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@ 2-quasiconvexity. Dal Maso, Fonseca, G. L., & Morini,
ARMA, 2004;

@ Image restoration. Dal Maso, Fonseca, G. L., & Morini,
SIMA, 2009;

@ Counterexample integral representation. Dal Maso, Fonseca,
& G. L., Adv. Calc. Var., 2010;

@ Singularly perturbed problems. Chermisi, Dal Maso, Fonseca,
& G. L., Indiana Univ. Math. J, 2011;

@ Singular parabolic equations, Hilbert transform. Dal Maso,
Fonseca, & G. L., ARMA, 2014;

@ Second order Gamma convergence. Dal Maso, Fonseca, & G.
L., Calc. Var. Partial Differential Equations, 2015;

@ Nonlocal functionals. Dal Maso, Fonseca, & G. L., Trans.
Amer. Math. Soc., 2018;

@ Minimizing movements, elliptic systems in domains with
corners. Dal Maso, Fonseca, & G. L., in preparation.
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Asymptotic Development

Outline of the Talk:

@ Gamma-Asymptotic Development of Order k
@ Singularly perturbed Neumann-Robin boundary problems
e G.Gravina and G. L., 2019, SIAM J. Math. Anal.,

@ Asymptotic development of order 2 for Cahn—Hilliard
functional

e G.L. and R. Murray, 2016, ARMA, & 2019, Proc. Amer.
Math. Soc.

o G. Dal Maso, |. Fonseca and G.L., 2015, Calc. Var. Partial
Differential Equations.
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Gamma-Asymptotic Development of Order k

Gamma-Convergence

@ De Giorgi (1975), De Giorgi and Franzoni (1975)

X metric space, F, : X — [—00,00], € > 0, ['-converges if there
exists F(©) : X — [~o00, 0] such that

o for every x € X and every x; — X,

liminf e (x) > FO(x),

e—0F

We write F¢ L FO.
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Gamma-Convergence

@ De Giorgi (1975), De Giorgi and Franzoni (1975)

X metric space, F, : X — [—00,00], € > 0, ['-converges if there
exists F(©) : X — [~o00, 0] such that

o for every x € X and every x; — X,

liminf Fu(x) > FO(x),

e—0t
o for every x € X there exists x; — x such that

lim Fe(x) < FO(x)

e—07F

We write F¢ L Fo.
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Gamma-Asymptotic Developments

@ Anzellotti and Baldo (1993)

Definition
X metric space, F; : X — (—o00, 0] has a I'-asymptotic
development of order k,

FOLFO Ler® 4o 4 ek FW) 4 o(eh),
if there exist F() : X — [—00,00], i =1,..., k, such that

° .7-—5(0) L 7O, where .7:5(0) = Fe,
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Gamma-Asymptotic Developments

@ Anzellotti and Baldo (1993)

Definition
X metric space, F; : X — (—o00, 0] has a I'-asymptotic
development of order k,

FOLFO Ler® 4o 4 ek FW) 4 o(eh),
if there exist F() : X — [—00,00], i =1,..., k, such that

° fg(o) L FO) where .7:6(0) ="

. (=1) _jnf Fl-1) .
o 7). Te s'”ff S FD fori=1,..., k.
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Gamma-Asymptotic Development of Order k

o U; := {minimizers of F()}
o Fl) = w0in X\Ui-1
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o inf ., = inf FO e inf FU .. p ek inf U 4 o(ek),
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Gamma-Asymptotic Development of Order k

o U; := {minimizers of F()}

o f(i) = o0 in X\L{,-,l

o let £¢,, — 0T and assume that there is a minimizer x,, € X of
Fe,, and x;m — x

o {limits of minimizers of F;, } CUx C -+ C Uy,

o inf Fp, = inf FO e inf FO ... 4k inf FU) 4 o(ek)),

@ Goal/Hope find k so that {limits of minimizers of F;_} = U.
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Gamma-Asymptotic Development of Order k

. (=1) _jnf £li-1) .
F0 . Fe S'”ff L7 fori=1,... k

Let X =R and

Fe(x) = x|

o 7 5 FO =0, Uy := {minimizers of FO} =R,
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Gamma-Asymptotic Development of Order k

. (i-1) _. (i—1) ,
-7'_5(') = Fe emf]: L F) fori=1,..., k.

Let X =R and

Fe(x) = x|

o ]__8(0) I FO) = 0, Uy := {minimizers of }—(0)} =R,
o FV(x)=e|x|, F) L Fi) =0 foralli=1,..., oL
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. (i-1) _. (i—1) ,
-7'_5(') = Fe emf]: L F) fori=1,..., k.

Let X =R and

Fe(x) = x|

o FO L 7O =0 1y := {minimizers of 7(©} =R,
. f§’)(x) = ek=i|x], ]—"8(") L F0) =0 foralli= L....k—1,
@ U; := {minimizers of ]:(i)} =R,
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° ]-"8(0) L FO =0,y = {minimizers of F(O} = R,
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o U; := {minimizers of F()} = R,

° fg(k)(x) = |x|,
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. (i-1) _. (i—1) ,
-7'_5(') = Fe emf]: L F) fori=1,..., k.

Let X =R and

Fe(x) = x|

° ]-"S(O) L FO =0,y = {minimizers of F(O} = R,

° flg(i)(x) = sk*"\x], .7-}(") LFO =0foralli= 1,... k-1,
o U; := {minimizers of F()} = R,

° ]:g(k)(x) = |x|,

o {limits of minimizers of F;, } =Ux C Ux—1 = --- = Up.
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. (i-1) _ . (i—1) _
]:g(l) = e Smf]: L F fori=1,..., k.

Let X = [0,1] and

elx| ifxe (277,271, ne N,
“TS(X):{OH ifx:g). |

o ]_-8(0) L 70 =, Uy := {minimizers of 7O} = [0, 1],

n—k ; —n o5—n+1
k), [ € F|x| ifxe (22 ], neN,
Fe (X)_{o if x = 0.
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. (i-1) _ . (i—1) _
]:g(l) = e Smf]: L F fori=1,..., k.

Let X = [0,1] and

elx| ifxe (277,271, ne N,
“TS(X):{OH ifx:g). |

o FO L 7O =0, 1y := {minimizers of 7(®} = [0,1],

(k) e k|x| ifxe (27,27, neN,
e =10 if x = 0.

o Uy := {minimizers of F(K)} = [0,27],
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. (i-1) _ . (i—1) _
]:g(l) = e Smf]: L F fori=1,..., k.

Let X = [0,1] and

[ e"x|] ifxe (27" 27", neN,
fe(X)—{ 0 ifx=0
o J_—E(O) L FO =0 1y := {minimizers of F(©)} = [0,1],

(k) e k|x| ifxe (27,27, neN,
e =10 if x = 0.

o Uy := {minimizers of F(K)} = [0,27],

e {limits of minimizers of F; } = N, Uk.
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Fe = - = FO fori=1,... k.
Let X =R and

Fe(x) = e 1/¢|x|
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.7:'8("71) —inf FU-1

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o 7O L FO =0
o Uy := {minimizers of F(O} = R,
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.7:'8("71) —inf FU-1

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o 7O L FO =0

o Up := {minimizers of F(O} =R,
. —1/¢ .
° Fg(')(x) — eT\XL .7-—5(’) L F0) =0 for all i,
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Gamma-Asymptotic Development of Order k

.7'"8([ Y _inf FU-1 ¢

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o FO L FO =

o Uy := {mlmmlzers of FO} =R,
-1/

o F)(x) =
o U; := {minimizers of ()1 = R,

|x|, FO L F0) =0 for all /,
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.7'"8([ Y _inf FU-1 ¢

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o FO L FO =
o Uy := {mlmmlzers of FO} =R,

-1/
o FN(x) = L ixl, £O L F0) = 0 for all i,
e U; := {minimizers of .7-"(/)} =R,
o {limits of minimizers of 7, } = {0} CU;=---=Uy =R

for all /
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Gamma-Asymptotic Development of Order k

@ More generally,

Definition
X metric space, F, : X — (—00, c0] has a I'-asymptotic
development of order k,

FOLFO 4w (0)FD + - + wi(e)FX + o(eh),
i there exist F() : X — [—c0,00], i = 1,..., k, such that

° .7:5(0) ER FO) where .7:5(0) o= J5




Asymptotic Development
000000

Gamma-Asymptotic Development of Order k

@ More generally,

Definition
X metric space, F, : X — (—00, c0] has a I'-asymptotic
development of order k,

FOLFO 4w (0)FD + - + wi(e)FX + o(eh),
i there exist F() : X — [—c0,00], i = 1,..., k, such that

° ]—"S(O) L FO) where Fg(o) o=
@ wy =1, w >0 wi(e) =0, wi(e)/wi—1(e) - 0ase— 0T,
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Gamma-Asymptotic Development of Order k

@ More generally,

Definition
X metric space, F, : X — (—00, c0] has a I'-asymptotic
development of order k,

FOLFO 4w (0)FD + - + wi(e)FX + o(eh),
i there exist F() : X — [—c0,00], i = 1,..., k, such that
° ]—"S(O) L 7O, where Fg(o) = Fe,

e wo=1, w; >0, wi(e) >0, wi(e)/wi-1(e) — 0ase— 0T,

. (i=1) _ . (i-1) _
° ]:8(’) - T i’ - LFOfori=1,..., k.
wi(e)/wi-1(e)
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Dirichlet—=Neumann Problems

AUO =f in Q,
dyug =0 on Ty,
w=g onTlp,

e OCRN open, bounded, 0Q) Lipschitz continuous,
@ v outward unit normal to 9Q),

0 0N =TyUTp, TyNIp =@, I'y, I'p relatively open,
nonempty

o fc (), g€ H¥?(3Q)
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AUO =f in Q,
8vuo =0 on FN,
u =g onIp,

Figure: Courtesy of G. Gravina

«o»

A«

DA
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Loss of Regularity

Aup =0 in(Q,
dyug =0 on Ty,
up =20 onIp,

° N:2,Q:IRi:{(x1,x2):xz>O},
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Loss of Regularity

Aup =0 in(Q,
dyug =0 on Ty,
up =20 onI'p,

o N=2 Q0=R2 ={(x,x): x >0},
o I'y = (—00,0) x {0}, Tp = (0,00) x {0},

@ in polar coordinates

u(r,0) = r/%sin(/2),



Dirichlet-Neumann Problems

Loss of Regularity

Aup =0 in(Q,
dyug =0 on Ty,
up =20 onI'p,

o N=2 Q0=R2 ={(x,x): x >0},
o I'y = (—00,0) x {0}, Tp = (0,00) x {0},

@ in polar coordinates
uo(r,0) = r*/?sin(6/2),

e uy ¢ H*(AN B((0,0),r)) for every r > 0.
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Dirichlet-Neumann Problems

Main Hypotheses

AUO =f in Q,
dyug =0 on Ty,
u =g on FD,

e () C IR? open, bounded, connected 9Q) of class C1,

0 00 =TNyUTp, TyNTp = {P1, P,}, Ty, I'p relatively open,
nonempty,

e IO N B(P;,4;) is a segment, i = 1,2, §; > 0 small,

e (r;,0;) polar coordinates at P;, , i = 1,2,

o f € l?(0), g € H2(30)).
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Aug=1Ff inQ),
8Vu0 =0 on r/\/,
=g onlp,

Theorem

|

Up = Ureg + Z c,-qo,-(r,-)ril/2 sin(0,/2),
i=1

® Uy € H?(Q), ¢ € R, with

[ treg || 2 (2 +Z!CII<CIIf\|L2 + cllgllsr
i=1

Grisvard, Kondratev, Maz'ja, Oleinik, Plamenevskii; etc.



Dirichlet-Neumann Problems

Aug=1Ff inQ),
8Vu0 =0 on r/\/,
=g onlp,

Theorem

|

Up = Ureg + Z c,-qo,-(r,-)ril/2 sin(0,/2),
i=1

o Ueg € H*(Q), ¢ € R, with

[ ureg || 2 (2 +Z|CI|<C||f||L2 )+ cllgllmsr .
i=1

@ ¢; € C*([0,00)), i =11in[0,6;/2] and ¢; = 0 outside
[0, 6;].

Grisvard, Kondratev, Maz'ja, Oleinik, Plamenevskii; etc.
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Lions (73), Colli-Franzone (73, 74), Costabel & Dauge (93)

Au€ = f |n Qy
dyu, =0 on I'y,
edyu. +u. =g onlp.

@ What is the advantage?
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Singularly Perturbed Neumann—Robin

Lions (73), Colli-Franzone (73, 74), Costabel & Dauge (93)

Au€ = f |n Qy
dyu, =0 on I'y,
edyu. +u. =g onlp.

@ What is the advantage?
o uy ~ ri/?

@ u.~rlogr
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Asymptotics

Au, = f in ),
dyu, =0 on Iy,
edyu; +u. =g onlp.

Theorem (Costabel & Dauge)
Under the main hypotheses, with f = 0,

o Hug — UOHL2(Q) = O(slogs),




Singularly Perturbed Problems

Asymptotics

Au, = f in ),
dyu, =0 on Iy,
edyu; +u. =g onlp.

Theorem (Costabel & Dauge)
Under the main hypotheses, with f = 0,

] HUg — U0HL2(Q) = (’)(slogs),

-} HUS = UOHHHS(Q) = 0(81/2_5), S & (—%,

).

N|—




Singularly Perturbed Problems

Asymptotics

Au, = f in ),
dyu, =0 on Iy,
edyu; +u. =g onlp.

Theorem (Costabel & Dauge)
Under the main hypotheses, with f = 0,

] HUg — U0HL2(Q) = (’)(slogs),
o |lu; — wolprrs(q) = O(eV?27%), s € (3. 3).

o ||lu — uolli2(ry) = Oe] loge]/?).
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Gamma Asymptotic Development

Au. = f in (),
dyu, =0 on I'y, (N-R)
edyu. +u. =g onlp.

@ Solutions u, of (N-R) are critical points of

Fe(v) = /Q (3|Vv|]* + fv) dx+218/r.0(vg)2ds, v e HY Q).
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Gamma Asymptotic Development

AUS == f |n Qy
dyu, =0 on I'y, (N-R)
edyu. +u. =g onlp.

@ Solutions u, of (N-R) are critical points of
— [ (21w 1 2 1
Fe(v) = [ (3|VVv|*+ fv) dx+ (v—g)°ds, veH Q).
o) 2e Jrp

@ Study compactness of bounded sequences.
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@ Study compactness of bounded sequences.

@ Study Gamma asymptotic development.
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Gamma Asymptotic Development

AUS == f |n Qy
dyu, =0 on I'y, (N-R)
edyu. +u. =g onlp.

@ Solutions u, of (N-R) are critical points of
1
F.(v) :/ (L Vv]? + o) dx+—/ (v—g)2ds, ve H(Q).
o) 2e Jrp

@ Study compactness of bounded sequences.
@ Study Gamma asymptotic development.
@ Extend F; to L2(Q) via F.(v) := oo for v € L2(Q) \ H}(Q).
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Gamma Asymptotic Development of Order 0

Fe(v) = /Q (A|Vv]* + ) dx+218/rD(v—g)2ds, v € HY(Q).

Theorem (G. Gravina & G.L.)

Under the main hypotheses, F. - Fo in [2(Q)), where

Fo(v) =/Q(%]Vv|2+fv) dx

ifve HY (Q) and v =g on Tp, Fy(v) = oo otherwise in L2(Q)).

v

@ min Fyp = Fo(up), up solution to Dirichlet—-Neumann problem.



Gamma Asymptotic Development

Compactness (of Order 1)

Fe(v) ::/ (A|Vv|]? + ) dx+1/ (v—g)3ds, veH{(Q).
0 2e Jrp

Theorem (G. Gravina & G.L.)

Under the main hypotheses, let ¢, — 07 and v, € H*(Q) be such
that

sup Fe, (Vi) < Fo(up) + cepllogen].
n
Then (up to a subsequence)

Vn — Up
eh/?| log e,|1/2
Vnh — U
€n| loge,|1/2

—wy in Hl(Q),

— v In L2<FD).
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Hardy's Inequality p=N

Compactness relies on the Hardy-type inequality

Theorem (Machihara, Ozawa, & Wadade, '12)
If N=2and u€ HY(B(0,r)), r >0, then

u?(x e B
(oo T meerimz®) =2 (foon200%)

’ 1/2
+2(1+v2) (/B dx) .

1/2

X

Vu(x)

]

(0.r)
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Hardy's Inequality p=N

o WLP(RV) = {ue WLP(RV): Vue LP(RY; RV)}

loc
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Hardy's Inequality p=N

o W'P(RV) = {ue WEP(RY): Vue LP(RV;RV)}
Wlp ]RN

o HP(RY):={uc CZ(RN): up =0}

Up -= zm (B(O 1)) fB(o p) uax,
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o WLP(RV) = {uc WP(RY): Vue LP(RV;RY)}
1,p N

o HiP(RY):= {u € CF(RM): =0y "
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ug = ENEET)
@ Problem: W'P(RV) = AYP(RN)?
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Hardy's Inequality p=N

o WLP(RV) = {uc WP(RY): Vue LP(RV;RY)}
1,p N
o HiP(RY):= {u € CF(RM): =0y "
u dx,

us = pre) Jeoy
o Problem: WP(RN) = ALP(RN)?
@ Ladyzhenskaya & Solonnikov, '78



Gamma Asymptotic Development

Hardy's Inequality p=N

o WLP(RV) = {uc WP(RY): Vue LP(RV;RY)}
1,p N

o HiP(RY):= {u € CF(RM): =0y "

u dx,

us = zrEy Je0.)
o Problem: WP(RN) = ALP(RN)?
@ Ladyzhenskaya & Solonnikov, '78

Let N > 2 and let u € H*N(RN). Then

|u(x) — ug|"
/RN i Bl < C/RN IV u(x)[Nax

1+ |x|? log? [x])N/2

for some constant ¢ = c(N) > 0.
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Gamma Asymptotic Development of Order 1

1
Fe(v) := / (L|Vv|]? + ) dx+—/ (v—g)%ds, veH(Q).
o) 2e Jrp
@ Recall uy = ureg + Y2, c,-go,-(r,-)rl-l/2 sin(0;/2), up solution to
Dirichlet-Neumann problem.

Theorem (G. Gravina & G.L.)
Under the main hypotheses,

F. — min F
FO =20 L e n2(),
e|log €|

where Fi(v) = —3 Y7y ¢? if v.=uy, Fi(v) = oo otherwise in

12(Q).




Gamma Asymptotic Development

Gamma Asymptotic Development of Order 1

Fe(v) ::/ (A|Vv]? + ) dx+1/ (v—g)%ds, veHY(O).
0 2e Jrp

@ up solution to Dirichlet-Neumann problem.

Theorem (G. Gravina & G.L.)
Under the main hypotheses,

Fe(ue) = Fo(ug) + €| loge|Fi(up) + o(eloge),

l|ue — wol[2(0) = Ofeloge),
81/2).

[|ue — U0||H1(Q) = O(




Gamma Asymptotic Development

Gamma Asymptotic Development of Order 1

1
Fe(v) := /Q (A|Vv]? + ) dx%—g/r (v—g)3ds, veH{(Q).
D
@ ug solution to Dirichlet—Neumann problem.

@ u, solution to Robin—Neumann problem.

Theorem (G. Gravina & G.L.)
Under the main hypotheses,

Fe(ue) = Fo(ug) + €| loge|Fi(up) + o(eloge),

l|ue — uol[2(0) = Ofeloge),
81/2).

(| ue — U0||H1(Q) = O(




Gamma Asymptotic Development

Compactness (of Order 2)

Fe(v) ::/ (A|Vv|]? + ) dx+1/ (v—g)3ds, veH{(Q).
0 2e Jrp

Theorem (G. Gravina & G.L.)

Under the main hypotheses, let ¢, — 07 and w, € H*(Q) be such
that

sup Fe, (wy) < Fo(up) +€n|logen|Fi(ug) + cep.

Then (up to a subsequence)

Wp — Ug — Epln

gl/? —po in H(Q),

N
N

Wp — Uo

—u =) aill = xgpen] = G0 — Y i in L*(Tp).

€n i=1 i=1

v
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Compactness (of Order 2)

Fe(v) := /Q (A Vv]* + ) dx+%/FD(v—g)2ds, v e HY Q).

® Uy = Upeg + Y2, c,-(p,-(r,-)r,-l/2 sin(0;/2), up solution to
Dirichlet-Neumann problem.



Gamma Asymptotic Development

Compactness (of Order 2)

Fe(v) := /Q (A Vv]* + ) dx+21€/rD(v—g)2ds, v e HY Q).

® U) = Upeg + 2,2:1 c,-go,-(r,-)r,.l/2 sin(0;/2), up solution to
Dirichlet-Neumann problem.

@ uj solution to

Au1 =0 in Q,
dyu; =0 on I'y,
uy = _al/ureg on FD



Gamma Asymptotic Development

Compactness (of Order 2)

Fe(v) := /Q (A Vv]* + ) dx+21€/rD(v—g)2ds, v e HY Q).

® U) = Upeg + 2,2:1 c,-go,-(r,-)r,.l/2 sin(0;/2), up solution to
Dirichlet-Neumann problem.

@ uj solution to

Au1 =0 in Q,
dyu; =0 on I'y,
up = —0dylreg on I'p.



Gamma Asymptotic Development

Gamma Asymptotic Development of Order 2

1
Fu(v) ;:/ (LVv[2 + ) dx+2—/ (v—g)’ds, ve H(Q).
Q € JTp
® Uy = Upeg + Y2, c,-(p,-(r,-)r,.l/2 sin(0;/2), up solution to
Dirichlet-Neumann problem.

Theorem (G. Gravina & G.L.)
Under the main hypotheses,

[ _ g MnAp 12(Q)
£ 1/|loge] 2 '

where F1(v) = A— % fFD (E)Vureg)2 ds if v=upy, Fp(v) = o0
otherwise in L*(Q)).




Gamma Asymptotic Development

Gamma Asymptotic Development of Order 2

Fe(v) := /Q (A|Vv]> + fv) dx+21€/rD(v—g)2ds, v € HY Q).

@ g solution to Dirichlet—Neumann problem.

Theorem (G. Gravina & G.L.)

Under the main hypotheses,

Fg(u‘g) = Fo(uO) —|-€| |0g€|F1(U0) =4k €F2(Uo) =F O(E),
llue — woll 2(rp) = O(e| loge|'/?).




Gamma Asymptotic Development

Gamma Asymptotic Development of Order 2

Fe(v) := /Q (A|Vv]> + fv) dx+21€/rD(v—g)2ds, v € HY Q).

@ up solution to Dirichlet-Neumann problem.

@ u, solution to Robin—Neumann problem.

Theorem (G. Gravina & G.L.)

Under the main hypotheses,

Fg(u‘g) = Fo(uO) —|-€| |0g€|F1(U0) =4k €F2(Uo) =F O(E),
llue — woll 2(rp) = O(e| loge|*/?).
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Future Work/Open Problems

@ Asymptotic development of order 3.



Gamma Asymptotic Development

Future Work/Open Problems

@ Asymptotic development of order 3.
o N > 3.
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Future Work/Open Problems

@ Asymptotic development of order 3.
o N> 3.
@ p-Laplacian
div(|[Vu|P2Vu) = f in Q,

|[Vup|P~2Vug-v=0 onTy,
up =g on I'p.
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Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

@ Free energy
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Fe(u) :/ (W (u) +&|Vul?) dx.
Q

e OCRVN open, bounded, container

@ u density of a fluid,
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Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

Free energy

Fe(u) :/Q(W(u)+€2|Vu|2) dx.

QCRV open, bounded, container

u density of a fluid,

fQ udx = m, where m total mass of the fluid,
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Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

Free energy
F.(u) :/ (W () + | Vul?) dx.
Q

QCRV open, bounded, container

u density of a fluid,

fQ udx = m, where m total mass of the fluid,

W double-well potential, W >0, W=({0}) = {a, b}, a < b,



Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

Free energy

e O C RV open, bounded,

o u of a fluid,

° fQ udx = m, where m of the fluid,

o W double-well potential, W >0, W=1({0}) = {a, b}, a < b,

@ Van Der Waals (1893), Cahn and Hilliard (1958), Gurtin
(1987)
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Zero Order Gamma Limit
Take X = L1(Q)), W=L1({0}) = {#1}, and

Fe(u) := /Q (W (u) + €| Vul?) dx
if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit
FOW) = [ W(wdx
0

if u€e L}(Q), [yudx=m, and F©(u) = oo otherwise in
L1(Q),



Zero Order Gamma Limit
Take X = L1(Q)), W=L1({0}) = {#1}, and

Fu(u) 1=/Q(W(U)+€2|Vu\2) dx

if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit

FO) = /Q W (u) dx

if ue L}(Q), [udx=m, and FO)(u) = oo otherwise in
LH(Q),
e minimizers of F(0):

Uo = {1xe — 1xa\g : E Borel, measE = measQbm 1



Zero Order Gamma Limit
Take X = L1(Q)), W=L1({0}) = {#1}, and

Fu(u) IZ/Q(W(U)+82\VU\2) dx

if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit

FO) = /Q W (u) dx

if ue L}(Q), [udx=m, and FO)(4) = oo otherwise in
LH(Q),
o minimizers of F(©);

Uo = {1xe - 1xo\e : E Borel, measE = meas EEm |

e inf F(0) =,



Zero Order Gamma Limit
Take X = L1(Q)), W=L1({0}) = {#1}, and

Fu(u) iZ/Q(W(U)—i—S2\Vu\2) dx

if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit

FO) = /Q W (u) dx

if ue L}(Q), [udx=m, and FO)(u) = oo otherwise in
LH(Q),
o minimizers of F(©);

Uo = {1xe - 1xo\e : E Borel, measE = meas EEm |

o inf F(O) =0,
@ Non-physical solutions.
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First Order Gamma Limit

° |nf.7:() 0,

u) +¢e|Vul?) dx if u e HY(Q), / udx =m
Q 0

and 7 (u) oo otherwise in L1(Q)),
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First Order Gamma Limit

FO —inf FO

.7:8(1) = .

e inf FO) =,
f§1>(u):/ (LW () + €| Vuf?) dx if u € HY(Q), / udx = m
@) @)

and .7-"5(1)(u) = oo otherwise in L1(Q)),
@ First Order I'-limit:

FO(4) = ¢ Perg {u =1} if u € BV(Q; {£1}), / udx = m
Q

and F)(u) = oo otherwise in L1(Q2)



First Order Gamma Limit

o inf F(O) =0,
FO () :/ (LW (u) + e Vul?) dx if u € H(€), / udx = m
@) @)
and ftg(l)(u) = oo otherwise in L1(Q)),
@ First Order I'-limit:
FO(4) = ¢y Perg {u =1} if u € BV(Q; {£1}), / udx = m
Q

and F)(u) = oo otherwise in L1(QQ)
@ Perq {u = 1} surface area of d {u =1} in (),

c = 2f711 vV W(s) ds,



First Order Gamma Limit

e inf FO) =,
]:8(1)(“) - / (%W(u) —|—£|Vu|2) dx if u € HY(Q), / udx =m
O Q

and fe(l)(u) = oo otherwise in L1(Q)),
@ First Order I'-limit:

FO(4) = ¢y Perg {u =1} if u € BV(Q; {£1}), /Q udx = m

and F)(u) = oo otherwise in L1(QQ)

o Perq {u = 1} surface area of 0 {u =1} in Q,
o = 2f_11 VvV W(s)ds,

e Carr, Gurtin, and Slemrod (1984) for N = 1, Modica and
Mortola (1979) W(s) = sin? (7rs), Modica (1987), Sternberg
(1988) for N > 1.
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First Order Gamma Limit
FO(u) = ¢y Perg {u =1} if u € BV(Q; {£1}), / udx = m
Q

and F)(u) = oo otherwise in L1(QQ)

o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q), E Borel, measE = measzﬁ}



First Order Gamma Limit
FO(u) = ¢y Perq {u =1} if ue BV(Q; {£1}), / udx=m
Q

and F)(u) = oo otherwise in L1(QQ)

o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q), E Borel, measE = meazﬁ}

@ Eq is regular for N < 7, has constant mean curvature x,



First Order Gamma Limit
FO(u) = ¢y Perq {u =1} if ue BV(Q; {£1}), / udx=m
Q

and F)(u) = oo otherwise in L1(QQ)

o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q), E Borel, measE = meazﬁ}

o Egy is regular for N < 7, has constant mean curvature x,

o if () is regular, then Ey meets 0() transversally,



First Order Gamma Limit

FO(u) = ¢y Perq {u =1} if ue BV(Q; {£1}), /Q udx=m

and F)(u) = oo otherwise in L1(QQ)
o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q), E Borel, measE = meazﬁ}

o FEy is regular for N < 7, has constant mean curvature x,
e if () is regular, then Ey meets d() transversally,
e Gonzalez, Massari and Tamanini (1983), Griiter (1987)
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Second Order Gamma Limit
() .7:5(1) — inf F1)
' I3
o inf FU) = ¢ Perq Eg, Eg C Q) minimizer,

fQ( +€|Vu| )dx—co Perq Eg
€

if ue HY(Q), [, u dx = mand .7:8(2)(u) = oo otherwise in
L1(Q),



Second Order Gamma Limit

F —inf FO
€

o inf F) = ¢ Perq Eg, Eg C Q) minimizer,

£y = J (LW +e90) & aPera

if ue HY(Q), [u dx=mand .7-"8(2)(u) = oo otherwise in
LH(Q),
o N=1, Q= (—L,L), Carr, Gurtin, and Slemrod (1984): If v,

mininimizer of Fg:

L
/ (W (ue) + €| ul]?) dx = coe + O™ ).
J—L



Second Order Gamma Limit

F —inf FO
€

.7:5(2) =

o inf F) = ¢ Perq Eg, Eg C Q) minimizer,

£y = J (LW +e90) & aPera

if ue H'(Q), [u dx=mand .7-"8(2)(u) = oo otherwise in
L1(Q),
e N=1,Q0=(-L,L), Carr, Gurtin, and Slemrod (1984): If v,

mininimizer of F:
L
/ (W (ue) + €|uf]?) dx = coe + O(e™).
—L

o F(K) =0 forall k> 2.
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Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W=t ({0})=[-1-6,—-1+6]U[Ll—6,1+6], where
0<d<l,
L
/ udcx=m~> u(—L)=a, u(l)=2§.

—L
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Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W= ({0})=[-1-6,—1+6U[l—5,1+6], where
0<do<1l,
L
/ udx=m~> u(—L)=a, u(l)=2§.
—L
e () =T torus, Bellettini, Nayam, Novaga (2013): If
{us} € HY(T) with up — wp in LX(T), up € BV(T; {—1,1}),
there exist dp e — Xp41 — Xn, n =1, ..., £, where x;'s are the
jumps of ug such that
fT (%(ng —1)? +€|u£|2) dx — col
I3

> —16\6 i e*ﬁdn,s/s +o (e*3ﬂdn,s/(2€)) ,

n=1




Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W=t ({0})=[-1-68,-1+6]U[Ll—6,1+6], where
0<d<1,
L
/ udx=m~> u(—L)=a, u(l)=2§.
—L
e ) =T torus, Bellettini, Nayam, Novaga (2013): If
{us} € HY(T) with u; — wp in LY(T), up € BV(T; {—1,1}),
there exist dp e — Xp41 — Xn, n =1, ..., £, where x;'s are the
jumps of ug such that
It (& (u? —1)2 +¢lul]?) dx — ol
€

Z _16\/5 Zé: e*ﬁdn,e/g +o0 <e73\/§dn,s/(2€)> ,

n=1

@ This inequality is



Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W=t ({0})=[-1-68,-1+6]U[Ll—6,1+6], where
0<d<1l,
L
/ udx=m~> u(—L)=a, u(l)=2§.
L
e ) =T torus, Bellettini, Nayam, Novaga (2013): If
{us} € HY(T) with u; — wp in LY(T), up € BV(T; {—1,1}),
there exist dp e — Xp41 — Xn, n =1, ..., £, where x;'s are the
jumps of ug such that
fT (%(ue2 —1)? +8|u£|2) dx — col
€

Z _16\/5 Zé: e*\/idn,e/g +o0 <e73\/§dn,s/(2€)> ,

n=1

@ This inequality is
@ Similar result for W of class C? quadratic at +1.
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Second Order Gamma Limit, N > 2
o Anzellotti, Baldo, and Orlandi (1996) W (s) = s2,

/udx:mw u=g>0 ondQ.
o)



78(2)(U) = fQ (4%(U2 — 1)2 + €|VU|2) dx — (o)) PerQ Eo
€
if ue H'(Q), [udx=mand fg(2)(u) = o0 otherwise in
L1(Q)), where Ey minimizes

min {Perq E: E C Q), E Borel, measE = W}

Theorem (G.L. and Murray)
Let QOC RN, 2< N<7, be open, bounded, of class C**, a > 0.

Then

if u=1xg, — Lxa\g and F@(u) = oo otherwise in L*(0}).

@ Similar result for W of class C? quadratic at £1.



Jo (5= |u? — 1| +¢|Vul?) dx — g Perq Eo
FO ) = ok ) S 1<p<2

€

if ue H'(Q), [udx=mand ,7:5(2)(u) = oo otherwise in
L1(Q)), where Ey minimizer

Theorem (G.L. and Murray)

Let QO C RN, 2 < N <7, be open, bounded, of class C>*, a > 0.
Then

f(2)(u) =0
ifu=1xg — 1xa\g and F@)(u) = oo otherwise in L*(Q)).

e Dal Maso, Fonseca and G.L. (2015) under the additional
hypothesis u; = 1 on 9Q).



Jo (5= |u? — 1| +¢|Vul?) dx — g Perq Eo
FO ) = ok ) S 1<p<2

€

if ue H'(Q), [udx=mand ,7:5(2)(u) = oo otherwise in
L1(Q)), where Ey minimizer

Theorem (G.L. and Murray)

Let QO C RN, 2 < N <7, be open, bounded, of class C>*, a > 0.
Then

f(2)(u) =0
ifu=1xg — 1xa\g and F@)(u) = oo otherwise in L*(Q)).

e Dal Maso, Fonseca and G.L. (2015) under the additional
hypothesis v = 1 on 9Q).

e Ey = Ball compactly contained in Q).
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Main Tools

@ Asymptotic development by Gamma convergence. Anzellotti
and Baldo (1993)
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@ A type of rearrangement for Neumann problems Cianchi,
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@ Gamma convergence for weighted 1-dimensional functional

He(u) = /TT [i(u2 — 12+ ?|w(t) dt.
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o In the radial case w(t) = "~ Niethammer (1995)



Main Tools

Asymptotic development by Gamma convergence. Anzellotti
and Baldo (1993)

A type of rearrangement for Neumann problems Cianchi,
Edmunds, and Gurka (1996).

@ Gamma convergence for weighted 1-dimensional functional

He(u) = /TT [i(lﬂ C 124 22| w(t) dt.

In the radial case w(t) = tN~1 Niethammer (1995)
Sternberg and Zumbrun (1998, 1999)



Thank youl!
Happy Birthday, Gianni!
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