the flavor antisymmetric meson, and a gauge singlet Y dual to the monopole
operator parametrising the Coulomb branch of the electric theory. Its matter content is

Yi M, w
[U(1):]| U)F, U)r Mass
qju :I:(%j —Our 1-A, :I:yj +w— iy (7.3)
Myy| 0 |Our + 0pr Ay + A, P+ fho
Y 0 -1 2n-=3 (A —D)|=>, ptr+2(m+ 1w
Yy 0 +1 —2m+> A, > b — 2mw

1y is the monopole operator of the magnetic theory, defined similarly to Y, not to be confused
with the scalars y; in the dynamical vector multiplet of the magnetic gauge group. Finally,
a superpotential

Winag = M,sq"-q¢°+Yy (7.4)

preserving all the symmetries trivializes the monopole operator y and the meson of magnetic
quarks in the chiral ring.

To test the conjectured duality, we introduce the partition function on Sg of a sym-
plectic gauge theory with fundamentals. We define the integrals [56]

S

n H r (Mr im])
=1 (2253: Ydzj ,
i hen r (ixj + 2) 1;[ Ip(225) J
(7.5)

with ¢t + s € 2Z. 2"n! is the order of the Weyl group of Usp(2n). Then the partition of
the Usp(2n); gauge theory with s fundamentals with mass parameters p, associated to the

Jn S =
(1) V—wiws" Q"n'/n

global symmetry group is
Z%sp(Qn),yC (lu’) = Jn,S,Qk(:U') ’ where pr = My + Ayw . (76)

t+s € 27 translates into the quantization of the CS level k+ 3 € Z which ensures invariance
of the partition function under large gauge transformations.'”
As pointed out in [14], the proof of the duality of [9] at the level of partition functions

is provided by the transformation identity Theorem 5.5.9 of [56], which we rewrite as

2ny

2n 2n
2ot oy 1) = Zitomyy (@ = 1) T (20m + 1w = 3" ) - H<2 Da(pr + ps) . (7.7)
= Srls<iIny

with m = ny —n —1 > 0. The Lh.s. is the partition function of the electric theory (7.1).
The r.h.s. is the partition function of the magnetic theory (7.3): the first piece accounts
for the Usp(2m) theory with 2ny = 2(n + m + 1) fundamentals, the second piece for the
singlet Y dual to the monopole, and the third piece for the antisymmetric mesons M.

"Note that a CS term at level k for Usp(2n) contributes exp(—2mik > =1 z?) = c(4k > =1 z3). The

extra factor of 2 compared to the U(n) case is due to normalization of the generators [14].
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7.2 Chern-Simons theories

Willett and Yaakov derived dualities for Usp(2n) Chern-Simons theories with fundamental
flavors, by means of real mass deformations of Aharony’s dual theories [14]. Here we repeat
their computation and supplement it with the global Chern-Simons couplings induced by

the massive fermions. The relevant identity that we will need is

s . n s+2|k
Usp(2n)x (,U,) - lim C4 g C( - 4nk(m0 - w)2) ZU:;(‘%I@)O (:U'a mo, ... 7m0) . (78)

mo—sign(k)oo
2[k|

In physical terms, we are giving infinite real mass (with same sign as k) to 2|k| € Z quarks
of the ultraviolet YM theory, thus producing CS interactions at level k for the IR gauge
theory. Applying this limit to both sides of Aharony’s duality (7.7), we find the identity

Sepemye (1) = Zispamy @ = 1) [ Talpa + py) ¢FEFCH=DIR=D
1<u<v<s

xc(—4nkw2—sign(k5 [Qm—i—l Z,ur] —|—2k2 r—w) 2 E(2lk|—1)w >,
:\ky+;—n—1zo, k#0. (7.9)

The sum inside the last term encodes the global CS terms due to the massive fields: massive
electric quarks (this contribution is moved from the Lh.s. to the r.h.s. ), Y, mesons M, ¢4q,
and mesons M, 44 respectively.

The identity (7.9) reflects the duality of [14] between the electric Usp(2n); theory
with s fundamentals @ (with k + 5 € Z),

‘ Mr w

U(l)’ UM)r,  U)r | Mass

Q ‘ :l:(glj ‘ Our A, ‘:E:Cj + [ (7.10)
Muv‘ 0 ‘6ur +6vr Au‘{‘AU‘ IU’U_F//JU

and vanishing superpotential, and the magnetic Usp(2m); theory with s fundamentals ¢
and singlets M, dual to the electric mesons,

Yi Mr w
‘ ‘[U(l)i] U1)r,  UM)r Mass (7.11)
@ | 045 —Our 1= Ay |y +w—
Muv 0 5u7’ + 5UT‘ Au + A'U l’Lu + /’[/U
with superpotential
Winag = Muwq" - q° (7.12)

when m = 5 + |kl —n —12> 0 and k # 0. Again p, is given by (7.2). In addition there
are relative global Chern-Simons terms that can be read from (7.9). For simplicity we list
them here only in the case of maximal global symmetry U(1)4 x SU(s) x U(1)r and for an
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R-symmetry mixed with A, giving R[Q] = A:

[
2 (7.13)
2

AkSU(S) — k .

Notice that when m < 0 supersymmetry is broken and the matrix integral vanishes.

8 Dualities for O(N,.) theories with vector matter

Seiberg-like dualities for Chern-Simons theories with orthogonal gauge groups and matter
in the vector representations have been recently conjectured by Kapustin [15]. The duality
states that the electric N' = 2 O(N.); CS theory with Ny flavors of vector matter @ in
the fundamental of the U(Ny) flavor group'®

[[O(N)[UNy) U()R
Q N. | Ny A

is dual to a magnetic O(N.)_j theory with Ny flavors of vector matter ¢ in the antifun-

(8.1)

damental of U(Ny) and a gauge singlet M in the two-index symmetric representation of
U(Ny) (dual to the meson of electric quarks)

O] UWy)  U)r
q| N Ny 1-A (8.2)
M| 1 |Np(Ny+1)/2 2A

and a superpotential
Wmag = My q" - q" (8'3)

when N, = Ny + k| +2 — N. > 0. The choice of O rather than SO gauge groups is
crucial for the match of global symmetries and moduli spaces of dual theories. In the
original paper it was checked numerically for several low rank dual pairs that the absolute
values of the electric and magnetic partition functions coincide. Another successful test by
means of the superconformal index between dual pairs was performed recently for some low
rank examples [58]. In this section we provide a proof that the partition functions of dual
theories on Sg’ match, once certain global CS terms are included, and extend the duality
to the IR fixed points of orthogonal Yang-Mills theories.

When writing the partition function we have to distinguish between N, even and odd,
due to the different Lie algebras. The partition function of a O(2n);, theory with Ny flavors
of vectors is

n Nf
Ny - 1 1 ‘ 9 A
Zony, (1) = g,y /KEM Py (s ) j];[lnlrh(imj + ) e(2ka?)dzy , (8.4)

'8 The Chern-Simons level k is an integer irrespective of Ny.
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where p, = M, + A,w, working again with the Cartan subalgebra of the global symmetry
group. The partition function of a O(2n + 1)}, theory with Ny flavors is

Ny
N 1 Ny 1 n leh(ixj‘{’/‘r) ,
Zo: = r = ka?)d; .
O(Qn“)k('u) 2mn! H h('ur)/ H Cp(Ezj £+ x1) Ty (£z5) o(2ha;)dz;
r=1 1<j<k<n j=1

(8.5)
By means of a trick analogous to that used in [59] for the superconformal indices of 4d
gauge theories, we can reduce the partition functions of the orthogonal gauge theories to
those of symplectic gauge theories with fundamental matter (7.6)—(7.5) (see also [60]). We
will exploit the identity [61]

o w1 w2
T(22) = Fh(z)Fh<z +° )rh <z +° )Fh(z tw). (8.6)
Defining
B w1 w2 . W1 w2
U_(O’Q’Q’w) V_(O’Q’Q) ®.7)
;) (W1 W2 ;) (W1 W2 ’
U_(Q’Q) V_(Q’Q’w)
and applying formulas (A.13) and (A.14), we get
4 3
Th(22) = [[Ta(z + Ua) Th(£22) = [[ Ta(£z + Vo) (8.8)
a=1 a=1
T(22) _ ﬁ Th(z+ V) T(£22) _ ﬁ Th(tz+U)  (89)
Th(z) — 27 M7 T e Tp(z) — 1A°0° ’ '
4 3 1
[[rnU.+ 1) =1 [[rn(Va+ Vo) = ) (8.10)
a<b a<b
3 2
[TV +v) =2 [[rw@.+Uh) =1. (8.11)
a<b a<b

We use these identities to rewrite the partition functions of the orthogonal theories in term
of those of the symplectic theories. If N. = 2n is even,

= {00, Nk 2t 8.12)
2z V), Np+ke2Z+1
and if N, =2n + 1 is odd
Ny Ny+2
v l:[ Th(pr) - ZUsfp(zn)k/Q('“’ U, Ny+ke2Z
2 ) = {5 o 8.1
TLTner) - Zugyiony, ), (V') Nyt k €22+1

The identities encoding Kapustin’s duality for partition functions on the squashed Sg’ then
follow from those for Willett-Yaakov’s duality (7.9).
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We start by considering k& = 0, corresponding to the IR fixed point of Yang-Mills
theory with Ny flavors of matter in the vector representation, and use the identity (7.7)
for Aharony’s duality of symplectic SQCD theories. The four cases with N, and Ny + k
even and odd boil down to the single formula

Ny
Nf o Nf _ ~ B
Zo(NC)O(M) = ZO(NC)O(W w) Iy, <Ncw E 1 ,ur> . 1_[<N Th(pr + ps) (8.14)
r= Sr<s<Ny

with N, = N¢+2— N, > 0. This identity suggests that the electric O(N.)o theory with
Ny flavors @ in the fundamental of U(Ny),

[O(N)][SUN) U()a U(D)r

o NN ) A (8.15)

is dual to a magnetic O(N.)o theory with Ny flavors ¢ in the antifundamental of U(Ny),
singlets M in the 2-index symmetric of U(Ny) dual to the electric mesons, and a singlet Y’
dual to a monopole operator of the electric theory with minimal magnetic flux,

[O(N))|  SUWy)  UMa U)g

qg| Ng¢ Ny -1 1-A (8.16)
M| 1 |Ng(Ng+1)/2 2 2A '
V| 1 1 —~N; N.— N;A
together with a superpotential
Winag = Mys ¢ ¢ +Yy (8.17)

coupling the singlet Y to a monopole operator of minimal magnetic flux in the magnetic
theory. Magnetic fluxes B (in the Cartan subalgebra of the Lie algebra of the gauge group
G) inserted by monopole operators are constrained by Dirac quantization exp(27iB) =
idq [62]. Let us introduce generators H; of the Cartan subalgebra: H; has vanishing entries
except for ( 9o 6) in the j-th diagonal 2 by 2 block. j runs from 1 to the rank r of the
group. The solution of the quantization condition for orthogonal groups is B = | ;m;H;
with integer mj.lg A monopole operator with minimal flux turns on a single m; with
magnitude 1: such a minimal monopole operator in the electric theory has the correct
quantum numbers to be dual to the singlet Y in (8.16); moreover the quantum numbers
of the minimal monopole operator ¥ in the magnetic theory allow the superpotential term
Yy in (8.17).

From the quantum numbers of the gauge invariants M,; and Y parametrizing the
moduli space that are listed in (8.16), we see that the effective superpotential on the
moduli space is, with a suitable normalization,

~ 1
Weg = N.(Y? det M) Ne (8.18)

YNote that the lattice of allowed magnetic fluxes for an orthogonal group is finer than the coroot lattice
of the associated Lie algebra [62], since orthogonal groups have nontrivial fundamental group. Monopole
operators with minimal flux do not lie in the coroot lattice.
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if Nc = Ny +2— N, > 1, namely Ny > N. — 1. As usual in Seiberg-like dualities, the
singularity at the origin is cured by the introduction of the dual gauge group. Adding a
superpotential mass term allows us to flow to theories with lower Ny. When Ny = N, — 1,
the magnetic gauge group is O(1) = Zg and the effective superpotential is regular, Weg =
Y2det M. If N ¢ = Nc — 2 the dual gauge group is trivial and the theory has a deformed
moduli space described by the constraint Y2det M = 1 (the strong coupling scale has been
set to unity). Finally there are no supersymmetric vacua if N, < 0, namely N < Ne—2.

The identities encoding the dualities of [15] for Chern-Simons theories then follow by
real mass deformations of the duality identity (8.14) for the Yang-Mills theories. The result
is

N N ! sign
Zo(ch)k(M) = ZO{NC),k(W — 1) H T (pt + o) ¢ 2 &R URDRTF2)
1<u<v<Ny
i Ny ) Ny i
><c< — Nekw? — signk[(Nc — 1w — ZMT] + kZ(ur —w)?+ 5 (|k| + 1)w2) )
r=1 r=1
Ne=Nj+|k|+2-N.>0, k#0, (8.19)

which agrees with Kapustin’s conjecture and provides the relative global CS terms

1 1 1 i
Akrr = 4k(_2Nc + |k +1) + 2k:Nf(A —1)% - ) sign(k)(Ne — 1 — NyA)?

1. -
Akra =, sign(k)Ny [(Ikl — Np)A+ N, —1— k|

1 (8.20)
Akaa = 5 sign(k)N¢(|k| — Ny)

k

Aksung) = o -

We close this section remarking that, equipped with the global CS terms for the Usp
and O dualities, one can check at the level of partition functions the dualities for A" =5
Usp(2Nysp)i X O(No)—ak, theories put forward in [11] on the ground of a brane construc-
tion. The partition functions of dual theories match, up to a phase due to powers of ¢ and
RR global CS terms, as in the case of unitary ABJ dualities [13].

9 Conclusions

In this paper we studied Seiberg-like dualities between N = 2 gauge theories in three
dimensions. We proposed new such dualities for U(n) Yang-Mills and Chern-Simons theo-
ries with fundamental and antifundamental matter in complex representation of the gauge
group (often referred to as “chiral”, with an abuse of terminology). All these dualities
follows from the one of Aharony [9]. We were careful to keep track of various relative
Chern-Simons levels for the global symmetry group and we stressed that they are crucial
to the duality map. We also sketched an application of our results to Seiberg dualities for

Chern-Simons quivers.
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Similarly, we specified which global Chern-Simons terms should be included in previ-
ously known dualities for Chern-Simons-matter theories with symplectic [14] and orthogo-
nal [15] gauge groups. We also proposed an Aharony-like duality for O(n) gauge theories
with Yang-Mills kinetic term.

We have checked that all these dualities hold at the level of the partition function. The
corresponding identities for the localized partition functions on S,‘:’ follow from beautiful
recent mathematical results [56], which we checked and explained in physical terms.

There are several obvious roads to travel from here. First, it would be interesting to
further check our proposals and investigate the structure of the quantum chiral ring of these
theories more in depth. An important tool for that is the superconformal index [63, 64]:
it would be nice to check that it matches between dual theories. In particular the global
Chern-Simons terms will be important when dealing with the generalized superconformal
index recently proposed in [65].

Secondly, we have left one untied knot in our characterization of the Chern-Simons
levels for the R-symmetry background gauge field. To clarify the origin of the dependence
of the Lagrangi)an on w, we should work in supergravity with an off-shell SUGRA multiplet

to preserve supersymmetry on S;j’. This program allowed [27] to explain why w enters like

containing ALR , and see which background supergravity fields should be turned on in order
in (5.2) in the case of the round sphere (w = 7). One should perform the same kind
of analysis for the squashed S® and also explain how the N' = 2 completion of the CS
interaction AU A dAM) Jeads to the term krpw? in the field theory Lagrangian on Sg.
Lastly, the dualities studied here can be used as building blocks for Seiberg-like dualities
in more complicated theories, such as the quiver theories which describe M2-branes at
Calabi-Yau fourfold singularities. This certainly deserves further investigation [66].
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A The S} partition function and I'y(z)

Let us consider an N’ = 2 matter multiplet ® of R-charge A and charges ¢, under various
Abelian groups U(1), (which could be part of the gauge group or the flavor group, in the
overall theory). The scalar component ¢ couples to real scalars m, in vector multiplets
(including background ones for global symmetries) through

V =m?|¢|?, m= Z GaMa (A.1)
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When we consider the partition function on S, ® gives a contribution [53-55]

o0

Z§’3=H<n+1+im_A>n. (A2)

ol n—1—im+A

It can be generalized to the partition function for a U(1) x U(1) isometrically squashed
3-sphere (or hyperellipsoid) Sj [21]:

0 ﬁ (n1+ )b+ (ng + Db~ +im — 07 A

s~ -1 _ b+b1
b —
1m0 n1b + nab im+ """ A

, (A.3)

with b the squashing parameter (b = 1 is the round sphere). As they stand, these infinite
products are divergent. There is a very natural regularization of (A.3) in term of the
hyperbolic gamma function introduced by Ruijsenaars [67], or equivalently the inverse of
the double sine function of Koyama and Kurokawa [61]. We will follow the notation of van
de Bult [56], and recall the relation between these various functions in (A.10).

First we introduce the double gamma function I'y, defined as the analytic continuation

s=0> . (A.4)

of
[a(z; w1, wa) = exp <3s< Z (n1w1 + nows + Z)_S)

n1,n2>0

Then the hyperbolic gamma function is defined as

Ty (25 w1, wo)
. _ A5
n(z3wi,ws) Ta(wy +wy — z3wi,ws) e

which formally gives

(n1 4+ 1wy + (ng 4+ 1wy — 2
nwy + nawa + 2 .

Th(ziwn,we) =[]

n1,n2>0

(A.6)

Comparing with (A.3), we see that
Zg)g(z) = I'p(z;wi,w2), with wy=ib, wy=1ib', z=m+wA, (A.7)
b

where we have defined
w1 + wo

2
Physically, for the squashed Sg’ the parameter w is purely imaginary with |w| > 1, while

w

(A.8)

w =i for the round S3. The presentation (A.6) makes it clear that I',(z) has poles at
Zpole = —N1W1 — Noaw2 , ni,ng € >, (A.9)

and zeros at z = mjw; + mowy for my,my € Z>;. Poles and zeros are simple unless
w1/we € Q. In the physical limit (A.7) the poles and zeros fall on the imaginary axis.

Van de Bult’s hyperbolic gamma function I'y(z;wi,w9) is related to Ruijsenaars’ hy-
perbolic gamma function G(ay,a_;z) [67] and to the double sine function Sa(z;a1,a2)
of [61] as follows:

Ty (2 w1, w2) = G(—iwy, —iw; 2 — w) = Sy H(—iz; —iwy, —iws). (A.10)
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The hyperbolic gamma function also has the following integral representation [56]:

T (2501, 5) = oxp (Z/Ooo <z—w sin(2z(z — w)) ) dm) | (A1)

wiwor  2sin(wiz) sin(woz) ) x

for z such that 0 < Im (2) < Im (w; + wa). It satisfies the difference equations

I'p(z 4+ wi) = 2sin (ﬂz>Fh(z) ,
w2 A.12)
r —25in (" \Tw(2) “
n(z + wg) = 2sin (w1> n(z),
the reflection formula
Fn(z)p(w) +we —2) =1, (A.13)

and takes the values

Th(w) =1, rh(“;) :Fh(“’?) - \}2 , Fh(w+ “;1) :Fh<w+ “;2) — 2

Do) = \/ YU () = ¢ > (A.14)

w2

We also use the identity [61]
I'n(22) :Fh(z)Fh<z+ u;)f’h(z—i— u;Z)I’h(z—i—w) . (A.15)

In this paper we always write the partition function Z;D?, as I'y, suppressing the peri-
b

odicities in (A.7) from the notation:
Zgg(z) =Tp(2) with 2z =m+ wA. (A.16)
Finally we use van de Bult’s shorthand notation
Inlatz)=Tpa+x)h(a—2), (A.17)

so that (A.13) and (A.14) imply

ey =~ (T s (7). .

The last identity allows us to express the contribution of vector multiplets to the Sg’ par-
tition function [21] in terms of hyperbolic gamma functions as well.

A.l Zg’3 in term of Jafferis’ function

In the case of the round S3, w; = wo = i, we have the identity [54, 67]

;{ InTy(i(1 — 2);4,9) = —mZ cot (nZ) . (A.19)
z

Introducing the complex parameter Z =1 — A +im = 1 + iz, and defining the function

1(3) = Ty (i(1 — 2);4,4) (A.20)
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one can integrate (A.19) to find

2

1 - - . .
if Imz<O0: l(g) — ,Lig(e_sz) _ Zln(l - 6_27”2) _mz s ,
2mi 2 12 (A.21)
1 iz s mE '
if Imz>0: 13) = — © Lio(e2™2) _ 3In(1 — £2mi% B .
i mz > (2) o ig(e*™*) — Z1In( e¥miE) 4 ) s

This function [(Z) was introduced by Jafferis in [54], although it appeared before in the
mathematical literature [61, 67]. We have

Z8(2) = Th(z1izd) = e 042) (A.22)
which is perhaps the most useful expression for explicit numerical computations.

A.2 Complex masses and integrating out
Consider two chiral superfields ® and ® which are in conjugate representation of the gauge
and flavor groups. They contribute
Lh(m 4+ wA) Ty (—m + wA) (A.23)
to the integrand of the partition function. Now consider adding a superpotential term
W = pdd. (A.24)
This gives a constraint A + A = 2 on the R-charges, and
Tp(m+wA)Th(—m — wA +2w) =1, (A.25)

because of (A.13). Hence any pair of fields with a complex mass term is integrated for free
in the localized partition function.
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