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It has been 34 years!. ..
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Van Der Waals (1893), Cahn and Hilliard (1958), Gurtin (1987)
...it started in 2003 ...

Equilibrium behavior of a fluid with two stable phases may be described by
the Gibbs free energy per unit volume

I(u) = /Q W (u) da

W :R — [0,400) is a double well potential

W(p) = (p* —1)*. {W =0} = {-1,1}



e Q C RY open, bounded, container

o u: ) — R density of a fluid

o [qudr=m ...m total mass of the fluid

@ W double-well potential energy per unit volume

e W~1({0}) ={a,b} ...a<b two phases of the fluid

Problem
Minimize total energy

I(u) = /Q W (u) d

subject to [ udr =m




Solution

Assume |Q)] =1 and a < m < b. Then minimizers are of the form

(z) = a ifrxreFk,
YET T b ifzeQ\E,

where E C ) is any measurable set with |E| = %:’Z:

NONUNIQUENESS OF SOLUTIONS

Selection via singular perturbations:

I-(u) = /Q (W (u) +*|Vul?] dz, ueC'(Q),e>0

2 [ |Vu|? dz ... surface energy penalization
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]
Modica—Mortola, 1977

{W =0} ={a,0}
Gurtin's 1985 conjecture:

Asymptotic behavior of minimizers to E. described via I'-convergence.
Scaling by £ yields

sflfg £> Fo,
o) i W PASD) w€ BV (@i {a.b)),
R s u € LY Q) \ BV(9; {a,b})

where

b
A :={u(z) =a}, ew = 2/ VW (s)ds
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I.(u) := /Q (W (u) + &% |Vul?] dz, ueC'(Q)

Gurtin's Conjecture (1987): Minimizers u.

min{IE(u) cu e CH (), /udm:m}
Q
converge to ug,, where
Perq (Ep) < Perq (E)

over all E C Q measurable with |E| = 2=

Fo(u) = IIE(u):/Q[iW(u)—i—qu]Q do

F. and I. have the same minimizers J




So ...if we know the I'-limit of {F.} then we know where the minimizers
of I. converge to ...

F.(u) = /Q [iW (u) +e|Vul*| de, ueC(Q)

Theorem (Modica (1987), Sternberg (1988), F. and Tartar (1989),...)

r . .
F. = Fy with respect to strong convergence in L' (), where

[ ewPerg (ut ({a})) ifue BV (Q;{a,b}), [,udr=m,
Fou) := { +m<;o al ) otherwise N

- ::2/:\/st




What about higher order nonlocal regularizations?

e G. Dal Maso, I.F. and G. Leoni, Trans. Amer. Math. Soc. (2018)

Jo 2W (u) do + Je(u) i ue WiZ(@)n L2 (Q)
400 otherwise

R = {

where
Te(u) :=¢ / / Je(z — y)|Vu(z) — Vau(y)|®dzdy  for u € WL2(Q)
QJQ

o= ()

J : RN — [0, 400). .. even measurable function
/ J(@)(|z| Alz|?) do < +oo
Rn

where a A b := min{a, b}.
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Nonlocal higher order singular perturbations

J : RN — [0, 400). .. even measurable function

/ J(@) (|| A o) de < +oo
RN

For example

1
J(z) = |z| N2, 5 <s< 1

leads to Gagliardo's seminorm for the fractional Sobolev space H*(R)
In this case

Je(x) — 82s’x‘fo2s

o G. Alberti and G. Belletini, Math. Ann. (1998)

P =] o W (u) do+ Je(u) ifue WA Q) NL2(Q)
S| 4o otherwise,
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Fetwy =2 [ [ o =) (u(@) — ulo)*dadyfor u e WL2()

1oy  (2)

(statistical mechanics) free energies of continuum limits of Ising spin
systems on lattices

% ...Mmacroscopic magnetization
J ...ferromagnetic Kac potential

but dependence on Vu in place of u adds remarkable difficulties!
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Relevant Spaces:
v e SVN=1:=0B;(0)
Vi, ..., Un ...orthonormal basis in RY with vy = v

VV;:{:):ERN: |z vl <1/2fori=1,...,N —1}
QY ;:{ggeRN: |z vl <1/2fori=1,...,N}

1,2

AR U= Wﬁ)’f(RN) w(z+y) =v(z) forae. €RY i=1,...,N—1}

X" :={ve Wz}{?..,uN,l : v(z) = +1 for ae. x € RY with +2-v > 1/2}

When N =1 take v = £1, V¥ :=R, Q" :=(-1/2,1/2)

XV :={ve W-A(R) : v(z) = £1for a.ex € R with +x > 1/2}

13 /53



Surface Energy

Ylv) = oilgil vlergv Fe(v)
where

(4 e 1
Fl(u) = z o W (u(z)) de + g/vv /RN Jo(x — )| Vu(z) — Vu(y)|*dedy
Define F : L?(Q2) — [0, +o0] by
N-1 . Sl
Flu) = { . (vy) dH if ue BV(Q;{-1,1}) ,

+00 otherwise in L?(12)

Compactness in L? of energy bounded sequences

{F.} T-converges to F in L?(12)

nonlocality — remarkable technical difficulties!
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Localized energies:

We(u, A) := i/AW(u(:c)) dx

w4, B) = [ [ Jlo = yIVu(e) - Vuly) Pdody
AJB
When A = B we set

Fe(u, A) :=We(u, A) + Je(u, A, A) and  J:(u, A) := T-(u, A, A)
Theorem (Interpolation Inequality)
€ / \Vu(z)|[>de < CF.(u, (A)*77)
A

for every € > 0, for every open set A C RY, and for every
u € W2 ((A)%)

loc

(A)" = {z € RY : dist(z, A) < n}
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. /A Vu()[2dz < CF. (u, (A)*77)

(A)1 = {x € RN : dist(z, A) < n}

v7: Forall € € SN~ there exist —y; < a(£) < B(€) < 77 s.t.

/6(5) 1 gt < O
— v At <Oy
ae) JEE[EN!

Next ... “modification lemma” ... proof 11 pages long ...
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Interaction Phase Transition/Homogenization

Consider fluids which exhibit periodic heterogeneity at small scales, i.e.

F.(u) ::/ﬂ EW (%a) +E\W|2] d
where

o W(z,p) =0iff p € {a,b}
o W(-,p) is Q-periodic for every p, 6(¢) - 0ase —0
Example: W(z,p) = xp(z)Wi(p) + XQ\EWQ(p)

Goal: Identify I'-limit of F_
Ansini, Braides, Chiado-Piat (2003): W homogeneous, regularization

I (#5:90)
Braides, Zeppieri (2009): fo [ ( 5ey >+52|u’|2] dx
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|
Scaling regime d(¢) = ¢

Theorem (Cristoferi, F., Hagerty, Popovici. Interfaces Free Bound.(2019))
Let 5() = . Then F. 5 Fy,

Folu) = /*Aa(u)d’HN_l u € BV(Q;{a,b}),

400 otherwise
where

A :={u(z) = a}, v is the outward normal to A,

and

ow)i=Jim int Loy [ W)+ 190 dy )

v
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N
Cell Problem

ow) = Jim int (s [ W)+ 190 o

v

where

A= {u e HNTQuRY) : u(w) = (pr + uo)(w - v) on 9TQ, |

) b ift >0,
U =
0 a ift<0

pr(a) = TVp(To), pe C(R) with [ p=1
R

R. Choksi, I. F., J. Lang and R. Venkatraman (to appear): isotropy
o is constant!
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N
Outline of Proof

o Compactness: Bounded energy — BV structure
Reduction to classical Modica-Mortola technique
W(x,p) =0iff p € {a,b}
(z,p) — W(x,p) Carathéodory, only measurability in x
W (x,p) > W(p), W(p) = 0iff p € {a,b}, W(p) > C[p| for [p| >> 1
o ['-liminf: “Lower-semicontinuity” result using blow-up
techniques
o W' ¢ <W(a,p)<C@+]p|9), some g > 2
o "“Blow up" at points in jump set
e De Giorgi's slicing method — prescribe boundary conditions from o
o Compare with optimal profiles given by o

o I'-limsup: Recovery sequences

e Blow-Up Method
o Recovery sequences for polyhedral sets with v € QV N SV—1
e Density result and upper semicontinuity of o
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Compactness

Reduce to

Use F. and Tartar (1989)
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u € BV(Q;{a,b}), A:={u=a}, g, — 0"

Claim: there exists {u,} C H(Q;RY) s.t. u, — u in L' and

limsup F; (u,) < F(u) = / o(v)dHN 1
o0*A

Localization: for U C €2 open

Fiepy(u; U) i= inf{liminf F;, (up,U) @ up — win LY(U;RY)}

Up to a subsequence
A A(Q) — [0, 400), A(B) = Fie,y(u; B), B Borel set

is a positive finite measure, and

A << p:i=HNT1 0" A



Done if

To prove it:

dA
dp

AQu(zo,€))

(zo) = lim N1

)\(QV (xO’ 5)) < hm lnf

gN-1 n—oo glV—-1 an(un:E’QV(IO’g))

with u, . — u, n — oo, in LY(Q,(x0,¢))

How do we construct these approximating sequences?
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Easy Case: Transition Layer Aligned with Principal Axes

If v € {e,..

.,eN}, create recovery sequence by tiling optimal profiles

from definition of o.

Say v = ey

Pick T), € N and uy, s.t.
. 1
olen) = lim — / W k() + 1) ]y

vp(2) == ug(Tpx), extended by Q'-periodicity

ug () on| >

Vg er(T) :=
o (28) lenl <

ZT .
Uker(T) = Vper (;) — uin Ll(rQ)
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Transition Layer Aligned with Principal Axes, cont.

Blow up:
F(u;rQ) 1 9
-~ ' ¥7 <
I — N Yooy T R /Q L” (@, uke,r) + €[ Vuge,|”| do

) . €Tk/27‘ T’y
= lim lim y, T
r=0e=0 Jor J ey /or ey,
1/2 / rs
-t [ S, [TkW<(Tkng TkzN’“k(sTk’ZN»
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. F(u;rQ) 1 1 9
- 77 < — M/ \V4
}1—% rN-1 7!1_r)rll) ;l—% rN-1 /Q [5 (@ k) + €[ Vitne, || d

. . eTy/2r P ry
N ll_r}[l);l_l)%/’ /ETk/2’I" |: <Ey’ o <€le>>

L+
eT?
1/2 o ra
:71”%;&%/'/1/2 [TkW<<TkETA7TkZN7Uk:<€TaZN>>
1 rz 2
— Vo | — d
Jer Ul"(aTk’ZN> z
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Transition Layer aligned with Principal Axes, cont.

Since W and vy, are BOTH Q’-periodic and T}, € N, we can use the
Riemann Lebesgue Lemma:

1/2 rz rz
lim li T T, ——. 1T, —
[ o (351 ()
rz’ 2
Vvk( T ZN> ]dz

1/2
= 1im/ / [TkW (Twy', Trzn ), ve (Y, 2N)
r—0 ’ 1/2

L1
T,

+ f|Vvk(y’, zN)|2dzN] dy’
Ty

— 1/ (W (2, ur(2)) + |Vuk(2)?] da
T, Q

N-1
Tk

27 /53



Other Transition Directions?

(a) (b)

Aligned Misaligned

Figure : Since W is Q-periodic, can tile along principal axes. What if the
transition layer is not aligned?
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|
()-periodic implies A\, (), -periodic

Key observation: Periodic microstructure in principal directions —
periodicity in other directions.

Figure : Integer lattice contains copies of itself, rotated and scaled

> W is A\, Q,-periodic for some A\, € N, and for v € A :== Q¥ nSN-1:

Densel
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Orthonormal Bases in QY

Important: Every face of ), has rational normal.

Need an orthonormal basis using rational vectors:

Theorem (Witt, '37)

Any isometry between two subspaces F| and F» of a finite-dimensional
vector space V' defined over a field K of characteristic different from 2 and
provided with a metric structure induced from a nondegenerate symmetric
or skew-symmetric bilinear form B|[-,-| may be extended to a metric
automorphism of the entire space V.

In particular:
V=0QV, F = spang(en), Iy :=spang(v), Blz,y] :=x-y

Then, the mapping ey — v extends to an isometry!
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Theorem (Cristoferi, F., Hagerty, Popovici, Interfaces Free Bound.(2019))
Let vy € A =QN NSN-L. There exist v1,...,un_1 €A, A, €N, s.t.

Viy,...,VN-1, VN
o.n. basis of RN and

W(z 4+ nAyvi,p) = W(z,p)

ae z€Q, allneN, peRe

Also use:
e>0,vel, S:RY 5 RN rotation, Seny = v.

Then there is a rotation R : RY — RV st. Rey = v, Re; € A all
i=1,....N—1,||[R—8| <e
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Properties of o are important

o(v) = lim inf {T]i_l /TQ (W (y,u(y)) + \Vu(y)ﬂ dy}

T—ooucAg, 7,QuveQy

where

Ag, = {u € HY(TQ,;RY) : u(x) = (pr * up)(z - v) on 8TQ,,}

) b ift>0
u =
0 a ift<0

pr(a) = TVp(Tw), pe C(R) with [ p=1
R

Q, ...unit cubes centered at the origin with two faces orthogonal to v
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Properties of o (before knowing it is constant!):

e o is well defined and finite

e the definition of o does not depend on the choice of the mollifier
e o : SN [0, +00) is upper semicontinuous

o if v € A then

o(v)= lim lim inf {Tf\lf—l/TQ (W (y,u(y)) + |Vu(y)|?] dy}

n—00 T—oo ucAg,, T n

where the normals to all faces of Q,, belong to A
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Transition Layer aligned with v € Q¥ N SV—!

Same periodic tiling technique: Use 7 € A\ N.

> Blow up method — Recovery sequences for polyhedral sets A with
normals to its facets in A
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Blow up method — Recovery sequences for polyhedral sets A with
normals to its facets in A

xg € QNI*A, v :=rvy(xo).
Find rotation R,, A\, € N, s.t. with Q, := R, (2o + Q)
W (z +n\wv,p) = W(z,p)

ae. z €9, every n €N, every p € R%, every v orthogonal to one face of
y Y Y g

Qv

As before, done if

@(370) < o(v(z0))
To prove it:
dA . MQu(=o,
@(&?0) = lim (6151'015))

...and work a little harder ...
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|
Recovery sequences for arbitrary u € BV (€2; {a, b})

For u € BV (Q; {a,b}), we can find u(™ € BV (Q; {a,b}) such that
A™) are polyhedral,
uw™ =y in L

| Dut™|(Q) = | Dul(%).
Since QN NSV dense, can require v € QN NSV,

@ Since o upper-semicontinuous, by Reshetnyak’s,

/ o(v)dH" ! <lim sup/ o (1/(")) dH"
%A n—oo  JoraA(M

@ Find recovery sequences u§”) for the u(™ so that

/6*A(n) o (V(”)) dH™ ! < limsup F. (ugn)>

e—0t

Diagonalize!
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Other scaling regimes

Recently considered the case where the scale of homogenization is much
smaller than the scale of the phase transition

F.(u) ::/Q [iw <5é)u> +s|vu|2} dz.

If §(¢) is sufficiently small compared to &, the homogenization effects are
effectively instantaneous, and we can pass to a homogenized system

FH(u) = /Q EWH (u) + E\WP] da

where
W (p) :Z/QW(y,p)dy
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Scaling regime d(e) << ¢

Theorem (Cristoferi, F., Hagerty (2019))
Let §(¢) be such that

Then, F; L) F({I, where

FH(u) ) Kg Perq(4) u e BV(Q;{a,b}),
O 40 we LY(Q)\ BV(Q; {a,b})

= JoW(y,p)dy, A:={u(z) = a}

1
K = 2inf {/o Wi (g(s))|g'(s)|ds : g piecewise C*, g(0) =




N
Outline of Proof

@ Homogenization Lemma
o Compare the bulk energy to a homogenized bulk energy
e Requires quantitative control on d vs ¢
@ Use the result of F. and Tartar to identify I'-limit of homogenized
energy
o Comparison with homogenized energy yields information about
minimizing sequences — relaxed growth assumptions for W

Theorem (F., Tartar (1989))

Functionals of the form

Ge(u) —/Q EWN/(U) +e|Vul?| dz, v e H(;RY)

have a I'-limit

Go(u) := Kg P(Ao; ), uw € BV(Q;{a,b})
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Homogenization Lemma
The key tool in comparing F. and FEH is a Riemann-Lebesgue type result
for all W uniformly bounded.

Lemma

Let &,,,8, and {u,}neny C HY(Q;RY) be such that

sup/ 0|V, |2dz < co and
Q

_3
lim &, 24, = 0.
neN 1—> 00

it

Then,
JLH;O;/Q {W (;;,un(x)> - WH(un(:ﬁ))] dz =0

@ Uniform boundedness: NOT required for the main theorem- will be
discussed later

@ Scaling: More on this...
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-
Scaling

o . . 3
@ The homogenization lemma requires a particular exponent &2
. . . 1
o If the regularization is of the form |Vu|?, the exponent would be £ .

@ This same exponent is necessary Ansini, Braides, Chiado-Piat (2003)
who homogenized the regularization term

@ Unclear if this is purely technical or if truly different behavior is
possible in the intermediate regime
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Homogenization Lemma - Outline of Proof

At scale 4,,, decompose (2 into d,,-cubes and a remainder R,
M,
Q= JQpi,b,) U Ry,
i=1

where p; are on the lattice §,ZY
R, ...collection of cubes Q(z,6,), z € 6,Z", intersecting O

|Ry| < Coy,

Uniform boundedness:

1 W(x,un(az)> d:cSC(s—n—>O
€n R, 5n En

42 /53



-
Homogenization Lemma - Outline of Proof, cont.

Sufficient to control

Mn

2 /Q(pi,an) W (;’u"(x)> — Wi (un(z))dz

=1

1

€n

Apply the substitution x = p; + 6,y and periodicity:

=3
1=

Recast as the double integral

/ W (y, un(pi + 6ny)) — Wr(un(pi + 5ny))dy‘

N Mn
Oy /Q /Q W(y,un(pz‘+5ny))—W(z,un(pi—l—ény))dzdy‘
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Homogenization Lemma - Outline of Proof, cont.

After another change of variables, this is

5y Mn,

1=

/ / Wy, un(pi + 6ny)) — W(y, un(pi + 6n2))dzdy

and by Llpschltz behavior of W, enough to control

5N A
- > / /Q [t (Di + Ony) — Un (i + 0,2)| dzdy

i=1

By Poincaré, we can estimate via

Op— anénd<— Vuy|d
Eniz/mﬁ Wiy < 2 [ [Vuslda

5 ‘ 1/2
< el <€n/ \Vu,fdx)
En (9]
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Uniform Boundedness

To apply the homogenization lemma to potentials which may be

unbounded, we use a cut-off trick- possible because by F.-Tartar, the
homogenized problem is based on the 1-dimensional optimization

K =2int{ | 1 VWalaeDla (9)1ds

where the g are pointwise C! so that g(0) = a, g(1) =b. Pick R > 0 so
that for optimal curves g, |g(t)] < R. Let

M = esssup max W(x, p)
zeQ [pI<R

and define the truncated potential

W(z,p) := min{W (z,p), M }
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Gradient Flow: Current work with Rustum Choksi, Jessica
Lin and Raghavendra (Raghav) Venkatraman

L?-gradient flow of F.:

o= [ [fa(9)

Wy, u) = a(y)W (u)
a:RNYN = [\ A], 0< A< A, C? and periodic
{W =0} = {-1,1} C? double-well potential

W (uf) + ¢ |[Vul|?| da.

uf — 2Auf = —a%a (%) W (u) in (0,00) x 9,

uf(0,2) = x4 — X7° in Q,
Q= — 0 n (0,00) x 09,

0A ...interface
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To show: u® converge to a 1, —1 sharp interface limit which is governed by
the mean curvature equation

ﬂt—adiv(‘D |) |Du| =0 in (0,00) X Q,

u(0,7) = xA — Xz° in €,
gu =0 on (0,00) x 89

r-rt
Recall: F, ——— F{y where

A N dHN"Yz) if u € BV(Q),
+00 otherwise

for o : SN~ — [0, 4+00) given by the cell formula (AND constant!)

o\V) .= 11m 1 ln a 7'[11 u 2 U 14 1
() = 1 f{/mu“y)W( () + V()] dyu € A7)

T—o00 TN 1
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The PDE now becomes:
u; = —Vx_Fe(u).
with

1 T\
Vx.F:(u) = —2Au + 20 (g> W (u),

and || 1%, = ell - 32

Ideas from : Sandier-Serfaty, Mugnai-Roger, Roger- Schazle

Many references when a = 1, including;:

Alikakos-Bates-Chen, Xinfu Chen, Bronsard- Kohn,
Rubinstein-Sternberg-Keller, IImanen, Tonegawa-Hutchinson, Tonegawa,
Tim Laux and Thilo Simon, Evans-Soner-Souganidis, Lions-Souganidis
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Future problems

@ Moving wells
@ Scaling regime ¢ << §(¢) ...homogenization of the “surface
Cahn-Hilliard limiting energy”. Forthcoming

multiple wells
More general regularization terms, i.e. |Vu|? — f(x,u, Vu)

Nonlocal stochastic homogenization
@ Solid-solid phase transitions: W <5( L , Vu(z ))

Solid-sold phase transitions without homogenization:
W(F) =~ |F|P, Conti, Fonseca, Leoni, '02.
W(F) =~ dist?(F, SO(N)AU SO(N)B)

only studied for N=2 (Conti—Schweizer, '06) ...and in arbitrary
dimensions under a suitable anisotropic penalization of second variations
Elisa Davoli and Manuel Friedrich, 2018
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Something funny about moving wells . ..

W(z,p) =0 iff p € {a(z),b(x)}
{uc} with bounded energy, so that

1/QW (g,us(m)) dxr < +o0

3

Now, if {u.} has a L' limit, then its 2-scale limit u(z,y) is actually just
u(x), and so

/W( d:c—>//Wy, ) dar dy = 0
Q

But then

W (y,u(x)) = 0 for almost every (z,y) € Q x Q
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Something funny about moving wells . ..

W (y,u(x)) = 0 for almost every (z,y) € Q@ x Q
and so

u(zx) € {a(y),b(y)} for almost every (z,y) € Q x Q

... basically {a(y),b(y)} = {a(y'),b(y/)} a.e. ...NOT moving wells . ..
wrong scaling?

(without homogenization) sharp interface limit W (z,p) = 0 iff

p € {z1(x), z2(x),...,zx(x)} by Riccardo Cristoferi and Giovanni
Gravina, 2020
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HAPPY BIRTHDAY GIANNI!




A good place to stop ...
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