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Abstract. We investigate the out-of-equilibrium dynamics of the one-dimensional
quantum Ising model after a sudden quench of the transverse magnetic field. While
for a translationally invariant system the statistical description of the asymptotic order
parameter correlations after the quench can be performed in terms of the generalized
Gibbs ensemble, we show that a breaking of translational invariance, e.g., by perturbing
the boundary conditions, disrupts its validity. This effect, which of course vanishes in
the thermodynamic limit, is shown to be very important in the presence of disorder.

1. Introduction

The experimental advances in the manipulation of ultracold atoms have paved the way
to accurately test the long-time dynamics of quantum many-body systems [I]. Starting
from the observation of the collapse and revival of the superfluid order parameter
after a quench from a shallow to a deep optical lattice [2], a number of beautiful
experiments probed the coherent relaxation dynamics in interacting quantum systems,
with essentially perfect insulation from the external environment [2, [3, [4] [5 [6] [7], 8].
Some typical features of adiabatic or quenched dynamics, that are by far harder to
be identified in actual condensed matter systems, were observed neatly. Among the
others, they include the phase dynamics emerging after splitting a one-dimensional
Bose liquid [5], or the absence of thermalization in out-of-equilibrium arrays of trapped
one-dimensional Bose gases [4].

From a theoretical point of view, this experimental progress spurred renewed
interest on the non-equilibrium dynamics of isolated many-body quantum systems, a
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topic that was previously addressed mostly as an academic question (for a review, see
Ref. [9]). In this context, an issue that received a great deal of attention has been the
connection between quantum integrability and thermalization (or its absence) in the
dynamics of a closed many-body systems [9]. The simplest protocol to study it in detail
is the so-called quantum quench, i.e. a sudden variation of one of the parameters of the
system’s Hamiltonian, where the presence or absence of ergodicity should be detected
by studying the state of the system long time after the quench has taken place. For
non-integrable systems thermalization is supposedly occurring at the level of individual
eigenstates [10] (see also [I1]), and ergodic behavior is generally expected to emerge for
few body observables [12]; actually this scenario seems too broad to be valid in any of
such circumstances and it has been invalidated in some remarkable situations [13] 14 [15].
On the other hand, for integrable systems the situation appears to be much less universal:
non trivial constants of motion generally prevent the system from thermalizing in the
usual sense of standard statistical mechanics. However, it was argued [16] [I7] that it
is still possible to describe the asymptotic state in terms of the generalization of the
Gibbs ensemble (GGE), first proposed by Jaynes to take into account all constants of
motion [18§].

The validity of the GGE for a variety of integrable models has been tested both
numerically and analytically [I7, 19, 20, 211 22|, 23, 24]. However, since the GGE does
not take into account possible correlations between different constants of motion in the
initial state, it was hinted in Ref. [25] that it should fail as soon as the breaking of
global symmetries (like translational invariance) makes such correlations non negligible.
The purpose of this paper is to show that this expectation is indeed correct: it is
enough to slightly perturb the boundary conditions of an integrable model (or to
make it non-homogeneous) to make the GGE fail. We will show this on the one-
dimensional quantum Ising chain, the simplest non-trivial example of an integrable
strongly interacting quantum system. This model has been the subject of various studies
in the literature [26] 27, 28] 29], B0, BT, 32], B3, 14, B4]. In particular it has been shown
semi-numerically that for small quenches the asymptotic behavior of the order parameter
two point correlation functions displays qualitatively a thermal behavior [30, 31]. On
the other hand, as recently shown by Calabrese, Essler and Fagotti [34], the correlation
functions of the order parameter (as well as of the transverse magnetization) in the
translationally invariant case can be quantitatively extracted from the GGE, finding
agreement with the numerical analysis [30, [3I]. Here we will provide evidence that,
if translational invariance is broken, the GGE fails to predict correctly the asymptotic
state. We will first show this by studying a quench in the quantum Ising chain with open
boundary conditions: for any finite system we find a significant discrepancy between the
GGE and the exact analysis, which of course tends to zero in the thermodynamic limit.
These discrepancies become of course very important in the presence of inhomogeneities
not restricted to the boundaries, as we show by explicitly considering the presence of
disorder both in the couplings and in the transverse field. The Ising model in the
presence of completely random couplings and fields has been widely studied, see, e.g.,
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Refs. [35] 36}, B7, B8, 39, [40, 41]; here we are more interested in the regime in which the
disordered part of the couplings and of the fields is small, as compared to the uniform
part.

The paper is organized as follows. In Sec. 2] we set our notations, introduce the
model under investigation and show the effects of the breaking of translational invariance
on the structure of the eigenmodes of the system. In Sec. [3] we then frame the model
in the quantum quench framework, and define the quantities we are going to discuss
subsequently. Our results are then presented in Sec.[dl Finally we draw our conclusions.

2. Model

We consider an integrable spin-1/2 quantum Ising chain in presence of random on-site
disorder both in the couplings and in the transverse field. The Hamiltonian for a system
of L sites is given by

L L
D) =—J> (1+en)5767, — Z 1+eh;)o?, (1)

=1 =1
where 6 (o = w,y,2) are spin-1/2 Pauli matrices for the i-the spin, J and T’

respectively denote the nearest-neighbor coupling and the transverse magnetic field
strength, while 7;, h; € [—1,1] are dimensionless site-dependent quantities accounting
for any disomogeneity in the model, and e sets the strength of the disorder. In the
following we will consider both Open Boundary Conditions (OBC), implemented by
setting 1 4+ en, = 0 (or equivalently by imposing 67,, = 0), and Periodic Boundary
Conditions (PBC), by assuming 67, = 6. Hereafter we use units in which i = kg = 1,
and set J = 1 as the energy scale of the system.

The Ising chain can be solved by first performing a Jordan—Wigner transformation
of the spin-1/2 particles into spinless fermions ;" = exp(—ir Z’ e cl)c], thus mapping
Eq. (@) into the following quadratic Hamiltonian:

L-1 L
H (D)= — Z(1+577])(J]+1+ccj+1+Hc)—2FZ 1—|—€h)cc]
Jj=1 j=1

(=N (142 (ehel + eLer + Hee) (2)

Np =" izl jc] being the total number of c-fermions, whose parity operator (—1)VF is
conserved, since it commutes with ’HE( ). In the general non-uniform case, the system is
diagonalized by means of a Bogoliubov rotation [37], introducing the fermionic operators

(:YZJ ;}/,u>:

L
;YH = Z( _'_ U]ucj> (3)
j=1
The L-dimensional vectors ug = (U1p, Uop, - - -, ury,) and VZ = (Vi Vop, - - -, Vry), for

i = 1,..., L can be always chosen to be real, and satisfy the coupled Bogoliubov-de
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Gennes equations:

A B u, \ u,
(& 2)(5)+(x)

where A, B are L x L real matrices (A symmetric and B antisymmetric) whose nonzero
elements are given by A;; = —I'(1 +¢ch;), Aj 1 = Ajp; = —(1+en;)/2, Bj 01 =
—Bj.1; = —(1+en;)/2. If PBC are used, then the site j = L+1 is identified with j =1
and the following matrix elements are also present: Ap, = Ay = (=1)N7 (1 +enz)/2,
By, = —Biz = (-1)™ (1 4+ enz)/2. In the disordered case € # 0 it is necessary to
diagonalize the 2L x 2L eigenvalue problem in Eq. () numerically, in order to write the
Hamiltonian (') in terms of its eigenmodes:

= 22@ <mu ) , (5)

where €, > 0. The ground state of H.(I) is the Bogoliubov vacuum state [t,) such that
Yultho) =0 (Y =1,..., L), with an energy Ey = — Zizl €p-

Before starting the discussion of our problem, let us comment on the form of the
normal modes for the homogeneous system with PBC and OBC, displaying a crucial
difference which turns out to be quite important in the quench dynamics. In the PBC
case the index p is the momentum index k = +n/L, £37/L,.... The system can be
equivalently solved by first applying a Fourier transform on the ¢-fermions and then
diagonalizing two-by-two matrices, each one defined in a (k, —k) subspace, a procedure
which is totally independent of I'. On the contrary, in the OBC case due to the
requirement of vanishing wavefunction at the boundaries, the solution involves standing
waves of the form sin(kj) where, however, the momenta k obey a quantization condition
explicitly involving the transverse field parameter I' [42]:

sink(L +1 1

SiI(lk‘L ) T (6)
As a result, the k-vectors are not conserved if the transverse field is changed, for instance
by a quench I'y — T (see below) and the Hilbert space can only be split in two subsectors,
with odd and even number of fermions respectively, while k-vectors are clearly mixed
after changing I'. A similar situation occurs as soon as € # 0, thus showing that
the invariant (k, —k) subspace structure for the translational invariant situation is very
fragile and suddenly disappears in presence of any small imperfection: It is then unlikely
to be the case in experimental implementations of such model.

3. Quench dynamics and the Generalized Gibbs Ensemble

The simplest non-equilibrium situation that can be established and controlled quite
feasibly is a quantum quench in the magnetic field strength, that is a sudden variation
of the value of T" in Eq. (). At zero temperature and in absence of any interaction
with the environment, this consists in preparing the system in the ground state |1) of
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H.(T) corresponding to a given transverse field I'y. At time ¢t = 0, the field is abruptly
changed to some different value I' # I'y. One then typically follows the unitary evolution
under the modified Hamiltonian:

() = e~ |yg) (7)

For closed integrable models, the generic absence of thermalization in terms of usual
statistical ensembles is ascribed to the existence of non trivial integrals of motion.
The way to take into account their effect is to define a Generalized Gibbs Ensemble
(GGE) [16], which explicitly takes into account all such constants of motion I . through
a set of Lagrange multipliers A,

. I _ i
pacn = Ze =, 5)
where Z = Tr(exp[—>_, Moly)).

In the case of the quantum Ising model, Eq. (Il), the number I, = n, = &L% of
quasi-particles constitutes a set of integrals of motion: every state can be identified in
terms of the occupation numbers of all quasi-particle modes. The average occupation
in the initial state can be computed by using the mapping from the fermions 7F o which
diagonalize H.(I;), to the fermions 4 4, which diagonalize H.(T):

ny, = <¢o|7ff7£ o) (9)
r o T
= Z (’U]FM ulpu g 0, 0 —l—’U]FM v}; ;) u; ° +u umv 0, 0 +u]Fu vll; vj) u,”)

jlv=1

One can then construct a GGE starting from these conserved quantities. The value

of each Lagrange multiplier A, is fixed by requiring (%T”Y;) GGE = Ny, such that

n, = e>\Ml+1- Hereafter we denote the expectation value of any observable O in the
GGE with <@>GGE = Tr[[)GGE@].

Notice now that for the quantum Ising chain the GGE takes the form of a

generalized grand-canonical ensemble with a p dependent chemical potential. In
particular, all correlations between the occupations of states with different p possibly
present in the initial state are washed out in the construction. While in the ordered
PBC case the (k, —k) structure of the solution is preserved by the quench, so that, for
instance

(Wol Al Ak oy =0 if K £k,

with OBC and, more in general, when the system is non homogeneous, the mixing of
the eigenmodes leads to

(ol i A lwo) #0 Vv

As we shall see later, this reflects itself in a breakdown of the validity of the description
of state () by means of the GGE.
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3.1. Observables

In the following we will concentrate on the asymptotic behavior of the two-point
correlators of the order parameter 6*. We will examine both the equal-time correlator
C**(0,r) of two spins inside the chain at distance r, and the time-evolved autocorrelation
function of the central spin, C**(¢,0). For the out-of-equilibrium system after the
quench, they are explicitly given by

Cg'(tr) = (o) 61y, (£) OL j24r [¥0(F0)) (10)

where @[H] (t) = et @ =MDt denotes the operator @ in the Heisenberg
representation at time t, while ¢y > 0 is a lapse time after the quench, that is required
for the excited quasiparticles to propagate along the chain

As shown below, for the ordered system (e = 0) the correlation functions (I0) decay
exponentially both as a function of space and of time: C’gc(t > to,7) ~ e /% and
CE(t,0) ~ e~/7q, the correlation length & and time 7/ are determined, qualitatively
and to a good accuracy even quantitatively, by the canonical ensemble average, that
is only through an effective temperature set by the initial energy and the final
Hamiltonian [30]. The effective temperature, T, = [ is obtained by comparing
the energy of the initial state |¢)o) with respect to the quenched Hamiltonian H.(I)
to the average energy of a fictitious thermal state in an effective canonical ensemble
(o | He(To) o) = (He(T))ean, where (O)pan = Tr(OePeife) /Tr(ePeite) denotes the
canonical ensemble average [30]. Notice that while this effective description in terms of
an effective canonical ensemble is able to reproduce the gross features of CgF(t,r), its
fine details require a more detailed analysis, which for the translational invariant case
(ordered system with PBC) has been shown to be possible using a GGE [32,[34]. In order
to assess the degree of validity of GGE in the presence of open boundary conditions,
and eventually disorder, we will therefore compare the asymptotics of EqI0 with

Céar(tsr) = (07 j2,im (1) 7 josr) GGE - (11)

Notice that the lapse time ¢y, has no effects on the GGE, since the time evolution
operators e~ He(Dt and et cancel out inside the trace. Since the quantities defined
in Eqgs. (I0)-(II) are in general complex, in what follows we will show results for their
absolute value.

The computation of both the correlators C§*(¢,7) and CEgg(t,7) can be easily
implemented numerically, because the latter can be written in terms of the fermions

(3, 4u) as the square root of a Pfaffian [26, 42], see also [37, 38, H0].

1 The lapse time tg is chosen to be sufficiently large such that Cé””(t,r) at given values of ¢,r has
already reached a steady state, which is independent of ty. Conversely, at fixed system size L, the lapse
time ¢y has not to be chosen too large, due to the appearance of revivals for very long times.
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4. Results

4.1. Different boundary conditions

The simplest possibility to break the translational invariance (at least the most harmless,
since it corresponds to adding one local defect in the transverse coupling between two
spins, and it becomes irrelevant in the thermodynamic limit) is to slightly perturb the
system by changing its boundary conditions. We follow this choice and discuss the
changes in the asymptotic description of the order parameter correlator between the
homogeneous PBC system and the OBC system.

Let us begin with the spatial decay of the two-point correlators |C**(0,r)|, and
study the discrepancies between the quenched dynamics, [CF7(0,7)[, and the GGE
averages |C&&r(0,7)|. As it is apparent from the upper panels of Fig. [Il the correlation
functions always decay exponentially with the distance in both cases, and both for
OBC and PBC: |C**(0,7)| ~ e~*¢, where & denotes the correlation length. However,
while for PBC there is substantial agreement between the asymptotic correlator and
that predicted by the GGE (as it is apparent from the right panel), this agreement is
definitely disrupted for OBC (left panel). In this case, contrary to the quenched case,
the GGE data exhibit a dependence on the size L; this introduces some discrepancies
with the out-of-equilibrium case (dashed line). The size-dependence is highlighted in
the lower panel, where we plotted the correlation length {, and {ggr as a function
of the inverse size 1/L. Summarizing, the values of ¢, after a quench are essentially
independent of the size and the boundary conditions (for the case presented here with
'y =0.8 and I' = 0.6, for example, we found &y ~ 49.5) and agree well with {cer, pae;
vice-versa, {qar, opc displays a systematic discrepancy which apparently vanishes in the
thermodynamic limit . — oco. Ultimately, the discrepancies found between GGE and
quenches with OBC are due to the fact that the initial state of the quench and the
Hamiltonian after the quench are governed by different sets of k-values, as remarked in
Sec. 2

We now turn to the on-site correlator |C**(¢,0)| as a function of time. As for the
spatial decay, also in this case we observe an exponential decay: |C**(t,0)| ~ e/
until a time ¢* where finite-size revivals appearl§. This occurs independently of the choice
of the boundary conditions, and both for the system after the quench and for the GGE.
The differences in the GGE average between OBC and PBC emerge clearly also here,
and closely resemble what we already observed for the spatial correlators. In the first
case (upper left panel), the size dependence of |C&%g(t,0)] is evident. On the contrary,
the PBC-case is basically insensitive to L (upper right panel)l||. The out-of-equilibrium

§ A rough estimate of the revival times is given by ¢t* = N/vr, where or is the maximum phase
velocity of the spin chain over all the normal-mode velocities. Given the dispersion relation Ej, then
or = Maxj, (0 Ey)|z. For the uniform Ising chain with PBC, the maximum can be easily evaluated to
give or = 2Min(T, 1).

|| The computation of the autocorrelation function after a quench with PBC is not straightforward.

The difficulty lays in the fact that o7 (] (t)oj connects states with different c-fermion parity which are
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Figure 1. (color online). Upper panels: expectation value of the equal-time correlator
|C**(0,7)| as a function of the distance r from the central site, for OBC (left) and PBC
(right), after a quench within the Ising ferromagnetic phase from I'y = 0.8 to I' = 0.6.
We show data both for the GGE averages and for the quenched dynamics. The colored
lines denote GGE averages C&& (0,7) performed at different sizes L, as shown in the
captions. The black dashed lines indicate C%*(0,7) for L = 400 sites, and after a time
lapse tg = 100. Lower panel: comparison between the correlation length {gar obtained
with OBC (filled symbols; black circles for the GGE and red squares for the quench)
and with PBC (empty symbols; blue triangles for the GGE and green diamonds for
the quench), as a function of the inverse size 1/L. The dashed black line is a linear
fit of the OBC data for the GGE at large sizes. Error bars have been estimated by
changing the fitting interval over the data for r < L/2.

o
©
o
e}
a

correlation function C§*(t,0) after a quench appears to be essentially independent of
the size and of the boundary conditions, for times shorter than the revival time ¢*. If
we compare the decay rate 7‘5 (in the case highlighted in the bottom panel of Fig. 2]
where we presented data for a quench from I'y = 1.6 to I' = 1, we found 7'5 ~~ 2.48) with

therefore subject to different boundary conditions in the PBC case, see the last term in the r.h.s. of
Eq. [@). We overcame this point by evaluating a c-parity conserving four-fermion correlator and then
took its square root [26].
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Figure 2. (color online). Upper panels: expectation values of the autocorrelation
function |C**(t,0)| on the central site as a function of time ¢, computed for different
sizes L, with OBC (left) and PBC (right). All the curves denote GGE averages, except
the dashed black line which is for the quenched dynamics. A quench from the Ising-
paramagnetic phase I'g = 1.6 to the critical point I' = 1 has been performed. Lower
plot: comparison between the decay rate 7/ and 7&qy both for OBC and PBC, as
functions of the inverse size 1/L. An estimate of the error bars is obtained similarly
to Fig. [0

the rate 75,y extracted by averaging over the GGE, we found a quantitative agreement
only for PBC, while some discrepancies are present for the decay rate averaged with
open boundaries. In particular, at a given finite size, 7§ opo 7# Téap, opc, even if the
agreement improves for increasing sizes. Despite the fact that we cannot be conclusive
with only numerical results, for . — oo the results appear to have a tendency towards
a convergence to a unique decay rate equal to the one for the quenched dynamics in the
thermodynamic limit, where boundary conditions should be irrelevant.
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Figure 3. (color online). Spatial decay of the equal-time correlator |C**(0,r)| in
the disordered Ising model. The various panels are for different values of the disorder
strength ¢ = 0 (upper left), 0.025 (upper right), 0.1 (lower left), 0.5 (lower right). The
dashed black lines are for the out-of-equilibrium system after a quench from I'y = 0.8
to I' = 0.2 (here we set a lapse time ty = 300), while the continuous red curves denote
the corresponding GGE averages. A system of L = 400 sites has been considered. We
performed averages over 200 and 25 disorder realizations, respectively, for the quenched
dynamics and for the GGE average.

4.2. Effect of small disorder

There are many other possible ways of breaking translational invariance. Disorder in
the system destroys such invariance everywhere, in a much more substantial way than
by changing the boundary conditions. Here we discuss what happens if a random
component in the couplings and the magnetic fields is added, e # 0 in Eq. ().

As it is apparent from Fig. Bl where we analyzed the spatial decay of the two-point
correlator of the order parameter, the differences between the quenched dynamics and
the GGE averages are striking. First of all we note that |[C"(0,7)[ tends to a constant
value for r — oo, while |C&LE(0,7)| decays exponentially, irrespective of the value of
e (remarkably, the effect of the noise in the GGE average is basically negligible, on
the scale of the figures). This clearly shows that the validity of the GGE suddenly
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ceases, as soon as a tiny amount of disorder is added in the system. In the panels of
Fig. Bl we observe a quantitative agreement of the GGE average only in the first panel
which corresponds to the limiting case of zero disorder. The differences between the two
curves for r 2 100 are due to finite-size effects. We remark that, in order to minimize
fluctuations due to the disorder, we performed averages over different noise realizations.
We found that, while for the quenched dynamics this was essential, the GGE averages
are basically unaffected by the disorder: already with a single realization of the couplings
a clean exponential decay clearly emerges (see the red curves in the figure).

5. Conclusions

We explicitly tested the predictions of the generalized Gibbs ensemble in the 1D quantum
Ising model. We have shown that the GGE is able to provide a quantitative description
of the asymptotic behavior of the order parameter correlation function only in the case
in which there are no correlations between the different constants of motion. This
corresponds to the homogeneous, translationally invariant, situation [34]. On the other
hand, as soon as the translational invariance is broken, the GGE fails to apply.

In particular, we performed two different analyses. First, we added a local
perturbation, by changing the boundary conditions from PBC to OBC: in this case,
even though the GGE still exhibits a qualitative agreement with the out-of-equilibrium
dynamics, a quantitative prediction is recovered only in the thermodynamic limit
L — oo. Second, we perturbed the system globally, by adding disorder both in the
interaction coupling strengths and in the transverse field: in this case, the effects of
the translational invariance breaking are much more evident: even a very weak disorder
leads to a complete failure of the GGE in describing the quench dynamics. We found
that, for the dynamics after the quench in presence of disorder, it is no longer possible to
define a typical relaxation time, in accordance with what recently noticed in Ref. [43].
This is due to the localization effects, playing here a major role. Quite surprisingly,
the GGE predictions are barely affected by such effects, thus exhibiting a qualitatively
different (exponential) decay of the correlation functions.
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