Exact local correlations and full counting statistics for arbitrary states of the
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We derive exact analytic expressions for the n-body local correlations in the one-dimensional Bose
gas with contact repulsive interactions (Lieb-Liniger model) in the thermodynamic limit. Our results
are valid for arbitrary states of the model, including ground and thermal states, stationary states
after a quantum quench, and non-equilibrium steady states arising in transport settings. Calculations
for these states are explicitly presented and physical consequences are critically discussed. We also
show that the n-body local correlations are directly related to the full counting statistics for the
particle-number fluctuations in a short interval, for which we provide an explicit analytic result.

Introduction– During the last decade, a series of ground
breaking experiments with one-dimensional (1D) ultracold gases [1–14] opened the way to reveal many-body
quantum effects that were unaccessible before. Indeed,
1D many-body systems are special for a twofold reason:
on the one hand, quantum effects are enhanced in low
dimension [15]; on the other hand, they can be theoretically treated with powerful analytic tools such as integrability [16–21] and conformal field theory [15, 22–24].
Let us e.g. consider a dilute 1D gas of N bosons of mass
m, which will be the main focus of this work. In standard
experimental conditions, the interaction between atoms
can be approximated by a contact interaction [25] and
the Hamiltonian in second quantization is
H=

~2
2m

Z

L

h
i
2
2
dx ∂x ψ † (x)∂x ψ(x) + κ ψ † (x) (ψ(x)) ,

0

(1)
where ψ † and ψ are canonical bosonic operators and κ is
an interaction parameter. This Hamiltonian corresponds
to the celebrated Lieb-Liniger (LL) model [26], one of the
most studied integrable systems.
Although the LL model is integrable and we have exact
analytic predictions for different thermodynamic quantities [12, 27], the experimentally measured correlation
functions [7, 9–11, 13] are not easily calculated and in
most of the cases we are restricted to either numerical
methods [28–31] or hybrid numerical-analytic techniques
[32, 33] (see however [34]). This is true also in the simplest case of one-point functions such as the n-body local
correlators
gn ≡

h[ψ † (x)]n [ψ(x)]n i
,
Dn

(2)

where D ≡ N/L is the density of the gas.
In this Letter we consider the longstanding problem of
the exact computation of gn and we provide close analytical expressions valid for every n and in an arbitrary
excited state. Besides being measurable for different values of n [6, 7, 9–11], the local correlators gn provide fundamental information about the system [35–37], such as
particle losses [35] and, consequently, about the overall

stability of the gas. As a further result, we unveil another interesting application, namely the relation of gn
with the full counting statistics for the particle-number
fluctuations within an interval [38–41].
The one-point functions (2) are arguably the simplest
correlations to be considered. Still, the problem of their
computation has puzzled physicists for more than an entire decade. It is important to note that, while the interest was initially limited to thermal states [42–47], more
recently increasing attention was devoted to the case of
arbitrary macrostates of the system [48–54], such as generalized Gibbs ensembles (GGEs) [55, 56]. Furthermore,
our result can be combined with generalized hydrodynamics [57, 58] to access the profiles of [ψ † (x)]k [ψ(x)]k in
inhomogeneous systems [59].
The two-body local correlation g2 is easily obtained
for any excited state of the Hamiltonian (1), using the
Hellmann-Feynman theorem and the knowledge of exact
thermodynamics [44, 45]. Conversely the three-body correlator g3 is extremely hard to work out, and even at zero
temperature its computation was initially performed only
through a theoretical tour de force [60]. A major breakthrough was the rewriting of the LL Hamiltonian as the
non-relativistic (NR) limit of the sinh-Gordon (ShG) field
theory [48], which provided an analytic expression of g3 ,
valid for arbitrary macrostates [50]. Later, following an
alternative approach [61], multiple integral representations for gn were derived in [51]. Despite their conceptual importance, these expressions are too complicated
for actual evaluation for n > 4.
The NR limit introduced in [48], and later exploited in
[50], requires as a starting point the one-point correlation
function in the ShG field theory. Until recently, the only
way to approach this crucial problem has been through
the LeClair-Mussardo conjecture [62] (now proven in [49])
which provides a form factor expansion [63], consisting
in a series of multiple integrals. Although this sum is
known to be quickly convergent in several relevant cases,
only the first few terms can be evaluated, relegating its
applicability to the (important) limit of small excitation
density. In this respect, the results in the LL model derived from the NR limit of the ShG field theory suffer
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from the same limitations.
Very recently, a closed expression for the expectation
values of vertex operators in the ShG model has been
derived for thermal states by Negro and Smirnov in [64];
this result was later further simplified in [65], where it
was also argued to be valid for arbitrary macrostates (including GGEs). While not rigorously proven, it has been
explicitly checked against the LeClair-Mussardo expansion [64, 65] and then numerically verified in the semiclassical limit [66]. The goal of this Letter is to use the
Negro-Smirnov formula as input for the non-relativistic
limit.
Two main results will be presented in this Letter. The
first one is an explicit expression for the local n-body correlations (2), which is valid for arbitrary macrostates of
the model. The derivation of our final formula is long and
will be only sketched in this Letter; the most technical
part of the derivation, which is suited for a more specialized audience, will be presented elsewhere [59]. The
second result is a formula for the full counting statistics of
the density operator in a small interval, which is entirely
expressed in terms of the correlations (2). Altogether, our
findings constitute a remarkable example where the full
counting statistics can be worked out explicitly in the
presence of interaction and for arbitrary states.
The model— We consider the LL model (1) with periodic boundary conditions; we focus on the repulsive
regime κ > 0 and work in dimensionless units ~ = 2m =
1. The Bethe ansatz approach [19] provides a complete
set of eigenstates of H; they are identified by sets of distinct real rapidities {λi }N
i=1 , which generalize the concept of single-particle momenta for a free system. In the
thermodynamic limit, rapidities associated with a given
eigenstate arrange themselves according to a given distribution function ρ(λ). Within the framework of the
thermodynamic Bethe ansatz (TBA) [18], one also introduces a distribution of holes, ρh (λ), which is analogous
to the concept routinely employed in the description of
free Fermi gases. Due to interaction, the relation between
ρ(λ) and ρh (λ) is non-trivial, but encoded in the thermodynamic Bethe equation
ρ(λ) + ρh (λ) =

1
+
2π

Z

+∞

−∞

dµ
ϕ(λ − µ)ρ(µ) ,
2π

(3)

with ϕ(λ) = 2κ/(λ2 + κ2 ).
In the following, it is convenient to also introduce the
filling function ϑ(λ) = ρ(λ)/(ρ(λ)+ρh (λ)); together with
Eq. (3), the latter uniquely specifies a macrostate. In this
work, we will consider ground and thermal states [18],
as well as stationary states reached after the system is
brought out of equilibrium by a quantum quench [67];
these correspond to GGEs, whose rapidity distributions
have been explicitly computed in a few relevant cases
[54, 68, 69]. More generally, our results are valid for arbitrary states, displaying an extremely large number of

applications, from the non-equilibrium steady states arising in transport [57, 58] to split Fermi seas [8, 50, 71].
Analytic formula for gn — Our main result for the local
n-body function is
X Y  1  B` m` 
(n!)2 κn
. (4)
gn = n n
2 D P
m` ! πκ
j

jmj =n `

Here the sum isPover all sequences of positive integers {mj }j s.t.
j jmj = n, the constants Bn =
R
n−1 dλ ϑ(λ)b2n−1 (λ) are functions of bn (λ), obtained
as the solution to the system
Z
dµ
{ϕ(λ − µ)ϑ(µ)[b2n (µ) − b2n−2 (µ)]
b2n (λ) =
2π
+ Γ(λ − µ)ϑ(µ)(2b2n−1 (µ) − b2n−3 (µ)) , (5)
dµ 
Γ(λ − µ)ϑ(µ)b2n (µ)
2π
+ ϕ(λ − µ)ϑ(µ)[b2n+1 (µ) − b2n−1 (µ)] ,(6)
Z

b2n+1 (λ) = δn,0 +

where bn≤0 (λ) ≡ 0, and Γ(λ) = λϕ(λ)/κ. Finally ϑ(λ)
is the filling function characterizing the macrostate. We
now discuss the main physical consequences of this result and postpone its derivation to the end of the Letter.
For n = 2, 3, 4, Eq. (4) is a representation alternative to
those in [50, 51]; we checked numerically the equivalence
between the two, as well as perturbatively in the functional parameter ϑ(λ) [59]; furthermore, we also numerically verified that our formulas for the thermal case are
consistent with the analytic expansions derived in [46],
for large values of γ.
The system of equations in (5) and (6) is linear, and
the solution for each function bn (λ) involves only a finite number of equations; accordingly, the numerical
implementation presents no difficulty. As an important
example, we explicitly evaluated Eq. (4) for different
macrostates reported in Fig. 1. In subfigure (a) we report explicit values

of the correlations for a thermal state
ρ̂ = e−βH /tr e−βH . In this case, the correlators gn are
only a function of the rescaled parameters γ = κ/D and
τ = β −1 D−2 . As expected, the value of gn decreases for
increasing γ, and we verified that it algebraically vanishes
for γ → ∞. Furthermore, in the free limit we recover
the expected behavior gn (γ = 0) = n!. It is interesting
to compare these qualitative features with those of the
post-quench steady state after a quantum quench. We
consider the protocol of [54], in which the system is initially prepared in the ground-state of the non-interacting
Hamiltonian, and the interaction suddenly turned on to
a finite value κ. The results also for this case are reported
in Fig. 1, panel (b), with limiting behavior gn (γ = 0) = 1
and with an algebraical decay for large γ, generalizing
the results of [54] for n = 2, 3. Finally, we apply our
formula to the inhomogeneous out-of-equilibrium protocol studied in [57, 58]: two different halves of the system
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FIG. 1: Correlators gn for different values of n. (a): gn (γ) in a thermal state with τ = 1. We report the rescaled value gn (γ)/n!.
(b): gn (γ) in the steady state after the quench studied in [54]. (c): Profiles of gn (ζ) as functions of the ray ζ = x/t in the
nonhomogenous protocol of [57, 58]: the two halves of the system here are initialized in two thermal states with τL = 2, τR = 1,
DL = DR = 1 and κ = 0.5.

are prepared in different macrostates, which are joined
together at the origin and subsequently left to evolve
with the Hamiltonian (1). At late times, time- and spacedependent local quasi-stationary states emerge [70], and
relaxation to a GGE occurs at each “ray” ζ = x/t, where
x is the distance from the junction [57, 58]; accordingly,
each observable displays a nontrivial profile as a function
of the rescaled variable ζ. This is illustrated in subfigure
(c) of Fig. 1, where the profiles of gn obtained after joining together two different thermal states are displayed.
The full counting statistics— We now report on the
relation of the local correlators with the full counting
statistics of the particle density on a small interval. Together with Eq. (4), this constitutes the main result of
this Letter. The probability distribution of observables
within a finite length interval recently became the subject of intensive theoretical investigations [72–85] boosted
by several experimental measurements with cold atoms
[9, 10, 38–41]. Nevertheless, no exact analytic results for
interacting integrable models were previously known.
We consider the probability P∆ (n) of having n particles
in an interval of length ∆ centered around x. It holds

N∆ , namely

P∆ (n)
h[ψ † (x)]n [ψ(x)]n i
=
,
n
∆→0 ∆
n!

0.6

(7)

providing the leading contribution to P∆ (n) in the limit
of small intervals. For a finite interval, Eq. (7) is a good
approximation provided ∆ is smaller than two length
scales, as it will be clear from the derivation below. In
order to establish (7), we consider the operator N∆ =
R x+∆/2
dy ψ † (y)ψ(y), and introduce the generating funcx−∆/2
tion χ(ν) = heiνN∆ i; following [86, 87], one can show
iν
χ(ν) = h: e(e −1)N∆ :i, where : . . . : denotes normal ordering. The Fourier transform of the generating function
yields the full probability distribution corresponding to

P∆ (n) =

∞
X
(−1)j D
j=0

n!j!

Z

!j+n

x+∆/2
†

:

dy ψ (y)ψ(y)

:

E

,

x−∆/2

(9)
from which Eq. (7) follows immediately. For finite intervals, Eq. (7) approximates well (9) if ∆ is smaller than the
inverse density, ∆  D−1 , and than
p the scale of spatial
variation of the correlators ∆  D/h∂x ψ † (x)∂x ψ(x)i.
The probability distribution (7) for different macrostates
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dν −iνµ
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χ(ν) = δ N∆ − µ =
2π
n=0
(8)
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FIG. 2: Rescaled probability distribution for particle-number
fluctuations. The plot shows results for ground-state, thermal
state with inverse temperature τ = 0.4, and the post-quench
steady state studied in [54]. The interaction is set to γ = 0.1.

4
is illustrated in Fig. 2.
The Negro-Smirnov formula— We finally sketch the
idea behind the derivation of the main result (4), while
the most technical part of the computations will be presented elsewhere [59]. The LL model can be obtained as
the non-relativistic limit of the ShG field theory [48] with
action
Z
√
c4
1
(cosh(c−1 4 κφ) − 1) ,
SShG = dxdt ∂µ φ∂ µ φ −
2
64κ
(10)
where φ is a real scalar field, c the speed of light and we
set the bare mass to 1/2. (see [88, 89] for generalizations
to other relativistic field theories.) Also the ShG field
theory admits a TBA description, with quasi-particle and
hole rapidity distributions σ(θ), σh (θ) satisfying
Z ∞
dθ0 ShG
M c cosh θ
+
ϕ
(θ − θ0 )σ(θ0 ) ,
σ(θ) + σh (θ) =
2π
−∞ 2π
(11)
where M is the renormalized mass, while the kernel reads
ϕShG (θ) =

sin(πα)
,
cos(πα) − cosh θ

(12)

with α = 16κ/(8πc + 16κ). As we have repeatedly
stressed, vertex operators in the ShG model can be computed via the recently proposed formula by Negro and
Smirnov [64]. The latter was later simplified in [65], and
within our notations reads
Z
−1 √
he(k+1)c 4 κφ i
2 sin(πα(2k + 1))
√
= 1+
dθ ϑ̄(θ)eθ pk (θ) ,
π
hekc−1 4 κφ i
(13)
where ϑ̄ is the filing function for a given state, while pk (θ)
is the solution of the integral equation
Z
−θ
pk (θ) = e + dθ0 ϑ(θ0 )χk (θ − θ0 )pk (θ0 ),
(14)
with
χk (θ) =

i
2π



e−i2kαπ
ei2kαπ
−
sinh(θ + iπα) sinh(θ − iπα)


.

(15)

Our result for gn is derived by performing a non-trivial
NR limit of Eq. (13). The mapping between the ShG and
the LL models is probably best appreciated through the
following mode-splitting [48]
 2

2
φ(t, x) = eic t/2 ψ † (t, x) + e−ic t/2 ψ(t, x) .
(16)
This mapping can be easily understood at the free point
κ = 0: once the relativistic field φ has been expressed in
the momentum basis through the canonical relativistic
mode-splitting, a low energy expansion provides the NR
modes.
p The oscillating terms are simply the rest energies
E = m2 c4 + (λc)2 ' mc2 +λ2 /(2m) with m = 1/2 and
λ the rapidity (e.g. momentum) in the NR model.

The mapping holds true also at the level of Bethe equations as well as thermodynamics. In fact, through the
relation λ = M cθ, together with ρ(λ) = (M c)−1 σ(θ)
and ρh (λ) = (M c)−1 σh (θ), the correspondence between
Eq.(3) and Eq. (11) is readily derived. In this limit, the
renormalized mass M goes to the bare mass [48]. Regarding the expectation values of the observables, the
mode-splitting (16) leads to [48]
 
2n
limh: φ2n+1 :i = 0; limh: φ2n :i =
h(ψ † )n (ψ)n i .
NR
NR
n
(17)
Double dots here denote the normal ordered powers of the
field. This relation is simply derived dropping the fast oscillating phases in h: φn :i, after the mode expansion (16)
has been employed. The relation between a power of the
renormalized field and its normal ordered counterpart is
highly non-trivial and requires a careful analysis of the
corresponding form factors [48, 90]. As a final highly technical but crucial ingredient, one can derive the following
relation [59]
E
D
√
√
(18)
limhe4q κφ i = lim : e2 sin(2qκ)φ/ κ : .
NR

NR

Next, we rescale k = qc in the l.h.s. of Eq. (13) and take
the NR limit keeping q constant; we obtain
−1

√

√
he(q+c )4 κφ i
√
= 1 + c−1 ∂q lim loghe4q κφ i + ... , (19)
q4
κφ
c→∞
he
i

where further orders in O(c−1 ) can be neglected. Comparing the above with the proper limit of the r.h.s. of (13)
and then integrating
in q, we find an integral equation
√
for limNR he4q κφ i. Finally, a lengthy but straightforward
√
expansion in q of the expression for limNR he4q κφ i, combined with eq. (17)-(18), provides the generating function
[59]
!
∞
+∞
X
Dn gn
1 X n
n
X
= exp
X Bn ,
(20)
(n!)2 (κ/2)n
πκ n=1
n=0
(cf. Eqs. (5) and (6) for Bn ), from which we immediately
derive our main result (4).
Conclusions— We have derived analytic expressions
for the n-body local correlations in the LL model by taking the non-relativistic limit of the ShG field theory. Our
result (4) can be very efficiently evaluated and is valid
for arbitrary states. It is straightforward to take into account spatial inhomogeneities arising from a confining
potential, by means of local density approximation, as
done for g3 in [50]. These n-point functions lead to an
analytic expression for the full counting statistics of the
particle-number fluctuations in a small interval, which
represents a unique exact analytic result for interacting
integrable models.
Our study opens several interesting directions for future investigations. For example, there are other integrable field theories that in the non-relativistic limit give
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models relevant for cold atoms, such as the attractive LL
model [88] and gases with multiple species of fermions
and bosons [89]. Unfortunately, in these cases, a generalization of the Negro-Smirnov formula [64] for the onepoint function of vertex operators is not yet known. We
hope that the results in this Letter will boost its derivation. Our results can also be used as starting point for
the determination of correlation functions in inhomogeneous setting, e.g. on an Eulerian scale [91], or in the low
energy regime using conformal field theories in curved
backgrounds [92, 93].
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