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Introduction

Duality

We discuss the existence of distributional solutions for
the boundary value problems (the first with a
convection term, the second with a drift term)

{—div(M(x)Vu) = —div(u E(x)) + f(x) in Q,
u=20 on 0%,
—div(M(x)Vv) = E(x) Vi + g(x) in Q,
=0 on 09,
We note that

o at least formally, if M(x) is symmetric, the two
above linear problems are in duality.
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{—div(l\/l(x)Vu) = —div(uE(x)) + f(x) in Q,
u=0 on 09,

—div(M(x)Vv¢) = E(x) Vi 4+ g(x) in Q,
=20 on 01},
We note that
o the differential operators may be not coercive,

unless one assumes that either the norm of |E| in
LY(Q) is small, or that div(||E]],) = 0: ...
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Setting

u weak solution of the boundary value problem

{ —div(M(x)Vu)) = —=div(v E(x)) + f(x) : Q,
u=20 : 0f.

means

ue WH(Q) - /Q M(x)VuVy = /Q u E()Vv+ /Q F(x)v, ¥ v e WE(Q).
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Setting

The proofs of all the results are very easy
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u=0 on 01,
—div(M(x)V¢) = E(x) Vi + g(x) in Q, 3
Y =0 on 09,

Q bounded subset of RV,

ellipticity: 0 < o, a¢]? < M(x)¢¢, [M(x)| < B,
fel™),1<m<oo,

E e (LNQ)V

paper invitation U.M.l. in memory of 30-Stampacchia
ESAIM-COCV 2019
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o |E c (NN
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{ —div(M(x)Vu)) = —div(u E(x)) + f(x) : Q,

u=2~0 : 00
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{ —div(M(x)Vu)) = —div(u E(x)) + f(x) : Q,
u=20 : 00

o % §m<—:> u € Wy (Q) N L™ (Q);
Ql<m< L= ue W™ (Q);

Q@ m=1

N+2
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Ezistence of we butional solutions

Summability properties of solutions

L. Boccardo, S. Buccheri, G.R. Cirmi: Two linear noncoercive
Dirichlet problems in duality; Milan J. Math. 86 (2018),
97-104.

L. Boccardo, S. Buccheri, R.G. Cirmi: Calderon-Zygmund
theory for infinite energy solutions of nonlinear elliptic
equations with singular drift; preprint.

L. Boccardo, S. Buccheri: A nonlinear homotopy between two
linear Dirichlet problems; preprint.

L. Boccardo: Two semilinear Dirichlet problems “almost” in
duality; Boll. Unione Mat. Ital. 12 (2019), 349-356.

L. Boccardo, L. Orsina, A. Porretta: Some noncoercive
parabolic equations with lower order terms in divergence form.
Dedicated to Philippe Bénilan. J. Evol. Equ. 3 (2003),
407-418.
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Existence of weak/distributional solutions
Ec

If E & (LN(Q2))V, even for nothing, as in
E| <&, AeR,0eQ,
the framework changes completely:
u eW,?(Q) or u €W, ?(Q) depends on the size of A . °
1) if Al < 22210 and 22 < m < ¥, then
ue Wy(Q) N L™ (Q);
2) if |Al < W, and 1 <m< ,&’:’2, then
ue W™ (Q);
3) i |A] < a(N —2), and m =1, then Vu € (M1 (Q))V
and u € W, 9(Q), for every g < 72=;
1 if a(N—-2) < |A| < a(N —1), then u € W,%(Q), for
every q <

|A|+a

5JDE 2015, Nonlin.Anal. 2019
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Existence of ributional solutions

E e (L2(Q)"

definition of solution:;

existence of solution.

¢ JDE 2015
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e

AL u, e WA(Q)

—div(M(x)Vu,) + A u, = —div E(x)) + f(x)

1+ Y u,l
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tion/drift terms

s
stributional solutions

. up € W12 (Q):

—div(M(x)Vu,) + B u, = —div(ﬁ E(x)) +f(x)

I only (again) E € L? is needed.

Third estimate
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Ezistence of weak/distributional solutions

—div(M(x)V) + ¢ = E(x) Vi +g(x) inQ,
=0 on 09,
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—div(M(x)V) + ¢ = E(x) Vi +g(x) inQ,
=0 on 09,

o Ec 1%, f bounded = u € W,?(Q), bounded.

” DIE 2019
8 only 12
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e of weak/distributional solutions

{ —div(A(x)Vu) 4+ u = —div(u M(x)V¥) + f(x), o1
—div(M(x)V) = u?.

9JDE 2015
0 Comm.PDE + L. Orsina
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The convection problem

The starting point

Un

. € WH(Q) 1 —div(M(x)Vu,) = —div(———
u 57 (Q) iv(M(x)Vu,) iv 1+%|Un|

E(x))+f(x)
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tion problem

ing point

U, € WH(Q) : —div(M(x)Vu,) = —div< E(x))+f(x)

1+ 2 up)|

that is
u, € W, %(Q) :

/Q M(x)Vu, Vv — /Q Ly / F(x),

1+%|Un’ Q

Vv e W3 (Q).
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tion problem

ing point

U, € WH(Q) : —div(M(x)Vu,) = —div< E(x))+f(x)

1+ 2 up)|

that is
u, € W, %(Q) :

/Q M(x)Vu, Vv — /Q Ly / F(x),

1+ %|Un’ Q
Vv e W3 (Q).

Existence u,: Schauder
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The convection problem

Estimates

Un

L€ WH(Q) : —div(M(x)Vu,) = —div( ————
u 0 °(Q) iv(M(x)Vup,) iv 1+%|Un’

E(x))+f(x)
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W3(Q) : —di =—div| ——
€ Wy () : —div(M(x)Vu,) d1v<1_i_1

2
test f. _ U :>a/ [Vun| S/ [Un| [V /|
L+ [un| o (L +|ual)? 91+|Un\ 1+\Un|

o [Vu,[? 2 4
3 )@y < LI 10
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W,2(Q) : —di = —div( ——
€ Wy () : —div(M(x)Vu,) d1v<1_i_1

2
testf.L:mz/ [V S/ lus| [Vu /|
T la " Jo @ Tl = Jo T Tl E T+ Jun])

o |Vu,,|2 2
z/(1+|un2—2 /'E' /'f'
/|V|og1+|un DR < /|E|2 /|f|

Q




trichlet proble

1,2 ST —
e WH(Q) : —div(M(x)Vu,) d1v<1+1

test f. —n :>a/ [Vun | </ [t V| /|
T a] o Tl = JoT+ Jaa] E o+ un)
o [Vu,[? 2 4
E f
z/(1+|un2—2/" /"
/|V|og1+|un DR < /|E|2 /|f|
Q
= 1 2
ol n2]2< /52—/f1
[ [ l1ogt+ D)™ < g5z [ 1EF+ 5= [ 1
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The convection problem

Estimates

Un

e W (Q): —div(M(x)Vu,) = —div(—"—
u 5°(Q) iv(M(x)Vu,) iv 1+%|Un|

E(x))+f



hlet problems with singula

n€ WL2(Q): —div(M(x)Vu,) = —div( ————
Uy € WEA(): —div(M(x)V ) W(H E

n ”|
a / IV Tu(un)? < / | LENNY Ti(a) |+ / Te(un)
Q Q Q
<k [IEIVTiCun) +k [ 1
Q Q

IN
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U € WE(Q): —div(M(x)Vu,) = —div(l—

o [ 19T < [ Jul [EIVTu(un)+ | ien)
Sk/\EHVTk(un)\Jrk/ 1

Q Q
2
Sg/|VTk(un)|2+—k2/E\2+k/|f|:>
2 Ja «@ Q Q



U € WE(Q): —div(M(x)Vu,) = —div(

1+ Lu,l

n

o [ TP < [ 1 |EITTu(wn) + [ a(u)
<k [IEIVTiCun) + K [ 11

Q Q
2
s9/|vn(un>|2+—k2/|5|2+k/rf|;»
2 Q o Q Q




s with singula

Uy € WE(Q) : —div(M(x)Vu,) = —div(#l"wn’ E(X))+f(x)

2
2 fl
< g3z | |EF + 522 [ 17

l
>F
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The convection problem
Estimate

Proof of
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ion problem

Let 0 > 0. Use Gx(u,) as test f.; Young, Holder, Sob.=-

LAW@wm%%yﬂmeW@wm%memum&@@wmm

1 1 k?
<5/ IEME [ VG [ VG [ 1P
S k<|un| 5 k<|un|

N+2

82 2N N
+5/ VGi(u,)|* + — {/ flv+2] ,
VGt 5| [
1 N
a——(/ |E|’V) —25]/|VGk(u,,)|2
S k<|un| Q

N+2

) w2
< - ER4 S {/ |f|N2+Nz] .
49 k<|un| 45 k<|un|
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tion problem

a—é(/K'unllEIN)h—%] [ 96w)F

N+2

k2 2 5 N
S
49 k<|up| 40 k<|un|

Fix 0 so that 20 = 7. Then log-estimate implies that
there exists kg, such that

1
1 / N]’V a
- E < —, k>ke
$|: k<\un\| | 4 £

Thus, for some C; > 0, we have, if kK > kg,

N+2

an | N
L [ Vel ar [ iepral [ ]
Q k<|un| k<|un|
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The convection problem

Estimates

1% 1 2
I1,,22<—/E2—f1
J Vgt + 1| < o [ 1EP + 5 [ 1
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The convection problem

Estimates

Cot C(IEN | [ [Vunl <2 | |EP+k [ [F'+] [ |£]75
Q Q Q Q



N+2

[CO+C(||E||LN)}/Q|vun|2Szkz/ﬂ|g|z+k/ﬂ|f|1+[/ﬂ|f|w}

L([tun]) = —div([tu,] E) + (tf)




N+2

[CO+C(||E||LN)}/Q|vun|2Szkz/ﬂ|g|z+k/ﬂ|f|1+[/ﬂ|f|w}

L([tun]) = —div([tu,] E) + (tf)

ov | N
o CUEN] [|Venf <202 |EP ok [ 147 [117%]
Q Q Q Q
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The convection problem

Estimates

N+2

o CAIEN, )] [Vl <262 [|EF ek [ [ 117
Q Q Q Q
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N+2

oN N
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L Q Q Q Q

k
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2N

Let E € (LN(Q))V, g € L™(Q), m > 715. Then there exists
Y € W,*(Q) weak solution, that is

/M*(X)V¢VV=/E(X)~V¢V—|—/1‘V, Y ve W,2(Q).
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