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An International Conference to celebrate Gianni Dal Maso-65

This workshop will focus on the most recent 
developments and achievements in a broad range of 
topics in the Calculus of Variations, with an emphasis 
on its applications to material science and imaging.
It will provide an exceptional opportunity to present 
the state of the art of modern methods in the Calculus 
of Variations and their applications and to stimulate 
exchange of ideas and knowledge, through a rich 
selection of talks by leading experts in the field. 
​The conference is an occasion to celebrate the 
65th birthday of Gianni Dal Maso and his deep and 
vast contribution to the Calculus of Variations, from 
its most fundamental theoretical foundations to its 
applications to solid mechanics, homogenization, 
fracture, plasticity, and imaging.
It will also be an opportunity to bring together a 
large community of former students, postdocs, 
collaborators, and friends who have benefited 
of Gianni’s knowledge and mathematical advice 
throughout the years.
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Papers concerned with. first part of the talk

L. Boccardo: Some developments on Dirichlet problems with
discontinuous coefficients; Boll. Unione Mat. Ital, 2 (2009)
285–297.
(invited paper in memory of 30-death Stampacchia)

L. Boccardo: Dirichlet problems with singular convection
terms and applications; J. Differential Equations, 258 (2015)
2290–2314.

L. Boccardo: Stampacchia-Calderon-Zygmund theory for linear
elliptic equations with discontinuous coefficients and singular
drift; ESAIM, Control, Optimization and Calculus of
Variations, 25 (2019), Art. 47, 13 pp.
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Introduction

Duality

We discuss the existence of distributional solutions for
the boundary value problems (the first with a
convection term, the second with a drift term)

{
−div(M(x)∇u) = −div(u E (x)) + f (x) in Ω,

u = 0 on ∂Ω,{
−div(M(x)∇ψ) = E (x)∇ψ + g(x) in Ω,

ψ = 0 on ∂Ω,

We note that

at least formally, if M(x) is symmetric, the two
above linear problems are in duality.
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Introduction

Coercivity

{
−div(M(x)∇u) = −div(u E (x)) + f (x) in Ω,

u = 0 on ∂Ω,{
−div(M(x)∇ψ) = E (x)∇ψ + g(x) in Ω,

ψ = 0 on ∂Ω,

We note that

the differential operators may be not coercive,
unless one assumes that either the norm of |E | in
LN(Ω) is small, or that div(‖E‖

N
) = 0: ...
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Assumptions

{
−div(M(x)∇u)) = −div(u E (x)) + f (x) : Ω,

u = 0 : ∂Ω.

Ω bounded subset of RN ,

ellipticity: 0 < α, α|ξ|2 ≤ M(x)ξξ, |M(x)|1 ≤ β,

f ∈ Lm(Ω), 1 ≤ m ≤ ∞,

E ∈ (LN(Ω))N

1 1: dependence w.r.t. x / 2: nonsmooth dependence /
Mingione
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Setting

Boundary value problem and Lax-Milgram

u weak solution of the boundary value problem{
−div(M(x)∇u)) = −div(u E (x)) + f (x) : Ω,

u = 0 : ∂Ω.

means

u ∈ W 1,2
0 (Ω) :

∫
Ω

M(x)∇u∇v =

∫
Ω

u E (x)∇v+

∫
Ω

f (x)v , ∀ v ∈ W 1,2
0 (Ω).
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Setting

Coercivity of −div(M(x)∇u) + div(u E(x))

∫
Ω

M(x)∇v∇v ±
∫

Ω

v E (x)∇v

≥ α

∫
Ω

|∇v |2 −
[ ∫

Ω

|v |2∗
] 1

2∗
[ ∫

Ω

|E (x)|N
] 1

N
[ ∫

Ω

|∇v |2
] 1

2

≥
{
α− 1

S

[ ∫
Ω

|E (x)|N
] 1

N
}∫

Ω

|∇v |2

E ∈ LN

‖E‖
LN

not too large
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Our approach hinges on test function method

The proofs of all the results are very easy

if we assume div(E ) = 0
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Existence of weak/distributional solutions

Summability properties of solutions

Stampacchia-Calderon-Zygmund for the two problems

{
−div(M(x)∇u) = −div(u E (x)) + f (x) in Ω,

u = 0 on ∂Ω,
2

{
−div(M(x)∇ψ) = E (x)∇ψ + g(x) in Ω,

ψ = 0 on ∂Ω,
3

Ω bounded subset of RN ,
ellipticity: 0 < α, α|ξ|2 ≤ M(x)ξξ, |M(x)| ≤ β,
f ∈ Lm(Ω), 1 ≤ m ≤ ∞,

E ∈ (LN(Ω))N

and we prove for both the b.v.p. the same
Stampacchia-Calderon-Zygmund results of the case
E = 0 .

2 paper invitation U.M.I. in memory of 30-Stampacchia
3 ESAIM-COCV 2019
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Existence of weak/distributional solutions

Summability properties of solutions

|E | ∈ LN(Ω)

as E = 0

{
−div(M(x)∇u)) = −div(u E (x)) + f (x) : Ω,

u = 0 : ∂Ω

1 2N
N+2
≤ m < N

2
⇒ u ∈ W 1,2

0 (Ω) ∩ Lm∗∗(Ω);
2 1 < m < 2N

N+2
⇒ u ∈ W 1,m∗

0 (Ω);
3 m = 1 ⇒ u ∈ W 1,q

0 (Ω), q < N
N−1

.

u :

∫
Ω

M∇u∇φ =

∫
Ω

u E∇φ +

∫
Ω

f φ, ∀φ ∈ D.

Theorem (70-Brezis)

E = 0, m > N
2

, it is false that u ∈ W 1,m∗

0 (Ω)

Remark

E = 0, 2N
N+2

+ δMeyers < m < N
2

, u ∈?
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0 (Ω) or u ∈W 1,q
0 (Ω) depends on the size of A . 5

1) if |A| < α(N−2m)
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, then
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0 (Ω) ∩ Lm∗∗(Ω);
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m

, and 1 < m < 2N
N+2

, then

u ∈ W 1,m∗

0 (Ω);
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N
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and u ∈ W 1,q
0 (Ω), for every q < N
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0 (Ω), for
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−div(M(x)∇un) + A un = −div
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E (x)
)

+ f (x)

Third estimate

A

∫
Ω

|un| ≤
∫

Ω

|f |

! only (again) E ∈ L2 is needed.
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E ∈ L28, f bounded ⇒ u ∈ W 1,2
0 (Ω), bounded.
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An elliptic system connected with the mathematical study of PDE models for
chemotaxis

{
−div(A(x)∇u) + u = −div(u M(x)∇ψ) + f (x) ,
−div(M(x)∇ψ) = uθ .
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‖Gk (un)‖
W

1,2
0 (Ω)

≤ C(E , f , α)

Proof of

‖Gk(un)‖
W 1,2

0 (Ω)
≤ C (E , f , α), k > kE (‖E‖

N
)



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

The convection problem

Estimates

Let δ > 0. Use Gk(un) as test f.; Young, Hölder, Sob.⇒
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1
N
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S2
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N
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S

( ∫
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|E |N
) 1

N
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|∇Gk(un)|2
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4δ
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|E |2 +
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N
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4
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|∇Gk(un)|2 ≤ C1k2

∫
k<|un|

|E |2+C2

[ ∫
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N
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N+2

]N+2
N
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N
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N

L([tun]) = −div([tun] E ) + (tf )
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C0+C (‖E‖
LN
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Ω
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Ω
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The convection problem

Estimates

un ∈ W 1,2
0 (Ω) : −div(M(x)∇un) = −div

( un

1 + 1
n
|un|

E (x)
)

+f (x)

√[
C0 + C (‖E‖

LN
)
][ ∫

Ω

|∇un|2
] 1

2

≤ ‖f ‖
L

2N
N+2
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The convection problem

Estimates

Theorem

Let E ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2

. Then there exists

u ∈ W 1,2
0 (Ω) weak solution, that is∫

Ω

M(x)∇u∇v =

∫
Ω

u E (x)∇v +

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

Since the sequence {un} is bounded in W 1,2
0 (Ω), then,

up to subsequences, un converges weakly in W 1,2
0 (Ω) to

a function u.∫
Ω

M(x)∇un∇v =

∫
Ω

un

1 + 1
n
|un|

E (x)∇v +

∫
Ω

f (x)v ,

Passing to the limit as n tends to infinity yields the
result. Moreover (thanks to the weak lower s.c.)√[

C0 + C (‖E‖
LN

)
][ ∫

Ω
|∇u|2

] 1
2 ≤ ‖f ‖

L
2N
N+2
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Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

By duality

Drift problem

Estimate on the sequence {un}√[
C0 + C (‖E‖

LN
)
][ ∫

Ω

|∇un|2
] 1

2

≤ ‖f ‖
L

2N
N+2

un ∈ W 1,2
0 (Ω) :

−div(M(x)∇un) = −div
( un

1 + 1
n
|un|

1

1 + 1
n
|∇ψn|

E (x)
)

+ f (x)

∫
Ω

M∗(x)∇ψn∇un =

∫
Ω

E (x)·∇ψn
1

1 + 1
n
|∇ψn|

1

1 + 1
n
|un|

un+

∫
Ω

f (x)ψn

ψn ∈ W 1,2
0 (Ω) : −div(M∗(x)∇ψn) =

E (x) · ∇ψn

1 + 1
n
|∇ψn|

1

1 + 1
n
|un|

+ g(x)∣∣∣ ∫
Ω

ψn f
∣∣∣ =

∣∣∣ ∫
Ω

un g
∣∣∣ ≤ ‖un‖2∗

‖g‖ 2N
N+2

≤ C̃ (‖E‖
N

)‖f ‖ 2N
N+2

‖g‖ 2N
N+2

⇒ ‖ψn‖2∗
≤ C̃ (‖E‖

N
)‖g‖ 2N

N+2
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Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

By duality

Drift problem

Theorem

Let E ∈ (LN(Ω))N , g ∈ Lm(Ω), m ≥ 2N
N+2

. Then there exists

ψ ∈ W 1,2
0 (Ω) weak solution, that is∫

Ω

M∗(x)∇ψ∇v =

∫
Ω

E (x) · ∇ψ v +

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).
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G-convergence

Mε G-converges to M0

Existence th. ⇒ the sequence {uε} is bounded in W 1,2
0 (Ω): uε ⇀ u∗

E ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2

, uε ∈ W 1,2
0 (Ω) sol. of∫

Ω

Mε(x)∇uε∇v =

∫
Ω

[∇uε E (x)]v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

Let ϕ0 ∈ W 1,2
0 (Ω). Consider ϕε ∈ W 1,2

0 (Ω) solution of∫
Ω

Mε(x)∇ϕε∇w =

∫
Ω

M0(x)∇ϕ0∇w ; ϕε ⇀ ϕ0

v = ϕε⇒
∫

Ω

M∗0 (x)∇ϕ0∇uε =

∫
Ω

[∇uε E (x)]ϕε +

∫
Ω

f ϕε.
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Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

un En(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

un En(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

un En(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

un En(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

un En(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

un En(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.

3 u∗? =?u0 today: yes if m> 2N
N+2

4

∫
Ω

M(x)∇un∇un =

∫
Ω

unEn(x)∇un +

∫
Ω

f un ? limn ?



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.

3 u∗? =?u0

today: yes if m> 2N
N+2

4

∫
Ω

M(x)∇un∇un =

∫
Ω

unEn(x)∇un +

∫
Ω

f un ? limn ?



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.

3 u∗? =?u0 today: yes if m> 2N
N+2

4

∫
Ω

M(x)∇un∇un =

∫
Ω

unEn(x)∇un +

∫
Ω

f un ? limn ?



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.

3 u∗? =?u0 today: yes if m> 2N
N+2

4

∫
Ω

M(x)∇un∇un =

∫
Ω

unEn(x)∇un +

∫
Ω

f un

? limn ?



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).

2 Easy: the sequence {un} is bounded in W 1,2
0 (Ω):

(subseq.) {un} conv. weakly in W 1,2
0 (Ω) to some u∗.

3 u∗? =?u0 today: yes if m> 2N
N+2

4

∫
Ω

M(x)∇un∇un =

∫
Ω

unEn(x)∇un +

∫
Ω

f un ? limn ?



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).
2 {un} conv. weakly in W 1,2

0 (Ω) to u0.

L(yE ) = −div(yE E (x)) + f (x)
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Ω
(yE − ỹ)2 +

∫
Ω
|E |N

.
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∫
Ω
|E |N

.



Linear (and nonlinear) Dirichlet problems with singular convection/drift terms

% Written for Gianni

Stability (for the convection pb.) w.r.t. the weak LN convergence of E

Work in progress

En ∈ (LN(Ω))N , f ∈ Lm(Ω), m ≥ 2N
N+2∫

Ω

M(x)∇un∇v =

∫
Ω

unEn(x)∇v+

∫
Ω

f v , ∀ v ∈ W 1,2
0 (Ω).

1 Assume: En(x) conv. weakly in (LN(Ω))N to E0(x).
2 {un} conv. weakly in W 1,2

0 (Ω) to u0.

L(yE ) = −div(yE E (x)) + f (x)

min
(y ,E)

=
∫

Ω
(yE − ỹ)2 +
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