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Introduction

This thesis is devoted to the study of qualitative and quantitative properties of minimizers
of variational models describing the shape of charged liquid droplets. Charged droplets are
supposed to minimize free energies which are composed by two terms: an aggregating one,
due to surface tensions, and a disaggregating one due to the repulsion of charged particles.
Several models proposed in the literature are based on this principle. One of the simplest and
most used assumes that charged droplets are stationary points for the following free energy:

Q2

(0.1) P(E)+ C(E)

Here, E C R3 corresponds to the volume occupied by the droplet, P(E) is the De Giorgi
perimeter, [23, Chapter 12|, @ is the total charge and

(0.2) C(lE)::inf{;//w:sptuCE,,u(E)zl},

takes into account the repulsive forces between charged particles. Note that the probability
measure 4 in (0.2) can be thought of a (normalized) density of charges and that C(E) is the
Newtonian capacity of the set E. In particular one assumes that the optimal shapes are given
by the following variational problem with a prescribed volume V > 0:

: Q?
0 i {70+ ey

where |E| = L"(FE) is the n dimensional Lebesgue measure of E .

Heuristically, one expects the perimeter term to dominate for small values of the charge
Q forcing the droplet to have a spherical or almost spherical shape. While the repulsion term
should become dominant for large values of @) leading to the formation of singularities and/or
to the ill-posedness of (0.3). This heuristics is confirmed by the perturbative analysis of (0.1)
around a spherical shape. This computation, performed for the first time by Lord Rayleigh
in 1882, [27], shows that the spherical droplet is linearly stable only for @) smaller than a
critical threshold.

The transition from a stable to an unstable behavior of spherical droplets has also been
verified experimentally, starting from the work of Zeleny at the beginning of 1900 [34] (in
a slightly different context). More precisely, it has been observed that a spherical droplet
exposed to an electric field, remains stable until the total charge is below a critical value
Q. > 0, while, as soon as @) exceeds (). the droplet changes its appearance and the surface
start to develop singularities, the so called Taylor’s cones, [31]. Whenever @ > Q. a very
thin steady jet composed by small but highly charged little balls is formed, [11, 12, 28, 33].

ix



Introduction X

In spite of the interest in (0.3) for applications, a rigorous mathematical study of this
model has been only performed in the last years, mostly thanks to the work of Goldman,
Muratov, Novaga and Ruffini, [19, 20, 21, 25, 26].

The starting point of their analysis is the following remarkable and somehow disappointing
observation: Problem (0.3) is always ill-posed. More precisely, in [19], it is shown that

. Q* v
where BY is the ball of volume V. Since BY is a competitor for the variational problem |,
this clearly implies that there are no minimizers of (0.3).

The above equality is obtained by constructing a minimizing sequence consisting of a
ball of roughly volume V together with several balls with vanishing perimeter and volumes
and very high charge escaping at infinity. Hence, on the mathematical side, the phenomena
observed by Zeleny appears for every value of the charge. Let us also remark that ill-posedness
of (0.3) is shown also if one assumes that all the sets involved in the minimization problem
are a-priori bounded, [19, Theorem 1.3]. We refer also to Chapter 1 for a more detailed
discussion.

It then becomes natural to investigate the local minimality of the ball, at least for “small”
perturbations and small values of Q. In [19, Theorems 1.4 & 1.7] the linear stability of the ball
in the small charge regime is upgraded to local minimality in a sufficiently strong topology.
On the other hand, Muratov and Novaga showed that the ball is never a local minimizer
of (0.3) under (smooth) perturbation which are small in L, [25, Theorem 2]. We also refer
to [21] where well-posedness is recovered under suitable geometric restrictions and to [26] for
the case of “flat” droplets.

The main phenomena driving to the ill-posedness of (0.3) is the possibility of concentrating
a high charge on small volumes. In order to avoid this situation, in [25], Muratov and Novaga
proposed as a possible regularization mechanism the finite screening length in the conducting
liquid, by introducing the entropic effects associated with the presence of free ions in the
liquid, (see also [10, 32] for a related model). They suggested to consider the following Debye-
Hiickel-type free energy !

(0.4) F(E,u,p) = P(E)+Q2{/Rn aE\Vu|2dx+K/Ep2dz}.

Here
ap(x) :=1ge + B1E,

where 1 is the characteristic function of a set ' C R™ and 8 > 1 is the permittivity of the
droplet. The (normalized) density of charge p € L?(R") satisfies

(0.5) plge =0 and /p =1,
and the electrostatic potential u is such that Vu € L*(R") and
(0.6) —div (ap Vu) = p in D'(R™).

K > 0 is a physical constant related to the model.

!Precisely they introduced the energy functional in Remark 1.2.3.
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The variational model proposed in [25], where one assumes a-priori that all the sets
involved are contained in a fixed (large) ball By , is the following

(0.7) min {F(E,u,p) : |E| =V, E C Bg, (u,p) € A(E)},
where we have set
(0.8) A(E) == {(u, p) € D"(R™) x L*(R™): u and p satisfy (0.6) and (0.5)},
and .
D'®Y) =CE®) 7 lellpran = Vel

Note that the class of admissible couples A(FE) is non-empty only if n > 3, for this reason
this assumption will be in force throughout the whole thesis, see also Remark 2.1.2.
Thanks to the a-priori boundedness assumption F C Bpg, existence of a minimizer in the
class of sets of finite perimeter can be easily shown, see [25, Theorem 3] and Chapter 1.
Note that the presence of the L? norm of p in the energy is exactly what prevents the
concentration of charges. Indeed, if one assumes that 5 =1 so that (0.6) reduces to

—Au = P

then the minimization problem (0.7) can be written, in dimension n = 3 as

. ) 1 ([ p(x)p(y)dedy / 2 /
P(E 2 — | BT t. plge =0 =1
R (B)+Q mm{m// T + p° st plpe =0, [ p ,

which should be compared with (0.2) and (0.3). In view of this we also note that, on the
mathematical ground, the variational problem (0.7) can also be considered as an “interpola-
tion” between the classical Ohta-Kawasaki problem, and the free-interface problems arising
in optimal design studied for instance in [3, 7, 15, 22].

Main results

Once existence of minimizers of (0.7) is obtained it is natural to investigate their qualitative
and quantitative properties, also to understand to which extent the predictions of the model
agree with the observed phenomenology. In particular the following questions arise, compare
with [25]:

(i) Is every minimizer smooth, at least outside a small singular set?

(ii) Can one show that for small values of the total charge the minimizers of (0.7) are balls
in agreement with experimental observations?

(iii) Is it possible to show existence/non-existence of minimizers removing the a-priori con-
finement assumption?

(iv) Which is the structure of (possible) singularities of minimizers? Do they agree with
Taylor’s cones®?

2Note that this is possible only if § is large compared to 1, see the discussion at the end of this introduction
and Remark 2.3.6
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In this thesis we investigate the regularity of minimizers. Precisely, we address question
(i). We give also a sketch of (ii) and (partially) (iii) which will be treat in the forthcoming
paper [24]. All the original results presented in this thesis are contained in the following
works:

e Title: Regularity of minimizers for a model of charged droplets,
Joint work with: G. De Philippis, J. Hirsch, [8].

e Title: Minimality of the ball for a model of charged droplets,
Joint work with: E. Mukoseeva, [24].

The first main result is the following partial regularity theorem:

Theorem 1. Let n > 3 and B > 1. Then there exists n = n(n, B) > 0 with the following
property: if E is a minimizer of (0.7) with 1 < 5 < B then there exists a closed set ¥y C OF
such that H"~1="(Xg) = 0 and OF \ £ is a C1¥ manifold for all ¥ € (0,1/2).

As it is customary in Geometric Measure Theory, the proof Theorem 1 is based on an
e-regularity result.
By scaling (see Section 1.2.2), for R > 1 we will consider the following variational problem

(Ps,K.Q.R) min { F3 x.o(E) : |E| = |Bi|, E C Br},
where,

(0.9) Fs,k.Q(E) == P(E) + Q*Gs k (E),

and

0.10 Gsr(E):= inf {/ a Vu2—|—K/ 2}.
(0.10) sx(B)i= ol o[ sVl K [

Furthermore, we fix now some notation which will be useful throughout the thesis.
Notation. Let £ C R” be a set of finite perimeter, v € S*! and r > 0.

e Let g € OF. We define

pesSn—1 rn—

. 1 v —v? _
eE(:E(),’I“) ;= inf 1 / |E(y)2|d7‘[n l(y),
0* ENByr(x0)

where 0*F is the reduced boundary of E and vg is the measure-theoretic unit normal
to OF, [23]. We call eg(xg,r) the spherical excess at a point xg and at a scale r.

o Let (up,pr) € A(F) be the minimizer of Gg k (E) whose existence and uniqueness can
be easily proved, see Proposition 2.1.3. We define the normalized Dirichlet energy at

zo € R" as
1
Dg(zo,r) = / \Vug|? dz.
rn—1 By (x0)

With these conventions, the e-regularity result can be stated as follows, see also Theorem
3.2.1 for a slightly more precise statement.
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Theorem 2. Given n >3, A > 0 and ¥ € (0,1/2), there exits ereg = ereg(n, A,9) > 0 such
that if £ is minimizer of (Ps k¢ r) with Q@ + 8+ K + % <A, x € OF and

T+ eE(l‘,T) + Q2 DE(xa T) < Ereg

then ENC(z,r/2) coincides with the epi-graph of a C* function, where C(x,r/2) is defined
in Notation 3.1.2. In particular, 9E N C(z,7/2) is a C'¥ (n — 1)-dimensional manifold.

By exploiting a bootstrap argument we upgrade the C1? regularity of OF to C* smooth-
ness. Precisely, we report here the e-smoothness regularity version of this result.

Theorem 3. Given n > 3 and A > 0 there exits ereg = €reg(n, A) > 0 such that if F is
minimizer of (Ps ko r) with Q + 8+ K + % < A,

x€0JFE and r+epg(z,r)+ Q? Dp(x,r) < €reg,

then E'N C(x,r/2) coincides with the epi-graph of a C*° function f. In particular, we have
that OFE N C(z,7/2) is a C* (n — 1)-dimensional manifold.

As mentioned before, thanks to the particular structure of the functional F, one can
expect that for the small total charge () the attractive term, represented by the perimeter,
dominates the non-local repulsive energy G, forcing the droplet to have the spherical shape.
By combining the above partial regularity results with the analysis of the linearized energy
around a ball, we want to confirm this intuition by proving that the ball is the unique
minimizer of the functional F for small values of the total charge (). This is consistent with
the experiments conducted by Zeleny. To be more precise, we want to prove the following
theorem.

Theorem 4. Fix K > 0, 8 > 1. Then there exists ()9 > 0 such that for all Q < Q¢ and any
R > 1 the only minimizers of (Pg k.o r) are the balls of radius 1.

The proof of Theorem 4 will be addressed in [24] and partially in Chapter 5.

Organization of the thesis
We shall now present an overview of the content of this thesis.

e Chapter 1: On well-posedness of the classical charged liquid drops model.
In this chapter we review some of the existing literature. More precisely, we recall
some recent results on the ill-posedness of the classical charged liquid drops model.
Subsequently, we introduce the Debye-Hiickel type free energy which will we study for
the rest of the thesis, and we prove the existence of its minimizers in a reasonable class of
competitors. We conclude the chapter by presenting some (open) questions concerning
the model.

e Chapter 2: Properties of minimizers. Though the energy we are considering has
a certain similarity with those studied in optimal design problems, the fact that the
minimization problem in (1.16) is performed only among admissible pairs (u, p) € A(FE)
makes very difficult to make local perturbations. In particular, problem (Ps i o r) has
(a priori) no local scaling invariance. For this reason in Section 2.1 we study carefully
the energy G(F) and its minimizers (ug, pg). Moreover we establish boundedness of ug
and pg.
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In order to study the regularity of minimizers one needs to perform local variations
and hope that these give localized (or almost localized) changes of the energy. This
is not completely obvious due to the presence of a volume constraint and to the non-
local character of G. As it is well known the volume constraint can be relaxed into
a “perturbed” minimality property of minimizers. In order to have estimates uniform
in the structural parameters it will be important to have this “perturbed” minimality
property uniform in the class of minimizers. In Section 2.2 we start studying how
the energy varies according to a flow of diffeomorphism, which will be important in
performing small volume adjustments and we establish the Euler Lagrange equations
for minimizers. In Section 2.3 we prove the perturbed minimality property and we
study the behavior of the energy under local perturbations. In Section 2.4 we prove the
compactness of the class of minimizers in the L' topology.

The next step consists in establishing local perimeter and volume estimates for the
minimizers of (Pg ko r). Usually these estimates are easily obtained by combining
minimality with local isoperimetric inequalities. Here, due to the non-local character of
the energy term G(E) and the absence of a natural scaling invariance of the problem,
more refined arguments are required. In particular we will first show that the energy G is
monotone by set inclusion. This implies that F is an outer minimizer for the perimeter
and leads to upper perimeter bounds and lower density estimates for E¢. Estimating
the density of E is instead more complicated and requires to perform an inductive
argument showing that if F/ has small relative measure in a ball B,.(z), then the Dirichlet
energy of up decays enough to preserve this information at smaller scales, leading to
a contradiction. In doing this, higher integrability of the gradient of minimizers of G
plays a key role. Local density estimates are obtained in Section 2.5 together with
the boundedness of Dg(x,r). This fact combined with the local density and perimeter
estimates allows somehow to recover the scaling invariance of the problem.

e Chapter 3: C'V-regularity. The main step of the proof of Theorems 1 and 2 is
the decay of the excess established in Section 3.1. Once the local scaling invariance of
the problem is recovered, the proof of Theorem 2 follows the classical De Giorgi’s idea
of harmonic approximation. Namely we will show that in the regime of small excess
and small normalized Dirichlet energy, F can be well approximated by the graph of a
function with “small” Laplacian. This leads to the decay of the excess which, thanks
to the higher integrability of Vug, in turn also implies the decay of the normalized
Dirichlet energy and eventually allows to conclude the proof.

In Section 3.2 we prove Theorems 1 and 2. Theorem 2 will be an immediate consequence
of Theorem 3.1.1 (see also Theorem 3.2.1 for a more quantitative version). Theorem 1
is proved by following the strategy of [15] where one combines the the e-regularity result
with the higher integrability of the Vug and the classical regularity theory for minimal
surfaces.

Let us remark that most of the above described difficulties arises only in the case when
B is relatively large compared to 1. Indeed in the regime 8 — 1 < 1, Cordes estimates,
see [5], imply that Vug belongs to LP with p large. In this case Holder inequality
immediately gives that the energy term G is lower order with respect to the perimeter
at small scales. F will then be an w-minimizer of the perimeter and the regularity theory
follows for instance from [30], see Remark 2.3.6. In particular in this case one obtains
full regularity in n = 3, thus excluding the formation of Taylor’s cone singularities. This
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phenomena was already observed in [29] for a different model of charged droplets.

Chapter 4: Higher regularity. This chapter is devoted to enhance the partial regu-
larity result obtained in Chapter 3 by proving the higher regularity of minimizers. By
exploiting the Euler-Lagrange equation and the C'-regularity of u up to the boundary,
OF obtained in Chapter 3, we deduce the partial C?-regularity of minimizers.

Finally, by a bootstrap argument we are able to obtain the smooth partial regularity of
minimizers.

Chapter 5: Minimality of the ball in the small charge regime. The higher
regularity result obtained in Chapter 4 is intereasting in itself but it is also the starting
point to prove Theorem 4.

In this chapter, precisely in Section 5.2 we show how to reduce the problem to the
so-called nearly spherical sets in the small charge regime, by exploiting Theorem 3.
The advantage is that for this particular class of sets we are able to deduce a Taylor
expansion of the energy G near the ball By, Theorem 5.1.4. The proof of this theorem
will be addressed in the forthcoming work [24].

In Section 5.1 we deduce Theorem 4 for nearly-spherical sets in the small charge regime,
by using Theorem 5.1.4.






On well-posedness of the
classical charged liquid drops model
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1.1 The classical charged liquid drops model

In this chapter we review some of the classical and well-known variational models which
describe the equilibrium shape of charged liquid droplets.

Given a prescribed volume V' > 0 we consider all E C R™ (n > 2) occupied by a charged
liquid droplet with volume V and total charge @) > 0. The energy functional which describe
this phenomena is composed by the surface tension, represented by the perimeter P(E), and
the Coulombic interaction energy Z(E):

(1.1) Eo(E) = P(E) + Q*I(E),
where

(1.2)  T(E) = inf {4;// ’x_lw?dﬂ(x)du(y)  sptyt C B, u(E) = 1}.

The probability measure u can be though as a (normalized) density of charges. If Co(FE) is
the Newtonian capacity of the set F i.e.

C(E) := min{/ \Vu|?dz : u € Hy(R"), u> 1lon E},

1
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then
1

(E) = ooy

The optimal equilibrium shapes of charge droplets are given by minimizing the functional
Eq:

(1.3) min {€y(F) : E C R" compact, |E| =V}.
Notice that
(1.4) TI(AE) = X>""I(E), YA>0.

This implies that

Eg(E)=\"n €yt (AE), VA>0.

1—3
In particular, by replacing @ with @ (%) " we can assume V = |B1| := wy. So we will
consider the following minimization problem:

(1.5) min {€g(F) : E C R" compact, |E| = |B1]}.

From a mathematical point of view the nature of this variational model is interesting
because two different types of energies coexist in £g: the shape of a charged liquid droplet is
indeed determined by the competition between the local and attractive perimeter P(E) and
the non-local and repulsive electrostatic potential Z which are respectively minimized and
maximized by the unitary ball.

Thanks to a rigorous mathematical analysis of the model due to the recent contributions
of Goldman, Muratov, Novaga and Ruffini the following unexpected observation arise: the
problem (1.5) is always ill-posed. More precisely, in [19], they construct a minimizing sequence
of competitors composed by a big uncharged ball of roughly volume |B;| = w,, and several
balls, far from each other, highly charged with vanishing perimeter and volumes. Roughly
speaking, in order to minimize the energy, it is convenient to disperse the charge at infinity.
This is the content of the next theorem, proved in [19, Theorem 1.1].

Theorem 1.1.1. Suppose that n > 2, then

o &q(B) = P(B),

where By is the ball of volume w;.

Remark 1.1.2. Since Bj is a competitor for the variational problem and it minimizes the
perimeter we have
Q2
(1.6) P(B1) < P(E) < P(E)+ 57— =&g(E),
C(E)
for every E with |E| = |Bi| = wy. Theorem 1.1.1 and inequality (1.6) clearly imply that
there are no minimizers of (0.3).
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Proof. Fix d € N. Consider d pairwise disjoint balls, {Br y (xi)}d

.1 each of radius rq := (é)a

with a > 0 to be chosen later on. Define

3=

d
E;:= U B,,(x;) UBg, where R=(1—-dr})
i=1

Put on each ball B, (z;) a charge % and assume that the big ball Bg is non-charged. Hence
E, has volume w,, and it is a competitor for the problem. Moreover, recalling (1.4), we deduce

Q*I(E;) = Q*T (LdJ Brd(xi)) <d (3)2 I(B,,) + <§>2€i,j(d)
i=1

< %2 <rld>”_2 I(By) + (g)Q €ij(d),

where we have bounded the cross-interaction by

d

1
= 2 a2y

=1

We assume also that the balls {B;, (azl)}d

,_, are far away from each other in the sense that

dlggo €i,j (d) = 0.

Then, thanks to properties of the perimeter we have

n—2 2
folEn) < PB) +dPB,)+ L (1) 280+ (2) @

d \ryg
o1 L Q2 1 n—2
(1.7) <(1—dryg)» P(B1)+d(n—1Lw,ry  + i <> Z(B1)
Td
Q 2
On the other hand since B; minimizes the perimeter and |Ey| = |By| then

P(By) < P(Eq) < Eq(Ea).

Choose o > 0 such that

1 1 n—2
lim drgfl =0, and lim -— <) =0.
d—s+o0o d—+oo d Td

Therefore by letting d — +o0 in (1.7) we obtain the result. O
On the mathematical side, Theorem 1.1.1 shows that the instability of the ball, observed
in the Zeleny’s experiments whenever the voltage increase enough, appears here for every

value of the total charge. In [19, Theorem 3.4] it was also proved that the problem is ill-posed
even if all the set involved in the minimization problem are a-priori bounded:

Theorem 1.1.3. Let 2 C R™ be compact with 022 smooth and let 0 <V < |Q|. If Eg C R”
1s the solution of the isoperimetric problem

min{P(F) : ECQ, |E| =V},
then for every Q@ > 0 we have

inf{€(E) : ECQ, |E| =V} = P(Ey) +Q*Z(Q).
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By [19, Lemma 2.15, (i)] we have that for all £ C R™ open and bounded if p minimizes
(1.2) then

(1.8) Z(F)=ZI(0F) and sptu C OE.
Thanks to (1.8) if @ C R™ is open with a smooth boundary then
(1.9) I(FE)>ZI(Q) VYE CC.

By combining Theorem 1.1.3 and (1.9) one can prove that the functional £y does not admit
local volume constraint minimizers, [19, Theorem 3.5].

Since the set-construction in the above theorems, which generate the instability of the
ball, consists of disconnected sets , it is reasonable to investigate the minimality of the ball
under (smooth) perturbations which are small in L*. In [25, Theorem 2] Muratov and
Novaga attest the ball instability also in this case.

For completeness we report here this result.

Theorem 1.1.4. Let n = 3. Then for every § > 0 there exists a smooth function
©Ys - 8B1 — (—5, 5)

such that the following set

Qs = {xERn : ]m‘gl—i—(pa(‘;)}

is a competitor for the energy i.e. |Qs| = |B1| and

Eo(Q) < Eq(By).

1.2 Well-Posedness

In order to restore well-posedness of the problem (1.5) there are two possible ways to follow:
(i) one can restrict the class of admissible sets.

(ii) one can modify the energy functional by some regularizing physical mechanisms.

1.2.1 Restriction of the admissible class

In order to overcome the issues which arise in Section 1.1 one should minimize the energy &g
among all sets with a strong constraint on the curvature. These are the sets which satisfy
the following geometric d-ball condition.

Definition 1.2.1 (§-ball condition). Let 6 > 0. A set £ C R” satisfy the internal (resp.
external) d-ball condition if for every x € OF there exists a ball of radius 0 contained in E
(resp. contained in E€) which is tangent to OF at x. If E satisfy both the external and
internal -ball conditions then we say that E satisfy the d-ball condition. Denote by ICs the
class of all sets which satisfy the §-ball condition.

The main advantages to restrict the admissible sets to /s are that this regular sets satisfy
some density estimates and the minimizing measure of Z(FE) is a uniformly bounded measure
on OF. By exploiting this key properties in [19, Theorem 4.3 and [19, Theorem 5.6] Goldman,
Novaga and Ruffini prove the following existence and regularity result.
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Theorem 1.2.2. Let n > 2. Then there exists Qo = Qo(n,2) > 0 such that the following

problem
(1.10) min {€Q(E) : E € Ks,|E| =wn},

admits a solution for every QQ > Qodé". Moreover, for every 6 > 0 such that w,d" < 1
then there exists Q1 = Q1(9) > 0 such that the ball is the unique minimizer of the problem
whenever Q < Q1.

1.2.2 The Debye-Hiickel type free energy

The main difficulty with the variational problem (1.5) comes from the tendency of charges to
concentrate at the liquid interface: mathematically this phenomena is reflected in the freedom
choice of the charge distribution i.e. the measure p, in the variational model (1.5). Notice
that, as mentioned before, the validity of Theorem 1.2.2 strongly depends on the geometric
curvature assumption.

Instead to proceed as in the previous paragraph, in order to restore the well-posedness
one should consider a physical regularizing mechanism in the functional. With this purpose
in [25] Muratov and Novaga integrate the entropic effects associated with the presence of free
ions in the liquid. The advantage of this model is that the charges now are distributed inside
of the droplet E.

Precisely, they introduce the following Debye-Hiickel-type free energy in every dimension
n € N:

(1.11) F(E,u,p):= P(E)+Q2{/ aE\Vu|2dx+K/p2dx}.
R7 E

Here
ap(z) = 1ge + flg,

where 1 is the characteristic function of a set F' and 8 > 1 is the permittivity of the droplet.
The (normalized) density of charge p € L?(R") satisfies

(1.12) plge =0 and /p =1,
and the electrostatic potential u is such that Vu € L?(R") and
(1.13) —div (ag Vu) =p in D'(R").
K > 0 is a physical constant related to the model.

Remark 1.2.3. Actually in [25], the energy (1.11) is written as

JP(E)—I—Qz{io/naE|Vu]2dx+K/Ep2d:n},

for suitable parameters o and By and the relation (1.13) is replaced by —py div (a E Vu) =p.
However it is easy to see that the parameters ¢ and Sy can be absorbed in () and K, see also
the discussion below.
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The variational model proposed in [25], where one assumes a-priori that all the sets are
contained in a fixed (large) ball Bg, is the following

(1.14) wmin { F(E,u, ) : |E| = V. E C B, (u, p) € A(E)},
where we have set
(1.15) A(E) == {(u, p) € D'(R™) x L*(R"): u and p satisfy (1.13) and (1.12)},

and 2@
D'(R") = C= (&) Il s = V]2,

Note that the class of admissible couples A(E) is non-empty only if n > 3, for this reason
this assumption will be in force throughout the whole thesis, see also Remark 2.1.2.

In order to keep track of the various dependence on the parameters let us first fix some
notations, which will be useful also in the sequel. For F C R™ we define

(1.16) Gsx(E):= inf {/naE!VU\2+K/Ep2}7

(u.p)EA(E)

where the set of admissible pairs A(E) is defined in (1.15) (if the dependence on the parameter
is not relevant we will simply write G). Since

(u,p) € A(E) = (AQ_"u(i»)\_"p(i)) e ANE),

one has
G a2k (AE) = N> 7"Gp e (E).
Setting
Fs.k.Q(E) := P(E) + Q°Gs k (E),
one gets
FsxQ(E) = Al—"fB’KAQVQA%QS (AE).

In particular, by replacing K and @ with K (wy/ V)% and Q(wny/ V)k% we can assume that
V = |Bi| =: wy. Namely, for R > 1 we will consider the following problem

(Ps.x.0.R) min {F3 xq(E) : |E| = |B1|, E C Bg}.

Thanks to the a-priori boundedness assumption £ C Bp, in the following theorem we easily
prove the existence of a minimizer in the class of admissible sets of finite perimeter.

Theorem 1.2.4 (Existence). Given 0 < <1, Q >0 and V > 0. Then the problem (1.14)
admits a solution.

Proof. We follow the approach of [25, Theorem 3] by applying the direct method of calculus
of variations. Consider a minimizing sequence (E}, up, pp,) for the energy functional F such
that |Ey| =V, E, C Br and (up, pr) € A(E}) is admissible. Then, up to subsequence, there
exists (E,u, p) such that

- sup, P(Ep) < oo and Ej, C Bg = Ej, — Ein L}(R") when h — oo,

- Nunller (B < C IVunlz2@ey <00 = wp — win W12(Bg) when h — oo,
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- supy, |lpnll2@ny < 00 = pp — pin L?(R™) when h — co.

We show now that the triple (F,u, p) is admissible for the problem. Indeed clearly |E| =V
and E C Bgr. Moreover,

Q= phd:c:/ phlng:z—>/ plp,dx.
R™ R7™ R™

It is simply to prove also that [, p(1 — 1g)¢@dz = 0 for every test function ¢ € C}(R™).
Then p = 0 a.e. on E°. Now we want to prove that u solves —div(ag Vu) = p. To this
purpose notice that

<

/aEVu~chdx—/ ag, Vup - pdz

/ ag (Vu—Vuy) - Veodr

(1.17)
+

/ (ag —ag,) Vuy, - Vo dx

The first term in the right hand side of the above equation converges to 0 as h — oo since
Vuy, — Vu in L2(R™). The second term also converges to 0 by using the L' convergence of
Ep, to E together with the following estimate

<|[VellLemn) lag — ap, | L2®e) | Vunl L2 @e)

/ (ag —ag,) Vuy, - Vo dz

< BVl @) |EAELM? || Vg p2(n).

Thus we have obtained that (E,u,p) is a competitor for the problem. It remains to prove
the lower semicontinuity of F. Notice that, by adding and subtract the term uppp, we have

/R prudr < HPhHLQ(R") Ju— UhHL2(BR) +/R prup dr.

The above inequality yields

/ prudr < 1iminf/ prup dx.
n h—o0 n

Therefore, we conclude that

/aE\VuPdm:/ pudx:hlim prudx
n n —

OORn

(1.18)
< lim inf / prup dx = lim inf / ag, |Vup|? de.
n h—o0 Rn

h—o00

By exploiting (1.18), the lower semicontinuity of the perimeter and the L2-norm of p we get
f(E7 U, p) < lim inf f(Ehv Uh, Ph)
h—o00
So we conclude by the direct method of calculus of variations. O

Once we get the existence of the minimizers it is interesting to investigate some regularity
properties concerning the minimizers. The following questions arise:

Questions:
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(1) Regularity.
Are the minimizers smooth? Precisely, can we locally describe the topological boundary
by the graph of a smooth function?

(2) Shape of minimizers for small values of the charge.
Is the ball the unique minimizer of the functional F, for small values of the total charge
Q7 A positive answer is reasonable, indeed accordingly to the particular structure of
the energy functional, one can expect that for small values of the total charge @ > 0
the perimeter term -which is minimized by the ball- becomes dominant in the energy.

(3) Topological structure of minimizers for large values of the charge.

As conjectured in [25] whenever @ > Q(V) and the radius of the confinement R is
sufficiently large, one should be able to show that minimizers are composed by a number
of connected components (balls) whose size is comparable to the so called Debye radius
rp. The radius rp depends only on the permittivity constants and others physical
constants related to the model (for a precise definition of rp see [25]). The reason of
this phenomenon relies on the fact that spherical droplets whose size is much greater
than rp could be splitted into many little ones; then by redistributing the charge one
should be able to decrease the total energy.

(4) Existence issue.
Can existence of minimizers of (P x ¢ r) be shown also without assuming the a priori
boundedness constraint? In analogy with the Ohta-Kawasaki model, this seems to be
reasonable for small values of () while for large values one expect the ill-posedness of
the problem.

(5) Structure of singularities.

Finally, we want to mention another open problem which involves the structure of (pos-
sible) singularities of minimizers. For large values of the droplet permittivity 5 >> 1
(recall that 1 is the permittivity of the external liquid in the container), in line with
physical experiments, one should conjecture the presence of cone-like singularities: the
so called Taylor’s cones. In [15] N. Fusco and V. Julin thanks to a monotonicity for-
mula proved that conical stationary critical points (the Taylor’s cones) for a similar
free-interface problem, can occur only if the opening angle is neither too small nor to
close to § and the ratio of the two permittivities is sufficiently large.

In the next chapters we address points (1) and (2).
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In this chapter we provide some properties concerning the minimizers of the variational
problem (1.14) introduced in Chapter 1.
2.1 Properties of minimizers of G

In this section we start establishing some basic properties of minimizers of G. We start with
the following lemma. Recall that 2* := 2n/(n — 2) and n > 3.

Lemma 2.1.1. Letn >3, § > 1 and let A: R"™ — Sym,,(R") be a symmetric matriz valued
function such that

Id < A(z) < g1d for all x € R™.

Then for every p € L) (i.e. the dual of L*") there exists a unique u € D*(R™) such that
(2.1) —div(AVu) = p.
Proof. Recall that for u € D'(R™) one has the following Sobolev inequality

[ull» < S(n)[[Vul| L2

9
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In particular, by the assumptions on p and A the energy

E(v) = ;/nAVU-Vde—/npvdx,

is finite. By Young’s inequality £(v) is bounded from below by
IVolZe = C@)llplyey -

Hence, direct methods of the calculus of variations imply the existence of a unique minimizer
which is the desired solution. Furthermore for the solution we have

(2.2) Ueglli(r]%gn)g(v) =E&(u) = 1 - AVuVudr = —% /n pudz.

Notice that the minimum w of (2.2) is the unique solution of (2.1). Indeed let u; and ug be
two minimizers and define z := u; — ug, hence — div(AVz) = 0. By ellipticity of A we have

/ |Vz|*dz = 0.

The Sobolev inequality implies z = 0. O

Remark 2.1.2. In dimension n = 2 the above lemma is easily seen to be false, indeed even
for a smooth and compactly supported p, the solution of

—Au = P
does not in general satisfy Vu € L?.

By the above lemma , if |E| < oo the couple (u, p) defined by

1g

=— —div(agVu) = p,
|E|

p

is admissible, (u, p) € A(F). By testing the equation with u and using the Sobolev embedding,
we then get

1
*

2
/ |Vu|? de §/ ap|Vul? dr = ][ udr < (7[ u? dac) < ‘SE((? |Vull2.
n Rn E E 2

In particular (recall g > 1)

(2.3) G(E) g/ aE|Vu|2dx+K/ p?dx < C(n,B,K,1/|E|).
n Rn

Proposition 2.1.3. Let E C R"” be a set of finite measure. Then there exists a unique pair
(ug, pr) € A(E) minimizing Gg i (E). Moreover,

(2.4) ug + Kpg = Q@K(E) n E,
and
(2.5) 0<ug< gg’K(E) and 0< Kpg < gg’K(E)lE.

In particular, pg € LP for all p € [1,00] and

(2.6) lpElly, < Cn, 6, K, 1/]E)).
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Proof. Existence of a minimizer is an immediate application of the direct methods in the
calculus of variations. Uniqueness follows from the convexity of the admissible set A(E) and
the strict convexity of the energy

(u, p) — ap|Vu*dz + K p*dz.
Rn Rn

Let now ¢ € C2°(R™) be such that

(2.7) Plge =0, Ydr =0,
R

Let v € D'(R™) be the solution of
(2.8) —div(agVv) = 9.

If (ug, pr) is the minimizing pair then (ve, p:) = (ug + ev, pg + €v) € A(E) is admissible.
Hence, by taking the derivative with respect to € of its energy we get

2,

0= / apVupVode + K | ppide 2 /(uE + Kpp) da.
n Rn

Since this holds for all ¢ satisfying (2.7) we get that ugp + Kpg = const in E. By multiplying

this equation by pg and integrating over E we infer that the constant shall be equal to G(E),

and this proves (2.4). In particular ug solves

Q(E) —UE

(2.9) — diV(aEqu) = K

1g.

By testing the above with (G(E) —ug)- = —min{0,G(F) — ug} we obtain

. 2
0—/ aE]VuE\2 dx—l—/ de,
{9(B)<ug} {9(B)<u} K

which implies the second half of the first inequality in (2.5). Testing (2.9) with u_ =
—min{0,u} we obtain the first half. The second inequality in (2.5) follows now from the
first and (2.4). Inequality (2.6) follows from (2.3). O

We establish now the monotonicity of G with respect to set inclusion. We start from the
following lemma.

Lemma 2.1.4. Let A, B : R" — Sym,,(R"™) two symmetric matriz valued functions such
that 1d < A(z) < B(x) for all z € R™. If p € L) (R™) and u,v € D*(R™) are the unique
solutions of

(2.10) —div(AVu) = p and — div(BVv) = p, in D'(R"),

then

(2.11) 2/ (B—A)VU-VvdJ:—i-/ BVv-Vudr < AVu - Vudz.
n n Rn

In particular,

/ BYVv-Vudr < AVu-Vudz.
n ]R”l
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Proof. Let £4 and Ep be the following functionals defined on D!(R"):

1

Ea(w) := 3 Jon AVw-de:c—/npwdx,
1

Ep(w) = 3 - BVw - -Vwdz — /npwd:r.

Hence £4(w) < Ep(w) for every w € D*(R™). Since the solutions of (2.10) are minimizers of
these energies, compare with Lemma 2.1.1, we have

Ea(lu)= min €4 < min E = Ep(v).

D1(R) D1(Rn)
Then 1 1
—2/ AVu-Vudr =Ex(u) < Ep(v) = —2/ BVv-Vvudz,
and
1 BVv - -Vouvdx = BVv-Vvdx—/ pvdx
2 R Rn n
:/ (B—A)Vv-Vvd:n+/ AV’U-Vde—/ pvdz
2/ (BfA)Vv-Vvdxf% AVu - Vudz,
n R
concluding the proof. O

The following corollary is an immediate consequence of the above lemma.

Corollary 2.1.5. Let E C F C R"™ be two sets of finite measure. Then
Gs.x(E) 2 Gp,x (F).

Proof. Let (ug, pg) be the optimal pair for E and let v be a solution of
—div(arVv) = pg.

Then (v, pg) is admissible in the minimization problem defining Gg x (F'), hence

957K(F)§/ aF\V02d$+K/ p2Ed$§/ aE|VuE]2dx+K/ phdr = Gs x(E),
R7 R" R”

n

where the last inequality follows from Lemma 2.1.4. ]

We conclude this section by proving the continuity of G under L' convergence. Recall
that given two sets E and F', EAF := (EUF)\ (ENF) is their symmetric difference.

Proposition 2.1.6. Let {Ep} be a sequence of sets with |Ey| =: V), = V > 0 and let E be
such that limy_,o |ERbAE| = 0, so that in particular |E| = V. Assume that By, — [ and that
K;, — K when h — oo. Then

Jm G, o, (En) = Gp,i(E).

Moreover, Vug, and pg, converge in L? to Vug and pE respectively.
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Proof. Note that by (2.3)

(2.12) sup G, K, (Ep) < +00.
h

Thus
sup/ |Vth|2dx+/ pQEh dx < oo.
h JRn R"
Moreover,
ah::aEhL—2>aE:1Ec+ﬁlE as h — oo.

In particular, if (up,pn) = (ug,,pE,) is the minimizing pair for Gg, g, (Ex), then up to
subsequence there exist (u, p) such that

L? L2 L2
Vup = Vu, apVup — agVu, Ph — P,

as h — oo. Since (up, pp) are in A(FE}), one immediately deduces that (u,p) € A(F) and
thus, by lower semicontinuity,

Gs x(E) §/ ap|Vul? dm—i—K/ p? dz < lim inf </ah\Vuh\2da:+Kh/p%da:).
Rn Rn h—o0

To prove the opposite inequality we take (ug, pg) to be the minimizing pair for Gg x (F) and
we define (wp, pp) € A(E},) as

ph = 0h pELE,, —div(apVwy) = ph,
where o), — 1 is such that [, pp dz = 1. Since
— div(ahV(uE — wh)) = — div((ah — CLE)VUE) + PE(]-E — UhlEh)a

by testing with ug — wy, and by exploiting the Sobolev embedding we obtain

1V (ug — wp)|2 < / an(Vug — V) - (Vg — Vioy) dz

n

:/ (ah—aE)VuE-V(uE—wh)d9:+/ pE(lE—UhlEh)pE(uE—wh)dI

n

< |lan — ap)Vug|2|V(ug — wp)llz + S(n) [lpe(1e — onls,)l2]V (ue — wh)ll2-
Then Young’s inequality implies that |V (ug — wp)||2 — 0. Since also ||py, — pell2 — 0 and

(wn, pr) € A(E}R), we get that

limsup Gg, i, (Ex) < lim </ ah|th|2dx+Kh/ ﬁidw)
h—o00 Rn Rn

h—o00

:/ CLE‘VUEPd.T-l-K/ de:L’:gg,K(E).
n Rn

Strong convergence of Vupg, and pg, is now a simple consequence of the convergence of
energies. ]
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2.2 Small volume adjustments and Euler Lagrange equations

In this section we show how to adjust the volume of a given set without increasing too much
its energy which will be instrumental both to prove compactness of the class of minimizers
in Section 2.4 and to get rid of the volume constraint in studying regularity of solutions
of (Ps.k,0.r), see Section 2.3. The “adjustment” lemma will be proved with the aid of a
deformation via a family of diffeomorphism close to the identity. Finally we also establish
the Euler Lagrange equations associated to (Pg i, r). We start with the following lemma.

Lemma 2.2.1. For every n € C°(Bgr;R") there exists tg = to(dist(sptn,0Br) > 0 such
that {1t }<s, defined by @i(x) := x +tn(x) is a family of diffeomorphisms of Br into itself.
Moreover for some set E C Bg let (u, p) be a solution of

—div(agVu) = p.

Then setting
Uy ::uogot_1 and Pt = det(Vgot_l)pocpt_l,

we have
(2.13) — div (ag, AVur) = p,
where ||[A¢ — Id ||ooc = O(t) and the implicit constant depends only on ||Vn||co-

Proof. The proof of the first part of the Lemma is straightforward. For the second we see
that for 1 € C2°, by change of variables z = ¢(y),

[ @ i@rde = [ pw)iten) det(Vier ) enly) det(Tin(y) dy
— /n ap(y)Vu(y) -V (¥ o) (y) dy
_ / Cap(y)Vuy) - (Vo) Vi (ely)) dy
_ /Rn ag,Vuo ot (Veroprt)! Vi det V! da
N / Lan, (Ve ') Vur - (Ve ) TV det Vg, da
_ /naEt A, Vg - Vi da.

Where we have used the equality Vi o ¢, - (Vo 1)_1 and for a matrix N we denoted by
NT its transpose and by N=T for (N~!)T. Hence u; is a solution of 2.13 with

A, = det V@;l (V‘P;1>_T (V@[l)_l‘

By explicit computation we see that A; satisfies the desired bound. O

We now show how the energy G changes by the effect of a family of diffeomorphism.

Lemma 2.2.2. Let E C Bgr be a measurable set and let {p}y<¢, be a family of diffeomor-
phisms as in Lemma 2.2.1. Then

(2.14) Is.x (Er) < (1+0(1) Gk (E),
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where Ey := ¢ (E) and the implicit constant depends only on ||Vn||e. Moreover,
(2.15) Gp i (Er) < Gk (E)

—{—t(/ aE(|VuE|2 divn — 2Vug - Vn VUE> de — K 0% divndx) + O(t?).

R

Proof. Let (ug, pg) € A(F) be a the optimal pair for Gg g (F). By Lemma 2.2.1 u; = qucpt_l
solves (2.13) with p; = pg o ¢; ' det(Vi; ). Let v be the solution of

(2.16) —div (ag,Vu) =p  in D'(R").
Step 1: We start by proving the following estimate

(2.17) / ag, (|Voi|* — [V ?) da < O(t)/ ap,|Vug|? dz,
R R"

where the implicit constant depends only on ||V7||~. In order to prove (2.17) we claim that

1/2 1/2
(2.18) </ ap,|V(u — Ut)’2d33) < O(t) (/ aEt|Vut|2d:L’> .
Rn R

Indeed assuming that (2.18) holds true and using that |a|? — [b|> = 2b- (a — b) + |a — b|? for
every a,b € R", we have

/ ag, (|Vvt\2 — |Vut\2) dr = 2/ ap,Vug - V(v — uy) do

(2.19) R R

—i—/ ap,|V(ur — vy)|? dz.
R’ﬂ

We estimate the first term in the right hand side of (2.19). By (2.18), we find that

1/2 1/2
/ ap, Vug - V(v —ug) doe < (/ aEt]Vutlz dm) </ ap,|V(us — Ut)\z dac)
(2.20) /R " R

< O(t)/ ap,|Vug|? dz.
Rn
By (2.19) and (2.20), we have:
/ ar, (IVurl? = [Vael?) de < O(t)/ aEt|Vut\2d:L'+O(t2)/ o |V 2 da,
R R” Rn

which proves (2.17).
Let us now prove (2.18). By testing (2.13) and (2.16) with v; — u; we get

/ ag, Vug - V(v — ug) doe = / pt (v —uy) de = / ag, A Vuy - V(vg — uy) dz
= / ap, (A —1d) Vug - V(vp — wy) dx +/ ap, Vug - V(vg — ug) de.

Rearranging terms and recalling that |A; —Id | = O(t), this gives
/ ag,|V(ve — ug)|? dx < O(t)/ |V, — V||V de,
R R”

which, by Young’s inequality, implies (2.18).
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Step 2: By changing of variables

/aEt\Vut\Qdac:/ [(Vior) "I Vul? det Vi da.
RTL n

Moreover
Vi =1d+tVn + o(t) and det Vo =1+ tdivn + o(t),

which gives

(2.21) / ap,|Vug|? de = (1 + O(t)) / ap|Vu|? dz.
and the more precise equality
(2.22) / ap, |Vu|* de = / ap|Vul? dx
R R"
+ t/ aE(divn \Vug|? — 2Vug - V) VuE) dx + o(t).
R"
In the same way we get

2
2.23 2 dr = P gr=(1 Ot/2d.
(2.23) /Etpt . /EdetVsot o= (+00) [ Fda

Furthermore, since det Vip; = 1+ tdivn + o(t), we also get

(2.24) / ﬁ?d:v:/ p2da:—t/ p% divy dz + o(t).
By E E
Step 4: Since, by its definition

[ Fdn=1 Filg =0

and v; solves (2.16), we see that (v, pr) € A(E:). Hence, by combining (2.17), (2.21) and
(2.23) we obtain

g@K(Et) < / CLEt|V1}t|2dl‘ + K /A)?dl‘
R R

§(1+O(t))/ ag,|Vu*de + K | pidx
R"” R"”

< <1+o<t>>< | aslVuslao+ i [ p%dx) — (1+0(8)Fs.x ().

which proves (2.14). The proof of (2.15) is obtained by combining the above argument
with (2.22) and (2.24). O

In the next corollary we deduce also the Euler Lagrange equation for minimizers of (Pg x.0,r)-

Corollary 2.2.3. Let E be a minimizer of (Ps.k.0.r), then
(2.25)

/ divg ndH" 1 +Q? {/ aE(|VuE|2div77—2VuE-VnVuE) dx — K p%divndx} =0,
o*E R™

Rn

for alln € CL(Bgr; R™) with [, divndz =0.
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Proof. Let E be a minimizer of (Ps kg, r) and let {¢;}<¢, be a family of diffeomorphisms as
in Lemma 2.2.1 with [ divyda = 0. Since |E;| =V then E; is a competitor of the problem.
Hence, by the minimality of £ we have

Foro(Br) — Fpra(B) _ P(E) - P(B) | {QB,K(Et) — Gs.x(E)

0< =
- t t t

} s YVt € (0, ‘t0|).

By combining the Taylor expansion of the perimeter, [23, Theorem 17.8],

P(o(E)) = P(E) + t/ divgndH" ' 4+ o(t), where divgn=divy—vg  Vyug,
O*E

with (2.15) we obtain

0 < liminf Fp.r.Q(Er) — Fpr(F)
t—0+ t

+Q? {/ aE<]VuE|2diV7] —2Vug - VnVug)dr — K
Rn

S / diVE n d%n_l
o*E
p%divy dZL‘} .
Rn

By replacing  with —7 in the above inequality we obtain (2.2.3). O

The next series of results are modeled after [2] and allow to do small volume adjustments
without increasing too much the perimeter, see also [23, Chapter 17]. The first lemma is
elementary.

Lemma 2.2.4. Let E C R" be a set of finite perimeter and let U be an open set such that
P(E,U) > 0. Then there exist v = v(E) > 0 and a vector field ng € CH(U;R"™) with
Inllcr <1 such that

/ divng dx > v(E) > 0.
E
Proof. Since
P(E,U) —sup{ [ divnds e CHURY, nll < 1},
E

we find a vector field 7j € C}(U; R™) with ||7]]ls < 1 such that

/ divndz > P(E,U)/2.
E

Taking n = 17/||7||c1 we obtain the desired conclusion. O

In order to have uniform controls on the constants involved in our regularity theory, we
need to upgrade the above lemma in the following one. Note that this time the constants
depend only on the upper bound on the perimeter, in particular they do not depend on R.

Lemma 2.2.5. For every P > 0 there exist two constants 5 = y(n, P) > 0 and § = §(n, P) >
0 such that if R € (1,00) and E C Bp satisfies

(2.26) Bl g < M8 pmy<p,

then there exists a vector field n € CH(Bp_5;R™) with ||n||cn < 1 such that

/ divndx > 7.
E
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Proof. Let us argue by contradiction: assume that there exist a sequence of radii R and a
sequence of sets Ej, satisfying (2.26) such that

(2.27) /E divndr — 0 for all n € CCI(BRk_g;]R"), with [|n||cr <1,
k

where § = §(n, P) is a small constant to be fixed later only in dependence of n and P. By
[23, Remark 29.11] there exist points y, € R™ and a constant d; = 61(n, P) such that

‘Ek N Bl(yk)‘ > 267.
Then by taking z, € Ey N Bi(yx) C Br, N Bi(yx) we get
|E‘]€ N Bz(zk)| > 261 2L € BRk'

Let us now detail the proof in the case in which, up to subsequences, R, — oo and 0Bg, 1N
Bs(zk) # (0. The other cases are actually simpler and we explain how to modify the argument
at the end of the proof. We first note that since Bp, 1N Ba(2x) # 0, we can take z3, € 0Bpg,
such that

|Ex N Ba(xg)| = |Ex N Ba(yk)| = 261 ai, € OBg,.

Now a simple geometric argument ensures that

lim sup |B4(x) N (Br,, \ Br,—s5)| = 0.
0—=0 g

In particular we can choose d2 = d2(n, P) such that
(2.28) |Ey N Ba(zk) N Br,—s,| = 61
Let us now assume that, up to subsequences and a possible rotation of coordinates

x
Fy = (EkﬂB4(:L‘k)ﬂBRk_52) —xp — F, PT]]Z — €1,

where the first limit exits due to our assumption on the perimeters. In particular
BsnN BRk—éz(_xk) — B = B4(0) N {371 < —(52},

and F C B. Note that by (2.28), F # § and, since |Fy| < 3|B1|/2, |B\ F| > 0. In particular,
P(F,B) > 0. By Lemma 2.2.4, we can find a constant v = «(F) > 0 and vector field
nr € CH(B;R") with ||n]|c: < 1 such that

fyg/divnpdx.
F

For k large the vector field ni(-) = np(- + x) satisfies ny € C2(Bg,—s,/2: R"), [nllc1 <1 and
contradicts (2.27) with 0 = do/2.

Let us conclude by explaining how to modify the proof in the case in which either Ba(zx)N
OBR,-1 = 0 or R, — R < oo. In the first case one argue as above by considering the
sets Fj, := (Ek N Bg(zk)) — 23, and by noticing that the vector fields ni(-) = nr(- + yk)
with F':= lim F}, are compactly supported in Bg, _1/. In the second case one can simply
reproduce the above argument. O
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The next proposition will be crucial in removing the volume constraint and in making
comparison estimates for minimizers of (Ps k0, r)-

Proposition 2.2.6. For every P > 0 there exist constants ¢ = a(n, P) > 0 and C = C(n)
such that if R € (1,00) and E C Bp satisfies

then for all o € (—a,7) there exists F, C Br such that

|F,|=|E|+0¢  and \Fsr.q(Fy) — For.q(E)| < Clo| Fsxo(E).

Proof. By Lemma 2.2.5 we can find ¥ = J(n, P) > 0, 6 = §(n, P) and a vector field n €
C}(Bp_5:R™) with [|n]|c: < 1 such that

(2.29) 'yg/divndx.
E

Define a family of diffeomorphisms ¢; := Id+tn and note that, since dist(spt(n,0Br) >
8(n, P), they send Bpy into itself for |t| < to(n, P) . By Taylor expansion

(2.30) B = |E] +t/ divrydz + O(t2)|B|.
E

and

P(E,) = P(E) +t divgndH" ' + O(t*) P(E),
oG

where the implicit constants depends only on ||V7]|oo < 1. Moreover
(2.31) Gp.x (Er) < (1+Clt))Gsk (E),

where E; = ¢(F) and the constant in (2.31) depends only on [|[V7n|lcc < 1. Hence we can
find ¢; = t1(n, P) > 0 such that

(2.320) 1B~ EI| > |15 (by (2:29)),
and
(2.32Db) |Fs.x.0(Et) — FprQ(E)| < Clt|Fp rq(E).

for every |t| < t;. By equations (2.32a) and (2.32b) we get
Fo.Q(E) = Fox(E)| < CFpiq(E)||E] - |E]|.
Let g(t) := |E¢| and note that thanks to (2.30) and (2.29), ¢ is increasing in a neighborhood of

0. Take & > 0 such that (|E| -7, |E|4 &) C g((—t1,t1)). Then for every |o| < & there exists
te > 0 such that |E; | = |E| + 0. Setting F,, = E;, we obtain the desired conclusion. O
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2.3 A-minimality and local variations

In order to study the regularity of minimizers it will be convenient to understand what is the
behavior under small perturbations in balls. In this section we start by removing the volume
constraint by showing that minimizers are A-minimizer of F under small perturbations. In
order to keep track of the dependence of the parameters in Theorem 2, it will be important
that this “almost”-minimality depends only on the structural parameter of the problem. We
thus start by fixing the following convention, which will be in force throughout all the rest of
the thesis.

Convention 2.3.1 (Universal constants). Given A > 0, we say that

e the parameters 5, K, Q with § > 1 are controlled by A if
1
K+ — < A.
B+ K+ % +Q <

e A constant is universal if it depends only on the dimension n and on A.
e For two positive quantities X and Y, we will write X < Y if there exists a universal
constant C' such that X < CY and we write X 2 Y if Y < X.

Note in particular that universal constants do mot depend on the size of the container
where the minimization problem is solved. Moreover we also remark here the following
elementary fact: since B; is always a competitor for (Ps i ¢ r), if E is a minimizer then

(2.33) P(E) < Fsi.q(E) < Faxa(B) < Cln, A),
whenever 8, K, () are controlled by A.

Let us now introduce the following perturbed minimality condition.

Definition 2.3.2 ((A,7)-minimizer). We say that E is a (A, 7)-minimizer of the energy F if
there exist constants A > 0 and 7 > 0 such that for every ball B,(z) C R" with r < 7 we
have

(2.34) Fo.r,Q(E) < Farq(F)+A|EAF| whenever EAF C By(x).

Remark 2.3.3. Note that if E is (A, 7)-minimizer than it is also a (A, 7 )-minimizer when-
ever Ay > A and 7; < 7. Hence there is no loss of generality in assuming that 7 < 1.

We can now establish the desired A-minimality property for minimizers of (Pg x o r)-
Proposition 2.3.4. Let A > 0 and let 5, K,Q with 8 > 1 be controlled by A and let R > 1.
Then there exist Ay, 71 > 0 universal such that all minimizers (Ps g r) satisfy
whenever F C Br and EAF C B(xg), r < 7.

Proof. Clearly we can suppose that

since otherwise the result is trivial. In particular P(F") is bounded by a universal constant
P. Let ¢ and C be the parameters in Proposition 2.2.6 associated to P. If 71 is chosen small
enough we have

|[EAF| < w,T] < &.
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Moreover, since |E| = |Bi|, |F| € (|B1|/2,3|B1]/2). Hence we can apply Proposition 2.2.6 to
F to obtain a set F' C Bp such that |F| = |B;| and

(2.35) ForQ(B) < Fpro(F) < (1+C||F| = [F||) Fg xo(F),
where the first inequality is due to the minimality of E. Since F3 i o(F) S 1 and
||F| = |F|| = |E| - |F|| < |FAE],

we obtain the conclusion for a suitable universal constant Aj.

O]

We conclude this section by establishing the following “local” minimality properties of
minimizers (Pg k0, r). Note that in (ii) below we are not requiring F' to be contained in Bp.

Proposition 2.3.5. Let A > 0, and let 3, K,Q be controlled by A and R > 1. Then there
exist universal constants Ao and 7o such that given a minimizer E of (Ps k. r) we have that
it satisfies the following two properties:

(i) for every set of finite perimeter F C E with E\ F C B,(x) and r < 79 it holds:

(2.36) P(E) gP(F)+A2|E\F|+A2Q2/ |Vup|? dz,
E\F

where ug the minimizer in (1.16).
(ii) For every set of finite perimeter F' O E with F'\ E C By(z) and r < 75 it holds:

(2.37) P(E) < P(F) + Ao|F \ E|.
In particular, if ug is the minimizer in (1.16) it holds:
(2.38) P(E) < P(F) 4+ Ay|EAF| + AQQQ/ \Vug|® dz,
EAF

whenever FAE C B, (x) with r < 7.

Proof. We start proving (i). Let E be a minimizer and (ug, pg) be the minimizing pair for
G(E). Let F C FE be such that E\ F C B,(z) with » < 7; where 71 is the constant defined
in Proposition 2.3.4, by possibly choosing r; smaller, we can assume that

|E| _ |Bi
2.39 Fl> —=—.
(2:39) P> 2=
Let us set f p
PE QT
p=(pe+Ar)lp where Ap = E\FW’

and let u be the solution of
—div(apVu) = p.

Note that (u,p) € A(F) and thus, by using the A-minimality of F established in Proposi-
tion 2.3.4,

P(E)+Q2(/ aE|VuE|2dx+K/p%dx> SP(F)—!—QZ(/ aF|Vu|2dx+K/p2d:p)
R R
+A|E\ F|.
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Item (i) will then follow if we can prove

(2.40) [ = o) dz < 1B\ FL

and

(2.41) / (ar |Vup|* — ap|Vul?) do < \E\F!—I—/ \Vug|? dz.
R E\F

To prove (2.40) we estimate

/ (p2—p%)dx=—/ p%dﬂf+/(k%+2pEAF)dx
n E\F F

E\F
< —/ p%der' \ ] p%dw+2|!pEHoo/ pE dx
E\F \Fl Je\r E\F

< 2|pel5l B\ Fl,

where in the first inequality we have used (2.39) and the definition of Ap. By (2.6), ||pE|lec <1
and this concludes the proof of (2.40).
Let us now prove (2.41). First note that

/ (ap|Vul® - ap|Vup]?) de = / ar(|Vul? — [Vup|?) dz
(2.42) . R

+ / (ar —ag) |Vug|* dz.

Testing the equations satisfied by ug and v with ugp and u respectively and subtracting the
result we obtain also

(2.43) / (ap|Vu?* — ag|Vug|?) dmz/ updac—/ uppg dx.

Subtracting (2.42) from two times (2.43) we get

/ (ap|Vu|* — ap|Vug|?) dx = / ar (|Vug|® — |Vul?) dz
n Rn

(2.44) —I-/ (ap — ar) |Vug|? dz

+2/ updx—Q/ uppg dx.

/ ar (|Vug|* = |Vul?) dz = 2/ ap Vu- (Vug — Vu) dx
R™ n

Moreover,

—i—/ ar |[Vug — Vul* dx
(2.45) 8

:2/ plug —u)dz
+/ ap|Vur — Vul? dz.
R
Combining (2.44) and (2.45) we then obtain:

/ (aF|Vu] —aE|VuE] 2/ p— PE ude—l—/ ar |Vu — Vug|? de
(2.46) 8 R R

+/ ap — ar) |Vug|? dz.
R

n
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We start to estimate the first term in the right hand side of (2.46). By using Proposition 2.1.3
and by arguing as in the proof of (2.40) the first term can be easily estimated as

| o= pyupdr S|\ F
To estimate the second term in the right hand side of (2.46), we write
—div (aF(Vu — VuE)) =p— pg +div ((ap —ag) VuE).
Therefore,
/n ap |Vu— Vug|? de = /n(p —pE) (u—ug)dx

+/ (ag —ap)Vug - (Vu—Vug) dx

<llp = pell@y lu—ugl2-

1

2
+</ (ap —ag)? \quP) [Vu — Vug]|s.

By the Sobolev embedding and Young inequality (and recalling that 1 < ap < f3), the above
inequality immediately implies

/ ap |Vu— Vug|? dz < / (ap —ap)? |[Vug|?® dz +||p — pEH%Q*)/.
n R
By the definition of p, the second term is < |E\ F| (note that 2/(2*)" > 1) while the first

one is less than
ﬁQ/ \Vug|? dz.
E\F

Since also the third term in (2.46) can be estimated by the above integral, this concludes the
proof of (2.41).

Let us now prove (ii). Let F' D F, note that P(FN Br) < P(F) and that (FNBgr)\ E C
F\ E. Hence if we can prove (i) for subsets of Br we will get it for all sets. Let us then
assume that £ C F C Br. By A-minimality of E

Fo.rQ(E) < Foro(F) + AlF\ Bl
Since, by Lemma 2.1.4, G x(E) > G i (F') the conclusion follows. O

Remark 2.3.6. We record here the following simple consequence of (2.38). Assume that
|Vug|? € LP, then (2.38) and Holder inequality imply that for F' such that FAE C B,(z)
with r < 75,

P(E) < P(F) 4 Ay|EAF| + A2Q2/ |Vul? da

EAF
< P(F) + As|B,| + AQ2|B, "7 || Vug|3, < P(F) + Cr" 5.
In particular if p > n, then n — 2 > n — 1 and thus F is a w minimizers of the perimeter in
the sense of [30]. Hence dF is a C'! manifold outside a singular closed set X of dimension at
most (n — 8). Note that by Cordes estimate, [5], the assumption |Vug|? € LP with p > n
is satisfied wherever § — 1 < 1. In particular, in this regime, Taylor cones singularities are
excluded in R3.



Chapter 2. Properties of minimizers 24

2.4 Compactness of minimizers

In this section we prove that the class of minimizers of (Pg i g r) is a compact subset of L'

Proposition 2.4.1. Let K;,,Qpn € R, By > 1 and Ry, > 1 be such that
Kp,—-K>0, Bp—=p2>21, R,—>R>1, Q,—Q2=>0,

when h — co. For every h € N let By, be a minimizer of (Pg,, K,.Qn,Rp)-
Then, up to a non relabelled subsequence, there exists a set of finite perimeter E such that

(2.47) lim |[EAEL| = 0.
h—o0
Moreover, E is a minimizer of (P k,q.r) and
FoxQ(E) = im Fg, k. 0u(En),  lim P(En) = P(E).

Proof. Since if R, =1 for all h the problem is trivial (recall that |E}y| = |By|) we can assume
that Ry and R are strictly bigger than one. Moreover B; is always an admissible competitor
and thus,

lim sup ‘F/BhAKh?Qh (Eh) S lim sup ‘Fﬁh,Khth (Bl) = C’(n, K, Q,ﬂ)

h—o00 h—o00

In particular the perimeters of Ej are uniformly bounded and since all the sets are included
in, say, Bop there exists a non relabelled subsequence and set £ C Bp such that (2.47) hold
true. Since the perimeter is lower-semicontinuous and, by Proposition 2.1.6, G is continuous
we also get that

(2.48) Fs.k,Q(E) < liminf Fs, K, g, (En).
h—o0

We now show that E is a minimizer. For let F' C Bpr with |F| = |B;|. Since R, — R,
we can find A, — 1 such that Fj, := A\ F' C Bg,. Clearly, Fj, = F, |F},| = |F| + o(1) and
P(Fy) = P(F)+o(1). Thus

(2.49) Fo.x,Q(F) = Fs, k,,0,(Frn) +0(1).
By Proposition 2.2.6 applied to F}, we can find sets Fj, C Bg, such that |F},| = |B;| and
Fn 560,00 (Fn) = oy 16,0 (Fn) + 0(1) = Fp i (F) + o(1).
where in the last equality we have used (2.49). By minimality of Ej we get
Fonoknan(En) < Fy k6,00 (Fn) = Faxo(F) + o(1),

which combined with (2.48) implies the minimality of E. By choosing F = F we also deduce
the convergence of the energies and, by Proposition 2.1.6, this implies the convergence of
the perimeters. O

2.5 Decay of the Dirichlet energy and density estimates

The goal of this section is to deduce some density estimates for the volume and the perimeter
of minimizers which are crucial in the proofs of the regularity results.
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2.5.1 Decay of the Dirichlet energy

Following [15], in this subsection we establish an almost Lipschitz decay for the Dirichlet
energy of up in certain regimes. Namely when the set or the complement almost fill a ball
or when the set is very close to an half space.

We start by recalling the following higher integrability theorem. The proof can be found
for instance in [18].

Theorem 2.5.1. Let f € L*(B,) and g € LY(B,) for some q¢ > 1. Assume that whenever
Bs CC Bys CC B, we have

(2.50) fdxﬁB{( fmdx>m+][ gdm},
Bs Bog Bag

for some B >0 and 0 < m < 1. Then there evists p > 1 such that f € LP(B,5) and

(2.51) 7{3 f”da:ﬁB{(J[de:r)p—l—][Tgpd:E}.

Thanks to Theorem 2.5.1 we obtain higher integrability for Vug.

”
2

Lemma 2.5.2. Let E be a set of finite measure and let (u,p) € A(E). Then there exists
C =C(n,B) and p = p(n, B) > 1 such that for all balls B,(x) C R"

P
(2.52) ][ |Vul|? dz < C { (7[ |Vu|? dx) + r?P ][ p?P dx} :
Br(z) Bay () Bar(x)

Furthermore, the constants C' and p depend only on an upper bound for (3.

Proof. Without loss of generality assume x = 0 and by scaling r = 1. Let By CC Bog CC Bj.
Take a cutoff function ¢ € C2° (Ba,) such that ¢ =1 on By, |[V¢| < 2 and |¢| < 1. Denote by
Ugg 1= fBgs udz. By testing (1.13) with ¢ := (u — usgs)(? we get

n

(2.53) /naEcz\VuPda:—i—Q /Rn ap (u—ugs)CVC'Vudw:/ p(u — ugs)C? da.

Thus (2.53) yields

(2.54) / ap |Vl dz < / 1| [t = wss| [C[2 dz + 28 / = g [C] [VC| |V da
BQS BQS BQs
By applying Young in (2.54) we obtain

1 4B\ 1 2
C|Vul* de < <+6) 2/ |u7u23\2dx+8— p*dx
(2.55) Bas 2 0) s I, 2 /by,
+ B0 C|Vul? de,
Bas

for every ¥ > 0. Hence by choosing 9 < % we get

1
(2.56) C|Vul? dz < 2/ lu — ugs|* dx 4 5° / p? dz,
8% J Bas B

Bas 2s

By applying the Sobolev-Poincaré inequality in (2.56) we have

1
1 m
(2.57) / \Vul?de < (/ |vu\2md:c) +/ p? dz,
s S B2s B2s
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with m = n (n +2)~! < 1. Divide (2.57) by L™(Bs) = wy, s™:

1
(2.58) ][ |Vu]2d:r§(][ yvu\%dx>’"+][ o da.
BS BZS BQS

Therefore the hypothesis of Theorem 2.5.1 are satisfied with f = |Vu|? and g = p?. Hence
the higher integrability follows from Theorem 2.5.1. 0

We start with the following elementary lemma where the optimal decay is obtained in

some limit situations.

Lemma 2.5.3. Let 8 > 1 and p € L*°(R"™). Then there exists a dimensional constant
C = C(n) > 0 such that:
(i) if v € WH2(B,.(z)) is a solution of

—Av =p,
then for all X € (0,1)
(2.59) ][ Vo2 dz < C 7[ Vol2dz + S22
Bp(a) B (x) A"
(i) If v € WY2(B,.(z)) is a solution of
—div(agVv) = p, ag = Bly + 1ge,
where H := {y ER": (y—xz)-e< 0} for some e € S*"L. Then for all X € (0,1)

C
(2.60) ][ ag|Vo|?dz < C ][ ap|Vol* dz + —nr2 loll%.
B)\’I‘("E) BT(.’E) )\

Proof. We just prove point (ii) since (i) is a particular case (and well known). By scaling and
translating, we can assume without loss of generality that © = 0 and » = 1. Let w be the
solution of

—div(agVw) =0 in By
{w = on 0B,
so that u = v — w solves
—div(agVu) =p in By
{u =0 on dBj.

By multiplying the last equation by wu, applying Poincaré inequality we obtain

1
2
[ anlVu ds < olallulz < CoMlolel Vulz < o)l (/B amwdax) .
1

B1

where we have used that ag > 1. Hence

(2.61) / aH\Vv—VwIZd:Jc:/ ap|Vul? dz < C|lp|/%.
B1 B

Moreover, by [15, Lemma 2.3],

][ aH|Vw\2dx§][ ap|Vw|? dz.
B

By
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Hence,
(2.62)
][ aH|Vv\2dx§2][ aHVw|2d:c+2][ ap|Vv — Vw|? dx
By B, By
SQ][ aH\VwIQdm—i—Z][ ap|Vo — Vw|? dx
B1 BA
< 4][ ap|Vo|? dx + 2][ ag|Vo — Vw|? dz + 4][ ap| Vv — Vw|? dz.
Bl B)\ Bl
which together with (2.61) concludes the proof. O

As in [15], we now exploit the higher integrability Lemma 2.5.2 to obtain an “almost
version” of the above decay.

Proposition 2.5.4 (Decay of Dirichlet energy). Let 3 > 1 then there exists a constant
C = C(n, B) with the following property: if E C R™, u and p satisfy

—div(agVu) = p, ag = Blg + 1g¢,

then for all X € (0, %) there exists eg = eo(A, B) > 0 such that

o |[EN By ()| |Br(z) \ E
) - (x (2
either W < eg or W < gg,
then )
][ |Vul*de < C ][ |Vul|? dx + C—THpﬂgo
By, () By (a) A"
(ii) If

((EAH) N By ()]
| By ()]

where H := {y ER": (y—x)-e< 0} for some e € S*7L then

= €o,

2 2 Cr? 2
|Vul|*de < C Vul”dx + —||pl|%-
Bir(x) By (z) A

Moreover, the constants C' and €9 can be chosen to depend only on un upper bound on (3.

Proof. We detail the proof of item (ii). Item (i) can be obtained in a similar way and we
sketch the argument at the end of the proof. Without loss of generality, by translating, we
can assume x = 0. Let A € (0,1/2) be given and let v the solution of

—div(agVv) =p in B, /s
v=1u on 9B, /5.

where ag = 15 + 1ge. In particular, w = (u —v) € Wol’z(Br/g) and
—div(agVw) = —div((ag — ag)Vu).

By testing the above equation with w and using Young inequality we get

/ IVu — V| de < / (ap — ag)?|Vul? dz < 52/ \Vu|? dz.
Br/2 Br'/Q (EAH)QBT/Z
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By the higher integrability lemma there exists p > 1 such that

1
p
(2.63) (f IV da:) gc][ Vul? dz + C "2 |p%.
B’!‘/2 B

Hence by exploiting Hélder inequality with exponent p we have

/ |Vul® dz < [(EAH) N Br/z\“% / \Vul? da
(EAH)ﬁB'r/Q B'r/2

1
1-1 »
(2.64) < (2.p)|B,| <\(EAH)0BT|> ][ VP de
|BT| B'r/2

1—-1
<Ceg " {/ \Vul? dz + "+ |yp||go}.

3=

Therefore, (recall r < 1) the above estimates yield
1—1
(2.65) / Vw|? de < C {(,6’ —1)%g, ” / \Vul|? do + r””Hp]go} .
Br/z i

Since the decay estimate (2.60) apply to v, we can argue as in the proof of (2.62) to obtain

1—1

P 2
][ \Vul? dz < C’][ \Vul|? d + ! / \Vu|? de + C”pHOO.
B, B, AT B, Y

Choosing g9 = £o(n, A\) < A sufficiently small we conclude the proof of (ii). The proof of (i)
)

can be obtained in the same way by comparing u to a solution of —Au = p (or —fAu = p
and by using (2.59). O

2.5.2 Density estimates

In this section we establish scaling invariant upper and lower bounds for the perimeter and
for the measure of a minimizer in balls. We also establish a universal upper bound for the
normalized Dirchlet energy of the minimizer of up. We start with the following proposi-
tion which is a simple consequence of the outward minimizing property of E established in
Proposition 2.3.5 (ii).

Proposition 2.5.5. Let A > 0, and let B, K,Q be controlled by A and R > 1. Then there
exist universal constants C, and ro such that, if E is a minimizer of (Pg r.o.r), r € (0,70),
then!

(2.66) P(E,B,(z)) < Cor™! for all x € OF and r € (0,1,),
and
(2.67) 1Br(x) \ B| > L for all z € E° and r € (0,71,),

1Br(z)]  — Co

'Here and in the sequel we will always work with the representative of E such that

L B@\E B@E
aE_{. ERE] TERES] >0 for all >0}7

see [23, Proposition 12.19].
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Proof. We let As and 7 be the constants appearing in Proposition 2.3.5 we take r, < 7. For
r < 1o, we plug F = EU B,(z) in (2.37) and we obtain, after simple manipulations,

P(E,B,(z)) < H" Y(0B,(x) \ E) + As|E \ By(z)| < nwn,r™ ™t + Agw,r™.

Hence, assuming that Aor, < 1, we immediately get P(E, B,.(z)) < 7"~. To obtain the lower
density bound for E¢ we set m(r) := |B,(z) \ E| and we use the isoperimetric inequality to
deduce

m(r)"5 = [B,(2) \ EI"T S P(E\ By(=))
= P(E, By(x)) + H""(0B,(x) \ E)
SHTH OB (2) \ E) + | E\ By (v)]

S m/(r) +m(r),

where we have used that, by co-area formula m/(r) = H"~1(0B,(x)\ E). If we choose 7, such
that Cm(r)% <C (nwn)%ro < 1/2 where C is the implied universal constant in the above
estimate, we obtain

m(r) " S m'(r).
Since z € OFE, m(r) > 0 for all » > 0 then the above inequality implies that

d
dr

3=

m(r)

Hence m(r) 2 r™ and this concludes the proof. O

>1 for all r € (0,7).

The next lemma establishes a universal bound on the normalized Dirichlet integral.

Lemma 2.5.6. Let A > 0, and let 8, K, Q be controlled by A and R > 1. Then there exists
a universal constant Ce such that, if E is a minimizer of (Ps c.o.r), then for all z € Bp,

2
(2.68) Q2Dp(a, ) = rff_l/B IVuldy <.

Proof. The estimates is clearly true if r > ro where g = ro(n, A) (recall that Q? [, [Vug|? dz <
Fs.k,Q(F) S1). Hence we can assume that » < rp < 1. We claim the following: there exist
constants A = A(n, A) € (0,1/2), C = C(n, A) and ro = r9(n, A) such that

(a) If x € 9BR and r < rg, then

1
(2.69) Q*Dp(x, \r) < §Q2DE(x,r) +C.
(b) If z € B and r < min{dist(z, Bg),70/2}, then
(2.70) Q*Dg(x, Ar) < %QzDE(w, r)+C.

Let € < 1 to be fixed and let 79 = ro(e) < 71 where 7; is the constant in Proposition 2.3.4
and such that the following holds true
|(Br N Br(z))AH,|

(2.71) xr€ O0Br andr<ry = <e,
| By ()]

where H, := {y : (y — z) - = < 0} is the supporting half space of Br at z. Note that since
the curvatures of 0Bg are universally bounded (recall that R > 1), this can be achieved by
choosing r¢ small only in dependence of €.
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Let now x € Br and r < rg be a radius satisfying either condition (a) (if z € dBg) or
condition (b) (if x € Br) above. Let (ug, pg) be the minimizers for G(F) and consider

F =(EU B,(x)) N Bg.
We define u to be the solution of
(2.72) —div(apVu) = pg.

Note that (u, pg) € A(F) since F' O E. Hence, by Proposition 2.3.4,
P(E) +Q? (/Rn ap|Vup|? do + K/R o dz)
< P(F) +Q2</Rn apyvu\deJrK/Rn p%de> + A |F\ E|
< P(EUB@) + Q*([ arlVuldo+ K [ phde) + MilBi(a)],

where we have used that F'\ E C B,(x) and that P(F') < P(E U B,(x)), by the convexity of
Bpr. Rearranging terms we get

Q2</ ap| V| do — / arp|Vu*dz) < P(EU B, (2)) ~ P(E) + Ay|B.(x)| £ 1"
R" R"
Recall now that ug solves
—div(agVug) = pg,
and we use (2.11) in Lemma 2.1.4 to infer that

7,n—l

Q%

(2.73) / (ap —ap)|Vul* dx S/ aE\VuE\de—/ ap|Vul? dz <
Since
—div(agV(ug —u)) = —div((ar — ag)Vu),

by testing with ug — v and by Young inequality we get

Qz/ |Vug — Vu|? dz < QQ/ (ar — ap)?|Vu|* dz < r"7 1
R’l’l

n

where the last inequality follows from (2.73).
We want now apply Proposition 2.5.4 to u. Note that since

FNB,(z)=B,(z)N Bg,

then the assumption are satisfied both in case (a) (thanks to (2.71)) and in case (b) (since
B, (z) C Bg). Hence, given X € (0,1/2), we have:

(2.74)
1

2 2
Non—1 |VuE\2dy§ _/ |VU—VUE’2dZ/+_/ |Vu\2dy
()t /Bw) AT s, AT s,

2 A Cr?llpE s
By ()

< -
— ()\T)n—l Tn—l An—l

c 1 2 CA 2 C7“2HPEHoo
< — — d d _—
— an—lgpn-l /Br(a:) Vu—Vugl"dy + rn—1 /Br(a;) Vugl"dy + =17

/ |Vu—VuE]2dy+ ¢
B)n‘(x)
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for a constant C' = C(n, A) provided € (and thus rg) is chosen sufficiently small. Since by
(2.6) |pEllcc S 1, we deduce from (2.74) that

C(n, A)

An—1 °
Now choosing A = A(n, A) such that CA = 1/2 we conclude the proof of the claim. Note that
this fixes € and thus rg as functions depending only on n and A.

(2.75) Q’Dg(z, Ar) < CAQ*Dp(x,r) +

To conclude the proof we have to show that (a) and (b) above implies that
S:=sup sup Q*Dg(y,s) <C(n,A).
yeBR 0<s<ro
We first assume that S < 400 and show that we can bound it by a universal constant. Let
7y € Br and 5 € 0 < s < 1 be such that

38

4 > QQ-DE(yu )

Let us distinguish a few cases:

e Case 1: y € OBg. If 5 < Arg, (2.69) implies that

S
34 < Q*Dg(y,5) < Q DE(?J,

and we are done. On the other end if 5 > Arg, then

35
Vi

A)+c< “s+c,

2
Q2DE(y, ) < ()\Tf)))"l/n ’qu|2 dz

1
= Wfﬂ,K,Q(E) <C(n,A).

o Case 2: y € Bg. If 5 < Amin{dist(y,0BRr),70/2}, we can use (2.70) and we argue as in
the first part of Case 1. If § > Arg/2 we argue instead as in the second part of Case 1 to
conclude. We are thus left to consider the case

)\dist(ﬂ?,aBR) <s5< /\TQ/Q.

In this case Bs(y) C By, (y), y € 0Br and

1
%<Q Dy(5,5) < 55 +C.

Thus we are done.
To show that one can actually assume that S < 400 one can consider

Ss = sup sup Q*Dg(y,s) < C(n, A)§' ™",

yeB R §<s<r0
and argue as above to show that S5 < C(n, A). Letting § — 0 we conclude the proof. O

We are now ready to complete the proof of density and perimeter estimates.

Proposition 2.5.7. Let A > 0, and let 3, K,Q be controlled by A and R > 1. Then there
exist universal constants Ci and i such that, if E is a minimizer of (P k.q,r), then

n—1
(2.76) P(E, By(z)) > To- for all x € O and r € (0,7),
and
B.(x)NE 1
(2.77) | u(;zx)’ | > o forallx € E and r € (0,7),
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Proof. We start showing the validity of (2.76) and we divide the proof in few steps.

e Step 1: We claim that for every A € (0,1/4), there exist 1 = ¢1(\,, A), C1 = Ci(n, A) and
and 7 = 7(n, A, \) such that if

P(E, B,(z)) < er™! e<e r<r,

then,
(2.78)
P(E, By (7)) + QQ/ Vug|?dy < CHA" (P(E, By(z)) + Q2/ [Vug|? dy + r”>-
BAT(J:) B’,«(:I?)

For the ease of notation let us assume that z = 0. Let A € (0,1/4) be fixed. By the relative
isoperimetric inequality

n—1
[1EnB| |B\E) © P(E, B,)
min ; é C n)———— S e
< { B 1B e

By (2.67) and by choosing 1,7 < 1 we get

(2.79)

1
|E N B,| PE,B)\"'P(E,B,) _ _ P(E,B,)
| Br| <0 rn—l rn—l Ser pr—1 °

Let us choose t € (Ar,2Ar) such that

2Ar
H Y ENOB;) < H" Y (ENOB,)ds

(2.80) r 5
S |E N 2/\7”

Lo <O, Nen1P(E, B,).

By testing (2.37) with F' = E \ B; we obtain
(2.81) P(E,B;) < H" " YENOB;) + Ao|E N By + A2 Q? / \Vug|* dz,
ENB:

which together with (2.80) and recalling that ¢ € (A\r, 2\r), implies that

(2.82) P(E,B,\r)—i—QQ/ \Vup|? dx
B/\r

< O(n, Nem1P(E, B,) + (As + 1)@2/ \Vup|? de + As|Bay,|.

Boxr

If we now choose €1 = £1(\) < 1, (2.79) allow to apply Proposition 2.5.4 (i). Hence by also
choosing ¥ < A we deduce that

F

2
/ \Vug|? dz < C(n, A)A" / \Vug|? dz + "
BQ)\T T )\

(2.83)
< C(n,AN\" (/ \Vug|? dz + r”) ,
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where we have used that by (2.6), ||pE|lc S 1. By gathering equations (2.82) and (2.83) we

~

then get

P(E, By,) + Q° / Vg d
B/\r

< O(n,\)en=1P(E, B,) + C(n, A)A" <Q2 / \Vug|? dz + 7’”) .

T

If we choose €1 = €1(n, A, \) < 1 such that C(n, /\)5ﬁ < A" the above inequality implies
(2.78).

e Step 2: We now prove the validity of (2.76). By density it is enough to prove it at all
x € 0*E. Again we set coordinates so that x = 0. Let us choose A = A(n, A) € (0,1/4)
such that C1A < 1/2 where C is the constant appearing in (2.78) and let 7 and €1 be the
corresponding constants (which now depend only on A and n). We claim that

(2.84) P(E,B,) + Q2/ |Vug|? dz > %17“"_1 for all » < min{ry,e;/2}.

T

Indeed otherwise, by (2.78) and the choice of A

P(E, By,) + Q* / |Vug|? da

B

n—1
< )\2 (P(E, Br) +Q2/ |qu’2 dr + 8217,71,1) < €1 ()\T)nfl'
By

We can thus iterate the above estimate and deduce that

lim inf L Br)

r—0 rn—1

:()7

in contradiction with the assumption that 0 € 9*E. Let now A < £; to be chosen where &
is the constant obtained above. Let €5 and 7 be the constants corresponding to X in Step 1.
We claim that if we choose A small enough depending only on n and A then

(2.85) P(E,B,) > eyr™? for all r <3,

where r3 < min{ry, r1} will depend only on n and A. Indeed otherwise we can apply Step 1,
(2.66), and Lemma 2.5.6 to get

P(E,B;\T)+Q2/ Vup|®dz < C(n, AN (P(E, Br(x))+Q2/

Ar

\Vug|? dz + r”)

< C(n, A)A(Ar)" 1,
where €9 < €1 and 79 < 71 are universal constants. If X is chosen so that C(n, A)\ < e1/4
this contradicts (2.84) and thus proves (2.76) with ¢ < 9.

e Step 3: We now prove the validity of (2.77). Assume indeed that

ENB,|

— < gy for r <7y
| B, | ’
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with e4,74 < 1 to be fixed only in term of n and A. Then, by exploiting Lemma 2.5.2 and
Lemma 2.5.6, for all s € (r/4,7/2) we have

QQ/ Vug|? dz < Q2|EmBs|1‘i</ \qudex)
Bs Bs

(2.86) )
1-1
ENB P 1-1 11
§Q2<| T’) / |VUE‘2d.T§€4 prn71§€4 psnfl'
BZs

|Br|
Moreover, by the co-area formula, there exists s € (r/4,r/2) such that

1

(2.87) H Y ENB,) < H Y ENB)dt < 4 < gyl

r/2 AENB,| _
RO
r/4 r

By testing (2.36) with E'\ Bs we get
P(E,B,) <H" Y E N B,) + As| By + Q%A / \Vug|?dr,
Bs

which together with (2.86) and (2.87) and provided r4 < €4 < 1 implies

1

177
P(E,B;) < Cey "s" 1
for a suitable universal constant C. Choosing ¢4 small with respect to €9 we get
P(E7 Bs) S €2Sn_17

in contradiction with (2.85).
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This chapter is devoted to the e-regularity result for minimizers, Theorem 2 and the
partial regularity result, Theorem 1.

3.1 Decay of the excess

Since the seminal works of De Giorgi and Almgren, [1, 6] the proof of Theorem 2 is based on
an excess decay theorem, namely

Theorem 3.1.1 (Excess improvement). Let A > 0, and let 5, K,Q be controlled by A and
R > 1. There exists a universal constant Cqec > 0 such that for all A € (0,1/4) there exists
€dec = €dec(n, A, X) > 0 satisfying the following: if E is a minimizer of (Pg k.o.r) and

€ 0FE, r+Q°Dg(x,7)+ep(r,7) < edec,
then
(3.1) Q2DE(3:, Ar) +ep(z, Ar) < C’dec)\(eE(:E, r)+ Q2DE(:E, r)+ 1").

As it is customary, the proof of the above theorem is based on an “harmonic approxima-
tion” technique. More precisely we will go through the following steps:

(i) In the small excess regime, the boundary of E can be well approximated by the graph of
a Lipschitz function f with Dirichlet energy bounded by the excess.

35
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(ii) If the excess and the normalized Dirichlet of up are small, then f is almost harmonic.

(iii) Almost harmonicity of f implies closeness to an harmonic function g in the L? topology.
By classical estimates for harmonic functions then an L? type of excess of g decays. This
in turn implies the decay of the flatness f of E, see (3.35) below for the definition.

(iv) Via a Caccioppoli type inequality, the decay of the flatness can be transferred to the
decay of the excess.

(v) Via Proposition 2.5.4 (ii), the decay of the excess implies the decay of the normalized
Dirchlet energy.

Usually, Step (i) is obtained by reproducing at most points and at all scale an height type
bound for JF in the small excess regime. This relies on the scaling invariance of the problem
studied. Step (ii) and (iv) are obtained by simple comparison arguments and Step (iii) is
based on a compactness argument together with the classical regularity theory for harmonic
functions.

In our situation the problem does not enjoy of a nice scaling behaviour, due to the global
constraint fRn pe dx = 1. However, the local estimates obtained in the previous section are
exactly what we need to carry on the proof of Step (i), see Lemma 3.1.3 below.

3.1.1 Lipschitz approximation

In this subsection we prove the Lipschitz approximation lemma. Let us first recall a few
notations that will be useful in the remaining part of the thesis.

Notation 3.1.2. Let E C R" be a set of finite perimeter, z € R?, z € R* !, v € S” ! and
r > 0.

e We call p¥(z) :=z— (z-v)v and q”(z) := (x-v) v, respectively, the orthogonal projection
onto the plane v and the projection on v. For simplicity we denote p(z) := p®(x) and
q(z) = q°(z) = 2y

e We define the cylinder with center at x and radius r with respect to the direction v as

C(z,rv):= {y eER” : |p(y—2)| <r,|d"(y —x)| < T}.

We write C,.(z) := C(z,r,e,), C, := C(0,7,¢e,) and C := C;.

e We denote the (n — 1)-dimensional disk centered at z and of radius r by
D(z,r) = {y cR* L. ly — z| < 7‘}.

For simplicity we write D,.(z) := D(z,r), D, := D(0,r) and D := D(0, 1).

e The cylindrical excess in a direction v € S"~! is defined as

1 / |VE(y)_V|2 n—1
ep(z,rv) = — — dH Y),
( ) rn-t C(z,r,v)No*E 2 ( )
so that

(3.2) epg(x,r) < inf eg(x,rv).
vesSn—1

The following height bound is crucial in the sequel. Note that it does not require any
minimality property on F, only the validity of inequality (3.3) at all scales.
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Lemma 3.1.3. Let C > 0. Then there exists an increasing function we : (0,1) — R with
we(0T) = 0 depending only on C such that if E C R™ is a set of finite perimeter in C(x,2r)
satisfying the following properties:

(i) x € OF,

(ii) for ally € OF and s such that Bs(y) C C(z,2r)

1 _|ENBs(y))

1 -1
(3.3) cS B - (1 C>, P(E,Bs(y)) < Cs",
then
(3.4) ep(z,2r,e,) <t = sup  |q(y — )| < wc(t)r,

yeC(z,r)NOE
‘{y eC(z,r)NE : qly—x) > wc(t)r}l =0,
{y € Clz,1) \ E :a(y — z) < —we(t)r}| = 0.

Proof. Note that the assumptions are scaling and translation invariant, hence we can assume
that 2 = 0 and r = 1. For every ¢t € (0,1) let

M, := {sets of finite perimeter satisfying ez(0,2,e,) <t, (i) and (ii) }.
For every £ C R" let us call
hg:= sup |qz|,
x€CNOE
(3.7) gp:=inf{s€[0,1] : {x € CNE : qr>s}| =0} and
fe=inf{s€[0,1] : [{x € C\ E : qz < —s}| = 0}.

Define the functions wy,ws,ws : (0,1) — R as

(3.8) wi(t) := sup hg, we(t):= sup gg and ws(t):= sup fg.

EeM; EeM; EecM;
Let we := max{wi,ws,ws}. Notice that we is increasing since it is the maximum of increasing
functions and by definition it satisfies (3.4), (3.5), and (3.6). Let us prove that wc(07) = 0.
Assume by contradiction that lim;_,o+ we(t) > 0 then there exist a sequence t; N\, 0 and
L > 0 such that we(tg) > L for all k. We now distinguish three cases.

Case 1: Up to subsequences wo(ty) = wi(ty) for every k € N. For every k there exists
E, € My, such that hg, > L. By (3.3) up to subsequences there exists a set of finite
perimeter £ C R" such that F, N C, — E N C, whenever r < 2 and
(3.9) lim eg,(0,2,e,) =0.

k——+oo
Now take C; C C, C Cy with s > 1. By the lower semicontinuity of the excess we obtain
that er(0, s, e,) = 0. Moreover let {z }ren be a sequence such that xp € E, N C and let us
assume that z; — x. By (ii) one easily deduce that

| Bs(z)]

min{]E N Bs(x))], [Bs(x) \ E‘}Z O

which implies that z € OF (recall that we are working with the representative of E such
that OF = spt D1g). This in particular implies that 0 € OF. Since eg(0,s,e,) = 0 we get
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H :={z:qx <0} = E. However, if x; € 0F} is such that |qxg| > L, up to a subsequence,
we can assume that z; — = € OF = {z : qz = 0}, a contradiction.

Case 2: Up to subsequences w¢ (t;) = wa(ty) for every k € N. Hence for every k there exists
Ej, € My, such that gg, > L. Note that if £ € (0, L) then

(3.10) {z e CNE;:qz>¢}>0 forallkeN.

Hence (3.10) implies that, up to extracting a subsequence,

either
(3.11) there exists ¢ € (0, L) such that for k there exists x € CNIE, N {qz > (},

or

(3.12) 15, A{qr>0} — L{qu>0} in LY(C).

Indeed if by contradiction (3.11) does not hold then for every j > 1 there exists k; € N such
that qz < % for every x € CNOE},. By (3.10), since {qz > %} is connected, then necessarily
CNE 2{qz > %} By letting j — + oo we get (3.12).

By arguing as in Case 1, we have that Ey — {qxz < 0}, hence (3.12) cannot hold.
Hence (3.11) holds, which is again in contradiction with Case 1.

Case 3: Up to subsequences we(ty) = ws(tx) for every k € N. This case can be ruled out by
arguing as in Case 2 (or by working with E° which satisfies the same assumption of F).
Therefore we is the required function. O

First of all, thanks to the following lemma, [23, Lemma 22.11] we define the excess mea-
sure.

Lemma 3.1.4 (Excess measure). Let E C R™ be a set of finite perimeter such that 0 € OF.
Denote by M := CNOE. If there exists h € (0,1) such that

(3.13) sup |qz| < h,

xeCNOE
(3.14) {zeCNE:qz>h} =0,
(3.15) [{r € C\E : qu < —h}| =0,

then for every Borel set F C D we have H"*(F) < H"~' (M np~!(F)). Moreover,
w(F) :=H"  (Mnp '(F)) - H" ' (F),

is a Radon measure on B(R"™1), where B(R"™!) is the o-algebra of Borel sets. The measure
1 1s called the excess measure.

We are now ready to prove the following Lipschitz approximation lemma.
Lemma 3.1.5 (Lipschitz approximation I). Let C' > 0. Then there exist e, = ep,(n,C) > 0
and C, = CL(n,C) > 0 with the following property: if E is a set of finite perimeter in
C(x,4r) satisfying
(i) x € OF,
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(ii) for ally € OE N C(z,2r) such that Bs(y) C C(z,2r)

1 _ |[ENBs(y))|

1 e
&< B <(1-5),  PEBE)<Cs

C
(iii)

eg(x,2r,e,) < er,
then there exists a function f:R" 1 — R with

1

Tnfl

(3.16)  Lip(f) <1,

/D IVf? < Crep(z,2r,e,), Hf1|n|oo < wc(eE(x,Qr, en)),

such that, defining I'y :=x + {(2, f(2)) : z € D} ,
H L ((8E NC(x,r, en))AI‘f)

Tn—l

(3.17)

< CLeE(:L‘, 27, en),

where we s the function in Lemma 3.1.35.

Proof. Without loss of generality we assume x = 0 and r = 1. Denote by
|z|| :== max{|pz|, |qz|} for every z € R".

Let e, € (0,1) such that we(er) < 1, where we is the non decreasing function of Lemma
3.1.3. Define
G := {y €O0ENC : sup eg(y,s,ey) < EL} .

0<s<%

Fix y € G and x € 9ENC with ||z —y|| < %. Let F := WCL:ZZjH Notice that F is a set of finite

perimeter in C__ 2 with 0 € F which satisfies the density estimates of the volume and the

lz—yll
perimeter in C__2 . Moreover by definition of the excess and G we obtain

lz—yll
er (07 2, e'rl> =€gp (y7 2H.’L‘ - yHa €n) <eEr.

Hence, by choosing t := ep (0,2,e,) < £ in Lemma 3.1.3 we deduce
(3.18)

swp [qz] < wolt) = AT

<wc(t) and |z—vy| =|p(xz—y)|Vz € OENC,y € G.
CNoE |z —yll

Thus (3.18) implies that p is invertible on G. Hence there exists f : p(G) — R such that
f(pz) = qz for every z € G. Therefore,

(3.19) |f(pz) — f(PY))| Swc(t) [Pz —ayl| Y,y € G.

By McShane’s lemma we can extend f to all R*~! with the same Lipschitz constant (we
continue to call f also the extension). Thus we have found a Lipschitz function f : R*~1 — R
such that

(3.20) Lip(f) Swc(er) <1 and G CTy={(z,f(2)) : z€ D}.

Thus we obtain the first and the third inequality of (3.16). Let us prove (3.17). In this
proof C, = Cr(n) > 0 is a constant which changes line by line. By definition of G for every
y € (OENC)\ G there exists a radius s € (0,3/4) such that
ve(r) — e

2
(3.21) er 8"t < 5" ep(y, s, en) = / A" (x).
OENC(y,s) 2
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By applying Besicovitch’s theorem we can find a contant ¢(n) > 0 depending only on n and
a countable disjoint family of balls {B Vo (yh)}heN with C(ys, s1) € B.a,, (ya) € Cz which
satisfy (3.21) such that

HYOENC\G) < o(n) 31 (0EMC\ G B g, 1)

heN
(3.22) <g(n) Y H*! (8E NCNB,, (yh))

hGN

2 e co Zs

heN
Hence by (3.21) and (3.22) we have
HLOENC\G) < <(n) ICQZaLs
hEN
D)
(3.23) < §(n)2%c—2 Z/ [vE(@) — enl” dH™ L (2)
€L =5/ OBNC(yn,sn) 2

<¢(n)2 216—2eE(0 2,ep).
€L

Since OENC\T'y COENC\ G then
(3.24) H" Y OENC\Ty) < Crer(0,2,e,),
for some constant C';, > 0. Area formula for Lipschitz functions and Lemma 3.1.4 yield
(3.25)
H" 1T \OENC) = / V1+|VF(2)2dz < /1+Lip(f)2H" 1 (p(T; \ 0EN C))
(T \OENC)
<V2HL(OENCNp Tt (p(T; \OENC))).

It is simply to prove that 9ENC\ Ty C OENCNp ! (p(Ty\OENC)). Therefore by
combining (3.24) and (3.25) we found

(3.26) H U T\ OENC) < (n) 25 2 ep(0,2,e,) < Cpep(0,2, ).

€L
Thus we have proved (3.17). Let us prove the second estimate of (3.16). One can simply see
that there exists o : R” — {—1,1} such that

(Vf(pz),1)
1+ |Vf(pz)?

Notice that, thanks to our notations,

(3.27) vgp(z) = a(zx) H" lae.in OENC.

(pVE)2 + (qVE)2 =1 and qug=vEg-en,.

Hence

2
‘2 o IV f(pz)| H" lae.in 9ENC.

Prel = TN el P

On the other hand

/ ‘pVE‘ dH" 1 </ |p E|2 dH 1
oENCAT; 2 oEnC 2

(3.28) ,
< / ve —enl” ym-1 _ en(0.1,6n),
9ENC 2
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where in the second inequality we have used

2 - ce,)? e |2
pvsl” _1=(e-ed)” o lve—eal”

2 2 2
Therefore by putting together (3.27) and (3.28) we obtain

[V f(pz)® 1 / IV f[? /
en(0,1, ¢, z/ _WVIPBIT g1 S A N
= ) oEncnr, 1+ IV f(px)|? p(@ENCr;) \/1+ |V f|?

1 / 2 /
> — IV fI7 da,
2V/2 p(0ENCNTf)
where in the last inequality we have used the first inequality of (3.16). By using the first and
the third inequality of (3.16) we have

/ IVf?dz < H" 1 (p(OE N CATy)) < H" ! (p(OE N CATY))
p(dENCNT)

< Crep(0,2,e,) < 2" 1 Crep(0,1,e,).

Thus, we get the result. O

Remark 3.1.6. If F is a minimizer of (Ps i g r), the assumption of the Lipschitz approxi-
mation lemma are satisfied with some universal constant C' by (2.66) and (2.76). Hence we
can cover most of its boundary by the graph of a Lipschitz function f.

A comparison argument implies that the Laplacian of f is small in a suitable negative
norm. More precisely we have the following:
Proposition 3.1.7 (Lipschitz approximation II). Let A > 0, and let B, K,Q be controlled
by A and R > 1. Then there exist universal constants €y, Chip and a “universal” increasing
function (i.e. depending only onn and A) wyp with wiip(04+) = 0 such that if E is a minimizer
of (Ps.k.0.r), x € O0E and

r+eg(z,2r e,) < €lip,

then there exists a function f satisfying (3.16) and (3.17) with Cr, and wc replaced by Ciip
and wyp respectively. Moreover,

1
Tnfl

(3.29)

/ Vf-Vepdz
D,

< Clip [V lloo (eE (z,2r,e,) + 7+ Q*Dp(x, 27«)) ,

for every ¢ € CH(D,).

Proof. Upper and lower perimeter estimates established in (2.66) and (2.76) ensure that in
every cylinder C(x,4r) centered at z € OF, F satisfies the assumption of Lemma 3.1.5 with
a universal constant C' = C'(n, A) provided r is smaller than a universal radius 7. This proves
the first part of the proposition.

To prove the second part we use properties of minimizers which are scaling invariant. So,
without loss of generality we may assume x = 0 and r = 1. Let ¢ € C}(D), we may
also assume |Vyllooc = 1. We can construct a family of diffeomorphisms {¢:(z)}: of type
Yi(z) = x + to(px)e, such that ¢ (E)AE CC Csy. Let E; := ¢(F). By plugging in (2.38)

Fy:=(E;NC)U(E\ Cy),
we obtain

(3.30) P(E) < P(F;) + Ay|EAF| + A2Q2/ |Vul|? dz,
EAF;
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Therefore,

(3.31) P(E,C3) < P(Ey, Cs) + Ay| EAE; N Ca| 4 A2Q? / |Vu|? da.
EAFE:NC>

By [23, Lemma 17.9] and upper density estimates of the perimeter we have
|[EAE, N Cq| < Ct|P(E,Cy) < C(n,A)|t|], V|t|small enough.

By exploiting the area formula, [23, Theorem 11.6] and [23, Lemma 23.10] one can prove the
following inequality

P(E,Cy) < P(E;,Cy) —t / (ve - V) (vg-e,)dH" 1 +C(n)t* V|t|small enough.
oENC

The above equations yield
(3.32)

|t] / (ve-V)(ve - en) dH™ 1
OENC

< C)|t]* + A2 C(n, A) |t] —|—A2Q2/ |Vul|® d.
EAENC,

On the other hand

/ (ve - V) (ve - en) dHM ! < IVelloo H"fl(aE NCATy), and
BENC\T';

Vf -V

ve - V)(vg - ey d?—["lz/ —dz
/3EmCme( ) ) p(@ENCAr) v/ 1+ |V f|?
Furthermore,

Vf -V

/p(aEmCme) V14 |Vf]?

dz < ||[Vpllo H" H(P(OE N CATY))
< [V@llo H* 1 (OE N CATY).

Hence by choosing |t| small enough in (3.32) and by the third inequality in (3.16) we obtain

/W‘V%"dz
D 1+|Vf?

for every ¢ € C}(D). Thanks to (3.33) we prove (3.29) indeed

(3.33)

< C’lip HVSOHOO (eE (Jf'? 2a en) +1+ Q2/ IV’U,P dx)a
Cs

Vf-Vo V1I+|Vf2-1
—— - Vf - Vp|=|Vf-V
(5.3 ‘V”‘W’Q PR e
Vel VP Vol o pp2
< 1+|ny2§ 5 IVIT

where in the first inequality we have used /1 +x —1 < 5 for every z > 0 and in the last
inequality the first of (3.16). By integrating (3.34) over D and by using the second estimate
in (3.16) and (3.33) we obtain (3.29).

]
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3.1.2 The Caccioppoli inequality

By (3.29) one will deduce that under the assumption of Theorem 3.1.1, there exists an
harmonic function h : D, — R which is close to f in L?. This closeness, together with the
regularity theory for harmonic function will allow to deduce the decay of an L? type excess
of f and thus for E. In order to pass from the L? excess to the classical one, one needs to
esablish a Caccioppoli type inequality. To this end we introduce the following notion.

Definition 3.1.8 (Flatness). Given a set £ C R” of finite perimeter we define the flatness
of E at the point z € R", at the scale 7 > 0 with respect to the direction v € S"~! as

A
[ voy—x)
71 heR C(z,r,v)NO*E r?

Proposition 3.1.9 (Caccioppoli inequality). Let A > 0, and let 5, K,Q be controlled by A

and R > 1. Then there exist universal constants cac, and Ceac Such that if E is a minimizer
of (Ps.k.q.r) € 0E, and

(3.35) fp(z,r,v) =

dH" 1 (y).

r—+ eE(l', 4T7 €n) S Ecacy

then
(3.36) ep(x,ren) < Ceac (fE(x, or,en) + 7 + Q*Dp(x, 2r)>.

In order to prove Proposition 3.1.9 we start with the following lemma which is a weak
version of the Caccioppoli inequality.

Notation 3.1.10. Let z € R", s, > 0. We denote

Ci(z) :={y eR" : [p(y — )| <r,la(z —y)| < s}.

Lemma 3.1.11 (Weak reverse Caccioppoli inequality). Let E C R™ be a minimizer of
(Ps.k,0.r) in Cur(xo) and suppose (u, p) € A(E) minimizes Gg ik (E). Assume that

la(z — x0)| < g Vz € Copr(z9) NOE,

(3.37) r r

‘ {a: € Cor(z9) \ E : q(z —x0) < —g} ’ = {x € Cor(z9)NE : q(x —x0) > g} '
Then if
(3.38) Cl(y) C Cy(z9) and H" 1 (OENICL(y)) =0,

we have that for every |h| < % the following ineqality holds

P (E, C%(y)) —H ! (Dg(py)>

1
2
+

2 T n—1
12(Cr(), WL )

(3.39) < (P20 - 1 (0.0

g2

‘ (a-—h)?

+rs" 4 QP / |Vu?dH L,
Crs(v)
Proof. Without loss of generality we may assume xp = y = 0. Since F is a set of finite
perimeter we can construct a sequence { Ej }reny € R™ of open sets with 0Fy, of class C*° and
er — 0T such that

(3.40) XE, — Xg locally in L', #"~L1 Ayl

L OB, Lop and OBy C (OE)™,
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where we have denoted by (OF)¢ the e-neighborhood of OF. Hence, for k sufficiently large
we obtain
lqz| < g Yz € Cay N IE,

(3.41)

{ﬁECgrth<—£}gCQTﬂEkg {$602r1q$<£}.

Notice that for every k the sets EJ, := % satisfy (3.41) with » = 1. By the coarea formula
and (3.40) we deduce
(3.42) lim H"! (acm N (E,:)U)AE;) —0.

k—o0

for almost every s € (%, %) Now fix ¥ € (O, %) and |h| < %. Thus we can apply [23, Lemma

24.8] to each Ej with respect to ¥ and h. Therefore, one can see that there exists ' € (%, %),
a (not relabeled) subsequence of { E} }ren and a family of open sets {Fj; }ren such that
(3.43) F,NoCs = FE,NIC,g,
and satisfy the following property

P (Fy,, Crg) = H" 1 (Dy) < C(n) 9 (P (B}, Cs) —H" 1 (Dy))

(3.44) N 01(971) '(q‘ ;h)Z

2 n—1 ’
PO )

For every k € N let us define
(3.45) Gy=(rFyNCl., ) U(E\C.,).

rr's rr's
Let o}, := Hrl (80%5 N (Ek)(l)AEk). Hence, by (3.42) we have limj_,o, o}, = 0. Note that
GrAE CcC C; ., C Cg..Thanks to the properties of minimizers we can apply Proposition
2.3.5 for each k with F' = GG, in order to obtain
rr!s

(3.46) P(E,CL.,) < P(rF,Crl.,) +op + A |(EATF,) N CLu | + A2Q? / \Vu|® da.

!

rr’s

Therefore, (3.46) yields

(3.47) P(Er, Cr’s) < P(Fk, Cr/s) + UZ, + Agr |(ETAF]€) N Cr/5| + A2Q2 / |V’LLT|2 dx,
C

s

where u"(z) == ﬁ\;) for every x € R™. By combining (3.44) and (3.47) we get

P(E",C;) = 1"} (Dy) < P(E", Cyry) = H" ™! (Dy)

C(n) H (a-—h)?

< O(n) 0 (P (B, Co) = H' 1 (DY) + = =

(348) LQ(CS,'H"_I L B*E,:)

+ O']Z +Aor |(ETAF]€) N Cr’s‘ + A2Q2 / |Vur’2 dzx.

1,,/

Let k — oo in (3.48), by (3.38) and |(E"AFy) N Cpy| < |Cps| < C(n) s" ! we obtain
P(E",C3) = H"'(D;)

S

n - —h)?
< C’(n)ﬁ (P (ET,CS) _/Hn—l (Ds)) + 059 ) H(q S2h)

(3.49) L2(CyHn—1 Lo*ET)

+ AyC(n) rs" 1 + Ay @Q? / \Vu" [ d.
C

s
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Hence for every 0 < ¥ < i we have

P(E,Cjs) — H"! (DT%)

q- —rh)?
(rs)?

<C(n)v (P(B,C},) —H" ' (Dy)) + Cfg”) H(

550 o)

+ AsC(n) 7 (rs)" 1 4+ Ap@? / Vul® da.

/

rr's

By Proposition 3.1.4 one can prove that (3.50) holds true for every ¢ > 0. Then by minimizing
in ¥ we get the result. O

Proof of Proposition 3.1.9. Without loss of generality we may assume z = 0 and v = e,.
First of all prove the following claim.
Claim: The following inequality holds true

P(E,C,) —H" 1 (D,)

1 lqz — A —1 2
3.51 < dH™ ' +2r + Q2 Dp(0,2r) | .
( ) Tn_l ~y <7'n_1 /(jzrmaE 7”2 + r + E( ’I”)

Proof of Claim: Since E is a minimizer then it satisfies density perimeter bounds on Cy, for
some r € (0,1) sufficiently small. Hence E" := % satisfies hypothesis of Lemma 3.1.3. Let
€cac € (0,1) be such that w(ecac) < %, where w is the function as in Lemma 3.1.3. Thus since
e(E",0,4,¢e,) < €cac, We have

1
oup qr| < L
z€CoNOET™

(3.52) X ,
{xGCQHET:q:L‘>8} =0, and HxECQ\E’":qx<—8H:0.

Clearly by scaling we obtain

sup | < ¢

er Co,NE : qx > g}‘ =0, and er Coy \F : qr< —g}‘ =0.
By (3.53) and Lemma 3.1.4 we can define the excess measure y as follows
(3.54) 1(G) =P (E,Co, Np HG)) —H" ' (G), VG C Dy, Borel.

Moreover,

(3.55) HH(@) = (vg - en)dH™™ 1, VG C Dy, Borel.

/CQT- No*ENp—1(G)

Fix |h| < 7. Let y € R™ and s > 0 be such that
(3.56) Dos(y) C Dy, and H" ' (OE NACh,(y)) = 0,

The weak Caccioppoli inequality (see Proposition (3.1.11)) yields

n(Ds(y)) < <M(D28(y)))§ ‘(QEW

(3.57) A AN

+rs" 4 QP / |Vu|2d7-l”_1.
C5,(v)
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Let us set

(3.58) d:= inf/ lqz — h|?dH™ .
|h|<% JCorNOE

Hence for every Das(y) € Da, (which implies s < r < 1) we get

2 u(Dy(y)) < V/s2 u(Das(y)) d + 521" + 52 Q? / |Vu|? dz.

(3.59) o)
< /S D)) d + 172 4 12 QQ/ IVl da.
Ch,(y)
Define
(3.60) S :=sup {82M(Ds(y)) : Dog(y) C Cgr} .

Clearly S < 400, indeed by perimeter density bounds we have that for every D4(y) C Dy,
we have s2u(Ds(y)) < u(D2,) < P(E, Ca,) < 400. Let us fix Dos(y) C Do, and cover Dy (y)
by finitely many balls {Di(yk)}]kVeN centered at y, € Ds(y). Therefore,

N o\2
> (5) s we)

k=1

2
) 1(Ds(yk))d + N (r"+2+T2Q2/ ]Vu|2d:z:>
Cr(y)

s* u(Ds(y))

N
(3.61)
s

< VSd +rT? 42 Q? / |Vul|? dz.
Cr(y)

N

N »

By arbitrariness of Dg(y) we can pass to the sup on the left hand side of (3.61)

(3.62) S<VSd +rT? 2 Q? / |Vul|® d.
Cr(y)

e
Now we distinguish two cases:

Case 1: Suppose v/Sd < r"2 472 Q? fC;(y) |Vu|? dz. Then

(3.63) S St 4t Q? /

|Vul? da.
Cr)

Case 2: Suppose v/ Sd > r"t2 4+ r2 Q? fC’"(y) |Vu|? dz. Then S < +/Sd, which is equivalent
to

(3.64) S <d.

Therefore, in both cases

(3.65) S <d4 12 42 Q2 / |Vu|? d.

Cr(y)
By applying (3.65) with y = 0, s = r and by dividing (3.65) by r"*! we prove the claim for
every |h| < . Clearly for every |h| > 7 we have

P(E,C,)

—h)2
(3.66) / (@ D)7 gyt 5 PECGr),
Co,.NOE 8

r2

hence the claim is proved for every |h| > 7. Thus the claim follows.
By (3.55) the claim implies the result. O
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3.1.3 Dirichlet improvement

We now show that in the small excess regime there is fixed scale decay of the Dirichlet energy.
Proposition 3.1.12 (Decay of the Dirichlet energy). Let A > 0, and let B, K, Q be controlled
by A and R > 1. There exists a universal constant Cq;r > 0 such that for all A € (0,1/2)
there ezists eqir = €air(n, A, \) satisfying the following: if E is a minimizer of (Ps.Kx.Q.r)
x € OF and

(3.67) r+eg(z,, €n) < Edir,

then
Dip(ir, Ar) < Caeh (Dl ) 4 7).

Proof. By (2.66) and (2.76) we have that if r is universally small we can apply Lemma 3.1.3 to
E in C(z,r) to obtain a universal modulus of continuity w such that for H = {y : q(y —z) <

0},
((EAH) N By j5(2)|

‘Br/2’
By Lemma 2.5.4 (ii) (applied in B, /5(x)) and the above inequality, for all A € (0,1/2) we can
choose eqi; = €qir(n, A, \) sufficiently small such that

< w(Edir)-

Dg(z,Ar) < C(n,A)A(DE(x, g) + :2)

2

< C(n,A)A(DE(x,r) + %) < C(n, A)X(Dg(z,r) + 1),

where in the first inequality we have also exploited (2.6) and in the second the obvious
inequality Dg(x,7/2) < 2" 'Dg(x,r). This concludes the proof. O

3.1.4 Excess improvement

In this section we prove Theorem 3.1.1.

Proof of Theorem 3.1.1. We claim that there exists a universal constant Cey. such that for
all X € (0,1/8) there exists exc = €exc(n, A, A) satisfying the following: for all minimizers of
(Ps.i.0,r) with 3, K, Q controlled by A and R > 1 if x € OF the following holds

ep(x,r) + Q? Dp(z,r)+7r <ewe = egp(z,Ir)< C’exc)\(eE(:z:, r) + Q? Dg(x,r) + r).

Note that the above claim, combined with Proposition 3.1.12 immediately implies the con-
clusion of the Theorem. Let us assume hence that there exists A € (0,1/8) a sequence
of minimizers Ej C Bp, with parameters (j, Kj, Q) controlled by A, radii r; and points
x, € OB} such that

e = e, (g, 1) + Q* Dg(zg,71) + 75 — 0

but
(3.68) eg, (T, Ark) > CexcAey

for a suitable universal constant Coy.. Note that up to translating and rotating we can assume
that z = 0 and that

eg,(0,71) = eg, (0,71, en).
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We apply Proposition 3.1.7 to each Fj. Hence, there exists a sequence of 1-Lipschitz functions
fr. : R*~1 = R such that

1t (Cy NOELATY,)

(3.69a) o < 2" 1 Clpey, ,
k
1
(3.69b) 1 / ‘ka’2 dx S Qn_lchpé“k,
TTk’-L Drk/2
(3.69¢) | felloo < w(er)Tss
(3.69d) f ka . th dx < Qn_lcthVQOHOOEk for all (S C'Cl (D%k)
Dry
2
Let us set
frt —my, ][ . r Jr(ri2)
=% ———  where my := k  and k(z) = .
9k NG k Do, k [+ () -
By the Poincaré -Wirtinger inequality and (3.69b),
(3.70) sup [lgellwram,) < 2" 1 Chyp -

Hence there exists g in W1’2(D%) such that g — g weakly in W2(D1) to some g and

strongly in LQ(D%). Moreover by (3.69d), for all ¢ € C} (D%)

1
Vg -Vydz| = lim ‘/ Vf”“Vgodx‘
‘/D% k—4o00 \/Ek D% k

1
2

(3.71)

= lim

1
— Vi Vo d ‘:0,

k—4o00 \/a‘ D, fk Py, A
2

where ¢, (2) = rrp(z/ri) € CH(Dry) satisfies ||[Vor, |l = [[V@ll- Hence g is harmonic.
2
By the mean value property and (3.70)

sup |V2g|* < C’(n)/ Vg|?dz < C(n, A).
D,

1/4
By Taylor expansion,
(3.72) l9(2) — g(0) = Vg(0) - 2| < C(n, A)|z|? for all z € Di'

If 2\ € (0,1/4) we can integrate the above inequality to get
F g - 9(0) = V9(0) - of* dz < Cm )X
Do
Recall that, by the mean value property of harmonic functions, for every r < % we have

(9)r :=][ gdz=g(0) and (Vg), = Vg(0).

Hence,

Jim o) (o~ Ty 2Pz = £ 19() ~ Ghor ~ (Vo2
o0 /D, Doy

- ][ 19(2) — g(0) — Vg(0) - 2> dz
IDDN

< C(n, AN
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which, by the definition of g; and changing variables implies

1

2
(3.73) kgl}rloo er Ot /Dzmk ’fk(z) = (fe)2xre = (Vifi)orr, - Z} dz < C(n, A) N2

Let us define
(_ (vfk?)2)\rk ) 1) (fk)Q)\rk

VE = 3 hk = 5’
\/1 + ’(ka)zxrk \/1 + ‘(vfk)Q)\rk

and note that, by (3.69b), Jensen inequality and (3.69¢c)

2
(3.74)  |vgp — enl? gc(][ \ka\dx> <O ANe,  and  |hi| < Cw(er)rs.
D

ATg

Since the fi’s are 1-Lipschitz, (3.73) implies

lim sup/ ve - — hg|? dH Nz
k—s+oo Ek(ATE)" 1 Jr ) ooy, | | )
V2 2 2
< lim — Y5 ’ . . - < C(n, A) 2.
< Jm o [ ) = = (T, e < Sl )
and thus
3.75 limsup/ ve -1 — h|? dH N 2) < C n, A) 2.
( ) kstoo Ek(Arg)ntl T4, NOELNCaxr, | | (=) ( )

On the other hand, (3.69a), Lemma (3.1.3) and (3.74) imply

(3.76)
1

W /(‘8Ek \ka )mCQ)\Tk

H L ((OERAT 4, ) N C, 2
< C(n,A,)\) (( k fk) k) <|Vk *6n|2+ sup M + |hk| )

i - — hye|* AR ()

Ek‘r’z_l z€0ERNCry TI% ’I“]%
H L ((DELATt, ) N C,
< C(n, AN (( ;rn—{k) ) (e + w(er)) = o(1).
kT

Combining (3.75) and (3.76) we deduce that

fEk (0, 2)\7‘]“ l/k)

lim sup
k—o0 €k
(3.77) , : ,
glimsup/ v - x — h|” dH" H(2) < C(n, A) M.
ks o0 5k(>\7“k)n+1 aEkF‘ICQMk ’ | ( ) ( )

On the other hand, by the perimeter density estimates (2.66) and (3.74)

1 ve, — vl
€r, (07 4>\Tk7 Vk;) < / 7| Er k‘
OERNCuxrry,

n—1
)] ;M

n—1

P(FE, B,
< C(n,\) (eEk(O, Tky€n) + |en — Vk|2(’k)> =o(1).
k
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Hence we can apply Proposition 3.1.9 in Byy,, to get that

eEk (0, /\Tk) S eEk (0, /\T’k, Vk)

(3.78) ,
S Ccac (fEk (07 2)‘T1€a V]c) + Q DEk (Oa 2)\Tk) + )‘Tk>a

where in the first inequality we have used (3.2). Furthermore, by Proposition 3.1.12 applied
in B;, we have

(3.79) Q?Dg, (0,221%) < CauAN(Q* D, (0,71) + Q1) < C(n, A) ey

Combining (3.77), (3.78) and (3.79) we thus infer that

A

k—o0 €k

< C(n,A)A,

in contradiction with (3.68) if Cexc is chosen big enough depending only on n and A. O

3.2 Proof of Theorems 1 and 2

In this section we prove Theorem 1 and 2. Theorem 2 is an immediate consequence of the
following slightly more general theorem.

Theorem 3.2.1. Let A > 0 9 € (0,1), and let B, K,Q be controlled by A and R > 1.
There exist constants Creg(n, A,0) > 0 and ereg = €reg(n, A,9) > 0 if E is a minimizer of
(Ps.konr), x €OE, >0 and v € S"! are such that

r+ QQDE((E, 2r) +eg(x,2r,v) < ereg,
then there exists a C*V function f: R"™1 — R with !
F0) =0, |VFO) = v]* + 7" [Vf]j 5 < Creg(r + Q*Dp(x,2r) + ep(, 2r,v))

such that
ENB(z) = {y € B(x) v (y—2) < f(p"(y— ) }.

Proof. Given 9 € (0,1) we fix A € (0,1/8) be such that
(3.80) Caech + A < XY,

and we let € be the corresponding £4e. in Theorem 3.1.1. Note that & depends only on n, A
and 9. We now choose &¢g so that for all y € 0E N B,(x)

T+ QQDE(?JJ“) + eE(ya T) <r+ QQDE(y7T7 V) + eE(y7T7 V)
< 2”_1(7“ + Q*Dp(x,2r,v) + eg(z, 2r, 1/)) < 2"_15reg <E&.

Hence we can apply Theorem 3.1.1 and (3.80) to deduce that for all y € OE N B, j5(x),

A+ Q?Dp(y, Ar) + ep(y, Ar) < XV (r + Q*Dg(y,r) + ep(y,r)).

'Here . .
[Vf]ﬁ/z := sup M

9
oA oyl
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Iterating we get
Yk 3 kd 2
en(y, \'r) <X (r+ Q*Dp(y,r) + ex(y,r)),

which implies

er(y,s) < C(ﬁ)(;)ﬁ(r +Q*Dg(y,r) + ex(y,r)) for all s <.

By classical arguments this together with the density estimates (2.66) and (2.76), imply that
for all y € B,(z) N OF there exists v, such that

er(y,s/2,vy) = C(n,?, A)(;)ﬁ(r + Q*Dg(y,r) + eE(y,r)) for all s < r.

and
vy —v|* < C(n, A)(r + Q*Dgl(y, 2r,v) + eg(y, 1)),

The last two display yield the desired conclusion, see for instance [23, Theorem 26.3] or [17,
Theorem 4.8]. O
We can now prove Theorem 1 by following the arguments [15].
Proof of Theorem 1. By Theorem 2, if we set
g = {z € 9E :limsupeg(z,r) + Dg(z,r) > 0},

r—0
then OF \ X is a C%Y manifold for all ¥ € (0,1/2). Hence we will conclude the proof if we

show that
Hn_l_n(ZE) =0,

for some ) = n(n, B) > 0. Recall that by Lemma 2.5.2, |Vug|? € L{ _for some p = p(n, B) >

loc

1, hence, by Holder inequality

1
ZlE: {:C:limsupDE(x,r) >O} C x:limsup pow / ‘qu|2p>0 .
TP B(z,r)

r—0 r—0
Hence, by [13, Theorem 2.10], " P(X1) = 0. We now show that
H*(Sp\XE) =0

for all & > n — 8 which clearly concludes the proof. Let us fix & > n — 8 and assume the
contrary. By [17, Proposition 11.3], there will be a point

reEYy = {x € OF :limsupeg(z,r) >0, lim Dg(z,r) = O},
r—0 r—0

and a sequence 1 — 0 such that

@ (¥2NB
lim sup He (B = G)) > c(a) > 0.

k—00 L

where H?_ is the infinity Hausdorff pre-measure. Let us set Ey = (E — x)/r; and note that
by (2.66) and the above equation

P(Ey, B,) <"t ,

~
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for all s > 0 and

(3.81) limsup HS, (5%, N By) > c(a),

k—o0
where ¥, = (X% — #)/r. Up to subsequences, E, — F. We claim that F is a local
minimizer of the perimeter. Indeed if GAF &€ B, by averaging we choose t € (s,2s) such
that

EkAF) N B25| o
S

H L ((ELAG) NOB;) = H" L ((ELAF) N dB;) < I o, — 0.

With this choice, defining G = (z + rxG) N By, () U (E \ By, (z)) and note that EAG), €
By, (z). Hence by (2.38) and classical computations

P(F,B;) — P(G, B) < limsup P(Bx, Bir, (m»n__fg(a’“ Bir, (x))

k—o00 Tk

<limsup oy, + s™ry, + s" ' Dp(z, sri,) = 0,
k—o0

which implies the desired minimality property. Moreover, by using G = F' we also deduce
that P(E, Bs) — P(F, Bs) for almost all s > 0.

Let now Y be the singular set of F', and recall that, by the regularity theory for set
of minimal perimeter [23, Part III}, H*(Xr) = H%(Xr) = 0. Hence by the definition of
Hausdorff measure, for all § > 0 there exists an open set Us such that

YrN By CUs and HS (Us) < 6.

We claim that there exists £ = ks > 0 such that Z%k N B1 C Us which will be in contradiction
with (3.81) if § is chosen small enough. Assume the claim is false, hence there is a sequence
of points E%k N B1 3 yp — ¥ € By with dist(g,XF) > 0. It is easy to see that, by the lower
perimeter estimates (2.76), y € OF. Hence by regularity, for all € > 0 there exists r > 0 such
that

er (ga T) <e.
By perimeter convergence, this implies that, for k large
eE(x + Tkyk,T‘Tk) =eg, (yk,r) < ep(gj,r) + e < 2e.

Choosing ¢ < 1 we can apply Theorem 2 to deduce that = + rryx ¢ EQE, ie yp ¢ E%k. This
final contradiction concludes the proof.
O
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In this chapter we improve Theorem 2 obtained in Chapter 3. Precisely, we deduce the
partial smooth regularity of minimizers.

4.1 C?*V-regularity

The first step is to obtain more regularity for a couple (u,p) € A(F), where E C R" is a
minimizer of the problem (Ps ;o r): We prove that u is C*-regular up to the boundary of
E. We start with some preliminary results.

Notation 4.1.1. Let E C R" be such that 0F N C(xg, ) is described by the graph of a
regular function f.

e If 2 € R, we write z = (2, x,,), where 2’ € R""! and z,, € R.

e We denote vg the outer-unit normal to OFE. Moreover, we extend vg at every point in
the following way

ve( z,) =ve(@, f(2') Vo= (2 x,) € C(xo,r).

e Let u be a solution of
—div(agVu) = pg in D' (B,(z0)),

where
PE e L™ (Br(xo)) and ap = Bl + 1ge.

We will denote by
Trpu := (8V$u, (1+(B— 1)1E)&,Eu),

53
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where

8yéu =Vu— (Vu-vg)vg and 0Oy,u:=(Vu-vg)vg.

e Let g € LY(B,(x)). We write
[9)ar :Z][ gdz,
B (x)

the mean value of g. For simplicity we denote [g], := [g]o.,-

First of all we recall the following lemma, the proof can be found in [4, Theorem 7.53].

Lemma 4.1.2. Let v be a solution of
—div(agVv) = pg  in D' (B1(z0)),
where pg € L* (B1(xg)) and
H:={yeR": (y—x0)- e, <0}, ag=p1lyg+ lge.

Then there exist v € (0,1) and a constant Cy = Co(n, B, ||pr|lec) > 0 such that

(4.1) / |Trv — [THU]:EO)\T\Z dr < Co\" T2 / |Trv — [THU}J;OJF dz + Cor™ti,
B)«r(xo) BT(:EO)

for all X € (0,1) small enough, where Tv := ((9111, cey O, (14 (B — 1)1E)8nv).
By arguing similarly to the proof of Lemma 4.1.2 one can show the following lemma.

Lemma 4.1.3. Let H C R™ be the half space. Let v € WY2(B,) be a solution of
—div(AVv) =divG, in D' (B,),

where
Gt =G1ly. € Cova(Hc)’ G =G1lye€ CO’Q(H),

A is an elliptic matriz and AT = Alge, A~ = Aly have coefficients respectively in C%%(B,N
HY) and C**(B, N'H). Then

UJF = 1Hc S Cl’a(Br/z ﬂﬁc), vV =0 1H S Cl’a(BT/Q ﬂﬁ)

Moreover, there exists a constant C := C (r,[|GT | co.e, |G || co.a, || AT coa, | A7 ||coa) > 0
such that

(42) [VU+]C1,04(FCHBT/2) S C and [VU_]CLO‘(HOBT/Q) S C.
Lemma 4.1.4. Given a minimizer E of (Pg k.q.r) let (u,p) € A(E) be the minimizing pair

of Ga.x(E). Assume that OE N C(x,r) is a CYY-manifold. Then for every v € (0,1) there
exists 0 <7 <r and C > 0 such that the following inequality holds true

(4.3) Q* / |Vu|*de < Cs"77,
Bs(zo)

for every s < 7.
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Proof. Fix v € (0,1). Choose A € (0,1/4) such that
Cdec A < >\1_77
where Cyec is as in Theorem 3.1.1. Let s = s(A) < 1 be such that

5dec()\)
2 )

where e4ec , Cair and C, are as in Theorem 3.1.1, Theorem 3.1.12 and Lemma 2.5.6. Define

£()\) := min {s"—lgd“(” : adir(A)} .

(4.4) Cair(Ce + 1) s(N) <

2
Since OF N C(xp, ) is regular we can take a radius 0 < 7 < 7 such that
T+ ep(xo,T) < e(N).
Then, thanks to the definition of (), Theorem 3.1.12 and (4.4) we have

5dec()\)
9 .

(4.5) Q2 DE(.%'(), 877) < Cyir8s <Q2 DE(.%'(], F) + F) < Cdir(Ce + 1)8 <

Furthermore, notice that

1 ec(A
(4.6) st + eg(xg, sT) < T+ sn_leE(ZL‘(),T) < £d 2( )
By combining (4.5) and (4.6) we have
(4.7) s7 + Q* Dg/(xo, s7) + eg (w0, 57) < £4ec(N).

The hypothesis of Theorem 3.1.12 are satisfied, hence (recall As7 < g4ec(A))

Q? Dp(xo, AsT) + ep(zo, AsT) + Ar < A7 (eE(xo, s7) + Q% Dp(zo, s7) + sf)

(4.8) 1y
S A Edec()\) S 8dec()\)-
By exploiting again Theorem 3.1.12 we obtain

(4.9)
Q* Dp(z0, \2s7) + ep(z0, A\2s7) + A2s7 < A=) (eE(:co, As7) + Q2 Dg(zo, \s7) + )\sf)
< A20=7) (er(wo, s7) + Q* Dg(wo, s7) + s7)
< )\2(1_7)5dec(A) < 5dec()\)~

By iterating this argument k times we conclude that
(4.10) Q? Dp(z0, \¥s7) + e (o, \est) + Ao < ARA=eg (), Vk e N.

In particular, the above equation yields

(4.11) Q? Dp(z0, Nos7) < AFU=Veg (N), Vk e N.

Therefore,

(4.12) Q? / \Vul?de < C (Nes7)"™) Yk eN,
B)\ksf(xo)

for some constant C' > 0. O
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Proposition 4.1.5. Let E be a minimizer of (Ps k.o.r), let (u,p) € A(E) be the minimizing
pair of Gs k(E) and f € CY?(D(z},7)). Suppose that Q <1 and

ENC(zg,r) = {z = (2',2) € D(z(,r) xR : zp, < f(2)} N C(ag,7),

for some 0 < r < min{7, 1}, where T is as in Lemma 4.1.4. Then there exist « = a(¥) € (0,1)
and a constant C' := C(n, 5,9, ||pllec) > 0 such that

(4.13) Q* /

- | Tru—[TEu] sz doe < C’Q2/\”+2a/ | Tru—[Tgpu) s | do+C r™te,
B (zo

Br(z0)

Proof. Without loss of generality assume 0 € OF, xg = 0. Note that during this proof the
constant C' = C(n, 5,7, ||pllec) > 0 changes line by line. Let A € (0,1/2) be given and let v
be the solution of

—div(agVv) = p in B, /s,
v=1u on 9B, /5.

In particular, w =v —u € W&’Q(BT/Q) and
(4.14) —div(agVw) = —div ((ag — ag)Vu).
Since [Tgg], minimizes the functional m — |’ 5. | TEg — m|? dx we have

/ |Tpu — [Teula|? dz < 2 </ Ty — [Tpu) | de + / |Tpu — Thul? d$>
(4 15) B)\r B)\'r B/\'r

<2 </ Tru — [Thuls|* do +/ | Tpu — THu]2da;> .
B/\r

By

We want now to estimate the first term in the right hand side of (4.15). Notice that, since
u = v — w, by linearity of Ty we have

’THU — [THU])\T‘Q <2 (‘TH’U — [TH’U])\T|2 + ’THUJ — [THU}],\TP) .

Hence, integrating the above inequality on B), we obtain

/ Tru — [Thuls|? do < 2 (/
B)\r B)\'r

<2 (/ Tgv — [Tv]s|* do —|—/ |Trw — [THw]T/Q\de> .
By B,

[Ty = [Tivla, P ds +

Trw — [Trw] | d$>
B)\'r

Therefore, (recall the definition of w)

/ |THU — [THU])\T|2 dx < 2 </ \THw|2d:c +/ |THU - [THU])\T|2dx>
Bir By, B,

<c (/ |Vw|2dac+/ Ty — [TH’U]M|2dx>.
B, B

To estimate the second term in the right hand side of (4.15) recall the Notation 4.1.1

(4.16)

Oyéu =Vu— (Vu-vg)vpg and O u=Vu— (Vu-e,).

Hence
|Tpu — Thu| = |(Vu-ve)ve — (Vu - en) en| < 2|Vul lvg — ey].
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Therefore,

(4.17) / |Tpu — Trul? de < 4/ \Vul|? |ve — en|* da.
B B

Combining (4.15), (4.16) and (4.17) we obtain

/ Tou — [Toul2de < C [ |Tuv — [Taolyl? d
(4.18) Bar Bar

+C / |Vw|2 dr + C \Vu|2|VE—€n|2de-
BT/Q By

By Lemma 4.1.2 we have

(4.19) / Ty — [Tgola|? dz < €A™+ / Thv — [Tyl |2 d + C v,
Bir Br/2

By arguing as above one can easily see that

/ |Trv — [THU]M\Q dx < C / |Tpu — [TEu]M|2 dx
BT/2 B’I‘/2

(4.20)
+C / \Vw|2d:c+c / |Vu|2|1/E—en|2 dx.
Br/2 BT‘/Q
Hence
/B Tpu — [Tpuly | dz < C X2 /B T — [Tpul | de
(4.21) . ”

+C / \Vul? |vg — en|*dz + C / |Vwl|? de.
B’V‘/2 B

/2

We need to estimate the last two terms in the right hand side of the above inequality. Since
f € CYY(D,), then there exists a constant C' > 0 such that

(EAH)N B,|

<OV
| By -

(4.22)

By testing (4.14) with w we deduce

(4.23) / |Vw|? do < / ap |Vw]? de = / (ag —ag)Vu-Vwdz.
Br/2 BT/Q Br/2

By applying Holder inequality in (4.23) we obtain

(4.24) / Vl? de < / (a5 — an)? |Vuf? dz < C(8) / Vul? da.
B'r/? B'r/2 (EAH)HBT/2

By the higher integrability Lemma 2.5.2, there exists p > 1 such that

=

1 v 1
(4.25) (|B /2|/B \vu|2p> dr < C B /s \Vaul? dz + Cr™ 2 ||p||% .
T r/2 T T
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Hence by exploiting Holder inequality with exponent p, (4.22) and (4.25) we have
(4.26)

D
/ \Vul® dz < |(EAH) N Br/Q\l‘% / \Vu|* dx
(EAH)QBT/Q B'r/2

1 1
(EAH)N B, |\ '™ » 1 ?
3c<2,p>|Br|(’ e e [ vl
T 7"/2 BO"/Q

1
<cor’ (175> {/ (Vul? dz + "+ \pHgo} .

By

Therefore, (4.24) together with (4.26) (recall r < 1) yield
1
(4.27) / IVw|? dz < C {52 201-3) / |Vul? +r"+2||p||§o}.
Br/2 By
On the other hand by Lemma 4.1.4 we have
(4.28) Q* / |Vul>de < Cs"7 Vs <T.
Bs

Hence by combining (4.27) and (4.28) we obtain

(129 [ wu <o {0 ).

T

Finally, we estimate the second term in (4.21). Notice that

/ \Vul|? |lvg — en|* do = / V(2 z,)|? lve (@, zn) — en]? d
BT‘/Q Br/Q

— / Vul? (e, f(@) — eal® de.

Br/2
Since 1+t <1+ % for every t > 0, then
N2
(130) [vp(@', f(a) — el =2 o <o (VEENTWIE L) gy
1+ [Vf(2)]? 1+ [Vf(2)]?

Thanks to (4.28) and (4.30), since V f is ¥-Holder, we deduce

(4.31) Q? / \Vul? |vg — en|? de < C P 2077,
B'r/2

Let

a:=min{y,J (1 —-1/p) =7,20 —~}.
Therefore, by multiplying (4.21) and (4.27) with Q* and by recalling that Q < 1 we have
that (4.31) imply (4.13). O

For completeness we recall the following integral characterization of Hoélder continuous
functions, [4, Theorem 7.51] and a simple iteration lemma, [4, Lemma 7.54].

Lemma 4.1.6 (Campanato’s lemma). Let p > 1 and g € LP(Bag(xg)). Assume that there
exist o € (0,1) and ¢ > 0 such that for every x € Br(xo)

1 T\ PO
(4.32) IBTI/B,«@) 9(y) = [glarlP dy < (E> . VB.(z) C Bg(xo).

Then g is o-Hélder continuous in Br(xg).
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Lemma 4.1.7. Let 0 < g < p. Suppose that h : (0,a) — [0,+00) is an increasing function
such that

(4.33) h(r) < (%)p h(R) 4+ ca RY, for every 0 <r < R,

where ¢1 and ¢y are positive constants. Then there exists ¢ = c¢(p,q) > 0 such that
(4.34) h(r)<c {(%)q h(R) + rq} ,  for every 0 < r < R small enough.

We are now ready to prove that u is regular up to the boundary.

Theorem 4.1.8. Let E be a minimizer of (Psx.q.r), let (u,p) € A(E) be the minimizing
pair of Gs k(E) and f € CY?(D(z},r)). Suppose @ <1 and

ENC(zg,r) ={z=(2',2,) € D(z(,r) xR : zp, < f(z)} N C(xg,7),

for some 0 < r < min{7, 1}, where ¥ is as in Lemma 4.1.J. Then there exists n = n(¢) € (0,1)
such that Qug € CY1(E N C, jo(x0)) and Quy € CY1(E° N C,/2(z0)), where ug :==ulg and
uy := u lge. Furthermore, let A > 0 and let 8, K, Q be controlled by A and R > 1 then there
exists a universal constant C = C(n, A) > 0 such that

(4.35) 1Qusllcrn@nc, @y < € and 1Qullgrn@nc, w0y <

Proof. Let ug := Qu. By Proposition 4.13 there exists C' = C(n, 5,7, ||pllss) > 0 such that

(4.36) / o) |Trug — [TEUQ]xo,Ar|2 dr < C)\n+2a/ ( Trug — [TEUQ]xo,r|2 dz+Crmte,
Bxr(zo B,

zo)

where « € (0, 1) is as in Proposition 4.13. Therefore, by arguing similarly to the proof of [4,
Theorem 7.53], Lemma 4.1.7 implies that there exists a universal constant C' = C'(n, A) > 0
such that

1
|Br| J B, (20)

72

(4.37) R) " VB,(z0) C Bp.

Teuq — [Tpugles* dy < C (
for some n = n(¥) € (0,1). Hence, by Lemma 4.1.6, recalling the definition of Tg, we get
uglp € CY1(ENC,j5(w0)) and uglpe € CY1(E° N C, /2(0)) and (4.35). O

In the next proposition we rewrite the Euler-Lagrange equation (see Corollary 2.2.3) in a
more convenient form by exploiting the regularity of JF.

Proposition 4.1.9 (Euler-Lagrange equation). Let E be a minimizer for (Psi.q.r) and
(u,p) € A(E). Assume that f € CH?(D(z),r)) and

ENC(zo,r) = {z = (2/,2,) € D(zfy,r) xR : 2, < f(2")} N C(zo,r).
Then there exists a constant C > 0 such that

(4.38)
. ( V(@)
T V@)P

) = Q* (BIVus® — [V [ = K p?) («/, f(2))

+ Q% (BOnug Vug — Opuy Vuy) (2, f(2)) - (=V f(2),1) + C,

for almost every point ' € D(z(,r), (where ug and ui are defined as in Theorem 4.1.8).
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Proof. Let E C R™ be a minimizer of (Pg kg r) and let (u,p) € A(E).
Notice that ENC(zg,r) is an open set of R"™. Moreover, by an approximation argument,
we can integrate over E N C(xg,r) the following identity,

\Vu5|2 divn = div(|Vu5|277) — V|Vu5|2 -
= div(|Vug|*n) + 2 div(VugVug - n) — 2Aug Vug - n + 2Vug - VnVug,

for every n € C2°(C(xo,7),R™). Therefore,

/ (\VUB\Z divy — 2Vug - VnVug) d / d1v (|Vug|*n) dz
EOC(ZQ, ) EOC Io,
(4.39) +/ 2 le VUBVUQ ’17) dx
EQC 1’0,
/ 2Au5 Vug - ndx.
EQC .'L'(]7

On the other hand since (u, p) € A(E) then

—BAug = p, inD'(ENC(x,r)).
Moreover, by Proposition 2.1.3 we deduce

Vug = —-K Vp, in ENC(xg,7).

Then, by multiplying equation (4.39) by 3, we have

/ g (|Vu5|2 divn — 2Vug - Vn\Vug) dz = / Bdiv(|Vug|®n) dz
ENC(zo,r) ENC(zo,r)

(4.40) +/ 24 div(VugVug - n) dx
ENC(zo,r)

- K 2pVp - ndzx.
ENC(zo,r)

Integrating by parts the first and the second term in the right hand side of (4.40) we can

write

(4.41)

/ B (|Vu/g|2 divn — 2Vug - VnVug) do = / BIVug|*n - v dH™ !
ENC(zo,r) OENC(zo,r)

+ / 28 (Vug - n)(Vug - vg) dH™
OENC(zo,r)

- K 2pVp-ndx.
ENC(zo,r)
By arguing similarly as above one can also prove
/ (]Vu1|2 divy — 2Vuy - VVuy) do = / div(|Vuy|*n) dx
EeNC(zo,r) EcnC(zo,r)

(4.42)
- / 2 div(Vu1Vuy - n) dz.
E<NC(zg,r)
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Integrating by parts the right hand side of (4.42) we can write
(4.43)
/ (]Vu1|2 divny — 2Vuy - VnVul) do = —/ ]Vu1|2n cvpdH!
E°NC(zo,r) OENC(zo,r)

+ / 2 (Vuy - n) (Vuy - vg) dH" L.
OENC(zo,r)
Therefore, by combining (4.41) and (4.43) we get
/ ag (divn Vul? — 2Vu - VnVu) dr = / (B]Vu5|2 - ]Vu1|2) n-vgdH" !

n (2]

@y o+ 2(8 (Vug - 1)(Vug - vi) — (Vun -n) (Vur - vp) i
OENC(zo,r)
- K 2pVp-ndx.
ENC(zo,r)

Notice that the following identity hold true

K pPdivyp = K div(p*n) dz — K 2pVp - ndx

(445) Rn ENC(zo,r) ENC(zo,r)

=K p°n-vpdHY N - K 2pVp - ndzx.
OENC(zo,r) ENC(xo,)

By combining the Euler-Lagrange equation of Theorem 2.2.3, (4.44) and (4.45) we find

/ divgndH" ! = QQ/ (B|Vu5|2 — |Vuy|? — Kp2) n-vpdH
+Q? 2/ B(n-Vug) (Vug - ve) — (n- Vur) (Vuy - vg) dH" L,
OFE

for every n € C}(B,(z0),R") with [, divndz = 0. We need to prove the following claim.
Claim: The function f : C(z(,r) — R™ is a weak solution (precisely among all test functions
with integral 0 on E) of the following equation in C(zg,r) N OE :

. ( V()

(4.47)

T+ \vﬂxf)r?) =@ Vel IVl = K7 .16

+ Q? (BOwug Vug — dpur V) (2, f(2)) - (=V f(2),1),

for all 2’ € D(z(, 7).
Proof of the claim. The tangential divergence of n on OF is

n

(4.48) divgn := divp — Z (vE)i (vE); 0;m;  on OF,
ij=1
where vg : OF — S™ ! is the normal vector to IE:
1
(4.49) Vg = ————(=Vf,1).
V1t IVf|2( )

Let n := (0,...,0,7y), then by (4.48) we have

(4.50) divgn := Opnn +

1 n
P —— 0iMn O f — Onin on OF.
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Choose 1, (z) := ¢(pz) s(w,), where ¢ € C}(D(zg,7)) and s : (—1,1) — R™ is such that
s(t) =1 for every [t| < ||f|loo- Since now 7, does not depend on the n-component on OF, we
have

(4.51) n-vp = _elpr) on OFE N C(xg,r),

VIV

and the above equation (4.50) reads as

(4.52) divgn := Ve-Vf ondENC(xg,r).

1
1+ [Vf]?

Moreover,

/ divndx = / (n-ve) dH ! = / M(VE - €n) dH™ 1
E OF

OENC(zo,r)

— / @(pw)s(f(:r)) (VE . en) d’HTL—l
OENC(zo,r)

_ / (P(px) dan—l — / Sde =0.
dENC(zo,r) /1 + |V f(pr)| p(OENC(z0,r))

This implies that 7 is admissible in (4.46). Hence by using 7 as a test function in (4.46), by
combining (4.51) and (4.52) the claim follows.
The claim clearly implies (4.38). O

We prove now the partial C>Y-regularity of minimizers.

Theorem 4.1.10 (C*"-regularity). Given n > 3, A > 0 and ¥ € (0,1/2), there exists
Ereg = Ereg(N, A, V) > 0 such that if E is minimizer of (Psr.or), @ +5+ K+ % < A,

xo € OFE and r+eg(xo,r)+ Q? Dg(z0,7) < €regs

then ENC(xg,7/2) coincides with the epi-graph of a C*?-function f. In particular, we have
that OE N C(zq,7/2) is a C*Y (n — 1)-dimensional manifold and

(4.53) [fle2o a2 < C (0, A, 0).
Proof. Choose éreg as in Theorem 2. Then there exists f € C1?(D(z),r/2)) such that
ENC(zg,r/2) = {z = (2/,2,) € D(z(,,7/2) X R : z, < f(2)}.

Exploiting Proposition 4.1.9 we have

i Vf(x’) =G, f(«' or a.e. x’ zh.r
(4.54) —d1v< 1+\Vf(90’)|2> =G, f(z')) f e. x' € D(xg,r/2),

where,

G, f(2) = Q% (BIVug|* — |Vu|* — K p*) (', f(2))
+Q? (BOnug Vug — Opur Vuq) (2, f(2)) - (=V f(a'),1) + C, 2’ € D(zg,r/2).

Hence (4.54) is equivalent to

(4.55) —div(M(Vf)) =G a.e. on 0EN C(xg,r/2),
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where

M) = —5 . veeRrn

VI+I[EPR

By [23, Theorem 27.1] we can take the derivatives of (4.55). Then,

(4.56) —div(VM(Vf)VO;f) = 0;G a.e. on OE N C(zg,r/2)
for every i = 1,...,n. Notice that
1 £®¢ ) n
VM) = ———=(ld———"2= V¢ € R™.
© M1+KP< rree)

Hence the matrix VM (V f) is uniformly elliptic, more precisely
[l = VM(V)n-n > 1+ |V fllee) "2 n* vy € R™

By Theorem 4.1.8 it follows that G is Holder continuous. By the definition of M and by
the regularity of f we also have that VM (V f) is Holder continuous. Hence the following
Schauder estimates hold in this case

[VOi flcow ey /2y < CRHIOf 2 @yr2)) + [Gloon®ay rj2nt Vi=1,...,n,

for some constant C' depending on . In particular, f is C?? and

[flezo @y /2y < CAUIV 2@y r/2) + [Gloomcor /2 }-

By definition of G, recalling (4.35) and Proposition 2.1.3, by Poincaré inequality and since f
is Lipschitz, one can easily see that there exists C' = C(n, A,9,r) > 0 such that

[G]C’Ovﬁ(C(xo,r/Q)) < C(TL, A, 19, 7").

By the Lipschitz approximation theorem it follows that

1
Tn—l

(4.57)

/ IVf?dz < Cpep(wo,7) < CL ereg,
D(z(,r/2)

which implies (4.53). O

4.2 Smooth regularity

In this section, by a bootstrap argument, we obtain the smooth partial regularity of mini-
mizers.
Let us start with the following lemma.

Lemma 4.2.1. Let k €N, k > 2 and f is C*Y(D). There exists ¢ > 0 such that if
Ifllczom) <& and  f(0) =0,
then there exists a diffeomorphism ® € C*~19 & : Ci_, — Ci_., such that
(LN Cie) ={z=(2',2,) €Di_c xR : z, =0},

where L'y is the graph of f. Moreover,
(4.58)

(VE@ (@) (VE@(@));, =0 Vi#n and (VO (@) (VE@ ' (@))7),, #0.

J
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Proof. By defining

(=V/(=),1)

Vo = (2/,2,) € C1_.,
L+ V@) (#:2n) & Cr-e

V(2 xy,) = (2, f(2))) +zp

one can see that ® := UL O

Theorem 4.2.2 (C*°-regularity). Givenn >3 and A > 0, there exists ereg = Ereg(n, A) >0
such that if E is minimizer of (P r.q.r) with Q+ B+ K + %+ < A,

xo € OE and r+eg(xo,r)+ Q? Dg(xo,7) < €reg,

then E N C(xg,r/2) coincides with the epi-graph of a C*°-function f. In particular we have
that OE N C(z0,7/2) is a C*° (n — 1)-dimensional manifold. Moreover, for every ¥ € (0, 5)
there exists a constant C(n, A, k,r,9) > 0 such that

(459) [f]Ckvﬂ(D(a:{),r/Q)) < C(n,A,k,r, 19)7
for every k € N,

Proof. If we choose g as in Theorem 4.1.10 then there exists f € C>?(D(z},r/2)) such
that
ENC(zo,7/2) = {z = (2',2,) € D(z(,r/2) xR : z, < f(z')}.

Exploiting Proposition 4.1.9 we have

i Vf(x’) = z x or a.e. x’ o, T
(4.60) —d1v< 1+\Vf(x’)|2> =G, f(2')), fora.e. 2’ € D(xg,r/2).

where,
G, f(2') = @ (BIVug|* — [V [* = K p*) (', f(x'))
+ Q? (BOwug Vug — Oqur Vur) (2, f(2')) - (=V f(2'),1) + C, 2’ € D(zo,7/2).
Hence (4.60) is equivalent to
(4.61) —div(M(Vf)) =G ae. on OE N C(xg,7/2).

where

M(E) = —°  veeRrn

VI+[ER

By [23, Theorem 27.1] we can take the derivatives of (4.61). Then,

(4.62) —div(VM(Vf)VO;f) = 0;G a.e. on 0E N C(zg,7/2)

for every i = 1,...,n. By arguing as in the proof of Theorem 4.1.10 we can see that the
matrix VM (V f) is uniformly elliptic.

Step 1:

f C?-Holder continuous = v, u~ C2-Holder continuous resp. on
N CT/Q(LI}(]) and H N Cr/g(wo).

Moreover, there exists a universal constant C = C(n, A) > 0 and n € (0, 3) such that

(4.63) 1Qu" llgzngmne, oy < € and 1Qu” lcznng, ) < ¢
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Proof of Step 1. Assume x9 =0. Let H := {x € R" : 2, = x - e, < 0} be the half space in
R™. By choosing normal coordinates around the graph of f (note that this is possible since
f is C? and by Lemma 4.2.1), we can assume that

Ff N Cr/2 = OH N CT/27
where I'y N C, /5 := {(z/, f(2)) : 2’ € D, o} and that u solves the following equation
(4.64) —div(agAVu) =ply,

where by (4.58), A is a Holder continuous elliptic matrix (hence Ay, # 0) such that A;, =0
for every j # n.

By taking the derivative with respect to the tangential coordinates j # n on (4.64) we
deduce

—div(ag AVOju) = 9;(p1y) + div(9;(anA) Vu)

(4.65) ! .
=div((p1ln)e; + 0j(apA) Vu) in D'(R™).

Notice that ay is constant along tangential directions and that (ag A)™, (ag A)~ have co-
efficients respectively in CO"(H N C,. /2) and CO"(HNC, /2) with a norm which is bounded
by a universal constant uniform with respect to ). Furthermore,

((p1m)ej+0;(apA) Vu)t € CONHNC, 3) and ((plg)e;+0;(agAd) Vu)~ € CO(HNC, ).
Hence by exploiting Lemma 4.1.3 we deduce
(4.66) djut € CY(H NC,pp) and u~ € CY'(HNC,pn)  Vj#n.

Furthermore, by (4.64) and multiplying by @ we have

(4.67) —Q Y {au Aiydiju+ di(am Aiy)dju}l = Qply.

ij=1

Thanks to the form of the matrix A we obtain

(4.68) —ag Annam(Qu) = Z {aH Aan(Qu) + 8Z(CLH Az]) @(Qu)} +Qply.

ij#n

Since the right hand side of the previous equation is Holder continuous then

Onn(Qut) € CO¥"(H N C,5) and Onn(Qu~) € CO¥N(H N C, ).
Moreover (4.66) implies

Onj(Qut) € C¥(H N C,jp) and 0ni(Qu~) € C¥"(HNC, o),
for every j # n. Therefore,

Qut € C*"(HNC,p5) and Qu~ € C*(H NC, ).

By (4.2) in Lemma 4.1.3 we deduce also that

HQVU—"_|’01W(HCOCT/2) and HQVU_”Cl,n(ﬁcmCT/2)7
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are bounded by a constant which depends on the Holder norms of VQu™, VQu~, Qp (hence
by Proposition 2.1.3, Qu™), the coefficients of (agyA)* and (ayA)~. As mentioned before,
the Holder norms of (ay A)™ and (agA)~ in turn are bounded by a universal constant. Notice
that by (4.35) we can bound also

1QVatllconmne, ,y  and QY |conmne

7‘/2) 7‘/2)7

by a universal constant. Then we obtain (4.63).
Thus, Step 1 is proved.
Step 2:
f C*-Hélder continuous = f C3-Hélder continuous.

Proof of Step 2: By definition of M, since f is C?-Hélder continuous, we have also that
VM (Vf)is C'-Hélder continuous. Step 1 and (4.63) imply that the function G is C'*-Hélder
continuous with [G] 1., uniformly bounded . Then by (4.62) we have that Schauder estimates
hold in this case and f is C3-Holder continuous, thus Step 2 is proved.

Step 3:

f C3-Holder continuous = v, u~ C3-Holder continuous resp. on
BN CT/Q(J}(]) and H N Cr/g(ivo).

Moreover, there exists a universal constant C = C(n, A) > 0 and 5 € (0, 1) such that

(4.69) 1@« llcan@ne, @y < € and 1Qu llcanne, o < -

Proof of Step 3. We argue as in the proof of Step 1. By taking the derivatives with respect
to i # n in (4.65) we obtain

(4.70) — div (aHAV&Ju) = 8ijp 1y + div (@J(aHA)Vu) + 2div (81(61[{ A)Vé?]u) ,
for every i,j # n. By Lemma 4.1.3 we deduce
8iju+ S CZ’H(FC N Cr/2) and 8l-ju_ € 02’n(ﬁﬂ Cr/2)a

for every i, j # n. Furthermore, multiplying (4.65) by @ and thanks to the form of the matrix
A we have

—ap ApnOnn (05Qu) = Y {amAij0ij(9;Qu) + 9i(an Ayj)9;(9;Qu)} + 9;Qp 1y
(4.71) ivj#n
+div(0j(agA) VQu) Vj #n.

Since the right hand side of the previous equation is Holder continuous, then
Ounj(Qut) € CONI A Cppo) and By (Qu™) € COT(HT N C, o),
for every j # n. By Lemma 4.1.3 we deduce
Oijn(Qut) € CONH NC,pp) and 9ijn(Qu~) € CO1(HN C, o),

for every i,j # n. Notice that dividing (4.68) by A,, # 0 and deriving along the normal
direction then Opypn(Qu™) and Opppn(Qu™) are Holder continuous respectively in H® and H.
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Therefore,
Qut e C*"(H N C,p2) and Qu~ € C3"(H N C,2)

In order to obtain (4.69) we argue similarly to Step 1: by (4.2) in Lemma 4.1.3 we deduce
also that

1Q VUt lcznne,y @ 1Q Ve llan@nc

r/2) r/2)?

are bounded by a constant which depends on the C' Holder norms of VQut, VQu~, Qu~,
the coefficients of (ayA)* and (ayA)~. Since f is C3, by definition of A one can see that
the C! Holder norms of (ayA)T and (ayA)~ in turn are bounded by a universal constant.
Notice that by (4.63) we can bound also

||Q vu+||cl,n(ﬁcﬁc a‘nd ||Qvu_||cla’7(ﬁcﬁc7‘/2)’

r/2)

by a universal constant. Then we obtain (4.69).
Thus, Step 3 is proved.
Step 4:
f C3-Holder continuous = f C*-Hslder continuous.

Proof of Step 4: By definition of M, since f is C3-Holder continuous, we have also that
VM(Vf) in (4.62) is C2-Holder continuous. By Step 3 and (4.69) we deduce that G is
C2-Holder continuous with its norm uniformly bounded. Then by (4.62) Schauder estimates
apply and f is C*-Holder continuous.

Iterating this argument we obtain the smoothness of f. O






Minimality of the ball in the small
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In this chapter we investigate the shape of charged liquid droplets minimizing (Ps x g r)
whenever the total charge @ > 0 is small. The final aim in [24] is to deduce the following
theorem.

Theorem 5.0.1. Fiz K > 0, 5 > 1. Then there exists Qo > 0 such that for all Q < Qo and
any R > 1 the only minimizers of (Ps i.q.r) are the balls of radius 1.

We mention that, once we get the above result, we solve questions (ii) and (partially) (iii)
in the Introduction of the thesis. In order to prove Theorem 5.0.1 we will follow these main
steps:

(1) Theorem 5.0.1 holds true for the so-called nearly spherical sets. Those sets can be de-
scribed as subgraphs of smooth functions defined over the boundary of the unitary ball,
see Definition 5.1.1. Precisely, the only minimizers of (Pg i ¢ r) among all nearly spherical
sets are balls whenever its total charge @) is small enough.

(2) If Eqg is a minimizer of (Pg ko r) for fixed total charge @, then Eg is nearly spherical
when @) > 0 is small enough.

In Section 5.1 we give the strategy to prove (1). In Section 5.2 we show how to reduce
our problem to nearly spherical sets (point (2)).
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5.1 Proof for nearly-spherical sets

The fundamental step in order to prove (1) is to deduce a Taylor expansion of the energy F
near the ball By, for the class of nearly-spherical sets.
We start this section with some preliminary definitions.

Definition 5.1.1 (nearly spherical set). An open bounded set Q@ C R”™ is called nearly
spherical of class C*7 parametrized by ¢, if there exists ¢ € C*7 with |¢||o < 3 such that

0N ={(1+¢(x))z:xcdB}.
We also define the barycenter of an open set.

Definition 5.1.2. For an open set 2 C R”, xq denotes the barycenter of {2, namely

i,
To=— | xzdx.
Q[ Jo

We will use the following theorem due to Fuglede, [14, Theorem 1.2].

Theorem 5.1.3 (Fuglede Theorem). There exist two constants § = §(n) > 0 and Cp =
Cr(n) > 0 such that for any 2 nearly spherical set of class C'Y parametrized by ¢ with
Q| = |B1|, zq =0 and ||¢||c1~ < 0 then the following inequality holds

P() — P(B1) > Cr 9l2 o,
The proof of the following theorem will be addressed in [24].

Theorem 5.1.4. There exist Cp = Cp(n,A) > 0 and 6 = 6(n, A) > 0 with the following
property: if  C R™ is nearly spherical of class C37 with ||¢||cs~ < & then

Gs,(Q) = Gs x (B1) < Or |9l H10,)-

We conclude this section by showing how Theorem 5.1.3 and Theorem 5.1.4 imply the
following main theorem for nearly-spherical sets.

Theorem 5.1.5. Let Eg C R" be a nearly spherical of class C37 minimizer of (Ps.k.Q.Rr)

such that ||¢||lcsr < 9 and
O\ /2
0< —
<o<(gr)

where 6, Cp and Cp are as in Theorem 5.1.8 and Theorem 5.1.4. Then E = Bj.

Proof. Assume that Eg C R" is nearly spherical parametrized by ¢ € C37. Without loss of
generality we may assume zg, = 0. Notice that |Eg| = [B1|. Then by the minimality of Eg
we have

(5.1) P(Eq) — P(B1) < Q* {Gs.x(B1) — Ga ()}

By exploiting the minimality of B; for the perimeter, Theorem 5.1.4 and (5.1) we obtain

(5.2) 0 < P(Eq) — P(B1) < Q% {Gs.r(B1) — Gk (W)} < Cr Q% el F1 (m,);
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where Cr = Cr(n,A) > 0 is as in Theorem 5.1.4. Inequality (5.2) together with Fuglede
theorem yield

2 Cr 2 2
0 < P(Eq) — P(B1) < Q" {Gg,x(B1) — Gpx()} < o, Cr el @B

O
<&

(5.3)
Q* (P(Eqg) — P(B1)).

Therefore if Q < (Cr/Cr)'/? then P(Eg) — P(By) = 0. By the isoperimetric inequality
P(Eg) = P(B,) implies Eq = Bj. 0

5.2 Reduction to nearly-spherical sets

The reduction of problem (Ps i ¢ r) to nearly-spherical sets is based on the higher regularity
results obtained in Chapter 4.

First of all in this section we deduce the L°°-closeness of minimizers to the unitary ball
in the small charge regime. Let us start with the following proposition.

Proposition 5.2.1 (L'-closeness to the ball). Let {Qn}nen be a sequence in R such that
Qn >0 and Qp — 0 when h — oo. Let {Ep}pen be a sequence of minimizers of (Pg k.Q,,R)-
Then, up to translations, E, — By in L' and P(Ey,) — P(By) when h — cc.

Proof. By the quantitative isoperimetric inequality, [16, Theorem 1.1] for every h € N there
exists xp, such that
|EnABi(z3)[* < C(P(Ey) — P(B1)),

for some constant C' = C'(n) > 0 which depends only on n. By translating each set Ej, of =,
we can assume without loss of generality the following inequality

(5.4) [BWAB | < C (P(Ey) — P(By).
By the minimality of Ej we have

Fs.k.0uR (En) = P(Ep) + Q7 Gk (E)
< P(B1) + Q2 Gs.x(B1) = Faxonr(B1), YheN

Hence (5.4) yields
|ExABy|* < C(P(Ep) — P(B1)) < CQ%Gsx(B1) VheN,

for some constant C' = C(n) > 0 which depends only on the dimension n.
Then Qj, — 0 implies Ej, — By in L' and P(E},) — P(B;) when h — . O

Thanks to the density estimates (see Theorems 2.5.5 and 2.5.7), we can improve the
convergence of Proposition 5.2.1.

Proposition 5.2.2 (L*-closeness to the ball). Let {Qp}ren be a sequence such that Qp > 0
and Qp — 0 when h — co. Let {Ep}tpen be a sequence of minimizers of (Ps.k,q,.r). Then,
up to translations, Ey, — By in the Kuratowski sense and OE;, — 0By in the Hausdorff sense.

Proof. First, we prove the Kuratowski convergence of Ej to the ball By, i.e.

(i) Tp — X, Tp € By :>$€§1,



Chapter 5. Minimality of the ball in a small charge regime 72

(ii) # € By = 3, € E}, such that xj, — .

In order to prove (i) let #;, — = and xj, € E},. Assume by contradiction that z ¢ B;. Then
there exits Bg(z) C R™ such that Bs(z) N By = (. By Theorem 2.5.7, density estimates for
the volume of each minimizer Ej hold true. Moreover for ()5, small enough there exist a
radius 7 > 0 and a constant C' > 0, both independent of @}, such that

(5.5) |B,(zp) N ER| > Cr" Vr <T.

Hence we can choose r < min{7, s} and h(r) € N such that Bz(zp) C By(z) for every
h > h(r). Then

(5.6) B, (x) N Ey| > By (24) N Ey| > Cr™.

By the L'-convergence of Ej, to By and (5.6) we deduce |B,(x) N By| > 0 a contradiction
with Bs(z) N By = 0.

The proof of (ii) follows by arguing similarly as above by exploiting the L!-convergence.
Analogously, by using density estimates for the perimeter of E; and the convergence of
perimeters P(E}) — P(Bj), one can prove that 0E) — 0B in the Hausdorff sense. O

By combining Proposition 5.2.2 and Theorem 4.1.10, we conclude this section by showing
that the minimizers of (Ps i o r) are nearly-spherical in the small charge regime.

Remark 5.2.3. A minimizer E¢ of the problem (Pg i ¢ r) satisfies the hypothesis of Theo-
rems 4.1.10 and 4.2.2 whenever Q > 0 is small enough. Indeed, assume zg € 0B;. Then, by
the regularity of 0B, there exists a radius r = () > 0 such that

Ereg

(5.7) r+ep, (vo,2r) < 5

where e, is as in Theorem 4.2.2. On the other hand by Proposition 5.2.2 we have that
Eg converges to By in the Kuratowski sense when Q — 0. Hence, by properties of the
excess function, eg, (7o, 2r) — ep, (2o, 2r) when @ — 0. By Proposition 2.4.1 we also have
Q? Dy (z0,2r) — 0 when Q — 0. Therefore,

(58) T+eEQ($Ua2T) +Q2 DEQ(an2T) < Ereg
when @ > 0 is small enough.

Theorem 5.2.4. Let {Qp}hen be a sequence such that Qn > 0 and Qp — 0 when h — oo.
Let {Ep}hen be a sequence of minimizers of (Pg k.q,,r).- Then for h big enough E}, is nearly

spherical of class C™, i.e. there exists py, € C™ with uniform bounds and ||¢p| L= < % such

2
that
OE, ={(1+ pp(x))x : x € OB }.

Moreover, ||pp|lcr — 0 when h — oo, for every k € N.

Proof. Fix a point ¥ € 0B;. By Remark 5.2.3 there exists 7 > 0 and a smooth function g
such that

(5.9)

0B1NC(z,r,vp (T) =0 {x eR" : @51 (z —7) < g(p"®1 @ (z — :Z‘))} NC (z,r,vp,(T))
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for every 0 < r < 7. Furthermore, there exists rg < 7 small enough and f, € C* (D (z,r,vp, (7))
such that
(5.10)

OE,NC (z,r,vp (T)) =0 {1: eER™ : q'51 @ (z —7) < fir(p2r @ (z — :E))} NC(z,r,vp,(Z))

for every h big enough and r < rg. Define ¢ (z) := fu(g~'(x)) for every z € dB;. Then
{¢Fthen is a family of C*° functions with ||¢¥||o+ uniformly bounded (by Theorem 4.2.2)
such that

OE,NC (z,7,vp, (7)) = {(1+ ¢i(x))r:x € IB;}.

Hence, by a covering argument we obtain a family {¢p}ren of C°° functions with ||| or
uniformly bounded such that

OE, ={(1+ pp(z))x : x € OB }.

By Ascoli-Arzela and the convergence of 0F} to 0B in the sense of Kuratowski we obtain
that o5 — 0 in C*~1(0By) for every k € N. O
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2*, Sobolev conjugate exponent, 9

B, (z), ball centered at x with radius r, xi
LP space of p-integrable functions, x

Iy, graph of f, 39

Sym,, (R™), space of symmetric matrices, 9
C(z,r,v), cylinder, 36

D(z,r), disk, 36

pY, orthogonal projection onto v+, 36

q”, projection on v, 36

H", Hausdorff measure, xii

L", n-dimensional Lebesgue measure, ix
0*E, reduced boundary, xii

ep(xzo,r), spherical excess, xii

P(E), De-Giorgi perimeter, ix

DY(R"), xi

Dg(xo,r), normalized Dirichlet energy, xii
EAF, symmetric difference, 12

S(n), Sobolev constant, 9

Tru, 53

1g, characteristic function of F, x

Cl(x), 43

Id, identity matrix, 9

R”, Euclidian n-dimensional space, x
egp(x,r,v), cylindrical excess, 36

fp(x,r v), flatness, 43

D'(R™), x

v, unitary vector in S*71, xii

OF, topological boundary of E, xii

o, barycenter of 2, 70

nearly spherical set, 70
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