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Problem:

Variational fracture: minimize elastic plus surface energy
Er(u): / IVul? +HN YT US,),
Neumann boundary condition, with elastic energy, minimize

1
:/ |Vu|2—/ fu.
2 Ja WQ

Naturally, it would seem, for variational fracture with Neumann condition,
minimize

Ern(u) / Vul? +HN-HruS,) — / fu.
nQ
Not possible (7). Issue is global minimization?
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On the other hand:

Suppose we have a minimizer u (static or quasi-static) of
1
Er(v) = 5/ Vv2+#HNL(rus,),
Q

over v € SBV/(Q) satisfying a certain Dirichlet condition
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On the other hand:
Suppose we have a minimizer u (static or quasi-static) of

1
Er(v) = §/Q|Vv|2+HN_I(FU5v),

over v € SBV/(Q) satisfying a certain Dirichlet condition,
and u happens to satisfy

Oyu = f on INQL.
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On the other hand:

Suppose we have a minimizer u (static or quasi-static) of
1
Er(v) = 2/ IVv2 + HV (T US,),
Q

over v € SBV(Q) satisfying a certain Dirichlet condition,
and u happens to satisfy

Oyu = f on INQL.
Is this not a solution of the Neumann problem?

Seems to be — main question: how can we find solutions, given 7
Specifically, if we look for u satisfying

u=0o0n9dpQ, O,u="f on N,

where 92 = 9pQ U OpfQ.
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1-Dimension

Q =(0,1). Solve v = 0 with u(0) =0, d,u = f on IyQ = {1}, get u(1),
then minimize

5 [,

subject to v(0) =0, v(1) = u(1).
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1-Dimension

Q =(0,1). Solve v = 0 with u(0) =0, d,u = f on IyQ = {1}, get u(1),
then minimize
1

1

5 [ WP ens.)

2 Jo

subject to v(0) =0, v(1) = u(1).

If H°(S,) = 0, then v = u, satisfies minimality and Neumann condition.

If HO(SV) > 1, cannot solve Neumann problem, material has failed.
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1-Dimension

Q =(0,1). Solve v = 0 with u(0) =0, d,u = f on IyQ = {1}, get u(1),
then minimize

5 [,

subject to v(0) =0, v(1) = u(1).
If H°(S,) = 0, then v = u, satisfies minimality and Neumann condition.

If HO(SV) > 1, cannot solve Neumann problem, material has failed.
In higher dimensions, it is more interesting.
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Higher dimensions:

Variationally, looking for u that solves two problems:
i) Minimize
1
Er(v) = 5/ Vo + HN (S, US,),
Q

over v € SBV(Q) with v =0 on 9pQ2 and v = u on 9y, and

ii) Minimize

1
En(v) ::§/Q|Vv|2—/8 va
N

over v € SBV(Q) with S, € S,;, v =0 on 9pQ2.
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Quick note on global minimization
Static:

What is wrong with global minimization?

Quasi-static:
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Quick note on global minimization

What is wrong with global minimization?

Static:
@ nothing
@ study of certain stable states

@ no implication that other states are not stable

Quasi-static:
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Quick note on global minimization

What is wrong with global minimization?

Static:
@ nothing
@ study of certain stable states

@ no implication that other states are not stable

Quasi-static:
@ can imply no other states are stable

@ can still lead to progress, e.g., new methods
@ can correspond to other stable states
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Existence?
We can start similarly to 1-D:

1
_/ ‘VU|2—/ fu,
2 Jo e

ue Hé(D)(Q \To). Get u1. Then

Preexisting [g; Minimize

minimize
Er(u) = / IVl + 1V (TG US,),
u € SBVypy(2), u= uy on OnQ, get v1. 1 :=ToUS,,. Repeat:

up minimizes Ey over u € Hg(D)(Q \Tho1),

vn, minimizes Ep(r ) with second term HN=I(T,_1US,), over
ue SBVO(D)(Q), u=u,onoNQ. Ip:=T,1US,,.
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|dea:

The material fails, or:

Up — Uoo,
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|dea:

The material fails, or:

Up = Uso, Vn = Voo, oo :=Ulp,

Uso Minimizes Ey over u € Hé(D)(Q\ M)

Voo Minimizes Eg(r_ ) over u € SBVyp)(Q2) with u = us on OnQ2

Uso = Veo-
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|dea:

The material fails, or:

Up = Uso, Vp = Voo, oo i=Ulp,

Uso Minimizes Ey over u € Hé(D)(Q\ M)
Voo Minimizes Eg(r_ ) over u € SBVyp)(Q2) with u = us on OnQ2
Uso = Voo-

In fact, enough to just work with v, show it satisfies both minimality
conditions.

First step: for n large, u, almost has the minimality of v,.
Before that, what is failure?
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Failure

If a piece of the Neumann boundary breaks off at some stage n or in the
limit, material has failed, solutions blow up, Neumann problem has no
solution.

Lack of failure:

® u, and v, bounded (= HN (') < o)

@ [, NINQ = 0 (strengthened to dist(l s, InQ2) > 0)

So, failure or u, — us. Show uy, has desired properties.
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Theorem

If the material does not fail under the boundary load f, then there exists
Uso € SBV(RQ) such that

Up — U (up to a subsequence)

[eo i= Ul .

Uso minimizes Ey over
{ue SBV(Q):S, CTx,u=0o0ndpQ},

and it minimizes Ep(r_y over

{ue SBV(Q) : u= ux on 002}.

Easy: v would minimize Ef — variations for v, are variations for v,
Pretty easy: s, minimizes Ef
Less easy: us, minimizes Ep — variations for us, are not variations for uj,.
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Lemma

Uso Minimizes
1
Eellu) — 5/ IVul + HV (T U'S,)
Q

over u € SBV(Q), u=0 on 9pQ, u= ux on InQ.

Furthermore, for all 1y € SBV(Q) satisfying 1» = 0 on 0Q2 with Sy, C T,
we have

/Vu,,-V¢—>O.
Q

Why not obvious: Uy, not vo? Plus, Neumann sieve-type problems
(Cap(T'x \ ') # 0). But up, almost has the minimality of v,.
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Proof:

From the minimality of u, and v,_1,

1 1
2/ \Vu,,|2 / fu, < —/ Vv 1| / Vp_1,
onQ2 OnQ2
/’vvn 1| / fvn—1 <

1
5/ 1V tp_1|? —/ fup_1 — HN "Y1\ Thoo).
Q OnNQ2

Furthermore, since u, is an admissible variation for its minimality, we get

/Vu,,~Vun:/ fu,,

Q N

1 1 1

—/ ]Vu,,]2—/ fu,,:——/ \Vu,,\zz——/ fup.
2 Ja e 2 Jo 2 Joaya
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By monotonicity and boundedness, all energies of u, converge. Then the

elastic energies of v, also converge, to the same limit:

1
—/ |Vu,,|2—/ fup,
2 Jg e
1 2
<= ’vVn—l‘ - fvn—1
2 Jo wQ

1
< 5/ ’VUn_llz - / fup_1 — HN_I(rn—l \ rn—2)-
Q oQ

So
HN AT \T,) = 0

1 2 1 2
§/Q|Vu,,| —§/Q|VVH| Lo
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Suppose uy, does not minimize Ef, i.e., 3y = 0 on 0Q s.t.
/Qvuoo - Vip + ;/Q V2 + HV (S \Too) =11 < 0.
But this is the limit of
|5 [ 190 ST,

which means that, for k large enough,
5 IV + 00+ HY U US) < 5 [ Vw4 1),

contradicting the minimality of v, since u,, + v is a competitor for v, .
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Similarly, if

1 =0 on 09,
chroo,
and
/Vun-wﬁn#o,
Q
then

1 1
5 / [V (un+20)12 + MV T U Sy) < 5 / [Vvn|? + H (),
Q Q

for |A| small enough, and with the correct sign, again contradicting the
minimality of v, for n large enough.
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En(u) ::§/Q|Vu|2—/6 qu
N

1
over u € SBV(Q) with u=0 on 9pQ and S, C .
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Lemma
Uso Minimizes

1
En(u) ::§/Q|Vu|2—/a qu
N

over u € SBV(Q) with u=0 on 9pQ and S, C .

Issue: Cap(l's \ ['n) # 0, solution to the Dirichlet problem (min Ef) does
not care, but solution to the Neumann problem (min Ey) does care.
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Lemma

Uso Minimizes

En(u) = l/ |Vul? —/ fu
2 Jo e
over u € SBV(Q) with u=0 on 9pQ and S, C .

Issue: Cap(l's \ ['n) # 0, solution to the Dirichlet problem (min Ef) does
not care, but solution to the Neumann problem (min Ep) does care.

Intuition: not possible. To prove: convert variations for Neumann problem
to Dirichlet problem.
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Lemma

Uso Minimizes

1
En(u) ::§/Q|Vu\2—/8 qu
N

over u € SBV(Q) with u=0 on 9pQ and S, C .

Issue: Cap(l's \ ['n) # 0, solution to the Dirichlet problem (min Ef) does
not care, but solution to the Neumann problem (min Ep) does care.

Intuition: not possible. To prove: convert variations for Neumann problem
to Dirichlet problem.

Proof:
Let ) € SBV(Q) with ¢ =0 on 0pQ and Sy, C . Suppose
EN(UOO +¢) < EN(UOO)' SO

[V vo=as [ .
Q Q2
for some v < 0.
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Choose ¢ € HY(Q) such that ¢ = 0 on dpQ and ¢ = ¢ on IyQ.

From the minimality of u,, we have

/ Vi, V= fo.
Q onQ2

Since 1) — ¢ € SBV(Q) with (¢ — ¢) =0 0on 0Q and Sy_4 C s, we have

O<—/QVu,,-V(¢—<Z>)—>’V+/8 fo— [ fo=n,

o) e

a contradiction.
This proves the theorem.
We also get, from monotonicity,

Ern(tso, Too) < Epn(uo, o).
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Also have...
Immediate that we can replace ' with S,_:

Lemma

Uso Minimizes
1
Er(u) ::5/ Vul? + 2150\ Su)
Q

over u € SBV(Q), u=0 on 9pQ, u = ux on InQ.

Lemma

Uso Minimizes

En(u) = l/ |Vul? —/ fu
2 Jo o
over u € SBV(Q) with u=0o0n0pQ and S, C S, .

Since this has no effect on the energy of u.,, but increases the energy of

competitors or limits competitors.
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In the end

Uso does minimize

EFN(U

/|VU|2 +HN (M US,) — / fu
OnQ2
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In the end...

Uso does minimize

1
Ern(w)i= 5 [ Vol +HVHTcUS) - [t
2 Jo o
over
{ue SBV(Q) : u= ux on 00}
J{veSBV(Q): S, C T, u=00ndpQ}

That is, competitors are not allowed to simultaneously vary both their
boundary data and the crack. But the Griffith idea is cracks compete with
elastic energy, not boundary data...

There is no compelling reason to allow both to vary at the same time.
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In the end...

Uso does minimize

Ern(u /yvUF +HN (M US,) — / fu
oNQ2

over

{ue SBV(Q) : u= ux on 00}
J{veSBV(Q): S, C T, u=00ndpQ}

That is, competitors are not allowed to simultaneously vary both their
boundary data and the crack. But the Griffith idea is cracks compete with
elastic energy, not boundary data...

There is no compelling reason to allow both to vary at the same time.

Natural question: Why Eg minimality with Dirichlet data? Variations are
¢ € SBVp(Q). Is this class too big or too small?
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An alternative

Instead, could try to minimize

{%/ |Vul? +HNY(S,) : u minimizes
Q

Vi 1/ |Vv|2_/ fv, vin Hé(D)(Q\SL,)}.
2 Jg WQ
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An alternative

Instead, could try to minimize

{%/ |Vul? +HNY(S,) : u minimizes
Q

Vi 1/ |Vv|2 _/ fv, vin Hé(D)(Q\SL,)}.
2 Ja e

Or (7)

{%/ |Vul? +HNY(S,) : u minimizes
Q

VHl/ |vv|2_/ fo, vin Hg(D)(Q\su)}.
2 Ja Q
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Thank you



Thank you

and

Happy Birthday Gianni!
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