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Scalar curvature and an infinite-dimensional hyperkahler reduction

Carlo Scarpa and Jacopo Stoppa

Abstract

We discuss a natural extension of the Ké&hler reduction of Fujiki and Donaldson, which realises the
scalar curvature of Kéhler metrics as a moment map, to a hyperkéhler reduction. Our approach
is based on an explicit construction of hyperkdhler metrics due to Biquard and Gauduchon. This
extension is reminiscent of how one derives Hitchin’s equations for harmonic bundles, and yields
real and complex moment map equations which deform the constant scalar curvature Kahler (cscK)
condition. In the special case of complex curves we recover previous results of Donaldson. We focus
on the case of complex surfaces. In particular we show the existence of solutions to the moment
map equations on a class of ruled surfaces which do not admit cscK metrics.
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1 Introduction

Let M be a compact Kédhler manifold. The problem of finding a Kéhler metric g with prescribed
cohomology class [w,] and constant scalar curvature

s(g) =4 (1.1)

has been intensively studied in complex differential geometry for the last few decades. A particularly
fruitful parallel has been established between (1.1) (the cscK equation) and the Hermitian Yang—
Mills (HYM) equation for a Hermitian metric h on a holomorphic vector bundle E over, say, a
complex curve with a fixed Kéhler form (X, w),

F(h) = pld ® w. (1.2)



Remarkably both equations can be realised as the zero moment map condition for a suitable
infinite-dimensional Kéhler reduction. For the HYM equation (1.2) this goes back to [AB83], the
Atiyah—Bott characterisation of curvature as the moment map for the Hamiltonian action of unitary
gauge transformations on the space of compatible d-operators 7. The HYM equation arises when
looking for zeroes of the moment map along the orbits of the complexified action. In the case of the
cscK equation Fujiki ([Fuj92]) and Donaldson ([Don97]) constructed a Hamiltonian action of the
group of Hamiltonian symplectomorphisms G = Ham(M, wy) on the space # of almost complex
structures compatible with a fixed symplectic form wp, endowed with a natural symplectic (in fact
Kahler) structure. It turns out that the moment map for this action, evaluated on Hamiltonians
h, is given by
wn

1s(h) = /M2<s<gJ> =

Donaldson in [Don97] then shows how the cscK equation (1.1) (with fixed J and varying Kéhler
metric) arises when looking for zeroes of the moment map along the orbits of the complexified
infinitesimal action.

An important feature of the moment map approach in the Hermitian Yang—Mills case is that the
Atiyah-Bott Kéahler reduction can be upgraded naturally to a hyperkahler reduction of the holo-
morphic cotangent space T*o/, as was shown by Hitchin ([Hit87]). The real, respectively complex
moment map, along orbits of the complexification, give Hitchin’s harmonic bundle equations,

F(h)+[¢,0"] =pld®w
d¢ =0, (1.3)

involving a Higgs field ¢ € Hom(F, E® T*X). The harmonic bundle equations (1.3) lead to a very
rich theory, especially, but not only, in the case of complex curves.

Thus it seems natural to ask if equations parallel to (1.3) can be derived and studied in the
context of the cscK problem (1.1). In fact this has been achieved by Donaldson ([Don03]) and
Hodge ([Hod05]), in the special case of complex curves, as we discuss below in some detail.

The present paper begins a more systematic study of this problem for higher dimensional man-
ifolds. In the rest of this Introduction we summarise our main results.

Naturally the first step is to upgrade the (Hamiltonian) action G ~ _# to an action G ~ T ¢
preserving a hyperkéhler structure. It is well known that, for a K&dhler manifold M, there exists a
hyperkahler metric in a neighbourhood of the zero section of T* M, see [Fei01] and [Kal99]; in the
work of Donaldson such a structure is constructed for 7%, in an ad-hoc way, in the special case
of a complex curve. Here we use instead an explicit construction, due to Biquard and Gauduchon
([BG9T7]), of a canonical G-invariant hyperkéhler metric in the neighbourhood of the zero section
of T*(G/H), the cotangent bundle of a Hermitian symmetric space of noncompact type, to obtain
the required hyperkéhler structure in higher dimensions.

Theorem 1.1. A neighbourhood of the zero section in the holomorphic cotangent bundle T*7
is endowed with a natural hyperkdhler structure. This is induced by regarding Z as the space
of sections of a Sp(2n)-bundle with fibres diffeomorphic to Sp(2n)/U(n), and by the Biquard-
Gauduchon canonical Sp(2n)-invariant hyperkdhler metric on a neighbourhood of the zero section
in T*(Sp(2n)/U(n)). The induced action G ~ T*Z preserves this hyperkdhler structure.

A review of the results of Biquard and Gauduchon can be found in §2.5. The construction of
the hyperkéhler metric and the proof of Theorem 1.1 are given in Section 3.

Our next result studies the induced action G ~ T%Z. We let 2 denote the Fujiki-Donaldson
Kahler form on _#. We write I, J for the complex structures underlying the hyperkéhler structure
on T, with corresponding Kéhler forms 27, §2;. By a slight abuse of notation we will denote
by (T*#, £21) the open neighbourhood of the zero section in 7%# on which £2; is well-defined. Let
© be the canonical complex symplectic form on T##. Points (J,a) € T*# are pairs of an almost
complex structure and a section « € End(T* M) (satisfying the compatibility conditions). We write
aT for the dual endomorphism. Finally we recall that the Biquard-Gauduchon metric is expressed
in terms of a canonical Sp(2n)-invariant function p on T*(Sp(2n)/U(n)).

Theorem 1.2. The action G ~ 1% is Hamiltonian with respect to the canonical symplectic form
®; a moment map me is given by

n
“o

1
mc—)(J,a)(h) = - /M iTT(OlT[thJ) P
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Moreover the action G ~ (T*#, 821) is Hamiltonian; a moment map mg, is given by
meo, =pom+m

where | is the moment map for the action G ~ ( Z,82), @ : T*7# — J is the projection and
m:T*7 — Lie(G)* is defined by

n

c w,
m(J,a)(h) = / d PJ(x),a(x)) (Ethv L:Xha) (; .
zeM n.

The proof of Theorem 1.2 is given in Section 3.2, see in particular Lemma 3.6 and Lemma 3.7.

As we recalled above u(J) is dual to the function 2(s(gs) — 8) under the natural L? product.
Thus the analogue, in the cscK context, of the real moment map equation in (1.3), is given by the
problem of finding (J, &) such that the real moment map vanishes,

me, (h) = uj(h) + m(Jﬂ)(h) =0 forall h € CgO(M)

Similarly the holomorphicity of the Higgs field ¢ becomes the vanishing of the complex moment

map,
Mo (j,q)(h) =0 for all h € CF°(M).

It turns out that one can easily compute the dual function to the compler moment map under the
L? pairing, at least when J is integrable, i.e. under this identification we have

me(J, @) = —div (9*aT).

Notice in particular that harmonic representatives of first order deformations of the complex struc-
ture always provide solutions.

On the contrary considerable more work is needed to turn the vanishing of the real moment map
into an explicit partial differential equation. We achieve this here for complex curves in Section
4.2, recovering Donaldson’s equations for the hyperkéhler reduction, and for complex surfaces in
Section 5.2.

In what follows all metric quantities are computed with respect to g;.

Theorem 1.3. Let M be a compact complex curve. Let ¥, @ be the function and complex vector
field on M, depending on a point in T*Z , defined respectively by
1
9(0) = ——
L+ /1= gl

QJ,a) = %Re (95(Ve,@)d,) .

Then we have the identification

mo, (J,a) =2s(g;) — 28+ A (log (1 +4/1— i||a||2>> + div (¢ () Q(J, @)

under the L? product.

In order to recover Donaldson’s result we lower one index of @ = ozai’ Oz ®dz?, using the metric
g7, obtaining the (symmetric) quadratic differential 7. Then the complex moment map equation
is equivalent to

div ((vo»l*%)ﬁ) =0

and holds automatically when 7 is a holomorphic quadratic differential. Similarly in this holomor-
phic case we have ) )
9(VOr, )00 = g" 99" ViTea o5 00 = 0,

so the real moment map equation becomes

2s(gj)—2§+A(log <1+ 1- ||T|2)> =0.

Fixing J and varying ¢ instead along the orbits of the formal complefixication, this is exactly the
equation that was used by Donaldson in [Don03, Lemma 18] to define a hyperkéhler structure on the



cotangent bundle of the Teichmiiller space of the curve M. T. Hodge ([Hod05]) proved existence and
uniqueness of solutions for each fixed holomorphic 7, at least under some boundedness assumptions
on T.

We proceed to discuss the case of complex surfaces. In this case we prefer to write the moment
maps in terms of an endomorphism A of the real tangent bundle given by

A = Re(aT).
We need some auxiliary notation. It is convenient to define the quantities

2 v(A2) 2 3
5 (4) :% %A) + ((T(;”> —4det(A))

Similarly to the case of curves we introduce two real spectral functions of the endomorphism A,
given by
1
A) = ;
(4) VA —=201(A) ++/4-25(4)
~ 1

e (VI=25 W) + VI=20- (D) (24 VI-207(A)) (24 VI-25-(4)).

Finally we write A for the adjugate of the endomorphism A, and A = A0 4 A%1 A = A0 4 401
for the type decomposition of the complexifications.

Theorem 1.4. Let M be a compact complex surface. Let X be the vector field on M, depending
on a point of T*Z , defined by

X A) == o) grad (UL} ) Re (992477, 4190,) — 29 (0(4) 47
— 4 (Y(A) grad (det(A)) + 41(A) Re (g(V* A%, A10)9,) + 2det(A) grad(y(A))) .
Then, when J is integrable, we have the identification
me, (J,a) =2(s(gy) — 8) + divX(J, A)

under the L? product.

We also obtain a similar but more complicated explicit expression for non-integrable J. The
Theorem is proved in Section 5.2. Note that although this general expression for the vector field
X(J, A) is rather involved, it simplifies considerably when the endomorphism A does not have
maximal rank, yielding in this case

grad (1 Tr(A?)) N 2Re (g(V*A%!, AV9)d,) v* A?

1- 1Tr(42) 1+ /1 1Tr(42) 1+ /1 — 1Tr(42)

The resulting real moment map in this low-rank case is quite similar to the one for Riemann surfaces
given in Theorem 1.3.

Following the well-known case of the cscK equation, it is natural to study the system of partial
differential equations obtained by fixing the complex structure J in ¢ and varying instead the
metric g in a fixed Kéhler class and the “Higgs term” « in some class of first-order deformations of
the complex structure J. Just as in the cscK case this can be understood as a formal (infinitesimal)
complexification of the action of G, as is described in §3.2.1. The resulting real and complex moment
map equations form the system

X(J,A) = —

2s(g) +divX(g,A) =28
div (0;AM?) =0, (1.4)

reminiscent of Hitchin’s harmonic bundle equations (1.3). We refer to this system as the HcscK
equations.

An important aspect of the theory of Higgs bundles is that a slope-unstable bundle E may
still carry a harmonic metric, for a suitable choice of Higgs field. Our last result in Section 6.3
establishes an analogue of this fact in the context of the cscK equation, albeit in a not completely
satisfactory way; details are explained in §6.3.



Theorem 1.5. Fix a compact complex curve X of genus at least 2, endowed with the hyperbolic
metric gs;. Let M be the ruled surface M = P(O @ TX), with projection m: M — X and relative
hyperplane bundle O(1), endowed with the Kdhler class

(W] = [T*ws] +me1(O(1)), m > 0.

Then for all sufficiently small m the HescK equations (1.4) can be solved on (M, [wp]).

On the other hand it is well-known that, for all positive m, (M, [wy,]) does not admit a cscK
metric (see [Sz€06, §3.3 and §5.2]).

The paper is organised as follows. Section 2 contains some preliminary material on the Hermitian
symmetric space Sp(2n)/U(n) (in particular, on its natural identifications with Siegel’s upper half
space and with the space of compatible linear complex structures), on the space of almost complex
structures _#, and on the Biquard-Gauduchon construction. In Section 3 we use these results to
construct a hyperkéhler structure on 7%# and to derive the implicit expression of the moment
maps. Section 4 discusses the case of a complex curve, while Section 5 is devoted to a general
complex surface. Finally in Section 6 we study the case of a ruled surface in more detail.

Acknowledgements. We are grateful to Olivier Biquard, Francesco Bonsante, Ruadhai Dervan,
Mario Garcia-Fernandez, Julien Keller and Richard Thomas for some discussions related to the
present paper. The research leading to these results has received funding from the European
Research Council under the European Union’s Seventh Framework Programme (FP7/2007-2013) /
ERC Grant agreement no. 307119.

2 Preliminary results

2.1 Notation and conventions

The imaginary unit is “i”; if (M, J) is a complex manifold of complex dimension n we use i, j, k. ..
as indices for tensors defined on the underlying real manifold, so i,j5--- € {1,2,...,2n}. For
complex tensors instead we use a,b,c,... as indices ranging from 1 to n. We always use the
Einstein convention on repeated indices.

Our conventions for the Laplacian are the following: A = dd* 4+ d*d, and in particular for a
function ¢ we get A(p) = —divgrad(y). In complex coordinates we find, for a Kéhler metric,
Ap) = —2¢°0,05¢. The “complex Laplacian” is Ay = Ay = %A.

When working with left actions of a Lie group G on a manifold M, we’ll denote them by
GxM-—>M
(ga x) = Ug (l’)

or simply (g,2) — g.x

We let g = T.G be the Lie algebra of the group G, identified with the space of left-invariant vector
fields on G.
If we have a left action G ~ M, we define for a € g the fundamental vector field & on M as

d
Gy = T eso (exp(—ta).z) € T, M.
The vector field a is also called the infinitesimal action of a on M. The minus sign in this definition
is due to the fact that, with this definition, the map
g— I'(TM)
ava

is a Lie algebra homomorphism (see [LM87, Proposition 3.8, Appendix 5]).

Now, let (M,w) be a symplectic manifold. For a function f € C°°(M) we define the Hamiltonian
vector field Xy as
df = —Xyow.

Here the symbol J is the contraction of the first component, i.e.

—Xw=—-wlX,—)=w(-,X).



The Poisson bracket of two functions f, g € C*°(M) is defined as

{f,9} = w(Xy, Xy).
This is a Lie bracket on C*°(M), and the Hamiltonian construction f — Xy is a Lie algebra
homomorphism between (C*(M),{—,—}) and (I'(TM),[—, —]).
Bringing together the last two paragraphs, consider now a symplectic left action G ~ (M, w).
We say that the action is Hamiltonian if there is a moment map

w:M—g*

that is equivariant with respect to G ~ M and the co-adjoint action of G on g*, and such that
(i, a) is a Hamiltonian function of the vector field @ on M. In a more concise way:

Vg e G,Vr € M,Va € g (Hg.ra) = (fa, Adg-1(a));
Vge G, Vaeg d(zw— (g, a)) = —dow.

2.2 Some matrix spaces

Consider the symplectic vector space (R2", £2y), where (2 is the canonical symplectic form, i.e. the

matrix
0 1,.
o= (0 )

We recall that the symplectic group Sp(2n) is defined as
Sp(2n) = {A € GL(2n,R) | ATf5A = (2 }.

This is a connected real Lie group, and we are particularly interested on some actions of Sp(2n).

By the usual identification of C"* with R?" as real vector spaces, we can see GL(n,C) as the
subgroup of GL(2n,R) consisting of all the real invertible 2n x 2n matrices that commute with the
standard complex structure on R?", which is defined by £25. The groups Sp(2n), SO(2n) and U(n)
are tied together by the well known result:

Sp(2n) NSO(2n) = Sp(2n) NU(n) = SO(2n) N U(n) = U(n).

The coset space Sp(2n)/U(n) will play a fundamental role in what follows. It carries a natural
Kahler metric, coming from its identification with Siegel’s upper half space $, and at the same time
it can be identified naturally with the space AC™ of linear complex structures compatible with a
linear symplectic form.

Definition 2.1. Siegel’s upper half space $(n) is the set of all symmetric n x n complex matrices
whose imaginary part is positive definite.

Some reference texts for the properties of § are [Sie43, DV54]. Siegel’s upper half space is a
generalization of the well-known hyperbolic plane, and these two spaces share many interesting
geometric properties.

In particular, §) is a complex manifold, with complex structure given simply by multiplication
by i. It will be more notationally convenient, however, to consider on $) the conjugate complex
structure, i.e. we will define the complex structure on $) to be the multiplication by —i. The reason
for this choice will become clear when we will use it to define a complex structure on AC™, see
Proposition 2.5.

On $ there is also a Kéhler structure; the metric tensor at a point Z =X +1iY is

ds} = trace (Y~ 'dZY 'dZ) (2.1)
where dZ and dZ are the (symmetric) matrices of differentials (dz4p)1<ab<m and its conjugate.
We refer to [Sie43] for the details. This metric has a local potential of the form

o 0
—— —— logdet(Y
574, oz, 08 detY)
see for example [DV54, §5].
The symplectic group Sp(2n) acts on $(n) by an analogue of the Mébius transformations. For

P= (g g) € Sp(2n) and Z € $H(n) one defines

P.Z = (AZ+ B)(CZ + D)™ "
This is a well-defined left action on $(n) that preserves the metric (2.1).



Proposition 2.2 (Theorem 1 in [Sie43]). The action of Sp(2n) on $(n) is transitive. Moreover,
every holomorphic bijection H(n) — H(n) is a Mobius transformation.

Consider the stabilizer of il,, € $(n) under this action. It is clear that the matrix (él, g)

stabilizes il if and only if iA+ B =iD — C, i.e. B4+ C =0 and A = D. Hence the stabilizer is
Sp(2n) N GL(n,C) = U(n), with the previous identifications.

2.2.1 The space AC™

Let J € Sp(2n) be a linear almost complex structure preserving (25. Then the product £2yJ is a
nondegenerate symmetric matrix, defining a bilinear form S;. We are interested in the set of all
almost complex structures J € Sp(2n) such that 8 is positive definite, and we define

AC(2n) = {J € Sp(2n) | J* = -1}
AC*(2n) = {J € Sp(2n) ’ J?=-1, B;>0}.
Notice that the matrix —f2y is an element of ACT(2n), and _¢ is just the usual Euclidean
product.

Lemma 2.3. Let Sp(2n) act on AC(2n) by conjugation. Then the stabilizer of any J € AC(2n) is
Sp(2n) N SO(By).

In particular, the stabilizer of —{2 is Sp(2n) N O(2n) = U(n).
Proposition 2.4. The action of Sp(2n) on AC™(2n) is transitive.

Then for any J € AC*(2n) there is some P € Sp(2n) which conjugates J to —§2; a possible
choice of P is given by
Py = (20J)"2.

Proposition 2.4 and Lemma 2.3 tell us that we can identify AC™(2n) with the quotient
Sp(2m)/ (SO(2m) N Sp(2m)) = Sp(2m)/U(m).

Let ¢ : ACT — $ be the diffeomorphism that is given by composing the two identifications of
ACT and $ with Sp(2n)/U(n). These identifications are defined by fixing the reference points
—y € ACT and il € §, so that ¢ is given by the composition

ACT  — Sp(2n)/U(n) — K5
J = Py'Un)  —  Pyl(il)

and ¢ is a smooth isomorphism of Sp(2n)-spaces, i.e. it is a diffeomorphism that commutes with
the Sp(2n) actions. Using this identification of the two spaces we obtain a Kéhler structure on
ACT. A straightforward computation of the differential of @ at the point —f2y gives

Proposition 2.5. Endow AC" with the complex structure and Kihler metric pulled back from
Siegel’s upper half space $). Then the complex structure on Ty AC™ is given by

A~ JA.

Moreover 1
¢*(ds?) (A, B) = §Tr(AB).

Remark 2.6. Notice that for A, B,C € T;AC", the trace of the product matrix ABC' vanishes;
indeed

Tr(ABC) = —Tr(JJABC) = Tr(JABC.J) = Tr(JJABC) = —Tr(ABC).

This will be useful later to compute the moment map for the action in Section 3.2.

The next result is an expression for the curvature of this metric on AC™, that is obtained by
considering its homogeneous space structure.

Proposition 2.7. Consider ACt(2n) with the Kdhler metric induced by its identification with
Sp(2n)/U(n) (and with $H(2n)). The curvature of this metric at the point —{2y is given by

R_o,(A, B)(C) = _i [[A,B],c]

7



The holomorphic cotangent space of AC". To write the moment map equations in
Section 3 it will be convenient to have an expression for the complex structure of 710 ACT.
Consider J € AC™T; the cotangent space of AC™ at J is the space of all o« : V* — V* such that

JaT+aTJ =0
JT20aT+af20JT = 0.

We want to consider the holomorphic cotangent space at J, i.e. a € V* ® C that satisfies

JTa =i«
aJT = —ia
JT20Re(a)T + Re(a)29J = 0.

The tangent space T (T'°"AC") is defined by the set of all pairs (J,&) with J € T;ACT and
& € V* ® C such that

1. JTa+JTa =ia
2. aJT+aJT = —ia
3. JT2Re(a)T + JT25Re(q)T + Re(d) 2 + Re(a)20J = 0.

A lengthy calculation using the identification between ACT and $T gives the following expres-
sion for the canonical complex structure of T+974CT:

T)a (T170’346+) Ty (T170’346+)

. . . (2.2)
(J, &) = (JJ,aJT + JTa).

2.3 The space ¢

Let (M, Jo,wp) be a compact Ké&hler manifold, of complex dimension n. We are interested in the
space

J ={J € M(EndTM) | J* = —1d, wo(J—, J—) = wo(—, —) and wy(J—, ) > 0}

of all almost complex structures on M that are compatible with the symplectic form wy.

For any point xog € M, there is a neighbourhood U € U(xy) and a coordinate system u : U —
R?" such that wy(u) is expressed as the canonical 2-form on R?" (in other words, w is a local system
of Darboux coordinates around xg); hence for all z € U and for all J € _#, the matrix associated to
J,, in the coordinate system w is an element of ACT. Notice that, for a different system of Darboux
coordinates v, the “change of coordinates matrix” g—z is a Sp(2n)-valued function. Considering the

matrices associated to J, in the two Darboux coordinate systems we have

7@ = 2@ 1w (20 )

so the two different elements of AC™ differ by the action of an element of Sp(2n) on ACT. We have
all the ingredients to define a Sp(2n)-bundle with fibre AC* on the manifold M, that is trivialized
in Darboux coordinates. We denote by € = M this fibre bundle, and it’s clear that F =T(M,E).

This description of the infinite-dimensional manifold _¢# as a space of sections is quite convenient
for describing extra structures on _#; for example, for any J € _# the tangent space at J is

T; ¢ =T,;I(M,&) = (M, J*(Vert £))

where Vert £ is the vertical distribution of £, the kernel of the projection on the base 7 : & — M.
For any x € M, J*(Vertf), = Vert ;)& = TJ(x)ACJr; here the identification is done by fixing a
Darboux coordinate system around =, i.e. by locally trivializing £. In other words, any A € Ty _#
is itself a section of a fibre bundle on M that is trivial over any system of Darboux coordinates, and
in any such trivialization A(z) € T, AC*. This description of T);_# can be made more intrinsic
by noticing that any such A must be itself an endomorphism of T'M, so that

T) # = {A e I'(M,End(TM)) | AJ + JA =0 and wo(A—, J—) + wo(J—, A—) = 0}.



The second condition, wo(A—, J—) + wo(J—, A—) = 0, tells us that the bilinear form (v,w) —
g7 (Av,w) is symmetric. Then, in a system of local coordinates for M, the conditions for an
endomorphism A to be in T);_# are equivalent to these useful identities:

JGA = AT

. . (2.3)
9(1)ij A%y = g( )i A,
Using the various geometric structures on AC*, we can induce similar structures on I let’s
see how this is done for the Kahler structure of ACT. First of all, we define a complex structure
J:T 7 = T 7 as follows: fix J € ¢ and A € Ty _7; for any x € M consider a trivialization
of £ around z, giving the usual identification A(x) € TJ(QJ)AC+; on this vector space we have the
complex structure described in the previous Section. It is given by A(z) — J(x)A(x) = (JA)(x), so
we define (JA)(z) = (JA)(x) for every z € M. Notice moreover that the final result is independent
from the choice of the trivialization, since the action of Sp(2n) on AC" preserves the complex
structure. Then

JSTJ/*)TJ/
A— JA

defines an almost complex structure on _#. The same approach works to define a metric; for
A,B€T; ¢ and x € M the number 1 Tr(A(z)B(z)) depends just on z, and not on the particular
trivialization chosen to see A(z), B(z) as matrices, since the action of Sp(2n) on AC™ is isometric.
We can then define a metric

G:TJ/XT.]/%R

1 wy

and all the “algebraic” relations of J, G carry over from those of the metric and the complex
structure on AC™; in particular G(J—,J—) = G(—, —), and so we obtain a 2-form on 7,

n

1
25(A,B) = G(JA,B) = 5 / Tr(J, Ay By) %
zeM .

Remark 2.8. If we denote by gs the Hermitian metric on M defined by wy and J € _#, then
97(A,B) = Tr(AB) for any A, B € Ty_#. Indeed

g7(A,B) = gjkguAijBlk = gjkgiinlBlk = AilBli

where we have used (2.3) in the second equality. So we can rewrite the expression of G in a way
that makes more explicit the role of the point J, i.e.

1 OJ”

GiaB) =5 [ gsa B, -

xeEM n.

1 wgy
_ 2/16MWO(A’ JB). L.

Theorem 2.9. With the almost complex structure J and the metric G, 7 is an infinite-dimensional
(formally) Kdhler manifold.

This theorem is actually a particular case of a more general result. Indeed, it holds for any
fibre bundle N — M over a manifold with a fixed volume form whose fibres are Kéhler manifolds,
see [Koi90, Theorem 2.4].

The cotangent bundle of ¢ can also be described in terms of the fibre bundle & — M; indeed,
since Ty _# = I'(M, J*(Vert£)), we also have

T; 7 =TI'(M,J"(VertE™)).

A more explicit description can be obtained by locally trivializing the bundle and identifying &,
with AC™:

T; 7 ={ae'End(T"M)) | JToa+aoJT =0 and g;(aT—,—) is symmetric}.



Indeed these conditions on « tell us that in a system of Darboux coordinates on U C M, a(z) €
TJ(Q,;).ACJr for every x € U. The pairing between 1777 _# and T; ¢ is

n
(o, A) = 1/ o At Yo
2 S 7 nl

Later on, we will need the holomorphic cotangent bundle of ¢, that we will still denote by 17%#;
the context will make clear what space we are working on. The (1, 0)-part of T} _# consists of those
a € T; ¢ ® C that satisfy JT oo = ia. If J is integrable and we fix a system of coordinates on
M that are holomorphic with respect to J, then an element a € Tl*oj} ¥ in these coordinates is

written as ~

o= ozab Op @ dz”.

2.4 Characterisations of hyperkiahler manifolds

Definition 2.10. Let (M,g) be a Riemannian manifold, and let I, J be two almost complex
structures on M such that

1. IJ=-JI,;
2. g(I_v-[_) = g(J_v J_) = g(_v _);
3. Vee M,Ywe T, M ¢g(Iv,Jv)=0.
Then (M, g,1,J) is a hyperkdihler manifold if (M, g,I) and (M, g,J) are both Kéhler.

In this case, by letting K := I.J we have that for any w € S? also (M, g,uil + usJ + uzK) is
Kahler, hence the name. The standard notation is to call wy, we and w3 (or wy, wy and wg) the
three 2-forms defined respectively by go I, go J and g o K. Moreover, we let w. := wo + iws; this
is a (complex-valued) 2-form on M, and an important remark is that w. is a (2,0) holomorphic

symplectic form, relatively to the complexr structure I.
This lemma gives us a useful criterion to prove that some structures are hyperkahler.

Lemma 2.11 (Lemma 6.8 in [Hit87]). Let (M,g) be a Riemannian manifold, and assume that
1,J are almost complex structures on M satisfying conditions 1,2,3 of the above definition. Then
(M, g,1,J) is hyperkdhler if and only if

dwl = dWQ = dw3 =0

where the w;s are defined as above.

In other words, the three forms being closed is enough to ensure the integrability of I, J and
K. We remark that this conditions follows from an algebraic manipulation of the Newlander-
Nirenberg criterion, so it holds also in the infinite-dimensional setting — guaranteeing at least the
formal integrability of the complex structures.

Another important criterion we will use is the following, that is taken from the discussion in
[BGIT].

Lemma 2.12. Let (M,g) be a Riemannian manifold, and let I be a complex structure on M,
compatible with g. Assume that we also have a (2,0) symplectic form on M, w.. Then we can
always define a tensor J on M by the condition g(J—, —) = Rew.(—,—). Assume that

1. dwy =0, for wy =g(I—,—);
2. J? = —Id.
Then (M, g,1,J) is a hyperkahler manifold, and the three 2-forms defined by g and I, J and K = IJ

are, respectively, wi, Rew. and Im w,.

Proof. First of all notice that ws is closed, since w, is closed and by definition ws = Rew.. Now we
check the various algebraic identities between g, I and J.
Compatibility of g and J: for all v, w we have, using the (anti-) symmetries of g and w,

g(Jv, Jw) = Re(we(v, Jw)) = —Re(w.(Jw, v)) = —g(JJw, v) = g(v, w).

Anticommutativity of I and J: of course I.J + JI = 0 if and only if g(IJv + JIv,w) = 0 for
every pair of tangent vectors v, w. From the definition of J we have

g(IJv+ JIv,w) = —g(Jv, Iw) + g(JIv,w) = —Re(w.(v, [w)) + Re(w.({v, w))
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and since w, is of type (2,0) relatively to I
—Re(we(v, Iw)) + Re(w:.(Iv,w)) = —Re(iw.(v,w)) + Re(iw.(v, w)) = 0.

From these two conditions it is now trivial to check that for any tangent vector v, g(Iv, Jv) = 0.
By Lemma 2.11, the only thing that remains to be checked is that, if we let K = IJ and
ws = g(K—,—), we have dws = 0. However, as we have also seen above

g(Kv,w) = g(IJv,w) = —g(JIv,w) = —Re(w.(Iv,w)) =

= —Re(iwe(v, w)) = Im(w(v, w))
so the closedness of ws follows from that of w,. O

It is important to highlight the fact that the proof of Lemma 2.12 is purely algebraic, provided
that w. and wy are closed; we do not need to resort to computations in local coordinates. Hence,
this criterion for checking the hyperkahler condition also holds in the infinite-dimensional setting;
this is where we intend to apply it in Section 3.

2.5 A result of Biquard and Gauduchon

Here we recall the construction of Biquard and Gauduchon in [BG97] of a hyperkahler metric on
the cotangent bundle of any hermitian symmetric space X = G/H. Assume that X has a complex
structure I and a Hermitian metric h. For any x € ¥ we have an identification of 779" % and
TX given by taking the metric dual of the real part of & € 719" . Under this identification, for
every £ € TLOIZ7 we can consider the endomorphism TR(I¢&, &) of T, X associated to the Riemann
curvature tensor R. Since this is self-adjoint we can consider its spectral functions; we are interested
in particular in the function f : Ryg — R defined by

f(z) :zi(\/l—i-x—l—logl—'_zl—'_x). (2.4)

Theorem 2.13 ([BG97]). Let (¥ = G/H,I,h) be a Hermitian symmetric space of compact type,
and let w. be the canonical symplectic form on T*X. Then there is a unique G-invariant hyperkdhler
metric g on (Tlfo*Z, I,w.) such that the restriction of g to the zero-section of THO" Y coincides
with the Hermitian metric of X.

Moreover, we have an explicit expression for this metric: if we identify T*X and TX using the

metric on the base, the Kdihler form is given by wy = m*wyx + ddp, where p is the function on T X
defined by

Here f is the function defined by (2.4), evaluated on the self-adjoint endomorphism —IR(IE,§).

If instead X is of noncompact type, the same statement holds in an open neighbourhood N C
TYO" X of the zero section. This neighbourhood is the set N of all & such that the modulus of the
eigenvalues of —IR(I,€) is less than 1.

In particular this theorem applies to the quotient Sp(2n)/U(n), a symmetric space that is
diffeomorphic to Siegel’s upper half space $(n). If we endow Sp(2n)/U(n) with the Kahler structure
coming from $(n) we obtain a Ké&hler symmetric space of noncompact type, to which we can apply
Theorem 2.13. Then T*(Sp(2n)/U(n)) has a hyperkdhler metric, at least in a neighbourhood of
the zero section. Moreover, also AC™T is diffeomorphic to Sp(2n)/U(n), and the Kéhler structure
on AC" is induced from the one of Sp(2n)/U(n) using this isomorphism. Then we can also carry
the hyperkihler structure of 7*(Sp(2n)/U(n)) to T*AC™.

Let’s denote by (g, I,w) the Kahler structure of AC™; then it is natural to also denote by I the
complex structure on T*AC™, and we let § be the canonical 2-form. Theorem 2.13 guarantees that
§ = m*w + 2190p is a hyperkihler metric on T*ACT.

Remark 2.14. Biquard and Gauduchon consider the full cotangent bundle; for notation reasons,
for us it will be more convenient to just consider the holomorphic cotangent bundle of ACT and
7 , but this won’t cause issues, thanks to the usual canonical identifications of the two. Moreover,
Biquard and Gauduchon in [BG97] use the convention R(X,Y) = V|xy] — [Vx, Vy], rather than
the more usual R(X,Y) = [Vx, Vy] — V[x yj, that is the one we are going to use. This is why we
introduced that minus sign in equation (2.5).

11



3 An infinite dimensional hyperkahler reduction

3.1 A hyperkéahler structure on 777

In this section we prove Theorem 1.1, constructing the required hyperkéhler structure on T%7,
using the results of the previous Section.

Firstly, we realise T"# itself as a space of sections of a Sp(2n)-bundle, with fibres diffeomorphic
to T*AC™. The action of Sp(2n) on T*AC™ induced by the action on AC™ is again by conjugation.
More precisely, for h € Sp(2n) and (J,a) € T*AC™ we have

h.(J,a) = (hJh~Y, (A1) TahT)

and that is precisely also the change that the matrices associated to (J,«) € T*# in a Darboux
coordinate system undergo under a change to another Darboux coordinate system. Hence, as was
the case for #, we can write T"¢# as the space of sections of some Sp(2n)-bundle &5 M. Notice
that we have a natural Sp(2n)-bundle map F : & — &, covering the identity on M, that is induced
by the projection p : T*ACT — AC*. Define F : £ — &£ as follows: for £ € &, let z = m(€)
and fix a system of Darboux coordinates u : U — R?” around x; consider then the trivializations
By &y = U x T*ACT and ¢y, : Ev — U x ACT and let

F(€) = ¢y," o (id x p) 0 Dy (£).

Then it’s immediate to check that the definition of F' does not depend upon the choice of Darboux
coordinates on M, since the action of Sp(2n) on T*AC™ is the one induced by the action on AC™.
This map accounts for the fact that from a section s of £ we can always get a section J = F(s) of
€ and a section a of J*(Vert £*).

Next, with a view to applying Lemma 2.12, we introduce the following tensors on T%#:

- a Riemannian metric G}
- a complex structure I compatible with G;
- a symplectic form £2. of type (2,0) with respect to I.
By Lemma 2.12, to prove that this defines a hyperkéhler structure on 7%¢ it suffices to show that
1. J? = —1, where J is defined by G(J—, —) = Re(2.);
2. df2; =0, where 27(—,—) = G(I—, ).

Since ¢ already has a complex structure I, we define I as the complex structure induced on
T*# by I; explicitly, from equation (2.2) we have

V(.L OZ) € Ty7 V(Aa (P) € T(J,a) (Ty) I(J,a) (Aa (P) = (‘]Aa @JT + AT&)'

Let (I,0,§) be the triple of a complex structure, canonical 2-form and hyperkihler metric on T*AC
described in Section 2.5. The 2-form @ on T%7 will be

V(J,a) eT2Z, Yo,w € T ;) (T2F) Oy (v,w) = / O (Vs Wy) 0:70' (3.1)
xeM :

where as usual we are taking around each z € M a trivialization of the fibre bundle (i.e. a system of
Darboux coordinates). It’s not obvious that this expression is actually independent from the choice
of the trivialization; it will be shown in Lemma 3.4. A point to remark is that @ is automatically
of type (2,0) with respect to I, since 6 is of type (2,0) with respect to the complex structure of
T*AC*.

The natural candidate to be the hyperkéhler metric is the metric G induced on T%*¢ from the
Biquard-Gauduchon metric on T*AC™T
wo

G(J,oc) (’U, w) = / .@r(vm; wm) (32)

zeM n!

but again we should check that this expression is independent from the choice of Darboux coordi-
nates around each point. Assuming for the moment that it is, the fact that I and G are compatible
follows immediately from the compatibility of I and § on T*AC"; moreover, the 2-form £27 is

wo

o) = [ @nlonwn) 2D (33

xeM
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where wy is the 2-form defined in Theorem 2.13. Notice also that it is enough to check that
(3.3) does not depend on the choice of coordinates to guarantee that also (3.2) does not. Again
under the (provisional) assumption that (3.3) is well-defined, we notice that condition (1) above is
automatically satisfied. Indeed, the complex structure J is pointwise induced from the analogue
complex structure J of T*AC™, from which it inherits algebraic properties like J? = —1.

Summing up these considerations, to prove Theorem 1.1 we just have to verify that @ and §2f
are well-defined and closed.

First we prove the well-definedness of §2;. Notice that, since the action of Sp(2n) on AC™ is
isometric and holomorphic, both p and ddp are Sp(2n)-invariant.

Lemma 3.1. The 2-form 21 of equation (3.3) is well-defined.

Proof. Choose (J,a) € T%Z, v,w € T(;)(T%¢) and a Darboux coordinate system w. In this

coordinate system w the bundle = trivializes, and we have to check that, for z € dom(u), the
expression

T W( I (2),a(e)) V(1) w(T)) + dd°0(1(2),a() (v(T), w(x))

does not depend upon the choice of the coordinate system w. If v is a different Darboux coordinate

system, the matrix ¢ := g—z is a Sp(2n)-valued function and the previous expression becomes, in

the new coordinate system,

T Wy ().(J(2),a(2)) (P(2).0(2), p(2) w(T))+
+ddpy(e).(J(),al2) (P(2).0(2), p(2).w(T)).

Since both terms are Sp(2n)-invariant this proves the claim. O

The closedness of both forms is guaranteed by the following theorem.

Theorem 3.2. Let k be a r-form on T*AC™ invariant under the Sp(2n)-action, and let K be a
r-form on T*¢ such that
V(J, Oz) S Ty, Yo1,...,0, € T(J@)Ty
wn
K(J,a) (1}1, ey 1}7«) = / k(J(:pLa(m))(Ul (x), e ,’UT(I)) 7?
reM n.

where the second expression is computed by taking a local trivialization of = around each x € M.

Then :
w
AK (yoy(...) = / k(o e (- ) 2
zeM n
Remark 3.3. In fact we just need this result for » = 0,1,2. For r = 0 the result is elementary: for

(J,) € T*F and v € T(y.0)(T*F), let (Jy, ) be a path in T%¢ such that v = &|  (J;, ). Then
t=0

d W

dK(J,Oé)(U) = U(K)(J,a) = & =0 /IGM k(Jt(I),OLt(l‘)) ﬁ =
_ d wy ﬁ
B /zeM dt‘t:ok(Jt(x)’at(x)) nl /zeM k(1 (2),a()) (v(2)) ol

Here the last equality holds since the matrix v(z) associated to v in a Darboux coordinate system

around z € M is given by %‘ (Je(x), ag(x)).

t=0
Proof of Theorem 3.2. We spell out the proof for r = 1; the other cases are very similar. It will be
convenient to introduce some additional notation: for z € M and a system of Darboux coordinates
u around z, let &7, be the map

LT — THACT
(J, @) = (J(2), a(x))

given by locally trivializing the fibre bundle over the coordinate system u.

For v € T,(T*#) a tangent vector on 7%, we can extend it to a vector field V' on an open
neighbourhood of p € T%# in such a way that V is constant in a system of “local coordinates” for
T*¢#. For the details about how to find local coordinates for T*#, see [Koi90, proof of Theorem
1.2]. Moreover, this extension V is such that d®Z (V') is a vector field on T*AC™ (2n), itself constant
in a system of coordinates for T*AC™ (2n).

13



Now fix p € T*Z, v,w € T,(T*#). If we extend v, w to constant vectors V,W as described in
the previous paragraph, we can compute

dEp (v, w) = vp(K(W)) — wp(K(V)) = K([V, W])

however, [V,W] = 0 since the vector fields are constant; for the other two terms we have, if
v =0 DPt:
t=0
) =5 [ g (@, 0) 5B = [ (o), o) kawgovy)
U = — z e — v Y
p dt t=0 zEM ¢u(pt) wipt n' zeM wip w n'
so we find

[(d@i)p (v) (k(dD5(W))) = (dPy,),, (w) (k(dPy(V))) —

— kg (p) ([dPg(V), APy, (W)]) %gf _

Ak fo,w) = [

zeM

wo

reM "

O

Another consequence of Theorem 3.2 is that ® has a more natural description, and in particular
it is well-defined, concluding the proof of Theorem 1.1.

Lemma 3.4. The 2-form @ defined in equation (3.1) is the canonical 2-form of T*7 .

Proof. We recall that for any manifold X, the tautological 1 form 7x is a 1-form defined on the
total space of T*X = X by

T X +R

v = a(mev)

and is related to the canonical 2-form f0x of T*X by 6x = —drx. Denote simply by 7 the
tautological 1-form of T*AC™, just as 6 is the canonical 2-form. Let also T be the tautological
form of T%#. Then from the definitions it follows immediately that for any (J,«) € T*# and

(A, ¢) € Ta)(T2F)

n n

1 w w
Tow((A0) =a() = [ ITaan o [ r e 2,
zEM n: zeM n.
By Theorem 3.2 it’s clear that this identity proves that @ = —dr. O

3.2 The infinite-dimensional Hamiltonian action

Let (M, Jy,wp) be a compact Kiahler manifold. In this Section we prove Theorem 1.2, showing that
the action of G = Ham(M, wp) induced on T*# from the action on _# is Hamiltonian with respect
to both the real symplectic form §2; and the complex symplectic form ©.

The group G acts on _Z by pull-backs: more precisely, for ¢ € G and J € _# we define

p.J = (o) T =p.oJop .

Notice that, since elements ¢ of G preserve wy, in any system of Darboux coordinates on M the
tensor @, is given by a Sp(2n)-valued function. It follows that the action preserves the structures
2, Jon #Z. The action induced by G on 1"¢ is given by

p.(Jia) = (") (e a) = (peodopit (p71) caop?)

and again it preserves @, I and 2.
For a function h € C§°(M) = Lie(G), the infinitesimal action of h on T%#¢ is

B(J,oz) = (‘CXh, Ja ‘CXha) € T(J,oz) (Ty) (34)

First we recall a simple result that will be used to prove Theorem 1.2.
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Lemma 3.5. Let G be a Lie group acting on the left on a manifold X, and assume that the action
preserves a 1-form x; let also n = dx. Then the map

X — Lie(G)*
T my

defined by m(a) = x.(G) satisfies
d(m(a)) = —am.

Moreover, m is G-equivariant with respect to the action of G on X and the co-adjoint action on
Lie(G)*. In particular if n is a symplectic form then m is a moment map for G ~ X.

Proof. The first part is a simple consequence of Cartan’s formula:
0= Lasx = asdx + d(auy) = an + d(mg(a)).

As for the G-equivariance, fix g € G and a € Lie(G). Then for every € X (here o denotes the
left action G ~ X)

My.0(0) = Xg.o(g.0) = Xguo ((A00)0 (Adyi(0), ) ) = (75%), (Adg1(a), ) =
—Xo (Adg1(a), ) = Ady-1ma ()
where we have used again the fact that y is G-invariant. O

As a consequence, we obtain the following results for the action G ~ T*Z.

Lemma 3.6. The action G ~ T7¢ is Hamiltonian with respect to the canonical symplectic form
®; a moment map me is given by

1 w7l
m@(J,a)(h) = —/ §TT(01T£X;LJ) *(:- (3.5)
M n.
Proof. Since ©® = —dT and G preserves T, we can apply Lemma 3.5 to find that _T(Jva)(ltl) is a
moment map for G ~ (T*7,0).
Let us now consider the action with respect to the real symplectic form.
Lemma 3.7. The action G ~ (T*Z, 821) is Hamiltonian; a moment map mgp, is given by
meo, =pom+m
where p is the moment map for the action G ~ (7 ,82), m : T*# — J is the projection and
m:T*7 — Lie(G)* is defined by
c wn
M) (h) = / A°pLr(a),at) (£x, T, Lx, @) =1 (3.6)
zeM n:

With our choice of notation and conventions, the moment map u for G ~ (_#, £2) is given by
w(J)=2s(J)—23

where we are identifying C§°(M) with its dual via the usual L? pairing on functions. For a proof
of this result, see [Don97], [Tial2, chapter 4], [Fuj92], [Szé14, section 6.1] and [Szé06, Proposition
2.2.1]. (Note that there are various different sign conventions, as well as different conventions with
the pairings involved).

Proof of Lemma 3.7. Since 21 = n*2 + [,,ddp %, the first step is to show that for all h € Cg°

d(m(h)) = —h /M aap .

To prove this, we can use Lemma 3.5 and Theorem 3.2. Indeed, if we define y = fM d°p “:L—g’: then
dx = |, v ddp fl—ﬁl We already saw that the action of G preserves y, and so Lemma 3.5 tells us that

m defined by

n
wo

m(ja)(h) = / d°p(s(x),a(2)) (Lx s Lx,00) —F
xeM n:

has the properties we need. O
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The results of Lemma 3.6 and Lemma 3.7 conclude the proof of Theorem 1.2.
Clearly one would like to obtain more explicit expressions for the moment maps under the
natural L2 pairing. This is not too difficult for the complez moment map, at least if J is integrable.

Lemma 3.8. Suppose J is integrable. Then we have
Mo (7.0)(h) = (h, —div (§"aT)).
Proof. We compute

W

1 5 o W oo 5 o WO . 5 o WO
Mo (1) = = [ o (L) B =i [ ooy — i [ afvyn)e -

— b wg bW z )
=i [ V(e (Xp)*) =2 / X1)"V; bi:_/ NV h Via,! =5 =
l/M b (a“ (Xn) ) n! i M( n)"Via n! Mg 5% T

- /M h gV Via,’ “’n—gf - <h, _div (voyl*aﬂ))

Unfortunately it is more difficult to obtain an explicit expression for the real moment map. We
will do this for complex curves and surfaces in the next sections.

The Biquard-Gauduchon function for T*AC"(2n). An explicit expression for the real
moment map requires an explicit expression for the Biquard-Gauduchon function p.
For a fixed vector field A on T.ACT(2n) we consider the endomorphism =(A) of T ACY(2n)
defined by
Z(A): B— —J(R(JA,A)(B)).

By Proposition 2.7, at the point —§2y € ACT(2n), Z(A) can be written as:

!

0, (A)(B) = 2 ( ; [[frzo A, A],BD - f% (A2B + B A?). (3.7)

Then the Biquard-Gauduchon function at A is a spectral function of the endomorphism =Z(A).

3.2.1 The complexified action

The classical Kempf-Ness Theorem in Geometric Invariant Theory characterises orbits of a com-
plexified Hamiltonian action containing a zero of the moment map in terms of algebro-geometric
stability. This is not applicable in our situation, in particular since the group of Hamiltonian sym-
plectomorphisms does not admit a complexification (see e.g. the discussion in [Wan04, Remark 35]
and [GF09, §1.3.3]). However, there is a way to circumvent this, at least at the formal level. The
general idea is well-known and goes back to [Don97]: while a complexification of the group G does
not exist, we can find subvarieties of _# that play the role of complexified orbits for the action of
g.

The same result holds also in our case: the infinitesimal action of h € Lie(G) = C*°(M,R) on
T*7 is

hj)a = (‘CXhJ; £Xh04)

and since T has a complex structure I we can infinitesimally complexify the action of G by
setting for h € Lie(G)¢ = C*>(M, C)

/ﬁ‘]’a = mla + IJ»“@J,@
So we can define a distribution on T*¢# that is a complexification of the infinitesimal action
Da :{EJ,(X h e C=(M, ]R)} U {i?zj,a heC®(M, R)} -
={(Lx, ], Lx, ) | he C(M,R)}U{(JLx, ], (Lx, )T+ (Lx,JT)a) | h € C®(M,R)}.

It is still possible to show that this distribution is integrable, at least for an integrable pair (J, ),
and we can consider its integral leaves at a point (J,«a) € T*# as the complexified orbit of (J, c).
The final result is that for (J,«) € T*# one can construct a map from the Kéhler class of wg to
T*# that describes the complexified orbit of (J, ). We omit the details here, as this map will not
be used in the present paper.
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The complexified equations. Following the classical case of the cscK equation, the “formal
complexification” of the orbits of G ~ T*# makes it natural to regard our system

{mgl(w,J, a)=0

me(w,J,a) =0 (38)

as equations for a deformation « of the complex structure and a form w, to be found in the Kéhler
class of wy, keeping instead the complex structure J fixed. Of course, we have the additional
condition that o and w should be compatible, i.e. wo(aT—, J—) + wo(J—,aT—) = 0.

4 The case of complex curves

In this Section we examine the moment map equations when the base manifold M is a Riemann sur-
face, proving Theorem 1.3. We will also recover Donaldson’s equations (see [Don03]) by considering
the complexified equations (3.8).

4.1 The space T*AC*(2).

In the special case when n = 1, an element of AC" is a matrix J = (CCL b ) of determinant 1,

and a tangent vector in 7;AC"(2) is a matrix A = (ﬁl Aj > with
3 —A

1 2
A2 = +2a A3 - 29141
C C

In particular that A% = —det(A)Id, so that ||A|]> = 1Tr(A?) = —det(A). Then in the n = 1 case
the map Z'(A) of equation (3.7) becomes

T 0, ACT(2) = T_g,ACT(2)
B det(A)B = —||A|* B

so it is simply a scalar map, with spectrum {—HAH2}

We can use this map to find the Biquard-Gauduchon form d°p on T' 1’O*.AC+(2); recall however
that we have to consider the space T.AC™(2), that is isomorphic to T"9" AC™ (2) under the map

T  ACT(2) — TACT(2)
a — Re(a)T.

The Biquard-Gauduchon function on T/AC™ is p(J, A) = (f(—J R(JA, A))A, A), where we are using
the canonical metric on AC™(2) (induced from the Poincaré upper half plane) and f is defined by
equation (2.4). We have just seen that

—JR(JA, A) = det(A) - 1d

< 1+det(A)—1—log<1+ Vl;det(A)») 1d

and the Biquard-Gauduchon function is

SO

f(—J R(JA, A)) = ( detl( 5

p(J, A) = (F(—J R(JA, A))A, A) = 1 — /1 + det(A) + log (1 + \/1;(17@(,4)) |

Consider now a tangent vector V € T ; 4)(TACT(2)), V = (Jo, Ag). According to our previous
computations, the differential of p acts on V as

1 Bdet(4) 1 Tr(Apadj(4o)) 1 Tr(AgAo) (4.1)

d V)=-35 = N
.4 (V) 21+ /1 + det(Ao) 214+ /1+det(Ag) 21+ /1+det(Ag)

where we used Jacobi’s formula for the derivative of the determinant in terms of the adjugate
endomorphism.
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Some remarks on this object, adj(A), are in order: for matrices M;, My we have adj(M; Ms) =
adj(Ms)adj(My). Moreover, for an invertible matrix G, adj(G) = det(G) G~1. Then

adj(GAG™) = Gadj(A)G™!
and this means that, if A € I'(M,End(T'M)), adj(A) is a well-defined section of End(T'M).
Lemma 4.1. If A€ T;_#, then also adj(A) belongs to Ty 7.

Proof. We have to check that adj(A4)J + Jadj(A) = 0 and that g;(adj(A)—, —) is a symmetric
bilinear form. The first identity can be obtained as follows, recalling that adj(J) = —J:

Jadj(A) = —adj(AJ) = adj(JA) = —adj(A)J.

The second identity can be checked pointwise: fix p € M, and choose a local coordinate system «
around p such that g;(p) in this coordinate system is the standard Euclidean product. Abusing
notation let A be the matrix associated to A(p) in the coordinate system x; then A is a symmetric
matrix, since gj(A—, —) is symmetric. But then

adj(A)T = adj(AT) = adj(A)

and so gy(adj(A)—, —) is also a symmetric matrix, at the point p. O

4.2 The real moment map for a curve

The expression for dp on T.AC™(2) that we just computed allows to rewrite the implicit definition
of m in equation (3.6) as

c wn
m(sq)(h) = / d°p(r(a),a(@)) (Lx, I Lx, @) *?~
reM n:
However, as was remarked earlier, under our identifications we should compute
deJ’Re(a)T (EXh J,Re (Exhoz)T) = dpJ,Re(a)T (—Jﬁxh J,Re ((Exh J)TOé + (L'Xha)JT)T)

with dp as in (4.1), since the identification between T.ACT and TH07AC" is conjugate-linear in the
second component. It is more convenient to write A = Re(a)T € Ty_#, so that equation (4.1) gives

2 14 /14 det(A)

dpJ,Rc(oz)T <_J['Xh, J,Re ((‘CXh, J)Ta + (EXh,O‘)JT)T) =

Since Lx,J € T;_#, Remark 2.6 implies
Tr(A(Lx,J)A) + Tr(J(Lx,A) A) = —Tr((Lx, A) J A)

and we can write

1 / Tr((£x,A)JA) wg (4.2)

2 1+ /It det(A) ol

If we could write this expression in the form |, ulh U:T(? for some function f, then we could use the
L? pairing of C§°(M) to identify m with f — [, f. To get this result, consider the function

m(J,a) (h) =

F:C3° (M) — Cy° (M)

4.3
h— Tr((Lx,A)JA). (43)
We have m(j o) = f% <1, F(h)>, so if we can find a formal adjoint F* of F' with respect
’ 14+/1+det(A)
to the L? pairing, we could write m = —%F* <1> Notice that we can write F' as a
14+4/1+det(A)

composition F' = F3 o0 Fy o F, with
F:CP(M) = I'(M, TM)
h— X}
F: I'(M,TM) — I'(M,End(TM))
X—=LxA
F5: I'(M,End(TM)) — C3°(M)
P Tr(PJA).

18



Moreover the formal adjoints of F; and F3 with respect to the pairing induced by the metric
g = wo(—, J—) are given explicitly by

Fi(X) = div(JX);
F5(f) = —f AJ.
It remains to compute the formal adjoint of F5.

Lemma 4.2. For any Q € I'(End(TM)), X e I'(TM) and A € Ty _# we have
(LxA Q) =(Q,VxA) + (AQ — QA, VX).
Here the pairings and the connection are those defined by the metric g;.
Proof. Fix an element Q of I'(End(T'M)), and consider the product
91(LxA,Q) = gijglelemamAki - gijglelemiaka + gijglelekmaiXm- (4.4)

We can exchange the usual derivatives with covariant derivatives (using the Levi-Civita connection
of g), but we have to introduce Christoffel symbols; the proof consists in showing that the sum of
all the terms that must be introduced in fact vanishes, and this is done recalling that g;(—, A—) is
symmetric (cf. equation (2.3)).
The first right hand side term of equation (4.4) can then be written as
gijgszlemﬁmAki = gijgszlemeAki - gijglelemApiFkan + gijglelemAquqmi =
= gwglelemvaki - gnglelemA]ikap + gzjgkquijAleqmi
(4.5)

while the other two terms become

7gijglelemiaka = 7gijglelemivak + gijglelemiXkapm =

i I pm k im L AJ yvpTk (46)

=g glejA szX +g glejA ZX Fpm
QijgszlekmaiXm = gijgszlekmviXm - gijglelekameip = (4.7)

_ g”gkl Ql]Akmszm o g”gkalelemeip
and adding up equations (4.5), (4.6) and (4.7) we find
97(LxA,Q) = gijglelemvaki - gijgszlemivak + gijglelekmviXm =
=9s(Q,VxA) —gs;(QA, VX) + g,(AQ, VX).

O

Corollary 4.3. The formal adjoint of F5 is
F} : T(End(TM)) — I'(TM)
Q= CF (VAQ) + V7 ((4,Q)).

Here V* is the formal adjoint of V, V*@Q = —gijViijak, while C# denotes the contraction of
the first lower index with the second upper index. More explicitly
CE(VAQ) = ¢ Q";V,A0,.

We are finally in a good position to write the moment map and prove Theorem 1.3. For

notational convenience, we introduce the function

1

T e

Our computations so far show
1 1 * Tk Tk
ey () = (=5 T (L, DAT) ) = (=3 FEFFS (). 1) =

_ <;div {1/) JC? ((VA)AJ)lj +2JV*(¢)A2J)} ,h>
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so we can identify the function m, using the L?-pairing, with

Y

m(J,a) = div| JC2((VA)AI) + JV* (A2 T)| . (4.8)

Notice that this expression implies already that m; ) is a zero-average function, as we expected.
But we can make further simplifications. First, recall that A2 = —det(A)Id. Since A = Re(aT) =

T 4aT 2 2
32 we have A%' = faT and det(4) = —3Tr(4%) = —[|AV|7 = —llal;,, so that A% =

%||a||§J Id. Then we have (all metric quantities are computed w.r.t. g;)

* « 1 1
IV ($A%]) = -V (4 Y ||a||21d) = grad (4 Y |a||2)
since J is integrable and g¢; is a Ké&hler metric. This shows

1 1
m(J, ) = idiv (zﬁJ (021 ((VA)AJ)ﬁ) + 2grad (4 P |a||2>) .
Fix holomorphic coordinates with respect to J. Then
J(C (VA)AD)) = = grad (Te(AM0A%1)) + 2 (Te(VE AL AM0)9, + Te(VP AL A™1)5;) =
1 1 1 7
——grad (1) +2 (Ja(7 0,000, + Ja(Va. )
so we can rewrite everything as
1. 1, o 1. 1, 1 )
m(J, a) :§d1V —1) grad Z”O[H +2¢ Zg(V o, &)04 + ig(V a, )0, | +2grad Zw [lex]] .
(4.9)

Notice that

i grad (iHaQ) + 2grad (i ¥ ||a||2> — _9grad <log (1 tyf1e i||a|2>>
so that
m(J,a) =A <1og (1 +4/1— i||a2>> + div [1/) (ig(vaa,&)&l + ig(vf’@, a)@;)] (4.10)

The complete expression for the moment map relative to §2y is, according to Lemma 3.6:

me, (J,a) =2s(J) =25+ A <log <1 +4/1— le||a||2>> +div (v Q(J, @) (4.11)

where Q(J, a) is the vector field on M defined by

1
Q(J,a) = Zg(V“oz,o?)aa +

4.3 Equations for a conformal potential

We turn now to the complexified system of equations, (3.8). Notice that in dimension 1 the
compatibility between w and « is a vacuous condition, since a;'g,1 is certainly symmetric. From
now on we fix the complex structure J and a Kéhler class [wp], and look for a metric w € [wp] and
a “Higgs field” oo € Hom(T%'", T79") such that (w, a) satisfy the following system of equations

o] < 1
div(9*aT) = 0;

2s(w) — 25+ A <log (1+ \/HW)) +div (¢ Q(J,a)) = 0,
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where all the metric quantities are computed from the metric defined by w and J. It is more
convenient to write the equations in (4.12) not in terms of « but rather in terms of the quadratic
differential T defined by

1 —
T = Eaab 95, dz* ® dz%

using this object, equations (4.12) become

Irl* < 15
div(V10*7)t = 0; (4.13)

2s(w) — 25+ A <1og (1 +4/1— ||T|2>) +div (¢ Q(w, 7)) = 0.

We can make the the second equation in (4.13) more explicit by using holomorphic local coordinates
(with respect to the fixed complex structure); recall that we are working on a Riemann surface, so
we just have one index, when working in coordinates:

div(VH ) = —g'T0r (g5 )

and so the second equation in (4.13) is certainly satisfied when 7 is a holomorphic quadratic
differential; the space of such objects has dimension 3 g(M) — 3, so if g(M) > 1 we are sure that
there are holomorphic quadratic differentials. Notice that, while the second equation in (4.13)
depends on the choice of w in the fixed Kéhler class, the simpler condition “7 is holomorphic” does
not; then our equations can be satisfied if we are able to show that the following equation has
solutions, for a small enough holomorphic quadratic differential 7

2s(w) —25+ A (log (1 +4/1— ||T||2)> +div (¢ Q(w, 7)) = 0.

Notice however that, under the assumption that 7 is a holomorphic quadratic differential, we can
simplify this equation, since Q(f,7) = 0. Indeed

9(Vor, 7)0 = g9 g™ VyTea 7.5 00 = 0.

So the complexified moment map equation becomes

25(w)2§+A(log (1+\/1 ||T||2)> =0. (4.14)

As was already mentioned in the Introduction, this equation has been already studied by Donaldson
in [Don03] and by T. Hodge in [Hod05] (see also [Tra]). In particular, if the wp—norm of 7 and
its derivative is small enough, then there is a unique solution w of equation (4.14) that is in the
conformal class of wg.

5 The case of complex surfaces

In this Section we will derive explicit moment map equations when the base manifold M is a
complex surface. The first step is to find an explicit expression for the Biquard-Gauduchon function
p on T*AC™(4). This is computationally quite heavy. Obtaining similar expressions in general is
certainly one of the difficulties in working out the HescK system explicitly in higher dimension.

5.1 The Biquard-Gauduchon function for T*AC"(4)

In this subsection we will compute the Biquard-Gauduchon function. This involves working out
the spectrum of the self-adjoint operator (3.7).

An element A € T_  ACT(4) is a matrix that can be written as A = (g _QP> for P =

(P )1<ij<2 and Q = (Q';)1<i,j<2 some 2 X 2 symmetric matrices.
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The space of all such matrices is 6-dimensional, and a possible basis is given by the matrices

1 0 0 0 01 0 0 000 0
00 0 0 10 0 0 010 0
Er=1o 0 -1 0|l 22=lo 0o o -1 B=lo o 0o o |
00 0 0 00 —1 0 000 —1
001 0 00 0 1 0000

000 0 001 0 00 0 1

Ea=1f1 000" B5=lo1 00|l F=|0o o0 0 o0
000 0 1 00 0 0100

The matrix representing the map M(A) : B — —% (AQB + BAQ) with respect to this basis may
be conveniently expressed in terms of the quantities

=(PY)? + (PL)? +(Q1)* + (Q')°
P12 (P +P2 >+Q1 (Ql +Q2 )
=(PY)* + (P%)? +(Q')* + (Q%)°
k4:Q L(P% = PY) + PLYI(QY — Q%)

and is given by

2k, 2 ko 0 0 —2ky 0

ko ki+ ks ko ka4 0 —ky
1 0 2 ko 2 ks 0 2ky 0
210  2ks 0 [2k1  2ks O
—ky 0 ka4 ko ki + ks ko

0 —2ky 0 0 2 ko 2 ks

M(A) = -

(the vertical and horizontal lines have been added to make the symmetries of the matrix more
evident). It is useful to observe the identities

Tr(A?) = ki + k3, det(A) = kiks — k3 — k2.

The spectrum of M (A) contains three eigenvalues, each with multiplicity 2. A lengthy computation
shows that they are given by

1
_2<k1 Tk, kot ks bR AR — 2k + RS ke, kb — (RS 4KE — 2k ks + A3 +4k4>
and by the previous observation they can be rewritten as

_;<T<2MT<QM+\/(T<2A>> sy, T () st 6

In order to get more compact expressions we introduce the auxiliary quantities

6:E(A) — % TI"(2A ) + \/<TI‘(;12)) _ 4det(A)) )

Then a set of eigenvectors for the eigenvalues in (5.1) is given by

_ T
vlz(k2 ks k1 kg 1) ;

ky' 2ky T ky

K2— k2 ky . K2+K3 ko )T
U b) 72 74 7]‘70 7
2 ( (k1 — ka)ka ka'~ (k1 — ks)ks' ks — ky

3<k2(5+(A)k3) 0t (A) —2ks ke 5+(A)k3,071>T;

k4((5_(14)—k3)’ k‘4 77/{/’74’5_<A)—]{73
2 12 - . T
7,4:(_1‘521“47"“’2’_5 (A) k3,_2 ks ,1,0> ;
k4 (5_ (A) — kg) ]{74 ]{74 0~ (A) — ]{73
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Vs = (k’g (57(14) — /{13) 57(14) — k’g ko 57(14) — ]{1370’ 1>T :

ks (6F(A) — ks)’ k4 " ks 0F(A) — ks
k2 — k2 ky 6V (A) — ks ko T
Vg = I a72 7170 .
Ky (6F(A) — ks) kg k4 6+H(A) — ks

We finally have all the ingredients needed in the computation of the spectral function for M(A),
and of the Biquard-Gauduchon p function itself. A direct computation gives

p(A):2—\/1—5+(A)—\/1—5(A)—Hog( += W)Hog( 1—0- (A)).

Recall that a priori this is an expression for the Biquard-Gauduchon function p at the point —(2q.
However, since we know that p is invariant under the action of Sp(2n) and that the action is
transitive, this is in fact valid on the whole T.AC™ (4).

5.2 The real moment map for a complex surface.

Consider now a path (J;, 4;) € TAC* (4); the differential dp(.]O,Ao)(jm Ap) is

d Tr(ApAo)
0o (P A)) = VAE—207(Ag) +/A—20-(Ay)
4 Tr(adj(Ao) Ao) _
(VI 25 A + A 20 (A0) (24 VI 257 (Ag)) (24 VA 25 (A)))

(5.2)
Equation (3.6) tells us that we should compute (see the discussion at the beginning of §4.2)

/ dprny (—J(Lx, J),Re (Lx, J)Ta + (Lx, 0)JT)T) 0
M

n!

for A = Re(aT), where (J,a) € T*#. By Remark 2.6 we can write the integrand using equation
(5.2) as

dpsa) (=J(Lx,. ), Re (Lx, J)Tor+ (Lx,0) JT)T) = — N= 25Ti((i()£fh\/1?i)2 5-(4)

4Tr<adj<A><zXhA>J> (5:3)

(VI + I 2 @) (2 4+ VA= 257()) (24 I 25 ()

To find an explicit expression for m(;,) we should try write this as the L?-pairing of h with some
function m(J, a) € C§°(M). Equation (5.3) gives
Tr(A(Lx,A)J) WS
M A/A=28F(A)+\/4—-20-(A) n
Tr(adj (A)(Lx,A)J)

+4/ (¢4_25+ )+ /A—20- ))(2+m)(g+m)n?

and these two terms are quite similar to the one we had in complex dimension 1, see equation (4.2).
The first term can be written as a pairing (h, F'(J, A)) 2(ar) in the same way we did for equation
(4.2) in subsection 4.2, while to get the same result for the second term we have to make small
modifications.

Let F be defined as in (4.3), and let £ be defined as

m(J,a) (h) =

F:C°(M) — C3°(M)
h— Tr((Lx, A)Jadj(A)).
Then

mya)(h) =— <F(h)7

1

VA —=20F(A)+/4—-20(4) >L2(M) -

+4<F(h), ! >
<\/4—26+(A) + /A 25—(A)) (2+ m) (2+ ¢T)

L2(M)
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The computation of the formal adjoint of F' that was carried out in subsection 4.2, particularly
in Lemma 4.2 and Corollary 4.3, actually holds in any dimension. We can use them also to compute
the adjoint of F', by virtue of Lemma 4.1. The only difference is that, while ' = F3 0 I o I, we
have instead F' = F3 o F5 o Fy, with

Fy: I'(M,End(TM)) — C>®(M)
P — Tr(PJadj(A4)).
The formal adjoint of Fj is readily computed as 3 (f) = —f adj(A)J.
Introduce the quantities

v = 1 ~
A= 20F(A) + /425 (A)
- 1

(Vi @) + A2 () (24 VI- 207 () (24 /A- 25 (A))

Our computations so far show

m(J,a)(h) = <F(h)a 7@ +4 <F(h)7'¢~}> =
—(h, div [w JO2(VA)AT) +2 Jv*(wﬁj)] )—

— 4(h, div [12; JC2 (VA)adj(A)J) +2 JV* (9 det(A)J)} )
and so we have an explicit expression for m(J, o), letting as usual A = Re(a)T (see equation (4.8)):

m(J, o) =div [w JC2(VA)AJ) 4+ 2JV* (wAQJ)] -
5.5
— 4div [@ JC2 (VA)adj(A)J): + 2V (¢ det(A)J)} >

It is possible to simplify this result further, following closely what we did in the case of curves.
Assume that J is integrable. Then VJ = 0, hence

JV* (¢ A%J) = —V*(¢p A?)
JV* (1 det(A)J) = —V* (4 det(A) Id) = grad(¢p det(A)).

It will be useful to have a more compact notation for adj(A). We’ll denote it by A whenever working
in local coordinates.

Lemma 5.1. Let J € # be an integrable, compatible complex structure. For any A € Ty 7

2 _
JO2 (VA)AJ) = —grad (TI(QA )) +2 (g(V“AO’l,ALO)aa + g(VbAl’O,AO’l)ag) ;

JC? ((VA)AJ)ﬁ = (g(VA% AL0) — g(VeALO A%)) 0,4 (g(VP A%, ALO0) — g(V2 AL, A%)) 9,

This is proved by precisely the same type of computations carried out at the end of Section 4.2.
We omit the details.
Summarising our results in this Section, we have derived the expression

m(J, o) =div [—1/) grad (ﬂ(;ﬁ)) +2¢ (g(V*A*!, AV, +c.c.) —2V* (¥ A%)| —

— 4div [¢p (g(VEA% AN0) — (VALY A%)) O, + c.c. + 2 grad(¢) det(A))]

(5.6)

where “c.c.” denotes simply the complex conjugate of the term immediately before it.

Low-rank case. There are some conditions under which the expression for m(J, «) becomes
much simpler. If A does not have maximal rank then det(A) = 0; moreover, since the rank of A is
even (the kernel of A is J-invariant), if rk(A) is not maximal then actually rk(A) = 0 or 2, so also
adj(A4) = 0.

Hence if rank(A) is not maximal we get

1 [ Tr(42) Tr(A2)\” 1 (Tr(A2?)  Tr(A?)
F(A):g(g#“) _4det<A)):2( ), 1)
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so that 67 (A4) = 1Tr(4?%) = %HAH2 and we also find

1
T /A 207 (A) + /A 20-(A)

1
Y 5 :
14 4/1— 1Tr(A?)

So, in this low-rank case, we can write

d (1 Tr(A2 a A0,1 41,0 .. 9
m(J, o) =div |— grad (5Tr(4%)) Jrg(v AP AV, +cc o A _
| 14 /1-gTe(42) 14 /1 - 3Te(4?) 14 /1 — 1Tr(42)
[ grad (4] 4M0) w400 AL0 ,
=div | — (2 ) +9(V A% AND) 0, + c.c. _ o A
et 1 Vot 1 1+y/1— 440’

(5.7)

The resulting moment map is remarkably similar to the one we had in the Riemann surface case,
see equation (4.9). In the rest of this paper we will focus on this low-rank case.

6 The equations on a ruled surface

Let X be a Riemann surface of genus ¢g(X) > 2 and assume that L — X is a holomorphic line
bundle equipped with a Hermitian fibre metric h. In this section we study our equations on the
ruled surface M = P(O @ L) (the completion of L) using the momentum construction; our main
reference for this technique is [HS02]; see also [Szé06, chapter 5]).

After this initial study we solve a “complexified” version of the equations in the particular case
when L is the anticanonical bundle of Y. We remark that we solve just a subset of equations of
the complexified HescK system (3.8), namely for a fixed complex structure J we’ll find a Kéhler
form wy and a “Higgs field” o that are a zero of the moment maps, but such that o and wg are
not compatible. In fact we will not solve the equations in general, but rather prove that in the
“adiabatic limit” in which the fibres are sufficiently small a solution exists. This is a well developed
technique and we follow in particular the approach of [Fin04].

For a fixed Kéhler form wy on X, we consider Kéhler forms on the total space of the bundle
P(L&O) 5 X
that satisfy the Calabi ansatz, i.e. we consider a form w of the form
w="T"wyx +i09f(t) (6.1)

where ¢ is the logarithm of the fibrewise norm function, and f is a suitably convex real function.
More explicitly, we fix a system of holomorphic coordinates (z,¢{) on M that are adapted to the
bundle structure, i.e. z is a holomorphic coordinate on X while ( is a linear coordinate on the fibres
of L — Y. Let a(z) denote the local function on X' such that the Hermitian metric h on L is given
by h = a(z) d¢ d¢; then t := log(a(z) ¢C) is a well-defined function on L\ X, and if f satisfies some
conditions on its second derivative then i99f(t) is a (globally) well-defined real 2-form on the total
space of L, that in some cases can be extended to M.

Let F(h) be the curvature form of h. We choose h such that F(h) = —ws. Then in bundle-
adapted holomorphic coordinates w = (z, () we have

Trwy +100f(t) =1+ f' ()T ws+
(6.2)

_ _ 1 _
+if(t) 8Zt62tdz/\dz+agtdz/\dg—i-agtdg/\dz—i—cc_dg/\dC .

It will be useful to change point of view to describe the curvature properties of the metric w.
Rather than working with f and ¢, define 7 to be the function 7 = f’(t), and let F' be the Legendre
transform of f. If we define ¢ := -, then we have

Fro
7= f(t)
t=F'(1)
F(r)+ fit)=¢tr
f(t) = (1)
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so that the metric wy := w is, with the notation of (6.2)

wy =14+ 7)m"ws +16(T) <8Zt Ostdz AdZ + 8ztdz Ad¢ + %d{ ANdzZ + ClCdC A dC_) (6.3)

In particular, the matrices of the metric and its inverse in this system of coordinates are

(1+7)gs + (1) .10zt ¢(r) %
(9ab)1<a,p<o = (;5(7')% %

~ 1 (st
() (T T
1 CCO:t05t | °
1<abs2 A\~ s 3 T Urres

The main reasons for using ¢(7) rather than f(t) are given by Proposition 6.1 and Proposition

6.3. Note that we are only stating a particular case of the more general results of Hwang-Singer in
[HS02].

Proposition 6.1 ([HS02], see also [Szé14]). Assume that ¢ : [a,b] — [0,00) is a function positive
on the interior of [a,b]. Then wy defines a smooth metric on M \ X if and only if ¢(a) = 0,
¢'(0) = 1. Moreover, wy extends to the whole of M if and only if ¢(a) = ¢(b) =0 and ¢'(a) =1
#(b) = 1.

Then it will be useful to assume that 7 takes values in an interval [a, b]. The convexity assump-
tions on f imply that actually 7 is increasing (as a function of ¢), and that 7, =a, 71, =b. Up
to translations, we can assume that in fact [a,b] = [0, m] for some m € R~o. This m has a direct
geometric interpretation:

Lemma 6.2. The volume of a fibre of P(O & L) — X is 2w m.

Proof. We just have to compute [} i*wy, where F is a fibre of P(OG L) - Y and i : F — P(O® L)
is the inclusion. Fix a system of bundle-adapted coordinates (z,¢) on P(O & L), and let r = |].
Then 9,7 = 2¢(7) r~t, and so

/i*w¢:/ i¢(2T) dgdi:/ 2@@@:/ 8,7 drdd = 27 m.
F ¢cec T rR2 T [0,2 7] xR

Proposition 6.3 ([HS02], see also [Szé14]). With the previous notation, the scalar curvature of we
18

O

T s(we) — ¢"(7) —

s(we) = =

——

To study the moment map equations we will also need an explicit expression for s(wg).

Lemma 6.4. If ¢ defines a Kdhler metric on the whole ruled surface P(L & O) then

—_— )

2
s(wg) = s 28((,02) + p

Proof. We use the same notation of the proof of Lemma 6.2. First notice that

(1)

- dzAdzAdCAdC

W; =—-(1+7)gx

so that the volume of M =P(L & O) is

2
Voly (M) = M% :—%/Zdzdz [go/c(l—&—T)(bg)dCdC] :/Edzdégo [m(1+%) m} -
~ m(2+m)
—r T Vol (2).

In order to compute the integral of s(wy) recall that

S(OJE) o ¢I/(T) . 2925/(7—)

s(w¢):1+7_ 147
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/M s(qu)% =- %/M(l +7’)92% (51(+T) —¢"(1) - f;@) dzdzd¢dl =

:_%/Edzdéggs(wg) [/C(Z’T;dgdg‘] /dzdzgg U ¢ 2006 4 q¢
1 _ 14+ " ,
+3 /2 dzdz gs [ /(c ( T”jf;) (T>dgd§}.

We split the computation in three parts. To compute the integrals over C, we use polar coordinates.

/C@dcdi——%/cgb(;) —i/o%dﬂ [/()w2¢i7)dr] = —27im
/«;wdCdC 1/0% doy [2/000 Wdr} = —2i Ozw A9 [¢(r)]F =0

XC (1 +T)<z?5ﬂ(27) ¢”(T)dgd§= _1/02” 40 {2/0(” (1+7)¢(r) ¢”(7)dr] _

r

:_i/;ﬂdﬂ[/omar(b’(ﬂdr}—i/ozﬂdﬂ[/ o, — 9,¢(r)dr

=4ri+27im.

Putting everything together:
w3 1 _ 1 _
/ S(we)— = — 7/ dzdz gy s(wx) [-27im] + f/ dzdzge[Ami+27im] =
M 2 2J)s 2 /s
:7rm/ s(ws)wy + (27 + mm) Vol (X).
b

Finally:

Jus@o) % wmfps@s)ws + @rtam) Vol (8) 2 —— 2
o) = A</1( )2 9 b A VoL () _2+m3(w2)+ﬁ'

An analogous computation will give the Kéhler class of wy.

Lemma 6.5 (See §4.4 in [Szé14]). Consider on P(O @ L) the classes of a fibre C and the infinity
section Xoo. Then the Poincaré dual to [wg] is

Loy =27C+mXs).

Transversally normal coordinates. For many of the computations that we will have to
make, it will be convenient to choose bundle-adapted holomorphic coordinates w = (z, ¢) such that,
for a fixed point p € X, (9.t) (p) = 0. For brevity, we will call coordinates with these properties
transversally normal at p. Such a system of coordinates always exists, they are essentially just
normal coordinates for the bundle metric h. In these coordinates the metric w, becomes (see
equation (6.3))

(1)

w(p) = (14 7)m*wy +1i ; d¢ AdC.

In particular, it will be convenient to use transversally normal coordinates whenever we have to
compute objects that involve the Christoffel symbols of wg, since in these coordinates g, and its
inverse are diagonal.

Lemma 6.6. The Christoffel symbols of wg are

F11—21<ﬁ()8t+F111(2)' It =¢(9:t)? 7‘*'(? ))+63§t—<8ztfh(2);
__o(n) ()

F211—m, F21—‘9t< ¢'(r ))

Iy =0; I :7¢ (Tzl-

27



In particular, if we fix a point p € X' and a system of transversally normal coordinates around
it, the Christoffel symbols of wy at the point p are

F111 :Flll(Z)E F121 =0;
¢(7) 2
r) =—"——; Iy =
21 (1 T T)C’ 21 07
/
-1
I, =0, rz =0 (6.4)

6.1 Deforming complex structures on the total space of a vector bundle

The HescK equations involve both a Kéahler metric and a deformation of the complex structure.
While in this ruled surface case we have already chosen to use Kéhler metrics satisfying the Calabi
ansatz (6.1), we still have to choose which deformations of P(O @ L) to consider. The natural
choice is to consider a deformation of the d-operator of E := O @ L, so a matrix-valued form
B € A% (End(E)); this 8 will induce a deformation A € End(TE) of the complex structure of the
total space (which we still denote by E).

First, recall how a dg-operator determines the complex structure Jg, see [Kob87, Proposition
1.3.7]. Fix a local holomorphic coordinate z on X and a local frame (s1, s2) on E. If we let (w!, w?)
be the usual coordinates on C2, by the choice of the local frame we can use (z,w!, w?) as local

complex coordinates on E. Denote by

the local representative of the dg-operator. A complex structure on E is uniquely determined by
a decomposition TcE = TVOE @ TY'E; we define

T'OF = spang. (awl,awz, 8. — ?@(az)wja@i) :

A different choice of a local frame does not change this bundle; moreover, the integrability of dg
(i.e. 0% = 0) is equivalent to that of TVF (i.e. [T"OE, T*E] C T'YF.)

Consider now the case in which we already have a holomorphic structure dg, and we are
deforming it as 9}, := 9 + A for some 8 € A% (End(FE)). Choose a local dg-holomorphic frame
s1,82 for E. Then a local representative for 5’E in this local frame is just the matrix 3, and the
previous construction gives us

Ta}};OE = spang (Oy1, Oy2, 0 ), T(%}’:E = spang (8w1 y Ow2,0, — 51ij wjé)wi) .

Changing point of view, dg defines on the total space of E a complex structure Jg, and if
we slightly deform it to Jj := Jg + ¢ A for some A € I'(E,End(TFE)), to first order in ¢ the
holomorphic tangent bundle of F with respect to J}, can be described as

ie
T};’;E = {v - AW) |ve T};EOE} .

Comparing the spaces T},’OE and TS;OE, we see that A induces the same deformation of Jg as § if
E E
and only if
Al’o(awi) =0

, , 6.5
AL0(9;) =213 (0z)w’ Oyi; (6:5)

we let A(8) be the deformation of the complex structure defined by these equations.

The next step is to see how a deformation of dg, § € A% (End(E)) induces a deformation of
the complex structure of P(E). From the previous discussion, we have a canonical way to induce
a first-order deformation A(5) € I'(End(TE)) of the complex structure of E. Now, on E we have
the usual C*-action on the fibres, and P(E) is defined as

P(E) := (E\ M) /C*.
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Lemma 6.7. Let p : E\ M — P(E) be the usual projection, and fir f € A% (End(E)). Then
A = A(B) induces a deformation of the complex structure of P(E) as follows: for [x] € P(E) and
v € T}yP(E) choose a p-lift € T, E of v, and let

A (v) := peAs (D).

Proof. We have to check that this expression does not depend upon the choice of the preimage of
[x] and of the lift ¥ of v.

Fix holomorphic local frames of @ and L, so that we can locally describe E as M x C2, with
coordinates w!, w? on the fibres. We get homogeneous coordinates on the fibres of P(E) as [w' : w?].
If we fix a holomorphic coordinate z on M, on the open subset of P(E) where w! # 0 we have local
holomorphic coordinates (z, (), with w = w?/w?!.

In this system of local coordinates the projection p is written as p(z, w!, w?) = (z, “’—f), and
(the (1,0) part of) its differential is

1 0 0
dp(z,wl,wz) = 0 — ( w12)2 Ll .

We have to check that for all [z] € P(E) and all A € C*, if &, € T%'E and 9y € Ty, E are such
that p.01 = p«02, then also

If(E = (Z7w17w2) and @1 = Vaz + U;awl then

2
PeAs(D1) = pu (21V B7(82) w? Byi) = 21V (513' (0) w? ;U + ﬂ2j(az)wju]}-2) 7S

while, if 9y = Vs + Uidy:

p*A)\w('D2) = Px (21 Vﬁzj (82) wjawi) =2iV (_Blj (85) w’ (;;}1)2 + 52](85) ’U)]u:}l2) 84

but if 9; and 0 have the same image under p,, V = V. O

Let v = v'8; + viag € T(OZ’IOIP’(E)7 and consider & = v'0; + V2> € T(Oz’l1 0 (E). By our
definition,

PLA(D) =2i0" (=11 (82) ¢ = B'5(92) % + 8% (9z) + 52%(92) €) O
So, if we denote still by A the deformation of the complex structure of P(E) we have
AN =2i [(5122 - 5111) ¢— 5112 C2 + 5121} Az ® 6(' (6.6)

Notice that when we decompose 3 € A% (O @ L) as

a2 )
B2 B
then g1, € A%(0) = A%Y(X,C), B, € A%Y(L*), g% € AY(L) and B2 € A%(End(L)) =
AV, C).
The expression (6.6) for A holds just on the set P(O®L)\ Y. If instead we change coordinates
to P(O @ L) \ Xy, we simply have to exchange the roles of 81, and 5% . Indeed, equation (6.6) was

obtained by fixing a system of bundle-adapted holomorphic coordinates (z,¢) on L; if we perform
the change of variables 7 = (~! we obtain

A = =21 [(B7% = By'y) n = Bi'y + B n?] dZ @ 9.

After all, the construction of P(O @ L) can be interpreted as glueing the total spaces of L and L*
along their open subsets L\ X and L* \ X.
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Remark 6.8. Our choice of deformation of the complex structure A is not compatible with wy for
any ¢. Indeed A% = AM0 A% 4 A®1ALO =0, and if A and wy were compatible then we would find

2 2y _
[Allg, = Tr(A%) =0
but A # 0. Hence, in this Section we study the complexified equations

me, (w, A(B)) = 0;
me (w, A(8)) = 0.

for A(B) as in 6.6, and so we’ll find a solution to the complexified system (3.8) without the com-
patibility condition.

Hence, we are tacitly assuming that we have extended the moment maps mg,, mg to the
space of metrics g for which g(aT—, —) is not necessarily symmetric. We have shown above that
Mo (j,a)(h) = <h, —div (5*6ﬂ)>, which clearly has a tautological extension to all g in the Kéhler
class. But the choice of an extension of the real moment map mg,, is more flexible.

The crucial point is that, by Lemma 3.7, mg, is computed in terms of a spectral function of A =
Re(aT). This function can be expressed in several different, equivalent ways by using a compatible
metric g, that is, one for which g(aT—,—) is symmetric. In our present situation where this
compatibility condition might not hold, these equivalent expressions give rise to potentially different
extensions of mg,. A simple example is given by the spectral quantity Tr(A4%). A computation
shows that for compatible g this may be expressed equivalently as ||A||§ So when g and A are not

compatible HA||3 gives an alternative extension of the spectral quantity Tr(A42).

Choice of complexification. The two expressions appearing in (5.7) were derived in close
analogy to the case of curves. However in the present case they are no longer equivalent, as we
discussed in Remark 6.8. This leads to a few different possibilities for the formal complexification.
In the rest of this paper we examine the natural choices given by the two expressions in (5.7). So
in terms of the endomorphism A the alternative possibility for the real moment map is

grad l||Al’0||2 a 40,1 41,0
m(J,a) =div |— (2 9) +g(V A% AN, + c.c. o

2 2
e 1 Y R L 1+ z“A”

6.2 The complex moment map

Gb
\]

In this Section we’ll find sufficient conditions on 3 € A%!(End(O@® L)) such that the pair (wgs, A(B))
satisfies the complex moment map equation. We work with a fixed metric wyg for a prescribed
(arbitrary) momentum profile ¢.

Our strategy is to carry out the necessary computations in transversally normal local coordinates
and without assuming that A = A(3), but rather for some arbitrary A»® = A%.dzZ ® ;. At the
end of this Section we show that, when L is the anticanonical bundle and for suitable choices of
A = A(fB), our computations actually globalise to the whole ruled surface.

Recall that, for a deformation of complex structures Jy and a Kihler form w, the complex
moment map equation is

div (9%3) = 0.

Lemma 6.9. With the previous notation,

- (1) 1 (1)
8 Al’o = —mAQI(?Z - m 3ZA21 + AQI 6zt - m - Cazt aCAQI 8§

Proof. It’s just a matter of computing carefully, starting from
é*Al,O _ _gal;vaAcB ac’

The covariant derivatives of A satisfy

VlAli = A21F112, V2Ali = A21F212 = 07
VlAlé =0; V2Alg =0;

ViA% = 0. A% + AT Vo d? = 0 A% + A% 15);
V1A2Q = 0, VQAzé = O
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By (6.4) we can rewrite 9* A™0 as

JF AL — _ glileci 0, — gﬂVgAQi a = _glileliaz _ (glilezi —|—g21V2A21) dc =

o(7) 2 1 < 2 2 < (1) ) 2 )
=—— — A0, — —— (0, A% + A% 0.t [1— — (O, t0:A%5 ) O.
Cgo(L+7)2 1 (1+7)g0 ! ! 147 " C00AT | O
O
We proceed to calculate the divergence of 9*A'°. By definition
div(9* AM0) = V(9" A0)* = 9,(0* AV0)* + (97 AV e, .
We compute the two terms separately. We will need the quantities
o) 1
Dl(T) T (1 + 7_)2 - ¢(T) aT 1+7
Dy (1) :==¢(7) 0: D1 (7).
The first term is the sum of
- AZ ot Ir'L(x) 1
H(AYN =9, | Di(7) =L | = Do(7) =A% — Dy (7) 222 A% 4 Dy (1) —0, A%
i ) < 1()C90> 2()C90 ! 1(7) Cgo 1 1()C90 !
and
5a(@" AL0)2 =0 0, A2 A2 0.t Dy ),42i a,t L GOty
) = — — — T T =
’ L 0+ne 0+nge 0 T T @Emge !
0.A%  9:0.A% A2 0.t A% 0.t Co.t
=— Dy(r) =1L 1 D)= — Do(r 172 2 9:0: A%
1(7) g0 (1+7)go 1(7) ¢ 90 2(7) Cgo  (I+m)go o o1
The sum is given by
_ (o) D¢, A% A2 0.t Co.t
0 (0*AL0)? = — Dy (1) 1L A% - ==L _D(r 1 E0:0. A% =
O A == DD = T e~ P e T e A
_ 000, A% A% 0,t COo.t
= — (0 AN (D) - L Dy (r) S 0.0 A
( ) 11( ) (1+T)go 1( ) Cgo (1+T)go (49 1

On the other hand the second term in div(9*A™°) is given by
(" ALOY e —(F*AVO)LL 4 (5" AVO)IT2 1 (5% ALOYRTL, 4 (5 AMO)TE, =

T 0, A%
azt Agi <¢/(T)+ Qj)( )>+D1(T) 1+

=(0"AM) I (2) + Da()

¢ 9o 1+7 ¢ 9o
.t o(r) 0t DO oo ,d(r)— 1
+ Dy (1) =A% — Dy (1) L= A% — Dy (7 L4 (9% AM0)? .
1()490 1~ D) ¢ 9o 1~ D) 90 ( ) ¢
These computations show that we have
. 90, A% (0.t 1 (1)
div(d*AV0) = — S 1 00 A% — ( (1) — 1) 9, A%
MO = g T T e ST T g (T OO it

. (¢(T) ) 1) D40 A% 0.t A <¢, . qS(T)) _

1+7 (1+7)go0  (1+7)Cg0 1+7
—0:0,A% 0.t 0 0r A2 0, A% 0, A2
= ¢ 1+C ¢Y¢ 1 1 o 1+azta<A21771
(1+7)go (I1+7)go ¢ ¢
; _ 2 2 2
+ a +7_)goag log ¢(7)(1 + 7)] (—0.A%; + 0.t (O A*; — 0.t A;) .

This quantity vanishes precisely when

—(0c0. A + (P 0.1 0c0c A% — (=0, A + 0.t (O A — 0.t A%}) +
+ O [log (7) (1 + 7)] (—0. A% + 0.t (9 A — 9.t A%) = 0.
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Notice that
—C&C(?ZAQi + 20t 6§8CA21 = (0 (—BZAQi + 0.t C@CAzi — 0yt A21) .
Thus, introducing the locally defined function
k= —0,A% + 0.t (0. A% — 0.t A%, (6.8)
the complex moment map equation div(é*Al’O) = 0 may be expressed locally as
COck + (CO¢ [logp(T)(1+7)] — 1) k= 0.
This condition can be rewritten as

ock + 0, <1og¢<7>&“>>

This equation can be integrated; so we see that the equation div(g*Al’O) = 0 is satisfied locally if
and only if the function k defined by equation (6.8) satisfies

¢¢
P(r)(1+7)

for some function ¢ = ¢(z, ¢) such that d.c = 0.

k=c (6.9)

Choosing ¢ = 0. Let’s consider the case in which the function ¢ in (6.9) is identically 0. In this
case, AL satisfies
— 0, A% + (Ot 9 A% — 0t A% = 0. (6.10)

If we now choose A = A(p), i.e.
A% =2 (C(By% — By'y) — OBy + Byy)
for g1, 8% € A%L(X,0C), pty € A%L(L*), % € A%L(L), we can get an interesting consequence
from equation (6.10). Indeed, on the divisor X' = Xy = {¢ = 0} we get, from equation (6.10)
—32[3121 - 6zt ,8121 = O

and recalling that 0.t = J,log(a(z)), were a(z) is the local representative of the fibre metric on L,

this tells us that

2 _ @)
ﬁl 1 _a(z)

for some function g over X' such that d,¢ = 0. Consider instead what equation (6.10) tells us for
¢ = oo, i.e. on the zero-set of 7 = (~1; after the change of coordinates, equation (6.10) becomes

3ZA21(77) + 8zt (7787]‘421 - AQi(n)) =0
where AQ1 (n) =-2i (n(ﬁfiz? - B4 11) — ,8112 +n? 6121). Setting n = 0 we find
8Z/8112 - azt6112 = 0

and so

Bry = al(2)d(2)
for some function ¢ over X such that 9,4 = 0. With these choices, the matrix associated to
B € A%(End(O @ L)) in a local holomorphic frame for L is

B G(z)a(z)dz
28 dz % '

It is useful to notice the identity ¢ 9 A%, — A% = —2i (¢? B;', + 5;%,)- Plugging this into (6.10)
the equation can be rewritten as

_Caz (ﬂiQQ - 5111) - <2 azﬂilz + 825121 —0:t (C2 5112 + 5121) =0,
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which reduces to
9: (ﬂ122 - ﬁil1) =0.
So equation (6.10) is satisfied if and only if

Bilg = (
5121 E'z)
9(8% — BY) = 0.

The first two conditions in equation (6.11) are still just local ones. However we can glob-
alise them by choosing L to be the anticanonical bundle of X, L = T+°X. Indeed, recall that
B, € AYY(L¥), B2, € A¥Y(L), so that if L = T%0% then ', must be an element of A% (T ),
while 32, must be an element of A% (T19X). Then we can choose the quantity ¢ of equation (6.11)
to be a constant, and the local condition on 3%, becomes the the global condition 3%, = Gh. This
is compatible with 81, € A% (T10" %), since h is a Hermitian metric on 779X, In the same way,
if ¢ is the local representative of a global holomorphic quadratic differential on X' (that we denote
still by ¢), then the local condition on 32, globalises to 8% = ¢, i.e. 32, should be the quadratic
differential with one index raised by h.

z)q(z) with 9.4 =0;

Il
‘Q g

with 0,¢ = 0; (6.11)

~—

Q

Let us summarise the results of this Section. Suppose that L = K% = TH%X and that 3 satisfies
the globally defined equations

512 =gdh for some constant §;
B2 = ¢*»  for some holomorphic quadratic differential g; (6.12)
8(522 - ﬁll) =0.

The the complex moment map equation is satisfied. From now we always assume that L, 8 are of
this form.

6.3 The real moment map

In this section we will prove that there exists a solution to the HescK equations on our ruled surface,
at least when the fibres have sufficiently small volume. We will work with the two possible choices
of formal complexification given by the expressions in (5.7). First we reformulate Theorem 1.5
using the notation introduced in the last few sections.

Theorem 6.10. Let X be a Riemann surface of genus g > 2, and consider the ruled surface
M =P(O & K%). Then, for all sufficiently small m > 0, there exists a Kdhler metric w in the
class dual to 27 (C +m X) (see Lemma 6.5) and a “Higgs field” o € Hom(T™0" M, T%** M) such
that the complex and real moment map equations

div (0*aT) =0
25(w) — 28(w) + m(w,Re(aT)) =0
are satisfied, with m given by one of the expressions in (5.7).

We will choose A = Re(aT) = A(B), for a form 3 € A% (End(O @ L)). Then the complex
moment map equation holds provided § satisfies the conditions (6.12).
Note that, for any 3 and with A = A(B), we know that A10 = A21d2 ® O¢ and so the matrix

associated to A in a system of bundle-adapted coordinates has the form . In particular

0
0
we are in the low-rank situation described at the end of Section 5.2, as required by the statement
of Theorem 6.10.

We will present the details of the proof of Theorem 6.10 for the choice of complexification given

by the first expression in (5.7), namely

grad, (3Tr(4%) | go(VEA™ AV + e A?

+ Vs
1+,/1— 3Tr(42) 14 4/1— 1Tr(A42) 14 4/1— 1Tr(A?)

The proof for the alternative complexified equation (6.7) is essentially the same, but some of the
computations are more involved. We will point out the key differences in the course of the proof.

m(w¢, A) ZdiV¢ -
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We note that A(f) is nilpotent, with A(3)? = 0, so with our current choice of complexification
we find

1
m(wy, A(a)) =5divy [96(VGAY AVDYD, +c.c].

In the rest of this Section we fix L = K3}, and choose § so that the complex moment map vanishes,
i.e. we assume that A0 satisfies equation (6.10). Notice that if we fix a point p € P(O @ L) and a
system of transversally normal coordinates around this point, equation (6.10) at the point p simply
reads as azAzi =0.
Lemma 6.11. Assume that 3% = Y and B =0, so that the matriz of 1-forms associated to (3
is upper triangular. Then

divy [gs(V*AY, AM0)9, + c.c.] =2( A7

(¢'(T) + 1)2>
(1) '
Proof. We fix a point p € P(O @ L) and a system of transversally normal coordinates (z, () at this

point. All of the following computations will be carried out at p.
From the definition we have

(s

div [95(V* A", A1)0,] =V, [V A% A 19" gec] =

=99 9ecVa VA G A% + g9 9ec Vi AS VoA

We proceed to examine the two terms.
Using the fact that we are in transversally normal coordinates and that the only possibly non-
vanishing component of A is A%, we can write the first term as

gabgdfgeaVaV;;AEd Aef_ :gabgugzivang21 AAZ1 _
:gl gllg2§V1V1A21 A2I +911VQVQA21 A2i'

A quick computation using equation (6.10) and the properties of the special system of coordinates
gives

V1ViA% = go <58¢A21 — A% + A% <¢/(7) - ff:g_))

and

RGN ¢(r) -1 3 o)
V,v,42, = 42, 20 (¢, (r) — 1+r> fQA%m.

Hence the first term is

1 2 ¢(T) /1 (b/(T)_l A2 ¢(T) _
i (2 (V0= ) o) -
_ ,0112 7 _ (T)
A (9 - 27 ).

On the other hand for the second term we have
99" 9V ATy Va A =g VAL VLAY 4 g VR AR VA% =
_ A P
(L+7)g0 (1+7)2¢C (1+T)g0
00 (A% 42)

(042 + AP\TE ) (9:4% + A% Th) =

_ 1,0)2 ¢)(T)
=[4 0||¢(1+T)2 (1+7)g0
IT _ _ _ _ /T _ 2
(1¢_|_(T))902<—_ (C 8( <A21 Azi) + 485 <A21 A2I)> + (¢ (d)zT) 1) HA1,0| i

Up to this point of the proof, no assumption was made on the components of 3. However, if we

assume that /3 is of the form <; ***) then
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So in this case we find
o B , 1)2
ab _df sV AC Ae . — || ALO|2 ¢(7) (¢ (7) + )
99" 9ec VA% Va 7 | ||¢ d+7)7 + ()

Putting everything together we get

3 a /! ¢
dive ao (V2 A%, 410)0,] =413 (o(r) = 25 ) + 142

(¢'(7) + 1)2)
¢(7)

o o) (@17
¢(<1+T>2+ o(7) )‘

—jArop2 (¢"<T> i
and

divy [ge(V*AY, AV9)9, + c.c.] =2 A0

2 (¢//(T) L@@+ 1)2> .

Notice that, under the assumption of Lemma 6.11,

1,002 _ o(7) a1 2
so that
L. a 40,1 41,0 - B(7) Sia 1 2 (¢ (1) +1)?
§d1v¢ [96(V*AY AV, 4+ c.c.] = 47(1 - T)goCC 187", (gb (1) + e > )

However, since we are assuming that A satisfies equation (6.10), 5 should satisfy the conditions in
equation (6.12). So 8;', = Ga(z) for some constant ¢, and

¢(7)

1. a 40,1 41,0 _Ala2_P\T)
2d1v¢ [g¢(V A ,A )8a+C.C.] —4|Q| (1+T)go

a6 (o) + LD,

o(7)

Now recall that we are assuming L = K(X)* = T1%%, and ( is a linear coordinate on L. We
also have the Hermitian metric on the fibres of L whose local representative is a(z). If we choose
this metric to be Kéhler-Einstein, i.e. a(z) = Ago(z) for some positive constant A, the equation
becomes

Sdive [g6(V A%, 41000, + cc] =4l A a() G (9(r) 67(7) + (& (7) +17) =

c et

:W 1+7

(0(r) 9" (7) +(¢'(7) +1)?)

where we are collecting in % all the various constants.

We can finally write the zero-locus equation of the real moment map, using Proposition 6.3 and
Lemma 6.4: since we are choosing a metric on X' that has constant scalar curvature equal to —1,
the equation is

2 1 4 c e

T —¢'(7) + + = — —— (1) " (1) + (¢'(1) +1)*) . (6.13)

" c
o(T) + 147 m@24m) m?21+4+r7

(dividing throughout by a factor of 2).

The reason for introducing the factor m =2 in the equation is that in the next sections we will
find a solution of equation (6.13) in the adiabatic limit when m — 0, and to do this we will have to
expand the equation with respect to m. This m~2 factor has been chosen precisely in such a way
that the expansion in m will have the appropriate form.

Let us summarise our computations so far. We showed that with all our assumptions, in
particular those of Lemma 6.11, the complex moment map vanishes automatically, while the real
moment map equation reduces to the problem

6(0) = ¢(m) = 0 (6.14)



to be solved for a positive function ¢(7) on [0,m] and a positive real number c¢. Here the function
t is a primitive of ﬁ; we might fix the starting point of integration as m/2, since the choice of a
different point can be absorbed by the constant c. From now on then we’ll consider ¢ as

/ —d:z:
m :E

hence equation (6.14) becomes an ordinary integro-differential equation for ¢ and c.

Remark 6.12. Essentially the same computations show that for the alternative choice of complexi-
fication (6.7), the real moment map equation reduces to the problem

400 00 (qb”(r) L2900, 1 > +

m2l14+7 147 1471
8 oo et $(r) L+ (M)?\
+ + 5 — =0
m(2+m) 42 9 \(1+7) (1)
m?2 1471

with the same boundary and positivity conditions, and the same definition of ¢(7).

6.3.1 Approximate solutions

We may regard the problem (6.14) as a family of integro-differential equations parametrized by
m € Rso. Our aim is to show that for sufficiently small values of this parameter (i.e. in the limit
when the fibres of P(O @ L) are very small) there is a solution to the equation. Notice however
that m appears both in the equation and in the domain of definition of ¢(7), since 7 takes values
n [0,m]. It will then more convenient to first change variables, letting 7 = m A, so that X\ takes
values in the fixed interval [0, 1]. If we rewrite the problem (6.14) in terms of ¢(\) we get

A m
o' L, S 1 i e () (oo o)
m? +2m(1+mA) T+mrt m2+m)  m2 14+mA ( m +1> o
$(0) =¢(1) =0
¢'(0) =—¢'(1) =m
which is of course equivalent to the problem
1 ¢/()‘) m? 4m _ c eXp (f ¢7(79L3)d ) ’ 2 11
¢ ()\)+2m1—|—m/\ * 14+mA + 24m m2  l4+mi ((¢ (W) +m)"+6() ¢ ()\))
¢(0) =¢(1) =0

¢'(0) = —¢'(1) =m,

to be solved for a momentum profile ¢(A) and a constant ¢ > 0.

Remark 6.13. The corresponding equation for (6.7) is given by

1
A 2 ’ 2
c 0] m / 2m¢ m
495 m
< m21+)\meXp</1/2 ¢dx>> (¢ +1+)\m+1+)\m)+
: A
8m N ﬁuﬁme}(p <f1/2 %dx) ( m*¢ (m+¢’)2) _0
2 m . ( -
(4 27n2 1+Arnexp <f 1/2 ¢d ))

14+ Am)? 0]
with the same boundary conditions.

1
2

Introduce the space

Vi == {0 € C([0,1]) | ¢ > 0in (0,1), ¢(0) = ¢(1) = 0 and ¢'(0) = —¢'(1) = m}.
Our problem is equivalent to showing that the integro-differential operator

-Fm : Vm X R>0 %Cgo([ovl])
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defined by
¢'<A) m’ dm
L -

¢ €Xp ( IR d)m dm) / .
- L (W ) + 6N 6 (W)

(6.15)

has a zero. The reason why the image of F,, lies inside the space of zero-average functions is that
in its original form the real HescK equation is of the form

scalar curvature — its average + divergence of a vector field = 0.

In fact we will show that F,,, has a zero for all sufficiently small m > 0.

We follow the well-developed approach of adiabatic limits and in particular the excellent ref-
erence [Fin04]. In this approach one first constructs a sufficiently good approximate solution and
then perturbs this to a genuine solution by using a suitable quantitative versione of the Implicit
Function Theorem.

Thus our first step is to find an approximate solution, i.e. (dg,co) € Vi X Rsg such that

Fm($,8) = O(m™)

for some n > 0, in a purely formal sense. It is in fact possible to find approximate solutions up to
every order, but we’'ll just need the first one

bo(N) :mm SN d+2m—mA+3mAL—N);
Co :2m2.

For this choice of ¢, ¢, we have

Fum($0; o) = O(m?)

moreover,

7(\) +2m %N m* . 4m — O(m?)

1+mA 14+mA 24 m
)\ m
exp (f% %(w)dx)

1+mA

(6.16)

((@6(N) +m)* + do(N) 9 (N)) = O(m?).

Remark 6.14. Precisely the same choice of approximate solution works for the more complicated
equation corresponding to (6.7).

Linearization around the approximate solution. We wish to study the differential of
Fm around our approximate solution, (¢g, cp). Introduce the space

Vi={¢€C>([0,1]) | $(0) = ¢'(0) = ¢(1) = ¢'(1) = 0}.
The tangent space to V,,, X Ryg is V x R. The linearization

(DFn) VxR —C5°([0,1])

(¢,0) -
around a point (¢, c¢) € V,, X Rsg is given by
vy ko (f] de)

- = A O T (@A) +m)? 4 6N\ ¢ (N) +

(DFm )(¢C)(U k) =u" () + m2 14+ mA

T+ Am
o o[y atadr) (f ) )(

m?2 1+mA\

) (@A) +m)? + o(N) " (X)) —

c P (f)\ G dCC) ’ 1 "
e B m)u'(A) +u(A) ¢"(A) + ¢(A) u"(A)) -

(6.17)
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Now consider the linearization around the approximate solution (¢g,co). Taking into account
(6.16) and the fact that ¢o(A\) = O(m), we have for the various terms in the linearized operator:

o, .
S = () + O(m);

A m
 exP (f% d)o(x)da:)
m2 1+mA

A
co OXP (f% d)(:?r)dx) ( A mou(z)

u’(\) +2m

(@A) +m)? + do(N) @G (V) = =2k (3A* = 2X) + O(m);

m2 1+mA 3 ¢o(x)2dx> ((66(N) +m)* + ¢o(A) ¢5(A)) = O(m);

>\ m
< exp (f% FRE) dz)
m2 14+mA

(2(do(N) +m)u'(A) + u(X) g5 (A) + do(A) u”(N)) = O(m).
Hence we see that the differential of F,,, at the point (¢g, co) is

(DFm) (g0.c0) (s k) = 0" (X) + 2k(3X% = 2X) + O(m).

90,0

Lemma 6.15. The map

D:V xR —CX([0,1))

(6.18)
(u, k) = u”(\) + 2k(3A% = 2))

is an isomorphism.
Proof. Fix f € C>*([0,1]) and consider
u’(\) +2k(3XN2 —2)0) = f())

as a differential equation for u(A). The general solution is given by

u(A)z/OA (/jf@)@)@-zk(f—A;>+01A+02

for constants Cy, Cy. There is a unique choice of k, C7, Cy such that this solution w lies in 1, and

this choice is )
y
C’1:CQ=Oandk::—6/ (/ f(x)dx) dy.
0 0

So we have found an explicit inverse to the zeroth-order part of (DFm) 4, o)

Remark 6.16. The linearisation of the more complicated equation corresponding to (6.7) is in fact
just the same as DF,,, up to O(m) terms, so Lemma 6.18 also applies to that case.

Some estimates. We recall two results that are essential to obtain an exact solution from the
approximate one. The first one is a quantitative version of the usual fact that invertibility is an
open property, while the second is a quantitative version of the Inverse Function Theorem.

Lemma 6.17 (Lemma 7.10 in [Fin04]). Let D : By — By be a bounded linear map between
Banach spaces, with bounded inverse D~'. Then any other linear bounded operator L such that
||D—L|| < (2]||D7Y||)~! is also invertible, and ||[L~Y|| < 2||D1||.

Lemma 6.18 (Theorem 5.3 in [Fin04]). Let F : By — Bz be a differentiable map between Banach
spaces, with derivative DF : By — By at 0. Assume that DF is an isomorphism, with inverse P,
and let § be such that F—DF is Lipschitz on the ball B(0,d) with a Lipschitz constant I < (2||P|[)~!.
Then, for anyy € Ba such that ||y—F(0)|| < § (2||P||)~! there is a unique x in By such that ||x|| < &
and F(x) =y.

In order to apply these results we embed V x R and C§°([0, 1]) into Banach spaces as follows:

e the first Banach space is the closure V of V in C'*24([0, 1]), with the usual Holder norm, for
[ large enough and 0 < 8 < 1. We can then take the direct sum of this space with R, and we
let (V x R,||.||) be the resulting Banach space;
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e for C§°([0,1]), we'll just consider it as a subset of Cé’ﬁ([O, 1)).

Then we have the following estimate for the norm of the operator D defined in equation (6.18)
(that is the zeroth-order part of the linearization of F,, around the approximate solution (¢, co)):

1D (u, B)llrs < Nl lleus + 2 1KII3A* = 2Mlcrs < Nlullgivas + 22 |k] < 221 (u, K.

In order to prove a similar estiamate for the inverse, fix f € C(l)’ﬁ([O, 1]) and let (ug, ko) := D7L(f).

Then .
Y
ko|=\6/ (/ f(x)dw>dy’S3supfé3||f|cz,5
0 0
A y A4 A3
Jeollessas = [ ( / f(x)dm) dy + 2k (4—3) <
0 0
cL.B
A Y )\4 )\3
<| [ ([ r@ac)ay| vzl - 5| <0l
0 0 - clp
This shows

IDTHAI < 731 fllre-

Lemma 6.19. For all sufficiently small m > 0 the map (D]:m)(d)o,co) is a linear isomorphism of
Banach spaces. Moreover the norm of its inverse is less than 146.

Proof. We can use Lemma 6.17; indeed, we know that (DFp) 4, .y — D = O(m) so for m small

enough we’ll have that the norm of the difference is less than ﬁ, as is needed to apply the
Lemma. O

Remark 6.20. In fact precise estimates for the norm of (DF;,) $o.co) and its inverse are not needed.
We only require that the norm of the inverse can be controlled by a quantity which is independent

of m and [. In what follows we’ll write simply N for the norm of (Dfm)(:;ovc()).

6.3.2 Proof of Theorem 6.10

We showed that for m small enough we have an approximate solution (¢, ¢g), depending on m, to
the equation F,, = 0, such that

Fin(do,co) = O(m?).

Moreover, we know that the differential of F around this approximate solution is an isomorphism
of Banach spaces. Our next step is to use Lemma 6.18 to show that for small enough m we have a
genuine solution to F,,, = 0.

Let Gy 0 V x R — L([0,1]) be defined as

gm(U’?c) = fm(% +u,co + C).

The differential of G, at 0 is just (DF,,) (60,c0)> SO 1t is an isomorphism. Then Lemma 6.18 tells
us that, if § is the radius of a ball over which G,, — DG,, is Lipschitz with a constant that is less
than +, then for any y such that ||y — G, (0)|| < £ there is a unique x such that ||| < § and
Gm(z) =y.

As G, (0) = O(m?), in order to apply the result, we need to show that § can be chosen to vanish
slower than m? as m — 0.

However we also want (@, C) to satisfy some positivity conditions: ¢ should be strictly positive in
the interior of [0, 1], and C should be positive. The approximate solution satisfies these conditions,
however ¢o(\) = O(m) and ¢y = O(m?); so in order to preserve positivity we need to choose a
radius § that goes to 0 faster than m? as m — 0

The next result shows that we can choose § as required.

Lemma 6.21. Let k > 2. If¢§ € O(mF) then for m small enough G,, — DG,, is Lipschitz on
B(0,6) C V x R with Lipschitz constant smaller than + .

This tells us that for a small enough m we can choose 9§ in such a way that the solution of the
equation that we have found satisfies the positivity conditions; it is enough to use Lemma 6.21 for
k=2+3.
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Proof of Lemma 6.21. Let Ny, := G,, — DG, be the nonlinear part of G,,. For a,b € B(0,4), the
Mean Value Theorem implies [|N;n(a) — N (b)llcrs < [la = blleiv2.s - SUPLep(o,5) | (DNm)., || For
z € B(0,9),

:(D]: )(% Po)+z( )= (D]: )(%700)( )-

We will show that this quantity is O(m), if § € O(m?). Since O(m*) C O(m?) for k > 2, this will
give us the thesis.

To prove the claim, let z =: (g, &); if § is O(m?), since ||z < § also § = O(m?) and ¢ = O(m?).
The linearization of Fy,, at (¢, c) := (o, co) + z is given by (recall equation (6.17))

vy ke (f7 i)

m2 14+mA

(DFm) g0 (u: k) = u”(X) + ((@'(N) +m)* +6(A) ¢" (V) +

+Am
c €XP f ¢(a:) (

m2  l+mi

e exp( [i J5d
- M 26/ () +m)' (\) +u(N) () + 6(N) u” (V)

Let us consider the series expansions:
PR, Ao m
€Xp ——dx | =exp / —dx | = exp / g+ ...dx | =
</ o(x) o+ L G0 y
</ 7_1_0 >—exp< dx)

(@' (N) +m)* + d(N) ¢"(N) = (6 + 7 +m)* + (¢ + §)(df +7") =
=(¢ +m)?
=(¢p +m)?

) ((@'(N) +m)* + o(A) ¢" (V) —

-

=exp

~ ~I

(7)) +2(¢h +m)§ + o by + Ty + G0’ + G
b0 ¢ + O(m?).

+ +

So we have

L €XD (f; %dl') , 2 "
e (@ +m)? () ¢ (Y) =

)\ m
L €xXp (f; de)
= Wl—i—z—mo)\ (¢ +m)* + ¢o ¢p) + O(m).
For the other terms, recalling that ¢ = cg + & = O(m?), we have simply

c € A - dz A mou(z
< p<f ) ) (/ ( )dx> ((@'(\) +m)* + 6(X) ¢" (X)) = O(m)

m? 1+mA o(x)?

A
¢ €xp ( / 1 %dm)
m2 14+mA
As a consequence

=

200/ (A) +m)u’(A) +u(A) ¢"(N) + 6(A) u” (X)) = O(m).

o O\ L €XD Ji Odw
(DFm )(¢ c) (u, k) =u"(A) +2m 1 +()\) m2 1(—i-7”lj)\)

= (DFm)(g9,c0) (s k) + O(m).

Then for z € B(0,0), ||(DN,,).| is O(m). Hence for m small enough, on a ball of radius m? the
Lipschitz constant of A, will be smaller than ;. O

This settles the problem of existence of a solution (®,C) € C'*25([0,1]) x R of F,,(y,c) = 0.
To prove smoothness we consider the existence result we just showed for increasing values of [, with
corresponding solutions @;. The uniqueness statement in Lemma 6.18, together with the fact that
llullgrs < ||ullpisr.6, implies that actually all the various @; are the same function, that is of course
smooth.

Remark 6.22. Given our previous remarks, it is straightforward to check that the same proof works
for the more complicated equation corresponding to (6.7).

(¢ +m)* + ¢o d5) + O(m) =
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