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Recognizing the flat torus among RCD*(0, V) spaces via the
study of the first cohomology group

Nicola Gigli * Chiara Rigoni
March 31, 2018

Abstract

We prove that if the dimension of the first cohomology group of a RCD*(0, N) space
is N, then the space is a flat torus.

This generalizes a classical result due to Bochner to the non-smooth setting and also
provides a first example where the study of the cohomology groups in such synthetic
framework leads to geometric consequences.
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1 Introduction

A classical result due to Bochner concerning manifolds with non-negative Ricci curvature
is:

Theorem 1.1 (Bochner). Let M be a compact, smooth and connected Riemannian mani-
fold with non-negative Ricci curvature. Then:

i) The dimension of the first cohomology group is bounded above by the dimension of
the manifold,

i1) If these two dimensions are equal, then M is a flat torus.

The key observation that leads to (i) is the fact that under the stated assumptions
every harmonic 1-form must be parallel and thus determined by its value at any given
point x € M. Since Hodge’s theorem grants that the k-th cohomology group is isomorphic
to the space of harmonic k-forms, the claim follows.

For (i7), the typical argument starts with the observation that if an n-dimensional man-
ifold admits n independent parallel vector fields, then such manifold must be flat. Hence
its universal cover, equipped with the pullback of the metric tensor, must be the Euclidean
space and the fundamental group 71 (M) acts on it via isometries. Since M ~ R" /71 (M),
all is left to show is that 7 (M) ~ Z", which can be obtained by ‘soft’ considerations
about the structure of the isometries of R™ and the fact that R"™ /7y (M) is, by assumption,
compact and smooth (see e.g. [3I] for the details).

This paper is about the generalization of the above result to the non-smooth setting
of RCD*(0, N) spaces ([4], [19]). Our starting point is the paper [I7] by the first author
where a differential calculus on such spaces has been built. Among other things, the
vocabulary proposed there allows to speak of vector fields, k-forms, covariant derivative,
Hodge laplacian and cohomology groups H(’i“R. In particular, a quite natural version of
Hodge’s theorem exists in this non-smooth setting, so that we know that cohomology classes
are in correspondence with their unique harmonic representative. The basic structure
around which the theory is built - and which offers a counterpart for the space of L? section
of a normed vector bundle over a smooth manifold - is the one of L?-normed L*>-module.

In searching for an analogous of Theorem in the nonsmooth setting, one thing to
discuss is the notion of dimension. To this aim, let us recall that given a generic L*-
normed L*-module .Z over a space (X,d, m), there exists a unique, up to negligible sets,



Borel partition (E;)ienufsoy of X such that for every i € N the restriction of .# to E; has
dimension ¢, and for no F' C FE. with positive measure the restriction of .#Z to F' has
finite dimension. We consider such partition (F;) for M being the tangent module of the
space X and think to the dimension of tangent module on E; as the dimension of the space
X on the same set. Hence we shall call dimuyi,(X) (resp. dimpax(X)) the minimal (resp.
supremum) of indexes ¢ € NU {oo} such that m(E;) > 0. Then in [I7] the following result
has been obtained:

Theorem 1.2. Let (X,d, m) be a RCD*(0,00) space. Then dim(H%;)(X) < dimpin(X).

The proof of this fact closely follows the argument for point (i) in Theorem every
harmonic form is proved to be parallel, so that the dimension of the first cohomology group
is bounded by how many independent (co)vector fields we can find on any region of our
space. Notice that the compactness assumption is not present because, in the terminology
of [17], harmonic forms are by definition in L2

We also point out that a priori such result might be empty, in the sense that without
any additional assumption it is very possible that dimmyi,(X) = oco. In fact, the natural
assumption on the space X is not that it is a RCD*(0, co) space, but rather a RCD*(0, N)
one: given that the number N € [1, oo] represents, in some sense, an upper bound for the
dimension of the space we expect it to bound from above dimyx(X). This is indeed the
case, as it has been proved by Han in [25] (see also [23] for an alternative argument):

Theorem 1.3. Let (X,d, m) be a RCD*(K, N) space. Then dimpyax(X) < N.
Coupling Theorems and [T.3] we deduce that:
Proposition 1.4. Let (X,d,m) be a RCD*(0, N) space. Then dim(H%;)(X) < N.

This statement is a perfect analogue of point (i) in Theorem The aim of the
present manuscript is to complete this analogy between the smooth and nonsmooth setting
by proving:

Theorem 1.5. Let (X,d, m) be a RCD*(0, N) space such that dim(H%3)(X) = N (so that
in particular N is integer). Then it is isomorphic to a flat N-dimensional torus.

Here ‘isomorphic’ means that there exists a measure preserving isometry from the torus
equipped with its Riemannian distance and a constant multiple of the induced volume
measure to our space. Unlike the proof of Theorem which closely mimics the original
one, here we cannot adapt the ‘smooth arguments’ to the current setting: the problem is
that it is not known whether RCD spaces admit a universal cover or not (there are some
results in this direction - see [29] - but it is unclear to us whether they can effectively be
used for our current purposes).

We therefore have to pursue a different strategy, the starting steps of our argument
being;:



- We start studying the flow of an harmonic vector field on our space and, using the
fact that in particular such vector field must be parallel and divergence-free, we prove
that in accordance with the smooth case such flow is made of measure preserving
isometries. Here by ‘flow’ we intend in fact ‘Regular Lagrangian Flow’ in the sense of
Ambrosio-Trevisan [7] who adapted to the setting of RCD spaces the analogous notion
developed by Ambrosio in [I] in connection with the Di Perna-Lions theory [13]. We
remark that our result appears to be the first application of Ambrosio-Trevisan theory
to vector fields which are not gradients.

- We prove that given two such vector fields X, Y, for their flows Fl%X and FISY we have
the formula FLX o F1¥' = FIXX Y for any ¢, s € R.

- Our assumption on the space (X,d,m) grants that there are N independent and

orthogonal vector fields X1, ..., Xy which are parallel and divergence-free, hence we
can define the map T : X x RN — X by

(r,a1,...,an) > Flé(ll(- : Flfj\f;’ (2)).

What previously proved ensures that this map can be seen as an action of RY on X
by isomorphisms.

Analyzing the properties of the map T will lead to the desired isomorphism with the torus.
The hardest part will be the proof of the fact that the action is transitive: to obtain this
will require a sharpening of the calculus tools available in the nonsmooth setting and, in
particular, we will analyze the structure of the (co)tangent modules on product spaces
which we believe to be interesting on its own.

Let us mention that Honda proved in [26] that the dimension of the first cohomology
group is upper semicontinuous along a non-collapsing sequence of manifolds with same
dimension and a uniform two-sided bound on the Ricci. This result hints at the possibility
of obtaining an almost rigidity statement of our theorem in the context of RCD spaces,
which would informally read as

‘if a RCD space almost fulfils the assumption of Theorem then it is mGH-
close to a flat torus’.

In this direction it is worth to emphasize that in the smooth category more is known: as
Colding proved in [12] (see also [11]), N-dimensional manifolds with Ricci > —e and first
cohomology group of dimension N, not only must be mGH-close to the torus, but also
diffeomorphic to it for every N > 2. Such differential (and topological) information is out
of reach of simple arguments based on the mGH-compactness of the class of RCD spaces.

We conclude underlying that even in the smooth case, although a lower bound on the
Ricci curvature gives information on the first Betti number, higher ones are in general not



controlled: see the examples provided by Anderson [9], Sha-Yang [33], Perelman [30] and
Menguy [2§].
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2 Preliminaries

To keep the presentation at reasonable length we shall assume the reader familiar with
the notions of Sobolev functions on metric measure spaces (introduced in [10], see also the
presentations in [34] and [3]), of differential calculus on such setting (see [17], [15]) and
with the notion of Regular Lagrangian Flow on metric measure spaces ([7], [8]). Here we
shall only recall a few facts mainly to fix the notation.

For us a metric measure space (X, d, m) will always be a complete and separable metric
space equipped with a reference non-negative (and non-zero) Borel measure m which is
finite on bounded sets and with full support, i.e. m(2) > 0 for every non-empty open set
) C X. This latter assumption is not really necessary, but simplifies some statements.

2.1 [L?- and L°-normed modules and basis of differential calculus

Definition 2.1 (L*(X)-normed modules). A L?(X)-normed L*(X)-module, or simply a
L?(X)-normed module, is a structure (A, | - ||,-,|-|) where

i) (A, -|) is a Banach space

i) - is a bilinear map from L (X)X A to M, called multiplication by L*°(X) functions,
such that

f(g-v)=(fg) v, (2.1.1a)
1-v=u, (2.1.1b)

for everyv € A and f,g € L>=(X), where 1 is the function identically equal to 1.

i) | -| is a map from M to L*(X), called pointwise norm, such that
lv| >0 m-a.e. (2.1.2a)
|fol = |fl|v] m-a.e. (2.1.2b)

[[v]l = W, (2.1.2¢)

An isomorphism between two L*(X)-normed modules is a linear bijection which preserves
the norm, the product with L*°(X) functions and the pointwise norm.



Definition 2.2 (L’-normed module). A L°-normed module is a structure (M ,T,-,| - |)
where:

i) - is a bilinear map, called multiplication with L° functions, from L°(X) x .4 to .M
for which (2.1.14), (2.1.1b)) hold for any f € LY(X), v € .4,

i) | -] M — LOX), called pointwise norm, satisfies (2.1.2a)) and (2.1.2B) for any
fel’X),ve.,

iii) for some Borel partition (E;) of X into sets of finite m-measure, the map
1 .
do(v, w) :Z;le(EZ)/EZ min{1, |v — w|} dm (2.1.3)

is a complete distance on A and T is the topology induced by it.

An isomorphims of L°-normed modules is a linear homeomorphism preserving the pointwise
norm and the multiplication with L°-functions.

It is readily checked that the choice of the partition (E;) in (iii) does not affect the
completeness of .#Z nor the topology 7.

Theorem/Definition 2.3 (L° completion of a module). Let .# be a L?-normed module.
Then there exists a unique couple (#°, 1), where #° is a L°-normed module and v : M —
MO is linear, preserving the pointwise norm and with dense image.

Uniqueness is intended up to unique isomorphism, i.e.: if (//ZO, I) has the same prop-
erties, then there exists a unique isomorphism ® : #° — MO such that i = ® o ..

2.2 Sobolev spaces for locally integrable objects

Given a metric measure space (X,d,m), by L2 _(X) we mean the space of (equivalence

classes w.r.t. m-a.e. equality of) Borel functions f : X — R such that xgf € L*(X) for
every bounded Borel set B C X. A curve ¢t — f, € L2 _(X) will be called continuous (resp.

absolutely continuous, Lipschitz, C'!) provided for any bounded Borel set B C X the curve
t = Xpfi € L*(X) is continuous (resp. absolutely continuous, Lipschitz, C!).

Recall that m € 2(C(]0,1],X)) is called test plan provided

(er)sm < Cm  Vtel0,1], for some C' > 0,

1
// 142 dt d7e < oo.
0

The Sobolev class §%(X) (resp. S2.(X)) is the space of all Borel functions f : X — R

loc

for which there exists G € L%*(X) (resp. G € L (X)) non-negative, called weak upper

loc



gradient, such that

/‘f m) — f(y)|dm(y / G () 3| dt dme () for every test plan .

It turns out that f € Sloc( ) and G is a weak upper gradient if and only if for every test
plan 7 we have that for m-a.e. v the map t — f(;) is in W11(0,1) and

SHo0l< GOl aetelo] (22.1)

From this characterization it follows that there exists a minimal weak upper gradient in the
m-a.e. sense: it will be Called minimal weak upper gradient and denoted by |D f|. With
a simple cut-off argument, also shows that f € S2_(X) if and only if nf € S?(X)
for every n Lipschitz and w1th bounded support.

The Sobolev space W12(X) (resp. VVl1 %(X)) is defined as L2 N S%(X) (resp. L N
S2.(X)) and again one can check that f € Wlif( ) if and only if nf € WH2(X) for every
n Lipschitz and with bounded support. W2(X) is a Banach space when endowed with
the norm

loc

112 = 1117200 + D120

(X,d,m) is said infinitesimally Hilbertian provided W?(X) is a Hilbert space.
Among others, minimal weak upper gradients have the following important locality
property:
Df|=Dg|  m—a.e on{f=g} /.9 € Sige(X).

Also, it will be useful to keep in mind that

Vf € SE.(X) there exists (f,) € S*(X) such that m(X \ Up{f = fu}) =0

2.2.2
and for every n € N the function f,, is bounded and with bounded support. ( )

Such sequence can be obtained noticing that for f € S2_(X) the truncated function (f A
(—c)) V ¢ also belongs to S2_(X) for every ¢ > 0 and then proceeding with a cut-off
argument.

From the notion of minimal weak upper gradient it is possible to extract the one of
differential via the following result:

Theorem /Definition 2.4. There erists a unique couple (L°(T*X),d) with L°(T*X) being
a LY(X)-normed module and d : S2_(X) — L°(T*X) linear and such that

loc

i) |df| = |IDf| m-a.e. for every f ES|OC( ),

i) LY(T*X) is generated by {df : f € SE.(X)}, i.e. LO-linear combinations of objects of
the form df are dense in L°(T*X).



Uniqueness is intended up to unique isomorphism, i.e. if (M ,d") is another such couple,
then there is a unique isomorphism ®: L°(T*X) — .# such that ®(df) = d'f for every

f € S|2OC(X)'
Some remarks:

a) Using the approximation property (2.2.2)) one can show that S%C(X) can be replaced
with either one of S?(X), W2(X) in the above statement

b) If one chooses to replace S (X) with either S*(X) of W12(X), then it is also possible
to replace the L%-normed module with a L?-normed module in the statement and in
this case in (47) ‘L°-linear’ should be replaced by ‘L®°-linear’ (notice that the choice of
the module also affects the topology considered, whence the possibility of having two
different uniqueness results). The proof is unaltered: compare for instance Theorem
with the construction of pullback module given in [17] and [15].

c¢) Call (L*(T*X),d) the outcome of Theorem written for L?-normed modulus and
one of the spaces S?(X), W12(X). Then its L°-completion can be fully identified with
the couple (L°(T*X),d) given by Theorem in the sense that: there is a unique
linear map ¢ : L?(T*X) — L°(T*X) sending df to df and preserving the pointwise
norm, moreover such map has dense image.

This is trivial to check from the definitions and for this reason we won’t use a distin-
guished notation for the differential coming from the ‘L?’ formulation of the state-
ment.

Let us now discuss other differentiation operators defined for objects with L2 _ integrability.

The space of vector fields L%(TX) is defined as the dual of the L%-normed module
LY(T*X). Equivalently, it is the L%-completion of the dual L?(TX) of the L2-normed
module L*(T*X) (see [I7], [15]). L& (TX) C L%(TX) is the space of X’s such that | X| €
L (X).

We say that X € L2 _(TX) has divergence in L2 _, and write X € D(divjoc), if there

loc loc?

exists h € L2 _(X) such that for every f € W12(X) with bounded support it holds

loc

/fh dm:—/df(X) dm.

In this case we put divX := h.

Let us now assume that (X,d,m) is infinitesimally Hilbertian, so that the pointwise
norms in L(7T*X), L%(TX) induce pointwise scalar products. Recall that in this case the
modules L°(T*X) and L°(TX) are canonically isomorphic via the Riesz (musical) isomor-
phism

b: LO(TX) — L°(T*X) and g: LO(T*X) — L°(TX). (2.2.3)



The gradient of a function f € WI}Jf(X) is defined as Vf := (df)f € L2 _(TX).

loc

We say that f € L2 _(X) has Laplacian in L2 _, and write f € D(Ajoc) if there exists

loc loc’

h € L2 _(X) such that for every g € WH?(X) with bounded support it holds

loc

/ghdmz—/(Vf,Vg>dm.

In this case we put Af := h. If f,h € L*(X) we shall write f € D(A) instead of f €
D(Ajoc). It is not hard to check that in this case this notion is equivalent to the more
familiar notion of Laplacian as infinitesimal generator of the Dirichlet form

1 2 ; 1,2
ey |5 [lafam e Wi,
+00

otherwise.
(see [3], []).

To continue this introduction, we shall now assume that (X, d, m) is a RCD(K, co) space
for some K € R (.[4]); recall that a RCD(K, co) space is an infinitesimally Hibertian metric
measure space satisfying the CD(K, 00) of Lott-Villani [27] and Sturm [35]. A relevant
property of Sobolev functions in relations to the metric of such spaces is the following
result, proved in [4] (see also [16], [18] for the given formulation):

Theorem 2.5. Let (Xi,d1,my) and (X2,d2, mg) be two RCD(K, 00) spaces with my, mso
having full support and T : X1 — Xo and S : X9 — X1 be Borel maps such that

ToS=Idx, my—a.e. SoT =Idx, my —a.e.,

and

Timy = my EX1 (f © T) = EXz(f) Vfe L2(X2)'
Then, up to modifications in a my-negligible set, T is an isometry.

Recall that the class of test functions (see [32]) is defined as
Test(X) := {f c L NWh(X)ND(A) : |df| € L™®(X), Af € W1’2(X)}.

Crucial properties of test functions are that they form an algebra and that |df|> € W12(X)
for f € Test(X) (see [32]). For our discussion, it is also useful to keep in mind that

for every K € Q C X with d(z,y) > ¢ for some ¢ > 0 and every z € K, y € Q°

2.2.4
there exists f € Test(X) with supp(f) C © and identically 1 on K, ( )

see e.g. [6].



With this said, we can define the space VVIZf (X) as the space of f € I/Vlif (X) for which
there exists A € L2 _((T%)®2X) such that

loc

2/hA(Vg,V§) dm
(2.2.5)
_ / (Y1, Vg) div(hV§) + (Vf, V) div(hVg) + h (V [, V((Vg,V3))) dm

for every g,g,h € Test(X) with bounded support. In this case we call A the Hessian
of f and denote it by Hess(f). If f € W12(X) and Hess(f) € L?((T*)®?X) we say that
f € W22(X). Noticing that the two sides of are continuous in h w.r.t. the W12
norm and using property it is easy to check that this definition of W2?2(X) coincides
with the one given in [I7]. Also, W?2%(X) is a separable Hilbert space when endowed the
norm

£ 2200 = 1720 + IDFNZ2 ) + [IHess(f)lns 172 (x)-
We recall (see [17]) that D(A) € W22(X) and

/\Hess(f) 2 dm < /\Af;? ~ K|df[ dm, (2.2.6)

so that in particular Test(X) € W?22(X). We then define H>?(X) as the W22-closure
of Test(X) and similarlyHi’f(X) as the I/Vli’f(X)—closure of Test(X), ie: f € Hif(X) C

w22 (X) provided there exists a sequence (f,) C Test(X) such that f,,df,, Hess(f,) con-

loc
verge to f,df,Hess(f) in L2 (X), L (T*X), LE .((T*)®?X) respectively.

loc

The space of Sobolev vector fields Wé’?OC(T X) is defined as the space of X € L2 (TX)
for which there is T € L?(T®2X) such that

/ WT(Vg, V) dm = / (X, V) div(hVg) + hHess(3)(X, Vg) dm

for every h,g,g € Test(X) with bounded support. In this case we call T' the covariant
derivative of X and denote it as VX. If |X|,|VX|ys € L*(X) we shall say that X €
Wé’2(TX); again, it is not hard to check that this definition of Wé’Q(TX) coincides with
the one given in [I7]. Vector fields of the form gV f for f, g € Test(X) are in Wé’2 (T'X) and
the Wé’z—closure of the linear span of such vector fields will be denoted HéJQ(T X). The

space H, é’,z (TX) is then equivalently defined either as the subspace of L2 _(TX) made of

loc

vectors X of such that fX € HéJZ(T X) for every f € Test(X) with bounded support or
as the Wéfoc—closure of H(lj’z(TX), i.e. as the space of vector fields X € Wé’lzoc(TX) such
that there is (X,) C H5*(TX) such that X, — X and VX, — VX in L2 _(TX) and
L2 (T%2X) as n — oo.

loc

10



The ‘local versions’ of the exterior differential, codifferential and Hodge Laplacian are
defined in the same way. For us it will be relevant to know that

feDAw) © df € D(Anjoc) and in this case dAf =—-Agdf (2.2.7)

where the minus sign is due to the usual sign convention Af = —Apgf; this is a direct
consequence of the analogous identity valid in for objects in D(A), D(Ap) and a cut-off
argument. Also, we shall use the fact that if X” € D(Ap o) then X € VVIi’CQ(TX) and the
Bochner inequality

X 2
A‘; > VX2 — (X, ApX") + K| X|? (2.2.8)

holds in the weak form, i.e.:
| X|? 2 b b 2
- Agdm > [ g([VX[;s — (X°, A X°) + K|X|?) dm

for every g € Test(X) non-negative and with bounded support. As before, this follows with
a cut-off argument starting with the analogous inequalities valid for the various objects
in L?. We remark that for a vector field X € D(Ap) implies, in particular, by
integration that

/|VX|E|S dm < /(X",AHXb> — K|X]?dm (2.2.9)
and recall that

X" € D(d), X € D(div)

with dX” =0, divX =0 (2:2.10)

X’ e D(Ay) with ApX =0 & {
indeed < follows from the definition of Ay and = from the identity

/(X",AHXb>dm :/\deP + [divX|? dm.

2.3 Regular Lagrangian Flows and continuity equation

Here we recall the concept of Regular Lagrangian Flow of Sobolev vector fields on RCD
spaces, which provides a non-smooth analogous of the concept of solution of the ODE

v = Xi(m).

This notion has been introduced by Ambrosio ([1]) in the Euclidean space in the context
of Di Perna-Lions theory ([I3]). Then Ambrosio-Trevisan ([7], see also [8]) showed that
theory could be developed in RCD spaces.

11



Definition 2.6 (Regular Lagrangian flow). Let (X;) € L?([0,1], L _(TX)). We say that

loc

F1(X¢) [0,1] x X — X is a Regular Lagrangian Flow for (X;) provided:
i) There is C > 0 such that

FIX))m < Cm  Vse[0,1]. (2.3.1)

ii) For m-a.e. x € X the curve [0,1] 3 s — Fngt)(:c) € X is continuous and such that
(Xe) oy —
Fly"" (x) = «.

iii) for every f € WhH2(X) we have: for m-a.e. x € X the function s f(Fngt)(a;))
belongs to W1(0,1) and it holds

-a.e.(z, s). (2.3.2)

S

%f(Fngﬂ(x)) = df(X)FIFI (@) mox Ll

We shall also deal with Regular Lagrangian Flows for Xy = X: in this case, we shall
mainly consider flows defined on the whole [0, o) rather than only on [0, 1] and the various
statements below should be read with this implicit assumption in mind.

Notice that it is due to property (i) that property (iii) makes sense. Indeed, for given
X, € LA(TX) and f € WH2(X) the function df(X,) € L'(X) is only defined m-a.e., so
that (part of) the role of is to grant that df(X;) o Fs is well defined m-a.e.. Also,
it is known (see Lemmas 7.4 and 9.2 in [7]) that for m-a.e. x the curve s — Fngt)(a:) is

: : : (X
absolutely continuous and for its metric speed |F1," " (z)| we have

(Xt)

FL " (2)] = | X (F1XD () ace. s €[0,1]. (2.3.3)
We shall always work with vector fields (X;) such that
| X:| € L*([0,1], L (X)). (2.34)

In this case, a simple property, valid for any p € [1,00), of Regular Lagrangian Flows that
we shall occasionally use is the following:

fs—=f mIPX)ass—0 = fooFIX) 5 f in IP(X) as s — 0. (2.3.5)
Indeed, for any Lipschitz function f with bounded support we have

1fs 0 FICD — fllio < || fs 0 FICD — F o FICD| 1o + || f o FIED — fllzo + | f = fllzo
by (2:3.1) <P+ D) fs = Flloe + 1F o I = F o
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Since for m-a.e. z € X the curve s — Flgxt)(x) is Lipschitz and with metric speed bounded
above by ||| X¢|||Lse(ze), We have

FEX @) - f@)] < [ Lip()IXil ey m— a2 €X,
hence letting ¢ — 0 in the above we obtain

T || fo o FIX = fllz2 < (CY 4+ 1)|1F = fllzs,

so that (2.3.5) follows from the arbitrariness of f and the density of Lipschitz functions
with bounded support in LP(X).
We shall mainly use Regular Lagrangian Flows via the following characterization:

Proposition 2.7. Let (X;) € L*([0,1], L3 (TX)) be such that (2.3.4) holds and F :
0,1] x X — X be a Borel map satisfying (i), (ii) of Definition [2.6f Then the following
are equivalent:

a) (iii) of Deﬁnition holds, i.e. F is a Regular Lagrangian flow for (X;).

b) for every f € WhH2(X) the map [0,1] > t = f o Fy € L*(X) is Lipschitz and for a.e.
t € [0,1] it holds
1i fOFt+h_fOFt
im
h—0 h

the limit being intended in L*(X).

= df(X,) o F, (2.3.6)

¢c) for every f € W,22(X) the map [0,1] 3t — foF, € Lloc( ) is Lipschitz and for a.e.

loc

te[0,1] - holds with the limit being intended in L3

loc*

Moreover, if these holds and X; = X, then ‘Lipschitz’ in (b), (c) can be replaced by ‘C*’
and (2.3.6) holds for every t € [0,1].

proof

(a) = (b) From (2.3.2) and Fubini’s theorem we have that for m-a.e. z and (£1|[O 1])2—zau.e.
(So, 81) it holds
51
FPIG () = P @) = [ AFOR)FI () ds. (2.3.7)
50

By the uniform bound (2.3.4) and (2.3.1)) we deduce that (df(X.)oF1™")) e L>([0, 1], L2(X)),
and thus the Bochner integral fssol df(Xs) o FIY*) ds is a well defined function in L*(X)

which vary continuously in sg, s1. By (2.3.5) we also deduce that s — f o Fngt) € L*(X)
is continuous, thus from ([2.3.7)) we obtain that

foFI) — foF1<Xt>—/ df(X,) o FIX) ds,  Vsp,s1 € [0,1], so < s1,
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where the identity is intended in L?(X) and the integral in the right hand side is the
Bochner one. The Lipschitz continuity of s — f o FISY ¢ L?(X) and follow.

(b) = (c) The assumption together with grant finite speed of propagation.
Thus for every given bounded set B C X the set B" := Uy¢jo 1] (Fngt)) _1(B ) is also bounded
and we can find a Lipschitz function X with bounded support which is identically 1 on B’.
Hence for f € W,'%(X) arbitrary we have Xf € W2(X) and (Xf) o FIY = fo FIY) on

loc

B for every s € [0,1]. The claim follows from the arbitrariness of f and B.
(c) = (a) By assumption for every bounded set B C X we have

S1
xB(foFlgfﬂ —foF1g§t>) :/ Xpdf(X,) o FIXD ds, Vs, s1 € [0,1], s0 < 51

50

and thus from the arbitrariness of B and Fubini’s theorem we conclude that for m-a.e. x
it holds

FEI (@)= fFIG (2)) —/ df(X)FIFD (@) ds,  L7—a.e. 50,1 € [0,1], 50 < s1.

S0

Applying Lemma 2.1 of [2] we deduce that for m-a.e. = the function ¢ f(Flgf(t)(:c))
belongs to W1(0,1) and it is now obvious that its distributional derivative is given by

df(Xs)(F1 Xt)( )), thus concluding the proof.
C! regularity It is sufficient to prove that s ~ df(X) o FIY) € L*(X) (resp. LZ.)
is continuous for f € W2(X) (resp. W,-*(X)). This is a direct consequence of ([2.3.5)

loc

applied to the functions f; = df(X) (resp. Xpdf(X) for B C X Borel and bounded). O

With this said, we shall now recall the main result of [7] in the form we will use it:

Theorem 2.8. Let (X;) € L*([0,1], Wit (TX)) N L([0,1], L®(TX)) be such that X, €
D(diviec) for a.e. t € [0,1], with

1
/ VX2 + V(X 1200 + 1 (div(Xe) e dt < oc. (2.3.8)

Then a Regular Lagrangian Flow F( ) for (Xy) exists and is umque in the sense that if
FXY) s another flow, then for m-a.e. x € X it holds Fy(z) = Fy(x) for every s € [0,1].
Moreover it holds the quantitative bound

(Fs(Xt))*m < exp (/03 I (diV(Xt))_HLoo(X) dt) m Vs € [0, 1]. (2.3.9)

Notice that the uniqueness part of the statement grants in particular that for X; in-
dependent on ¢, say X; = X, the Regular Lagrangian Flow (that in this situation is well
defined for any t > 0) satisfies the semigroup property

FIEX) o Fng) - Flgfg m-—a.e. Vt,s > 0. (2.3.10)

14



The uniqueness part of Theorem [2.8]is tightly linked to the uniqueness of solutions of the
continuity equation ([7],[21]):

Definition 2.9 (Solutions of the continuity equation). Let t — pu; € Z(X) and t — X; €
LY(TX), t € ]0,1], be Borel maps. We say that they solve the continuity equation

d

provided:

i) p < Cm for every t € [0,1] and some C > 0,

1
/ /|Xt|2dut dt < 00,
0

iii) for any f € W12(X) the map t — [ fduy is absolutely continuous and it holds

i1) we have

d
dt/fdut :/df(Xt) d a.e. t.

The following uniqueness result and representation formula has been proved in [7].

Theorem 2.10 (Uniqueness of solutions of the continuity equation). Let (X;) be as in
Theorem and i € P(X) be such that g < Cm for some C' > 0.
Then there exists a unique (pt) such that (g, X¢) solves the continuity equation (2.3.11])
in the sense of Deﬁm'tion and for which py = fi. Moreover, such (ut) is given by
s = (FIXD) 0 Vs e[0,1].

S

3 Calculus Tools

3.1 Local bounded compression/deformation

Here we shall extend the constructions of pullback module and pullback of 1-forms provided
in [17] (see also [I5]) to maps which are locally of bounded compression/deformation. For
this, it is technically convenient to work with L°-normed modules rather than with L2-
normed ones.
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3.1.1 Pullback module through a map of local bounded compression

Definition 3.1 (Maps of local bounded compression). Let (X1, m;) and (Xg,ms) be two
o-finite measured spaces. We say that p: X1 — Xo is a map of local bounded compression
provided for every B C #(X1) with mi(B) < +oo there exists a constant Cg > 0 such that

pi(mi|p) < Cpma. (3.1.1)

Theorem /Definition 3.2. Let (Xy,my) and (Xa,mg) be two o-finite measured spaces,
p: Xy = Xy be of local bounded compression and A a LO(XQ)—normed module. Then there
exists a unique couple ([¢*]. 4 ,[¢*]) where [¢*].# is a L°(X1)-module and [¢*] : M —
[0*|A is a linear map such that:

1) |[¢*]v| = |v| o p my-a.e. for everyv € M,
2) [¢*] A is generated by {[p*] (v) :v € A }.

—_——

Uniqueness is intended up to unique isomorphism, i.e.: if ([go*]///, [4,5*]) is another such

—_——

couple, then there exists a unique isomorphism ®: [p*|M — [p*|.# such that [p*] =
[p*] o ®.

proof
Existence We define the ‘pre-pullback’ set Ppb as

Ppb := {(UZ‘,A,L')Z‘:LM’” :neN, (A;) C A(Xy) is a partition of Xy and v; € # Vi=1,.. .,n}
and an equivalence relation on it by declaring (v;, 4;) ~ (w;, B;) provided
|vi —wjlop =0 my-a.e. on A; N B, Vi, .

It s readily verified that it is actually an equivalence relation on Ppb: we shall denote by
[(vs, A;)] the equivalence class of (v;, 4;).
We endow Ppb/ ~ with a vector space structure by putting

[(vi, Ai)] + [(wj, By)] = [(vi + wj, A; N By)]
Al(vi, A7)] = [(Avi, Ai)]

for every [(v;, A;)], [(wj, B;)] € Ppb/ ~ and A € R. Notice that these are well defined.
Moreover, we define a pointwise norm on Ppb/ ~ and a multiplication with simple functions
by putting

[[(vi, Ap)]| = ZXAilvil o

gl(vi, Ai)] := [(ayvi, Ai N Ej)] for g= ZanEj'
J
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Again, these are easily seen to be well defined; then we fix a partition (E;) C A(X;) of X;
made of sets of finite mj-measure and define the distance dy on Ppb/ ~ as

1
do([(vi, A3)], [(ws, B;)]) := / vi, A7) — [(wy, B;)]| dmy.
ol A0 s B o= 3 s [ 0400 K 3]
We then define the space [¢p*].# as the completion of (Ppb/ ~,dy), equipped with the
induced topology and the pullback map [¢*] : A# — [p*|4 as [p*]v = [v,Xi]. The
(in)equalities

[[(vi + wj, Ai O By)]| < [[(vi, Ad)]| + [[(wy, By,
ALz, A)]| = |A[[(vi, Ad)]I;
l91(vi, A]| = |gll[(vi, Ai)]l;

valid my-a.e. for every [(v;, A;)], [(w;, Bj)] € Ppb/ ~, A € R and simple function g grant that
the vector space structure, the pointwise norm and the multiplication by simple functions
can all be extended by continuity to the whole [¢*].# and it is then clear with these
operations such space is a L%-normed module.

Property (1) then follows by the very definitions of pullback map and pointwise norm,
while property (2) from the fact that Ppb/ ~ is dense in [p*].# and the typical element
[vi, A;] of Ppb/ ~ is equal to >, Xa,[¢*]v;

Uniqueness The requirement for ®: [p*].# — [¢*].# to be L°(X;)-linear and such that
[@*] = [¢*] o ® force the definition

= Z Xa; @ v for V= Z XA, [¢" v (3.1.2)

The identity

) for ) for M
V)= x5l O L quw £ > xalieud =V

shows in particular that the definition of ®(V) is well-posed, i.e. it depends only on V
and not on the particular way to represent it as sum. It also shows that it preserves the
pointwise norm and thus it is continuous. Since the space of Vs of the form ), X 4, [¢*]v; is
dense in [p*].# (property (2) for [p*].#), such ® can be uniquely extended to a continuous
map on the whole [¢*].# and such extension is clearly linear, continuous, and preserves
the pointwise norm. By definition, it also holds ®(¢gV) = g®(V) for g simple and V =
> X, [¢*]vi and thus by approximation we see that the same holds for general g € L%(X;)
and V € [p*] A .

It remains to show that the image of ® is the whole [p*].#: this follows from the fact
that elements of the form )", X 4, [ *]vi, which by definition are in the image of ®, are dense

n [@*|.# by property (2) for [p *]/// O
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We shall now provide an explicit representation of such pullback module in the case
when ¢ is a projection.

Thus let (X1, my) and (X2, my) be two o-finite measured spaces and let .# be a L°(X;)-
module over Xj.

We shall denote by L°(Xy,.#) the space of (equivalence classes up to mo-a.e. equality of )
strongly measurable functions (=Borel and essentially separably valued, the latter meaning
that except for a negligible set the function take values in a separable subspace) from Xo
to .# and claim that such space canonically carries the structure of L%(X; x Xs)-normed
module. The multiplication of an element in L°(Xy,.#) by a function f € LY(X; x X2) is
defined as the map Xs 3 29 +— f(-, 22) - v(-,22) € .#. By approximating f in L°(X; x X»)
with functions having finite range it is easy to check that zo — f(-,x2) - v(-,x2) has
separable range if x9 — v(-,x2) does, so that this definition is well posed. Similarly, the
pointwise norm of v € L%(Xy,.#) is obtained composing the map x5 — v(-,x2) € .# with
the pointwise norm on .2, thus providing an element of L°(Xo, L°(X1)) ~ L9(X; x Xa).
Finally, we use such pointwise norm to define the topology of L%(Xs,.#) as in point (4ii)
of Definition 2.2

It is not hard to check that sequences converging in this topology are made of maps
vn (-, 2) which are mo-a.e. converging and that with these definitions L°(Xs,.#) is indeed
a LY(X; x X3)-normed module.

In what will come next, we shall often implicitly use the following identification:

Proposition 3.3 ([71]*.# is isomorphic to L°(Xy, .#)). Let (X1,m1) and (Xa,mz) be two
o-finite measured spaces, M a LO(Xl)—module over X1 and m : X1 X X9 — X3 the canonical
projection.

Then there exists a unique isomorphism from [m1*|(#) to L°(Xa,.#) which for every
v € M sends [m}]v to the function in L°(Xa,.#) constantly equal to v.

proof For v € .4 let © € L°(Xy,.#) be the function constantly equal to v. It is clear
that |9 = |v| o 71 my x mg-a.e.. Moreover, from the fact that functions in L°(Xy,.#) are
essentially separably valued it follows by standard means in vector-space integration that
{6 :v € A} generate the whole L°(Xq, ).

The conclusion comes from Theorem [3.21 O

3.1.2 Localized pullback of 1-forms

Definition 3.4 (Maps of local bounded deformation). Let (X1,d1,my) and (Xg,d2, ma) be
two metric measure spaces. We say that a map ¢ : X1 — Xo s of local bounded deformation
if for every bounded set B C X there are constants L(B),C(B) > 0 such that:

¢ is L(B)—Lipschitz on B
P (mlyB) < C(B)m2
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Recalling that the local Lipschitz constant lip ¢ : X1 — [0, 00] is defined as

lip p(z) = Tim W

if z is not isolated, 0 otherwise, we have the following simple statement:

Proposition 3.5. Let (X;,d;,my) and (Xg,d2, my) be two metric measure spaces and ¢ :
X1 — Xo be a map of local bounded deformation. Then for any f € S%C(XQ), we have
fopeS2.(X1) and

loc

[d(fop)l <lpeldflop,  mi—ae. (3.1.3)
proof Fix a point = € Xy, let 4,, C C([0,1],X;) be defined as

Ay i={v€C([0,1],X1) : 3 € Bn(z) Vt € [0,1]}

and notice that U, A4, = C([0,1],X;). Now let 7 be a test plan on X; and notice that for
n sufficiently large the measure m, := Tl'(An)_17T| 4 s well defined and a test plan. By
construction we have

(er)wputrn < w(A,) " 1C(BL(Z))C(m)my vt € [0,1],

where C() is such that (e;).w < C(m)m; for every ¢ € [0,1], and taking into account the
trivial bound
{metric speed of t — ©(v)} <lipo(ve)|e a.e.t (3.1.4)

we also have

1 1
e |2 ™ ™ -1r2 x 't2 Ty .
//0 [Y¢|* dt Ay, () < 7(An) ™ L7 (B ))//0 4| dt d7ep, (7)

Hence @,m, is a test plan on Xy and thus for p.m,-a.e. ¥ we have that ¢ — f(7) is in
Wh1(0,1) with

d .
S 1GO| < FilldfIGo).

Recalling (3.1.4)) this means that for m,-a.e. v the map ¢t — f(¢(7)) belongs to W11(0,1)

with
%f(w(%))l < lipo(ve) [Fel |df (e (7)) (3.1.5)

Being this true for every n € N sufficiently large, (3.1.5) holds also for 7r-a.e. v and since
lipp|df| oy € L2 _(X1), by the characterization ([2.2.1]) of Sobolev functions the proof is

loc

completed. 0
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Theorem /Definition 3.6 (Pullback of 1-forms). Let (X1,d;, m;) and (Xa,d2, mg) be two
metric measure spaces and @ : X1 — Xo be a map of local bounded deformation.

Then there exists a unique linear and continuous map ¢*: L°(T*Xy) — L°(T*X;) such
that

P (df) = d(f o), Vf € Sioe(Xa), (3.16)
PH(gw) =goppw,  Vge L'(Xy), we L(T*Xy), h
and such map satisfies
|p*w| <lipy|w|op mi-a.e., Vw € LO(T*Xy). (3.1.7)
proof The requirements (3.1.6)) force the definition
Yrw = Z Xp-1(g)d(fi o ¢) for w= Z Xg,dfi, (3.1.8)

for (E;) finite Borel partition of Xs and (f;) € S2_(X2). The bound

loc
[o'wl =Y Xe-1myld(fiop)] < lipe Y Xg opldfilop=lipplwlop,  (3.1.9)

7

grants both that the definition of ¢*w is well-posed (i.e. its value depends only on w and
not in how it is written as ), Xg,df;) and that ¢* is continuous from the space of w’s as
in with the L°( T*Xsy)-topology to LY(T*X;). Since the class of such w’s is dense in
LO(T*X3), we can uniquely extend ¢* to a continuous map from LO(T*X3) to L°(T*X;).

The resulting extension satisfies the first in by definition, while comes
from . The second in for simple functions ¢ is a direct consequence of the
definition , then the general case follows by approximation. Thus existence is proved;
uniqueness follows from the fact that the construction has been forced by the requirements
in the statement. O

3.2 Calculus on product spaces
3.2.1 Cotangent module and product of spaces

Let (X1,d1,m;) and (X2,d2, mg) be two metric measure spaces. Aim of this section is to
relate the cotangent modules of Xy, X5 to that of the product space X; x X5, which will
be always implicitly endowed with the product measure and the distance

(di ® do)?((w1, m2), (y1,92)) := di (21, 91) + d3(22,72).

Let m; : Xy x X9 — X;, ¢ = 1,2 be the canonical projections, observe that they are of
local bounded deformation and recall from Proposition and the discussion before it
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that LO(Xy, L(T*X1)) ~ [m3]LO(T*X1) canonically carries the structure of L%(X; x Xj)-
normed module.
We then start with the following simple and general fact:

Proposition 3.7. Let (X;,d;,my) and (Xg,d2, ma) be two metric measure spaces. Then
there exists a unique L°(Xy x Xo)-linear and continuous map ®1 : L9(Xo, L°(T*X1)) —
LO(T*(X1 x X3)) such that

®i(dg) =d(gom) Vg€ SE(X1), (3.2.1)

where 85 : Xo — LO(T*Xy) is the function identically equal to dg. Such map preserves the
pointwise norm.

Similarly, there is a unique L°(Xy xXsa)-linear and continuous map ®o : LO(Xy, L°(T*X3)) —
LO(T*(X1 x X3)) such that

®y(dh) =d(hom)  VheSE(Xa),

where dh : Xy — LY(T*X3) is the function identically equal to dh, and such map preserves
the pointwise norm.

proof We shall prove the claims for @1, as then the ones for ®, follow by symmetry. The
required L°-linearity and (3.2.1]) force the definition

@1<W) = ZXAi O7T1XB]- 0 79 d(gi,j O7T1) for W = ZXBj(XAing’J‘) (322)
i3 i,J
where (A;), (B;) are finite Borel partitions of Xj, Xy respectively and (g; ;) C S2.(X1).
Since m; is 1-Lipschitz we have

D1 (W) = Xp, omald(giom)| < 3 Xp, omldg|om = W] (3.2.3)

(2 (3

which shows both that provides a good definition for ®;(W), in the sense that
@ (W) depends only on W and not on the way we write it as >, ; Xp;(X4,dg;,;), and that
it is continuous. The definition also ensures that ®;(fW) = f®1(W) for f € LY(X; x X»)
of the form Z” @; XA, XB; for (4;), (B;) finite Borel partitions of X;, X2 respectively and
(ai,j) C R.

Since these functions are dense in L°(X; x Xp) and W’s as in are dense in
LO(Xy, L%(T*X5)), this is enough to show existence and uniqueness of a L°-linear and
continuous ®; for which holds and, from , that for such ®; we have

‘(I)l(WN < ‘W| m; X My — a.e.. (3.2.4)
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Thus to conclude it is sufficient to show that equality holds and, by the very same arguments
just given, to this aim it is sufficient to show that

|dg| o7 =|d(gom)] my x my —a.e. Vg € SE.(X1). (3.2.5)
It is now convenient to consider the map

T: ¢([0,1, X)) xXo —  C([0,1], X1 x Xa)
(t = v ,x2) +—  t— (7, x2).

Notice that
for any x4 € Xg the speed of T'(vy, z2) is equal to the speed of ~ for a.e. ¢ (3.2.6)

and fix u € P(Xy) such that g < Cmy for some C' > 0. Then for an arbitrary test plan 7
on X; define
= T*(ﬂ' X M) S :@(C([O, 1],X1 X Xg))

and observe that 7 is a test plan on X; x Xs. Hence for any g € S%C(Xl) we have
/]goel —goep dﬂ':/]gomoel —gom oey| di
< [ [lgomiGoil v a
by G20 = [ [ (J1awomirenean autea) ) il ano) ar

so that the arbitrariness of  gives that the function [|d(g o m)|(-, x2)du(z2) is a weak
upper gradient of g. Therefore for mj-a.e. 1 we have

dgl (1) < / d(g o m0)| (1, 22) dpa(s) / dg| o my (1, 2) du(zz) = |dg|(z1).

Hence the inequalities are equalities and the arbitrariness of p gives ((3.2.5)). U

It seems hard to obtain any further relation between the cotangent modules in full
generality, for this reason from now on we shall make two structural assumptions. In the
following, for any function f(x1,z2) on the product space X; x Xg, we define f*1(.) :=

f(z1,-) and, similarly, f,,(-) := f(-, z2).

Definition 3.8 (Tensorization of the Cheeger energy). We say that two metric measure
spaces (X1,d1, my) and (Xg,d2, ma) have the property of tensorization of the Cheeger energy
provided for any f € L*(Xy x Xg) the following holds: f € W12(X;1 x X3) if and only if

- fo e WH2(Xy) for my-a.e. 21 € Xy and ff|dfx1|2dm2 dmy(z1) < 00
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- fo, € WH2(X4) for ma-a.e. xo € Xo with ff\dfm]Qdml dmg(x2) < 00

and in this case it holds
|df [ (x1, 220) = |df™ )2 (22) + |dfw|*(x1)  m1 X mg — ace. (z1,22). (3.2.7)

Notice that for g € LN W12(X;) and h € LN WH2(X3) both with bounded support,
the function gom homy has bounded support and is in LN W1H2(X; x X»), its differential
being given by

d(gomhom) =gomd(home)+homyd(gom). (3.2.8)

Definition 3.9 (Density of the product algebra). We say that two metric measure spaces
(X1,d1,my) and (Xa,d2, mg) have the property of density of product algebra if the set

e 1,2
— , , ) gj € L* N WH*(Xy) has bounded support ,. }
A= {Z;gjom hjemz = m €N, hj € LN WH2(Xy) has bounded support j=1L..n
J:

(3.2.9)
is dense in W12(X1 x X3) in the strong topology of W12(Xy x Xa).

From now on we will always assume the following:

Assumption 3.10. (Xi,dy,my) and (Xg,d2, m2) are two metric measure spaces for which
both the tensorization of Cheeger energy and the density of the product algebra hold.

It is worth to underline that no couple of spaces X1, Xs are known for which Assumption
does not hold. On the other hand, it is unclear if that holds in full generality. The
first results about the tensorization of Cheeger energies being given in [4] for the cases of
two RCD spaces with finite mass, for our purposes the following result covers the cases of
interest:

Proposition 3.11. Let (X1,di,m1) be a RCD(K, 00) spaces and let Xo be the Euclidean
space RN equipped with the Euclidean distance and the Lebesque measure.

Then both the tensorization of the Cheeger energy and the density of the product algebra
hold.

proof In [20] it has been proved that for arbitrary (Xi,d;,m;) and for Xy = R the ten-
sorization of the Cheeger energy holds and the algebra A is dense in energy, i.e.: for any
f € Wh2(Xy x R) there is (f,,) C A such that f,, — f and |df,| — |df| in L*(X; x R).

If (Xi,dy,my) is infinitesimally Hilbertian (which is the case for RCD spaces), then
the tensorization of the Cheeger energy ensures that W12(X; x R) is a Hilbert space, so
that the uniform convexity of the norm grants that convergence in energy implies strong
W L2_convergence.

Thus the thesis is true for Xo = R. The general case follows by a simple induction
argument. O
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With this said, we shall now continue the investigation of the relation between cotangent
modules and products of spaces. We start with the following result; notice that the density
of the product algebra is used to show that for f € SE.(X1 x X2) the map zo — dfy, €
LO(T*X4) is essentially separably valued.

Lemma 3.12. Let (X1,d;,m;) and (Xg,d2,mg) be two metric measure spaces satisfying
Assumption [3.10

Then for every f € SE.(X1 x X2) we have that fy, € SE.(X1) for ma-a.e. z2 and the
map o — dfy, belongs to L°(Xy, L°(T*X1)). Moreover, for (f,) C S2.(X1 x X3) we have

loc
df, — df in LO(T*(X; x X3)) = d(fn). — df in L°(Xe, LY(T*X1)). (3.2.10)

Similarly for the roles of X1 and Xo inverted. Finally, the identity (3.2.7) holds for any
fe S2 (Xl X XQ)

loc
proof Let f = gom hom for some g € L N W12(Xy) and h € L™ N W2(Xy) with
bounded supports and notice that df,, = h(x2)dg for every xo € Xo. Hence zg — df,, €
L2(Xy, L2(T*X1)).
By linearity, the same holds for a generic f € A. Now notice that for an arbitrary
f € Wh2(Xy x X3), the identity yields

|dfw?(z1) < |dfP (@1, 22)  my xmg —ace. (z1,22), (3.2.11)

and thus . .
Idf: = dflllzz2xa,2x0)) < I = Fllwrexxs) - (32.12)

Hence for f € W12(X; x X3) arbitrary, using the density of the product algebra we can find
(fn) € A Wt2converging to f, so that from we see that df. € L?(Xg, L*(T*Xy)).

We now prove for f € S2.(X;1 x X3) thanks to an approximation argument.
Given , find f € S2_(X; x X2) find a sequence (f,,) C WH?(X;y x X3) as in and use
the locality of the differential to get that holds even for f € S2_(X; x X3). Thus,
since clearly df, — df in L%(T* (X1 x X3)), from we also get that |d(f,). —df.| — 0
in L9(Xg, L%(X1)): this proves both that df. € L%(Xg, L%(T*X1)) and that d(f,). — df. in
LO(Xy, L(T*X1)).

Since this latter convergence does not depend on the particular choice of the sequence

(fn) € S2.(Xy x Xg) such that df, — df in L°(T*(X; x X3)), we proved also (3.2.10).

loc
The last claim follows along the same approximation argument using the continuity

property (3.2.10) (and the analogous one with X; and Xj inverted). O

Let .4, #5 be two L%-normed modules on a space X. Then on the product .#; x .5
we shall consider the structure of L-normed module given by: the product topology, the
multiplication by L°-functions given by f(vi,v2) := (fvi, fva) and the pointwise norm
defined as

|(v1,0)[? = o1 |* + [va]*.
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It is readily verified that these actually endow .#; x .#5 with the structure of L%-normed
module.

In particular, L°(Xy, LO(T*X1)) x L%(X1, L°(T*X3)) is a L°(X; x X3)-normed module
and we can define ®; @ &9 as

(I’l D (I)QZ LO(XQ, LO(T*Xl)) X LO(Xl, LO(T*XQ)) — LO(T*(Xl X Xg))
(w, o) = P (w) + Po(o)

We then have the following result:

Theorem 3.13. Let (X1,d1,my) and (Xa,d2, mg) be two metric measure spaces such that
Assumption holds. Then ®1® P4 is an isomorphism of modules, i.e. it is LY (X1 xX2)-
linear, continuous, surjective and for everyw. € L%(Xa, L°(T*X1)) and 0. € LY(Xy, L°( T*X3))
satisfies

|B1(w.) + Pa(a)* = [w]? + o> my xmy—ae. (3.2.13)

Moreover, for every f € S2 (X1 x Xg) it holds:

loc
df = O1(df) + Po(df). (3.2.14)

proof From Proposition it is clear that ®; @ ®5 is L?(X; x Xj)-linear and continuous.
We now claim that

@1 (dg) + ®o(dR)[> = |dg[? o my + |dh|2 0wy my x my — ae. (3.2.15)

for any g € S?(X1), h € S?(Xs), where dg € L%(Xg, L°(T*Xy)) is the function identically
equal to dg, and similarly for dh € LO(Xy, L%(T*X3)). Fix such g,h and put f :=gom +
homy € 82 (X1 x X3). Notice that trivially df,, = dg and df** = dh for any z; € X; and

loc
x9 € Xg, hence from the tensorization of Cheeger energy (recall the last claim of Lemma

above) we have
—_ —~ 3.2.
B4 (dg)+ Bo(dR) 2 = [d(gom) +d(hom)|? = |df2 BED (s 24 (df 2 = |dg[2om +]dh|?oms

which is . Thus holds for forms of the kind a\g, dh and since these generate
LO(Xg, L%(T*X4)) and LY(Xy, L°(T*X2)) respectively, by the locality and continuity of
1 @ ¢y we conclude that holds.

Now we prove (3.2.14)). Let g € LN WH(X;) and h € L>* N W1?(X3) be both with
bounded support and consider f := gom homy. Then f € W2(X; x X5) and the very
definition of ®1, 5 grant that

df =homyd(gom)+gomd(hom)=®1(hdg) + Pa(gdh) = (131(df.) —|—<I>2(df'),

so that in this case (3.2.14]) is proved. By linearity, we get that (3.2.14)) holds for general
f € A. Then using first the density of A in W'2(X; x X3) and then property (2.2.2)),
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taking into account the convergence property (3.2.10) we conclude that (|3.2.14}) holds for

general f € S2_(X; x Xz), as claimed.

It remains to prove that ®; @ ®, is surjective. By we know that its image
contains the space of differential of functions in S2_(X; x X3), and thus L%linear combi-
nations of them. Since it preserves the pointwise norm, its image must be closed and since
LO(T*(Xy x X2)) is generated by differentials of functions in S2_(X; x X2), this is sufficient
to conclude. O

3.2.2 Other differential operators in product spaces

In the previous section we have seen how the differential behaves under products of spaces.
We shall now investigate other differentiation operators under the assumption that X, Xo
are infinitesimally Hilbertian.

We start with the following simple orthogonality statement:

Proposition 3.14. Let (X1,d1,my) and (Xg,da, mo) be infinitesimally Hilbertian spaces
such that Assumption [3.10] holds. Then Xy x Xg is also infinitesimally Hilbertian and for
every w! € LO(Xq, L°(T*X1)) and w? € L¥(Xy, LY (T*X3)) we have

(@1 (wh), P2(w?)) =0 my xmy —ae.. (3.2.16)

proof The fact that W12(X; x Xg) is Hilbert is a direct consequence of the tensorization
of the Cheeger energy and the assumption that both W12?(X;) and W12(Xy) are Hilbert.

For (3.2.16]) notice that
(13.2.13)
Wl 4 1672 BZD [ 1) + Do) = @1 + @22 +2 (@1 (), Ba(w2),

so that the conclusion follows recalling that &1, ®5 preserve the pointwise norms. O
By means of the musical isomorphisms (recall (2.2.3)) the map ®; induces a map, still
denoted (I>1, from LO(XQ, LO(TXl)) to LO(T(Xl X Xz)) via:
B1(X.) = dy (X

Similarly for ®5. It is clear that these newly defined ®1,®5 have all the properties we
previously proved for the same operators viewed as acting on forms. We also notice that
for any w. € L°(Xo, L°(T*X1)) and X. € L°(Xso, L°(TX1)) we have

Q1 (w.)(P1(X))(T1,22) = way (Xgy)(z1) M1 X Mg — a.e. (z1,72). (3.2.17)

Indeed, for w. = dg and X. = Vg for g,§ € SE.(X1) this is a direct consequence of the
definition of ®; and the fact that ®; preserves the pointwise norm (and hence the pointwise
scalar product), then the general case follows by LY(X; x Xs)-bilinearity and continuity of
both sides.
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Proposition 3.15. Let (Xi,d1,my) and (Xg,da, ma) be infinitesimally Hilbertian spaces
such that Assumption holds. Then X € D(divioc, X1) if and only if ®1(X) € D(diviec, X1 X X3),
where X € LY(Xq, L°(TX})) is the function identically equal to X, and in this case

div(®1(X)) = div(X) o .

proof From the very definition of divergence it is readily verified that the thesis is equivalent
to

/df(ti)l(f())d(ml X my) = // df.(X) dm; dmy

for every f € W12(X; x X3) with bounded support.
For such f we have

/ df(®1(X))d(my x my) / (®1(df) + @2(df)) (@1(X)) d(my x mg)
/ (®1(df)) (@1(X)) d(m1 x my)
//df(X) dmy dmg,

hence the conclusion. O

A related property is the following;:

Proposition 3.16. Let (X1,d1,my) and (Xo,do, ma) be infinitesimally Hilbertian spaces
such that Assumption holds. Let X = ®1(X1) + ®2(X?2) € L*(T (X1 x X)) be such
that:

- X%Q € D(div,X;) for mg-a.e. xo9 € Xo wz’th/ ’div(X,l)’2 d(m; x mg) < oo

- X%l € D(div,Xsg) for mj-a.e. x1 € X wz’th/ ’div(X,Q)’2 d(m; x mg) < oo.
Then X € D(div) and

div(X)(z1, z2) = diV(X;Q)(ﬂjl) + diV(Xgl)(:cg) m; X mg —a.e. (r1,z2).  (3.2.18)
proof For any f € WH2(X; x Xs) with bounded support we have

/ df(X)d(m; x my) / (@1(df.) + @a(df)) (@1(X!) + @(X2)) d(my x mg)
/‘1’1(df.)<131(X.1) + @ (df ) Po(X?) d(my x my)
/(/dfl(X,l)dtm)dmva/(/df'(X?)dr@)dm?’

which is the thesis. O
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These last two statements produce analogous ones for the Laplacian:

Corollary 3.17. Let (X;,d1, my) and (Xg,da, ma) be infinitesimally Hilbertian spaces such
that Assumption holds. Then:

i) f € D(Ajoc,X1) if and only if fom € D(Ajoe, X1 X X2) and in this case
A(fom)=(Af)om.

i) Let f € W12(Xy x Xy) be such that

— for my-a.e. 1 € Xy, f7 € D(A,X3) with f||Af””1||%2(X2) dmy < oo,

— for ma-a.e. g € Xa, fr, € D(A,X1) with f||Afx2H%2(Xl) dmy < oo.
Then f € D(A,X; x Xg) and

Af(xr,m2) = Afg, (1) + Af* (22) m; X my — a.e. (x1,22). (3.2.19)
proof For the first claim simply notice that, directly from the definition, we have f €
D(Ajoc, X1) if and only if V f € D(diviee, X) and in this case div(V f) = Af. Similarly for
f om. Then observe that grants that V(f om) = @1(63") and apply Proposition
[B.15 above to conclude.

The second claim follows by analogous considerations using Proposition and the

identity Vf = ®1(Vf.) + ®2(V ) (recall (3.2.14)). O

3.3 Flow of harmonic vector fields on RCD(0, c0) spaces

In this section we work on a fixed RCD(0,00) space (X,d,m) and study the Regular
Lagrangian Flow of a fixed non-zero vector field X € L?(TX) which is harmonic, i.e.
X" € D(Ap) with Ay X* = 0. Recalling we have that divX = 0, while
grants that X is parallel, i.e. X € Hé’z(TX) with VX = 0. This latter property also
implies that |X| is constant (see [17] for the details about this last claim).

We can thus apply Theorem to deduce that there exists and is unique the Regular
Lagrangian Flow (Flgx)) of X. Aim of this section is to prove that:

i) the maps FLX are measure preserving isometries
ii) if Y is another harmonic vector field, then FLX o F1¥ = FI:X Y for any ¢, s.

Notice that by analogy with the smooth case, one would expect to need only the conditions
divX =0, VX = 0 and that X is a RCD(K, o0) space to get the above. Yet, it is unclear
to us whether these are really sufficient, (part of) the problem being in the approximation
procedure used in Proposition which requires our stronger assumptions.
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In what comes next we shall occasionally use the following simple fact: for T, 5: X — X
Borel we have

T = Sepn Y € P (X) with bounded support and density = T=S§ m-—a.e.
(3.3.1)
Indeed, if T' # S on a set of positive measure, for some r > 0 we would have d(T'(z), S(x)) >
2r for a set of x’s of positive measure and thus using the separability of X we would be able
to find Z such that T.m(B,(Z)) > 0. Thus m(T~1(B,(z))) > 0 and letting A C T~1(B,(z))
be any bounded Borel subset of positive m-measure, for p := m(A)_lm’ 4 We would have
that Ty and S,u are concentrated on disjoint sets, and thus in particular Tyu # Sy pu.
With this said, we prove the following result, which shows that the flows of X and —X

are one the inverse of the other:

Lemma 3.18. Let (X,d,m) be a RCD(0,00) space and X a harmonic vector field. Then
for every t > 0 the following identities hold m-a.e.:

-X) (=X)

FIVY o™ =14 and  FIV o R =1d.

proof We shall prove the first identity for ¢ = 1, as then the rest follows by similar
arguments. Let p € Z(X) be with bounded support and density, and consider the curves
[0,1] 5t e, fiu € P(X) defined as

pe= (FI ) and = (FLO) (1)),

notice that ug = fip and that they both solve the continuity equation (2.3.11f) for X; = — X
in the sense of Definition [2.9] By Theorem we conclude that pq = fiq, i.e.

p= (P o FIfY)

The conclusion follows by the arbitrariness of u and (3.3.1)). O
From this proposition and the semigroup property (2.3.10) of Regular Lagrangian

Flows, it follows that defining Fl(j) = Flng) for t > 0 we have

FIY o FIC) = FIY)  meae. Vi seR (3.3.2)

Proposition 3.19 (Preservation of the measure). Let (X,d, m) be a RCD(0, 00) space and
X a harmonic vector field. Then for every t € R we have

FIY),m = m. (3.3.3)
proof Simply notice that from div(X) = div(—X) = 0 and (2.3.9)), for any ¢ > 0 we have
m = (FLIY) o FI%),m = (A1), FIT ) m < A1) om < m

forcing the inequalities to be equalities. O
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Recall that the heat flow (h;) on X is firstly defined as the L2-gradient flow of the
Cheeger energy and then extended to a flow on L' 4+ L by monotonicity and continuity.
On the other hand, the ‘Hodge’ heat flow (hgr¢) is defined on L?(T*X) as the gradient flow
of the functional

1 2 2 . 1,2 o
s SEY 2/\dw| + [dw|* dm if we Hy (T*X),

+0o0 otherwise.
For us it will be relevant to know the relation
hgdf =dhf  Vfe WH(X) (3.3.4)
and the improved Bakry—Emery estimate:
lhgw]? < e 2K (Jw]?), m—a.e. Vt >0, we L*(T*X), (3.3.5)

valid on RCD(K, 00) spaces. See [17] for further details about these.
With this said, we can now prove the following lemma, which is key to show that F lgx)
is an isometry.

Proposition 3.20 (Euler’s equation for X). Let (X,d,m) be a RCD(0,00) space and X a
harmonic vector field. Then for any f € WY2(X) it holds

he ((Vf, X)) =(Vhf,X), m-a.e, Vt>0. (3.3.6)
Moreover, for every f € D(A) with Af € WH2(X), we have (Vf, X) € D(A) and

A(Vf,X)=(VAf,X), m-ae. (3.3.7)
proof We apply (3.3.5) in our space to the form X° + edf to obtain

lh e (X° +edf))* < h(|X +eVfP). (3.3.8)

We have already observed that the fact that X” is harmonic grants that |X| is constant,
say |X| = ¢. The harmonicity also grants that hg (X "y = X" for every t > 0, hence we
have |h+(X?)* = ¢ = hy(|X|?) for any ¢ > 0. Therefore,

&+ 26(X, hpg o (df)) + s (df)[* < & + 2ehe(X, V) + *hi(|df[)
and the arbitrariness of ¢ € R implies
<X7 hH,tdf> = 2ht<X7 Vf>7

which by (3.3.4)) is (3.3.6). Then (3.3.7) comes by differentiating (3.3.6)) at ¢t = 0. O
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Proposition 3.21 (Preservation of the Dirichlet energy). Let (X,d,m) be a RCD(0, c0)
space and X a harmonic vector field. Then for every t € R we have
E(foFIX) =E(f)  VYfeW'X). (3.3.9)
proof Fix f € Wh2(X), put f; := f o FIX and notice that since E(h.g) — E(g) as € | 0 for
any g € L*(X), it is sufficient to prove that for any & > 0 we have
E(hef:) = E(hof) vVt € R.

Thus fix ¢ > 0 and notice that Proposition grants that ¢t — f; € L?(X) is Lipschitz.
This in conjunction with the fact that h. : L?(X) — W'2(X) is Lipschitz ensures that
t + hofy € WH2(X) is Lipschitz.

We now compute the derivative of the Lipschitz map ¢ — E(h.f;) and start noticing
that

/ Ve frinl? — [Vhe il dm = / Vhe(ficn — F) + 20V fo Vhe(fran — f))dm,

so that the Lipschitz regularity of ¢ +— h.f; € W12(X) grants that for any ¢ € R it holds

2 2 _
lim/ IVhe fiin|” — |Vhe fi dm — lim/<Vhsft,Vh8ft+h heft>dm'
h—0

h—0 2h h
Hence
d _ . hsft-i—h —h.fi
EE(tht) = ilzl—%/Atht N dm
. JeoFLY — i
=—1 Ahy. fy ———d
hl—%/ 2t h m
Aha. f;) o FIY) — Ah
by (33:3) gy [ (BRef) oFL Z Abe(f)
h—0 h
by the last claim in Proposition =— /(VAthft, X) frdm.
To conclude it is therefore sufficient to prove that for any g € L?(X) it holds
/<VAh28g, X)gdm =0 (3.3.10)

Hence fix g € L?(X) and notice that

/(VAhgag,X>gdm /hE<VAhEg,X>gdm:/(VAhag,X>h£gdm (3.3.11)
and, recalling that divX = 0, that

/(VAhEg,X) h.gdm = —/Aheg (X, Vh.g) dm —/hsg (X, VAh.g) dm.

This proves (|3.3.10) and the theorem. O
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We therefore can conclude that:

Theorem 3.22. Let (X,d, m) be a RCD(0, 00) space and X a harmonic vector field. Then

for every t € R the map FltX has a continuous representative and this representative is a
measure preserving isometry.

proof Use the preservation of measure proved in Proposition [3.19] and the one of Dirichlet
energy proved in Proposition in conjunction with Theorem O

From now on we shall identify Fng) with its continuous representative. It is readily

verified from the construction that the group property holds everywhere.
One of the consequences of the fact that Fng) is an automorphism of (X,d, m) is that

feTest(X) =  foFIY) e Test(X). (3.3.12)

This can be seen by noticing that since FIEX) is a measure preserving isometry, directly
from the definition of Sobolev space we have

FeWX) « foFI™ e Wh4(X) and in this case |df| o FI™) = |d(f o FIIX))).
From this fact and the definition of Laplacian we then deduce that
feDA) <« foFIX) € D(A) and in this case (Af) o FIY) = A(f o FI).

A suitable iteration of these arguments then yields (3.3.12)).
Recall also (see [17]) that being F1;* invertible and of bounded deformation, its differ-
ential dFL¥ is a map from L?(TX) into itself (well) defined by:

df(dFIX(Y)) = d(f o FIX)(Y) o FIX,  Vf e Wh(X). (3.3.13)

We now want to prove that if X,Y are both harmonic, their flows commute. The proof
is based on the following lemma:

Lemma 3.23. Let (X,d,m) be a RCD(0, ) space and X,Y harmonic vector fields. Then

dFIY(Y)=Y  VseR.

proof Since differential of test functions generate the whole cotangent module, the claim
will follow if we show that for any f € Test(X) the map R 5 s — df(dFL(gX) (Y)) is constant.

Now observe that a map ¢ — v; € B, with B Banach space, is constant if and only
if for any t it holds w — 0 in the strong topology as h — 0. To see this apply the
analogous property for real valued functions to t — £(v;) for £ € B’ arbitrary.
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Hence taking account of the equality in (3.3.13) and recalling (3.3.12)), in order to
conclude it is sufficient to prove that for any f € Test(X)

Ad(f o FI) (V) o FIN) — af(v

W goes to 0 in the strong L?(X)-topology as h — 0.

To this aim, start observing that

d(f o FIFN (V) o FIY) —af(y)  /foFl™) — ¢ o Af(Y) o FIY) —df(v)

Since f € Test(X) and Y € Hé’Q(TX) we have df(Y) € W12(X) (see [L7] for details about
this implication) and thus from the last claim in Proposition we have

Cdf(Y) e P —df(y)
lim —

s—0 S

—d(df(Y)(X) i LX(X),

hence to conclude it is sufficient to show that

()
lim d(foms_f> (V) o FI) = d(df (X)) (V). (3.3.14)

s—0 S

Let us start proving that

foFY —f

. — df(X) ass—0 in Wh?(X). (3.3.15)

Notice that (2.3.5) grants convergence in L?(X); moreover the bound

RIEALLNGEA T [ s o) arf

S S Jo

gi/o |d(df(X) o FIXD) 2 dr /yddf 2 0 F1ILY) dr

X _ . foR1) ¢ .
and the fact that (FL;" ),m = m grant that lim, .o [|[Z=——||p12 < ||df(X)[|wr.2 which is

sufficient to get (3.3.15]).
From (|3.3.15)) we deduce that

(x)
d(fOFls_f>(Y) S ddFX))(Y) ass— 0 in LA(X)

S

hence (3.3.14) follows from ([2.3.5]). O
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Theorem 3.24. Let (X,d, m) be a RCD(0,00) space and X,Y € L*(TX) be two harmonic
vector fields. Then for any t,s € R it holds

FIX o FIY = FliX+sY,

proof For any r € R consider the map G, := FI12 oF1¥,. Now take f € W12(X) and observe
that f o FIX € W12(X), as a consequence of Theorem and that from Proposition
it easily follows that r — f o G, € L?(X) is Lipschitz. By direct computation we have:

%(f °oG,) = %(f FIX o F1Y,) = sd(f o FIX)(Y) o FIY, + tdf(X) o FIX o F1X,. (3.3.16)

S

Using first identity (3.3.13]) and then Lemma we have
d(f o FIX)(Y) o FIY, = df(dFLX(Y)) o FIX 0 F1¥, = df(Y) o FIX o F1},

and thus from (3.3.16)) we obtain

di(foG,,) =sdf(Y)oFIX o FIY, + tdf(X) o FIX o FIY, = df(tX + sY) 0 G,
.

and since it is obvious by construction that (G,) has the properties (i), (i4) in Definition
, by Proposition we deduce that (G,) is a Regular Lagrangian Flow of tX + sY and
thus by the uniqueness part of Theorem 2.8 we deduce that for any r > 0 we have

FIX o FIY, = FIIX+sY

m-a.e.. In particular this holds for » = 1 and since both sides are continuous functions,
equality holds everywhere. O

4 Proof of the Main Result

4.1 Setting

Here we fix the assumptions and notations that will be used in the rest of the text.

(X,d, m) is a RCD*(0, N') metric measure space with supp(m) =X, N € N, N > 0, and
such that dim(HJ1z)(X) = N.

The theory developed in [I7] grants the existence of N harmonic vector fields Xi,..., Xy
which are orthogonal in L?(TX). As in Section since the Ricci curvature is non-
negative, these vector fields belong to Hé:Q(TX) and are parallel, i.e. VX; =0 for every 1.
It follows that (X;, X;) € WH?(X) with

d<XZ,X]> ZVXZ(,XJ)—FVXJ(,XZ) =0 m-—a.e.,

34



which in turn grants that (X;, X;) is m-a.e. equal to a constant function. Since [ (X;, X;) dm =
0 for i # j we conclude that the X;’s are pointwise orthogonal. The same argument also
shows that up to normalization we can, and will, assume that |X;| = 1 m-a.e. for every i.

In particular, since these vector fields are in L?(TX), we have

m(X) < oo. (4.1.1)

We shall work with the product space X x RN which will be equipped with the measure
m x £V and the distance

(d® dEUCI)Q((x7 a), (v, b)) = d2(xay) + la — b|2'
We shall also define vector fields Y; € LO(X x RY), i =1,..., N as
Yi = ®y(Vm) Vi=1,...,N,

where m; : RN — R is the projection on the i-th coordinate, Vrm; € LO(X, LO(TRN))
is the function identically equal to Va? € LO(TRY) and where ®, : LO(X, LO(TRY)) —
LO(T(X x RY)) is defined in Proposition
We also define the map T : X x RY — X by
T: X xRY 5 X

4.1.2
(z,gz(al,...aN))HFl(fl)o---oFl(%N)(x). ( )

a

4.2 Preliminary considerations

Let us collect some easy consequences of our assumptions that can be derived from the
discussion made in the previous sections. Start recalling from [5] (see also [4]) that the
product of two RCD(0, 0o) spaces is also RCD(0, 00), so that X x RY is RCD(0, 00).

From the fact that the Vr; are a pointwise ortonormal base for LY(TR”Y) and the fact
that @9 preserves the pointwise norm we deduce that

Y, Y)) =6 mxLN —ae Vi j
and from the very definition of ®5 we have that
Y; = V(mon®). (4.2.1)

Since 7; : RV — R is harmonic, we have Vr; € D(diviee, RY) with div(V7;) = 0 and thus
from Propositions and we deduce that Y; € D(diviee, X x RY) with

divy; = 0. (4.2.2)
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Taking into account (2.2.7) we also obtain that Y7 € D(Ap joc) with AxY? = 0 and since
|V7;| = 1 and @, preserves the pointwise norm we also deduce that |Y;| = 1: these facts
together with (2.2.8]) grant that Y; € Wéilzoc(TX) with

VY; = 0. (4.2.3)

Concerning the map T, from Theorem [|3.24] we deduce that
T(T(z,a),b) = T(z,a+b) VzeX, a,beRY, (4.2.4)

so that we shall occasionally think at T as an action of RY on X. Theorem grants
that this action is made of isometries, i.e.

T(-,a): X - X is an isometry for any a € RY. (4.2.5)

From Theorem [3.24] we also have

N
T(z,a) = Fngl) (x) for X, = ZaiXi
i=1

and since the pointwise orthonormality of the X;’s gives |X,|? = | Zfil aiXil*> =Y, |ai* =
la]? m-a.e., from (2.3.3])) we deduce that for m-a.e. x it holds

oo T < [ 1% 0PI a0 < 1, = o)
Now the continuity of T(-,a) ensures that the above holds for every z € X and thus taking
(4.2.4) into account we conclude that
T(x,-): RY — X is 1-Lipschitz for any = € X. (4.2.6)
Finally we remark that Proposition together with Fubini theorem guarantees that

T.(mx 2N )= 2N (A)m, (4.2.7)

|4

for every A ¢ RY Borel. This identity, (£.2.5) and (#.2.6) grant in particular that T :
X x RY — X is of local bounded deformation.

4.3 An explicit formula for Regular Lagrangian Flows on X

Aim of this section is to provide, in Proposition [4.4], an explicit representation formula for
Regular Lagrangian Flows on X in terms of the map T. The starting point is the following:
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Proposition 4.1 (Conjugation property). With the same notations and assumptions as
in Section the following holds. For anyi=1,....N,t€R and f € WI(IJ’CZ(X) it holds

d(foT)(Y;) = df(Xi) o mx LY —a.e.. (4.3.1)
proof Let us put Flﬁ(az,g) := (z,a + te;) and notice that by the very definition of T and

identity (4.2.4) we have '
FIXi o T = T o FI,. (4.3.2)

Fix f € chl)f (X) and recall Proposition to get

FOR Z 1Y 7 €Dy, foT oM foT

df(X;))oT = (hm in . :

) t

the first limit being in L2 _(X) and the second in L (X x RY). Hence to conclude it is
sufficient to show that for any f € W (X x RY) and p € L®(X x RY) with bounded

loc
support we have

. f © Flf: — f N N
1;{8/t'0d(mx£ ):/df( Hpd(m x L), (4.3.3)
By the linearity in p of this expression we can further assume that p is a probability density.
Then put p := pm and 7 := (F1').u, where here FI' : X x RV — C([0, 1], X x RY) is the
map sending (z,a) to the curve [0,1] > t + Fli(x,a). Notice that 7 is a test plan on
X x R™ which is concentrated on curves with speed constantly equal to 1, thus for any
fe WX x RY) we have

loc

JFaE = [ o /f% Foo) d)

| /\

! / A7) () 6] ds ()

| /\

/ |df12(s) ds dm(y / 42| ds dar (v

=_ df2 o Fl dpds + .
2t/0/rfro Lpds +

Recalling ([2.3.5)) we thus have

[ fAF) e — [fdu 1 . 1

Now put for brevity f; := 7’ o 8 so that fi is 1-Lipschitz, (4.2.1)) reads as
Vii=Y (4.3.5)
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and by construction it holds f; o F‘li = fi + s, so that

i 47 d(FL).p — [ fidp
) t

1
>1> = /|dfl|2du+

5 (4.3.6)

(In the terminology of [19] we just proved that 7 represents the gradient of f; and we are
now going to use the link between ‘horlzontal and vertical” derivatives). Writing (4.3.4)) for

f +¢ef in place of f and subtracting (4 we obtain

= dFl ¥ d ~ - i -
t%wff S —;/d“*sfﬂz—!df!zdu/adf(m+52ldf|2du.

Dividing by € > 0 (resp. € < 0) and letting € | 0 (resp. £ 1T 0) we obtain (4.3.3) and the
conclusion. O

We now introduce a map ¥ : LO(TX) — LY(T(X x RY)) as

N
T(w):=> (1,X)oTY, (4.3.7)
i=1

Notice that as a direct consequence of (4.3.1)) and the identity v = Zf\il (v, X;) X; we have
that

d(f o T)(T(v)) = df(v) o mx LY —ae.  VfeWLAX). (4.3.8)

Many of the properties of the map ¥ will be based on this identity (which, we remark, also
depends on the fact that the vector fields X71,..., Xy form a basis of L?(TX) and thus
on our ‘maximality’ assumption dim(HJz)(X) = N). We start with the following simple
lemma:

Lemma 4.2. With the same notations and assumptions as in Section and with ¥
defined as in (4.3.7)), the following holds. Let v € L> N Wé’2(TX). Then:

i) (v, X;) € WH3(X) for every i and v € D(div) with

div(v Zd (v, X;) (4.3.9)

ii) W(v) € L% N Wi N D(diviee) (T(X x R™)) with

N
V(T)=> V({v,X))oT)®Y,,
=1

div(¥(v)) =div(v) o T.

38



proof
(i) From [17] we know that the assumptions on v grant that (v, X) € VVéf(X) for every
X € L® N H5*(TX) with
d(v, X) = Vu(, X) + VX(-,0).
Picking X := X; and recalling that D(Ap) C (.F]é’2(TX))b by the very definition of Ay,

we conclude that (v, X;) belongs to W2(X), as claimed. Now put a; := (v, X;) for brevity,
so that v = Y, ; X;, let f € WH2(X) and notice that

[ artyam = il [ sty dm— - iv; [ saiviaxy =~ [ il Fag(X;) dum,

having used the fact that div(X;) = 0. This proves both v € D(div) and (4.3.9)).
(ii) The assumption v € L*°(TX) trivially yields a; € L*°(X) and since Y; € LooﬁWé’Q(Xx
RY) with VY; = 0 (recall (£23)), we have (a; o T)Y; € Wip (T(X x RY)) with

V((a;oT)Y;) =V(a;oT)®@Y;j4+a;0TVY; =V(a;0T) QY.

The fact that ®(v) € L™ N Wé:?OC(T(X x R™) and the formula for V(¥ (v)) follow.
We turn to the divergence: for g € W1?(X x RY) with bounded support we have

/dg(\I/(v)) d(m x £V) = Z/dg(ai o TY;)d(m x £N)

N
because div(Y;) =0 =— Z/gd(ai o T)(Y;)d(m x £N)
i=1
N
by " = —Z/gdai(Xi)on(mxﬁN),
i=1
which by (4.3.9) is the conclusion. O

Let (v;) € L>°([0, 1], LA(TX))NLA([0, 1], W5*(TX)) be such that (div(v;)) € L=([0, 1], L=(X)),
so that in particular the Regular Lagrangian Flow (Flgvt)) is well defined. The integrability
condition of (v;) ensures that ({vy, X;)) € L>([0, 1], L*(X)) for every i = 1,..., N and thus
from (2.3.1)) we see that ((vs, X;) o Fl(svt)) € L*>([0,1], L?(X)) as well. Hence the functions

t
Ay ::/ (vs, X;) o F1" ds € L2(X),  tel0,1), i=1,...,N, (4.3.10)
0

are well defined. We then have the following result:
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Lemma 4.3. With the same assumptions and notation as in Section let (v) €
L°([0,1], L2(TX)) N L2([0,1], W5*(TX)) be such that (div(v;)) € L®([0,1], L=(X)) and
define ¥ as in .

Then the vector fields W (v;) satisfy the assumptions of Theorem and for any s € R
the following identities hold m x LN -a.e.:

ToFIY() = 1) o T, (4.3.11)
X o FI¥ () — X (4.3.12)
w0 o FIY)) = o 7B 4 A, o T. (4.3.13)

proof The fact that the W(v;)’s satisfy the assumptions of Theorem is a direct con-
sequence of the assumptions and Lemma Now pick fip € Z(X x RY) with bounded
support and such that jig < Cm x LY for some C' > 0 and for s € R define

s == (FLIYED) g € 2(X x RY) and ps = Tufig € Z(X).

We claim that (us) solves the continuity equation with vector fields (vs) in the sense of
Definition [2.9] and start observing that, locally in s, the measures fis, us have uniformly
bounded density. Now pick f € WH2(X), so that foT € W2 *(X x RY) and, from

loc

Proposition s > f fdus = f foTo (Flglp(vt))) djig is Lipschitz with

d d _
[ ran= 5 [ 1o () dag

by Proposition - / d(f o T)(W(ws)) o (FIVED) djig
= [atr e (¥(.) di,
by - [asw)eTdn,
— [ s, du.

This proves our claim. Hence by the representation formula in Theorem [2.10] we deduce
that
T.(FIYO), gy = (FI)), T, g VseR

and from the arbitrariness of fip and (3.3.1]) identity (4.3.11]) follows.
To prove (4.3.12)) pick fig, f and define fis; as above. Then we also put

vs =iy € P(X) Vs € R

and notice that again the v,’s have, locally in s, uniformly bounded densities and that it
holds

d d ) ) — )
ds/fdys _ ds/fowxdus :/d(fowx)(\ll(vs))d,us :/<I>1(df)(‘ll(vs))d,us o,
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where as usual &} € LOY(RY, L9(T*X)) is the function identically equal to df and the last
identity follows from and the very definitions of W(v;) and Y;. This shows that
(vs) solves the continuity equation with 0 vector fields, hence by the uniqueness of
the solutions we deduce that () is constant, i.e.

X (FIY D), fg = 7 fig,

so that again the arbitrariness of fip and (3.3.1]) give (4.3.12]).

For (4.3.13]), we notice that the two sides agree for s = 0 and are absolutely continuous
as functions of s with values in L2 (X x RY) (recall Proposition [2.7). The conclusion then

follows recalling that it holds V(m; o 78" ) = V;, so that

om0 n® o FINCD — (o 7™ ) ((0,)) o I = (¥, B(0,) o FILHC)
S

— (05, X;) 0 To FIPE)) @2 ) xey o g1l o T = diAi LoT.
S

)

This is sufficient to conclude. O

We can now state the main result of the section:

Proposition 4.4 (Representation formula for FI")). With the same assumptions and
notation as in Section let (v¢) € L*([0,1], L*(TX)) N L3([0, 1], Wé72(TX)) be such that
(div(vy)) € L>([0,1], L®(X)) and define the functions A;; € L*(X) as in ([£3.10).

Then for any s € [0,1] and m-a.e. x € X it holds

FI) () = T(x, A,(2)), (4.3.14)

where A, == (A15,..., AN ).
proof The identities (4.3.12)), (4.3.13]) give

FI")) (2,0) = (v,a+ A,(T(z,a)))  mx LY —ae. (z,a).

Applying T on both sides and taking into account (4.3.11)) and (4.2.4) we obtain

F1)(T(z,0)) = T(T(z,a), A,(T(z,a))) mx LY —a.e. (z,a). (4.3.15)

Thus for any A C RY Borel we have that (4.3.14) holds for T,(m x £N|A)—a.e. x € X and
the conclusion follows from (4.2.7)). O
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4.4 Further properties of T and conclusion

We shall need the following result, proved in [22], about Wj-geodesics and continuity
equation. Recall that a measure w € 22(C([0,1],X)) is called lifting of the geodesic (p)
provided

(e = e VEE[0,1],

1
// o dt dme(y) < +oo
0

and that, on an RCD*(K, N) space, as soon as either py or p; is absolutely continuous
w.r.t. m, there is a unique geodesic connecting them and a unique lifting of it (see [24]).

Proposition 4.5. Let (X,d,m) be a RCD*(K, N) space and (ut) C P (X) be a Wa-geodesic
such that pg, p1 have both bounded support and density. Then there are vector fields (vy) C
L?(X) such that:

i) the continuity equation (2.3.11) is satisfied for (u,vi) in the sense of Definition ([2.9))
ii) letting w € 2(C([0,1],X)) be the lifting of () it holds

[vel () = 1l 7w x L' —ae. (1,1), (4.4.1)

i) vy € HY2 N D(div)(X) for every t € (0,1) and for every e € (0,1/2) it holds

l1—e
| Iuhsla dm+ sup (ol + v o) < o0
€ te(e,1—¢)
proof The vector fields v; are obtained as gradients of solutions 7; of a double obstacle
problem, the obstacles being given by appropriate ‘forward’ and ‘backward’ Kantorovich
potentials, see Theorem 3.13 in [22]. This grants that (7) holds. Then (i7) is a general prop-
erty of ‘optimal’ lifting of solutions of the continuity equation (see e.g. [I7]). The estimates
in (4i7) are the main gain from [22]: the Laplacian comparison for the squared distance
and the Lewy-Stampacchia inequality grant the claimed uniform control on div(v;) = An,.
With a cut-off procedure based on the fact that pg, u1 are assumed to have bounded sup-
port, one can show that the 7;’s can be chosen to also have uniformly bounded support:
this and the L>°-bound on the Laplacian implies an L?-bound on the Laplacian itself, so
that from we get the L%-control on |Vui|ys = |Hess(n:)|ys. Finally, in [22] it has
been proved that the n;’s are Lipschitz and, although not explicitly mentioned, keeping
track of the various constants involved one can see that it is provided a uniform control on
the Lipschitz constant for ¢t € (¢,1 — €), which in turn implies the desired L* control on
|’Ut|. O
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Thanks to this result we can now prove the following crucial statement:

Proposition 4.6. With the same notations and assumptions as in Section[4.1] the following
holds. For every x,y € X there exists a € RN such that

T(r,a)=y  and o <d(z,y).
proof Fix y € X, R > 0, define

Ho = m(BR(y))_lm’BR(y) 1= 5?4

and let (u¢) be the unique Ws-geodesic connecting po to p1 and 7 its lifting. Also, fix
e € (0,1/2). Then we know from [24] that the Wa-geodesic t > i = 1412 satisfies
the assumptions of Proposition [4.5] and that its lifting 7€ is given by

7w = (Restrl ).,
where Restri(l) : C([0,1],X) — C(]0,1],X) is given by

Restri(l) (")/)t = f)/(l*t)toﬁﬂftl V’y E C([O, 1]7X)

Up to pass to a further restriction, Proposition grants the existence of vector fields
(v§) satisfying (i), (i7), (¢¢7) in the statement. In particular, by (iii) we know that the
assumptions of Theorem are satisfied so that there exists the Regular Lagrangian Flow
(FIY of (v5).
The representation formula for the solutions of the continuity equation given in Theorem
[2.10] gives
= 1), s, Vs e[o,1). (4.4.2)

Thus letting AF, be defined by (4.3.10) for the vector fields (vf), from (4.3.14) we deduce
that

T(z, Aj(z)) = Flgvf)(x) € supp(uj) € Ber(y) g — a.e. . (4.4.3)

Now notice that 7 is concentrated on constant speed geodesics of length bounded above
by R, hence the same holds for 7€, so that from (4.4.1)) and (4.4.2)) we deduce that

lvs] o FIi'") < R o — a.e.. (4.4.4)

Therefore using the trivial inequality

JAS|? = Z\A1]2<2/ | (v 2o FI* ds—/ WP ds T2 R?
valid p§-a.e. in conjunction with (4.4.3) we deduce that for uj = pe-a.e.
there exists @ € R with |a| < R such that d(T(z,a),y) < eR (4.4.5)
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and an argument based on the continuity of T and the compactness of Br(0) C RY yields
that the same holds for any x € supp(u.).

Now notice that simple considerations about the structure of Ws-geodesics grant that
the Hausdorff distance between supp(up) = Bgr(y) and supp(u.) is bounded above by R,
thus for © € Bgr(y) there is a sequence n — x,, € supp(ul/n) converging to x. Let a,, be
given by for z := 2, and € := %: by the uniform bound |a,,| < R and up to pass to
a non-relabeled subsequence we can assume that a,, — a for some a € RV with la] < R.
Passing to the limit in

d(T(zn,a,),y) < %

using the continuity of T we conclude that T(x,a) = y. By the arbitrariness of x € Br(y)
and of R > 0 the proof is completed. O

Let us now fix a point # € X and denote by G C R its stabilizer, i.e.
G = {g eRY : T(z,a) = :z} (4.4.6)

Notice that the last proposition (and the commutativity of R") grants that the stabilizer
does not depend on the choice of the particular point Z; moreover G is a subgroup of R
which, by the continuity of T, is closed.

Proposition 4.7. With the same notations and assumptions as in Section[4.1] the following
holds. The subgroup G of RN defined in (#.4.6) is discrete.

proof It is well known that closed subgroups of R™ either contain a line or are discrete (see
e.g. [14]). We then argue by contradiction: if it is not discrete it must contain a line so that
for some a = (a1,...,ay) # 0 in RY we have ta € G for every t € R. Put X := Zf\il a; X;
and notice that X is not identically 0 and harmonic, so that its Regular Lagrangian Flow
(Fng)) consists of measure preserving isometries of X such that for m-a.e.  the curve
t — Flgx) (z) has constant positive speed (recall (2.3.3)). In particular, for m-a.e. = such
curve is not constant.

On the other hand, the very definition of T yields
_ X
T(z,ta) = F," () VeeX, teR

and by assumption the left hand side is equal to x for every ¢: this gives the desired
contradiction and the conclusion. 0

The quotient space RY /G is equipped with the only Riemannian metric letting the
quotient map be a Riemannian submersion. The distance induced by this metric is

dzv/g(lal, b)) = min |a’— V. (4.4.7)
[ )=[b]
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Also, RY /G comes with a canonical, up to multiplication with a positive constant, reference
measure M~ /: the Haar measure, which also coincides with the volume measure induced
by the metric.
Finally, the map T passes to the quotient and induces a map T : RY /G — X via the
formula: 3
T(ld) == T(z,0).

With this said, we can now conclude the proof of our main result:

Theorem 4.8. With the same notations and assumptions as in Section [{.1] the following
holds.

i) The subgroup G of RN defined in ([£.4.6) is isomorphic to Z», so that the quotient
space RN /G is a flat torus T .

ii) The induced quotient map T: TV — X is an isometry such that T*mTN = cm for
some ¢ > 0.

proof
T is an isometry From (4.2.6)) and the definition (4.4.7]) we get

d(T(la)), T([])) < dgn e (lal,B])  Vid],[t] € RV/G. (4.4.8)

Now let a,b € RN, put 2 := T([a]), ¥ := T([b]) and apply Proposition |4.6|to find ¢ € RY
such that T(z,¢) =y and |¢| < d(x,y). Since we have
Tlla+d) =T@a+o) 17000 = T =y,
we see that [a + ¢] = [b] and thus
drv /g ([a], [B]) < le| < d(z,y),

which together with shows that T : RV /G — X is an isometry.

Up to a multiplicative constant, T is measure preserving Being an isometry, T is
invertible: denote by S : X — RY /G its inverse and put x := S,m. For a = (ay,...,an) €
RY let X, := SV 4;X; and notice that reads as T(Z,b+ a) = FIEXE)(T(E,Q)) for
every a,b € RY. Passing to the quotient we obtain

T8 + [a) = I (T(B))  Va.b e RY, (4.4.9)

hence letting 79 : RN /G — RN /G be the translation by [a] defined by 7@([b]) := [b] + [a]
we can rewrite (4.4.9) as

fos=sor{™  vgeRV. (4.4.10)
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Therefore we have

[a]

o = TLQ]S*m S*(Flg)@)*m S.m =y Va € RY.

This shows that f is translation invariant and thus a multiple of the Haar measure mgn /g .
G = Z" and conclusion What we just proved and ensure that mgw g is a finite
measure. Now recall that discrete subgroups of RY are isomorphic to Z" for some n < N
(see e.g. [14]) and that R /Z" has finite volume if and only if n = N. Being G discrete
(Proposition [4.7), the thesis follows. O
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