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The range of topics covered in this thesis reflects the extent to which the tree of
Asymptotic Safety research has branched out in recent years. The thesis consists
of two parts, one dealing with pure particle models and one adding gravity to the
mix. Having roots in a 1996 paper by Reuter, Asymptotic Safety was for a long time
thought of as “only” a promising approach to quantum gravity. In 2014 an important new branch was grafted to the tree when Litim and Sannino discovered first
examples of asymptotically safe quantum field theories structurally similar to the
Standard Model. In the first part of the thesis we work in perturbation theory and
with instanton calculus to extend the work of Litim and Sannino. The extension goes
in two directions. A more formal one studies the instanton effects in their model.
The other, more pragmatic one, seeks asymptotically safe minimal extensions of the
Standard Model. Despite being historically first, asymptotic safety in quantum gravity context is studied after pure particle models here. The reasons are that quantum
gravity is a logical extension of “beyond the Standard Model” particle physics, and
that it relies heavily on the less-known functional renormalization group. We will
show that a generic matter-gravity fixed point of the renormalization group flow always contains gravity-induced non-minimal matter-gravity interactions. This computation will also demonstrate the practical necessity of dealing with background
independence in Asymptotic Safety, which is the final topic that we address.
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List of Abbreviations
BFA

background field approximation

BFM

background field method

BSM

beyond Standard Model (referring to UV completions of SM)

CORE

conformally reduced (gravity model)

EAA

effective average action

EFT

effective field theory

ERGE

exact renormalization group equation

FRG

functional renormalization group

GR

General (Theory of) Relativity

IR

infrared

LHS

left hand side

LO

leading order

msWI

modified split Ward identities

msWWI

modified split-Weyl Ward identities

NLO

next-to-leading order (analogously for NNLO)

QFT

quantum field theory

RG

renormalization group

RHS

right hand side

SM

Standard Model (i.e. Glashow-Salam-Weinberg model)

s.t.

such that

UV

ultraviolet

VEV

vacuum expectation value

wrt

with respect to

R

stands for 4d integral

x
F2

i F µν
≡ Fµν
i
i G µν
G2 ≡ Gµν
i
d
dt

R

d4 x in either Lorentzian or Euclidean spacetime

trace of square of SU ( N ) stress-energy tensor F = dA + A ∧ A
trace of square of SU ( N ) stress-energy tensor G = dA + gA ∧ A
Derivative wrt logarithm of the RG scale (“RG time”). Also denoted by a dot.
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Chapter 1

Introduction
Asymptotic Safety
The central idea and a leitmotif of this thesis is a property of some quantum field theories (QFTs) called “asymptotic safety”. A QFT is “asymptotically safe” if it is complete in the Wilsonian sense, meaning that its renormalization group flow reaches
an ultraviolet fixed point. The more familiar notion of asymptotic freedom corresponds to one possible realization of the asymptotic safety, namely one in which
a non-interacting fixed point is reached. The notion of interacting fixed points,
or conformal field theories, is well known both in statistical physics (for example
Wilson-Fisher fixed point) and in high energy particle physics (for example BanksZaks fixed point). The main novel ingredient that the asymptotic safety introduces
is the idea that the interacting fixed point is reached in the high energy or ultraviolet
(UV) regime, and not in the low energy or infrared (IR) regime.
With the advent of String Theory, and to a lesser extent other quantum gravity
theories such as Loop Quantum Gravity, it has become a rather common opinion
that fundamental physics may not be described within a QFT formalism1 . This line
of reasoning often argues that some kind of fundamental non-locality is necessary to
tame the UV divergences in fundamental physical theories. Such non-locality is then
presumed to be achieved by adopting extended fundamental degrees of freedom, as
opposed to “pointlike” quantum fields. The fact that the QCD is perfectly well defined at all energy scales is usually disregarded; possibly because it is fundamental
on its own, but it has to be interpreted as an EFT when included in the full Standard
Model.
The asymptotic Safety program may be defined as a research program that is
trying to formulate fundamental particle physics, including gravity, as an asymptotically safe quantum field theory. The main conjecture or premise of the Asymptotic
Safety program is that the Standard Model2 coupled to gravity reaches a UV fixed
point and in this way avoids the Landau poles. Consequently, it is usually presumed
1 The

sentiment changed with the development of AdS/CFT, but this discussion is complex and
beyond our scope.
2 Appropriately extended to take care of matter-antimatter asymmetry, bariogenesys, neutrino
masses, dark matter, etc.
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that quantum fields may be considered fundamental degrees of freedom and “more
fundamental” degrees of freedom are usually not invoked3 .
Until a couple of years ago the research within the Asymptotic Safety program
was strongly focused on the problem of quantum gravity. The reason for this was
that there were no known particle physics models at the time which featured interacting UV fixed points. This all changed in 2014 with a paper by Litim and Sannino in which they introduced for the first time an asymptotically safe gauge theory
which we will refer to as LISA in this thesis. LISA has an advantage over the rest
of the Asymptotic Safety program which is that the fixed point found in this model
is rigorously established. This level of confidence is achieved because LISA is formulated in the controllable Veneziano limit of the standard perturbation theory. It
has therefore set up a paradigm for many subsequent high energy theory and phenomenology developments. The first part of this thesis will therefore be centered on
this new, pure-matter approach to the notion of asymptotic safety. We will make use
of standard tools, s.a. perturbation theory and instanton calculus, to try to pave the
way for future "beyond Standard Model" (BSM) phenomenology and model building within the asymptotic safety paradigm.
The second part of the thesis will focus on the inclusion of gravity in the asymptotic safety paradigm. Here we will be dealing with pure gravity, but also with some
steps towards building a unified view of high energy physics by putting matter and
gravity into one consistent formalism. Both main sections in this chapter are dealing
with some of the open questions in contemporary Asymptotic Safety research. An
important difference with respect to the first part of the thesis is the fact that once
one includes gravity in this formulation, one has to leave perturbation theory behind. In fact, both main sections of the second part of the thesis rely heavily on a
non-perturbative technique known as the functional renormalization group (FRG).
Since this set of techniques is not familiar to a wide range of particle physicists we
will dedicate a whole section to introducing the FRG in detail.
Organization of the Thesis
This thesis is structured around four research papers [1]–[4] which are, on first sight,
studying somewhat disjoint topics. The sections in chapter 2 are based around research papers exploring instanton effects in LISA and studying some possible Standard Model extensions within the asymptotic safety paradigm. The research papers
at the center of chapter 3 are exploring the implications of gravity-matter interactions
for the existence of a combined UV fixed point and potential solutions of Ward identities related to background independence in quantum gravity. While the main underlying idea connecting all these sections is the asymptotic safety conjecture there
are deeper connections with practical consequences as we now explain.
3 It is clear that asymptotic safety is a property of the renormalization group flow, and as such it is
compatible with other degrees of freedom besides quantum fields. (e.g. lattice, tensor models, etc.)
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We begin in section 2.1 with a review of the Litim-Sannino model. In section
2.2 we show that instantons are infrared objects in LISA, just as they are in QCD.
In particular, we study mass-deformed LISA because it runs to (large Nc ) pure YM
theory in the IR instead of running to a Gaussian fixed point like massless LISA. Our
computations show that the vacuum of the theory is well described by the standard
instanton fluid model and whereas the expectation value of the instanton scale is
lower than common fermion mass, the coupling value at instanton scale is very perturbative due to matching conditions to LISA. First implication of this statement is
that mass-deformed LISA is a very good framework for studying instanton physics
because it allows for unusually good perturbative control. Second implication is
that, since instantons are IR objects, the fixed point originally found in standard perturbation theory is stable under the inclusion of instanton effects.
Having established with confidence that asymptotic safety may be realized in a
complex gauge theory structurally similar to Standard Model and consisting of all
known kinds of matter (to wit scalars, vectors and spinors), we proceed in section
2.3 to relax the assumptions made in LISA. To be as conservative and as simple as
possible we have decided to work with well-known beta functions for the Standard
Model augmented by a minimalistic BSM sector. The BSM sector is modeled on LISA
and it consists of a new family of vectorlike fermions minimally coupled to the Standard Model and a set of non-gauged scalars required to write Yukawa interactions
between the BSM fermions. A subset of these models is also interesting because
it contains a dark matter candidate. Some of the lessons of this section are that the
physical fixed points may not appear in the regime of validity of perturbation theory
and that the hypercharge may be a source of problem for successful model building
within the asymptotic safety scenario.
Both of these lessons are relevant for the second part of the thesis, contained in
chapter 3. First of all, there is a recent finding that gravity may have beneficial effects on the renormalization group flow of the hypercharge. We do not pretend that
this is the only, or even the most important reason for quantizing gravity, but consider it a small example of how lack of a good quantum theory of gravity is still a
pressing issue in fundamental particle physics. If we study the RG flow of Newton’s
constant in perturbation theory we find that it grows with energy scale and extrapolation suggests that it becomes non-perturbative. This reinforces the point made by
the second lesson above. It is not improbable that the physical fixed point lies just
outside the scope of the standard perturbation theory. We should, therefore, include
non-perturbative techniques in our toolkit. Section 3.1 describes a technique, called
functional renormalization group (FRG), which is particularly suitable for studying
such problems. In fact, FRG is an analytic non-perturbative technique which is perfectly suited for analysis of the semi-perturbative fixed points of the sort that we
often find in section 2.3. FRG is introduced in chapter 3 primarily for the purposes
of studying pure-gravity and matter-gravity interactions in the high-energy regime.
In section 3.2 we describe a common gravity-matter fixed point in a particular
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truncation of the FRG and we show that a general structure of such fixed points
is one at which both matter and gravity are interacting. In particular, it is clear
from this analysis that the question of background independence is an important
one even for practical computations in quantum gravity, and this question is then
further addressed in section 3.3.
We hope it is evident from this brief overview that the current Asymptotic Safety
research has branched out in many different directions and that they are all different
facets of the same underlying idea - that fundamental particle physics (including
gravity) may be described by a consistent quantum field theory. This thesis accepts
the multifaceted state of the body of research on Asymptotic Safety and it tries to
bring together a number of topics which may be superficially considered disjoint
but which at the same time share deep connections.
List of Publications
The work presented in this thesis is based on the following publications:
• C. M. Nieto, R. Percacci, V. Skrinjar, “Split Weyl Transformations in Quantum
Gravity”, Phys. Rev., vol. D96, no. 10, p. 106 019, 2017., arXiv: 1708.09760[grqc]

• A. Eichhorn, S. Lippoldt, V. Skrinjar, “Nonminimal Hints for Asymptotic Safety”,
Phys. Rev., vol. D97, no. 2, p. 026 002, 2018., arXiv: 1710.03005[hep-th]

• F. Sannino, V. Skrinjar, “Safe and Free Instantons”, arXiv: 1802.10372[hep-th]

• D. Barducci, M. Fabbrichesi, C. M. Nieto, R. Percacci, V. Skrinjar,“In search of
a UV completion of the standard model - 378.000 models that don’t work ”,
arXiv:1807.05584[hep-ph]
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Chapter 2

Asymptotic Safety in Particle
Physics
We have mentioned in the Introduction that asymptotic safety is a concept intimately
related to the notion of asymptotic freedom [5], [6] and that one could think of
asymptotic freedom as one particular realization of asymptotic safety. An asymptotically safe quantum field theory (QFT) is a QFT that reaches a fixed point of the
renormalization group (RG) flow in the deep UV. Such a theory is fundamental according to Wilson [7], [8] because it is well defined at all energy scales, even as the
energy of the processes is taken to infinity. The reason for this is that, by definition,
the couplings in the action go to finite, "fixed point" values in the deep UV. This is
precisely the kind of behavior that one finds in QCD. In particular, the gauge coupling in QCD vanishes logarithmically as energies are taken to infinity (provided the
theory does not contain too many fermions). All observables in QCD are thus well
defined and the theory does not suffer from a Landau pole. The notion of asymptotic safety is a simple generalization of this idea, and it merely assumes that the
fixed point that one reaches in the deep UV is not a Gaussian (non-interacting) one,
but a fully interacting quantum field theory with non-trivial interactions at all scales.
Surprisingly enough, the concept of asymptotic safety first appeared in high energy physics in the context of UV completions of Einstein’s gravity [9], the idea being
that Newton’s coupling (and possibly the comoslogical constant) flow to finite values in the deep UV. Such behavior would allow gravity to be quantized as a quantum field theory. Quantization of gravity and its interactions with matter along these
lines will be discussed in much more detail in Chapter 3. The focus of this chapter is
on the scope of the asymptotic safety paradigm for building phenomenologically viable UV completions of the Standard Model. We will begin by introducing a model,
dubbed LISA, which introduced the paradigm to the particle physics community in
2014.
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2.1

Introduction

LISA
In a 2014 paper [10] Litim and Sannino introduced a gauge theory that they showed
to be asymptotically safe. The Lagrangian of the theory consists of an SU ( Nc ) gauge
field coupled to N f vector-like fermions and a (non-gauged) scalar field. All three
kinds of fields are shown to be required for the existence of a UV fixed point. The
reasoning goes as follows. One loop beta function of the gauge coupling in QCD
with Nc colors and N f vectorlike fermions takes form,
β g = − Bα2g ,

(2.1)

where α g is related to the gauge coupling g by,
αg =

g2 Nc
.
(4π )2

(2.2)

The model is asymptotically free provided the one loop coefficient, B, is positive.
If B is negative then the theory has a Gaussian fixed point in the IR, and the coupling
grows without bound in the UV. Let us now consider the two loop beta function β g .
It takes form
β g = − Bα2g + Cα3g .

(2.3)

The right hand side of the two loop beta function clearly vanishes for
α∗g = B/C ,

(2.4)

in addition to the Gaussian FP at α g = 0. If B > 0 and C > 0 the non-Gaussian fixed
point α∗g of the RG flow is reached in the IR and is known as the Banks-Zaks fixed
point. It describes a theory which is asymptotically free in the UV, but which flows
to an interacting conformal field theory in the IR. The domain of parameters N f and
Nc for which this dynamics exists is known as QCD conformal window. For N f and
Nc such that
e = N f /Nc − 11/2

(2.5)

satisfies |e| << 1 and sign(e) = −1 the boundary of the conformal window can be
rigorously established because
B = −4e/3 & C = 25 + 26e/23,

(2.6)

so the fixed point is completely perturbative, α∗g << 1. The non-Gaussian fixed
point α∗g = B/C would be a UV fixed point if there was a way to flip the sign of
both B and C coefficients. The sign of B may be changed by requiring e to have a
positive sign, which is achievable by taking N f sufficiently larger than Nc so as to
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barely break asymptotic freedom. The problem comes from C whose sign cannot be
changed in QCD alone.
Litim and Sannino have shown in [10] that one can effectively change the sign
of C by coupling the theory to scalars. In fact, Yukawa couplings enter the two
loop beta function for the gauge field with opposite sign of the cubic term which
is precisely the kind of contribution needed to effectively render C negative. The
system at this next-to-leading order (NLO) is described by the two loop gauge beta
function, and one loop Yukawa beta function which take the following form [10],

βg
βy




4
26
11
2
=
e + (25 + e)α g − 2( + e) αy ,
3
3
2


= αy (13 + 2e)αy − 6α g ,
α2g

(2.7)
(2.8)

where
αy = y2 Nc /(4π )2 .

(2.9)

Besides the Gaussian fixed point this model also admits a non-Gaussian (i.e. interacting) UV fixed point at,

(α∗g , α∗y ) = (

26 12
e, e),
57 57

(2.10)

to order O(e2 ). This is the central result of the Litim-Sannino paper.
This result shows that one could imagine a UV completion of the Standard Model
to be a non-trivial quantum field theory based on scalars, spinors and gauge fields.
It is a counter-example to two widely held beliefs which we already mentioned in
1: 1) the UV completion of the Standard Model requires new degrees of freedom
beyond quantum fields, e.g. strings; and 2) the QFTs which are sufficiently complex
to be phenomenologically relevant always fall into the category of EFTs.
Schemes
Let us discuss the nomenclature and the motivation for the perturbation theory ordering in (2.7)-(2.8). Leading order (LO) was defined as having one-loop gauge
beta function, and no Yukawa or scalar beta functions ("zero-loop"). We call this
1-0-0 scheme, where the nomenclature is s.t. the n-l-m scheme would consist of nloop gauge, l-loop Yukawa, and m-loop scalar beta functions. Next-to-leading order
(NLO) corresponds to the 2-1-0 scheme which refers to using two-loop gauge running, one-loop Yukawa running, and ignoring the running of the scalar couplings.
This scheme will be used in both of the following sections, 2.2 and 2.3. Finally, [10]
contains a check of the stability of the UV fixed point in the NNLO or 3-2-1 scheme
(with naming convention being clear by now). In fact, they find a UV fixed point in
the space of gauge, Yukawa and two scalar self-coupling operators. Its location in
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the gauge-Yukawa subsector is a small perturbation of the NLO result. We will be
using this scheme in section 2.3 only.
The reason for working in these schemes, instead of doing naive perturbation
theory ordering where all beta functions are taken to the same order is discussed
in detail in [10] in the context of LISA, and in [11] in the context of the Standard
Model. The core of the argument is that conformal symmetry of the bare action
implies so-called Weyl consistency conditions for the quantum theory which relate
the coefficients of the beta function at different loop orders [12]–[15]. The schemes
proposed in [10], [11], which we also use here, are explicitly constructed to respect
the Weyl consistency conditions (and in this sense also the conformal symmetry).
For the sake of completeness we mention that the Weyl consistency conditions
read,
∂β j
∂βi
=
,
∂gi
∂g j

(2.11)

where { gi } is the set of all couplings in the theory, β i = dgi /dlogµ is the beta function of gi , and most importantly βi = χij β j . χ can be thought of as a metric in the
coupling space. Its definition comes from a result describing the relation between
the derivative of the a-function w.r.t. the couplings and the beta function of the couplings, and in two dimensions it is directly related to the Zamolodchikov metric. The
reason why Weyl consistency conditions relate coefficients at different perturbationtheory orders of the beta function is that χ depends on the couplings.
We do not discuss this matter any further in this thesis and refer the reader to the
aforementioned references for more details on the topic. In particular the reference
[16] contains the explicit form of χ valid for LISA; see also [17].
In the following section we study the role of instantons in LISA. Some of the main
motivations for doing so are to check that instantons do not affect the existence of
the fixed point and to describe the vacuum structure of LISA. We begin with a quick
review of mean field theory approach to instantons in QCD.

2.2

Controllable Instantons

Before discussing the role of instantons in LISA, we start by briefly reviewing the
salient points about the instanton calculus for pure Yang Mills (YM) and QCD. Following this introduction we will study mass-deformed LISA in Diakonov and Petrov’s
famous mean field theory approach to instanton fluid description of the QCD vacuum to determine the density of instantons per unit volume as function of the fermion
mass. This quantity is of fundamental importance due to its direct relation with nuclear physics observables. This section is based on [1] which extended the instanton
calculus to asymptotically safe theories for the first time.

2.2. Controllable Instantons

2.2.1

9

Instanton calculus review

Steepest Descent Method
In quantum field theory (QFT) one aims at computing the partition function,
Z [J ] =

Z

D φ eiS[φ;λ]+J φ ,

(2.12)

where S[φ; λ] is the sum of a classical action, a gauge-fixing action and a ghost action, depending on the fields φ and the couplings λ, and J is a source for φ. If the
action is non-integrable one usually attempts to solve the problem through perturbation theory which amounts to expanding the action in powers of small coupling
constants λ. Solutions of the classical theory corresponding to S[φ; λ] are specific
classical field configurations φ̄. Since the first variation of the action vanishes on
these configurations they represent stationary points, or extrema, of the action. The
integrand on the right hand side (RHS) of (2.12) is clearly an oscillating function, and
thus one may attempt to evaluate the integral by performing an expansion around
the classical solution φ̄. Symbolically, we have
Z [J ] =

Z

1

D φ ei[S[φ̄]+ 2 φS

(2) [ φ̄ ] φ +O( φ3 )

]+J φ .

(2.13)

This is the core of the steepest descent method for approximating the value of
complex integrals. The vacuum solution is defined as the classical configuration that
minimizes the energy functional - the Hamiltonian. In the case of (comparatively)
simple QFTs there is just one vacuum state and thus there is but a single field configuration φ̄ around which one should expand the partition function. This is precisely
the situation described by equation (2.13).
For Yang-Mills (YM) theories, often coupled to scalars or fermions, and occasionally coupled to gravity, the vacuum structure is more complicated and if one
would naively apply the above prescription several important phenomena would
be unaccounted for, such as a deeper understanding of chiral symmetry breaking,
the generation of the eta prime mass in QCD, etc.
Let us therefore briefly review the correct approach applicable to a generic QFT [18]–
[22]. We begin by Euclideanizing the QFT by performing the Wick rotation. The
Wick rotation is a complicated and deep subject, but for our purposes it simply reduces to “rotating” the time coordinate:

t → τ = −it. Despite its conceptual

simplicity in absence of gravity, there are still some technicalities to which one has
to pay attention, such as treating gauge fields and fermions with care during the
Euclideanization. The Euclidean action SE is a functional of Euclidean fields φE ( x )
living on a 4D Euclidean space described by coordinates x = ( x1 , x2 , x3 , τ ). When
solving the equations of motion one has to set up boundary conditions for | x | → ∞
such that the action remains finite. Usually our conditions require φ → const for

| x | → ∞. If the potential has only one extremum there is going to be a single vacuum solution (constant field configuration in all of the space) and therefore the naive
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perturbation theory described by (2.13) is valid. If, however, the potential has more
than one degenerate vacuum, then there exist classical solutions interpolating between these Euclidean vacuua. These finite-action topologically-stable solutions to
classical Euclidean equations of motion are called instantons or pseudoparticles [23],
[24]. Instantons are topologically stable since going from one such field configuration to another would require bridging an infinite action barrier.
The correct application of the steepest descent method to the Euclideanized version of (2.13) involves a summation over all the instanton configurations. Even
though one does not find instantons as classical solutions to Lorentzian equations of
motion, it is clear that the Lorentzian partition function can be obtained by Wick rotating the Euclidean partition function, and thus instantons have to be incorporated
in the Lorentzian computation. Being interpreted as fields that interpolate between
different vacuua, instantons are crucial for understanding a rich vacuum structure
in YM theories.
From SU (2) to SU ( N )
The SU (2) color group plays a special role in instanton physics since SU ( N ) instantons can be obtained from the SU (2) instantons [18], [25]. Consider a Euclidean YM
action,
S[ A] =

1
4

Z

µν

x

Ga ( A) Gaµν ( A)

(2.14)

where Aµa is the gauge field associated with the SU (2) group. To “find” instantons
we look for gauge configurations for which the action is bounded, but rather than
asking for Aµa ( x ) to decay faster than 1/x for | x | → ∞, we require it to become pure
gauge,
| x |→∞

Aµ −−−→ iS∂µ S† ,

(2.15)

where S are SU (2) matrices (not to be confused with the action) that depend on angles only. SU (2) instantons are related to maps from SU (2) to itself. Such maps
are classified by the third homotopy group and they fall into topologically distinct
classes. In the case of SU (2) these are labelled by integer numbers, and members
from different classes cannot be continuously mapped into each other 1 . Continuous
gauge transformations that are defined on all of R4 necessarily have winding number zero at infinity. Such transformations preserve the topological invariant of the
instanton.
The integers labelling distinct topological classes of instantons can be thought of
as topological charges. Furthermore, for a given instanton configuration the topological charge is given by,
1 One can think of a class label as a winding number saying how many times a map winds around
the target sphere.
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n=

g2
32π 2

Z

n∈Z

µν

x

Ga G̃aµν ,

(2.16)

where g is the gauge coupling. One can complete the square in the action as follows
(suppressing indices),
S=

1
4

Z
x

GG =

Z
x

1
1
8π 2 1
G G̃ + ( G − G̃ )2 = n 2 +
4
8
g
8

Z
x

( G − G̃ )2

(2.17)

The value of the action for the instanton of topological charge n thus equals:
S|n-instanton = n

8π 2
.
g2

(2.18)

This value is achieved when the field satisfies the self-duality condition, G = G̃.
Whereas the equation (2.18) holds true for positive n, negative values of n can be
obtained via a parity transformation. Then G G̃ → − G G̃ and, following the same
2

argument as above, the action reaches the minimum value of |n| 8π
for the field
g2
configuration which is anti self-dual, G = − G̃. Such a field configuration is called
an anti-instanton.
Using Bianchi identities, one can show that the field satisfying the (anti-)selfduality condition is on-shell, i.e. it automatically satisfies the equations of motion.
Computing the value of the action on an instanton configuration constitutes the first
important result of the instanton calculus. Starting from the asymptotics (2.15) and
assuming the same directional dependence of the solution in all spacetime points
one can write an ansatz for the instanton. Requiring absence of singularities at the
origin of space and self-duality of the solution suffices to uniquely fix the instanton
up to collective coordinates [18]. The result is the famous BPST instanton (SU (2)
instanton with charge n=1) [23],
Aµa =

2
( x − x0 ) ν
ηaµν
.
g
( x − x0 )2 + ρ2

(2.19)

The BPST instanton takes the above explicit form in the so-called regular gauge. The
parameter ρ, known as the instanton size, is one of the instanton collective coordinates, the remaining ones being the instanton location x0 , and the orientation in color
space. Finally, the symbols mixing the Lorentz and color indices, ηaµν , are known as
’t Hooft symbols [24].
The generalisation to simple Lie algebras is obtained directly from the SU (2)
BPST instanton exploiting the fact that any SU ( N ) group contains SU (2) subgroups.
To deduce the SU ( N ) instantons one simply embeds the BPST solution (2.19) into
SU ( N ). The choice of embedding is free, with the most common choice being the
so-called minimal embedding. It consists in taking the SU ( N ) generators in the fundamental group, and taking the first three generators T 1 , ..., T 3 to be block-diagonal
with SU (2) generators embedded in the upper-left corner. The SU ( N ) BPST instanton is obtained by contracting the first three generators T a , a = 1, 2, 3 with the
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BPST solution (2.19). One can analogously obtain SU ( N ) instantons with charge
n 6= 1 from other SU (2) solutions. This simple prescription works because the third
homotopy group of SU ( N ) is Z for all N, and with the minimal embedding each
equivalence class of SU ( N ) solutions contains a representative SU (2) instanton.
Instanton Ensembles
Our next goal is to construct a partition function for an instanton ensemble. The
reason for this is that instanton ensembles play an important role in determining
the structure of the QCD vacuum. As a first step we review and discuss some oneinstanton partition functions. We begin with the famous result for the one-instanton
partition function which was given by ’t Hooft in 1976 [24].
The vacuum-to-vacuum transition amplitude in presence of a single instanton is
given by the following one-loop instanton calculus result for an SU ( Nc ) pure YangMills theory [24], [26],
4 exp (−α(1) − 2( Nc − 2)α(1/2))
×
π2
( Nc − 1)!( Nc − 2)!
 2 2Nc


Z
8π 2
4
−5 4π
×
d xdρρ
exp − 2
g02
g1L
 2 2Nc


Z
8π 2
4
−5 8π
≡ Cc d xdρρ
exp − 2
g02
g1L

W (1) =

(2.20)
(2.21)

The expressions on the right hand side follow from a leading order expansion
around the BPST instanton followed by the computation of one-loop determinants
(normalized to the perturbation theory vacuum). Besides integrating over the eigenvalues of the Laplacians one performs a summation over all collective coordinates.
The remaining integral in the above expressions corresponds to the sum over the instanton size ρ and its integrand is referred to as the instanton density 2 . The integral
over ρ is left implicit because it is IR divergent due to the running coupling in the
exponent. Clearly one has to tame this behavior for the result to be meaningful, and
we will elaborate on this shortly.
If the Yang-Mills theory is coupled to N f Dirac fermions then, at one loop, they
contribute to the above result via fermion determinant. Zero and non-zero modes
of the fermion determinant should be considered separately. The non-zero modes
contribute the following term to the partition function [24],

2N f
exp −
log(ρ/ρ0 ) + 2N f α(1/2) ,
3


2 Note

(2.22)

that the numerical factor Cc depends only on the number of colors and it also contains the
factor 2−2Nc .
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where the log term is the fermion contribution to the one-loop running of the gauge
coupling and α( x ) is a numerical function defined in [24]3 . Assuming that the
fermions share a common mass m, the zero modes contribute a term

(mρ) N f .

(2.23)

We can now generalise the result in (2.21) to include the fermions using the one-loop
running of the QCD gauge coupling,
8π 2
8π 2
=
− b log(ρ/ρ0 ) ,
2
g1L
g02

with

b=

11
2
Nc − N f ,
3
3

(2.24)

and derive
 2 2Nc
4 exp(−α(1) + 4α(1/2))
4π
Nf
1
exp
(
2
(
N
−
N
)
α
(
/
2
))
m
×
c
f
π 2 ( Nc − 1)!( Nc − 2)!
g02




Z
8π 2
11
2
4
−5+ N f
exp − 2 +
×
d xdρρ
Nc − N f log(ρ/ρ0 )
(2.25)
3
3
g0
 2 2Nc


Z
8π
8π 2
Nf
4
−5+ N f
= Cc f m
d xdρρ
.
(2.26)
exp − 2
g02
g1L

W (1L) =

The zero mode contributions given in (2.23) imply that the one-instanton amplitude vanishes as the common fermion mass is taken to zero. This was noted and
thoroughly discussed in [24], see also [27], [28].
Let us now briefly discuss the issue of IR divergences of the one-instanton amplitude. Conceptually, it is reasonable to expect that if QCD forms gluon condensates,
then they should be described by a statistical ensemble of the instantons forming
them. Since the description of the vacuum in terms of an instanton ensemble is
more realistic, we may expect that instanton interactions would “remove” the IR
divergence. The early attempts in this direction imagined the QCD vacuum to be
described by an instanton gas [22], [29]. This was demonstrated to be a poor description of the physical vacuum, since instantons were much more strongly interacting.
The solution came in the form of Shuryak’s instanton liquid model in 1982 [30]. He
had shown that a simple model of the instanton medium as a liquid with only two
free parameters can effectively explain a number of nuclear physics observables. His
model assumes that all instantons have the same size, ρ̄, and he obtained the instanton size and the density of the instanton liquid from the empirical value of the gluon
condensate. The approach thus doesn’t explain why the instanton density is a deltalike peak around some ρ̄, but such a description has predictive power and seems to
explain nuclear physics data well.
The above ideas were developed more systematically within the mean field theory by Diakonov and Petrov in 1983 and 1985, aiming at a description of an ensemble of instantons from first principles. Failure of the instanton gas picture had
3 α (1/2)

= 0.145873 and α(1) = 0.443307
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implied that the instanton interactions should be modeled even if the medium itself
will turn out to be rather dilute. This was motivated, among other things, by the
expectation that the instanton interactions would remove the IR divergence. Therefore, Diakonov and Petrov introduced a modified variational procedure [31] in an
attempt to approximate the exact multi-instanton partition function. They applied
their method to pure Yang-Mills theory and besides curing the IR problem they also
successfully computed a number of physical observables. In a later work [28] the
method was extended to include gauged fermions.
Before moving on let us comment on one more issue regarding the master equation (2.26). It follows from the one-loop computation that the coupling in the exponential term is renormalized, but the one in the pre-exponential factor is not. In
the literature, this problem is often addressed by recognizing that at two loops the
pre-exponential factor gets renormalized [31] and thus one replaces the bare coupling by the one-loop running coupling, and the one-loop coupling by the two-loop
coupling. For completeness we also provide the standard result for the two loop
running coupling [27], [32],

8π 2
2
g2L

=

b0 =

g02
8π 2
b0
log ρ/ρ0 ) ,
−
b
log
ρ/ρ
+
log
(
1
−
0
b
8π 2
g02
51 2 19
N − Nf .
9 c
3

(2.27)
(2.28)

Note that the behavior of the coupling given in (2.27) is not the exact two-loop
one. In fact, this is only the leading UV contribution valid in the deep UV regime
for the asymptotically free phase of QCD 4 . This will be further elaborated when we
discuss the application of instanton calculus to LISA.
Mean Field Theory and Large Nc
Pure Yang-Mills theory at large Nc is an important step towards studying instantons
in the conformal window as well as asymptotically safe instantons. In fact, many
of the formulae derived in this subsection can be adapted to include the effects
of fermions in theories such as Banks-Zaks and LISA. We will now briefly outline
the variational approach to mean field theory due to Diakonov and Petrov [31] and
present the main results. We particularly focus on the large-Nc limit [33].
In absence of the exact results for the vacuum structure of the YM theory one
may assume that the pure YM vacuum is given by a background gauge field configuration which can be described as consisting of an ensamble of instantons. Such a
background may then be approximated by a simple sum of localized one-instanton
4 This

is clear since the expression (2.27) is manifestly ignorant of the possible existence of a perturbative IR fixed point.
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solutions. Starting from this ansatz the ground state can be derived by introducing
a modification of Feynman’s variational principle.
The modified variational principle is used to approximate a partition function Z,
Z=

Z

Dφe−S[φ] .

(2.29)

It consists in taking the action S, modifying it slightly to get an action S1 so that S1
has the minimum on the ansatz field configuration, and then using the inequality

Z ≡

1
Z1

Z

Dφe

−(S[φ]−S1 [φ]) −S1 [φ]



e

Z1

= Z1 he−(S[φ]−S1 [φ]) i ≥ Z1 e−hS−S1 i ,

(2.30)

where he expectation values h . i are taken with respect to the measure exp(−S1 ).
The new partition function Z1 is defined analogously to Z, with the action S1 in place
of S. By maximizing the RHS (within the parameter space of our ansatz, see below)
we obtain the best estimate on Z.
Let the background field be given by Ā = ∑ I A I + ∑ Ī A Ī , where I runs over the
instantons and Ī over anti-instantons. The Lagrangian may be rewritten as follows,

1
1
− 2 F2 ( Ā) = − 2
4g
4g
1
≡ − 2
4g

∑

F2 ( Ai ) + F2 ( Ā) −

i = I, Ī

∑

∑

!
F 2 ( Ai )

(2.31)

i = I, Ī

!
2

F ( Ai ) + Uint

,

(2.32)

i = I, Ī

where the first term is the Lagrangian of a non-interacting instanton gas, and the
second term describes all n-body interactions in the medium. From here on we use
notation 1/4g2 F2 = 1/4G2 . Including the bosonic statistics factors N± in front of the
partition function, normalizing both sides of (2.30) to the perturbation theory vacuum, and regularizing the determinants, at one loop order we obtain the following
expression

Z
Z ptb

≥
reg,1L

≡

1
N+ !N− !

Z N+ + N−

1
N+ !N− !

Z N+ + N−

∏

dγi d(ρi )e− β(ρ̄)Uint (γi )

(2.33)

dγi e−E(γi ) .

(2.34)

i

∏
i

In this expression γi represent the collective coordinates of the i-th pseudoparticle
(see 2.2.1). d(ρ) stands for the one-instanton density (2.21), and we use the standard
notation,
β(ρ) ≡ 8π 2 /g2 (ρ) .

(2.35)
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Please remember that in this section β(ρ) is the above shorthand for the inverse running coupling, and not the beta function. In the expression (2.33) β(ρ) is renormalized by one-loop determinants at a scale ρ̄ corresponding to the average instanton
size. In the second line, (2.34), we’ve introduced a compact notation,
E(γi ) = β(ρ̄)Uint (γi ) − ∑ log d(ρi ) .

(2.36)

i

If the medium is sufficiently dilute one can consider only two-particle interactions in the interaction term, all the other ones being subdominant 5 . This is the key
physical ingredient beyond the simple instanton gas model. The interaction potential has been determined in [31]. Integrating over the relative angle between two
instantons in color space, and integrating over the instanton separation one obtains
a remarkably simple expression,

2−body

Uint

(ρ1 , ρ2 ) = γ2 ρ21 ρ22 ,

γ2 =

27π 2 Nc
,
4 Nc2 − 1

(2.37)

where ρ1,2 are the sizes of the two pseudoparticles, and the coupling γ2 has the
characteristic 1/Nc behavior.
We may now use the variational principle. Assuming that the effect of the twobody interactions can be well captured by a modification of the one-instanton densities d(ρ), we write,
N+

N−

I

Ī

E1 (γi ) = − ∑ log µ+ (ρ I ) − ∑ log µ− (ρ Ī ) ,

(2.38)

where µ± are effective densities to be determined through maximization of the RHS
of (2.30). To write explicitly the RHS of (2.30) as a function of µ± we first of all need
Z1 . This is obtained by substituting E1 in place of E in (2.34), which gives us
Z1 =

1
V N+ + N− (µ0+ ) N+ (µ0− ) N− ,
N+ !N− !

(2.39)

where,
µ0± =

Z ∞
0

dρ µ± (ρ) .

(2.40)

Second piece that we need to evaluate (2.30) is h E − E1 i. We will express it in terms
of
ρ2± =

1
µ0±

Z

dρ ρ2 µ± (ρ) .

(2.41)

5 In fact first corrections to this computation come not from considering higher order interactions
but from considering 2-loop beta functions [31].
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Now we can substitute Z1 and h E − E1 i in the RHS of (2.30) and minimize it wrt
µ± . The following computation is not difficult, but it is a bit lengthy so we refer the
reader to [31] for some additional steps. There’s an arbitrary constant appearing in
the optimal µ± , and if these are chosen equal then µ+ = µ− ≡ µ. Writing N+ + N− =
N, we find the optimal µ to be,


βγ2 N 2 2
µ(ρ) = d(ρ) exp −
ρ ρ ,
V

(2.42)

where β ≡ β(ρ̄) = 8π 2 /g2 (ρ̄). This can be reinserted in (2.41) to give,

( ρ2 )2 =

ν
βγ2 N/V

,

ν=

b−4
.
2

(2.43)

This expression can be further inserted in the optimal µ, and µ0 can be easily
found using the explicit form of the optimal µ and of the one-instanton density.
Finally we can determine the RHS of (2.39), see [31] for more details.
Instead of keeping the number of pseudoparticles N fixed we can work in the
grand canonical ensemble. This allows us to find the average number of instantons
in the medium by maximizing the RHS of (2.39) as a function of N. For the bosonic
factors we set N± ! = ( N/2)! and use the Stirling approximation. This brings us to
the following important expression for the average instanton number,


 ν+2 2
4
,
h N i = VΛYM
Γ(ν)Cc f β̃2Nc ( βγ2 ν)−ν/2

(2.44)

2 ( ρ2 ), so
where β̃ = 8π 2 /g02 . Note that ρ2 enters this equation through β = 8π 2 /g1L

(2.43) and (2.44) should be solved simultaneously (consistently) for h N i and ρ2 . The
importance of the average number of instantons comes from the fact that it is related
both to the gluon condensate (see (2.46)), vacuum energy (see (2.48)), topological
susceptiblity (see (2.51)), and in a theory with fermions, to the U (1) axial anomaly.
Substituting the optimal effective density µ on the RHS of (2.30), in terms of
the number of instantons per unit volume the partition function takes the following
simple form,



1
Z = exp (ν + 1)h N i .
2

(2.45)

We can solve numerically for the expectation values of the instanton size and of the
density of instantons in the vacuum. To do that we need to perform the aforementioned RG improvement by promoting β̃ to β and β to 8π 2 /g(22L) (ρ̄). Note that it
is useful to introduce a free parameter a, called a fudge factor, in the log term of
the one-loop running coupling (2.24). The fudge factor essentially parametrizes the
uncertainty of the actual confining scale ΛYM . The numerical results are shown in
Figure 2.1. Even for modest values of Nc shown in the figure, it is evident that the
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F IGURE 2.1: Instanton size and density of instantons as function of
Nc

F IGURE 2.2: Effective instanton density profile as a function of Nc .
(Normalized to unity.)

density of instantons increases as O( Nc ), whereas the average instanton size is independent of Nc and is always of O(1).
We can also study the dependence of the effective instanton density d(ρ) on the
number of colors Nc . The results are shown in Figure 2.2. Already from (2.20) we
know that the amplitude decreases rapidly with Nc , but what we consider here is the
shape and the spread of the distribution. (To this end we normalize all distributions
to µ0 = 1.) In particular, we notice that the distribution has a prominent peak centered about the average instanton size and in the large Nc limit becomes delta-like
[33].
Recall the relation between the full Lagrangian and the instanton-gas Lagrangian,
F2

= ∑i Fi2 + 32π 2 Uint . Since we know the value of the action for the BPST instanton
(see (2.18)), we know that
h

Z

d4 x 2
F i = h N i + hUint i .
32π 2

(2.46)
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F IGURE 2.3: Ratio of interaction energy to free energy as a function
of Nc . We’ve fixed a=1/10.

From (2.33) it follows that hUint i = −∂ log Z/∂β, which can be used in (2.45) to
obtain,
ν
hNi .
2β

hUint i =

(2.47)

Figure 2.3 shows the ratio of the interaction energy to free energy. Since the free
energy is larger than the interaction energy we can trust the simplified two-body
interaction model. Further, because the gluon field VEV is related to the trace of the
stress energy tensor (SET) by the scale anomaly relation, and since the trace of the
SET is in a direct relation to the vacuum energy density, we obtain the following
leading-order expression for the vacuum energy density,

E =−

b hNi
.
4 V

(2.48)

Notice that it grows quadratically with Nc , with an additional factor of Nc with respect to non-interacting instanton gas [33].
Let us now compute the topological susceptibility. This is of particular interest
R 4
iθ
because it is an observable. We start by adding the topological theta-term, 32π
d xF F̃,
2
to the action. The topological susceptibility is defined by,

χtop

∂2 log Z
=−
| θ =0 = h
∂θ 2

Z

F F̃
d x
32π 2
4

2

i.

(2.49)

In particular, adding the θ-term to the partition function doesn’t modify the computation of µ(ρ), or ρ2 , and thus the only modification to (2.45) is in an additional term

+iθ ( N+ − N− ). Self-consistently, by rewriting this as

ν+2
θ2
4
Z = exp
h N i(1 −
+ O(θ )) ,
2
ν+2


and taking the derivative as in (2.49) we get [31],

(2.50)
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χtop = h N i .

(2.51)

We are now ready to investigate the role of instantons in controllable asymptotically safe quantum field theories.

2.2.2

Safe Instantons

Here we extend the instanton calculus to asymptotically safe quantum field theories, or more precisely to the first discovered controllable asymptotically safe four
dimensional gauge theory, here dubbed LISA [10].
As already mentioned, ’t Hooft’s master formula is a one-loop result which requires an RG-improvement in order for us to be able to extract any numbers from it.
We will do this RG improvement, working with two-loop gauge running couplings.
In order to work in a consistent scheme, we therefore have to satisfy ourselves with
the 2-1-0 scheme. It is clear that scalars drop out completely from the following
computation because they are not gauged. For this reason we do not care that scalar
self-interaction couplings do not run in 2-1-0 scheme. Yukawa couplings on the
other hand do not appear directly in the master formula, but they do contribute to
the running gauge coupling.
We will be studying the RG flow of LISA along the separatrix, a line connecting
the IR Gaussian FP to the UV interacting FP in the coupling space. To simplify the
discussion, we deal with the Yukawa coupling following [34], by expressing it as a
function of α g along the separatrix. This is achieved by finding the solution for the
zero of the Yukawa beta function, to leading order in e, of the form αy = αy (α g ).
The running gauge coupling will be numerically correct to order e. Crucially, the
qualitative picture of having a running coupling interpolating between a Gaussian
FP in the IR and a perturbative, non-Gaussian FP in the UV persists. In particular,
substituting the flow of the Yukawa coupling, αy (α g ) to leading order in e along
the separatrix in the above expression for the cubic term leads exactly to the beta
function (2.3), with B = −4e/3 and
C=−

2 57 − 46e − 8e2
.
3
13 + e

(2.52)

Both B and C being negative, the fixed point appears at the physical value α∗ =
B/C > 0. Despite the fact there are no explicit scalar contributions in the following
computations, note that the asymptotically safe dynamics could not have been possible without the inclusion of scalars in the theory, since the Yukawa contribution to
the cubic term of the gauge beta function was crucial for shifting the fixed point to
the domain of physical values.
The “exact” two-loop running is given by [34]
α(µ) =

α∗
.
1 + W (z(µ))

(2.53)
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F IGURE 2.4: The figure shows the running gauge coupling in LISA
for e = 1/10. The inflection corresponds to the scale Λc = 1.

W stands for the Lambert (or productlog) function, α∗ is the fixed point, and
z(ρ) = e1/2−log 2 (ρΛc )−α∗ B .

(2.54)

Expansion around µ → ∞ yields equation (2.27). The running stemming from (2.53)
is manifestly bounded and it interpolates between α = 0 in the IR and α = α∗ in the
UV, as it can be seen from Figure 2.4.
Just as the one-loop running in the QCD introduces a natural length scale ΛQCD ,
so does the “exact” two-loop running (2.53) between two fixed points introduce a
natural length scale called Λc (where c stands for critical). Λc is the two-loop RGinvariant scale, and it has a direct analogue in the Banks-Zaks theory for example.
We obtain it as follows. ∂α β α (α) vanishes for α = 2/3 α∗ ≡ αc . The scale at which one
reaches this value of the coupling is critical in the sense that at this scale the gauge
coupling changes scaling from canonical to a non-Gaussian one. This scale,
1

µ(αc ) ≡ Λc = (2e− 2 )−1/θ∗ (1 −

α −1/θ∗
)
µ,
α∗

(2.55)

is the two-loop RG-invariant scale in the sense that µ∂µ (Λc ) = 0 (to linear order).
We have also introduced notation θ∗ to mean the eigenvalue of the RG flow at the
UV FP,
θ∗ =

∂β α
|α = α∗ B .
∂α ∗

(2.56)

Let us now compute the average instanton size and the density of instantons per
unit volume following the large-Nc computation. Inserting the RG-improvements in
the one-loop master equation (2.26) we have,
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d2L (ρ) = Cc f m

Nf

ρ

N f −5

(b log Mρ)

= Cc f exp(1/2 − log 2)

2Nc

2
− 8π2
g∗

× (b log Mρ)2Nc W (z(ρ))

8π 2
g2∗

e

− 8π2
g

2

(2.57)

2L
1

m N f ρ N f −5 (ρΛc ) 2 BNc ×
.

(2.58)

In the above expression we used Cc f as defined in (2.25), Λc defined in (2.55), oneloop beta coefficient b given in (2.24), and one-loop RG-invariant scale M,
M=

1
1 8π 2
3 C
exp (−
) = Λc exp (− 2 ).
2
ρc
b g(ρc )
2B

(2.59)

Setting ρ2 → ρ2 in second line of (2.58) the expression for the instanton density takes
a form which is similar to what we had in the pure YM case. In fact, defining,
2

f (ρ) = Cc f exp(1/2 − log 2)

− 8π2

g∗

2

8π
b
( log M2 ρ2 )2Nc W (ρ2 ) g2∗ ,
2

(2.60)

we can write the two-loop instanton density as,
1

d2L (ρ) = f (ρ)m N f ρ N f −5 (ρΛc ) 2 BNc .

(2.61)

Note that BNc /2 = b, so the dependence on ρ for N f = 0 is exactly the same as
in pure-YM theory. In other words, for N f = 0, d2L ∼ ρb−5 which was causing the
IR divergence problems in the one-instanton result. For N f > 0 and B > 0 nothing
changes, but LISA has B < 0. The qualitative dependence on ρ remains the same
in (2.61) because N f dominates over 1/2 BNc (B being of order e, and Nc < N f ). We
can thus proceed as before, and in fact one can obtain the effective two-loop density
µ(ρ) from (2.61) in an analogous way to the large-Nc computation. µ(ρ) thus again
takes form (2.42), with d(ρ) being substituted by the above two-loop instanton density, so we still have a Gaussian suppression of the IR instantons. With the effective
instanton density µ known, we may re-insert it into the definition (2.41) of ρ2 and
compute the Gaussian integral. The expectation value of ρ that we get is again of the
form (2.43), but now with ν given by,
1
ν=
2



1
BNc + N f − 4
2


.

(2.62)

As a side note, since β is positive, ν has to be positive too if ρ̄ is to be positive. In
fact, 1/2 BNc = −4/6eNc , whereas N f = (11/2 + e) Nc '

11/2 Nc ,

and thus ν is clearly

positive in LISA.
The minimization of the partition function can now be performed in complete
analogy to the derivation of the average instanton number in the pure YM theory
and we obtain
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F IGURE 2.5: The blue line shows the LISA running for e = 1/10, and
green line corresponds to the pure YM running. Purple dot shows
the matching couplings at the fermion mass scale which is given by
purple dashed line. Black dashed line is the scale ΛYM .

hNi =

VΛ4c



ν
m
Γ(ν)( ) N f f (ρ̄)( βγ2 ν)− 2
Λc

 2+2 ν
.

(2.63)

Comparing to (2.44), the most notable difference is the appearance of the RG-invariant
scale Λc instead of the IR-divergence scale Λ ' ΛYM . Another important thing is
that β̃2Nc is replaced by ( Λmc ) N f f (ρ̄), which renormalizes the one-loop result (2.44).
The partition function still has the same form (2.45) as in the pure YM case, but with
new values for ν and h N i.
Solving the equations for ρ̄ and N/V with LISA running couplings, the way we
did in the pure YM case, leads us to the results shown in the Figure 2.6. Crucially,
the results are inconsistent with the hypotheses in the sense that ρ̄−1 that we find
is always smaller than m, i.e. it is more IR than the scale m where we decouple
fermions.
This leads us to look for the solution below the energy scale m, where running of
the couplings is given by pure YM beta functions 6 . We thus proceed by considering
again the equations (2.43) and (2.44).
We know from the subsection 2.2.1 that the solutions for instantons in the pure
YM theory are internally consistent, meaning that ρ̄−1  ΛYM . When solving the
equations for LISA, since we didn’t find any solutions for ρ̄−1 > m, we additionally
have to make sure that the consistency condition ρ̄−1 < m is met when using the
pure YM running coupling.
Our results are shown in the top panel of Figure 2.7 which shows the ratio of m
to ρ̄−1 as a function of m measured in units of Λc . Results for ρ̄ are well within the
required consistency range. Bottom panel shows the inverse instanton length as a
6 Equivalently,

we may look for solutions using the running coupling defined as a piecewise function, equal to LISA running coupling beyond energy m and equal to matching pure YM running coupling below m.
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F IGURE 2.6: The figure shows solutions for ρ̄, obtained using LISA
beta functions, for various choices of e and Nc (green, blue and purple). Red dashed line shows the fermion mass.

function of mass, and we can clearly see the power law decrease of the instanton
scale as m is taken to zero.
As an additional consistency check one may study the behavior of ΛYM . In fact,
here it is not an arbitrary number but it is specified by the following one loop matching conditions


ΛYM
8π 2
11
Nc
8π 2
N
log
a
=
,
≡
−
=
c
2
2
3
m
2α(m)
gYM (m)
g LISA (m)

(2.64)

which yields,
ΛYM



m
3 1
= exp −
.
a
22 α(m)

(2.65)

For small enough e the exponential term is flat as a function of m, so the dependence
on mass here is essentially linear. Finally, we can plot ρ̄ΛYM as a function of m/Λc
−1
and we find that it is exactly constant, taking value ρ̄ = 0.390ΛYM
for a = 1/10,

Nc = 1000 and e = −1/10.
Let us now discuss the instanton energy and the topological susceptibility. Since
the couplings are renormalized at the energy scale corresponding to the inverse of
the average instanton size, and since the instanton size turns out to be such that they
sit well within the pure YM regime, the analysis closely follows the pure YM case.
In particular, the partition function again takes the simple form (2.45) with h N i
and ν given by (2.44) and (2.43) respectively. The total energy is given by a sum
of the free energy term, h N i, and the interaction term. The interaction term comes
2 ( ρ̄ ). This dependence
from the derivative of the partition function wrt β = 8π 2 /g2L

is hidden in h N i where it appears in the same form as it did in the pure YM case,
which means the interaction energy can again be written as hUint i = νh N i/(2β).
The ratio of the interaction energy to free energy thus follows the curve shown in
Figure 2.3. In fact the shape of that curve changes significantly if two-loop running
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F IGURE 2.7: Top panel shows ratio m/ρ̄−1 and bottom panel shows
ρ̄−1 as functions of m. In both figures a = 1/10, Nc = 1000 and
e = 1/10.
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F IGURE 2.8: The figure shows density of the instantons per unit vol4
ume measured in units of Λ−
c .

is used instead of the one-loop running and the overall method is more stable when
compared to the QCD case.
If one fixes m, Nc and a (e.g. m = 1/10 Λc , Nc = 1000, a = 1/10) one can study
ρ̄ΛYM as a function of e and find that it is constant (and in our example) equal to
−1
ρ̄ = 0.390ΛYM
. The reason why ρ̄(e) is constant in units of ΛYM is related to the fact

that ΛYM decreases rapidly with decreasing |e|, thus compensating for the rapidly
growing ρ̄ in units of Λc .
The determination of the topological susceptibility proceeds as described in the
previous section, see equation (2.51). As we’ve discussed above, ΛYM ρ̄ is essentially m- and e-independent. In this sense N/V depends only on the explicit factor
ρ̄−4 . It is then clear that N/V will rapidly decrease with decreasing m/Λc . This
4 ) is
is confirmed in Figure 2.8. It is worth mentioning that the quantity N/(VΛYM

independent of the fermion mass, same as ρ̄ΛYM .

2.2.3

Discussion

Let us recapitulate the main points of this section and reiterate the connection to and
the implications for the following section.
Instantons are non-trivial gauge configurations which are extrema of the bare Euclidean action. As such they have to be included in the computation of the Euclidean
partition function, and thus they will directly contribute to the analytically continued Lorentzian partition function. Instantons were shown to be extremely important
for the description of the vacuum of gauge theories, as exemplified particularly by
the success of the instanton fluid model applied to QCD. In this section we have seen
that the standard mean field techniques used for the pure Yang-Mills theory can be
straightforwardly extended to a more complicated theory, namely mass-deformed
LISA.
Being deep within the regime of perturbation theory at all energy scales, we
do not have to deal with the complications usually introduced by chiral symmetry breaking. In fact, chiral condensate is a known order parameter for the χSB, and
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most of the complications related to going from pure Yang-Mills to QCD is related to
the role of instantons in the formation of the condensate and the effect of the chiral
condensate on the instanton fluid. In LISA the couplings stay arbitrarily weak for
all energy scales, which means that chiral condensate never forms. Heavy fermions
can then be dealt with in a straightforward way by including their contribution to
the running gauge coupling.
The above analysis relies on a simplified two-body interaction model of the instanton interactions. We have argued for this approximation based on the fact that
the interaction energy is subdominant to the free energy of the system. We have
then demonstrated that the instantons appear in the deep IR regime with respect to
the fermion mass scale. This begs the question whether the analysis remains stable,
since the gauge coupling in pure YM can grow without bound in the IR. What we
find is that the YM coupling g2 at the instanton scale µ = ρ̄−1 takes fully perturbative
values. For example, for Nc = 100 (e is irrelevant here since we’re computing the
value of the pure YM coupling) we find g2 = 0.0344 or α = ( g2 Nc )/(4π )2 = 0.0218.
With this we conclude that LISA is an interesting proof-of-concept for the paradigm
of asymptotically safe extensions of the Standard Model. Its main limitation, of
course, is that the fixed point is reached in the Veneziano limit. Following “Occam’s
razor” argument we would prefer to find phenomenologically viable extensions of
the Standard Model which contain much fewer degrees of freedom. In the following
section we pave the way for doing exactly that.

2.3

Searching for UV completions of the Standard Model

Having established the existence of asymptotically safe and “Standard Model-like”
quantum field theories in the Veneziano limit and having subsequently confirmed
their stability under the inclusion of instanton effects, we will now attempt to construct phenomenologically viable extensions of the Standard Model (SM) based on
the asymptotic safety paradigm. Finding such models is of paramount importance
for the search for UV completions of the known particle physics in the form of
asymptotically safe QFTs. Only if we show that such models can exist in principle
do we move from the realm of formal, mathematical physics to the realm of phenomenologically interesting physics. We lay the track for this line of research in this
section.
In particular, while asymptotically free theories have been studied in great detail and for a long time, work on asymptotically safe models for particle physics has
only begun quite recently. For some early references studying toy models of subsectors of the Standard Model via functional renormalization group see [35]–[40]. As
already discussed in detail in section 2.1, true breakthrough came with LISA [10].
That LISA was a “game changer” can be seen from the amount of model building it
has inspired in a relatively short amount of time: [34], [41]–[48]. As we will explain
below, most of the models considered thus far are not entirely satisfying from the
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phenomenological point of view due to either being dependent on large-N f resummation techniques or due to not considering the full SM gauge group. Our work
aims at being conservative in that it may be interpreted as looking for a minimum
amount of vector-like fermions that one should add to the SM in order to produce a
physical UV fixed point.

2.3.1

Bird’s-eye view of the program

In LISA the fixed point arises from a cancellation between one- and two-loop terms
in the β-functions, see section 2.1. Crucially, this dynamics occurs in the Veneziano
limit which provides the small expansion parameter
e=

Nf
11
−
.
Nc
2

(2.66)

It is reasonable to expect that there exist asymptotically safe models also for finite
values of e, and for more general choices of matter content. General conditions for
the existence of such fixed points have been discussed in [10], [49].
The Standard Model by itself doesn’t seem to be asymptotically safe, because
of the Landau pole in the U (1) gauge coupling [50], [51], see Figure 2.9, and the
uncertain fate of the Higgs quartic interaction [52]. The Landau pole can only be
avoided by assuming that this gauge coupling is identically zero at all energies. This
is known as the triviality problem.
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F IGURE 2.9: Running of the gauge couplings αi and Yukawa αt for
the SM in the 3-2-1 scheme as a function of t = ln (µ/MZ ). Around
t ' 45 the three gauge couplings come close together. At larger values
of t, α1 begins its ascent towards the Landau pole.

Can the SM be turned into an asymptotically safe theory by extending its matter content? The simplest extensions consist of multiple generations of vector-like
fermions carrying diverse representations of the SM gauge group. The choice of
vector-like fermions is motivated by their not giving rise to gauge anomalies and
their masses being technically natural. As mentioned above, such models have been
studied in two independent ways so far.
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The authors of [42] have studied the β-functions to two-loop order in the simplified case of SU (3)c × SU (2) L gauge interactions and a Yukawa-like interaction
among the vector-like fermions. They find several UV fixed points, which they
match to the low-energy SM in a number of benchmark cases. We will not discuss
these toy models here any further, but the interested reader is instead referred to
[4] where we have thoroughly analyzed them in both 2-1-0 and 3-2-1 schemes (see
section 2.1 for definitions of the schemes).
In a parallel development, the authors of [43]–[46], [53] studied asymptotic safety
of the full SM gauge sector, again extended by N f vector-like fermions, by means
of a large-N f resummation of the perturbative series of the β-functions. They find
several UV fixed points, which however cannot be matched to the low-energy SM in
a consistent manner [46]. Since our focus here is on the smallest possible extensions
of the SM, and since the large-N f techniques are beyond the scope of this work we
do not comment on this approach any further.
To move forward the quest for asymptotically safe extensions of the SM, we report our results for a large class of models based on the SM interactions: gauge
group SUc (3) × SUL (2) × UY (1), top Yukawa, and Higgs quartic self-interaction;
the vector-like fermions are charged under these intercations and have in addition
Yukawa interactions with new scalar fields. The restriction to the top Yukawa makes
the form of the β-functions more manageable—and it is in line with earlier investigations. The models differ in the number of copies, N f , of the vector-like fermions
and in the representation of the gauge groups that they carry.
In contrast to [43]–[46], [53] we do not use resummed β-functions. However,
we go beyond the two-loop results considered so far in the literature and work in
both 2-1-0 and 3-2-1 schemes. By comparing the results at these two different orders in the perturbative expansion we are able to assess quantitatively the impact of
radiative corrections and therefore decide whether a given fixed point is within the
perturbative domain or not. This selection is supported by the use of other tests of
perturbativity that the fixed points must satisfy, as discussed in detail in subsection
2.3.2.
The core of our work consists of a systematic search for reliable fixed points in
a large grid in the parameter space spanned by the number of vector-like fermions,
N f , and their SU (3)c , SU (2) L , and U (1)Y quantum numbers. We first find all the
zeroes of the β-functions for each model in the grid. We then test each prospective
fixed point against two conditions:
• The fixed point must be in the domain of perturbation theory.
• The fixed point can be connected to the SM at low energy.
In particular, the first condition requires that the FP is stable under radiative
corrections. We find, a posteriori, that this is the case only when the perturbativity
tests defined in subsection 2.3.2 are satisfied. The second condition would generally
require a delicate numerical analysis of the trajectories emanating from it. See “Other
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interesting results” in subsection 2.3.3 for example. In most cases, however, we find
that a much simpler condition is adequate for our purposes: the FP must not have
any coupling that is zero and irrelevant, because such couplings must be identically
zero at all scales to avoid Landau poles and thus cannot match to SM in the IR. As
we shall see, these two requirements taken together, while quite reasonable, are very
restrictive.

2.3.2

Methodology

Let us describe the general procedure that will be followed in the rest of this section.
This will allow us to better motivate the requirements introduced in subsection 2.3.1
that we impose on the fixed points in order for them to be considered physical.
Recall we have mentioned in section 2.1 that the perturbative β-functions of the
SM and its extensions have a natural hierarchy originating from the Weyl consistency conditions [11]–[14], [54]. A consistent solution of (2.11) relates different orders
in the perturbative expansion and indicates that the gauge couplings must have the
highest order in the loop expansion, while the Yukawa coupling must be computed
at one order less and the quartic interaction still one order less. This leaves us in
practice with two perturbation theory approximation schemes:
• 2-1-0 scheme, in which the gauge couplings are renormalized at the two-loop
order (NLO)
• 3-2-1 scheme, in which the gauge couplings are renormalized at the three-loop
order (NNLO)
Our analysis confirms the expectations coming from LISA, that the fixed points arise
from the cancellation of the two-loop gauge and one-loop Yukawa contributions. We
thus find promising fixed points in the 2-1-0 scheme and by comparing the results
to the 3-2-1 scheme it is possible to estimate their robustness under the radiative
corrections and thereby to also judge reliability of the perturbative computation.
Other approximation schemes do exist, for example one may naively retain all
beta functions to the same order or keep the gauge beta functions one order higher
than the others. We refer the reader to [55] where the respective merits and shortcomings of these alternative schemes are discussed, but we do not use them in this
thesis.
Perturbativity test 1: coupling constants
For each model that we consider we first solve the beta functions to list all the zeroes
that they contain. Since we have a system of algebraic equations of a relatively high
order there are generally very many spurious solutions. Our task is to eliminate all
the spurios solutions so that we may focus on studying physically interesting ones.
First step along this way is the study of the fixed point values.
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Beyond perturbation theory, e.g. in stronlgy interacting regime of QCD, couplings αi may take any non-negative real values. When we work in perturbation
theory, however, we demand all the couplings to be small at all energy scales from
the IR matching scale all the way up to the UV fixed point. This is a minimum
requirement that has to be satisfied if perturbation theory is to be trusted.
In practice “small” means that in going to the next order of the expansion, the position of the fixed point, as well as its other properties, should be reasonably robust.
We will see that this implies that, in addition to being non-negative, the numerical
value of a FP must satisfy the condition7
αi∗



≡

gi∗
4π

2

< 1.

(2.67)

The condition (2.67) suffices to keep the perturbative expansion within its domain
of validity if the expansion coefficients are of the same order and not too large (see
“Perturbativity test 3” in particular). If they are not, the condition in (2.67) should be
strengthened and only smaller values allowed to prevent higher order terms from
being dominating.
Perturbativity test 2: anomalous dimensions
Once we identify candidate fixed points whose couplings satisfy first perturbativity
test, we can study the flow in fixed points’ immediate neighborhood, i.e. we study
the flow of the perturbation yi ≡ gi − gi∗ around the FP { gi∗ }i . To this end, we
linearize the β-functions as
dyi
= Mij y j ,
dt

(2.68)

where
Mij ≡

∂β i
∂g j

(2.69)

is referred to as the stability matrix. Next, we diagonalize the linear system by going
to the variables zi = (S−1 )ij y j , defined by the equation

(S−1 )ij M jl Sln = δin ϑn ,

(2.70)

so that the β-functions and their solutions are in the simplified form
dzi
= ϑi z i
dt

and

zi ( t ) = ci e

ϑi t



= ci

µ
µ0

 ϑi
.

(2.71)

We refer to the eigenvalues θi of the stability matrix (2.69) as scaling exponents or
critical exponents. From the expression of zi ’s as functions of µ, we see that there are
different situations depending on the sign of ϑi :
7 Note

additional factor of (4π) wrt standard definition; this convention is chosen for compatibility
with section 2.1 and the original LISA paper [10].
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F IGURE 2.10: Theory space of couplings gi where only 3 axes are
shown for simplicity. For a given fixed point we show the UV safe
surface (blue region), the linearized UV critical surface around the
fixed point (white plane), the new set of coordinates zi , a small region of possible initial points for the flow (red circle) and two UV
safe trajectories ending at a given matching scale M (green and orange dashed lines, the former going to the SM, the latter going to a
different IR physics A).

• For ϑi > 0, as we increase µ we move away from the fixed point and zi increases without control; the direction zi is said to be irrelevant.
• If ϑi < 0, as we increase µ we approach the fixed point; the direction zi is said
to be relevant.
• If ϑi = 0, the fate of zi is undetermined to linear order (see “Caveats” below);
the direction zi is said to be marginal.
Asymptotically safe theories correspond to trajectories lying on the surface whose
tangent space at the fixed point is spanned by the relevant directions. This tangent
space, known as the UV critical surface, is shown in Figure 2.10 as a white plane,
whereas the full UV critical surface is shown in blue.
The critical exponents are universal quantities—meaning that they are invariant
under a general transformation in the space of couplings [56]. Similarly to the coupling constants, there are restrictions on their size in perturbation theory. In general
the beta function of gi , the dimensionless version of a generic dimensionful coupling
ḡi = gi µdi , has the form
quant

β i = − d i gi + β i
quant

where β i

( g j ),

(2.72)

encodes the quantum contributions to the β-functions. Therefore, the

stability matrix is given by
quant

∂β
Mij = −di δij + i
∂g j

(2.73)
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which shows that its eigenvalues equal the (negative) classical scaling dimensions
plus quantum corrections, also known as anomalous dimensions. The quantity −ϑi
thus represents the full scaling dimension of the coupling ḡi . If we want a perturbative computation to be trustworthy, we must demand that the anomalous scaling
dimensions be small. In the case of (classically) marginal couplings that we consider
di = 0, which means that

| ϑi | < O ( 1 ) .

(2.74)

There is a degree of arbitrariness about where exactly one should set this bound. In
our study, we look at the scaling dimensions for the models under examination and
set the bound in the first gap in the distribution of their O(1) values.
First two perturbativity tests are quite powerful and together they successfully
characterize most fixed points as either perturbative or uninteresting (either because
non-perturbative or non-physical). For some fixed points it happens that the couplings or critical exponents are in a domain where we cannot discern with complete
confidence whether the fixed point should be considered as physically relevant or
beyond the scope of perturbation theory. To this end, but also in order to confirm
the classification of the remaining fixed points to the two groups, we apply two more
perturbativity tests.
Perturbativity test 3: expansion coefficients
A simple perturbativity test consists in comparing the coefficients of different-loop
contributions to the beta functions. Let us write the beta functions of the gauge
couplings αi in the schematic form


(i )
(i )
β i = A(i) + Br αr + Crs αr αs α2i ,

(2.75)

where A, B and C are the one-, two- and three-loop contributions. Even though the
β-functions vanish at FPs, we can split each beta function in the following way
(i )

(i )

(i )

0 = β i | FP = A∗ + B∗ + C∗ ,
(i )

(i )

(i )

(i )

(2.76)

(i )

= A(i) α2i∗ , B∗ = Br αr∗ α2i∗ and C∗ = Brs αr∗ αs∗ α2i∗ . When we insert
the FP couplings calculated in the 3-2-1 approximation scheme, we expect the three(i )
(i )
loop contribution C∗ to be smaller than the two-loop term B∗ , and two-loop term
(i )
smaller than one-loop term A∗ (in absolute value).
where A∗

ρi < σi < 1 ,

where

(i )

(i )

ρi = |C∗ /A∗ |

and

(i )

(i )

σi = | B∗ /A∗ | .

(2.77)

In the following, when we report results in the 2-1-0 approximation scheme, we give
the values of ρi defined at the 2-1-0 fixed point and when we report results in the
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3-2-1 approximation scheme, we give the values of ρi and σi defined at the 3-2-1
approximation scheme fixed point.
Perturbativity test 4: central charges
A QFT at a FP is a conformal field theory (CFT), and a given CFT is characterized
by two local functions: c and a. We refer to these functions collectively as central
charges or CFT functions. They are defined as coefficients of the Weyl tensor W and
the Euler density E4 in the trace of the energy-momentum tensor of the theory,

h Tµ i = cW 2 − aE4 + . . . .
µ

(2.78)

The ellipses on the RHS denote operators constructed from the fields in the theory.
A function related to the CFT function a, often denoted ã, was proven to be monotonically decreasing following the RG flow from a UV fixed point to an IR one [12],
[13]. In fact, the RG flow of the ã-function is related to the dynamics by means of the
β-functions of the theory through the relation
µ

∂ ã
= −χij βi β j ,
∂µ

(2.79)

where the tensor χij is known as the Zamolodchikov metric, which we have also seen
enters the Weyl consistency conditions (2.11). Evaluated at a fixed point, ã reduces
to the a-function.
In the models that we study below there is only a UV fixed point present, whereas
dynamics in the IR is not conformal, but usual one with dynamically generated confinement length scale. Nevertheless, central charges of the UV fixed points can still
be used to test whether the fixed points are reliable.
In any CFT, both a and c have to be positive, and their ratio has to satisfy the
so-called collider bounds [57], namely
a
1
≤
3
c

≤
FP

31
.
18

(2.80)

In perturbation theory central charges are expanded in series,
ã = ã f ree +

ã(1)
ã(2)
+
+ ...
(4π )2 (4π )4

(2.81)

c = c f ree +

c (1)
+ ...
(4π )4

(2.82)

and since free-field theory contributions are positive [58],
ã f ree =
c f ree =

1 ns + 11nw /2 + 62 nv
(4π )2
360
1 ns /6 + nw + 2 nv
,
(4π )2
20

(2.83)
(2.84)

2.3. Searching for UV completions of the Standard Model

35

—ns , nw , and nv referring to the number of scalar, Weyl and vector degrees of freedom, respectively—the positivity of the CFT functions is ensured in perturbation
theory.
One can estimate the strength of quantum effects from the relative changes of
the central charges to decide whether a FP is within the domain of validity of perturbation theory. If we write the a-function as a = a f ree + aq , aq referring to the
contribution of quantum corrections, and similarly for the c-function; the relative
changes in central charges are defined by:
δa ≡

a − a f ree
aq
=
a f ree
a f ree

and

δc ≡

c − c f ree
cq
=
.
c f ree
c f ree

(2.85)

If δa or δc become smaller than −1 the fixed point is unphysical because it cannot
correspond to a CFT (since c > 0 and a > 0 are guaranteed for any CFT). A fixed
point for which δc or δa is of order 1 should be discarded as well since quantum
corrections are then comparable in size to the free-theory contribution, invalidating
the expansion.
The central charges in the 2-1-0 approximation can be easily computed by embedding the models in the general gauge-Yukawa Lagrangian of [17]. Computation
in the 3-2-1 scheme is significantly more complicated due to a major increase in complexity of the Zamolodchikov metric. We do not pursue the 3-2-1 computation both
for this reason and because the results in the 2-1-0 scheme seem to confirm that the
first two perturbativity criteria, namely constraints on coupling sizes and anomalous
dimensions, are entirely compatible with the CFT tests.
RG Matching to Standard Model
Once we have an understanding of the fixed point structure and the perturbativity
tests are satisfied, it remains to be checked if there exists a trajectory connecting a
given FP to the Standard Model at some IR scale. This may be accomplished in the
following manner. First all the SM couplings are run via SM beta functions to a
common RG scale, which we take to be 1.83 TeV, where they take values:
α1 = 0.000795 , α2 = 0.00257 , α3 = 0.00673 , αt = 0.00478 .
This defines the IR target for the RG flow from the UV fixed point. Next, the RG flow
is started from a point numerically as close as possible to the FP and (approximately,
to given precision) lying on the UV critical surface. Domain of such points is shown
as a red circle in Figure 2.10. This guarantees that, to high precision, the flow towards
the UV ends at the fixed point. The system is then allowed to flow by means of the
full beta functions towards the IR. The initial point of the flow is varied until the
trajectory hits the target SM values to a predetermined accuracy.
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The scale at which one starts the flow, µ0 , is not known a priori. If one reaches

the target values of the couplings after some RG time t = log(µ/µ0 ) < 0, the corresponding scale µ is identified with 1.83 TeV and the starting scale is identified as
µ0 = µet .
Caveats
Finally, before moving on to the results of the analysis, let us discuss two caveats.
Despite it being a well known fact, it should be stressed that even though the
β-function of a single coupling is independent of the gauge choice in dimensional
regularization, and is regularization scheme-independent up to NLO; if there are
several couplings running together, their β-functions depend on the scheme already
at the NLO [59]. There is therefore a degree of ambiguity in the position of the fixed
points we are going to discuss because their position could be moved by changing
the regularization scheme. We assume that these changes are small if the fixed point
is found within the perturbative regime. One should however bear in mind this
problem of regularization-scheme dependence in all the discussions to follow.
Second comment is about marginal couplings; namely, if one of the eigenvalues
is equal to zero, the linear approximation does not give us information about the RG
behavior in the direction associated to it. In this case we have to go beyond the linear
expansion. At second order in the couplings yi , the β-functions take the form
dyi
= Mij y j + Pijk y j yk ,
dt

where

Pijk =

∂2 β i
.
∂g j ∂gk

(2.86)

The structure of these quadratic flows is quite complicated to describe in full generality, with the fate of a specific trajectory depending strongly on the position of the
initial point in the neighbourhood of the fixed point.
However, marginal couplings do not generally occur for a fully interacting fixed
point — they can always be identified with some coupling that is itself zero at the
fixed point. We had shown in an appendix of [4] that the structure of the β-functions
is such that the flow of the marginal couplings near the fixed point is of the form
dyi
= Piii y2i ,
dt

(2.87)

with no summation implied. Our flows will always be written in terms of the αi ,
which are bound to be positive. Therefore, marginal directions yi = αi with Piii < 0
are UV attractive and are called marginally relevant while those with Piii > 0 are
UV repulsive and are called marginally irrelevant. A well-known example of a
marginally relevant direction is that of the SUc (3) gauge coupling of strong interactions. Altogether, the UV critical surface is thus spanned by the relevant and
marginally relevant directions.
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Methods summary
Given a model, we first look for all the fixed points of the β-functions. Since the
β-functions are given in the form of a Taylor expansion, they will have several zeroes that are mere artifacts of the expansion, and we have to select those that may be
physical. The criteria we apply are stability under radiative corrections and matching to the SM at low energy.
We begin by analyzing the fixed points of the 2-1-0 approximation scheme. In
the first step, we retain only those fixed points that can be reasonably assumed to
be within the perturbative regime, that is, those for which the couplings and the
scaling exponents satisfy the bounds in (2.67) and (2.74), as well as the other perturbativity criteria discussed above. We check a posteriori that these bounds are indeed
reasonable indicators of radiative stability.
We then compare with the results of the similar analysis in the 3-2-1 approximation scheme. We retain only those fixed points that can be reasonably identified in
both approximations. Their number is quite small. We find that this identification is
possible if the couplings and scaling exponents are sufficiently small whereas fixed
points that have large couplings or scaling exponents cannot be recognized across
the two approximations and must be discarded.
Finally, for the fixed points that are radiatively stable in the sense just described,
we look for the possibility of matching to the SM at low energy.
If a fixed point satisfies all these conditions, we say that it should be considered
physical; otherwise, the FP should be rejected as unphysical.
A question that one might naturally raise is whether the SM itself allows for
physical fixed points? If it did have perturbative fixed points there would still be
two logical possibilities, nature would decide whether the FP would be connected
to the observed IR physics via RG flow or not. We have studied this question in
[4] and we have found that the Standard Model on its own does not possess any
perturbative fixed points in eiher 2-1-0 or 3-2-1 schemes. We therefore proceed directly to beyond-Standard-Model (BSM) physics and in the next subsection we study
SM augmented by a BSM sector consisting of vector-like fermions and non-gauged
scalars as described in 2.3.1.

2.3.3

Standard Model extensions

We consider a minimal extension of the SM by adding new matter content charged
under the SM group SUc (3) × SUL (2) × UY (1). The gauge sector is not modified.
Following [10], [42], [49], [55], we take N f families of vector-like fermions minimally
coupled to the SM. The idea is to consider a new type of Yukawa interactions among
the vector-like fermions such that their contribution generate new zeros in the gauge
β-functions. Accordingly, new scalar fields must be included as well. These scalars
are taken to be singlets of the SM group while the fermions will be described by
the representations R3 under SUc (3), R2 under SUL (2), and have hypercharge Y of
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the gauge group UY (1). Denoting by Sij the matrix formed with N 2f complex scalar
fields, the Lagrangian characterizing this minimal BSM extension is
/ ) + Tr(∂µ S† ∂µ S) − yTr(ψ̄L SψR + ψ̄R S† ψL ).
L = LSM + Tr(ψ̄i Dψ

(2.88)

In (2.88), LSM stands for the SM Lagrangian, y is the BSM Yukawa coupling, which
we assume to be the same for all fermions, the trace sums over the SM representation
indices as well as the flavor indices, and we have decomposed ψ as ψ = ψL + ψR with
ψR/L = 21 (1 ± γ5 )ψ. We neglect the role of quartic self interactions of the scalars Sij
as well as portal couplings of the latter to the Higgs sector.
This extension of the SM is simple enough to allow explicit computations while
giving rise to new features in the RG flow of the theory. The vector-like fermions
serve as a proxy for more elaborate extensions; they do not introduce gauge anomalies and do not induce a large renormalization of the Higgs mass—they are technically natural.
The β-functions
Within the model defined by the Lagrangian (2.88), we look for fixed points satisfying the requirements discussed in subsection 2.3.2. We start the analysis in the 2-1-0
approximation scheme and write the β-functions of the system (2.88) in terms of the
SM couplings,
αi =

gi2
for i = 1, 2, 3,
(4π )2

and

αt =

y2t
,
(4π )2

(2.89)

augmented by the new coupling
αy =

y2
.
(4π )2

(2.90)

In the following, of all the SM Yukawa couplings we dynamically keep track of
only the top-Yukawa. In doing so we are in line with previous investigations and
we keep the system manageable. The β-functions will depend on the dimensions of
the fermion representations d, the Casimir invariants C, and the Dynkin indices S,
which are defined for general representation as
d R2 = 2` + 1,

d R3 =

1
( p + 1)(q + 1)( p + q + 2),
2
(2.91)

(2)

CF = CR2 = `(` + 1),

1
(3)
CF = CR3 = p + q + ( p2 + q2 + pq),
3
(2.92)

(2)

S F = S R2 =

d R2 CR2
,
3

(3)

S F = S R3 =

d R3 CR3
.
8

(2.93)
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Here integer or half-integer ` denotes the highest weight of the SUL (2) representation R2 , and ( p, q), for integer p and q, denotes the weights of an irreducible R3
representation of SUc (3).
In the 2-1-0 approximation scheme, the β-functions are given by [60]–[63]

NLO

β1

=


17
B1 + M1 α1 + H1 α2 + G1 α3 − D1 αy − αt α21 ,
3
(2.94)

βNLO
=
2





− B2 + M2 α2 + H2 α1 + G2 α3 − D2 αy − 3 αt α22 ,
(2.95)

NLO

β3

=



− B3 + M3 α3 + H3 α1 + G3 α2 −



D3 αy − 4 αt α23 ,
(2.96)


βLO
=
t



9αt −

17
9
α1 − α2 − 16 α3 αt ,
6
2
(2.97)

βLO
=
y





Tαy − F1 α1 − F2 α2 − F3 α3 αy ,

(2.98)

where we have included the gauge and matter contributions in the coefficients Bi ,
Mi , Hi , Gi and Di , for i = 1, 2, 3. These coefficient are expressed in terms of d R2 ,
d R3 , CR2 , CR3 , SR2 , SR3 , Y and N f as follows. For the diagonal and mixing gauge
contributions to the gauge β-functions we have

B1 =

41 8
+ N f Y 2 d R2 d R3 ,
3
3

M1 =

199
+ 8Y4 N f d R2 d R3 ,
9
(2.99)

H1 = 9 + 8Y 2 N f CR2 d R2 d R3 ,

G1 =

88
+ 8N f Y2 CR3 d R2 d R3 ,
3
(2.100)

B2 =

19 8
− N f S R2 d R3 ,
3
3

M2 =

35
+ 4N f SR2 d R3
3


2 CR2 +

20
3


,
(2.101)

H2 = 3 + 8N f Y 2 SR2 d R3 ,

G2 = 24 + 8N f SR2 CR3 d R3 ,
(2.102)

8
B3 = 14 − N f SR3 d R2 ,
3

M3 = −52 + 4N f SR3 d R2 (2 CR3 + 10),
(2.103)

G3 = 9 + 8N f SR3 CR2 d R2 ,

H3 =

11
+ 8N f Y2 SR3 d R2 .
3

For the Yukawa contribution to the gauge β-functions we have

(2.104)
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D1 = 4N 2f Y 2 d R2 d R3 , D2 =

1 2
1
4N f CR2 d R2 d R3 , D3 = 4N 2f CR3 d R2 d R3 ,
3
8

(2.105)

whereas the running of the new coupling αy is characterized by the coefficients
T = 2( N f + d R2 CR3 ), F1 = 12 Y 2 , F2 = 12 CR2 , F3 = 12 CR3 .

(2.106)

All the new contributions to the gauge couplings running are multiplied by N f ,
meaning that we can go back to the SM by taking the N f → 0 limit.
Due to the simplicity of the β-functions to this order in perturbation theory, we
can find analytic solutions of the equations
LO
βNLO
= βLO
t = βy = 0
i

(2.107)

as functions of Y, `, p, q and N f . All these solutions can be split in two categories
according to whether they depend on the hypercharge Y or not. All the latter have
α1∗ = 0.
For the gauge couplings, the β-functions in the 3-2-1 approximation scheme, are
given, using the variables in (2.89), as follows


NNLO

β1

NLO

= β1

+ − M11 α21 + M12 α1 α2 − M13 α1 α3 − G23 α2 α3 + H11 α22 + G11 α23

2827
785
58
315 2
α + Ky1 α2y −
α1 α t −
α2 α t − α3 α t
8 t
144
16
3

3
− (K11 α1 + K12 α2 + K13 α3 ) αy + (α1 + α2 − αλ ) αλ α21 ,
2

+

(2.108)


2
2
2
βNNLO
= βNLO
2
2 + − M22 α2 + M21 α2 α1 − M23 α2 α3 − G13 α1 α3 − H22 α1 + G22 α3

147 2
729
593
αt + Ky2 α2y −
α2 α t −
α1 αt − 14 α3 αt
8
16
48

1
− (K22 α2 + K21 α1 + K23 α3 ) αy + (α1 + 3 α2 − 3 αλ ) αλ α22 ,
(2.109)
2

= βNNLO
+ − M33 α23 + M31 α3 α1 − M32 α3 α2 − G12 α1 α2 − H33 α22 + G33 α22
3

+

βNNLO
3

(2.110)
101
93
+30 α2t + K3y α2y − 80 α3 αt −
α1 α t − α2 α t
12
4
(2.111)


− (K33 α3 + K31 α1 + K32 α2 ) αy α23 .
(2.112)
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For the Yukawa and quartic Higgs couplings, the β-functions are given by

NLO

LO

−24 α2t

+ 3 α2λ



− 12 αt αλ +


225
131
α1 +
α2 + 72 α3 αt
8
8

βt

= βt +

βNLO
y

23
38
1187 2 3
α1 + α1 α2 − α22 + α1 α3 + 18 α2 α3 − 216 α23
108
2
2
9
58
160
+ Bt1 α21 + 2Bt2 α22 +
Bt3 α23 αt
27
9
h
2
= βLO
y + (4 − V ) αy + (V1 α1 + V2 α2 + V3 α3 ) αy

+

(2.113)

(2.114)

+ W1 α21

+ W2 α22

+ W3 α23

i

− W12 α1 α2 − W13 α1 α2 − W23 α2 α3 αy ,
(2.115)

βLO
= 12 α2λ − (3 α1 + 9 α2 ) αλ +
λ

9
4



1 2 2
α + α1 α2 + α22
3 1 3



+ 12 αt αλ − 12 α2t ,
(2.116)

where we have introduced several coefficients containing the gauge and Yukawa
contributions which depend on N f and the group representations of the SM and
new vector-like fermions. The interested reader can find the explicit form of the
coefficients and original sources of various pieces of beta functions in [4].
It is not possible to find analytic solutions for the fixed points in the 3-2-1 approximation scheme. The system

= βNLO
= βLO
βNNLO
= βNLO
t
y
i
λ =0

(2.117)

must be solved numerically, separately for each given choice of ( N f , Y, p, q, `). No
separation between Y-independent and -dependent solutions can be established before solving the equations, but it can be confirmed a posteriori.
Results 1: colorless vector-like fermions
In order to find fixed points satisfying the conditions (2.67) and (2.74), we generate
a grid in the space spanned by the quantum numbers ( N f , `, Y ) for three specific
SUc (3) representations: colorless (p = q = 0), fundamental (p = 1, q = 0) and
adjoint (p = q = 1). For each of these representations, we consider the following
values for the number of vector-like fermions, their isospin and hypercharge:

∈ [1, 300], in steps of 1 ,

(2.118)

` ∈ [1/2, 10], in steps of 1/2 ,

(2.119)

Y ∈ [0, 10], in steps of 1/2 .

(2.120)

Nf

This amounts to 126,000 points for each representation of SUc (3).
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We start here by considering the colorless case and we discuss the other two

representations below. Colorless vector-like fermions are the least phenomenologically restricted and therefore the most attractive candidates for a successful extension of the SM. In the 2-1-0 approximation scheme we find that only the Yindependent set of solutions contains fixed points fulfilling the required conditions
(α < 1, |ϑ | < O(1)).
To set the precise bound on |ϑ |, we plot in Figure 2.11 the largest eigenvalue
of the stability matrix versus one representative coupling. For the Y-independent
solutions there are solutions with eigenvalues between 0 and 2.21, and then there is
a gap up to 62.6; for the Y-dependent solutions there are no eigenvalues less than
9.63. Accordingly, we decide to consider fixed points with |ϑ | < 3 8 . In this way we
probably include some fixed points that are not in the scope of perturbation theory,
but we prefer further checks of such FPs over failing to catch good FPs that are
only apparently non-perturbative. We discard all the Y-dependent fixed points since
there is always an eigenvalue which is of order 10 or greater.
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F IGURE 2.11: Distribution of the largest eigenvalue of the stability
matrix for the colorless models. Left: Y-independent solutions. Right:
Y-dependent solutions.

The above selection of the viable fixed points is confirmed by the study of their
CFT central charges. There are 20 Y-independent fixed points with eigenvalues up to
about ±2, they are depicted in Figure 2.12 with the changes in the a- and c-functions,
as well as their ratio. All of them have positive a and c. The fixed point with least
variation in the central charges is that with ( N f , `) = (1, 1), having δa ' −0.0007 and
δc ' 0.08. The one with the largest change is that with ( N f , `) = (1, 1/2), having
δa ' −0.2 and δc ' 0.8. All these fixed points except for one pass the collider bound
test (2.80). There are 69 Y-dependent fixed points with eigenvalues up to ±10. None
of them have positive a or c, and δa and δc are always of O(1) so they should all be
discarded. These results confirm our classification of the fixed points in Figure 2.13
according to the size of their eigenvalues and the ratio ρ.
Having applied all the criteria discussed in section 2.3.2, we find that for any
value of the hypercharge Y the only group representations producing satisfactory
8 Any

threshold up to 62.2 would yield the same set of Y-independent fixed points.
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F IGURE 2.12: Variation δa, δc, and ratio a/c of the central charges as
functions of the largest eigenvalue for the 20 colorless, Y-independent
fixed points discussed in the text. The collider bounds (2.80) require
a/c not to fall in the forbidden region in the bottom panel.
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candidate fixed points are those collected, together with the corresponding eigenvalues, in Figure 2.13. The eigenvalues of the stability matrix turn out to be Yindependent as well.

F IGURE 2.13: Set of FPs and eigenvalues for colorless vector-like
fermions in the 2-1-0 approximation scheme. We highlight in green
the FPs that appear also in the 3-2-1 approximation. In the last column we show the ratio ρ2 defined in Eq. (2.76).

The bounds on N f and ` come from the behavior of the eigenvalues as functions
of these parameters. If we plot one of the eigenvalues as a function of N f for several
values of l, we observe that it increases very fast. From Figure 2.14, we see that only
models with small N f produce sufficiently small eigenvalues.
It is important to realize that the large scaling dimensions of models with large
N f frustrate the apparently promising strategy of increasing the number of generations N f of vector-like fermions in order to increase the NLO term in the gauge βfunctions to cancel the (N f -independent) LO term with smaller (and therefore more
perturbative) values of the couplings αi .
In Figure 2.13 we also show the ratio ρ2 . As discussed in subsection 2.3.2, under “Perturbativity test 3”, this shows how large the three-loop contribution is with
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F IGURE 2.14: Behavior of a given eigenvalue |ϑ | as a function of N f
for several values of ` in the colorless case. The scaling dimension
increases very fast with N f , and only small values of N f , ` produce
| ϑ | < O (1).

respect to the two-loop contribution.
Now that we have isolated the candidates to study, we check whether these fixed
points can be connected to the SM via the RG flow. We find that β 1 is proportional
to α21 and so, in order to avoid Landau poles, α1 has to vanish at all energy scales. In
conclusion, although we have perturbative fixed points, these cannot be matched to
the SM because g1 is different from zero at the TeV scale.
We then perform a similar analysis in the 3-2-1 approximation scheme. Since we
see in Figure 2.13 that the fixed point with |ϑ | > 1 produce a rather large ρ2 ratio,
we stick to solutions having |ϑ | < 1. We find that the same combinations of N f and

` that provide perturbative fixed points in the 2-1-0 case also give viable solutions
here. Moreover, the solutions turn out to be Y-independent as well.
In Figure 2.15 we show the fixed point solutions satisfying the criteria in (2.67)
and (2.74). Almost all the fixed points in Figure 2.15 can be traced back to fixed
points that were already present in the 2-1-0 approximation scheme and listed in
Figure 2.13. Notice that for a given pair ( N f , `), not all the fixed points in 2-1-0
persist. For those that do, the values of α∗ and ϑ change by relatively small amount.
We can then claim that the solutions given in Figure 2.15 are radiatively stable fixed
points.
Unfortunately, when we look at trajectories lying on the UV critical surface, we
find that the coupling α1 must be zero at all scales in all the models. The abelian
interactions suffer from the triviality problem and no matching to the SM is possible
if asymptotic safety is assumed. All these colorless models are therefore ruled out.
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F IGURE 2.15: Fixed points and eigenvalues for colorless vector-like
fermions, in the 3-2-1 approximation scheme. The last two columns
give the values of the ratios σ2 and ρ2 (see 2.77).
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F IGURE 2.16: Distribution of the largest eigenvalue of the stability matrix for the SU (3) fundamental representation. Left: Yindependent solutions. Right: Y-dependent solutions.

Results 2: vector-like fermions in fundamental of SUc (3)
For the fundamental representation (p = 1 and q = 0) we follow the same procedure
as before and generate 126,000 models by scanning the same grid in the ( N f , `, Y )
space. We again split the solutions into Y-independent and Y-dependent. The distribution of eigenvalues in Figure 2.16 shows that there are no fixed points with

|ϑ| < 52.1 for the Y-dependent solutions, whereas for the Y-independent solutions
there is a gap between 10.8 and 372.
Accordingly, we eliminate all Y-dependent solutions and impose the bound |ϑ | <
11 for those that are Y-independent. In this way, even more than in the preceding
section, we include models that are probably unreliable, but these can be eliminated
at a later stage. For the Y-independent solutions, we find the combinations of N f
and ` in Figures 2.17 and 2.18 that generate satisfactory candidate fixed points.
This selection is confirmed by the study of the central charges for these models.
Among the 49 distinct Y-independent fixed points with eigenvalues up to ±10, all
have positive c-function, but 6 of them have a negative a-function (with one more
being borderline acceptable). The CFT test seems to work well here: all fixed points

0.14

2.3. Searching for UV completions of the Standard Model

47

with reasonable critical exponents pass it, whereas the ones with relatively large
exponents do not. An unexpected fact is that the separation between “large” and
“small” exponents seems to be around (maximum |θ | of) order 3.
For these perturbative and “semi-perturbative” fixed points, we also notice that
the a-function is generically pushed toward 0 (aq < 0) whereas the c function is
generically shifted to larger values (cq > 0). This is why the fixed points with negative a-function still seem to pass the c-function test. If one considers δc instead, then
for most of these fixed points δc > 1, but apparently not for all. Finally, if one also
studies the collider bounds one finds that ten more fixed points are excluded. We
observe that if a fixed point barely satisfies one or both of the a and c tests, then it
will most likely not satisfy the collider bound. The collider bound test thus seem to
be the most stringent.
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F IGURE 2.17: Fixed points and eigenvalues for vector-like fermions
in the fundamental representation of SUc (3), in the 2-1-0 approximation scheme, with N f = 1. We highlight in green the fixed points that
appear also in the 3-2-1 approximation scheme. The last column gives
the values of the ratio ρ for α2 or α3 depending on the case (see 2.77).
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F IGURE 2.18: Same as Table 2.17 but with N f > 1.

When one tries to match the above UV FPs to the SM at low energies, it turns out
that the abelian gauge coupling α1 must again be zero at all scales. None of these
fixed points is thus physically viable.
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F IGURE 2.19: Fixed points and eigenvalues for vector-like fermions
in the fundamental representation of SUc (3), in the 3-2-1 approximation scheme. The last two columns give the values of the ratio σ and
ρ for α2 or α3 depending on the case (see 2.77).

In the 3-2-1 approximation scheme, there exist fixed points that can be reasonably
traced back to those in the 2-1-0 approximation scheme. These solutions are shown
in Figure 2.19, where we have included only FP with |ϑ | < 1 in order to get small
ratios ρi and σi . However, they all have at least one coupling that has to be zero at all
scales, thus preventing a proper matching to the SM. We conclude that also all the
models with the vector-like fermions in the fundamental representation of SUc (3)
cannot provide an asymptotically safe extension to the SM.
Results 3: vector-like fermions in adjoint of SUc (3)
For the adjoint representation (p = q = 1), the search over the same grid of values
of ( N f , `, Y ) (thereby covering 126,000 further models) does not produce any FPs
within the perturbative domain. In addition, there are always large eigenvalues of
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F IGURE 2.20: Distribution of the largest eigenvalue of the stability
matrix for the SU (3) adjoint representation. Left: Y-independent solutions. Right: Y-dependent solutions.

the stability matrix. That these models do not exhibit any viable fixed points is true
both in the 2-1-0 and in the 3-2-1 approximation scheme.
In Figure 2.20 we show the distribution of eigenvalues in the 2-1-0 approximation
scheme. We clearly see that the eigenvalues are rather large. In fact, the minimum
eigenvalue in the Y-independent set of solutions is 1342, while in the Y-dependent
set is 426.
This problem is confirmed by the study of the central charges. For the Y-independent
fixed points we find for all fixed points δa of O(1000). Similarly, the Y-dependent
the fixed points have δa of O(100). Tests of the c-function confirm these results, even
though the a-function seems to be more sensitive, in the sense that it suffers greater
relative change.
Again, we come up empty handed. The models with the vector-like fermions
in the adjoint representation of SUc (3) do not provide a viable asymptotically safe
extension of the SM. Higher SUc (3) representations are disfavored by experimental
constraints because of the early onset of the modifications in the α3 running. We
may also conjecture from the previous analyses that they would produce even less
reliable fixed point candidates.
Relaxing the criteria?
Having ruled out all possible candidates, one may wonder if the criteria in (2.67) and
(2.74) might be too stringent and make us miss some potentially interesting models.
Under relaxed assumptions we can indeed find fixed points that naively seem to be
good candidates for an asymptotically safe extension of the SM. This is achieved if
we allow for larger values of ϑ, i.e. if we allow a violation of the condition (2.74).
For example: consider the phenomenologically interesting case of N f = 3 colorless vector-like fermions in the representation ` = 1/2, Y = 3/2. Its FP coupling
constants and eigenvalues are given in Figure 2.21. This example provides an interesting and non-trivial extension of the SM which includes non-Gaussian fixed point
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F IGURE 2.21: Values of the couplings at the fixed point, eigenvalues and ρ ratio for the model that almost works (2-1-0 approximation
scheme).

value for the gauge coupling α1 as well as for the Yukawa coupling αy 9 . In particular, we see from Figure 2.21 that the first two scaling dimensions violate the criterion
(2.74), but the fixed-point couplings satisfy the condition (2.67). We do not find any
couplings frozen to zero and therefore a non-trivial RG flow towards the IR is possible. Let us therefore briefly suspend disbelief and proceed with the analysis of this
candidate. Interestingly, we find a good matching to the SM couplings in the IR,
with an error of the order of per mille, see Figure 2.22.
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F IGURE 2.22: Evolution of the couplings with t in a logarithmic scale
for the fixed point in Figure 2.21). This running provides a trajectory
in the theory space connecting the fixed point and the physics at a
matching scale around 2 TeV.

This model would seem to be a very promising candidate for an asymptotically
safe extension of the SM, and yet it is not radiatively stable—a fact that vindicates
the role of criteria in (2.74) as a filter for the physical fixed points . The 3-2-1 approximation scheme β-functions generate very different FPs, none of which can be traced
back to the above one in the 2-1-0 approximation scheme. Moreover, all the 3-2-1
fixed points have a trivial coupling and cannot provide a viable extension of the SM.
Combining representations
Combining vector-like fermions in different representations, as done, for instance,
in [45], [46], provides other examples of models that almost work. In the simplest
scenario, we can try to construct a model with two types of vector-like fermions.
9 Recall

that the quartic scalar interaction does not renormalize in the 2-1-0 scheme.
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In that case, we duplicate the last three terms in equation (2.88) for fermions ψ̃ and
scalars S̃. We call the extra Yukawa coupling z with,
αz =

z2
(4π )2

(2.121)

and assume no mixing between the two families.

F IGURE 2.23: Values of the couplings at the fixed point of interest,
eigenvalues and ρ ratios for the model combining 3 fields in the representation (1, 2, 3/2) and 8 fields in the representation (1, 5, 0) (2-1-0
approximation scheme).

Since many of the extensions beyond the SM attempt to describe dark matter,
we take one of the possible minimal models discussed in [64] and identify some of
the vector-like fermions with dark matter. This exercise makes clear the potential
relevance of the asymptotic safety in selecting physics BSM.
In addition to the N f vector-like fermions in the last-considered representation,
we take N f2 vector-like fermions with quantum numbers p = q = 0, ` = 2 and
Y = 0. That is, we take colorless quintuplets with no hypercharge. Within the 2-10 approximation scheme, for this combination (1, 2, 3/2) ⊕ (1, 5, 0), we realize that
fixed points split in two categories: fixed points that depend on the number of quintuplets N f2 and fixed points that do not. Clearly, the latter have αy = 0 so that the
vector-like fermions enter only via loops in the gauge β-functions. Consequently, the
conditions to lie on the critical surface of those fixed points imply that α2 is identically equal to zero. This feature makes the corresponding fixed points uninteresting.
For the remaining fixed points, we find that in order to have αi < 1 for all couplings, the minimum number of quintuplets should be equal to eight. Taking the
minimal case of N f2 = 8, we find 6 fixed points, all of them having one large eigenvalue around 250. Thus, according to our perturbativity requirements, these fixed
points are not reliable since there is always one ϑ which is much larger than 1. This
is similar to what happens in the previous SU (2)-triplet model.
Despite non-perturbativity, we can find a matching with the SM. The only difference with respect to the previous model is that, in the present case, two matching
scales are needed, the reason being that the large number of quintuplets makes α2
decrease fast so that these fields must be decoupled at very high energies. In Figure 2.24 we show the logarithmic running of the couplings and the two different
matching scales. The quintuplets decouple at an energy scale O(1013 ) TeV (and must
be considered “wimpzilla” dark matter [65]), and the doublets at an energy scale of
the order 2 TeV. All the couplings go to the fixed point in Table 2.23
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F IGURE 2.24: Evolution of the couplings with t in a logarithmic scale
for the fixed point in Table 2.23 within the 210 approximation with
3 fields in (1, 2, 3/2) and 8 fields in (1, 5, 0). This running provides a
trajectory in the theory space connecting the fixed point to a matching
scale around 2 TeV passing through another matching (for the quintuplets) at about 1013 TeV.

Even though Figure 2.24 shows a nice flow of the coupling constants toward the
SM, the size of the eigenvalues spells doom for the model and in fact the fixed point
does not survive in the 3-2-1 approximation scheme.

2.3.4

Discussion

A systematic scan covering 378,000 possible extensions of the Standard Model based
on vector-like fermions charged under the SM gauge group, carrying various representations and coming in several generations shows that there are no fixed points
in the β-function of the models that satisfy both the perturbativity criteria and the
RG flow compatible with the Standard Model in the IR. Non-perturbative FPs that
appear in the 2-1-0 approximation scheme are absent when probed in the 3-2-1 approximation scheme. Fixed points that present themselves in both schemes or appear only at the higher order always contain a trivial solution in which at least one of
the couplings is “frozen” to zero thus suggesting that the Landau problem of the LO
theory persists at higher orders in the perturbative expansion. We conclude that it is
not possible, with the models we have examined, to extend the SM up to arbitrarily
high energies in perturbation theory.
This result can be interpreted in a number of ways. Within the context of asymptotic safety paradigm there is a multitude of scenarios that could be realized in nature. First possibility is, of course, that the asymptotic safety is a concept that is
realized only in hypothetical models, but not in our physical reality. Second possibility is that the asymptotic safety is realized in our Universe. This possibility can be
further divided as follows:
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i) Above models may possess physical FPs that our computation has missed. We
have observed that LISA-like fixed points arise from the cancellation of the gauge
and Yukawa terms in the 2-1-0 scheme (analogous observation has been made about
LISA [10]). In our computation, following standard practice, only the top Yukawa
was tracked of all SM Yukawas, and all others were set to zero. This clearly underestimates the total Yukawa contribution to the beta functions, and it might be that the
inclusion of the other Yukawa couplings is enough to generate physical fixed points
that we’ve missed above. There is no certainty that this would happen, but it is clear
that the computation would be more complicated and that the analysis would have
to be performed in a much higher-dimensional (coupling) space. For this reason a
simpler alternative computation could be done, parametrizing with a parameter n
the effective number of Yukawa contributions. If reasonable values of n would yield
interesting fixed points then this would make the full computation well worth pursuing, whereas if we would fail to identify interesting FPs even for large values of n
it is likely that the full computation would not reveal any physical fixed points.
ii) Our results might indicate that the search must be enlarged to include models
with more sophisticated BSM sectors. The gauge group may be extended, e.g. in the
sense of Pati-Salam unification, which would potentially solve the U (1)-triviality
problem and also be closer in spirit to the perturbative LISA fixed point. Work in
this direction has already started [66]. In addition to the above, more complicated
BSM matter sector could be studied. It is not clear at this stage how much such extensions would help since the vector-like fermions serve as a proxy for more general
matter fields, and thus our results may be pointing to the possibility that the physical FPs exist only outside the scope of perturbation theory. Nevertheless, we think
that this possibility is very well worth exploring, particularly because of its potential relevance for the ultra-high-energy model building. For example, notice that the
model in Figure 2.22 reaches the non-Gaussian regime at around 1014 GeV. Such nonstandard dynamics in the early Universe may allow for rich inflation, leptogenesis,
dark matter, and other relevant model building [41], [48], [67].
iii) Gravity might be an essential ingredient: in scenario ii) gravitational RG running kicks in around the Planck scale and it modifies the location and the properties
of the FP, but it is not responsible for generating it. An alternative scenario that we
should keep in mind is the possibility that rendering the Standard Model UV completions free of Landau poles may require the inclusion of gravity. That this might
be achieved was shown for the first time in perturbation theory in [68]. This work
inspired some controversy [69]–[72] which appears to be solved now, with latest answers [73]–[75] confirming the original work. Compatible results were also derived
via functional renormalization group [76]–[81]. The main idea here is that gravity
may feed into the running couplings of the particle model so as to induce asymptotic safety, taking on much more essential role than in case ii).
There is an important point about asymptotically safe QFTs which we didn’t
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stress enough so far, and it is their strong predictivity. Consider, for example, perturbative fixed points in Figure 2.13 and Figure 2.15. It is never the case that all of the
couplings are relevant, i.e. that all of them are free parameters. In fact, we find a couple of models which are maximally predictive; all of their (non-marginal) directions
are irrelevant, meaning they do not have a single “tuneable” parameter. Generically
what we expect from asymptotically safe theories from the above analysis, and from
most analyses of the asymptotic safety of pure gravity or gravity-matter systems,
are non-Gaussian UV fixed points which have a small number of relevant directions. This makes generic asymptotically safe models highly predictive, because it
implies that the model has a small number of free parameters that should be input
from the experiment, whereas all other parameters are then fixed by requiring the
RG trajectory to sit on the UV critical surface. In principle this means that an asymptotically safe completion of the Standard Model may be able to explain the relations
between many Standard Model parameters that have hitherto being considered as
independent. This is particularly important in light of the negative LHC results.
In this section we have neglected gravity, and we have unsuccessfully searched
for a viable fixed point within a certain class of BSM models. We have additionally
discovered that the U (1) coupling continues to be troublesome beyond Standard
Model. One of the main tasks for the future models will therefore be to solve the
problem of the U (1) coupling running to the Landau pole. Motivated by the possibility that the UV completions of the SM possess non-perturbative FPs, and by the
prospect of quantum gravity solving the triviality problem, in the next section we
review functional renormalization group, a technique that promises us the ability to
study non-perturbative RG flows.
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Asymptotic Safety in Gravity
This chapter is a logical extension of the previous one in two directions. Whereas
the previous chapter was dealing with particle physics models in absence of gravity,
using fairly standard techniques, this chapter goes beyond that in both ways.
Gravity is a fundamental force that has to be included in any description of fundamental physics that wants to claim any kind of completeness. It is evident from
the previous chapter that pure particle models can be asymptotically safe, but at the
same time it is difficult to construct realistic and phenomenologically viable asymptotically safe particle models. The Asymptotic Safety program has so far shown that
pure gravity may be asymptotically safe on its own, and it may even impress its
good RG qualities on matter models coupled to it. In this chapter we explore these
questions in more detail.
Quantum Gravity
In the language of QFT we would say that Einstein’s theory is an incredibly successful effective field theory (EFT). One reason for its validity over orders of magnitude
of length scales is the smallness of Newton’s coupling. Because of it, first quantum
corrections to Newton’s potential are so exceedingly small that they may never be
directly measured [82]–[85]. The cutoff scale of the General Theory of Relativity (GR)
is directly related to Newton’s constant, and is known by the name of Planck energy.
Due to smallness of Newton’s coupling the Planck scale is so high that any Earthbound experiment that is supposed to perform direct measurements at the Planck
scale is hardly concievable. This implies that for the purposes of explaining eventual future observations of radiative corrections to Newton’s potential and similar
observables the only quantum formulation of gravity that will ever be needed is
given by the simple EFT of GR. Despite the fact that EFT of GR is a good description
of quantum gravity all the way up to the Planck scale, it is clear that EFT is not a UV
completion of GR but it is rather a good computational tool at “low energies”.
What we care about in this chapter is a UV completion of the quantum GR which
is supposed to provide us with insights into some fundamental questions regarding,
for example, the nature of the microscopic structure of spacetime. The answers to
these kinds of questions are what we primarily want from a quantum theory of gravity, and it is where EFT falls short of providing an answer. A consistent quantum
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theory of gravity should be a UV completion of GR so that it is well defined at all
energy scales, and so that it consequently has some prospect of answering questions
about the structure of spacetime, centers of the black holes, initial singularity of the
cosmos, etc.
Asymptotically Safe Quantum Gravity
In sections 3.2 and 3.3 we will work in the context of an approach to quantum gravity commonly known as the Asymptotic Safety program. The main premise of the
Asymptotic Safety program is that gravity is an interaction that may be quantized
as a quantum field theory, where the fundamental field is (probably) the metric, and
such that its renormalization group flow flows from GR in the IR towards an interacting QFT in the deep UV.

1

In this sense gravity is postulated to be fundamental

according to Wilson.
Every theory of quantum gravity forces us to some trade-offs. String theory (at
least as thought of in 1960s through 1980s) required us to abandon quantum fields,
background independence and more. On the other hand string theory may be studied using perturbation theory, so that one has standard level of control in most computations. In Asymptotic Safety, instead, physics stays rather familiar, and we are
required to trade away our standard mathematical tools. In fact, the fixed point, if it
exists, should exist within a nonperturbative regime of the couplings (e.g. Newton’s
coupling). This implies that in principle we may continue to rely on the acquired
physical intuition, but we have to acknowledge decreased reliability of the computations.
On the other hand Asymptotic Safety is a very promising approach to quantum
gravity, not the least because it turns out to be very practical. By staying close to
standard physics it is comparatively simple to extract physical predictions (and postdictions) from this theory than it is from most of its competitors. For example, we
have found in section 2.3 that the U (1) coupling may present a problem for finding a
UV complete particle physics model, but there are already hints that these problems
may be cured by coupling U (1) to gravity because as gravity is flowing to a fixed
point its backreaction modifies the RG flow of U (1) to the point that it renders it
asymptotically safe/free (instead of UV diverging) [80]. Even more importantly, in
principle Asymptotic Safety may be a highly predictive (falsifiable) paradigm, and
this seems to be realized in practice in many systems studied so far. For example it
seems to be the case that one can predict the mass of the top quark [86], the mass of
the Higgs particle [87], and much more within this framework.
It is difficult to stress too much the importance of the above statement. As we’ve
said in the introduction to this chapter, it is hard to imagine an experiment directly
measuring Newton’s potential close to Planck’s energy. It is therefore extremely
1 This

may be compared to mass-deformed LISA which was connecting pure Yang-Mills theory in
the IR to an interacting theory of gauge fields, fermions and scalars in the deep UV.
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interesting and important that Asymptotic Safety promises to be able to make predictions about experimentally accessible IR physics using the postulate of existence
of a UV FP. Just as it is hard to imagine experiments at Planck scale, so it is hard to
imagine a proof of existence of a gravitational FP with mathematical level of rigor.
Crucial idea here is that such a thing is not necessary by any means because for practical purposes all that matters is that in some approximation there is a fixed point,
and the existence of the fixed point in this approximation gives us non-trivial information about the experimentally accessible physics.
We begin the next section by giving more technical details about the techniques
used to study Asymptotic Safety of gravity. This will be of direct use in the rest of
the chapter.

3.1

Introduction

In the following two sections we will deal with non-perturbative QFT in the sense
of non-perturbative couplings2 . This kind of non-perturbativity can be very complicated. Consider QCD close to or below confinment scale ΛQCD . There’s a number
of phenomena that occur there, from confinment, over chiral symmetry breaking to
effectively changing the fundamental degrees of freedom from quarks and gluons to
mesons. Perturbative QCD is of little help in this regime. Historically there were two
routes that physicists followed in dealing with strong dynamics. First is to (partially)
abandon analytic computations and proceed with lattice formulation of QFT (meaning numeric, Monte Carlo simulations). The second one was essentially guessing
low-energy Lagrangians and then again combining perturbation theory with this
low-energy effective QFT description (also known as chiral perturbation theory).
Strong Gravitational Dynamics
If gravity is non-perturbative in the deep UV, and we assume so from perturbation
theory (and also from functional renormalization group that will be discussed in a
moment), we can again try to follow the two aforementioned approaches.
First of them would be a lattice formulation of gravity [88]–[96]. Here one starts
from an optimistic expectation that the gravitational UV dynamics can be obtained
by discretizing GR. The caveat is that lattice formulations have to assume microscopic structure of the theory and thus we are placing faith in the idea that discretization of geometry is the right thing to do. This is opposite from what is done
in QCD where one discretizes UV action in weak-dynamics regime and then computes low-energy states/observables in the strong-dynamics regime. In gravity one
is guessing the microscopic structure in the strong-dynamics regime from the very
2 This meaning of "non-perturbative" is distinct from the meaning used in chapter 2 where nonperturbativity referred to non-analiticity in the sense of instanton effects.
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beginning so all modern approaches (e.g. Causal Dynamic Triangulations and Euclidean Dynamic Triangulations) essentially assume that metric is the fundamental
degree of freedom and then discretize it.
The second approach is even more optimistic as it entails guessing the fundamental (UV) degrees of freedom and then trying to construct more appropriate Lagrangians, often hoping to maintain perturbativity in this new description. One
could argue that String Theory, Loop Quantum Gravity, Group Field Theory/Tensor
Networks, and some other approaches follow this strategy. This approach is notoriously difficult, not the least because it often requires understanding or developing
a significant amount of non-standard mathematics, but even more so because such
theories are often so different from the Standard Model and the rest of “standard”
physics that it becomes incredibly difficult to extract solid physical predictions.
The approach that we will follow here is a third road which is optimistic in
its own way. If gravity becomes non-perturbative in the UV, but not very nonperturbative, then classical intuition of having the metric as a fundamental degree of
freedom may still be correct (or at least useful) one, and what’s even more important
it allows us another venue for attacking the problem of quantization of gravity. If
non-perturbativity of the UV dynamics is small enough so that basic perturbative
reasoning is still correct, for example regarding operator ordering, one may go far
by using a technique called functional renormalization group or FRG.
The last scenario is what the bulk of research on Asymptotic Safety over the past
two decades is pointing to. Additionally, it is maybe the most interesting option of
all the aforementioned.

3

Overview of the FRG
The functional renormalization group (FRG) is a collective name for a number of
different techniques that all start from the partition function, then modify it in some
way, and finally rewrite it as a differential RG flow equation. A defining feature in
all of them is to not make any approximations when deriving the flow equation. In
this sense the equations may be considered exact. The equation that is most widely
used in the Asymptotic Safety program is called Wetterich equation [97], and it was
applied to gravity for the first time by Reuter in 1996 [98].
Let us denote all the fields in a theory by Φ, and let the action S[Φ] also contain
a gauge-fixing action and the ghost action corresponding to it. Wetterich equation
follows from a modified partition function Zk , obtained from the standard partition
function,
Z=

Z

D Φe−S[Φ] ,

(3.1)

3 Non-perturbative physics is much less understood and much less developed than standard perturbative one, yet we know that it contains a number of extremely interesting phenomena s.a. chiral
symmetry breaking. If we are truly witnessing an “almost perturbative” non-perturbativity we are
given a chance to study novel non-perturbative phenomena using both new analytic techniques and
Monte Carlo simulations.
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by adding to the action S[Φ] a cutoff action ∆Sk [Φ]. k stands for the RG scale4 and
∆Sk [Φ] provides an infrared regulator of the form
1
∆Sk [Φ] =
2

Z
x

ΦRk (∆)Φ .

(3.2)

The cutoff action, which can also be thought of as a momentum-dependent mass
term, will be discussed in more detail below; for the derivation of the Wetterich
equation it is crucial only that it is quadratic in the fluctuating field so that it does
not affect the vertices but only the propagators.
The k-dependent partition function reads,
Zk [ j] =

Z



D Φ exp −S[Φ] − ∆Sk [Φ] +



Z
x

jΦ

.

(3.3)

We now define Wk [ j] = log Zk [ j] and then define its Legendre transform (φ = hΦi),
Γ̃k [φ] = −Wk [ jφ ] +

Z
x

jφ φ .

(3.4)

The Wetterich equation is an exact RG flow equation for the effective average action
(EAA) which is defined by subtracting the cutoff from Γ̃k ,
Γk [φ] = Γ̃k [φ] − ∆Sk [φ] .

(3.5)

Let us now derive Wetterich equation. RG scale derivative of Wk reads,
k

d
d
d
1
dR
Wk ≡ Wk = − h∆Sk i = − Tr hΦΦi k .
dk
dt
dt
2
dt

(3.6)

From the definition of the EAA and the Wk as the generator of Green’s functions we
have,

d
d
d
Γk = − Wk − ∆Sk
dt
dt
dt
1
=
Tr (hΦΦi − hΦihΦi)
2
1 δ2 Wk d
Tr
R
=
2 δjδj dt k

(3.8)
(3.9)

Wk
δ Γ̃k −1
= j we deduce that δδjδj
= ( δφδφ
) . This identity can be substituted in
the RHS of the above RG flow, after which Γ̃k can be rewritten in terms of the EAA.
These transformations bring us to the final form of the Wetterich equation,

From

δΓ̃k
δφ

(3.7)

2

2

1
k∂k Γk [φ] ≡ Γ̇k [φ] = STr
2



δ2 Γ k
+ Rk
δφδφ

 −1
Ṙk .

(3.10)

4 We use k instead of µ for the RG scale because it is the standard notation in the Asymptotic Safety
literature.
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Let us explain some FRG technology by working through an example. We will

consider a scalar theory with Lagrangian equal to
1
L = ηµν ∂µ φ∂ν φ + λφ4 .
(3.11)
2
First important notion is the notion of truncations. When dealing with nonperturbative physics infinitely many operators are generated by the RG flow, just
as in the usual (perturbatively non-renormalizable) EFTs. We call the infinite dimensional space of all possible couplings/operators allowed by the symmetries of the
theory a theory space. Before starting the computation one has to decide what subset of operators in the theory space one wants to work with, and this choice defines
one’s truncation (of the theory space). In the course of the computation only the
couplings belonging to the truncation are considered and the rest is "projected out"
(i.e. neglected).
In the case of Wetterich equation, just as with any other FRG equation, in practice
one always works within a truncation, so they are not literally “Exact” RG Equations
despite being commonly given this name. Nonetheless, they are much more powerful than standard perturbation theory since they do allow us to work with infinitely
many couplings. In this sense they truly are functional RG equations.
In particular, instead of studying the Lagrangian shown above, we may decide
right away to study a much more general Lagrangian with the same symmetries,
1
(3.12)
L = ηµν ∂µ φ∂ν φ + V (φ2 ).
2
This kind of truncation would be called a (leading order) derivative expansion. The
naming comes from the fact that if you think of expanding the potential V in power
series, we’re keeping all powers of φ in our truncation, but we are only keeping up
to two derivatives. Next order in the derivative expansion would allow a generic
function of φ in front of the kinetic term, the one after that would include generic
four-derivative operators, and so on. This expansion may work very well if the
physics in the UV is very local. If physics is not very local, then having exact dependence on φ at the cost of throwing away all derivatives may be a bad choice. In the
case of much less local physics a better truncation would be,
1
L = φ f (ηµν ∂µ ∂ν )φ.
(3.13)
2
We call such an expansion a vertex expansion, or a field expansion, because it only
keeps vertices with up to a certain number of fields in them (two in the above case),
but it keeps the full momentum dependence of the vertices. In more complicated
theories, e.g. Yang-Mills or gravity, this separation of truncations is not going to be
as clear-cut, but there will still exist analogous systematic approaches.
In order to study (3.12) using the Wetterich equation (3.10) we need to construct
the effective average action. We can choose it as,
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Γk [φ] =

Z
x

1
ηµν ∂µ φ∂ν φ + Vk (φ2 ) .
2

(3.14)

In particular, to write the Wetterich equation we will need the Hessian,
Γ k [ φ ] (2) = − ∂ 2 +

δ2 Vk (φ2 )
= −∂2 + 2Vk0 + 4φ2 Vk00 ,
δφδφ

(3.15)

where primes generically stand for derivatives wrt the argument of the function (in
this case φ2 ), and the derivative of the EAA wrt the RG time,
Γ̇k =

Z
x

V̇k .

(3.16)

In addition to the EAA, Wetterich equation requires us to specify the cutoff action
∆Sk . From the derivation of the Wetterich equation we known that the cutoff action
has to be of the form,
∆Sk =

Z
x

1
φR (ηµν ∂µ ∂ν )φ .
2 k

(3.17)

In order for this action to act as a good IR cutoff the regulator function Rk has to
satisfy a couple of conditions. First condition is that Rk (z) → 0 for k → 0 (for every
z), so that correct quantum effective action is reached in the IR. Second, Rk (z) for
fixed k is a monotonically decreasing function of z, and for fixed z is a monotonically
increasing function of k. Next, for z = 0 the regulator equals k2 . Finally, for z > k the
regulator goes to zero sufficiently fast (so as to only suppress the IR modes). Besides
these few conditions the choice of Rk is completely arbitrary.
One particular choice that proves to be very convenient for analytical computations is known as Litim’s cutoff (or optimized cutoff) and it corresponds to the
following choice:
Rk ( z ) = ( k2 − z ) θ ( k2 − z ) .

(3.18)

Suppose we decided to leave wavefunction renormalization constant in the Lagrangian; at the very least it would be a function of the RG scale k.5 Then one would
have to decide whether to include the wavefunction renormalization constant in the
Rk or whether to leave it out. Since Rk is acted upon by the k∂k operator on the RHS
of the Wetterich equation this affects the RG flow that one obtains. The choice of not
including the wavefunction renormalization constant in the cutoff is usually referred
to as a “pure cutoff”. The other choice, which will be used in the following section,
is often employed but does not have any particular name.
Let us proceed with the pure cutoff in which case the RG-time derivative of the
Rk reads,
Ṙk (z) = 2k2 θ (k2 − z) .
5 More

generally it would also be a field dependent function.

(3.19)
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We have all the pieces we need to assemble Wetterich equation, but in the end

we want to write it for dimensionless couplings. For this reason the final step that
we have to do is to pass from dimensionful to dimensionless fields and couplings.
In particular φ = kd/2−1 ϕ, Vk (φ2 ) = kd vk ( ϕ2 ), and eigenvalues of ∆ are z = k2 y. For
example dimensionless form of the kinetic term is 6

Z

dd xφ∆φ →

Z

dd xk−d k2(d/2−1) ϕzk2 ϕ =

Z

dd xϕyϕ .

After these transformations we have the following dimensionless expressions,

1
ηµν ∂µ ϕ∂ν ϕ + vk ( ϕ2 ) ,
x 2

Γ̇k → dvk + v̇k − (d − 2) ϕ2 v0k ,
Γk →

Z

(2)

Γk →y + (2v0k + 4ϕ2 v00k ) ,

(3.20)
(3.21)
(3.22)
(3.23)

where primes on vk stand for derivatives wrt its argument, ϕ2 . Writing (3.18) as
Rk (z) = k2 rk (y) the dimensionless regulator takes form,
r k = (1 − y ) θ (1 − y ) .

(3.24)

Dimensionless form of the dRk /dt can be read-off from (3.19), or reconstructed using
(3.24) and
ṙk = −2yrk0 (y) ,

(3.25)

Ṙk = 2k2 (rk − yrk0 ) = 2k2 θ (1 − y) .

(3.26)

which together imply7 ,

We may now assemble the Wetterich equation. It reads,
6 There

are two ways to think of this transformation. Either metric is considered dimensionless
and coordinates are thought of as dimensionful, in which case we’ve passed from dimensionful x on
the LHS to dimensionless x on the RHS, or coordinates are thought of as dimensionless but metric is
dimensionful ([ g.. ] = 2, [ g.. ] = −2, [det( g)] = −2), in which case we’ve passed from dimensionful
Minkowski metric on the LHS to dimensionless on the RHS. The end result is the same, all fields and
eigenvalues are dimensionless on the RHS.
7 First equality in (3.26) is correct, but in the second one we are dropping some terms of the form
∼ xδ( x ) which are distributionally zero here, but should be kept in general.
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 −1
1
(2)
Γ̇k = STr Γk + Rk
Ṙk
2
 −1
1
(2rk − 2yrk0 )
= STr y + (2v0k + 4ϕ2 v00k ) + rk
2
 −1
1
= STr 1 + (2v0k + 4ϕ2 v00k )
2θ (1 − y) ,
2

where first line is still given in terms of dimensionful quantities and we pass to
dimensionless quantities in the following two lines. Substituting (3.21) in place of Γ̇k
on the LHS we write,
v̇k = −dvk + (d − 2) ϕ2 v0k + STr

θ (1 − y )
.
1 + 2v0 + 4ϕ2 v00

(3.27)

Trace is extremely simple to calculate in this case, and taking the eigenvalues to be
y ≡ p2 we’ve got,

STr θ (1 − y) =

Z

dd p
θ (1 − p2 )
(2π )d

(3.28)

Ω d −1 1 d −1
| p| d| p|
(2π )d 0
1 Ω d −1
,
=
d (2π )d
Z

=

(3.29)
(3.30)

where Ωd−1 comes from integration over the solid angle. Substituting the trace back
into the flow equation we arrive at,
v̇k = −dvk + (d − 2) ϕ2 v0k +

1
1 Ω d −1
.
0
d
d (2π ) 1 + 2v + 4ϕ2 v00

(3.31)

Let us extract the beta function of the quartic coupling, assuming potential v =
−1
2n
∑∞
n=0 ( n! ) λ2n ϕ .

We extract the required beta functions using a “projection tech-

nique”. In this case the projection technique to extract λ̇2n is to differentiate the flow
equation n times wrt ϕ2 followed by evaluating it at ϕ = 0. Doing this on both sides
of the equation, we arrive at the following expression,
1 Ω d −1
λ̇4 = −dλ4 + (d − 2)2λ4 +
d (2π )d



72λ24
10λ6
−
3
(1 + 2λ2 )
(1 + 2λ2 )2


.

(3.32)

We can guess from this equation that the beta function for each coupling λ2n is going
to depend on couplings {λ2n , λ2(n−1) , λ2(n+1) }. We may follow two separate roads
here. One is to go back to the full functional form of the Wetterich equation (3.31)
and solve numerically for the full potential. Second one, which we follow here, is to
truncate the infinite tower of beta functions. We do this by choosing λ6 = 0, which

66

Chapter 3. Asymptotic Safety in Gravity

is a simple but arbitrary choice. To keep things simple we will also continue in the
massless limit, λ2 = 0. Then the beta function of λ4 reduces to
λ̇4 = (d − 4)λ4 +

1 Ω d −1
72λ24 .
d (2π )d

(3.33)

It is clear from this expression that the system admits a non-Gaussian fixed point
for d < 4 (which “deforms” with d to join the Gaussian fixed point for d ≥ 4). We
find the fixed points by setting the LHS to zero and solving the remaining algebraic
equation for the fixed point λ4∗ (i.e. β 4 (λ4∗ ) = 0),
λ4∗ =

(4 − d)d(2π )d
.
72Ωd−1

(3.34)

Had we kept λ2 , λ6 and higher order couplings we would have found the fixed point
in an analogous manner, by solving a system of algebraic equations. To conclude, let
us restrict ourselves to the 4d case (d → 4, Ωd−1 = 2π d/2 /Γ(d/2) → 2π 2 ),
λ̇4 =

1 2π 2
36 2
72λ24 =
λ .
4
4 (2π )
16π 2 4

We can redefine the couplings to match the more familiar form of the potential,

(3.35)
λ4 4
4! ϕ ,

so that the one-loop coefficient takes on its usual value, 3/(16π 2 ). This shows that
the Wetterich equation correctly reproduces the universal beta function for the quartic coupling!
Limitations of the FRG
Now that we have established the methodology of the functional renormalization
group, let us briefly discuss its limitations.
First obvious limitation is the fact that the running functional here is not the effective action, but a related functional known as the effective average action (EAA).
This problem can be bypassed to a certain extent by working with other flow equations besides the Wetterich equation. For example, one may write a proper-timeregularized FRG equation for Wilsonian effective action [99]–[101]. This is physically
more transparent, but then one (probably) loses some nice mathematical properties
of the Wetterich equation which make it computationally efficient (e.g. its one-loop
structure). Most of the Asymptotic Safety literature is using the Wetterich equation,
although there may definitely be some advantages to using proper-time FRG.
Second limitation has to do with choosing a truncation. Choosing relevant operators (in non-technical sense) and robust, trustworthy truncations strongly depends
on our understanding of the physical system. When constructing chiral Lagrangians
one can (and should) follow experimentally confirmed conservation laws, symmetry principles etc. We have no such help at our disposal when dealing with gravity,
simply because we do not know the UV physics. This means that one relies exclusively on (semi-)classical thinking, and one trusts that metric may be used as the
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fundamental degree of freedom, and that canonical operator ordering is still valid
in the deep UV. In this way one accumulates evidence for the existence of the fixed
point by first finding it in a specific truncation, and then checks for its“stability”
in the extended truncations. By stability we mean that the fixed point survives at
the approximately same location with reasonably similar properties such as values
of the critical exponents. In the best case scenario one may hope for convergence
of gauge-independent quantities towards some final values in large, robust truncations. It should be clear, however, that this is by no means the kind of convergence that one expects in perturbation theory. Bottom line is that one should approach thinking about gravity in the Asymptotic Safety scenario from more of a lattice/engineering/computational scientist point of view than from a typical particle
physicist viewpoint.
Third limitation is the arbitrariness involved in choosing the regulator function
Rk . Just like the gauge choice is in principle arbitrary, but there may be such a thing
as a very convenient choice, so too there are good choices of regulators. One such
choice is the optimized cutoff used above, and the reason for its widespread use is
mostly the fact that it often leads to simple analytic expressions. One should again
be aware, however, that we are not working with perturbation series here, so it is not
entirely clear how much the results may depend on the choice of regulator. Taking
k → 0 in the end of the computation removes the regulator and returns the quantum effective action. In practice we’re always truncating the theory space so we’re
getting an approximation to the exact quantum effective action in the IR. Working
beyond perturbation theory, it is fair to say that the only way to gain confidence
about (reasonable) invariance of the results under the choice of Rk is to perform the
same computation for multiple choices of Rk and verify explicitly stability of the
results.
FRG for gravity
Let us discuss some peculiarities of the FRG applied to gravity. A good general
reference for these topics is the recent book by Percacci[102]. First thing to note is that
one cannot directly write Wetterich equation for the full quantum metric field g. The
reason is that one has to gauge-fix and construct the argument of the cutoff profile Rk
using a metric, but this clearly cannot be the full metric g. We thus introduce another
metric, called background metric, g for these purposes. This directly implies that the
EAA depends on two fields, the background metric and a fluctuation field h. We may
also write it as a function of the full field g and the background field g.
Having two metrics introduces additional arbitrariness in the computations because one can decide both in what way to split the full metric into the background
and the fluctuating fields, but also around which specific background one wants to
expand in fluctuations. Some of the often used backgrounds are flat background
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and Einstein spaces (e.g. the sphere and the hyperboloid)8 . Common choices for
splitting the metric are the so-called linear split, g = g + h, and the exponential split,
g = g exp(h), although some other choices have been studied too.
Arbitrariness in parametrizing the fields does not stop at choosing how to split
the metric. Just as one can decompose gauge fields into transverse and longitudinal
components so can one decompose the metric field into the trace and the trace-free
part. The trace-free part may then be further decomposed in a way that generalizes
flat-spacetime decomposition into irreducible representations of the Lorentz group.
This decomposition is called York- or transverse-traceless decomposition and it takes
the following form for the fluctuation field,
1
1
2
TT
hµν = hµν
+ ∇µ ξ νT + ∇ν ξ µT + ∇µ ∇ν σ − gµν ∇ σ + gµν hTr ,
d
d

(3.36)

where ∇ is the Levi-Civita connection of the metric g, and the fields on the RHS
satisfy the following properties,

h

TT µ
µ

∇ν hTTµ ν
∇ν ξ

Tν

=0 (traceless)

(3.37)

=0 (transverse)

(3.38)

=0 (transverse) .

(3.39)

When quantizing the theory, one has to decide whether to path-integrate over the
field h, or over the “component fields” in the York decomposition.9
Lightning Review of the State of the Art
Before moving to the two central sections of this chapter we briefly review some of
the main directions in the Asymptotic Safety research currently undergoing intense
develoment. We will focus on the three directions to which the author has had the
opportunity to contribute during his doctoral training and which are directly related
to the following sections10 .
In the past twenty-two years there has been a significant accumulation of evidence for the existence of the gravitational fixed point [103]–[115]. The main question now is what to do with this information, how can we make it useful? Just
as asymptotic freedom would not be more than a nice idea in a Universe with too
many fermions, so too one has to check whether the gravitational fixed point survives contact with reality, meaning inclusion of realistic matter models. As already
8 Note

that the flat-space expansion by no means assumes the fluctuations are perturbative.
the latter case one needs to pay attention to determinants that arise in going from h to the new
fields h TT , h Tr ,...
10 It should go without saying that there are equally important questions being studied by other
groups worldwide which we do not mention in the following discussion. Among others, the list of
these questions contains for example cosmological models and phenomenology based on the Asymptotic Safety scenario, fixed point studies in the ADM framework, high order vertex expansion computations for pure gravity, and much more.
9 In
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argued before, this is also extremely important if one ever hopes to do serious phenomenology of quantum gravity, given that Planck scale will remain unreachable
for the forseeable future.
Recent years have brought papers studying truncations ranging from gravity
with non-interacting matter (minimally coupled to gravity) to interacting matter
and non-minimal interactions with gravity [116]–[122]. At the time of writing of
this thesis all papers on the topic seem to suggest that the Standard Model is compatible with the existence of the gravity-matter fixed point. It is worth pointing out
that there is some controversy regarding the question of whether the gravity-matter
fixed point can exist for an arbitrary number of fields, or whether too much matter
can destroy the fixed point. Early works have suggested that there may be such a
thing as too much matter [116], and this criterion was claimed to be rather strong,
forbidding most GUT or SUSY models. This is another example of how Asymptotic Safety conjecture can be rather powerful. Some later works have instead suggested that the fixed point will always exist, because gravity is claimed to always
rule supreme and tame the UV behavior of the rest of the matter sector, no matter
how large [123]. The main reason for the discrepancy of the results is the fact that
computations were done in different setups (different truncations, gauges, etc). This
underlines the point that the results obtained via FRG are usually not as definitive
as perturbation theory results. The way this problem will be solved in the future is
probably through increasingly refined truncations until finally some convergence is
demonstrated.
Besides having power to exclude models, recently there have also been some
very interesting hints about the potential predictivity of Asymptotically Safe gravity
coupled to matter systems (see the review [124]). It seems to be the case that the
Asymptotic Safety of gravity-matter systems is capable of putting bounds on the
Higgs mass [80], curing the U(1) Landau pole [79], [80], “predicting” the mass of the
top quark [86] and more [81], [125]. The research is still in the early stages and we
do not have the robustness of perturbation theory on our side, but these results look
incredibly promising.
The following section is based on the paper [2] that formed a small contribution
to this large research program. In particular, in section 3.2 we provide the answer to
the question whether there can exist a fixed point at which gravity is asymptotically
safe, but all other matter is asymptotically free. Our computations give strong indications that this cannot happen, as expected based on general arguments discussed
in the beginning of section 3.2. This result is important because it demonstrates that
one should not put too much trust in truncations that include only non-interacting
matter. In fact, the RG flow of the gravity-matter interaction present in the kinetic
term will generate operators compatible with the symmetries of the kinetic operator
whose fixed point values will be non-vanishing. This guarantees that dynamics at
the fixed point will always be nontrivial.
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Second major research program is related to the concept of background indepen-

dence in quantum gravity. The main reason for caring about this question is not of
philosophical, but of technical nature. Let us look at the question in more detail.
Suppose we start from some effective average action, Γk [h, g], and we want to
write the Wetterich equation. The simplest approximation that one can do is called
background field approximation (BFA). Having computed the Hessian, Γk [h, g](2) ,
the BFA consists of putting h = 0 on the RHS of the Wetterich equation. This approximation turns out to be more robust than one might initially expect, and in fact
it was the basis for most research on Asymptotic Safety in the first fifteen years or so
since the seminal work by Reuter11 . This technique generally goes in pair with truncations containing operators which are curvature invariants constructed with the
background metric. Trace on the RHS is usually dealt with via heat kernel asymptotic expansion methods. Most important for our discussion is the fact that in this
approach one is studying the flow of the “background couplings”. This name refers
to the Newton coupling and other gravitational couplings constructed with the background metric alone.
Now suppose we only look at one operator, such as the Ricci scalar, R. In the
bare action the coupling in front of R is 1/16πGN , where GN stands for Newton’s
constant. Let us expand the full metric g into g and h, and then further expand
µν

R = R̄ + O1 hµν + O(h2 ). If diffeomorphisms were perfectly preserved in quantum
gravity the coupling in front of R̄ would be the same as the coupling in front of all
the other higher order operators starting with O1 . In this case BFA would contain
all the information contained in any higher order vertex, so higher order vertex expansions would not be necessary. This, however, is clearly not the case because the
fields g and h are independent arguments of the EAA Γk [h, g]. In fact, because g and
h are independent we should think of all the copies of the Newton’s coupling that
appear in front of different operators in the above expansion of the Ricci scalar as independent couplings. Each of these Newton couplings will have a different behavior
under the RG flow, but all of them will be related. The relation comes in the form of
Ward identities. In fact, considering linear split for example, the full metric equals
g = g + h, so it is invariant under the shift g → g + e compensated by an equal
and opposite shift in the fluctuation field, h → h − e. If the full quantum effective
action is to maintain this invariance, “split Ward identities”

12

have to be imposed

s.t. there is still an implicit relation between the copies of the Newton’s coupling
(and similarly for all the other couplings). In the context of FRG this discussion is
complicated by the fact that the diff-invariance is not only broken by gauge fixing,
but also by the cutoff action. This implies that looking at on-shell quantities is not
enough to recover diff-invariance, one in principle also has to take the RG scale k
to zero. In practice one cannot obtain exact diff-invariance because one is always
11 Extensive

introduction to the BFA and related techniques can be found in [102].
in the name of Ward identities refers to the name "split symmetry" of the related symmetry
of the metric. Note that we do not differentiate between Nielsen, Slavnov-Taylor and Ward identities
but universally refer to all of them as Ward identities.
12 "Split"
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constrained to work in a truncation. Split Ward identities that are modified so as to
keep track of the breaking of diff-invariance due to the regulator term are dubbed
modified split Ward identities or msWI.
To recapitulate, one can go beyond BFA by considering vertex expansion. It is
expected to give different and probably more precise results than BFA. Nonetheless, different quantum "copies" of the same underlying classical coupling will have
different RG behavior and the information about their relation is contained in the
msWI.
There are a couple of different ways of dealing with msWI’s. First one is the socalled bi-metric approach [126], [127]. Second one is to neglect msWI’s altogether
and to focus on high-order vertex expansions, the idea being that in a sufficiently
high order truncation one should see signs of convergence of the behavior of various
copies of the same coupling[113]. Finally, one may try to solve the msWI’s and use
that to rewrite the EAA as a functional of only one variable, g [3], [113], [128]–[131].
We postpone the rest of this discussion for the section 3.3 which is a contribution in
the last described direction of solving msWI’s in some specific contexts.
Last active area of the Asymptotic Safety research that we will comment on
here is related to the so-called functional truncations. This subset of the Asymptotic Safety research program deals with truncations such as the f ( R) truncation,
R p
Γk = x | g| f ( R), and the analysis is usually done within the BFA [108], [112],
[132]–[136]. As compared to simpler truncations, e.g. the Einstein-Hilbert truncation, functional truncations try to improve robustness in a very different way from
vertex expansions. While vertex expansions gain robustness by considering higher
order vertices and flow of the “quantum” couplings, functional truncations (as considered thus far, in BFA) attempt to gain robustness by considering infinite dimensional subspaces of the theory space. The truncations such as the f ( R) truncation
cannot be and are not motivated from the EFT point of view. If such a study is performed on a space which distinguishes curvature invariants then one is considering infinitely many irrelevant operators while at the same time neglecting infinitely
many more relevant operators. If, on the other hand, the study is performed on an
Einstein space, as is almost always the case, then curvature invariants cannot be disentangled and one is studying the flow of an unknown mixture of operators 13 . One
motivation for the f ( R) truncations comes from the need to check the stability of the
fixed points under the inclusion of irrelevant operators. In fact, functional truncations seem to be telling us that irrelevant operators are generically pushed further
towards irrelevancy at the FP, which is good news for the Asymptotic Safety program, as it assures us that dimensionality of the critical surface remains (very) low
14 .

In addition, these works often found convergence of the results for large enough

Ricci = 1d gR then tr ( Ricci2 ) = R2 and thus when studying the flow of the Starobinsky operator R2 one automatically studies an unknown admixture of Ricci2 and other quadratic operators.
14 This gives a tentative answer to a possible question, “how do I know that including R256 will not
ruin the existence of a fixed point”? We are confident that it will not, because fixed point was shown
13 For example, if
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expansion order in R.
The author has done research in this field studying Wetterich equation and fixed
point solutions in a number of different setups. We do not report any of the findings in this thesis because they are all incomplete at the time of writing of this thesis. It is fair to say that the f ( R) studies are much more subtle than the standard
BFA truncations because the quality of the results seems to significantly depend on
the background (hyperboloid vs sphere), regulator function (optimized cutoff vs exponential cutoff), and other choices s.a. whether to work with a pure cutoff or a
spectrally adjusted one.
If there is a lesson of the f ( R) truncations for the rest of the research directions
it is to take seriously the fact that one is not in perturbation theory anymore, and to
think deeply and carefully when constructing a truncation. Simply including very
many operators need not be a good choice, in fact it may render the analysis more
difficult without giving much in return. One may be better off studying less operators, but thinking more deeply about the underlying physics, msWI’s, and so on. In
practice this would mean for example doing vertex expansions, keeping derivative
structure of the vertices, and so on.
This concludes the general introduction to the FRG and its applications to quantum gravity. The following two sections are rather technical, but all of the physical ideas and mathematical concepts have been covered in this introduction so the
reader should have no problem in understanding the following discussions.

3.2

Lessons From an Interacting Matter-Gravity Fixed Point

We could summarize the main message of the section 3.1 in the statement that an
interacting fixed point of the renormalization group flow, triggered by quantum
gravity fluctuations in the vicinity of the Planck scale, could underlie a predictive
quantum field theory of gravity and matter [103]. In such a setting, it is critical to
characterize the interaction structure of that fixed point. This is typically done with
the functional renormalization group that provides a framework to extract the scaledependence of the running couplings from the scale dependence of the effective
dynamics. As quantum fluctuations can generically induce all couplings compatible with the global symmetries of the model, the underlying space of couplings – the
theory space – is infinite dimensional. For practical reasons, the functional renormalization group requires a truncation of that space to a (typically) finite-dimensional
subspace.
In section 3.1 we commented on the fact that the extended truncations in the case
of pure gravity provide compelling evidence for the existence of an interacting fixed
point [103]–[115]. Consistently with the hypothesis of “weakly-nonperturbative”
to exist and be robust in Taylor expansions to very high order in R, but also because fixed points were
found by numerically solving for the fixed point functionals f ( R).
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fixed point, the canonical dimensionality of couplings has proven to be a strong indicator of relevance and therefore can be used as a powerful guide to set up reliable
truncations [108], [137]. Including matter fields into the setting enlarges the theory
space considerably while still yielding promising hints of a fixed point [116]–[119].
Thus, the task of finding good truncations guided by physical insight becomes even
more critical. Similar to pure-gravity studies, results in gravity-matter models suggest that canonical dimensionality of couplings remains a reasonably good guiding
principle to determine which couplings are likely to become UV attractive at the
asymptotically safe fixed point, see [120]–[122] for example.
A particular class of canonically irrelevant matter-gravity interactions are of interest. Those are couplings where symmetry-based arguments imply that no free
fixed point should exist under the impact of gravity. Those directions provide critical tests for the viability of the Asymptotic Safety paradigm. While they are expected
to not feature a fixed point at vanishing coupling, they are not guaranteed to feature
a fixed point at a real value of the coupling at all.
Specifically, it was conjectured [138] that the interactions compatible with the
global symmetries of the kinetic terms of matter fields cannot become asymptotically
free when quantum gravity is present. Explicitly, such a pattern was already confirmed for a subset of fermion self-interactions [139], [140], scalar self-interactions
[141], scalar-ghost interactions [142], scalar-fermion interactions [143] and vector
self-interactions [79]. Here, we will find further evidence for this conjecture, as we
will demonstrate that nonminimal couplings follow the same pattern. The coupling
that we focus on differs from those included in previous studies; namely, nonminimal interactions of the form φn Rm for a scalar field φ have been explored in [120],
[121], [144]–[146]. Such nonminimal interactions violate the global shift symmetry
φ → φ + a of the kinetic term for a scalar. Based on this symmetry argument alone
one can infer that they will feature a fixed point at a vanishing value. Explicit calculations support this result, e.g. [120], [121], [144]–[146].
On the other hand, a class of nonminimal interactions starting with
Z

Sφ,Ric [φ; g] = σ d4 x

√

g Rµν ∂µ φ ∂ν φ,

(3.40)

is compatible with the shift symmetry. Therefore, we expect that the corresponding
coupling σ̄ cannot feature a fixed point at vanishing value. As it cannot be zero at
a fixed point its study constitutes a nontrivial test of Asymptotic Safety. Moreover,
a large back-reaction onto the fixed-point value in the gravity sector would constitute a sign of possible instabilities of typically used truncations. We thus perform a
nonminimal test of the viability of the Asymptotic Safety scenario by working in a
truncation of the renormalization group flow where we discover the existence of an
interacting fixed point for a corresponding nonminimal coupling. As a key finding,
we observe nontrivial indications of stability of the properties of the fixed point under the impact of nonminimal derivative interactions, further strengthening the case
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for asymptotic safety in gravity-matter systems.

3.2.1

Technical Setup

The functional RG provides a way to derive the explicit beta functions in a truncation of the full theory space. We choose to work with the Wetterich equation
described in section 3.1. For additional reviews and introductions see [147]–[151].
Wetterich equation describes the RG flow of the EAA, Γk , which contains effects of
high-momentum quantum fluctuations. Upon a change of the momentum scale k,
further quantum fluctuations are integrated out in the underlying path integral resulting in a change of the effective dynamics encoded in Γk . The scale dependence is
encoded in scale dependence of the couplings so beta functions can be read-off from
k∂k Γk by projecting onto the appropriate field monomial in the effective dynamics.
The Wetterich equation,


 −1
1
(2)
∂t Rk ,
∂t Γk ≡ k ∂k Γk = STr Γk + Rk
2

(3.41)

is formally exact, as explained in the previous section, and it generates only one-loop
diagrams which makes it very practical. The supertrace STr implements a summa −1

(2)
tion over the eigenvalues of the full, regularized propagator Γk + Rk
, where Rk
(2)

is the regularization kernel and Γk is shorthand for the second functional derivative
of the flowing action with respect to the fields, and is matrix-valued in field space.
For our functional RG study of the nonminimal coupling, we employ the background field method in a linear split of the metric,
gµν = ḡµν + hµν ,

(3.42)

into a background metric ḡµν and a fluctuation field hµν . The gauge-fixing of the
fluctuations is then performed with respect to the background field. We choose a
standard gauge-fixing condition,
p
1
d4 x ḡF µ [h; ḡ] ḡµν F ν [h; ḡ],
32π Ḡ0 α

1+ β
F µ [h; ḡ] = ḡµκ D̄ λ − 4 ḡκλ D̄ µ hκλ ,

Sgf [h; ḡ] =

Z

(3.43)
(3.44)

where Ḡ0 is the background Newton coupling. The computation of the beta functions that we perform below can be done either with or without the York decomposition. We have done the calculation in both ways to serve as an independent
consistency check. In the latter case the calculation significantly simplifies if one
chooses to work in the gauge β → α → 0, so this is what we do. The reason for
the simplification comes from the fact that the effective decomposition of the metric
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becomes,
hµν = hTT µν + 14 ḡµν hTr ,

(3.45)

with the trace hTr and the transverse-traceless mode hTT of the fluctuation field being
the only relevant degrees of freedom of gravity in this computation (in the sense that
the vector degrees of freedom have a vanishing propagator for this gauge choice).
As explained in the introduction, the “TT” gravitational degree of freedom satisfies
D̄µ hTT µν = 0 and hTT

µ
µ

= 0. The gauge-fixing is supplemented by the ghost action
Z

Sgh [h, c, c̄; ḡ] = d4 x

p

δF
ḡ c̄µ δh
δQ hαβ ,
αβ c
µ

(3.46)

where we use δcQ h to denote the quantum gauge transformation of h with transformation parameter c. For the linear split employed here we have
δcQ hµν = 2 ḡρ(µ D̄ν) cρ + cρ D̄ρ hµν + 2hρ(µ D̄ν) cρ .

(3.47)

Note that this form of the ghost action immediately implies that there are no higher
graviton-ghost interactions present. This would not be the case for more general
splits of the metric.
Similar to the gauge-fixing and ghost actions, the cutoff term is a function of the
background Laplacian. These choices break the split symmetry, which encodes that
ḡµν and hµν can be combined into a full metric. Accordingly, the flow of σ̄ read-off
√
from the background term ḡ R̄µν ∂µ φ ∂ν φ will differ from the flows of the fluctua¯ TT µν ∂µ φ ∂ν φ, where ∆
¯ = − D̄2 . This is precisely related to the
tion terms, e.g. 1 ∆h
2

discussion of the modified split Ward identities that we have started in the section
3.1 and that we will discuss in detail in section 3.3.
Regarding the choice of the background, as we restrict ourselves exclusively to
fluctuation couplings of the graviton to itself, to the ghosts or to the scalar field, we
choose a flat background without loss of generality in the following discussion.
The setup of our truncation is as follows. We use the classical action Sclass [h, c, c̄, φ; ḡ]
as the generator for vertices,
Sclass [h, c, c̄, φ; ḡ] = SEH [ ḡ + h] + Sgf [h; ḡ] + Sgh [h, c, c̄; ḡ]

+ Sφ,kin [φ; ḡ + h] + Sφ,Ric [φ; ḡ + h],

(3.48)

with the Einstein-Hilbert action,
SEH [ g] = − 16π1 Ḡ

0

Z

d4 x

√

g R,

(3.49)
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as well as the gauge-fixing, Sgf , and ghost action, Sgh , from equations (3.43) and
(3.46), the kinetic part of the action for the scalar field,
Sφ,kin [φ; g] =

Z

1
2

√

d4 x

g gµν ∂µ φ ∂ν φ,

(3.50)

and the nonminimal part of the action for the scalar field, Sφ,Ric , from equation (3.40).
Included in the same shift-symmetric theory space with the same canonical dimension −2 is a coupling of the curvature scalar to ∂µ φ∂µ φ. In our study, it is set to zero,
as it does not yield a contribution to the TT-graviton-two-scalar vertex on a flat background, but only contributes to the coupling between two scalars and hTr . Based on
the general expectation that the TT-graviton mode should dominate we focus on σ
as the coupling more likely to feature a significant backreaction on the flow of couplings included in previous truncations, and therefore providing a more meaningful
test of the robustness of results in previous truncations.
To generate the vertices we employ the decomposition of h into hTT and hTr according to equation (3.45), and then expand the classical action polynomially in the
fields,
Sclass [Φ; ḡ] =

∞

∑

n =0

n
1 (n;0)
n! Sclass [ Φ; ḡ ] Φ ,

Φ = (hTT , hTr , c, c̄, φ).

(3.51)

For each new order in this polynomial expansion we introduce a new coupling according to the following prescription 15
n

(n)

(n)

SEH → (32π Ḡn ) 2 −1 · 32π Ḡ0 · SEH ,
Sgf

(2;0)

→ 32π Ḡ0 · Sgf ,

(1,1,1;0)

→ (32π ḡ3c ) 2 · Sgh

Sgh

(2;0)

1

(1,1,1;0)

(2;n)

n
2

(2;n)

n

,

(2;n)

(3.54)
n ≥ 1,

(2;n)

Sφ,Ric → (32π ḡn+2 ) 2 σ̄nσ̄+2 · Sφ,Ric ,
(n1 ,...,nm )

(3.52)
(3.53)

Sφ,kin → (32π ḡn+2 ) · Sφ,kin ,

where Si

n ≥ 2,

(3.55)

n ≥ 0,

(3.56)

refers to functional derivatives with respect to the arguments, i.e.,
(n1 ,...,nm )

Si

=

δ n1
δ nm
.
.
.
nm S [ φ1 , . . . , φm ].
δφm
δφ1n1

(3.57)

Finally, we rescale the scalar field and the gravity degrees of freedom with a wave
function renormalization,
hTT →

p

ZTT hTT ,

hTr →

p

ZTr hTr ,

φ→

q

Zφ φ,

(3.58)

15 Choice is made s.t. the background couplings do not appear in front of the fluctuation operators,
and such that all fluctuating couplings have the same dimensionality as their background counterparts.
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and switch to dimensionless couplings,
Ḡn =

Gn
,
k2

ḡ3c =

g3c
,
k2

ḡn =

gn
,
k2

σ̄n =

σn
.
k2

(3.59)

In order to extract the beta-functions, we need to specify how to project the flow
onto the corresponding field monomials in our truncated theory space. The general
idea is to employ a simultaneous vertex and derivative expansion 16 , distinguishing
different couplings via the order in the fields and the derivatives. However, for a
given order, there typically remains a large degeneracy. For couplings involving a
graviton we expect the TT-mode of the graviton, hTT , to be less affected by technical
choices (such as the choice of gauge or regulator) than the trace hTr . Therefore, we
construct the projections such that they project onto the TT-mode if applicable, and
thereby reduce this degeneracy significantly. We derive the anomalous dimensions,
ηTT , ηTr and ηφ , as well as beta functions for g3 and σ3 . For the anomalous dimensions
we project on
Γ ZTT =

1
2 ZTT

Γ ZTr = −

Z

d4 x hTT µν hTT ,

3
16 ZTr

µν

Z

(3.60)

d4 x hTr hTr ,

(3.61)

Z

Γ Zφ = 12 Zφ d4 x φφ,

(3.62)

where  = −∂2 . These are the only linearly independent invariants at this order.
The interaction monomial for g3 is given by
Γ g3 =

1
2

q

Z

g

32π k23 ZTT Zφ d4 x hTT φ ∂µ ∂ν φ,
µν

(3.63)

which is the only linearly independent invariant involving one TT-graviton, two
scalars and two derivatives. To calculate the flow of σ3 , i.e. the nonminimal coupling
of one graviton to two scalars induced by the interaction (3.40), we project on
Γσ3 =

− 21 σk23

q

g
32π k23 ZTT Zφ

Z

d4 x hTT

µν

φ ∂µ ∂ν φ.

(3.64)

This invariant is one of two linearly independent ones at this order. A possible choice
for the other is given by lowering the number of derivatives acting on the graviton,

ΓhTT φ∂4 φ ∼

Z

d4 x hTT

µν

φ ∂µ ∂ν φ.

(3.65)

Using our basis, we project onto the interaction monomial (3.64), projecting out the
other (3.65). Note that the interaction (3.64) directly arises from (3.40), whereas the
R
√
other interaction (3.65) would arise from a higher derivative term d4 x g φ ∆2 φ.
For the evaluation of the flow equation (3.41) we need to choose a regulator. Our
16 See

overview of the FRG in section 3.1 for nomenclature.
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results are obtained with a Litim-type [152] regulator,
(2)

(2)

Rkh = 32π Ḡ0 · ( ZTT ΠTT + ZTr ΠTr )(SEH + Sgf ) rk ( k2 ),
(0,1,1;0)

Rck = Sgh

(3.66)

rk ( k2 ),

(3.67)

Rk = Zφ Sφ,kin rk ( k2 ),

(3.68)

φ

(2;0)

where ΠTT is the projector onto the TT-mode,
ΠTT µν hαβ = hTT µν ,
αβ

(3.69)

ΠTr is the projector onto the Tr-mode,
ΠTr µν hαβ = 14 ḡµν hTr ,
αβ

(3.70)

and rk is the Litim regulator shape function,
rk (z) = 1z (1 − z)θ (1 − z).

3.2.2

(3.71)

Fixed-Point Analysis 1: Identifying Newton’s Avatars

Our calculation distinguishes between all the couplings appearing in (3.52)-(3.56),
but in practice the analysis becomes easier and more insightful if we identify some
of them to reduce the dimensionality of the parameter space. The same goal may be
achieved as well by analyzing a subset of the beta functions considering some of the
couplings as parameters. We refer the reader to [2] for full expressions of the beta
functions and of the anomalous dimensions, including individual diagram contributions and explicit dependence on all distinct avatars of the Newton coupling.
We begin by treating g3 and the other avatars of the Newton coupling as parameters and show that σ3 can only feature an interacting fixed point. The beta function
for σ3 , under the identification σ5 = σ4 = σ3 , G3 = g3c = g5 = g4 = g3 and with all
anomalous dimensions set to zero reads
β σ3 = 2σ3 −

43
216π g3

+

1225
648π g3 σ3

−

2
341
432π g3 σ3

+

3
83
60π g3 σ3 .

(3.72)

The second term is crucial because it remains non-vanishing even if σ3 is set to zero.
Accordingly, σ3 cannot feature a free fixed point, as soon as g3 features an interacting
fixed point. This property is in line with arguments elaborated in [138] and observations in gravity-matter systems where interactions that respect the symmetry of the
kinetic terms, to wit shift symmetry and Z2 reflection symmetry, are induced at the
UV fixed point by gravity.
As expected, the fixed-point value grows as a function of increasing Newton
coupling, see Figure 3.1. The figure includes the leading order (LO) result, defined
by setting η = 0 wherever it appears, next-to-leading order (NLO) result, in which
all η’s that arise from scale derivatives of the regulator are set to zero, but no other,
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F IGURE 3.1: The top panel shows the fixed-point value for σ3 as a
function of the Newton coupling g3 , which is treated as a parameter
here. The bottom panel shows the critical exponent as a function of
g3 . The anomalous dimensions are set to zero (gray, dashed line; LO),
included perturbatively (blue, dashed line; NLO) and included fully
(green, solid line; full).

and finally the full case where full dependency on η is kept (which introduces a
non-polynomial dependence of beta functions on the couplings). This nomenclature
should not be confused with the similar names given to the perturbative schemes,
such as 2-1-0, in Chapter 2. The NLO case corresponds to the prescription to recover
universal one-loop beta functions for canonically marginal couplings from the FRG,
and is therefore also referred to as the perturbative approximation. Incidentally, the
LO and NLO case agree due to our definition of the corresponding interaction term
in equation (3.64). As the term comes with a prefactor that is a product of σ3 and g3 ,
√
the factor ZTT Zφ is absorbed in the definition of g3 . Hence, β σ3 does not contain any
explicit η-terms, except those that arise from the scale-derivative of the regulator.
The critical exponent is defined as θσ = −

∂β σ3
∂σ3

σ3∗

, i.e. θσ < 0 signals irrelevance.

As g3 increases, the interaction ∼ σ3 is pushed further into irrelevance, cf. lower
panel in Figure 3.1. This is in line with the anomalous dimensions becoming more
positive, see Figure 3.2, which adds a contribution to critical exponents that shifts
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F IGURE 3.2: We show the anomalous dimensions of the TT-mode,
the Tr-mode and the scalar respectively. In each figure the anomalous dimension is evaluated perturbatively (dashed line; NLO) and
evaluated fully (solid line; full).

these towards irrelevance. Even though the non-universal fixed-point value shows
a significant dependence on the approximation (LO/NLO vs. full; cf. Figure 3.1),
the critical exponent is reasonably robust. This signals stability of the fixed point
of the gravity-matter system in two ways. First of all, it supports the main guiding
principle that is used to set up truncations, namely the assumption that canonically
irrelevant couplings are not likely to be shifted into relevance. Secondly, an increasingly negative critical exponent implies that the fixed point for σ3 remains real if g3 is
increased further. The reason is that fixed points can only become complex in pairs,
i.e. when two distinct fixed points collide. At such fixed-point collisions, the critical
exponent has to become zero. An increasingly negative critical exponent implies that
the system is protected from such collisions along the eigendirection corresponding
to that exponent. Accordingly, the so-called “weak-gravity bound”, which has been
observed in other induced interactions [79], [138], [143] is avoided here; no instability is expected even in the strong-quantum gravity regime, at increasingly large
g3 .
Similarly to the case of induced four-fermion interactions [138], [139], there is
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instead a bound in the unphysical regime at g3 < 0. While we do not explicitly
include results including a cosmological constant or graviton mass parameter here,
we have checked that there is no value for those couplings that shifts the bound at
g3 < 0 to positive values of g3 .
Considering Figure 3.1 we note that for rather large values of g3 & 3 the sign of
σ3∗

changes. A priori there seems to be no preferred sign for σ̄ in (3.40). However,

considering the stability of the conformal mode might provide us with a preferred
choice. For σ̄ being zero the kinetic term of the conformal mode has the wrong sign,
leading to the standard conformal mode instability. By turning on σ̄ the conformal
mode and the scalar are coupled. Therefore the stability analysis might change depending on the sign of σ̄. This is similar to the pure gravity case when adding an
R2 term with the right sign [153]. We caution, however, that the question of stability
cannot be answered in a truncation to finite order in the fields, as higher order terms
could potentially induce global stability.

3.2.3

Fixed-Point Analysis 2: Distinguishing Newton’s Avatars

The beta function for σ3 depends on the gravity-scalar couplings g3 , g4 , and g5 as
well as on the three-graviton and four-graviton couplings G3 , G4 , and on the ghostgraviton coupling g3c . In the following analysis we explore the dependence of σ3∗
on both g3 and G3 separately by identifying higher order avatars of each of these
couplings with its lower order partners.
It is worth repeating that in a classical setting that respects diffeomorphism invariance, these should all be equal and agree with the corresponding background
couplings but due to the presence of the gauge-fixing and regulator terms diffeomorphism invariance is broken and encoded in modified split Ward Identities. Ultimately, the symmetry-breaking by the regulator implies that the UV initial condition
of the flow should contain just the right amount of symmetry-breaking such that an
invariant effective action can be recovered in the IR (see the introduction in [149]).
Despite the fact that some steps towards imposing the msWI’s have been performed (e.g. in [3], [109], [113], [126]–[131], [154]–[157]) these are not yet at a level
where they could be applied in our context, so here we simply explore the dependence of σ3∗ on g3 and G3 without attempting to solve the problem of diff-invariance.
Our first observation is that the non-universal fixed-point value switches sign
across the plane spanned by g3 and G3 if the graviton self-interaction dominates the
graviton scalar interaction, G3 > g3 , cf. Figure 3.3. We also notice that, interestingly,
the critical exponent shows the largest slope in the direction g3 ≈ G3 . This identification therefore leads to a strong deviation from canonical scaling. This behavior is
linked to the behavior of the anomalous dimensions, which grow increasingly positive as a function of increasing G3 , see Figure 3.4. Accordingly, a larger G3 moves
the system further towards the border where the truncation becomes unreliable. An
estimate of the border is given by η = 2, where the regulator does not suppress UV
modes reliably [117]. In practice in our beta functions this effect becomes noticeable
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F IGURE 3.3: Fixed-point value for σ3 (top panel) and critical exponent (bottom panel) as a function of the Newton couplings g3 and G3
which are treated as independent parameters here. The anomalous
dimensions are included fully.

at η ≈ 3 which are the smallest values of η for which some terms in the beta functions start changing signs17 . In Figure 3.4 the role of the different Newton couplings
17 For

particular diagrams that get affected see [2].
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F IGURE 3.4: Anomalous dimension of the TT-mode (upper panel)
and the scalar (bottom panel) as a function of the Newton couplings
g3 and G3 which are treated as independent parameters here. The
anomalous dimensions are included fully.

becomes clear as one of them effectively determines the strength of the graviton
propagator while the other one determines the strength of the scalar propagator.
One might tentatively associate the instability of the system for large values of
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F IGURE 3.5: Fixed-point values for σ3 (upper panel) and g3 (lower
panel) as a function of the Newton coupling G3 . The anomalous dimensions are set to zero (gray, dashed line; LO), included perturbatively (blue, dashed line; NLO) and included fully (green, solid line;
full).

G3 to a type of weak-gravity bound, however that idea should be examined more
carefully in a truncation including a beta function for G3 .
We now investigate how large the backcoupling of the induced σ3∗ into the flow
of the Newton coupling g3 is. As we do not calculate the flow of G3 here, we will
adopt the fixed-point value in the state-of-the-art pure-gravity truncation employed
in [113], which is G3∗ = 0.83, for the remainder of our study.18 The inclusion of one
scalar is not expected to change the fixed-point value of G3 by much [116]–[119],
[145], [158]. Keeping this in mind we observe that g3∗ appears to deviate considerably, as g3∗ = 3.17 at G3 = 0.83. Incidentally, we observe that our results appear to
favor a regime of values for G3 ≈ 1 over G3 ≈ 3, as the fixed-point results for g3
and σ3 are in approximate agreement for G3 ≈ 1 comparing the LO, NLO and full
case, cf. figures 3.5, 3.6, 3.7. In this regime of values for G3 , our truncation appears
reasonably robust, as LO, NLO and full results are in semi-quantitative agreement
18

Note that these results were obtained in the gauge α = 0, β = 1.
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F IGURE 3.6: Critical exponents as a function of the Newton coupling
G3 . The anomalous dimensions are set to zero (gray, dashed line; LO),
included perturbatively (blue, dashed line; NLO) and included fully
(green, solid line; full).

with the same qualitative dependence on G3 .
This analysis reinforces our main point, that interactions in the gravity sector
necessarily percolate into the matter sector. Even unconventional gravity-matterinteractions are generated. As highlighted in Table 3.1, the induced interactions couple back into the gravity-system and in turn impact the gravitational fixed-point
values. Interestingly, the system is rather robust under the inclusion of σ3 . The
gravitational fixed-point values are essentially unaffected, with the exception of the
leading-order result. The same is true for the critical exponents, which do not change
by more than 10%, and in fact show increasing stability at increasing order of the approximation, with only a 5% change of the critical exponent in the full beta function
under the inclusion of σ3 . On the other hand, the matter system itself appears to
be less robust, with a significant change in the anomalous dimension, and even a
change of sign. Interestingly, the anomalous dimension becomes negative under the
inclusion of σ3 , which contributes to a shift of matter couplings into relevance at the
Gaussian fixed point. For couplings that are marginally irrelevant in the Standard
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F IGURE 3.7: Anomalous dimensions of the TT-mode (blue line) and
Tr-mode (red line) are presented in the upper panel, and the scalar
(green line) is shown in the lower panel. The anomalous dimensions
are evaluated perturbatively (dashed line; NLO) and evaluated fully
(solid line; full).

Model case, a shift into relevance at the Gaussian fixed point implies the potential
existence of a predictive, quantum-gravity induced ultraviolet completion [80], [86],
[124]. (The above discussion is saying that if a SM coupling is marginally relevant at
the GFP, but then gets shifted into irrelevancy at the GFP, this is equivalent to shifting it to relevancy at the UV NGFP and thus it becomes predictive. leave like this or
change?)
We tentatively conclude that the inclusion of σ3 appears to support the scenario
that a predictive, quantum-gravity induced UV completion of the Standard Model
might be viable.

3.2.4

Discussion

In line with expectations based on symmetry arguments [138], we have confirmed
that an asymptotically safe regime in gravity is incompatible with a free matter
model. This result was first explicit confirmation that the unavoidable presence of
matter interactions in an asymptotically safe matter-gravity model also extends to
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system & order
g3 @LO
g3 , σ3 @LO
g3 @NLO
g3 , σ3 @NLO
g3 @ f ull
g3 , σ3 @ f ull

g3∗
2.51
3.61
3.01
3.01
3.17
3.14

σ3∗
.29
.23
.23

θ1
2
1.88
3.11
2.96
3.07
3.22

θ2
-2.05
-2.77
-2.78

ηTT
0
0
.34
.27
.33
.26
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ηtr
0
0
.14
.29
.12
.28

ηφ
0
0
.11
-.26
.11
-.27

TABLE 3.1: We set G3 = 0.83 and compare results for g3∗ with and
without σ3 in the different approximations.

mixed matter-gravity interactions. A direct consequence is that matter systems can
only appear free under the impact of asymptotically safe gravity in appropriately
chosen truncations. The general structure of the tentative gravity-matter fixed point
for Standard Model matter coupled to gravity is that of a hybrid fixed point, namely
it is free in interactions which break some of the global symmetries of the kinetic
terms. All other interactions are generically finite in the UV. In this section we have
confirmed this expectation in a so far unexplored direction in theory space, namely
in nonminimal derivative interactions. We have found that the gravity-matter system features a fixed point with finite nonminimal interactions.
This constitutes a nontrivial test of the asymptotic safety scenario in gravityscalar systems; while the inclusion of another set of nonminimal couplings was part
of earlier studies, these particular couplings always feature the free fixed point as
they are protected from the impact of quantum gravity by global symmetries of the
scalar. On the other hand, the coupling that we explore is part of the shift symmetric
theory space and as such not protected by symmetry. Accordingly it is necessarily
nonzero at the fixed point. As such, the nonminimal interaction that we’ve studied corresponds to an interaction that might have destroyed the asymptotically safe
scale invariant regime, as there is no a priori reason for the fixed-point equation to
have real fixed-point values. The most important results of our study are thus that
there is a real fixed point, that the additional coupling is even more irrelevant than
canonical power-counting would suggest, and that the backcoupling into the gravitational fixed-point properties is subdominant.
One important message of the above analysis can be read off directly from figures
3.6 and 3.7. In perturbation theory the anomalous dimensions should be relatively
close to 0 for the analysis to remain trustworthy, and similarly critical exponents
should be very close to their classical values. Our analysis goes beyond perturbation
theory, but even though it is difficult to quantify its reliability we should hope to stay
as close to the perturbative regime as possible. Figures 3.6 and 3.7 are telling us that
either we shouldn’t expect g3 and G3 to take similar values, or we should accept
large quantum effects (as compared to perturbation theory).
Since we know from section 3.1 that different copies of the couplings will run in
different ways, the best way forward is to try to understand the information stored
in modified split Ward identities. In fact, having witnessed the importance of the
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diffeomorphism invariance for practical computations in this section, we will look
more deeply into this subject in the following section.

3.3

Background Independence in Quantum Gravity

We have witnessed the importance of dealing with the background independence
in practical computations in quantum gravity in the last section. Information about
the symmetry breaking is stored in (modified) split-symmetry Ward identities, and
making use of them is crucial even for interpreting results about the flow of different
avatars of Newton’s constant. In this section we construct a procedure for solving
msWI’s. We successfuly use it in the context of conformally reduced gravity and we
discuss its possible extensions to full gravity and its potential limitations.

3.3.1

Background Field Method and Background Independence

Almost all work on covariant quantum gravity is based on the background field
method. One begins by splitting the metric into background and quantum parts
gµν = gµν + hµν

(3.73)

and then performs a functional integral over hµν . In doing so one has to gaugefix the invariance under diffeomorphisms. It is very convenient to choose linear
background gauges of the form
Fµ = ∇ρ hρ µ −

β+1
∇µ hρ ρ .
d

(3.74)

The advantage of such gauges is that they break “quantum” diffeomorphisms
( Q)

δv gµν = Lv gµν ;

( Q)

δv hµν = 0

(3.75)

as required, while preserving “background” diffeomorphisms
( B)

δv gµν = Lv gµν ;

( B)

δv hµν = Lv hµν .

(3.76)

The classical action, regarded as a functional of gµν and hµν , is invariant under the
“split symmetry”
δ ḡµν = eµν ( x ) ,

δhµν = −eµν ( x ) ,

(3.77)

simply because gµν is. The gauge condition (3.74) breaks this symmetry and consequently the effective action is a functional of two separate arguments Γ(h; g). This is
not a very serious drawback, because one expects that the n-point functions of h or g
lead to the same physical results, once one goes on shell, as is the case in YM theory
[159], [160].
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Background Field Method in the FRG Context
The problem is more serious when one tries to calculate the Effective Average Action
(EAA) Γk , which is defined by introducing in the functional integral a cutoff term
1
∆Sk (hµν ; gµν ) =
2
µνρσ

where Rk

Z

dd x

p

µνρσ

g hµν Rk

hρσ ,

(3.78)

is an infrared regulator constructed with the background metric. This

introduces further breaking of the split symmetry, which is not merely a gauge artifact and spoils “background-independence”, the notion that physical results should
not depend on the choice of the background metric.
Is it possible to repackage the information contained in the EAA into a functional of a single metric? Pragmatically, much work on the renormalization group
for gravity has concentrated on the functional Γ̄k ( g) = Γk (0; g) where one simply
sets the classical fluctuation field to zero [98]. By using the covariant SchwingerDeWitt formalism, one can sometimes compute beta functions without specifying
the background [106], so that the result can be said to be background-independent
19 .

More recently there have been several calculations of beta functions based either on “bi-metric” truncations [126], [127], [154] or truncation depending on a flat
background and up to four powers of hµν [109], [116], [117], [161], [162]. These calculations highlight the problem of the split symmetry breaking and raise the question
of how to physically interpret the results. In the bi-metric case split-invariance has
been imposed in the IR limit [156]. Alternatively, one can try to solve simultaneously the modified split Ward identity and the flow equation. This was achieved
in the conformally reduced case [128], [129], [163]. Other related ideas have been
discussed in [164]–[166].
More progress has been made recently for the special case when
eµν = 2egµν

(3.79)

i.e. when the background is simply rescaled by a constant factor [130], [131], [157]. In
this case it was possible to write the anomalous Ward identity explicitly. By making
judicious choices in the gauge-fixing and cutoff terms, it has been reduced to the
simple form
δe Γk = e∂t Γk ,

(3.80)

where t = log k and the RHS is just the “beta functional” of the theory. The definition
of the EAA contains a large degree of arbitrariness, and in order to arrive at (3.80)
one has to make several specific choices. First and foremost, the split between the
background and the quantum field will not be of the standard linear form (3.73) but
rather of the exponential form, see (3.129) below. Further specific choices have to be
19 Notice difference in meaning; background independence in this context refers to the fact that the
computation is done, in a sense, for all backgrounds simultaneously.
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made in the gauge-fixing and in the cutoff term. In particular one has to use a “pure”
cutoff, namely one that does not contain any running parameters [145], [167]. From
the point of view of reducing the number of variables that the EAA depends on,
this relation can be used to eliminate only the dependence on a single real degree of
freedom, namely the total volume of the background.
Goals
The main purpose of this section is to study the generalization of the above result to
the case when the infinitesimal transformation parameter e in (3.79) is not a constant,
in other words when the background is subjected to a Weyl transformation.
A secondary aim is to highlight the relation between certain results concerning
the fate of global and local scale transformations in quantum gravity. Several results
can be more easily discussed in the context of Conformally Reduced (CORE) gravity,
where only the spin-zero, conformal degree of freedom of the metric is dynamical.
In [168] the Wetterich equation was applied to CORE gravity and it was noted that
(a certain realization of) Weyl transformations could be either preserved or not, depending on the choice of cutoff. Subsequently, several studies have focused on split
symmetry transformations in CORE gravity [128]. Our treatment will follow closely
[169], where it was shown (albeit in a single-metric context) how to maintain Weyl
invariance in the functional RG. With some changes, the results of that paper can be
adapted to the present case.
Weyl group
Because of the many different ways in which the Weyl group can be realized in a
physical theory, it will be useful to clarify the meaning of the phrase “Weyl transformation”. The abstract Weyl group W is just the multiplicative group of positive real
functions on a manifold. It can be realized on fields in several ways and to avoid
the danger of misunderstandings one should specify what realization one is talking about. If the bare (classical) action is Weyl invariant, then in addition to fixing
the gauge for diffeomorphisms one should also fix the Weyl gauge. In this context,
as with diffeomorphisms, one will have to distinguish between “quantum” Weyl
transformations
( Q)

δe gµν = 2egµν ;

( Q)

δe gµν = 0 ;

( Q)

δe hµν = 2egµν

(3.81)

and “background” Weyl (BW) transformations
( B)

δe gµν = 2egµν ;

( B)

δe gµν = 2egµν ;

( B)

δe hµν = 2ehµν .

(3.82)
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What we will mostly be interested in here is a different realization, which we shall
call “split Weyl transformations” (SW)
(S)

δe gµν = 0 ;

(S)

δe gµν = 2egµν ;

(S)

δe hµν = −2egµν .

(3.83)

Note that any bare action is invariant under (3.83) simply because gµν is invariant
under those transformations. In fact, SW transformations are a subgroup of the split
transformation (3.77).

3.3.2

CORE gravity

Several authors have considered CORE gravity as an interesting theoretical toy model
in which to test various ideas related to the use of the FRG equation. This has been
done both in the “single field” [168], [170], [171] and in the bi-field approximation
[126]–[129], [154], [163].
Definitions
In CORE gravity one considers only metrics belonging to a single conformal class.
Fixing a “fiducial” or reference metric ĝµν in this class, every other metric can be
obtained by a Weyl transformation
gµν = e2σ ĝµν .

(3.84)

Given any action S( g), one obtains an action S0 (σ; ĝ) = S( g(σ, ĝ)). Insofar as ĝ is
kept fixed, the dependence on it is often not indicated. In this way gravity is reduced
to a scalar field theory. For the field σ one has an additive background-quantum split
σ = σ+ω.

(3.85)

Thus, we can define a background metric
gµν = e2σ ĝµν ,

(3.86)

and the full metric is obtained from the background metric by means of the Weyl
transformation
gµν = e2ω gµν .

(3.87)

Since we have three different metrics in total, there are several Weyl transformations we can perform in this setting. If the classical action is Weyl-invariant to begin
with, its CORE reduction is constant and the CORE theory is topological. This is a
somewhat trivial case, but one could still discuss the fate of the transformations in
the quantum theory. Background Weyl transformations are defined by
δ( B) gµν = 2egµν ;

δ( B) gµν = 2egµν ;

δ( B) ĝµν = 0

(3.88)
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and therefore
δ( B) σ = e ;

δ( B) ω = 0 ;

δ( B) σ = e .

(3.89)

For a generic gravitational action, its CORE reduction is not constant, but is by construction invariant under the SW transformations, which are defined by
δ(S) gµν = 0 ;

δ(S) gµν = 2egµν ;

δ(S) ĝµν = 0

(3.90)

and therefore
δ(S) σ = 0 ;

δ(S) ω = − e ;

δ(S) σ = e .

(3.91)

One can define a third realization of the Weyl group, acting on the fiducial metric
in such a way as to maintain the background (as well as the full) metric invariant.
For want of a better name, these transformations shall be called “fiducial Weyl (FW)
transformations”:
δ( F) gµν = 0 ;

δ( F) gµν = 0 ;

δ( F) ĝµν = 2e ĝµν

(3.92)

δ( F) σ = −e .

(3.93)

and
δ( F) σ = −e ;

δ( F) ω = 0 ;

In CORE gravity one does not generally consider such transformations, because the
fiducial metric is kept fixed, but we mention them here for later reference.
Weyl calculus
Let us briefly digress to review a computational technique, dubbed Weyl calculus,
that we rely on extensively for the rest of this discussion [172]–[178]. We define a
new variable χ as the inverse square root of the conformal factor of the background
metric χ = e−σ . It transforms under Weyl transformations as
δχ = −eχ ,

(3.94)

hence it can be identified with the background value of a dilaton field. We can use
χ to construct a pure-gauge abelian gauge field κµ = −χ−1 ∂µ χ = ∂µ σ, transforming
under Weyl transformations as
δκµ = ∂µ e .

(3.95)

Let ∇µ be the covariant derivative with respect to the Levi-Civita connection of the
ˆ µ be the covariant derivative with respect to the Levi-Civita connecmetric g and ∇
tion of the metric ĝ. They are related by
Γ̂µ λ ν = Γ̄µ λ ν − δµλ κν − δνλ κµ + gµν gλτ κτ .

(3.96)

The connection coefficients Γ̂ are invariant under background Weyl transformations,
as is obvious since the metric ĝ is. We say that a tensor t has weight α if it transforms

3.3. Background Independence in Quantum Gravity

93

under background Weyl transformation as
δt = α e t .

(3.97)

Here we do not write tensor indices, as they are the same on both sides of the equation. For example, the background metric has weight 2, as does the the fluctuation
T . For any tensor t of weight α, we define the Weyl-covariant derivative as
hµν

ˆ µ t − ακµ t .
Dµ t = ∇

(3.98)

It is a tensor with the same weight as t. We note in particular the special cases

Dρ gµν = 0 ;

Dρ χ = 0.

(3.99)

The fields σ and ω transform inhomogeneously and therefore have to be treated
separately. Their Weyl-covariant derivatives are defined as

Dρ σ = ∂ρ σ − κρ = 0 ;

Dρ ω = ∂ρ ω + κρ

(3.100)

and are invariant (reflecting the absence of a homogeneous term in their transformation).
Cutoffs
In CORE gravity, we introduce the cutoff in the functional integration over ω. It has
the general form
∆Sk =

1
2

Z

dd x

q

g ω Rk (σ, ĝ)ω.

(3.101)

The cutoff kernel Rk is a function of a Laplace-type operator O constructed with the
fiducial metric and the background conformal factor. There are several choices for
this operator, including the use of Weyl-covariant derivatives. Here we consider one
natural choice of cutoff; for some other possibilities see [3].
¯ µ∇
¯ν
We start with the cutoff defined by using O = ∆ in (3.101), where ∆ = − gµν ∇
is the Laplacian of the background metric. For dimensional reasons, it can be written
as

R k ( ∆ ) = k d r ( y ),

(3.102)

where r is a dimensionless function of the dimensionless variable y = ∆/k2 , that
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goes rapidly to zero for y > 1 and tends to 1 for y → 0. The result of the transformations discussed in the previous section is
δ

(S)

∆Sk

p
1
= −
dd x g(eRk ω + ω Rk e)
2


Z
p
∂Rk
∂Rk
1
d
d x gω edRk + e
+ ∂µ e
+ . . . ω , (3.103)
+
2
∂σ
∂(∂µ σ )
Z

δ( F) ∆Sk = 0 ,


Z
p
1
∂Rk
∂Rk
( B)
d
δ ∆Sk =
d x gω edRk + e
+ ∂µ e
+ . . . ω.
2
∂σ
∂(∂µ σ )

(3.104)
(3.105)

We clearly see that only δ( F) provides a simple transformation rule for the cutoff, in
fact, it is trivial

20 .

This type of cutoff has also been used in [128] where the split

Ward identity has been studied. The infinite series of terms appearing in the other
two expressions, however, precludes deriving a useful expression for the modified
split-Weyl Ward identities (msWWI). In [128] this problem was circumvented by
considering only constant σ̄, in which case the terms involving ∂e drop out and a
manageable expression was obtained.
Here we shall try to avoid such restrictions on the fields by introducing a SWcovariant derivative. The general definition of Weyl-covariant derivatives was given
in (3.98). For the CORE case it is sufficient to note that ∂µ σ transforms as a gauge
field under δ(S) . Since the field ω transforms by a shift, one can define its covariant
derivative Dµ ω = ∂µ ω + ∂µ σ. It is invariant under δ(S) , so that the second covariant
ˆ ν Dµ ω is also invariant and the Laplacian ∆W = − gµν Dµ Dν
derivative Dν Dµ ω = ∇
transforms simply as δ(S) ∆W = −2e∆W .
As we shall see in more detail below, it will be useful to consider an “extended”
transformation δ(E) which agrees with δ(S) on all fields but acts also on the cutoff by
δ(E) k = −ek ,

(3.106)

as dictated by dimensional analysis. Thus, acting on any functional of the fields and
k,
δ( E) = δ(S) −

Z

dd x e k

δ
.
δk

(3.107)

Note that since e is generally not constant, we cannot assume that k is constant either.
For the time being we take this just as a mathematical fact and defer a discussion of
its physical meaning until later.
The cutoff is now a function

R k ( ∆W ) = k d r ( y ) ,

with

y=

1 W
∆ .
k2

(3.108)

20 For this reason, in [168], where only transformations of the type δ( F ) were considered, this was
called a “Weyl-preserving” cutoff.
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We can write the δ( F) , δ( B) and δ(S) transformations of the cutoff terms for xdependent k as follows,

Z
p
δ
1
dd x g(eRk ω + ωr0 e),
∆Sk −
δk
2

Z
p
1
∂Rk ω
∂Rk ω
d
= −
d x gω ∂µ e
+ ∂µ ∂ν e
+... ,
2
∂(∂µ σ )
∂(∂µ ∂ν σ )
Z
Z
∞
p
δ
1
dd x gωkd ∑ rn yn e,
=
dd xek ∆Sk +
δk
2
n =1

δ(S) ∆Sk =
δ( F) ∆Sk
δ( B) ∆Sk

Z

dd xek

(3.109)
(3.110)
(3.111)

These expressions can be arrived at via following reasoning. The crucial point is
the transformation of the function r (y), acting on a tensor t of weight α, under δ(E) .
As usual, we start by expanding r (y) in Taylor series
∞

r (y) =

∑ rn yn .

(3.112)

n =0

Then, we act on t and find how each term of r (y)t in the series transforms. The thing
to bear in mind is that y contains the covariant derivative Dµ which acts on all the
fields including k ( x ). The variation of the first term gives δ(E) (r0 t) = αer0 t. Since
δ(E) goes through the covariant derivative, the variation of the second term gives
δ(E) (yt) = αe(yt).

(3.113)

From this expression, we obtain how y transforms. Since δ(E) (yt) = (δ(E) y)t +
y(δ(E) t), we get that
δ(E) y = α[e, y].

(3.114)

When this last result is applied to the third term in the series, we get
δ(E) (y2 t) = δ(E) y(yt) + y(δ(E) yt) = α[ε, y]yt + y(αeyt) = αey2 t.

(3.115)

If we proceed by induction, we arrive at
δ(E) (yn t) = αe(yn t).

(3.116)

Thus, we realize that δ(E) (r (y)t) = αer (y)t. That is, r (y) maps a tensor of weight
α to another tensor of weight α under δ(E) . Consequently, when analysing the variation of ∆Sk under δ(E) , we take the transformation of r (y)t as just the transformation
property of t. If we want to extend this result to the field ω, we have to take into
account that it transforms by a shift and that Dµ ω is invariant under δ(E) . Therefore,
in this case we have
δ(E) r (y)ω = −r0 e.

(3.117)
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These explicit outcomes lead us to the following conclusions
δ

( E)

∆SkT

= 0, δ

( E)

gh
∆Sk

= 0, δ

( E)

∆Skω

1
=−
2

Z

dd x

p

g (eRk ω + ωr0 e) .

(3.118)

It will become clear later that transformations involving linear terms in ω in
(3.109)-(3.111) do not contribute to the variation of the EAA, so they are harmless
for the derivation of a Ward identity. On the other hand, the transformations involving the functional derivative with respect to k lead to Ward identities with a
known and compact form, as we will now show. We now derive the Ward identity
associated to δ(S) for this type of cutoff.
The modified split-Weyl Ward Identity
We start from the generating functional Wk , defined by
eWk ( j;σ,ĝ) =

Z

D ω e−S−∆Sk +

R

jω

.

(3.119)

It is convenient to assume that j is a scalar density, to avoid the appearance of

p

g.

Taking into account that S is invariant under δ(S) , the variation of Wk is
δ(S) Wk ( j; ĝ, σ) = −hδ(S) ∆Sk i −

Z

dd xje .

(3.120)

From the definition of the EAA
Γk (hω i; σ, ĝ) = −Wk +

Z

dd xjhω i − ∆Sk (hω i) ,

(3.121)

its transformation is
δ

(S)

Γk = −δ

(S)

Wk −

Z

dd xje − δ(S) ∆Sk (hω i).

(3.122)

The terms coming from the source cancel in the variation of Γk , and we end up just
with
δ(S) Γk = hδ(S) ∆Sk i − δ(S) ∆Sk (hω i).

(3.123)

Similarly, the linear terms in ω coming from δ(S) ∆Sk cancel out, and we find
δ

(S)

1
Γk = Tr
2



δ2 Γ k
+ Rk
δωδω

 −1 Z

dd xek

δRk
,
δk

(3.124)

 −1
+ Rk
= hω ( x )ω (y)i − hω ( x )ihω (y)i.
Equation (3.124) tells us that the split symmetry in S is broken at the quantum level
due to the introduction of the cutoff action.

where we have used the relation



δ2 Γ k
δωδω
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On the other hand, in the appendix of [3] we have shown that the effective action,
for an x-dependent scale, satisfies the flow equation
Z

δΓ
1
d xδk k = Tr
δk
2
d



δ2 Γ k
+ Rk
δωδω

 −1 Z

dd xδk

δRk
.
δk

(3.125)

Therefore, the variation of the effective action with respect to the transformation
δ(S)

is proportional to the functional derivative with respect to the scale k
δ(S) Γk =

Z

dd xek

δΓk
.
δk

(3.126)

This last expression states that Γk is invariant under the extended transformation
δ(E) defined in the previous section:
δ( E) Γk = 0 .

(3.127)

The EAA can thus be written in terms of the invariant quantities k̂ = eσ k and σ =
σ + hω i as
Γk (ω; σ, ĝ) = Γ̂k̂ (σ; ĝ).

(3.128)

In this way we have been able to reduce by one the number of functions that the
EAA depends upon. We will now try to extend this result to the case of full gravity.

3.3.3

Full gravity

The discussion of CORE gravity makes it clear that the exponential parametrization
of the conformal factor is the most natural one because Weyl transformations then
act additively on the field.
Exponential parametrization
The last observation suggests that it may be convenient to parametrize the full metric
fluctuation exponentially rather than additively as in (3.73). There is a number of advertised advantages of the exponential split so its use has become rather widespread,
e.g. [110], [112], [118], [136], [144], [145], [179]–[190].
Henceforth we split the metric as follows
gµν = gµρ (eX )ρ ν

where

X ρ ν = gρσ hσν .

(3.129)

In dealing with exponentials, it is convenient to suppress indices and treat twoindex tensors as matrices, independent of the position of the indices. Thus (3.129)
will be written g = geX and X = g−1 h. We decompose the fluctuation field into its
tracefree and trace parts:
X = XT + 2ω1

(3.130)
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where XT is traceless and (following [144], [183]) we have defined ω = h/2d, with
h = trX = gµν hµν . Then we can write
T

g = g e2ω eX ,

(3.131)

which is the obvious generalization of (3.87). If the background metric undergoes
the finite transformation g → ge2e , invariance of the full metric can be maintained
by the compensating transformation ω → ω − e, while XT is left invariant. Then
δ(S) hT = δ(S) (gXT ) = 2egX T = 2ehT , which implies that
δ(S) h Tµ ν = 0 ,

T
T
δ(S) hµν
= 2ehµν
,

δ(S) ω = − e .

(3.132)

Here we will consider background metrics belonging to a single conformal equivalence class. As in the CORE case, we choose a fiducial metric ĝµν in this class and
parametrize all the others by their conformal factor eσ :
g = ĝe2σ .

(3.133)

Note that we can then write 21
T

T

g = ĝ e2σ eX = g e2ω eX ;

g = ĝ e2σ

(3.134)

where eσ is the conformal factor of the full metric, which can be split into a background part eσ and a quantum part eω , related again as in (3.85). The basic transformation rule δ(S) g = 2eg implies
δ(S) σ = e

(3.135)

and this together with (3.132) implies δ(S) σ = 0. Thus with these definitions the
invariance of the full metric can be expressed again as a simple shift invariance,
albeit of the arguments of exponentials.
Gauge fixing
We can use the Weyl calculus, explained in subsection 3.3.2, to write SW-invariant
functionals. Let us consider a gauge fixing term
SGF =

1
2α

Z

dd x

p

g Fµ Y µν Fν ,

(3.136)

where Fµ is of the form (3.74). As shown in [130], Fµ is invariant under global SW
transformations, i.e. transformations (3.79) with constant e. It is easy to extend
this result to local transformations simply replacing the derivative ∇ by the Weylcovariant derivative D defined in (3.98). Thus the gauge condition is now
Fµ = Dρ hρ µ − 2( β + 1)Dµ ω .
21 A

(3.137)

somewhat similar splitting in the gravitational path integral has been advocated in [191]–[193].
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(we recall that ω = h/2d) and we have
δ(S) Fµ = 0 .

(3.138)

In [130] invariance of the gauge-fixing action was obtained by choosing Y µν to
contain a power of the background Laplacian. Here we note that the covariant
derivative D has separate dependencies on gµν and σ, i.e. it cannot be written in
terms of gµν alone. Thus the gauge-fixing action is a functional SGF (h Tµ ν , ω; gµν , σ).
Given that there is already a separate dependence on σ, aside from the dependence
through gµν , we may as well use it to define
Y µν = e−(d−2)σ gµν .

(3.139)

This makes the gauge-fixing action invariant, without introducing additional derivatives. In particular, there is no need to introduce an auxiliary Nielsen-Kallosh ghost.
In order to derive the Faddeev-Popov operator, we start from the transformation
of the full metric under an infinitesimal diffeomorphism η, δη g = Lη g. The “quantum” gauge transformation of the background g and fluctuation field X satisfy
( Q)

δη g = 0 ;

( Q)

e−X δη eX = e−X g−1 Lη g = e−X g−1 Lη geX + e−X Lη eX .

Under any variation δ, e−X δeX =
( Q)

1−e−adX
adX δX,

δη X =

(3.140)

so using this on both sides we obtain

adX
g−1 L η g + L η X .
e adX − 1

(3.141)

The Faddeev-Popov operator, acting on a ghost field C µ , is defined by


1+β ρ
( Q)
( Q)
δ µ tr(δC X)
∆ FPµν C ν = Dρ (δC X)ρ µ −
d

(3.142)

where the infinitesimal transformation parameter η has been replaced by the ghost
C µ . The full ghost action then has the form [189]
Sgh (Cµ∗ , Cµ ; gµν , σ) = −

Z

dd x

p

g Cµ∗ Y µν ∆ FPνρ C ρ .

(3.143)

The infinitesimal diffeomorphism parameter η µ , and hence the ghost field C µ , can
be assumed to be invariant under δ(S) . Then, a straightforward calculation shows
( Q)

that δC X is invariant. Consequently, also ∆ FPµ ν Cν is invariant. Assuming that
the antighost Cµ∗ is also invariant, the transformation of Y µν then exactly cancels
the transformation of the integration measure, and we conclude that Sgh is SWinvariant22 . Note that this statement refers to the full ghost action, containing infinitely many interaction vertices that are bilinear in the ghosts and contain arbitrary
powers of hµν .
22 These transformation of the ghost C
µ

and antighost Cµ∗ agree with those of [130] when e is constant.
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Cutoffs
We now have to generalize the cutoff choice discussed in [130], from constant to
non-constant rescalings of the metric. As before, it will be useful to consider also
transformations where the cutoff itself changes (see Eq. (3.106)). Our ultimate goal
is to arrive at an EAA that is invariant under the extended transformations, and the
way to achieve it is to concoct the cutoff term in such a way that it is itself invariant. This issue has been addressed previously in a slightly different context in [169],
[194]. Here we shall use the same techniques to write cutoff actions that are invariant, except for a single term that has to do with the inhomogeneous transformation
properties of ω. We shall see that this is not an obstacle for the construction of an
invariant EAA.
In order to construct diffeomorphism- and Weyl-invariant cutoffs we use a Weylcovariant second order differential operator. For definiteness we adopt a “type I”
cutoff (in the terminology of [106]) depending on the Laplacian
∆W = − gµν Dµ Dν .

(3.144)

The cutoff terms for all the fields have the structure
p
1
=
dd x g h Tµ ν Rk (∆W )h Tν µ ,
2
Z
p
1
ω
∆Sk (ω; g, σ) =
d d x g ω R k ( ∆W ) ω ,
Z2
p
gh
∆Sk (C ∗ , C; g, σ) =
dd x g Cµ∗ Rk (∆W )C µ ,
Z

∆SkT (h T ; g, σ)

where

R k ( ∆W ) = k d r ( y ) ,

y=

1 W
∆ .
k2

(3.145)

(3.146)

We have chosen the cutoff terms to be diagonal in field space, without loss of generality. Except for the introduction of the Weyl-covariant derivatives, these cutoffs are
the same as in [130].
Note that we write the cutoff in terms of the mixed fluctuation so that all the
fields have weight zero, i.e. they are invariant, except for ω that transforms by a
shift. For a general tensor of weight α, the operator ∆

W

generates a tensor of weight

α − 2. Thus we can write
δ( E) ∆

W

W

W

= −2e∆ + α[e, ∆ ] .

(3.147)

This implies that r (y) maps a tensor of weight α to another tensor of weight α under
δ(E) . Therefore, by simple counting, the cutoff terms for h T and C are invariant under
the extended transformations δ(E) . Using (3.107), there follows that
(i )

δ(S) ∆Sk =

Z

dd x e k

δ
(i )
∆S
δk k

for i ∈ T, gh

(3.148)
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where the functional variation with respect to k acts only on the cutoffs Rk .
The case i = ω works a little differently, because ω does not transform homogeneously:
δ

(S)

∆Skω

=

Z

δ
1
d x e k ∆Skω −
δk
2
d

Z

dd x

p

g (eRk ω + ωr0 e) .

(3.149)

Thus this term is not invariant under δ(E) .
The modified split-Weyl Ward identity
We now have all the ingredients that are needed to derive the Ward identity for the
SW tranformations δ(S) . One could follow step by step the derivation given in [130],
which was based on the integro-differential equation satisfied by the EAA. Alternatively, we follow here the logic of [157]. We subject Wk to a SW transformation, with
fixed sources and fixed k. Since the actions S, SGF and Sgh are invariant by construction, and assuming the measure to be invariant, the only variations come from the
cutoff and source terms:
gh

δ(S) Wk = −hδ(S) ∆SkT i − hδ(S) ∆Skω i − hδ(S) ∆Sk i −

Z

dd xje.

(3.150)

The variations of the cutoff terms have been given in (3.148,3.149). Their expectation values involve two- and one-point functions, that we can reexpress in terms of
connected two-point functions and one-point functions as follows
Z
Z
p δWk Z
δR δ2 Wk
1
δRk δWk
1
−
dd x g
ek
− Tr ek k
2
δk δjT δjT
2
δjT
δk δjT
Z
Z
Z
2
p
1
δR δ Wk
δWk
δRk δWk
δW
− Tr ek k
+
ek
− dd x geRk k
2
δk δjδj
δj
δk δj
δj
Z
Z
2
δW
δR δWk
δR δ Wk
+ 2 k ek k
−Tr ek k
δk δJδJ∗
δJ∗
δk δJ

where we use the shorthand
Z

f δk

δ
=
δk

Z

dd x f ( x )δk ( x )

δ
,
δk( x )

(3.151)

and we suppress indices for notational clarity. The variation of the EAA can be
computed inserting these variations in (3.121). The source terms cancel out, as does
the term linear in ω from (3.149) and the variations of the cutoff terms evaluated
on the classical fields. There remain only the terms with the connected two-point
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functions, that can be re-expressed in terms of the EAA:

δ

(S)

Γk

 2
 −1 Z
δ Γk
δRk
1
ek
STr
+ Rk
=
2
δφδφ
δk
 −1 Z
 2
 2
 −1 Z
δRkT
δ Γk
δ Γk
δRk
1
1
ek
+ Rk
ek
=
Tr
+ Tr
+ Rk
T
T
2
δh δh
δk
2
δωδω
δk
 −1 Z
 2
δRk
δ Γk
ek
−Tr
+ Rk
+... .
(3.152)
δC ∗ δC
δk

T , ω, C ∗ , C ), and the ellipses indicate
Here we use the “superfield” notation φ = (hµν
µ
µ

further mixing terms that arise in the inversion of the Hessian. Comparing (3.152)
and local ERGE derived in [3] we see that
δ(S) Γk =

Z

ek

δΓk
,
δk

(3.153)

where we recall that the variation on the LHS involves only the field arguments of
Γk and leaves k fixed. We have thus arrived at a remarkably simple result: with our
choices for the gauge and cutoff terms, the anomalous variation in the msWWI is
given by the “beta functional” of the theory, as expressed by the RHS of the local
ERGE.
The reduced flow equation
Recalling the definition (3.107), we can rewrite (3.153) simply as
δ( E) Γk = 0 .

(3.154)

This is a statement of invariance of the EAA under a particular realization of the
Weyl group. At the level of finite transformations
Γk (h Tµ ν , Cµ∗ , C µ , ω; σ, ĝµν ) = ΓΩ−1 k (h Tµ ν , Cµ∗ , C µ , ω − log Ω; σ + log Ω, ĝµν ) . (3.155)
We can therefore rewrite the action entirely in terms of SW-invariant variables. Having chosen some of the fields to be invariant obviously simplifies the task. The choice
of variables that we find both conceptually most satisfying and technically most useful is the following:
k̂ = eσ k ;

h Tµ ν ;

Cµ∗ ;

Cµ ;

σ = σ+ω;

ĝµν .

(3.156)

In the spirit of Weyl’s theory, we are using the background dilaton field χ = e−σ as
unit of length and measure everything in its units 23 .
23 We

avoid the alternative definition k̂ = eω k used in [130] because we find it awkward to have a
dynamical variable in the cutoff scale. Another possible invariant metric would be g̃µν = e2ω gµν . Note
T = e2ω h T would lead to a
the relation between invariants: g̃µν = e2σ ĝµν . The alternative definition ĥµν
µν
more complicated (off-diagonal) Jacobian.
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The solution of the msWWI is therefore a functional
Γ̂k̂ (h Tµ ν , Cµ∗ , C µ , σ; ĝµν ) = Γk (h Tµ ν , Cµ∗ , C µ , ω; σ, ĝµν ) .

(3.157)

As expected the msWWI eliminates the dependence of the EAA on the dynamical
variable ω and on the background variable σ, replacing them by the single invariant
σ. In the process one also has to redefine the background as well as the cutoff.
We must now rewrite the flow equation in terms of the new variables. Taking
the total variation of both sides of (3.155), regarded as functionals of all their arguments, and comparing the coefficients of each differential, one obtains the following
transformation rules:
k

δΓ
δk

δΓ
δh Tµ ν

δΓ̂
;
δk̂
δΓ̂
;
δh Tµ ν

= k̂
=

δΓ
δΓ̂
=
;
δ ĝµν
δ ĝµν

δΓ
δΓ̂
δΓ̂
=
+ k̂
δσ
δσ
δk̂
δΓ
δΓ̂
δΓ
δΓ̂
=
;
=
.(3.158)
µ
∗
∗
δCµ
δCµ
δC
δC µ

δΓ
δΓ̂
=
;
δω
δσ

The reduced flow equation for the functional Γ̂ has the form k̂ δδΓ̂k̂ = . . .. Its RHS is the
RHS of the local ERGE, that we must rewrite in terms of the new variables. In terms
of the invariant “superfield” φ̂ = (h Tµ ν , σ, Cµ∗ , Cµ ), one obtains

k̂

δΓ̂k̂
δk̂

=

=

δ2 Γ̂k̂
+ R̂k̂
δφ̂δφ̂

1
STr
2
1
Tr
2

k̂
! −1

δ2 Γ̂k̂
δ ĥ T δ ĥ T

−Tr

! −1

+ R̂k̂

δ2 Γ̂k̂
+ R̂k̂
δC ∗ δC

δR̂k̂
δk̂
δR̂k̂T

δ2 Γ̂k̂
+ R̂k̂
δσδσ

1
+ Tr
k̂
2
δk̂

! −1
k̂

δR̂k̂
δk̂

! −1
k̂

δR̂k̂
δk̂

+... .

(3.159)

We see that the reduced flow equation has exactly the same form of the original one,
except for being formulated in terms of invariant variables.
We note that this equation could be derived by rewriting the cutoff action as a
functional the new variables:
∆Ŝk̂T (h Tµ ν ; ĝµν ) = ∆Sk (h Tµ ν ; ĝµν , σ ) =

1
2

Z

1
=
2

Z

dd x

∆Ŝk̂σ (σ; ĝµν )

=

∆Skω (ω; ĝµν , σ)

gh

∆Ŝk̂ (Cµ∗ , C µ ; ĝµν ) = ∆Sk (Cµ∗ , C µ ; ĝµν , σ) =

Z

dd x

p

p

dd x

ˆ )h Tν µ
ĝ h Tµ ν R̂k̂ (∆

ˆ )ω ,
ĝ ω R̂k̂ (∆

p

ˆ )Ĉν ,(3.160)
ĝ Cµ∗ ĝµν R̂k̂ (∆

where now
(i )

R̂k̂ (∆ˆ ) = ud r (y) ,

y=

1 ˆ
∆,
k̂2

ˆ = 1 ∆ = ĝµν Dµ Dν ,
∆
χ2

i ∈ { T, ω, gh}
(3.161)
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The global form of the reduced ERGE
In the discussion, we have introduced the extended transformations where besides
the fields, also the cutoff is subjected to Weyl transformation. This is natural from
the point of view of dimensional analysis, but it leads to the consequence that the
cutoff cannot be regarded as constant anymore. The ERGE can be easily generalized
to the case of non-constant cutoff, but its physical interpretation becomes then less
clear. The flow of the FRGE in theory space would depend on a function, instead of
a single parameter, which would be somewhat reminiscent of the “many-fingered
time” of General Relativity. It would be interesting to explore a possible connection
of the local ERGE with the notion of local RG [14], [195], which would then give it
a direct physical meaning. We refrain from doing so here. Instead, we have noted
that the solution of the msWWI implies that also the cutoff has to be replaced, as an
argument of the EAA, by the quantity k̂. Unlike k, it is invariant under (extended)
SW transformations. It is therefore consistent to assume that
k̂ = keσ = constant

(3.162)

If k̂ is constant, we can replace
k̂ ( x )

δΓ̂k̂
δk̂ ( x )

by

k̂

dΓ̂k̂
dk̂

and the reduced ERGE becomes again an ordinary differential equation, whose solution are curves in theory space depending on the single parameter k̂. In this way
the local ERGE can be seen just as an intermediate mathematical construction.

3.3.4

Discussion

Let us summarize the main steps of our procedure. We started from the exponential parametrization (3.129) and demanded that physical results should not change
under the SW transformations (3.132), (3.135). This is part of the requirement of
background-independence. The classical action is trivially invariant under these
transformations, because it is formulated in terms of a single metric, but the quantum effective action cannot be. In particular, the EAA, which is an effective action
depending on an external cutoff scale k, cannot be invariant, because the gaugefixing term and even more importantly the cutoff term are not. There is therefore
a kind of anomaly. By making certain choices, we have however been able to define the EAA in such a way that the only source of non-invariance is the presence of
the cutoff k. One can then extend the definition of the SW transformations by also
transforming k, which henceforth had been kept fixed. The natural transformation is
(3.106), on account of the dimensionality of k. This implies that k cannot be assumed
to be constant. We have therefore generalized the ERGE by allowing the cutoff to be
a positive function on spacetime. The resulting local ERGE has the same form as the
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usual one, except for the appearance of functional derivatives with respect to k in
place of ordinary derivatives. One finds that the RHS of the msWWI is identical to
the RHS of the local ERGE. Then, the msWWI just expresses the fact that the EAA is
invariant under the extended transformations. This is the central result of this section. It establishes that the msWWI and the flow equation are manifestly compatible
and can be solved simultaneously. The solution of the msWWI consists in writing
the EAA as a functional Γ̂ of a new set of variables that are invariant under the extended SW transformations, as in (3.157). We have then shown that the functional
Γ̂ satisfies a local ERGE (3.159) that is formally identical to the one satisfied by the
original EAA.
The main aim of this analysis was to reduce the number of independent arguments that the EAA depends on, when the background field method is used. Let us
discuss how this goal has been achieved. In the case of CORE gravity the fiducial
metric is always held fixed, so the EAA can be seen as a functional Γk (ω; σ), where σ
is the background field (the conformal factor of the background metric) and ω is the
quantum field (such that σ + ω is the conformal factor of the full dynamical metric).
The msWWI (3.128) shows that the EAA can be rewritten in terms of a functional of
σ alone, thereby reducing the number of scalar fields that it depends on from two to
one, as desired.
Let us now see how the counting works in full gravity. In principle, we begin
from an EAA Γk (h Tµ ν , ω; gµν ), depending on 9+1+10=20 functions, instead of the
desired 10 (we do not count here the ghosts, which are irrelevant for this discussion).
We wanted to reduce this number by one by solving the msWWI. However, in order
to apply our techniques, we had to reparametrize the background metric by splitting
off its conformal part as in (3.133). This can only be done by first choosing a reference
metric ĝµν in the same conformal class as the background. In this way the EAA
has become a functional Γk (h Tµ ν , ω; σ, ĝµν ) depending on 9+1+1+10=21 functions.
The solution of the msWWI (3.153) allows us to rewrite the EAA as a functional
Γ̂k̂ (h Tµ ν , σ; ĝµν ) where, just as in the CORE case, the two functions ω and σ have been
replaced by the single function σ. But now this depends again on 9+1+10 functions:
it appears that we have merely traded the original dependence on the background
metric with the dependence on the fiducial metric.
Why is full gravity different from CORE gravity? The only difference is that in
the discussion of full gravity we keep track of the dependence on the fiducial metric,
whereas in CORE gravity this is ignored. In fact the same issue would be present
also in CORE gravity if we took into account the dependence on the fiducial metric.
In both cases, the problem is that the fiducial metric ĝµν is another artificial choice
that enters in the definition of the EAA, just like the background metric, and no physical result should depend on it. The two fields σ, ĝµν would count as 10 independent
variables if Γk was invariant under FW transformations. This invariance, however, is
broken by the cutoffs. Alternatively, we could at least try to solve the corresponding
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modified FW WI. Unfortunately, as seen in Eq. (3.110), the transformation of the cutoff for ω under such FW transformations is very complicated and there is no hope of
achieving a practical solution. In addition, in full gravity the transformation of the
other cutoffs is similarly intractable 24
1
δ( F) ∆SkT = −
2
gh
δ( F) ∆Sk

"

Z

=−

dd x

Z

p

gh Tµ ν
"

dd x

p

gCµ∗

#
∂RkT
∂RkT
∂λ e
+ ∂λ ∂α e
+ · · · hTν µ ,
∂(∂λ σ )
∂(∂λ ∂α σ )

(3.163)

#
gh
gh
∂Rk
∂Rk
∂λ e
+ ∂λ ∂α e
+ · · · Cµ .
∂(∂λ σ )
∂(∂λ ∂α σ )

(3.164)

Thus, with the chosen cutoff, there is no way to solve exactly the mFWWI. Additional approximations may allow one to do so. It was shown in [3] how to obtain a
simple and exactly solvable mFWWI by using a different type of cutoff. In that case
it is the msWWI that is too complicated to solve.
Thus we conclude that the task of reducing the number of functions in the EAA
by one cannot be solved by the methods used here in generality. If there was any
separate physical argument selecting a preferred metric ĝµν within its conformal
class, then the methods discussed here would provide the desired reduction of the
independent variables. This solution could probably be extended to the full gµν
dependence of the EAA (as opposed to just its conformal factor) by using the GL(4)invariant formulation discussed in [196]–[198]. The methods proposed are not restricted to the Wetterich equation but can be extended also to proper time-type flow
equations, both approximate [199] and exact [101].

24 We observe that if we used the cutoff (3.102), as in [128], invariance under FW transformations
would be trivial. In that case we would not have been able to solve the msWWI, though.

107

Chapter 4

Conclusions
Reception of the LHC results by the high energy physics community has been, by
and large, pessimistic (and not only because certain bottles of cognac had to change
hands [200] ). Altarelli had put it like this [201]:
“A Higgs particle has been discovered which is compatible with the elementary, weakly
coupled Higgs boson of the minimal SM version of the EW symmetry breaking sector. No
clear signal of new physics has been found by ATLAS, CMS and LHCb. On the basis of
naturalness one was expecting a more complicated reality. Nature appears to disregard our
notion of naturalness and rather indicates an alternative picture where the SM, with a few
additional ingredients, is valid up to large energies.”
Our perspective on these results is less negative than that of GUT, SUSY or composite Higgs communities. We too dislike that the LHC did not provide us with any
glimpse of new physics, but our guiding principle is the asymptotic safety, and not
naturalness, so we were not shocked to foundation by the LHC results.
Future work is going to be in muddier waters than it would have been had the
LHC revealed some elements of new physics. This is as true for the asymptotic
safety as it is for other paradigms. However, this would appear to be a relatively
stronger position for the asymptotically safe models than it is for the theories based
on naturalness. For one thing this is the case because fundamental scalars pose no
problem to asymptotically safe theories, and as we have seen in section 2.1 these
may even be required ingredients. Second thing is that a generic asymptotically
safe model has high probability of being very predictive with respect to the usual
effective field theory models.
We have elaborated repeatedly throughout this thesis on how this predictivity
arises. A generic UV fixed point will have a certain number of relevant directions
and an infinite number of irrelevant ones. If we conjecture that the nature is asymptotically safe, we are demanding that its RG flow lies on an n-dimensional hypersurface in the coupling space, where n is the number of relevant directions. One
ought to measure only n couplings in order to be able to fully predict all others. An
optimist will notice that this opens up a lot of potential, since in principle one could
explain relations between various SM parameters that we currently think of as independent; i.e. it may not be necessary to go to high energy scales in order to test some
asymptotically safe models.
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Consider the "desert hypothesis"—the idea that besides a few right-handed neu-

trinos and quantum gravity there’s nothing else to be added to the SM—which is
an asymptotic safety equivalent of MSSM1 . In the context of the asymptotic safety
this is a minimalistic and predictive model, which makes it anything but boring. If
we could reliably establish the existence and the location of the (gravity induced)
UV fixed point and then integrate its RG flow to the IR, we would obtain certain
relations between the SM parameters at experimentally reachable energy scales. If
these relations would be shown not to hold it would be a clear indication that either
nature is not asymptotically safe or that there is more new physics “at the bottom”.
The aim of this thesis was to provide a view on some recent developments in
the field of asymptotically safe QFT from multiple angles; it is author’s sincere hope
that the resulting picture is easier to interpret than the works of cubists. The route
taken in the thesis was such that both simplicity and the robustness of the results
were decreasing with section numbers.
We began, in section 2.1, with a recently-introduced asymptotically-safe gaugeYukawa system called LISA. In section 2.2 we have checked the robustness of the
parametrically-weak perturbative UV fixed point in LISA against the instanton effects. In the process we were able to model the vacuum of LISA as an instanton
fluid. We did this by mimicking the standard pure-YM computation of Diakonov
and Petrov, and in fact we were able to characterize the instanton fluid by computing its instanton density per unit volume and its average instanton size. These
variables are of particular interest due to their relation to nuclear observables.
Having confirmed the existence of perturbative UV fixed points as a matter of
principle, we proceeded to relax the assumptions and move from the Veneziano limit
to phenomenologically more interesting theories. In section 2.3 we have studied
close to 400 000 models whose Lagrangian is given by the Standard Model coupled
to new vector-like fermions charged under the SM gauge group, and uncharged
scalars. Despite reporting negative results—our search has not produced a single
reliable UV-safe and phenomenologically interesting candidate—we have stressed
the importance of continuing this line of model building in the future. Limitations
of our models were explained in detail, and here we only reiterate their intentional
(over)simplicity. By studying models which are so simple we have managed to obtain robust results and pave the way for future computations which we believe will
be more fruitful. Nonetheless, one has to face the possibility that particle physics
models have ignored gravity for too long, and that gravitational contributions to
the gauge, Yukawa, and scalar beta functions may be crucial for developing phenomenologically relevant UV fixed points. In particular, we’ve shown that studied
models that do develop perturbative FPs appear to suffer from triviality problem
in the U (1)-sector—a problem that may be simply curable by coupling the gauge
theory to gravity.
1 Minimal

Supersymmetric Standard Model—an unusually simple SUSY model used, among other
things, to look for SUSY signals in colliders [202]–[204]. Notice that by our standards it is not a minimalistic model at all, requiring measurement of 120 new parameters w.r.t. SM.
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The most studied (tentatively) asymptotically safe gauge theory is gravity. The
central result of the studies to date is a sweet-sour one: the gravitational fixed point
probably exists, but in the semi-perturbative regime. We have defined the concept of
semi-perturbativity as being “weakly non-perturbative”, in the sense that studying
such dynamics cannot be done in perturbation theory, but one may still use (semi-)
analytic techniques such as functional renormalization group, and rely on the usual
perturbative thinking, e.g. regarding the operator ordering. Thus, even though the
UV fixed point is non-Gaussian, a priori one probably wouldn’t have expected such
a fortunate scenario, in fact most of the popular approaches to quantum gravity assume that metric is a poor description of UV degrees of freedom and thus introduce
new fundamental objects, e.g. strings and branes, spin-foam, or causal sets. This
is analogous to going from quarks to mesons in the IR QCD. By changing degrees
of freedom one may again write Lagrangians with perturbative couplings, the difference being, of course, that in the case of gravity “mesons” would be the more
fundamental objects. We find it very encouraging that all the Asymptotic Safety research to date seems to imply that there is a non-Gaussian UV FP in the gravitational
Einstein-Hilbert equivalence class, and that the FP is weakly-interacting enough so
that the perturbative reasoning is useful for its exploration.
Following all of the above observations, in section 3.2 we have studied a specific
nonminimal derivative interaction between gravity and a scalar field to confirm a
hypothesis that a generic combined matter-gravity fixed point cannot admit a fully
asymptotically free matter sector. In fact, what we have shown is that at a generic
FP there will be gravity-induced matter-gravity interactions. This is in line with
general arguments and with expectations from similar previous computations and
it reinforces the point that models aiming to explore the existence of realistic mattergravity fixed points should not assume negligible matter interactions in the deep
UV.
One of the observations that we’ve made in the above computation is the dependence of the results on various “copies” of the quantum Newton coupling. These
couplings are related through so-called modified split Ward identities or msWI’s. A
good way of dealing with these identites is not yet known, but it is of central importance for obtaining quantitativelly robust results with the functional RG. In the
final section, 3.3, we have built on a few previous works and we’ve constructed a
procedure to deal with the msWI’s. This procedure works well in the case of conformally reduced gravity, but at this stage it is not clear if it may also be successfully
extended to the case of full gravity or if a different strategy will have to be adopted.
It is interesting that in solving msWI’s with our technique we were naturally led to
the concept of a local functional RG equation.
Considering the above discussion it is clear that there exist innumerable 2 ways of
extending our works and the other asymptotic safety works, so instead of attempting
to count them we leave them to reader’s imagination.
2 More

precisely: a very large numer.
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