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1. Prologue A

Happy birthday to Gianni ...

. many happy and fruitful years to come

...and many thanks for your direct and
indirect contributions to CoV and
to the analysis of material models

First meeting: MFO July 7-13, 1996 CoV (Ambrosio, Hélein, Miiller)

True encounter: Submission January 12, 2004 to ARMA (by Gilles)
Dal Maso, Francfort, Toader: Quasistatic crack growth in finite elasticity
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1. Prologue Ly

Oberwolfach meeting (March 2007)
Analysis and Numerics of
Rate-Independent Processes

Interaction with Gianni and his school produced cross-fertilization
Gianni my research
BV and CoV parabolic systems
crack evolutions 1996 nonlinear elasticity
quasistatic evolution =~ rate-independent processes

vanishing-viscosity approach ~ Balanced-Viscosity solutions
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Oberwolfach meeting (March 2007)
Analysis and Numerics of
Rate-Independent Processes

Interaction with Gianni and his school produced cross-fertilization

Gianni my research
BV and CoV parabolic systems
crack evolutions 1996 nonlinear elasticity

quasistatic evolution =~ rate-independent processes
vanishing-viscosity approach ~ Balanced-Viscosity solutions

Fundamental contributions to finite-strain elasticity:

Dal Maso, Negri, Percivale: Linearized elasticity as I'-limit of finite elasticity 2002.

—"—, Francfort, Toader: Quasistatic crack growth in nonlinear elasticity, 2005.

—"—, Lazzaroni: Quasistatic crack growth in finite elasticity with non-interpenetration, 2010

W
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2. Finite-strain elasiticity and temperature

Describe the interaction between
# viscoelastic deformation y(t,-) : © — R? and

@ heat transport for 0(¢,-) : Q@ — ]0, 00|
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2. Finite-strain elasiticity and temperature Loy

Describe the interaction between
# viscoelastic deformation y(t,-) : © — R? and

@ heat transport for 0(¢,-) : Q@ — ]0, 00|

» consider relatively slow processes = ignore inertial terms (quasistatic)
» fully nonlinear obeying frame indifference (static and dynamic)
» avoid non-selfinterpenetration (only locally via det Vy(t, z) > 0)
> use a second grade material involving [, H H(V?y)dz
» coupling of temperature and deformation via
e latent heat and e viscous heating
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2. Finite-strain elasiticity and temperature Loty

Describe the interaction between
# viscoelastic deformation y(t,-) : © — R? and
@ heat transport for 0(¢,-) : Q@ — ]0, 00|
» consider relatively slow processes = ignore inertial terms (quasistatic)
» fully nonlinear obeying frame indifference (static and dynamic)
» avoid non-selfinterpenetration (only locally via det Vy(t, z) > 0)
> use a second grade material involving [, H H(V?y)dz
» coupling of temperature and deformation via
e latent heat and e viscous heating
Free energy functional F(y,0) = [, {v(Vy,0) + H(V?y)} dz
Viscous dissipation potential R(y,,7) fQ (Vy,0,Vy)dx
Balance of linear momentum 0 = Dy R(y, 6,y) +D,F(y, 8)
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2. Finite-strain elasiticity and temperature Lo

Balance of linear momentum 0 = DyR(y, 0, 9) + D,F(y,0)
Heat equation with entropy s(t,z) = —9gt»(Vy(t, z),0(t, x))
0s+divg=¢ with heat flux ¢ = —K(Vy, 0)Vé

and viscous heating £ = dv;((Vy, 0, Vy):Vy > 0
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2. Finite-strain elasiticity and temperature Loy

Balance of linear momentum 0 = DyR(y, 0, 9) + D,F(y,0)
Heat equation with entropy s(t,z) = —9gt»(Vy(t, z),0(t, x))
0s+divg=¢ with heat flux ¢ = —K(Vy, 0)Vé

and viscous heating £ = dv;((Vy, 0, Vy):Vy > 0

Today we simplify notation by assuming
i no external forces or heat sources

i simple boundary conditions y|r,,. = ypir and g - v = 0 (otherwise natural ones)

Total energy conservation holds with e(F, ) = ¢ (F,0) — 00y (F, 0)
E(y,0) = o {e(Vy,0) + H(V?y)} do
For smooth solutions we have E(y(t),0(t)) = E(y(0),6(0)) (energy conserv.).
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2. Finite-strain elasiticity and temperature Loy

Main assumption: splitting of free-energy density
Y(F,0) = pei(F) + ¢cpi (F, 0)

# (.1 contains main mech. behavior e (F) > ¢/(det F)° + c|F|P — C

& Pcp1 is “relatively nice” with respect to F
Mechanical energy M(y) = [, {¢a(Vy) + H(V?y)} dz

For smooth solutions one obtains the mechanical energy-dissipation balance

daiy)+ [ t(D R0, + [ Or0en(V9.0)9502)ds = 0(y(0)
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Main assumption: splitting of free-energy density
Y(F,0) = pei(F) + ¢cpi (F, 0)

# (.1 contains main mech. behavior e (F) > ¢/(det F)° + c|F|P — C

& Pcp1 is “relatively nice” with respect to F
Mechanical energy M(y) = [, {¢a(Vy) + H(V?y)} dz

For smooth solutions one obtains the mechanical energy-dissipation balance

daiy)+ [ t(D R0, + [ Or0en(V9.0)9502)ds = 0(y(0)

Strategy: Gain good control on y without using any properties of 6:
t
M)+ [ (excor 911 = 19612 Vil ) ds < M(y(0))

Using |8F¢cpl(F7 6)‘2 < Kﬂoel(F) gives

My(t)) < My +/

M(y(s)) ds.

4CKorn
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2. Finite-strain elasiticity and temperature

Message: We need some fundamental tools

i We need a generalized Korn inequality (Neff2002, Pompe 2003)
DyR(y,6,9)] / 0, C(V, 0, V§): V5 dy > cxom / V2 da

for all relevant (y,6) and § € Hy (),
where “relevant” means M(y) < Cyps and 0 arbitrary.
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@ From M(y) < Cys we derive invertibility (using Healey-Krémer 2009)

[Vyllce <C and det Vy(z) > cHekr > 0.
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2. Finite-strain elasiticity and temperature Loy

Message: We need some fundamental tools

i We need a generalized Korn inequality (Neff2002, Pompe 2003)
DyR(y,6,9)] / 0, C(V, 0, V§): V5 dy > cxom / V2 da

for all relevant (y,6) and § € Hy (),
where “relevant” means M(y) < Cyps and 0 arbitrary.

@ From M(y) < Cys we derive invertibility (using Healey-Krémer 2009)
IVyllce <C and det Vy(z) > cpexy > 0.
i To control the viscous heating we need to turn weak into strong

convergence. This will be done by a chain-rule argument via A-convexity of
M on sublevels:  If M(y), M(§) < Cps and [|[VG—Vy|lLe < 8(Car), then

M(H) = M(y) +DM(y)[5—y] — ACum)IVG—VylIZ..
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3. Three tools: |. Invertibility via second gradient Loy

Q2 C R? bounded, Lipschitz domain and I'p;, C 9Q with #9~1(I'p;;) > 0
Y :={y € H (% RY) | y|r,, = ypi } set of admissible deformations

Theorem (Healey-Kromer 2009)* Assume .1 (F) = oo for det F' < 0,
1 1 1
we(F) > c/(det F)? —C, H(A) > c|A|"—C, and ;+5 < 7

Then, for all C; > 0 there exists C*, cgexr > 0 such that for all y € Y
with M(y) < Car we have

[yllwzr(@) < C* and det Vy(z) > cpexr on €.

This gives uniform invertibility on sublevels, in particular

Vyl

co + (V) Hee <K with a =1-r/d €]0,1].

* Healey, Krdmer: Injective weak solutions in second-gradient nonlinear elasticity.
ESAIM COCV 15, 863-871, 2009
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Loy

3. Three tools: Il. Generalized Korn inequality

Time-dependent frame-indifference asks for ((F,0, F) = 6(0, 0,C) with
C=F"FandC=F"F+F'F (Antman 1998)
%C':]D)(C, 0)C and

We assume linear viscoelasticity, i.e. E(C’, 0,C) =
C,0)C < K|C|? for all C,6,C

assume upper and lower bounds +|C|? < C:)(
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3. Three tools: Il. Generalized Korn inequality Ly

Time-dependent frame-indifference asks for ¢(F,0, F') = ((C,6,C) with
C=F"FandC=F"F+F'F (Antman 1998)

We assume linear viscoelasticity, i.e. E(C’, 0, C) = %C‘:]D)(C, 9)0 and
assume upper and lower bounds 1 |C|? < C:D(C,0)C < K|C|? for all C,6,C

Thus, viscoelastic dissipation only controls ¢ = FTEF+ FTF = vy vy+VyT Vy

Theorem (Neff2002, Pompe 2003*) Let O C R? be bdd, Lipschitz,
HI=Y('pi,) > 0, and F € CO(Q; R¥*?) with min{ det F(z)|z € Q} = 0.
Then, there exists ckorm (F) > 0 such that

VvV e Hf (RY): / |FTVV + VVTF|*dz > ckom(F) ||V |3

Neff: On Korn's first inequality with non-constant coefficients, Proc. Roy. Soc. Edinburgh Sect.
A 132, 221-243, 2002.

Pompe: Korn's first inequality with variable coefficients and its generalization, Comment. Math.
Univ. Carolinae 44(1) 57-70, 2003.
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3. Three tools: Il. Generalized Korn inequality Ly

e The Neff-Pompe result is wrong for general F' € L>°(2),
even for F' = Vy with y € W0 (Q)

e The mapping F + ckom(F) is norm continuous on CO(€2; R4*4).
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3. Three tools: Il. Generalized Korn inequality Ly

e The Neff-Pompe result is wrong for general F' € L>°(2),
even for F' = Vy with y € W0 (Q)

e The mapping F + ckom(F) is norm continuous on CO(€2; R4*4).

Combining this with the invertibility provides a uniform generalized Korn
inequality on sublevels of M

Proposition (Uniform generalized Korn inequality on sublevesl of M)
For each C)ps > 0 there exists Ckorn (Cpr) > 0 such that

Vy €Y with M(y) < Cy VO € L' (Q) VV € Hf__(Q):
KDyR(y,8,V)[V] 2 [Vy T VVHVV T VylE2 2 Eom(Ca) |V |7

Proof: Combine Neff-Pompe with compact embedding
W2r(Q) c CLe(Q) € CL(Q),
the uniform Healey-Kromer invertibility, and WeierstraRR' extremum principle.
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3. Three tools: Il. Generalized Korn inequality Ly

e The Neff-Pompe result is wrong for general F' € L>°(2),
even for F' = Vy with y € W0 (Q)

e The mapping F + ckom(F) is norm continuous on CO(€2; R4*4).

Combining this with the invertibility provides a uniform generalized Korn
inequality on sublevels of M

Proposition (Uniform generalized Korn inequality on sublevesl| of M)
For each C)ps > 0 there exists Ckorn (Cpr) > 0 such that

Vy €Y with M(y) < Cy VO € L' (Q) VV € Hf__(Q):
KDyR(y,8,V)[V] 2 [Vy T VVHVV T VylE2 2 Eom(Ca) |V |7

Can this result be derived from rigidity estimates
as a kind of “infinitesimal rigidity” ?
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3. Three tools: lll. Abstract chain rule

X reflexive Banach space
M: X — RU{+o0} is weakly lower semicontinuous and A-convex for some
A €R,ie. forall yo,y1 € X and all § € ]0,1[ we have

M((1—0)yo +03) < (1-6)M(yo) + M) — 5 (1-0)0ln —solly

Theorem (RS'06). Assume u € W'P([0,T); X) and n € LP" ([0, T]; X*)
such that supyg 71 M(u(t)) < oo and n(t) € OM(u(t)) a.e. in [0, T], then

Brézis: Opérateurs maximaux monotones et semi-groupes dans espaces Hilbert. 1973 (convex!)
Rossi, Savaré: Gradient flows of non convex functionals in Hilbert spaces and applications,

ESAIM COCV 12, 564-614, 2006. (A-convex)
M., Rossi, Savaré: Nonsmooth analysis of doubly nonlinear evolution equations, Calc. Var. PDE 46,

253-310, 2013. (even more general)
11 (20) %
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4. The existence result ﬁﬁ;

We first collect the assumptions for
free-energy density  Y(F,0) = @ei(F) + ¢epi(F, 0) F=Vy
Hyperstress density ~ H(A) = H(V?y)
dissipation potential  ((F,0, F) = Z(C,H,C’)
= unadratic in C and bounded above on with D continuous
@ H convex, C!, and +|A|" — K < H(A) < K(1+|A|)"
# (F,0) — K(F, ) continuous, bounded and uniformly positive definite
@ initial conditions y° € Y and 6° € L, (Q) with £(y°,6°) < o0

2 Y(F,0) = @el(F) + ¢epi(F,0) with ¢op1(F,0) =0

W
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dissipation potential  ((F,0, F) = Z(C,H,C’)
= unadratic in C and bounded above on with D continuous
@ H convex, C!, and +|A|" — K < H(A) < K(1+|A|)"
® (F,0) — K(F,0) continuous, bounded and uniformly positive definite
@ initial conditions y° € Y and 6° € L, (Q) with £(y°,6°) < o0

2 Y(F,0) = pei(EF) + depi(F, 0) with ¢epi(F,0) = 0 and
e o € C2(GLT(R?)) and pe1(F) = oo for det F < 0
e 0i(F) > % (det F)~° with 1/6 +1/r < 1/d
® |8F¢Cp1(F)9)|2 < K@el(F)
o L < 0020 (F,0) < K and 02¢pep(F,0) < K
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4. The existence result ﬁﬁ;

Decomposition of free energy ©(F,8) = @el(F) + ¢cpi(F,0)

leads to a corresponding decomposition of internal energy
€(F, 9) = w(F7 9)_969w(F5 9)

e(F,0) = w1 (F) + 1(F,0) with w(F,8) = ¢cpi(F, 0)—00ppcpi (F, )
Assumptions give 0 = w(F,0) < ro(F,0) and dpw(F,0) € [%,K]
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4. The existence result ﬁﬁ;

Decomposition of free energy ©(F,8) = @el(F) + ¢cpi(F,0)

leads to a corresponding decomposition of internal energy
€(F, 9) = w(F7 9)_969w(F5 9)

e(F,0) = w1 (F) + 1(F,0) with w(F,8) = ¢cpi(F, 0)—00ppcpi (F, )
Assumptions give 0 = w(F,0) < ro(F,0) and dpw(F,0) € [%,K]

Three possible formulations of the “heat equation”

(equivalent for smooth solutions)

0s+divg =& =2C e=1+0s
é+divg =&+ 9pp(Vy,0) :Vy full mechanical power
—_———

sing. at det Vy=0

reduced heat equation for the “thermal energy” 1w = e — ¢, only

w+divg =& + Ipdep1(Vy, 0):Vy only power of “coupling energy”
[ ——

well-behaved

W
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4. The existence result ﬁ@

We use the simpler reduced heat equation for the “thermal energy” to

w+divg =&+ Or¢ep1(Vy, 0) :Vy only power of “coupling energy”
—— ——

well-behaved
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4. The existence result

We use the simpler reduced heat equation for the “thermal energy” to

w+divg =&+ Or¢ep1(Vy, 0) :Vy only power of “coupling energy”
—— ——

well-behaved

Together with the mechanical power balance
0+ | [ (660 + 9r60(92,0:9)a) ds = 26(y(0)
Q
we obtain the conservation of the total energy

(1), 0(1)) = M(y(t)) + /Q w(Vy(t),0(t)) do = €(y°,6°).

W
14 (20) \*‘\!
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4. The existence result «fﬁz

Theorem (Global existence) Under the above assumptions there
exists for all T > 0 a weak solution (y,0) : [0,7] — Y x L1(Q) with

(y(0),60(0)) = (y°,6°) and
y € C.([0, T); W2 (2)) nH'([0, T]; H' ()  and
0 € L1([0,T); Wh1(€)) N LI([0, T); Wh9(Q)) for all g € [1, 42

Moreover, this solution satisfies energy balance &(y(t),0(t)) = &(y°,0°)
and the mechanical energy-dissipation balance.

A pair (y, 0) is called weak solution if

T
/ /((3FC(Vy, 0, V§)+0ry(Vy,0)):Vz + 8AJ{(V2y)EV2Z)dZE dt=0
0JQ
for all z € CY([0,T); (W n H%Dir)(Q))

T
/0 /Q(m(Vy, 0)0 — VoK(Vy, 0)V0 + (2 (- )+ e (Vy,0):V5)v) da

= / w(Vy®,0%) dz  for all v € CL([0, T]; WH°(Q)) with v(T) = 0.
Q

W
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5. Sketch of proof Loty

We first solve a regularized problem with £ > 0

(this destroys frame indifference and energy conservation, but estimates work even better)

div (9pC(- ) + e Vi + Opth(Vye, 0c) — div daH(V3ye)) = 0

e = div (K(Vye, 6)V8e) + 35 0"y

+ 8F¢cp1(Vy€’ 95):vy€

e the additional dissipation provides a simple but e-dependent a priori bound
that avoids Korn's inequality

e the source term in the reduced heat equation lies in L*° and
is bounded from above by the dissipation

W
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5. Sketch of proof Loty

We first solve a regularized problem with £ > 0

(this destroys frame indifference and energy conservation, but estimates work even better)
div (pC () + Vi + Opt(Vye, 0:) — div 94 H(V2ye)) = 0

o = i (K(Vye 0)V.) + {5 + O (Ve 6.

e the additional dissipation provides a simple but e-dependent a priori bound
that avoids Korn's inequality

e the source term in the reduced heat equation lies in L*° and
is bounded from above by the dissipation

Existence & a priori estimates by a staggered scheme with time step 7 > 0
M(yer (1) + fy (ElIVIr 2 = 10pGep1 ()2 | Vier [12) dt < M(yP)

Gronw T .

= M(yer (1) < XVM(Y°) < MTM0) =[5 IV lIf dt < Ce

W
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5. Sketch of proof Loty

For fixed £ > 0 and 7 — 0 we obtain (yer,0:7) — (ye, 0:)
e a limit pair (y.,0:): [0,7] = Y x leo(Q) solving the e-problem

e the time-continuous mechanical energy-dissipation inequality

/ / |Vya| +0pbept (Ve O ):Vyg)dx) ds < M(y(0))

W
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Sketch of proof Loty

For fixed £ > 0 and 7 — 0 we obtain (yer,0:7) — (ye, 0:)
e a limit pair (y.,0:): [0,7] = Y x leo(Q) solving the e-problem

e the time-continuous mechanical energy-dissipation inequality

/ / |Vy5| +0pbept (Ve O ):Vyg)dx) ds < M(y(0))

e the time-continuous energy control &(y.(t),0-(t)) < &(y°,6°)

For the last statement we note that in the time-discrete staggered scheme there is no
cancellation of the two different coupling terms

Orbept(Vyk, Ok 1):2V(yp—yk—1) and  Opdept(Vyk, 0k): =V (yp—yk—1)

In the time-continuous setting the cancellation works and gives “<". This provides new a
priori estimates that are independent of &:

M(ye () < Mye (1) + [q we dz = E(ye (1), 0= (1)) < €(y°,0°)

W
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5. Sketch of proof Loty

The a priori bound M(y.(t)) < &(y°,6°) allows for the limit passage ¢ — 0

& uniform invertibility (Healey-Krémer) and C* bounds
IVye(t)llce < C and det Vy.(t, ) > 1/C. on [0,T] x Q

@ With this Neff/Pompe provide a uniform Korn's constant ckorn > 0.
Hence, . is uniformly bounded in H!([0,7]; H'(Q))
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The a priori bound M(y.(t)) < &(y°,6°) allows for the limit passage ¢ — 0

& uniform invertibility (Healey-Krémer) and C* bounds
IVye(t)llce < C and det Vy.(t, ) > 1/C. on [0,T] x Q

@ With this Neff/Pompe provide a uniform Korn's constant ckorn > 0.
Hence, . is uniformly bounded in H!([0,7]; H'(Q))

# we obtain subsequences with (Vy.,0.) — (Vy,0) in L'*9([0,7] x Q)
and Vy. — Vy in L2([0,T] x Q)

& we obtain the momentum balance and an mech. energy-dissip. inequality

@ using the abstract chain rule’ for the A(Ce(y0 g0))-convex functional M we
obtain the energy-dissipaton balance

M(O) + [ [ (27969005 60 (7,):75dx)ds = M(y(0)

T Rossi, Savaré: Gradient flows of non convex functionals in Hilbert spaces and applications,
ESAIM COCV 12, 564-614, 2006
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5. Sketch of proof Loty

i We have the mechanical energy-dissipation balance for € > 0 and for £ = 0.

// 20 (- e) + 2|V |? +0r Oep1(VYe, 0:): Ve dx)ds = M(y")

T
M) + [ [ (266,90 + 0 + Opoen (V. 0): Vi )ds = 20(5°)

This implies convergence of the total dissipation

T T
| (26090060 Vi) + <190 2) ot [ [20(93.0.Vi) do e
0JQ 0JQ

which implies strong convergence V. — Vg in L2([0, T]; L2(12))

(weak convergence plus convergence of norm = strong convergence)
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5. Sketch of proof Loty

i We have the mechanical energy-dissipation balance for € > 0 and for £ = 0.

// 20(- - +e) + €| Ve P+ bept (VYe, 02 ): Ve dx)dSZM(yO)
Q

T
M) + [ [ (266,90 + 0 + Opoen (V. 0): Vi )ds = 20(5°)

This implies convergence of the total dissipation

T T
| (26090060 Vi) + <190 2) ot [ [20(93.0.Vi) do e
0JQ 0JQ

which implies strong convergence V. — Vg in L2([0, T]; L?(Q2))
(weak convergence plus convergence of norm = strong convergence)
i limit the limit passage in the e-regularized heat equation is possible because

2C(Vy85 HEa Vya) o .
1+2¢¢(Vye, b, Ve ) — 2¢(Vy,0,Vy) in L1([0,T]; LY(Q))
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Conclusion Ly

@ Second gradient materials allow us to cope with determinant constraints

& Coupling to a heat equation is possible after suitably splitting the free or
internal energy

@ Generalized Korn inequalities (infinitesimal rigidity) are needed to treat
frame-indifferent dissipation

i Chain rules and A-convexity allow to establish energy-dissipation
balances

Thank you for your attention
and
Happy Birthday to Gianni

A.M., Roubicek: Thermoviscoelasticity in Kelvin-Voigt rheology at large strains. WIAS preprint
2584, 2019. Archive Rat. Mech. Analysis, acc. Jan. 26, 2020.

A.M., Rossi, Savaré. Global existence results for viscoplasticity at finite strain. Arch. Rational
Mech. Anal. 227(1):423-475, 2018.
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