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Abstract. The purpose of this work is to present different reduced order model strategies starting
from full order simulations stabilized using a residual based Variational MultiScale (VMS) approach.

The focus is on flows with moderately high Reynolds numbers. The Reduced Order Models (ROMs)

presented in this manuscript are based on a POD-Galerkin approach. Two different reduced order
models are presented, which differ on the stabilization used during the Galerkin projection. In the

first case the VMS stabilization method is used at both the full order and the reduced order level.

In the second case, the VMS stabilization is used only at the full order level, while the projection of
the standard Navier-Stokes equations is performed instead at the reduced order level. The former

method is denoted as consistent ROM, while the latter is named non-consistent ROM, in order to

underline the different choices made at the two levels. Particular attention is also devoted to the role
of inf-sup stabilization by means of supremizers in ROMs based on a VMS formulation. Finally, the

developed methods are tested on a numerical benchmark.

1. Introduction

During the last decades, the increase of computational resources and the great improvement into
numerical methods to solve partial differential equations has allowed to broaden the applicability
of computational methods, originally devised in an academic environment, to industrial problems.
Indeed, nowadays numerical simulation is a key ingredient in several engineering and applied sciences
fields such as aeronautical, naval, civil and mechanical engineering, life sciences and medicine where
computational methods are used to solve mechanics and fluid dynamics problems.

However, especially for fluid dynamics, there are still certain situations where the direct numerical
simulations of the governing equations using standard discretization techniques (Finite Elements, Finite
Volumes, Finite Differences, Spectral Element Methods) may become unaffordable. Such situations
occurs when a large number of different system configurations are in need of being tested (shape
optimization, uncertainty quantification, inverse problems) or an extremely reduced computational
cost is required (real-time control).

A viable approach to solve this kind of problems, at a far lower computational cost, is given by
reduced order modelling techniques [8, 16, 36, 47]. Reduced order models are based on the assumption
that the system response is sufficiently smooth with respect to the input parameters. Given this
assumption, the solution space can be restricted to a lower dimensional space given by properly chosen
basis functions. This work is based on a POD-Galerkin approach which consists into the extraction of
the most energetic modes representing the system dynamics and into a Galerkin projection onto the
space spanned by these modes. POD-Galerkin methods have been proposed in several works starting
from different full order discretization techniques and focusing the attention on different aspects. We
mention [19, 33, 35, 43, 45] among the first attempts to create low-dimensional models for fluid flows
starting from POD basis functions.

However, it is well known that standard POD-Galerkin models are prone to possible stability issues.
The type of instabilities which are analyzed an treated in literature can be classified into different classes
depending on the source of instability: (i) in [2, 9, 20, 34, 51, 52] the attention is focused on instability
observed in transient problems during long time integration; (ii) [4, 5, 12, 22, 49, 53] are devoted to
accurate pressure recovery and inf-sup instability, while (iii) in [14, 31, 32, 54] the instability due to
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advection dominated phenomena (see also [23] for a similar approach on convection-diffusion problems)
and transition to a turbulent regime are discussed. Focusing more the attention on instabilitities due
to turbulent and advection dominated flows a promising approach is to employ subgrid-scale closure
models. In [31, 32] the authors developed a variational multiscale POD reduced order model and
presented also a detailed analysis on error estimates. In the first work a VMS closure model is used
to stabilize convection-dominated convection-diffusion-reaction equations and in the second case it has
been extended to Navier-Stokes equations in a turbulent setting. In [54] a dynamic subgrid-scale closure
model is presented and compared with a variational multiscale method. This work follows what already
done by some of the authors of this article in [44] where a SUPG stabilization is used for advection-
diffusion PDEs and is also inspired by [23] that follows a similar line of thought as the current approach
but using a SUPG stabilization for convection-dominated convection-diffusion-reaction equations.

The present contribution, starting from what done in the aforementioned references, aims to deal
with instabilities of type (ii) and (iii) and to study the relationship between the stabilization techniques
adopted for inf-sup pressure instabilities and the ones adopted for convection-dominated/turbulent
problems. Differently to what has been done in [31, 32, 54] we employ the same variational multiscale
stabilization technique at both the full order and the reduced order level. The reason for this choice
is given by the fact that we want to operate in conditions where a DNS simulation becomes not
realizable and therefore, a stabilization is also needed during the full order simulations. Another
difference respect to previous published sources is that the reduced reduced order model presented in
this work accounts also for the pressure contribution. The methodology could be then employed to
study also more general cases where the pressure term cannot be neglected [43]. The main novelty of
the present work consists into the development of a reduced order model starting from VMS stabilized
full order model and into a discussion concerning the inf-sup stability of the resulting ROM.

It is our belief that literature on closure models for the approximation of turbulent flows using
standard discretization techniques presents a large variety of options (see e.g. [18, 46, 50]) which are
waiting to be incorporated into a reduced order framework. Among the most studied strategies we
mention the Reynolds-Averaged Navier-Stokes (RANS) models [46], the Large-Eddy Simulation (LES)
models [50] and the Variational Multiscale (VMS) method [30, 28]. In the development of a reduced
order strategy, one must take into account that the choice of the closure model often depends on
the specific application at hand. Indeed, closure models based on eddy viscosity (e.g. k − ω, k − ε,
Spalart-Allmaras), mainly tailored for finite volumes discretization, seem to be particularly promising
to treat developed turbulent flows with high Reynolds number in the context of industrial applications.
A reduced order strategy for such applications is going to be actively pursued by the authors of this
manuscript in [25, 41, 26]. Here, however, we focus on closure models adopted for more moderate
Reynolds numbers, based on a finite element discretization with VMS stabilization and it fits well
moderate turbulent patterns. The proposed methodology can still be applied to several relevant cases,
such as those arising in biomedical applications. Furthermore, it builds on a stronger theoretical
framework in the reduced order modelling community, which has recently seen first contributions for
what concerns certification of a posteriori error estimators in turbulent flows [14].

The paper is organized as follows: the mathematical formulation of the problem is set in § 2; the
VMS finite element discretization used to numerically solve the mathematical problem is reported in
§ 3. § 4 contains the formulation of the Reduced Order Model, and some consideration concerning its
stabilization. The proposed methodology is tested on a numerical example in § 5, and finally some
conclusions are drawn and perspectives for future developments are given in § 6.

2. Mathematical Formulation of the Physical Problem

The mathematical problem on which this work is focused is given by the incompressible Navier-
Stokes equations. Given a space-time domain Q = Ω × [0, T ] ⊂ R2 × R+ the initial boundary-value
problem consists in solving the following equations for the velocity u : Q → R2 and the pressure
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p : Q→ R such that:

(1)



∂tu+ div(u⊗ u)− div(2ν∇su) +∇p = f in Q,

div(u) = 0 in Q,

u = g on Γin × [0, T ],

u = 0 on Γwall × [0, T ],

(2ν∇su− pI)n = 0 on Γout × [0, T ],

u = u0 in Ω× {0},

where Γ = Γin∪Γwall∪Γout is the boundary of Ω, composed by three non-overlapping regions Γin, Γwall

and Γout that indicate, respectively, inlet boundary, physical walls, and outlet boundary. Furthermore,
ν ∈ R+ is the kinematic viscosity, f : Q → R2 is the given body force (per unit volume), g :
Γin × [0, T ] → R2 is the inlet velocity profile, and u0 : Ω → R2 denotes the initial condition for
the velocity. The symbol ⊗ denotes the tensor product of two vectors in R2, i.e. in components

(u⊗ v)ij = uivj , while ∇su denotes the symmetric part of the velocity gradient, i.e. ∇su = ∇u+∇uT

2 .

The weak formulation of (1) is obtained by multiplying the momentum equation for a test function
v ∈ V = {v ∈ H1(Ω) : v = 0 on Γin ∪ Γwall} and the continuity equation for a test function
q ∈ Q = L2(Ω), and with integration by parts over the space domain Ω. The weak problem for (1)
reads as follows:
Find u ∈ L2([0, T ],H1(Ω)) and p ∈ L2([0, T ], Q) such that u = g on Γin × [0, T ] and u = 0 on
Γwall × [0, T ], and the equations

(2)


(∂tu,v)Ω − (u⊗ u,∇v)Ω + 2ν(∇su,∇sv)Ω − (p,div(v))Ω = (f ,v)Ω,

(q,div(u))Ω = 0,

u(0) = u0,

hold for all v ∈ V and for all q ∈ Q.

3. The Full Order Model

In this section the full order discretization used through the manuscript is presented. In § 3.1 the
standard Galerkin finite element approximation is introduced, while § 3.2 presents the Residual Based
Variational Multiscale concepts used to achieve stable simulations.

3.1. The Standard Galerkin Finite Element Approximation. Given the continuous formula-
tion presented in § 2 here we introduce the discrete formulation and the variational multiscale finite
element approximation. We consider a finite decomposition (mesh) Th of Ω =

⋃
K∈Th K, composed

of triangular cells K. Two finite element (FE) spaces Vh ⊂ V and Qh ⊂ Q are employed to discretize
(2) on Th. Specifically, Vh and Qh are spaces of continuous locally polynomial functions of degree 2
and 1, respectively. The FE formulation on (Vh, Qh), known as Taylor-Hood FE, satisfies the so called
inf-sup condition [10]

(3) inf
qh∈Qh\{0}

sup
vh∈Vh\{0}

(div(vh), qh)

‖vh‖Vh
‖qh‖Qh

≥ β > 0.

We will come back to the topic of inf-sup stability for what concerns the reduced order model. For the
sake of notation in the definition of the reduction process, let us define two sets {ϕj}Mh

j=1, {ψl}Kh

l=1 of

Lagrangian basis functions of Vh and Qh, respectively, being Mh = dim(Vh) and Kh = dim(Qh).
The semi-discrete Galerkin-FE approximation of (2) reads as follows: find uh ∈ L2([0, T ],Vh) and

ph ∈ L2([0, T ], Qh) such that uh = gh on Γin × [0, T ] and uh = 0 on Γwall × [0, T ], and the equations

(4)


(∂tuh,vh)Ω − (uh ⊗ uh,∇vh)Ω + 2ν (∇suh,∇svh)Ω +

−
(
ph,div(vh)

)
Ω

+
(
qh,div(uh)

)
Ω

= (f ,vh)Ω ,

uh(0) = u0,h,
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hold for all vh in Vh and for all qh in Qh, being gh and u0,h suitable interpolations of g and u0 on the
mesh Th.

Finally, time discretization is carried out by taking NT + 1 time instants {tk}NT

k=0 in [0, T ], chosen
such that ∆t = tk − tk−1 is constant. For simplicity a backward Euler time stepping scheme is used in
this manuscript. Since such time discretization is very standard (see e.g. [48]), and seamlessly applies
at the FE, VMS and reduced order levels, in the following we will always refer to the semi-discrete
formulation (4) omitting any further presentation of the time discretization.

3.2. The Residual Based Variational Multiscale Formulation. In case of turbulent flows the
standard Galerkin-FE approximations may fail to accurately model the physical phenomena unless a
very refined mesh is employed. As such refinement is usually unaffordable for Reynolds numbers in
the order of a few thousands, we resort instead to a stabilization based on a variational multiscale
method. In this work we rely on the Residual Based variational multiscale method, as presented in [7].
The Residual Based VMS was first introduced in [27]. Further theoretical development that led to the
application in Computational Fluid Dynamics (CFD) were given in [28, 30]. A residual based VMS
method has been used in CFD applications for a large variety of problems (see e.g. [7, 17, 21, 29, 42]),
and as a result such VMS method has proven to be an efficient and accurate turbulence model for
applications characterized by moderately high Reynolds number flows. The method is a two-scales
method, even though other VMS variants with a larger number of scales are available in literature (e.g.
the Residual Free Bubble VMS [11], the Projection Based VMS [15] and the Algebraic VMS [24]).

Following the presentation in [7], we orthogonally decompose the spaces V and Q as

(5) V = Vh ⊕ V ′, Q = Qh ⊕Q′,

using the elliptic projector (∇s·,∇s·)Ω and the L2 projector (·, ·)Ω, respectively, as inner products.
The spaces Vh and Qh represent the coarse (resolved) scale, while V ′ and Q′ are modelling the fine
(unresolved) scale.

Therefore, for any t ∈ [0, T ] we decompose the trial functions in (4) as

u(t) = uh(t) + u′(t) for uh(t) ∈ Vh and u′(t) ∈ V ′,
p(t) = ph(t) + p′(t) for ph(t) ∈ Qh and p′(t) ∈ Q′,

assuming the fine scale velocity functions to satisfy homogeneous boundary conditions on the Dirichlet
boundaries,

u′(t) = 0 on Γin ∪ Γwall,

so that the coarse scale velocity functions are such that

uh(t) = gh(t) on Γin, uh(t) = 0 on Γwall,

i.e. they fulfill the physical boundary conditions.
Introducing such expressions in (2) with coarse scale test functions vh ∈ Vh and qh ∈ Qh we obtain

the so-called coarse scale equation

(6)



(∂tuh,vh)Ω − (uh ⊗ uh,∇vh)Ω + 2ν(∇suh,∇svh)Ω+

− (ph,div(vh))Ω + (qh,div(uh))Ω

− (p′,div(vh))Ω − (∇qh,u′)Ω+

− (u′ ⊗ uh,∇vh)Ω − (uh ⊗ u′,∇vh)Ω+

− (u′ ⊗ u′,∇vh)Ω

= (f ,vh)Ω,

uh(0) = u0,h.

A few terms omitted in (6) drop due to the direct sum orthogonal decomposition, e.g.(
∇su′,∇svh

)
Ω

= 0,
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while others, such as in particular

(∂tu
′,vh)Ω,

are dropped as turbulence modelling assumptions [7].
Following the philosophy of the LES turbulence models the fine scale solutions are not solved

explicitly, rather modeled as follows:

u′ = −τMrM (uh, ph),

p′ = −τCrC(uh),

where such equality is to be understood as restricted to each cell in Th.
The structure of the stabilization terms introduced in [7] and adopted in this work is the following:

(7)



rM (uh, ph) = ∂tuh + div(uh ⊗ uh)− div(2ν∇suh) +∇ph − f ,
rC(uh) = div(uh),

τM = τM (uh) =

(
4

∆t2
+ uh ·Guh + Cinvν

2G : G

)− 1
2

,

τC = τC(uh) = (τMg · g)−1.

being rM (uh, ph) and rC(uh) residuals of the strong form of momentum and continuity equations,
respectively, and τM and τC corresponding stabilization coefficients. Furthermore, on each cell K,

(8)


Gij =

2∑
k=1

∂ξk
∂xi

∂ξk
∂xj

, G : G =

2∑
i,j=1

GijGij ,

gi =

2∑
j=1

∂ξj
∂xi

, g · g =

2∑
i=1

gigi,

where ξ = (ξ1, ξ2) is the inverse of the affine mapping between the reference simplex K̂ and the
triangulation element K, and Cinv is the inverse inequality constant [7, 48].

In order to proceed with an algebraic formulation of the resulting semi-discretization we expand
uh(t) and ph(t) in coordinates with respect to the Lagrangian basis on Wh and on Qh. Collecting the

resulting coordinates in uh (t) =
(
u1 (t) , . . . , uMh

(t)
)T

and ph (t) =
(
p1 (t) , . . . , pKh

(t)
)T

, we obtain
the nonlinear dynamical system

(9)

M
duh (t)

dt
+Auh (t) + C

(
uh (t)

)
uh (t) +D

(
uh (t) ,ph (t)

)
+BTph (t) = F (t) ,

Buh (t) = E
(
uh (t) ,ph (t)

)
,

being1

Mij =
(
ϕj ,ϕi

)
Ω

the mass matrix,

Aij =
(
∇sϕj ,∇sϕi

)
Ω

the discretized diffusion operator,

C (uh)ij = −
(
ϕj ⊗ uh,∇ϕi

)
Ω

the discretized convection operator,

Bli = −
(
ψl,div (ϕi)

)
Ω

the discretized version of the pressure/divergence operator, and

Fi (t) = (f ,ϕi)Ω the discretized forcing term,

1With a slight abuse, in the notation we indicate for the nonlinear terms their dependence on the coefficient vectors

(uh (t) ,ph (t)) on the left-hand side, while the actual expression on the right-hand side will be provided in terms of the

corresponding functions (uh(t), ph(t)).
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for i, j = 1, . . . ,Mh and l = 1, . . . ,Kh. The remaining terms are due to the stabilization, and read:

D (uh,ph)i =
∑
K

(
(∇ϕi)uh, τMrM (uh, ph)

)
K

+
∑
K

(
(∇ϕi)

T
uh, τMrM (uh, ph)

)
K

−
∑
K

(
ϕi, τMrM (uh, ph)⊗ τMrM (uh, ph)

)
K

+
∑
K

(
τCrC (uh) ,div (ϕi)

)
K
,

E (uh,ph)l =
∑
K

(
∇ψl, τMrM (uh, ph)

)
K
.

4. The Reduced Order Models

In this section we introduce the two reduced order models (ROMs) employed in this manuscript.
We seek a construction-evaluation paradigm2, as customary in the reduced order modelling community
[36]. A reduced basis is built by means of proper orthogonal decomposition during the construction
stage, as detailed in § 4.1. Afterwards, the ROM is evaluated by a Galerkin projection onto the reduced
basis (§ 4.2). The two proposed ROMs will only differ during the evaluation phase.

Before laying out the details, let us underline how the proposed ROMs differ in terms of construction
and evaluation when compared to previous works [9, 54]. The main difference is that in [9, 54] full
order snapshots employed during the construction of the reduced basis are generated using a direct
numerical simulation (DNS) approach, while VMS stabilization is used as a closure model for the
ROM to account for the contribution of the discarded modes. In the present case we aim to obtain
snapshots for values of Reynolds numbers for which a DNS strategy becomes unfeasible. Thus, we
need to resort to a VMS stabilization during the construction phase itself. Our interest is then to
explore the relationship (in particular, in terms of stability) between a stabilized full order model and
the consequent reduced order model built on top of it.

Finally, we highlight that the accuracy of the ROM will always be measured with respect to the
underlying FOM model (i.e. a Navier-Stokes model with VMS stabilization), and not a DNS result.
The target of the ROM will thus be to recover as faithfully as possible the FOM solution, regardless
of the fact that the FOM solution itself is under resolved (when compared to a DNS).

4.1. Construction of the reduced basis through proper orthogonal decomposition. The
construction of the reduced basis is carried out by means of a Proper Orthogonal Decomposition (POD)

[19, 35, 36, 45], as follows. Velocity and pressure snapshots, denoted by {uh(ti)}NT
i=1 and {ph(ti)}NT

i=1,
are obtained solving (6). Then, the following correlation matrices Σu and Σp are assembled, as follows:

(10) Σu
ij =

(
uh(ti)− 〈uh〉,uh(tj)− 〈uh〉

)
1,Ω

, Σp
ij =

(
ph(ti), ph(tj)

)
Ω
, i, j = 1, . . . , NT ,

where (·, ·)ω denotes the L2(ω) inner product, while (·, ·)1,ω = (∇·,∇·)ω denotes the H1(ω) inner
product. The corresponding induced norms will be denoted similarly as ‖·‖ω and ‖·‖1,ω, being either
ω = Ω for spatial integration or (in the L2 case) ω = [0, T ] for time integration. Furthermore, assuming
the inlet profile g to be time-independent3, the time-averaged velocity

(11) 〈uh〉 =
1

NT

NT∑
i=1

uh(ti),

is subtracted from the velocity snapshots in order to for uh(ti) − 〈uh〉, i = 1, . . . , NT , to be zero on
each Dirichlet boundary. After carrying out an eigendecomposition, we denote by

λu1 ≥ λu2 ≥ · · · ≥ λuNT
≥ 0, λp1 ≥ λ

p
2 ≥ · · · ≥ λ

p
NT
≥ 0,

the resulting eigenvalues, and by

{v̂n}NT
n=1, {q̂n}NT

n=1,

2The reason for this terminology, rather than the more widespread offline-online decoupling, will be clear in § 4.2.
3Indeed, non-stationary solutions can be obtained even for time-invariant input data in case of flows with large

Reynolds numbers.
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the corresponding eigenfunctions. The reduced basis functions are then obtained as

ϕrb
n =

NT∑
i=1

(v̂n)i uh(ti), ψrb
n =

NT∑
i=1

(q̂n)i ph(ti), n = 1, . . . , NT ,

and possibly normalized in their respective spaces.
It is well known in the reduced basis community that spaces built from (a truncation of) {ϕrb

n } and
{ψrb

n } might not satisfy an inf-sup condition. It is thus customary to enrich the reduced velocity space
with the so-called pressure supremizers [36, 49, 47]. Such an approach entails (for each i = 1, . . . , NT )
the computation of a function sh(ti) ∈ Vh such that(

∇sh(ti),∇vh
)

Ω
=
(
∇ph(ti),vh

)
Ω

holds for all vh ∈ Vh. The strategy that we adopt is the approximate supremizer enrichment as in
e.g. [5]. This approach consists in applying a POD compression to the resulting supremizer snapshots.

Following the same procedure as above, we obtain a set {φrb
n }

NT
n=1 of supremizer basis functions.

Afterwards, the final result of the construction stage is the definition of the reduced basis spaces4

Vrb = span{grb,ϕrb
1 , . . . ,ϕ

rb
N ,φ

rb
1 , . . . ,φ

rb
N }, Qrb = span{ψrb

1 , . . . , ψ
rb
N },

for some integer N < NT , and grb ≡ 〈uh〉. The FE degrees of freedom of the bases in Vrb and
Qrb are also stored as columns of the basis functions matrices Zu

rb and Zp
rb for velocity and pressure,

respectively.

4.2. Evaluation of the ROM by Galerkin projection. During the evaluation of the ROM, one
seeks a solution of the form

urb(t) = grb +

N∑
n=1

(
urb(t)

)
n
ϕrb

n +

N∑
n=1

(
urb(t)

)
n+N

φrb
n , prb(t) =

N∑
n=1

(
prb(t)

)
n
ψrb
n

through a Galerkin projection. For the sake of notation we define urb (t) =
(

1,
(
urb(t)

)
1
, . . . ,

(
urb(t)

)
2N

)T
∈

R2N+1 and prb (t) =
((
prb(t)

)
1
, . . . ,

(
prb(t)

)
N

)T
∈ RN the vector of coefficients of the reduced solu-

tion.
Following [4, 44] we present here two approaches for the evaluation of the ROM, that we will refer

here as consistent ROM and non-consistent ROM. In the consistent ROM, a Galerkin projection of
the VMS Navier-Stokes equations (6) onto the reduced basis spaces is carried out. In contrast, in the
non-consistent ROM projection of the standard Navier-Stokes equations (4) onto the reduced basis is
sought. As snapshots were generated from (6), the latter choice features a modelling inconsistency
between the full order and reduced order levels, hence the name.

4.2.1. Consistent ROM. As mentioned, the aim of the consistent ROM is to provide a reduced order
model which is fully consistent with the full order model, thus including the projection of all stabiliza-
tion terms of the VMS method. The resulting ROM requires therefore the solution of the following
dynamical system:5Mrb

durb(t)

dt
+Arburb(t) + Crb(urb(t))urb(t) +Drb(urb(t),prb(t)) +BT

rbprb(t) = Frb(t),

Brburb(t) = Erb(urb(t),prb(t)),

4Numerical results in § 5 will compare the cases with and without supremizer enrichment. It is understood that in
the latter case the reduced velocity space is defined as

Vrb = span{grb,ϕrb
1 , . . . ,ϕrb

N }.

We will not cover the latter case in § 4.2, as the required changes to the formulation of the Galerkin projection are very

trivial.
5In a practical implementation the row/column of the system corresponding to the first entry of urb (which is a

known coefficient that accounts for the non-homogeneous boundary condition) shall be condensed.
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being

Mrb = Zu
rb

TMZu
rb, Arb = Zu

rb
TAZu

rb, Brb = Zp
rb

T
BZu

rb,

Crb (urb) = Zu
rb

TC
(
Zu

rburb(t)
)
Zu

rb, Drb(urb(t),prb(t)) = Zu
rb

TD(Zu
rburb(t), Zp

rbprb(t)),

Erb(urb(t),prb(t)) = Zp
rb

T
E(Zu

rburb(t), Zp
rbprb(t)), Frb = Zu

rb
TF.

As the terms Drb(urb(t),prb(t)) and Erb(urb(t),prb(t)), arising from VMS stabilization (as defined in
§ 3.2), are highly nonlinear, their evaluation should be handled with care to preserve the efficiency of
the resulting ROM, enforcing the so-called offline-online decoupling (see e.g. [36]). Hyper reduction
techniques, such as empirical interpolation [6], GNAT [13] or Gappy-POD [55] methods are available
to this end. Since the goal of this preliminary investigation is to compare the accuracy and feasibility
of the two proposed ROMs, without aiming at the greatest amount of efficiency, we will allow an
inefficient evaluation of the nonlinear terms. In order to ensure consistency, the same values for the
stabilization coefficients appearing in (7) in the FOM are used for the ROM. Alternative options are
explored in literature for the modeling of such coefficients at the reduced order level [23], and would
result in an intermediate choice between our two proposed methods. Such choice would result in a
ROM with stabilization, yet not full consistency with the FOM. A detailed comparison of all the
resulting options is out of the scope of the current work, and will be pursued in future.

4.2.2. Non-consistent ROM. In contrast, the goal of the non-consistent ROM is to perform a Galerkin
projection of the standard Navier-Stokes equations without any additional stabilization term. The
resulting dynamical system is:Mrb

durb(t)

dt
+Arburb(t) + Crb(urb(t))urb(t) +BT

rbprb(t) = Frb(t),

Brburb(t) = 0.

This ROM seems attractive since it only has a nonlinear contribution relative to the convective term,
which is a quadratic nonlinearity. In this case an efficient offline-online decoupling may be easily
obtained with the aid of a third tensor precomputed at the end of the construction stage [5]. This
model is however not consistent with the full order model used to generate the snapshots because the
VMS stabilization terms are neglected during the projection stage. Yet, such inconsistent options are
being used with success in literature, as different models at the full order and reduced order levels are
sought in [9, 54].

5. A numerical example: flow around a circular cylinder

In this section we present some numerical results on a benchmark test case involving the flow
around a 2D circular cylinder at moderately high Reynolds numbers (Re ≈ 5000). The resulting flow
conditions are such that a standard Navier-Stokes formulation would fail (unless being provided an
extremely refined mesh). We note that, even though turbulence is an intrinsically 3D phenomenon,
this problem is representative of a case where the numerical method does not resolve all the essential
features, as is the case in turbulent flows, and is chosen for the sake of a simpler discussion and
visualization of the results (e.g. in forthcoming Figures 7-8). Nonetheless, forthcoming papers should
further test the proposed methodology on more complex 3D configurations.

The computational domain is given by a rectangular box with a circular hole. A parabolic inflow
profile g is provided at the inlet, gravity is neglected f = 0, and an homogeneous initial velocity
is imposed. The final time is assumed to be T = 2 s. The discretization of the domain is as in
Figure 1. The triangular tessellation counts 37572 cells. At the full order level, the velocity and
pressure fields are approximated with P2/P1 finite elements, resulting in 155756 and 20153 degrees of
freedom for velocity and pressure, respectively. A backward Euler time stepping scheme is employed,
with ∆t = 0.002.

The full order system (6) is solved with VMS stabilization. Undersampling is performed on the flow
fields, in order to contain the size of the correlation matrices Σu and Σp, still preserving all relevant
features of the transient phenomena. This results in 500 snapshots, which are used for the reduced
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basis generation through POD. Corresponding eigenvalues decay is shown in Figure 2 for velocity,
supremizers and pressure snapshots. The eigenvalue plot, respect to a lower Reynolds number case on
the same physical problem, shows a slower decay of the eigenvalue and therefore a larger number of
basis functions need to be considered. This fact is due to the more complex structure of the vortices
that characterizes flows with higher Reynolds number.

The evaluation of the ROM is then queried. Relative errors for various quantities of interest are
depicted Figures 3-6. Three possible ROMs are compared, corresponding to (i) consistent ROM with
supremizers, (ii) consistent ROM without supremizers, (iii) non-consistent ROM with supremizers.
The fourth option, i.e. non-consistent ROM without supremizer, is omitted because of its lack of
pressure stabilization, which would result in a singular ROM. More in detail, Figure 3 shows the
velocity and pressure relative errors, integrated over time, for increasing number of modes N from 10
to 100.

Furthermore, for fixed N = 100, Figure 4 plots the velocity and pressure relative errors for each
time t ∈ [0, 2], while Figure 6 carries out a similar analysis for the kinetic energy K(u) =

∫
Ω
|u|2 and

enstrophy E(u) =
∫

Ω
|curl(u)|2.

Results in Figures 3-6 show that the consistent ROM is systematically able to reproduce the FOM
results with an higher accuracy than the non-consistent one. In particular, improvements of 73.65%,
65.12%, 2.83%, 85.48% can be observed at the final time for the consistent ROM (with N = 100)
over the non-consistent one for velocity, pressure, kinetic energy and enstrophy, respectively. Thus, as
in [3, 4, 44], it is our conclusion that ensuring consistency between the full order and reduced order
formulations results in a FOM characterized by the best accuracy with respect to the FOM.

Figures 3-6 also highlight that the addition of supremizers is not necessary once a consistent ROM
is sought. Indeed, lines corresponding to the options (i) consistent ROM with supremizer, and (ii)
consistent ROM without supremizers, are always overlapping. A careful analysis of the coefficients of
the reduced velocity in case (i) reveals that degrees of freedom corresponding to supremizer modes are
numerically zero, thus not contributing to the solution. We claim that this is thanks to the stabilization
through strong residual operators in the VMS formulation, which (through Galerkin projection) results
in an inf-sup stable ROM formulation.6 A more detailed numerical analysis on this topic is subject of
on-going work and will be addressed in a future paper.

Finally, Figures 7 and 8 show a comparison of the flow fields for t = 1.0 s, t = 1.5 s, t = 2.0 for full
order model, consistent ROM with supremizer, non-consistent ROM with supremizer; the remaining
viable option (consistent ROM without supremizer) is omitted as the difference among consistent
ROMs is negligible. The plots show that, especially for large times (see e.g. t = 2 s), flow fields
produced by the non-consistent ROM are qualitatively different from the full order simulation, thus
resulting in larger relative errors.

6Nonetheless, we remark that this topic deserves further investigation. Indeed, in case of geometrical parametrization
with a similar residual based SUPG stabilization we observe non-zero supremizer coefficients [4]. We do mention that, in
our experience, ROMs seem to be particularly sensitive to the choice of the stabilization at the full order level, especially
for what concerns their consistency (or lack thereof) with the strong form. For instance, in [37] we pursue a weaker
(non-residual based, non-fully consistent) stabilization in the full order discretization, and we observe that the Galerkin

projection of such stabilization terms does not result in a stable ROM, yielding a mandatory supremizer enrichment. In
[39], where a stabilized Shifted Boundary FEM is used as full order discretization in a Stokes setting (see also [38] for a
Poisson setting), we observe that the supremizer enrichment is not strictly needed but it leads to a better approximation

of the pressure field.
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Figure 1. The computational domain together with the geometrical dimensions. The
diameter of the cylinder is equal to D = 0.2m

.

Figure 2. POD eigenvalues decay for velocity, supremizer and pressure snapshots.

Figure 3. Velocity relative error in the L2([0, T ],H1(Ω)) norm (left) and pressure
relative error in the L2([0, T ], L2(Ω)) norm (right), as a function of the number N of
POD modes.
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Figure 4. Velocity relative error in the H1(Ω) norm (left) and pressure relative error
in the L2(Ω) norm (right), as a function of time. ROM evaluation was carried out for
N = 100.

Figure 5. Kinetic energy (left) and enstrophy (right) relative errors as a function of
the number of employed modes.

6. Conclusions and future developments

In the present work we introduced a novel reduced order model dealing with moderately high
Reynolds numbers. The ROM has been constructed starting from VMS stabilized full order simulations
and different strategies have been tested during the projection stage.

The consistent strategy, which is based on the projection of also the full order stabilization terms
onto the reduced basis spaces, proved to be the best choice in terms of accuracy of the results for what
concerns the capability of the ROM to reproduce the solution obtained by the FOM model.

The consistent strategy permits also to avoid the supremizer enrichment of the reduced velocity
space. We believe that this fact is justified by the VMS full order discretization which, being inf-sup
stabilized, transfers this property also to the reduced order model. However, this topic deserves still
further investigation especially in the case of geometrical parametrization (see footnote 6 for further
details).

As previously mentioned, as future perspective our interest is to extend the current approach also
to geometrically parametrized problems and to investigate the efficiency and applicability of hyper
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Figure 6. Kinetic energy (left) and enstrophy (right) relative errors as a function of
time. ROM evaluation was carried out for N = 100.

Figure 7. Comparison of the flow fields in terms of velocity magnitude for t = 0.5 s,
t = 1.0 s, t = 1.5 s, t = 2.0 s (from top to bottom) for full order model, non-consistent
ROM with supremizer, consistent ROM with supremizer (from left to right). ROM
evaluations were carried out for N = 100.

reduction techniques. Further future perspectives are related to the investigation of different closure
models (as well as comparison with DNS results, when possible) and 3D simulations.
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Figure 8. Comparison of the flow fields in terms of pressure magnitude for t = 0.5 s,
t = 1.0 s, t = 1.5 s, t = 2.0 s (from top to bottom) for full order model, non-consistent
ROM with supremizer, consistent ROM with supremizer (from left to right). ROM
evaluations were carried out for N = 100.

Acknowledgements

We acknowledge Prof. Guglielmo Scovazzi from Duke University for the fruitful discussions con-
cerning the implementation of the VMS method. We acknowledge the support by European Union
Funding for Research and Innovation - Horizon 2020 Program - in the framework of European Re-
search Council Executive Agency: H2020 ERC Consolidator Grant 2015 AROMA-CFD project 681447
“Advanced Reduced Order Methods with Applications in Computational Fluid Dynamics”. We also ac-
knowledge the INDAM-GNCS projects “Metodi numerici avanzati combinati con tecniche di riduzione
computazionale per PDEs parametrizzate e applicazioni” and “Numerical methods for model order
reduction of PDEs”. The computations in this work have been performed with RBniCS [1] library,
developed at SISSA mathLab, which is an implementation in FEniCS [40] of several reduced order
modelling techniques; we acknowledge developers and contributors to both libraries.



14 A REDUCED ORDER VARIATIONAL MULTISCALE APPROACH FOR TURBULENT FLOWS

References

[1] RBniCS - reduced order modelling in FEniCS. http://mathlab.sissa.it/rbnics, 2015.

[2] I. Akhtar, A. Nayfeh, and C. J. Ribbens. On the stability and extension of reduced-order Galerkin models in

incompressible flows. Theoretical and Computational Fluid Dynamics, 23(3):213–237, 2009.
[3] S. Ali, F. Ballarin, and G. Rozza. Reduced basis stabilization for the unsteady Stokes and Navier-Stokes equations.

In preparation, 2019.
[4] S. Ali, F. Ballarin, and G. Rozza. Stabilized reduced basis methods for parametrized steady Stokes and Navier-Stokes

equations. Submitted, 2019.

[5] F. Ballarin, A. Manzoni, A. Quarteroni, and G. Rozza. Supremizer stabilization of POD-Galerkin approximation
of parametrized steady incompressible Navier–Stokes equations. International Journal for Numerical Methods in

Engineering, 102(5):1136–1161, 2015.

[6] M. Barrault, Y. Maday, N. Nguyen, and A. Patera. An ’empirical interpolation’ method: application to efficient
reduced-basis discretization of partial differential equations. Comptes Rendus Mathematique, 339(9):667–672, 2004.

[7] Y. Bazilevs, V. Calo, J. Cottrell, T. Hughes, A. Reali, and G. Scovazzi. Variational Multiscale residual-based

turbulence modeling for Large Eddy Simulation of incompressible flows. Computer Methods in Applied Mechanics
and Engineering, 197(1-4):173–201, 2007.

[8] P. Benner, M. Ohlberger, A. Patera, G. Rozza, and K. Urban. Model Reduction of Parametrized Systems., volume

1st ed. 2017 of MS&A series. Springer, 2017.
[9] M. Bergmann, C.-H. Bruneau, and A. Iollo. Enablers for robust POD models. Journal of Computational Physics,

228(2):516–538, 2009.
[10] D. Boffi, F. Brezzi, and M. Fortin. Mixed Finite Element Methods and Applications. Springer-Verlag, Berlin and

Heidelberg, 1 edition, 2013.

[11] F. Brezzi, M.-O. Bristeau, L. Franca, M. Mallet, and G. Rogé. A relationship between stabilized finite element
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