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Time quasi-periodic gravity water waves
in finite depth

Pietro Baldi, Massimiliano Berti, Emanuele Haus, Riccardo Montalto

Abstract: We prove the existence and the linear stability of Cantor families of small amplitude time
quasi-periodic standing water wave solutions — namely periodic and even in the space variable = — of a bi-
dimensional ocean with finite depth under the action of pure gravity. Such a result holds for all the values
of the depth parameter in a Borel set of asymptotically full measure. This is a small divisor problem. The
main difficulties are the fully nonlinear nature of the gravity water waves equations — the highest order
z-derivative appears in the nonlinear term but not in the linearization at the origin — and the fact that the
linear frequencies grow just in a sublinear way at infinity. We overcome these problems by first reducing
the linearized operators, obtained at each approximate quasi-periodic solution along a Nash-Moser iterative
scheme, to constant coefficients up to smoothing operators, using pseudo-differential changes of variables that
are quasi-periodic in time. Then we apply a KAM reducibility scheme which requires very weak Melnikov
non-resonance conditions which lose derivatives both in time and space. Despite the fact that the depth
parameter moves the linear frequencies by just exponentially small quantities, we are able to verify such
non-resonance conditions for most values of the depth, extending degenerate KAM theory.

Keywords: Water waves, KAM for PDEs, quasi-periodic solutions, standing waves.
MSC 2010: 76B15, 37TK55 (37C55, 35505).
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1 Introduction

We consider the Euler equations of hydrodynamics for a 2-dimensional perfect, incompressible, inviscid,
irrotational fluid under the action of gravity, filling an ocean with finite depth h and with space periodic
boundary conditions, namely the fluid occupies the region

Dy:={(z,y) eTxR: —h<y<nltz)}, T:=T,:=R/271Z. (1.1)

In this paper we prove the existence and the linear stability of small amplitude quasi-periodic in time
solutions of the pure gravity water waves system

@+ LVeP +gn=0 at y = n(t, z)
A =0 in D
= (1.2)
0y,®=0 at y = —h
Oin = 0y® — 01 - 0, P at y = n(t,z)

where g > 0 is the acceleration of gravity. The unknowns of the problem are the free surface y = n(t, z)
and the velocity potential ® : D,, — R, i.e. the irrotational velocity field v = V, ,® of the fluid. The first
equation in (2Z) is the Bernoulli condition stating the continuity of the pressure at the free surface. The
last equation in (.2 expresses the fact that the fluid particles on the free surface always remain part of it.



Following Zakharov [61] and Craig-Sulem [26], the evolution problem (L2]) may be written as an infinite-
dimensional Hamiltonian system in the unknowns (n(t, x), ¥ (¢, z)) where ¢(t, ) = ®(t,z,n(t,x)) is, at each
instant ¢, the trace at the free boundary of the velocity potential. Given the shape 7(t,z) of the domain
top boundary and the Dirichlet value ¥(¢, z) of the velocity potential at the top boundary, there is a unique
solution ®(t,x,y; h) of the elliptic problem

AP =0 in{-h<y<n(tz)}
0, =0 ony=—h (1.3)
®=vy on{y=ntr)}.

As proved in [26], system ([2)) is then equivalent to the Craig-Sulem-Zakharov system

dyn = G(n, h)?fﬁ 1 »
O = —gn — 796 + w(G(Ua h) + 771%)2 .
where G(n, h) is the Dirichlet-Neumann operator defined as
G, h)w = (Dy = 0aPa) ), 4 (1.5)

(we denote by n, the space derivative 9,n). The reason of the name “Dirichlet-Neumann” is that G(n, h)
maps the Dirichlet datum ¢ into the (normalized) normal derivative G(n, h)1) at the top boundary (Neumann
datum). The operator G(n, h) is linear in 1), self-adjoint with respect to the L? scalar product and positive-
semidefinite, and its kernel contains only the constant functions. The Dirichlet-Neumann operator is a
pseudo-differential operator with principal symbol D tanh(hD), with the property that G(n, h) — D tanh(hD)
is in OPS™°° when n(x) € C*°. This operator has been introduced in Craig-Sulem [26] and its properties
are nowdays well-understood thanks to the works of Lannes [46])-[47], Alazard-Métivier [5], Alazard-Burg-
Zuily [2], Alazard-Delort [4]. In Appendix [Al we provide a self-contained analysis of the Dirichlet-Neumann
operator adapted to our purposes.
Furthermore, equations (L4) are the Hamiltonian system (see [61], [26])

O =VyH(n,v), O =-V,H(n,v)

Ou= IV Hu), u:= (Z) CJ= ((}d 161) ’ (1.6)

where V denotes the L2-gradient, and the Hamiltonian
1 g
1) = o) = 5 [ wGonhwde+4 [ o ds (17)

is the sum of the kinetic and potential energies expressed in terms of the variables (n,). The symplectic
structure induced by (L8] is the standard Darboux 2-form

W(uy,u2) := (u1, Jua)r2cr,) = (M1, ¥2)r2(r,) — (¥1,m2) L2(T,) (1.8)

for all uy = (n1,¢1), ua = (N2, %2). In the paper we will often write G(n), H(n, 1) instead of G(n, k), H(n, ¥, h),
omitting for simplicity to denote the dependence on the depth parameter h.
The phase space of (4] is

(n,) € HY(T) x HY(T)  where  HY(T) := HY(T)/~ (1.9)

is the homogeneous space obtained by the equivalence relation ¢ (z) ~ 19 (x) if and only if 11 () —a(z) = ¢
is a constant, and H}(T) is the subspace of H(T) of zero average functions. For simplicity of notation we
denote the equivalence class [1)] by ©. Note that the second equation in (4] is in H'(T), as it is natural
because only the gradient of the velocity potential has a physical meaning. Since the quotient map induces
an isometry of H 1(T) onto H{(T), it is often convenient to identify ¢ with a function with zero average.



The water waves system (L4)-(L6) exhibits several symmetries. First of all, the mass [, ndz is a first
integral of (L4). In addition, the subspace of functions that are even in z,

n(x) =n(=x), P()=v(-), (1.10)

is invariant under (I4]). In this case also the velocity potential ®(x,y) is even and 27-periodic in « and so
the x-component of the velocity field v = (®,, ®,) vanishes at = km, for all k € Z. Hence there is no flow
of fluid through the lines z = k7, k € Z, and a solution of (I4) satisfying (II0) describes the motion of a
liquid confined between two vertical walls.

Another important symmetry of the water waves system is reversibility, namely equations (L4)-(L6]) are
reversible with respect to the involution p : (,v) — (1, —%), or, equivalently, the Hamiltonian H in () is
even in :

Hop=H, H(nvy)=Hm-v), p:®m1)—@0-1). (1.11)

As a consequence it is natural to look for solutions of (4] satisfying
u(=t) = pu(t), ie n(—t,x)=n(tx), v(-t,z)=—¢({t,z) Vit,xz R, (1.12)

namely 7 is even in time and ¢ is odd in time. Solutions of the water waves equations (4 satisfying (LI0)
and ([[LI2) are called gravity standing water waves.

In this paper we prove the first existence result of small amplitude time quasi-periodic standing waves
solutions of the pure gravity water waves equations (4], for most values of the depth h, see Theorem [[11

The existence of standing water waves is a small divisor problem, which is particularly difficult because
(T4) is a fully nonlinear system of PDEs, the nonlinearity contains derivatives of order higher than those
present in the linearized system at the origin, and the linear frequencies grow as ~ j'/2. The existence of
small amplitude time-periodic gravity standing wave solutions for bi-dimensional fluids has been first proved
by Plotinkov and Toland [53] in finite depth and by Iooss, Plotnikov and Toland in [42] in infinite depth,
see also [38], [39]. More recently, the existence of time periodic gravity-capillary standing wave solutions in
infinite depth has been proved by Alazard and Baldi [I]. Next, both the existence and the linear stability of
time quasi-periodic gravity-capillary standing wave solutions, in infinite depth, have been proved by Berti
and Montalto in [2]], see also the expository paper [20].

We also mention that the bifurcation of small amplitude one-dimensional traveling gravity water wave
solutions (namely traveling waves in bi-dimensional fluids like (I4])) dates back to Levi-Civita [48]; note that
standing waves are not traveling because they are even in space, see (ILI0). For three-dimensional fluids,
the existence of small amplitude traveling water wave solutions with space periodic boundary conditions has
been proved by Craig and Nicholls [25] for the gravity-capillary case (which is not a small divisor problem)
and by Iooss and Plotinikov [40]-[41] in the pure gravity case (which is a small divisor problem).

From a physical point of view, it is natural to consider the depth h of the ocean as a fixed physical
quantity and to introduce the space wavelength 27¢ as an internal parameter. Rescaling time, space and
amplitude of the solution (n(¢,x),¥(t,x)) of (L) as

rimpt, Fimcr, G(nE) = (T neE) = anta),  D(nE) = av(u e 'E) = ay(t ),

we get that (7(t, &), (7, &)) satisfies

G2 .
0r1 = —G(7},5h)y
ap ~
2,12 2
~ go . Pz S N ~ o ~\2
== -—= ssh Pz | -
01 cun au2+au2(1+ﬁ%)((¥(ng )z/ernw)

Choosing the scaling parameters ¢, u, o such that ;—2 =1, % = 1 we obtain system (4] where the gravity
constant g has been replaced by 1 and the depth parameter h by

h:=ch. (1.13)



Changing the parameter h can be interpreted as changing the space period 27¢ of the solutions and not the
depth h of the water, giving results for a fized equation (L4).
In the sequel we shall look for time quasi-periodic solutions of the water waves system

O = —n — % + m(G(th + %%)2 '

with () € H}(T,) and (t) € H'(T,), actually belonging to more regular Sobolev spaces.

1.1 Main result

We look for small amplitude solutions of ([LI4). Hence a fundamental role is played by the dynamics of the
system obtained linearizing (.14 at the equilibrium (7, ) = (0,0), namely
8t77 = G(O, h)’t/]
o =—n

where G(0,h) = Dtanh(hD) is the Dirichlet-Neumann operator at the flat surface n = 0. In the compact
Hamiltonian form as in (L6]), system (I5) reads

(1.15)

Ou=Ju, Q:= <(1) G((()), h)) , (1.16)
which is the Hamiltonian system generated by the quadratic Hamiltonian (see (7))
Hp = ;(u Qu)p, /1/)G0h1/}d:r+ /n2d:c. (1.17)
The solutions of the linear system (II3)), i.e. (ILI6]), even in z, satisfying (L12) and (T3), are
n(t,x) = Z a; cos(wjt) cos(jz), Z a;jw; ! sin(w;t) cos(jx), (1.18)
j=1 j>1

with linear frequencies of oscillation
w; :=w,;(h) :=+/jtanh(hj), j>1. (1.19)

Note that, since j — jtanh(hj) is monotone increasing, all the linear frequencies are simple.

The main result of the paper proves that most solutions (LI8) of the linear system (LI0]) can be continued
to solutions of the nonlinear water waves equations (LI4) for most values of the parameter h € [h;, hy]. More
precisely we look for quasi-periodic solutions u(wt) = (n,v)(wt) of (LI4), with frequency @ € R” (to be
determined), close to solutions (ILI8)) of (IIH), in the Sobolev spaces of functions

HY (T R?) = {u = (n,9) : n,0 € H*}
H =B (MR = {f= 3 [T = Y ) <o), (1:20)
(¢,5)ezv+t (£,5)ezv+t
where (¢, j) := max{1, |¢|,|j|}. For
1
5250::{ ;r}nLlEN (1.21)
one has H*(T**1 R) C L°°(T"*1,R), and H*(T**!,R) is an algebra.

Fix an arbitrary finite subset St € Nt := {1,2,...} (tangential sites) and consider the solutions of the
linear equation (L.I3)

x) = Z a; cos (wj(h)t) cos(jz), (t,z) =—

JEST jEST

a;

T(Jh)Sin (wj(h)t) cos(jz), a; >0,  (1.22)

which are Fourier supported on ST. We denote by v := |ST| the cardinality of S*.



Theorem 1.1. (KAM for gravity water waves in finite depth) For every choice of the tangential
sites ST C N\ {0}, there exists 5 > W%, €0 € (0,1) such that for every vector d := (a;)jes+, with a; >0
for all 5 € ST and |d| < g, there exists a Cantor-like set G C [hy,ha] with asymptotically full measure as
a—0, ie.

hm |g| = hQ 7h1 y

a—0
such that, for anyh € G, the gravity water waves system (LI4]) has a time quasi-periodic solution u(wt,x) =

(n(@t,x),y(@t,x)), with Sobolev regularity (n,v) € H(T x T,R?), with a Diophantine frequency vector
5= 5 d) = (@)jes € RY, of the form

n(Wt, x) = Z a; cos(wjt) cos(jx) + ri(Wt, z),
jest

Y(wt,x) = — Z ) sin(w;t) cos(jz) + ro(@Wt, )
jes+ 7

(1.23)

with W(h, @) = &(h) := (wj(h))jes+ as @ — 0, and the functions r1 (¢, x),r2(p, x) are o(|al)-small in H¥(T" x
T,R), i.e. ||r:i|ls/ld@ — 0 as |@| — 0 for i =1,2. The solution (n(&t, ),y (Wt x)) is even in x, n is even in t
and v is odd in t. In addition these quasi-periodic solutions are linearly stable, see Theorem [L.2

Let us make some comments on the result.

No global wellposedness results concerning the initial value problem of the water waves equations (L)
under periodic boundary conditions are known so far. Global existence results have been proved for smooth
Cauchy data rapidly decaying at infinity in R, d = 1,2, exploiting the dispersive properties of the flow. For
three dimensional fluids (i.e. d = 2) it has been proved independently by Germain-Masmoudi-Shatah [33] and
Wu [60]. In the more difficult case of bi-dimensional fluids (i.e. d = 1) it has been proved by Alazard-Delort
[4] and Ionescu-Pusateri [37].

In the case of periodic boundary conditions, Ifrim-Tataru [36] proved for small initial data a cubic life span
time of existence, which is longer than the one just provided by the local existence theory, see for example
[3]. For longer times, we mention the almost global existence result in Berti-Delort [19] for gravity-capillary
space periodic water waves.

The Nash-Moser-KAM iterative procedure used to prove Theorem [[1] selects many values of the pa-
rameter h € [hy,hy] that give rise to the quasi-periodic solutions (L23]), which are defined for all times.
By a Fubini-type argument it also results that, for most values of h € [h1,hs], there exist quasi-periodic
solutions of (LI4) for most values of the amplitudes |@| < 9. The fact that we find quasi-periodic solutions
only restricting to a proper subset of parameters is not a technical issue, because the gravity water waves
equations (4] are expected to be not integrable, see [27], [28] in the case of infinite depth.

The dynamics of the pure gravity and gravity-capillary water waves equations is very different:

(1) the pure gravity water waves vector field in (ILT4) is a singular perturbation of the linearized vector field
at the origin in (L.I5]), which, after symmetrization, is |D1|%tanh% (h|D,|); in fact, the linearization of
the nonlinearity gives rise to a transport vector field V9, see (L43). On the other hand, the gravity
capillary vector field is quasi-linear and contains derivatives of the same order as the linearized vector
field at the origin, which is ~ |D,| 2. This difference, which is well known in the water waves literature,
requires a very different analysis of the linearized operator (Sections [BHI2) with respect to the gravity
capillary case in [1], [21], see Remark [[4

(#4) The linear frequencies w; in (LI9) of the pure gravity water waves grow like ~ j 3 as j — oo,

while, in presence of surface tension k, the linear frequencies are /(1 + r52)j tanh(hj) ~ j 3. This
makes a substantial difference for the development of KAM theory. In presence of a sublinear growth
of the linear frequencies ~ 7%, a < 1, one may impose only very weak second order Melnikov non-
resonance conditions, see e.g. (I.36]), which lose also space (and not only time) derivatives along the
KAM reducibility scheme. This is not the case of the abstract infinite-dimensional KAM theorems
[44], [45], [54] where the linear frequencies grow as j%, « > 1, and the perturbation is bounded. In
this paper we overcome the difficulties posed by the sublinear growth ~ j% and by the unboundedness



of the water waves vector field thanks to a regularization procedure performed on the linearized PDE
at each approximate quasi-periodic solution obtained along a Nash-Moser iterative scheme, see the
regularized system (L4I]). This regularization strategy is in principle applicable to a broad class of
PDEs where the second order Melnikov non-resonance conditions lose space derivatives.

(#4¢) The linear frequencies (ILI9) vary with h only by exponentially small quantities: they admit the
asymptotic expansion

V/jtanh(hj) = \/j +7(j,h) where |0fr(j,h)| <Cre™ VkeN, Vj>1, (1.24)

uniformly in h € [h1,hs], where the constant Cj depends only on k and h;. Nevertheless we shall be
able, extending the degenerate KAM theory approach in [I1], [21], to use the finite depth parameter h
to impose the required Melnikov non-resonance conditions, see (36 and Sections Bl and On the
other hand, for the gravity capillary water waves considered in [2I], the surface tension parameter s
moves the linear frequencies /(1 + #;2)j tanh(hj) of polynomial quantities O(j%/2).

Linear stability. The quasi-periodic solutions u(wt) = (n(wt), ¥ (wt)) found in Theorem [T are linearly
stable. Since this is not only a dynamically relevant information, but also an essential ingredient of the
existence proof (it is not necessary for time periodic solutions as in [53], [42], [38], [39], [1]), we state
precisely the result.

The quasi-periodic solutions (L23)) are mainly supported in Fourier space on the tangential sites ST. As
a consequence, the dynamics of the water waves equations (L)) on the symplectic subspaces

Hgi = {u -3 (Zé) cos(j:z:)}, Hi = {z - ¥ (ij) cos(jz) € H&(’H‘I)}, (1.25)

JEST JEN\S+

is quite different. We shall call v € Hg+ the tangential variable and z € Hsﬁ the normal one. In the
finite dimensional subspace Hg+ we shall describe the dynamics by introducing the action-angle variables
(0,I) € TV x R¥ in Section @

The classical normal form formulation of KAM theory for lower dimensional tori, see for instance [44]-
[45], [54], [43], [29], [55], [13]-[14], [63], [49], provides, when applicable, existence and linear stability of quasi-
periodic solutions at the same time. On the other hand, existence (without linear stability) of periodic and
quasi-periodic solutions of PDEs has been proved by using the Lyapunov-Schmidt decomposition combined
with Nash-Moser implicit function theorems, see e.g. [22], [24], [53], [42], [38], [39], [25], [6], [I] and references
therein. In this paper we follow the Nash Moser approach to KAM theory outlined in [I6] and implemented
in [§], [21], which combines ideas of both formulations, see Section [[.2] “Analysis of the linearized operators”
and Section

We prove that around each torus filled by the quasi-periodic solutions ([223)) of the Hamiltonian system
(CI4) constructed in Theorem [Tl there exist symplectic coordinates (¢,y, w) = (¢,y,n,9) € TV x RV x Hgy
(see (BI0) and [I6]) in which the water waves Hamiltonian reads

w - Yy + %KQO((b)y Y + (K11(¢)y7 ’LU) L2(T,) + %(KOQ(Qb)’LM ’LU) L2(T,) + K23(¢a Y, ’LU) (126)

where K>3 collects the terms at least cubic in the variables (y,w) (see (BI8) and note that, at a solution,
one has 05K = 0, K19 = @, Ko1 = 0 by Lemma [5.4). The (¢, y) coordinates are modifications of the
action-angle variables and w is a translation of the cartesian variable z in the normal subspace, see (5.10).
In these coordinates the quasi-periodic solution reads t — (@t,0,0) and the corresponding linearized water
waves equations are

¢ = Kao(@t)[y] + KT, (&t)[w]

y=0 (1.27)

W = J Koo (Wt)[w] + JK11(0t)[y] .
The self-adjoint operator Koz (wt) is defined in (BI8) and J K2 (wt) is the restriction to Hg; of the linearized
water waves vector field J0,V, H (u(wt)) (computed explicitly in (6.8))) up to a finite dimensional remainder,

see Lemma
We have the following result of linear stability for the quasi-periodic solutions found in Theorem [T11



Theorem 1.2. (Linear stability) The quasi-periodic solutions (L23) of the pure gravity water waves
system are linearly stable, meaning that for all s belonging to a suitable interval [s1, s3], for any initial

;— 1 S 1 . .
datum y(0) € RY, w(0) € Hy * x Hy %, the solutions y(t), w(t) of system (L2T) satisfy

= 1 1 < 1 1 .
v =0), Tl g oy SCUWO g oy + O] ViR

In fact, by (L21), the actions y(¢) = y(0) do not evolve in time and the third equation reduces to the
linear PDE
w = JKOQ((T}ﬁ)[’LU] + JKH((:}t)[y(O)] . (1.28)

1 1
Sections BT imply the existence of a transformation (HS x H3)NHg: — (H, * x H'T )NHg; , bounded and
invertible for all s € [s1, s2], such that, in the new variables w.., the homogeneous equation w = J Koo (@t)[w]

transforms into a system of infinitely many uncoupled scalar and time independent ODEs of the form
OWico,j = —1pT"Weoj,  Vj €S, (1.29)

where i is the imaginary unit, S§ := Z\ S, Sp := S* U (=S*) U{0} C Z, the eigenvalues u3° are (see ([E26),
@.27))

T ::m§|j|%tanh%(h|j|>+r;°eR, JES;, P =t%, (1.30)

j|%|t§°| = O(]d@|°) for some ¢ > 0, see ([4.28). Since p3° are even in j,

and m‘g’ = 1+ 0(|a]"), supjese
equations (LZJ) can be equivalently written in the basis (cos(jz))jemg+ of functions even in z; in Section
[[4, for convenience, we represent even operators in the exponential basis (€V/*);es:. The above result is
the reducibility of the linearized quasi-periodically time dependent equation w = J Ko (@Wt)[w]. The Floquet
exponents of the quasi-periodic solution are the purely imaginary numbers {0, ip3e,j € S} (the null Floquet
exponent comes from the action component § = 0). Since p3° are real, the Sobolev norms of the solutions
of (L29)) are constant.
The reducibility of the linear equation w = JKp2(wt)[w] is obtained by two well-separated procedures:

1. First, we perform a reduction of the linearized operator into a constant coefficient pseudo-differential
operator, up to smoothing remainders, via changes of variables that are quasi-periodic transformations
of the phase space, see (L4I). We perform such a reduction in Sections [GHI3

2. Then, we implement in Section [[4] a KAM iterative scheme which completes the diagonalization of
the linearized operator. This scheme uses very weak second order Melnikov non-resonance conditions
which lose derivatives both in time and in space. This loss is compensated along the KAM scheme
by the smoothing nature of the variable coefficients remainders. Actually, in Section [[4] we explicitly
state only a result of almost-reducibility (in Theorems [TZ3HIZ.4 we impose only finitely many Melnikov
non-resonance conditions and there appears a remainder R,, of size O(N,;?), where a > 0 is the large
parameter fixed in (IZ7])), because this is sufficient for the construction of the quasi-periodic solutions.
However the frequencies of the quasi-periodic solutions that we construct in Theorem [I1] satisfy all
the infinitely many Melnikov non-resonance conditions in (£29]) and Theorems [4.3I4.4] pass to the
limit as n — oo, leading to (.29)).

We shall explain these steps in detail in Section In the pioneering works of Plotnikov-Toland [53] and
Tooss-Plotnikov-Toland [42] dealing with time-periodic solutions of the water waves equations, as well as in
[1], the latter diagonalization is not required. The key difference is that, in the periodic problem, a sufficiently
regularizing operator in the space variable is also regularizing in the time variable, on the “characteristic”
Fourier indices which correspond to the small divisors. This is definitely not true for quasi-periodic solutions.

Literature about KAM for quasilinear PDEs. KAM theory for PDEs has been developed to a large
extent for bounded perturbations and for linear frequencies growing in a superlinear way, as 7%, « > 1. The
case a = 1, which corresponds to 1d wave and Klein-Gordon equations, is more delicate. In the sublinear
case a < 1, as far as we know, there are no general KAM results, since the second order Melnikov conditions
lose space derivatives. Since the eigenvalues of —A on T? grow, according to the Weyl law, like ~ j2/¢, j € N,



one could regard the KAM results for multidimensional Schrodinger and wave equations in [22], [29], [15],
[18], [55], under this perspective. Actually the proof of these results exploits specific properties of clustering
of the eigenvalues of the Laplacian.

The existence of quasi-periodic solutions of PDEs with unbounded perturbations (i.e. the nonlinearity
contains derivatives) has been first proved by Kuksin [45] and Kappeler-Poschel [43] for KAV, then by
Liu-Yuan [49], Zhang-Gao-Yuan [63] for derivative NLS, and by Berti-Biasco-Procesi [13]-[14] for derivative
wave equation. All these previous results still refer to semilinear perturbations, i.e. where the order of the
derivatives in the nonlinearity is strictly lower than the order of the constant coefficient (integrable) linear
differential operator.

For quasi-linear or fully nonlinear PDEs the first KAM results have been recently proved by Baldi-
Berti-Montalto in [7], [8], [9] for perturbations of Airy, KdV and mKdV equations, introducing tools of
pseudo-differential calculus for the spectral analysis of the linearized equations. In particular, [7] concerns
quasi-periodically forced perturbations of the Airy equation

Ut + Ugre + Ef(Wta Ty Uy Ugy Ugay ummm) =0 (131)

where the forcing frequency w is an external parameter. The key step is the reduction of the linearized
operator at an approximate solution to constant coefficients up to a sufficiently smoothing remainder, followed
by a KAM reducibility scheme leading to its complete diagonalization. Once such a reduction has been
achieved, the second order Melnikov nonresonance conditions required for the diagonalization are easily
imposed since the frequencies are ~ 52 and using w as external parameters. Because of the purely differential
structure of (L3T]), the required tools of pseudo-differential calculus are mainly multiplication operators
and Fourier multipliers. These techniques have been extended by Feola-Procesi [31] for quasi-linear forced
perturbations of Schrodinger equations and by Montalto [51] for the forced Kirchhoff equation.

The paper [8] deals with the more difficult case of completely resonant autonomous Hamiltonian perturbed
KdV equations of the form

Ut + Uggey — GUUI + f(SC,’LL, Uzvuxmvumxx) =0. (132>

Since the Airy equation u; 4+ uz., = 0 possesses only 27-periodic solutions, the existence of quasi-periodic
solutions of (L32) is entirely due to the nonlinearity, which determines the modulation of the tangential
frequencies of the solutions with respect to its amplitudes. This is achieved via “weak” Birkhoff normal form
transformations that are close to the identity up to finite rank operators. The paper [§] implements the
general symplectic procedure proposed in [16] for autonomous PDEs, which reduces the construction of an
approximate inverse of the linearized operator to the construction of an approximate inverse of its restriction
to the normal directions. This is obtained along the lines of [7], but with more careful size estimates because
([L32)) is a completely resonant PDE. The symplectic procedure of [16] is also applied in [21] and in Section
of the present paper. We refer to [23] and [32] for a similar reduction which applies also to PDEs which
are not Hamiltonian, but for example reversible.

By further extending these techniques, the existence of quasi-periodic solutions of gravity capillary water
waves has been recently proved in [2I]. In items (i)-(éii) after Theorem [[T] we have described the major
differences between the pure gravity and gravity-capillary water waves equations and we postpone to Remark
[L4] more comments about the differences regarding the reducibility of the linearized equations.

Acknowledgements. This research was supported by PRIN 2015 “Variational methods, with applications to
problems in mathematical physics and geometry”, by the European Research Council under FP7, project
no. 306414 “Hamiltonian PDEs and small divisor problem: a dynamical systems approach” (HamPDEs),
partially by the Swiss National Science Foundation, and partially by the Programme STAR, funded by
Compagnia di San Paolo and UniNA.

1.2 Ideas of the proof

The three major difficulties in proving the existence of time quasi-periodic solutions of the gravity water
waves equations (LI4]) are:

(i) The nonlinear water waves system ([LI4) is a singular perturbation of (L.IH]).



(i1) The dispersion relation (I.I9) is sublinear, i.e. w; ~ \/J for j — oco.
(#4i) The linear frequencies w;(h) = jz tanh? (hj) vary with h of just exponentially small quantities.
We present below the key ideas to solve these three major problems.

Nash-Moser Theorem [4.7] of hypothetical conjugation. In Section [ we rescale u — eu and introduce
the action angle variables (0, I) € T x R” on the tangential sites (see ([.23]))

N|=
=

2 2 . .
ny =\ —wi V& Ieos(B;), Wyi= =\ —wy T/E 4 I sin(6;), jEST, (1.33)

where & >0, j =1,...,v, the variables I; satisfy |I;| < &;, so that system ([.I4) becomes the Hamiltonian
system generated by

1 1
He=3(0) I+ 5(2,Q2)p2 +eP, () = (j* tanhZ (hj)) s+, (1.34)

where P is given in (@8)). The unperturbed actions ¢; in (IL.33) and the unperturbed amplitudes a; in (L.22)

and Theorem [[.T] are related by the identity a; = e1/(2/7) wj% V& for all j € ST.

The expected quasi-periodic solutions of the autonomous Hamiltonian system generated by H. will have
shifted frequencies w; — to be found — close to the linear frequencies w;(h) in (II9). The perturbed frequencies
depend on the nonlinearity and on the amplitudes &;. Since the Melnikov non-resonance conditions are
naturally imposed on w, it is convenient to use the frequencies w € R” as parameters, introducing “counter-
terms” a € R (as in [2]], in the spirit of Herman-Féjoz [30]) in the family of Hamiltonians (see (£.9))

1
H, =« I+ i(z,Qz)Lz +eP.

Then the first goal (Theorem A1) is to prove that, for € small enough, there exist s (w,h, ), close to w,
and a v-dimensional embedded torus i (p;w, h,e) of the form

i T 5 T xRY x Hgy, @ —i(p) = (0(9), I(9), 2(9)),

close to (,0,0), defined for all (w,h) € R¥ x [hy, hg], such that, for all (w,h) belonging to the set C2, defined
in ([@20), (ico, ®eo)(w,h,€) is a zero of the nonlinear operator (see ([@I0))

w - 9,0(p) — a —edrP(i(y))
F(i,o,w,h,e) := w - 9,I(p) +€deP(i())
w - 0,2(p) = J(Qz(p) + V. P(i(p)))

The explicit set CJ, requires w to satisfy, in addition to the Diophantine property

(1.35)

w- =y Ve Z"\{0}, () :=max{L,[f[}, [f]:= max |6]

.....

the first and second Melnikov non-resonance conditions stated in (£20), in particular
W €4 S (w, ) — B (w, )| > Ay 40T, VL Y, G, € NFASE, (6,4,5) # (0,5,),  (1.36)

where p5°(w, h) are the “final eigenvalues” in (.I8)), defined for all (w,h) € R X [h1, ho] (we use the abstract
Whitney extension theorem in Appendix [B]). The torus i, the conter-term o, and the final eigenvalues
p5°(w,h) are C*o differentiable with respect to the parameters (w,h). The value of ko is fixed in Section 3]
depending only on the unperturbed linear frequencies, so that transversality conditions like (I39) hold, see
Proposition B4l The value of the counterterm « := oo (w,h,€) is adjusted along the Nash-Moser iteration
in order to control the average of the first component of the Hamilton equation ([@I0), especially for solving
the linearized equation (B.38)), in particular (£.39).

Theorem [1] follows by the Nash-Moser Theorem [I5.0] which relies on the analysis of the linearized
operators d; o F at an approximate solution, performed in Sections The formulation of Theorem [£.1]
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is convenient as it completely decouples the Nash-Moser iteration required to prove Theorem [I.1] and the
discussion about the measure of the set of parameters C)_ where all the Melnikov non-resonance conditions
are verified. In Section we are able to prove positive measure estimates, if the exponent d in (L36) is
large enough and v = o(1) as ¢ — 0. Since such a value of d determines the number of regularization steps to
be performed on the linearized operator, we prefer to first discuss how we fix it, applying degenerate KAM
theory.

Proof of Theorem [I.1t degenerate KAM theory and measure estimates. In order to prove the
existence of quasi-periodic solutions of the system with Hamiltonian H. in (L34), thus (IL.I4]), and not only
of the system with modified Hamiltonian H, with « := aw(w,h, ), we have to prove that the curve of the
unperturbed linear tangential frequencies

[h1,hy] > h = &(h) := (1/jtanh(hyj))es+ € R” (1.37)
intersects the image ao(CL) of the set C1, under the map oo, for “most” values of h € [hy, ho]. Setting

we(h) := a}(&(h),h), (1.38)
where a!(-,h) is the inverse of the function a (-, h) at a fixed h € [hy,ho], if the vector (we(h),h) belongs
to CZ, then Theorem [£1] implies the existence of a quasi-periodic solution of the system with Hamiltonian
H. with Diophantine frequency we(h).

In Theorem we prove that for all the values of h € [hy,hy] except a set of small measure O(y/%0)
(where k§ is the index of non-degeneracy appearing below in (I39)), the vector (we(h),h) belongs to CL.
Since the parameter interval [hy,hs] is fixed, independently of the O(g)-neighborhood of the origin where we
look for the solutions, the small divisor constant - in the definition of CX, (see e.g. (L30)) can be taken as
v = &® with @ > 0 as small as needed, see [£22)), so that all the quantities ey~ " that we encounter along the
proof are < 1.

The first task is to prove a transversality property for the unperturbed tangential frequencies (h) in
(C37) and the normal ones $(h) := (2(h))jen\s+ := (wj(h))jent\s+. Exploiting the fact that the maps
h — w;(h*) are analytic, simple — namely injective in j — in the subspace of functions even in z, and they
grow asymptotically like \/j for j — oo, we first prove that the linear frequencies w;(h) are non-degenerate
in the sense of Bambusi-Berti-Magistrelli [11] (i.e. they are not contained in any hyperplane). This is verified
in Lemma using a generalized Vandermonde determinant (see Lemma [33). Then in Proposition B4 we
translate this qualitative non-degeneracy condition into quantitative transversality information: there exist
kg > 0, po > 0 such that, for all h € [hy,hs],

max
0<k<k;

O (@B0) - £+ Q(0) - Q)| > poll), VEAO, j,j € NF\S*, (1.39)

and similarly for the Oth, 1st and 2nd order Melnikov non-resonance condition with the + sign. We call (fol-
lowing [58]) k& the index of non-degeneracy and pg the amount of non-degeneracy. Note that the restriction
to the subspace of functions with zero average in z eliminates the zero frequency wg = 0, which is trivially
resonant (this is used also in [27]).

The transversality condition (I.39) is stable under perturbations that are small in C*°-norm, where k¢ :=
kg + 2, see Lemma[4l Since we(h) in (L38) and the perturbed Floquet exponents 5° (h) = u$°(we(h),h) in
([@26)) are small perturbations of the unperturbed linear frequencies /j tanh(hj) in C¥-norm, the transver-
sality property ([L39) still holds for the perturbed frequencies. As a consequence, by applying the classical
Riissmann lemma (Theorem 17.1 in [58]) we prove that, for most h € [h1, hs], the Oth, 1st and 2nd Melnikov
conditions on the perturbed frequencies hold if d > % kg, see Lemma .5 and (£40).

The larger is d, the weaker are the Melnikov conditions (I36]), and the stronger will be the loss of
space derivatives due to the small divisors in the reducibility scheme of Section 4l In order to guarantee
the convergence of such a KAM reducibility scheme, these losses of derivatives will be compensated by the
regularization procedure of Sections [BHI3] where we reduce the linearized operator to constant coefficients
up to very regularizing terms O(|D,|~™) for some M := M(d, 7) large enough, fixed in (IZ8), which is large
with respect to d and 7 by ([I47). We will explain in detail this procedure below.
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Analysis of the linearized operators. In order to prove the existence of a solution of F (i, «) = 0 in (I.33)),
proving the Nash-Moser Theorem [L.1], the key step is to show that the linearized operator d; o F obtained at
any approximate solution along the iterative scheme admits an almost approximate inverse satisfying tame
estimates in Sobolev spaces with loss of derivatives, see Theorem Following the terminology of Zehnder
[62], an approzimate inverse is an operator which is an exact inverse at a solution (note that the operator
P in (548) is zero when F(i,a) = 0). The adjective almost refers to the fact that at the n-th step of
the Nash-Moser iteration we shall require only finitely many non-resonance conditions of Diophantine type,
therefore there remain operators (like (.49)) that are Fourier supported on high frequencies of magnitude
larger than O(N,,) and thus they can be estimated as O(N,,*) for some a > 0 (in suitable norms). The
tame estimates (5.48)-(E.51) are sufficient for the convergence of a differentiable Nash-Moser scheme: the
remainder (5.48) produces a quadratic error since it is of order O(F(iy, a,)); the remainder (5:49) arising
from the almost-reducibility is small enough by taking a > 0 sufficiently large, as in (I47); the remainder
(EE0) arises by ultraviolet cut-off truncations and its contribution is small by usual differentiable Nash-Moser
mechanisms, see for instance [I7]. These abstract tame estimates imply the Nash-Moser Theorem [[5.1]

In order to find an almost approximate inverse of d; o we first implement the strategy of Section
introduced in Berti-Bolle [16], which is based on the following simple observation: around an invariant torus
there are symplectic coordinates (¢,y,w) in which the Hamiltonian assumes the normal form (L26) and
therefore the linearized equations at the quasi-periodic solution assume the triangular form as in (L27). In
these new coordinates it is immediate to solve the equations in the variables ¢, y, and it remains to invert
an operator acting on the w component, which is precisely £, defined in (5.26). By Lemma [6.T] the operator
L, is a finite rank perturbation (see (G.H)) of the restriction to the normal subspace Hg; in ([L25) of

(1.40)

sz,agﬁ( 0.V +G(n)B ~G(n) )

(1+ BV,)+ BG(n)B VI, — BG(n)

where the functions B,V are given in (67), which is obtained linearizing the water waves equations (I.14)
at a quasi-periodic approximate solution (n,)(wt, ) and changing 0, into the directional derivative w - J,,.

If 7 (i, ) is not zero but it is small, we say that ¢ is approximately invariant for Xy, and, following [16],
in Section [fl we transform d; o F into an approzimately triangular operator, with an error of size O(F (i, &)).
In this way, we have reduced the problem of almost approximately inverting d; oF to the task of almost
inverting the operator £,. The precise invertibility properties of L, are stated in (5:29)-(E33).

Remark 1.3. The main advantage of this approach is that the problem of inverting d; o on the whole
space (i.e. both tangential and normal modes) is reduced to invert a PDE on the normal subspace HSJ; only.
In this sense this is reminiscent of the Lyapunov-Schmidt decomposition, where the complete nonlinear
problem is split into a bifurcation and a range equation on the orthogonal of the kernel. However, the
Lyapunov-Schmidt approach is based on a splitting of the space H®(T"*!) of functions u(p, z) of time and
space, whereas the approach of [I6] splits the phase space (of functions of x only) into Hg+ @ H§+ more
similarly to a classical KAM theory formulation. O

The procedure of Section [l is a preparation for the reducibility of the linearized water waves equations in
the normal subspace developed in Sections[BHI4] where we conjugate the operator L, to a diagonal system of
infinitely many decoupled, constant coefficients, scalar linear equations, see (L42) below. First, in Sections
[BIT2] in order to use the tools of pseudo-differential calculus, it is convenient to ignore the projection on the
normal subspace HSJ; and to perform a regularization procedure on the operator £ acting on the whole space,
see Remark Then, in Section [[3] we project back on HSJ; Our approach involves two well separated
procedures that we describe in detail:

1. Symmetrization and diagonalization of £ up to smoothing operators. The goal of Sections
[BHI2] is to conjugate L to an operator of the form

w - Oy+imy | D|? tanh? (8] D|) + ir(D) + Ts () (1.41)

where m 1~1lisa real constant, independent of ¢, the symbol r(£) is real and independent of (¢, x),

of order S~1/2, and the remainder Ts(p), as well as 8£7'8 for all |5] < fp large enough, is a small,
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still variable coefficient operator, which is regularizing at a sufficiently high order, and satisfies tame
estimates in Sobolev spaces.

2. KAM reducibility. In Section [[3 we restrict the operator in ([L4I) to HSL+ and in Section [I4] we
implement an iterative diagonalization scheme to reduce quadratically the size of the perturbation,
completing the conjugation of L, to a diagonal, constant coefficient system of the form

w - Oy +10p(p;) (1.42)

1 1
where 11; =my|j|2 tanh? (b|j[) + r(j) + 7(j) are real and 7(j) are small.

We underline that all the transformations performed in Sections are quasi-periodically-time-dependent
changes of variables acting in phase spaces of functions of x (quasi-periodic Floquet operators). Therefore,
they preserve the dynamical system structure of the conjugated linear operators.

All these changes of variables are bounded and satisfy tame estimates between Sobolev spaces. As a
consequence, the estimates that we shall obtain inverting the final operator (L42]) directly provide good
tame estimates for the inverse of the operator £, in (63).

We also note that the original system L is reversible and even and that all the transformations that we
perform are reversibility preserving and even. The preservation of these properties ensures that in the final
system (L42) the u; are real valued. Under this respect, the linear stability of the quasi-periodic standing
wave solutions proved in Theorem [[.Tlis obtained as a consequence of the reversible nature of the water waves
equations. We could also preserve the Hamiltonian nature of £ performing symplectic transformations, but
it would be more complicated.

Remark 1.4. (Comparison with the gravity-capillary linearized PDE) With respect to the gravity
capillary water waves in infinite depth in [I], [21], the reduction in decreasing orders of the linearized operator
is completely different. The linearized operator in the gravity-capillary case is like

w- 0, +1|Da|? + V(p,2)0, ,

the term V0, is a lower order perturbation of |Dz|%, and it can be reduced to constant coefficients by
conjugating the operator with a “semi-Fourier Integral Operator” A of type (3,1) (like in [1] and [21]): the
commutator of |DI|% and A produces a new operator of order 1, and one chooses appropriately the symbol
of A for the reduction of VJ,. Instead, in the pure gravity case we have a linearized operator of the type

w- 0, +1|Da|? + V(p,2)0,

where the term V8, is a singular perturbation of i|/D,|2. The commutator between |D,|2 and any bounded
pseudo-differential operator produces operators of order < 1/2, which do not interact with V9,. Hence one
uses the commutator with w-0,, (which is the leading term of the unperturbed operator) to produce operators
of order 1 that cancel out V9,. This is why our first task is to straighten the first order vector field (L44),
which corresponds to a time quasi-periodic transport operator. Furthermore, the fact that the unperturbed
linear operator is ~ |D|%, unlike ~ |D|%, also affects the conjugation analysis of the lower order operators,
where the contribution of the commutator with w - d,, is always of order higher than the commutator with
|DI|%. As a consequence, in the procedure of reduction of the symbols to constant coefficients in Sections
[[THT2] we remove first their dependence on ¢, and then their dependence on x. We also note that in [21],
since the second order Melnikov conditions do not lose space derivatives, there is no need to perform such
reduction steps at negative orders before starting with the KAM reducibility algorithm. O

We now explain in details the steps of the conjugation of the quasi-periodic linear operator (L40]) described
in the items 1 and 2 above. We underline that all the coefficients of the linearized operator £ in ([L40]) are
C* in (¢, ) because each approximate solution (n(p,x),¥(p,2)) at which we linearize along the Nash-
Moser iteration is a trigonometric polynomial in (¢, ) (at each step we apply the projector II,, defined in
([@I51)) and the water waves vector field is analytic. This allows us to work in the usual framework of C*°
pseudo-differential symbols, as recalled in Section 231
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1. Linearized good unknown of Alinhac. The first step is to introduce in Section the linearized
good unknown of Alinhac, as in [I] and [2I]. This is indeed the same change of variable introduced by
Lannes [46] (see also [47]) for proving energy estimates for the local existence theory. Subsequently, the
nonlinear good unknown of Alinhac has been introduced by Alazard-Métivier [5], see also [2]-[4] to perform
the paralinearization of the Dirichlet-Neumann operator. In these new variables, the linearized operator
(C40) becomes the more symmetric operator (see (6.15))

a9,V -G Vo, 0 V, -G
£0w~8¢+<a Vc,gn)>w-a¢+<0 V@)+<a 0(77)), (1.43)

where the Dirichlet-Neumann operator admits the expansion
G(n) = |D|tanh(h|D|) + Ra

and Rg is an OPS™°° smoothing operator. In Appendix [A]l we provide a self-contained proof of such a
representation. We cannot directly use a result already existing in the literature (for the Cauchy problem)
because we have to provide tame estimates for the action of G(7) on Sobolev spaces of time-space variables
(¢, ) and to control its smooth dependence with respect to the parameters (w,h). We can neither directly
apply the corresponding result of [2I], which is given in the case h = +o0.

Notice that the first order transport operator V9, in (IL43)) is a singular perturbation of £y evaluated at

(n,9) =0, e w-0,+ (tl) —C(:)(O))_

2. Straightening the first order vector field w - J, + V(p,x)0;. The next step is to conjugate the
variable coeflicients vector field (we regard equivalently a vector field as a differential operator)

w- 0y + V(p, )0, (1.44)

to the constant coefficient vector field w - d, on the torus T x T, for V (¢, ) small. This a perturbative
problem of rectification of a close to constant vector field on a torus, which is a classical small divisor
problem. For perturbation of a Diophantine vector field this problem was solved at the beginning of KAM
theory, we refer e.g. to [62] and references therein. Notice that, despite the fact that w € R” is Diophantine,
the constant vector field w - 9,, is resonant on the higher dimensional torus T¢, x T,. We exploit in a crucial
way the symmetry induced by the reversible structure of the water waves equations, i.e. V(p,z) is odd in
¢, to prove that it is possible to conjugate w - d, + V (¢, )0, to the constant vector field w - 9, without
changing the frequency w.

From a functional point of view we have to solve a linear transport equation which depends on time in
quasi-periodic way, see equation (4. Actually we solve equation (Z.6]) for the inverse diffeomorphism. This
problem amounts to prove that all the solutions of the quasi periodically time-dependent scalar characteristic
equation & = V(wt,x) are quasi-periodic in time with frequency w, see Remark [T} [53], [42] and [52]. We
solve this problem in Section [flusing a Nash-Moser implicit function theorem. Actually, after having inverted
the linearized operator at an approximate solution (Lemma [2)), we apply the Nash-Moser-Hormander
Theorem [C1], proved in Baldi-Haus [10]. We cannot directly use already existing results for equation (Z.6])
because we have to prove tame estimates and Lipschitz dependence of the solution with respect to the
approximate torus, as well as its smooth dependence with respect to the parameters (w,h), see Lemmata
L AHC D

We remark that, when searching for time periodic solutions as in [42], [53], the corresponding transport
equation is not a small-divisor problem and has been solved in [53] by a direct ODE analysis.

In Lemma we apply this change of variable to the whole operator Ly in (L43]), obtaining the new

conjugated system (see (31]))

P

) , Ty := tanh(h|D]),
3 0

where the remainder R; is in OPS™°.
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3. Change of the space variable. In Section 8 we introduce a change of variable induced by a diffeomor-
phism of T, of the form (independent of ¢)

y =1+ a(z) & r=y+ay). (1.45)

Conjugating £ by the change of variable u(z) — u(x + a(x)), we obtain an operator of the same form

Lo=w- ap 4 <a4 —a5|D|Th + R2> 7

Qg 0
see (B3], where R is in OPS~°°, and the functions as, ag are given by

as = [az(p, x)(1 + au(2))] ag = az(p,y + &(y)).

le=y+a(y)’

We shall choose in Section [l the function a(x) (see (ILZ3)) in order to eliminate the dependence on x from
the time average (a7),(x) in (ITI7)-II8) of the coefficient of |D,|2. The advantage of introducing the
diffeomorphism (L4H]) at this step, rather than in Section [Tl where it is used, is that it is easier to study the
conjugation under this change of variable of differentiation and multiplication operators, Hilbert transform,
and integral operators in OPS™° see Section 2.4 (on the other hand, performing this transformation in
Section [Tl would require delicate estimates of the symbols obtained after an Egorov-type analysis).

4. Symmetrization of the order 1/2. In Section [0 we apply two simple conjugations with a Fourier
multiplier and a multiplication operator, whose goal is to obtain a new operator of the form

1 1
a —a7|D|2T
Eg:w~8¢+ a41 1 a7| | h +,
a7|D|5Th2 0

see ([@.I0)-([@.I4), up to lower order operators. The function a7 is close to 1 and @4 is small in €, see ([@.17).
Notice that the off-diagonal operators in L3 are opposite to each other, unlike in £5. Then, in the complex
unknown h = 1 + i), the first component of such an operator reads

(h,h) = w - Doh +iaz|DIETE h + agh + Psh + Qsh (1.46)

(which corresponds to (IO neglecting the projector illy) where Ps(y) is a ¢-dependent families of pseudo-
differential operators of order —1/2, and Q5(¢) of order 0. We shall call the former operator “diagonal”,
and the latter “off-diagonal”, with respect to the variables (h, h).

In Sections we perform the reduction to constant coefficients of (L46) up to smoothing operators,
dealing separately with the diagonal and off-diagonal operators.

5. Symmetrization of the lower orders. In Section [I0] we reduce the off-diagonal term Q5 to a pseudo-
differential operator with very negative order, i.e. we conjugate the above operator to another one of the

form (see Lemma [10.3)
(hyh) = w - Db + iaz(p, )| D| T2 h + ash + Psh + Qgh, (1.47)
where Pg is in OPS~2 and Q¢ € OPS™M for a constant M large enough fixed in Section [[4] in view of the

reducibility scheme.

6. Time and space reduction at the order 1/2. In Section[ITlwe eliminate the ¢- and the z-dependence

from the coefficient of the leading operator iaz (¢, z)|D|2T,2. We conjugate the operator (L4T) by the time-1
flow of the pseudo-PDE )
O-u =1B(p,z)|D|Zu

where S(p,x) is a small function to be chosen. This kind of transformations — which are “semi-Fourier
integral operators”, namely pseudo-differential operators of type (%, %) in Hormander’s notation — has been
introduced in [I] and studied as flows in [21].
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Choosing appropriately the functions S(¢,z) and «(z) (introduced in Section ), see formulas (TT.19)
and (II23), the final outcome is a linear operator of the form, see (I1.31)),

(h ) = w-Dh + iy [DIF T2 h + (as + agH)h + Prh+ To(h, ), (1.48)

where H is the Hilbert transform. This linear operator has the constant coefficient m 1R 1 at the order 1/2,

while P; is in OPS~'/2 and the operator 77 is small, smoothing and satisfies tame estimates in Sobolev
spaces, see (I1.39).

7. Reduction of the lower orders. In Section [I2] we further diagonalize the linear operator in (48],
reducing it to constant coefficients up to regularizing smoothing operators of very negative order |D|=M.
This step, based on standard pseudo-differential calculus, is not needed in [21], because the second order
Melnikov conditions in [21] do not lose space derivatives. We apply an iterative sequence of pseudo-differential
transformations that eliminate first the ¢- and then the z-dependence of the diagonal symbols. The final
system has the form

(h,h) > w - Dyh + imy | DIFT2 b + ir(D)h + Ta(p) (h, ) (1.49)
where the constant Fourier multiplier r(£) is real, even r(§) = r(—¢), it satisfies (see (I273))

s _
sup || [r;[*07 Sar ey~ MY

JEZ

and the variable coefficient operator Ts(y) is regularizing and satisfies tame estimates, see more precisely
(IZ8H). We also remark that the operator (I.49) is reversible and even, since all the previous transformations
that we performed are reversibility preserving and even.

At this point the procedure of diagonalization of £ up to smoothing operators is complete. Thus, in
Section[I3] restricting the operator (L49) to HSﬁ, we obtain the reduction of £, up to smoothing remainders.
We are now ready to begin the KAM reduction procedure.

8. KAM reducibility. In order to decrease quadratically the size of the resulting perturbation Rg (see
(IZ£4)) we apply the KAM diagonalization iterative scheme of Section [[4, which converges because the
operators

(D)™ PR (D)™ HPHL 9ot (D) PR (D) i =1 : (1.50)

satisfy tame estimates for some b := b(7,kg) € N and m := m(kg) that are large enough (independently
of s), see Lemma Such conditions hold under the assumption that M (the order of regularization of
the remainder) is chosen large enough as in (IZ38)) (essentially M = O(m + b)). This is the property that
compensates, along the KAM iteration, the loss of derivatives in ¢ and z produced by the small divisors
in the second order Melnikov non-resonance conditions. Actually, for the construction of the quasi-periodic
solutions, it is sufficient to prove the almost-reducibility of the linearized operator, in the sense that the
remainder R,, in Theorem [[Z4 is not zero but it is of order O(ey 2M*+Y N2 ) which can be obtained
imposing only the finitely many Diophantine conditions (IZ4T), (T4.26).

The big difference of the KAM reducibility scheme of Section [[4] with respect to the one developed in
[21] is that the second order Melnikov non-resonance conditions that we impose are very weak, see (I4.26),
in particular they lose regularity, not only in the -variable, but also in the space variable . For this reason
we apply at each iterative step a smoothing procedure also in the space variable (see the Fourier truncations
14],15 = §'| < Na—1 in (IZ26)).

After the above almost-diagonalization of the linearized operator we almost-invert it, by imposing the first
order Melnikov non-resonance conditions in (I4.92)), see Lemma [IZ9 Since all the changes of variables that
we performed in the diagonalization process satisfy tame estimates in Sobolev spaces, we finally conclude
the existence of an almost inverse of £,, which satisfies tame estimates, see Theorem

At this point the proof of the Nash-Moser Theorem 1] given in Section [[5] follows in a usual way, in
the same setting of [21].

S

Notation. Given a function u(p,z) we write that it is even(p)even(z) if it is even in ¢ for any = and,
separately, even in z for any ¢. With similar meaning we say that u(p,x) is even(p)odd(z), odd(yp)even(x)
and odd(yp)even(z).
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The notation a < ,nm b means that a < C(s, o, M)b for some constant C(s,«, M) > 0 depending on
the Sobolev index s and the constants «, M. Sometimes, along the paper, we omit to write the dependence
Sso.ko With respect to s, ko, because s (defined in (L21])) and k¢ (determined in Section [B]) are considered
as fixed constants. Similarly, the set ST of tangential sites is considered as fixed along the paper.

2 Functional setting

2.1 Function spaces

In the paper we will use Sobolev norms for real or complex functions u(w,h, ¢, x), (p,x) € TV X T, depending
on parameters (w,h) € F in a Lipschitz way together with their derivatives in the sense of Whitney, where
F is a closed subset of R¥*1. We use the compact notation A := (w,h) to collect the frequency w and the
depth h into a parameter vector.

We use the multi-index notation: if k = (k1,...,ky+1) € NT1 we denote |k| := ki + ... + k,41 and

k' i= k! - kypq! and if A = (A,...,\q1) € RYTL we denote the derivative 8’; = 8])2 8’/\%3 and

Moo= \M )\l,ffll Recalling that || ||s denotes the norm of the Sobolev space H*(T**! C) = HE, .
introduced in (L20), we now define the “Whitney-Sobolev” norm || - ”154%17

Definition 2.1. (Whitney-Sobolev functions) Let F be a closed subset of R“T1. Let k > 0 be an integer,
v € (0,1], and s > so > (v + 1)/2. We say that a function u: F — H(S(P 2) belongs to Lip(k + 1, F, s,7v) if
there exist functions u9) : F — Ha@ )7 J N, 0<|j| <k with uw® =, and a constant M > 0 such that,

if Rj(\ o) := RS (X, Xo) is defined by

. 1 .
u(\) = > i uIO(Ng) (A= Xo)’ + Ri(M\ No), Ao €F, (2.1)
CENVFL|j+e|<k

then

PP s < M, AR Ao)lls < MIA = Ao*H1H WA X € F, ] < & (2.2)

An element of Lip(k + 1, F, s,7) is in fact the collection {u") : |j| < k}. The norm of u € Lip(k + 1, F, s,7)
is defined as
||u||§?17 o= ||ul/5THY = inf{M > 0 : @2) holds}. (2.3)

If F = R_"Jrl by Lip(k + 1,R*T1 s, ) we shall mean the space of the functions u = u® for which there exist
ul?) = Ru, |j| < k, satisfying Z2), with the same norm (2.3).

‘We make some remarks.

1. If F = R”“,_ and u € Lip(k + 1, F,s,7) the u), |j| > 1, are uniquely determined as the partial
derivatives u) = Hu, [j| < k, of u = u®. Moreover all the derivatives du, |j| = k are Lipschitz.
Since H*® is a Hilbert space we have that Lip(k + 1,R"*! s v) coincides with the Sobolev space
WkJrl,oo(]Rqul,Hs).

2. The Whitney-Sobolev norm of v in (Z3]) is equivalently given by

k+1,y

k
lull s = llulls™

j : Ri(\ o) lls
= max{ Il sup [[ut) (A 5,7 su HJ—’} 2.4
masx v AeIlgl\ My SUP N AT (2.4)

Theorem and (BI0) provide an extension operator which associates to an element u € Lip(k +
1,F,s,7) an extension @ € Lip(k + 1,R**1 s v). As already observed, the space Lip(k + 1,R**! s )
coincides with Wk+1.o¢(R¥+1 %) with equivalence of the norms (see (B.9))

k+1, ~ - ~
[ulls 7~k Tl wrsn @ = Y, APNORE Lo @ me) -
|| <k+1
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By Lemma [B.3] the extension @ is independent of the Sobolev space H*.

We can identify any element u € Lip(k + 1, F,s,v) (which is a collection u = {u) : |j| < k}) with the
equivalence class of functions f € WHThoo(R¥+1, H*) /~ with respect to the equivalence relation f ~ g when
N f(N) = g(N) forall X € F, for all [j| < k+1.

For any N > 0, we introduce the smoothing operators

(Myu)(p,z) o= Y uge @™ Ty =T1d — Tly. (2.5)
(€,j)<N

Lemma 2.2. (Smoothing) Consider the space Lip(k + 1, F, s,v) defined in Definition[21l. The smoothing
operators Iy, Hﬁ satisfy the estimates

Myuf§7 < Nl iy, 0<a<s, (2.6)
MRl 77 < N=ul 5557, a>o0. (2.7)
Proof. See Appendix [Bl O

Lemma 2.3. (Interpolation) Consider the space Lip(k + 1, F, s,7y) defined in Definition 21
(i) Let s1 < sa. Then for any 6 € (0,1) one has

ullst7 < (ulls ) Al 50, s =051+ (1~ 6)sz. (2.8)

(i1) Let ag,bg > 0 and p,q > 0. For all € > 0, there exists a constant C(e) := C(e,p,q) > 0, which
satisfies C(1) < 1, such that

k+1,v

k+1, k41, k+1, k1,
aotp [Vllpa’ < ellullanyiqllvllyy " + Clellullar vl kg - (2.9)

[l bo+q ao+p+q bo+p-+q

Proof. See Appendix [Bl O

Lemma 2.4. (Product and composition) Consider the space Lip(k+1, F, s,7) defined in Definition[2]]
For all s > s > (v +1)/2, we have

luv[[SF27 < O (s, W)l oller Y + Cso, ) Jull i lvllsFH (2.10)
Let ||ﬂ|\§;r01+’{ < d(s0, k) small enough. Then the composition operator
B:uw Bu, (Bu)(p,2):=u(p,z+ p(p,x)),

satisfies the following tame estimates: for all s > s,

k+1, R k+1,
IBulls™ Sok Mullsyny + 18IS lull oo - (2.11)

Let ||6||§:01+7€+2 < 8(s0, k) small enough. The function [ defined by the inverse diffeomorphism y = x+3(p, )

if and only if v =y + ﬁv(tp,y), satisfies
o ft 1,
IBISTY Sk 181547 - (2.12)
Proof. See Appendix [Bl O

If w belongs to the set of Diophantine vectors DC(«y, 7), where

Pp— v, /7 1%
DC(v,7) := {weR b2 g Ve \{o}}, (2.13)

the equation w - 0,v = u, where u(y, ) has zero average with respect to ¢, has the periodic solution

(w-0,) 'u:= Z 2 iEptin) (2.14)
cez\{o}.gez
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For all w € R we define its extension

Ay : 4
(w . aw)gxltu((p, ;E) = Z X(w’y—g<>) Uy, j el(é"P‘f‘Jm), (215)
(6,5 ez +1 1w -

where y € C*°(R, R) is an even and positive cut-off function such that

x(§)={0 ! 4 <

i Dex(€) > 0 vge(l 2). (2.16)

373

W Wl

)

Note that (w - 8,,)omt = (w - 0yp) ' u for all w € DC(y, 7).

Lemma 2.5. (Diophantine equation) For all u € WL (RY L {1 we have

- 0) el 5hn < Oy ™ ull*F o, pe= kb1 7(k +2). (2.17)

Moreover, for F C DC(vy,7) X R one has

(w+ 8) Ml 7 < Oyl 5505 (2.18)
Proof. See Appendix [Bl O

We finally state a standard Moser tame estimate for the nonlinear composition operator

u(p, z) = £(u)(p, ) = f(p,z,u(p,z)).
Since the variables (¢, ) := y have the same role, we state it for a generic Sobolev space H*(T4).

Lemma 2.6. (Composition operator) Let f € C*(T¢ x R,C) and Cy > 0. Consider the space Lip(k +
1,F,s,7) given in Definition [Z1. If u(\) € H*(T4,R), X € F is a family of Sobolev functions satisfying
Hu|\§:1157 < Cy, then, for all s > so > (d+1)/2,

£ () |55 < C s,k £, Co) (1 + [Jull 57 (2.19)
The constant C(s, k, f,Co) depends on s, k and linearly on || f|lcm(rax gy, where m is an integer larger than

s+k+1, and B C R is a bounded interval such that u(\,y) € B for all A € F, y € T, for all ||u||l:;f]1;7 < ().

Proof. See Appendix [Bl O

2.2 Linear operators

Along the paper we consider p-dependent families of linear operators A : T — L(L*(T,)), ¢ — A(y) acting
on functions u(x) of the space variable z, i.e. on subspaces of L?(T,), either real or complex valued. We
also regard A as an operator (which for simplicity we denote by A as well) that acts on functions u(yp, ) of
space-time, i.e. we consider the corresponding operator A € L(L?(T" x T)) defined by

(Au)(p, ) := (Alp)u(p,-))(x) . (2.20)

We say that an operator A is real if it maps real valued functions into real valued functions.
We represent a real operator acting on (n,1) € L?(T**!,R?) by a matrix

" (ZZ) - <g g) (172) (2.21)

where A, B, C, D are real operators acting on the scalar valued components 1, € L2(T**1 R).
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The action of an operator A as in ([Z20) on a scalar function u := u(p,z) € L?(T” x T,C), that we
expand in Fourier series as

x) = Zuj(go)eijz = Z ug jellEPHIT) (2.22)

JEL LeLv jEL

D)= Y A @up() = D D A= gy (2.23)

1,7 €L CELY JEL U ELY ,j' €L

is

We shall identify an operator A with the matrix (Ag/ (- El))j,j'ez,e,e'ezu’ which is T6plitz with respect to

the index ¢. In this paper we always consider Toplitz operators as in (2.20), (2.23).
The matrix entries A7 (¢ — ') of a bounded operator A: H* — H* (as in ([Z23)) satisfy

DoIAS €= PN < AT (5, V(L) ez (2.24)
0

where [|Al| z(gr) := sup{||Ahl|s : [|h]|s = 1} is the operator norm (consider h = ¢!(*"7)(#:2)),
Definition 2.7. Given a linear operator A as in [2.23) we define the operator

1. |A] (majorant operator) whose matriz elements are |A§/ (=20,

2. INA, N € N (smoothed operator) whose matriz elements are

’ Ale—e) if (0—0j—j)<N
()] (- )= {5 E0 1 = 0i=) < (2.25)
I 0 otherwise .
We also denote Iy :=1d — Iy,
3. (0p2)?A, b € R, whose matriz elements are (£ —{',j — j >bAJ (£—1).
4. 0, Alp) = [Qom,A] = 0, 0 A—Aod,, (differentiated operator) whose matriz elements are
(= £3,)AF (6 =0).
Similarly the commutator [9,, A] is represented by the matrix with entries i(j — 5 )Ag/ (Le=1.
Given linear operators A, B as in (Z23)) we have that (see Lemma 2.4 in [21])
1A+ Blulls < [[|Allullls + 1Bl Tul s, [IABulls < [[|AllB|lul [|s, (2.26)

where, for a given a function u(p, x) expanded in Fourier series as in ([2:22]), we define the majorant function

lul(p,2) := D Juele et (2.27)
LETLY JETL

Note that the Sobolev norms of u and |u| are the same, i.e.

l[ulls = [lullls- (2.28)

2.3 Pseudo-differential operators

In this section we recall the main properties of pseudo-differential operators on the torus that we shall use
in the paper, similarly to [I], [2I]. Pseudo-differential operators on the torus may be seen as a particular
case of the theory on R™, as developed for example in [35].
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Definition 2.8. (VDO) A linear operator A is called a pseudo-differential operator of order m if its symbol
a(x, j) is the restriction to R X Z of a function a(x,&) which is C*°-smooth on R x R, 27-periodic in =, and
satisfies the inequalities

0207 a(x,€)| < Capl&™ 7, VYa,BeN. (2.29)
We call a(x,&) the symbol of the operator A, which we denote

1
A= Op(a) = a(m,D), D:=D,:=-0,.
1

We denote by S™ the class of all the symbols a(x, &) satisfying (Z29), and by OPS™ the associated set of
pseudo-differential operators of order m. We set OPS™° := Ny,erOPS™.
For a matriz of pseudo differential operators

(A A , L
A_(A3 A4), A, €0OPS™, i=1,...,4 (2.30)

we say that A € OPS™.

When the symbol a(z) is independent of j, the operator A = Op(a) is the multiplication operator by the
function a(x), i.e. A: u(x) — a(z)u(z). In such a case we shall also denote A = Op(a) = a(x).
We underline that we regard any operator Op(a) as an operator acting only on 27-periodic functions

u(x) =3 g uje” as
— — NayseldT
(Au)(z) := Op(a)[u](z) := Zjeza(éw)uae :
Along the paper we consider p-dependent pseudo-differential operators (Au)(p, x) = Y .o, a(p, z, j)u;(p)e™
where the symbol a(p, z, &) is C*°-smooth also in ¢. We still denote A := A(p) = p(ia(ga, 1)) = Op(a).
Moreover we consider pseudo-differential operators A(A) := Op(a(\, ¢, x,&)) that are ko times differen-
tiable with respect to a parameter A := (w,h) in an open subset Ag C R” X [h1,hs]. The regularity constant

ko € N is fixed once and for all in Section Bl Note that 9§ A = Op(d5a), Vk € NV*1,
We shall use the following notation, used also in [1], [2I]. For any m € R\ {0}, we set

|D|™ := Op(x(£)€]™) , (2.31)

where y is the even, positive C* cut-off defined in [2I6). We also identify the Hilbert transform H, acting
on the 2m-periodic functions, defined by

/H(eijm) — *iSign(j)eijx , Vi#£0, H(1):=0, (2.32)
with the Fourier multiplier Op( — isign(é)x(@)a Le. H = Op( - isign(f)x(f))-

We shall identify the projector mg, defined on the 27-periodic functions as

1
= — 2.
mou 1= o /Tu(:n) dx , (2.33)

with the Fourier multiplier Op(l — x(&)), ie. m = Op(l - x(&)), where the cut-off x(§) is defined in (2Z.16)).
We also define the Fourier multiplier (D)™, m € R\ {0}, as

(D)™ :=m 4+ |D|™ := Op ((1 — x(&)) + x([¢]™), €EeR. (2.34)

We now recall the pseudo-differential norm introduced in Definition 2.11 in [21] (inspired by Métivier [50],
chapter 5), which controls the regularity in (¢, ), and the decay in &, of the symbol a(p, x, &) € S™, together
with its derivatives 85& € ™8 0 < B < a, in the Sobolev norm || ||s.

Definition 2.9. (Weighted YDO norm) Let A(\) := a(\, p,2,D) € OPS™ be a family of pseudo-

differential operators with symbol a(\, ¢, x,£) € S™, m € R, which are ko times differentiable with respect to
A€ Ao CRYFL Forv e (0,1), a €N, s >0, we define the weighted norm

| Al 20 =Y ™ sup [8AN) s, (2.35)
IM<ko ’
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where 5
AN m.s.a := max sup ||0%a(), -, -, &)||s(&) ™5 2.36
A e 1= e sup 0703, €€ (2.36)

For a matrixz of pseudo differential operators A € OPS™ as in (Z30), we define its pseudo differential norm

AL 7 = max 1453

m,s,a m,s,a "
For each kg, v, m fixed, the norm (238) is non-decreasing both in s and «, namely

Vs<sia<a, Imla <l 1I02a <1 Ied (2.37)

m,s,o — m,s’,a? m,s,a — m,s,a’ ?

and it is non-increasing in m, i.e.

Vm<m!, |l <1 (2.38)

m’,s,a — m,s,a
Given a function a(\, ¢, x) that is C* in (¢, z) and ko times differentiable in A, the “weighted ¥DO norm”

of the corresponding multiplication operator Op (a) is

ko, ,
10p (@65 = > ™ sup [05a(N)lls = llalwroer(ag. ey ~ho a7, Va €N, (2.39)
|k|§k0 AEAQ

see (BX9). For a Fourier multiplier g(\, D) with symbol g € S™, we simply have

m,0,c —

10p(9)150:7 0 = 10D(9) |50 < Clm,a.g,ko), Vs >0, (2.40)

Given a symbol a(\, ¢, z,£) € S™, we define its averages

1 1
A, T, = o Ny A, §)dy (A = TN Ay a,§)dod.
@) = o [ aben€do ., (0pn N = G [ alhpn € dods
One has that (a), and (a), . are symbols in S™ that satisfy

[Op({a)e )220 S 10P(@)ieda s 10P({a)pe)lieda S 10P@)] G0, Vs 20. (2.41)

The norm | |o,s,0 controls the action of a pseudo-differential operator on the Sobolev spaces H®, see Lemma

228 The norm | |57, is closed under composition and satisfies tame estimates.

Composition. If A = a(z, D) € OPS™, B = b(z, D) € OPS™ then the composition operator AB :=
Ao B = oap(z,D) is a pseudo-differential operator in OPS™T™ whose symbol o4p has the following
asymptotic expansion: for all N > 1,

N—
1 ,
oap(x,§&) = Z ﬂ— a(x E)@ b(x, &) +ry(z, &) where rN i=7rNap € ST -N (2.42)

,_.

and the remainder r has the explicit formula

1 ! NTANTN( ijx
N(z,8) :=rNaB(7,8) = / L=V (@OFa) (@, €+ 7)) (OND)(j, )P dr.  (243)
iN(N =1 J, =
We remind the following composition estimate proved in Lemma 2.13 in [21].

Lemma 2.10. (Composition) Let A = a(}, P, T, D), B = b(\,p,z,D) be pseudo-differential operators
with symbols a(\, @, x, &) € 8™, b(A, p,x,€) € S™ , m,m’ € R. Then A(\) o B(\) € OPS™™ satisfies, for
alla € N, s > sq,

|ABI s S Clo) Al 2al Bl o T Cs0)|AL, oI Bl : (2.44)

m4m/,s,a ~mM,a,ko m,s,x m/’,so+a+|m|, m,So,x m/,s+a+|m|,a
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Moreover, for any integer N > 1, the remainder Ry := Op(ry) in 242) satisfies

ko, ko, ko,
"R "w[z)—i-m/ N,s,« Sm N,a,ko (S)"A"'N[L)3N+a||B|7r(:’jso+2N+\m|+a,a (2 45)
ko, ko, '
+ C(SO)"A"'N[L) 50,N+oz||B|7r(:’js+2N+|m\+oz,a'

Both (244)-@48) hold with the constant C(sg) interchanged with C(s).
Analogous estimates hold if A and B are matriz operators of the form (Z30).

For a Fourier multiplier g(\, D) with symbol g € S™" we have the simpler estimate
ko, ko,
|Aog(D)], o 1AL 2 10D o Shosams [AIRT o - (2.46)

m+m/,s,a NkUa m,s,o m’,0,a ~ko, m,s,o

By [242) the commutator between two pseudo-differential operators A = a(z,D) € OPS™ and B =
b(z,D) € OPS™ is a pseudo-differential operator [A, B] € OPS™™™ =1 with symbol a * b, namely

[A, B] = Op(a*b). (2.47)
By (2242]) the symbol a xb € Sm+m’=1 admits the expansion
axb=—i{a,b} + ra(a,b) where {a,b} := 8:a D,b — Dpadeb € S™H 1 (2.48)
is the Poisson bracket between a(x,&) and b(z, €), and
ra(a,b) :=ro ap —Tro.pA € gmtm'=2, (2.49)

By Lemma 210 we deduce the following corollary.

Lemma 2.11. (Commutator) If A = a(\, ¢, z, D) € OPS™ and B = b(\, ¢, z, D) € OPS™ , m,m’ € R,
then the commutator [A, B] :== AB — BA € OPS™t™ ~1 satisfies

ko, ko,
|[A’ B]ln(:-i:ym’—l,s,a Smum,7a1k0 C(S)"A"n[;g+2+|m’|+a a+1||B|m ,50+2+|m|+a,a+1

hory (2.50)
+ C(SO)"A"m,soJrQJr\m’Pra a+1||B|m ;5424 |m|+a,04+1"
Proof. Use the expansion in (Z42]) with N =1 for both AB and BA, then use [2:45]) and ([2:37]). O

Given two linear operators A and B, we define inductively the operators Ad’} (B), n € N in the following
way: Ada(B) :=[A, B] and Ad"{™ (B) := [A, Ad"y(B)], n € N. Tterating the estimate (250), one deduces

|Ad% (B) ] S (1Al )" 1Bl (2.51)

/
nm+m’—n,s,oc ~mM,M’,s,a,ko m,so+cn(m,m’,a),a+n m/,s+cp,(m,m’,a),a+n

ko, ko,y ko,
+ (1Al ALY | Bl

m,so+cn(m,m’,a),a+n m,s+c, (m,m’,a),a+n m’,so+cyn (m,m’,a),a+n
for suitable constants c,,(m,m/, «) > 0.
We remind the following estimate for the adjoint operator proved in Lemma 2.16 in [21].

Lemma 2.12. (Adjoint) Let A = a(\, ¢, x, D) be a pseudo-differential operator with symbol a(X, p,x,&) €
S™ m € R. Then the L?-adjoint A* € OPS™ satisfies

A" 50 Sm 14127

m,s,0 Nm m,s+so+|m|,0 "
The same estimate holds if A is a matriz operator of the form (Z30).
Finally we report a lemma about inverse of pseudo-differential operators.

Lemma 2.13. (Invertibility) Let ® := Id+ A where A := Op(a(\, ¢, 7,£)) € OPSY. There exist constants
C(s0,a, ko), C(s,a, ko) > 1, s > sg, such that, if

(50, @, ko) |Al6%5) 1 < 1/2, (2.52)
then, for all \, the operator ® is invertible, ®~1 € OPS® and, for all s > sg,
01— 1dJE%7, < C(s,0, ko)l AL (2.53)

The same estimate holds for a matriz operator ® = Iy + A where Iy = (I(()i I(()1> and A has the form (2.30).

Proof. By a Neumann series argument. See Lemma 2.17 in [21]. O
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2.4 Integral operators and Hilbert transform

In this section we consider integral operators with a C* kernel, which are the operators in OPS~>°. As in
the previous section, they are ko times differentiable with respect to A := (w,h) in an open set Ag C R¥*+1,

Lemma 2.14. Let K := K(),-) € C>°(T” x T x T). Then the integral operator
(Ru)(pva) = [ K(\pvaauti ) dy 2.5

is in OPS™ and, for all m,s,a € N, |R|*7_ . < C(m,s,a, kO)HKHngmM.

m,s,&

Proof. See Lemma 2.32 in [2]. O

An integral operator transforms into another integral operator under a change of variables

Pu(p, ) :=u(p,z + p(p,x)). (2.55)

Lemma 2.15. Let K(X,-) € C°(T” x T x T) and p(A,-) € C°(T" x T,R). There exists § := §(so, ko) > 0
such that if ||p||§§01k0+1 < 4, then the integral operator R in (Z354) transforms into the integral operator
(PTI'RP)u(p,x) = [r K\, ¢, 2, y)u(p,y) dy with a C* kernel

9

KX\ ¢,2,2) = (14 0:9(\, 9, 2)) K\, 0,2 + q(\, ¢, 2), 2 + (A, 9, 2)),
where z — z + q(X\, p, 2) is the inverse diffeomorphism of x — x + p(X\, ¢, x). The function K satisfies

> ko, ko, ko,
K57 < Cs, ko) (1K 57 + oISy i K1) s > s0.

Proof. See Lemma 2.34 in [21]. O
We now recall some properties of the Hilbert transform H defined as a Fourier multiplier in (Z32). The

commutator between H and the multiplication operator by a smooth function «a is a regularizing operator
in OPS™°, as stated in Lemma 2.35 in [2I] (see also Lemma B.5 in [6], Appendices H and I in [42]).

Lemma 2.16. Let a(A,-,-) € C°(TY x T,R). Then the commutator [a,H] is in OPS™> and satisfies, for
allm,s,a € N, i
”a’ H]l 07’735 @ < C(m S, @, k0)||a||5+50+1+m+a .

We also report the following classical lemma, see e.g. Lemma 2.36 in [2I] and Lemma B.5 in [6] (and
Appendices H and I in [42] for similar statements).

Lemma 2.17. Let p = p(\,-) be in C>°(T"*1) and P := P(),) be the associated change of variable defined

in (Z50). There exists §(so, ko) > 0 such that, if Hp|‘2§,01k0+1 < 6(s0, ko), then the operator P~YHP — H is
an integral operator of the form

(P “yp— H)u /K 0, &, 2)u(p, z) dz

where K = K(X,-) € C*°(T” x T x T) is given by K(X, ¢, x,2) := —18.log(1 + g(\, ¢, z, 2)) with

g\, ¢, x, 2) := cos

(q(A, P, x) —

. q(MP,Z))

z— Z) sin(3(g(\ ¢, 7) — g\ 9, 2)))

— 1+ cos (55 sin(3(z - 2))

where z — q(X, p, 2) is the inverse diffeomorphism of x — x4+ p(\, p,x). The kernel K satisfies the estimate

| K||5o7 < C(s, ko) ||pl|™S Vs > s

SJrko +2

We finally provide a simple estimate for the integral kernel of a family of Fourier multipliers in OPS™°

24



Lemma 2.18. Let g(\, ¢,€) be a family of Fourier multipliers with 05 g(\, ¢,-) € S, for all k € N¥T1,
|k| < ko. Then the operator Op(g) admits the integral representation

1 -\ ij(z—
[Op(g)u] (¢, 2) = AKg(A,w,w,y)U(%y) dy, Ko\ gay) =D e e/, (2:56)
JEZ

and the kernel K, satisfies, for all s € N, the estimate

1]

ko, ko, ko,
¢ S0P s ts0.0 T 10PN 50 —10.0 - (2.57)

Proof. The lemma follows by differentiating the explicit expression of the integral Kernel K, in (Z56). O

2.5 Reversible, Even, Real operators
We introduce now some algebraic properties that have a key role in the proof.

Definition 2.19. (Even operator) A linear operator A := A(p) as in (2.23) is EVEN if each A(p), ¢ € T,
leaves invariant the space of functions even in x.

Since the Fourier coefficients of an even function satisfy u_; = u; for all j € Z, we have that
. j/ —j/ _ j/ —j/ . .y v
Aiseven < Al (p)+A;7 (p) =AL () + A5 (), Vi j €Z, peT”, (2.58)
Definition 2.20. (Reversibility) An operator R as in (221)) is
1. REVERSIBLE if R(—¢) o p=—poR(yp) for all p € T¥, where the involution p is defined in (LII),

2. REVERSIBILITY PRESERVING if R(—p) o p = poR(p) for all ¢ € T.

The composition of a reversible operator with a reversibility preserving operator is reversible. It turns
out that an operator R as in (Z.21)) is

1. reversible if and only if ¢ — A(y), D(¢) are odd and ¢ — B(p), C(p) are even,
2. reversibility preserving if and only if ¢ — A(p), D(p) are even and ¢ — B(p), C(p) are odd.

We shall say that a linear operator of the form £ := w - 0, + A(yp) is reversible, respectively even, if A(y)
is reversible, respectively even. Conjugating the linear operator £ := w - 9, + A(p) by a family of invertible
linear maps ®(p) we get the transformed operator

Ly =0 (0)LP(p) =w- D+ Ar(0),
Ap(p) = 7M@) (w - 0,2(9) + 2 () A(0)D(p) .

It results that the conjugation of an even and reversible operator with an operator ®(¢) that is even and
reversibility preserving is even and reversible.

Lemma 2.21. Let A := Op(a) be a pseudo-differential operator. Then the following holds:
1. If the symbol a satisfies a(—x, —&) = a(x,£), then A is even.

2. If A= Op(a) is even, then the pseudo-differential operator Op(a) with symbol

N | —

a(xz, &) == (a(:c,f) + a(—=x, —5)) (2.59)

coincides with Op(a) on the subspace E := {u(—x) = u(x)} of the functions even in x, namely
Op(a)|r = Op(a)|k-

3. A is real, i.e. it maps real functions into real functions, if and only if the symbol a(x,—¢&) = a(x, §).
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4. Let g(&) be a Fourier multiplier satisfying g(§) = g(=¢£). If A = Op(a) is even, then the operator
Op(a(x,&)g(§)) = Op(a)oOp(g) is an even operator. More generally, the composition of even operators
is an even operator.

We shall use the following remark.

Remark 2.22. By item [2] we can replace an even pseudo-differential operator Op(a) acting on the sub-
space of functions even in z, with the operator Op(a) where the symbol a(z,&) defined in (259) satisfies
a(—z,—¢&) = a(z, ). The pseudo-differential norms of Op(a) and Op(a) are equivalent. Moreover, the space
average

@)= 3= [@de  satisfies  (@)2(=) = (@),

and, therefore, the Fourier multiplier (a), (D) is even. O

él‘ IB;) as in (ZZI)), which acts on the real variables

(n,7) € R?, as a linear operator acting on the complex variables (u, %) introduced by the linear change of
coordinates (1,v) = C(u, @), where

C:= % (11 }) , Cl'= G ii) : (2.60)

We get that the real operator R acting in the complex coordinates (u, ) = C~1(n, 1) takes the form

It is convenient to consider a real operator R = <

R=C'RC:= (%1 %2) ,
. 2 ™ . (2.61)
Ry = 5{(AJFD) —i(B-C)}, Ra:= 5{(A —D)+i(B+C)}
where the conjugate operator A is defined by
A(u) == A(u). (2.62)

We say that a matrix operator acting on the complex variables (u, @) is REAL if it has the structure in (Z.61])
and it is EVEN if both R4, Ro are even. The composition of two real (resp. even) operators is a real (resp.
even) operator.

The following properties of the conjugated operator hold:

1. AB=AB.

2. If (Agl) is the matrix of A, then the matrix entries of A are (A )g/ =A"].

3. If A = Op(a(z,§)) is a pseudo-differential operator, then its conjugate is A = Op(a(x, —£)). The
pseudo differential norms of A and A are equal, namely |A|F0:Y = |A]koY

m,s,a m,s,a"
In the complex coordinates (u, %) = C~1(n,1) the involution p defined in (LTI reads as the map u — .
Lemma 2.23. Let R be a real operator as in (Z61). One has
1. R is reversible if and only if Ri(—¢) = —Ri(p) for all p € TV, i = 1,2, or equivalently

(Ri)] (—¢) = =(Ri) = (p) Vo €T, e (R (0)=—(R)=J(0) veez. (2.63)

2. R is reversibility preserving if and only if R;(—p) = Ri(p) for all p € T, i = 1,2, or equivalently

(R)] (—9) = (R) I (p) VpeT’, e (R)I(0)=(R)I() ez (2.64)

J
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2.6 D*-tame and modulo-tame operators

In this section we recall the notion and the main properties of D*0-tame and modulo-tame operators that
will be used in the paper. For the proofs we refer to Section 2.2 of [21] where this notion was introduced.

Let A := A()\) be a family of linear operators as in ([Z23)), ko times differentiable with respect to A in an
open set Ag C R¥*1

Definition 2.24. (D*o-g-tame) Let o > 0. A linear operator A := A(X\) as in @20) is D -o-tame if
there exists a non-decreasing function [so, S] — [0,400), s +— Ma(s), possibly with S = +oo, such that for
all so < s< S, for allu € HST°

sup sup yM|(OFAN))ulls < Malso)[ullsto +Mals)|wllsoro - (2.65)
|k|<ko AEAo

We say that M4 (s) is a TAME CONSTANT of the operator A. The constant Ma(s) = Ma(ko, 0, s) may also
depend on kg, o but, since kg, o are considered in this paper absolute constants, we shall often omit to write
them.

When the “loss of derivatives” o is zero, we simply write D -tame instead of D -0-tame.

For a real matriz operator (as in (2.61]))

(A Ay

we denote the tame constant M4 (s) := max{M 4, (s), M4, (s)}.

Note that the tame constants 9 4(s) are not uniquely determined. Moreover, if S < 400, every linear
operator A that is uniformly bounded in A (together with its derivatives 05 A) as an operator from H**
to H® is D*o-g-tame. The relevance of Definition 2224 is that, for the remainder operators which we shall
obtain along the reducibility of the linearized operator in Sections [BHI4] we are able to prove bounds of the
tame constants M4 (s) better than the trivial operator norm.

Remark 2.25. In Sections BHI4] we work with D*o-g-tame operators with a finite S < 400, whose tame
constants M4 (s) may depend also on S, for instance M4 (s) < C(S)(1 + ||30||§il), forall s <s<S. O
An immediate consequence of ([2.65) (with k& = 0, s = sg) is that ||Al|z(gsote g0y < 20Ma(s0).
. . . 7’ .
Also note that representing the operator A by its matrix elements (A% (¢ — gl>)e,e'ezu,j,j'ez as in (223)
we have, for all |k| < ko, j' € Z, ¢ € 7",

P, (LDFIORAT (€= O < 2(Ma(s0)) (¢ 5V 4 2(Male) 5P (267)

The class of D*0-g-tame operators is closed under composition.

Lemma 2.26. (Composition) Let A, B be respectively D0 -0 4-tame and D*0 -0 g-tame operators with tame
constants respectively M4 (s) and Mp(s). Then the composition Ao B is D0 -(c4 + op)-tame with a tame
constant satisfying

Map(s) < Clko)(Ma(s)Mp(so+0a) + Ma(so)Mp(s+04)).
The same estimate holds if A, B are matriz operators as in (2.60]).
Proof. See Lemma 2.20 in [21]. O
We now discuss the action of a D*0-g-tame operator A(\) on a family of Sobolev functions u()\) € H*.

Lemma 2.27. (Action on H®) Let A := A()\) be a D¥o-o-tame operator. Then, Vs > sq, for any family
of Sobolev functions u = uw(\) € H*T7 which is ko times differentiable with respect to X, we have
[ Aul|5oY Sky Ma(s0) w557 + 9Mals)|lullse

so+o

The same estimate holds if A is a matriz operator as in (260]).
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Proof. See Lemma 2.22 in [21]. O

Pseudo-differential operators are tame operators. We shall use in particular the following lemma.
Lemma 2.28. Let A = a(\, p,z, D) € OPS° be a family of pseudo-differential operators that are ko times
differentiable with respect to \. If ||A||§°S’6 < 400, 5 > 59, then A is D*0-tame with a tame constant satisfying
Ma(s) < O(s) Al - (2.68)

As a cons equence

[AR||5eY < Clso, ko) |AlG% o 17157 + C (s, ko) Al b I Rl 50 - (2.69)
The same statement holds if A is a matriz operator of the form (2.66]).
Proof. See Lemma 2.21 in [2I] for the proof of (Z68), then apply Lemma 227 to deduce (Z.69]). O

In view of the KAM reducibility scheme of Section [4] we also consider the stronger notion of D¥o-
modulo-tame operator, which we need only for operators with loss of derivatives o = 0.

Definition 2.29. (D*°-modulo-tame) A linear operator A := A()\) as in [220) is D* -modulo-tame if
there exists a non-decreasing function [sg, S| — [0, +00), s — 93??4 (), such that for all k € N*T1 |k| < ko, the
magorant operators |0%A| (Definition[2.1) satisfy the following weighted tame estimates: for all sop < s < S,
u € H?,
sup  sup 7| (95 Afull < D, (s0)l[ulls + 20, () ullso - (2.70)
|k|<ko AEAo
The constant fmﬁ‘(s) is called a MODULO-TAME CONSTANT of the operator A.
For a matriz operator as in (Z06) we denote the modulo tame constant M, (s) := max{imgl (s), Dﬁﬁb (s)}.
If A, B are DFo-modulo-tame operators, with |A§/ )| < |B§/ (£)|, then Sﬁ%(s) < DﬁuB ().
Lemma 2.30. An operator A that is Do -modulo-tame is also D*0-tame and M4(s) < 93?'}4(3). The same
holds if A is a matriz operator as in (2.60).
Proof. See Lemma 2.24 in [21]. O

The class of operators which are D*0-modulo-tame is closed under sum and composition.

Lemma 2.31. (Sum and composition) Let A, B be D -modulo-tame operators with modulo-tame con-
stants respectively fmﬁ‘(s) and fmnB(s). Then A+ B is D -modulo-tame with a modulo-tame constant satis-
fying

My, p(s) < My (5) + M (s) (2.71)

The composed operator A o B is D* -modulo-tame with a modulo-tame constant satisfying
Ny 5(5) < C(ho) (M ()M (s0) + My (s0) M (5)) (2.72)

Assume in addition that (0, +)°A, (0,.)°B (see Definition [2.7) are D* -modulo-tame with a modulo-tame
constant respectively SDT%% I)bA(S) and im%aw I)bB(S)' Then (D,,2)°(AB) is D* -modulo-tame with a modulo-
tame constant satisfying

m%aww(AB)(S) < C(b)C(kO)(Wﬁaw>b,4(5)9ﬁﬁ3(80) + m%aw>bA(50)mﬁB(3) (2.73)
+ O ()M, (s0) + T (50) MMy ()

for some constants C(ko), C(b) > 1. The same statement holds if A and B are matriz operators as in (2.60]).

Proof. The estimates (2.71]), [2.72)) are proved in Lemma 2.25 of [2I]. The bound ([273) is proved as the
estimate (2.76) of Lemma 2.25 in [21], replacing (9,)° (cf. Definition 2.3 in [21]) with (9y,4)°. O
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Iterating (Z72)-(2.73]), one estimates Dﬁga%ﬂmn (s), and arguing as in Lemma 2.26 of [21] we deduce the
following lemma.

Lemma 2.32. (Invertibility) Let ® :=Id + A, where A and (9, .)°A are D*-modulo-tame. Assume the
smallness condition

4C (b)C (ko )9, (s0) < 1/2. (2.74)
Then the operator ® is invertible, A := &= —1d is D¥-modulo-tame, as well as <8¢7I>b/vl, and they admit

modulo-tame constants satisfying

M (s) < 200, (s), (s) < 29m

(Bp.0)P A ga%m)bA(S) + 8C(b)c(k0)m56%m>b,4(50) mﬁx (S) .

The same statement holds if A is a matriz operator of the form (260]).

Corollary 2.33. Let m € R, ® :=Id + A where (D)™ A(D)™™ and (0p,)*(D)™A(D)~™ are D* -modulo-
tame. Assume the smallness condition

4C(B)C (ko) ) 4y (50) < 1/2. (2.75)

Let A= &~ —1d. Then the operators (D)™ A(D)™™ and (0, ,)*(D)™A(D)~™ are D*o-modulo-tame and
they admit modulo-tame constants satisfying

f
M pym Agpy-m (8) <

f
() HBCOICHh)DTy i 4y

(Dym A(D)—m (5) )

o (s0)

o . (s) <20 Dy Dy (5)

(Op,z)P (D)™ A(D)—™ (0p,2)°(D)™A(D)
The same statement holds if A is a matriz operator of the form (2:66]).

Proof. Let us write ®,,, := (D)™ ®(D)™™ = Id + A, with Ay, 1= (D)™A(D)~™. The corollary follows by
Lemma 232 since the smallness condition (Z75) is (Z74) with A = A,,, and &} =1d+ (D)™ A(D)~™. O

Lemma 2.34. (Smoothing) Suppose that (9, .)°A, b > 0, is D*-modulo-tame. Then the operator Ilx A
(see Definition [2.7) is D*0 -modulo-tame with a modulo-tame constant satisfying

mﬁ

fials) < N72ME,  oals), mg“(s) <, (s). (2.76)

The same estimate holds when A is a matriz operator of the form (2.66]).
Proof. As in Lemma 2.27 in [21], replacing (9,,)® (cf. Definition 2.3 in [21]) with (9, ,)®. O

In order to verify that an operator is modulo-tame, we shall use the following Lemma. Notice that the
right hand side of (2717 below contains tame constants (not modulo-tame) of operators which control more
space and time derivatives than (9, ,)°(D)™A(D)™.

Lemma 2.35. Let b,m > 0. Then

Dﬁﬁa VS (DYmA(D m(s) Sso.b 9ﬁ< >m+bA(D>m+b+1( )—|— max {Dﬁ 50+b Dym4vA(D m+b+1(8)}. (277)
(9p,2)°(D)™ A(D) -1 (D) (D)

.....

Proof. We denote by M(s,b) the right hand side in (7). For any «, 8 € N, the matrix elements of the
operator 0%, (D)? A(D)P+h are i*(£; — £))*(j >ﬁAJ (€ —¢")(j"yF1. Then, by [Z61) with o = 0, applied to the
operators (D)™ A(D)™ L and 9302 (D)™ TP A(D)™ 2+ we get, using the inequality (£ — ¢/)2(<0F?) <,
14 max;—1__, [6; — £5]?(0+®) the bound

.....

2|k|z f j 25 f €/>2(50+b)< >2(m+b)|akAJ ([ f’)| < />2(m+b+1)
<o (50, D)(¢',5")* + M (s, D)L, §')> . (2.78)

~b
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For all |k| < ko, by Cauchy-Schwarz inequality and using that
(=G =) So (=00 = 31" So (L= (G + () So (€= O GG (2.79)
we get
@Dy ADY I 50 3, (037 (X, = PGk AT (¢~ ) )™ )
S0 30, (0, (0= OOk (€= N by | )
Seow Dy (DD, (0= O GHDLAT (€ — ) ()2 gy
Saow Dy et Y, (3= €D (DO AT (0 ) () D

&3
Seow ¥ Y2, lher g [P (M2 (s0,0)(C, 1) + M2 (s,0)(E', 1))

Ssow 7 M (M2 (s0, D) |22 + M (s, ) | 1]3,) (2.80)
using (2.28), whence the claimed statement follows. O

Lemma 2.36. Let wg be the projector defined in [233) by mou = % Jru(z)dz. Let A, B be p-dependent
families of operators as in ([2.23) that, together with their adjoints A*, B* with respect to the L2 scalar product,
are D*-g-tame. Let my,ma >0, Bo € N. Then for any B € N”, |B| < fBo, the operator (D)™ (ag(AWOB -
7T0)) (D)™2 s D*o-tame with a tame constant satisfying, for all s > s,

M pyms (98 (Amo B—ro) (D)2 () Sms,Bo.ko Ma—tals + Fo +ma) (1 + Mp-—1a(s0 +ms))

(2.81)
+Mp+_14(s + Bo + mz)(l +Ma—1a(s0 + m1))-

The same estimate holds if A, B are matriz operators of the form (Z60) and m is replaced by the matriz
operator Iy defined in (I02)).

Proof. A direct calculation shows that (D)™ (Aﬂ'oB — 71'0) (D)™2[h] = g1(h, g2) 12 + (h, g3) L2 Where g1, 92,93
are the functions defined by

1

1<D>’”1(Af1d>[1], g2 = (D)™ B(1], g3:= o~

- (D)™ (B* — Td)[1].

g1 -

The estimate (2.81) then follows by computing for any 3 € N, k € N**! with |3| < Bo, |k| < ko, the
operator 9505 ((D)™ (AmoB — mo)(D)™2). O

2.7 Tame estimates for the flow of pseudo-PDEs

We report in this section several results concerning tame estimates for the flow ®” of the pseudo-PDE

d-u = ia(p, )| Dz
{ u = la(p, @) Dl Fu oeT’, zeT, (2.82)

u(0,2) = uo(p, x),

where a(p,z) = a(\, ¢, z) is a real valued function that is C° with respect to the variables (¢, ) and ko
times differentiable with respect to the parameters A = (w,h). The function a := a(¢) may depend also on
the “approximate” torus i(p). Most of these results have been obtained in the Appendix of [21].

The flow operator @7 := &(7) := ®(\, ¢, 7) satisfies the equation

(2.83)

{841)(7') = ia(y, z)|D| 3 ®(7)
®(0) = Id.
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Since the function a(yp,x) is real valued, usual energy estimates imply that the flow ®(7) is a bounded
operator mapping H: to HS. In the Appendix of [2T] it is proved that the flow ®(7) satisfies also tame
estimates in H ,, see Proposition 237 below. Moreover, since ([2.82)) is an autonomous equation, its flow
®(p, 7) satisfies the group property

(I)((P, 71+ 7-2) = (I)(‘paTl) o (I)(QD’TQ) ) (I)(QD’T)il = (I)((p, _T) ) (284)

and, since a(),-) is ko times differentiable with respect to the parameter A, then D(N\, o, 7) is ko times

differentiable with respect to A as well. Also notice that ®~1(7) = ®(—7) = ®(7), because these operators
solve the same Cauchy problem. Moreover, if a(p, z) is odd(¢)even(x), then, recalling Section [Z3] the real

operator
2= ("5 50n)

is even and reversibility preserving.
The operator 8’;8{;@ loses | D] e derivatives, which, in (2.86]) below, are compensated by

the left hand side and (D)~™2 on the right hand side, with m1, ma € R satisfying mq + mg =
following proposition provides tame estimates in the Sobolev spaces H, ,.

(D)™™ on
BLHE e

2

Proposition 2.37. Let By, ko € N. For any 8,k € N” with |8| < Bo, |k| < ko, for any m1,ma € R with

18] +1k]
2

mi +mo = , for any s > sq, there exist constants o(|5],|k|, m1,mz2) > 0, §(s,m1) > 0 such that if

ko,y
so+o(Bo,ko,m1,m2) <1

lall2se+imaf+2 < 6(s,ma), ; (2.85)
then the flow ®(1) := ®(X\, ¢, 7) of ([282) satisfies

—-m —-m - ko,
sup [[(D) "™ 0505B(r)(D) by Sa kom0l + 10157 151 o [l (2:86)

7€[0,1]
_ ko,
sup 18X (D(r) = Td)hlls <o "“'(IIaII’iS’VIIhIISm;l +alley 3, s op z 1Pl gy 1) (2.87)
T7¢€|0,

Proof. The proof is similar to Propositions A.7, A.10 and A.11 in [2I] with, in addition, the presence of

(D)= and (D)~ in (ZF0). O

We consider also the dependence of the flow ® with respect to the torus i := i(¢) and the estimates for
the adjoint operator ®*.

Lemma 2.38. Let s1 > so, Bo € N. For any g € N, |8] < Bo, for any m1,ma € R satisfying mq + ma =

WTH there exists a constant o(|f]) = o(|f],m1,m2) > 0 such that if ||alls,+0(5,) < 0(s) with 6(s) > 0 small

enough, then the following estimate holds:

e (D)= 0] A1®(r)(D) " "2hlls, Ssr 1A120] sy 40 8p I, - (2.88)
T7€|(0,

where A1a® := ®(iz) — ®(i1) and Ajsa = a(iz) — a(i1). Moreover, for any k € N**1 |k| < ko, for all
s> 50,

* — ko,
1(O5@"hlle Sy (IRl g0 -+ a5 g DAL )

s+so+]|k|
_ ko,
185(®* —Td)hlls Ss v |k|(||a||§8’7||h||5+\k\2+1 Hllall S Bl gy o2 )

Finally, for all s € [sg, $1],
81297 R|s Ss [[Ar2allsysorz 1Plsys -

Proof. The proof is similar to Propositions A.13, A.14, A.17 and A.18 of [21]. O
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3 Degenerate KAM theory

In this section we extend the degenerate KAM theory approach of [II] and [21].

Definition 3.1. A function f := (f1,..., fn) : [h1,ha] — RY is called non-degenerate if, for any vector
c:= (c1,...,cn) € RN\ {0}, the function f-c = fic1 + ...+ fnen is not identically zero on the whole
interval [hy,ha].

From a geometric point of view, f non-degenerate means that the image of the curve f([hy,hs]) € RY
is not contained in any hyperplane of RY. For such a reason a curve f which satisfies the non-degeneracy
property of Definition Bl is also referred to as an essentially non-planar curve, or a curve with full torsion.
Given ST € N* we denote the unperturbed tangential and normal frequency vectors by

@(h) == (wj(h))jes+ ((n) = () jen\st+ = (wj(h))jen+\s+ (3.1)
where w;(h) = /4 tanh(hj) are defined in (LI9).
Lemma 3.2. (Non-degeneracy) The frequency vectors &(h) € R”, (&(h),1) € R**! and
(@(0), 2(h)) € R, (@(h),Q5(h), Qy (0)) € RVFZ, Wy, j" € NFAST, j#,
are non-degenerate.

Proof. We first prove that for any N, for any wj, (h),...,w;,(h) with 1 < j; < jo < ... < jn the function
[h1,ho] 3 h > (wj, (h),...,w;y (k) € RY is non-degenerate according to Definition B.I} namely that, for all
c € RV \ {0}, the function h + cjwj, (h) + ... + cywjy (h) is not identically zero on the interval [hy, ho]. We
shall prove, equivalently, that the function

h = ciwj, (h4) + ...+ CNWN (h4)
is not identically zero on the interval [h}, h3]. The advantage of replacing h with h? is that each function
h +— w;(h?*) = /j tanh(htj)

is analytic also in a neighborhood of h = 0, unlike the function w;(h) = /j tanh(hj). Clearly, the function
g1(h) := y/tanh(h?) is analytic in a neighborhood of any h € R\ {0}, because g; is the composition of
analytic functions. Let us prove that it has an analytic continuation at h = 0. The Taylor series at z = 0 of
the hyperbolic tangent has the form

oo 3 9
tanh(z) = ZTn22n+1 =z — % + 1—525 + ..,
n=0

and it is convergent for |z| < 7/2 (the poles of tanh z closest to z = 0 are +in/2). Then the power series

12

S 2
tanh(z*) = Z T,z @+ = 54 (1 + Z Tnzsn) =24- % + 1—5220 +...
n=0 n>1

is convergent in |z| < (m/2)/%. Moreover |, o, T,2%"| < 1 in a ball |z| < §, for some positive § sufficiently
small. As a consequence, also the real function
h8’n+2 th

12 I
h) ;= wi(h*) = h(h?) = h%(1 T, hé" = — = n?-— ... 2
91(0) = w1 (1) = /tanh(®") = n*( * 2T ) 2 b3 —+ (3:2)

is analytic in the ball |z| < §. Thus g; is analytic on the whole real axis. The Taylor coeflicients b,, are
computable. We expand in Taylor series at h = 0 also each function, for j > 1,

—+oo
g;(0) == w; (") = V/jy/tanh(@ij) = /591G *h) = D b2t

n=0

8n—+2

(8n+2)!" (3:3)
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which is analytic on the whole R, similarly as g;.

Now fix N integers 1 < j; < ja < ... < jn. We prove that for all ¢ € RY \ {0}, the analytic function
c19;, (h) + ... + engjy () is not identically zero. Suppose, by contradiction, that there exists ¢ € R \ {0}
such that

Clgjl (h) + ...+ CNng (h) = 0 Vh S R (34)
The real analytic function ¢; (h) defined in ([B:2)) is not a polynomial (to see this, observe its limit as h — 00).
Hence there exist N Taylor coefficients b, # 0 of g1, say bn,,...,bny With n1 < na < ... < ny. We

differentiate with respect to h the identity in ([3.4) and we find

et (D™ g5 ) (0) + ..+ en (DY g ) () =0
c1 (D§8n2+2)9j1)(h) +...+en (D§8n2+2)9jw) (h)=0

(D g ) () + .+ en (DY g5 ) () = 0.

As a consequence the N x N-matrix

o
o (D} :ghﬂh) 5 (D" :gm)@) (3.5)
(DI(I8nN+.2)gjl ) (h) o (D}(ISnN +.2)ng ) (h)

is singular for all h € R, and so the analytic function
det A(h) =0 VheR (3.6)

is identically zero. In particular at h = 0 we have det.A(0) = 0. On the other hand, by [B3)) and the
multi-linearity of the determinant we compute

b -2n1+1 b -2n1+1 j2n1+1 j2n1+1
ce 1 .

"t e bt Nt
- 2N 2N 2N 2N
J - bnyJn 1 <o IN
det A(0) :=det | _ e = by, .. by det | 7

This is a generalized Vandermonde determinant. We use the following result.

Lemma 3.3. Let x1,...,xN,Q1,...,an be real numbers, with0 < x1 < ... <zxy anday < ... < ayn. Then
it xR
det : >0.
Vo2
Proof. The lemma is proved in [57]. O

Since 1 < j1 < j2 < ... < jn and the exponents a; := 2n; + 1 are increasing o; < ... < ap, Lemma [3.3]
implies that det . A(0) # 0 (recall that b,,,...,bn, # 0). This is a contradiction with (B.6]).

In order to conclude the proof of Lemma [3.21we have to prove that, for any N, forany 1 < j1 < jo < ... <
Jjn, the function [hy,ha] 3 b+ (1,wj, (h),...,wjy (h)) € RN is non-degenerate according to Definition B.1]
namely that, for all ¢ = (co,c1,...,cn) € RVFTL\ {0}, the function h — ¢o + ciwj, (h) + ... + eyw;y (h)
is not identically zero on the interval [hy,hs]. We shall prove, equivalently, that the real analytic function
h > ¢o + ciwj, (b*) + ... + enwjy (R?) is not identically zero on R.

Suppose, by contradiction, that there exists ¢ = (co,c1,...,cn) € RVT1\ {0} such that

co + €195, (h) + ...+ CNGjy (h) =0 VhelR. (37)
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As above, we differentiate with respect to h the identity (3.7, and we find that the (N 4 1) x (N 4 1)-matrix

o o e e
B Z (Dy :gﬁ)(h) (Dy :ng><h> )
0 (DE™ g )m) ... (D, ) (h)

is singular for all h € R, and so the analytic function det B(h) = 0 for all h € R. By expanding the
determinant of the matrix in ([B.8) along the first column by Laplace we get det B(h) = det .A(h), where the
matrix A(h) is defined in [B.5]). We have already proved that det .A4(0) # 0, and this gives a contradiction. O

In the next proposition we deduce the quantitative bounds (39)-[BI2) from the qualitative non-degeneracy
condition of Lemma [B.2] the analyticity of the linear frequencies w; in (I.I9), and their asymptotics (L.24).

Proposition 3.4. (Transversality) There exist k € N, pg > 0 such that, for any h € [hy, hs],

max (4 {& () - ¢} = po(f), V€ 27\ {0}, (3.9)

max i {S(h) - £+ Q)Y > po(f), VEEZ¥, jeNT\SH, (3.10)

mac o {5 (h) - €+ (8) = )} = polf), VEEZV\ {0}, jij € NFAST, (3.11)
max [ {@(0) - €+ O (0) + QW)Y 2 po(6), VEEZY, jj €NT\ST (3.12)

where &(h) and Q;(h) are defined in BI). We recall the notation (£) := max{1,|¢|}. We call (following
[58]) po the “amount of non-degeneracy” and ki the “index of non-degeneracy ”.

Note that in BII) we exclude the index ¢ = 0. In this case we directly have that, for all h € [hy, ho]

Sy
1, (h) — Qj (h)] > e1]V/G — V35| = 01M V4,5 € NT, where ¢; := y/tanh(hy). (3.13)
Y E
Proof. All the inequalities (3:9)-(BI2) are proved by contradiction.
Proor oF [B3)). Suppose that for all k§ € N, for all pg > 0 there exist £ € Z” \ {0}, h € [hy,hs] such
that maxp<p: |0f{&(h) - £}| < po(¢). This implies that for all m € N, taking k§ = m, po = ﬁ, there exist
U, € 7V \ {0}, hy, € [hy,hy] such that

1
S (hp) - b U
max O (&) - b} < 75 ()
and therefore ¢ 1
VEeN, Ym>k, |y, —|< ——. 3.14
€ ) m = ) hw( ) <€m> < 1+m ( )

The sequences (hy, )men C [h1, ho] and (£, /{(€m))men C R\ {0} are bounded. By compactness there exists
a sequence m, — +oo such that h,,, — h € [hy,hs], €, /(¢m,) — € # 0. Passing to the limit in (B.I4) for
my, — +oo we deduce that 9F&(h) - ¢ = 0 for all K € N. We conclude that the analytic function h — &(h) - &
is identically zero. Since ¢ # 0, this is in contradiction with Lemma B2

Proor orF (B.I0). First of all note that for all h € [hy, ho], we have [&(h)-£+Q;(h)] > Q;(h) — |&(h)-£] >
c1j/? — Ce| > |¢| if j1/? > Cyl¢| for some Cy > 0. Therefore in (BI0) we can restrict to the indices
(¢,7) € Z" x (Nt \ ST) satisfying

j7 < Col|. (3.15)
Arguing by contradiction (as for proving ([39)), we suppose that for all m € N there exist ¢,, € ZV,
jm € NT\'ST and h,, € [hy,hs], such that

max
k<m

a{f{w(hm)- <§:> - Qj@f;m)}‘ < ljm
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and therefore

b Q. (hy) 1

S(hy,) - Y H .

o) - 5 + 5 S T+m

Since the sequences (hy,)men C [hi,ha] and (£, /{€m))men € RY are bounded, there exists a sequence
m,, — +oo such that

VkeN, Vm>k,

(3.16)

fmn,
(fm,.)

hy,, — he [hl, hg] s (317)

We now distinguish two cases. -

Case 1: (n,) C Z" is bounded. In this case, up to a subsequence, £,,, — £ € Z", and since |j,,| < C|ly,|?
for all m (see (BIH)), we have j,,, — 7. Passing to the limit for m,, = +o0 in [BI6) we deduce, by BI7),
that

H{Bm)-e+QMm)(0) '} =0, VkeN.

'Q;(h) is identically zero. Since (¢, (£)~1) # 0 this is in

Therefore the analytic function h ~ &(h) - ¢+ ()~
contradiction with Lemma

Case 2: (Up,) is unbounded. Up to a subsequence, |¢,, | — +o00. In this case the constant ¢ in [BIT) is
nonzero. Moreover, by (BIH), we also have that, up to a subsequence,

1

G U, ) = d €R. (3.18)
By ([L24), B.I7), BI8), we get

Q; hp 'r% .m 7hm N Q; hp, .m ;hm
]mn,( n) ] n + T(] n n) N d, 8k ]mn,( n) _ ak T(] n n) N 0 Vk Z 1 (319)

Cmy (lmy) () Uy 2 (b

as my, — +oc. Passing to the limit in (BI6), by BI9), BI7) we deduce that 9F{F(h) ¢+ d} =0, for all
k € N. Therefore the analytic function h — &(h) - ¢+ d = 0 is identically zero. Since (¢,d) # 0 this is in
contradiction with Lemma

Proor oF (BII). For all h € [hy,hs], by BI3) and (LI9), we have
|&(0) - £+ €Q;(h) = Qr (0)] = [Q;(0) — Qi ()] — [S@)[[€] = ea]5Z = §"2] = Cle] = (£)
provided [j2 — j/2| > C1(¢), for some C; > 0. Therefore in (BII)) we can restrict to the indices such that
3% =3 < Calh). (320)

Moreover in ([BI1]) we can also assume that j # j', otherwise [B.I1]) reduces to (8:9)), which is already proved.
If, by contradiction, (BI1]) is false, we deduce, arguing as in the previous cases, that, for all m € N, there
exist £, € ZY \ {0}, jm, jh, € NV\ST, jo # jl., by € [h1,ho, such that

VkeN, Vm>k,

h{w(hm). fm + i () Qj;ﬂ(hm)}‘ _ 1

£m> <£m> - <£m> 1+m’

As in the previous cases, since the sequences (b )men, (bm/(€m))men are bounded, there exists m,, — +oo
such that

(3.21)

Ny, =B € b he], Lo, /{lm,) — c€RY\ {0} (3.22)

We distinguish again two cases.
Case 1 : (Ly,,) is unbounded. Using [B.20) we deduce that, up to a subsequence,

1 I
i = Jmt [{€m)™ — d €R. (3.23)
Hence passing to the limit in (B21)) for m,, — 400, we deduce by B.22)), 3:23), (IL.24)) that
of{&(h)-¢+dy =0 VkeN.

Therefore the analytic function h + @&(h) - ¢ + d is identically zero. This in contradiction with Lemma
Case 2 : (b, ) is bounded. By [B20), we have that |\/j, —+/4.,| < C and so, up to a subsequence, only
the following two subcases are possible:
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(1) jm,Jjm < C. Up to a subsequence, jm, — J, jm. —> 7 lm, — £ # 0 and h,,, — h. Hence passing to
the limit in (32I)) we deduce that

a{f{w(ﬁ) et ;(h)} =0 VkeN.
Hence the analytic function h — @&(h) - ¢+ (Q5(h) — Qy (0))(2) " is identically zero, which is a contra-
diction with Lemma
(43) Jm, g — +oo. By B23) and ([[C24), we deduce, passing to the limit in ([21), that
H{GM)-e+d} =0 VkeN,
Hence the analytic function h ~ & (h) - ¢+ d is identically zero, which contradicts Lemma

Proor of (BI2). The proof is similar to (BI0). First of all note that for all h € [hy, hs], we have
B(h) - €+ Q;(0) + Qs (B)] = (h) + 2y () = [&(R) - €] = e1/G + /5 = COlel = |¢]
if 7+ V7 > Colt| for some Cp > 0. Therefore in BI0) we can restrict the analysis to the indices

(¢,7,5") € Z" x (Nt \ ST)? satisfying
Vit i < Coltl. (3.24)

Arguing by contradiction as above, we suppose that for all m € N there exist £,,, € Z”, j,, € NT\ ST and
hy, € [h1,ho] such that

VkeN, Vm>k,

b () | Qy (b) H 1 (3.25)

o) 5+ = S Trm

Since the sequences (hy,)men C [h1,he] and (45, /{(€m))men € RY are bounded, there exist m,, — 400 such
that

fmn,
(lm,.)

hy,, — h € [hy,hy], —ceR”. (3.26)
We now distinguish two cases.

Case 1: ({,,) C 7V is bounded. Up to a subsequence, £, — £ € 7', and since, by (3.24), also
Jms Jm < C for all m, we have j,,, — 7, j,,, — J. Passing to the limit for m,, — +oc in (323 we deduce,
by (B:26)), that

OE{B(E) -+ QEND " + L E)D 1} =0 VkeN.
Therefore the analytic function h + @(h) - ¢ + (@71
contradiction with Lemma

Case 2: (Up,,) is unbounded. Up to a subsequence, |¢p,, | — +o00. In this case the constant ¢ in (B.26)) is
nonzero. Moreover, by (8:24), we also have that, up to a subsequence,

Q;(h) + (£)~1Qy(h) is identically zero. This is in

1 1 _

(i + o )i, ) = d ER. (3:27)
By ([L24), 3:20), (3.27), passing to the limit as m, — +oo in ([B28) we deduce that 8y {G(h) - ¢ + d} =0
for all k& € N. Therefore the analytic function h — &(h) - ¢+ d = 0 is identically zero. Since (¢, d) # 0, this
is in contradiction with Lemma O

4 Nash-Moser theorem and measure estimates
Rescaling u — eu, we write (LI4) as the Hamiltonian system generated by the Hamiltonian

He(u) := e 2H(eu) = Hr(u) + eP-(u)
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where H is the water waves Hamiltonian (7)) (with g = 1 and depth h), Hy, is defined in (CI7) and

P.(u,h) := P-(u) := 2—16 /Tw (G(en,h) — G(0,h))2p d . (4.1)
We decompose the phase space
H} ayen = {1 = (,0) € HY(T2) x HY(T,),  u(@) = u(—x)} = Hse ® Hg: (4.2)

as the direct sum of the symplectic subspaces Hg+ and HSJ; defined in ([[29)), we introduce action-angle
variables on the tangential sites as in (I.33]), and we leave unchanged the normal component z. The symplectic
2-form in (L8] reads

W= (Zjew do; A dlj) & Wp, = dA, (4.3)
where A is the Liouville 1-form
~ ~ 1
Ao rol0,1,2] ==Y 1,0, — 572 %) (4.4)
jESt

Hence the Hamiltonian system generated by . transforms into the one generated by the Hamiltonian
H.:=H.oA=e¢2HocA (4.5)

where

1/2 COS
A(0,1,z) :=v(0,1) Z \/7 ( gjgji T SI(DQ(JH) )) cos(jzx) + z. (4.6)

jESt

We denote by Xy, := (0rH., —0pH., JV ,H.) the Hamiltonian vector field in the variables (0,1, z) € T¥ x
RY x Hg; . The involution p in (ILII)) becomes

p:(0,1,2)— (—0,1,pz). (4.7

By (7)) and (@3) the Hamiltonian H, reads (up to a constant)

%(z, Qz)p2, P:=PFP.0A, (4.8)

where @(h) is defined in B1]) and Q in (LI6). We look for an embedded invariant torus

H.=N+eP, N:=HpoA=dh) I+

0T =TV xR x Hgi, = i(p) = (0(¢), 1(), 2(9))

of the Hamiltonian vector field Xy filled by quasi-periodic solutions with Diophantine frequency w € R¥
(and which satisfies also first and second order Melnikov non-resonance conditions as in ([20)).

4.1 Nash-Moser theorem of hypothetical conjugation

For a € R”, we consider the modified Hamiltonian
1
Hy, =Ny+eP, N, ::a'1+§(Z,QZ>L2. (4.9)

We look for zeros of the nonlinear operator

F(i,a) = F(i,a,w,h,e) := w - 0pi(p) — Xn, (i(p)) = w- 0pi(p) — (Xn, +eXp)(i(p)) (4.10)
- 0,0(p) — a — €0rP(i(y))
= w - OpI(p) +cdeP(i(¢))
w - 0,2(p) — J(Q2(p) +eV.P(i(p)))
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where O(y) := 0(¢)—¢ is (27)"-periodic. Thus ¢ — () is an embedded torus, invariant for the Hamiltonian
vector field Xg, and filled by quasi-periodic solutions with frequency w.

Each Hamiltonian H, in ([@J) is reversible, i.e. H, o p = H, where the involution p is defined in (£7).
We look for reversible solutions of F (i, «) = 0, namely satisfying pi(¢) = i(—¢p) (see (@), i.e.

0(—p) ==0(p), I(—¢)=1I(p), z(—¢)=(pz)(¥). (4.11)
The norm of the periodic component of the embedded torus
is
0,y . ko, ko, 0
I35 = Ol + I + =l (4.13)

where [|z[|507 = [|n]|5>7 + [|¢]|57. We define
ko = ki +2, (4.14)

where k¢ is the index of non-degeneracy provided by Proposition B4, which only depends on the linear
unperturbed frequencies. Thus kg is considered as an absolute constant, and we will often omit to explicitly
write the dependence of the various constants with respect to kyg. We look for quasi-periodic solutions with
frequency w belonging to a d-neighborhood (independent of €)

Q= {w € R : dist(w, &[hy, hy]) < 5}, §>0 (4.15)

of the unperturbed linear frequencies @[h,hs] defined in (B.)).

Theorem 4.1. (Nash-Moser theorem) Fiz finitely many tangential sites St C NT and let v := |ST|.
Let 7 > 1. There exist positive constants ag,cqg, k1,C depending on S*, ko, such that, for all v = &%,
0 <a < ag, for alle € (0,eq), there exist a ko times differentiable function

Qoo : R X [y, ho) = RY | aoo(w,h) = w + 7e(w,h), with |r.|*7 < Cey™!, (4.16)
a family of embedded tori i defined for all (w,h) € R” X [hy,ha] satisfying [@EII)) and
liso(2) = (0,0, 0) I < Cen ™, (4.17)

a sequence of ko times differentiable functions u3° : R” x [h1,ho] = R, j € NT\ ST, of the form

13° (@, ) = m3 (w, B) (j tanh(nj))* + t5° (w, ) (4.18)
satisfying )
IS — 1|F07 < Cey~t, sup j5|tj°-°|k“"y < Cey™™ (4.19)
2 JEN+\S+

such that for all (w,h) in the Cantor like set
cl = {(w,h) €0 x [hy,ho] : |w- €] > 8y(0)"7, Ve e 2V \ {0}, (4.20)
lw - £+ S (w,h)| > 4y (0)77, VL € 27, j € N*\ ST,
Jw - €4 p3°(w,B) + 5 (w,b)| > 4y(j% +§'7)(0) 7, VL€ Z¥, j,j' € NT\ST,
w - £+ p$°(w,h) — 3 (w,b)| > 4y % 7HOTT, Ve ZY, 4,5 e NFAST, (4,5,5') # (O,j,j)}

the function is(¢) = ico(w,h,e)(p) is a solution of F(ico,deo(w,h),w,h,e) = 0. As a consequence the
embedded torus ¢ — oo () is invariant for the Hamiltonian vector field X and it is filled by quasi-
periodic solutions with frequency w.

oo (w;h)

Theorem [Tl is proved in Section[I5l The very weak second Melnikov non-resonance conditions in ([Z.20)
can be verified for most parameters if d is large enough, i.e. d > % k§, see Theorem [£.2] below.
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4.2 Measure estimates

The aim is now to deduce Theorem [I.1] from Theorem (.11
By (4I6) the function s (-,h) from Q into the image o (Q,h) is invertible:

B =ax(wh) =w+r(wh) +— w= a;}(ﬂ,h) =B+ 7(8,h) with |7*€|k°’7 < Cey~t. (4.21)

We underline that the function a!(+,h) is the inverse of ao (-, h), at any fixed value of h in [hy,hs]. Then, for
any 8 € aso(C), Theorem 1] proves the existence of an embedded invariant torus filled by quasi-periodic
solutions with Diophantine frequency w = a2 (3,h) for the Hamiltonian

Hg=p-1+ %(Z,QZ)L2 +eP.
Consider the curve of the unperturbed tangential frequencies [h1,hs] > h — &(h) := (y/j tanh(hj));es+ in
(C37). In Theorem below we prove that for “most” values of h € [hy,hs] the vector (az!(G(h),h),h) is
in C1,. Hence, for such values of h we have found an embedded invariant torus for the Hamiltonian H,. in
(43, filled by quasi-periodic solutions with Diophantine frequency w = a}!(G(h),h).
This implies Theorem [[LT] together with the following measure estimate.

Theorem 4.2. (Measure estimates) Let

3k;
v=¢%, 0<a<min{ag,1/(ko+r1)}, 7>ki(v+4), d>TO’ (4.22)
where k§ is the index of non-degeneracy given by Proposition and ko = ki + 2. Then the set
Ge := {h € [hy,hy] : (a3 (&(h),h),h) € CL} (4.23)
has a measure satisfying |G:| — ha —h; as e — 0.
The rest of this section is devoted to the proof of Theorem [£2] By (£2T]) the vector
we(h) := a(G(h),h) = G(h) + r(h), r.(h):=7(F(h),h), (4.24)
satisfies
|OFr.(h)| < Cey™™ ! YO<Kk<kg. (4.25)
We also denote, with a small abuse of notation, for all j € NT \ §*,
oo [e'e) 00 . Ay L 00
p5° (B) := p3° (we(h), h) := mF (h)(j tanh(hj)) 2 4 ¢5°(h), (4.26)
where
m‘? (h) := m‘g’ (we(h),h), t7°(h) := t7°(we(h), h). (4.27)
By @I9), @E27) and ([@24)-(E27), using that ey~*~1 < 1 (which by [@22) is satisfied for £ small), we get
OF@P(h) — 1) < Cey™ 7%, sup jE[Of(M) < Cey ™ WO <k < k. (4.28)
2 JENT\S+
By (@20), (£24), [@24]), the Cantor set G, in ([@23]) becomes
G. = {ne [, hal: fwe(n) €] > 8(0) 7, ve € 2\ {0},
we (k) - £+ p°(h)| > 4752 ()7, VL € 2V, j € NT\ ST,
Jwe(R) - €+ 3o () + 5% (0)] > 4y(j% + 52){()77, W€ Z¥, j,j' e NFAST,
o o0 O~ v . -
foee) -+ 570 — )] 2 0T W e 25 € NS (00D £ 0.5} (429)
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We estimate the measure of the complementary set
G¢ = ma)\ G = (| R) U (URD) v ( U Qp)u( U R @
0540 0,5 (£,5,3")#(0,5.9)

where the “resonant sets” are

RY := {n € [hy,hy] : [we(h)- €] < 8y(0)""} (4.31)
Ry = {n € [, ho] : we(h) - € + 5 (0)] < 452 (0) 77} (4.32)
QZJI) = {h € [y, ho] : |we(h) - £+ p(h) + pF (b)] < 4y (% +5'2)(0)7} (4.33)
R = (e om0+ ) — ) < 10T (1)

with 7,7" € NT\ ST. We first note that some of these sets are empty.

Lemma 4.3. For e, v € (0,v9) small, we have that
1. If R # 0 then j3 < C(0).
2. IfRZ]I-,) # 0 then |j2 — j'2| < C(¢). Moreover, RO”, =0, forall j # 7.

3. If QD) £ 0 then j% + j'3 < C(0).

£j3

Proof. Let us consider the case of jo) If REH) # () there is h € [h1, hy] such that
o o )"
() = 5 ()] < e o) -] < €10 (4.35)
On the other hand, (£26), [@28)), and B.I3]) imply
. . e L € .
15° (0) = 7 ()] > mPely/j = V5| = Cev™ > V= Vil - 1. (4.36)

Combining (£.35]) and (IBEI) we deduce |32 — 'zl < C0).
Next we prove that RON =0, Vj # 7. Recalling (£20)), (£28), and the definition Q;(h) = /j tanh(hj),

we have

Cey ™ Cey™™
j* (7)2

S SVi- VT - S - S

(43)2

Now we observe that, for any fixed j € N*, the minimum of |\/j — /7| over all j/ € Nt \ {j} is attained at

j' = j + 1. By symmetry, this implies that |\/j — /5’| is greater or equal than both (/7 + 1+ +/7)*
(V7 + 1+ /7)1, Hence, with ¢y := 1/(1 4+ 1/2), one has

|f—\/j_'|zcomax{%,%}>c‘)(} \F) % Vi i e Nt £ (439)

As a consequence of (£37)) and of the three inequalities in ([£3]), for ey~"* small enough, we get for all

J# A
00 00 C - . Y
I (h)—ﬂj'(hﬂzg\/_—\/ﬂzw’

=0, for all j # j.

The statement for RZ) and QZJI,) is elementary. O

157 () — p7 (0)] > mF ()| (h) — Q¢ (B)] —

(4.37)

for v small, since d > 1/4. This proves that R
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By Lemma [L3] the last union in (£30) becomes

11 Ir
U Réjj’) = U Réjj’)' (4.39)
(£,5,3")#(0,5,5) 240
IVi—V7ISC(e)

In order to estimate the measure of the sets ([{3T])-([34) that are nonempty, the key point is to prove that
the perturbed frequencies satisfy estimates similar to (3.9)-(3I2)) in Proposition B4l

Lemma 4.4. (Perturbed transversality) For e small enough, for allh € [hy,hs],

max |0f {we(n) -0} > () V€ 2"\ {0}, (4.40)

a0 (. (u) - 0+ ) = 22 () Ve, ENTAST < O, (4.41)

mas [0 we() £+ 457 () = pF @] 2 540 VEEZI\ {0}, jif €NTAST:|jE — <O, (142)
ma [0 e () £+ 457 () + W} = (0 VE€ T, eNFAST g4 5 < o), (4.43)

where kg is the index of non-degeneracy given by Proposition [3].
Proof. The most delicate estimate is (£42). We split

p5° (h) = Qj(h) + (p5° — Q;)(h)
where €(h) := j2 (tanh(jh))2. A direct calculation using (L24) and ([#38) shows that, for h € [hy, hy),
|0K{Q;(h) — Qe (0)}| < Ciljz — 52| Yk >0. (4.44)
Then, using (£28]), one has, for all 0 < k < ko,
O L (157 = p37) (0) = (9 = Q) ()} < {0 () — 1)(;(R) — Qe ()} + 1355 ()] + |96 ()]
)}

@3m
< Cpey R — 53 (4.45)

M\»—A

&3 em 11 .
< Cro{er ™R =3 ey TRGTE 4 ()T

Recall that ko = kg + 2 (see (@Id)). By [@25) and [@45), using |j= — 52| < C(£), we get

max |9 {we () - € + 15° () — p5¥ ()} > max [{@() - £+ 2;(h) — Qyr ()} — Cey~ HHD]

— CE’yi(k8+Kl)|‘j% 7]/%|
OA{B(n) - £+ Qj(h) — Qs (h)}]| — Ceny~Rotr)(y)

> max
<k}

GBI .
S poll) — Cey= 5+ (1) > po(0)/2
provided ey~ (o+#1) < py/(2C), which, by @22), is satisfied for ¢ small enough. O
As an application of Riisssmann Theorem 17.1 in [58] we deduce the following
Lemma 4.5. (Estimates of the resonant sets) The measure of the sets in (E31)-[{34) satisfies
0 (r TF I Lo (r =
BOLS (=) ve£0, RIS (0T
1

O~y kg 1 1 —(r L
IRg; IN(W%T) VeA0, QYD) S (vt i)
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Proof. We prove the estimate of RZJI-,) in . The other cases are simpler. We write

(In _ 47y
RZJ] {h € [hlth] |fljj’(h)| < W}
where fyj;/(h) := (we(h) - £+ p$°(h) — p5 (0))(6)~'. By @39), we restrict to the case lj2 —j'2| < C{¢) and
¢#0. By [@.42),

iga,ggla fejz @) = po/2, Vh € [hy,hy].

In addition, (@24)-@28) and Lemma 3] imply that maxg<k, |0F fr;;(h)| < C for all h € [hy,hs], provided
ey~ (kot+1) ig small enough, namely, by ([@22), ¢ is small enough. In particular, fy;; is of class Cko—1 = Cko+1,
Thus Theorem 17.1 in [58] applies, whence the lemma follows. O

PROOF OF THEOREM COMPLETED. By Lemmald3] (in particular, recalling that Rgf,) is empty for £ = 0
and j # j/, see (£39)) and Lemma 7] the measure of the set G¢ in ([@30) is estimated by

ge1 < SR+ Z R+ S R+ Y100

££0 (£,5,5")#(0,5,5) £,3,5"
II
<> RO+ Z R+ Y R+ > e
2740 j<C(0)? 20 3,3 <C6)?
VG- ViTI<C )
TN i\ gl 7 V(7 +52)\ 7
[0} [0} 0] 0]
sS3g=)"+ X (=) Y ()™ X (B
(6) . () 4 ()T 1545 - ()
[ J<C(0)2 [Vi—VF1<C(e) J.qr<ein?
a1 1 1
< C’y "0 { Z w4 + Z T+l 4, d } (4'46)
cezv ()" IWi-v7l<c (€) o j5 5 ¥

The first series in ([f46) converges because = —4 > v by ([E22). For the second series in ([f48]), we
0

observe that the sum is symmetric in (4, ') and, for 5 < j/, the bound |\/j — /4’| < C(£) implies that

Jj<j' <j+C*)*+2C\/j(¢). Since

‘ Jtp 1 Jjtp 1 D+ 2
Ve, j, Z—’, < — =, pi=CY)*+20Vj(0)

the second series in (£46]) converges because Tk—tl —2>vand 2% — 1 >1by @22). By [@46) we get

1
G| < Cr % .

In conclusion, for v = &2, we find |G| > hy — h; — Ce®* and the proof of Theorem @2 is concluded.

5 Approximate inverse

In order to implement a convergent Nash-Moser scheme that leads to a solution of F(i, ) = 0 we construct
an almost-approzimate right inverse (see Theorem [5.6)) of the linearized operator

di, o F (10, 0)[0, Q) =w - 0,0 — di Xu,, (io(9))[2] — (&,0,0). (5.1)

Note that d; o F (i0, o) = d; o F (ig) is independent of ay, see ([@I0) and recall that the perturbation P does
not depend on a.

Since the linearized operator d; X, (i0(¢)) has the (6, I, z)-components which are all coupled, it is par-
ticularly intricate to invert the operator (B.I). Then we implement the approach in [16], [8], [21] to reduce it,
approximately, to a triangular form. We outline the steps of this strategy. The first observation is that, close
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to an invariant torus, there exists symplectic coordinates in which the linearized equations are a triangular
system as in (LZ7). We implement quantitatively this observation for any torus, which, in general, is non
invariant. Thus we define the “error function”

Z((p) = (Zl, ZQ, Z3)((p) = .7:(’&'0, ao)(<p) =w - 8¢io(<p) — XHao (’Lo(go)) . (52)

If Z = 0 then the torus o is invariant for Xp, ; in general, we say that io is “approximately invariant”, up to
order O(Z). Given a torus ig(p) = (Bo(p), Io(¢), 2z0(¢)) satisfying ([B.6]) (condition which is satisfied by the
approximate solutions obtained by the Nash-Moser iteration of Section [[3]), we first construct an isotropic
torus i5(v) = (0o(¢), Is(¢), z0(v)) which is close to ig, see Lemma Note that, by GI4), F(is, ) is
also O(Z). Since 5 is isotropic, the diffeomorphism (¢, y, w) — Gs(d,y,w) defined in (BI6) is symplectic.
In these coordinates, the torus is reads (¢,0,0), and the transformed Hamiltonian system becomes (5.19)),
where, by Lemma [5.4] the terms 94K, K10 — w, Ko1 are O(Z). Thus, neglecting such terms, the problem
of finding an approximate inverse of the linearized operator d; F (g, o) is reduced to the task of inverting
the operator D in (B34)). We solve system (B.38) in a triangular way. First we solve the equation for the
y-component of system (5.35]), simply by inverting the differential operator w - 0., see (5.31) and recall
that w is Diophantine. Then in (5.38) we solve the equation for the w-component, thanks to the almost
invertibility of the operator £, in (5.26]), which is proved in Theorem and stated in this section as
assumption (5:29)-(E33). Finally the equation ([5.39]) for the ¢-component is solved in (B-43]), by modifying
the counterterms according to (5:42) and by inverting w - d,. In conclusion, in Theorem we estimate
quantitatively how the conjugation of D with the differential of G5 (see ([.43)) is an almost approximate
inverse of the linearized operator d; oF (ig, ).

First of all, we state some preliminary estimates for the composition operator induced by the Hamiltonian
vector field Xp = (07 P, —0p P, JV,P) in (LI0).

Lemma 5.1. (Estimates of the perturbation P) Let 3(p) in ([II12) satisfy ||§||§2[’)12k0+5 < 1. Then the
following estimates hold:
N ~ ko,
IXp@5"" Se 1+ 191155200 20043 » (5.3)
and for all7:= (5,?,2)
N NIL ko, ko, ko,
Ids Xp (DRI Ss 157 + 1T 2002k +a Pl 50 1 (5.4)
N ko, ko, ~11ko, ko,
1 Xp ()@ S Il 57 Tl sy + 1T16% S 42015 (2l p1)? - (5.5)
Proof. The proof is the same as the one of Lemma 5.1 in [2I], using also the estimates on the Dirichlet
Neumann operator in Proposition [A.1l O

Along this section we assume the following hypothesis, which is verified by the approximate solutions
obtained at each step of the Nash-Moser Theorem [I5.71

e ANSATZ. The map (w,h) — Jo(w,h) :=ig(p;w,h) — (¢, 0,0) is ko times differentiable with respect to
the parameters (w,h) € R” x [hy,hs], and for some p := p(7,v) >0, v € (0,1),

13011507, + loo — w[Fo? < Cey ™. (5.6)

For some k := k(7,v) > 0, we shall always assume the smallness condition ey~ < 1.

We now implement the symplectic procedure to reduce d; o F (i, o) approximately to a triangular form.
An invariant torus i with Diophantine flow is isotropic (see [30],[16]), namely the pull-back 1-form i§A is
closed, where A is the 1-form in (@4)). This is equivalent to say that the 2-form W = i§dA = digA = 0.
For an approximately invariant torus ¢y the 1-form ijA is only “approximately closed”: we consider

A=Y a@der, ai(e) = (080D I0(9), ~ 5@p0(@) To(@ixry (57
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and we show that
oW =digh =

is of order O(Z), see Lemma By (@I0), &3), (58], the error function Z defined in (52) is estimated
in terms of the approximate torus as

Agj(p)dpr Ndpj,  Arj(p) = Op,a;i(p) — 0p;ar(p) (5.8)

1<k<j<v

I1ZII57 <o ey~ + 11901553 (5.9)
Lemma 5.2. Assume that w belongs to DC(vy, ) defined in (2.13). Then the coefficients Ay, in [0.8]) satisfy

ko, - ko, ko, ko,
AR5 <o v 1215 ko + 1210 13008 g 1) o) - (5.10)

Proof. The Ay; satisfy the identity w - 8,Ar; = W(9,Z(p)ep &gio((p)gj)—i— W(Dpio(p)ey @,Z((p)gj) where
e, denotes the k-th versor of R”, see [16], Lemma 5. Then (5I0) follows by (&.6]) and Lemma 25 O

As in [I6], [8] we first modify the approximate torus ig to obtain an isotropic torus is which is still
approximately invariant. We denote the Laplacian Ay, :=>"7_; 0>

Lemma 5.3. (Isotropic torus) The torus is(p) := (6o(), Is(¥), 2z0(v)) defined by

Is := I + [0,00(¢)] " p(e), : 12 a%AkJ (5.11)

is isotropic. There is o := o(v, T, ko) such that

15 — To/¥o < || Tol| 837 (5.12)
— ko, Ko,y (1~ 11ko,
115 — Toll2" S v (121537 + 12115025 130l15%7) » (5.13)
. ko, ko, ko,
IF (is, o) 1527 S 1211530 + 121150, 1 TollsSD (5.14)
(5.15)

. k
dilis] @150 S 1507 + [Tl oIl s
We denote by o := o(v, 7, ko) possibly different (larger) “loss of derivatives” constants.

Proof. The Lemma follows as in [§] by (5.4) and (5.7)-(G.10). O

In order to find an approximate inverse of the linearized operator d; o F (is), we introduce the symplectic
diffeomorpshim Gs : (¢,y,w) — (6, 1,z) of the phase space TV x R” x Hg; defined by

0 ¢ 0o(¢)
I'l=Gs|y|:= (( )) [0500(6)] "y = [(90Z0)(B0(0))] " Juw (5.16)

where Zo(6) := 2zo(0 *(#)). Tt is proved in [I6] that G's is symplectic, because the torus is is isotropic (Lemma
BE3). In the new coordinates, is is the trivial embedded torus (¢,y,w) = (¢,0,0). Under the symplectic
change of variables G5 the Hamiltonian vector field Xp, (the Hamiltonian H, is defined in (£9)) changes
into

Xk, = (DGs) ' Xy, oGs where K, :=Hyo0G5. (5.17)

By ({II) the transformation Gy is also reversibility preserving and so K, is reversible, K, o p = K.
The Taylor expansion of K, at the trivial torus (¢,0,0) is

Ko(9,y,w) = Koo, @) + K10(, @) -y + (Ko1(¢, @), w)p2(t,) + %Kzo(fﬁ)y Y

+ (K11(¢) )L2(’]I‘ ) (K02(¢)w; w) L2(T,) + KZS(d)a Y, ’LU) (518)
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where K>3 collects the terms at least cubic in the variables (y,w). The Taylor coefficient Koo(¢, ) € R,
Kio(¢,a) € R”, Koi(¢, ) € Hgi, Koo() is a v x v real matrix, Ko2(¢) is a linear self-adjoint operator of
Hg; and Ky1(¢) € L(R”, H; ). Note that, by (@3) and (EI0), the only Taylor coefficients that depend on
Q. are l{bo, I(IO; }{Ol-

The Hamilton equations associated to (B.I8) are

¢ = Kio(¢,a) + Kao(d)y + Kf (d)w + 0, K>3(¢, y,w)
§ = 0sKoo(¢, @) — [05K10(0, )]y — [0 Ko1 (¢, )" w

—05(3K20(0)y -y + (K11(d)y, w)r2(r,) + 5 (Ko2(¢)w, w)2(r,) + K>3(¢, y, w))
W = J(Ko1(¢, @) + K11(8)y + Koz2(¢)w + Vi K>3(¢, y, w))

(5.19)

where 0y K1, is the v x v transposed matrix and 9, K&, K{; : HSJ; — R” are defined by the duality relation
(8¢K01[<,5], w)pz = b [0sKo1)Tw, Vo e R, w e HSJJ;, and similarly for K. Explicitly, for all w € HSJJ;, and
denoting by e;, the k-th versor of R,

KL(@w =YY" (Kfi(p)w-e,)e, =

The coefficients Koo, K10, Ko1 in the Taylor expansion (5.18) vanish on an exact solution (i.e. Z = 0).

v v

(’LU; K11(¢)§k)L2(TI)Qk S RU . (520)

k=1 k=1

Lemma 5.4. We have

ko, ko, ko,
106 K0 (-, o) |57 + | K10(-, o) — w]|507 + [| Ko1 (-, o) 1507 S 1 Z11557 + N1 Z 11522 1 Tollss - (5.21)
18a Kool 50 + (|00 K10 — Id|[¥7 + [[0aKor |57 <o l|TollE%0 s [1K20]l507 <o e(1+ [1T0ll5%2)

~ ko, , , ko, ko[, (1 kos
K 1yll57 See(llylE + 1Tolls3 ylse),  [KLwlE Soe(llwllsy3 + [Tollssw]57) -

Proof. The lemma follows as in [16], [§], [21] by &3), G6), &I12), EI3), EI14), G20). O

Under the linear change of variables

¢ 93b0() 0 0 ¢
DGs(p,0,0) [ 7 | := [ 96Ls() [0600(0)]™"  —[(30Z0)(0o(p)]" T | | U (5.22)
i 0p20(p) 0 I w

the linearized operator d; oF (is) is approximately transformed (see the proof of Theorem [5.6) into the one
obtained when one linearizes the Hamiltonian system (5I9) at (¢, y, w) = (¢, 0,0), differentiating also in «
at o, and changing 0, ~» w - 0,,, namely

w06 — 0510(9)[0] — DaK10(9)[6] — Kao(9)7 — KT ()
= @ 0,7+ 055 Koo()[6] + 0500 Koo (9)[a] + (05 K10()] TG + [0sKan (p)]T@ | (5.23)
w - Dy — J{03Ko1(9)[0] + 0aKor ()] + K11(9)7 + Kon ()@}

Q) 8)R)©)

As in [], by (5:22), (5:6), (5.12), the induced composition operator satisfies: for all 7:= (¢, 7/, @)

— ~ ko, ,
IDG5(,0,0) ][5 + | DGs(10,0,0) T A€ <o [l + 1 Toll &2 IallS (5.24)
[~~~ |~ |~ |~ ~ ~ ko, ~ s -~ s
ID*Gs (0,0, 0)[an, 2215 o 212 M2l 5 + Il 2l 20 + 130l 387 15 172155 (5.25)

In order to construct an “almost-approximate” inverse of (5.23]) we need that

Lo =TI (w0 — TK02 () (5.26)
is “almost-invertible” up to remainders of size O(N,,?,) (see precisely (5.30)) where
N, :=KP, VYn>0, (5.27)
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and

K, =KX, x:=3/2 (5.28)

are the scales used in the nonlinear Nash-Moser iteration in Section The almost invertibility of L,
is proved in Theorem as the conclusion of the analysis of Sections [BHI4] and it is stated here as an
assumption (to avoid the involved definition of the set A,). Let Hj (T**!) := H*(T**') N Hg; and recall
that the phase space contains only functions even in z, see ([@2]).

e Almost-invertibility of £,,. There exists a subset A, C DC(7, 7) X [h1, ho] such that, for all (w,h) € A,
the operator £, in (B.26) may be decomposed as

L,=L5+TRu+RS (5.29)

where LS is invertible. More precisely, there exist constants Ko, M, o, u(b),a,p > 0 such that for any
so < s < S, the operators R,,, R} satisfy the estimates

_ k k ko,
IR S5 ev > MHIN2 (RI155T + 1T0ll257 )40 I1Bls0) (5.30)
_ ko, k k
IRGAIS™ Ss K (1hl15 Tpvo + 130050 oy sosnll P lsoils) s W0 >0, (5.31)
ko, ki k
RGNS Ss hllsSa + 1301150 o) o 1Pl soils - (5.32)

Moreover, for every function g € H5"7(T+1,R?) and such that g(—¢) = —pg(¢p), for every (w,h) € A,
there is a solution h := (£3) " 'g € H5 (T, R?) such that h(—p) = ph(yp), of the linear equation
LSh = g. The operator (L£35)~! satisfies for all sg < s < S the tame estimate

_ k — ko, k ko,
L5 gl S5 v~ (lglleha + 130l ) 1o l9lleg 7o) - (5.33)

In order to find an almost-approximate inverse of the linear operator in (5:23) (and so of d; o F(is)), it is
sufficient to invert the operator

- Db — OaK10()[a) — K20(9)§ — KTy (9)@
D(¢, y, W, a] := w - 8,7 + 030a Koo (p)[@] (5.34)
(L5)w = JOaKoi(@)a] = JK1i(9)y

obtained by neglecting in (5.23)) the terms 0y K10, 0ppK00, 0 Koo, OpKo1, which are O(Z) by Lemma [5.4]
and the small remainders R,,, R} appearing in (5.29). We look for an inverse of ID by solving the system

- 91
D¢, y,w,a] = | g2 (5.35)
93
where (g1, g2, g3) satisfy the reversibility property
91(0) = g1(=9) . g2(9) = —g2(=%),  g3(p) = —(pgs)(—¥) . (5.36)

We first consider the second equation in (B.35), namely w - 0,y = g2 — 0a0pKoo(p)[@]. By reversibility, the
p-average of the right hand side of this equation is zero, and so its solution is

7= (- 0,) 7 (g2 — 0 Koo(¢)[d]) (5.37)

Then we consider the third equation (L£L35)W = g3 + JK11(¢)y + JO0oKo1(p)[@], which, by the inversion
assumption ([B.33)), has a solution

0= (L5) 7 (g5 + TE1 () + J0aKor(9)[a]) - (5.38)
Finally, we solve the first equation in (535]), which, substituting (537)), (5.38)), becomes

W Dpd = g1 + Mi(p)[a] + Ma(p)go + Ms()gs (5.39)
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where
Mi(p) == 0aK10(p) — Ma()0a0p Koo () + Mz(p)JOaKor(p) (5.40)
M(p) := Kao(@)lw - 0] " + K{1 (0)(L3) " TK1(9)w-0,) 7", Ms(p) = K{(p)(L5) ™ (5.41)

In order to solve equation (539) we have to choose @ such that the right hand side has zero average. By
Lemma 54 (£.6), the p-averaged matrix is (M;) = Id + O(ey~!). Therefore, for ey~! small enough, (M;)
is invertible and (M;)~! =1Id + O(ey~!). Thus we define

a = —(M1)" ((g1) + (M2ga) + (Msgs)) (5.42)
With this choice of @, equation (539) has the solution
6 = (- 9,) " (g1 + Mi(@)[@] + Ma(p)g2 + Ms(0)gs) (5.43)

In conclusion, we have obtained a solution (5, Y, w, @) of the linear system (G.33]).

Proposition 5.5. Assume (B.6) (with p = u(b) + o) and [E33). Then, for all (w,h) € A, for all

h) g:
(91,92, 93) even in x and satisfying (5.30), system (5.35) has a solution D~ 1g := (¢, @, w, a), where (¢, Y, W, Q)
are defined in (A7), (31), @3]), (42), which satisfies (1) and for any so < s < S

_ _ ko, k ko,
D~ g% <o v (llgllsyy + 130[15% 0 o) 40 191562 ) - (5.44)

Proof. The lemma follows by (B:38), (2.40), (&41), (542), (43), Lemma B4 (533), (G6). O

Finally we prove that the operator

Ty := To(io) := (DG)(1,0,0) o D" 0 (DGs)(1,0,0) " (5.45)

is an almost-approximate right inverse for d; F (ig) where ég(qﬁ, y,w,a) = (Gs(¢,y,w),a) is the identity
on the a-component. We denote the norm ||(¢, y, w, a)||%07 := max{||(¢,y, w)||F7, |a|*Fo7}.

Theorem 5.6. (Almost-approximate inverse) Assume the inversion assumption ([B29)-(33). Then,
there exists & := a(7,v, ko) > 0 such that, if (&8) holds with = pu(b) + 7, then for all (w,h) € A,, for all
g := (91, 92, g3) even in x and satisfying (B.30]), the operator T defined in (5.45) satisfies, for all sp < s < S,

_ k ko,
ITogll5> Ss v~ (1911553 + 1011550 )5 lall507s) - (5.46)
Moreover Ty is an almost-approximate inverse of d; oF (i), namely
d; o F(io) 0 To — Id = P(ig) + Pu(io) + Py (o) (5.47)

where, for all s < s <9,

- - ko, ko,
1Pl s 97 (I1F o, o) 15075 91523

. ko, . ko,y (1~ ko, ko,
+ {1 (o, co)lIE93 + 1o, 0) 1502 130155 . Hlg 15 ) (5.48)
—OM—3 nr— ko, ko, ko,
IPogllee Ss v M2 N2 (lglle57 + 130l ey 40 1911075) - (5.49)
ko, ko, ko,
1P allsy™ Sso v KL (l9llagio + 1Tl ooy sorollollsgils) . W0 >0, (5.50)
(5.51)

1 1k — , ~ 11k k
||Pw g”sO”y 55 Y 1(”9”51; + ||JO||SiZ(b Jra”g”Sg:&) : 5.51

Proof. Bound (5.46)) follows from (5.453), (5.44), (5.24). By (&I0), since X does not depend on I, and is
differs by i only in the I component (see (.I1))), we have

1
&o = di,aF (i0) — di o F(is) = 5/ O1di Xp(0o, Is + s(Io — Is), z0)[lo — 15, 11[ -] ]ds (5.52)
0
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where II is the projection (7, &) — 7. Denote by u := (¢, y,w) the symplectic coordinates induced by Gs in
(EI6). Under the symplectic map Gg, the nonlinear operator F in ([{I0) is transformed into

F(Gs(u(p)), @) = DGs(u(p)) (Puulp) — Xk, (u(p), o)) (5.53)

where K, = H, o Gy, see (B.17) and (5.19). Differentiating (5.53) at the trivial torus us(p) = Ggl(i(;)(go) _
((P,0,0), at a = Qp, We get

di,af(i(;) :DG5(U~6)(W . (9@ — duanKa (u(;, QO))Déa(u(;)*l + 6'1 , (554)

& =D’Gs(us)[DGs(us) ' Fis, ), DGs(us)” T[] ] (5.55)

In expanded form w - 9, — dy,oa Xk, (us, o) is provided by (23). By (.34), (£26), (5:29) and Lemma [5.4]
we split

W0y — dyoXr(us,a0) =D+ Rz + R, + RS (5.56)
where .
R  —0sKa0(p, a0)[9]
Rz[0,Y,w,a] := | dpsKoo(w, 0)[¢] + [06K10(¢, 20)]"F + [0 Kor (¢, a0)] @ |
—J{0Ko1(p, ao)[0]}
and
R 0 N 0
Rw[ﬂﬁ,@ w, a] = 0 ) Ri_[(b’ Y, w, a] = 0
R[] R @]

By (&52), (554), (B.55), (5.56) we get the decomposition

di o F(io) = DGs(us) oD o DGs(us) " + € + &, + £ (5.57)

where B _
E=E+& + DG&(Ua)RzDG(;(u(s)_l , &= DG(;(U(;)RMDG(;(U(;)_l , (5.58)
&L= DGs(us)REDGs(us) . (5.59)

Applying T defined in (5.45) to the right hand side in (5:57) (recall that us(¢) := (¢, 0,0)), since DoD~! = 1d
(Proposition [5.H), we get

dioF(io) o To—Id=P+P,+Py, P:=EoTy, P.=E&, 0Ty, Py:=£&oTy.
By @.0), G.20), G12), G.13), 1), G.24)-(E25) we get the estimate
~ o~ ko, ko, ko, ko, ko, ko,y |1~ | ko,
TS @S Ss 1210 2T + N Z 1331705 + 12150 Tallsg o 1 Folls% (5.60)

where Z := F(ig, ap), recall (5.2)). Then (5.48)) follows from (&5.40), (5.60), (2.6). Estimates (5.49), (5.50),
G5 follow by G:30)-(632), G40), ), (12, (G.0). =

6 The linearized operator in the normal directions

In order to write an explicit expression of the linear operator £, defined in (5.26]) we have to express the
operator Ko2(¢) in terms of the original water waves Hamiltonian vector field.

Lemma 6.1. The operator Koa(¢) is
Kox(¢) = 120,V H(T5(9)) + eR(¢) (6.1)

where H is the water waves Hamiltonian defined in (LX) (with gravity constant g = 1 and depth h replaced
by h), evaluated at the torus

Ts5(¢) := A(is(9)) = €A(00(¢), 15(0), 20(0)) = ev(0o(¢), I5()) + €20(6) (6.2)
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with A(0,1,z), v(0,I) defined in [@B). The operator Ko2(¢) is even and reversible. The remainder R(¢)
has the “finite dimensional” form

R(9)[h] =

jeS+(h’gj)Lachj’ VhEHSJ]r? (6.3)

for functions g;,x; € HSJ; which satisfy the tame estimates: for some o := o(T,v) > 0, Vs > s,
~ ko,
g llse + hxlle> Ss L+ 1Tslla37, Ndigslllls + Ndixslillls Ss [@lls+o + 1Tsllsto 12l oo - (6.4)
Proof. The lemma follows as in Lemma 6.1 in [21]. O
By Lemma [6.1] the linear operator £, defined in (528 has the form
L, =g (L + eR)ps,  where  Li=w-d, — JONVLH(T(p)) (6.5)

is obtained linearizing the original water waves system ([LI4), (L) at the torus u = (n,%) = T5(p) defined
in (6.2), changing 9; ~» w - J,. The function 7n(yp, z) is even(p)even(z) and ¥ (p, z) is odd(p)even(x).

In order to compute the linearization of the Dirichlet-Neumann operator, we recall the “shape derivative”
formula, given for instance in [46], [47],

& )iy = I, (G + e — Cln} = ~Go)(B) — 0.(V) (6.6
where o
B := B(n, 1/}) = W ) V= V(n, 1/}) =1y — Bn . (67)

It turns out that (V, B) =V, ,® is the velocity field evaluated at the free surface (z,n(z)). Using (G.6]), the
linearized operator of (ILI4) is represented by the 2 x 2 operator matrix

0.V +G(n)B —G(n) ) .

(1+ BV,) + BG()B Vo, — BG(n) (6.8)

L:=w-0,+ (
Since the operator G(n) is even according to Definition 2.19] the function B is odd(y)even(x) and V is
odd(p)odd(x). The operator £ acts on H'(T) x H(T).
The operators £, and L are real, even and reversible. We are going to make several transformations,
whose aim is to conjugate the linearized operator to a constant coefficients operator, up to a remainder that
is small in size and regularizing at a conveniently high order.

Remark 6.2. It is convenient to first ignore the projection H§-+ and consider the linearized operator £ acting
on the whole space H!(T) x H(T). At the end of the conjugation procedure, we shall restrict ourselves to
the phase space Hg(T) x H'(T) and perform the projection on the normal subspace HSﬁ, see Section
The finite dimensional remainder ¢ R transforms under conjugation into an operator of the same form and
therefore it will be dealt with only once at the end of Section O

For the sequel we will always assume the following ansatz (satisfied by the approximate solutions obtained
along the nonlinear Nash-Moser iteration of Section [[H): for some constant pg := po(7,v) >0, v € (0, 1),
I90ll%57,, <1, and so, by GI2), [35]57, < 2. (6.9)

so+po So0+Ho

In order to estimate the variation of the eigenvalues with respect to the approximate invariant torus, we
need also to estimate the derivatives (or the variation) with respect to the torus i(¢) in another low norm
II'|s;, for all the Sobolev indices s such that

s1+00<8y+pg, for some og:=o0¢(r,v)>0. (6.10)
Thus by (6.9) we have

~ ko, ko,

90ll507,, <1 and so, by BT, 36507, <2. (6.11)
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The constants pp and og represent the loss of derivatives accumulated along the reduction procedure of
Sections What is important is that they are independent of the Sobolev index s. Along Sections
[BHT2) we shall denote by o := o(ko,7,v) > 0 a constant (which possibly increases from lemma to lemma)
representing the loss of derivatives along the finitely many steps of the reduction procedure.

As a consequence of Moser composition Lemma [2.6] the Sobolev norm of the function u = Ts defined in
[62) satisfies, Vs > sq,

lullz> = [Inll 5 + 15> < eCs)(1 + [[Toll>7) (6.12)
(the function A defined in (48] is smooth). Similarly
[Argulls, Ss ellia —ialls, (6.13)

where we denote Ajou := u(iz) — u(i1); we will systematically use this notation.
In the next sections we shall also assume that, for some x := (7, ) > 0, we have

ey " <6(9),

where 6(S) > 0 is a constant small enough and S will be fixed in (I54). We recall that Jp := Jo(w,h) is
defined for all (w,h) € R” X [h1,hs] and that the functions B,V appearing in £ in ([6.8) are C* in (p,x) as
the approximate torus u = (n,1) = Ts(p). This enables to use directly pseudo-differential operator theory
as reminded in Section 2.3

Starting from here, until the end of Section [[3] our goal is to prove Proposition

6.1 Linearized good unknown of Alinhac

Following [I], [2I] we conjugate the linearized operator £ in (G8]) by the multiplication operator

(10 L (1 o0
Z .= <B 1>, z7 = (_B 1) , (6.14)
where B = B(p, ) is the function defined in (6.7)), obtaining

Lo=Z2ZLZ=w 0,+ (azv V%(”)) (6.15)
where a is the function
a:=a(p,z) =1+ (w-90,B)+VB,. (6.16)

All a, B,V are real valued periodic functions of (¢, ) — variable coefficients — and satisfy
B = odd(yp)even(x), V =odd(p)odd(x), a = even(y)even(z).

The matrix Z in ([6.14) amounts to introduce, as in Lannes [46]-[47], a linearized version of the good unknown
of Alinhac, working with the variables (1, <) with ¢ := ¢ — Bn, instead of (n, ).

Lemma 6.3. The maps Z¥' — Id are even, reversibility preserving and DFo-tame with tame constants
satisfying, for all s > sq,

Mzi1_14(5), Mz=1_1ay+(5) Ss (14 [1Tol1527) - (6.17)

The operator Ly is even and reversible. There is o := o(7,v) > 0 such that the functions
la = 1[j57 + V][22 + B S5 (1 +[130]15%7) - (6.18)

Moreover
[Aszalls, + [[A12V]ls, + 1A12Blls, Ss, ellis —illsi 4o (6.19)
[A12(ZFhllsy s [A12(Z5) Rlls, Sou ellin = dzllsyollhlls, - (6.20)
Proof. The proof is the same as the one of Lemma 6.3 in [21]. O
We expand Ly in (G.15]) as

Lo=w-8,+ <ng V%m) + <‘3 %(”)> . (6.21)

In the next section we deal with the first order operator w - 9, + V0,.
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7 Straightening the first order vector field

The aim of this section is to conjugate the variable coefficients operator w - 9, + V (¢, )0, to the constant
coefficients vector field w - d,,, namely to find a change of variable B such that

B_l(w-&,,+V(ga,:c)81)B:w-&P. (7.1)

Quasi-periodic transport equation. We consider a ¢-dependent family of diffeomorphisms of T, of the
space variable y = z+ 3(p, x) where the function 3 : T{, x T, — R is odd in z, even in ¢, and || 8[|~ < 1/2.
We denote by B the corresponding composition operator, namely (Bh)(p,z) := h(p,z + B(p,z)). The
conjugated operator in the left hand side in (Z) is

B w0, + V(p,2)0:)B=w- 0, + clp,y) Iy (7.2)
where
c(pyy) =B (w08 + V(1 + Ba)) (0.y). (7.3)
In view of (T2)-(T3) we obtain () if 3(p,z) solves the equation
w- 0B, x) + V(e,2)(1 + Ba(p, 7)) =0, (7.4)

which can be interpreted as a quasi-periodic transport equation.

Quasi-periodic characteristic equation. Instead of solving directly (4] we solve the equation satisfied
by the inverse diffeomorphism

r+B(pr)=y <<= x=y+Phpy), VYr,yeR, peT”. (7.5)

v

It turns out that equation (4] for B(p, x) is equivalent to the following equation for (¢, y):

w - 0,B(0,y) = V(p,y + Ble,y)) (7.6)

which is a quasi-periodic version of the characteristic equation & = V(wt, x).

Remark 7.1. We can give a geometric interpretation of equation (Z.6) in terms of conjugation of vector
fields on the torus T x T. Under the diffeomorphism of T¥ x T defined by

<i> N <y+ﬁw(w,y)> » the system % <<§) = (V(:,x)>

transforms into

% @) - ({ —w- 0,8, y) +V(¢,yiﬁ(w,y))}(1+By(w,y))1) '

The vector field in the new coordinates reduces to (w,0) if and only if () holds. In the new variables the
solutions are simply given by y(t) = ¢, ¢ € R, and all the solutions of the scalar quasi-periodically forced
differential equation & = V(wt, x) are time quasi-periodic of the form z(t) = ¢ 4+ S(wt, ¢). O

In Theorem [7.3] we solve equation (Z.6)), for V(p,x) small and w Diophantine, by applying the Nash-
Moser-Hérmander implicit function theorem in Appendix [Cl Rename 8 — u, y — z, and write (T.8]) as

F(u)(p, ) = w - Opulp,x) = V(e,x +ulp,z)) =0. (7.7)
The linearized operator at a given function u(p, ) is
Fl(u)h = w-0,h — q(p.2)h, q(p,2) = Vo(p,x +u(p,x)). (7.8)

In the next lemma we solve the linear problem F'(u)h = f.
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Lemma 7.2. (Linearized quasi-periodic characteristic equation) Let ¢ := 3ko + 27(ko + 1) + 2 =
2u+ ko + 2, where p is the loss in (ZI8)) (with k+ 1 = ko), and let w € DC(27, 7). Assume that the periodic
function u is even(y)odd(x), that V is odd(yp)odd(x), and

lullse g+ VIS < do (7.9)

so+¢ so+< —

with dg small enough. Then, given a periodic function f which is odd(p)odd(x), the linearized equation
F'(u)h=f (7.10)
has a unique periodic solution h(p,x) which is even(p)odd(x) having zero average in @, i.e.

1

(h)p(z) == 2y /w hp,z)dp=0 VYxeT. (7.11)

This defines a right inverse of the linearized operator F'(u), which we denote by h = F'(u)~1f. It satisfies

_ _ ko, — ko, ko, ko, )
1" ()7 50 S v T ISST + HAVIET + Nl SNV oo 11 ) (7.12)
for all s > sq, where || - ||*7 denotes the norm of Lip(ko,DC(27,7), s,7).

Proof. Given f, we have to solve the linear equation w - d,h — gh = f, where ¢ is the function defined in
(CH). From the parity of u,V it follows that ¢ is odd(yp)even(x). By variation of constants, we look for
solutions of the form h = we", and we find (recalling (2.14]))

(woe?)y .
<6U><p

This choice of g, and hence of w, is the only one matching the zero average requirement (T.I1)); this gives
uniqueness of the solution. Moreover v = even(p)even(z),wy = even(p)odd(x),g = odd(z), whence h is

even(y)odd(z). Using 210), II), 1), @I9), (79), and 2.9) the proof of (T.I2)) is complete. O

We now prove the existence of a solution of equation (7.7]).

vi=(w-0,)7tq, wi=wo+g, woi=(w-0,) e Tf), g=g(x):=—

Theorem 7.3. (Solution of the quasi-periodic characteristic equation (7)) Let ¢ be the constant
defined in Lemma [7.2, and let so := 259 + 35 + 1, p := 3¢ + 2. Assume that V is odd(v)odd(x). There
exist 6 € (0,1),C > 0 depending on <, sg such that, for all w € DC(27, 1), if V € Lip(ko,DC(2v,7),s2 + p,7)
satisfies

YV, <6, (7.13)
then there exists a solution u € Lip(ko,DC(2v,7), $2,7) of F(u) = 0. The solution u is even(y)odd(x), it has

zero average in @, and satisfies

_ ko,
57 < Cy=HIVIlsezd, (7.14)
If, in addition, V € Lip(ko,DC(2v,7),s + p,7) for s > s, then u € Lip(ko,DC(2v,7), s,7), with
_ ko,
lull§7 < Coy~ VIS (7.15)

for some constant Cs depending on s,<, sg, independent of V., .

Proof. We apply Theorem [C.T] of Appendix [Cl For a,b > 0, we define
Eq := {u € Lip(ko,DC(27,7), 250 + a,7) : u = even(p)odd(z), (u)y(x) =0}, ||ullz, := [ul55}q: (7.16)
F, := {g € Lip(ko,DC(2v,7),2s0 + b,7) : g = odd(p)odd(z)}, lglle, = lgl5e,  (7.17)

(so is in the last term of (ZI12), while 2s¢ appears in the composition estimate ([2.I1)). We consider Fourier
truncations at powers of 2 as smoothing operators, namely

S, : u(p,x) = Z wjei(e.apﬂ'x) o (Spu)(p,z) == Z wjei(éwﬂ'z) (7.18)
(¢,5)ezv+1 (,5)y<2n
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on both spaces F, and F,. Hence both E, and F}, satisfy (CI)-(C3Hl), and the operators R,, defined in (C.6)
give the dyadic decomposition 2" < (¢, j) < 2"T1. Since S,, in (T.I8) are “crude” Fourier truncations, (C.1)
holds with “=" instead of “<” and C = 1. As a consequence, every g € Fp satisfies the first inequality
in (CId) with A =1 (it becomes, in fact, an equality), and, similarly, if g € Fay. then (CI4) holds with
A, =1 (and “=").

We denote by V the composition operator V(u)(p, z) := V(p,z + u(p, x)), and define ®(u) := w - dpu —
V(u), namely we take the nonlinear operator F' in (1) as the operator ® of Theorem [C.1] By Lemma 2.4 if
||u||’2€20'fH < dp7) (where we denote by dp7) the constant ¢ of Lemma [24]), then V(u) satisfies (Z.I1)), namely
for all s > sg

ko, R ko,
V@ Se VIS, + [l &MV P41 (7.19)

and its second derivative V" (u)[v, w] = Ve (@,  + u(p, z))vw satisfies

k ? ’ El ’ k]
IV @) o, 0l S VI s (01 awll 7 + oo o] 2o )

so+ko+3
ko, , ko, ) ;

IV I s el + VISR, o2 o5 awllsg . (7.20)
We fix p,U of Theorem [CTlas p := 1, U := {u € Ey : |Jullg, < dgzg}. Thus ® maps U — Fy and
UNEqq, — F, for all a € 0, az — 1], provided that ||V||]2€§;1a2,1+k0 < 00 (a2 will be fixed below in ([T.24])).

Moreover, for all a € [0,az — 1], @ is of class C*(U N Eq4,, Fy) and it satisfies (C9) with ag := 0,

ko, — — ko,

Mi(a) == C(a) IVl ks Ma(a) := Mi(a), Ms(a) :=C(a)|[VIl55)" k4240 (7.21)

We fix a1, 01 of Theorem [Cd]as ay := ¢, where ¢ = 3kg + 27(ko + 1) + 2 is the constant appearing in Lemma
[2 and §; := %m, where d73 is the constant dg of Lemma [Z2 If A= V|kor < 6y and vl £, < 61,

sot+s —

then, by Lemma [T.2] the right inverse ¥(v) := F’(v)~! is well defined, and it satisfies

¥ (v)glle, < Li(a)llgllF.. + (L2(a)l[v]| e, + Ls(a))llgllm (7.22)
where
Li(a) == Cla)y™", La(a) :=Cla)y 2 |VI[&0, Ls(a) = Cla)y 2||VII5% ar- (7.23)

We fix o, 3, ay of Theorem [C.1] as
B:=4¢+1, a:=3¢+1, as:=55+3, (7.24)

so that (C8) is satisfied. Bound (7.22)) implies (CI0) for all a € [a1, as] provided that ||V||]2€261a2+< < 00.

All the hypotheses of the first part of Theorem are satisfied. As a consequence, there exists a
constant drr77 (given by (C.13) with A = 1) such that, if [|g||m, < §r7g, then the equation ®(u) = ®(0) +g
has a solution u € E,, with bound (CI2). In particular, the result applies to g = V, in which case the
equation ®(u) = ®(0) + g becomes ®(u) = 0. We have to verify the smallness condition |g|r, < T3
Using (Z21)), (Z23), (Z13), we verify that gy > Cv. Thus, the smallness condition ||g[r, < q13
is satisfied if ||V||’2€2’01a2+<7_1 is smaller than some ¢ depending on ¢, sg. This is assumption ([TI3]), since
259 + a2 + ¢ = s3 + p. Then (CI2), recalling [TZ4), gives ||ul/%0r < C7’1||V||f;’f§, which implies (Z14)
since p > .

We finally prove estimate (ZIH). Let ¢ > 0. If, in addition, ||V||§Z’01a2+c+< < 00, then all the assumptions
of the second part of Theorem [C]] are satisfied. By (Z.2I)), (Z23) and (.I3), we estimate the constants

defined in (CIG)-(CI7) as
G1 < Cy VIS5 apsersr G2 <Cey™, 2<Ce

for some constant C. depending on ¢. Bound (C.15]) implies (T.I5) with s = s2 + ¢ (the highest norm of V' in
(ZI5) does not come from the term ||V r,,. of (CIH), but from the factor Gi). The proof is complete. [

The next lemma deals with the dependence of the solution u of (1) on V (actually it would be enough
to estimate this Lipschitz dependence only in the “low” norm s; introduced in (G.10)).
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Lemma 7.4. (Lipschitz dependence of u on V) Let ¢, s2,p be as defined in Theorem [7.3 Let V1, Vs
satisfy (CI3), and let ui,us be the solutions of

walpuii‘/l(savx+uz(90ﬂz)) :07 i:1725
given by Theorem[T.3. Then for all s > so — pu (where i is the constant defined in (ZI8))

- Ko, - ko, Ko,
lur — w2 |57 <o v HIVE = Vall G n, +77 max 1Vl 42V = Vall sy, (7.25)
Proof. The difference h := u; — us is even(p)odd(x), it has zero average in ¢ and it solves w - d,h — ah = b,
where

a(p,x) := /0 (0:V1) (@, +tur + (1 — t)ug) dt, blp,z) = (Vi — Va)(p,x + uz) .

The function a is odd(¢)even(x) and b is odd(¢)odd(x). Then, by variation of constants and uniqueness,
h = we", where (as in Lemma [[2])

(woe”)y
<ev>¢

Then (7:25) follows by @II), (713), (T, (15, @IF) and @II). O

In Theorem [[3] for any A = (w,h) € DC(27,7) X [h1,ha] we have constructed a periodic function u = B
that solves (7)), namely the quasi-periodic characteristic equation (], so that the periodic function 3,
defined by the inverse diffeomorphism in ([Z3]), solves the quasi-periodic transport equation (7.4)).

By Theorem B2 we define an extension & (1) = Ex(f) =: Bewt (with k+1 = ko) to the whole parameter
space R” x [hy,hs]. By the linearity of the extension operator £ and by the norm equivalence (B.6]), the
difference of the extended functions & (u1) — Ex(uz) also satisfies the same estimate ([(23]) as u; — us.

We define an extension S+ of 8 to the whole space A € R” x [hy, ha] by

vi=(w- ag,)_la, wi=wy+g, wo:=(w- aw)_l(e_”b), g=g(x) =—

Y=+ Beat(py2) & T=y+Peur(p,y) Va,yeT, pcT”

(note that, in general, B..+ and & (B) are two different extensions of 8 outside DC(vy,7) X [h1,hs]). The

extended functions SBezt, Bezt induce the operators B+, B;;t by

(Beath) (¢, 2) == h(, 2 + Beat (0, 2)),  (Bash)(0,y) == h(0,y + Bewt (0 9))s  Bewr 0 By = 1d,

and they are defined for A € R” x [hy, ho].
Notation: for simplicity, in the sequel we will drop the subscript “ext” and we rename

Bext == 3, Bezt = ﬂuv Beyt == B, B;nlt =B (726)
We have the following estimates on the transformations B and B~".

Lemma 7.5. Let 3, 3 be defined in [28). There exists o := o(t,v, ko) such that, if @) holds with ug > o,
then for any s > so,

o) — ~ k s
1B MBI Ss ey~ (L + 11T0l1537) - (7.27)
The operators A = BT —1d, (B! — 1d)* satisfy the estimates
- ko, ~ 11kos ko,
AR Ss ey (Il R 1 + 1To s3I All G kg 42) Vs > 52 (7.28)

Let i1,i9 be two given embedded tori. Then, denoting A28 = B(ie) — B(i1) and similarly for the other
quantities, we have

||A12ﬁ||81a ||A12B||51 Ser 5771”"’1 - i2||51+0 ) (7-29)
(A2 A)[B]lls; sy ey lix —dollsytollbllsigr, A€ {B*', (B}, (7.30)

where s1 is introduced in (GI0I).
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Proof. Bound (T27) for § follows, recalling that 5 = u, by (ZI5) and (6I8). Estimate (Z27) for 8 follows
by that for §, applying (Z12). We now prove estimate (Z.28) for B — Id. We have

(B 1d)h = / Bilhadr,  Bilfl(ea) = fgx+ 7B(p.2)).

Then ([7.28)) follows by applying [2.I1)) to the operator B, using the estimates on 5, ansatz ([6.9) and (2.10).
The estimate for B~ — Id is obtained similarly. The estimate on the adjoint operators follows because

B h(p,y) = (1+ Ble,y)h(e,y + B(p.y)),  (B7)hlp,x) = (1+ B, )h(p,z + B(p, @) .
Estimates (7.29)), (Z30) follow by Lemma [ 4] and by (GI8)-(EI19). O
We now conjugate the whole operator £y in ([GI5]) by the diffeomorphism 5.

Lemma 7.6. Let 3,53,B8,B~" be defined in (T20). For all A € DC(y,7) x [h1,hs], the transformation B
conjugates the operator Lo defined in ([GIH) to

L1 =B 'LoB=w-0,+ <Zl _“QGyHOTh + Rl) : (7.31)
3
Ty, := tanh(h|Dy|) := Op (tanh(hx(£)[£])), (7.32)

where ay,as,as are the functions

ar(p,y) == (B7'Va)(@,y), az(e,y) =1+ (B~ '8)(0,9), as(e,y) == (B~ a)(p,), (7.33)

and R1 is a pseudo-differential operator of order OPS~°. Formula ([{33)) defines the functions a1, az,as
on the whole parameter space RY X [hy,ha]. The operator R1 admits an extension to RY X [hy,ha| as well,
which we also denote by Ry. The real valued functions B, a1, as,as have parity

B = even(yp)odd(x); a1 = odd(yp)even(y); az,ag = even(p)even(y). (7.34)

There exists 0 = o(1,v, ko) > 0 such that for any m,a > 0, assuming [09) with po > o +m + «, for any
$ > 80, on RY x [hy,hs] the following estimates hold:

— ~ k )
lav |57 + llaz = 157 + flas = 1157 S5 ev™H (1 + [1Toll5%7) (7.35)
ko, - ko,
"Rl "7077“7,5,& 577175»@ 57 1(1 + ||30||si;+m+a) . (736)

Finally, given two tori i1,12, we have

[A12a1 1, + [|Ar2a2]ls, + |A1203]ls, Sey €7 M Ar2ill sy 10, (7.37)
||A12R1|7m,sl,a Sm,sl,a 5771”A12i”51+a’+m+a . (738)
Proof. By ([6.21)) and (2)-(74) we have that
s
L1 =B 'LB=w- Oy + (Zl b OG(n)B) (7.39)
3

where the functions a; and ag are defined in ([33]). We now conjugate the Dirichlet-Neumann operator
G(n) under the diffeomorphism B. Following Proposition [A1] we write

G(n) = |Dy|tanh(h|D,|) + Re = 0. HTw + Re, Ty := tanh(h|D,|), (7.40)

where R¢ is an integral operator in OPS~°°. We decompose

2

tanh(h|D,|) = Id + Op(r,), 7a(§) := EENSEG)

€5, (7.41)
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and, since B~ 9, B = a9, where the function asy is defined in (T33)), we have

B0, HTWB = (B710,.B)(B~'HB) (B~ TyB) = as0,{H + (B~ "HB — H)}(B~'T,B)
= a20,HTy + a20,H[B~'Op(rs) B — Op(rn)] + a20, (B~ *HB — H)(B~'TnB) . (7.42)
Therefore by ((40)-(C42) we get
- B 'G(n)B = —a20,HTy + R1, (7.43)
where Ry is the operator in OPS~ defined by
Ry =R{" + RY + RV R =~ B'ReB, (r.a4)
R = — 4,0, H[B~'Op(ry) B — Op(ry)] , R = — 4,0, (B"HB — H)B~'T,B.

Notice that B~'RgB and B~1Op(ry)B are in OPS~° since Rg and Op(ry), defined in (Z.40) and in (Z.Z1),
are in OPS~%°. The operator B~'HB — H is in OPS~> by Lemma 217

In conclusion, (C39) and (Z43) imply (Z31)-(T33), for all A in the Cantor set DC(v,7) X [h1,ha]. By
formulas (744, R4 is defined on the whole parameter space R x [hy, ho].

Estimates (C30), (C37) for a1, as,as on R x [hy,hs] follow by ([GI8), (GI9) and Lemma [[0 Estimates
([Z38), [T3])) follow applying Lemmata 215 and 217 and Proposition [A1l and by using Lemma O

Remark 7.7. We stress that the conjugation identity (T31I]) holds only on the Cantor set DC(vy, 7) X [h1, hao]. Tt
is technically convenient to consider the extension of aj, as, as, Ry to the whole parameter space R x [hy, ha],
in order to directly use the results of Section expressed by means of classical derivatives with respect to
the parameter \. Formulas (T.33) and (Z.44)) define a1, as,as, R1 on the whole parameter space R” x [h1, ha].
Note that the resulting extended operator £; in the right hand side of (Z31)) is defined on R” x [hy, ha], and
in general it is different from B~!LoB outside DC(y, T) X [hy, ha]. O

In the sequel we rename in (C31)-([734)) the space variable y by .

8 Change of the space variable

We consider a p-independent diffeomorphism of the torus T of the form
y=x+ a(zr) with inverse x=y+ a(y) (8.1)

where « is a C*°(T,) real valued function, independent of ¢, satisfying ||a, ||~ < 1/2. We also make the
following ansatz on « that will be verified when we choose it in Section [1] see formula (IT.23)): the function
a is odd(x) and a = a(\) = a(),ig(N)), X € R¥T! is ko times differentiable with respect to the parameter
A € R"H with 0%« € C(T) for any k € NY*1 |k| < ko, and it satisfies the estimate

el So ey (1 +11T0l1537) » Vs > 50, [[Arzalls, Ser &7 M| Ar2ills, 4o (8.2)
for some o = o(ko,7,v) > 0. By (82) and Lemma [2:4] arguing as in the proof of Lemma [TF] one gets
&5 Ss ey (14 11T0l1523) s Vs > 50, [Awadtlls, Soy €7 [ Arzills 4o (8.3)

for some o = o(ko, 7,v) > 0. Furthermore, the function &(y) is odd(y).
We conjugate the operator £; in ([L31]) by the composition operator

(Au)(p, x) = u(p, + a(2)), (A7) (p,y) = ulp,y + a(y)). (8.4)
By (Z31)), using that the operator A is p-independent, recalling expansion (Z.41)) and arguing as in (T.42)
to compute the conjugation A~!( — a20,MHTy)A, one has

Lo=ALiA=w 0, + <Z4 —as0yHTh + R2> , (8.5)

6 0

56



where ay4, as, ag are the functions

as(e,y) == (A" a1) (. y) = ar(e,y + aly)) (8.6)
as(p,y) == (A" a2(1 + ) (0, y) = {a2(p, 2)(1 + az(2)) Homyra)
ag(@,y) == (A as)(e, y) = as(p,y + a(y))

and R, is the operator in OPS~°° given by
Ry = —as0yH[A ' Op(rs)A — Op(rn)] — asdy (A" "HA - H)(A™'ThA) + AR A. (8.9)

Lemma 8.1. There exists a constant o = o(ko,7,v) > 0 such that, if (©9) holds with o > o, then the
following holds: the operators A € {AT! —1d, (A*! —1d)*} are even and reversibility preserving and satisfy

_ ko, ~ 11ko, ko,
[AR|E" So ey (IP25R 1 + 1ol SN Ty 2) s Vs > 50,

(8.10)
(A2 A)hls, Ssy e [ Av2illsytollBlls+1-
The real valued functions ag,as,ag in (80)-BF) satisfy
ay = odd(p)even(y), as, ag = even(p)even(y) , (8.11)
and .
sl las — 1 oo — 1507 S0 ey (14 3oll22) i

[Arzaslls, , [[A12a5]ls, ;[ Ar2ae]ls, Ssp €7 A2 40 -

The remainder Ro defined in ([89) is an even and reversible pseudo-differential operator in OPS~°°. More-
over, for any m,a >0, and assuming [69) with o +m + « < ug, the following estimates hold:

k — ki
|R2|70717’Zs,a SmﬁSya ey 1(1 + ||jo||s$;+m+a) 5 Vs > 50

_ , (8.13)
|A12R2 "—m,sha Sm,sl,a ey 1||A12'L||51+U+m+a .

Proof. The transformations A*! —Id, (A*! —Id)* are even and reversibility preserving because a and & are
odd functions. Estimate (8I0) can be proved by using 82]), (83), arguing as in the proof of Lemma [T.5

Estimate (812) follows by definitions (8.0)-(&8]), by estimates (82), (B3], BI0), (Z37), (C3T), and by

applying Lemma 274l Estimates (813) of the remainder Ry follow by using the same arguments we used in
Lemma [T.6] to get estimates (Z.30), (C38)) for the remainder R;. O

In the sequel we rename in ([83])-(83) the space variable y by «.

9 Symmetrization of the order 1/2

The aim of this section is to conjugate the operator Lo defined in (3] to a new operator £4 in which the
highest order derivatives appear in the off-diagonal entries with the same order and opposite coefficients
(see (@I0)-([@.I4)). In the complex variables (u, @) that we will introduce in Section [I0, this amounts to the
symmetrization of the linear operator at the highest order, see (I0.))-(I0.3).

We first conjugate Lo by the real, even and reversibility preserving transformation

An 0
= 1
M2 < 0 A;1> ) (9 )

where Ay, is the Fourier multiplier, acting on the periodic functions,

_1
1

Aw:=mo+ |D|FTE,  withinverse  Ay'=mo + |D| 73T} 7, (9.2)
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with Ty, = tanh(h|D|) and 7y defined in (Z33]). The conjugated operator is

-1 -1/ -1
£3 — M;1£2M2 —w- a{p 4 (%ha(zéx/ih Ah ( GSaz}gTh +R2)Ah ) = - a{p 4 (éi %3) ) (93)

We develop the operators in (@3] up to order —1/2. First we write
Az = AjtagAn = ag +Ra,  where  Ra, :=[A; ' aq]An € OPS™1 (9.4)

by Lemma[ZTIl Using that |D|™m = mo|D|™ = 0 for any m € R and that 72 = 7o on the periodic functions,
one has

Oy = AnagAn = agA2 + [An, ag]An = ag(mo + [D|AT5)? + [An, ag)An
= a6|D|%Th% + 7o + Rey where Re, = (ag — 1)mo + [An, ag]An - (9.5)
Using that |D| = H9,, [@2)) and |D|my = 0 on the periodic functions, we write Bs in ([@.3)) as
Bs = Ay N (—as0,HTh + Ro)Ay ' = —as| DITuAy > — [Ay ' as] DI TaAy ' + Ay "RoAL!
= —as|DITh(mo + |DIHT, )’ — (A7 aslIDIBAT ! + A7 Ry
— —as|DP’TE + Rp,  where  Rp, = —[A7Y as]|DITaA! + A RoACL. (9.6)

Lemma 9.1. The operators Ay, € OPS7, At e OPS™% and Ras,Rps, Rey € OPS~%. Furthermore,
there exists o(ko,T,v) > 0 such that for any o > 0, assuming [G9) with po > o + «, then for all s > so,

Al AT S, 07)
ko, _ ~ ko, _ .
||R||_0;s7a Ss,a &y 1(1 + ||JO||SSr;+a) ) ||A12R||—%,sl,a 551@ ey 1||A12’||51+0+a (9-8)

for all R € {R a4, RBs, Rc,}. The operator Lz in [@Q3) is real, even and reversible.

Proof. The lemma follows by the definitions of Ra,, Rp,, Re, in (@4), (@.6), [@35), by Lemmata and
217 recalling (239) and using (R12), (BI3). O

Consider now a transformation M3 of the form

0 _ -1 9
Ms = (g 1), M31<p0 1>, (9.9)

where p(p, z) is a real-valued periodic function, with p — 1 small (see ([@I4])). The conjugated operator is

“w- -4 -1B Ay B
Ly := M§1£3M3 =w-0,+ (p @ @g;é?‘i;—p sbo P 0 3) =w- 0y + (Ci 04> (9.10)

where, recalling (@4), (@.6), (@5), one has

Ay =4 +Ra,, Gs:=as+p "(w- 0op), Ra,:= p R, (9.11)

By=—p las|D|?TZ +Rp,, Rp, :=p ‘Rg, (9.12)
1 1

CV4 :a6p|[)|%j—‘h2 +7T0+RC4) RC4 = aGHDl%Thzap] +770(p_ 1)+R03p (913)

and therefore R 4,,Rp,, Re, € OPS™%. The coefficients of the highest order term in By in (@12) and C
in (@I3) are opposite if agp = p~'as. Therefore we fix the real valued function

as

p = a_ﬁ , agp = p71a5 = 4\/asa¢ =:ay. (914)
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Lemma 9.2. There exists o := o(r,v, ko) > 0 such that for any a > 0, assuming [€9) with po > o+« then
for any s > so the following holds. The transformation Ms defined in ([@9) is real, even and reversibility
preserving and satisfies

IM5" = TdIg%h o e (14 1130]15%7) - (9.15)
The real valued functions a4, ar defined in (@I, @I4) satisfy
a4 = odd(p)even(z), a7 = even(p)even(z) , (9.16)
and, for any s > so,
a7, llar = 187 S5 ey (14 130)1357) - (9.17)

The remainders Ra,, Rp,, Rc, € OPS™2 defined in (TI1)-@I3) satisfy

|R|k0 ! Ss,a €77 (1 + ||30||]sc$c’ry+a) ) R €{Ra,;Rp,, Reut- (9.18)

__SaN

Let 11,12 be given embedded tori. Then

|A12M5 o500 Ss1 €7 1 Arzillsy 40 (9.19)
1A12a]ls, [|A1207]ls Ssy €77 A 205140 (9.20)
"Al?Rl—%,sl,a Ssi,a 5771”A12Z‘H51+0+0¢ ) R €{Ra,;Rp,,Rey}- (9.21)

The operator L4 in (@IQ) is real, even and reversible.

Proof. By (BI1)), the functions a5, ag are even(yp)even(z), and therefore p is even(p)even(z). Moreover, since
a4 is odd(p)even(z), we deduce ([@.I6]). Since p is even(p)even(z), the transformation Msj is real, even and
reversibility preserving.

By definition (@I4), Lemma 236 the interpolation estimate (ZI0) and applying estimates (8I2) on as
and ag, one gets that p satisfies the estimates

_ ~ 11ko, - )
It = 17 So e (L 130l893) s 1A0p* ey S 7 I Araillerro (9.22)

for some o = o(7,v,kg) > 0. Hence estimates (LI5), (ZI9) for M3 follow by definition (LJ), using
estimates (2.39), (0.22)). Estimates (@.I7), (@.20) for a4, a7 follow by definitions (O@.I1)), (@.I4) and applying

estimates (812) on a4, as and ag, estimates (@.22]) on p, Lemma 2.6 and the interpolation estimate (2.10).
Estimates (@.I8), ([@21)) follow by definitions ([@.IT)-(@.I3), estimate (M) Lemmata 210 and 2TT], bounds

®I2) on a4,as,as, (322) on p, and Lemma [0 O
10 Symmetrization of the lower orders

To symmetrize the linear operator £4 in (TI0), with p fixed in ([@I4), at lower orders, it is convenient
to introduce the complex coordinates (u, @) := C~1(n,1), with C defined in (260), namely u = 1 + i1,
@ =1 — 1. In these complex coordinates the linear operator £4 becomes, using ([2.61]) and (@14,
1 a
Ls5:=C'L,C =w 0, +iars|DI*T2 L + agly +illy + Ps + Qs,  ag:= ?4 , (10.1)

where the real valued functions a7, a4 are defined in ([@.I4), (@.I11) and satisfy (Q.16),

(1 0 _1(m m (1 0
() 0). med(m oY () 9). 102

7o is defined in (Z33), and

_ (B0 (0 @
P5 = <05 ﬁ5> ) Q5 = (@5 05> ) (103)

1 1
= 3{Ra +i(Re, =R} Qs =as+ 5 {Ra, +i(Re, + R}
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By the estimates of Lemma [0.2] we have

laz — 1157 So ey (A4 11T0lls37) s [Aw2az]ls, Sor e [ Ar2illsy 40 (10.4)
laslo7 <o ey (14 19001527) [Ar2as]lsy Son &7 A2l 4o (10.5)
|Ps |Ii°_’ o 1951050 Sea e (1 +1190]15%740) (10.6)
[A12P5]1_1 4, s 1812950610 Ssv.a €77 Ar2ills 4ot - (10.7)

Now we define inductively a finite number of transformations to remove all the terms of orders > —M from
the off-diagonal operator Qs. The constant M will be fixed in (IZ4.8).

Let Eéo) = Ls, P5(O) := P5 and ng) := 5. In the rest of the section we prove the following inductive
claim:

e SYMMETRIZATION OF ﬁgo) IN DECREASING ORDERS. For m > 0, there is a real, even and reversible
operator of the form

11 m m
£ = w- 0, +iar|D|PTES + agly + illy + P{™ 4 Q0™ (10.8)
where ) )
pim — ™0 Qi — 0 5
=(m) | —(m) )
0 P 3 0 (10.9)

P™ = Op(pm) € OPS™ 7, Q™ = Op(gm) € OPS™%

For any o € N, assuming ([6.9) with g > R4(m, @) 4+ o, where the increasing constants N4 (m, «) are
defined inductively by

Ry(0,0) = a, Rym+1a)= N4(m,a+1)+%+2a+4, (10.10)
we have
P10, o 198715 s Smasa €77 (L+ 1308 oy 40 (10.11)

12021 s 181208 -2 o1 0 Smosra €97 A2y 0y (a0 (10.12)

For m > 1, there exist real, even, reversibility preserving, invertible maps ®,,_1 of the form

0 7/’m1(807507D)>
By 1=l Uy 0, U= (— : 10.13
! 2 ! ! <wm—1(@a$aD) 0 ( )
with ¢y, —1(p,z, D) in OP 3, such that
£ =o-t £ Ve, . (10.14)

Initialization. The real, even and reversible operator Eéo) = L5 in (I0J) satisfies the assumptions (I0.8])-
(IT2) for m = 0 by (B,
Inductive step. We conjugate Kgm) in (I0R) by a real operator of the form (see (I0.13))

D
(I)m = H2+\I]ma \I/m = (1/) ( 0 Q/Jm(tp,l', )

Um(p,2,D) 0 ) . (@2, D) = Op(thm) € OPS™E 72 (10.15)

We compute

11 m
LIS, = ®, (w- 0, + iag| DIFTE S + agly + illy + PL™)
+ [la7| DIFTE S + agly + iTly + PE™, 0,] + (w - 0,9,,) + QU™ + QU™ w,,, . (10.16)

In the next lemma we choose ¥, to decrease the order of the off-diagonal operator Qém)
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Lemma 10.1. Let

X()am (p, 7, &)

Yo, 2,€) == 2iar(p, x)|€|} tanh? (h]g))
0 if ¢ <1,

Ym €S2 77 (10.17)

where the cut-off function x is defined in (ZI16). Then the operator ¥, in (I0ID) solves

i[ar| DRTE S, ] + O™ = Q. (10.18)

where

0 Qyp (‘P,an)) -m_1
Qp = <7 m , qu, €S FL. 10.19
ve =\ gon (@2 D) % (10.19)

Moreover, there exists o(ko,T,v) > 0 such that, for any o > 0, if (©9) holds with po > Ng(m,a+1) + a +
5 +o+4, then

k k
196, (0,2, D)2 1 s 0 Ssia €7 1+ 1300530, mas )4 2 pakora) - (10.20)

The map ¥, is real, even, reversibility preserving and

ko, — ko,
[vm (@, 2 DI | Smsa €7 (L4 130055 a0y ) (10.21)
|A127/}m(90, €T, D)l s1, ,Sm s1,0 EY ||A12i||51+U+N4(m,a) ) (10'22)
|A12qwm(%$a D)"—ﬂ—l s1,00 Smys,e €Y ||A12i||sl+N4(m,a+1)+%+a+a+4 . (10.23)

Proof. We first note that in (ILI7) the denominator az|¢|2 tanh(h|€])2 > ¢[¢|2 with ¢ > 0 for all |€] > 1/3,
since a7y —1 = O(ey™1) by ([@I7) and (6.9). Thus the symbol 1, is well defined and estimate (I0L.21)) follows

by (I0IT), 246) and (I0II), (@IT), Lemma 2.6 (69). Recalling the definition (I02) of X, the vector

valued commutator i[a7|D|%Th%Z, U,,] is
0 A . 11 1.1
ifar DR v, = (4 A= i(ar| DT Op(thm) + Op(m)ar DIFTE) . (10.2)
By ([0.24)), in order to solve (I0.I8) with a remainder Q€ OPS~% ! as in (I0.19), we have to solve
iaz| D2 ;2 Op(¢m) +i0p(¢m)az| D|F T + Op(gm) = Op(gy,,) € OPS™% 1. (10.25)
By ([242), applied with N =1, A = a7|D|%Th%, B = Op(¢m), and [Z3T), we have the expansion
11 1.1 1 1
@z DIETE Op(tm) + Op(tm)ar|DIF T = Op(2arlé]* tanh (Bl€))é) + Op(as,) (10.26)
where, using that a7y (&)[¢|2 tanh%(hx(§)|§|) € 5% and ¢, € S~ % "2, the symbol

Q. = P48 + 71,84 + 2a7|€|% (tanh? (b (€)|€])x(€) — tanh® (B|¢])) ¢ € S™F L, (10.27)

recalling that 1 — x(£§) € S~ by (ZI6). The symbol 1y, in (I0I7) is the solution of

Ziar[¢]* tanh? (BIE))Ym + X(E)am =0, (10.28)
and therefore, by (I0.26)-(I0.28)), the remainder gy, in (I0.25)) is
G = 19y, + (1= x(€))gm € STZ 71 (10.29)

This proves (I0I8)-(I0.I9). We now prove (I0.20). We first estimate (I0.27)). By (Z45)) (applied with N = 1,

1
A=a7|D|2T2, B = Op(¢m), m =1/2, m/ = —2 — 1 and also by inverting the role of A and B), and the
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. ko, — ko,
estimates (I0.21), (I0.4), ©9) we have |qy,, (¢, z, D)Loqu,s,a Semys,a €Y 1(1 + ||30||sig+m(m,a+1)+%+a+4)

and the estimate (I0.20)) for gy, (¢, =, D) follows by (I0.29) using (I0.I)), recalling that 1 —x(§) € S~ and
by applying ([Z46]) with g(D) =1 — x(D) and A = gy (e, z, D). Bounds ([[0.22)-([I0.23) follow by similar
arguments and by a repeated use of the triangular inequality.

Finally, the map ¥,, defined by (I0I5), (I0I7) is real, even and reversibility preserving because ng)
is real, even, reversible and a7 is even(p)even(z) (see (Q.I0). O

For ey~! small enough, by ([I0.Z1)) and (63) the operator ®,, is invertible, and, by Lemma 213
195! = L0627 Son 1Wml6Th Soa &7 (141901387 sy m0) - (10:30)
By (I0.I6) and (I0I8), the conjugated operator is
£ = 07120, = w8, +iar| DFTI S + agly + il + PI™ + Pry (10.31)
where 75m+1 =0 Lpx ma1 and

1 = Qu + [0, U] + [aslz + PE™ W] + (w8, 00) + OV, (10.32)

Thus ([LI4) at order m + 1 is proved. Note that P, and IIy are the only operators in (I0.31)) containing
off-diagonal terms.

Lemma 10.2. The operator ,ﬁm.l,_l € OPS~%~32. Furthermore, for any a > 0, assuming (69) with
o > o+ Ry(m+1,a), the following estimates hold:

.
Py o S 1 (L 10 s mgrp) - 95 50, (10.33)
APl m 1 60 Smosa €7 11264y 4oty (ma1.0) (10.34)

where the constant Nqy(m + 1, &) is defined in (I0I0).

Proof. Use Lemma[I0.1 (I0.9), 0.15), @44), @0.5), (O.I1), @0.12), @38), {10.32), [{0.30). O

The operator L( ) iy (031 has the same form (I0.8) as L( ™) with diagonal operators P(m+1) nd
off-diagonal operators Qg ") Jike in ([I0.9), with P(m+1)+Qém+1) = Pém)JerH, satisfying (IO.11)-(I0.I12)

at the step m + 1 thanks to (I0.33)-([I034) and (IO0.II)-({I0.I2) at the step m. This proves the inductive
claim. Applying it 2M times (the constant M will be fixed in (I48])), we derive the following lemma.

Lemma 10.3. For any « > 0, assuming [@3) with pug > Ns5(M,«) + o where the constant Ns(M, a) =
N4 (2M, @) is defined recursively by (I0I0), the following holds. The real, even, reversibility preserving,
invertible map

@M = (I)OO...Oq)QM,1 (1035)
where ®,,, m=0,...,2M — 1, are defined in [I0I5), satisfies

+ ko, + ko, ko,
1857 — Lalo%h, (@37 —12) lo%b Ssovr &7 (L4 130l 4wy (ar0) V8 2 50, (10.36)
|A1283 0,510, [A12(R3) 0,510 Saresy €7 I A12i ] s, 40405 (11,0) - (10.37)

The map ®p; conjugates Ls to the real, even and reversible operator
Lg = @X;Esq’M =w- 8(,0 + ia7|D|%ThEE + aglly +illy + Ps + Qs (1038)

where the functions az,as are defined in (@14), (I0I), and

L P6 0 _1 L O QG —M
Pg = <o P6> €OPS™ 7, Qg:= <§6 0) € OPS (10.39)
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given by Pg 1= ( M) Qg 2M in (I08)-@09) for m = 2M, satisfy

k k — ~ ko,
|Ps |7o:ys 161" o Strisa € (1 + ||J0||513+N5(M1a)) , Vs> sg, (10.40)
[A12Ps] 1 50 + 1812Q6] - M50, SMsia €7 1 Ar2ills, o435 (M) - (10.41)
Proof. We use (I0I1), (I0.12), IQ.I5), (I0.21), 2.44), (I0.30) and Lemma 2.12 O

11 Reduction of the order 1/2

We have obtained the operator Lg in (I0.38), where Pg is in OPS =2 and the off-diagonal term Qg is in

1
OPS~M_ The goal of this section is to reduce to constant coefficient the leading term iaz (¢, £E)|D|%Th2 >,
To this end, we study how the operator Lg transforms under the action of the flow ®(7) := ®(7, )

0- (1) = 1A(p)®(7) - )
{@(0) - 1d, A(p) = B(p,2)|D| (11.1)

where the function (¢, x) is a real valued smooth function, which will be defined in (ILI9). Since 5(¢p, x)
is real valued, usual energy estimates imply that the flow ®(7,¢) is a bounded operator on Sobolev spaces

satisfying tame estimates, see Section 2.7 _
Let @ := ®(p) := ®(1,¢). Note that ®~! = & (see Section 27)) and

Dy =mo = D Lo (11.2)
We write the operator Lg in (I0.38) as

PO
£6:w-8¢+iﬂo+<_6 28))
Qs P

where Il is defined in (I0.2), Q¢ in (I0.39), and
P .= P(p, 2, D) := ia7|D|3T¥ + as + Ps (11.3)
with Ps defined in (I0.39). Conjugating L with the real operator

® = (‘(I)) %) (11.4)

we get, since @I ® = 11y @ by ([L2),

(I)*lP(O)Q) (I)fl B
£7 = @71,66@ = w '(9@4*(1’71(&]'8@@) +1H0’~I’+ —_1 — 62(%) . (115)
P Qs O P6 d
Let us study the operator
Lii=w-0,+0 ' (w-8,0) + o 'P"o. (11.6)

ANALYSIS OF THE TERM <I>*1P6(O)<I>. Recalling (T, the operator P(7,p) := &(r, <p)*1Pé0)<I>(T, ) satisfies
the equation

0-P(r,¢) = ~i®(r, ) "' [Alp), "] (7, ).
Tterating this formula, and using the notation Ad A(W)PG(O) = [A(p), PG(O)], we obtain the following Lie series

expansion of the conjugated operator

o(1,0) " POB(1, ) = PO —i[A, P! V" pdry, P

(=) 2M 1 12M+1 (0)
o J, LT e T Ad ) e p)dr. (1LT)
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The order M of the expansion will be fixed in (IZ8). We remark that (I1.7)) is an expansion in operators
with decreasing orders (and size) because each commutator with A(¢) = (¢, z)|D|? gains 1 order (and it

has the size of 8). By (1) and (IT3),

~i[A, "] = [BID|*, a7|D|*] + [BID|*, as| DI (i —1d)] —i[BID|?, as + Ps) (11.8)
Moreover, by [247), ([Z48) one has
[B1DI%, a7 DI¥] = Op (= H{BX()IE1¥, arx(©)I€]*} + ra(Bx(©)IE ]2, arx()I€1%)) (1L.9)

= i((0.8)a7 — H(2sa7)) Op( 5x*(©)sian(€) + X(O)Iex(€)Ie]) + Op(e2(5x(E) el arx(€)Ie]*))

where the symbol ra(8x(€)[€|2, arx(€)|€]2) € S~ is defined according to ([Z49). Therefore (ILR), ((L.J)
imply the expansion

. 1
—i[A, p6<0>] - fi((axﬂ)m — B(dzar))H + R, po (11.10)
where the remainder

pop = 1((0:B)ar — B(Da7))0p (MEOKX(lE] + 5 () — X(©)sien(€))

+ Op(ra(BX(E)[€]2, arx(€)[€13)) + [BIDI?, ar| D|* (T} —1d)] —i[B|D|%,as + Bs]  (11.11)

R

is an operator of order —% (because of the term [8|D|2, as)).
ANALYSIS OF THE TERM w - 0, + " {w - 0,8} = @t ow -9, o . We argue as above, differentiating

8T{<I>(T, ) tow- 0y 0 (T, go)} = —i®(7, )" [A((p),w . 84/,}(1)(7', ©)
= —i®(r, )7 ! (AdA(W)w . &P)@(T, ©).

Therefore, by iteration, we get the Lie series expansion

( ) 2M+1

O(1,0)  ow 0,0 B(1,0) = w0y — iAdg(pw - Iy + A%y yw - Dy + Z Ak (@ - O,

(_i)2M+2 ! 2M+1 —1 2M+2
/(1—7) O(7, ) (AL W - 0,) BT, ) dr. (11.12)

+7
@M+ 1) J,

We compute the commutator
Ad w9y = [A(g),w - 0,] = —(w - 0, A(p)) =P —(w- ) D|/? 11.13
Alp)W [A(p),w - 0] = —(w - DpA(p)) (w - 9,8(p,2))|D| (11.13)
and, using (2.47), 2.48),

A}y - 0y = [(w - 0,A(p)), Alp)] = [(w- 0,8)|D|%, 5D|?]
= Op( —i{(w- DB)X(Q)IE]®, AX(OIE] )+ ra((w - 0, 8)x(©)le] ., Bx(©)lel) )

According to (Z48) the term with the Poisson bracket is

“i{(w - D, BXQIEl, AX(OIEI} = i(Be - 0,8, — B 0,5) (3x(€)siEn(e) + x(E)Fex()Ie])

and therefore

(=1)?, 2
Ady(pw-

5 (Bw- 0Bz — Brw - 0,8)H + Rawea, (11.14)

»I>I>—‘
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where
Rawo, = —i (Bw - 0B — Baxw - DyP) Op((><(§)2 — x(§))sign(§) + 2x(€)@sx(€)l§|)
N (AR RONGHENNGISENE (11.15)

is an operator in OPS™! (the first line of (II.IH) reduces to the zero operator when acting on the periodic

functions, because x? — y and d¢x vanish on Z).

Finally, by (IT12), (II13) and ({III4), we get

d(1, cp)_l ow-0,0P(l,p) =w- 0, +i(w- awﬁ)(go,x)|D|% + i(ﬁ(w - 0pPz) — Bo(w - 84/,6))7-[ + Rawa,

2M+1

-y (:li!)nAd’}‘a)(w-awA(@)) (11.16)
n=3

. (—i)2M+2 /1(1_ )2M+1(I>( )_1(Ad2M+1( ) A( )))(I)( )d
7(2M+1)' o T T,p Alp) w © (2 T,p)arT .

This is an expansion in operators with decreasing orders (and size).

In conclusion, by ([L6), (7), ((L3), ((LIT), ([II6), the term of order |D|2 in L7 in [[LA) is

1 1

i(w-0,8) +arTi2)| D= . (11.17)

Choice of the functions S(yp,z) and «a(z). We choose the function (¢, z) such that

1
(W 0.8) (¢, 1) + az(p, ) = (a7)p(x),  (a7)p(x) := @n)” / az(p, x) dp. (11.18)
For all w € DC(y, 7), the solution of (ITIX) is the periodic function

Blg,2) = —(w - 8y) " (ar(p,x) — (a7)y(x)) , (11.19)
which we extend to the whole parameter space R” x [h1,hs] by setting Beyt := —(w - 9,) 4 (a7 — (a7),) via

the operator (w - ag,);;t defined in Lemma 2.5 For simplicity we still denote by S this extension.

Lemma 11.1. The real valued function ( defined in (ILI9) is odd(y)even(x). Moreover there exists
o(ko,7,v) > 0 such that, if [69) holds with pg > o, then B satisfies the following estimates:

1811507 <o ev 2 (L+1130l157) s llw - 0Bl Soey™ (1 +1130]15%7) (11.20)
||A126||51 Ser 57_2||A12i||81+0 ) Hw : 8¢A126H51 Se 57_1||A12i||51+0- (11-21)

Proof. The function a7 is even(yp)even(x) (see (@I6)), and therefore, by (IITI9), S5 is odd(p)even(x). Esti-
mates (IT20)-{IT21) follow by (ITI]), (ITI9), (I04) and Lemma 25 O

By @T3), €1, (ES) one has
a7 = asag = /A 1 (az) A= (az3) AL (1 + o) = A7 (VJagaz) A™? (V1+ag).
We now choose the 2m-periodic function «(z) (introduced as a free parameter in (81])) so that
(a7)p(x) =my (11.22)

is independent of x, for some real constant m 1. This is equivalent to solve the equation

(Vazas )y () T+ 0y (z) = my

whose solution is

m

= (% /T W@_ZW)_Z , a(z) = 3;1 (m - 1) . (11.23)

N
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Lemma 11.2. The real valued function a(x) defined in (IT23)) is odd(x) and B2) holds. Moreover
my =17 Sey™', |Amy] S ey A, - (11.24)

Proof. Since ag,ag are even(x) by (Z34), the function a(z) defined in (IT.23) is odd(z). Estimates (I1.24))
follow by the definition of my in ([1.23) and (Z33), (Z37), E9), applying also Lemma and (Z.I0).
Similarly « satisfies (82) by ((35), (C37), (I1.24), Lemma 26 and (Z10). O

By (ITI8) and (I1.22)) the term in (II.I7) reduces to

1 1 . 1 1
(- 0,8(p.2) + ar(p. )T ) DI} = imy T DI} + Ry (11.25)
where Rg is the OPS™°° operator defined by
Rg = i(w - 9,8)(Id — T;2)|D|? . (11.26)
Finally, the operator Ly in (IT6) is, in view of (IT7), (IT3), (II0), (ITI4), (IT23),
1
Ly =w: 8, +imy T |D|* + as + agH + Pr + T (11.27)
where ag is the real valued function
1 1
ag 1= ag(p, x) 1= _§(ﬁw ar — B(dzar)) — Z(ﬁww 0pB = Bw - 0pBa) (11.28)
Py is the operator in OPS~'/2 given by
IM+1 , iy, 2M .
Py = - CV" pqnt (w-0,4 )"y PO 4 p 11.2
7 = RA,PéU) + Rawa, Z ] o) (w-0,A(p)) + Z o A Ps +Ps+Rs  (11.29)
n=3 ’ n=2 ’

(the operators R, ), R w.0,, Ps,Rps are defined respectively in (ITIT)), (ITI5), (I0.39), (IT.26)), and
()

—i 2M+2 1 N ) ) .
T7 = ((2]\4) + 1)| /0 (1 - T) * @(Tﬂ 50) (AdAI\(/{;; (w . aPA(gﬁ)))(I)(T, (p) dT (11 30)
et 2 —1 2M+1 '
+ (2M)| /0 (1 77_) M@(Ta 50) AdA(;)_ Péo)q)(’l', (p) dT

(T7 stands for “tame remainders”, namely remainders satisfying tame estimates together with their deriva-
tives, see (IL39), without controlling their pseudo-differential structure). In conclusion, we have the following
lemma.

Lemma 11.3. Let B(p,x) and a(z) be the functions defined in (ILIY) and (IL23). Then L7 := ®~1L;P

in ([0 is the real, even and reversible operator
Lr=w-d, +imy T [D|FE +illy + (as + agH)ls + Py + T (11.31)
where my s the real constant defined in (IL23), as, ag are the real valued functions in (I0T), (IT28),
as = odd(y)even(z), ag = odd(yp)odd(z) , (11.32)

and Pz, T7 are the real operators

’P7 = P7 —0 S OPSié , 7—7 = 1H0((I) - ]12) + @71Q6(1) + T7 —0 y (1133)
0 P7 0 T7

where Py is defined in (IL29) and T7 in (I1.30).
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Proof. Formula (IT3T]) follows by (ITH) and (IT27). By Lemma [Tl the real function 8 is odd(p)even(x).
Thus, by SectionsZH and 277 the flow map ® in (IT4) is real, even and reversibility preserving and therefore
the conjugated operator L7 is real, even and reversible. Moreover the function a7 is even(p)even(z) by (IEEI)
and ag defined in (IT.2]) is odd(p)odd(z).

Note that formulas (IT28)) and (IT33)) (via (IL29), (IT30)) define ag and Pz, T7 on the whole parameter
space R” X [h1,ho] by means of the extended function § and the corresponding flow ®. Thus the right hand

side of (IT.3I)) defines an extended operator on R” x [hy,hs], which we still denote by L.
In the next lemma we provide some estimates on the operators P; and 7.

Lemma 11.4. There exists o(ko,T,v) > 0 such that, if [69) holds with pg > o, then
laglls” Ss ev 2L+ T0ls32) . Vs =0, [Awzaglls, Seu &7 2 Ar2illsy 40 - (11.34)
For any s > sq there exists 6(s) > 0 small enough such that if ey=2 < §(s), then

1@+ = Id)allze, (@ — )| Ss ey (IAlla + 1 Tollsya Al (11.35)

so+o

181205 hlls, Soy €72 Arzillsy oIl 1y - (11.36)

The pseudo-differential operator Py defined in (I133) is in OPS~%. Moreover for any M,o > 0, there
exists a constant Ng(M, ) > 0 such that assuming [©9) with po > Ne(M, ) + o, the following estimates
hold:

k
|Pr|™; e Sso €77 (L4 130]5% (va) ) o (11.37)
[A12P7 |1 51 0 SMsn0 Y N1 A126 |6, 16 (,0) 4o - (11.38)

Let S > so, Bo €N, and M > 1(Bo + ko). There exists a constant Rg(M, o) > 0 such that, assuming (69)
with 1o > Ny(M, Bo) + 0, for any my,ms > 0, with my +ma < M — (8 + ko), for any § € N*, |8] < fo,
the operators (D)mlﬁg’ﬁ<D>m2, <D>m18£A12T7<D>m2 are D¥o _tame with tame constants satisfying

M pymi 087 (Dyme (s) Sasev 2 (1+ ||30||5+N3(M,ﬂo)+0) : Vso<s< S (11.39)
(D)™ A1205 T2 (D)™ || ccrrony Saaus €7 21 A12il|sy e (11,50 ) 4o - (11.40)
Proof. Estimates (IT.34)) for ag defined in (IT28)) follow by (I0.4), (IT20), (II.21), I0) and @3).
Proor oF ([[I35)-({II36). It follows by applying Proposition 237 Lemma 238 estimates (IT20)-(TT21)
and using formula 9% (B! —Id)h) = 3, L4 C(k1, k2)0Y (®FL — 1d)942 h, for any k € NV+L, |k| < ko.
ProOF oF ([[IL37)-({IT3]). First we prove (IL3T), estimating each term in the definition (IL1.29) of P;. The
operator A = (i, z)|D|? in (L) satisfies, by (Z40) and [[1.20),

Al 18157 Ssa ey (1 + 190]13%7) - (11.41)

1saNsa

The operator P\” in (IL3) satisfies, by ([04), ({05, (Z46), ([1L40),

0)k ko,
|Ps”| PRSIVARSS I o R SNSRI (11.42)
2M+1 - 2M (0)
The estimate of the term — % > Ale) (w-0,A()) +Zn: 1 AdA(w Py’ in (IT.29)) then follows

by (IT4I), (IT42) and by applymg Lemmam and the estimate (2.5I)). The term Rg € OPS™> defined

1 1
in (IT.20) can be estimated by ([2:46) (applied with A := w - 84/,6, g(D) := (1 — 1d)|D|z € OPS~>°) and
using (IT20), (C4T)). The estimate of the terms R FWIGE R4 .0, in (IT29) follows by their definition given

n (ITII), (ITI5) and by estimates (I0.4), (I0.H), (DIE]I) (EI:I:ZQI) (ZI0), 46), and Lemmata 210, 2111
Since Py satisfies (I0.40), estimate (I1.37) is proved. Estimate (IT38) can be proved by similar arguments.
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ProoOF oF (IL.39), (IT40). We estimate the term ®~'Qg® in (IT33). For any k € N¥*1 3 € N, |k| < ko,
|6| < Bo, A= (w,h), one has

oL@ Q@) = > C(Br,Ba Ba,ka ko, ks) (05100 1) (01202 Qo) (01200 ®) . (11.43)
Bi1+B2+83=p
k1+ko+ks=k
For any my,ms > 0 satisfying m; +mo < M — %(ﬁo + ko), we have to provide an estimate for the operator
(D)™ (00 ® 1) (05205 Q6 ) (92 02 ®) (D)™ . (11.44)

We write

(L) = (D)™ oy 02 @~ (D)~ 5 ) (11.45)

[B11+1k1| [B31+1k3|
o (<D>—$ ka9 Qg (D) e +m2) (11.46)
0 (<D>—m2—‘53‘¥"“3‘ a’;aagsq><D>m2) . (11.47)

The terms (IT.48)-({IT47) can be estimated separately. To estimate the terms (I1.45]) and (IT.47), we apply
[2386) of Proposition 2:37 ([Z88) of Lemma 238 and (IT20)-([IT2ZI). The pseudo-differential operator in
(II70) is estimated in | |o,s,0 norm by using (Z40), (Z44)), (2.44), bounds (I0.40), (I0.41) on Qg, and the
fact that W%ﬂ +mi+ w +meo — M < 0. Then its action on Sobolev functions is deduced by Lemma
As a consequence, each operator in (I1.44)), and hence the whole operator (IT43)), satisfies (TT.39).
The estimates of the terms in (II30) can be done arguing similarly, using also the estimates (2351,
([T41)-142). The term <D>m18£HO(1I> — I2){D)™2 can be estimated by applying Lemma (with
A =1y, B=®) and (IL37), (IT20), (IT21). O

12 Reduction of the lower orders

In this section we complete the reduction of the operator £; in (II3I)) to constant coefficients, up to a
regularizing remainder of order |D|=™. We write

L; O .
L7 = < 0 Z7> +illg + 77, (12.1)
where . )
Ly=w 0, +imi Ty |D[? + as +agH + Pr, (12.2)

the real valued functions asg,ag are introduced in (I0.T)), (II.28), satisfy (I1.32)), and the operator P; €
OPS~7 in ([I29) is even and reversible. We first conjugate the operator Ly.

12.1 Reduction of the order 0

In this subsection we reduce to constant coefficients the term ag + agH of order zero of L7 in (I22)). We
begin with removing the dependence of ag + agH on . It turns out that, since ag, ag are odd functions in
¢ by ([II32), thus with zero average, this step removes completely the terms of order zero. Consider the
transformation

WO = Id+f0((,0,.’L') +go((‘0,.’L')H, (123)

where fg, go are real valued functions to be determined. Since H? = —Id + g on the periodic functions
where 7 is defined in (233]), one has

1
LWy = Wo(w - 9y +imy Ty ID|2) + (w - By fo + as + as fo — aggo)
+ (w- pgo + ag + asgo + agfo)H + Py (12.4)
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where P; € OPS™2 is the operator
Pr = ag[H, fo] + ag[H, go|H + [ims 737 |D|%, Wo] + P-Wo + aggomo - (12.5)

In order to eliminate the zero order terms in (IZ4) we choose the functions fo, go such that

{W - Opfo + ag +agfo — aggo = 0 (12.6)
w - Opg0 + ag + aggo + agfo = 0.
Writing zg = 1 4 fo + igo, the real system (I2:6) is equivalent to the complex scalar equation
w - 0pzo + (ag +1ag)zo = 0. (12.7)
Since ag, ag are odd functions in ¢, we choose, for all w € DC(~, 7), the periodic function
z0 == exp(po), po:=—(w- ag:)_l(as +iay), (12.8)
which solves (I2.7). Thus the real functions
fo :=Re(z9) — 1 = exp(—(w - 9,) *as) cos((w - 0,) tag) — 1, (12.9)
go :=Im(zg) = — exp(—(w - 890)71(18) sin((w - &P)*lag)
solve (I2.6), and, for w € DC(~, 7), equation (I24) reduces to
LiWo = Wo(w- 8, +imy T [D|?) + Pr, Py e OPS™%. (12.10)

We extend the function po in (IZ8) to the whole parameter space R” x [hy,hy] by using (w-9,,)_,} introduced
in Lemma 2.5 Thus the functions zg, fo, go in (I2.8)), (I2.9)) are defined on R” X [h1,hs] as well.

Lemma 12.1. The real valued functions fo, go in (I29) satisfy

fo = even(p)even(x), go = even(p)odd(x) . (12.11)

Moreover, there exists o(ko,T,v) > 0 such that, if [€9) holds with ug > o, then

1 Foll27 lgoll5>7 Ss ey (L +11T001553) 1812 ollsys 1A12g0llsy Ssv €71 Arzillsy o (12.12)

The operator Wy defined in (IZ3) is even, reversibility preserving, invertible and for any a > 0, assuming
69) with up > o+ o, the following estimates hold:

ko, _ ko, _ )
W5 —1d[6% 7 Ssa ey 2 (L+ 1301550 10) »  1812W5  o.61.0 Ssria €71 Av2illsy 4o - (12.13)

~

Proof. The parities in (I2Z.11)) follow by (I29) and (I1.32). Therefore Wy in (I23) is even and reversibility

preserving. Estimates (IZI2) follow by (I2Z9), (I035), (II34), &I0), &I7), (ZI9). The operator Wy
defined in (I2.3)) is invertible by Lemma 213} (I212)), (6.9), for ey~3 small enough. Estimates (I2.13) then
follow by (I2Z12), using ([2.39), (246) and Lemma 213 O

For w € DC(y, 7), by (I2Z10) we obtain the even and reversible operator
M ._ -1 — . ; hiE (1) M . yy—1p
LY = Wy LW =w -0, +im T2 D]} + PV PV =Wyt By (12.14)

where Py is the operator in OPS™2 defined in (TZ3).
Since the functions fy, go are defined on R” x [hy, hs], the operator P; in (I2.5) is defined on R” X [hy, ho],

1
and w - Oy + imy T} |D|z + P7(1) in (I2ZI4) is an extension of L(71) to R” x [hy,ho], still denoted Lgl).
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Lemma 12.2. For any M,«a > 0, there exists a constant N(71)(M, a) > 0 such that if @3) holds with

1o > N(71)(M, «), the remainder P7(1) € OPS™2, defined in ([214), satisfies
1) ko, - ~ 110,

1P, o Satsa @2 (L4005 00 0 )

35 s+R{Y (Ma) (12.15)

1 _ .
18122271y o Satsria &7 P28l w0 (010

Proof. Estimates ([IZI3) follow by the definition of P7(1) given in (IZI4), by estimates (IZ12), (IZI3),
=23, 134, 137, I3]), by applying (Z39), (244), 246), (Z50) and using also Lemma

The fact that P7(1) has size ey~2 is due to the term [im%Th%|D|%,WO] = [im%Th%|D|%,WO — 1d], because
mp =1+ O(ey™1) and Wy — Id = O(ey™3). O

We underline that the operator L(71) in (IZ14) does not contain terms of order zero.

12.2 Reduction at negative orders

In this subsection we define inductively a finite number of transformations to the aim of reducing to constant
coefficients all the symbols of orders > —M of the operator Lgl) in (IZI4). The constant M will be fixed in
([IZL3)). In the rest of the section we prove the following inductive claim:

e Diagonalization of Lgl) in decreasing orders. For any m € {1,...,2M}, we have an even and
reversible operator of the form

LY = w8, + Ap(D) + P{™, P cOPS™ %, (12.16)
where . ) )
Am(D) =iy T2 |D|* + 70 (D),  rm(D) € OPS™ (12.17)

The operator r,,(D) is an even and reversible Fourier multiplier, independent of (p,x). Also the

operator P7(m) is even and reversible.

For any M, > 0, there exists a constant N;m)(M, a) > 0 (depending also on T, ko, V) such that, if
©39) holds with g > Ngm)(M ,a), then the following estimates hold:

(D)), o Sata 7™ | Arzrn (D) gy 0 it &1 Arail o 4y (1218)

P18 0 Same 1™ D (L4 13005 ) (12.19)

180225 | 2 00 Shtsna €1 T DAzl o a0 (12.20)
Note that by (IZI7), using (IT.24), (I2ZI8) and Z40) (applied for g(D) = Th% |D|2) one gets

"Am(D)"zo’;a SMal, |A12Am(D)||%,sl,a SMa 577(m+1)||A12i||51+N§m>(M,a) . (12.21)

For m > 2 there exist real, even, reversibility preserving, invertible maps w0 Wﬁzl of the form

m—1>

m—1

W =T1d+w'? (p,2,D)  with  wl (p,2,6) €5 T,

m—1

Wil =1d+w) (2, D) with  wl (z,6) e S~ 13
such that, for all w € DC(~, 7),
) = (0, L 2z
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Initialization. For m = 1, the even and reversible operator L") in (TZId) has the form ([216)-(TZI7)
with L

r(D)=0, Ai(D)=imy 7| DI (12.24)
Since A1(D) is even and reversible, by difference, the operator P7(1)
estimate (IZIJ) is trivial and (IZ19)-(I220) are (I2I).
Inductive step. In the next two subsections, we prove the above inductive claim, see (I2.60)-(I2.62) and
Lemma We perform this reduction in two steps:

1. First we look for a transformation W( ) to remove the dependence on ¢ of the terms of order —m/2

of the operator L in (I216), see (I2Z2Z17). The resulting conjugated operator is L ’(7m,1) in (I234).

2. Then we look for a transformation anl ) to remove the dependence on x of the terms of order —m/2

of the operator L(7m’1) in (I234)), see (12:4]) and (IZ52).

is even and reversible as well. At m =1,

12.2.1 Elimination of the dependence on ¢

In this subsection we eliminate the dependence on ¢ from the terms of order —m/2 in P; (m) n ([[ZT6). We
conjugate the operator L( ™) n (I2I6) by a transformation of the form (see (12.22))

W =1d+ wl) (p,z,D), with w(p,2,¢) €57, (12.25)
which we shall fix in (I2229). We compute
LYW = WO (w- 8, + A (D)) + (w - 9wl (o, z, D) + P™
+ [Am(D), w9 (¢, 2, D)] + P D (o, 2, D). (12.26)

Since A, (D) € OPS? and the operators P7(m), (0)(<p,z D) are 1n OPS’%, with m > 1, we have that
the commutator [A,, (D), w,(n)(go, z,D)] is in OPS~%~2 and P(m) ( D) isin OPS~™ C OPS~% "1,
Thus the term of order —m/2 in (IZ28)) is (w - Oy wl ))(ga,:c, D) + P7(m).

Let p(7m)(<p, r,&) € S™% be the symbol of P7(m). We look for w,(g)(go, x,&) such that

w- 9,w (g, 2,6) + Py (,2,€) = (P (2, €) (12.27)
where
P8 (,€) = - / Py (p,2,€) dyp. (12.28)
Gy Jo 1T
For all w € DC(v, 7), we choose the solution of (I2Z27)) given by the periodic function
D (p,€) = (- 9,) 7 (0ol ©) — (0, 2.9)) (12.20)

We extend the symbol w' in (229) to the whole parameter space R” X [h1,hs] by using the extended
operator (w - dy,).y introduced in Lemma As a consequence, the operator W)\ in ([I229) is extended
accordingly. We still denote by w£3>, Wé? ) these extensions.

Lemma 12.3. The operator Wr(r?) defined in (I228), (I2:29) is even and reversibility preserving. For any

a, M > 0 there exists a constant Ngm’l)(M, a) > 0 (depending also on ko,T,v), larger than the constant

Ngm)(M, a) appearing in ((ZIJ)-IZ2T) such that, if @3) holds with py > N;m’l)(M, a), then for any
s > So

ko, m ko,
0BG 10 Satnr 374 (L4 1300157 ) (12.30)

||A120p(w (0) )l** 1.0 NM,S1,01 677(m+3)||A12Z||51+N(7m’1)(M,a) . (1231)
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As a consequence, the transformation W) defined in [@Z25), (I229) is invertible and

|(W7S$))i1 Idlkos’Ya SMosa g'y_(m+3) (1 + ||30||l:ig§m,1)(M a)) (12.32)

AW 060 SMsra 577(m+3)||A12i||sl+N(7m’1)(M,a) : (12.33)

Proof. We begin with proving (I2.30). By ([233)-(2.36]) one has

0 koy < 5481080 (... .. £)]|F.
10p(wi) 25 o Skow o sup (€) 0w (-, ).

By ([[229)) and 2I7), for each £ € R one has

102D (s O Show 7108 (D) (€)= ™ (-, O) 1537

where g is defined in [IR) with k+ 1 = ko. Hence |Op(wis)|* % . . Skow v~ PI™ R0 and (CZ30)

— s~ — s+,

follows by (I2I9). The other bounds are proved similarly, using the explicit formula ([I2.29), estimates

(219)-I220) and (2I1), [244), and Lemma 213 O
By (I2206) and (I2.27)) we get the even and reversible operator

LY = W) LMW = w- 9, + A (D) + (p§™) (z, D) + P™Y (12.34)
where

P = (W) ([Am (D), 0 (6,2, D)] + P wD (i, 2, D) = wld) (,2, D) (p{"™ ) (2, D)) (12.35)

m

is in OPS~% 3, as we prove in Lemma [[2.4] below. Thus the term of order —2 in (IZ3) is (p(7m)>g,(:1:, D),
which does not depend on ¢ any more.

Lemma 12.4. The operators (pgm)>¢(x,D) and P7(m’1) are even and reversible. The operator

([Z3R) is in OPS~%=%. For any a, M > 0 there exists a constant X\ (M, a) > 0 (depending also on
ko,T,v), larger than the constant Ngm’l)(M, «) appearing in Lemma [IZ.3, such that, if [©3) holds with
1o > N(7m’2)(M, a), then for any s > s

P i

(’m 1) ko, Yy < (m+3) k077
|P | m_1lsa ~SMs,o €Y (1 + ||jo|| +N(m’2)(M )) , (1236)
m,1 m
|81 Pf )l 11,0 SMsia €Y B +3)||A12Z||5 RO (M a) (12.37)

Proof. Since P{™ (z, D) is even and reversible by the inductive claim, its g-average (pi™ ), (x, D) defined
in (IZ28) is even and reversible as well. Since A, (D) is reversible and Wi is reversibility preserving we
obtain that P{"™") in (TZ3H) is even and reversible.

Let us prove that P7(m’1) is in OPS~%~2. Since A,,(D) € OPSZ and the operators P7(m) © )(<p, x, D)
are in OPS~ 7%, with m > 1, we have that [A,, (D), (0)(@,95 D)] is in OPS~%~2 and P7(m) (0)(@,90 D) is
in OPS—™ C OPS—%~%. Moreover also w), )(cp,z,D)<p§ )>¢( z,D) € OPS~™ C OPS~ %%, since m > 1.
Since (W,)~! is in OPSO, the remainder P\"™") is in OPS~% ~%. Bounds ([Z30)-(X37) follow by the
explicit expression in (IZ35)), Lemma 23] estimates (I2I8)-(2Z21), and (Z41), 44), (Z50). O

12.2.2 Elimination of the dependence on =

In this subsection we eliminate the dependence on z from (p(7m)>¢(x D), which is the only term of order

—m/2 in (IZ34). To this aim we conjugate L(m D n (I234) by a transformation of the form

W =1d 4wV (z, D), where w(z, &) e S % ERS: (12.38)
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is a @-independent symbol, which we shall fix in (IZ50) (for m = 1) and (IZ54) (for m > 2). We denote
the space average of the function (pgm))w(x, €) defined in (IZ:28) by

m 1 m 1 -
7)ol i= 52 (04Nl de = s [ ) doda. (12.39)

27
By (IZ.34)), we compute

LE WD = WD (- 0 4+ An(D) + (0 )ur) + [Am (D), w2, D)] + (™), D) = ™) .0(D)

+ (") (2, DY) (2, D) = wl) (2, D) (p™) o (D) + P VWD (12.40)
By formulas (242)), 243) (with N = 1) and (Z47), (241),
B o, DY) (@, D) = Op( (™) (w0, Owld) (@) ) + 70y oo D)., (12.41)
wg)(an)<pgm)><p,z(D) = Op(w,%)(x,f)(pgm))%z(f)) +r (1) Ap (m)> o (an)a (12'42)
[Am (D), i) (z, D) = Op(—i@g/\m(f)axwg)( g)) + 1o (A, i) (z, D) (12.43)
where T(p?’”)w,wﬁ)’ Twsi)&p;m)}%m S Simfé C 57%7%, rg(Am,’w( ))(JS D) e S5 =2-1 ¢ Si%fé, Let xo €
C>*(R,R) be a cut-off function satisfying
Xo(6) = xo(—6) YEER, xo(&)=0 VIl ST, xo(@=1 Vil 1. (12.44)
By (I240)-([I243), one has
LY PWD = WD (w0, + A (D) + (0™ ) 2(D))
+Op(—i@sAm(£)0zw$i)(:v,£)+><o(£)(< Do (@, &) = (™) p.2()) (12.45)
X0 () (™) (2. €) = (V™) (€))0i (2,)) (12.46)

+0p( (1= x0(©) (B () = B (€)) (1 + 0D (2,€)) )
2 (A, )@ D) 7oy o @.D) = vy o (@ D)+ PUWDL - (12.47)

The terms containing 1 — xo(&) are in S™°°, by definition (IZ.44)). The term in (I243) is of order —% and
the term in (I2486) is of order —m + %, which equals —% for m = 1, and is strictly less than —% for m > 2.
Hence we split the two cases m = 1 and m > 2.

First case: m = 1. We look for w,(,p(:c,f) = wgl)(z,é) such that
— 10eA1 (€0 (@, €) + %0 () (B (@,€) = 1) .0(€) ) (1 + i (2,€)) = 0. (1248)
By ([[2.24) and recalling 2.31), @.16), for ] > 4/5 one has A1(¢) = imy tanh? (h)¢])|¢|2. Since, by [T.24),

m1| > 1/2 for ey~" small enough, we have

e, I3 19 (6] 2 6> 0, (12.49)

where d depends only on h;. Using that (p(71)>¢ — (p(71)>%m has zero average in x, we choose the solution of

([I243) given by the periodic function

1 0@ (0F) o) = (0F).2(£)
g )(.T,f) ‘= exp (gl(xag)) -1, gl(m,f) = 18&/\1(5)
0 if €] <

EIEN =5 (12.50)

Gl Gl
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Note that, by the definition of the cut-off function x given in (I2:44), recalling (12.24), (IZ49) and applying

estimates (2.40), (IT.24)), the Fourier multiplier 6?}’\55()5) is a symbol in S and satisfies

xol€) V| xo(€) A
1 A < A . 12.51
Iop(ag/h(f)) %,87(1 ~O 3 “ 120p(a£A1(§)) %7517(1 ~Q gy || 12’L||51 ( 5 )
Therefore the function g1 (z, &) is a well-defined symbol in S°.
Second case: m > 2. We look for wy (x,€) such that
10 Am(€)D0) (2,€) + x0(E) (B (. 6) = (™) 2(6)) = 0. (12.52)

Recalling (I217)-([I218) and (I2:49), one has that
inf [€]2|0¢Am(§)] = inf [€]2|0cA1(E)] — sup[€]2|0erm (§)] = 0 — |rm(D)| -1 01
€1z 1€1=5 £€ER
>0 — Cey™ M) > 5/2 (12.53)

for ey~ ("*+1) small enough. Since (p7 >¢($ &) —(p gm)>%m (&) has zero average in x, we choose the solution
of (IZ52) given by the periodic function

Xo(©)0; (B ) o (2,6) — (V™) 4.0(6))
wi) (z,€) = 10 A (€)
0 if |¢] <

By the definition of the cut-off function xo in (I244), recalling (I1224), (IZI7), (I2Z53), and applying
estimates (2.40), (IT.24), (I2.18), the Fourier multiplier 6;‘[;’715) is a symbol in S2 and satisfies

©
|ow( ﬁ)(g()g)) Sata Ly “A“Op(aﬁif()g))

By ([IZ353)), the function wiy (2,€) is a well-defined symbol in S~ 2,

it = (12.54)

(SN I

ko,y
St €7D A

1
5,51,

(12.55)

51+N§m)(M,a) :

1
515,

In both cases m = 1 and m > 2, we have eliminated the terms of order —% from the right hand side of

(2.47).

Lemma 12.5. The operators Wiy defined in [23]), @250) for m =1, and [I2ZR4) for m > 2, are even
and reversibility preserving. For any M,a > 0 there exists a constant Ngm’s)(M, a) > 0 (depending also
on ko, T,v), larger than the constant N;m’z)(M, «) appearing in Lemma [127), such that, if ([@9) holds with
1o > Ngm’g)(M, a), then for any s > sg
(1)y ko0, m+3 ko,
0p(wi N2 1y 0 Satsia &y~ L+ 130l Ko (4 ) (12.56)

|Alzop<wn%>>|| e Stona 1IN e 0y (1257)

As a consequence, the transformation Wéll ) s invertible and

|(W)E —1d[§07, Sarsa ey~ ™ (14130 ||k0 R (4, )) (12.58)
AW 0510 SMsra 577(m+3)||A12l||sl+N(7m’3)(M,a) : (12.59)

Proof. The lemma follows by the explicit expressions in (I2:38)), (I2.50), (I2.54), (IZ39), by estimates (Z40),
@41), Z46), Lemmata 210, 2Z-TT] T3] and estimates (I2219), (I220), (I251), (I259). O
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In conclusion, by (I247), (I248) and (I2E52), we obtain the even and reversible operator

L = (WYL DWW = 4 9, 4 Ay (D) + PTY (12.60)
where
m . 1 1
Ans1(D) = An(D) + (0f™) 0(D) = imy T [DI* + ra (D). 12,61
Fmi1(D) = (D) + (P42 (D),
and

P = (WD) (A, wfl)) (@, D) 47y 0 (@.D) =1y oy (D) + B IWD
+ X220 (x0(€) (™) (@,€) = ™) 5.0() Y (2,))
+ 0p((1 = X0 (@) (™) (@.6) = (™) (©) (L + 0D (.)) ) } (12.62)

with X (m,>2) equal to 1 if m > 2, and zero otherwise.

Lemma 12.6. The operators Apy1(D), Tmi1(D), P7(m+1) are even and reversible. For any M,a > 0
there exists a constant N;mﬂ)(M, a) > 0 (depending also on ko, T,v), larger than the constant N;m’g)(M, @)
appearing in Lemma T2, such that, if ([G9) holds with o > Ngmﬂ)(M, a), then for any s > so
ko, - _ ,
Irm1 (D)2, Sma €7 (2 | Arerm i (D)1 g, 0 S €7 (m+2)||A12Z||51+N§”L+1>(M,a) (12.63)

N

+1) ko, - ~ ko,
P00 s e M ey ™ (L 1300 e ) (12:64)

|A12P7(m+1)"—%_%751,a sM,sha 577(m+3)”A12i”51+ (12'65)

N;m«#l) (M,Ot) .
Proof. Since the operator (pgm)>¢($,D) is even and reversible by Lemma [[2Z4] the average (pgm)>%m(D)
defined in (I2Z39)) is even and reversible as well (we use Remark 2:22)). Since r,,(D), A, (D) are even and
reversible by the inductive claim, then also 7,,+1(D), Ap41(D) defined in (IZE]1]) are even and reversible.

Estimates (I263))-(TZ69) for 7,,+1(D) and P7(m+1) defined respectively in (IZ61) and (TZ62) follow by
the explicit expressions of (pgm)>%m(§) in (IZ39) and wi in (2350) and @IZ54) (for m = 1 and m > 2
respectively), by applying (241, (Z40), (IZ58)-IZ59), (1230)-((237), 240), Lemmata 210, 211 and
the inductive estimates (IZ.I8)-(IZ2T). O

Thus, the proof of the inductive claims (I2ZI8)-(TZ23)) is complete.

12.2.3 Conclusion of the reduction of Lgl)

Composing all the previous transformations, we obtain the even and reversibility preserving map
Wi=Woo WP oW o, oW oWl (12.66)

where Wy is defined in (I2Z3) and for m = 1,...,2M — 1, WO Wi are defined in ([2218), (I23]). The

order M will be fixed in (I48). By [[ZI06), (2ZI7), (IZ23) at m = 2M, the operator L; in (I22)) is

conjugated, for all w € DC(y, 7), to the even and reversible operator
Ls:= L™ =W L,W = w- 8, + Aops (D) + Pans (12.67)
where Py = P7(2M) € OPS™™ and

Aoar(D) = imy T |D|# +raag (D), ran(D) € OPS™3 (12.68)
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Lemma 12.7. Assume ([69)) with po > NgQM) (M,0). Then, for any s > s, the following estimates hold:

—(2M+1)

|raar (D)1 K o SaEY o |Awran (D) Z1 6,0 SM 677(21‘“1)||A12@'||51+N<72M>(M70) ;o (12.69)
—2(M+1 ko,
|P2M| Ms ,0 rSMS E')/ ( * )(1 + ||jo||S<UHZg2M)(M,O)) ) (1270)
|Av2 Pont|-arsr0 Sarsy €7 VAol yean ) (12.71)
+1 ko —2(M+1 ko,
W= = Tdlg%h Sars @7 MDA+ 13073 0w 4y ) (12.72)
(12.73)

~

|A12W* 0,610 Sarer 57_2(M+1)||A12i||sl+x§2M)(M,o)'

Proof. Estimates (I12.69)), (I2.70), (I2.71)) follow by (I2.1]), (I219), (I2.20) applied for m = 2M. Estimates
272)-[273) for the map W defined in (IZ.66), and its inverse W1, follow by ([213)), (12.32), (]I?BI{I)
(235]), (IZ519), applying the composition estimate ([Z44]) (with m = m/ = a = 0).

Since Agn (D) is even and reversible, we have that

Aopr(§),ram(§) € 1R and Aonr (§) = Ao (=€), rane (§) = ranr (=6) . (12.74)

In conclusion, we write the even and reversible operator Lg in (IZ.67) as

Ly =w-0, +1Dg + Poys (12.75)

where Dyg is the diagonal operator
Dg := —iAapn (D) := diag;ecz (1), [j i=m1 j|? tanh(h|j])? + ri, rji=—irom(j), (12.76)
wi i €R, = p—j, Ty =7—j, VjEL, (1277)

with r; € R satisfying, by (I269),

—(2M+1) (12.78)

(ZM)(

SI+N7

Ny 1 — .
sup |j[#[rg[*" Sar ey sup ]2 |Avar;| Sar ey MY A M.0)
jez jez ’

and Pypy € OPS™M satisfies (I2.70)- ([2.71).

From now on, we do not need to expand further the operators in decreasing orders and we will only
estimate the tame constants of the operators acting on periodic functions (see Definitions [Z24] and 2:29).

Remark 12.8. In view of Lemma [2.28 the tame constants of Pays can be deduced by estimates (T2.70)-
(I27T) of the pseudo-differential norm |Pops|—nr,s,o with @ = 0. The iterative reduction in decreasing orders
performed in the previous sections cannot be set in | |—as,s,0 norms, because each step of the procedure
requires some derivatives of symbols with respect to £ (in the remainder of commutators, in the Poisson
brackets of symbols, and also in (IZ54))), and « keeps track of the regularity of symbols with respect to
& O

12.3 Conjugation of L;

In the previous subsections [2.IMI2.2 we have conjugated the operator L7 defined in (I2.2) to Lg in (IZ.67),
whose symbol is constant in (¢, z), up to smoothing remainders of order —M. Now we conjugate the whole
operator L7 in (I2Z7) by the real, even and reversibility preserving map

W (Vg %) (12.79)

where W is defined in (I2.66]). By (I2Z.67), (I273) we obtain, for all w € DC(«y, 7), the real, even and reversible
operator
Ls:=W LW =uw-0,+iDs +illy + Ts (12.80)
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where Dy is the diagonal operator

_(Ds 0
Dy i= ( 0 —Ds) , (12.81)
with Dg defined in (I2.70]), and the remainder Tg is
. —1 . —1 P2M 0
7% = iW HOW — 1H0 + w %W + PQM ) PQM = 0 % (1282)

with Paps defined in (IZ67T). Note that Tg is defined on the whole parameter space R” X [hj, ha]. Therefore
the operator in the right hand side in (I2Z:80) is defined on R X [h1,hs] as well. This defines the extended
operator Lg on R” x [hy, hs].

Lemma 12.9. For any M > 0, there exists a constant Ng(M) > 0 (depending also on T,v, ko) such that, if
©9) holds with pg > Ng(M), then for any s > so

WA —Td|° 0, IW* = Td[5%5% Sars e >0 (14 (190]1 553, () (12.83)
|ALWE 0,610, [A12WV 0,510 Satsy 72N | Avaifs, g (ar) - (12.84)

Let S > sg, Bo € N, and M > %(ﬁo + ko). There exists a constant Xg(M, By) > 0 such that, assuming (G.9)

with po > R§(M, Bo), for any my,mg > 0, with my +mg < M — %(ﬁo + ko), for any B € N¥, |8] < Bo, the
operators (D)™ (957Ts) (D)™, (D)™ A15(05Ts)(D)™ are D*-tame with tame constants satisfying

m<D>m1 (657’8)<D>m2 (3) ,SM,S 5’7_2(1\/[-‘1-1)(1 + ||30||5+Ng(M750)) s VSO <s< S (1285)

(D)™ A12 (05 Te) (D)™ || ey Saaus €7 >NV Availl g1y (11,50) - (12.86)

Proof. Estimates (I12.83), (I2.84) follow by definition (I2.79), by estimates (I272), (IZ73) and using also

Lemma to estimate the adjoint operator. Let us prove (IZ83]) (the proof of (I286) follows by similar
arguments). First we analyze the term WITW. Let mq,ms > 0, with mq +mo < M — %(ﬁo + ko) and
B € N¥ with || < Bp. Arguing as in the proof of Lemma [[T.4] we have to analyze, for any S, 82, 83 € N¥
with 81 + 2 4+ B3 = f3, the operator (92*W~1)(82>T7) (02 W). We write

(D)™ (AW (02 T7) (92 W)(D) ™
_ ((D)mlégll/\/(D)*ml) o (<D>mlang7<D>mz) o (<D>*m28g3W<D>m2) . (12.87)

For any m > 0, 8 € N“, || < B, by (Z6X), (Z40), @48, (D), one has

—m ko, +1yko, ko,
My oy 0y () S [CDY@EWSN)(D) ™80 S 10BWH [T g S VS 1T

and ||Wi1||§?5’150+m70 can be estimated by using (I2:83)). The estimate of (I2Z.87)) then follows by (IT39)
and Lemma 2261 The tame estimate of <D>m185P2M<D>m2 follows by [268), (IZ70), (IZ7I). The tame
estimate of the term i(D)™ 9 (W™ IoW — Iy ) (D)™ follows by Lemma (applied with A = W~ and
B=W) and (55), (25, (251, o

13 Conclusion: reduction of £, up to smoothing operators

By Sections [BHI2] for all A = (w,h) € DC(,7) X [h1, ha] the real, even and reversible operator £ in (68 is
conjugated to the real, even and reversible operator Lg defined in (I2:80), namely

PILP = Lg =w- 0, +iDs +illy + Ts, (13.1)
where P is the real, even and reversibility preserving map

P = ZBAMoM3C® W . (13.2)
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Moreover, as already noticed below (I2.82)), the operator Lg is defined on the whole parameter space R” x
[h1, o).

Now we deduce a similar conjugation result for the projected linearized operator L, defined in (526]),
which acts on the normal subspace HSJ;, whose relation with £ is stated in ([@3]). The operator L, is even
and reversible as stated in Lemma [6.]]

Let S := ST U (—=ST) and Sy := SU {0}. We denote by Ils, the corresponding L2-orthogonal projection
and HSLO :=1d — IIg,. We also denote HSL0 = HSLULQ('JT) and H$ := H*(T"*1) N H§-

Lemma 13.1. (Restriction of the conjugation map to Hsl(,) Let M > 0. There exists a constant
oym > 0 (depending also on ko, 7,v) such that, assuming [69) with py > opr, the following holds: for any
s > so there exists a constant §(s) > 0 such that, if ey=2(M+1) < §(s), then the operator

P =g, Pllg, (13.3)

is invertible and for each family of functions h := h(\) € H T x Ht7™ it satisfies

+ ko, ko, ko,
IPE R Sars I3 75, + 130lle3 20 1ol o (13.4)
1(A12PTAls, Sarsy €72V Arillsyvo [[Bllsy 41 (13.5)

The operator P, is real, even and reversibility preserving. The operators P, P~1 also satisfy ([3.4), ([3.5).

Proof. Applying 2.69) and @.17), (Z28), B10), @.7), (.15), @.60), ([0.36), (L.35), (2.83) we get
IAR]EY S RIS, + 1Tolli,, IRl5y, A (ZH, B AT My M O @y @ WY

S+par s+pm so+pn I
for some pps > 0. Then by the definition (I3.2) of P, by composition, one gets that |[PF1h|kor <p/
IRIEST 4+ (1 Foll5%0 |IR]|%:0, for some constant ps > O larger than upy > 0, thus P+ satisfy ([3.4). In
order to prove that P, is invertible, it is sufficient to prove that Ilg,Plls, is invertible, and argue as in the
proof of Lemma 9.4 in [I], or Section 8.1 of [§]. This follows by a perturbative argument, for ey~2(M+1)

small, using that Ilg, is a finite dimensional projector. The proof of (I3.3) follows similarly by using (6.20]),

@30), @10), @.19), ([0.37), ((L.36), (2.84). =

Finally, for all A = (w,h) € DC(~y,7) x [hy,hs], the operator £, defined in (5.26) is conjugated to

Ly :=P7L,PL =TI LTI + Ry (13.6)

where
Ry = PT'IE (P, LsTlE — LTIs, PTIE + cRP, ) (13.7)
= P05 PlIs, Tsllg, + P '35, J0. V. H(Ts())s, P13, + P ' RP, (13.8)

is a finite dimensional operator. To prove (I3.6)-([3.7) we first use (6.5) and [I3.3) to get L,PL =115 (£ +
ER)HSL0 ’PHSLU , then we use (I3 to get HSL0 EPHS#) = HSL0 ’PﬁgHSLU , and we also use the decomposition
I, =1Ig, + HSLU. To get (I3.8), we use (I3.1), (6H), and we note that IIs, w - Oy, Hst =0, Hst w-0,1ls, =0,
and HgoiDgﬂé‘o =0, by (I2.81)) and (I2.76]).

Lemma 13.2. The operator Ry in (I30) has the finite dimensional form (63). Moreover, let S > so and
M > L(Bo+ko). For any B € N”, |B| < By, there exists a constant Ro(M, By) > 0 (depending also on ko, T,v)
such that, if ©39) holds with pg > No(M, Bo), then for any my,ma > 0, with my +ma < M — %(ﬁo + ko),
one has that the operators (D)™ 85 Ry (D)™, (D)™ 05 A1aRay (D)™ are DXo-tame with tame constants

_ ~I[ko,
M, pymr 88 Ry (D)2 (s) Sm,s ey Q(MH)(I + ”30”5139(1\/1,[30)) , Vsp <s< 8 (13.9)

(D)™ A1205 Ras (D)™ || ccrrony Saans €7 2 M Al sy g (a1, 50) - (13.10)

78



Proof. To prove that the operator Rj; has the finite dimensional form (63)), notice that in the first two
terms in (I3.8) there is the finite dimensional projector Ilg,, that the operator R in the third term in (I38)
already has the finite dimensional form (G.3]), and use the property that P, (a(p)h) = a(p)PLh for all
h = h(p,z) and all a(p) independent of x, see also the proof of Lemma 2.36] (and Lemma 6.30 in [2I] and

Lemma 8.3 in [§]). To estimate Ry, use (I3.4), (I3.3) for P, (I2.87), (EIMI) for 75, (@3, G.8), @EIS),
©19), (A3) for JO, V. H(T5(¢)), ©3), ©4) for R. The term Il J0, V., H(Ts())Ils, is small because

I3, (9 ~Ptanh®D)) T1g s zero. O
By (I3.6) and (I2:0) we get
Kl:w-&,g]ll—i-iDl—i—Rl (13.11)

where I} denotes the identity map of HSLO (acting on scalar functions u, as well as on pairs (u, @) in a diagonal
manner),

D, 0
D, :(O _DL>7 D, :=1lg, Dsllg, , (13.12)

and R, is the operator
(13.13)

Rii R
Ry =g TsIlg + Rar, RL:( — M).

Ri2 Ria

The operator R | in (I313)) is defined for all A = (w,h) € R¥ x [hy, hg|, because Tg in (IZ82) and the operator

in the right hand side of (I3.8) are defined on the whole parameter space. As a consequence, the right hand

side of (I3I1) extends the definition of £, to R” X [hy,hs]. We still denote the extended operator by £ .
In conclusion, we have obtained the following proposition.

Proposition 13.3. (Reduction of £, up to smoothing remainders) For all A = (w,h) € DC(y,T) X
[h1,ho], the operator L, in [@1) is conjugated by the map P defined in (I33) to the real, even and reversible
operator L) in (I30). For all A € R” X [h1,hs], the extended operator L, defined by the right hand side of

({3100 has the form
EJ_:(U'&@HJ_JriDJ_ﬁLRJ_ (13.14)

where D is the diagonal operator
D 0 .
D, := ( OL DJ_) ) D, = dlagjesg i H—j = Hjs (13.15)
with eigenvalues w;, defined in (IZT6), given by
pj =my|j|® tanh? (W]j]) + 1 ER, r_j=1;, (13.16)

where my,7; € R satisfy (IL24), (IZT8). The operator R, defined in ([3.13) is real, even and reversible.

Let S > so, Bo € N, and M > %(ﬂo + ko). There exists a constant X(M, By) > 0 (depending also on
ko, T,v) such that, assuming ([69) with ug > V(M, By), for any myi, mg > 0, with my +me < M — %(ﬁo +ko),
Jor any B € N, |8 < By, the operators (D)™ 95R (D)™, (D)™ 05 A15R 1 (D)™ are D*-tame with tame
constants satisfying

- ~ ko,
M pyms pim, (pyma (8) Saas €Y 20M+1) (1 4 1301155 R0 ar,50)) » Vsg<s<S (13.17)
(D)™ A1208R L (D)™ || cerrony Sanys €y 2 MV [ Availl g, 1x(aa,0) - (13.18)

Proof. Estimates (I3.17)-(I3I8) for the term IIg 7sIlg; in (I3I3) follow directly by (I2.88), (IZ86). Esti-
mates (I3.17)-({I3I8) for Ry are (I3.9)-(I3.10). O
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14 Almost-diagonalization and invertibility of L,

In Proposition [[3:3 we obtained the operator £, = £ () in (I3:14) which is diagonal up to the smoothing
operator R . In this section we implement a diagonalization KAM iterative scheme to reduce the size of
the non-diagonal term R .

We first replace the operator £, in (I3.I4) with the operator £V defined in (I4J) below, which
coincides with £, on the subspace of functions even in x, see Lemma [I41l This trick enables to reduce an
even operator using its matrix representation in the exponential basis (/%) <z and exploiting the fact that
on the subspace of functions even(z) its eigenvalues are simple. We define the linear operator £, acting
on HSJ[-) , as

) ) RYT RYY
LY =w- 0,1 +iDL +RY™, RY™ = |S5m =sem | (14.1)
Ris R
where RY1", i = 1,2, are defined by their matrix entries
i O D7) it gy
Ry (0= { Rl O F R 7O HIT= 00 pege =, a4
v 0 if j5' <0,

and Ry ;, i = 1,2 are introduced in (I3.I3). Note that, in particular, (Rfﬂln)j, = 0,7 = 1,2 on the
anti-diagonal j' = —j. Using definition (I4.2), one has the following lemma.

Lemma 14.1. The operator R7Y"™ coincides with R on the subspace of functions even(x) in HSJ; X HSJ(‘),
namely

Rih=RY"h, VheHs x Hg, h=h(p,x)=even(z). (14.3)
RY™ is real, even and reversible, and it satisfies the same bounds (I311), (I3I8) as R, .

As a starting point of the recursive scheme, we consider the real, even, reversible linear operator £7/™
in (T4T), acting on Hg;, defined for all (w,h) € R” x [hy,hy], which we rename

EO = Eiym =w- apHJ_ +iDgy + Ry s Dy = DJ_7 Ro = Rifm ) (144)
with
Dyi= (D0 O Dy := di 0 0.—m, |j|? tanh? (nlj 14.5
o:="g _p,) " o :=diagjege i, pj :=myj|2 tanh? (b[j]) + 7y, (14.5)
where my :=m, (w,h) € R satisfies (IT.24), r; := rj(w,h) € R, r; = r_; satisfy (IZ78), and
RO RO ‘
Ro = (_%0) ). RY:HE - HE, i=1,2. (14.6)
Ry” Ry

Notation. In this section we use the following notation: given an operator R, we denote by 97 (D)™ R(D)™
the operator (D)™ o (93, R(y)) o (D)™. Similarly (9, .)°(D)™R(D)™ denotes (D)™ o ({8, .)°R) o (D)™ where
(Dy.2)® is introduced in Definition 271

The operator Ry in (I46) satisfies the tame estimates of Lemma below. Define the constants

b:=[a]+2€N, a:=max{3nr,x(r+1)(4d+1)+1}, x:=3/2,
ko (14.7)
1 :=7(ko + 1)+ ko + m, m::d(k0+1)+3,
where d > 3k, by (22). The condition a > x(7+1)(4d+1)+1 in (IZ7) will be used in Section [5in order
to verify inequality (I5.0]). Proposition [33] implies that R satisfies the tame estimates of Lemma [T42] by
fixing the constant M large enough (which means that one has to perform a sufficiently large number of
regularizing steps in Sections [[0] and [2]), namely
b+ 50 + ko

Mi=[2m+20+1+ 2L +1eN (14.8)
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where [ -] denotes the integer part, and m and b are defined in (IZ7). We also set
() :=V(M,so +b), (14.9)
where the constant (M, s + b) is given in Proposition [3.3

Lemma 14.2. (Tame estimates of Ry := R"™) Assume (69) with po > p(b). Then Ry in (IL4)
satisfies the following property: the operators

(DY™Ro (D)™, (D)™ Ro(D)™ Vi=1,...,v, (14.10)
(D)™ PR (D)™ HPHL Gt (D) PR (D) (14.11)

where m,b are defined in (IZ1), are D -tame with tame constants

Mo(s) = 1:Hlla,XV {m(D>mRU(D>m+1 (S),maig <D>'“RU(D>"‘+1 (S)} (1412)
Mp(s,b) :=  max {m<D>m+bRO<D>m+b+l (s), m6;2+b<D>m+bR0<D>m+b+l (s)} (14.13)

satisfying, for all so < s < S,

Mo (s, b) := max{Mo(s), Mo(s, )} Ss ey > M+ (1+[|To[ 557 ) - (14.14)

In particular we have
Mo(s0,b) < C(S)ey 2M+1) | (14.15)

Moreover, for alli=1,...,v, 8 €N, 8 < s9+ b, we have
192, (D)™ A12Ro (D)™ | £ (7170), 105, (D)™ P A1aRo (D)™ | £ 720y S5 €7 2N A il g vy - (14.16)

Proof. Estimate (I4I4) follows by Lemma [IZ41] by (I3I17) with m; = m, mg = m + 1 for My(s), with
m; =m+b, my =m+b+ 1 for My(s,b), and by definitions (I4.1), (I£Y), (I49). Estimates (I4I6]) follow
similarly, applying (I3.I8)) with the same choices of m1, ms and with s; = so. O

We perform the almost-reducibility of £y along the scale
N_y:=1, Ny:=NY V¥n>0, x=3/2, (14.17)

requiring inductively at each step the second order Melnikov non-resonance conditions in (I£26]). Note that
the non-diagonal remainder R, in (IZ19) is small according to the first inequality in (ITZ25]).

Theorem 14.3. (Almost-reducibility of £y: KAM iteration) There exists 7o := T2(7,v) > T1+a (where
T1,a are defined in (IZ1)) such that, for all S > sg, there are Ny := No(S,b) € N, §p := §o(S,b) € (0,1)
such that, if

57—2(M+1) < 50, Na—zmo(so,b)')/_l <1 (1418)

(see (ILIM)), then, for alln e N, n=0,1,...,n:

(S1), There exists a real, even and reversible operator

Loni=w 0,0, +iDy+ Ry, Dy:i= (I())n _ODn) . Dy = diagjeg i3, (14.19)

defined for all (w,h) in R” x [hy, ho] where p§ are ko times differentiable functions of the form
w5 (w,h) = ug(w,h) +7j(w,h) €R (14.20)
where ug are defined in (I48l), satisfying

n

PR =gty de =1, [P RT < O(S,b)ey XM v e S (14.21)
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(S2),

(S3)n

and, forn > 1,

5 = w1 S CLIT M),y (50) < C(S, D)y D] NTS (14.22)
The remainder @) @
R™ Ry
Ry = (_%n) _%n)> (14.23)
Ry” Ry
satisfies
(R (0) = (RO (0) =0 Y(L,5,5), ji' <0, (14.24)

and it is D*0-modulo-tame: more precisely, the operators (DY"Ry(D)™ and (Oy .)®(D)™Ra(D)™ are
DFomodulo-tame and there exists a constant Cy := C.(s9,b) > 0 such that, for any s € [sg, S,

o _ C.My(s,b)

:
N e

(8¢,I>b<D>"‘Rn(D)‘“(S) < C Mo (s,0) Ny - (14.25)
Define the sets ] by A} :=DC(2v,7) x [h1,hs], and, for alln > 1,

A) =N (3) = {)\ = (w,h) € A]

n—1 :
w5 = BT 2y TN TT VI G = < Naa, 5,5 € NTAST, (6,5,5) # (0,4,9),
w - £+ @2 4 B > (VI VIO VL= < Naca, g5 €NT \S*} : (14.26)

Forn > 1, there exists a real, even and reversibility preserving map, defined for all (w,h) in RY x [hy, ho],
of the form
Wo11 Wnoipo

Sy =0+, Yyy:= <@ L T, 1> (14.27)

such that for all A = (w,h) € A) the following conjugation formula holds:
Lo=0 Lo 1Py . (14.28)

The operators (DY*™W,_1(D)T™ and (9, ,)> (D)™ W,_1(D)T™ are D* -modulo-tame on R” x [h1,ho)]
with modulo-tame constants satisfying, for all s € [so,S], (T1,a are defined in (IZ1))

m§D>im‘I}nfl<D>¥"‘(S) < C(SO’b)ly_lez—iani—ZmO(sab)a (14'29)
My yoipyemu, (pyn(s) < Clso, b)Y NIL NooaMo (s, b) (14.30)

MY, () < C(s0,0)7 "N Ny %Mo (s, b). (14.31)

Let i1(w,h), ia(w,h) be such that Ro(i1), Ro(i2) satisfy ([ZID). Then for all (w,h) € A (i1) NAY2(iz)
with 1,72 € [v/2,27], the following estimates hold

(D)™ A12Ra(D)™ || £(rrs0y Ssp €7 2 MTIN2 i1 — 2l s 4 (o) (14.32)
11{0,2) (D)™ A1 R (D)™ | £(rr20y S €7 2D NG [i1 — d2| 504 (o) - (14.33)

Moreover forn > 1, for all j € S§,

| Awa(rf =737 Ssw ey 2MFVTNT i — dollsg 4o (14.34)

|A1272] Ssp ey 2 M2 iy — da| st puw) - (14.35)
Let i1, i9 be like in (S2), and 0 < p < /2. Then

CSINTTVOH =iy — iy [y S = AJ(i2) C AT (in). (14.36)
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‘We make some comments:

1. Note that in (IZ34)-(TZ35) we do not need norms | |[¥o-7. This is the reason why we did not estimate
the derivatives with respect to (w,h) of the operators A15R in the previous sections.

n—1

2. Since the second Melnikov conditions |w - £+~ — u?,_1| > v]7]7%4|%(¢)~" lose regularity both in ¢
and in z, for the convergence of the reducibility scheme we use the smoothing operators Iy, defined in
[@223), which regularize in both ¢ and x. As a consequence, the natural smallness condition to impose
at the zero step of the recursion is (I4.20) at n = 0 that we verify in the step (S1), thanks to Lemma

235 and (I4.14).
3. An important point of Theorem [4:3]is to require bound [IZIF) for My (s, b) only in low norm, which

is verified in Lemma[T421 On the other hand, Theorem [[4.3 provides the smallness (IZ.25)) of the tame
f f :
constants 93?<D>mRn<D>m (s) and proves that m<a¢,1>b<D>mRn<D)m (s,b), n > 0, do not diverge too much.

Theorem implies that the invertible operator
U, =®go...00,_1, n>1, (14.37)
has almost-diagonalized Lo, i.e. (I442]) below holds. As a corollary, we deduce the following theorem.

Theorem 14.4. (Almost-reducibility of Ly) Assume ([6.9) with po > p(b). Let Ro = RY™, Lo = L™
in ([4J)-{042). For all S > so there exists No := No(S,b) > 0, dg := 00(S) > 0 such that, if the smallness
condition

N2ey~ M+ < g, (14.38)
holds, where the constant 1o = To(7,v) is defined in Theorem [I.3 and M is defined in {I4F), then, for
alln € N, for all A = (w,h) € R” x [hy,ho], the operator U,, in (IL3T) and its inverse U, 1 are real, even,
reversibility preserving, and D -modulo-tame, with

— T1 ~ ko,
zmgflfh (5) S5 ey BMFING (14 [Tl w) Voo <5< S, (14.39)

where 11 1s defined in ([41).
The operator L, = w - 0,11 +iDy, + R, defined in (IZI9) (with n = n) is real, even and reversible. The
operator (D)™ R, (D)™ is D* -modulo-tame, with

_ —a ko,
M pymre, (pym (8) S5 €7 2MFIN2 (14 130]10 ) Vso <5< S (14.40)
Moreover, for all A\ = (w,h) in the set
N =N (14.41)
n=0
defined in ([426), the following conjugation formula holds:
L, =U"Loldy, . (14.42)

Proof. Assumption (I4I8) of Theorem [I[43 holds by (I4I4), [G9) with puo > u(b), and (I43]). Estimate
(IZ40) follows by (IZ28) (for n = n) and (IZI4). It remains to prove (I£39). The estimates of Dﬁigclih (s),

n=0,...,n — 1, are obtained by using (IZ31)), (IZI8) and Lemma 232l Then the estimate of ! — 1
follows as in the proof of Theorem 7.5 in [2], using Lemma 2311 O

14.1 Proof of Theorem [14.3

Initialization.

PRrROOF OF (S1),. The real, even and reversible operator £y defined in (I4.4)-({I4.8) has the form (I4.19)-
([£20) for n = 0 with 79(w,h) = 0, and ([[Z2I) holds trivially. Moreover (IZ24) is satisfied for n = 0 by
the definition of Ro := R7Y" in (IZ2). The estimate (IZ25) for n = 0 follows by applying Lemma to

Ae {Rgo), R§°>} and by recalling definition of My(s,b) in (ATI4).
PrOOF OF (S2),. The proof of (I£32)), (IZ33) for n = 0 follows similarly using Lemma 235 and (IZ£I1G).
PROOF OF (83),. It is trivial because, by definition, Aj = DC(27, 7)x [h1,hs] € DC(2y—2p, 7)x [h1,ho] = Aj~".
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14.1.1 Reducibility step

In this section we describe the inductive step and show how to define £,11 (and ¥, ®,, etc). To simplify
the notation we drop the index n and write + instead of n+ 1, so that we write £ := L,, D := Dy, D := Dy,
i = u?, R =R, Ry = Rgn),Rg = Rén), and L4 = Ly4+1, D4 := Dyy1, and so on.

We conjugate the operator £ in (IZI9) by a transformation of the form (see (IZ.21))

o (Y Py
=01, +0, U:= (@ @1) : (14.43)
We have
LO=(w- 0,0 +iD) + (w- 0¥ +i[D,¥] + IxR) + xR + RY (14.44)

where the projector Iy is defined in ([Z25)), Iy :=I> — [y, and w - 9,V is the commutator [w - 9, ¥]. We
want to solve the homological equation

w- 0,V +i[D, V] +IINR = [R] (14.45)
where
R] = ([131] m%) . [Ri) = diagjeq (R1)(0). (14.46)
By ([£19), (I£23), (I£43), equation (IZ43) is equivalent to the two scalar homological equations
w- 0,0, +i[D, 0] + IyRy = [R1],  w-0,Us +i(DUy+ UyD) + Ty Ry =0 (14.47)

(note that [R;] = [lIxR1]). We choose the solution of (I£4T) given by

’ (Ra); (0 (L, 5,7) # (0,5, %5), €], 15 — 7| < N
(\Ill)§ (6) = 71(‘*}6""”] _Mj’) ( yJyJ ) 7&( yJs .7)5 | |ﬂ|.] —J | = 1V, (1448)
0 otherwise;
_, (B2} () S e s s L < N
(©2)] (0) =< " i(w - L+ 15 + 1177 (6.5,5") € 2% x 8 x S, |el, [ = 7' < N, (14.49)
0 otherwise.

Note that, since p; = p—; for all j € S§ (see (IZ21))), the denominators in (I448), (I£49) are different from
zero for (w,h) € Al (see (IZ£26) with n ~» n+ 1) and the maps ¥y, ¥y are well defined on A) ;. Also
note that the term [R;] in (I4.40) (which is the term we are not able to remove by conjugation with ¥; in
(IZ£47)) contains only the diagonal entries j* = j and not the anti-diagonal ones j' = —j, because R is zero
on j' = —j by (IZ£24). Thus, by construction,

v v

(T2)5 (0) = (P2)] () =0 ¥(L,5,5), §i' <0 (14.50)

Lemma 14.5. (Homological equations) The operators U1, ¥y defined in ((448), (I4&49) (which, for
all X € A, solve the homological equations (IZAT)) admit an extension to the whole parameter space
R” x [hy,hy]. Such extended operators are D*o-modulo-tame with modulo-tame constants satisfying

m%D)im\IJ(DHﬁm (S) S./k:0 NTI'Y_lng)mR(D)'“(S)’ (1451)
i 71— lomt

m(a%m)b(D)im\IJ(D)¥m(S) Sko Ny 1m<6‘p’x>b<D>mR<D>m(S) (14.52)

M, (5) Sko N7y~ (5) (14.53)

where T1,b,m are defined in ([4.1).
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Given iy, ia, let AoV := W(ig) — W(i1). If 1,72 € [7/2,27], then, for all (w,h) € AJL,(i1) N AL (i2),

(D)= A2 WD) F™ [ a0y S NTH24F 27 (|| (D)™ R(i2) (D)™ | | car=o) i — iallso-+10)

~

+ | (D)™ A1 R(D)Y™ | || £(7140)) (14.54)
11{0,2) (DY ™ Arg W (D) F™ || £ar00) S NP2 297 (| [{D,0) (DY R (i2) (D)™ | crro0) llin = il gt puco)
+ [ {0p,2)> (D)™ A12R(D)™ || £ 1120 ) - (14.55)

Moreover U is real, even and reversibility preserving.

Proof. For all A € A, (¢,5,7") # (0,7,%5), 7,5" € S§ 4], 17 — j'| < N, we have the small divisor estimate

T

|w - €+ g — pje| = lw - L4 py = pyey | =137 70O

by ([IZ26), because |[j] — |5'|| < [j —j'| < N. As in Lemma [B.4] we extend the restriction to F' = A}, of
the function (w - €+ p; — pj )~ to the whole parameter space R” x [hy,hs] by setting

x(fN)p™)
f)
where x is the cut-off function in ([2I6). We now estimate the corresponding constant M in (B.I4). For
n> 1,z >0, the n-th derivative of the function tanh? (x) is Py (tanh(x)) tanhéfn(:n)(l — tanh®(z)), where
P, is a polynomial of degree < 2n — 2. Hence |8{f{tanh% (hlj)} < Cforallm =0,..., ko, for all h € [hy, ho],

for all j € Z, for some C = C(ko,hy) independent of n,h, j. By (IZ20), (T421)), (I£5), (IL24), (I278) (and

recalling that j; here denotes 2), since ey~ 2(M+1) < 4 we deduce that

gejir(A) = JO) i=w b4y — iy, p=~O 775757,

Ylogul S 41312 Ya e N 1< o] < ko (14.56)
Since 05 (w - £)| < 7|¢] for all |a| > 1, we conclude that
G gL S
YN0 (@ €4 g — )] S AU+ 1512 +15'12) S 9 OLiIE1 12 V1< |l < ko. (14.57)

Thus (BI4) holds with M = C~(¢)|5]2|5/|? (which is > p) and (BIH) implies that
k
g0 F07 S AT HOTEFDHRGR T with m = (ko + 1A+ o (14.58)

defined in (IZ7). Formula (I£48) with (w- £+ pu;— i) ~! replaced by gr j j(A\) defines the extended operator
Wy to R” x [h1, hy]. Analogously, we construct an extension of the function (w - €+ uj + ;)™ to the whole
RY x [h1,hs], and we obtain an extension of the operator ¥y in (I449).

Proor oF (I45]), (IZ52), (I£53). We prove (IL52) for ¥y, then the estimate for ¥y follows in the same
way, as well as (IZ51)), (I£53). Furthermore, we analyze (D)™0%W;(D)~™, since (D)~ ™%W;(D)™ can be

treated in the same way. Differentiating (1)} (¢) = ge 5 (Rl);:, (£), one has that, for any |k| < ko,

OXE)T (OIS D 108 ges i 1082 (RS (01 < Y- v Millge s [P 1082 (Ry)% (0)]

k1+ko=k k1+ko=k
[£z8) y
< <€>T(k0+1)+k0|j|m|j/|m,7717“€‘ Z ’7|k2‘|6§2(R1); ([)l (14-59)
[k2 | <|K|

For |j —j'| <N, j,j' # 0, one has
™ S ™0™+ 1= 5™ S ™ + N S 16N (14.60)
Hence, by (IZ59) and (IZL60), for all |k| < ko, 7,7 € S§, £ € Z¥, [{| < N, |j — j'| < N, one has

™05 (@) (O] |7™ < N7y~ RN = Alkelm 082 (Ry )% (0)] 5™ (14.61)
[k2| <[K
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where 71 = 7(ko + 1) 4+ ko + m is defined in (I47). Therefore, for all 0 < |k| < kg, we get
11{8,.2)>(D)™ 5 U1 (D)™™ A2
y 2
<X = PO (- G e )
4,3

[&/—=£],|5'—FI<N

(TZTD) , , 2
S N2 2D STl SR 20 (ST (G — G — )P G)m O (R (€= €)™ ke )
[k2|<|k| 4,j o,

T1 A — 2 m 2 m 2
Sk NPT 20HED % 7 282049, o) (DY™ 032 (Ra)(D)™ | [ 1] ] |
k2 | <[kl

< N2 20RD (ot hls, + M wL) 14.62
ko Y ( (a%”b(D)nuRl(D)m(S)” ”50+ (a%m>b<D>le(D>m(SO)H ||S) ( . )

and, recalling Definition 2229] inequality (I£52) follows. The proof of (I4.54)-(I4L5H) follow similarly. O
If ¥, with Uy, Uy defined in (T4£4])-([I449), satisfies the smallness condition

4C (b)C (ko) M, (s0) < 1/2, (14.63)
then, by Lemma 232, ® is invertible, and (I£.44), (IZ45) imply that, for all A € A]_ |,

Ly=0"LO=w- 0,1, +iDy+ Ry (14.64)

which proves [I4.28)) and (I4.19) at the step n + 1, with
iD; :=iD+ [R], Ry :=& '(IIzR+RY - Y[R]). (14.65)

We note that R, satisfies

— (R )1 (R )2 5’ . 5 _ o, .,
= (@i)z (Ri)l) o LB (O = [(Be)a2d () =0 ¥(45,57), 45" <0, (14.66)

similarly as R, in ([424), because the property of having zero matrix entries for jj’ < 0 is preserved

by matrix product, and R, ¥, [R] satisfy such a property (see (I424), (I450), (I£.40)), and therefore, by
Neumann series, also 1 does.

The right hand sides of (I4.64])-([I465) define an extension of £ to the whole parameter space R” x
[h1,ho], since R and ¥ are defined on R” X [hy,hs].

The new operator £ in (IZ.64)) has the same form as £ in (I£19), with the non-diagonal remainder R ;.
defined in (IZ65) which is the sum of a quadratic function of ¥, R and a term II3;R supported on high
frequencies. The new normal form D, in (I463) is diagonal:

Lemma 14.6. (New diagonal part). For all (w,h) € R” X [h1,hs] we have

D, 0

1D+1D+[R]1<0 D,

> , Dy:= diagjesgﬂj , u;f = pu; +r; €R, (14.67)
withr; =r_j, ,u;r = uJ_rj for all j € S§, and, on R x [hy,hs],

|rj|k07’y = |Mj - uj|k0,’}/ 5 |j|72m9jt§D>mR<D>m(SO)' (1468)
Moreover, given tori i1(w,h), ia(w,h), the difference

r(i1) — x;(i2)| < 15172 ™I{D)™ AraR(D)™ ||| £ gr20) - (14.69)
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Proof. Identity (IZ.67) follows by (IZI9) and (IZ£40) with r; := —i(Rl)g(O). Since R; satisfies (I4.24) and
it is even, we deduce, by [Z58), that r_; = r;. Since R is reversible, (Z63) implies that r; := fi(Rl)j: (0)
satisfies r; = T—;. Therefore r; =T_; =T, and each r; € R.

Recalling Definition 229, we have |||05((D)™R1(D)™)|h||s, < 27*|k|931§D>mR1<D>‘,\(so)||h||50, for all A =
(w,h), 0 < |k| < ko, and therefore (see (Z.67))

|a§(R1);(O)| 5 |j|72m77|k|m§D>le(D>m (SO) S |j|72m77‘k‘ng>mR(D>m (SO)
which implies (TZ68). Estimate (IZ89) follows by |A12(R1)§(0)| ST HD)™ A2 R(D)Y™ ||| £(#r50).- O

14.1.2 Reducibility iteration

Let n > 0 and suppose that (S1),-(S3), are true for all n = 0,...,n. We prove (S1),,+1-(S3),+1. For
simplicity of notation we omit to write the dependence on kg which is considered as a fixed constant.

PROOF OF (S1),11. By (ILEI)-(IL53), ([Z25), and using that M (s) S M py e pyw (), the operator
U, defined in Lemma [[4.F] satisfies estimates ([429)-(I£31)) with n = n+ 1. In particular at s = sg we have

M 1 s, oy (50) s MYy (50) < Cls0, )N Ny 27~ Mo (s0,b) (14.70)
Therefore, by (IZ10), (IZT), (IZIY), choosing 7o > 71, the smallness condition (IZ63) holds for Ny :=
No(S,b) large enough (for any n > 0), and the map ®,, =1, + ¥, is invertible, with inverse

< ~ \i/n 1 \i/n 2
o t1=1,+7,, v, =" <""]. 14.71

" + (Wn,Q \I/n,l) ( )
Moreover also the smallness condition ([2.75) (of Corollary 2.33) with A = ¥,,, holds, and Lemma [2.32]
Corollary 2233 and Lemma [[Z5] imply that the maps ¥,,, (D)*™¥, (D)T™ and (9, ,)°(D)*™ ¥, (D)™ are
D*o_modulo-tame with modulo-tame constants satisfying

§ # 71— lomt
MG () Mgy () Ssop Nty Mipyar (pym () (14.72)
@z,
Sson NPNZ2y 7 19(s,b), (14.73)
and
g 71— Lomll
m<5%m>b<D>im@n<D>;m (S) SSU,b Nn Y m(a‘p’I)b(D)mRn(D)m(S)
+ Nr%TlV_Qm%a%m)b(D)mRn (Dym (So)mtzD)"‘Rn (Dym (s) (14.74)
@zz5),,,, @2, TZI8)

/Sso,b NﬁanAV_lf)ﬁo(S,b) . (1475)

Conjugating £, by ®,, we obtain, by (IZ.64)-(I4.63), for all X € A,
£n+1 = (I);lﬁnq)n =W - 8¢HJ_ + iDn+1 —+ RnJrl s (1476)

namely (I428) at n = n + 1, where
iDpi1 =10y + [Ru],  Rur =0, (T Ry + R W, — U, [R)) (14.77)

The operator L,,41 is real, even and reversible because ®,, is real, even and reversibility preserving (Lemma
[[£3) and L, is real, even and reversible. Note that the operators D, 11, Ry+1 are defined on R” x [hy, hs],
and the identity (I4.76) holds on A _ ;. »

} . o ntl |
o E}Ehlllﬁlrlr;?li aziefyoperator D1 is diagonal and, by (I£I5), (I427), (I£1d), its eigenvalues 7" :

ferFo = [ — R S 7O (s0) < O, B)ey XM | 2m
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which is (I£22) with n = n + 1. Thus also (IZ2])) at n = n + 1 holds, by a telescoping sum. In addition,
by ([Z66) the operator R, 41 satisfies (I£24) with n = n 4+ 1. In order to prove that (I£2H) holds with
n =n+ 1, we first provide the following inductive estimates on the new remainder R, 4.

Lemma 14.7. The operators (D)™R,4+1(D)™ and (0 »)° (D)™ Rp+1(D)™ are D* -modulo-tame, with

N

# —bayt # i
gjt mRn+1<D>m( ) NSg,b Nn bSD’t a >b<D>‘“Rn <D>m( ) gjt mRn<D>m (S)m<D>mRn <D>m (SO) 9 (14'78)

f
M, 12Dy "R s2 (D) (8) Ss0b Mo o pymz, Dy (5)
71 . —1lamit
+ an'Y m<6¢1m>b(D>‘“Rn (D)‘“ (So)m‘t%D)‘“Rn (D)‘“ (S) . (1479)

Proof. By (IZT17) and (IZTI), we write

(D)™ R4 (D)™ = (D)™, Ro <D> <<D> WD) m><<D>mHl Rou(D)")
+ (L + (D)™ 0 (D) ™) (D) ™R D)™ (D)™™ W (D)™
—(h+<D> @< )= ) (DY (D)™ (D" RA(D)™) . (14.80)

The proof of (ILTY)) follows by estimating separately all the terms in (I£80), applying Lemmata 2341 2-3T]
and (I4351), (T£72), (I423)),, (I£1), (I£I8). The proof of (IZTY) follows by formula (T£80), Lemmata
B, B and estimates (LL51), (CL52), (TA72), (L), (TA7), (TLIS). O

In the next lemma we prove that (I£2H]) holds at n = n + 1, concluding the proof of (S1),,+1.
Lemma 14.8. For Ny = Ny(S,b) > 0 large enough we have
mﬁ
ﬁ
0020 (D) "R (D)
Proof. By (I418) and (I4.23]) we get

:
M{pyn R, 2 (pym (9)

(s) < Ci(s0,b) N, *Mo(s,b)
(s) < Cu(80,b)NpyMy(s,b).

mR nt1 (D)‘“

Ssob Ny PNy 1Mo (s,b) + Nty ™' Mo (s,0)Mo (50, b) N, 25
< (i (305 ) n_aﬁ)ﬁo(s,b)
by (I&7), (IZI8), taking No(S,b) > 0 large enough and 75 > 71 + a. Then by (I£79), (I£25) we get that
My oym sy (5) Ssaw Nam1DMo(s,b) + Nt NaZiy ™' Mo(s,0)Mo(s0, b)
S C*(So,b)Nan(S,b)
by ([4.1), (I£IR) and taking Ny(S,b) > 0 large enough. O

PROOF OF (S2),4+1. The proof of the estimates (I432), (I433) for n = n + 1 for the term A13Rp+1
(where R,11 is defined in (IZT7)) follow as above. The proof of (IZ34) for n = n + 1 follows estimating
Aqa(r] ntl ) = Aqor} by (I4.69) of Lemma[[4.6land by (I4.32) for n = n. Estimate (I4.35) forn =n+1
follows by a telescoping argument using (I4.34)) and (I4.32)).

PROOF OF (S3),,+1. First we note that the non-resonance conditions imposed in (I4.26)) are actually finitely
many. We prove the following

e CLAIM: Let w € DC(2y, 7) and ey~2(M+1) < 1. Then there exists Cy > 0 such that, for anyn = 0,...,n,
for all |£], |j — j'| < Na, 7,5 € NT \ ST, if

min{j, j'} > CoN2T+2, (14.81)

then [w - £+ pf — p3 | > v(6)77.
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PROOF OF THE CLAIM. By ([£20), (IZ2I) and recalling also (I2Z78), one has

pE=m 52 tanh? (hy) + %, =7y 40T, sup j3[ed]fe S ey 2D (14.82)
JES*e

For all j,j' € N\ {0}, one has

|/j tanh(hj) — v/’ tanh(hj’)| < % lj — 4’ (14.83)

Then, using (I£83)) and that w € DC(2~, 7), we have, for |j — j'| < Ny, |¢| < Ny,

o = 2 o ] = g | = )= 8]~ 15
2,0 2y 200Ny O(S)ey=2M+1) M 4
- (@7 min{v7,vj't  min{/jG,Vi T (07
where the last inequality holds for Cj large enough. This proves the claim.
Now we prove (S3),,,,, namely that
CSNTHIEEDy iy — i [lapu) S p = ALy (i) S AJT7(G2) (14.84)

Let A € A}, (i1). Definition (I£26) and ([IZ436) with n = n (i.e. (83),) imply that A} (i1) C A)(i1) C
AY =P (i3). Moreover A € A)~P(ig) C A;YL/Q(Z'Q) because p < /2. Thus A} (i) € A} (i) C A;Y/Q(ig). Hence
AL (i) ©AY(i) N Al/2(ig), and estimate (I433)) on [Ag2r?| = [r] (A, i2(A)) — r}(A,i1(A))[ holds for any
A € A}, (i1). By the previous claim, since w € DC(2v,7), for all ||, ]j — j'| < N, satisfying (IZ81) with
n =n we have
v gl TP

> —a = -
(O (04— (074"
It remains to prove that the second Melnikov conditions in (IZ.26]) with n = n+ 1 also hold for j, j* violating

([IZ3T)|p=n, namely that

|w - €4 i (A i2(A) = i (A i2(A)] = ﬁ, VIel, 15 = '] < No, min{j, '} < CoNZTHDy72. (14.85)

The conditions on 7, j" in (IZ385]) imply that

w - £+ pf (A i2(N) = pfi (A ia (V)] =

max{j,j'} = min{j, j'} + 1j = §'| < CoNFTHy 72+ Ny <20 N3 TH0572 (14.86)
Now by ([Z20), (IZ21)), (TZR3), recalling (IL.24), (IZ78), ([Z37) and the bound ey~ 2(M+1) < 1, we get

(1 = ) (A iz (N) = (1 — ) O i )] < (1§ = ) (A, 2 () = (1§ — p§ ) (A, i (V)]
PN d2(N) = O i ()] 4 [ (A ia () — 7 (i (V)]
C(S)N,

< =20 iy — i, . 14.87
= min{\/7, j’}”Z2 Fillo e (1487)

Since A € A} (i1), by (IZ8T) we have, for all || < Ny, [j — j'| < Ny,

|w - €+ i (i2) — pfi (i2)| = |w - €+ i (i) — pp ()| = [(pf — po) (i2) = (pf — p3o) (i)
¥ ___C(SN

> n L
~(0)744'%  min{ /7, \/]_/}”12 i1 s+ 1u(v)

v o
> g C(S)Nulli2 — i1l so+pm) =

_a=pr
(0)7j451
provided C(S)Ny(€)7j%5" iz — i1llso+uew) < p- Using that [¢| < N,, and (I£ZE), the above inequality is
implied by the inequality assumed in (I4Z84)). The proof for the second Melnikov conditions for w- £+ + Wi
can be carried out similarly (in fact, it is simpler). This completes the proof of (I£30) withn=n-+1. O
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14.2 Almost-invertibility of L,

By (I3), £, = P L1 P", where Py is defined in (I3.2), (I33). By ([[Z42), for any A € A}, we have that
Lo = Un LU Y, where U, is defined in (IL37), Lo = L™, and L™ = L on the subspace of functions
even in z (see (I£3)). Thus

Lo =VoL Vit Vo i=PilU,. (14.88)

By Lemmata [2.27] 230, by estimate (I439), using the smallness condition (I£38)) and 75 > 71 (see Theorem

[[43)), the operators U! satisfy, for all sg < s < S, |[UFLh||For <g ||h|/For + ||30||§i’;(b)||h||§8”. Therefore,

by definition (IZS88)) and recalling (I3.4), (I£8), (IZ3), the operators V! satisfy, for all s9 < s < S,
ko, ~ [1ko, ko,
Vet hllE ™ Ss IAlSST + 130l IRl s (14.89)

for some o = o(ko,7,v) > 0.
In order to verify the inversion assumption (.29)-(E.33]) we decompose the operator £,, in (I4.42) as

L,=L5+Rn+ Ry (14.90)
where

Ly =Mk, (w- 0,1 +1Dn)lk, + g, , Ry =g (w-9,lL +iDy)x, — 1, , (14.91)

n n

the diagonal operator D,, is defined in (I419) (with n = n), and K, := Kg‘n is the scale of the nonlinear
Nash-Moser iterative scheme.

Lemma 14.9. (First order Melnikov non-resonance conditions) For all A = (w,h) in
AL =006 = Ve RY X by b s w4 @] > 2955 (07T, VY < K, jENT\ST), (14.92)

the operator £5 in (IL9]) is invertible and there is an extension of the inverse operator (that we denote in
the same way) to the whole RY X [hy,ha| satisfying the estimate

123) " glle Sho v Hllglladn (14.93)
where = ko + 7(ko + 1) is the constant in 2I8) with ko =k + 1.
Proof. By ([4.50), similarly as in (I457) one has v/*|0¢ (w - £ 4 p?)| < v()]4]2 for all 1 < |a| < ko. Hence

Lemma B4 can be applied to f(\) = w - £+ u?(\) with M = Cy(¢)|j|? and p = 2y5% (¢)~7. Thus, following
the proof of Lemma with w - £+ pj (A) instead of w - £, we obtain (IL.93). O

Standard smoothing properties imply that the operator R;- defined in ([Z91) satisfies, for all b > 0,

_ ko, , ko,
IR RIS S K 1Al dpn s IR AT S IANET (14.94)

By ([I4.88), (I£90), Theorem [I44 PropositionI33] and estimates (I4.93), (I4.94), (I£]9), we deduce the

following theorem.

Theorem 14.10. (Almost-invertibility of £,) Assume (&0). Let a,b as in (IZT) and M as in (IZLS).
Let S > s, and assume the smallness condition (IZ3Y). Then for all

(w,h) €AY =AY (i) = A) NAY, (14.95)
(see (I4AT)), (IZ92)) the operator L,, defined in (B26) (see also ([GH)) can be decomposed as (cf. (529))
Lo,=L5+Ru+RE, LS =VuLV, Ro=VuRVy, RE=VuRiV ! (14.96)

where LS is invertible and there is an extension of the inverse operator (that we denote in the same way)
to the whole RY x [hy,ha] satisfying, for some o := o(ko,7,v) > 0 and for all sp < s < S, estimates
BE30)-E33), with p(d) defined in (I49). Notice that these latter estimates hold on the whole RY X [h1,hs].

This result allows to deduce Theorem [5.6] which is the key step for a Nash-Moser iterative scheme.
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15 Proof of Theorem [4.1]

We consider the finite-dimensional subspaces
By = {3(¢) = (0.1,2)(¢), ©=T0,0, [=TI,I, z =T,z }
where II,, is the projector

I, =1k, : 2(p,x) = Z 20 ;& 0PHID T2 (0, @) = Z 2 el ¥HiT) (15.1)
ez ,jesg [(6.5)|<Kn
with K,, = Ké‘n (see (5:28)) and we denote with the same symbol IL,p(¢) = >y <k, pee't¥. We define

I} := Id — II,. The projectors II,, IT;}- satisfy the smoothing properties (Z.6), (Z7) for the weighted
Whitney-Sobolev norm || - [|%0+7 defined in ([23).
In view of the Nash-Moser Theorem [I5.0] we introduce the following constants:

aj := max{60; + 13, xp(7 + 1)(4d + 1) + x(u(b) + 2071) + 1}, as == x ‘a1 — pu(b) — 201, (15.2)
w1 = 3(p(b) + 201) + 1, by :=aj + u(b) + 301 + 3+ x ', X = 3/2, (15.3)
o1 = max{7, s¢ + 2ko + 5}, S:=59+Dby (15.4)
where ¢ := 6(7,v,ko) > 0 is defined in Theorem B.6 so + 2ko + 5 is the largest loss of regularity in the
estimates of the Hamiltonian vector field Xp in Lemma B u(b) is defined in (IZ9), b is the constant

b:= [a] + 2 € N where a is defined in (IZ7). The constants by, 1 appear in (P3),, of Theorem [[5.1] below:

b; gives the maximal Sobolev regularity S = so + b; which has to be controlled along the Nash Moser

iteration and p; gives the rate of divergence of the high norms ||Wn||fgﬂb1 The constant a; appears in

(I5.I0) and gives the rate of convergence of F(U,) in low norm.
The exponent p in (5.27) which links the scale (N,),>0 of the reducibility scheme (Theorem [IZ4.4) and
the scale (K,)n>0 of the Nash-Moser iteration (N, = K2 ) is required to satisfy

13
pa>(x —lai+xo1 = gai + 501 (15.5)

By (I41), a > x(7+1)(4d+ 1) + 1. Hence, by the definition of a; in (I5.2)), there exists p := p(7, v, ko) such
that (I5.5]) holds. For example we fix p := 3(u(b) + 301 + 1)/a.

Given W = (3, 8) where J = J(\) is the periodic component of a torus as in ([{I2]), and 8 = B(\) € R¥
we denote ||W||507 := max{||J||*7,|8]|*7}, where ||J||%0+7 is defined in ([@I3).

Theorem 15.1. (Nash-Moser) There exist 0o, Cix > 0, such that, if

1
K83€772M73 <o, 73:=max{pm,201+ai+4}, Ko:=+v"' ~7y:=¢% 0<a< T3 (15.6)
3

where the constant M is defined in (IZ8) and 1o := 2(7,v) is defined in Theorem[IZ.3, then, for all n > 0:

(P1),, there exists a ko times differentiable function W, : R x [hy,ho] = Ep_1 X RY, A = (w,h) = W,(\) :=
(T, G, — w), for n > 1, and Wy := 0, satisfying

= ko, _
IWall oo oy or < Cuer ™ (15.7)

Let U, := Uy + W,, where Uy := (,0,0,w). The difference H, := U, — U,_1, n > 1, satisfies

T ko, — rr 11ko, — —ag
Ly hoy < Coer™ s IHAlET 00, < Cuey K2, W > 2. (15.8)

(P2),, Setting i, == (¢,0,0) + J,,, we define
Go:=x [h1,hy], Gup1:=GuNA), (1), n>0, (15.9)
where A (i) is defined in (IZ9H). Then, for all X € Gy, setting K_, := 1, we have
IF )l < Crek 2 (15.10)
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(P3), (High norms). |[W, |57, < Cuey "KM, for all X € G,.

Proof. The proof is the same as Theorem 8.2 in [21]. It is based on an iterative Nash-Moser scheme and uses
the almost-approximate inverse at each approximate quasi-periodic solution provided by Theorem o

We now complete the proof of Theorem Il Let v = £ with a € (0,a0) and ag := 1/(2M + 3 + 73)
where 73 is defined in (I5.). Then the smallness condition given by the first inequality in (I5.6) holds for
0 < & < gg small enough and Theorem [[5.1] applies. By (I5.8) the sequence of functions

W, = U — (¢,0,0,0) := (Jn, dn — w) = (in — (¢,0,0), &n — w)
is a Cauchy sequence in || ||'§g'V and then it converges to a function W, := lim,,_, 1 W,,. We define
Uso := (s o) = (¢,0,0,w0) + W, Woo : RY X [hy,ho] — HZ® x HZ? x HZ, x RY.
By (I5.7) and (I5.8) we also deduce that

k - k —lgp—as
[Use = Uoll ooy son < Ceer ™ 1Us0 —U, e oy < Cey K™, n>1. (15.11)

Moreover by Theorem [[5.1+H(P2),, we deduce that F(A, Uso(A)) = 0 for all A belonging to

M G =600 () A1) =2 Gont [ () w3 0 [ () 427G n)] (15.12)

n>0 n>1

where Gy = Q X [h1, hs] is defined in (I5.9). By the first inequality in (I5I1]) we deduce (@I0) and (£I7).
It remains to prove that the Cantor set CJ, in (£.20) is contained in (1), Gn. We first consider the set

Goo i= Go N [ M A2 oo)] N [ N A?J(im)} . (15.13)
n>1 n>1
Lemma 15.2. G, C mnzo Gn, where G, is defined in ([2.9).
Proof. See Lemma 8.6 of [21]. O

Then we define the “final eigenvalues”

15 = (ine) +15°,  j ENT\ST, (15.14)

where (19 (ioo) are defined in (I435) (with my,7; depending on i) and

r0 = lim r}(is), jeNT\ST, (15.15)

J n——+00

with r7 given in Theorem [A3}(S1),,. Note that the sequence (r7 (i ))nen is a Cauchy sequence in | [Fo-7 by
([222). As a consequence its limit function r3°(w,h) is well defined, it is ko times differentiable and satisfies

15 — 7} (o) [T < Ceny 2 MHD[|72N2, 0 > 0. (15.16)

n—1>

In particular, since 79(io) = 0, we get [r5°|F07 < Cey2M+1)|5|=2m (here C' := C(S, ko), with S fixed

in (I5.4)). The latter estimate, (I5.I4), (I45) and (I2T78) imply (@I8)-(@I9) with v° := r; + r3° and

n° :=m1 (ino)-
2 2

Lemma 15.3. The final Cantor set C1, in [A20) satisfies CL, C Goo, where Goo is defined in (I5I13).
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Proof. By ([I5.13)), we have to prove that C2, C A27(i.), Vn € N. We argue by induction. For n = 0 the
inclusion is trivial, since A} (iso) = @ X [h1,hy] = Go. Now assume that CZ, C A2 (i) for some n > 0. For

all A € C, C A (i), by ([Z20), @5.14), (I5IG), we get
(1 = ) ioe) = (5% — p3P)| < Cey PMFDN T2, (5720 4 j'=2m)
Therefore, for any |¢|, |7 — 7| < N, with (¢,7,7") # (0,4,7) (recall {£20))) we have

w0 £ 1 i) — 12 o) = e - €+ iS° — ] — G 2D N2, (j=2m 4 jr=2m)

> 4’7<€>—Tj—dj/—d _ 05'7_2(]M+1)N7:—a1 (j—2m +j/_2m)
> 2’)’<£>7Tj7dj/7d

provided Cey™2M=3N 2 N7 (j=2™+;'72m)j4j'¢ < 1. Sincem > d (see (IZ7)), one has (j-+N,)4j472™ <4 N2
for all j > 1. Hence, using |j — j'| < Np,

RGN N

(jf2m +j/72m)jdj/d __J + J

< d
j2m—d j2m—d = = jam—d j/2m—d Sa Ny

Therefore, for some C; > 0, one has, for any n > 0,
CE’)/_QM_sN;le; (j—Qm +j/_2m)jdjld S 0157_2M_3N7751N:;+d S 1

for € small enough, by (IZ7), (I56) and because 73 > p(T + d) (that follows since 75 > 71 + a where 72 has
been fixed in Theorem [[43). In conclusion C, C Ai11(ioo) (for the second Melnikov conditions with the +
sign in (IZ26) we apply the same argument). Similarly we prove that C2, C A27I(i ) for all n € N. O

Lemmata [[5.2, 053 imply C, € (),,>on, where G, is defined in (I5.9). This concludes the proof of
Theorem (411 -

A Dirichlet-Neumann operator

Let n € C*°(T). It is well-known (see e.g. [47], [5], [40]) that the Dirichlet-Neumann operator is a pseudo-
differential operator of the form

G(n) = G(0) +Re(n), where G(0) = |D|tanh(h|D)) (A1)

is the Dirichlet-Neumann operator at the flat surface n(z) = 0 and the remainder R (n) is in OPS~>° and it
is O(n)-small. Note that the profile n(x) := n(w, h, ¢, x), as well as the velocity potential at the free surface
Y(x) := 1 (w,h, ¢, z), may depend on the angles ¢ € T” and the parameters A := (w,h) € R” X [hy,hs]. For
simplicity of notation we sometimes omit to write the dependence with respect to ¢ and A.

In the sequel we use the following notation. Let X and Y be Banach spaces and B C X be a bounded open
set. We denote by C}(B,Y) the space of the C! functions B — Y bounded and with bounded derivatives.

Proposition A.1. (Dirichlet-Neumann) Assume that 9%n(,-,-) is C* for all |k| < ko. There exists
d(s0, ko) > 0 such that, if

0

ko,
H77H25012k0+1 < 6(s0, ko) » (A.2)

then the Dirichlet-Neumann operator G(n) may be written as in (A1) where R (n) is an integral operator
with C* kernel K¢g (see (Z354)) which satisfies, for all m,s,« € N, the estimate

1RG5 0o < Clsym, a, ko) | K| & 7mea < Ols,m, ko)l

0,7
—m,s,x s+2s0+2ko+m—+a+3 (AS)

Let s1 > 2sg + 1. There exists §(s1) > 0 such that the map {||n|s;+6 < 0(s1)} — H=(TY x T x T),
1= Ka(n), is Cy.
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The rest of this section is devoted to the proof of Proposition [A1]

In order to analyze the Dirichlet-Neumann operator G(n) it is convenient to transform the boundary
value problem ([3) (with A = h) defined in the closure of the free domain D, = {(z,y) : —h < y < n(z)}
into an elliptic problem in a flat lower strip

{(X,Y):=h—c<Y <0}, (A4)
via a conformal diffeomorphism (close to the identity for n small) of the form
=UX,Y)=X+p(X,)Y), y=V(X,YV)=Y +¢(X,Y). (A.5)

Remark A.2. If (AJ) is a conformal map then the system obtained transforming (L3) is simply (A.32)
(the Laplace operator and the Neumann boundary conditions are transformed into themselves). O

We require that ¢(X,Y) and p(X,Y) are 2r-periodic in X, so that (AZ5) defines a diffeomorphism between
the cylinder T x [~h — ¢, 0] and D,,. The bottom {Y = —h — ¢} is transformed in the bottom {y = —h} if

V(X,-h—¢) = —h & g(X,-h—¢c)=¢, VX €eR, (A.6)
and the boundary {Y = 0} is transformed in the free surface {y = n(z)} if
V(X,0) =n(U(X,0)) & ¢(X,0) =n(X +p(X,0)). (A7)

The diffeomorphism ([AH]) is conformal if and only if the map U(X,Y)+iV (X, Y) is analytic, which amounts
to the Cauchy-Riemann equations Ux = Vy, Uy = —Vx, namely px = gy, py = —¢x. The functions (U, V),
i.e. (p,q), are harmonic conjugate. Moreover, (A.f]) and the Cauchy-Riemann equations imply that

Uy(X,-h—c¢)=py(X,-h —¢) =0. (A.8)
Given any periodic function
=po+ »_pre*Y, (A.9)
k#0

the unique function p(X,Y") that is 27-periodic in X and solves Ap =0, p(X,0) =p(X), py(X,-h—¢) =0
is

Z cosh(|k|(Y +h+¢)) ix
Pk

cosh(|k|(h + ¢)) (4.10)

The unique function ¢(X,Y) that is 2w-periodic in X and solves Ag = 0, (A6) and px = qy, py = —qx is

sign(k)

WsthM(Y*hJFC))eM- (A1)

AX,Y)=c+) ipx
k0

We still have to impose (A1). By (A1) we have
q(X,0)=c+ Z isign(k) tanh(|k|(h 4 ¢))pre™™ = ¢ — H tanh((h + ¢)|D|)p(X) (A.12)
k#£0

where p(X) is defined in (AX9) and H is the Hilbert transform defined as the Fourier multiplier in ([2.32).
By (A12), since p(X,0) = p(X), condition (A7) amounts to solve

¢ — Htanh((h + ¢)|D)p(X) = n(X + p(X)). (A.13)

Remark A.3. If we had required ¢ = 0 (fixing the strip of the straight domain (A4)), equation (A3
would, in general, have no solution. For example, if n(z) = ny # 0, then —H tanh(h|D|)p(X) = no has no
solutions because the left hand side has zero average while the right hand side has average ng # 0. (]
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Since the range of H are the functions with zero average, equation (A13) is equivalent to
c= (X +p(X))), —Htanh((h+¢)|[D)p(X) = myn(X +p(X)) (A.14)

where (f) = fo = mof is the average in X of any function f, mg is defined in [Z33)), and 7y := Id — mp. We
look for a solution (¢(¢),p(v, X)), where p has zero average in X, of the system

H

=X +p(X)), p(X) = ey

[n(X +p(X))]- (A.15)

Since H? = —mg-, if p solves the second equation in (AIH]), then p also solves the second equation in (AI4).

Lemma A.4. Let n(\, p,x) satisfy Okn(X,-,-) € C®(T"*) for all |k| < ko. There exists §(so, ko) > 0
such that, if ||n||§201k0+2 < 8(so0, ko), then there exists a unique C* solution (c(n),p(n)) of system (A5
satisfying

IRIE, ells®” Soo ISR, Vs = s0- (A.16)

Moreover, let sy > 2so + 1. There exists 6(s1) > 0 such that the map {|[nls,+2 < d(s1)} — HZ' x H*',
0= (c(n),p(n)) is Cy.

Proof. We look for a fixed point of the map

O(p) == HE((b+c)|D)[n(- +p())],  where £(£):= §£#0, (A.17)

tanh(&)’

ko,y

and ¢ := (n(X +p(X))). We are going to prove that ® is a contraction in a ball Bas,11(r) := {[|pllse}1 <

(p) = 0} with radius r small enough. We begin by proving some preliminary estimates.
The operator Hf ((h + c)|D|) is the Fourier multiplier, acting on the periodic functions, with symbol

—isign(&)x(O)f ((h+ c(A, ©)[E]) = glh+ (X, 9), ), where g(y,&) := —isign(&)x(E)£(yl¢]) vy >0,

where the cut-off x(&) is defined in (ZI6). For all n € N, there is a constant C,,(h;) > 0 such that
10y 9(y,§)| < Cn(hy) for ally > hy /2, £ € R. We consider a smooth extension g(y, §) of g(y, ), defined for any
(y,€) € R xR, satisfying the same bound as g. Now [c(A, ¢)| < ||9]lze < C|Inllsy, and therefore h+c(A, @) >
hy/2 for all A, ¢ if ||n||s, is sufficiently small. Then, by Lemma 2.6, the composition g(h+ c(), ), ) satisfies

130 + ¢, )15 Sokomyme 1+ ] f0

uniformly in £ € R (the dependence on hj,hy is omitted in the sequel). As a consequence, we have the
following estimates for pseudo-differential norms (recall Definition X)) of the Fourier multiplier in (A17):
for all s > s,

ko, ko,
|HE((0+ o)D) 0% [HIDIE (R + )[D)0%T Ssuro 1+ llellz” (A.18)

Estimate (2I1]) with k41 = kg implies that, for ||p||§211 < 6(s0, ko), the function ¢ = ¢(n,p) = (N(X+p(X)))
satisfies, for all s > sq,

ko, , ko,
lells® Soko lmllsSR, + IRlse Il Thg 1 - (A.19)
Therefore by (AI8), (A19) we get, for all s > sq,
ko, k ko, ko, ko,
|12 (0 + )| D) o%h, 1HIDIE (2 + 0)[DI) g% Ssio 1+ IS4 + IR Il g kg1 - (A.20)
Now we prove that ® is a contraction in the ball Bag,+1(7) := {||p||’2€‘s’0"ﬁrl <r, (p) =0}

STEP 1: CONTRACTION IN LOW NORM. For any |[p[527, < 7 < 8(so, ko), by 269), (A20), ZII), and

using the bound ||n||*:”

sotkotl < < 1, we have, Vs > sq,

ko, ko, :
IRE)IE Sako 0l + Il g llRIS (A.21)
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We fix r := 20(50,k0)||n||§§(’)1k0+1 and we assume that » < 1. Then, using (A2I) with s = 2sg + 1, one

deduces that ® maps the ball Bag,+1(r) into itself. To prove that ® is a contraction in this ball, we estimate
its differential at any p € Bas,+1(r) in the direction p, which is

®'(p)[p] = A(mp), (A.22)
where the operator A and the function m are
A(h) = (hyHE' (b + ) [D])| DI[n(X + p(X))] + HE((h + )| D[R], m:= 5. (X +p(X)). (A.23)
To obtain (A22)-(A23), note that dpc[p] = (mp). By (ZI)), for all s > s,
[ S ] A Y el [ S (A.24)
By (2.69), (A20), (211, using the bounds ||77||1;‘)’fkoJrl < 1 and |p||k” < 1, we get, for all s > s,
JAIG%D Ssiko 1+ 1157, + PRI 0159 g1 - (A.25)
By (A22), @Z4), (A24), (A25) we deduce that, for all s > s,
12/ @)5h Saoko 0500 + IR 001 2 (A.26)

In particular, by ([(A26) at s = 2s¢ + 1, and (2.69), we get

-1 11ko, ko, k ko,
19" ()[B] ll2ey k1 < Cls0, ko) Inllae) kg 42lBllagy 1 < 2||P||2§011 (A.27)
provided C|(so, k0)||77||12€§;1k0+2 < 1/2. Thus ® is a contraction in the ball Bag,+1(r) and, by the contraction

mapping theorem, there exists a unique fixed point p = <I>(p) in 6250+1( ). Moreover, by (A2]), using that
p = ®(p) there is C(so, ko) > 0 such that if C(so, ko)|n|*® o kop1 < 1/2 for all s € [sg,2sp + 1], one has
Ipl%o <4k ||77||’;i;0 Using also (AT9) one deduces ||c|*o7 <s 4, ||77||§i;0 for all s € [sg,2s¢ + 1]. Thus we
have proved (A.16) for all s € [sg,2s¢ + 1].

STEP 2: REGULARITY. Now we prove that p is C* in (¢, x) and we estimate the norm ||p||*> as in (AI6)
arguing by induction on s. Assume that, for a given s > 2s9 + 1, we have already proved that

Fo,
P18, Nlells™ Soro 1011557, - (A.28)

We want to prove that (A28) holds for s + 1. We have to estimate ||p[|*37 ~ max{||p|*>7, [|0xp|k",
0,,pl|57, i = 1,...,v}. Using the definition (AIT) of ®, we derive explicit formulas for the derivatives
Oxp, 0y, p in terms of p, 1, 0.1, 0y, 1. Differentiating the identity p = ®(p) with respect to X we get

px = HE((h+ )| D)) [1:(X +p(X)(1 + px)] = @' (p)[px] + A(m) A.29)

(
where the operator ®'(p) is given by (A22) and A,m are defined in (A.23) (note that (n.(X + p(X))(1 +
px(X))) =0). By (A26) at s = s, for ”77”531:%4-2 < 4(s0, ko) small enough, condition ([Z52]) for A = —9'(p)
(with a = 0) holds. Therefore the operator Id — ®'(p) is invertible and, by (Z53) (with o = 0), (A28) and
[269)), its inverse satisfies, for all s > s,

1(1d — @' (P)) MRl Seuka RIS + IInllS37, o0 IBl1ES ™ - (A.30)

By (A29), we deduce that pxy = (Id — ®'(p ))71.4( ). By 269), (A24)-(A25) and (A2]), we get

ko, ,
IAG@) |57 <, [1nl1557, 11 Hence, by (B30), using )57, 42 < 1, we get

k ko,
P15 Ssko 17155 R 41 - (A.31)

We similar arguments we get ||0,,p||*7 <; ko ||77||fj’r’,zo+1, i =1,...,v, and using (A28), (A3), we deduce
(A2]) at s + 1 for p. By (AI9), the same estimate holds for ¢, and the induction step is proved. This
completes the proof of (AT6]).

The fact that the map {||7lls,+2 < d(s1)} — HZ' x H®* defined by n — (c(n),p(n)) is C follows by the
implicit function theorem. O
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Notice that (A.2) implies the smallness condition of Lemma [A.4l Now we transform (L3)) via the con-
formal diffeomorphism

cosh(|k|( Y+h+c)) X
UX,Y) =X+ pk e
s cosh(|k|(h + ¢))
sign(k) : ikX
VX,Y):=Y +c+ lek cosh([k](b 1)) sinh(|k|(Y +h +¢))e

k0

where ¢ and p are the solutions of (ATH) provided by Lemma [A4l Denote (Pu)(X) := w(X + p(X)). The
velocity potential ¢(X,Y) := ®(U(X,Y), V(X,Y)) satisfies, using the Cauchy-Riemann equations Ux = Vy,
Uy = —Vx (or equivalently px = qv, py = —qx) and (A.6)-(A.F),

Ap=0in{-h—c<Y <0}, ¢(X,0)=(P)(X), ¢y(X,—h—¢c)=0. (A.32)

We calculate explicitly the solution ¢ of (A:32]), which is (see (AI0))

B —— cosh(|k|(Y +h +¢)) ik X
H(X,Y) = ];Z(P¢)k cosh(|k|(h + ¢)) ’

where (P/E) . denotes the k-th Fourier coefficient of the periodic function Pv. Therefore the Dirichlet-
Neumann operator in the domain {—h — ¢ <Y < 0} at the flat surface Y = 0 is given by

d)y(X,O):Z(Pi/J) tanh([k|(h + ¢))|k|e** = D] tanh((h + ¢)| D|)(Py)(X) . (A.33)
k0

Lemma A.5. G(n) = 0, P~'H tanh((h + ¢)|D|) P

Proof. The proof is the same as the one of Lemma 2.40 in [21I]. The only difference is that formula (A33)
in the case of infinite depth is given by ¢y (X,0) = |D|(Py)(X). O

Proor or ProprosITION [A]] CONCLUDED. By Lemma we write the Dirichlet-Neumann operator as
G(n) = 9,P~*Htanh((h + )| D)P = |D| tanh(a|D]) + Ra(n),  Re(n) =Rg (n) + RE ().
where, using the decomposition (Z41]),

RG) () := 8, (P~'H tanh((h + ¢)|D|) P — H tanh((h + ¢)| D|))
= 0, (P™'HP = H) + 9, (P~"HODP(rate) P — HOP(7n+c)) - (A.34)

The second term Rg) (n) is
RE) (n) := 0, H (tanh((b + ¢)| D) — tanh(h|D|)) = 9, HOP(rase — ma) = ¢ 0y HOP(Fa ) € OPS™, (A.35)

where

) = 1O = Fnel©c, nel®) = 2(©) [ R IINE) g e g,

Estimate (A.3) directly follows estimating (A.34) and (A35) by Lemmata ZT7 I8 and using Lemma
[A4l The differentiablility of the map {||9lls,+6 < 0(s1)} = H**(T” x T x T), n — Kg(n) follows by the

differentiability of the map {|[nlls,+2 < d(s1)} — HZ' x H*', n+ (c(n),p(n)) proved in Lemma [A.4]
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B Whitney differentiable functions

The following definition is the one in Section 2.3, Chapter VI of [59], for Banach-valued functions.

Definition B.1. (Whitney differentiable functions) Let F be a closed subset of R*, n > 1. LetY be a
Banach space. Let k > 0 be an integer, and k < p < k+ 1. We say that a function f : F — Y belongs to
Lip(p, F,Y) if there exist functions f9) : F =Y, j € N*, 0 < |j| <k, with f© = f, and a constant M > 0
such that if Rj(z,y) is defined by

) 1 .
fP@)= Y 7 9 9y) (z —y)* + Rj(x,y), xy€F, (B.1)
CENm:|j+e|<k

then

1fP @)y < M, [|Rj(z.y)ly < Mle—y|*~ VW, Va,yeF, |j| <k. (B.2)
An element of Lip(p, F,Y) is in fact the collection {f\9) : |j| < k}. The norm of f € Lip(p, F,Y) is defined
as the smallest M for which the inequality (B.2)) holds, namely

I fllLip(p, vy := inf{M > 0: (B.2) holds} . (B.3)

If F = R™ by Lip(p, R™,Y) we shall mean the linear space of the functions f = O for which there exist
fO =08if, |j| <k, satisfying ([B2).

Notice that, if F = R, the fU), |j| > 1, are uniquely determined by f(°) (which is not the case for a
general F with for example isolated points).

In the case FF =R"™, p=k+1 and Y is a Hilbert space, the space Lip(k + 1,R",Y) is isomorphic to the
Sobolev space Wk+1:0(R"Y), with equivalent norms

Cillfllwrssr.0o@nyy < [ fllLiptr1,rm,v) < Coll fllwrt1.00mn y) (B.4)

where C1,C5 depend only on k,n. For Y = C this isomorphism is classical, see e.g. [59], and it is based
on the Rademacher theorem concerning the a.e. differentiability of Lipschitz functions, and the fundamental
theorem of calculus for the Lebesgue integral. Such a property may fail for a Banach valued function, but
it holds for a Hilbert space, see Chapter 5 of [12] (more in general it holds if Y is reflexive or it satisfies the
Radon-Nykodim property).

The following key result provides an extension of a Whitney differentiable function f defined on a closed
subset F' of R™ to the whole domain R"™, with equivalent norm.

Theorem B.2. (Whitney extension Theorem) Let F' be a closed subset of R™, n > 1, Y a Banach space,
k >0 an integer, and k < p < k+ 1. There exists a linear continuous extension operator & : Lip(p, F,Y) —
Lip(p, R™,Y) which gives an extension Ef € Lip(p,R™Y) to any f € Lip(p, F,Y). The norm of & has a
bound independent of F,

€k [Lipp,rn,v) < Cllf lLip(p,ryy»  Vf € Lip(p, F,Y) (B.5)
where C' depends only on n,k (and not on F,Y ).

Proof. This is Theorem 4 in Section 2.3, Chapter VI of [59]. The proof in [59] is written for real-valued
functions f : F — R, but it also holds for functions f : FF — Y for any (real or complex) Banach space Y,
with no change. The extension operator & is defined in formula (18) in Section 2.3, Chapter VI of [59], and
it is linear by construction. O

Clearly, since & f is an extension of f, one has

I fllLip(o, vy < €k flILip(orm, vy < Cllf lLip(p,F,v) - (B.6)

In order to extend a function defined on a closed set F' C R™ with values in scales of Banach spaces (like
H*(T"*1)), we observe that the extension provided by Theorem does not depend on the index of the
space (namely s).
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Lemma B.3. Let F be a closed subset of R™, n > 1, let k > 0 be an integer, and k < p<k+1. LetY C Z
be two Banach spaces. Then Lip(p, F,Y) C Lip(p, F, Z). The two extension operators EIEZ) : Lip(p, F, Z) —
Lip(p,R™, Z) and Eéy) : Lip(p, F,Y) — Lip(p, R",Y) provided by Theorem [B2 satisfy

§9f =61 vfelip(p,FY).

As a consequence, we simply denote & the extension operator.

Proof. The lemma follows directly by the construction of the extension operator & in formula (18) in Section
2.3, Chapter VI of [59], which relies on a nontrivial decomposition in cubes of the domain R™ only. O

Thanks to the equivalence (B.)), Lemma [B.3l and (B.4]) which holds for functions valued in H*, classical
interpolation and tame estimates for products, projections, and composition of Sobolev functions can be
easily extended to Whitney differentiable functions.

The difference between the Whitney-Sobolev norm introduced in Definition Z:Iland the norm in Definition
B (for p=k+1,n=wv+1, and target space Y = H*(T""!,C)) is the weight v € (0, 1]. Observe that the
introduction of this weight simply amounts to the following rescaling R.: given u = (u(j))‘ jl<k, we define
Ryu=U= (U(j))mgk as

A=qp, AN =D (yp) = UD (u) =UD (1Y), U:=Ryu. (B.7)
Thus u € Lip(k + 1, F, s,7) if and only if U € Lip(k + 1,7 1F, s, 1), with

k+1, k+1,1
lullg e = Ul - (B.8)

Under the rescaling R, (B.4)) gives the equivalence of the two norms
(o7 (67 k 3
||f||W’“+1v°°v7(]R"+1,HS) = Z 7' ‘Ha)\fHL“’(]Rer,HS) ~v,k ||f||5£r{31- (B-9)
|| <k+1
Moreover, given u € Lip(k + 1, F, s,7), its extension
@ :=R;"ERyu € Lip(k + 1,R"T s,y) satisfies ||u||];';17 ~uk ||a||’jl;;11 . (B.10)
Proof of Lemma Inequalities (2.6)-(27) follow by
j 1 IInu u
()P () = Dy ()], BRI %) = Dv RS (A do)],

for all 0 < [j| < k, A\, Ao € F, and the usual smoothing estimates |IIxf||s < N%|f|ls—a and ||y f|s <

N7 f|ls+a for Sobolev functions. O
Proof of Lemma[23 Inequality () follows from the classical interpolation inequality [|ul|s < |Ju||%, [u]l1?,

s =0so+ (1 — 6)sy for Sobolev functions, and from the Definition 2.1 of Whitney-Sobolev norms, since
WD < G M)ls0)? G D W15 < (lulls =)0 (lulls 57,
- k+1, k+1,9y1— —|j
VIR O o)l < (FFFH IR (A 20 lso)? (IR (A Ao 16) '8 < (el ef 57 (el 57570 =0 A = Aol FH 1L

Inequality ([2.9) follows from (2.8) by using the asymmetric Young inequality (like in Lemma 2.2 in [21]). O

Proof of Lemma 2.4l By (B.9)-(B.I0), the lemma follows from the corresponding inequalities for functions
in WktLeoy(R¥+1 H%) which are proved, for instance, in [2I] (formula (2.72), Lemma 2.30). O

For any p > 0, we define the C*° function h, : R — R,

ho(y) == Xoy) _ X(yyp_l) . Yy eR\ {0}, h,(0):=0, (B.11)
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where x is the cut-off function introduced in (2I6)), and x,(y) := x(y/p). Notice that the function h,, is of
class C* because h,(y) = 0 for |y| < p/3. Moreover by the properties of x in (ZI6) we have

ho) == Mol 2 2 ()] <2, Ve R, (B.12)
To prove Lemma 2.5] we use the following preliminary lemma.
Lemma B.4. Let f : R"*! = R and p > 0. Then the function
gA\) = h,(f(N), VYAeR" T (B.13)
where h, is defined in (BII), coincides with 1/f(X) on the set F := {\ € R*T1 :|f(\)| > p}.
If the function f is in WkTLoo(R¥ L R) | with estimates

Ao <M, YaeN™ 1<|a|<k+1, (B.14)

for some M > p, then the function g is in W*+t1Lo(RV+1 R) and
k+1

M
Aleljagg(N)] < C’“W’ Vo e Nt 0 <ol <k+1. (B.15)

Proof. Formula (B.JH) for @ = 0 holds by (BJ2). For |a| > 1, we use the Faa di Bruno formula and
(B14). O
Proof of Lemma The function (w - 9,,),u defined in ZI5) is

(@ Op)emu)Npo) = =1 Y ge(Nug(A) ¥+,
(é7j)eZV+l
where go(\) = hy(w - £) in (BI3) with p = ~(¢)"7 and f(\) = w - £. The function f(\) satisfies (B.14) with
M = v|¢]. Hence g;()\) satisfies (B3], namely

Y08 9N < Cry HOF Ya e N 0 <ol <k + 1, (B.16)

where y = k+ 1+ (k+2)7 is defined in (ZI8). By the product rule and using (B.I6)), we deduce v/°!||05 ((w -
Do)omrt) Nl < Ck7_1||u||fii:%,,+1 and therefore [2I7)). The proof is concluded by observing that the
restriction of (w - d,,),4u to F gives (w-9,) 'u as defined in &I4), and (ZIF) follows by ([B.10). O
Proof of Lemma Given u € Lip(k + 1, F, s,7), we consider its extension @ € Lip(k + 1,R**! s, 7)
provided by (BI0). Then we observe that the composition £(i) is an extension of f£(u), and therefore
one has the inequality ||f(u)||]:JIZ1V < ||f(a)||’§££11 ~ ||£(@) [lwr+1.00 v met1, =y by (B9). Then ZIJ) follows

by the Moser composition estimates for || ||f£111 (see for instance Lemma 2.31 in [21]), together with the

equivalence of the norms in (B.9)-(B.10). O

C A Nash-Moser-Hormander implicit function theorem

Let (Eq)a>0 be a decreasing family of Banach spaces with continuous injections Ej < E,,
lullz, < lulle, fora<b. (C.1)

Set Eo = Ng>0E, with the weakest topology making the injections Eo, — E, continuous. Assume that
there exist linear smoothing operators S; : Ey — Eo for j = 0,1,..., satisfying the following inequalities,
with constants C bounded when a and b are bounded, and independent of j,

IS;ulle, < Cllullg, for all a; (C.2)

|1Sjullz, < C22C=Y||Sullg, if a < b; (C.3)

u— Sjullg, <C279@ Y|y - S;ulg, if a > b; (C.4)
1(Sj4+1 = Si)ullg, < C270~Y||(Sj41 — Sj)ullg, for all a,b. (C.5)
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Set

Ro’u = Slu, Rju = (Sj+1 — Sj)u, j > 1. (CG)

We also assume that -
lull%, < CY IRulE, Ya>0, (C.7)

=0

with C' bounded for a bounded (a sort of “orthogonality property” of the smoothing operators).
Suppose that we have another family F, of decreasing Banach spaces with smoothing operators having
the same properties as above. We use the same notation also for the smoothing operators.

Theorem C.1 ([I0]). (Existence) Let a1, a2, a, 3, ag, it be real numbers with

0<ap<p<ay, a1+§<a<a1+ﬁ, 200 < a1 + as. (C.8)

Let U be a convex neighborhood of 0 in E,. Let ® be a map from U to Fy such that ® : U N Eqpy — Fy is
of class C? for all a € [0,az — p], with

12" (v, wlllr, < Mi(@)([vllE.., wlle., + 1v]e, lvle..,.)
+{Ma(a)|ull By, + Ma(a) 0]l 2, 0] 2, (C.9)

forallu e UNEqqy, v,w € Eqy,, where M; 1 [0,a2 — ] = R, i =1,2,3, are positive, increasing functions.
Assume that ®'(v), for v € Es NU belonging to some ball ||v||g,, < d1, has a right inverse W(v) mapping
Fy to E,,, and that

W ()glle, < Li(a)llgllr s + {L2(a)l|vllE., s + La(@)}gllm  Va € ar, a2, (C.10)

where L; : [a1,a2) = R, i = 1,2,3, are positive, increasing functions.
Then for all A > 0 there exists d > 0 such that, for every g € Fg satisfying

Y IRglE, < A%yl Ngllms <6, (C.11)
j=0

there exists u € E, solving ®(u) = ®(0) + g. The solution u satisfies
lullg. < CLi2s(az)(1 + A)llgl s, (C.12)
where Lias = L1+ Lo + Lg and C' is a constant depending on ay,as,, 3. The constant ¢ is
§=1/B, B=C"Lia(az)max{1/8;,1+ A, (1 + A)L1a3(az)Mas(az — p)} (C.13)
where Myo3 = My + Mo + M3 and C' is a constant depending on a1, as,a, 3.

(Higher regularity) Moreover, let ¢ > 0 and assume that (C9) holds for all a € [0, a2+ c— pu], ¥(v) maps
Fo to Eqytc, and (CIQ) holds for all a € [a1,az + c]. If g satisfies (CII)) and, in addition, g € Fai. with

Do IRgl,. < AZlgliE, .. (C.14)
7=0

for some A., then the solution u belongs to Fyy., with

ull oy < Ce{G1(L+ A)llgllrs + Go(1+ Ac)llgll s, } (C.15)

where
G1 := La + L1a(LsMis + Liag(a2) M3)(1 + 27), Gy := L1a(1 + 27), (C.16)
z := Lya3(a1)Mi23(0) + Lis M, (C.17)

ixlg = I~/1 + I~/2, Ei = Li(ag +C), = 1,2,3,’ Mlg = Ml + Mg, Mi = Mi(ag +c— M), = 1,2,3,’ N is a
positive integer depending on c, a1, , B; and C,. depends on ay,as,, 3, c.
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This theorem is proved in [I0] using an iterative scheme similar to [34]. The main advantage with respect
to the Nash-Moser implicit function theorems as presented in [62] [I7] is the optimal regularity of the solution
u in terms of the datum g (see (CI2)), (C.IH)). Theorem [C] has the advantage of making explicit all the
constants (unlike [34]), which is necessary to deduce the quantitative Theorem
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