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Abstract. We study the impact of relativistic effects in the 3-dimensional cross-correlation

between Lyman-α forest and quasars. Apart from the relativistic effects, which are dominated

by the Doppler contribution, several systematic effects are also included in our analysis (in-

tervening metals, unidentified high column density systems, transverse proximity effect and

effect of the UV fluctuations). We compute the signal-to-noise ratio for the Baryonic Oscilla-

tion Spectroscopic Survey (BOSS), the extended Baryonic Oscillation Spectroscopic Survey

(eBOSS) and the Dark Energy Spectroscopic Instrument (DESI) surveys, showing that DESI

will be able to detect the Doppler contribution in a Large Scale Structure (LSS) survey for the

first time, with a S/N > 7 for rmin > 10 Mpc/h, where rmin denotes the minimum comoving

separation between sources. We demonstrate that several physical parameters, introduced

to provide a full modelling of the cross-correlation function, are affected by the Doppler con-

tribution. By using a Fisher matrix approach, we establish that if the Doppler contribution

is neglected in the data analysis, the derived parameters will be shifted by a non-negligible

amount for the upcoming surveys.
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1 Introduction

The spectra of high redshift quasars (QSOs) present a series of redshifted absorption lines

due to Lyman-α (Lyα) absorption from intervening neutral hydrogen in the intergalactic

medium (IGM). These features are denoted as Lyman-α forest. In the past decade, the Lyα

forest has been proven to be a rich source of cosmological information as tracer of the large

scale structure [1] from large to small scales in a unique range of redshifts z = [2− 5.5].

In the past few years, the baryon acoustic feature has been detected by the survey

SDSS-III/BOSS (Sloan Digital Sky Survey-III/Baryon Oscillation Spectroscopic Survey),

both in the Lyα auto-correlation [2–5] and in the cross-correlation between Lyα and QSOs

[6, 7]. A more recent analysis has been also presented with the first eBOSS (extended Baryon

Oscillation Spectroscopic Survey) data [8], which improved the previous BOSS analysis.

These analyses are based on the measurements of the 3D correlation function of the

transmitted forest flux. In order to fully exploit the cosmological information encoded in

the data, it is thus of crucial importance to include all the relevant physical effects in the

modelling of the flux correlations. This will be an essential point for the next generation

of surveys like DESI [9] and WEAVE-QSO [10], which are expected to significantly improve

over the BOSS and eBOSS results.

In this work we focus on the so-called relativistic effects, i.e. the corrections to the

Newtonian approximation due to the projection effects along the observed past light-cone,

accounting for the light propagation in a clumpy universe form the source to the observer [11–

15]. In fact, it has been pointed out in the literature that some of these effects, e.g. the Doppler

correction, source the imaginary part of the Fourier space power spectrum or, equivalently,

the anti-symmetric part of the correlation function when tracers with different biases are

cross-correlated [16, 17].

In Ref. [18], relativistic effects have been investigated in the cross-correlation between

the forest transmitted flux and the quasars number counts fluctuations. This combination of
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tracers is a promising target for the detection of such effects. Indeed, the signal is proportional

to the bias difference between the two tracers, which is large for this cross-correlation. In

Ref. [18] the fully relativistic correlation function Lyα-QSOs has been computed in linear

theory and its several contributions have been quantified for the radial correlation function.

A signal-to-noise analysis for the imaginary part of Fourier space spectrum has also been

presented and it was shown that DESI should be able to detect this signal.

The aim of this work is to extend the analysis presented in Ref. [18] to the full 3D

correlation function and with a more realistic and physical model, which includes all the

astrophysical contaminants currently addressed by BOSS analysis [7]. We finally intend to

assess whether relativistic effects might constitute an important systematic for future Lyα-

QSOs analysis and whether their detection is plausible in the near future. A first attempt

to detect the relativistic effects in the Lyα-QSOs correlations has been made recently with

eBOSS data [8]. In this analysis, the relativistic corrections have been modelled as a dipole

contribution to the cross-correlation and its amplitude treated as a free parameter to be

fitted. The best-fit value points towards a non-zero amplitude for the dipole. However, since

the amplitude is degenerate with other parameters, a clear detection of the effect could not

be claimed.

This is the outline of this paper: in section 2 we describe the BOSS model for the 3D

correlation function, in section 3 we report the fully relativistic expression for the transmitted

flux fluctuation and the quasars number count, in section 4 we discuss the effects that may be

relevant for our analysis and how they contribute to the 3D cross-correlation, in section 5 we

show the results of our signal-to-noise analysis and discuss whether we expect to detect the

relativistic effects with DESI, in section 6 we study the impact of neglecting the relativistic

effects in DESI on the parameter estimation, in section 7 we summarize our main results and

draw the conclusions.

In the remainder of the paper, we will assume a flat-ΛCDM cosmology. The fiducial

values of the cosmological parameters are fixed to the values reported in Ref. [7] for the data

analysis, Table 1.

2 BOSS model for the Lyα-quasar cross-correlation function

In Ref. [7] the BOSS collaboration adopts a theoretical model for the observed cross-correlation

which includes contamination from metals, High Column Density systems (HCDs), proxim-

ity effect and the effect of the UV fluctuations on the Lyα large scale clustering. Here we

summarize the features of this model, which will be our reference along the manuscript. The

observed correlation function is a function of the observed coordinates (z1, z2, cos θ = n1 ·n2),

which denotes the redshifts and the angle between the two directions1 in the sky of the two

sources. By assuming a cosmological model we can convert the observed angles and redshifts

into distances by introducing a more convenient coordinate system
(
z, r⊥, r‖

)
defined through

r⊥ = (Dα +DQ) sin

(
θ

2

)
, r‖ = (Dα −DQ) cos

(
θ

2

)
, (2.1)

where Dα and DQ are the comoving distances to the Lyα and QSOs positions, respectively.

1We use the convention adopted in Refs [13, 19], where n indicates the direction from the source to the
observer. For sake of simplicity we refer to n as the direction on the sky, that formally is −n.
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Figure 1: Illustration of the coordinate system adopted in our work, in agreement with Ref. [7].

The coordinate system described above can be formulated in terms of the separation

between the two tracers r = |Dαn2 −DQn1| and the coordinate cosβ ≡ −n ·N, where N and

−n are the unit vectors pointing in the direction of the distance between the two tracers and

in the direction of the mean redshift, respectively. In this notation, the separation between

the two tracers is positive-definite, while the reference angle β rotates from 0 to 2π. In terms

of r and β, the traverse and parallel separations read

r⊥ = r sinβ, r‖ = r cosβ. (2.2)

In Fig. 1 we draw a scheme of the system under investigation and we show the reference

coordinates.

The measured correlation function can be expressed as a sum of several contributions:

ξtot = ξQ,α + ξQ, met + ξQ, HCD + ξTP, (2.3)

where ξQ,α is the cross-correlation between quasars and Lyman-α absorption, ξQ, met and

ξQ, HCD are the contaminants due to metals and unidentified High Column Density absorbers

(HCDa), respectively, and ξTP models the Transverse Proximity effect (TP). The cross-

correlation for Q-α and the other absorbers are estimated as the Fourier transform of the

power spectrum, i.e. by assuming the flat-sky approximation:

ξ (r, µ) =

∫
dkk2dµk

(2π)2 P (k, µk) J0

(
kr
√

1− µ2
√

1− µ2
k

)
e−irkµµk , (2.4)

where J0 is the 0-order Bessel function, µ = cosβ, while k and µk are the Fourier space

coordinates k = |k| and µk = −n · k̂. We omitted the dependence on the mean redshift for

simplicity.
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The Q-α cross-spectrum includes linear density perturbations, linear redshift-space dis-

tortion (RSD) and non-linear corrections2:

PQ,α(k, µk) = PL(k, µk)
√
VNL(k, µk)

√
FNL(k, µk)G(k, µk). (2.5)

The linear cross-spectrum PL(k, µk) is

PL(k, µk) = Pm(k)bQbα(1 + f/bQµ
2
k)(1 + βαµ

2
k) (2.6)

where Pm(k) is the linear matter power spectrum, bQ and bα are the clustering biases

of the two tracers, while f and βα are the growth factor and the RSD parameter for the

Lyman-α, respectively. While the QSOs bias is assumed to be a function of the redshift

alone, Lyα bias is scale dependent due to fluctuations in the ionizing UV radiation. The

scale dependence is modelled as follows [7, 20]:

bα(k) = b̄α + bΓ
W (k λUV)

1− 2/3W (k λUV)
, (2.7)

where bΓ is a parameter of the model and λUV = 300h−1Mpc is the mean free path of the

UV photons.

Note that the parameter βα for Lyα is scale-dependent as well. Indeed, it can be

expressed in terms of the growth factor as βα = bvf/bα, where bv denotes the Lyα velocity

bias (see e.g. Refs. [21, 22]). Therefore, βα is scale-dependent through the clustering bias

bα. However, the RSD contribution to the power spectrum is scale-independent, since the

growth factor depends only on redshift in General Relativity.

Furthermore, in Eq. (2.5), there are three additional terms describing: non-linear cor-

rections due to quasar velocities (VNL), non-linear effects of the Lyman-α forest (FNL)3, and a

correction due to finite size of the observed (r‖, r⊥) bins (GNL). All of these three functional

forms are aimed at small-scale corrections, and will have little impact on our final result. We

model them as in Ref. [7].

Metals that have a transition close to the Lyα transition are present in the integalactic

medium and contribute to the observed correlation function. This contamination can be

modelled similarly to Lyα-QSOs cross-correlation, with the complications that the observed

coordinates ∆θ and z are converted into the real space coordinates r‖ and r⊥ assuming that

the absorption is due to Lyman-α transition. In order to take into account the different source

rest-frame wavelength of the metal absorption, the coordinate r‖ needs to be appropriately

rescaled. Since the metals’ contribution peaks at the physical separation between the two

tracers close to zero and the peak is displaced in one direction from r‖ = 0, it naturally

introduces an asymmetric feature in the correlation function.

The metal transition included in the BOSS model and the corresponding correction to

r‖ are summarized in Ref. [7], table 3. As in Ref. [7], we fix βm = 0.5 for all metal species.

The remaining two effects modelled in Eq. (2.3) are corrections due to unidentified high

column density (HCD) systems correlating with quasar positions, and the effect of quasar

radiation affecting ionization close to itself – characterized by transverse proximity effect. To

first order approximation we model both of them as in [6, 7].

2In Ref. [7] a non-linear damping of the Baryon Acoustic Oscillations feature is included in the model. In
our work, we neglect this effect.

3This includes temperature and thermal pressure smoothing, as well as non-linear correction to peculiar
velocities.
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Figure 2: Model for the observed cross-correlation, as a function of the longitudinal distance between
the tracers. Different colors outline the different contributions, the black line represents the sum of
all of them. Vertical dotted lines represent a typical cut scale in r‖, estimated assuming rcut =√
r2‖,cut + r2⊥ = 20 Mpc/h. For r < rcut contamination of small scales effects not included in the

model might be not negligible. Therefore, scales below this threshold are excluded in typical data
analysis. Fig. 3a refers to r⊥ = 2 Mpc/h, Fig. 3b refers to r⊥ = 6 Mpc/h.
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Figure 3: QSOs-Lyα cross-correlation (green dashed lines), total cross-correlation with (blue con-
tinuous lines) and without (red dashed-dotted lines) distortion matrix. Vertical dotted lines represent

a typical cut scale rcut =
√
r2‖,cut + r2⊥ = 20 Mpc/h. Left panel refers to r⊥ = 2 Mpc/h, right panel

refers to r⊥ = 6 Mpc/h.

The Lyα parameters are derived from the best-fit values of the auto-correlation data

alone, while the parameters that do not affect the auto-correlation of the Lyα are fixed to

the fitted values from the cross-correlation data (see table 4 in Ref. [7]).

In Fig. 2 we show the different contributions to the observed cross-correlation. The HCD

contamination overcomes the Lyα-QSOs cross-correlation on scales r‖
<∼ 60Mpc/h. Metal

contamination introduces an asymmetry in the cross-correlation. On top of the metals, HCD,

and proximity effect corrections, there is a mixing effect in the correlation of quasars-pixels

which is modelled through the distortion matrix. The distortion matrix summarizes the

imperfect knowledge of the quasar intrinsic continuum, and mean transmission variations.

Because the Lyman-α absorption features are removing a lot of the intrinsic spectrum blue-

– 5 –



50 100 150
r [h−1Mpc]

150

100

50

0

50

100

150

r
[h
−

1
M

p
c]

r · ξ(r , r )

0.4

0.3

0.2

0.1

0.0

0.1

0.2

0.3

0.4

(a)

50 100 150
r [h−1Mpc]

150

100

50

0

50

100

150

r
[h
−

1
M

p
c]

r · ξ(r , r )

0.4

0.3

0.2

0.1

0.0

0.1

0.2

0.3

0.4

(b)

Figure 4: QSOs-Lyα cross-correlation in the (r⊥, r‖) plane as modelled in Ref. [7] without (left
panel) and with (right panel) the distortion matrix. The correlation function has been sampled in
bins with size ∆r‖ = ∆r⊥ = 4 Mpc/h.

wards of the Lyman-α transmission line, it makes it hard to estimate the exact shape of the

quasar continuum. While there are strengths and weaknesses of different methods used, all of

them are deficient in characterizing the (long-wavelength) fluctuations of the continuum, that

might be misinterpreted as large-scale Lyman-α flux fluctuations. To correct for this effect in

a specific survey, the BOSS collaboration [5] removes the bias introduced due to their choice

of fitting method. This results in exact vanishing first momentum of the flux fluctuation field,

largely removing the bias that the continuum fitting (and mean transmission) introduces.

Since the distortion matrix affects the correlation function mainly at large scales, it is a

primary instrumental effect that could mask or distort the signal from relativistic corrections

considered in this work. However, the distortion matrix is an effect that can be calibrated

through the specific survey (see for instance [5]). Therefore, the measured correlation function

will be a linearly distorted version of the one modelled in (2.3)

ξiobs = Dijξ
j
tot (2.8)

where D is the distortion matrix (see Ref. [7] for details) and the indices i, j run over the

different bins on the plane (r⊥, r‖).

In Fig. 3 we show the impact of the distortion matrix on the total cross-correlation

function, for the bins corresponding to the configuration r⊥ = 2Mpc/h and r⊥ = 6Mpc/h.

We see that the distortion matrix significantly boosts the signal for small transverse pair

separations.
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3 Relativistic effects in the Lyα-quasar cross-correlation function

The model outlined in the previous section neglects all the relativistic effects, beyond the

standard redshift space distortion, that contribute to the cross-correlation between Lyman-α

absorption and quasar ξQ,α. In a relativistic framework we need to properly account for the

fact that we observe only galaxies, or in general biased tracers of the underlying dark matter

field, which lie on our past light cone. In this view, the 3-dimensional mapping between real

and RSD coordinates represents only a first approximation on small scales (with respect to

the Hubble scale H−1). The light-cone is defined through the photon propagation and, in a

clumpy universe, this is affected as well by lensing, integrated Sachs-Wolfe and time-delay

effects. Moreover the source motions induce further corrections, such as Doppler effects. The

theoretical description of LSS in a relativistic framework has been investigated extensively

in the last decade. The galaxies number counts including all the relativistic effects has been

derived within linear theory in Refs. [11–14, 23, 24] and then extended to other observables

(see Ref. [25] for HI mapping and Ref. [18] for Lyα flux absorption) and to higher orders

in perturbation theory (see Refs. [26–28] for second and Refs. [29–31] for third orders). At

linear order, the gauge-invariant relativistic number counts read as follows (by following the

notation of Refs. [13, 19])

∆(n, z) = bδ +H−1∂χv‖ + (5s− 2)

∫ χ

0

χ− χ′

2χχ′
∆Ω(Φ + Ψ)dχ′

+

(
Ḣ
H2

+
2− 5s

χH
+ 5s− fevo

)
v‖

+ (fevo − 3)HV + (5s− 2)Φ + Ψ +H−1Φ̇ +
2− 5s

χ

∫ χ

0
dχ′(Φ + Ψ)

+

(
Ḣ
H2

+
2− 5s

χH
+ 5s− fevo

)(
Ψ +

∫ χ

0
dχ′
(

Φ̇ + Ψ̇
))

, (3.1)

where δ denotes the dark matter density fluctuation in comoving gauge, v‖ = n · v is the

velocity along the line-of-sight and v is the peculiar velocity in Newtonian gauge. The metric

perturbations Φ and Ψ correspond to the two Bardeen potentials and V is the velocity

potential defined through v = −∇V . We denote the partial derivative with respect to the

conformal time t with a dot and the integrals run along the past light-cone. The comoving

Hubble parameter is defined through H = ȧ/a and χ is the comoving distance to redshift z.

In order to relate dark matter perturbations to galaxies (or other discrete biased tracers of

the matter field) we have introduced three different bias parameters: a linear galaxy bias b,

a magnification bias

s = −2

5

∂ ln n̄ (z, lnL)

∂ lnL

∣∣∣∣
L̄

(3.2)

where L̄ denotes the threshold luminosity of the survey and n̄ the background number density,

and an evolution bias

fevo = 3− (1 + z)
d ln n̄

dz
(3.3)

which describes the deviation from number conservation of sources in a comoving volume.

In our work we are interested in the cross-correlation between QSOs and Lyα, therefore

we need to describe also the Lyα flux absorption in a relativistic framework. By following
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Ref. [18] this can be written as

δF (n, z) = bαδ
sync + bvH−1∂χv‖ + bR

[
−

(
2 +

Ḣ
H2
− fαevo

)
δz

1 + z

+v‖ + Ψ +H−1Φ̇ + (fαevo − 3)HV
]
, (3.4)

where
δz

1 + z
= −

(
Ψ + v‖ +

∫ χ

0

(
Ψ̇ + Φ̇

)
dχ′
)

(3.5)

is the linear redshift perturbation. The velocity bias bv of the Lyman-α forest arises because

of the non-linear transformation between the observable (flux) and the physical quantity

tracing the Lyman-α forest structure (optical depth). Indeed, in optical depth, the velocity

bias would be equal to 1 (disregarding small corrections due to velocity gradients across the

absorbers [32, 33]), and thus resembles galaxy surveys. We thus assume that the bias of the

relativistic corrections bR traces the same mapping as redshift space distortions term, and

should be equal to velocity bias bR = bv. These assumptions are valid at the large scales we

are investigating here. If we compare the expression for discrete number counts, eq. (3.1),

with the equivalent one for Lyα flux absorption, eq. (3.4), we remark that the latter is not

affected by lensing magnification. Indeed, by being a smooth field, the change in the solid

angle dΩ and the change in the observed flux compensate each other because of the surface

brightness conservation. Lensing effects appear only at second order in terms of deflection

angle [26–28, 34]. It is worth noticing that, while the Newtonian contributions enter in

the same form for QSO and Lyα, the relativistic corrections have a different form, even

by suppressing the magnification contribution in the QSOs expression, i.e. setting s = 0.4.

Indeed in this case, the Doppler effect appears in the two observable as follows(
Ḣ
H2

+ 2− fevo

)
v‖ ⊂ ∆ (n, z) , (3.6)

bR

(
Ḣ
H2

+ 3− fLyα
evo

)
v‖ ⊂ δF (n, z) . (3.7)

The first expression agrees with the Doppler contribution to HI mapping observable [25].

The different numerical factors between the two sources is a consequence of their background

evolutions. While the background temperature scales as T̄b = nHI/(H(1 + z)2), in case of

Lyα the optical depth evolves as τ̄ = nHI/(H(1 + z)). 4

To estimate the amplitude of the different contributions to the 2-point function we

work in the weak field approximation, namely we write the previous expressions in terms of

the expansion parameter H/k, and we consider the relation between the matter and metric

perturbations as predicted by the Poisson equation

δ ∼ (k/H)2 Φ (3.9)

4 The background brightness temperature and optical depth have a different redshift evolution τ̄ ∝
(1 + z̄) T̄b. By replacing the background redshift z̄ with the observed redshift z̄ = z − δz, we have

τ̄ ∝ (1 + z − δz) T̄b =

(
1− δz

1 + z

)
(1 + z) T̄b =

(
1 + v‖

)
(1 + z) T̄b . (3.8)

Therefore in the Lyman-alpha observable we have an additional contribution proportional to the longitudinal
velocity v‖.
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and with the velocity through the Euler equation

v ∼ (k/H) Φ . (3.10)

Within this approximation, the first line of eq. (3.1) appear to 0-order, the second line

to first order and the remaining lines to second order in the weak field parameter H/k.

Analogously, in eq. (3.4) the first two terms are at the leading order, while the terms in square

brackets involving the radial velocity v‖ are to first order and all the others to second order

in the expansion parameter H/k. Therefore the first term beyond the standard Newtonian

approximation (the terms of the 0-order in our weak field expansion) are suppressed by a

factor H/k. This is of the order ∼ 6 × 10−3 at the BAO scale and therefore we can safely

neglect any further corrections starting from the order (H/k)2. The leading relativistic

corrections for cross-correlation of different probes or multitracer analysis, are at the order

H/k and proportional to the velocity along the line of sight. These terms are commonly

known as Doppler corrections, and they have been investigated for different probes, see e.g.

Refs. [16–18, 35–43].

In our work we aim to quantify the impact of the Doppler correction in the measured

3-dimensional correlation function between Lyα and QSOs.

4 Doppler, z-evolution and wide-angle signal

The relativistic cross-correlation function between QSOs and Lyα is

ξQ,α
rel (z1, z2, θ) = 〈∆Q(n1, z1)∆α(n2, z2)〉 , cos θ ≡ n1 · n2. (4.1)

In our work, we neglect the gravitational lensing contribution5 and all the terms of the order

(H/k)2 in the quasars number counts and Lyα flux fluctuations. Considering that these

effects are negligible, we can schematically write the relativistic correlation function as a sum

of the following terms:

ξrel = ξstand-flat + ξwa + ξevo + ξDoppler. (4.2)

The ’stand-flat’ contribution includes the cross-correlation of the density and RSD for the

two tracers within flat-sky approximation, with all redshift-dependent factors evaluated at

the effective redshift of the survey. We discussed this contribution in detail in Sec. 2. The

’wa’ term includes the corrections from density and RSD to the flat-sky approximation, while

’evo’ models the redshift evolution of the biases and the growth factor. In our notation, the

’Doppler’ term includes the cross-correlation of density and RSD with the Doppler correction

for the two tracers. The cross-correlation of the Doppler corrections for QSOs and Lyα is

neglected, since it contributes at the order (H/k)2.

The wide-angle and evolution corrections are currently neglected in the Lyα-QSOs cross-

correlation analysis. For pair separation r � χm, being χm the comoving distance to the mean

redshift of the survey, they can be safely neglected. In the current state-of-the-art analysis

[7], for the largest separation of the two tracers we have r/χm ≈ 7 × 10−2. Therefore, we

include in the wide-angle and evolution terms the lowest-order correction in r/χm. These

5The impact of lensing contamination for the Lyα-QSOs cross-correlation is discussed in Appendix A.
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contributions are given by [17]

ξwa(r, µ) =
(
bQbv − b̄α

)
[P1(µ)− P3(µ)]

2

5
f
r

χm
µ2(r) (4.3)

− [P1(µ)− P3(µ)]
2

5

r

χm
fµ2,α(r)

ξevo(r, µ) =

[
−(bQ(bvf)′ − b̄αf ′)

(
µ0(r)− 4

5
µ2(r)

)
+ (4.4)

+ f(b′Qbv − b′α)

(
µ0(r)− 4

5
µ2(r)

)
− 3

(
bQb
′
α − b′Qbα

)
µ0(r)

]
r

6
P1(µ)

+
[
bQ(bvf)′ − b̄αf ′ − (b′Qbv − b′α)f

]r
5
µ2(r)P3(µ)

+ f ′
[
µ0,α(r)− 4

5
µ2,α(r)

]
r

6
P1(µ)− f ′ r

5
µ2,α(r)P3(µ)

where a prime denote the derivative with respect to the comoving distance χ, P`(µ) is the

Legendre polynomial of degree `, while the coefficients µ` and µ`,α are

µ`(r) =

∫
k2dk

2π2
Pm(k)j`(k r)Gp(k, L), (4.5)

µ`,α(r) =

∫
k2dk

2π2
Pm(k)j`(k r)Gp(k, L)(bα(k)− b̄α), (4.6)

and Gp(k, L) is the Fourier transform of a spherical top-hat filter modelling an isotropic

binning of size L = 4h−1Mpc.

The Doppler correction is suppressed by a factorH/k with respect to the terms discussed

above. Therefore, we can evaluate it safely in the flat-sky approximation

ξDoppler =

[
(bQCα − b̄αCQ)f − 3

5
(CQbv − Cα)f2

]
ν1(r)P1(µ)+ (4.7)

+
2

5
(CQbv − Cα)f2ν3(r)P3(µ)− fCQν1,α(r)P1(µ),

where ν` and ν`,α are defined through

ν`(r) =

∫
k2dk

2π2

(
H
k

)
Pm(k)j`(k r)Gp(k, L), (4.8)

ν`,α(r) =

∫
k2dk

2π2

(
H
k

)
Pm(k)j`(k r)Gp(k, L)(bα(k)− b̄α), (4.9)

and the coefficients CQ and Cα are

CQ =

(
H′

H2
+

2− 5s

rH
+ 5s− fQ

evo

)
, (4.10)

Cα =

(
H′

H2
+ 3− fαevo

)
bR. (4.11)
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Figure 5: Top panels: QSOs-Lyα cross-correlation for r⊥ = 2 Mpc/h (left panel) and r‖ = 2 Mpc/h
(right panel) as modelled by BOSS (red line), the BOSS model with Doppler correction (green dashed
lines) and with Doppler, wide-angle and evolution corrections (blue dotted lines). The distortion
matrix has not been applied to the correlation function. Bottom panels: Doppler (green), wide-angle
(red) and bias evolution effect (blue) for the two configurations. The mean redshift has been fixed to

be zmean = 2.4. Vertical dotted lines represent a typical cut scale rcut =
√
r2‖,cut + r2⊥,cut = 20 Mpc/h.

The evolution effect is computed assuming the following redshift-dependence for the

biases of the tracers:

b̄α(z) = b̄α(2.4)

(
1 + z

1 + 2.4

)2.9

, (4.12)

bQ(z) = 0.53 + 0.289(1 + z)2. (4.13)

The redshift dependence of the Lyα forest has been modelled through observations [2, 3, 44,

45], while the bias of the quasars follows the semi-empirical behaviour derived in Refs. [46, 47].

Note that the scale dependence of the Lyα bias is assumed to be redshift-independent.

The Lyα bias at the mean redshift has been estimated from the best-fit parameters

in Ref. [7], table 4 (auto-alone) and and its value is b̄α(2.4) = −0.135426. The quasar

magnification and evolution biases has been estimated in Ref. [18] from a fit for the quasars

luminosity function used in BOSS DR9 analysis [48]. Their values are set to s = 0.295319

and fQ
evo = 5.7999.

The evolution bias for the Lyα forest can be estimated analytically [18]. The result

gives fαevo ' −3.

In Fig. 5 we show the Doppler, wide-angle and bias evolution corrections to the Lyα-

QSOs cross-correlation as modelled by BOSS. The left panel shows the correlation function

in terms of the longitudinal separation r‖, for r⊥ = 2 Mpc/h, while in the right panel we show

the transverse correlation function, at fixed longitudinal separation r‖ = 2 Mpc/h. Wide-

angle and z-evolution correction have little impact compared to the Doppler effect for both

configurations. In fact, these corrections are suppressed by a factor r/χm and we do not

expect them to have a large impact at high redshift. In particular, we observe that in the

configuration r⊥ = 2 Mpc/h wide-angle effects are totally negligible, as expected being an

almost longitudinal configuration.
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fsky z-range NQ Nα

BOSS 0.24 [1.85, 3.5] 217780 157845
eBOSS 0.24 [2.05, 3.5] 270816 257245
DESI 0.34 [1.96, 3.55] 787227 700000

Table 1: Specifics for BOSS, eBOSS and DESI used to estimate the signal-to-noise in Fig. 6.

5 Signal-to-noise analysis

In this section we compute the cumulative signal-to-noise of the Doppler signal, the wide-angle

signal and the evolution correction for BOSS, eBOSS and DESI. The cumulative signal-to-

noise is given by (
S

N

)2

= ξiXC−1
ij ξ

j
X , (5.1)

where ξX is the signal we are seeking and the indices i, j run over the pixels with separation

r > rmin. We will consider the three contributions to the correlation function discussed in

the previous section: the Doppler relativistic effect, the wide-angle and the redshift evolution

corrections. We will show the cumulative signal-to-noise as a function of the minimum scale

rmin that we are able to measure and model for a given survey.

The covariance matrix C depends on the specifics of the survey. For BOSS we use the

expression in Ref. [7], Eq. 17. This expression provides a good fit for its diagonal elements.

In order to estimate the covariance for eBOSS and DESI, we assume that the diagonal

elements scale as follows:

CeBOSS/DESI = CBOSS

(
NQNα

V 2

)
BOSS

(
NQNα

V 2

)−1

eBOSS/DESI

, (5.2)

where NQ and Nα are the number of quasars and forests, respectively, while V denotes the

volume of the survey. The number of quasars and forests are computed from Ref. [8] and

Ref. [49] for eBOSS and DESI, respectively. A summary of the specifics used in our analysis

is reported in table 1.

The expression in (5.2) is a good approximation because the Lyα-QSOs covariance is

shot-noise dominated. However, the non-diagonal elements in the covariance will slightly

suppress the signal-to-noise ratio. We correct for this effect by assuming that the impact of

the non-diagonal elements of the covariance in the signal-to-noise ratio for the Doppler effect

is the same for the 3D correlation function and for the dipole of the correlation function. This

assumption is well justified by considering that the Doppler term is the leading contribution

of the odd multipoles of the power spectrum or 2-point correlation function. Between the odd

multipoles, the dipole is carrying most of the signal-to-noise. In Appendix B we computed

the S/N for the dipole with the full covariance and for the diagonal covariance. We found

that the non-diagonal elements suppress the S/N up to a factor 5/7. Therefore, we apply

this suppression factor to our S/N. It is worth remarking that this is a conservative choice,

in particular on large scale where covariance matrix tends to be more diagonal.

In Fig. 6 we show the total cumulative signal-to-noise for three different surveys: BOSS,

eBOSS and DESI. We find that the cumulative signal-to-noise for BOSS amounts to approxi-

mately 2 for scales rmin > 20 Mpc/h. Therefore, we do not expect the signal to be detectable

from BOSS catalogue, in agreement with the lack of relativistic detection so far.
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Figure 6: Cumulative signal-to-noise as a function of the minimum distance included in the analysis.

For eBOSS we expect a signal-to-noise ratio close to 4. In the first eBOSS analysis of

the Lyα-QSOs cross-correlation (see Ref. [8]) a dipole contribution is included in the fit for

the correlation function. The dipole models the relativistic effects discussed in our work.

The best-fit support a non-zero contribution of the relativistic dipole. However, correlations

with other systematic effects prevent a significant detection with current data. We remark

that, differently from the eBOSS collaboration, we have not marginalized over the Alcock

Paczyński parameters. Therefore our signal-to-noise ratio could be slightly more optimistic

than the analysis performed in Ref. [8].

The signal-to-noise ratio for DESI is more promising. A significant improvement in the

number of quasars and forests leads to an expected S/N ≈ 7. We show for comparison also

the signal-to-noise for DESI when we consider a diagonal covariance. Our results indicate

that surveys like DESI and WEAVE-QSO will need to account for some relativistic effects

in their data analysis to accurately model the Lyman- QSOs cross correlation.

From Fig. 6 we clearly see that the signal-to-noise ratio is limited by the shot-noise on

small scales. The Doppler term is suppressed by a factor H/k with respect to the matter

power spectrum and, therefore, weights more large scale power. As a consequence, at small

scales the relativistic signal-to-noise ratio is more strongly affected by shot-noise. On the

other hand, more conservative non-linear scale cuts are not heavily disadvantaged.

Compared to the Fourier space analysis in Ref. [18], we used a more conservative esti-

mation of the Lyα noise and a more realistic estimation for the covariance matrix6.

In Fig. 7 (left panel) we compare the different contributions to the signal-to-noise. Both

wide-angle and evolution effects have very little impact on the total signal-to-noise, which is

dominated by the Doppler effect. The right panel in Fig. 7 shows the signal-to-noise for DESI,

computed by setting to zero the quasars magnification bias and the evolution bias of the two

tracers and we compare it to the S/N obtained for the fiducial values of the biases. We

6We warn the reader that even if we perform a more realistic and conservative analysis we obtain roughly
the same signal-to-noise ratio of Ref. [18] due to slightly different number of sources. In appendix B we
consider the same specifications of Ref. [18].
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Figure 7: Left panel: contributions of the different terms to the cumulative signal-to-noise of the
relativistic effect in Lyα-QSOs cross-correlation, we include the Doppler relativistic effect, the wide-
angle and redshift-evolution correction. Right panel: expected Doppler signal-to-noise for different
values of the evolution and magnification biases, the blue line is computed assuming fiducial values for
the biases, the orange line is obtained setting them to zero and the signal-to-noise has been computed
assuming DESI specifications.

observe that the signal-to-noise is suppressed from S/N ∼ 7 to S/N ∼ 2, when magnification

and evolution biases are set to zero. This shows that it will be crucial to properly model

astrophysical biases if we want extract physical information from the detection of relativistic

effects.

6 Shift in the best-fit parameters

In this section we will study the impact of neglecting the Doppler corrections in the theoretical

model for the cross-correlation. Our approach is based on the Fisher matrix information

formalism [50, 51]. The Fisher information matrix is defined as

Fij = −
〈

∂2L
∂pi∂pj

〉
, (6.1)

where L(x,p) is the probability distribution of our measurement x, and p is a set of pa-

rameters that we aim to measure. The inverse of the Fisher matrix is the most optimistic

covariance matrix for the set of parameters p.

We apply the Fisher formalism to an experiment that measures the Lyα-QSOs cross-

correlation function, like DESI and BOSS. In this application, we can express the Fisher

matrix as

Fij =
∂ξa

∂pi
C−1
ab

∂ξb

∂pj
, (6.2)

where ξ is the model for the correlation function and C is the covariance for our measure-

ments. Neglecting Doppler effects in the model for the cross-correlation will result in a biased

parameter estimation by shifting the best-fit parameters. In the Fisher matrix formalism,

this shift can be expressed [52] as

∆pi = F−1
ij

∂ξa

∂pj
C−1
ab ∆ξb, (6.3)
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where ∆ξ is the contribution of Doppler effects to the correlation function.

In our analysis, we fix the cosmological parameters to be the fiducial values in Ref. [7],

and we consider the set of parameters that are fitted in the model for the correlation function

in Ref. [7]. These set of parameters, summarised in Ref. [7], table 4, includes the Lyα

clustering bias parameters (b̄α, bΓ), the RSD parameter βα, all the parameters describing the

metals, HCD, proximity-effect contributions and a systematic effect in the estimation of the

quasar redshift ∆r‖.

The fiducial values for our set of parameters have been fixed to be the best-fit estimated

from the auto-correlation alone. Quasars parameters has been fixed to the values bQ = 3.87

and σv = 6.43. The systematic error on the quasars redshift has been set to be zero in the

fiducial model.

In Fig. 8 we show the contour plot for DESI (blue contours) and BOSS (red contours).

The black star highlight the shift in the best-fit parameters that we expect for a survey like

DESI. The parameters that are more degenerate with the Doppler correction are the system-

atic error on the estimation of the QSOs redshift, whose best-fit is biased approximately of

3-σ, and the clustering bias of one of the metals (SiII (120.7)). The degeneracy with ∆r‖ was

also pointed out in Ref. [8], and it was the main uncertainty which prevented the detection

of a relativistic dipole in the cross-correlation for eBOSS. In general, we observe that neglect-

ing the Doppler contribution to the Lyman-α QSOs cross-correlation can contaminate by a

non-negligible amount the parameter estimation for several bias parameters in a DESI-like

survey.
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7 Conclusions

In this paper we forecast the relevance of relativistic effects in the cross-correlation of the

Lyman-α forest and the quasars number counts for DESI.

Our work extends and improves the analysis presented in Ref. [18], where the signal-

to-noise for the imaginary part of the Fourier space spectrum has been computed for BOSS

and DESI surveys, neglecting any systematic effects that we have introduced in the current

work.

In agreement with Ref. [18], we found that the major contribution to relativistic correc-

tion is sourced by the Doppler effect, while wide-angle and bias-evolution effects are signifi-

cantly smaller. This is due to the fact that at high redshift these corrections are suppressed

by a factor r/χm, where r is the separation between the tracers and χm is the comoving

distance to the effective redshift of the sample.

For a survey like DESI, we forecast a signal-to-noise for the relativistic corrections to

be S/N ∼ 7, provided the fact that we will be able to model accurately several astrophysical

parameters that source our signal (especially the evolution biases of the two tracers).

Finally, we studied the impact of relativistic effects on parameters estimation. Since we

expect that the relativistic effects do not significantly shift the position of the BAO peak, we

focused on the bias parameters and astrophysical systematics in the cross-correlation. In fact,

some of the parameters modelling systematics show a mild tension between the best-fit values

estimated from the cross-correlation QSOs-Lyα and the Lyα auto-correlation, where the

relativistic effects here considered can be safely neglected [7]. We have shown that some bias

parameters, in particular the quasar redshift estimation parameter ∆r‖, measured through

the Lyman-α QSOs correlation are sensitive to the Doppler effect. However, we find that

the tensions between auto-correlation and cross-correlation analysis described above cannot

be resolved including the Doppler effect in the theoretical model for the cross-correlation.

Our results indicate that surveys like DESI and WEAVE-QSO will need to account for some

relativistic effects in their data analysis to accurately model the Lyα-QSOs cross correlation.
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Appendix

A Lensing dipole

The lensing contribution to the quasars’ number count introduces an asymmetric contribution

to the cross-correlation Lyα-QSOs: the background quasars will be lensed by the neutral
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hydrogen clouds where a Lyα transition occurs, while the Lyα flux fluctuations are not lensed,

to linear order, by the foreground quasars. The lensing contribution in the cross-correlation

of two galaxy populations was computed in [17] and can be adapted to the Lyα-QSOs cross-

correlation:

ξlens(z, r, β) = (1 + z)
3Ωmπ

4
bα(5s− 2) rH0 cosβΘ (DQ −Dα)µlens(β), (A.1)

where Θ is the Heaviside function and the function µlens is

µlens(β) =

∫ ∞
0

k⊥dk⊥H0P (k⊥)J0 (k⊥ r sinβ) , (A.2)

being J0 the order-0 Bessel function. Eq. (A.1) assumes the Limber approximation and it

is the lowest order contribution in r/χm. In order to estimate the lensing contribution to

the anti-symmetric part of the correlation function, we compare the Doppler and the lensing

dipole. In Fig. 9 we show the Doppler and lensing dipole for the Lyα-QSOs cross-correlation.
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Figure 9: Comparison between Doppler dipole and lensing dipole at z = 2.4.

Despite the fact that lensing is expected to be important for tracers at high redshift, the

Doppler contribution dominates over the lensing up to r ∼ 150 Mpc/h. This is due to the

bias factor bα(5s − 2) ∼ 6 × 10−2, which suppresses the lensing signal. Therefore, we can

safely neglect lensing in our signal-to-noise analysis.

B Signal-to-noise for the dipole

In this section we compare the real space signal-to-noise analysis of the dipole to the Fourier

space analysis presented in Ref. [18]. We assume the same specifics as Ref. [18] to model

BOSS and DESI covariance.

The cumulative signal-to-noise for the dipole can be computed as described in Sec. 5,

while the dipole covariance has been computed from the general expression in Ref. [40].
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Figure 10: Left panel: diagonal elements of the covariance for the dipole. Different colors denote
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BOSS (blue) and DESI (orange). The specifics for the two surveys follow tha Fourier space analysis
in Ref. [18]. The dashed orange line represents the signal-to-noise for DESI, when only the diagonal
elements of the covariance are taken into account.

In Fig. 10 (left panel) we compare the different contribution to the covariance matrix.

The diagonal elements are dominated by the purely shot-noise contribution. Therefore, we

show that our approach to estimate the covariance for DESI in Sec. 5 is legitimate.

The right panel in Fig. 10 shows the signal-to-noise of the dipole for BOSS (blue line)

and DESI (orange line). The signal-to-noise of the dipole gives consistent results with the

Fourier space analysis in Ref. [18]. The dashed orange line is the signal-to-noise computed

considering only the diagonal elements. We found that for the relativistic dipole the non-

diagonal elements suppress the signal-to-noise up to a factor 5/7.
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