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We consider the low-temperature transport properties of critical one-dimensional systems which
can be described, at equilibrium, by a Luttinger liquid. We focus on the prototypical setting where
two semi-infinite chains are prepared in two thermal states at small but different temperatures and
suddenly joined together. At large distances x and times t, conformal field theory characterizes the
energy transport in terms of a single light cone spreading at the sound velocity v. Energy density
and current take different constant values inside the light cone, on its left, and on its right, resulting
in a three-step form of the corresponding profiles as a function of ζ = x/t. Here, using a non-linear
Luttinger liquid description, we show that for generic observables this picture is spoiled as soon as
a non-linearity in the spectrum is present. In correspondence of the transition points x/t = ±v a
novel universal region emerges at infinite times, whose width is proportional to the temperatures
on the two sides. In this region, expectation values have a different temperature dependence and
show smooth peaks as a function of ζ. We explicitly compute the universal function describing
such peaks. In the specific case of interacting integrable models, our predictions are analytically
recovered by the generalized hydrodynamic approach.

The existence of universal phenomena is arguably the
most fascinating aspect of many-body physics. As a gen-
uinely collective behavior, universality cannot be under-
stood based uniquely on the knowledge of elementary
constituents and represents, as such, a fundamental fact
of nature. In the quantum realm, universal effects emerge
in the low-energy description of critical systems as ade-
quately captured, in two and three spatial dimensions, by
the Landau’s theory of Fermi liquids [1]. The situation is
different in one dimension, where interactions play a spe-
cial role, resulting in a strong collective nature of elemen-
tary excitations, and generating a plethora of fascinating
new effects [2]. In this case, the low-energy description
is provided by the universal theory of Luttinger liquids
[2–4], now routinely applied in the study of several in-
teracting systems. Under the basic assumption that, at
low energies, the spectrum of microscopic excitations can
be linearized, the relevant physics (in a renormalization
group sense) of the interacting many-body system is cap-
tured by an emergent free theory, representing the collec-
tive modes of the system [2–4]. Besides providing a con-
ceptually unifying point of view, the existence of univer-
sal effects is also of practical importance: first-principle
calculations in interacting many-body systems are over-
whelmingly hard, and the presence of universality allows
one to provide precise quantitative predictions based on
a few model-dependent phenomenological parameters.

While the power of universality has been traditionally
exploited at equilibrium, recent research has been in-
creasingly interested in its emergence out of equilibrium.
For example, a universal description has been found to
apply for the spreading of entanglement [5–7] and cor-
relations [7, 8] after a quantum quench. Here we focus
on another significant example in the context of nonlinear
transport in one dimension: we consider two semi-infinite
systems prepared at different temperatures, TL and TR,
and study the dynamics after they have been suddenly
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FIG. 1. Pictorial representation of low-temperature transport
dynamics in a critical system. After a rapid transient time
following the junction, the dynamics is accurately described
by a nonlinear Luttinger liquid. Profiles of local observables
display a three-step form as a function of ζ = x/t, correspond-
ing to a light cone propagating at velocity v. At its edges a
novel universal region emerges characterized by smooth peaks
(green areas in the figure). They are genuine nonlinear effects
and their width is proportional to the temperature. After a
typical time scale τe, other irrelevant terms become impor-
tant, spoiling the quasiparticle picture and starting an even-
tual diffusive dynamics [10]

joined together at time t = 0 [9, 10]. For t > 0 the two
halves start to mix originating a non-equilibrium region
spreading out from the junction. This region is known as
light cone and when a quasiparticle description applies is
tipically of size ∼ t. In this case, at large times t, generic
local observables become quasi-stationary and their pro-
files become functions of the ratio ζ = x/t where x is the
distance from the junction.

For a large intermediate time window (see Fig. 1),
the low temperature dynamics of gapless systems is con-
trolled by the equilibrium low energy modes and it is then
universal. A conformal field theory (CFT) description for
such situations [10–13] provides quantitative predictions
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for the transport of energy: the profiles of its density
and current display a three-step form, with sharp tran-
sitions in correspondence of the sound velocity. This is
consistent with the fact that a linear spectrum can only
give rise to one velocity of propagation, resulting in a sin-
gle sharp light cone. Moreover, once one subtracts the
ground-state values, the profiles are fully determined by
a few quantities: the two temperatures, the sound veloc-
ity, and the central charge of the underlying CFT. Such
results have been verified both in numerical [14, 15] and
analytical studies, in free [16–18] and interacting [19–21]
integrable models. The latter could be investigated by
the generalized hydrodynamic theory recently introduced
in [19, 22] (see also [23–32] for interesting developments).

The predictions of Refs. [11, 12] are limited to the
transport of energy and cannot be applied to other quan-
tities such as, e.g., magnetization or particle density. In
this letter we provide universal predictions for generic
local observables. Using a nonlinear Luttinger liquid de-
scription [33–36], we show that a novel universal region
emerges, where profiles correspond to a universal func-
tion of ζ peaked around the sound velocity. We discuss
the range of applicability of our predictions for critical
systems, and test them in the interacting integrable case.

Low-energy Luttinger liquid description. We consider
a gapless system in the Luttinger universality class. As-
suming that, at small temperatures, only low energy
modes contribute to the dynamics, we can compute the
profiles of local observables using a linear Luttinger liq-
uid approach. To this end, we adopt a description in
terms of free fermionic (rather than bosonic) particles
with linear dispersion relation. This point of view, which
is often called “refermionization”, is well suited to include
nonlinear effects [35, 37]. Two species of free quasipar-
ticles are present, the left and right movers, with energy
εr(k) = v|k| and quasi-momentum pr(k) = r|k|. Here the
phenomenological parameter v plays the role of a sound
velocity, while the two signs r = + and r = − correspond
to right and left movers respectively. Note that the par-
ticles velocity is given by vr(k) = ∂εr(k)/∂pr(k) = rv;
quasi-particles with rk < 0 are interpreted as “hole” ex-
citations for the system.

Consider a reference frame moving at velocity ζ > 0
away from the origin. If ζ > vr(k) particles of species r
coming from the left half of the system never reach our
reference frame and the density nr,ζ(k) is equal to the one
of the right half, nRr (k). By a similar reasoning, one can
conclude that in the case ζ < vr(k) the density nr,ζ(k)
coincides with the one of the left half, nLr (k). Repeating
this argument for ζ < 0 we obtain

nr,ζ(k) = (nLr (k)− nRr (k))Θ(vr(k)− ζ) + nRr (k) . (1)

Here Θ(k) is the Heaviside theta function and for the
specific problem under consideration the distributions

n
L/R
r (k) are given by the thermal Fermi distributions

n
L/R
r (k) = (1 + eεr(k)/TL/R)−1.

At large times, local observables at distance x from the
junction are characterized by a locally quasi-stationary
state [38], which is entirely specified by the corresponding
densities of quasiparticles nr,ζ(k) (1), with ζ = x/t. In
the simplest example of the energy density 〈e〉ζ , we have

δ〈e〉ζ =
∑
r=±

∫ ∞
−∞

dk

2π
nr,ζ(k)εr(k) , (2)

where we denoted by δ〈e〉ζ the difference between 〈e〉ζ
and the corresponding ground-state expectation value.
The integral (2) can be computed exactly and a simple
structure for the profiles emerges

δ〈e〉ζ =
πT 2

L

6v
Θ(−ζ − v) +

πT 2
R

6v
Θ(ζ − v)

+
π(T 2

L + T 2
R)

12v
Θ(v − |ζ|) . (3)

As expected, the conformal prediction of Refs. [10–12] is
exactly recovered by the Luttinger liquid theory, charac-
terized by a central charge c = 1. Specifically, the profile
displays a three-step form, corresponding to a single light
cone propagating at velocity v.

A similar calculation can be performed for an arbi-
trary local conserved density or current q. The expec-
tation value of such an operator is always written as in
(2), where ε±(k) are replaced by some functions f±(k).
To account for the fact that excitations with rk < 0 are
holes, these functions must satisfy f±(k) = sgn(k)g±(k),
where g±(k) are smooth functions of k. While the inte-
gral cannot in general be evaluated analytically, its lead-
ing behavior in the temperatures TL/R can be easily de-
termined by expanding f±(k) on the left and on the right
of k = 0. In particular, one finds

δ〈q〉ζ =
π(a+ b)

12v2
T 2
LΘ(−ζ − v) +

π(a+ b)

12v2
T 2
RΘ(ζ − v)

+
π(aT 2

L + bT 2
R)

12v2
Θ(v − |ζ|) +O(T 4

L/R) , (4)

where a = g′+(0), b = g′−(0), and we denoted by δ〈q〉ζ the
difference between 〈q〉ζ and the corresponding ground-
state expectation value. From (4) we see that in the lin-
ear Luttinger liquid approximation the profiles of all the
local conserved charges assume the same three-step form,
determined uniquely by the sound velocity v. Moreover,
the leading behavior of the individual plateaus is always
O(T 2

L/R), displaying observable-dependent amplitudes a
and b.

Nonlinear Luttinger liquids. It is well established that
a linear Luttinger liquid approximates the dynamics of a
real critical Hamiltonian up to contributions that are ir-
relevant in the renormalization group sense [2, 3]. While
this guarantees that such description gives the most rel-
evant contribution to the large distance behavior of cor-
relation functions on the ground state, one could wonder
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FIG. 2. Low-temperature profiles in ζ = x/t of mag-
netization density sj = (1/2)σzj in the gapless phase
of the XXZ spin-1/2 chain. The Hamiltonian is

H = J
4

∑L
j=1

[
σxjσ

x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1

]
− h

∑L
j=1 σ

z
j ,

where σαj are Pauli matrices. The plot corresponds to ∆ = 3,
h = 1.2. As the temperature is lowered, the profiles are
seen to approach the nonlinear Luttinger liquid prediction:
a plateau emerges in the light cone, at the edges of which
two peaks are clearly visible. For smaller temperatures, a
quantitative comparison with our predictions is displayed in
Fig. 3.

whether or not the irrelevant terms affect the character-
ization of low temperature transport. Our strategy here
is to consider the effect of the next more relevant terms
and self-consistently determine which of the above pre-
dictions are robust.

Taking into account additional irrelevant terms mod-
ifies the fermionic quasi-particle Hamiltonian in two
ways [33–35, 37]. First, interaction terms between the
quasi-particles emerge. In the low temperature regime,
however, the density of excitations decreases as the tem-
peratures are lowered, so that these terms are expected
to be perturbatively small and can be neglected at the
leading order [39]. Second, the dispersion relation of
fermionic quasi-particles is deformed by acquiring a cur-
vature; namely for small k

εr(k) = v|k|+ r

2m∗
|k|k +O(k3) , pr(k) = r|k| , (5)

where a single additional phenomenological parame-
ter m∗ is introduced, and where we still assume
limk→±∞ εr(k) = +∞. Importantly, this effect is not
perturbatively small in the temperatures.

The nonlinearity in the dispersions gives a linear k-
dependence to the velocities vr(k), modifying the light-
cone structure of the profiles. As opposed to the linear
case, given ζ > 0 (ζ < 0) there are always quasiparti-
cles coming from the left (right) reservoir with vr(k) > ζ
(vr(k) < ζ). However, if ||ζ| − v| � TL/R/(m∗v) this
does not affect much the final result, because such
quasiparticles have exponentially vanishing weight. In
this regime, at the leading order, the profiles are

still expressed by the function (4), but the prefactors
have to be modified as a = g′+(0)− (m∗v)−1g+(0) and
b = g′−(0) + (m∗v)−1g−(0). This shows that outside the
region ||ζ| − v| ∼ TL/R/(m∗v) the functional dependence
of the leading order (4) is universal, while the prefactors
a and b are not, as they are modified by the curvature m∗.
Note that for the energy density and current ε±(0) = 0
implies g±(0) = 0 [41], confirming that the conformal
prediction is robust also for the numerical values of the
three plateaux. Something much more interesting hap-
pens in the regime ||ζ| − v| ∼ TL/R/(m∗v). Here the non-
linearity in the dispersion has a nonperturbative effect in
the structure of the profiles, originating a qualitatively
different low-temperature behavior, cf. Fig. 2. Specifi-
cally, by computing the leading order in the temperature
of δ〈q〉ζ for ζ − v ∼ TL/R/(m∗v), we find [41]

δ〈q〉ζ =
d TL
2πv2

DTR
TL

[
m∗v

TL
(ζ − v)

]
+O(T 2

L/R) , (6)

where

Dη(z) ≡ log(1 + ez)− η log(1 + ez/η) , (7)

and d = sgn(m∗)g+(0). An analogous expression is found
for ζ + v ∼ TL/R/(m∗v).

Equation (6) implies that the profiles of charge densi-
ties and currents are all proportional to the smooth func-
tion Dη(z), which is independent of all phenomenological
parameters. According to the nonlinear Luttinger liquid
theory [35], we expect the functional form of (6) to be
universal: all the less relevant terms we neglected give
only higher order corrections in TL/R.

The function Dη(z) displays a peaked form as a func-
tion of z with width ∆z ∼ 1. Therefore, generic profiles
deviate from those found in CFT due to the appearance
of peaks of width ∼ TL/R/m∗v at the edges of the light-
cone, cf. Figs. 2 and 3. We note that, contrary to (4),
the term (6) is linear in TL/R rather than quadratic and
is then the most relevant feature at low temperatures.
Such term vanishes for energy density and current, once
again in agreement with the conformal predictions [11].

Generic local observables. Our results demon-
strate that in the regions ||ζ| − v| � TL/R/(m∗v) and
||ζ| − v| ∼ TL/R/(m∗v) all local conserved densities
{qj} are proportional to the same functions. Based
on this observation, we argue that all local observables
display the same behavior. Indeed, on a given ray
ζ the expectation value of a local operator O can
be expressed in terms of a ray-dependent generalized
Gibbs ensemble [38, 40, 42, 43], where the Lagrange
multipliers are fixed by the expectation values of the
conserved densities. Inverting the mapping between
Lagrange multipliers and densities [19] we can write
〈O〉ζ = F({〈qj〉ζ}), where F depends on O. At low

temperatures we have 〈qj〉ζ = 〈qj〉GS
+ δ 〈qj〉ζ , where

〈qj〉GS
is the ground state value of the density and
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FIG. 3. Low-temperature profiles in ζ = x/t of magnetization density, magnetization current, and a local correlator in the
gapless phase of the XXZ spin-1/2 chain, with the same Hamiltonian parameters as in Fig. 2. The two temperatures of the two
halves are (TL, TR) = (1/125, 1/250). The figure shows the comparison between the exact result from explicit numerical solution
of the continuity equations (10) (circles) and the predictions (4) (red solid line) and (6) (blue solid line). For subfigures (a) and
(b), the multiplicative factors a, b and d are computed exactly via a low temperature expansion [20], while for subfigure (c) are
obtained by fitting. At the transition between the two regions described by (4) and (6) the observables display a non-universal
behavior [20].

δ 〈qj〉ζ is given either by (4) or (6) and is ∼ T aL/R with

a = 1, 2 depending on the regime. We can then formally
expand the expectation value of O in TL/R

〈O〉ζ = 〈O〉GS +
∑
j

δ 〈qj〉ζ ∂〈qj〉F({〈qj〉GS
}) , (8)

where we neglected higher orders. As all δ 〈qj〉ζ are pro-

portional to the same function, so is 〈O〉ζ − 〈O〉GS.
Interacting systems: the integrable case. The above

predictions can be tested in the case of interacting inte-
grable models admitting a thermodynamic Bethe ansatz
(TBA) [44, 45] description. Indeed, in such systems
Eq. (1) has an exact generalization [19, 22], whose re-
sults can be compared to the nonlinear Luttinger liquid
predictions.

The generalization of (1) is based on the idea that
also interacting integrable systems have stable quasi-
particle excitations, possibly of different species. The
densities nr(k), measuring the number of quasiparti-
cle excitations in free systems, ought to be replaced
by an appropriate measure. In particular, for a
fixed species n of quasiparticle excitations we have
nr(k)→ ϑn(λ) ≡ ρn(λ)/(ρn(λ) + ρhn(λ)). Here we intro-
duced the filling function ϑn(λ), the root density ρn(λ),
and the density of holes ρhn(λ) of the n-th species. The
functions ρn(λ) and ρhn(λ) are defined as densities of oc-
cupied and unoccupied “rapidities” λ, which are conve-
niently used to parametrize eigenstates in integrable sys-
tems [44, 45]. These rapidities also parametrize the dis-
persion relation of the stable quasiparticle excitations: an
excitation of the nth species and rapidity λ has energy
εn(λ) and momentum kdn(λ). Generalizing the expression
for vr(k) in (1), its velocity is

vn(λ) =
∂εn(λ)

∂kdn(λ)
=

ε′n(λ)

2π(ρn(λ) + ρhn(λ))
, (9)

where we used kd ′n (λ) = 2π(ρn(λ)+ρhn(λ)) (see e.g. [46]).
Note that vn(λ) depends non-trivially on the state (it
fulfills a non-trivial set of integral equations involving
{ρn(λ)}n=1,2,...) and, accordingly, gets a ζ dependence in
the transport problem under exam. With the described
replacements, Eq. (1) is rewritten as [19, 22]

ϑn,ζ(λ) = (ϑLn(λ)−ϑRn (λ))Θ(vn,ζ(λ)− ζ) +ϑRn (λ) . (10)

This equation has to be solved numerically using itera-
tive schemes. At small temperature, however, one can use
it to find the low temperature expansion of the profiles
of local observables analytically [20]. Performing the cal-
culation in the gapless phase of the XXZ spin-1/2 chain,
we find that only the gapless species (that with n = 1)
of excitations contributes to the leading order result in
TL/R and the profile have indeed the form (4) and (6),
where the effective mass is computed as

(m∗)−1 =
∂2ε01(λ)

∂kd 01 (λ)2

∣∣∣∣
kd 0
1 (λ)=kF

=
v0′1 (B)v01(B)

ε0′1 (B)
. (11)

Here the superscript 0 is for properties of excitations
above the ground state, while B is the “Fermi rapidity”
such that ε01(B) = 0. In Fig. 3 we report the comparison
between the predictions (4) and (6) and the exact profiles
obtained by numerical solution of (10) for some relevant
cases. Note that the observable reported in Fig. 3 (c)
is not a charge density or current, confirming that our
predictions are valid for generic local observables.

Similar calculations can be repeated straightforwardly
for all interacting integrable models whose low-energy
spectrum is captured by a single Luttinger liquid.
Consequently, our predictions can be verified analyti-
cally in many physically relevant systems, such as one-
dimensional Bose gases. Furthermore, our results are
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naturally extended to systems described by multiple Lut-
tinger liquids [21].

Conclusions. We studied the dynamics of gapless sys-
tems in the Luttinger liquid universality class ensuing
after junction of two halves prepared at small but dif-
ferent temperatures. We showed that a non-linearity in
the dispersion produces a novel universal region of width
∼ TL/R at the edge of the light cone in the profiles of
local observables: in this region, the latter are described
by the same universal function (7). We expect nonlinear
effects to also influence low-energy transport for other
quench protocols, as e.g. those considered in [22, 47–49].
The form of the profiles will be, however, generically dif-
ferent from (7). Finally, it would be interesting to study
how nonlinearities affect the low-energy transport of gap-
less systems belonging to other universality classes, such
as the Ising model.
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(2015).
[13] M. J. Bhaseen, B. Doyon, A. Lucas, and K. Schalm, Na-

ture Phys. 11, 509 (2015).
[14] C. Karrasch, R. Ilan, and J. E. Moore, Phys. Rev. B 88,

195129 (2013).
[15] A. De Luca, J. Viti, L. Mazza, and D. Rossini, Phys.

Rev. B 90, 161101 (2014);
A. Biella, A. De Luca, J. Viti, D. Rossini, L. Mazza, and
R. Fazio, Phys. Rev. B 93, 205121 (2016).

[16] A. De Luca, J. Viti, D. Bernard, and B. Doyon, Phys.
Rev. B 88, 134301 (2013).

[17] M. Kormos, SciPost Phys. 3, 020 (2017).

[18] G. Perfetto and A. Gambassi, Phys. Rev. E 96, 012138
(2017).

[19] O. A. Castro-Alvaredo, B. Doyon, and T. Yoshimura,
Phys. Rev. X 6, 041065 (2016).

[20] B. Bertini and L. Piroli, in preparation.
[21] M. Mestyán, L. Piroli, B. Bertini, and P. Calabrese, in

preparation.
[22] B. Bertini, M. Collura, J. De Nardis, and M. Fagotti,

Phys. Rev. Lett. 117, 207201 (2016).
[23] M. Fagotti, J. Phys. A: Math. Theor. 50, 034005 (2017).
[24] B. Doyon and T. Yoshimura, SciPost Phys. 2, 014 (2017);

B. Doyon and H. Spohn, J. Stat. Mech. (2017) 073210;
B. Doyon, H. Spohn, and T. Yoshimura, Nucl. Phys. B
926, 570 (2017).

[25] B. Doyon, J. Dubail, R. Konik, and T. Yoshimura, Phys.
Rev. Lett. 119, 195301 (2017);
B. Doyon, T. Yoshimura, and J.-S. Caux, Phys. Rev.
Lett. 120, 045301 (2018).

[26] E. Ilievski and J. De Nardis, Phys. Rev. Lett. 119, 020602
(2017);
E. Ilievski and J. De Nardis, Phys. Rev. B 96, 081118(R)
(2017);
B. Doyon and H. Spohn, SciPost Phys. 3, 039 (2017).

[27] V. Alba, arXiv:1706.00020 (2017).
[28] L. Piroli, J. De Nardis, M. Collura, B. Bertini, and M.

Fagotti, Phys. Rev. B 96, 115124 (2017).
[29] V. B. Bulchandani, J. Phys. A 50 435203, (2017).
[30] V. B. Bulchandani, R. Vasseur, C. Karrasch, and J. E.

Moore, Phys. Rev. B 97, 045407 (2018);
V. B. Bulchandani, R. Vasseur, C. Karrasch, and J. E.
Moore, Phys. Rev. Lett. 119, 220604 (2017)).

[31] A. Bastianello and A. De Luca, Phys. Rev. Lett. 120,
060602 (2018).

[32] M. Fagotti, Phys. Rev. B 96, 220302 (2017).
[33] A. Imambekov and L. I. Glazman, Phys. Rev. Lett. 102,

126405 (2009).
[34] A. Imambekov and L. I. Glazman, Science 323, 228

(2009).
[35] A. Imambekov, T. L. Schmidt, and L. I. Glazman, Rev.

Mod. Phys. 84, 1253 (2012).
[36] C. Karrasch, R. G. Pereira, and J. Sirker, New J. Phys.

17, 103003 (2015).
[37] A. V. Rozhkov, Eur. Phys. J. B 47, 193 (2005); A.

V. Rozhkov, Phys. Rev. B 74, 245123 (2006); A. V.
Rozhkov, Phys. Rev. B 77, 125109 (2007); A. V.
Rozhkov, Phys. Rev. B 79, 249903(E) (2008).

[38] B. Bertini and M. Fagotti, Phys. Rev. Lett. 117, 130402
(2016).

[39] Note that the density of excitations with vanishing en-
ergy is large also for small temperatures. However, the
interaction terms for such excitations are negligible with
respect to the curvature [33–35].

[40] M. Rigol, V. Dunjko, V. Yurovsky, and M. Olshanii,
Phys. Rev. Lett. 98, 050405 (2007).

[41] See the Supplemental Material.
[42] L. Vidmar and M. Rigol, J. Stat. Mech. (2016) 064007.
[43] F. H. L. Essler and M. Fagotti, J. Stat. Mech. (2016)

064002.
[44] V.E. Korepin, N.M. Bogoliubov and A.G. Izergin, Quan-

tum inverse scattering method and correlation functions,
Cambridge University Press (1993).

[45] M. Takahashi, Thermodynamics of one-dimensional solv-
able models, Cambridge University Press (1999).

http://dx.doi.org/10.1103/PhysRevLett.47.1840
http://dx.doi.org/10.1088/0022-3719/14/19/010
http://dx.doi.org/10.1088/1742-5468/2005/04/P04010
https://doi.org/10.1088/1742-5468/2007/10/P10004
http://dx.doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1088/1742-5468/2011/08/P08019
https://doi.org/10.1088/1742-5468/2011/08/P08019
http://dx.doi.org/10.1073/pnas.1703516114
https://doi.org/10.1088/1742-5468/2016/06/064003
http://dx.doi.org/10.1103/PhysRevLett.96.136801
http://dx.doi.org/10.1103/PhysRevLett.96.136801
http://dx.doi.org/10.1088/1742-5468/2007/06/P06008
https://doi.org/10.1088/1742-5468/2016/06/064010
http://dx.doi.org/10.1088/1742-5468/2016/06/064005
http://dx.doi.org/10.1088/1751-8113/45/36/362001
http://dx.doi.org/10.1088/1751-8113/45/36/362001
http://dx.doi.org/10.1007/s00023-014-0314-8
http://dx.doi.org/10.1007/s00023-014-0314-8
http://dx.doi.org/10.1038/nphys3320
http://dx.doi.org/10.1038/nphys3320
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1103/PhysRevB.90.161101
http://dx.doi.org/10.1103/PhysRevB.90.161101
http://dx.doi.org/10.1103/PhysRevB.93.205121
http://dx.doi.org/10.1103/PhysRevB.88.134301
http://dx.doi.org/10.1103/PhysRevB.88.134301
http://dx.doi.org/10.21468/SciPostPhys.3.3.020
 http://dx.doi.org/10.1103/PhysRevE.96.012138
 http://dx.doi.org/10.1103/PhysRevE.96.012138
http://dx.doi.org/10.1103/PhysRevX.6.041065
http://dx.doi.org/10.1103/PhysRevLett.117.207201
http://dx.doi.org/10.1088/1751-8121/50/3/034005
http://dx.doi.org/10.21468/SciPostPhys.2.2.014
http://dx.doi.org/10.1088/1742-5468/aa7abf
https://doi.org/10.1016/j.nuclphysb.2017.12.002
https://doi.org/10.1016/j.nuclphysb.2017.12.002
https://doi.org/10.1103/PhysRevLett.119.195301
https://doi.org/10.1103/PhysRevLett.119.195301
https://doi.org/10.1103/PhysRevLett.120.045301
https://doi.org/10.1103/PhysRevLett.120.045301
http://dx.doi.org/10.1103/PhysRevLett.119.020602
http://dx.doi.org/10.1103/PhysRevLett.119.020602
http://dx.doi.org/10.1103/PhysRevB.96.081118
http://dx.doi.org/10.1103/PhysRevB.96.081118
http://dx.doi.org/10.21468/SciPostPhys.3.6.039
http://arxiv.org/abs/1706.00020
http://dx.doi.org/10.1103/PhysRevB.96.115124
http://dx.doi.org/10.1088/1751-8121/aa8c62
https://doi.org/10.1103/PhysRevB.97.045407
https://doi.org/10.1103/PhysRevLett.119.220604
https://doi.org/10.1103/PhysRevLett.120.060602
https://doi.org/10.1103/PhysRevLett.120.060602
https://doi.org/10.1103/PhysRevB.96.220302
http://dx.doi.org/10.1103/PhysRevLett.102.126405
http://dx.doi.org/10.1103/PhysRevLett.102.126405
http://dx.doi.org/10.1126/science.1165403
http://dx.doi.org/10.1126/science.1165403
https://doi.org/10.1103/RevModPhys.84.1253
https://doi.org/10.1103/RevModPhys.84.1253
http://dx.doi.org/10.1088/1367-2630/17/10/103003
http://dx.doi.org/10.1088/1367-2630/17/10/103003
https://doi.org/10.1140/epjb/e2005-00312-3
https://doi.org/10.1103/PhysRevB.74.245123
https://doi.org/10.1103/PhysRevB.77.125109
https://doi.org/10.1103/PhysRevB.79.249903
https://doi.org/10.1103/PhysRevLett.117.130402
https://doi.org/10.1103/PhysRevLett.117.130402
https://doi.org/10.1103/PhysRevLett.98.050405
http://dx.doi.org/10.1088/1742-5468/2016/06/064007
http://dx.doi.org/10.1088/1742-5468/2016/06/064002
http://dx.doi.org/10.1088/1742-5468/2016/06/064002


6

[46] L. Bonnes, F.H.L. Essler, and A. M. Läuchli, Phys. Rev.
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Supplemental Material for
“Universal broadening of the light cone in low-temperature transport”

Here we collect a detailed derivation of the results presented in the main text. Specifically, in Section we derive Eq.
(4) of the main text while in Section we derive Eq. (6).

SETTING OF THE PROBLEM

We consider two semi-infinite critical sub-systems joined together at the origin. The two subsystems are initially
at temperatures TL and TR which we assume to be small. We focus on the large-time limit of the profiles of local
densities and currents of conserved charges. In this limit the profiles become functions only of the “ray” ζ = x/t,
where t is the time and x is the distance from the junction. We generically indicate them as 〈q〉ζ .

We assume that at the leading order in TL/R the system can be described by a Luttinger liquid which we represent
as a gas of free fermionic quasiparticles of two different species [37]. These quasiparticles have quasi-momentum

pr(k) = r|k| , (sm-1)

while we will consider two different forms for their energy εr(k): linear in k in Section and quadratic in Section .
Excitations rk > 0 correspond to “particles”, while those with rk < 0 correspond to “holes”. The group velocity of
such excitations is then given by

vr(k) =
∂εr(k)

∂pr(k)
. (sm-2)

Under this assumption the generic profile 〈q〉ζ can be written as follows

〈q〉ζ = 〈q〉GS +
∑
r=±

∫ ∞
−∞

dk

2π
nr,ζ(k)fr(k) , (sm-3)

where nr,ζ(k) is the density of quasiparticles at ray ζ, given by

nr,ζ(k) = Θ(ζ − vr(k))nRr (k) + Θ(vr(k)− ζ)nLr (k) , (sm-4)

where

nL/Rr (k) =
1

1 + eεr(k)/TL/R
. (sm-5)

The function fr(k) is the elementary charge carried by the quasiparticle specified by r and k. To take into account
that holes give a contribution which is opposite to that given by particles, it is convenient to parametrise fr(k) as
follows

fr(k) =

{
gr(k) , k > 0 ,

−gr(k) , k < 0 ,
(sm-6)

where gr(k) is a smooth function of k. For example, for the energy density gr(k) reads as

gr(k) = sign(k)εr(k) , (sm-7)

while for the energy current it reads as

gr(k) = sign(k)vr(k)εr(k) . (sm-8)

LINEAR LUTTINGER LIQUID

Let us begin by assuming that the Luttinger liquid under consideration is linear, i.e., we consider a dispersion
relation of the form

εr(k) = v|k| , (sm-9)
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where the parameter v is the sound velocity of the model. Using Eq. (sm-2) it is then immediate to find vr(k) = rv.
Plugging these definitions in Eq. (sm-4) and Eq. (sm-5) we find

〈q〉ζ = 〈q〉GS +
∑
r=±

Θ(ζ − rv)

∫ ∞
−∞

dk

2π
nRr (k)fr(k) +

∑
r=±

Θ(rv − ζ)

∫ ∞
−∞

dk

2π
nLr (k)fr(k) . (sm-10)

So we just need to compute∫ ∞
−∞

dk

2π
nL/Rr (k)fr(k) =

∫ ∞
0

dk

2π
nL/Rr (k) (gr(k)− gr(−k)) , r = ± . (sm-11)

Taylor expanding the smooth function gr(k) around 0 we have∫ ∞
−∞

dk

2π
nL/Rr (k)fr(k) =

πT 2
L/R

12v2
g′r(0) +O(T 4

L/R) . (sm-12)

Substituting back in (sm-10) we obtain Eq. (4) of the main text.

NONLINEAR LUTTINGER LIQUID

In this section we consider the case of a non-linear Luttinger liquid [33, 37]. As discussed in the main text, in the
limit of low temperatures, one is still allowed to study transport problems by employing a description in terms of free
fermionic excitations. In this case, we consider a dispersion relation with a non-vanishing curvature; namely, for small
values of k

εr(k) = v|k|+ r

2m∗
|k|k +O(k3) , (sm-13)

and where we still assume limk→±∞ εr(k) = +∞.
Taking εr(k) as in Eq. (sm-13) yields the following form of the group velocity

vr(k) = rv +
1

m∗
k . (sm-14)

Plugging the explicit formulae (sm-13) and (sm-14) for the group velocity and energy of quasiparticle excitations in
Eq. (sm-3) we find

〈q〉ζ = 〈q〉GS +
∑
r=±

∫ krζ

−∞

dk

2π
nRr (k)fr(k) +

∑
r=±

∫ ∞
krζ

dk

2π
nLr (k)fr(k) , (sm-15)

where we introduced

krζ = m∗(ζ − rv) , (sm-16)

and assumed m∗ > 0. Let us focus on the term∫ krζ

−∞

dk

2π
nRr (k)fr(k) = TR

∫ krζ/TR

−∞

dk

2π

1

1 + eεr(kTR)/TR
fr(TRk) (sm-17)

We see that if |krζ | = O(T aR/L) with a < 1 then up to exponential corrections∫ krζ

−∞

dk

2π
nRr (k)fr(k) = TRΘ(ζ − rv)

∫ ∞
−∞

dk

2π

1

1 + eεr(kTR)/TR
fr(TRk)

=
πT 2

R

12v2

[
g′r(0)− rgr(0)

m∗v

]
Θ(ζ − rv) +O(T 4

R) . (sm-18)

Analogously, if |krζ | = O(T aR/L) with a < 1, we find∫ ∞
krζ

dk

2π
nLr (k)fr(k) =

πT 2
L

12v2

[
g′r(0)− rgr(0)

m∗v

]
Θ(rv − ζ) +O(T 4

L) . (sm-19)
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So we see that if |krζ | = O(T aR/L) with a < 1 the introduction of the curvature has no effect of the functional dependence
of the profiles.

On the other hand, the curvature gives new qualitative features O(TR/L) close to the edges of the light cone, i.e.

when k+ζ ∼ TR/L or k−ζ ∼ TR/L. Let us consider for example k+ζ ∼ TR/L, from (sm-15) we get

〈q〉ζ = 〈q〉GS +

∫ ∞
k+ζ

dk

2π
nL+(k)f+(k) +

∫ k+ζ

−∞

dk

2π
nR+(k)f+(k) +O(T 2

R/L)

= 〈q〉GS +

∫ ∞
k+ζ

dk

2π
nL+(k)g+(k) +

∫ k+ζ

0

dk

2π
nR+(k)g+(k)−

∫ 0

−∞

dk

2π
nR+(k)g+(k) +O(T 2

R/L) , (sm-20)

where we assumed k+ζ > 0. Computing each term up to order O(T 2) we obtain∫ ∞
k+ζ

dk

2π
nL+(k)g+(k) =

TLg+(0)

2πv

∫ ∞
vk+ζ /TL

dx

1 + ex
+O(T 2

L) ,

=
TLg+(0)

2πv
log [1 + exp(m∗v(v − ζ)/TL)] +O(T 2

L) , (sm-21)∫ k+ζ

0

dk

2π
nR+(k)g+(k) =

TRg+(0)

2πv
(log 2− log [1 + exp(m∗v(v − ζ)/TR)]) +O(T 2

R) (sm-22)∫ 0

−∞

dk

2π
nR+(k)g+(k) =

TRg+(0)

2πv
log 2 +O(T 2

R) . (sm-23)

Putting everything together we find

〈q〉ζ = 〈q〉GS +
TLg+(0)

2πv2
DTR/TL

(
m∗v

TL
(ζ − v)

)
+O(T 2

L/R) , (sm-24)

where

Dη(z) = log(1 + ez)− η log(1 + ez/η) . (sm-25)

The same result is found for k+ζ < 0. Repeating the calculation for m∗ < 0 we find

〈q〉ζ = 〈q〉GS −
TLg+(0)

2πv2
DTR/TL

(
m∗v

TL
(ζ − v)

)
+O(T 2

L/R) . (sm-26)

Equations (sm-24) and (sm-26) prove Eq. (6) of the main text. Finally, assuming instead k−ζ ∼ TR/L we find the
contribution on the other edge of the light cone, putting all together we have

〈q〉ζ = 〈q〉GS + sign(m∗)
TLg+(0)

2πv2
DTR/TL

(
m∗v

TL
(ζ − v)

)
+sign(m∗)

TLg−(0)

2πv2
DTR/TL

(
m∗v

TL
(ζ + v)

)
+O(T 2

L/R) . (sm-27)

Note that if k+ζ ∼ TR/L this expression agrees with (sm-24) and (sm-26), indeed in this case DTR/TL
(
m∗v
TL

(ζ + v)
)

is

exponentially small.


