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Asymptotics for the partition function in two-cut random
matrix models

T. Claeys? T. Graval and K. D. T-R McLaughlin}

August 24, 2015

Abstract

We obtain large N asymptotics for the random matrix partition function

N
Zn(V) = / H(“Tl —x;)? H e NV @) g,

RN <5 j=1
in the case where V is a polynomial such that the random matrix eigenvalues ac-
cumulate on two disjoint intervals (the two-cut case). We compute leading and
sub-leading terms in the asymptotic expansion for log Zx (V'), up to terms that are
small as N — oco. Our approach is based on the explicit computation of the first
terms in the asymptotic expansion for a quartic symmetric potential V. After-
wards, we use deformation theory of the partition function and of the associated
equilibrium measure to generalize our results to general two-cut potentials V. The
asymptotic expansion of log Zn (V) as N — oo contains terms that depend ana-
lytically on the potential V' and that have already appeared in the literature. In
addition our method allows to compute the V-independent terms of the asymptotic
expansion of log Zx (V') which, to the best of our knowledge, had not appeared be-
fore in the literature. We use rigorous orthogonal polynomial and Riemann-Hilbert
techniques which had so far been successful to compute asymptotics for the parti-
tion function only in the one-cut case.

1 Introduction

Consider the problem of finding asymptotics as N — oo for

Zn(V) = x; — 15)? . e NV dg 1.1
~n(V) RN H( . ]) H Jo (1.1)
j=1

i<j

where V' is a polynomial of even degree with positive leading coefficient (so the above
integral converges). Zn (V') is the partition function corresponding to the unitary in-
variant random matrix ensemble on the ensemble of Hermitian N x N matrices with
the probability measure

N
, dM = HdReMidemMij Hdej, (1.2)

1<j j=1

o~ NTV(M) gp s
Zn(V)
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where Z ~ (V) is a normalizing constant chosen such that we have a probability measure.
The induced measure on the (random) eigenvalues of this ensemble of random matrices
is explicitly given by

N
ZNl(V) H(:U, —z;)? H e*NV(Ij)dajj, (1.3)

i<j j=1

where Zn (V) is given by (1.1).

The study of the asymptotic behavior of Zx gained notoriety because of an ingenious
connection to the combinatorics of graphs embedded in Riemann surfaces [7]. It is now
an established fact [14, 7, 25] that there is a simple geometric description of a collection
of potentials V' for which the large N asymptotic expansion is

—log Zn (V) +log Zn (Vo) = N2Fy(V)+ Fy(V +ZF IN"H 4+ O(N~22), (1.4)

in which each term F}; depends analytically on the coefficients of the polynomial V/,
and is a generating function for graphs which can be embedded in a Riemann surface
of genus j [7, 25].

In the above, the “base potential” Vj is quadratic, Vp(z) = x2/2, and the interest
originally was in the asymptotic behavior for potentials V' near this base potential. The
partition function can be evaluated exactly for the Gaussian external field % in terms
of a Selberg integral. Indeed in such a case

Z§9F = Zn (V(z) = 222 /o)

is the partition function of the (re-scaled) Gaussian Unitary Ensemble (GUE), and it
is given by

2 2 N
GUE N2 9 N%/
Z§UP = (2r) (4N) n];[lm!), (1.5)
see for example [8]. The large N expansion of log ZﬁgE is given by

3 1 )
10gZGUE —N? (4—210gi>+NlogN+N(log27r—1)—|—1210gN

+ %logQW +{(-1)+ 0N, (16)

where ¢’ denotes the derivative of the Riemann (-function, or equivalently

NI

1
o8 | 3 ’

3 1 1

ZGUE] = —N? ( — 5 log Z) +Nlog 2 — 7 log N+{(-1)+O(N"Y. (1.7)

Writing V' = Vo(z) + 37, t;z’, the asymptotic expansion (1.4) was shown to be
true in [25] for coefficients t = (¢1,...,ty,) such that |[t| < T, and ¢, >~ Z;”;ll |t;| for
some T > 0 and v > 0. But while those were simple conditions on the external field,
the asymptotic expansion (1.4) was expected to be true in greater generality.

From the seminal work [7], the collection of potentials V for which the above expan-
sion should hold true is best described in terms of support properties of the equilibrium



measure, which is the unique probability measure py achieving the minimum (over all
probability measures p on R) of

//log|x— |t dp(z)du(y /V )du(x (1.8)

For real analytic potentials V' with sufficient growth at +oo, the equilibrium measure
uy is supported on a finite union of bounded disjoint intervals and has a smooth density
[20]. We say that V is k-cut if py is supported on k disjoint intervals, and that it is
regular if certain generic conditions hold which we will specify below.

In [8] it was shown that the partition function has the asymptotic expansion (1.4)
under the assumption that V(x) is 1-cut and regular and the deformed external field
Vi(z) = (1 — 7722 + V(77 Y2z) is also one-cut regular for all 7 € [1,+00). The
asymptotic expansion (1.4) is expected to hold true in the general case in which only
the potential V(x) is 1-cut regular. A by-product of the work in the present paper is a
proof of this very general result.

The main result of this paper is the existence of a complete asymptotic
expansion for the partition function for any polynomial external field V
which is 2-cut and regular.

We note that it is possible to establish an asymptotic expansion for derivatives of
log Zn (V') with respect to parameters of the external potential, since there are a variety
of explicit formulae relating such logarithmic derivatives of the partition function to
quantities for which the asymptotic behavior is computable via Riemann-Hilbert (RH)
techniques [22]. In the seminal work [22] it is shown that in the multi-cut case the
asymptotic expansion of recurrence coefficients of orthogonal polynomials is expressed
in the large N limit through highly oscillatory 6 functions. This result shows that the
asymptotic expansion of the partition function log Zx (V') in the large N limit contains
oscillatory terms. However the main issue is to integrate the expansion in parameter
space. In the l-cut case, the knowledge of an asymptotic expansion for derivatives
of log Zn (V') with respect to parameters of the external potential, together with the
complete knowledge of the behavior of the partition function for the reference potential
Vo(z) = 2%/2 allows one to integrate in parameter space and obtain an asymptotic
expansion for the partition function itself. However, for the two-cut case, integration
from the Gaussian case is fraught with difficulties since one must integrate asymptotic
expansions across phase transitions, where the nature of the asymptotic expansion
changes see e.g. [8, 9, 13, 15, 18]. The central difficulty is actually finding an explicitly
computable two-cut regular case. We are able to do this for a symmetric quartic two-cut
regular external field, Vy(z) = x* — 422. Once asymptotics for one particular two-cut
external field Vj are found, one can write any other polynomial two-cut external field
Vi, t= (t1,...,t2q), as

V*(Z‘ + Zt 7 tog > 0.
Using a suitable deformation of the form

Vi (@) = Vo(z) + > t5(r)a’,  £5(0) =0, t;(1) =t;,
j=1



one can obtain an identity for % log Z N(V;(T)) in terms of orthogonal polynomials. We
then show that the collection of all two-cut regular polynomial external fields is path-
wise connected. Once a deformation Vy,(z) exists connecting Vo to Vi{z) in such a
way that Vg ) (z) is two-cut regular for all 7 € [0, 1], the next task is to establish a
uniform asymptotic expansion as N — oo for logarithmic derivatives of the partition
function which is valid for any two-cut regular polynomial external field. We determine
such expansion and show that each term of the expansion depends analytically on the
potential V. By integrating from our new base point through the space of parameters to
any other two-cut regular case, we establish the existence of the full partition function
expansion for any two-cut regular external field.

Let [a1,az2] U las,aq], a1 < az < a3 < a4 be the end points of the support of the
equilibrium measure py with respect to the two-cut regular potential V' and let € be
the fraction of eigenvalues in the interval [as, a4], namely f:; duy = €.

Our main result is the determination of the asymptotic expansion of the
partition function for a two-cut regular polynomial potential V:

_ N! GUE GUE
log Zn (V) = log (WZVQVJ,U*ZLNQHJ,U* (1.9)

— N?Fy(V) = Fi(V) +log§(NQ(V); B(V)) + O(N~ 1),

where Fy = Iy (uy) defined in (1.8) is the so called planar limit [34], F} = Fi(V) is
defined as

12 4
F= e o () B@PIIWEI) . a@= T t-a). 010

1<i<j<4

where a1 < as < ag < a4 are the endpoints of the support of the equilibrium measure
minimizing (1.8), and the constant A is the a-period of the holomorphic differential
defined on the elliptic Riemann surface y? = (2 — a1)(z — a2)(z — a3)(z — a4) given by

_ 4K (k) (1.11)

as 1
A=2 / = :
as H?:1 VA —ay V/(as — az)(az — ay)

with K (k) the complete elliptic integral of the first kind with argument k& > 0 defined
by

(a3 —az)(as — a1)

2 _
b= ((13 - al)(a4 - az)'

Finally, the values ¢(a;) in (1.10) are given by

Plaj) =  lim _m@) (1.12)
T—ra;,TESUPP [t ‘;1; — aj’
where 1) is the density of the equilibrium measure gy minimizing (1.8). The quantity
Fy = F1(V) has been first obtained, up to a constant, by solving the loop equations
in [1]. The oscillatory term in (1.9) is expressed by the Jacobi theta function with
argument NQ and period B, Im (B) > 0 defined as

: : K(K
0(;B) = emin*Biming - p K((k)), E =1 - k2 (1.13)
nez




Oscillatory terms first appeared in the asymptotics of orthogonal polynomials related
to random matrices in the seminal paper [22]. Later oscillatory terms appeared in
the asymptotic expansion of the partition function itself in [10]. Numerical evidence
of the oscillatory behaviour of the partition function in the large N limit was first
obtained in [35]. The first term on the right hand side of (1.9) does not depend on the
potential V' and is given by products of GUE partition functions defined in (1.5) with
o* = 4¢*/? and where | .| stands for the integer part. The constant o* is such that
limy_soo N2 log Zﬁgfj = 0. We remark that while we have established the existence
of a complete expansion to all orders, and while with our techniques we can in principle
calculate recursively further terms of the asymptotic expansion (1.9), obtaining explicit
formulae beyond the first 3 or 4 terms remains a significant, albeit algebraic, challenge.

Up to the first term, the asymptotic expansion in (1.9) has been computed in the
physics literature for general classes of V, see e.g. [1, 10, 23], including multi-cut V
[26, 16]. In particular in [26], all terms of the asymptotic expansion of the logarithm of
the partition function log Zx (V') have been calculated up to an additive term. However,
rigorous asymptotic expansions, without any prior assumptions on their existence, are a
very delicate issue and have only been obtained very recently [11, 49]. The manuscripts
[11, 49] attack the more general problem of determining the asymptotic behavior for
general (. For any two-cut regular potential V' the asymptotic expansion (1.9) clearly
shows that the additive term

1 : ZGUE ZGUE
" (UJJ!LNQ“J! L

is independent of V' and to the best of our knowledge, such expression has not appeared
in the literature before. The representation of the asymptotic expansion in [11] and
[49] is exceedingly implicit, making comparisons between those papers and our explicit
results difficult. Expanding this constant term as N — oo we obtain

1 1
log Zn (V) = —N?Fy(V)+ Nlog N + (log 2 — 1) N + 3 log N + 3 log 27 +2¢'(—1)

4 élog2 ~R(V) + log 6(NQ(VY: B(V)) + O(N1). (1.14)

Remark 1.1 The above asymptotic expansion shows that the term of order N log N
and the term of order N are the same as in the Gaussian case (see (1.6)) while the
term of order log N is different from the one-cut case as well as all the smaller order
terms. For a general potential V' with low regularity properties the fact that log Zny =
—N2Fy+ Nlog N + N(log2m — 1) + O(log N) is proved in the works [47, 42], see also
[12].

2 Statement of results

The main contributions of this paper are the following:

(1) we use an approach using orthogonal polynomials and RH problems to obtain
large N asymptotics of the partition function Zx (V') for symmetric quartic poly-
nomials V;

(2) we prove that any one-cut regular polynomial V' (z) can be deformed continuously
to the Gaussian #2/2 in such a way that the deformed external field remains one-
cut regular and polynomial of degree < deg V throughout the deformation;



(3) we prove that any two-cut regular polynomial V' can be deformed continuously
to a symmetric quartic polynomial Vg in such a way that the deformed external
field remains two-cut supported and polynomial of degree < deg V' throughout
the deformation;

(4) for any two-cut regular polynomial external field Vi{z) = Vo(z) + 2]2‘11 tizd,
with to4 > 0 and Vj some quartic symmetric reference potential, we establish an
asymptotic expansion for derivatives of log Zn(Vy), with respect to the parameters
tj. We then obtain the large N asymptotics of the partition function log Zn (V)
by integration in parameter space from the reference potential Vg to V.

2.1 Symmetric quartic V

We first consider the case where V' is a symmetric quartic polynomial:
L 4 2
Vis(z) = = (2% —ra®), r > 24/s. (2.1)
S

Then the equilibrium measure minimizing (1.8) is given by [8, 43]

Qrs(@) = e/~ D)@ —ajdw, v e [-Vh—valUVa Vi, (22)

where

a=5(r—2v3), b= (r+2v3) . (2.3)

The condition r > 24/s is needed to have a two-cut supported equilibrium measure. In
order to derive large N asymptotics for Zy(r, s) := Zn(V; ), we will need a number of
identities which hold for finite V. The following identities will be shown in Section 3.2
and are crucial for our analysis.

Proposition 2.1 Let V be given by (2.1) and Zn(r,s) by (1.1). Then we have

log Zon (7, s) = log(2N)! + log Zn(—1/2; 7, s) + log Zn(1/2; 7, 5), (2.4)
log Zon41(r, s) = log(2N + 1)! +log Zn11(—1/2;7,54) + log Zn(1/2;7,5_),
(2.5)
where
S (2.6)
SET ON+1)° ‘
and
~ 1 N 2N (.2
Zn(a;r o) = N /RN 1—‘[(:13Z — x)? Hx?‘e_T(xi_mj)d:L‘j. (2.7)
+ i<y j=1

This reduces the problem of finding asymptotics for Zy(r, s) to the problem of finding
asymptotics for log Z\N(Q;T,O') as N — oo where 0 = sand 0 = 54 = s (1 F ﬁ)

d N
Defining o log Zn(a;r,0) = Gy(a;r,0), one has
el
~ -~ (6%
log Zn(a;r,0) =log Zn(0;7,0) +/ Gn(dsr,o)dd, (2.8)
0

6



and we will use a second crucial identity, which we will also prove in Section 3.2,
expressing Gy (a; 7, 0) completely in terms of orthogonal polynomials with respect to
the weight e~ NV (®) on the half-line [0, +-00), see (3.41) and (3.26) below. Moreover,
we will show in Section 3.2 that log Zn(0;7,0) can be expressed for large N, up to an
exponentially small error, in terms of the partition function for the GUE, namely

N2p2

log Zy(0;7,0) = log e;“ ZUP | +0(eN), ¢>0, N-—oo.  (29)

We will show in Section 5 using a RH analysis that G («, r, o) admits a full asymptotic
expansion in powers of 1/N, in which the leading term is proportional to N. Combining
(2.4)-(2.5) with (2.8), and substituting asymptotics for Gy («;r, o), we will be able to
prove the following result (see Section 5).

Theorem 2.2 Let Zy = Zn(r,s) be the partition function defined by (1.1) with V =
Vis given by (2.1). As N — oo for fited s > 0, r > 2\/s, there exist constants c),¢\0)
for 7 € N such that we have an asymptotic expansion of the form

|ZGUE 7GUE
NZ\N| 851 g

L2 )
lo \{;Z}//;—l-zj (YN Neven

1
5 108
%lg\(f 1/4+Zj 1A(JN 7 N odd

— N?F,

log Zn(r, s) = log

+O(N7*F1, (2.10)

for any k € N, where a = 3(r — 2y/s) and b = 3(r + 2/s), Fy is the limit of the free
energy given by

1 3 1 s 72
Fo(r,s) == —A}gnooN—logZN(r s) = 3~ ZIOgZ I (2.11)

and Zﬁg*E is defined in (1.5) with o* = 4€3/2. The coefficients ¢¥)(r,s), &¥) (1, s) are
real analytic functions of s > 0 and r > 2\/s, independent of N.

Remark 2.3 Using the expansion (1.6), we can write (2.10) in the form

1 1
log Zy = —N?Fy+ Nlog N + (log2m — 1)N + 3 log N + 3 log 27 + 2¢'(—1)

1 Vbt+va
1 7 log 5 Neven
+<log2+ 47 20 +ONTY. (212)
6 5 log 2(ab)1/3 Nodd

Some terms of the above expansions have appeared also in the work [48].

Remark 2.4 Our formula (2.10) can be written in the following more general form
which is more familiar in the physics literature [1, 26]:

Zy [ )155)!
GUFE GUFE
N2, ZLN“JU*

—N%Fy — F1+log9(N B) +O(N™h (2.13)

log



with F} defined in (1.10) and the theta-function defined in (1.13).
In the symmetric case we consider, by (2.2), we have

ay = —a; = Vb, as = —as = +a, Pz —]x\\/ —2?)(2? —a), (2.14)

and
B 2(ab)/4
Va+ Vb

Using the identity K(k) = 56(0; B)?, we have

A(a) = 4Vab(b — a)?. (2.15)

_ 2mb(0; B)?
A= T (2.16)

For N even, we can use the periodicity property of the #-function, 6(z + 1;B) =
0(z; B), and substitute (2.14), (2.15), and (2.16) into (2.13). Using also the fact that
s = (b— a)?/4, we recover (2.10) from (2.13). For N odd, (2.10) again follows from
(2.13), but one must also use the identity

logﬁ(%;B)—logH(O;B):ilo (1—k?) = 11 \\;+§

Remark 2.5 The quantity F; defined in (1.10) coincides with the one defined in [1,
1
24, 26] up to a constant factor 21 log(247~12).

Remark 2.6 For values of r near 21/s, a phase transition takes place between one-cut
and two-cut supported external fields. If r = 24/s, the equilibrium density vanishes
at an interior point. This situation is studied in detail in [8]: the limit of the free
energy Fy(r,s) is not analytic near this point, and the subleading term in the large
N expansion can be expressed in terms of the Tracy-Widom distribution in a double
scaling limit.

2.2 Equilibrium measures

We define P,, as the space of real polynomials V' of even degree < m with positive
leading coefficient and such that V(0) = 0, and we write P for the space of Borel
probability measures on R. To V € P,,, we associate as before the unique probability
measure gy € P which minimizes the logarithmic energy Iy (u) defined by (1.8). The
equilibrium measure is characterized by the variational conditions [46]

2/log |z — yldpy (y) — V(x) = by, on supp iy, (2.17)
2/log |z — ylduy (y) — V(z) < by, on R. (2.18)
For a general polynomial V € P,,, uy € P is supported on a finite union of at most

deg V/2 disjoint bounded intervals. If V' € P,, is k-cut supported, the measure py has
the form

dpy (z \/ x)||h(z)|dx, x € Ug’-‘:l[aj,bj], (2.19)



where
k
VR(z) = H(m — aj)(z — bj), (2.20)

h is a monic polynomial of degree degV — k — 1, and ¢ is a normalizing constant [20].
Generically (2.18) is strict for € R \ supp py, but in critical cases, equality can hold
at points exterior to the support [41]. If h(z) # 0 for all x € supp py and if (2.18) is
strict for all z € R \ supp py, then V is called k-cut regular. We write P,Ef ) ¢ P, for
the subset of P, containing all k-cut regular external fields of degree < m.

Example 2.7 A simple example of a one-cut reqular external field which we will en-
counter later on is V(z) = 2(z* — rz). The corresponding equilibrium measure is

supported on [a,b] with a and b given by (2.3), and is given by

dpy (z) = %\/(b =)z = a)da. (2.21)

The quartic symmetric polynomial (2.1) is two-cut reqular for r > 24/s, one-cut reqular
for r < 2y/s, and one-cut singular for r = 2\/s, with an equilibrium density which
vanishes in the middle r/2 of its support.

The following result states that any one-cut regular external field V(z) can be
deformed continuously to the Gaussian 22/2 in such a way that the deformed external
field remains one-cut regular.

Theorem 2.8 Write V{z) = %4—2;”:1 tjzd, and let V ="V; € Py(nl), m > 2 be one-cut
regular. There exist a continuous path € : [0,1] — R™ : 7+ #(1) = (t1(7), ..., tm(T))
in R™ such that

-, 2

(i) £(0) =0, or equivalently Vy (z) = %,

—,

(i) t(1)

(iii) for all 7 € [0,1], Vi, € P

1

I
~
-

The above theorem will be proved in Section 6.

Theorem 2.9 Write

Vi) = Vo(z) + itjxj, Vo(x) = 2t — 422,
j=1
gnd let V.=V € P_r(f?), m > 4, be two-cut regular. There exist a continuous path
t:[0,1] = R™: 7 t(1) = (t1(7), ..., tm (7)) in R™ such that
(i) t(0) = 0, or equivalently Vi) (@) = rt — 422,
(i) #(1) = £
(iii) for all T € [0,1], Vi, € Piy).



The proof of the above theorem is given in Section 7.

Remark 2.10 The above results imply that the sets P,Sll ) and Pg ) are path-connected.
Indeed, given two polynomials V;, V5 in Pr(f ) for k = 1,2, the theorems provide two k-
cut regular paths which can be composed to obtain a continuous path connecting V; to
V5. We believe that the set P,sf ) is path-connected for any k € N, but a generalization
of our proofs would become considerably more complicated for k > 2. Theorem 2.8 is
not needed for our study of the partition function in the two-cut case, but it allows to
extend the proof in [25] of the existence of an asymptotic expansion of the form (1.4) to
the entire set of one-cut regular polynomials V. This is explained in the remark after
Theorem 1.1 in [25].

2.3 General two-cut regular V'

We consider a deformation of the quartic symmetric external field of the form Vi{z) =
Vo(z) + Z?il tjzl, with tag > 0, d > 2, and Vp(z) = 2* — 42%. The deformed external
field does not need to be symmetric. Let P,(x) be the orthonormal polynomials with
respect to the weight e VVe®) | defined by

/ P (x) P (2)e NVi@ dg = 6, Py (x) = kpz" + ...,
R

and let us consider the 2 x 2 matrix

Ky Py (2) r! [ Pr(s) e atds
X(z) = XM (z;8) = N 2mi"N JR SN, |- (2:22)
—2mikN_1Pn_1(2) —kn—1 g Pn—1(s)&—F*

defined for z € C\ R.
For the partition function (1.1) associated to the external field V- we use the relation
(see (8.8))

(;lk log Zn(t) = gResZ:C>Q [Tr (X5 8)X (25 t)03) zk] , (2.23)
where / denotes derivative with respect to z. The r.h.s. of the above expression is the
derivative with respect of the parameters ¢, of the isomonodromic 7-function introduced
by the Japanese school [33]. The identification of the partition function Zy(f) with the
isomonodromic 7-function was obtained in [5] (see also [6]). For a general potential
which can also have singularities, the deformation of the 7-function with respect to
parameters in the potential was obtained in [4]. The matrix function X in (2.23) is the
solution to the standard RH problem for the orthogonal polynomials P, (z) [29]. For a
general j-cut regular external field V', the leading order term in the large N asymptotic
expansion for X has been obtained using the Deift/Zhou steepest descent method in
[21], and the method used in this paper allows to compute subleading terms as well.
For our purposes, in the case of a two-cut regular external field V} with support
[a1, a2] U [as, a4] and equilibrium measure py.., we will need the leading and first sub-
leading term in the asymptotic expansion of the matrix X (z) as N — co. Evaluating
the residue in (2.23) and using Fay’s identities [28], we obtain the large N asymptotic

10



expansion

9 ,OF, 00 OR 0 oB
(3) "
B 02 B (0 (N B 00 »
(o (v0; B V2 18 ( N ) oW,

where Fy = Iy.(uy;) is defined in (1.8), the functional form of Fy = F1(V}) is defined in
(1.10), and (NS, B) is defined in (1.13) with Q = fa? dpy,.. The quantities Fl( ) and

FO(?’) are defined in (8.101) and (8.102) respectively and coincide, up to multiplicative
factors, with quantities first obtained in [26]. The above expansion has been proved in
theorem 8.7. From the above expansion, it is straightforward to arrive to the following
theorem.

Theorem 2.11 Let V; € P,(nQ) be a two-cut regular polynomial external field. The
derivative with respect to the parameter ty, k =1,...,2d of log Zn(Vy) has the asymp-
totic expansion

0

0
. log Zn(Vy) = 8tk

- (N?Fo(Ve) + Fi(Vy) = log 0 (NQ(Vi); B(V)) + O (N7H)

(2.24)

where Fo = Iy.(uv.) is defined in (1.8), the functional form of Fy = F1(V;) is defined
in (1.10), and O(NQ; B) is defined in (1.13) with Q = fa(? dpy,.. The above expansion

is uniform for t in compact subsets of {t € R™ : Ve e Pr(r?)}~

From Theorem 2.9, we can choose a continuous path ¢ : [0,1] — R™ : 7 (1) =
(t1(7), ..., tm(7)) in R™ such that Vg, (z) = ot — 422, Viny(x) = V=), and for all
T €[0,1], Vi(ry is two-cut regular. Therefore one can integrate (2.24) to obtain

log Z (Vi) = log Zn (Vo) = —N*(Fo(Vy) — Fo(Vo)) — F1(V) + Fi(Vo)
+1log 0 (NQVy); B(Vy)) —log§ (NQ(Vp); B(Vp)) + O(N™1), N — oo.
Comparing the above relation with (2.10), we obtain our main result.

Theorem 2.12 For a general two-cut regular polynomial potential V, the partition
function Zn (V') defined in (1.1) has the large N asymptotic expansion

N! GUE ,GUE
IOgZN(V) :log ('WZL JO’ ZLNngJ’a'*

— N?Fy(V) = Fi (V) +1log(NQ(V); B(V)) + O(N™1), (2.25)

where Fy = Iy (uy) is defined in (1.8), the functional form of Fy = F1(V) is defined
in (1.10), and (NQ, B) = §(NQ(V)); B(V) is defined in (1.13) with Q(V) = f;;l dpy .
The constant o* in the GUE partition function, defined in (1.5), is o* = 4¢3/2,

The above two theorems are proved in Section 8.7
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Figure 1: The canonical homology basis.

Remark 2.13 In our derivation of the above formula, we consider the Riemann surface
y? = (2 —a1)(z — a2)(z — a3)(z — a4) with the canonical homology basis of cycles {a, 3}
as shown in Figure 1. By performing a symplectic transformation

a = 57 B = —qQ,
~ 1
the corresponding modulus B = 5 and the Jacobi #-function transform as
1 e .-
6(z; B) = e™**BY(2B; B). (2.26)

:

—iB
Introducing the #-function with characteristics as

0[2](27 B) _ Z ewi(n+6)23+27ri(z+e)(5+n)’ (2‘27)
neL

one verifies by (2.26) that

O(NQ: B) = 0,%)(0; B) = ———0[%%)(0; B). (2.28)

The period A of the holomorphic differential with respect to the basis & takes the form
A = (—iB)A. (2.29)

Therefore, combining (2.28) and (2.29), the expansion of the partition function with

respect to the homology basis (&, 8) can be written in the form
log Zn(V7) = lo N geup goue
g LNV g LEJWN+1J' L%J:U* L%LU*
2 2
— N2Ey — Fy +1log0[\¥4(0; B) + O(N71),  (2.30)

where Fy = Fy and
1 1 (A 2 &
- LAl 3 v
F = 2 log 28 (277) |A(a)| j”l |1h(ay)|

This second choice of homology basis is the one used in [11] and [26].
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Outline

The remaining part of the manuscript is organized as follows. In Section 3, we use the
2N
orthonormal polynomials with respect to the weight wy(z;a,7,0) = z0e o (@ —ro)

on the half line [0, 400) to prove the identities in Proposition 2.1, and we express the

1
partition function Zy(r, s) with respect to the potential Vy(z) = V;.5(z) = = (2* — ra?)

in terms of quantities related to those polynomials. This will lead to a proof of (2.8)
and (2.9).

In Section 4, we obtain leading and subleading asymptotics for the orthogonal
polynomials on the half line using a steepest descent analysis of the associated RH
problem.

In Section 5, we use the results from Section 3 and Section 4 to derive the asymptotic
expansion of the partition function log Zy (r, s) as N — oo up to terms of order O(N 1),
thus proving Theorem 2.2.

In Section 6, we show that the space of one-cut regular polynomial potential is
path-wise connected (Theorem 2.8).

In Section 7, we show that the space of two-cut regular polynomial potential is
path-wise connected (Theorem 2.9).

In the last section, we determine the differential identities for the partition function
log(Zn(Vy)) with respect to the parameters ¢, for a two-cut regular polynomial potential
of the form Vi{z) = Vy(2) + Zidzl t12" and we calculate the asymptotic expansion as
N — oo of these differential identities up to terms of order O(N~1). We then integrate
in the space of parameters from the reference potential Vj(z) up to any two-cut potential
VH{z), thus proving our main result, Theorem 2.12.

3 Orthogonal polynomials and differential identities

3.1 Proof of Proposition 2.1

Let Zn(V) be the partition function defined in (1.1). It is a standard fact that, for
general V,

N-1
Zn(V) =N [] &, 5(V), (3.1)
n=0
where kK, v = K n(V) > 0 is the leading coefficient of the degree n orthonormal

polynomial defined by
/ Pon(2) Py (2)e ™ V@ dy = 6, Pun(x) = kpna" + ... (3.2)
R

Now let V' =V = V,. 5 be the quartic symmetric polynomial given by (2.1), and consider
orthonormal polynomials p, y(z;a, 7, 0) on RT with respect to the weight

wy(z;a,r,0) = xae*¥(12*m), (3.3)

so that we have the orthogonality conditions
+oo
/ pn,N(aja Oé,’l",O')pm7N(fL';Oé,’l“, O-)UJN(:E;O"T’ O')dilf = 5mn (34)
0

13



We express the leading and subleading terms as x — oo of py n as follows,

ce,n(o, T, 0) N di n(a, 7, 0)

.. > 0. (3.5
T 22 + )7 Yk,N ( )

prN(z;a,r,0) =y N (a, T, a)a:k(l—i-
Applying the change of variable x = u? to the integral in (3.4) for 0 = s, one ob-
tains orthogonality relations for the polynomials p, n(u?) and up, n(u?), and it is
straightforward to verify that they obey precisely the orthogonality relations (3.2) with
V=W =V, for P, v (with @ = —1/2) and Ps,41,n (with o = 1/2), so that by
uniqueness we have the identities

P2n,2N(u; T, 3) = pn,N(UQ; _1/27 T, 3)7 P?n—l—l,?N(u; r, 3) = UpmN(UQ; 1/27 T, 8). (36)

Similar identities have been derived previously, see for example [2, Appendix B], [30],
and [17]. In particular, we have by (3.6),

KokaN (T, 8) = YN (=1/2;7, 8), Kok+12N(T,8) = YN (1/257, 8). (3.7)
Hence, by (3.1), we obtain

log Zan (1, ) = log(2N)! + log Zn(—1/2; 7, 8) + log Zn(1/2;7, 5), (3.8)

log Zan+1(r, s) = log(2N + 1)! +log Zn41(—1/2: 7, 54) + log Zn(1/2:7,s_),
(3.9)

with st as in (2.6), and

N-1
log EN(a; r,o)=—2 Z log vp N (s, 0). (3.10)

n=0

The quantity Z ~n(a;r, o) is the partition function corresponding to a unitary random
matrix ensemble for positive-definite matrices, and following standard arguments, it
can be expressed as the N-fold integral (2.7). This proves Proposition 2.1. In order to
obtain asymptotics for Zn (7, s), it is thus sufficient to have asymptotics for Zn(1/2;7,0)
and Zy(—1/2;r,0) as N — oo, with o = s and o = s1. The advantage of this formula
is that the equilibrium problem associated to the partition function Zy(«;r, o), is to
minimize the quantity

I ,(v) = // log |z — y| ™ tdv(z)dv(y) + i/( 2 —rx)dv(z) (3.11)

among all Borel probability measures on R™, and that the support of the minimizer
consists of one single interval, as opposed to the support of y, . We have indeed

2
dvy o (z) = —\/(bm, —z)(x — aro)dz, T € [arq,br o, (3.12)

yea

which is a semi-circle distribution, with a,, > 0 and b, , > 0 given by

1 1
aro = 5(7“ — 2y/0), bro = 5(7“ +2v/0), (3.13)

see Example 2.7.
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3.2 Differential identity for log Zy(«)

In what follows, we will consider r and ¢ as fixed parameters, and we omit them in
our notations, writing for example a,b, v, ZN(oa) instead of ay o, br o, Vr o, EN(a;r, o).
In this section, N will also be fixed and we will also use the abbreviated notations
Dns s Cns A, w(z) instead of pp N, Yn N CnN, dn, N, wn(z) when there is no possible
confusion. We will now derive a differential identity for log Z ~(a) as a function of «,
following similar ideas as in [39]. By (3.10), we have

d. RAG)
%log In(a) = =2 7% (@)
N-1 oo g )
= _ T;) /0 3 (. (z; @) w(z; o) da. (3.14)

Recalling the Christoffel-Darboux formula

N-1
> ph(wie) = an—1 (@) (P (@ @)py -1 (25 @) — py (x5 )Py (23 @), (3.15)
n=0

where a,, is the recurrence coefficient defined by
zpn (T @) = an(Q)pnt1(w; @) + bp(@)pn(w; @) + ap—1(a)pn-1(z; @), (3.16)
and substituting it into (3.14), we obtain

~ +oo
%log Zn(a) = —/0 % (an—1(a)py(z; a)pn—1(z; @) w(z; o) da

+oo
4 /0 S (an—1(@px (s @)y (30)) wlws)da. (3.17)

By the orthogonality conditions for the orthogonal polynomials, we obtain

~ o +oo
%log Zn(a) = —NQNI(Q)M—aNl(a)/O (aaap/N(:z;a)> pN-1(z; )w(z; a)dx

—an_1() /0+00 pv(T; ) <880sz_1(3:; a)) w(z; a)dx
raxa() [ (pepviea)) s (sia)utsialds

ravaa) [ px(aia) (o)) ulalds. (319

The last term in the above equation vanishes because of the orthogonality, and using
the orthogonality also for the other integrals we obtain

% log Zy (a) = —Na’N_l(a)VZIA_I%—NaN1(a)m+aN1(a)(Jl—J2), (3.19)
where
+o00
J1 = /0 <68apN(x;oz)> Pv_1(x; a)w(x; a)dx, (3.20)
+o0
Jy = /0 (T ) (aaapN_l(a:;a)) w(z; a)dx. (3.21)
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From the recurrence relation (3.16), it follows directly that a,, = 22—, and using this

) . Yn+1
relation we obtain

(@) + L) (T — o). (3.22)

/
a4 log Zy () = _NIN=
Iv-1(a) N

da

We will simplify this expression further, but for that purpose we need to introduce

w(z o) = 2%~ (*712) ag the analytic continuation to C \ [0,+00) of the weight

function w(x; «), in such a way that

27ria

lim w(z + i€e; a) = w(x; @), lim w(z —i€e; ) = w(z; a)

e—0 e—0

for z € R. In this way we can write integrals on (0, +00) as integrals on a contour C
that encircles clockwise the line (0, +00): we have

/0+°° P(z)w(z; a)dr = 1_i%m/P(z)u;(z;;@)dz

C

for any polynomial P. The main advantage of the contour C for us is that it allows
for integration of functions with a pole at 0. We can simplify the formula for Jo by
integrating by parts and by using the fact that

0 0 0 0
Jar (@) = gepn(aio) = gLon(ia)) + S pn(vsa).
and this leads to

1 o
J2 = 1_62m/p§v(2;a) (aale(Z;a)) w(z; a)dz
C

1 9 «a N N
C
_ N vy_1(@) Q@ o . N |
4; v () 1 _ e2mia %pN—l(O, a) /pN(z’a)zw(z’a)dz'

c

Similarly

(@) 1
Ji = _N’YN (o) 1= 627”0‘ / pr z; Q) pN—l(Z%a);w(ZW)dZ
C
too 0 N N
— /0 (Mp]v(x, a)> pN—1(z; a)(—4;aﬁ + 2;7“)10(36, a)dz. (3.24)

The second term can be computed as in (3.23), for the last term we expand a%pN(a;; a)
for large x using (3.5) as

;QPN(% a) =Yy (@)z™ + (yven) (@)z¥ ! + (vdn) ()2 2 + 0@V ).
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This yields

_ (@) 9 (0 @ o) Lz
Jy=—(N+ a)m — <80sz(0’ a)) [ i C/pN_l(z,a)Zw(z,a)dz

N 2(yvdn)' (o) — r(ynen)' ()
o Yn-1(c)

+o0
+ 2% (2('YNCN)/(0‘) - T’va(a)) /0 PN—1(; Oz)wa(x; a)dx. (3.25)

N +o00
+2 +4—7n(a) / py-1(z; @)z (z; o) de
0

Note that the above formulas are valid for any o € [—1/2,1/2] including o = 0. The
constants ¢y and dy are defined by (3.5) and determine, together with ~y, the sub-
leading coefficients of py.

3.3 Differential identity in terms of RH solution Y

If we write

-1 1 —1 p+oo w(s)ds

V(za)=YM(za,ro) = N P (2) 2t TN o P (s) w(e)ds |
—2miyN-1PN-1(2) —IN-1 [y PN-1(s) 52

(3.26)

Y satisfies the RH problem [29]

RH problem for Y
(a) Y is analytic in C \ [0, +00),

(b) Y has boundary values Yy for z € (0,+0c0), and they are related by the jump
property

1 w(z;a)

Yi(x) =Y_(z) <0 1 > , x € (0, +00). (3.27)

(¢) As z — 00, Y has an asymptotic expansion of the form
Y(2)27"8 =T+ Y127 4 Yoz 2 4+ Y3273 + 0274, (3.28)
where Y7, Ys, Y3 are matrices that may depend on «, N, 7,0 but not on z.

It is straightforward to derive from (3.26) the identities

en = Y111, dy = Y211, (3.29)
(Y 1/2 - 1 1/2
IN-L = (—27ri> ’ WEN T omivin ) (3.30)
+00 Y; +oo Y-
/ pN_l(a:)a:Nw(a:, a)dxr = 1,22 , / pN_l(a;)xNHw(a:; a)dxr = 2,22
0 TN-1 0 TIN-1
(3.31)
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We can use those identities to express Ji, Jo, and % log Z\N(a) in terms of Y = YY),
Indeed, for J,, we obtain

/
N Y112 Y21(0; ) a / 1
Jy =2=-Y/ = — 4 , ja)— sa)d 3.32
2 =2 Yoy [y (—i 2riVia ) 1 et pn(z @) —w(z a)dz, (3.32)

c
and for Ji,
J = N + 04Y1/,12 1
1 2 Yie /YiYia
2N Y] 12 r
* ’ <_T1"Y+7TrY—Y Y, )
o\/Y1,12Y1.21 Y112 25 T it
2N
+ e (2Y3 11 — Y] 11 +2Y{ 11 Y1 22)

o/ Y112Y121

/

Y11(0; ) « / 1

— - _1(z;a)— ca)dz. .

(\/m T o3 | PN 1(z,a)zw(z,oz) z. (3.33)
C

In the above formulas, the primes denote derivatives with respect to «. The jump
condition for Y implies that detY is an entire function, and the asymptotics for Y
together with Liouvilles theorem yield detY = 1. In view of (3.28), this can only be
true if TrY; = 0. Combining (3.22), (3.33) and (3.32) one arrives at the formula

d 7 a Y1/712 N / / /
% log ZN(a) = §Y1 B + 2; ((det Y]_) + 2}/2711 — TYl,ll)

N <Y1/,12 B Yf,21>

2 \V112 Yo

!
Y21(0; ) a 1 (3.34)
+ V' Y1i12Y1,21 ( - /pN(z;a)w(z; a)dz
I T oriYie ) 1— e e
1,21 J

Y11(0; o)

/
o 1
— v/ Y112V . —1(z; )= sa)dz.
1,1211,21 (W) 1 _ e2mia /PN 1(z,a)zw(z7a) Z
c

Regarding the last two integrals in the above formulas, we have

—2miyN_1 YN-1 pN—1(2; )w(2)
Yoa(2) = T omia PN-1(550)w(z30) — 500 / o dz', (3.35)
C
if z lies inside the contour C. If we set
- 1 e
Y@ =Y, 7T (3.36)
it follows that
« 1
1_ezm/PN—1(Z’;a)Z,w(z’;a)d2’
¢ (3.37)
a . Yo1(z; 0)w(z; aV2m ~
= lim (ng(z;a) — 21 )%Ea >> =——= Y22(0; ).
YN—1 2—0 1—e A /ZY1’21
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Now, for the other integral in (3.34), the relevant identity is

N (2 (75 ) 1
INYi2(z) = omi(l €2ma / o dz'+1 _e%mpN(z;a)w(z;a), (3.38)
C

from which it follows that

’. ’. Y(N) . .
e /pN(Z’O‘)w(Z’O‘)dz’:mawhr% <Y1(2N)(z;a)— 1 (Fow(zia)
C zZ—r

1— 627rwz % 1— e27rwz
V2T ia

B \/ —1iY1,12

Y12(0; ). (3.39)

Substituting those identities in (3.34), we obtain

d .
-~ log Zy(a) = Gn(a), (3.40)
with
aYi iy N
Gn(a) =Gn(asr,0) = 2Y1712 +2 - ((det Y1)’ +2Y5 —TYf,n)
/

N (Y{1s Y1,21) Y11(0; @) a o
4+ L + /Y7 12Y; ! Y22 (0;

2 <Y1,12 Yi21 bz V—iY112 ) \/iY121 2(050)

!
Y21 (0; oz)) « -
— VYY1 ( Y12(0; ). (3.41)
T ) —iY71 12

The identity (2.8) stated in the introduction follows from (3.40). It then follows from
(3.8)-(3.9) that

log Zan (1, 5) = log(2N)! + 21og Zn (0; 7, 5) (3.42)
1/2 1/2
—1—/ Gn(asr, s)da + Gn(asr, s)da, (3.43)
0 0
log Zan+1(r, s) = log(2N + 1)! +log Zn4+1(0; 7, 55) + log Zn (057, s_)
1/2 1/2
—i—/ Gn11(a;r, sy )da + Gn(asr, s_)da. (3.44)
0 0

The equilibrium measure v,, is one-cut, and we can apply the Deift-Zhou steepest
descent method on the RH problem for Y to obtain large N asymptotics for Y, Y7, Yo
and derivatives, uniformly for o € [—1/2,1/2]. This means that we can, in principle,
obtain asymptotics for each of the integrals in the above formulas. The only remaining
problem is then to find asymptotics for Z N(0;7r0).
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3.4 Asymptotics for ZN(O;T, o)

By a shift of the integration variable, we have

Zn(0;7,0) = N'/ H ;— T 2He @)y dz; (3.45)
RNV

+ 1<j
N2y2 N
e 20 . I
S o R ICERS | G 310
+ 1<) j=1

N2,2

N
- eN, / [T — ;)2 [[ e 27 day., (3.47)
! r 1

(=5, +00)N i ;

which is, up to a pre-facor, the partition function for a Gaussian Unitary Ensemble
(GUE) with a cut-off at —r/2. We will show that

N 2
2N 2 r
ZJ(\;)U ::/ H(xi—mj)QHe o Yidzj, o<
(=5 o)V 5L j=1

is, as N — oo, exponentially close to the GUE partition function without a cut-off,
given by

ZGUE. /RNH T — Tj 2l—Ie 25 devj (3.48)

1<J

In the GUE (without cut-off) with joint probablhty distribution of eigenvalues given
by

N
_2N,
GUEH H 7 dxﬂ"

NU’ i<j

the ratio ZJ@«; /ZﬁgE is equal to the probability that all eigenvalues are bigger than
—r/2. Tt is well-known that this probability is exponentially close to 1 since —r/2 is
strictly smaller than the left endpoint of the support of the equilibrium measure (which
is the limiting mean eigenvalue distribution) corresponding to this ensemble. Indeed,
it follows for example by a large deviation principle, see [3, Section 2.6.2], that

zy,

GUE
ZN,G

=14+ 0(e M), N — o0, ¢> 0.

We can conclude that, as N — oo,

1
log Zon(r, s) = log(2N)! + 21log [N'ZGUE]
N2p2 1/2 1/2
+ sr + / Gn (s, s)da + Gn(a;r,s)da +O (e_CN) . (3.49)
0 0

1 1
log Zon+1(r, 8) = log(2N + 1)! + log {Mzﬁlj&] + log [ N Zﬁff]

(2N +1)%
4+

—1/2
e —I—/0 Gn+1(a;r, sy)da

1/2

+ gn(a;rys_)da +O (e*CN) , (3.50)
0
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where we used the identity

(N +1)202 N%?2 (2N +1)%2

2s4 + 2s_ 4s

4 Analysis of the RH problem for the orthogonal polyno-
mials

In this section, we will obtain asymptotics for the RH problem for Y, stated in the
previous section, as N — 0o, and this will also lead us towards asymptotics for Gy. We
recall that Y depends on N, «, r, and 0. By (3.49)-(3.50), we will need asymptotics as
N — oo for —% <a< %, and with ¢ = s and o = s4. In the case where o0 = sy, o will
be N-dependent by (2.6), but this will not cause any problems because the asymptotics
for Y will be uniform in o as long as ¢ < % — €, € > 0. Since we assume that s < %,

we also have that sy < % — € for N sufficiently large and e sufficiently small.

4.1 The equilibrium measure

Define the equilibrium measure v, minimizing the logarithmic energy (3.11) among
all probability measures on R*. As mentioned in Example 2.7, one can compute v ,
explicitly: it is supported on the interval [a,b] = [§ — /0, § 4+ /0] and the density is
given by (3.12). For all 0 < %, we have that a > 0. Now, define

b
oz) = [ 1og (= = v, (4.1)

where we choose the branch of the logarithm such that g is analytic in C\ (—o0, b]. It
is directly verified that

b
g+(z) —g—(z) = 27ri/ vy o (y), for x < b, (4.2)

T

where f; dvy»(y) is understood as 1 for x < a. For = € [a,b], the Euler-Lagrange
variational conditions conditions for v, , imply that

2
g+ (x) +g—(z) = W(z) — £ =0, W(z) = ;(x2 —rx), (4.3)
for some number ¢ depending on r, o, and that the left hand side of (4.3) is strictly
negative on (0, +00) \ [a, b].
For later use, we compute the asymptotics for the g-function as z — oo, which are
given by

1 1 _
9(2) = Yoz [udunoly) = 55 [ PPdvealy) + O (14)
_ 1 M2 -3
= lOgZ—i—ﬁ—FO( ), (45)

where we write my, = f ykdyr,g(y). It follows that

eNg(Z)O'S — ZNO'S (I + g + % + 0(23)) , as z — o0, (46)
z z
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with

. Ngmf—ng
Gl = < ]\67711 NO > , G2 = ( 2 NZmZ(?&-Nm ) . (47)
m 0 MmirNm
By (3.12), m; and ms can be computed explicitly, we have
a+b r 1, 5 9 1, .,
_ T _ 1 ! , 4.
my 5 5 ma 16(5& + 6ab + 5b) 4(7“ +0) (4.8)

4.2 Transformation Y — T
We use the g-function in the first transformation of the RH problem and define T' by
T(z) = e—N€03/2Y(Z)e—N(Q(Z)—f/Q)UZS , (4.9)
where Y is given by (3.26), with w(z) = 2%e~ YW (@) From the RH conditions for Y, it
is straightforward to obtain a RH problem for the new unknown 7": we have
RH problem for T
(a) T is analytic in C\ [0, +00).

(b) For z € R, we have the jump relation

To@) =T (@)Jr(),  z€lab], (4.10)
with
e~ N(g: @) =9-(@)  gagN(gs (@) +g— (@)~ W(@)—0)
JT($):< 0 N (o1 (@)= (@) > (4.11)

(c) As z — o0, T(2) =T+ O(z71).

Condition (c) follows from the logarithmic behavior of g at infinity, condition (b) is a
consequence of (4.9) and the jump relation (3.27) for Y. It is useful to define ¢(z) as
follows:

d(z) =29(z) —W(z) -1, z€C\ (—o0,b] . (4.12)
From (4.3), it follows that

94+(2) — 9_(2) = 6+(x) | ey, (413)

9+(2) = g-(2) = =o- () , z € [a,b] . (4.14)

It turns out that ¢ can be evaluated explicitly: we have

P(z) = _74 (- (b _4“)2 log [\/ﬂ + m}

NGt (b‘“)glgg(b‘a)) - (1)

Using (4.2) and (4.3), we can write the jump matrix Jp in terms of ¢:

€7N¢+($) ma
Jr(x) = 0 o—No_(2) | for = € [a, b], (4.16)
aoNo(z)
Jr(x) = (é v 61 ) , for z € (0,a) U (b, +00). (4.17)

Note that, although ¢ is not continuous on (0,a), eV? is, and therefore we can safely
write eV? instead of eN?+.
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4.3 Transformation T — S

The jump matrix for 7' can be re-written for = € (a,b) as

1 0 0 % 1 0
Jr(x) = (eN(zﬁ_(z) 1) <_1 O> <6N¢+(z) 1) . (4.18)
x< e e

This leads us to the second transformation, where we open lenses. Define three regions
as follows, see Figure 2:

e Region I: the upper lens region.
e Region II: the lower lens region.

e Region III: everything else.

1171

4
4

Oe
S

S
8

111

Figure 2: The contour X g consists of the two lenses and the interval (0, co).

We then define S in the three regions as follows:

(1 z € Region III,
1 0 )
S(2) = T(z) x (_ 671\;¢:¥+(z) 1) z € Region I, (4.19)
1 0 )
\ (ew_(z) 1) z € Region II.
Za

Using the RH conditions satisfied by 7', we can deduce the RH problem for S.

RH problem for S

(a) S is analytic in C\ Xg, where Xg is the contour shown in Figure 2.

(b) The jump relations for S are

Si(z) = 5_(2)Js(=), z € Xg, (4.20)
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where

1 0
Js(2) = | —Not) ) z € lower lens boundary, (4.21)

Ts(z) = (_01 z; ) , 2 € (a,b), (4.22)

1 0
Js(z) = (ew(z) 1) ) z € upper lens boundary, (4.23)
Js(z) = Jr(z), z € (0,a) U (b, +00). (4.24)

(c) S(z) =T+ 0(z71) as z — 0.

Using the explicit formula for ¢ given in (4.15), one can verify that the jump matrix
for S is exponentially small as N — oo on Xg \ [a,b], uniformly for z bounded away
from the endpoints a and b. The next critical step is to build approximations to S
in 4 regions: a neighborhood of z = b, a neighborhood of z = a, a neighborhood of
z = 0, and the complement of those three regions. We will call the parametrix in the
latter region “the outer parametrix” and this one will take care of the jump on (a,b).
The local parametrices near a and b will deal with the jumps near a and b, where the
uniform convergence breaks down. The local parametrix near 0 finally is needed for
technical reasons because 0 is an endpoint of the jump contour Xg.

4.4 The outer Parametrix P>(z)

We seek for a function P*°(z) which satisfies the same RH conditions as S, but where
we ignore the jumps that are small in the large n limit and the jumps in small neigh-
borhoods of @ and b. We thus obtain

RH problem for P> (z)
(a) P is analytic in C\ [a,b].

(b) For z € (a,b), we have

PX(z) = P™(2) (_01 Zoa ) . (4.25)

(c) P®(2) =1+ 0(z 1) as 2 — oo.

This RH problem is solved by a function of the form

P>(2) =d?*Pg°(2)D(z)~% (4.26)
where
. ’Y(Z)+;( )t ’Y(Z)*;(Z)_l
@ =leser woa ] (4.27)
and
(Z b)1/4

(4.28)
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The quantity D(z) is given by

avz—byz—a [? log dx
D(z) = exp . (4.29)
271 e Ve—bJyr —axr—=2
and can be computed explicitly as follows:
b(z — A
Dl = (V-9 +Val—b)) (4.30)
Vi—a++Vz—b
The constant d is the large z limit of D(z):
«
i (\@ : ﬁ) | (431)

It will be useful to have the expansion of P> for z — oco. For that, we will also
need the asymptotic behavior of D(z) and P*>(z) as z — oo: we have

D(z) = d <1 S (9(2—3)> , (4.32)

- 1 0 i(b—a) 1 (b—a)? i(b%—a?) L
Pe(z) =1+~ | Lippa) 8 + 5| iefer)  poap | FOGETY). (433)
4 8 32

Hence, after straightforward calculations, we obtain

P®(z) =1+ Plia) + Piga) +0(273), 2 — 00, (4.34)
with
d id%(b—a)
Pi(a) = (—i(b—la) ; ; (4.35)
4d2 1
(b—a)? 2 id?(b—a)(a+b+2d1)
+di —do
Poy(a) = _32_\iash Y : (4.36)
( C )éd;rb 2d1) (b32) + dy

where d is defined in (4.31) and d; and dy are defined in (4.32). We have
i) = (Vb Va), (437)
do(a) = dlé(” (3a+2\/%+3b+a(\/5— \/a)Q). (4.38)

Note that the outer parametrix P> depends on ¢ through a = a, and b = b,,, and so
do D, the constants d, dy, ds, and the matrices P; and Ps.
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v

(1)

Figure 3: The jump contour I' for V.

4.5 The Airy Parametrices

Recall that a and b depend on r and o; if 0 = sy with sy given by (2.6), a and b
will thus depend on N. However, for N large, ¢ will be close to s, and a,b will be
close to 3(r F 2\f ). We will construct local parametrices in fixed sufficiently small
disks By := Bs(%(r & 24/s)) centered at (r F24/s). For N sufficiently large, those
neighborhoods will also contain the points a and b. The parametrices will be built out

of a well-known Airy model RH problem, which we recall here. Denote

27

o= (4.39)

and let the complex ( plane be divided into 4 regions as shown in Figure 3. Define

e (4.40)

Ai () g

(Ai/(C) 2A1 > for ¢ € 1,
Ai(¢) =iy, 0

<Ai(<) 2A1 wC > ( ) for ¢ € II1
Ai/(C) _Al wC ) s
Ai(Q) —w?Ai(wC)\ _mig,

<Ai’(§) —Ai’(w() > € 5 for ¢ € IV.

Then V¥ satisfies the following model RH problem.

RH problem for ¥

(a) W is analytic in the complex plane, except on the jump contour I" shown in Figure

3.

(b) For ¢ on one of the four rays in the jump contour, we have ¥ ({) = V_(¢)J((),
with J(¢) the piecewise constant matrix indicated in Figure 3.
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(b) As ¢ — oo, we have

203/20, 5 R _1\k niy (2 —k
TS :m< 0 c”‘*)z(—((—i)’fﬁk i:) o (SCW) 2

k=0
where
T(3k +1/2) 6k + 1
- - for k>1. 4.43
kT BRRD(k+1/2) FT Tek—1k TS (4.43)
For future reference:
5 7
5 7 4.44
S1 72’ ™ 72’ ( )
385 454
_ _ 4 4.45
%27 70368° 2T T 10368 (4.45)

The following alternative version of the asymptotic behavior of ¥ as { — oo will be
useful,

oo

— 1 (2 35 D (s + k) sk — T
I+;2<3C ) <(—1)k(8k—7“k) Sk+7“k>
LB (11
=S (4)

1 1 1 35 L 1 mi 2 -3/2
6 2 .| pm o3, —5C %03
X |:I+8C3/2 (_1 _é>+384<3 <_1 _112>+ :|€ 47°e 3 . (447)

We define the function

x e~ o3em5¢Y 05 (4.46)

3\ 2/3 »
fb(z) - Z (—¢(Z)) ) z € B+7 (448)
where ¢ is defined in (4.12). By (4.15) we obtain that ¢ behaves like
é(2) ~ —L;’_“(z )32, 2, (4.49)
o

so that we can take f; to be analytic near b, and particularly in the disk By. We then
have

m>2/3(z—b) (1+ 2 b

fo(z) = < . 50— a)

+0 ((z - b)2)) . 2 b. (4.50)

The next auxiliary quantity which we define is the analytic matrix-valued function
Ey(z) for z € By, defined as follows,

By(z) = V/me 13 P()(2)207/2 573 G _11> N7 fy(2)7/ (4.51)
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This function is analytic near b, we can see this for example by observing that it has
no jump across the interval (b — 6,b):

_ . 11 1\ _zmig oo
(Eb)fl (Eb>+:(fb 3/4>2<_1 1>e 1 03,708/2

(P (), et (1) (00),

_ —03/4 1 1 —*03 1 iy I -1 o3/4
_(fb )2(—1 > (1064 11 (b >+
_ 70'3/4 1 1 —1 0-3/4
=) 3 (GG )6 )@,
_ _0'3/4 - 0 0'3/4 o 1 0
() (5 e, = (60
Within the neighborhood By of b, we define
PO (2) = By(z) U(N?/fy(2)) 2Nosly*(2)/3 =5 s , forzeBy. (4.52)
The local parametrix P®) then satisfies the following conditions.
RH problem for P®
(a) P® is analytic in By \ Xg,
(b) PP (2) = PP (2)Js(z2) for z € By N%g,

(c) for z € OB, we have

PO (z) = Poo(z)zo‘”?’/Qe%U?’
1 3/ D sk ) sk —
ey (aer) (O 0 i)

X e~ 408,750, (4.53)

as N — oo.

The construction of the parametrix in a neighborhood of the point a is similar.
First, we define the transformation f,(z) for z € B_, analogous to f;, defined in (4.48)
above,

2/3
= () 0@ e, <€ Bifa) (4.54)

As z — a, by (4.15) we may choose the branch so that f,(z) is analytic in a neighbor-
hood of a, and

fulz) = — <2 @)2/3 (z—a) (1 - 5(1__6;) e ((z - a)2>> .z a. (455)
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Next we define E,(z) as follows:

E.(z) = e i \/EPOO(Z)ng%”i"e%U:” <1 _11> N%fa(z)”/‘l_ (4.56)
We now define the approximation P within B_:
/ a
P9 (2) = E,(2) U(N?3f,(2)) 2nosfa 2(2)/32_5"303, for z € B_. (4.57)

We then have

RH problem for P
(a) P is analytic in B_ \ g,
(b) P(z) = P (2)Js(2) for z € B_N¥s,
(c) for z € 9B_, we have

P@(z) = Poo(z)zo“":‘/QeWTZ'("3

1 (2N D k) (k- )
303 (@) (O )|

X eT 792729 (4.58)

X

as N — oo.

4.6 The parametrix near 0

In a fixed neighborhood By of 0, we would like to construct a local parametrix P(©)
which satisfies the following RH conditions.

RH problem for P©
(a) PO is analytic in By \ s,
(b) P9(z) = PO(2)Js(z) for z € Byn L,
(c) for z € By, we have
POz)=P®) (I+0(e ), N-— . (4.59)

The jump relation should in other words be

aoNo(z)
PO(z) = PV (x) <[1) e . > 0<z<a. (4.60)
A solution to this problem is given by
(z2—1) No(2)
P(O)(Z) = POO(Z) <2-) 1_627”0:16 ) , (461)
where the function z¢ is chosen with branch cut on the positive half-line, z¢ = \z\aeme,

0 < 6 < 2. It is important to note that as o — 0, the limit of P()(z) exists for z # 0,
and that it is given by

_logz N¢(z)
L —5mie > (4.62)

PO (2) = P>(2) <O )
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4.7 RH problem for the error, R

We now define R in four regions of the plane, using our approximations to .S. Set

S(z (P(O) z)) , z€ By,

(2) ( )
S(z) (P9(z))" B_
R(z) = () ( (Z))_l P EE P (4.63)
S() (PO(z) ", ze B,
S(z) (P>(2))"",  everywhere else.
The quantity R is piecewise analytic, with jumps across the contours ¥;, j =1,...,7,

as shown in Figure 4.
RH problem for R
(a) R is analytic in C\ U;zlzj,

(b) For z € UJTZIEj, we have Ry (z) = R_(z)Jr(z), with

Jr(z) = P®(2)Jg(z) (P®(2))7", zeYUS,US3 Uy, (4.64)

Jr(z) = PO(2) (P®(2)7", z € ¥s, (4.65)

Jr(z) = PW(z) (P>(2)) ", z € g, (4.66)

Jr(z) = PO (2) (P=(2))7!, 2 €Y. (4.67)
(c) As z — oo, we have

R(z)=T+0(z1). (4.68)

25 26 E2 27

O = G

Figure 4: The jump contour for R.

The jump matrices across the contours X1, Yo, Y3, and >4 are all exponentially
close to I for large N because Jg is exponentially small and P> and its inverse are
bounded on the contour, which does not contain the points a and b. The jump across
Y5 = OBy is also shown to be exponentially small by (4.59), since eV¢(?) is exponentially
small for z near 0. The only jumps that are not exponentially small are the ones on
Y6 = 0B_ and ¥7 = 0B,. There we have for any K, by (4.58) and (4.53),

K
Jr(z2) =1+> JW(z,a)NF+ONFKT), N o (4.69)

k=1
By (4.58) and (4.53), we have

« P(2) <( (D)% (sp +te)  —iz"(sp — "”k)) (P=(=))"", (4.70)

—Dkiz=(s, — k) Sk + Tk
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for z € g, and

—k
=3 ()

% POO(Z) < . (*1)]6 (Sk + Tk) iza(sk - Tk)) (POO(Z))—I : (4‘71)

—i(=1)f2" sk — k) st

for z € ¥7. Note that J1) is a meromorphic function in B_ U B, with double poles at
a and b.
Using standard estimates, it can then be proved that

K
R(z)=1+> R¥(z,a)N"F+O(N*1), N o, (4.72)
k=1

uniformly for z off the jump contour, where R%) is analytic except on ¢ U X7. Substi-
tuting (4.69) and (4.72) into the jump relation Ry = R_Jg leads us to the following
jump relation for R(M):

R(f)(z, a) — R(,l)(z, a) = J(l)(z, a), for z € Yg U X7. (4.73)

In addition, since R — I at infinity, R (z,a) — 0 as z — co. These conditions
determine RM) uniquely, and we obtain

RW(2) = Q(z,a), :€C\ (BZUB;), (4.74)

RW(z) = —JW(z,0) + Q(z, ), z€B_, (4.75)

RW(z) = —JW(z,0) + Q(z,a), z € By, (4.76)
where

Qz,a) = ! Res J(z,a) + o Res [(z —a)JW(z, a)}

z—a z=a (z —a)? z=a

1
- 1) - 1)
+ g Res Iz 0) + s Res [( —b)JW(, a)} 47T
As z — 0o, we have an asymptotic expansion of the form
K
R(z)=1+ Z Ri(N,a)zF + O(z"E-1), z — 0. (4.78)
k=1

From the asymptotics (4.72) for R and the formula (4.74) for R, we obtain

Rl(N,a):;[<R_esJ( )(z, a)+ResJ ) + O(N (4.79)
1
- _ (1 —
Ry(N,a) = N (ljes [(z a)J } —|—Res [ z—0)J )})
+ % <a Res JW(z, ) + bRes JV(z, a)) +O(N72), (4.80)

as N — oo. Since the jump matrix Jr depends analytically on the parameters s > 0
and r > 24/s, one can deduce that the functions R; and Rs, and all of the coefficients
in their large N asymptotic expansions, depend analytically on s and r.
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After a straightforward but long calculation, one obtains, writing ¢; = v/a — Vb and
d as in (4.31),

Rl,ll(N7 a) = —RLQQ(N, a) (4.81)
g 0420'
= (32(b —ay " 1oy VAV’ ) N O, (4.82)
Ri12(N, ) (4.83)
id(a)’o
= 18b(h = )(3a *(Va—vb)? —6af+2b+6ab) +O(N7?),
(4.84)
Ria(N0) = _“;)d( E (3a2(\f — Vb)2 + 6aab + 2b — 6ab) % (4.85)
+O(N7?), (4.86)
Ron(N,a) = 2 (—Z + ‘2@2% _‘XW - ”) O, (4.87)
as N — oo

5 Proof of Theorem 2.2

We will now use the large N asymptotics obtained from the RH analysis to obtain
asymptotics for the function Gy (a;r, o) in (3.41).

Let us first consider the quantities Y (z) for z € By, which we need to compute the
last two terms in (3.41). From (3.36), (4.9), (4.19), (4.63), and (4.61), it follows that

V(z) = eNos/2R(z) PO (z)eN () =/2)es (1 _lw(:;g)a>

0 1
N2 R() Po(2) (1 %eN‘ﬁ(z)) N(a(2)—t/2)03 (1 —1w(:2;3i)a> .
0 1 0 1

By (4.12), we have

V(2) = N2 R(2) P 2) ((1) 1_8217”.041€N<z6(z)> eNla2)—t/2)7s (5.1)
and in the large N limit

Y12(0) = e MOeN (1 + O(N 1)) P35 (0), (5.2)

T2a(0) = 90 (14 O(N ) P 0). (53
For the first column of Y near 0, we have

Yii(2) = (1 + O(N ™) P (2)eMN9), (5.4)

Ya1(2) = (1 + O(N7Y))PsP(2)eN9Z) e NE, (5.5)

Let us now compute the moments at infinity Y7 and Y5 defined by (3.28). For z outside
the lenses, we have

Y(z) = eNV3/25(z)eN0(z)t/2)as
N2 R(2) P (2)eN @)~/ D3 (5.6)
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By (4.6), (4.34), and (4.78), it follows that
Yi(a) = N2 [Pi(a) + Gy + Ri(a)] e N3/2,

and

Yo(a) = eNtos/2 [Po() + G2 + Ra(a) + (Pi(a) + Ri(a))G1 + Ri(a) Pr(a)]

% 6—N€a’3/2.
Entry-wise, we obtain as N — oo, by (4.82)-(4.87),
(b —20°(va—vb)*)o 2
Y] =—-Nm;—d O(N
1a1(@) mdit e O
h—
€_NZY1712<Oz) = idQ 4 a4
+ ¢(3a2(\f —Vb)? — 6aVab + 2b + 6ab) + O(N~2)
48ab(b — a)N ’
b—a
N¢ _
e Y1,21(Oé) = —1 4d2

A
186(b — a)d2
Yi02(a) = =Y111(0).

(302(Va — Vb)? + 6avab + 2b — 6ab) + O(N2),

For Y5 11, we have

2 2
Yo (a) = %NQ - (% — m1d1> N + (b 3;) + d2 — dy
(2023 VB2 D)
_ N1,
32b(b — a) +ONT)

Recall from (3.41) that

Gn(a) =Ti(a) + Ta(a) + T3(a) + Ta(a) + T5(w),

with
a Yy
Ty(a) = =L
1(e) 2 Y112
N
TQ(Q) = 2; (2YV2,’11 - TY1/,11 + (det Yl),) 3

Ty(a) = N Y19 _ Yi o
s 2 V112 Yio)'

}722(()’ Oé),

!/
—— [ Y11(0; «
Tale) = Vit (\/li(ﬁﬁ 1)2> \/Zyl 21

Y21 (0, Oz)

/
o ~
T5(Oé) = —m ( \/21/1 o ) \/_in > Y12(0; Oz).

(5.8)

(5.9)
(5.10)
(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
(5.18)

(5.19)

(5.20)

(5.21)

We can now substitute (5.2)-(5.5) and (5.9)-(5.15) into (5.17)-(5.21) to obtain asymp-
totics for T (), ..., T5(a). Their expressions can be computed further by the formulas
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(4.79)-(4.86). We used Mathematica for this lengthy but straightforward calculation
and obtain

7= ol o),

d(e)
@ _ 2
Ty = (rd} () +2d1()d} (a) — 2d5(e)) g _ (fgb\@ L oNY,
_ o d() ao 3
B d(c) N 20(\/a + V)2 +O(NT),

Substituting (4.31), (4.37), (4.38), and r = a + b (see (2.3)), and summing up the
expressions for 11, ..., s, we obtain

Gn(osr,0) =GO, 0)N +aGW (r,0) + O(NY, (5.22)
where
O gy~ Vo=V o [Va+ Vb
G, )—2(\/E+\/5)2+21g< 5 , (5.23)
Va+ b
GW(r, o) = 2log )T (5.24)

It should be noted that all of the error terms we used above can be expanded in
asymptotic series in negative integer powers of IV, and this can be used to obtain a full
asymptotic expansion for Gy (a;r, 0):

k
Gn(a;r,0) =GO, 0)N +aGW(r,0) + > fD(a;r,0)N T+ O(NF1), (5.25)
j=1

for any kK € N. The constants f(j)(a;r, o) may depend on « and are real analytic
functions in r, .

Let us now compute the asymptotics for log Zan using (3.49). Since the O(N)-term
in the expansion of Gy is independent of «, the leading order terms of the two integrals
in (3.49) cancel out against each other, and we obtain

2,.2
log LZQN = 2log 1 gove| N7 1g(1>(r s)+O(NY (5.26)
(2N)! NI s 4 ’ ’

as N — oo. Replacing 2N by N, we get the following large N asymptotics for N even:

log | = Zx | = 2log |~ ZGUE +N2T2+1g<1>(r s)+ONY (5.27)
EINTN| T8 [van oN2s | T Ty T ‘ ‘
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In order to have a more compact formula, we substract 2 log [( N/2)1 ZJC\’;%% *} , defined in

(1.5), at both sides of this formula, with o* = 4¢3/2, and obtain by (1.5),

(N/2)12Z VA NZ?2 1
log /G[)]E N 5| = 2log Ggg’ L + Zg(l)(r, s)+ON
1, a+vb
= —N?Fy+ -log ¥— "~ N1 2
0 + 2 og 2(ab)1/4 + O( )7 (5 8)
where
1 s 3 72

Note that the choice of o* = 4¢3/2 in the denominator at the left hand side of (5.28) is
such that

L cuE
N7y 2N e | = 0

by (1.6), so that Fp is the free energy defined by (1.8). The error term O(N~!) in
(5.28) can be expanded as an asymptotic series in negative integer powers of N of the

li ! 1
1m
N—oo N2 8

form

k
Zc (r,s)N= + O(NF1),
7j=1

for any k € N, where the coefficients ¢V (r, s) are analytic functions of 7 and s.

For the computation of log Zon 11, the integrals in (3.50) do not cancel out exactly,
but they contribute to the O(1)-term. Substituting (5.23), (5.24) and (5.25), into
(3.50), we obtain

1 1
log Zon+1 = log(2N + 1)! + log [ T Zﬁiﬁs+] + log [ N Zﬁ’f]

2,2
+ (2]\71_31) — %log <(\/5+ ﬁ)(ab)lﬂ) + %103;2 +O(NY), (5.30)

as N — oo. Replacing 2N + 1 by N, this becomes

1 1
log Zn = log N! + log ( + ) Z(N+1)/2 s | T log (N—l)lZ(CJ;VUEl)/Q,g_]
2 2 )
N2’I”2
TP log ((\f—i— \[)(ab)l/A‘) —log2+O(N™1), (5.31)

ZGUE
. . 63/2 03/2
for N odd, where 84 = s (1 + ), and substracting log { (N-l)j2de (N+1)/24 ] on

(55!
both sides, we find that

_ GUE GUE
| (57 (55) 2w e | Zoivps || 2Ny es
%% I N1 ZGUE - GUE 0% | ~GUE +log | —arE
(N—1)/2,4e3/2 (N+1)/2 4e3/2 (N+1)/2,4e3/2 (N—1)/2,4e3/2
N2 2
t T3 log ((\f—i— \[)(ab)l/A‘) 3 log2 4+ O(N™Y). (5.32)
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By (1.5) and using the fact that s = (b — a)?/4, we finally obtain

() (54212 ]

log N17GUE GUE

(N—1)/2,4e3/2 Z(N+1)/2,4e3/2

Vb -

1
= —N%Fy+ =1
0+ 5 108 ( 2(ab)1/A

) +O(N™Y. (5.33)

The error term O(N~1) in (5.33) can be expanded as an asymptotic series in negative
integer powers of N of the form

¢ (r, )N~ + O(N~F1)

k
=1

J

for any k € N, where the coefficients &) (r, s) are analytic functions of r and s. Theorem
2.2 is proven by (5.28) and (5.33).

6 Deformation of one-cut regular V: proof of Theorem
2.8

We assume in this section that V = V- € PT(n1 ) is 1-cut regular. In general, the equilib-

rium measure associated to V € P}i) can be written in the form [20]

duy (x) = iRi/Q(x)h(:c)dx, z € [a,b], c>0, (6.1)
where
R(z) =(z—a)(z—0b), (6.2)

with RY2(z) analytic in C \ [a,b] and positive for z > b, and Rfrm(x), x € (a,b), the

boundary value from the upper half plane. The function A is a monic polynomial of
degree deg V' — 2, and can be expressed as follows in terms of its zeros,

ni 2 n3

n(2) = [1 =) T1G =) T1 = 20— %), (63)

where
Ty <. .. <m<m<a<b<m<n<..<nn, Imz; >0, z; ¢[a,b]. (6.4)

The number of zeros n; at the left of [a,b] and the number of zeros ng at the right
of [a,b] are always even, the other zeros come in complex conjugate pairs. Using this
notation, it is possible that some of the z;’s are real or coincide with each other or with
one of the real zeros 7;,7;. Note that in the case of a quadratic external field V' as in
Example 2.7, we have ny = no = ng = 0.

A probability measure of the form (6.1) is not necessarily the equilibrium measure
for an external field V', or in other words it does not necessarily belong to the image of
the map V € PT(n1 Vs uy € P. However, if a measure of the form (6.1) is an equilibrium
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measure, it follows from (2.17), after a straightforward calculation, that V’ has to be
equal to

2 PRV (y)h
V'(z) = ][ wdy, x € |a, b, (6.5)
CJa r—y
and consequently
1/2
Vi) = o [, (6.6)
ic)y z2-yY

with v a clock-wise oriented contour surrounding [a,b] and z. The potential V is
uniquely fixed by the above condition and by V' (0) = 0.

Conversely, for any p of the form (6.1), if we define V' as above, the variational
equality (2.17) always holds. Nevertheless, it is still possible that the variational in-
equality (2.18) is violated, and in that case p is not an equilibrium measure. The
following lemma gives a convenient characterization of the image of the map V ¢

Pr(nl)l—>uv€73.

Define
Mj+1

mf:/ IRY2(x)h(x)|dz > 0, 7=0,1,...,n0 -1, (6.7)
5
Vi

mj:/'|RV%mM@mxzq j=0,1,...,n — 1, (6.8)
Yit+1

where we use the convention that vy = a, no = b.
Lemma 6.1 Let h be of the form (6.3)-(6.4) with ni,ne even, and let p be defined by
1 b
du(z) = E\Rl/z(:n)h(ac)\dw, z€la,b], c= / IRY2(z)h(x)|de. (6.9)
Let V' be given by (6.6) with integration constant fized by the condition V(0) = 0. Then,

V' is one-cut regular (V € Pr(nl)) and p is equal to the equilibrium measure py if and
only if

k—1

(=1)7m; > 0, 0 < k < ng, k even, (6.10)
j=0
k—1

(1)1, >0, 0<k<mni, k even. (6.11)
7=0

Proof. Let us consider the function

1/2
G(z) = 1/b duly) _ —1/b R WhW) (6.12)

Iy z—y T’C z—y

By Cauchy’s theorem for z ¢ [a, b],

G(z) = — LRV (2)h(z) - 1/731/2@)’%(1/)@’
Y

ic 2me



where 7 is a clock-wise contour surrounding the interval [a, b] and z. By (6.6), we have

Glz) = —iRlp(z)h(z) + %M,V'(z), 2 ¢ b, (6.13)
It follows that
o)+ G- (@)= V'), z€fab)

and upon integrating, we have that there exists a constant £y such that
2/b log |z — y|du(y) — V(z) = by, x € [a,b)]. (6.14)
a
Evaluating at x = b and = = a, we obtain
v =2 [loglb = slduty) - V©) =2 [ logla— ylduty) - V (@) (6.15)
Recall that the equilibrium measure py is characterized by the variational equality

(2.17) and the variational inequality (2.18). The measure p already satisfies the equality
by (6.14), and this means that u is equal to the equilibrium measure py if and only if

2/b10g |z —yldp(y) — V(z) < by, x €R. (6.16)

a

Moreover, since h has no zeros on [a, b], V' is one-cut regular and p = py if and only if
2/blog\aﬁ—yd,u(y)—V(a;) <Ay, z € R\ [a,b], (6.17)

which is by (6.15) equivalent to

b
/1ogx
a

b y‘du( ) — /b V'(€)dé <0, = €R\[a,b]

For z > b, by (6.12), this inequality can be written as

/b " [2miG(e) — V/(€)] de <0,

or, by (6.13),
/ RY2(E)h(€)de >0, x> b. (6.18)
Repeating the same computation for z < a, we get
1@@p:ié%@%@ﬂ@@>m z < a. (6.19)

(i) Assume first that p = py, V € PV, Then we have (6.17), which implies (6.18)
and (6.19) by the above discussion, and in particular we have

0 < Hy(nx) / RY2(€)h(€)de = (mg—m1+ —mg_1),  (6.20)
0< Ha(y) = - TR ()h(e)de = Yo i + =), (621)

W
for k > 0 even. This implies (6.10)-(6.11).
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(ii) Conversely, assume that (6.10)-(6.11) hold. In order to show that yu is the equi-
librium measure, we need to prove (6.18) and (6.19). From the fact that h is
positive on [a, b] and changes sign at 71, ..., My, Y1, - -+, Vny, it s clear that Hy(x)
is increasing for 7o; < o < 72541 and decreasing for n9j11 < @ < 72542, while
H,(x) is decreasing for y9j11 < & < 72, and increasing for y9;40 < & < vy2541.
Consequently, it is sufficient to prove that Hy(vyx) > 0 and Hy(ng) > 0 for k> 0
even. This follows from the equalities in (6.20)-(6.21).

|

We will prove Theorem 2.8 by induction on ny + ns. i.e. on the number of real
zeros of h with odd multiplicity.

6.1 Basis n; +n,=0

We assume here that V' = V- € Py(nl), and that p is of the form (6.1)-(6.3) with n; +ng =
0. We will now define a continuous deformation V = Vg( s S € [0,1], of V such that

V;;( 5) P,S,Ll ) and such that the following three conditions hold:
(i) V;?(l)(l') = Vi),

2

(i) Vig)(2) = 5
(iif) for all 5 € [0,1], Vi, € Py
We will define this deformation implicitly by deforming the equilibrium measure uy to
a measure ug for s € [0,1] such that
1= pv, O = Ha2)2 (6.22)

We will then use Lemma 6.1 to prove that ps is an equilibrium measure for all s € (0, 1].
The deformation of y defines a deformation of V' by (6.6).

If n1 4+ no = 0, h has no real zeros of odd multiplicity and can be written as

n3

hz) =[](z-2)z- 7). (6.23)

j=1
Let us define, for s € (0,1],

n3

(s ) = T[] = %) — %(9)) S =5+, (620
j=1

R(z;s) = (= —a(s))(z — b(s)), (6.25)

a(s) =sa—2(1—s), b(s) =bs+2(1—s), (6.26)
and

dpy(z) = Z,Czs)R}/Q(x; S hizis)dz, € [a(s),b(s)], (6.27)
where

b(s)
c(s) = —1i R}i_/Z(x; s) h(z; s)dx (6.28)

a(s)
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is chosen such that ps has total mass 1.

For all s € (0,1), h has no sign changes on the real line and thus satisfies auto-
matically the conditions of Lemma 6.1. We have that us is the equilibrium measure
corresponding to the external field (6.6) for all s € (0, 1), given by

Vo (2) = — ) / Rl/Q(y;_s)h(y; %) dy. (6.29)

t(s)

Since the dependence of V on the coefficients of h and R is continuous, #(s) describes
a continuous path for 0 < s < 1. Moreover, it is straightforward to verify by residue
calculus that V;(S) is a polynomial of degree degh + 2 =degV for 0 < s < 1.

When taking the limit s — 0, the zeros of h tend to infinity and ¢(s) — oo, and
one verifies that ﬁh(z; s) — % uniformly on compacts. Indeed, as s — oo, we have

Lh(z- 5 = I1521(2 = 2(s)) (2 — %(s))
c(s) f;((ss)) |Ri/2(ac; s)| h(x; s)dx

g7 2ns 1

~ = —

s—2n3 f_22 VA= 22dx 27

We thus obtain
dpo(x \/ — 22dx, x € [-2,2], (6.30)

and

dy = 2%/2. (6.31)

This completes the construction of the deformation of V' in the case n; + ngy = 0.

6.2 Inductive step

We assume that Theorem 2.8 holds true for any external field V P,%l ) which is such
that & in (6.9) is of the form (6.3)-(6.4) with nj 4+ no < Ny + No, i.e. h has strictly less
than Ny + Ns real zeros of odd multiplicity, with N1 + Ny > 0. Next, let us consider h
of the form

N Na N3
) = [T =) II6 - ) ITG -2 -2, tns 20, 5 ¢ fadl, (632
j=1 j=1 j=1
where
YN, <...<m<m<ypw=a<b=n<m<m<...<nn, . (6.33)

At least one of the integers Ni, No is stictly positive; we will assume Ny > 0 here,
if No = 0, the case N; > 0 can be handled similarly. We will construct a path
V;;( 5) which connects ‘/;:"(1) to an external field V = V{(o) which satisfies the condition
ni1 + ne < N1 4+ No. The composition of this path with the path connecting V;?(o) to
the Gaussian 22/2 (which exists because of the induction hypothesis), completes the
construction of the path required for the proof of Theorem 2.8.
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Let us deform h(z) to h(z;s) for s € [0,1] in such a way that h(z;1) = h(z), and
h(z;0) has only N; + Na — 2 real zeros of odd multiplicity. Define

Ny N> N3
h(z;s) = (z = m(s)) [T (= = )- TT = = mi) [T (= = 2)(= = 2), (6.34)
j=1 j=2 j=1

where we deform only one zero n; as follows:
ni(s) = sm 4 (1 = s)n2. (6.35)

We then clearly have h(z;1) = h(z), and h(z;0) has only N; + Na — 2 zeros of odd
multiplicity, since 7; merged with 72, which has now become a zero of even multiplicity.
Let us consider the measure

dps(x) = iczs)Ri/Q(x) h(z; s)dz, x € [a, b,

where c¢(s) is chosen such that us is a probability measure. The deformation of p
induces as before a deformation of V' to V;»( 5) by (6.6), which preserves the degree of
V since the degree of h is unchanged. What remains to prove, is that ug is equal to
the equilibrium measure in external field Vtﬂ( 5 To that end, by Lemma 6.1, we need to
prove only that (6.10)-(6.11) hold for 0 < s < 1.

Recall the definition (6.7)-(6.8) of m; and m;, which now depend on s. We have

Mj+1 Mj+1
m;(s) = R1/2a;hx;s dr = RY2(2)h(z x; s)|dx, 6.36
<>/m.r (@t e = [ R (6.36)
(o) = [ RV @) (w:5)da, (6:37)
where
1O
flz;s) = R (6.38)

Note that f(x;s) is positive, increasing, and smaller than 1 for = > n;(s), and that
f(x;s) is bigger than 1 and increasing for < 7. As a consequence, we have the
inequalities mq(s) > mgo and

(Mj4135), 1<j<N,  (6.39)

m;(s) > m;f(nj;s), mj(s) <mjf
m; f (755 8), 0<j<Ni. (6.40)

J
mj(s) > mjf(7j+1; 3): mj(s)

IA A

This implies that

maj-1(s) — ma;j(s) < f(m2;58)(maj—1 — ma;)

< (mQj—l_mQj)a j: 17"'7?_17 (641)
and my_1(s) < my_1 for k£ > 0 even. We obtain
mo(s) —mi(s) + ma(s) — ... — mg_1(s)
> mo — (m1 —ma) — (Mg —ma) — ... — (My—3 — Mp—2) — My_1
k—1 ‘
= (—1)ij > 0,
=0
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by Lemma 6.1. Similarly,

mo(s) —mi(s) +ma(s) — ... — my(s)
> f(v1;8) (Mo — 1) + f(y358) (M2 —m3) + ... 4 f(ye; 8) (g1 — 1p)
> (Tho—ml)—i—(mg—m3)+...+(mg_1—ﬁ”bg)

(—I)ij > 0.
=0

.

This proves (6.10)-(6.11) for 0 < s < 1 and completes the proof of Theorem 2.8.

7 Deformation of two-cut regular V: proof of Theorem
2.9

We proceed in a similar way as for the proof in the one-cut case. Assume now that
V=Ve P is 2-cut regular. The equilibrium measure then has the form [20]

duy (z) = ini/ 2)h(z)dz, € a1, a0 U [as, aa), (7.1)
with
R(z) =(z—a1)(z —az)(z —a3)(z — a4), a1 < as < az < a4, (7.2)

where RY2(z) analytic in C \ ([a1,a2] U [a3, a4]) and positive for z > ay. The function
h is a monic polynomial of degree deg V' — 3, which can be written in terms of its zeros
as follows,

h(z) = HZ_’YJ HZ—fg Hz—ng Hz—z] - zj), (7.3)

with Im z; > 0, z; ¢ [a1,b1] U [ag, ba] and

Yo <.o.<Me<m<y=a1<a=§ <& <...<&, <&+l =03
<ag=no < <N < .. < Npy, (7.4)

with n1,n3 even, no odd. In other words, the v;’s are the real zeros of odd multiplicity
at the left of aj, the &;’s are the zeros of odd multiplicity in the gap (a2, a3), and the
n;’s are the real zeros of odd multiplicity at the right of as. Again, it is possible that
some of the z;’s are real and coincide with each other or with one of the real zeros

"yj, gja "7j- Deﬁne

MNji+1

= [ RV @h(a) e =0y~ 1, (75)
nj
Vi

iy = [ IRYHa)hw)da, F= 0t —1, (7.6)
Yi+1
&t

iy = [ RV @b ds, j=0....n (7.7)
&j
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Lemma 7.1 Let h be of the form (7.8)-(7.4) with n1,ns even and ns odd, and let 1 be

defined by

du() 1R1/2(x)h(:v)dx, 2 € [ar, as] U as, aa),

c= / (R(x)Y? h(x)|dz, J =
Let V' be given by

V/(z) _ Zlc/ wdy, zeC\J,

zZ=Y

[al, ag] U [CL3, a4].

(7.8)

(7.9)

with v a clock-wise oriented contour surrounding [a1,az] U [as, as] and z. The constant
of integration is fized by V(0) = 0. Then, V is two-cut reqular (V € P ) and (18

equal to the equilibrium measure py if and only if

k-1

Z(—nﬂ’mj >0,

> (=1)m; >0,

k=24,6,...,

k‘:2,4,6,...,n1,

k=2,4,6,...,n3,

77,2—1,

(7.10)

(7.11)

(7.12)

(7.13)

Proof. Let p be of the form (7.8), and V as in (7.9). In a similar way as in the proof
of Lemma 6.1, one can show that the variational conditions (2.17)-(2.18) are equivalent

to (see [21])

i) =1 [ RHOh(E)de >0,
Hye) =+ [ RV©h(E)dg <0,
Hz(ag == O

£)dé > 0,

/ Rl/Q

T > a4,

a2 < < as,

r <aj.

(i) Assume that p=py, V € P{?. Then by (7.14)-(7.17) we have

o< [T R (i) =

aq4

1
—(mg—m1 +...
c
L.
—f(mo—ml—i-...
c

1 -
:*(mo—ml—l—...
C

_m])7

_mj)7

— 7).

This implies (7.10)-(7.12). By (7.16), we also have (7.13).
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(ii) Conversely, assume that (7.10)-(7.13) hold. We need to prove the strict inequality
(2.18) for x € R\ ([a1, az] U [as, as]) which is equivalent to Hy(z) > 0 for x > ay,
Hjy(xz) < 0 for « € (a2,a3) and Hi(x) > 0 for < a;. From (7.18) we know that
H,(z) is increasing for n2; < x < 1moj4+1 and decreasing for n2j41 < T < N2j42.
Since Hy(n;) > 0 for all j = 1,...,ny it follows that Hy(x) is strictly positive
for x > a4. The same reasoning can be applied to H;(x) and Ha(z). In order
to prove the variational equality (2.17) we observe that integrating the second
equality in (7.9) between a; and x € [a1, a2] we have

V(z)—V(a) = 2/Jlog |z — s|(s)ds — Q/Jlog lar — s|i(s)ds,

which shows that V(z) —2 [;log |z — 5|1 (s)ds is constant on [ay, az]. In the same
way we can show that V(z) — 2 [, log|z — s[t(s)ds is constant on [a3,a4]. The
condition (7.13) guarantees that the constant is the same on the two intervals.

|

We will prove Theorem 2.9 by induction on nj 4+ ne + n3. Since ng is odd, we have
niy+ng+n3 > 1L

7.1 Basis ny+ng +ng = 1

If ny + ny + ng = 1, h has only one real odd multiplicity zero &, which has to lie in
(az,as3) since ng is odd and np,ng are even. We have

g
hz)= (2= [[(z = %)z - 7). (7.21)
j=1
As before, we will deform the equilibrium measure p to the measure (2.2) in the case
s =1, 7 = 4, which will induce a deformation of V() to the quartic potential 2% — 422.
Similarly as in the one-cut case, we do this by sending all zeros z; of h to oo, but as
opposed to the one-cut case, where we were free to deform the zeros, here we need to
make sure that the deformation preserves the constraint mg — m; = 0. Otherwise, the
deformed measure y will not be an equilibrium measure.

For s € [0, 1], we define
R(z:5) = (= — a1(3))(z — aa($)) (= — a(s)) (= — as(5)), (7.22)
with

a1(s) = sa; — V3(1 — s), az(s) = sag — (1 — s), (7.23)
as(s) = saz + (1 — s), ays(s) = sag +V3(1 — s), (7.24)
and
M) = (=€ [ - 56DE-506), w0 =+ (1.2)
j=1

where £(s) € (ag,as3) is chosen in such a way that mo — m; = 0. Note that there is a
unique value of £(s) such that this is true, and that it depends continuously on s. We
let

dus(x) = iczs)Riﬂ(:ﬂ; s) h(x; s)dx, x € [a1,a2) U [as, a4, (7.26)
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where ¢(s) is chosen such that ps has mass 1.

For all s € (0,1), h has only one real zero and thus satisfies automatically the
conditions (7.10)-(7.12). The fourth condition (7.13) holds by definition of {(s). When
taking the limit s — 0, the non-real zeros z;(s) tend to infinity, and dyus converges to

dpo() = %mﬂg — @2 —)de,  z€[-V3,—1]U[LV3. (7.27)

By (7.9), we have that pug is the equilibrium measure corresponding to external field

1 [ RY(y,s)h
V! (2) = - / W 9)hy:s), e \ J(s),
ic(s) J, z—y

for all s € [0, 1]. Since the dependence of V' in (7.9) on the coefficients of h and R is
continuous, £(s) describes a continuous path. In addition, we have Vi) (2) = 2 — 422,
see (2.1)-(2.2), and the degree of V, is the same as the degree of V' for all 0 < s < 1.

7.2 Inductive step

We now suppose that Theorem 2.8 holds for any h of the form (6.3)-(6.4) with n; +
ng + n3 < Ni + Ny + N3, i.e. if h has strictly less than N; + No 4+ N3 real zeros
of odd multiplicity, with Ny + N + N3 > 1. Let V = Vy;) € P4 be such that h
has N1 + No + N3 real zeros of odd multiplicity. Our strategy is as before to deform
V;(l) by means of a deformation of u, to an external field th( 50) for which h has less
than Ny + No + N3 zeros. Afterwards, in order to complete the proof, the path V;;(S),
s € [sp, 1], has to be composed with the path connecting Vitse) 10 the quartic external

field V;?(o) = 2% — 422, The latter exists because of the induction hypothesis. There are
two cases which we will treat separately: No > 1 and Ny = 1.

Case 1: Ny >1

First consider the case where Ny > 1. Define a deformation of h as follows:

N No—1 N3 Ny
h(z) = (z=&())z=&nm(s) [ [G=)- T G=&)- 11G—m)-[[(z—2)(=—2),
j=1 j=2 j=1 j=1
(7.28)
where
Gi(s) =&+ (1 —s), (7.29)

and where we choose {n,(s) in such a way that (7.13) holds.
One verifies that &y, (s) is uniquely defined and smooth for s close to 1. We claim
that in addition £y, (s) is increasing in s.

Proof of the claim: By definition of {y,(s), we have Z?io(—l)jmj(s) = 0. Since
the m;’s depend on &1,&n, by (7.7), we have

0 & .
0= g5 LU
L0 0 ) 0
= e 96, ;}( 1)ij(§17£N2)+ b5 Den, ]go( 1)ij(£1’£N2)' (7.30)
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We write m;(&1,€n,) here since all the other &;’s are constant. If we prove that

0 & .
5o 2 (=1m; >0
961 ]go( )'m; (€1, En;) )
0 & .
—1)7m;(&, >0,
N, ;)< )M (€1, €N,)
it follows from 6%78(5) < 0 that 8&5723(8) < 0.

For & > &1, we have

. S 1

i) = [ RV s &)l
with

Flaih &) = S5k

It follows immediately that

mO(gia gNz) > ’r/ﬁO(gla ENQ)? ’ffl’nz (gia £N2) < mnz (fla £N2)7

and, since F' is increasing and smaller than 1 for x > &;, we also have

Maj—1(£1,Eny) — Maj (€1, Eny) < F(&25)(Maj—1(&1, &N, ) — Maj (€1, En,))
< Magj-1(81,8N,) — Ma2;i(§1,8N, ). (7.31)

Consequently,
S (1 (€ x) > (-1 €1,
7=0 7=0
and
O S e >
3 B

Similarly, one obtains

o o
85]\/’ Z(_l)Jm](glvé—Ng) > 0,

J=0

and this completes the proof of the claim. O

Since &;(s) increases at constant speed as s decreases, there will be a point sop > 0
where two ;’s coincide: either &;(sg) = &2(s0), or Eny(S0) = Eny—1(S0). We define s
as the first point where one of these collisions occurs. Setting

1

dps(z) = @|R1/2(x)h(x; s)dz, € |a,a]Ulas, a4, (7.32)
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we have 1 = py and pg, corresponds to h(.;sg) with at most Ny + No + N3 — 2 real
zeros of odd multiplicity. It remains to prove that ug is an equilibrium measure for all
s € [s0,1]. As before, we will use Lemma 7.1 to prove this.

We have

Mj+1 Mj+1

m;(s) = R1/2xh:c;s dxr = RYV2(z)h(x x; s)|dx, 7.33

<>/mr (2)h(z; 5) /r (@)h(a)f (x: 5)] (7.33)

Vi

(o) = [ RV (@hla) (w:5)da, (7.34)
it

iy (s) = /£ 7 R )b (s )l (7.35)

where
Flossy = TSI e ) () < by (7.36)

r—§&  x—&N,

This function is bigger than 1 and increasing for x < &1, and decreasing and bigger
than 1 for z > &. This implies the inequalities

mj(s) > m;f(njt1is),  my(s) <m;f(n;;s), 0<j<N3—1, (7.37)
mj(s) > myf(vias),  (s) < myf(y5:8), 0<j<N -1 (7.38)

For k even, we have

mo(s) —mi(s) +ma(s) — ... — mg_1(9)
> f(m;s)(mo —ma) + f(n3;s)(ma —m3) + ...+ f(ne—1; ) (Mp—g — mp_1)
> (mo - ml) + (m2 - m3) +...+ (mk_g - mk_l)

k

-1
(—=1)’m; >0,
=0

.

by Lemma 7.1, and

Tho(s) - Thl(s) + ’fng(s) — .= Thk,l(s)
> f(y1:8) (0 — ) + f(73;38) (o — m3) + ... 4+ f(Ye—1:5) (Tp—o — Mp_1)
> (o — M) + (M2 —m3) + ... + (g2 — Mp_1)
k-1
= (1), > 0.
=0

For & < = < &y, f(x) < 1 and f has a unique local maximum &*. Suppose &*
lies in between &y and &;1o with ¢ odd. Then, consider for 1 < d < ¢ and d odd the

alternating sum

Z(*l)jﬁ%’(s) = mo(s) — (M1(s) —Mma(s)) — ... — (Ma-2(s) — Ma-1(s)) — Ma(s).
=0
‘We have
maoj1(s) — Majya(s) < f(&2j42;8)(Majyr1 — Majy2)
< Mgjp1 — Majy2,  J > 0,842 <& (7.39)
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Furthermore, since f is bigger than 1 outside [{1,&n,] and smaller inside, mg(s) > mg
and mg(s) < mg. Combining those inequalities, we obtain

(—1)‘77/)\7,]' > 0.

M=~
=
=
Vv

M=~

d A no A
S (=1ims(s) = Y (~1) i (s).
J=0 j=d+1
But
n2
ST (=1 (8) = i) = (Ming—1(8) = Fing—2(5)) = - .. — My (s)
j=d+1
Z T/T\an - (T/ﬁnz—l - mn2—2) — e .. — ’I’/fl,d+1
d
= Z(—l)jffb]‘ > 0.
7=0

Case 2: Np =1

We assume Ni + No + N3 > 1 and Ny = 1. Consequently, either N1 or N3 is strictly
positive. We assume N3 > 0, the other case is similar. Define a deformation of h as
follows:

Ny N3 Ny
h(z) = (z = &)z =m () [ [ =) TG =my)- [z = 2)(z = 7)), (7:40)
j=1 J=2 j=1
where
771(5) = s + (1 - 5)7727 s € [Oa 1]7 (741)

and where we choose £1(s) to be the unique value in (a9, a3) such that (7.13) holds.
Similarly as in case 1, one proves that &;(s) > & for s € [0,1]. We will prove that

dus(r) = ic}s)Ri/Q(x)h(x; s)dx, x € [a1,a2] U [as, adl, (7.42)

is an equilibrium measure for any s € [0,1], by Lemma 7.1.

Note first that equation (7.13) holds for any s € [0, 1] by definition of &;(s), and
that (7.12) is trivially satisfied since No = 1. We still need to prove (7.10)-(7.11) for
s € [0,1]. Note that

Mj+1 Mj+1
m;(s) = Rl/Qscha:;s dx = RYV2(z)h(x x; s)|dx, 7.43
= [ R = [ R 5s) (7.3
Vi
() = [ IRV a)h(o)f i) da (7.44)

48



with
z—m(s)z—&ls)

r—m r—&

flx;s) =

(7.45)

First, f is increasing and bigger than 1 for x < &;, which means that, for k even,

k—

,_A

—1)m;(s) > f(n) (o —ma)+ f(v3) (e —1ig) +. ..+ f (Y1) (Mk—2 — k1)
]:0
fo—

|_I

—V)yim; >0, (7.46)
=0

<.

where m; = m;(1). Note that mg(s) > mg for s € [0, 1], which implies by (7.13) that
m1(s) > my. But my(s) < f(as;s)mi, which implies that f(as;s) > 1. We thus have
that f is increasing and bigger than 1 for ag < x < n;, which implies that mg(s) > mg
for 0 < s < 1. Now, since for x > 1y, f is increasing and smaller than 1, we have

e
—

(—1V)my(s) = mo — f(n2)(m1 — ma) — f(na)(ms —ma) — ... — f(me)me—1

<.
Il
o

k—

H

—1)m; > 0. (7.47)
:0

<.

This completes the proof of Theorem 2.9.

8 Time-derivatives of log Zy in the two-cut regime

In this section, we will extend the asymptotic results for the partition function Zy =
Zn(V) to general two-cut regular polynomial external fields V. In order to accomplish
this, we will first establish formula (8.6) for a logarithmic derivative (with respect to
the parameters {t;}) of the partition function, in terms of the solution X to the RH
problem for orthogonal polynomials on the full real line. The formula is valid for any
potential, whether it is symmetric or not (or even regardless of the number of intervals
in the support of the equilibrium measure). The asymptotic behavior of the solution X
as described in Section 8.2 is well understood. The real challenge is to obtain formulae
that are simple and intrinsic, and this is aim of Sections 8.3 through 8.7.
Let

Pi(2)=rzl +..., j=0,1,2,...,
be the orthonormal polynomials with respect to the weight e V"% on R, where, as
before,

V(z) = Vi{z) = —i—thzJ Vo(z) = 2% — 422, (8.1)

These polynomials satisfy a three term recurrence relation of the form

2Py(2) = agPi11(2) + b Pr(2) + ag—1Pr—1(2).
Recall that Zx (V) is given by (1.1).
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8.1 Differential identity
For z € C\ R, define the matrix-valued function
N Kt Pr(2) Ky Jw Pn(s ¢
X(Z) — X( )(Z;F) — ‘ N 27m N JR 1;5*3)d ’ (82)
—27TZ/€N_1PN_1(Z) —KN-1 fR PN—l( )%

which solves the standard RH problem for orthogonal polynomials [29]. In particular
X satisfies the jump relation

1 e NVil@)
Xi(z)=X_(x) (0 1 ) , forzeR. (8.3)

Following [5, 44], we can derive an identity for 8% log Zy. Therefore, recall the deriva-
tion of (3.17) in Section 3.2. In exactly the same way as we did there for the a-derivative,
we can prove that

ilogZN (t) = _/ (;Zk (an—1(E) P (23 8) Py—1(z;8)) e NVl dy
R

dty
+/£(aN1<{)PN($§{>PJ/\/1($§£>)6N‘/{(x)dwv (84)
R k

where / denotes derivative with respect to z. Integrating by parts, we obtain

;tlklogZNO = —N/Ra]v_l(f) (Py (3 1) Py -1 (w3 )

—Pn(z;t)Py_4 xf)) Vi@ dg.  (8.5)

y (8.2) and the jump relation (8.3), it is straightforward to see that

d N _ NV
dilOgZN(} T T omi R (XilX/i)gl (z)aPe NVl dy (8.6)
= ﬁ [Tr (X' X 03) (v) — Tr (X' X 03) (2)] 2Fd,
AT Jr

where ’ denotes derivative with respect to x. Using a contour deformation argument, we
can write the integral over the real line as the limit of the integral of Tr (X ~!(2)X’(z)03)
over a large clockwise oriented circle in the complex plane, as the radius tends to infinity.
Although z* Tr (X ~1(2)X'(2)03) is not analytic at oo, it has a large 2 expansion given
by

28Ty (X_l(z)X'(z)ag) = i ¢zl +0(27?), z — 00, (8.7)
j=—1

for any k € N, where —c_q is the residue at infinity of z* Tr (X~1(2)X’(2)o3). By
residue calculus, we obtain [33]

ddtk log Zn (1) = gResZ:OO {Tr (X_l(z)X'(z)ag) zk] . (8.8)

This identity is not new; similar identities can be found for example in [5, 33, 44].
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8.2 Large N asymptotics for X

We will now derive large N asymptotics for the right hand side of (8.8), and integrate
it afterwards along a two-cut regular path in the ¢-space as constructed in Section 7.
Large N asymptotics for the matrix X (z) have been obtained in [21, 22] for general k-
cut regular polynomials V' = V}. In this section, we recall the results from [21, 22] in the
two-cut regular case, where the equilibrium measure py is supported on [a;, as]U[as, a4]
with a1 < as < ag < ag. We write

o- [ " dan (@), (8.9)

as

i.e. () is the expected portion of random matrix eigenvalues in the rightmost interval of
the support as N — oo, and

9(2) = / log(x — 5)dpv (s). (8.10)

The equilibrium measure py can be written in the form [20]

dpy (z) = Y(x)dz = T,Jrh(x)dx, for x € [a1, as] U [as, a4], (8.11)
with h given by
1 Vv’
e = - VO g e as) U fas, adl, (8.12)

2mi ) R(n)Y*(n - 2)

where V(2) = VH{(2) is the polynomial external field and

4
R(z) = [[(z - a)). (8.13)
j=1

1/2 is as usual chosen in such a way that it is positive for z > a4

1/2 denotes the boundary value from the

The square root R(z)
and analytic in C\[a1,a2] U [a3,a4]. Ry (2)
upper half plane on [a1, as] U [as, a4].

Remark 8.1 There is a difference in notation between the function h here and the one
in Section 7: they differ by a constant factor. The function %h from Section 7, where
it was convenient to consider a monic polynomial h, is equal to %h using the notation
of this section, where we prefer to have h defined by (8.12).

The function h(z) is a polynomial, which also has the property of being the poly-

nomial part of the function R‘?;ST}Q at infinity, i.e.
V'(2) -1

The endpoints a; < ag < az < a4 are determined by

/ k ! 2
VIO v —0, k=01, -1 [YA
. 4mi [, (\)1/2

e d\ =1, (8.15)
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where v is a clock-wise oriented contour surrounding the support J, and by the nor-
malization condition

as
/ ROVY2h(\)dA = 0. (8.16)
a
These 4 equations determine a; < as < ag < a4 uniquely as a function of ¢1,...,toq.
For z outside small disks surrounding the endpoints aq, ..., a4, the matrix X (z)

defined in (8.2) can be expressed as [21]
X(2) = R(2)P>®(2)eN93)s, (8.17)
Here:

(1) R(z) is a 2 x 2 matrix that solves the so-called error RH problem and admits an
asymptotic expansion of the form

k
R(z)=I1+» NJRD()+ON*1), N oo, (8.18)
j=1
where R() (2), 7 =1,2,... can be computed by a recursive procedure and remains

bounded as N — oo, and

(2) P°°(z) is the unique solution to the following RH problem:

RH problem for P> (z)

(a) P>™(2) is a 2 x 2 matrix analytic in C\ [a1, a4]. (8.19)
(b) P has the jumps
Pe(2) = P(2) (_01 é) . 2€ (a1,a9) U (ag, aq), (8.20)
PX(z) = P(z)e 2miNGos z € (az,a3). (8.21)
(c) P(2) =T+ 0O(z71) as z — o0. (8.22)
(d) As z = aj, j = 1,...,4, we have P®(z) = O(|z — a;|~1/%). (8.23)

This RH problem can be solved using elliptic §-functions (see e.g. [36],[19],[22]),
we will give more details about this construction later on.

Using (8.8), (8.17), and the identity [41]

9 k1
g1 Fo = ~Res.mac (z g (z)) , (8.24)

where

Fy = //10g|i15—y| Ydpy (z)dpy (y /V )dpy (x (8.25)

we obtain
9 1ogzn = N2 R+ N Res v <P°°( )~ 1P°°(z)’o3zk)
8tk Oty 2 2=00

+5 zfi‘?;% Tr (Poo(z)_lR_l(z)R/(z)P‘X’(z)agzk) . (8.26)
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Substituting (8.18), we obtain large N asymptotics for the right hand side of this
identity:

9 _ 2 9 N 00 —1 poo / k
aitklOgZN——N %FO_}_E;{:%%TI‘ (P (Z) P (Z) 032 )
1 00 71dR(1) (Z) 00 k -1
+5 Res Tr | P™(z) TP (2)o32" | + O(N7Y), N — co. (8.27)
Z=00 z

Here we used the fact that P°°(z) is uniformly bounded for N and z large. This will
follow from our construction of P> below. We observe that the second term at the
right hand side of the above formula is invariant under the transformation

P°(z) — CP>(z),
where C is an invertible matrix. If in addition we apply the transformation
RW(z) = CRW (z)C7,

the third term on the right hand side of (8.27) is also unchanged. Let C' = P>(z) !,
and define

P> (z,29) = P™(20) 'P™(2), 20 #aj, j=1,2,34. (8.28)

Now, P>(z,zy) solves the RH conditions (8.19), (8.20), (8.21) and (8.23), with the
asymptotic condition (8.22) replaced by

P>(z,20) =1+ O(z — 2), as z — 2. (8.29)

P*°(z, zp) is moreover uniquely determined by those conditions. It will be convenient for
us to construct the solution to this more general RH problem for P*°(z, zp), normalized
at zp, instead of the particular case of P*®(z) = P*°(z,00). Writing

R(z,20) = P®(20) 'R(2)P™(z0),  RW(z,29) = P®(20) "RW(2)P>®(), (8.30)
(D4
Zfieoso Tr <POO(Z)1de12()POO(Z)O'32k>

-1 dR(l) (Za ZO)

= Res Tr <P°°(z,zo) y
2=00 z

P (z, Z())O'gzk) . (8.31)

Since the left hand side in this equation is independent of zp, we can let zyg — 2z at the
right hand side, and obtain

1)
Res Tr (Pm(z)lwpm(z)%?ik)
2=00 2z

1)
R <dR<ZZo>
2=00 dz

Therefore, the relation (8.27) can be rewritten in the form

032k> . (8.32)
Z0=%2
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Lemma 8.2 We have

N
9 log Zn (V) = —NQEFO + — Res Tr

dP>(z,20)
ot oty 2 =%

z

0'321€
20=2

()
AR (2, 20) O'32’k> +ONY, N-ooo (8.33)
20=2

1
+2ZR%SoTr< dz

where P™(z,zy) satisfies the RH conditions (8.19)-(8.21), (8.23), and the normaliza-
tion (8.29), and RV (z, z0) is defined in (8.30).

The above Lemma demonstrates the asymptotic behavior of the partition function for
general two-cut potentials. Moreover, it is clear from the Riemann-Hilbert analysis
described that the asymptotic behavior can be determined to any desired order. While
a representation in terms of quantities derived from Riemann-Hilbert analysis is to some
the end of the road, the goal of a representation in terms of other intrinsic quantities
is fundamental. In Subsections 8.3 and 8.4, we will construct P>(z, zp) and R (z, zo)
explicitly, and in the remaining Subsections we will throw the full force of the theory
of Riemann surfaces at these formulae so as to arrive at a canonical expansion, which
has not appeared in the literature before.

8.3 The elliptic Riemann surface and the construction of P>(z, z)

Instead of constructing P°°(z) with normalization at oo, we will directly construct
the unique matrix function P*°(z, zp) which satisfies the RH conditions (8.19)-(8.21),
(8.23), and the normalization

P®(z,20) =1+ O(z — 2), as z — 2. (8.34)

If zp = oo, the solution P> (z, zg) is equal to P>°(z). In order to construct P>(z, zg),
we will make use of the elliptic Riemann surface

4
§=1{(2y) € C U{(o0,£00)} : flz,y) = y* = [[ (= —ay) = O}. (8.35)

J=1

This surface consists of two sheets glued together along the cuts [a1,as] and [as3, a4).
Given a point Q = (z,y) on S, we write z = z(Q) for its projection on the complex
plane. For each z € CU{oo}\{a1, as, as,as}, the pre-image of the projection map gives
two points (z,y) and (z, —y), one on each sheet of the Riemann surface, which we will
denote below by z(1) and z(?) and which we call conjugate points on the surface. We
adopt the convention that co®) = (co,400), 00® = (00, —00).

Let us introduce a basis of canonical cycles {a, §} as in Figure 1. The holomorphic
1-form on § is given by %, and we define the a- and S-periods A and B of this 1-form

by
A= ]{ g 7{ dz (8.36)
ay B Y

Then the normalized holomorphic 1-form is given by

dz

i (8.37)

v =
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and satisfies the condition 55 v = 1. Writing B = %, we have Im B > 0. The #-function
with characteristics 0, € € R is given by (2.27) and satlsﬁes the periodicity properties

0 H (+1;B) =40 [5] (: B)e2™,
8.38
0 H (z+B;B)=40 [ ] B)e~im(B+2:+2€) (8.38)
and the heat equation
0%0[2] (=B 00[°] (5B
[a]zg ) - A [;)é )' (8.39)

The RH solution P*°(z, zp) will be built out of the following object which is related to
the Szeg6 kernel [28]:

Q
6 v; B
. <Qf° ) 6(0; B) (8.40)

9(?1);3) 0[2](0;B)’
Qo

where Qo,Q € S, and where v(Q), @ € S, is defined as

((2(Q) — a2)(2(Q) — ax) \ !
7(Q)‘((z(@—a1><z<c2>—ag>> ’ (8.41)

where z(Q) is the projection of @) to the complex plane. The function 7 is a multivalued
function on the surface & and we define it in such a way that

(z®) = —in(zV), (W) = 1.

On the cuts (a1, a2) and (a3, as) oriented from left to right, we have

sl @a=; (Jay+ 3@ )

@) =1GED), () = D),
Remark 8.3 The Szego kernel with characteristics [2] is defined as
dz(Q)dz(Qo)

s[2] @0 =S [2] (@.Qu) Q) — Z(Qo)

and it is a (2, 2) form on & x § having only a simple pole on the diagonal as Q) — Qg

[28]. It follows that S [E] (Q, Qo) has only singularities of branching type at the points
(aj> 0)7 Jj=12,3,4.

We have the following properties:
(i) As Qo —Q,

v(Q)
dz(Q)

(2(Q) — 2(Qo))
+0((2(Q) — 2(Q0))?) . (8.42)

where v is the normalized holomorphic 1-form. In the relation above and in the
rest of the paper, we denote

0

(logt [*] (0:B)) = 51080 [?] (: B)l-—o.

and similarly for higher order derivatives with respect to z.

S 2] (@.@o) = 1+ (1050 2] (0: B)Y
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(ii) As @ goes around « and [-cycles one has
7.5 2] (Q.Qo) = ™3 2] (Q. Qo). (8.43)
155 1] (@, Qo) = 5 [7] (. Qo). (8.44)
where T}, and T3 are the monodromy operators.

The solution P>(z,29) of the matrix RH problem (8.19), (8.20), (8.21), (8.23),

normalized to the identity at zy, can be expressed in terms of S [‘2] (Q,Qo). For j, k=
1,2 and z € C\ [a1,a4], 20 € CU {oo}, we have [36, 19, 38]

P (2, 20) = 5 [6} (=) z(()j)), with e = —NQ, 6 =0, (8.45)

where z() = (z,y) and z(()l) = (20,10) lie on the first sheet of the surface, and 2(?) =

(z,—y) and z(()z) (20, —yo) on the second sheet. The integrals of the form
L(2) ey
/ v or / v
zM 22

in (8.40) should be understood in the following way:

~(2) a4 ~(1) (1) a4 (1)
/v:/v—/v, /U:—/v—l—/v,
zél) Zél) a4 z(()2) Z(()l) aq

i.e. the point a4 connects the parts of the integration path on the first and second sheet
of the surface. The explicit formula for P*°(z, zg) thus takes the form

00 _6(0;B)
P=20) = S5ina By

o [v—NaB 1(z) (= 9<a4v— zv—NQ;B)
<7(Z) " 7(2’0)> (Z{ ) v(20) . v(2) z{ a{
Y(z0)  (2) ; <j U;B> i ) <jﬁlv i jv;B)

~—

20

Y(z0) () 9<—a4v+zv—NQ;B> 9<ZU+NQ;B> |
v(z)  (20) { a{ <7(Z) 7(20) /

. + a
i , (Tv - fv;B) v(z0)  (2) ) ; (fz v;B>

where we now simply write z and zy as complex variables instead of points on the
Riemann surface. The complex function v is now defined as

[ (z—a2)(z — a4) 174
0= (Eomea) (847
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with branch cuts on [a1,a2] U [as, as] and such that v(co) = 1. When zy = oo, this
formula for P> reduces to the one derived in [21]!. From Fay’s trisecant formula [28],
or alternatively from the RH conditions, it follows that

det P*°(z, zg) = 1.
Furthermore one verifies easily that

P>(z,20) " = P™®(2,2), (8.48)
and that, changing the base point, one has the relation

P>®(z,z1) = P™(z1, zo)_lPoo(z, 20) = P*(z0,21)P™(z, 20). (8.49)

8.4 Construction of RM(z, z)

It was shown in [21] that the matrix function R = R(z) appearing in (8.17) is the
solution to a small-norm RH problem similar to the one in Section 4.7, with jumps on
a contour X as shown in Figure 5.

oU > 8U2 8U3 > 8U3
& & & (D_R

Figure 5: The jump contour Xy for the error matrix R.

The only jumps for R that are not exponentially close to the identity matrix, are
the ones on clockwise oriented circles QUy, Uy, U3, OU, surrounding the endpoints
ai, az,as, aq.

RH problem for R
(a) R(z) is analytic for z € C\ Xp.

(b) For z € B\ (Ut _,0U,,), we have Ry (z) = R_(2)(I+O(e~N)) as N — oo with
¢ > 0; for z € U} _,0U,,, we have

Ry (2) = R_(2)Jr(2), (8.50)
where Jp has an asymptotic expansion of the form

kAU
Jr(z) =T+ Al )(.Z) + O(N~F, N — oo, (8.51)
j=1

NJ

for any k € N, and where AU (z) depends on N but is uniformly bounded as
N — o0.

!The equivalence of the above formula with the one appearing in [21] is obtained by observing that
the quantity uy(c0) + d appearing in [21] on page 1367, formula (4.45), is identically zero.
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(¢c) As z — oo, we have
R(z)=T+0(z1h). (8.52)

Explicit formulas for AU can be found. For that purpose, we need to define auxiliary
objects that are related to the Airy RH problem as in Section 4.5. Let

LN (1) (s y) sy — ) -
4i=3 <3) <—i(—1)j(51 R R A b2 (8.53)
where s; and r; are defined in (4.43). For j = 1, we have
1/l
1%:(6 ). (8.54)
8 \? f%
The correction terms AW, j = 1,2, ... for the jump matrix Jg can be expressed in
terms of A; and are given by
(—f1(2)) "2 PO (2)034,05P) (2) 7, z € Uy,
_3; 1 (60 /N —
Aty = | BT P40 P ) el o
(=f3(2)) 7 P()(2)Q(2)034;03Q(2) ' P>)(2)7, 2 € 9Us,
Ji(2)7# P9 (2) A, PO9) (2) 7, 2 € Oy,
where
Q(z) = eFmiNGos, for £Im z > 0, (8.56)

and where f,,, m = 1,2,3,4, is a conformal map from a neighborhood U,, of a,, to a
neighborhood of 0, with f/ (a;,) > 0. As z — a,,, we have

k+3
_1\ym 3/2 _ 7 —a )32 (k) (2 —am)"2
(1 )2 = Flam)l—am)?2 42 3 0 0 e

k=1

+O((z—am)M*3),
(8.57)

where 1(am), ¥ (am) and $* (a,,) are related to the equilibrium density ¢ and the
function h, defined in (8.11), in the following way:

Baw) = tim h(z) [] (= =) (859
z—am, J#m
~ ok
V) (@) = lim s h(z) H (z—a)? |, m=1,234. (8.59)
Zﬁam j£m

Here z — a;}, denotes the limit as z — a,, from the upper half plane, and (z — a; )1/ 2
is the principal branch of the square root with branch cut on (—o0, a;] and positive for
z > a;. Note that

D(az), Plas) >0,  O(ar),d(az) € iR
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The matrix R has a large N expansion of the form

k
R(z)=I+> NIRY()+0ONF*1), N, (8.60)
j=1
for any k, where the coefficients R depend on N but remain uniformly bounded for

N large. Combining (8.18) with (8.51), we obtain jump relations for the coefficients
RUY): we have

R (z) = RW(z) + A® +ZR(] JAR=I) 2 e Ul 0U;.
J=1

In particular, for k = 1, this gives
RV -RY(z) =aW(z)  zeoau;, j=1,....4 (8.61)

where A() is given by (8.55). It is easily seen that A" is a meromorphic function in
Uy, ..., U with double poles at ay, ..., as. In addition, by (8.52), R (2) tends to 0 as
z — 00.

The analyticity of RV, its jump relations, and the vanishing at infinity define a
scalar RH problem for R(Y) with a unique solution given by

=5 Z/@U A (8.62)

Since A (2) has double poles at a1, ..., a4, this yields

4

4
RU(z) = Y — ~ Res AD(\) + Z G Res (()\ . am)A(l)()\)> , (8.63)

m=1 m=1

for z outside the disks U,,. By (8.30) and (8.28), we can write

4 4
RO (zz20) = 3 — Res A, )+ 3 g Res (A= a)AD( 20))

L 2= gy A=am = (z— am)? A=am
(8.64)
where we denote
% (c0 )()\ Zo)UgA 03P( )()\,Zo)_l, A € 00Uy,
(=f1(N) 2’
; (Al)ng(‘X’)()\, 20) QA A;Q(N)TLP®) (X, 29) 7, A € OUs,
2 2
AN, z) = (8.65)
WP(OO)()\ Z())Q(}\)O—3Aj0—3Q(A)71P(OO)()\, 20)71, A€ 8U3,
3
1 (00) - p(0) -1
f4()\)%jp ()\,Zo)A]P ()\,ZQ) , A € 0Uy.

Although we will not need this, it is worth noting that a similar procedure applies to
the higher order corrections RU )(z), and that one can recursively find formulas for

RY(z,29) = P>(29) "RY(2)P™(20),  j > 1.
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8.5 Evaluation of (8.33)

In this section we will evaluate the quantities appearing at the right hand side of
the differential identity (8.33), in terms of other, more canonical quantities, namely
the equilibrium measure, and objects from the theory of Riemann surfaces. The final
formula is described in Theorem 8.7. We start with the second term.

Lemma 8.4 The following identity is satisfied,

Res Tt ( dP>(z, z)
Z=00 dZ

Z=00

032k> = —2(logfd(NQ; B)) Resl(zkv(zl)/dz)
20== (8.66)
= —2(log(NQ; B))" Res (2"

1
ool A\/W)7

where A is the a-period given in (8.36) and where R(z) is defined by (8.13) and

(log0(NQ; B)) := % log6(z + NQ; B)

2=0

Proof. To prove this formula, we only need to consider the diagonal entries of P*°(z, z).
As zgp — z, by (8.42),

00 /U(Z(j)) 9 .
P (2,20) = 1 — (2 — 20) (log O(N; B)) e +0((z—2)% j=1,2,

where v(z?) = —v(z(1)) is the holomorphic differential defined in (8.37).
It follows that

poo (M
Tr (dd(j”z‘)) . 032k> — —2(log O(NQ; B))’z’fv(flz),
and this immediately implies (8.66). O

The task of evaluating the term
(1)
- (M 032k>
20=2

dz
appearing in (8.33) is considerably more involved. Th goal is to establish an expression
in terms of canonical quantities from the theory of Riemann surfaces, so that compar-
isons to formulae appearing elsewhere in the literature can be validated (or invalidated).
Our work relies on two so-called Fay identities, (8.72) and (8.73). In order to explain
these identities, we need to introduce some classical quantities and identities in the
theory of Riemann surfaces.
The fundamental symmetric bi-differential, introduced in [28] and also called Bergman

kernel in some literature, of our Riemann surface, has an explicit expression which is,
for

Q,Q0 €S\ {ool, 02, (a1,0), (ag,0), (as3,0), (a4, 0)},

given by

7(Q) 7<Q0>>2 dz(Q)dz(Qo)
(

1
w(@, Qo) = 7 ( T 2(Q) — 2(Qo))

Qo) (@) 5 —(log 6(0; B))" v(Q)v(Qo), (8.67)
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where v has been defined in (8.41). The bi-differential w (@, Qo) is analytic for all @, Qg
except for a double pole on the diagonal as Q — Qq.
We have the well-known relations [28]

/ﬂ w(Q. Qo) = 2min(Q), (5.68)

Q1
| @00 = wo.0,(@. (8.69)

where wg,g,(Q) is the normalized third kind differential with simple poles at 1 and
Q2 with residues £1 respectively.
The normalized second kind differential on the elliptic curve S with poles at (0o, £00)
of order k + 1 is given by
Py(z)dz

or(2,y) = — (8.70)

where Pg(z) is a monic polynomial of degree k + 1 in z which is determined uniquely
by the conditions

or(z,y) = i(zk_1 + (9(2_2))dz, as (z,y) — (00, +00),

and
as

/O’k:O.

a2
In order to write oy (z,y) using the fundamental symmetric bi-differential it is sufficient
to observe that

1

1 1y, 1 k
Sou(zy) + 52 s = (Am)g&w)(x w((zy), Am)) - (8.71)

The following important identities connect the product of Szegd kernels to the
fundamental symmetric bi-differential. First we have [28, Corollary 2.12]

dz(Qo)dz(Q)
(2(Q) — 2(Qo))?

= w(Q.Qu)+ (1020 [2] (0:3)) " v(@u(Qu). (8.72)

$ 2] (@.QuS8 [l (@@

and secondly [28, Proposition 2.10]

_g[s s d=(Q) S [2(Qo, Po)
sl @msl] @ orm=mycar =y ~ 5w -
Qo !

< | woun @+ | (1os6 [] | [uiB )| - (g0t 0B) | v@ | .73

0

where wq,,p, (P) is the third kind normalized differential with simple poles at the points
Py and @)y with residues 1. In the confluent limit Qg — P, the second identity reduces
to the first one.
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Remark 8.5 In (8.73), we observe that the quantity

wQop, (@) + log«9 (P/v B (log@ [2] (O;B))/ v(Q) (8.74)

is a single-valued function of @y and F,. Indeed, defining dg, as the differentiation
with respect to Qp, by (8.69), one has

Qo
doo(wao 1 (Q)) = day / w(Q, Q) = w(Q. Qo).

Py

so that, by (8.68), the integral in Qo of the above identity along the a- and [-cycles
gives

@ «

[ dauteaun(@) = [ w@ ) =2miv@, [ dastwan@) = [ wie.q0 =0
Therefore as Qg — Qo + 3, we have

wQy, Py (Q) = wQo,p (@) + 2miv(Q),

and as Qo — Qo + «, we have

WQo,Py (Q) — WQo,Po (Q).

For the second term in (8.74), as Qo — Qo + « the logarithm of the -function does
not change while as Qo — Qo + [, by (8.38),

loge (F/v B — loge (F/v B — 27i.

It follows that (8.74) is a single-valued function of Qy. The same consideration applies
to the point Po

Introduce the following quantities which contain information about the fundamental
bi-differential kernel near the branch points:

o (A= a;) ?w(N, 20)
A—a; dAdz ’

(8.75)
o 0 w(\, zM) 1
@a,2) = lim 53 [(A aj)'/* ( d\dz 20z — >\)2)] ‘

Similarly, for the normalized holomorphic differential, we define

~ . v(A .0 (A
(ay) :Alin;_(A—aj)l/z c(m)’ ¥'(aj) = lim [(A—aj)lﬂc(u)]. (8.76)
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Recall also the definition of J(am) in (8.58). A last quantity we need to introduce is
the so-called projective connection Sg(a;) given by

3 d 2 A — ag; : " 2
Sp(a;) = = Res | — logH o] 24 (log 0(0; B)) Res v(A)* (8.77)

2 A=a; \ dA ST A — a1 A=a
= 3> (-1 Zﬂi — 24 (log 0(0; B))" (a;)*. (8.78)
i#] i

We are now ready to evaluate the second term at the right hand side of (8.33).

Theorem 8.6 The following identity is satisfied,

1)
;@(ﬁ<%t@M> Jgf)
2Z=00 ez

dz
1< Res,_ o1 [2F0 (aj, 2)]
24 V(a;))
1 (1@(@» Ly 0 (NUB) )2> Res, _oo1 [ (a, 2)]

T2 200, 6P e v(a;)
R ~ 1 ’\/(aA)A
§Sn(a)ia) + 457/ (a)) - 1 ="5(a))
1 " p(z) N ~ley)
5 (log 0 (N; B))" Res 0
5 0w (V0 B)) R0 o(a;)

Proof. Observe by (8.64) that

1 1)
Rﬁﬁ<ﬁf@m> Z%Q
2=00 dz
20=%

B Res (24: Gy R [(1 n 22 - Zj) Tr (A(l)(/\,z)ag)>] . (8.80)

J=1

From the definitions of A() and A; in (8.54)-(8.55), one has
Tr(AM (N, 2)o3) = D1(\, 2) + Sa (), 2), (8.81)
with
X1(A2) = e T — (P (A, 2) Py (2, A) = Py (A, 2) oy (2, A)

48 ((=1)i ()2
+ Py5 (N 2)Ps5(2,\) — PsY (A, 2)Ps(z,0)), (8.82)
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for z near aj, and for Im A > 0, we have

' oyt (PROTG ) — PO 2)PR (),

(PF5 (N 2) P (2, e TN — PR (X, 2) Pg (2, \)e?miNe)
Sy(A ) = {2“) . | |
- (PIOQO()‘7 Z)Plolo(’z? )‘)6727”]\7(2 - PQOf()\a Z)PQOS(Zv A)627”]\79) )

% (Pf’é’(A 2)PiY (2, A) — PP (A, 2) P33 (2, M),
(8.83)

where we used the fact that P<(\, z)~! = P>(z,\), and where the first line is valid
for X\ near aq, the second near as, etc.

For each of the matrix products at the right hand side of (8.82), the identity (8.72)
which connects the Szegd kernel and the fundamental bi-differential. For instance,

Pes (A 2) P (2, )

= (’w()\(j)7 z(k)) + (logQ(NQ))”v(/\(j))’l)(z(k))) (A —2)?

S Gk =1,2.
dAdZ Y j?k Y

Using the expression of the fundamental bi-differential in (8.67), by (8.75), one
obtains expansions of the following form as A — a;:

w()\(l),z) _ w(ay, 2) 1 . L2

didz (A —a;)1/2 + 2(z — a;)? + W' (aj, 2)(A — aj) =+ O(X - a;),

(2@, 2) o ( ) 1 (8.84)
WA L2 W2 s a2 s

dA\dz (A —a;)1/? + 20— a2 " (aj, 2)(A —a;) " + O(A — a;),

and
1) (2) ~
U()\ ) —_ _'U()\ ) — ’U(CLJ) —{—i}\/(a])()\ _ aj)l/Q + O()\ . aj)' (885)

d A (A—a;)?

Combining (8.57), (8.81), (8.84), and (8.85), we obtain the following relation for the
residues of ¥ (A, z) defined in (8.82),

4 4
Z G a Pie&s S\, 2 —222_10):35?(@—%)21@,@)
j=1 i) ! j=1 2R
11 N "y v(z(l))
=120 [w (aj,21) + (log 6 (N©2))" ¥ (a;) P ] (8.86)
% v(z™M
+ 210:;((;2 [w(aj,zu))+(1og9(NQ))”a(aj) ( e )] .

In order to evaluate the residues of products of the form Py (A, z)PfY(z,A) in
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Y5(A, z) defined in (8.83), we use (8.73) which gives

00 00 . §[ ]89](77(2)7)‘(1)) ()\—2)2
P35 (A 2)PY (2,0) = %1_% -\ dz
A(2) /
!v(z(l)) <<Iog0 ( /A WU NQ)) — (log® (—NQ))’) + Wy@) 50 (Z(n)] ,
(8.87)
and similarly
0o 00 . §[—]9fﬂ](77(1)7 )‘(2)) ()\ - Z)2
P21()\,Z)P22(Za>\)—%l_ff}\ -\ dz X
AD /
!v(z(2)) <<1oge ( A o U NQ)) — (log® (—NQ))’) F w5 (Z(2>)] ,
(8.88)

where wy 1)@ (219)), j = 1,2, stands as before for the normalized third kind differential,
in this case with poles at two conjugate points A and A(?). Next, using (8.69), we
have the following identities for a third kind differential with poles at two conjugate
points A& and \®),

wama@ (P) = —wyenm(P),  wyem () = w0 (2P), (8.89)
and we have the following expansion as A — a;,
~ 4 _
Wy xe (21) = 4w(aj,z(l))(A—aj)1/2+§w'(aj,z<1>)(A—aj)3/2+0((A—aj)5/2). (8.90)

In order to proceed, we need to evaluate the expansions in A of the quantities (8.87)
and (8.88) as A\ = aj, j = 1,2, 3,4. First we observe that

A
& O [ v— N B
S[91(nMW, \@) ; . ( ) 4
lim [—NQ](U ) _ 2 9(0, B) A(2) Z ( 1) ’ (8.91)
n—A n—2A 40(NQ; B) A X —ap
o [ v;B k=1
A(2)
and
A
3 0 v+ NQ; B
o Snelm® AY) i 6(0; B) <A(f2> ) 24: 0
A n—A 16(NQ; B) D N :
o [ v;B k=1
A(2)

as follows from the definition (8.40) and the symmetry 0(z; B) = 0(—z; B). Therefore
using the parity property of #-function, (8.89), (8.91) and (8.92), the identities (8.87)
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and (8.88) take the form

AL
( ) 9<fv+NQ;B> A 1t ( -
i 6(0;B A2 1) ()N — 2
PO 2P (2 ) = ~460(NQ; B) A Z \—an dz X
, 0( | v;B k=1
A(2)
A 4
wauh<<bg9<Am M+NQ>)‘ngﬂwﬂnj‘%hmxm@mi,
(8.93)
and similarly
AL
(0:B) 9<fv—NQ;B> A 1) ( -
00 0o i 6(0;B A2) 1) (A — 2
P21 ()\7 Z)PQQ (Z; )\) = ZQ(NQ’ B) A1) Z )\ — ay, dZ
( | »;B k=1
A(2)
AL /
[—v(z(l)) <<log0 (//\(2) v — NQ)) — (log 0 (—NQ))’) — w}\m)\@)(z(l))] )
(8.94)

For the integrals between A(2) and A1), we follow a path which goes through ay.
Consequently, for Im A > 0, one has

AL

2fv,

aq

A
A 2 [ v-B,
as

/ v={ % (8.95)
A 2 [v—-B-1,
az

A
2 f v—1,

ai

and as A = a;, j = 1,2, 3,4, we obtain

AL
) / v = 45(a;)(A — a;)2 + gﬁ(aj)(x —a) 4O —ay)?), (8.96)

aj

with U(a;) defined in (8.76). Using (8.38), (8.91), (8.92), (8.95), (8.96), and the fact
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that 6(z; B) is an even function of z, we obtain, as A\ — a; from the upper half plane,
AL

0 [ v N B

6(0; B)

A ) Z (-1

Z )
46(NQ; B) A X — ax
0 ( f v;B) k=1

_i(=1) ( 1 :l:4i)\(aj)90(NQ B)(A - ”2+Z ” _k;:

)\—aj

R 9" 9" 1 7 =1,4,
+8’U(aj)2 <9(NQ;B) - 9(0;3)) + O(l)) X {eﬁ:Qm‘NQ 93 (8.97)

= , 0.

Using the definition of the projective connection given in (8.77), we can rewrite the
above expansion as

AD
0| [vENEGB)
0(0;B) L\ (—1)*

g 1 j=1,4
~ 2 . P
+8%(aj) Q(NQ,B)> X {eﬁm‘NQ P (8.98)

9 Je

Combining (8.57), (8.83), (8.90), (8.96), (8.93), (8.94), and (8.98), one arrives with
the help of Maple to the relation

1 Resy—q, T2(\, 2)dz 24: Resy—q, (A — a;)Ea(), 2)d2)

-2 (Z]— aj)2

j=1 = (z —a;)3
(0, 20) + (log 0 (ND))" ¥ (a)u(=V)
Jz; 60 (a;)
1 0" (NQ) . 3 ' (a;
: <6SB<“” 4y T - 101%;?;)
+; ?(ay) : (@(aj,,z(l)) + (log 0 (N€))” 5(aj)v(z<1>))
L B(a;)3u(zW
+ % ) % ((log 6 (NQ2))"" + 3 (log 6 (N©2))" (log 6 (N))') . (8.99)
J=1 J
Summing (8.86) and (8.99) and multiplying by 1/2 we obtain (8.79) and the theorem
is proven. -

Combining the heat equation (8.39), Lemma 8.2, Lemma 8.4, and Theorem 8.6, we get
to the following identity.
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Theorem 8.7 For a two-cut regular potential V, the logarithmic derivative of the par-
tition function with respect to the parameters ty, has the following asymptotic expansion
as N — oo,

9 log Zn(Vz) = —NziFo — N(log(8(N€; B)) Res[zFv(zM)]

oty t oty zZ=00
1 1 Res,_ 1[50 (aj, 2)]
24J_1 J(aj)
0
I s (1) 1., ! WEB)_ ) Res,_1 [2F(ay, 2)]
221,y 8 T vy ) Blay)
1 /(0(NQ:BY™\' " _
i (6 (W) FY — (log (N©; B)) Ff”) Res [Fo(z(0)+O(N ),
(8.100)
where
4 - -~
p0 o Ly 0lag) (1va)  Splag) - D(ay) ) 8.101
U G ) 6 ey i
and
4 03
g5 2a) (8.102)
’ jz; ¥(aj)

and all the other quantities are defined in the statement of Theorem 8.6.

We remark that the definition of Fl(l) and Fé?’) given by Eynard in [26] (see also [27])
coincides with our definition up to multiplicative factors.

8.6 Calculating antiderivatives

In this section, we will express the terms in (8.100) as derivatives. We start with the
projective connection Sp(a;).

Lemma 8.8 /38, 37] Let A(a) = [, p<s(ar — a;) be the Vandermonde determi-
nant of the branch points of the surface S and A the a- period of the non-normalized
holomorphic differential as defined in (8.36). Then the following relation is satisfied,

33 log (A?A(a)?) = —Sg(ay), j=1,2,34, (8.103)
J

where Sg(a;) at the branch point has been defined (8.77).

This identity was derived in [38] for more general surfaces than our elliptic surface,
namely for generic non-singular hyper-elliptic Riemann surfaces. Next we are going
to evaluate the derivatives with respect to the times ¢; of all the relevant quantities
appearing in (8.66) and (8.79). Some of the identities below have already appeared in
the literature, see for example [32, 31, 41, 43], but for clarity we are going to prove each
of them with our notation.
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Lemma 8.9 The following identities are satisfied:

9 - _ K
a—th = /\ligg,l[)\ v(N)], (8.104)
o~ k/\

O _ _k(/f\k(am) _ 2Res,\zooi[)\ w()\,am)]’ (8.105)

Oty w(am) w(am)

OB <~ OB 0am . x—-  aResy_oot WA, a,,)]

9%, Z: e 0t 8szv(am) J(am) ) (8.106)
> 7

O0Ntm) _ 50 Om) Ros (5O )] — Res V- (am, V), (8.107)
Oty 1/;<am) A=o0l A=ool

where
. VA = amor(N)
Uk(am) = an ‘)\:ama

with oy, the meromorphic differential defined in (8.70), W(a;,z) and W'(a;, z) defined
in (8.75).

Proof. Recall from (8.11) that the density ¢()) of the equilibrium measure takes the
form

“ERWY? z € ar, as) Ulas, adl, (8.108)

for a polynomial A(\). The quantity
h(A)R(A)Y2dA (8.109)
can be seen as a one-form on the Riemann surface, which
(1) has simple zeros at the branch points (a;,0) i =1...,4,
(2) has a pole at co!? = (00, £00) with asymptotic behaviour

1

RANRA)Y2dN = + (;V;(A) -5 O(A‘2)> d, (8.110)

because of the moments conditions (8.15),
(3) is normalized to zero on the a-cycle because of (8.16).

By (8.1), it follows that (8.109) can be written also in the form

2d
1
hN)VRN)dA = 5 > jtio; + 204 — dog — oo, (8.111)
j=1

where 0; = 0;(),y) are the second kind differentials defined in (8.70) , and og is a
differential of the third kind uniquely determined by the conditions of having simple
poles at ool? with residue +1 and of being normalized to zero on the a-cycles. It
should be noted that the right hand side of (8.111) depends on the endpoints ay, ..., a4
through the normalization.
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The one-form on the left hand side of (8.111) is built in such a way that it satisfies
conditions (1), but conditions (2) and (3) are imposed by (8.15) and (8.16). The one-
form on the right hand side of (8.111) is built in such a way that it satisfies conditions
(2) and (3), while the condition (1) has to be imposed:

2d
> itioi(Ay) + 204 — 4oy — 200(, y) =0, p=1,...,4. (8.112)
= () =(a,0)

These 4 equations determine the endpoints a; < as < as < a4 of the support of

the equilibrium measure and are equivalent to (8.15) and (8.16). Now we take the
derivatives with respect to times ¢y,

P 2d
87@ jzz:ljtjaj + 204 — 409 — 209
2d (8.113)
0 0 0 0 da
=k iti—o; +2—o0y4 —4—09 — 2—— -
7k +Zp: ;] 90,7 " “9a, " " “9a,72 " “9a,7° | 1,
= ko,

where in the last identity we use the fact that

2d
0 0 0 0
it g+ 2y — dy — 2
;‘7 ’ day, %t Oay, 74 Oa, 72 Oa,, 70

is a normalized one-form, regular at co'*? because of (8.110), and which can only have a

singularity at the branch point (ap,0). However, by (8.112), this differential is regular
0 0 0 0
2d . .
at (ap,0), p = 1,2,3,4. Therefore, Zj:1 jtja—apaj + 267%04 — 48—%02 — 28—%00 is

a normalized holomorphic one form and by Riemann’s theorem it is identically zero.
Such an argument was first used in [40]. Therefore we can conclude that

2d
d h(\) s B, 1 {1 , ko
— RAY2d\ = —Re — | = tio; 4+ 204 — 4oy — — Re (—=%). (8.114
a0 Aty i 2;“%+ g4 202700 e(5r) (8114)
Hence,

o 1 8 k
—Q=-—— [ () 1724 :/ .
Oty 2mi iy /ﬂ e

By Riemann’s bilinear relations [28], we have

47
or = ——— Res [N A )],
/6 f= = Res (Vo)

so that

—Q=— Res [\
oL, oRes Ve y)l,

which proves (8.104).
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In order to prove (8.105) we observe that, for general values of ay, ..., a4, we can
write

2d
1 & Z(\)
2j:E 1]tj0'j + 204 — 409 — 0 = R(}\)I/Qd)\

where Z(A) is a polynomial of degree 2d + 1. We can write the polynomial Z(\) in the
form

—a;) + Zo(N), (8.115)

HE»

where Zp(A) is a polynormal of degree at most 3. By (8.111), Zy(\) is identically zero
if a1, ..., a4 are such that (8.112) holds. By (8.113), one has

o Z(\)dN\ 1 Z(N)dA dap, & Z(\)dA
oty <(A a am)l/QR()\)lﬂ) 20— am) 2 R(N)/2 Oty - am)l/QaTkR()\)l/Z
1 Z(N)dA day, K
- 2\ — am) /2 R(N)/2 Oty *()‘_am)l/%k()\)

This holds for any value of A. Keeping in mind that the left hand side has a zero at
A = a,;,, we can evaluate at A = a,,, and obtain

“Oam L Z(NdAday, ks
—h(am) Jg(am—aj)atk = <2 p— TV 5 VA~ am k()\)> :

A=am
which yields
Oam _ _y9xlam)
Oty Y(am)
This is the first equality in (8.105). To obtain the second identity in (8.105), it is

sufficient to use (8.71) and to calculate the residue at the points (a,,0), m =1,2,3, 4.

The proof of (8.106) follows from (8.105) and from Rauch’s variational formula [45]
1 0B v(P)v(P)
i — Res /- \"J
dmida;  ma AN

In order to prove (8.107), we use (8.114) and (8.58), and this leads to

>:m(3UM>+8 ML
A=am

(8.116)

= ﬁ(az)ﬁ(az) (8.117)

0 ~ 0 o)
Mwwszuwm

A —am) Ot (X — am)/2 "~ OXN (A — am)V/2 Ot
kor(\) RMNY2 day, [, 1 1
= B'(\) + Zh(A :
(2(/\am)1/2d)\+ O a2 oy | P F 3R )zj:x—aj
A=am
(8.118)

Using (8.70) and (8.105), we obtain

3 Wlam) k  O\Pe(N)|r—a,, Py(am 1
" \/H#m Um = \/ [l (am — aj) jzm “m =

atk
3 or(am) O k|o B
= g (A A—a; T35 | ax ’

71




(8.119)

which, by (8.58) and (8.75), implies (8.107). O

8.7 Proof of Theorem 2.11 and Theorem 2.12
Define

1 A -
Fi = o log | o () H , (8.120)

where A(a) = [];<;.;<4(a; —a;) is the Vandermonde determinant of the branch points,
A is the a-period of the holomorphic differential defined in (8.36), and 12)\ has been
defined in (8.58). This quantity appeared first in [1].

Combining Theorem 8.7 and Lemma 8.9, we get, as N — oo,

00 9F 0 aB
NQ: B ———1logO (NQ; B
(log 0 e Ty AL ) 5,

QaFO
oty
(3) "
- (F% <(09(g\]%i3); ) (log 6 (NQ; B))" 1”) SZ+0( b,

0
~ o log Zn(Vy) = N

Consequently, we have

0 Kl 0 (NQ; B) FV
— —logZ N?Fy + Fy —log§ (NQ; B) — e,
0" (NQ) Fé ) .

where Fy and F; have been defined in (8.25) and (8.120), and Fég) and Fl(l) have been
defined in (8.102) and (8.101). From the above identity the proof of Theorem 2.11
follows easily.

Remark 8.10 The error O(N~1!) in (8.121) contains non-oscillatory terms of order
1/N and smaller order terms. To determine such terms, it is necessary to calculate an
extra term in the asymptotic expansion of the error matrix R(z).

From Theorem 2.9, we can choose a continuous path ¢ : [0,1] — R™ : s s (1) =
(t1(7), ... tm(7)) in R™ such that Vg, (2) = 24 — 422, and Vi) (2) = Vi(z) and for all

€ [0, 1], Viir) 18 a two-cut regular potential. Therefore one can integrate (2.24) to
obtain

log Zn (Vp) = log Zn (Vo) = —=N*(Fo(Vy) — Fo(Vo)) — Fi(Vy) + F1(Vo)
+log 6 (NQU(V3); B(Vy)) — log 8 (NQ(Vo); B(Vo)) + O(1/N), N — oo.

y (2.10), this implies Theorem 2.12.
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