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We present a decomposition of the two-particle vertex function of the single-band Anderson im-
purity model which imparts a physical interpretation of the vertex in terms of the exchange of
bosons of three flavors. We evaluate the various components of the vertex for an impurity model
corresponding to the half-filled Hubbard model within dynamical mean-field theory. For small val-
ues of the interaction almost the entire information encoded in the vertex function corresponds to
single-boson exchange processes, which can be represented in terms of the Hedin three-leg vertex
and the screened interaction. Also for larger interaction, the single-boson exchange still captures
scatterings between electrons and the dominant low-energy fluctuations and provides a unified de-
scription of the vertex asymptotics. The proposed decomposition of the vertex does not require the
matrix inversion of the Bethe-Salpeter equation. Therefore, it represents a computationally lighter
and hence more practical alternative to the parquet decomposition.

I. INTRODUCTION

Feynman’s diagrammatic technique provides us with
an intuitive, yet mathematically rigorous representation
of interacting quantum many-body systems in terms of
the elementary physical processes which arise at the var-
ious orders of perturbation theory. At the same time,
the Feynman diagrams convey an effective information
in terms of renormalized quasi-particles, dressed col-
lective excitations, and their interaction. The single-
particle self-energy can be interpreted as a frequency-
and momentum-dependent self-consistent field [1] expe-
rienced by the particles as a consequence of their mutual
interaction. Its analytical properties often have conse-
quences for observables, for example, kinks can mark an
intermediate-energy regime of a Fermi liquid [2], or at a
Mott metal-insulator transition the self-energy even di-
verges [3].

On the other hand, two-particle correlations lead to a
more complex network of intertwined particle-hole and
particle-particle scatterings, which undermines an inter-
pretation in terms of effective quantities with a direct
physical content. Although we can define a formal ana-
log to the single-particle self-energy, the two-particle self-
energy [4], it does not have an obvious interpretation in
terms of an effective field. This makes it difficult to use
this object for the formulation of approximate schemes
driven and supported by intuition. Nevertheless, the two-
particle self-energy plays a key role in the formulation
of conserving approximations [5] and it is used to com-
pute the full two-particle scattering amplitude (full ver-
tex) through the parquet equations [6, 7]. The latter
can be used directly as the starting point for approxi-
mations [1, 8, 9], but they are also useful to justify sim-
plified schemes [10, 11], such as the ladder approxima-
tion [9, 12, 13].

The traditional formulation of diagrammatic theories
based on two-particle quantities poses however signifi-
cant challenges. One of them is the immense algorith-
mic complexity of the parquet equations [14], which re-

stricts direct numerical applications to impurity mod-
els [10, 11, 13, 15] and small clusters [16–21]. Fur-
thermore, the perturbation theory based on the two-
particle self-energy has revealed fundamental problems
which have received much attention in the context of non-
perturbative approaches, such as the dynamical mean-
field theory (DMFT) [3]. Here, already at moderate cou-
pling strength the two-particle self-energy shows diver-
gences [22–24] which signal a breakdown of the pertur-
bation theory and a multi-valued Luttinger-Ward func-
tional [25].

It must be however noticed that, at the present
state, these divergences appear primarily as a techni-
cal/mathematical problem that arises from the inversion
of the generalized susceptibility matrix, whose eigenval-
ues can cross zero [22–27]. Even though it is reason-
able to expect an influence of the divergences on observ-
ables [25, 28], no clear and general physical interpreta-
tion has been given for this phenomenology. From the
point of view of the parquet decomposition, the diver-
gences give rise to irregular and oscillating contributions
to the single-particle self-energy via the equation of mo-
tion [29]. This poses serious difficulties to the algorithms
for solving self-consistently the parquet equations in the
non-perturbative regime. Indeed, the perturbation se-
ries is not absolutely convergent [30], which hence leaves
open the possibility that the parquet decomposition cor-
responds to an ill-behaved rearrangement of a condition-
ally convergent infinite series [25]. These are indications
that the partitioning of the full vertex defined by the par-
quet equations is not in general useful to define effective
quantities. Interestingly, useful information can however
be extracted from this representation when it is possi-
ble to identify an effective particle [20]. On the other
hand, the full vertex function itself does retain the phys-
ical meaning of an effective interaction [31] which implies
that, for example, it allows a fluctuation diagnostic of the
single-particle self-energy [32–35].

In view of these difficulties it seems crucial to identify
an alternative partitioning of the full vertex which iden-
tifies effective quantities, allowing for a simpler physical
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interpretation. Ideally, the building blocks of this repre-
sentation should be the collective excitations mentioned
in the first lines of this manuscript. If the correct excita-
tions are identified, one expects that, in a given regime,
only some characteristic excitations prevail while the oth-
ers are intrinsically weak. The contribution of these ex-
citations to the vertex diagrams is then either large or
small, respectively, without any complicated cancelation
between them. In this alternative scheme the divergences
of the two-particle self-energy should be avoided.

In this work we present a decomposition of the ver-
tex function along these lines, expressing the latter in
terms of effective exchange bosons. The coupling between
renormalized fermionic excitations and the bosons is me-
diated by the Hedin three-leg vertex [36]. This leads to
a decomposition of the full vertex into four components,
similar to the parquet decomposition, which allows us to
relate each main feature of the vertex to characteristic
scattering events that involve the exchange of a single
boson. This identification unifies various parametriza-
tions of the vertex function used in the context of GW
approaches [37, 38], the functional renormalization group
(fRG) [39, 40], partial bosonizations [41–44], as well as in
the treatment of vertex asymptotics [45, 46] in parquet
approaches [18, 47] and in the calculation of the DMFT
susceptibility [48–50]. However, the novelty of our ap-
proach resides in the fact that the single-boson exchange
(SBE) decomposition is an exact representation of the
full vertex which allows for a simple physical interpreta-
tion of its features in terms of boson exchange processes.
Moreover, with the introduction of the Hedin vertex, one
can formulate a set of exact parquet-like equations for
the full vertex [51]. In contrast to the standard parquet
approach, the SBE decomposition does not require ma-
trix inversions and only relies on algebraic expressions
involving physical response functions, which are mani-
festly non-divergent, unless a symmetry is spontaneously
broken. Thus, the absence of matrix inversions and the
representation in terms of the Hedin vertex strongly re-
duce the algorithmic complexity compared to the stan-
dard parquet formalism. The representation of the vertex
in terms of physical correlation functions is reminiscent
of the dual fermion and dual boson approaches [52, 53].

An ideal test case for the SBE decomposition is the
Anderson impurity model (AIM), where an impurity site
with a local Hubbard repulsion is hybridized with a non-
interacting bath. The zero-dimensional character of the
model simplifies the treatment, while the model remains
nontrivial. The AIM also allows for numerically exact
solutions for the vertex function using continuous-time
quantum Monte Carlo (QMC) solvers [54, 55] with im-
proved estimators [56–58] which can be used to bench-
mark our approach. Furthermore, the AIM can be con-
nected to the Hubbard model on the lattice via the
DMFT mapping. Therefore, in the following Sec. II we
define the DMFT approximation and the correspond-
ing vertex function of the auxiliary AIM. In Sec. III we
present in words our main result. The rigorous derivation

of the SBE decomposition follows in Sec. IV. In Sec. V
we present exemplary numerical results, we conclude in
Sec. VI.

II. VERTEX FUNCTION OF THE AUXILIARY
ANDERSON IMPURITY MODEL

We build the AIM which DMFT associates to the half-
filled Hubbard model on the square lattice in the param-
agnetic state

H =−
∑
〈ij〉σ

tijc
†
iσcjσ + U

∑
i

ni↑ni↓, (1)

where tij is the nearest neighbor hopping between lattice
sites i, j, its absolute value t = 1 is the unit of energy.
c, c† are the annihilation and creation operators, σ =↑
, ↓ the spin index. U is the Hubbard repulsion between
the densities nσ = c†σcσ. The action of the auxiliary
Anderson impurity model of DMFT is defined as,

SAIM =−
∑
νσ

c∗νσ(ıν + µ−∆ν)cνσ + U
∑
ω

n↑ωn↓ω, (2)

where c∗, c are Grassmann numbers, ν and ω are
fermionic and bosonic Matsubara frequencies, respec-
tively, and ∆ν is the self-consistent hybridization func-
tion of DMFT. The chemical potential is fixed to µ = U

2
in order to enforce particle-hole symmetry which implies
half-filling. Summations over Matsubara frequencies ν, ω
contain implicitly the factor T , the temperature. In
DMFT the hybridization function is fixed via the self-
consistency condition, Gii(ν) = g(ν), where Gii is the
local lattice Green’s function of the Hubbard model (1)
in DMFT approximation, and gσ(ν) = −〈cνσc∗νσ〉 is the
Green’s function of the AIM (2). Since we consider the
paramagnetic case the spin label σ is suppressed where
unambiguous.

Central to this work is the vertex function, which is
the connected part of the four-point correlation function,

g
(4),α
νν′ω =− 1

2

∑
σi

sασ′
1σ1
sασ′

2σ2
〈cνσ1

c∗ν+ω,σ′
1
cν′+ω,σ2

c∗ν′σ′
2
〉,

where sα are the Pauli matrices and the label α = ch, sp
denotes the charge and spin channel, respectively. One
obtains the four-point vertex function f by subtracting
the disconnected parts from g(4) and amputating four
Green’s function legs,

fανν′ω =
g

(4),α
νν′ω − βgνgν+ωδνν′ + 2βgνgν′δωδα,ch

gνgν+ωgν′gν′+ω
. (3)

The vertex function is depicted diagrammatically on the
left-hand-side of Fig. 1. It is a two-particle scattering am-
plitude, which describes the propagation and interaction
of two fully dressed fermionic particles [13]. In this work
we choose the particle-hole notation, where the two left
(right) entry points of the vertex correspond to a particle
with energy ν (ν′) and a hole with energy ν+ω (ν′+ω).
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fα

ν ν′

ν + ω ν′ + ω

= ϕfirr,α +

∇ph

ω

λ̄α λα − 1
2

∇ph

ν
′−

ν

λ̄ch

λch

− 3−4δα,sp
2

λ̄sp

ν
′−

ν

λsp

∇pp

+ 1−2δα,sp
2

ν1

λ̄s
ω + ν + ν′

λs − 2 Uα

FIG. 1. The single-boson exchange decomposition of the vertex function fch,sp. Triangles denote the Hedin vertices λα, wiggly
lines the screened interaction wα. Diagrams on the right-hand-side from left to right: (i) The fully U -irreducible four-point
vertex ϕfirr. (ii) U -ph-reducible diagrams. (iii+iv) U -ph-reducible diagrams. (v) U -pp-reducible diagrams. (vi) Double-counting
correction that cancels two times the bare interaction Uα (dashed line).

III. MAIN RESULT

In this section we introduce our main result, which will
be derived in the next Section IV.

A. SBE decomposition

The main result consists of the exact diagrammatic
decomposition of the vertex function f of the AIM (2)
depicted diagrammatically in Fig. 1, which defines the
various contributions to the expansion for the two chan-
nels α = ch, sp

fα = ϕfirr,α +∇ph,α +∇ph,α +∇pp,α − 2Uα, (4)

where the wiggly lines denote the dressed (or screened)
interaction and λ̄α and λα are three-leg Hedin vertices.

As we shall detail in Sec. IV, the rigorous principle by
which the vertex is decomposed is the notion of reducibil-
ity with respect to the bare interaction Uα. A diagram is
Uα-reducible if it can be split into two parts by removing
a bare interaction line Uα, where Uα is the bare inter-
action for the charge, spin, and singlet particle-particle
channel, defined respectively as,

U ch = +U, U sp = −U, U s = +2U. (5)

In the triplet particle-particle channel the bare interac-
tion vanishes (see Ref. [59] and Sec. IV D).

Equation (4) has also a rather transparent physical pic-
ture which we describe in the following. The contribu-
tions on its right-hand-side are, from left to right: A fully
U -irreducible vertex ϕfirr, a horizontally U -reducible ver-

tex ∇ph, a vertically U -reducible ∇ph, and ∇pp which is
U -reducible in a particle-particle sense. Lastly, a double-
counting correction subtracts twice the bare interaction
Uα that is included in each of the three vertices ∇.

The decomposition (4) allows an interpretation of the
vertex function f in terms of processes involving the ex-
change of effective bosons. The boson lines appearing
in the different contributions correspond to the three

generic fluctuations of the single-band AIM which are
connected to the bosonic operators ρch = n↑ + n↓, ρsp =
n↑ − n↓, and ρ− = c↑c↓, that is, charge (ch), spin (sp),
and singlet particle-particle (s) fluctuations, respectively.
In Fig. 1 each vertex ∇ connects two of its corners with
fermionic entry/exit points to the other two corners via
a bosonic line, the screened interaction,

wα(ω) = Uα +
1

2
Uαχα(ω)Uα. (6)

Here, χα is the susceptibility, which is the correlation
function of the bosonic operator with the corresponding
flavor α = ch, sp, s. The bosonic fluctuations lead to a
screening of the bare interaction (5).

The screened interaction is enclosed by right- and left-
sided Hedin vertices λ̄α and λα. These three-legged ver-
tices are formally similar to the fermion-boson vertex,
which conveys information about the response of the
fermionic spectrum to an external applied field [31, 60].
On the other hand, in Hedin’s reformulation of the equa-
tion of motion [36] the Hedin vertex plays the role of
a coupling of the fermions to the internal bosonic fluc-
tuations of the system, which are also of electronic ori-
gin [61]. As shown in the results [see Fig. 7], the Hedin
vertex is in general of order unity, |λ| ≈ 1. For the qual-
itative discussion of the SBE decomposition (4) we can
therefore ignore the energy-dependence of the fermion-
boson coupling as a first approximation.

We can interpret the horizontally U -reducible vertex
∇ph as follows. The right-sided Hedin vertex λ̄ repre-
sents the annihilation of a particle-hole pair with energies
ν and ν+ω [see also Fig. 2 (a)]. In turn, the left-sided λ
represents the creation of a particle-hole pair with ener-
gies ν′ and ν′+ω, and in these events a boson with energy
ω is exchanged. As a consequence, fermionic particles do
in fact not propagate from left to right, and the vertex
∇ph therefore merely captures annihilation and creation
of particle-hole pairs. This process is resonant for an en-
ergy ω ≈ 0 of the boson – which is independent of the
fermionic energies ν and ν′. Since the Hedin vertices are
in general of order unity, the fermionic frequencies may
be varied without changing drastically the magnitude of
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∇ph. Therefore, this vertex contributes a constant back-
ground to the full vertex function f [50].

Next, we consider the vertically U -reducible diagrams

represented by ∇ph. This vertex, despite being similar to
∇ph, has a different physical interpretation [62]. This is
clear from Fig. 2 (b), which shows that the Hedin vertex

components of ∇ph represent the propagation of particle
and hole, respectively, and their exchange of a boson.
This process is resonant for a small energy transfer ν′ −
ν ≈ 0 and hence the vertex ∇ph depends sensitively on
the fermionic frequencies.

We turn to the contribution of the particle-particle
channel, ∇pp. In this case the Hedin vertex can be
interpreted in terms of the annihilation (creation) of a
particle-particle pair, as depicted in Fig. 2 (c). The res-
onance of this contribution lies at ν + ν′ + ω ≈ 0, which
is the sum of the particle energies.

The last term of our decomposition is the fully U -
irreducible vertex ϕfirr. This part of the full vertex func-
tion can not be represented in terms of single-boson ex-
change, therefore, it describes multi -boson exchange pro-
cesses and events that can not be represented in terms of
boson exchange at all. In Sec. V we will however show
that ϕfirr decays for large ν or ν′ in all directions, which
is in fact a general property of this vertex and we will
discuss the approximation where this term is neglected.
This will show that the single-boson exchange processes
described by the vertices ∇ capture substantial informa-
tion about the full vertex function f . Henceforth, we
shall refer to equation (4) as a single-boson exchange
(SBE) decomposition of the full vertex and to ∇ as SBE
vertices.

B. Comparison with other approaches

We summarize some crucial features of the SBE de-
composition and compare it to established methods to
treat electronic correlations at the two-particle level.

Beside the SBE formalism, in diagrammatic theories it
is natural to represent contributions to vertex functions
in terms of fluctuations (bosons) of electronic origin. For
example, they are the eponymous feature of the fluctua-

ν

ν + ω

ω

(a)

λ̄

ν ν′

ν
′−

ν

(b)

λ̄ ν

ν′ + ω

ω + ν + ν′

(c)

λ̄

FIG. 2. Boson exchanges of the SBE decomposition in Fig. 1.
(a) Particle-hole annihilation. (b) Particle propagation and
boson exchange with a hole. (c) Particle-particle annihilation.

tion exchange approximation (FLEX) [59]. In particular,
diagrams with the structure of the SBE vertices ∇ with
one wiggly line are commonly known as Maki-Thompson
diagrams [63, 64], whereas the Aslamasov-Larkin dia-
grams [65], which correspond to two-boson exchange pro-
cesses, are included in ϕfirr, see also Refs. [66–68]. The
novel aspect of the SBE decomposition is however a re-
classification of all diagrams for the full vertex accord-
ing to the picture of a single exchanged boson, leading
to three reducible classes and one fully irreducible class,
similar to the parquet decomposition. Moreover, given
the exact (or an approximate) fully irreducible vertex
ϕfirr the SBE vertices ∇ can be reconstructed from a
set of self-consistent equations, analogous to the parquet
equations. The resulting self-consistent SBE equations
for the Hedin vertex will be discussed elsewhere.

At first sight, the SBE decomposition may appear sim-
ply as an alternative, with clear formal similarities, to the
parquet decomposition. There are however at least three
important advantages of the SBE decomposition:

First, as discussed above, the SBE vertices correspond
to diagrams that give rise to the high frequency struc-
tures of the full vertex, whereas ϕfirr contains diagrams
which decay fast in frequency; the SBE vertices ∇ there-
fore naturally recover the vertex asymptotics [45]. This
property is not shared by the parquet decomposition,
where the various contributions have no characteristic
high-frequency behavior [13].

Second, the SBE vertices are given by the Hedin ver-
tex λ and the screened interaction w, which can be ex-
pressed in terms of physical correlation functions. There-
fore, these quantities can be computed directly through
their Lehmann representations [49] or using QMC tech-
niques. On the other hand, the two-particle self-energy
Γ can not be computed in a similar way. In fact, Γ is
obtained via inversion of the associated Bethe-Salpeter
equation, which may be non-invertible, giving rise to di-
vergences of Γ [22–27]. This problem is absent in the
SBE, where the inversion of the Bethe-Salpeter equation
is neither required to obtain the SBE vertices ∇ in an ex-
act calculation, nor in a self-consistent reconstruction of
∇ from ϕfirr. The SBE decomposition is therefore com-
pletely unaffected by singular behavior of the two-particle
self-energy.

Third, due to the structure of the SBE vertices∇, their
computational cost is drastically reduced with respect to
the reducible vertices of the parquet decomposition. Fur-
thermore, it also suggests numerically inexpensive ap-
proximations to the full vertex, such as neglecting the
fully irreducible vertex ϕfirr, and neglecting the frequency
dependence of the Hedin vertex (i.e., λα ≈ ±1). These
two schemes realize two well-defined physical approxima-
tions, in which the the four-point vertex is given in terms
of three-point or even only two-point vertices, respec-
tively. In fact, the latter option recovers a weak-coupling
parametrization of the vertex function [32, 39], which the
SBE decomposition unifies with asymptotic expressions
for the vertex [45, 49] into an exact framework. A simi-
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acronym approximation SBE formalism

2OPT f = U ϕfirr = 0; ∇ph,∇ph,∇pp = U

GW Σ = gw
}
ϕfirr = 0; ∇ph,∇pp = U ; ∇ph = w

RPA Γ = U

PA∗ Λ = U ϕfirr = 0

DΓA∗ Λ = Λimp ϕfirr = ϕfirr
imp

TABLE I. Different approximations redefined within the SBE
formalism. The second-order perturbation theory (2OPT),
the GW and the RPA can be recovered within the SBE for-
malism. ∗For parquet-based schemes, such as the parquet
approximation (PA) and the DΓA, one can define analogous
approximations within the SBE formalism, which have how-
ever a different diagrammatic content (see text).

lar strategy is not accessible within the standard parquet
decomposition since the contributions to the asymptotic
belong to objects with different reducible properties.

In this respect it is interesting to make a connection be-
tween the SBE formalism and established diagrammatic
theories, which is summarized in Tab. I. For instance,
the second-order perturbation theory (2OPT) is obtained
at the two-particle level by approximating the full ver-
tex f with the bare interaction. In the SBE formalism
this corresponds to neglecting the fully irreducible vertex,
ϕfirr = 0, and the frequency dependence of the SBE ver-

tices ∇ph,α,∇ph,α,∇pp,α = Uα. Also the vertex correc-
tions to the self-energy of the GW approach are naturally
recovered in the present framework by setting ϕfirr = 0,

∇ph,α, ∇pp,α = Uα and ∇ph,α = wα. [69] Hence, the

a bgg-ph

ν1

ν1 + ω

ν

ν + ω

ν′

ν′ + ω

gg-ppa b

ν1

ω̃ − ν1

ν ν′

ω̃ − ν ω̃ − ν′

gg-ph

a

b

ν

ν + ω

ν′

ν′ + ω

ν
1
+
ν
′−

ν

ν
1

FIG. 3. gg-reducible diagrams: The blocks a and b can be
separated by cutting the red lines. The transferred frequencies
of the particle-hole channels are ω (top) and ν′ − ν (right),
for the particle-particle channel it is ω̃ = ω+ν+ν′ (bottom).
Green’s function lines do not belong to a or b.

full vertex is given by the screened interaction, fα = wα.
This highlights how within GW the vertex corrections in
the particle-hole channel are absorbed into the screened
interaction via the Hedin equation [36], however, the con-
tribution of the vertices in the other channels are not
treated on equal footing. The same approximation in the
SBE formalism also leads to the random-phase approx-
imation (RPA) in the ph channel for the susceptibility.
Analogous resummations in the other channels can be

recovered retaining either ∇ph or ∇pp.
Within the standard parquet formalism, one can build

theories by taking different approximations to the fully
irreducible vertex, often called Λ [13]. The simplest ex-
ample is the parquet approximation [1, 8, 9], where Λ is
approximated by the bare interaction, Λ = U . A more
sophisticated approximation for a lattice model is the
dynamical vertex approximation (DΓA), where the fully
irreducible vertex of the lattice is approximated with the
local one of the impurity, Λlat = Λimp [9, 16]. We can
define analogous approximations within the SBE formal-
ism, where the fully irreducible vertex is either set to
ϕfirr = 0 (SBE approximation), [70] or to the one of the
impurity ϕfirr = ϕfirr

imp (SBE-DΓA). However, as the dia-

grammatic content of ϕfirr is not the same as the one of
Λ, these two approximation schemes are not equivalent
to their parquet counterparts.

IV. SINGLE-BOSON EXCHANGE
DECOMPOSITION

In this section we derive the SBE decomposition (4).

a′ b′
U -ph

ω

ν1

U -pp

ω̃
a′ b′

ω̃ − ν1

U -ph

ν′ − ν

a′

b′

FIG. 4. U -reducible diagrams: The blocks a′ and b′ are
separated by removing a bare interaction (red dashed line).
Green’s function lines do belong to a′ or b′, which can be
equal to 1. The case a′ = b′ = 1 leads to the bare interaction.
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gg-firr U -firr

ω̃ − ν1

FIG. 5. (Left) A fully gg-irreducible ’envelope’ diagram.
This diagram is also fully U -irreducible. (Right) A fully U -
irreducible but gg-ph-reducible diagram (belongs to top white
area in Fig. 6). Note that without either of the bubble inser-
tions the diagram would be U -ph-reducible.

A. Two notions of reducibility

The SBE decomposition is based on the notion of U -
reducibility, see, for example, Ref. [37]. This concept can
be defined starting from the more common definition of
reducibility with respect to pairs of Green’s functions.
Every diagram for the full vertex f can either be cut into
two parts by removing two Green’s function lines (gg-
reducible) or it is fully (gg-)irreducible. Furthermore,
each gg-reducible diagram can be cut in only one of three
ways, either by removing a particle-hole pair horizontally
(gg-ph) or vertically (gg-ph), or by removing a particle-
particle pair (gg-pp). This is shown in Fig. 3, see also
Refs. [1, 13].

In Fig. 4 we show U -reducible diagrams. The latter
can be cut into two parts by removing a bare interaction
line Uα. There are again two particle-hole channels (U -
ph and U -ph) and one particle-particle channel (U -pp).
Due to the Green’s function lines connected to the bare
interaction, each U -reducible diagram is gg-reducible in
one and the same channel. Therefore, a diagram is ei-
ther U -reducible in only one of the three channels or it is
fully U -irreducible. Notice that the converse is in general
false, as gg-reducible diagrams can be fully U -irreducible,
e.g., the right diagram in Fig. 5. Furthermore, the fully
gg-irreducible (gg-firr) and the fully U -irreducible (U -
firr) classes are unrelated, that is, fully U -irreducible di-
agrams can be gg-reducible or fully gg-irreducible. Fully
irreducible diagrams are shown in Fig. 5. There is how-
ever one exception, the bare interaction itself, which is
U -reducible in all three channels, but fully gg-irreducible.
The two notions of reducibility are represented as a Venn
diagram in Fig. 6.

It follows that with proper care of the double-counting
of the bare interaction, we can write the full vertex f as
the sum of the U -reducible (∇) and fully U -irreducible
(ϕfirr) diagrams, which reads in a full frequency notation,

fανν′ω=ϕfirr,α
νν′ω +∇ph,ανν′ω+∇ph,ανν′ω+∇pp,ανν′,ω+ν+ν′−2Uα. (7)

We subtracted the bare interaction two times, which is
counted once by each vertex ∇. The U -pp-reducible ver-
tex ∇pp is denoted in the particle-particle notation with

UU -ph U -pp

U -ph

gg-ph

gg-ph gg-pp

gg-firr

FIG. 6. Venn diagram for the gg- and U -reducible classes
of diagrams for the vertex function. Areas enclosed by black
lines symbolize the gg-reducible (top, left, right) and the fully
gg-irreducible (bottom) classes (i.e., the traditional parquet
decomposition). The square region in the middle belongs to
gg-firr and contains only the bare interaction. The classes of
U -reducible diagrams are marked in colors, they lie within the
respective gg-reducible class, except for the bare interaction,
which is element of U -ph, U -ph, and U -pp. The four white
areas comprise the fully U -irreducible diagrams.

transferred frequency ω̃ = ω+ν+ν′. In the following we
derive the SBE vertices ∇ one by one.

B. U-ph channel

The horizontally U -reducible diagrams ∇ph are those
commonly associated to the Hedin formalism [36], and
they can be represented in terms of the Hedin vertex, as
shown in Refs. [37, 38] and more recently in Ref. [50].
The Hedin vertex is related to a response function, the
three-point (fermion-boson) correlation function [31, 60],

g(3),α
νω =

1

2

∑
σσ′

sασ′σ〈cνσc∗ν+ω,σ′ραω〉,

where ρch = n↑+n↓ and ρsp = n↑−n↓ are the charge and
spin densities and sα is a Pauli matrix. The right-sided
Hedin vertex (the bosonic end-point is on the right) is
defined as (〈n〉 = 〈ρch〉),

λ̄ανω =
g

(3),α
νω + βgν〈n〉δωδα,ch
gνgν+ω(1 + 1

2U
αχαω)

, (8)

where χαω = −〈ρα−ωραω〉 + β〈n〉〈n〉δωδα,ch is the suscepti-
bility in the channel α. One further defines a left-sided
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Hedin vertex λ (with bosonic end-point on the left [50]).
Under time-reversal symmetry and SU(2) symmetry the
left- and right-sided Hedin vertices are equal, λ̄ = λ, see
also Appendix B 1.

The crucial aspect of the Hedin vertex λ is that the
factor 1 + 1

2U
αχαω in the denominator of Eq. (8) removes

the horizontally U -reducible diagrams that belong to the
class U -ph [71], λ is therefore U -ph-irreducible [72]. We
can use λ to separate all U -ph-reducible diagrams from
the full vertex function,

fανν′ω =ϕph,ανν′ω +∇ph,ανν′ω. (9)

Here, ϕph denotes a U -ph-irreducible vertex and ∇ph
is the U -ph-reducible vertex in Eq. (7). As shown in
Ref. [50], ∇ph is given by the Hedin vertex,

∇ph,ανν′ω = λ̄ανω w
α
ω λ

α
ν′ω. (10)

This is shown as the second diagram on the right-hand-
side of Fig. 1. The Hedin vertices are connected at their
bosonic end-points via the screened interaction defined in
Eq. (6). Notably, equation (9) plays an analogous role for
the SBE decomposition as the Bethe-Salpeter equation of
the horizontal particle-hole channel does for the parquet
decomposition.

C. U-ph channel

The vertical particle-hole channel is conceptually not

different from the horizontal one and ∇ph in Eq. (7) can
be obtained using the crossing symmetry of the full vertex
function in the paramagnetic system [13],

fανν′ω=− 1

2

(
f ch
ν,ν+ω,ν′−ν+[3−4δα,sp]f sp

ν,ν+ω,ν′−ν

)
, (11)

where α = ch, sp. The crossing symmetry tells how the
vertex f acts when the particle-hole scatterings are not
considered to happen horizontally with transferred fre-
quency ω, but vertically with transferred frequency ν′−ν.
As Eq. (11) shows, the flavor labels ch, sp are not con-
served by the crossing relation. Viewed vertically the
charge vertex f ch has a spin component and f sp has a
charge component.

When we apply the crossing relation (11) to Eq. (9) we
obtain the following new relation,

fανν′ω =ϕph,ανν′ω +∇ph,ανν′ω, (12)

where ϕph is a U -ph-irreducible vertex and the U -ph-
reducible diagrams are given as (α = ch, sp),

∇ph,ανν′ω=− 1

2

(
∇ph,chν,ν+ω,ν′−ν+[3−4δα,sp]∇ph,spν,ν+ω,ν′−ν

)
. (13)

The U -ph-reducible diagrams are therefore simply ob-
tained from the crossing relation (11), they are shown
as the third and fourth diagram on the right-hand-side

of Fig. 1. Nevertheless, ∇ph and ∇ph generate different
diagrams, which we show explicitly in Appendix C.

D. U-pp channel

We now come to the particle-particle channel, which
requires some further preparation. First, we need to de-
fine a suitable three-point correlation function,

g
(3),s
νω̃ =

〈
cν↑cω̃−ν,↓ρ

+
ω̃

〉
. (14)

Here, we introduced the pair density ρ+ = c†↑c
†
↓ and its

conjugate ρ− = c↓c↑. The index s indicates the singlet
pairing channel and ω̃ is the transferred frequency of a
particle-particle pair.

We further define a right-sided Hedin-like vertex,

λ̄s
νω̃ =

g
(3),s
νω̃

gνgω̃−ν(1 + 1
2U

sχs
ω̃)
, (15)

where the denominator includes the respective bare in-
teraction Us and the singlet pairing susceptibility χs

ω̃ =

−
〈
ρ−−ω̃ρ

+
ω̃

〉
. As for the particle-hole case, one defines

a left-sided vertex λs, which is equal to λ̄s under time-
reversal and SU(2) symmetry, see Appendix B 2. For
simplicity, we will also refer to λ̄s as a Hedin vertex, al-
though it is not part of the original formalism [36].

Note that in the pp-channel the bare interaction Us

differs from the ph-channel by a factor 2 due to the in-
distinguishability of identical particles [13, 59],

Us = 2U. (16)

One further defines a singlet vertex function fs, it is ob-
tained from the particle-hole vertices as [13],

f s
νν′ω̃ =

1

2

(
f ch
νν′,ω̃−ν−ν′ − 3f sp

νν′,ω̃−ν−ν′

)
, (17)

where ω̃ = ω + ν + ν′ is the transferred frequency of
particle-particle pairs. As we did above for the ph- and
ph-channels, the U -pp-reducible diagrams will now be
separated from the vertex f s and expressed in terms of
λs. We show in Appendix A 3 that in full analogy to the
particle-hole channels we can write,

f s
νν′ω̃ =ϕpp,sνν′ω̃ + λ̄s

νω̃w
s
ω̃λ

s
ν′ω̃, (18)

where ϕpp,s is U -pp-irreducible and the screened interac-
tion ws for the singlet channel appears. It is given simply
by extending the definition (6) to the case α = s.

Eq. (18) achieves the separation of U -pp-reducible dia-
grams from f s, however, the desired U -pp-reducible con-
tribution is ∇pp in Eq. (7) to the vertices f ch and f sp in
particle-hole notation. Therefore, we like to write analo-
gous to Eqs. (9) and (12),

fανν′ω =ϕpp,ανν′,ω+ν+ν′ +∇pp,ανν′,ω+ν+ν′ , (19)

for α = ch, sp. ϕpp,ch/sp is a U -pp-irreducible vertex for
the respective channel and we show in Appendix A 4 that
the U -pp-reducible diagrams are given as,

∇pp,ανν′ω̃ =
1− 2δα,sp

2
λ̄s
νω̃w

s
ω̃λ

s
ν′ω̃, (20)
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which is the fifth diagram on the right-hand-side of Fig. 1.
Lastly, we explain why it is not necessary to consider

the triplet-pp-channel. One defines the triplet vertex as,

f t
νν′ω̃ =

1

2

(
f ch
νν′,ω̃−ν−ν′ + f sp

νν′,ω̃−ν−ν′

)
. (21)

This vertex represents the interaction of two particles
with the same spin (f t = f↑↑, see Ref. [13]). However,
this implies that there are no U -pp-reducible diagrams
in f t, because the bare Hubbard interaction Un↑n↓ only
acts between particles with opposite spin flavors, there-
fore, f t is by construction U -pp-irreducible [73].

This completes the SBE decomposition. One should
note that Eqs. (7), (9), (12), and (19) form a set of
parquet-like equations, which can be closed provided an
input for the fully U -irreducible vertex ϕfirr [74].

V. NUMERICAL EXAMPLES

In this section we present numerical results for the
AIM (2) to verify the exactness of the SBE decomposi-
tion (7) and to analyze the weight of the different terms.
Using continuous-time QMC solvers, we compute the full
vertex f and the Hedin vertices λ of the impurity model
corresponding to self-consistent DMFT calculations for
the half-filled Hubbard model (1) on the square lattice.
We then evaluate the SBE vertices ∇ and the fully ir-
reducible vertex ϕfirr numerically exactly. The inverse
temperature is fixed to βt = 5.

The impurity model was solved using two different
QMC solvers. The impurity Green’s function g, the
vertex function f , the Hedin vertices λch and λsp, and
the screened interactions wch and wsp of the particle-
hole channels were evaluated using the ALPS solver [75]
with improved estimators [56]. The Hedin vertex λs

and the screened interaction ws of the particle-particle
channel were obtained using the worm sampling of the
w2dynamics package [55]. We verified that the two
solvers yield consistent results.

A. Hedin vertices and screened interaction

We examine the constituent pieces of the SBE vertices
∇, the Hedin vertex λα and the screened interaction wα,
for a DMFT calculation at U/t = 4 in Fig. 7. In the
particle-hole channels α = ch, sp the Hedin vertex has
some structure near ν ≈ −ω/2 and approaches +1 for
large |ν| (top panels), whereas in the singlet particle-
particle channel α = s the structure lies near ν ≈ ω̃/2
and the asymptote is −1 (bottom left panel). In the para-
magnetic and particle-hole symmetric AIM the charge
and particle-particle fluctuations are related by a sym-
metry [76]. Correspondingly, the left panels of Fig. 7
show that λch and λs are not independent [77].

At the chosen parameters the three Hedin vertices do
not differ much in magnitude, however, the screened
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FIG. 7. (Color online) Hedin vertex λα and screened inter-
action wα of the channels α = ch, sp, and s. The impurity
model corresponds to a DMFT calculation at half-filling for
U/t = 4, where static spin fluctuations dominate.

interaction wα indicates that already at U/t = 4 the
spin fluctuations α = sp are large (see Fig. 7, bottom
right panel). Near ω ≈ 0 the screened interaction wsp

is strongly enhanced beyond its asymptotic value −U ,
hence, bosons with spin flavor dominate. Due to weak
charge and particle-particle fluctuations also wch and ws

deviate somewhat from U and 2U , respectively.

B. SBE vertices

The components of the SBE decomposition (7) of the
static vertex fα(ν, ν′, ω = 0) are shown in Fig. 8 for
U/t = 4. The two panels on the left show the full vertex
f in the charge and spin channel, the remaining columns
show the respective components ϕfirr and ∇. To high-
light their asymptotic behavior we subtracted the bare
interaction Uα from each vertex ∇α.

The features of the vertex components are consistent
with the discussion in Sec. III. The center panels of
Fig. 8 show that ∇ph is indeed largely independent of the
fermionic frequencies, except for ν ≈ 0 and/or ν′ ≈ 0,
where the Hedin vertices depend on the fermionic fre-
quency. Notice that ∇ph forms a constant background
beyond the bare interaction. The panels in the fourth

column of Fig. 8 show ∇ph, which has a feature near the
main diagonal, ν ≈ ν′, and decays quickly away from
it. On the other hand, ∇pp shown in the right panels
of Fig. 8 only has a feature near the secondary diago-

nal, ν ≈ −ν′−ω. As expected, both ∇ph and ∇pp do not
form a constant background beyond the bare interaction.
Finally, the vertex ϕfirr decays in all directions, it does
not have a constant background whatsoever.

Next, we consider the role of the SBE diagrams ∇ for
the full vertex f . To this end, we combine them with the
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FIG. 8. (Color online) SBE decomposition, see Eq. (7) and Fig. 1, for α = ch (top) and α = sp (bottom). (Left column)
Full vertex fα(νn , ν

′
n′ , ω = 0) as a function of the Matsubara indices n, n′. (Third, fourth, and fifth column) SBE vertices

∇ph,∇ph,∇pp. The bare interaction is subtracted from each vertex ∇. (Second column) Fully U -irreducible vertex ϕfirr,α. All
panels of a row share the same color scheme on the right. The impurity model corresponds to a DMFT calculation at U/t = 4.

double-counting correction in the quantity,

∇SBE,α = ∇ph,α +∇ph,α +∇pp,α − 2Uα, (22)

so that the full vertex is given as fα = ϕfirr,α +∇SBE,α,
cf. Eq. (7). It is interesting to investigate when ϕfirr,α is
small and the corresponding physics.

Once again for U/t = 4 we show in Fig. 9 the full vertex
f (top row) and ∇SBE (center row). We focus first on
the panels (e)-(h) on the right side of Fig. 9 for the spin
channel, which show f sp(ν, ν′, ω) and∇SBE,sp(ν, ν′, ω) for
fixed ω = ω0, ω5 as a function of ν and ν′. In fact, there
is a perfect qualitative agreement between the vertices
both at small and large frequencies [compare panels (e)
and (f), as well as (g) and (h), respectively]. Indeed, even
quantitative agreement of f sp and ∇SBE,sp is confirmed
by the bottom right panels of Fig. 9, which show slices
of the vertices for fixed ν = ν0, ν−5, and ν−10 as function
of ν′. The deviations are small even near ν′ ≈ 0 and
∇SBE,sp captures all features of the full vertex f sp. Notice
that the blue color of the vertices throughout the panels
(e)-(h) indicates attractive (negative) interaction in the
spin channel, similar to the attractive bare interaction
U sp = −U .

The panels (a)-(d) on the left side of Fig. 9 show
the charge channel, where the red color indicates repul-
sive (positive) interaction. Also here f ch and ∇SBE,ch

mostly agree qualitatively, however, a small region of
f ch(ν, ν′, ω0) in panel (a) shows attractive interaction
(blue) for small ν ≈ −ν′ − ω along the secondary diag-
onal. Apparently, the attractive feature of f ch is not in
∇SBE,ch in panel (b) and indeed it is instead captured by

the fully U -irreducible vertex ϕfirr,ch, which is shown in
the second column, top panel of Fig. 8. This discrepancy
for ω = ω0 can also be observed in the bottom left panel
of Fig. 9. The comparison to ω = ω5 in the neighbor-
ing panel shows that the difference ϕfirr between f and
∇SBE quickly decays with the bosonic frequency ω. The
locus of the attractive feature of f ch near the secondary
diagonal suggests that it is related to particle-particle
scatterings beyond single-boson exchange.

Overall the panels (a)-(h) of Fig. 9 show asymptot-
ically perfect agreement of f and ∇SBE for large fre-
quencies and mostly good agreement for small frequen-
cies. One should note that the agreement is best, and
hence the fully irreducible vertex ϕfirr,α is small, when
the corresponding bosonic fluctuations χα are large. For
U/t = 4 this is the case for the spin channel, as discussed
in Sec. V A. Indeed, Fig. 8 shows that ϕfirr,sp is very small
and confined to a tiny region of ν and ν′.

Next, we analyze the SBE vertices for a DMFT calcu-
lation at larger Hubbard interaction U/t = 8, a strongly
correlated (bad metal) regime. The vertices for this
case are shown in Fig. 10. Again, the panels (e) and
(f) show good qualitative agreement of f sp and ∇SBE,sp

for ω0 = 0, although the slices in the panel below show
some quantitative deviation along the secondary diago-
nal ν ≈ −ν′. For finite bosonic frequency ω5 the spin
vertex f sp has a repulsive (red) feature on the secondary
diagonal ν ≈ −ν′ − ω5 that is not present in ∇SBE,sp.

In the charge channel the vertex function f ch has two
dominant features, see Fig. 10 panels (a) and (c), the
main diagonal and an attractive feature on the secondary
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FIG. 9. (Color online) Full vertex function fα(νn , ν
′
n′ , ω) (top row) and ∇SBE,α(νn , ν

′
n′ , ω) (center row) as a function of n, n′

for fixed ω = ω0, ω5 and α = ch, sp. (Bottom) Cuts for fixed ν = ν0, ν−5, ν−10, see also dotted lines in panel (b). Triangles
show the full vertex f , lines show ∇SBE. The impurity model corresponds to a DMFT calculation at U/t = 4.

diagonal ν ≈ −ν′ − ω, similar to U/t = 4. On the
other hand, the constant background is small and the
secondary diagonal decays for large ν, ν′. These features
are negligible because the SBE vertices ∇ph,ch, ∇pp,ch,
and ∇pp,sp are small in this regime, where the charge and
singlet fluctuations χch and χs are strongly suppressed.

In contrast, the SBE vertex ∇ph,ch of the vertical
particle-hole channel is large and contributes the main
diagonal in Fig. 10 (a)-(d), because via Eq. (13) it has a
contribution of the large spin vertex ∇ph,sp of the hor-
izontal particle-hole channel. This feedback of the spin
fluctuations on charge-charge scatterings is indeed cru-

cial. As explained in Sec. III, ∇ph,ch describes the prop-
agation of particle-hole pairs. In the bad metal this ver-
tex is strongly repulsive and hence undermines the charge
fluctuations. The large contribution of ∇ph,sp to this ver-
tex implies that charge propagation is suppressed by ex-
change of static spin bosons between particles and holes,
which is a manifestation of the strong scattering due to
preformed local moments in the bad metal regime.

While ∇SBE,ch captures the asymptotic behavior of
the charge vertex f ch, there are significant differences
at small frequencies ν, ν′, ω. The slices in the bottom
left panel of Fig. 10 and panel (a) and (b) show that the
attractive (blue) feature of f ch has the opposite sign of
∇SBE,ch. Apparently, in this case the SBE vertices cancel
to some extent with the fully U -irreducible vertex ϕfirr,ch.

Lastly, we note that the results obtained for U/t = 8
and βt = 5 correspond to a parameter regime beyond the
first divergence line of the gg-ph-irreducible two-particle
self-energy [22]. In the parquet formalism this divergence
cancels with the corresponding gg-ph-reducible vertex,
leading to a finite full vertex function f . In contrast, in
our results none of the SBE vertices ∇ and hence neither
the fully U -irreducible vertex ϕfirr change their sign as
a function of the interaction, which would indicate the
crossing of a divergence line.

VI. CONCLUSIONS AND OUTLOOK

In this work we have expressed the four-point vertex
function of the single-band Anderson impurity model in
terms of three exchange bosons, which represent charge,
spin, and singlet particle-particle fluctuations, respec-
tively. On a formal level these bosons arise after clas-
sification of diagrams for the vertex into those that are
reducible with respect to the bare Hubbard interaction U
and those that are not. We have shown that this classifi-
cation leads to a parquet-like decomposition of the vertex
into three U -reducible and one fully U -irreducible com-
ponent. However, this decomposition does not require
the inversion of the Bethe-Salpeter equation and it is
therefore not affected by divergences of the two-particle
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FIG. 10. (Color online) The same vertices as in Fig. 9 for a DMFT calculation at U/t = 8.

self-energy [22, 24].

Similar to the parquet decomposition, the classifica-
tion of diagrams according to U -reducibility is a priori
only a technical observation without physical implica-
tions. However, it immediately reveals a direct physical
interpretation. Since the Green’s function lines can be
contracted at a bare interaction vertex, the latter acts as
a bosonic end-point where the fermions are coupled with
collective excitations. In a sense, the resulting philoso-
phy is similar to the one behind the fluctuation exchange
(FLEX) approximation [59], where the vertex is however
still computed from the two-particle self-energy, which is
not a physical correlation function. Our approach indeed
realizes the concept of fluctuation exchange even more
literally than FLEX, because the vertex is expressed in
terms of observable effective bosons.

In fact, each U -reducible vertex represents the ex-
change of a single boson during electronic scatterings.
We therefore refer to this decomposition as a single-boson
exchange (SBE) decomposition of the full vertex and to
the U -reducible components as SBE vertices. The lat-
ter represent a crossing-symmetric subset of the vertex
diagrams, exact up to third order in the interaction [cf.
Appendix C], which gives rise to the vertex asymptotics.
Each SBE vertex is associated to characteristic scattering
events, which can be represented in terms of the Hedin
three-leg vertex and the screened interaction. As a mat-
ter of fact, only the fully U -irreducible vertex is intrinsi-
cally a four-point vertex which does not admit a repre-

sentation in terms of single-boson exchange.

We have evaluated the components of the SBE decom-
position for an Anderson impurity model, using the hy-
bridization function which corresponds to the Hubbard
model on the square lattice within the DMFT mapping.
As expected, the SBE vertices can be used to approxi-
mate the full vertex of the impurity in the weak-coupling
regime and for any interaction they provide a unified ex-
pression for the vertex asymptotics [45, 46]. Remark-
ably, even for large interaction strength the dominant
scattering processes are captured by the SBE vertices.
For example, in the bad metal regime they describe the
strong suppression of charge propagation due to exchange
of bosons of the spin channel between particles and holes.

The proposed SBE decomposition is a fairly general
contribution to the diagrammatic theory of the vertex
function, as such it is suggestive of a broad range of appli-
cations. For example, in the future we will investigate the
possibility to approximate the full vertex by the SBE ver-
tices, neglecting the fully irreducible vertex, in order to
calculate the DMFT susceptibility [3, 50, 78] and within
diagrammatic extensions of DMFT [79]. A generaliza-
tion to multi-orbital systems and simplified expressions
for the SBE vertices may strongly ease the evaluation
of vertex corrections to response functions and to the
electronic self-energy, also in the context of electronic
structure calculations [80]. Furthermore, the utility of
the SBE decomposition as an alternative to the parquet
decomposition can be explored. A related aspect that
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was not highlighted in this work is that the SBE equa-
tions can be formulated entirely in terms of three-leg ver-
tices [51]. This makes the SBE approach crucially lighter
from a computational point of view compared to the par-
quet equations that are formulated in terms of four-leg
vertices.

ACKNOWLEDGMENTS

We thank A. Toschi for his reading of the manuscript
and many useful suggestions. F.K. thanks D. Gef-
froy, J. Kaufmann, A.I. Lichtenstein and E.A. Stepanov
for discussions. M.C. acknowledges financial support
from MIUR PRIN 2015 (Prot.2015C5SEJJ001) and
SISSA/CNR project Super- conductivity, Ferroelectricity
and Magnetism in bad metals (Prot. 232/2015). A.V. ac-
knowledges financial support from the Austrian Science
Fund (FWF) through the Erwin Schrödinger fellowship
J3890-N36.

Appendix A: U-pp-irreducible vertices

We separate U -pp-reducible diagrams from the vertex
function. We proceed in a similar way as in Ref. [50],
where this is done for the particle-hole channel.

1. Generalized susceptibility

For the singlet channel one defines a generalized sus-
ceptibility as follows,

χs
νν′ω̃ =− βgνgω̃−νδνν′ + gνgω̃−ν

1

2
f s
νν′ω̃gν′gω̃−ν′ , (A1)

where the singlet vertex function f s is given by equa-
tion (17), cf. Ref. [13], but we choose a slightly different
definition for χs because it leads to analogous relations
as in the ph-channels. χs satisfies the ladder equation,

χ̂s
ω̃ =− χ̂0

ω̃ −
1

2
χ̂0
ω̃γ̂

s
ω̃χ̂

s
ω̃, (A2)

where γs is the two-particle self-energy of the singlet-pp-
channel (gg-pp-irreducible vertex) and we adopted a ma-
trix notation for χs

νν′(ω̃). χ0
νν′(ω̃) = βgνgω̃−νδνν′ is the

particle-particle bubble. Note that matrix multiplication
implies a factor β−1.

As exercised in Ref. [50] for the particle-hole channel,
we like to define a U -pp-irreducible generalized suscepti-
bility πs

νν′ω̃ that does not include insertions of the bare
interaction in the sense of the bottom diagram of Fig. 4.
In the ladder equation (A2) all of the U -pp-reducible di-
agrams arise from the leading order of the two-particle
self-energy γs, which is 2U according to Ref. [13]. We
therefore define πs via the ladder equation,

π̂s
ω̃ =− χ̂0

ω̃ −
1

2
χ̂0
ω̃γ̂

i,s
ω̃ π̂

s
ω̃, (A3)

where γi,sνν′(ω̃) = γs
νν′(ω̃) − 2U . By inverting the matrix

relations (A2) and (A3) we arrive at the following rela-
tion between reducible and irreducible generalized sus-
ceptibility (see also Ref. [50]),

χ̂s
ω̃ =π̂s

ω̃ +
1

2
π̂s
ω̃2Uχ̂s

ω̃. (A4)

We write the matrix relation (A4) in explicit notation,

χs
νν′ω̃ =πs

νν′ω̃ +
1

2

(∑
ν1

πs
νν1ω̃

)
U s

(∑
ν2

χs
ν2ν′ω̃

)
, (A5)

where U s = 2U . This is the central relation between
reducible and irreducible diagrams in the singlet-pp-
channel. We use it to derive several equations in the
main text.

2. Irreducible susceptibility and pp-Hedin vertex

Firstly, summing Eq. (A5) over ν and ν′ we arrive at
a relation for the pairing susceptibility χs

ω̃ = −
〈
ρ−−ω̃ρ

+
ω̃

〉
[ρ± are defined below Eq. (14)],

χs
ω̃ =

∑
νν′

χs
νν′ω̃ =πs

ω̃ +
1

2
πs
ω̃U

sχs
ω̃, (A6)

where the polarization is defined as πs
ω̃ =

∑
νν′ πs

νν′ω̃.
We further define a U -pp-irreducible three-leg (or Hedin)
vertex λs. To this end, we sum equation (A5) over ν′,

∑
ν′

χs
νν′ω̃ =

∑
ν1

πs
νν1ω̃

(
1 +

1

2
U s
∑
ν2ν′

χs
ν2ν′ω̃

)
. (A7)

We identify
∑
ν2ν′ χs

ν2ν′ω̃ = χs
ω̃, divide by gνgω̃−ν(1 +

1
2U

sχs
ω̃), and define the right-sided Hedin vertex as,

λ̄s
νω̃ =

∑
ν′ πs

νν′ω̃

gνgω̃−ν
=

∑
ν′ χs

νν′ω̃

gνgω̃−ν
(
1 + 1

2U
sχs
ω̃

) . (A8)

The generalized susceptibility is related to the three-

point correlation function as g
(3),s
νω̃ =

∑
ν′ χs

νν′ω̃, leading
to equation (15) in the main text. In a similar way one
defines a left-sided Hedin vertex,

λs
νω̃ =

∑
ν′ χs

ν′νω̃

gνgω̃−ν
(
1 + 1

2U
sχs
ω̃

) . (A9)

3. U-pp-irreducible vertex function

We define analogous to equation (A1) a vertex part
ϕpp,s for the irreducible generalized susceptibility,

πs
νν′ω̃ =−βgνgω̃−νδνν′ +gνgω̃−ν

1

2
ϕpp,sνν′ω̃gν′gω̃−ν′ . (A10)
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We relate ϕpp,s to the full vertex f s. To this end,
we insert Eqs. (A1) and (A10) into equation (A5),
cancel −βgνgω̃−νδνν′ on both sides, and divide by
gνgω̃−νgν′gω̃−ν′ ,

f s
νν′ω̃ =ϕpp,sνν′ω̃ +

(∑
ν1
πs
νν1ω̃

)
U s
(∑

ν2
χs
ν2ν′ω̃

)
gνgω̃−νgν′gω̃−ν′

, (A11)

a factor 1
2 was canceled on both sides. We combine

this relation with the definitions of the Hedin vertices
in Eqs. (A8) and (A9),

f s
νν′ω̃ =ϕpp,sνν′ω̃ + λ̄s

νω̃U
s

(
1 +

1

2
U sχs

ω̃

)
λs
ν′ω̃. (A12)

Finally, we identify the screened interaction,

ws
ω̃ = U s

(
1 +

1

2
U sχs

ω̃

)
, (A13)

which extends equation (6) to the case α = s. Further-
more, Eq. (A12) is the desired decomposition (18) of the
vertex into irreducible and reducible parts.

4. U-pp-reducible diagrams in particle-hole
notation

In the main text we focus on the SBE decomposition of
the full vertex function f ch/sp in particle-hole notation,
however, equation (A12) is formulated in the particle-
particle notation. In order to obtain the U -pp-reducible
part of f ch/sp we use the relations (17) and (21) between
particle-hole and particle-particle notations, leading to,

f
ch/sp
νν′ω =f t

νν′,ω+ν+ν′ ± 1

2
(f s
νν′,ω+ν+ν′ + f t

νν′,ω+ν+ν′),

where s and t denote the singlet and triplet channel. We
insert the decomposition (18) of the singlet vertex f s and
obtain the desired relation for the particle-hole notation,

f
ch/sp
νν′ω =ϕ

pp,ch/sp
νν′,ω+ν+ν′ ± 1

2
λ̄s
ν,ω+ν+ν′ws

ω+ν+ν′λs
ν′,ω+ν+ν′ ,

which is equation (19) in the main text and we summa-
rized all U -pp-irreducible contributions into the vertex,

ϕ
pp,ch/sp
νν′ω̃ =f t

νν′ω̃ ±
1

2
(ϕpp,sνν′ω̃ + f t

νν′ω̃). (A14)

Note that ϕpp,s is the U -pp-irreducible vertex of the
singlet channel, whereas the triplet vertex f t is U -pp-
irreducible by construction [see comments below equa-
tion (21)] and must hence be fully accounted to the U -
pp-irreducible parts of f ch and f sp, respectively.

Appendix B: Equivalence of left- and right-sided
Hedin vertex

We relate the left- and right-sided Hedin vertices λα

and λ̄α. To do this, we use the following relation for the

πα = λ̄α

ν

ν +
ω

πs = λ̄s

ν

ω̃ −
ν

FIG. 11. Relation between the polarization and the right-
sided Hedin vertex λ̄ (similar relations hold for the left-sided
λ by attaching legs from the right). (Left) Particle-hole chan-
nels. (Right) Singlet-particle-particle channel.

vertex function that holds under time-reversal symmetry
combined with SU(2) symmetry [13],

fανν′ω =fαν′νω, α = ch, sp, s. (B1)

We combine this with equations (9) and (19) to obtain a
relation for the irreducible vertices ϕ,

ϕνν′ω + λ̄νωwωλν′ω =ϕν′νω + λ̄ν′ωwωλνω, (B2)

where we temporarily dropped the labels ph, pp, and α.
For the particle-particle channel (α = s) the bosonic fre-
quency in Eqs. (B1) and (B2) is that of a particle-particle
pair, ω → ω̃.

1. Particle-hole channel

According to Ref. [50] the U -ph-irreducible vertex
ϕph,α is related to the right- and left-sided Hedin ver-
tex as [81],

λ̄ανω =1 +
∑
ν′

ϕph,ανν′ωgν′gν′+ω, (B3)

λανω =1 +
∑
ν′

gν′gν′+ωϕ
ph,α
ν′νω. (B4)

We make use of these relations in equation (B2) by mul-
tiplying the latter by gν′gν′+ω, summing over ν′, and
adding 1 on both sides, leading to,

λ̄ανω + λ̄ανωw
α
ω

(∑
ν′

λαν′ωgν′gν′+ω

)

=λανω +

(∑
ν′

gν′gν′+ωλ̄
α
ν′ω

)
wαωλ

α
νω. (B5)

The sums yield the polarization [50],
∑
ν′ λαν′ωgν′gν′+ω =∑

ν′ gν′gν′+ωλ̄
α
ν′ω = παω , see also left-hand-side of Fig. 11,

λ̄ανω(1 + wαωπ
α
ω) =λανω(1 + παωw

α
ω), (B6)

and hence,

λ̄ανω =λανω, (B7)

for α = ch, sp and right- and left-sided Hedin vertex of
the particle-hole channel are equivalent.
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P1

ν1

ν1 + ω

P2,P4

ν
1

ν
1
+
ν
′−

ν

P5

ν1

ω̃ − ν1

FIG. 12. U -reducible diagrams at order O(U2). The vertex

∇ph generates the diagram P1, ∇ph generates P2 and P4, and
∇pp yields diagram P5, see text. Labels P as in Ref. [13].

2. Particle-particle channel

For the particle-particle case we obtain the correspond-
ing relation between Hedin vertex and U -pp-irreducible
vertex ϕpp,s from Eqs. (A10) and (A8),

λ̄s
νω̃ =− 1 +

1

2

∑
ν′

ϕpp,sνν′ω̃gν′gω̃−ν′ (B8)

λs
νω̃ =− 1 +

1

2

∑
ν′

gν′gω̃−ν′ϕpp,sν′νω̃. (B9)

Starting from Eq. (B2) for ϕpp,s, similar steps as in the
particle-hole case show the equivalence,

λ̄s
νω̃ = λs

νω̃. (B10)

Notice that in this case the polarization πs
ω̃ is given as on

the right-hand-side of Fig. 11, see also Eq. (A8).

3. Complex conjugation

In Secs. B 1 and B 2 we made use of the time-reversal
symmetry, however, the right- and left-sided Hedin vertex
are also connected by a relation of the vertex function to
its complex conjugate [13],

fανν′ω =
(
fα−ν′,−ν,−ω

)∗
, (B11)

which is a weaker assumption than (B1). Using equa-
tion (B11) it is easy to prove,

λ̄ανω = (λα−ν,−ω)∗. (B12)

When also Eqs. (B7) and (B10) are valid this implies the
symmetry relation, λ̄ανω = (λ̄α−ν,−ω)∗.

Appendix C: Lowest-order U-reducible diagrams

We demonstrate that already at order O(U2) the

U -reducible vertices ∇ph, ∇ph, and ∇pp of the SBE-
decomposition (7) generate topologically distinct dia-
grams. In the following we consider order O(U), O(U2),

FIG. 13. U -ph-reducible diagrams of order O(U3). The
triangular shapes in the bottom diagrams are parts of the left-
sided Hedin vertex λch/sp. At order O(U3) all diagrams are
U -reducible in some way. (Bottom left) U -ph-reducible vertex
correction. (Bottom right) U -pp-reducible vertex correction.

and O(U3). We denote diagrams as in Ref. [13] (although
we use a dashed line to depict the bare interaction):

First order. At order O(U) there is only one diagram,
the bare interaction. This diagram arises as the leading

order of all three U -reducible vertices ∇ph,α,∇ph,α, and
∇pp,α. To see this, we consider the leading order of the
screened interaction (6) and of the Hedin vertices (B3)
and (B8),

wα = Uα + ...,

λ̄ch/sp = 1 + ..., (C1)

λ̄s = −1 + ... (C2)

This yields for the U -ph-reducible vertex (10),

∇ph,α =Uα +O(U2). (C3)

We insert this result into the U -ph-reducible vertex (13),

∇ph,α =− 1

2

(
U ch + [3− 4δα,sp]U sp

)
+O(U2)

=Uα +O(U2), (C4)

where we used U ch = +U and U sp = −U . Finally, we
consider the U -pp-reducible vertex (20),

∇pp,α =
1− 2δα,sp

2
2U +O(U2) = Uα +O(U2), (C5)

where α = ch, sp and we inserted the bare interaction
of the singlet channel (16), U s = 2U . As expected, the
U -reducible vertices all yield the bare interaction Uα as
the leading order. In the SBE-decomposition (7) it is
therefore necessary to subtract it two times in order to
avoid double-counting.

Second order. We consider the diagrams of order
O(U2) beginning with the particle-hole channels. At this
order all diagrams are U -reducible and arise once again
from λ̄ch,sp ≈ 1, whereas the screened interaction (6) is
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expanded to orderO(U2). For this it is useful to write the
screened interaction for the particle-hole channel as [50],

wαω =
Uα

1− Uαπαω
= Uα + UαπαωU

α + ...

=Uα + U2
∑
ν1

gν1gν1+ω +O(U3). (C6)

In the first line we expanded the geometric series, in
the second line we used the relation between polariza-
tion π and Hedin vertex λ̄ depicted on the left-hand-side
of Fig. 11 and truncated λ̄ after the leading term 1. We
arrive at the following diagram for the U -ph-reducible
vertex in Eq. (10),

P1 = U2
∑
ν1

gν1gν1+ω, (C7)

and there is no difference between the charge and spin
channels. P1 is indeed the same diagram as in Ref. [13],
the only gg-ph-reducible diagram at order O(U2).

We further use P1 to evaluate the U -ph-reducible ver-

tex ∇ph,α in equation (13),

P2 + (1− 2δα,sp)P4 = −2(1− δα,sp)U2
∑
ν1

gν1gν1+ν′−ν .

(C8)

P2 and P4 are gg-ph-reducible (the transferred momen-
tum of the particle-hole bubble is ν′−ν) and they cancel
each other in the spin channel, as in Ref. [13]. Also the
negative prefactor is recovered correctly.

Finally, we come to the particle-particle channel, where
we truncate the Hedin vertex after the leading order, λ̄s ≈
−1 . Due to choice of definitions the screened interaction
ws is related to the polarization πs in a slightly different

way than in the particle-hole channel, cf. Eq. (C6),

ws
ω̃ =

U s

1− 1
2U

sπs
ω̃

= U s + U s 1

2
πs
ω̃U

s + ... (C9)

=2U − 1

2
(2U)2

∑
ν1

gν1gω̃−ν1 +O(U3).

In the second step we inserted the bare interaction U s =
2U and truncated the Hedin vertex λ̄s ≈ −1 in the re-
lation for the polarization πs on the right-hand-side of
Fig. 11. We obtain the following diagram for the U -pp-
reducible vertex in Eq. (20),

P5 =− (1− 2δα,sp)U2
∑
ν1

gν1gω̃−ν1 . (C10)

The prefactor of this diagram is consistent with Ref. [13],
note that ω̃ = ω + ν + ν′.

The diagrams P1,P2,P4, and P5 are shown in Fig. 12.
The U -reducible vertices ∇ indeed generate only one
identical diagram, the bare interaction, whereas from or-
der O(U2) onwards one is left with topologically distinct
diagrams: ∇ph,∇ph, and ∇pp generate gg-ph-, gg-ph,
and gg-pp-reducible diagrams, respectively, there is hence
no further double-counting.

Third order. We briefly discuss O(U3)-diagrams. Ac-
cording to Ref. [13] the first fully gg-irreducible diagram
beyond the bare interaction is the envelope diagram of or-
derO(U4) on the left of Fig. 5. Therefore, at orderO(U3)
only the bare interaction can be a fully gg-irreducible
building block. However, three bare interaction lines can
not be connected to form a fully U -irreducible diagram,
therefore, also at this order all diagrams are U -reducible.
We illustrate this in Fig. 13, which shows three diagrams
of order O(U3) which contribute to the U -ph-reducible
vertex ∇ph. The first fully U -irreducible diagrams arise
at expansion order O(U4), see also Fig. 5.
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