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The quantitative description of polymeric systems requires hierarchical modeling schemes, which
bridge the gap between the atomic scale, relevant to chemical or biomolecular reactions, and the
macromolecular scale, where the longest relaxation modes occur. Here, we use the formalism for
diffusion-controlled reactions in polymers developed by Wilemski, Fixman, and Doi to discuss the
renormalisation of the reactivity parameters in polymer models with varying spatial resolution. In
particular, we show that the adjustments are independent of chain length. As a consequence, it is pos-
sible to match reactions times between descriptions with different resolution for relatively short ref-
erence chains and to use the coarse-grained model to make quantitative predictions for longer chains.
We illustrate our results by a detailed discussion of the classical problem of chain cyclization in the
Rouse model, which offers the simplest example of a multi-scale descriptions, if we consider differ-
ently discretized Rouse models for the same physical system. Moreover, we are able to explore dif-
ferent combinations of compact and non-compact diffusion in the local and large-scale dynamics by
varying the embedding dimension. © 2012 American Institute of Physics. [doi:10.1063/1.3673444]

I. INTRODUCTION

The dynamics of intra- and inter-macromolecular chem-
ical reactions is a classical problem of polymer physics,
which stimulated intense theoretical,1–17 computational,18–20

and experimental (DNA looping,21, 22 protein,23–30 and RNA
folding31, 32) work over the last 40 years. Theoretical work
typically concentrates on exploring the reaction dynamics
of model polymers. There are now increasing efforts to
systematically develop hierarchies of coarse-grain models
describing the structure and dynamics of a polymeric system
on different time and length scales.33–43 In the present paper,
we discuss the renormalisation of reactivity parameters re-
quired to obtain consistent results from models with different
spatial resolution.

For intra- or inter-molecular reactions to occur, the reac-
tive sites have to come into close spatial contact. Depending
on the efficiency of the chemical reaction, two qualitatively
different regimes exist. If the reaction is inefficient, the reac-
tive sites have to approach each other very often before a reac-
tion occurs. The rate, τ−1

rc , of reaction-controlled or reaction-
limited processes is therefore independent of the chain
dynamics and given by the product of two factors: (i) the static
probability, pc, that the chain folds into a conformation, where
the reactive sites approach within a microscopic contact dis-
tance, rc, and (ii) the rate λ(rc) with which reactive sites con-
fined to the contact volume undergo the chemical reaction in
question. In the opposite limit of diffusion-controlled reac-
tions, two chain ends interact each time they come closer than

a)Electronic mail: ralf.everaers@ens-lyon.fr.
b)Electronic mail: anrosa76@gmail.com.

rc. In this limit, the reaction time is given by the mean first-
contact time, τdc, of the reactive sites and is hence a function
of the chain dynamics. In the present paper, we are interested
in what can be learned about τdc from coarse-grain polymer
models.

The character of diffusion-controlled processes sensi-
tively depends on the embedding spatial dimension, d, and, as
a measure of the chain dynamics, on the exponent, z, describ-
ing the mean square variations in the distance �r(t) between the
reactive sites, 〈(�r(t) − �r(0))2〉 ∼ t z. In the following, we de-
note by τmin ∼ r

2/z
c the time it takes to diffuse a distance of the

order of the reaction distance, rc. Similarly, the maximal re-
laxation time is given by the time τmax ∼ R2/z required to dif-
fuse across the total accessible volume, Rd. For non-compact
diffusion7 with dz > 2 the regions ∼Tdz/2 explored by �r during
two subsequent time intervals of length T do not overlap. As
a consequence, the diffusive process has to visit on average
1/pc ∼ (R/rc)d cells of the size of the contact volume before it
will by chance enter the reaction volume itself. The required
time scales such as τdc ∼ τmin p−1

c = τmax p
2/(dz)−1
c � τmax.

For compact diffusion7 with dz < 2 spatial volumes visited
during subsequent time intervals are densely overlapping and
a trajectory passes arbitrarily close to any point within the ex-
plored range Tdz/2. “Targets” in finite systems are thus found
independently of their size in a time corresponding to the
overall relaxation time of the system, τdc = τmax. The tran-
sition from compact to non-compact regime defines the “crit-
ical” dimension, dc = 2/z.

These general considerations are best illustrated by the
example of simple diffusion, 〈(�r(t) − �r(0))2〉 ∼ Dt , in a fi-
nite volume Rd. In this case, z = 1 and dc = 2: diffusion
is compact for d < 2 and non-compact for d > 2, with
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τdc = τmax ≈ R2/D independent of rc for d = 1, and τdc

≈ R/rcτmax = R3/Drc for d = 3 in agreement with the clas-
sical result by Smoluchowski.44

Depending on solvent quality, concentration and the de-
gree of screening of hydrodynamic interactions, macromolec-
ular systems exhibit a rich variety of non-trivial exponents
giving rise to both, compact, and non-compact diffusion. Let
us consider two monomers located at contour length posi-
tions i and j from one chosen end of the fiber. For flexible
chains with a conformational statistics described by the aver-
age square spatial distance 〈r2(|i − j|)〉 ∼ |i − j|2ν , and ne-
glecting hydrodynamics interactions, the internal dynamics is
described by the Rouse model,45, 46 where z = 2ν/(2ν + 1).
For ideal chains ν = 1/2, while for self-avoiding polymers
ν = 3/(d + 2) is the Flory exponent.47 Thus, both models
exhibit the transition from compact to non-compact dynam-
ics at the “critical” dimension d = dc = 4. Inclusion of hy-
drodynamic interactions in the Zimm model48 yields z = 2/3
and dc = 3, while for stiff chains, z = 3/4 and dc = 8/3 < 3.
Beyond the maximal relaxation of the chains, motion is also
characterized by the non-compact (in d > 2) center-of-mass
diffusion.7

A given system may exhibit different dynamic regimes
on different time and length scales.49–52 While complex, most
of these properties can be reproduced by a hierarchy of mod-
els hiding molecular specificity in a small number of pa-
rameters accounting for the chain topology, conformational
statistics, or the effective interactions. Since the calculation of
diffusion-controlled reactivity potentially involves all length
and time scales, it presents a considerable challenge to this
paradigm, even if the dynamics is apparently dominated by a
single scaling regime.

Naively, one would expect coarse-graining to be uncriti-
cal in cases where both the true system (or a suitable micro-
scopic model) and the coarse grain model exhibit compact
diffusion at all times. In contrast, omitting a non-compact
regime of the microscopic dynamics or (involuntarily) intro-
ducing such a regime in the coarse-grain dynamics is bound
to lead to seriously flawed results, even if the long-time
dynamics is explored correctly. As we will show later, the
arising difficulties can be readily illustrated using the stan-
dard example of ring-closure for flexible chains undergoing
Rouse motion, which has been a recurrent subject in the lit-
erature since the earliest publications in the field.2, 3, 6 The
existence of different scaling regimes with τdc ∼ N3/2 and
τdc ∼ N2 for this standard model of polymer dynamics is
by now well established.11, 13, 53 As their relative importance
(and the characteristic chain length where the crossover be-
tween them occurs) turn out to depend on the reaction ra-
dius and the microscopic discretization used for the polymer
model, this raises the problem of how to map the results to
real systems and how to represent real systems by polymer
models.

In the present paper, we explore the use and the limita-
tions of coarse-grain models for estimating diffusion limited
reactivities in polymeric systems.

In Sec. II, we review the classical theory of Wilemski
and Fixman1 in a simplified form suggested by Doi5 from this
particular angle.

In Sec. III, we present a detailed analysis of numerical re-
sults for the Rouse model as a function of chain length, spatial
resolution of the model, and embedding dimension. Our main
interest is in describing a simple regularization procedure al-
lowing the separation of local and polymer contributions to
the reaction time, which provides a transparent physical inter-
pretations for the scaling regimes mentioned above.

Based on these results, the discussion in Sec. IV focuses
on the standard questions of polymer physics:46, 47, 54–56

1. For everything else left unchanged, how does the re-
action time, τ r vary with the total chain length, L, or
the contact distance between the reactive sites? By L,
we refer to a measure of the size of the real polymer,
which we are trying to model. Examples would be the
contour length, the molecular weight, or the index of
polymerization.

2. What is the predictive power of polymer models and
how should we analyze their behavior to obtain ro-
bust results? While we use the Rouse model through-
out the paper to illustrate our results, we are neither try-
ing to solve it with higher precision15, 16 than the clas-
sical authors1, 5 nor are we suggesting that all polymers
are suitably described by a simple Langevin dynamics
of Gaussian chain. Instead, we use the Wilemski, Fix-
man, and Doi theory for the Rouse model to illustrate the
consequences of investigating the reaction dynamics of
a particular polymer using models with different spatial
resolution. In our notation, the number of beads, N, of a
Rouse chain is, therefore, not simply synonymous to the
length, L, of the molecule under investigation. Instead,
N = N0(L/L0), where L0 is a reference chain length and
where N0 is a measure of the chosen spatial discretiza-
tion. Different models differ only in their behavior on
the smallest resolved length and time scales and make
nearly indistinguishable predictions for quantities such
as the solution viscosity (Fig. 5). However, there are sig-
nificant effects on the first-contact time (Fig. 4). This ob-
servation is equally relevant to analytical and numerical
attempts to predict reaction times.

3. How can we integrate independent information about
microscopic behavior into (the parameters of) a coarse-
grain model to generate the correct behavior? We discuss
strategies for compensating the consequences of a mod-
ified short-time dynamics in a model by adjusting the
employed reactivity parameters. In particular, we show
that changes of resolution can be performed without loss
of predictive power, since the new values for the contact
distance, rc, and the conversion rate at contact, λ, are in-
dependent of chain length.

Finally, it is probably worthwhile to comment on our
use of the term “quantitative” in this paper. We are inter-
ested in predicting the chain length dependence of reaction
rates, τ r(L), for polymers of given chemical composition un-
der given environmental conditions. These reaction rates vary
over many orders of magnitude and often exhibit power law
behavior. By “quantitative,” we mean the determination of
prefactors and crossovers within ∼15% (see Fig. 1 in sup-
plementary material), i.e., better than scaling, but not exact.
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FIG. 1. Time-dependence of the variance 1 − φ2(t) of the Green function
for the end-to-end vector in the Rouse model. Solid lines show results for a
reference chain with longest relaxation (Rouse) time τR(L0) and size R2(L0)
for N = 4 (red), N = 16 (green), N = 64 (blue), and N = 256 (black). Thick
dashed lines show results for a correspondingly discretized, longer chain with
L/L0 = 16.

II. THEORY

A. Mean first-contact times and contact
correlation functions

Consider a polymer of contour length L with reactive
sites located at chain ends. Neglecting orientational effects,
the contact, or looping probability is given by

pc(L, rc) =
∫

�r∈S(rc)
pL(�r)d�r, (1)

where pL(�r) is the probability density for the spatial vector
between the reactive sites being �r , and the integral is calcu-
lated over the “reaction region” S of linear size the “contact
distance” rc.

Calculating the average reaction time between two
sites on a polymer undergoing Brownian motion is a non-
trivial statistical mechanical problem. In their seminal paper,1

Wilemski and Fixman (WF) laid out the mathematical frame-
work for the solution of the first-contact problem for two dif-
fusing reactive sites on a polymer. Their approach is based
on a “Markovian” approximation of the exact solution15, 16

to the cyclization problem of a polymer chain, and predicts
mean-first contact times fairly close to the exact result (see
Ref. 15 and Fig. 1 in supplemental material57). The full WF
solution for arbitrary conversion rates λ for reactive sites in
contact relies on Laplace transformations. Here, we will use
an approximation proposed by Doi,5 which we find particu-
larly transparent as to the underlying physics.

Doi5 showed that a lower bound on the average reaction
time τ r is given by the sum

τr ≥ τrc + τdc (2)

of two reaction times describing the limits of reaction- and a
diffusion-controlled processes, respectively. The first term

τrc = λ−1

pc

(3)

is calculated in the limit λ → 0, where the concentration
of unreacted chains with reactive sites in contact is indeed
given by the equilibrium contact probability, Eq. (1). Chem-
ical reactions deplete the concentration of these conforma-
tions so that τ rc underestimates τ r for finite conversion rates.
The extreme case is given by the limit λ → ∞, where Eq.
(2) becomes again exact. In particular, Doi proposed to cal-
culate τdc from the more easily accessible average contact
time, τ S,

τdc = τS

pc

, (4)

where

τS =
〈∫ ∞

0
[S(r(t)) − pc]dt

〉
c

(5)

≡
∫ ∞

0
[�(t) − pc]dt. (6)

The sink function S introduced above is the characteristic
function of the reaction region S:58 it takes the value one each
time the two interacting monomers are closer than rc and 0
otherwise. The brackets 〈. . . 〉c denote the average over the en-
semble of trajectories for which r(t) < rc at t = 0.

To better understand the meaning of the function �(t)
≡ 〈S(r(t))〉c, we note that the contact probability is given by
the ensemble average of the characteristic function, pc ≡ 〈S〉
≡ 〈S2〉. Therefore, the average over the ensemble of trajecto-
ries passing through the contact region at t = 0 can also be
written as 〈. . . 〉c ≡ 〈. . . S(r(t = 0))〉/pc so that, by adopting the
concise notation S(t) ≡ S(r(t)),

�(t) = 〈S(t)S(0)〉
pc

(7)

turns out to be the contact correlation function. By con-
struction, 〈S2(0)〉 = pc and �(0) = 1. Furthermore,
limt→∞〈S(t)S(0)〉 = 〈S(t)〉〈S(0)〉 = p2

c and limt → ∞�(t)
= pc, so that the integral, Eq. (6) converges.

It is instructive, to consider the integration of �(t)
(Eq. (6)), in the context of our discussion of compact and
non-compact diffusion in the Introduction, Sec. I. The de-
cay of �(t) remains suspended during an initial time interval,
0 < t < τmin = (rc/R)2/zτmax required to diffuse out of the
contact volume:

∫ τmin

0 �(t) dt = τmin may be neglected. Since
�(t) is also a measure of the “probability” for the interact-
ing particles to return inside the contact region and 〈(�r(t)
− �r(0))2〉 ∼ t z for τmin < t < τmax, �(t) is expected to decay
as a power-law: �(t) ∼ (t/τmin)−dz/2. Hence,

τS ≈
∫ τmax

τmin

1

(t/τmin)dz/2
dt

≈

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

pcτmax,
zd
2 < 1

τmin log
(

1
pc

)
, zd

2 = 1

τmin,
zd
2 > 1

(8)

which, when combined with Eq. (4), leads back to results for
τdc discussed in the Introduction.
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More formally, because the sink function S(�r) depends
only on the distance between the reactive sites, �(t) is related
to the Green function G(�r, t |�r0, 0) for that distance1, 2

�(t) = p−1
c

∫
d�r
∫

d�r0S(�r)G(�r, t |�r0, 0)S(�r0)pL(�r0). (9)

The Green function gives the conditional probability density
that, for a reciprocal spatial position �r0 at time t = 0 the vector
between the two reactive sites at time t is �r .

B. Rouse model

The different ideas raised in Sec. II A can be readily il-
lustrated using the classical example of intrachain reactions in
flexible polymers2, 3, 9 in d dimensions. The Rouse model45, 46

is the standard theoretical framework for flexible polymers
dynamics: the chain is described as a linearly connected array
of N + 1 beads linked by Gaussian springs. The model does
not take into account hydrodynamic interactions, and because
of its simplicity it is exactly solvable.45, 46 Here, we consider
a slightly modified model, where the friction coefficient of
the first and the last bead of the chain is only half as large
as for the inner beads. This choice is motivated by the con-
struction of longer chains via the polymerization of Rouse
dimers or dumbbells. As a consequence, the total friction
scales as the number of bonds, N, and the dispersion relation
for the discrete model equals the well-known results in the
continuum limit and avoids various “1/N” corrections of the
standard Rouse model (Appendix A). By assuming a simple,
analytical expression for the sink function in Eq. (9), the con-
tact correlation function �(t) is given by the exact expression
(Appendix B),

�(t) = pc[(
1 − p

2/d
c

)
(1 − φ2(t)) + p

2/d
c

]d/2 , (10)

where

φ(t) = 4

N2

N−1∑
p=1; odd

exp
(
− t

τp

)
1 − cos

(
pπ

N

) , (11)

with τp = τR(1 − cos( π
N

))/(1 − cos(pπ/N )) and τR is the
so-called Rouse time of the chain. For t < τN − 1, it is easy
to show that

φ(t) ≈ 1 − 2

N
[
1 − cos

(
π
N

)] t

τR

. (12)

Hence, at short enough times, monomer motion is always dif-
fusive. We will show in Sec. III, that this has important effects
reverberating on contact times.

III. RESULTS

A. The origin of the different scaling regimes
in the Rouse model

It is a simple numerical exercise to evaluate Eq. (4) with
Eqs. (6), (10), and (11), for the Rouse model for given values
of contact radius, rc, Rouse time, τR, and root-mean square
chain extension, R. In the following, we vary chain length,

L, and the number of beads, N, used to represent the chain,
in an attempt to trace their influence on the final result. We
use the shortest chains studied as a reference and the corre-
sponding values of τ 0

R , R0, and L0 as our units of time, length,
and chain length. In the figures, different colors denote results
obtained for different spatial discretizations with N0 = 4, 16,
64, 256 beads for the reference chain and with N = N0(L/L0)
beads for longer chains. For Rouse chains: R = R0(L/L0)1/2,
τR = τ 0

R(L/L0)2, and contact probabilities are given (for rc

 R0) by pc(L0) = (d/2)d/2/�(d/2 + 1)(rc/R0)d (Ap-
pendix B) and pc(L) = pc(L0)(L0/L)d/2.

Because of the evident importance of this specific case,
we trace the physical origin of the two regimes observed in d
= 3 (Refs. 11, 13, and 53) by going step-by-step through the
Doi formalism.

As we have seen in Sec. II B, the information about
the chain dynamics enters into the formalism via the time-
dependent variance, 1 − φ2(t), of the Green function for the
end-to-end vector (Appendix B). In Fig. 1, we show this quan-
tity for a reference chain of length L0 and a longer chain of
length L = 16L0. Around the terminal relaxation time, τR(L)
∼ L2, the variance 1 − φ2(t) is independent of the discretiza-
tion of the model. In contrast, the characteristic crossover
from free diffusion, 1 − φ2(t) ∼ t, to Rouse dynamics,
1 − φ2(t) ∼ t1/2, occurs independently of chain length on
time scales corresponding to the relaxation time, τN − 1, of
the highest mode represented in the polymer model. Note
that while t1/2 grows more slowly in time than t, the absolute
magnitude of motion is increased by the introduction of ther-
mally fluctuating microscopic degrees of freedom. Being thus
more efficient in the exploration of space, Rouse dynamics is
compact in d = 3 dimensions. Nevertheless, a Rouse chain
with finite discretization exhibits non-compact diffusion for
t < τN − 1 (Eq. (12)). In our figures, τN − 1 is identical for
chains of different lengths shown in the same color.

Figure 2 shows the contact correlation function, �(t)
− pc, calculated from Eq. (10) for the same chains of length
L0 and 16L0 for three different values of rc/R(L0). �(t)
≈ 1 as long as

√
1 − φ2(t) < rc/R(L0). Obviously, the larger

rc, the longer this regime becomes. Comparing results for

10-6 10-4 0.01 1 100 104
10-8

10-6

10-4

0.01

1

t / τR (L0)

Σ L
(t

) -
p

c

~t-3/2

~t-3/4

FIG. 2. Correlation function for contacts between the end beads in the Rouse
model for rc/

√
R2(L0) = 0.5, 0.05, 0.005 (from top to bottom) for the dif-

ferently discretized chains from Fig. 1, for chain length L0 (thin, solid lines)
and 16L0 (thick, dashed lines) and d = 3.
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FIG. 3. Partial integrals over the contact correlation functions from Fig. 2 for
rc/
√

R2(L0) = 0.05. Results are shown for chains of length L0 (thin, solid
lines) and 16L0 (thick, dashed lines) and d = 3. Different colors denote dif-
ferent discretization (see Fig. 1).

different discretization, we see that the decay of �(t) sets in
much earlier in faster moving systems with many microscopic
degrees of freedom. In the intermediate regime before the
terminal decay at the Rouse time, τR(L), we clearly discern
two different power laws, �(t) ∼ t−3/2 and �(t) ∼ t−3/4,
corresponding to non-compact and compact diffusion below
and above the relaxation time, τN − 1, of the highest mode
represented in the polymer model. For times t < τ 0

R , longer
chains perfectly reproduce the behavior of corresponding
reference chains. In the opposite limit, τ 0

R < t , the behavior
of long chains is independent of discretization.

The contact time, τ S, is calculated by integrating �(t)
− pc over time, Eq. (6). In Fig. 3, we show partial integrals to
illustrate how different time intervals and regimes contribute
to τ S. The figure suggests to write τ S as a sum of two qualita-
tively different contributions:

τS(L) = τmicro
S + τ

pol
S (L) (13)

with τmicro
S (L, t∗) = ∫ t∗

0 [�L(t) − pc]dt and τ
pol
S (L, t∗)

= ∫∞
t∗ [�L(t) − pc]dt for some appropriate cut-off time,

which we choose in the following as t∗ = 0.01τ 0
R .

The asymptotically dominant long-time contribution,
τ

pol
S (L), is independent of discretization and a manifestation

of the universal, large-scale polymer dynamics. The chain
length dependence of τ

pol
S (L) is indicated by the superimpos-

ing dashed lines in Fig. 3 (bottom). With Rouse motion being
compact in three dimensions, τ

pol
S (L) is essentially given by

pc τR(L). As a consequence, τ
pol
dc (L) ∼ τR(L) ∼ L2. In fact,

by careful numerical evaluation we find that τ
pol
dc (L)/τR(L) is

≈2, in agreement with previous findings.2, 9, 10

In contrast, the short-time contribution, τmicro
S , is a func-

tion of discretization and independent of chain length (com-
pare dashed and solid lines, Fig. 3 (top)). Large contribu-
tions from the short-time regime are a consequence of local
non-compact diffusion in systems with finite discretization.
Around the time of the crossover, τN − 1, of the “monomer”
motion from simple diffusion to Rouse dynamics, their typ-
ical mean-square displacement is of the order of R2(L)/N.
For r2

c > R2(L)/N the finite discretization is of no conse-
quence and, the relevant short-time dynamics is compact:
hence, analogously to the derivation of Eq. (8), and with
τmax = τR(L), z = 1/2, and d = 3 it is easy to show that
τmicro
S ≈ pcτR(t∗/τR)1/4 ≈ τ

3/4
min t∗1/4. In the opposite case,

τmicro
S is dominated by the time required to escape from

the contact volume via simple, non-compact diffusion, τmicro
S

= (r2
c /R2)τR(L)/N ≈ (r2

c /D)L0, where D is the monomer
diffusion coefficient. Then, the corresponding contribution to
τdc scales like τdc ≈ τmicro

S /pc ≈ R3/rcD ∼ L3/2 as a conse-
quence of the decreasing static contact probability, pc(L, rc)
between the reactive sites.

B. Reaction times as a function of chain
discretization and spatial dimension

We can now generalize these results to different dimen-
sions. Figure 4 shows the behavior of τ S(L) and τdc(L) as a
function of chain length, for d = 1, 3, 4, 5. The symbols show
numerical results obtained for rc = 0.01R0. Dotted and dashed
lines denote specific contributions from the model (discretiza-
tion dependent) short-time behavior and the universal (poly-
mer) behavior, respectively. For d = 1, both diffusion and
Rouse behavior are compact. Consequently, model coarsening
has little effect and the polymer (universal) contribution dom-
inates. For d = 3, we come back to the case discussed in Sec.
III A: diffusion is non-compact, while Rouse motion is still
compact. Accordingly, the data reproduce the well-known
crossover11, 13, 53 from a scaling regime with τdc(L) ∼ L3/2

to an asymptotic regime τdc(L) ∼ τR(L) ∼ L2.3, 9, 10 As dis-
cussed above, while the former strongly depends on the cho-
sen discretization of the model, the latter is universal. For d
= 4 (i.e., the marginal case of the Rouse model), we observe
the predicted (slow) logarithmic behavior of τ

pol
S (L) at large

L (see Eq. (8)). It is noticed that the dominant numerical con-
tribution to τ S(L) comes from τmicro

S . Finally, for d = 5 both
diffusion and Rouse motion are non-compact. Accordingly,
we report no crossover: only the ∼L5/2 regime is observed,
with the dominant contribution coming from τmicro

S .
Within the Rouse model, it depends on chain length, L,

the discretization, N, the contact radius, rc, and the spatial di-
mension, d, whether the contact correlation time τ S is domi-
nated by the universal contribution, τ

pol
S , or the non-universal

contribution, τmicro
S . This raises the question, if we are dealing

with a real physical effect or with an artifact. It is tempting to
dismiss the asymptotically sub-dominant contribution on the
grounds that the universal behavior is typically all that mat-
ters in polymer physics. This point of view most certainly
simplifies calculations. Adopting it in numerical work, the
sub-dominant contribution would appear as a nuisance im-
posed by the need to employ finite contact radii and polymer
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FIG. 4. Contact correlation time, τ S(L), and mean first contact times τdc(L) = τS (L)/pc(L, rc), for Rouse chains as a function of chain length for contact
radius, rc/R0 = 0.01, and for space dimension, d = 1, 3, 4, 5. The symbols indicate numerical results for τS (L) = ∫∞

0 [�(t) − pc]dt . Dotted lines show

the model/discretization dependent short-time contribution, τmicro
S (L) = ∫ 0.01τ0

R
0 [�(t) − pc]dt , and dashed lines represent the universal contribution, τ

pol
S (L)

= ∫∞
0.01τ0

R
[�(t) − pc]dt , from the long-time polymer dynamics (Eq. (13)). Different colors indicate different discretizations of the model with N = N0(L/L0): N0

= 4 (red), N0 = 16 (green), N0 = 64 (blue), N0 = 256 (black). Notice, that results for τ
pol
S (L) generally superimpose for N0 ≥ 16. d = 1: Both diffusion and

Rouse behavior are compact. Consequently, model coarsening has little effect and the polymer (universal) contribution dominates. d = 3: Diffusion is non-
compact, while Rouse behavior is still compact. In this case, we reproduce the well-known crossover11, 13, 53 from a scaling regime with τdc(L) ∼ L3/2 to an
asymptotic regime τdc(L) ∼ τR(L) ∼ L2.3, 9, 10 d = 4: In the Rouse marginal case, logarithmic corrections (Eq. (8)) are observable in the polymer contribution
to τ S(L). Dominant contributions come from the non-universal short-time behavior. d = 5: Both diffusion and Rouse behavior are non-compact, and only the
short-time contribution matters.
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models with a finite number of degrees of freedom. Fortu-
nately, Fig. 3 would then suggest an efficient cure as the
asymptotic behavior may be extracted from τ

pol

S (L) with min-
imal corrections to scaling. But is this attitude really justified,
when it comes to modeling the behavior of real systems?

IV. MULTI-SCALE MODELING OF DIFFUSION
LIMITED REACTIONS IN POLYMERS

A. Disregarding the model-dependent
microscopic dynamics

In constructing a Rouse model of a specific flexible poly-
mer, R2 and τR are chosen to match the experimental mean-
square end-to-end distance and longest relaxation time. The
number of beads, N, is a free variable, which determines the
chosen discretization. There are two natural choices: a dis-
cretization NK = L/lK at the Kuhn scale, lK, where rigid rod
behavior crosses over to random walk behavior, and the con-
tinuum limit, N → ∞, which is often convenient for analytical
calculations, but which implies random walk behavior on all
scales. Representations with N < NK beads are coarse-grained
models. Apart from its simplicity, we have chosen the Rouse
model as an example, because it allows for a convenient con-
trol of the renormalisation of the model parameters related to
changes in spatial resolution.

Predictions for physical observables dominated by the
large-scale (polymer) behavior are hardly affected by the
choice of N. For comparison, it is useful to consider a con-
crete example: of the viscosity of polymer solutions. Quite
analogous to Eqs. (6), (10), and (11), within the Rouse
model46 the viscosity is given by an integral over the shear
relaxation modulus, η = ∫∞

0 G(t) dt , which in turn can be
expressed as a sum over the correlation functions of the
Rouse modes, G(t) = ρchainkBT

∑N
p=1 exp(−t/τp), where

ρchain = ρK(lK/L) ∼ L−1 for a given Kuhn segment den-
sity, ρK. The resulting prediction for the viscosity, η(L)
= α(N) ρchain(L) kBT τR(L) ∼ L1, depends on the discretiza-
tion only through a numerical prefactor, α(N ) =∑N

p=1 τp/τ1,
which rapidly converges with α(1) = 1, α(4) ≈ 1.61, and
α(∞) = π2/6 ≈ 1.645. In a log-log plot of viscosity versus
chain length (Fig. 5), it is impossible to discern these small
variations.

Coming back to the problem of diffusion-controlled re-
actions in polymeric systems, we see that the results pre-
sented in Sec. III B are somewhat alarming from a modeling
perspective: With the exception of the 1d case (where both
the local and global diffusions are compact), the resulting
predictions for reaction times τdc(L) and τ r(L, λ), shown in
Figs. 4 and 6 respectively, strongly depend on the ad hoc
choice of the discretization, N. To appreciate the magnitude of
the problem, we invite the reader to gauge the spread in these
predictions against the corresponding results for the viscos-
ity shown in Fig. 5. Except in the asymptotic limit,9 the usual
benign neglect of microscopic detail in polymer models fails:
by themselves (i) the knowledge of the (chemical) conversion
rate for reactive sites in contact and (ii) a reliable model of the
large-scale structure and dynamics are insufficient to predict
reaction rates in diffusion-controlled processes.

1 5 10 50 100 500 1000
1

5
10

50
100

500
1000

L/L0

η
/

(ρ
0

kT
τ R0

)

FIG. 5. Viscosity for Rouse chains as a function of chain length. The figure
shows a superposition of four dashed lines representing results obtained for
different discretizations of the model with N = N0(L/L0): N0 = 4 (red), N0
= 16 (green), N0 = 64 (blue), N0 = 256 (black).

B. Universal and model-dependent contributions
to τdc

The considerations in this paper build on the observation,
that the short-time dynamics in polymers is independent of
chain length. In particular, we propose to distinguish a model-
dependent, chain-length independent short-time contribution,
τmicro
S , and a universal, chain-length dependent long-time con-

tribution, τ
pol
S (L).

As a consequence, the integral Eq. (6) is amenable to
a simple regularization procedure, where one calculates the
change of the contact time for chains of length L relative to
some appropriate reference chain length L0,

�τS(L) = τS(L) − τS(L0). (14)

Assembling all intermediate results, we find for the reaction
time

τr (L) = λ(rc)−1 + τS(L0, rc)

pc(L, rc)
+ �τS(L)

pc(L, rc)
, (15)

= τr (L0)
pc(L0, rc)

pc(L, rc)
+ �τS(L)

pc(L, rc)
. (16)

The above reasoning holds true equally well for the true
microscopic dynamics and the dynamics of a (coarse-grain)
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λ τR
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τ r
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FIG. 6. Reaction times as a function of the chemical conversion rate, λ, for
reactive sites in contact calculated from Eq. (2) for the systems in d = 3 pre-
sented in Fig. 4. Results are shown for four different chain lengths L/L0 = 1,
8, 64, 512 from bottom to top. The color code denoting different discretiza-
tions of the chains is the same as in the preceding figures.
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model describing the system. Equation (15) implies a few in-
teresting consequences as follows:

� There are two distinct “polymer effects” on chemi-
cal reactivity: a static effect through the reduced con-
tact probability in larger chains, pc(L0, rc)/pc(L, rc)
∼ Ldν and a dynamic effect through the large-scale
polymer motion.

� If the polymer dynamics is compact, the latter effect
dominates asymptotically. Conversely, if the polymer
dynamics is non-compact, the latter effect is negligible
compared to the first one (see Eq. (8)).

� A polymer model, which faithfully describes the poly-
mer dynamics and conformational statistics on scales
larger than the reference chain, can be used to calculate
pc(L0,rc)
pc(L,rc) and

τS(L) − τS(L0) = τS
′(L) − τS

′(L0), (17)

where primed and unprimed symbols refer to model
and the physical system, respectively.

� As we discuss in detail in Sec. IV D, it is possible
to compensate the consequences of a modified short-
time dynamics in a model by adjusting the reactiv-
ity parameters. In particular, changes of resolution can
be performed without loss of predictive power, since
the new values for rc and λ are independent of chain
length. The necessary matching of parameters can thus
be carried out for reference chains of moderate lengths,
which are still accessible to treatment in the more de-
tailed model.

C. Coupling of contact radius and conversion rate

The decomposition of the process into the formation of
a contact and a subsequent reaction is a theoretical abstrac-
tion with a somewhat arbitrary choice of rc. In the simplest
case, one should expect a distance dependent reaction rate.
The probability for the occurrence of the reaction should then
depend on the manner (compact/non-compact) in which the
chain ends explore the reaction volume once they have en-
tered into it. While this is an intriguing question, it requires
a microscopic description of the reaction. Given that by con-
structing a polymer model we have already accepted to take
some liberties with the microscopic structure and dynamics,
we will allow ourselves to work with a modified, effective
conversion rate, λ′, and with a modified, effective contact ra-
dius, rc

′ under the minimal condition that the resulting reac-
tion times, τr = τrc + τdc, Eq. (2) remain unaffected. A gen-
eral discussion on how to (best) preserve the distribution of
reaction times is beyond the scope of the present paper.

Our approach is efficiently described with the help of
Fig. 7. The figure shows the behavior of τdc/τ

0
R as a function

of rc/R0, for the reference chain of contour length L = L0 in
d = 3. These results are obtained by numerical integration
of Eq. (4) with Eqs. (6), (10), and (11). Different colors corre-
spond to different spatial discretization of the reference chain.
Consider now the horizontal line in Fig. 7 as indicating the
(experimentally or numerically measured) reaction time of the
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FIG. 7. Numerical results for τdc/τ
0
R vs. rc/R0 (Eq. (4)), for the reference

chain of contour length L = L0 in d = 3. Different colors correspond to dif-
ferent discretizations of the reference chain: N = N0 = 4 (red), N0 = 16
(green), N0 = 64 (blue), N0 = 256 (black), while the grey line corresponds to
the continuum chain limit (N0 → ∞). The “target” system is represented by
the green chain: the specific “target” value τdc(rc = r∗

c ) with r∗
c /R0 = 0.01

(the same as in Figs. 4 and 6) is marked by a green star, while correspond-
ing values for different discretizations (at the same ratio rc/R0) are marked
by filled circles. Alternatively, one can model the reaction by keeping fixed
τdc/τ

0
R , and adopt larger or smaller reaction radii in coarser or finer models,

respectively (open circles).

reference chain. Choosing the model-dependent contact radii
indicated by the open circles from the condition τdc(r∗

c ) ≡ τr ,
the reaction time is reproduced with the choice λ−1 = 0 of
an infinitely fast reaction for chain ends entering the contact
volume.7 τ r can also be reproduced by other choices of rc,
provided

λ(rc)−1 = pc(rc)(τr − τdc(rc)). (18)

The required conversion rates are shown in Fig. 8. The be-
havior is quite intuitive: contact radii rc > r∗

c lead to reduced
mean-first contact times. To correct for this, one has to choose
a finite conversion rate 0 < λ < ∞. For rc < r∗

c the mean-
first contact times exceed the target reaction time. In this case,
Eq. (18) leads to unphysical negative conversion rates.
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FIG. 8. Inverse of conversion rates λ(rc)−1 as a function of the contact ra-
dius, rc (Eq. (18)) required in order to reproduce the “target” reaction time
τr = τdc(r∗

c ) shown in Fig. 7. Dotted and solid portions of the curves corre-
spond to negative or positive conversion rates, respectively. The color code
denoting different discretizations of the chain is the same as in Fig. 7.
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D. Reactivity parameters for models
with different resolution

Now consider the problem of a polymeric system, whose
behavior we wish to reproduce using models with different
spatial resolution. The first strategy we explore is to keep rc

fixed across changes of resolution and to adjust λ in such a
way that deviations in τdc are compensated by a suitably cor-
rected τ rc. Following the logic of the preceding section, the
modified reaction rates are given by

λ′(rc)−1 = λ(rc)−1 + τS(L0, rc) − τS
′(L0, rc). (19)

The result as a function of rc/R0 is given in Fig. 9. We note
that the necessary correction can be calculated and applied
independently of the chemical conversion rate, λ(rc), at con-
tact. In particular, �τ S

′ = τ S
′(L0, rc) − τ S(L0, rc) can be de-

termined for small systems, since the differences in the dy-
namics are independent of chain length and confined to mi-
croscopic time scales. With �τ S

′ faithfully removing model
artifacts in the short-time contributions to τ S(L), it may again
have either sign, depending on whether the model neglects a
regime of non-compact diffusion present in the true dynam-
ics or whether the model introduces such a regime not present
in the true dynamics. Typically, �τ S

′ > 0 in the continuum
limit preferred by theorists, while the omission of microscopic
degrees of freedom in coarse-grain models can lead to �τ S

′

< 0 (Fig. 9).
To illustrate this point, we reconsider our example of dif-

ferently discretized Rouse chains from a new perspective. We
choose the intermediate “green” systems with N = 16(L/L0)
beads as targets whose behavior we wish to reproduce using
the other Rouse models. As can be inferred from Fig. 4, τ S

′(L)
− τ S(L) is essentially independent of chain length with �τ S

′

> 0 and �τ S
′ < 0 for models with a finer or a coarser dis-

cretization than the target system. By construction, target and
models share the same large-scale and long-time behavior, but
differ in the duration of the non-compact, diffusive regime
in their short-time dynamics. Using the effective conversion
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FIG. 9. Corrections to the reaction rates, λ′(rc)−1 − λ(rc)−1 (Eq. (19)),
which have to be adopted in polymer models corresponding to spatial dis-
cretizations shown in Fig. 7 (same color code), in order to reproduce the
reaction times calculated for the reference chain with N0 = 16 (Fig. 7, green
system). The filled circles (see inset for a zoomed picture) show corrections
corresponding to rc/R0 = 0.01 (see corresponding symbols in Fig. 7). Neg-
ative or positive corrections (corresponding to coarser or finer models) are
indicated by dotted or solid lines, respectively.
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FIG. 10. Predictive power of models with different spatial resolution for a
given value of rc and reaction rates λ′ adjusted according to Eq. (19) to match
the “green” system in Fig. 6 at the reference chain length L0 (bottom set of
curves). The three remaining sets of curves and symbols show predictions
for three different chain lengths L/L0 = 8, 64, 512 (from bottom to top). The
color code denoting different discretizations of the chains is the same as in
the preceding figures.

rates, λ′ from Eq. (19), the agreement between predictions
from different models in Fig. 10 is now comparable to the
viscosities presented in Fig. 5. Equation (19) looks innocent
enough, but for �τ S

′ < 0 its application formally leads to
a divergence at λ−1 + �τ S

′ ≡ 0 and to negative values for
limλ → ∞λ′ = �τ S

′−1. But even if the regularized model pa-
rameters are difficult to interpret, the example of the dataset in
Fig. 10 shows that the procedure is numerically well defined
and can be used to predict reaction times from models with
different spatial resolution.

As an alternative strategy, we can modify rc to a different
value rc

′ in such a way that τdc remains constant for models
with different spatial resolution. The modified λ′ can then be
derived by imposing that τrc/τ

0
R does not change with chain

spatial resolution, thus giving λ′ = λ′(rc
′) = λ(rc) pc(rc)

pc(rc
′) . It is
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r c
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FIG. 11. Modified reaction radii rc
′ = rc

′(rc) which have to be adopted in
order to reproduce the diffusion-controlled reaction time τdc/τ

0
R calculated

for the “green” system with N0 = 16 and reaction radius rc (Fig. 7) by coarser
(red solid line) or finer (blue and black solid lines) chains. The green line
corresponds to rc

′ = rc. Dashed lines show the corresponding, exact results
for small rc/R0. Open circles mark the modified radii for rc/R0 = 0.01 (see
corresponding symbols in Fig. 7). Notice, that modified contact radii found
for the reference chain with L = L0 predict the correct results for longer
“target” chains (see Figs. 12 and 13).
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FIG. 12. Diffusion-controlled reaction times, τdc(L) as a function of the re-
action radius, rc of the “target” model (N = 16(L/L0), green symbols), for
Rouse chains of contour length L/L0 = 1, 8, 64, 512 (from bottom to top),
in d = 3. By adopting the values rc

′ = rc
′(rc) modified accordingly to the

spatial resolution of the reference chain with L = L0 (see Fig. 11), differ-
ent spatial discretizations (overlapping dashed lines) faithfully reproduce the
correct result. The color code denoting different discretizations of the chains
is the same as in Fig. 7.

easy to verify that rc
′ = rc

′(rc) grows with the smallest scale
resolved in the employed model (solid lines, Fig. 11). For the
Rouse model in d > 2, we find for small contact radii rc

′/rc

= (b′/b)2/(d − 2), where b and b′ are the bond lengths of the
corresponding Gaussian chains (dashed lines, Fig. 11).

To validate the predictive power of models with corre-
spondingly adjusted reactivity parameters, we consider again
the example of differently discretized Rouse chains, and we
choose the intermediate “green” systems with N = 16(L/L0)
beads as targets. Fig. 12 show plots of τdc(rc) for 3d chains
with different spatial discretizations and contour lengths L/L0

= 1, 8, 64, 512 (from bottom to top). As in Fig. 10, we have
adjusted the parameters for short reference chains of length
L0 and employed the same values of contact radii for chain
lengths L/L0 ≥ 8. This same protocol is shown to work in
higher dimensions as well (Fig. 13).
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FIG. 13. Diffusion-controlled reaction times, τdc(L) as a function of the re-
action radius, rc of the “target” model (N = 16(L/L0), green symbols), for
Rouse chains of contour length L = 8L0, in d = 3, 4, 5 dimensions (from bot-
tom to top). By adopting the values rc

′ = rc
′(rc) modified accordingly to the

spatial resolution of the shorter reference chain with L = L0, different spa-
tial discretizations (overlapping dashed lines) faithfully reproduce the correct
result. The color code denoting different discretizations of the chains is the
same as in Fig. 7.

While we prefer the second strategy for numerical stud-
ies with discrete models of different resolution, we note that
analytical approaches employing the continuum limit need to
include the effects of the local, short-time dynamics of real
polymers in an effective conversion rate.

V. SUMMARY

Polymeric system may exhibit different dynamic regimes
on different time and length scales.49–52 While complex, most
of these properties can be reproduced by a hierarchy of mod-
els hiding molecular specificity in a small number of param-
eters accounting for the chain topology and conformational
statistics or the effective interactions. In this context, we have
taken a closer look at the prediction of diffusion-controlled
reaction rates in polymeric systems. Our results are based on
the formalism by Wilemski and Fixman1 in an approxima-
tion proposed by Doi.5 Doi’s formulation focuses on the con-
tact correlation time, τ S, and provides useful physical insight
into the factors controlling the result of the full solution of the
Wilemski-Fixman theory. Here we build on the observation,
that the short-time dynamics of polymers is independent of
chain length. In particular, we propose to distinguish a model-
dependent, chain-length independent short-time contribution,
τmicro
S , and a universal, chain-length dependent long-time con-

tribution, τ
pol
S (L). The relative importance of these contribu-

tions depends on the local and the large-scale polymer dy-
namics and the compact/non-compact exploration7, 8 of the
reduced configuration space.

To illustrate our results, we have considered the well-
known problem of chain cyclization.2, 3, 6 In particular, we
have used the Rouse model, because it allows for a straight-
forward analytical calculation of the renormalisation of the
model parameters, when the same system is considered
with varying spatial resolution. For finite discretizations, the
Rouse model exhibits two different dynamical regimes: free
monomer diffusion at short times, and Rouse dynamics at
large times. For d < 4 we find, that the asymptotically domi-
nant ∼L2 regime with τdc(L) ∼ τR(L) can be obtained with
minimal corrections to scaling from τ

pol
S (L) and is a man-

ifestation of the compact, large-scale polymer dynamics. In
contrast, the asymptotically sub-dominant Ld/2 regime results
from the reweighting of the chain-length independent con-
tribution τmicro

S with the chain-length dependent, static con-
tact probability, pc ∼ L−d/2. The value of τmicro

S determines
the importance of this regime and the chain length where
the overall behavior crosses over to the L2-regime.13 Large
values of τmicro

S are due to short-time regimes in the lo-
cal dynamics, which give rise to non-compact diffusion. In
particular, the example of the Rouse model demonstrates
a breakdown of the usual benign neglect of microscopic
detail: by themselves (i) the knowledge of the (chemical)
conversion rate for reactive sites in contact and (ii) a re-
liable model of the large-scale structure and dynamics are
insufficient to predict reaction rates in diffusion-controlled
processes. Contrary to quantities, such as the solution vis-
cosity (Fig. 5), predictions for the contact correlation time
τ S, the diffusion-limited reaction time τdc, and the reaction
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time τ r (Eqs. (5), (4), and (2), respectively) may be strongly
affected by the spatial resolution of the employed model
(Figs. 4 and 6).

This potentially poses a serious problem to the develop-
ment of predictive multi-scale modeling schemes for chemi-
cal diffusion-controlled reaction rates in polymers. Concep-
tually, it is not surprising that the microscopic reactivity
parameters rc and λ need to be adjusted upon a change of
scale. After all, by constructing polymer models with differ-
ent resolution, one inevitably sacrifices the precision of the
representation of the microscopic structure and dynamics. In
the present paper, we were able to show that the required
changes are independent of chain length. The key is our
identification of the model-dependent, but chain-length inde-
pendent nature of the short-time contribution, τmicro

S , to the
contact correlation time, τ S(L), and the resulting mean-first
contact and reaction times, τdc(L) and τ r(L). In Sec. IV D, we
have discussed two simple schemes for choosing reactivity
parameters rc and λ such that they cancel the consequences
of modifications in the local chain dynamics introduced in
models with different spatial resolution. While the match-
ing of τmicro

S can be carried out for short reference chains,
the procedure is predictive for long chains to the extent that
the employed models correctly represent the large-scale poly-
mer structure and dynamics and hence the universal, chain-
length dependent long-time contribution, τ

pol
S (L). While we

have used the Rouse model to illustrate our results, we em-
phasize that quantitatively different, but conceptually similar
problems need to be dealt with in all attempts to predict chem-
ical reaction times in polymeric systems from (a hierarchy of)
models.

APPENDIX A: ROUSE MODEL IN d-DIMENSIONS

In the Rouse model,45, 46 the polymer chain is described
as a linear array of N + 1 beads connected by Gaussian
springs with Hamiltonian given by

H = k

2

N−1∑
n=0

(�rn+1 − �rn)2. (A1)

In Eq. (A1), �rn is the spatial position of the nth bead (num-
bered from one chosen end of the chain), k = d N kBT /R2

and R2 = 〈(�rN − �r0)2〉 is the mean-square end-to-end dis-
tance. Traditionally,45, 46 one assumes the same friction co-
efficient, ζ n ≡ ζ for all monomers. This leads to the (asymp-
totically irrelevant) complication, that the length of the chain
scales with the number of bonds, N, while the center of mass
friction scales with the number of beads, N + 1. As an al-
ternative, we propose to represent sections of a real polymer
by a (Rouse) dumbbell with half of the total friction concen-
trated in each bead and an appropriate entropic spring repre-
senting the integrated-out degrees of freedom. For a (Rouse)
chain composed of N such segments, the monomer friction
coefficients are given by: ζ n ≡ ζ for 1 ≤ n ≤ N − 1 and
ζ 0 = ζ N ≡ ζ /2.

According to the Rouse model, the time evolution of spa-
tial positions �rn(t) is described by the Langevin equations

ζ0 �̇r0(t) = −k[�r0(t) − �r1(t)] + �f0(t),

ζn �̇rn(t) = −k[2�rn(t) − �rn+1(t) − �rn−1(t)]

+ �fn(t), 1 ≤ n ≤ N − 1,

ζN �̇rN (t) = −k[�rN (t) − �rN−1(t)] + �fN (t), (A2)

where the Gaussian random forces �fn(t) satisfy 〈 �fn(t)〉 = 0
and 〈 �fm(t) × �fn(t ′)〉 = 2 d ζn kBT δmnδ(t − t ′). By defining
the eigen-modes45, 46 �Xp(t) (0 ≤ p ≤ N) of the Rouse chain
as

�Xp(t) = 1

N

[
1

2
�r0(t) +

N−1∑
n=1

�rn(t) cos
(pπn

N

)
+ (−1)p

2
�rN (t)

]
,

(A3)
Eq. (A2) reduces to the following simple linear equations for
the modes:

ζp
�̇Xp(t) = −kp

�Xp(t) + �fp(t) (0 ≤ p ≤ N ), (A4)

with

kp = 2 k
ζp

ζ

[
1 − cos

(pπ

N

)]
(A5)

and

ζp =
{

Nζ, if p = 0 and p = N

2Nζ, if 1 ≤ p ≤ N − 1
, (A6)

and corresponding statistical correlations 〈 �fp(t)〉 = 0 and
〈 �fp(t) × �fq(t ′)〉 = 2 d ζp kBT δpqδ(t − t ′). Hence, the time
correlation function 〈 �Xp(t) × �Xq(0)〉 is equal to

〈 �Xp(t) × �Xq(0)〉 = d δpq

kBT

kp

exp

(
− t

τp

)
, (A7)

where

τp = ζp

kp

= τ1
1 − cos

(
π
N

)
1 − cos

(
pπ

N

) , (A8)

and τ1 = ζ/(2 k [1 − cos( π
N

)]) = τR is the Rouse time of the
chain.

Spatial monomer vectors �rn(t) can be expressed in terms
of Rouse modes, Eq. (A3) as

�rn(t) = �X0(t) + 2
N−1∑
p=1

�Xp(t) cos
(pπn

N

)
+ (−1)nXN (t),

(A9)
so that the end-to-end vector �r(t) ≡ �rN (t) − �r0(t) of the chain
is given by

�r(t) =
⎧⎨
⎩

−4
∑N−1

p=1; odd
�Xp(t), if N even

−4
∑N−2

p=1; odd
�Xp(t) − 2XN (t), if N odd

.

(A10)
Finally, the time correlation function, φ(t)
≡ 〈�r(t) · �r(0)〉/〈�r(0)2〉 can be obtained from the mode
cross-correlation expression, Eq. (A7),
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φ(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4
N2

∑N−1
p=1; odd

exp
(
− t

τp

)
1−cos( pπ

N ) , if N even

1
N2

[
4
∑N−2

p=1; odd

exp
(
− t

τp

)
1−cos( pπ

N ) + exp
(
− t

τN

)]
, if N odd

. (A11)

In this work due to its more compact expression, we have con-
sidered only the case corresponding to even N’s.

APPENDIX B: CONTACT CORRELATION FUNCTION
FOR THE ROUSE MODEL

We can now derive the contact correlation function,
�(t), Eq. (9), for the Rouse model. In d-dimensions, the re-
quired Green’s function G(�r, t |�r0, 0) is given by the exact
expression,2

G(�r, t |�r0, 0) =
(

d

2πR2[1 − φ2(t)]

)d/2

× exp

(
− d

2R2

[�r − φ(t)�r0]2

[1 − φ2(t)]

)
. (B1)

It is easy to verify that: (1) limt→0 G(�r, t |�r0, 0) = δ(�r
− �r0) and (2) limt→∞ G(�r, t |�r0, 0) = pL(�r) = (d/2πR2)d/2

exp(−d�r2/2R2).
In order to calculate �(t) from Eq. (9), the sink func-

tion S(�r) has to be specified. Here, we discuss three functional
forms, which were also discussed in the past:2, 11

1. The delta sink Sδ(�r),

Sδ(�r) = Vd (rc) δ(�r). (B2)

2. The Heaviside sink SH (�r) with cubic symmetry

SH (�r) =
⎧⎨
⎩

1, if �r ∈ [− 1
2 (Vd (rc))1/d ,+ 1

2 (Vd (rc))1/d
]d

0, otherwise
.

(B3)
Wilemski and Fixman originally studied the correspond-
ing Heaviside sink with spherical symmetry, and in d
= 3 only.2 While our ansatz, Eq. (B3) does not mod-
ify the underlying physics, it is computationally conve-
nient in general d’s, as one only needs to calculate one-
dimensional integrals.

3. The Gaussian sink SG(�r),

SG(�r) = exp

(
− π �r 2

(Vd (rc))2/d

)
. (B4)

This sink was originally proposed by Doi3 as a math-
ematically more convenient form than the spherically
symmetric Heaviside sink.

For a given contact radius rc, Vd(rc) is the d-
dimensional, (hyper)spherical contact volume given by
Vd (rc) = πd/2

�(d/2+1) r
d
c , where �(x) is the Euler Gamma func-

tion. Then, Eq. (B2) implies that

pc,δ(rc) = Vd (rc)pL(0), (B5)

while the adoptions of the Heaviside (B3) and the Gaussian
sinks (B4) lead to, respectively,

pc,H (rc) =
{

erf

[
π1/2

2

(
pc,δ(rc)

)1/d

]}d

(B6)

and

pc,G(rc) = pc,δ(rc)

(1 + (pc,δ(rc))2/d )d/2
, (B7)

where erf(y) = 2
π1/2

∫ y

0 e−x2
dx is the error function. Equa-

tions (B5)–(B7) imply immediately, that in the limit rc → 0
pc, H(rc) ≈ pc, G(rc) ≈ pc, δ(rc). Conversely, for a given con-
tact probability pc the contact radius corresponding to sinks
Eqs. (B2)–(B4) is given, respectively, by

rc,δ(pc) = 1

π1/2

[
�(d/2 + 1)

pc

pL(0)

]1/d

, (B8)

rc,H (pc) = 2

π1/2

erf−1
(
p

1/d
c

)
p

1/d
c

rc,δ(pc), (B9)

where erf−1(x) is the inverse of the error function, and

rc,G(pc) = rc,δ(pc)√
1 − p

2/d
c

. (B10)

Some care needs to be taken, when evaluating Eq. (9),
since the sink function appears twice. In the following,
we will use a notation where the result for �(t) following
the substitutions S(�r) = Sa(�r) and S(�r0) = Sb(�r0) is denoted
by �a, b.

The problem becomes immediately apparent in the case

�δ,δ(t) = pc

[1 − φ2(t)]d/2
, (B11)

where the limit for t → 0 is ill-defined. “Unbalanced”2 com-
binations of the Gaussian and the Heaviside sinks can be cal-
culated analytically, giving respectively,

�G,δ(t) = pc[(
1 − p

2/d
c

)
(1 − φ2(t)) + p

2/d
c

]d/2 (B12)

and

�H,δ(t) =
{

erf

[
erf−1

(
p

1/d
c

)
√

1 − φ2(t)

]}d

. (B13)
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FIG. 14. Comparison between the exact expressions for �H, δ(t) (Eq. (B13),
red solid line), �G, δ(t) (Eq. (B12), blue dashed line), and the numerical eval-
uated �H, H(t) (green dashed line), as a function of 1 − φ2(t) for rc/R = 0.05
in d = 1 to 5 dimensions (from top to bottom). These expressions deviate
around 1 − φ2(t) ≈ (rc/R)2, i.e., when the interacting particles reach the sink
boundaries.

It is easy to verify that Eqs. (B12) and (B13) both satisfy the
requested constraints (Sec. II A): �(t → 0) = 1 and �(t
→ ∞) = pc. It is also possible to define a variant of the
Gaussian sink, which fulfills 〈SG〉 = 〈S2

G〉 for Gaussian chains
with pL(�r) = (d/2πR2)d/2 exp(−d�r2/2R2), leading to �G, G

= �G, δ .
Figure 14 compares �G, δ(t), �H, δ(t) and the numerically

determined �H, H(t). We notice that these expressions show
some deviations around 1 − φ2(t) ≈ (rc/R)2. This is easily
explained: for �G, δ(t) and �H, δ(t) the particles start at �r = 0
and they need a finite amount of time in order to reach the
boundaries of the interaction region. For our present purposes,
the choice between the different functional forms is mainly a
matter of computational convenience and we have, therefore,
used the simpler form Eq. (B12).
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